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HOPETNCAOBHE

TlpexmnaraeMblii Kypc MaTeMaTHUeCKOTO aHaJ/IM3a HAllHCAH Ha OCHOBE
JBYXTOMHOTO y4eOHHKa aBTOpa «MateMaTtHueckKuil aHamus». *) Hacros-
mHA y4eOHHK COOTBETCTBYET HOBBIM TPeGOBAHHAM, MNpPELbABIASEMBIM
K MaTeMaTHyecKoMy oOpasoBaHuio. Diarojapsi Gosiee ueTKOMY BhIfe-
JIEHHIO BOIPOCOB, OTHOCSIIIUXCH K OCHOBHBEIM TMOHSTHSM MaTeMaTHye-
CKOI'O 4H&JH3a H HX OPHMEHEHHIO K DEILeHHIO 3a1ad, 3TOT y4eOHHK
MOKHO HCNOJIb30BaTh KAaK B BBICHIMX TEXHMUECKHX yueGHBIX 3aBeJ€-
HHAX, Tak M B YHHBepcuTetaX. MaJoxenue MaTepHana BeleTCsi Ha
ypOBHE, IOCTYIHOM WIHPOKOMY KDPYry cTyAeHTOB. Bompochl, BEIXOAS-
HiMe 38 DAMKH INpOrpammbl IO BhICIIEH MaTeMaTHKe JJIs BTY30B H
nocBsleHHbIe Goslee IIyOOKOMY H3y4YeHHIO aHa/lu3a Ha YHHBEPCHTET-
CKOM YpPOBHE, OTMEYeHHI 3Be3Z0YKOH.

B Kypce u3naraiorcss Kak TPaiHIMOHHBIE KJIACCHYECKHE METOAHI
MaTEMaTHYeCKOro aHa/iM3d, TaK M COBDEMEHHBIe, KOTOpbIe BO3HHKJIH
B nocjejuue aecAtuietds. lelCTBUTeJNbHBIE YKCJAa BBOASTCS aKCHO-
MaTHYecKH. ITOT NYTh JaeT BO3MOXKHOCTH HauboJjiee KOMIAKTHO H
TOJTHO H3JIOXKHTb HEOOXOIMMbIE - /I aHa/JH3a CBEAEHHS O YHCAaX.
Bmecre ¢ TeM OH H JOTHUeCKH HanboJee coBepiieHeH, W60 TpH ApY-
FHX, TaK Ha3blBaeMBbIX «KKOHCTPYKTHBHBIX», METOAX MOCTPOEHUS TEOPHH
AeHCTBHTE/LHBIX YHCeJ (KOIZa 3a OCHOBY 6epyTcsi GeCKOHEUHbIE Jecs-
THYHbIE JpOOH HJIH CeueHHSI B OOG/IACTH pAIMOHAMLHBIX YHCEN, HJH
KJacChl  3KBHBAJICHTHBIX  (YHJAAMEHTANBHBIX IOCAENOBATENbHOCTEH
PaulHOHaJbHBIX YHMCEJA) BCe PaBHO HEOOXONHMO BBOAUTH AKCHOMY
CYIeCTBOBaHUS (HEMPOTHBOPEUHBOCTH) MHOMKECTBA JEHCTBHTENBHBIX
guceJ, 4TO, MpaBAa, NaANE€KO HE Bcerja OTMeYaeTcss B yueOHHUKaX.
Tfocko/bKy e TpH TOCTPOEHHH TEOPHHM JEHCTBHTEJbHBIX YHCeJ
HCIO/Nb30BaHHE AKCHOM HeH3GeXHOo, TO Ipolle Bcero X cpasy cgop-
MYJHpOBaTb W TEPedTH X H3YYEHHIO MaTEMaTHYECKOro aHa/u3a
B COOCTBEHHOM CMBICJI€ C/IOBA. ‘ ' '

3a uckmoyenueMm naparpagos, NOCBSUIEHHLIX TEOPHH JEHCTBHTEb-
HHIX 4Yyces, B KYpCe 32 OCHOBY IPHUHAT UHIYKTHBHBLII METOJ H3J0XKe-
H#A Marepuasa. Tak, HanpuMep, NOHsTHE Npelesia CHauajla H3ydaercs
AAf - YHCJIOBBIX MOCJI€OBaTenbHOCTEH, 3areM AJAd ¢GYHKuME OmHOM
ReACTBHTE/ILHON TepeMeHHOM, Jafee BBOAMTCH NOHATHE Npejesa 1o
MHOXKECTBY B €BKJHJOBOM MPOCTPAHCTBe, MpeJesia MHTErpaJbHbIX
CYMM H, HaKOHEH, BCe 3aBEplIAETCd DPACCMOTPEHHEM OOHIero NMOHATHS
npeaena no (uALTPY B TOMOJOTHYECKOM HPOCTPAHCTBE.

OKasLiBaeMble TEOpeMHl He Bcerja GopMyaupyioTcs ¢ HauGoJbieH
OGUIHOCTBIO; HHOTAA /ISl JYYHIErO BLISBJEHHS CYLHOCTH H3Yy4aeMOoro
BOMpoca u ujeu NPOBOZMMOIO JI0Ka3aTesbCTBA PaCCMOTPEHHE MPOBO-
AUTCH. JHUIL AJIS JOCTATOYHO TJafKHX byukuvi. Takas Touka 3apeHus -
gm TaKKe TeM, yTo Osarofaps IJIOTHOCTH IJIajKHX (YHKIHi

*) o .
Bropoe H3JaHHe 3Toro yuweOHHKA BHIXOAUAO B 1973 r. B H3jaTe/lbCTBe
¢BHcwan mkonay, ' )



4 [ peducaocsue

B COOTBETCTBYIOUIMX (YHKUHOHANBHLIX TPOCTPAHCTBAX MHOTHE Teo- -
pembl, JIOKasaHHble ~ A/l [JaAKUX QYHKUMA, MOrYT ObiTb €IUHBEIM
METOOM C MOMOIIBI0  TPeiETbHOro MNEepexofia MepeHeceHnl Ha GoJee
IIMPOKHE KJacchl QyHKunH. K coxaJjienwio, 3TY HJIE0 HEBO3MOXHO
JIOBECTH Ji0° KOHIA 0e3 CYIIECTBEHHOrO YBeJHUeHHs 00beMa KHMTH.
TlosTomMy BOmpOC -0 MVICTHOCTH «XOPOLIMX» (PYHKUHA B pa3JHUHBIX
(YHKLHOHANBHBIX TPOCTPAHCTBAX PAaCCMOTPEH B KypCe JHILL B 1Ipo-
CTeHIIUX cay4dasnx. '

Bosbiioe BHUMaHKMe B y4YeOHHMKE YAesseTcsl pellleHHIo 3aJad MeTo-
JaMH, OCHOBAHHBIMH Ha H3JI0XKeHHOH Teopuu. Kpome Toro, uurtaresmo
NJISi CaAMOCTOSITENbHOH _PpaGoTEl peKOMeHAyIoTCH YIpaXHeHUs U 3a/auH.
PelueHne ynpaxKHEHHH BecbMa [OJME3HO AN AKTHBHOTO' YCBOEHHS
MaTeMaTH4eCcKoTo aHauausa. Orle/bHblE Ke U3 NpelsiaraeMbiX 3ajay
JOBONMBHO Tpymubl. VX pelleHune ne sBASETCH HEOOGXOAUMEIM . IS
OBJIaJicHHS MATEPHAJIOM H MOXKET NMOTpeGOBaTh AOBOJBHO AJMUTENBHOTO
Bpemenu. Kak Npapuso, OHM CBA3aHBI C HHTEPECHBIMH H JOCTATCUHO
r1yOOKHUMH MaTeMaTHYeCKHMH ‘(aKTaMH, J1Ji NOAPOOHOrO H3JI0XKEHHSs
KOTOpBIX He Hauvloch MeCTa B KHure. Hymepauus ynpakuHeHuil
BEJIETCH OTAEJLHO B KaxKAOM Maparpade, HymepanHs e 3ajlad, Kak
H PHCYHKOB — CKBO3Has.

3HauuTeNbHAs YacTh MaTepHasa, BOIUEAIIEr0 B KHHUT'Y, B TEUEHHE
MHOTHX JIET M3J/laraercsi aBTOpoM B MOCKOBCKOM (pH3HKO-TeXHHYECKOM
MHCTHTYTE B JIEKILMOHHOM KYPCE MaTeMaTHYeCKOro aHajlu3a. ABTOp
06CyK/ial MHOTHE BOIPOChHI, OTHOCSALIHECS K HBJIO)KCHI/I}O pasIH4HbIX
TeM, CO CBOMMH KOJLJIeTaMu 10 Kadeipe BHICILEH MateMaTHKH MOCKOB-
CKOTO @H3HKO-TEXHHUECKOTO HHCTHTYTA M TOMAYYMJ OT HHX MHOTO
NOJIe3HbIX COBETOB, KOTOphle Bce ObLIHM NPHHATHL BO.BHUMAHUE NPH
NOATOTOBKE PYKOMHCH K' IeYaTH.

Aptop Bripakaer csoo riy6okywo 6aarozapHocte C. M. Huxkouss-
ckoMy, O. B. Becosy u I'. H. SIKoBsieBy, ¢ KOTOpPLIMH OH MHOTO JIeT
uUJTaeT INapaliie/lbHO KYpPC MaATEeMATHYECKOIO aHa/H3a M MOCTOSHHO
o0CyK/aeT pa3JuyHBIe acneKTsl Kypca. Pasnes, nocBsmeHHsf 0606-
IHEMHEIM (QYHKUHAM, HANHCAH MOJ HeCOMHEHHbIM BiausiHueM B. C. Bia-
JMMHPOBa, KOTOPOMY aBTOD BHIpaKaeT CBOK HCKPEHHIOW NPH3HATENb-
HOCTh 32 MHOTHe [10JIe3HbIe 3aMedaHHsl.

Oco6enHo npusHatesieH aBTOp peueHsenTam kuurd —H. B. Edu-
MoBY -H B. A. HMabuny, noppoGHble u 06CTOsITE/IbHBIE PeHEH3UH KOTO-
PBIX TO3BOJIM/IM BO MHOT'OM YJIYUILHTh H3JIOXKEHHE MarepuaJa.

ABTOp -cHHTaeT CBOMM NPHATHBIM JIOJIIOM BHIPA3UTh 6JaroapHOCTh
npenojaBarensam ‘Kadeapbl MareMaTHKH MOCKOBCKOrO (H3HKO-TEXHH-
yeckoro uHCTHTYTa M. A. Bopauunckomy, K. A. Bexaunosy, ®. I'. by-
naesckofi, B. A. XopakoBy, cfienaBiliM - MHOTO MOJE3HBIX IpeJJio-
JKeHHH, KOTOpble BCe Gblid y4YTeHbl IPH OKOHUATEJLHOM PpellaKTHPO-
BaHHU TEKCTA. ’

AWTOp TaKXe IIPHHOCHT CBOIO MCKPEHHIO NpH3HaTelnsHoe1h
HayuHoMmy penaktopy H. M. ®aaijmepy, npopenasuiemy Goabinyio
paboTy, COZeHCTBOBaBIIYIO HECOMHEHHOMY YJYYLIEHHIO YYeOHHKa.



TTABA IEPBAHA

INOOEPEHINAJIBLHOE
NCUYUCJEHNE OYHRI[U O{HON
HEPEMEHHOII

§ 1. MHO'KECTBA W OYHKIIUN. JOrMYECKUE CYMBOJIbI

1.1. MHOJKECTBA. OIEPAIIMM HAJ{T MHOKECTBAMH

B MartenaTuKe NepBHYHLIMH NOHSTHSAMH $IBJASIOTCS HNOHSATHS MHO-
2KecTBa, 3J€MeHTa M NPHUHALJIEKHOCTH 3JeMeHTa - MHOXeCTBY. MHo-
xectBa OyleM o6o3HauaTh OGoJMbIIHMH GYKBamMy JATHHCKOTO HJIU
Kakoro-1ubo apyroro anpasura: 4, B, ..., X, Y, A, B, ..., a aze-
MEHTHl MHOXeCTB — MasieiIMi OykBamu: @, b, ..., x, ¥, ..., @, B, ....
Ecau a aBasercss a/eMeHTOM MHoxectBa A, To mumyr a< A (un-
TaeTcsi «a NMPHHANJIEXKHT MHOXecTBY A») WJIH, 4TO O3Hauaer To Ke,
A= a. Ecau ke a He NPUHAJJEXKHT MHOXKeCTBY A, TO NHWIYT a & A
unn A b a.

MnoxectBa A u B Ha3bIBAIOTCSH pPABHbIMU, €CH OHH COCTOAT M3
ONHHX H TeX ke sjeMeHToB. TakuMm o6pasoM, paBenctso A = B o3na-
gaer, NPHMEHHTEJNbHO K MHOXECTBaM, 4TO OJAHO M TO K€ MHOMKECTBO
o6o3Haueno pasHbIMH 6ykKBamu A n B.

3amuce A={a, b, ¢, ...} o3HauYaeT, YTO MHOXKECTBO A COCTOHT
M3 9JIeMEHTOB @, b, ¢ M, BO3MOXKHO, KaKHX-TO APYTHX, 3aJlaHHLIX TEM
HIIH HHBIM cOCQOOM.

Ecnn MHOXecTBO A COCTOHT M3 3JA€MEHTOB @y, T'A€ o Npoberaer
HEKOTOpoe MHOXKecTBO HHIeKcoB U, To OyaeM nucath A= {a,} uiu,
noppo6uee, A= {ay}aec 9, HIH, €CAH 3TO HE MOMKET NPUBECTH K HEJO-
pasymenusm, npocro A={a}. Ecan MHOxecTBo A cocTouT H3 3J7€-
MeHToB, O6/MajalomuX ONpeesNeHHbBIM CBOHCTBOM, TO 6yAeM NHCaTh
A={a:...}, rme B QurypHbIX (KOGKaX MOCJe ABOETOUHS 3aMHCAHO
YKa3aHHOe CBOHCTBO sJeMeHTOB MHeomecTBa A. Hanpumep, ecan a u
b.—JaBa Takux JeHCTBHTENBbHRIX 4YMCJA2, uYTO a<<b, U yepes [a, b]
0003HaYeHO MHOXKECTBO BCEeX AeHCTBHTEJNbHBIX UHCEN X, YIOBJIETBO-
PAIOMUX HEpaBeHCTBaM a << X<Cb, TO ONpenésIeHHe 3TOrO MHOMECTBA

(OTPESKa)'HOCpEILCTBOM BBC€JAECHHBIX CHMBOJIOB MOQIKHO 3aliycaTh Cle-
AYioHiuM 06Gpa3oM:

e, b]%{x:aéxgb}.
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Ilns ypoGcTBa BBOAMTCS TIOHSTHE NyCMO20 MHOX¥CECmEa, KOTOpoe
o603Hauaercss CcHMBOJOM (). Ilo onpejeneHHI0O IyCTOe MHOMKECTBO
HE CONEpPXKHUT 3JIEMEHTOB. '
~ Ecam kaxubpifl sjeMeHT MHOXecTBa A sBJIsAeTCSl 5/€MEHTOM MHO-
xectBa B, To roBopAT, YTO MHOKeCTBO A ecTh wacTh MHOXecTBa B,
uiu 9ro A SBASIETCS nOOMHOJNcecmeom MHOxkectBa B, m mumyr A < B
(untaetca: MHOKecTBO A COJlep:KHUTCSA . BO MHOXKecTBe B) wuau, 49TO
To ke, B> A (uuTaerca: MHOXKecTBO B cojepkuT MHOXKecTBO A).

Ynpaxunenue. loxasars, uto BKJodeHuss A < B u B < A BHINIOMHAIOTCH
. OJlHOBPEMEHHO TOrJa M TOJIbKO TOTAa, Korja A=B,

U3 onpeleneHust NoAMHOXKecTBa caenyeT, yto A — A, KakoBo Gbl
HH GblJIo MHOXKeCTBO A; NPUHSITO TaK¥XKe CUHTaTh, 1O OIPENEJIEHHIO,
YTo NYCTOE MHOMXKECTBO CUMTAeTCsl TOAMHOXKECTBOM KaxKIOTO MHOXKe-
ctBa, (O < A. Eciu A — npousBosibHOe MHOXKecTBO, TO () H A Ha3bl-
BAlOTCA €r0 Heco6ecmeenHbimy nodmuoxcecmseam; ecau xe A< B u
CYLIECTBYET TakKoi 3JeMeHT x & B, uto x & A, To MHOxecTBo A
Ha3BIBAETCH COOCMEEHHbIM NOOMHONMECBOM MHOXKECTBa B.

Puc. 1

Ecau 3anannl nBa MHOxkectBa A u B (puc. 1, a), To uepes AUB
0003HauaeTcss MHOXKECTBO, Ha3biBa€MOe HX 00BEOUHEHUEM WK CYMMOLL,
KaXIblH 3JIeMEHT KOTOpOro HPHHALMNENKHT XOTs Obl OXHOMY M3 MHO-
xectB A u B (puc. 1, 6). Takum o6pa3oM, ecsn HEKOTOPbIi 3JEMEHT
NpUHafJIeXuT MHoxecTBY A B, To OH NpHHAAMEKHUT JHOO TOJBKO
MHOxecTBy A, Jub0 TOJMBKO MHOXKeCTBY B, 1160 o60HM 3THM MHO-
JKEeCTBaM.-

Uepes A B oGo3Hauyaercsi MHOXKECTBO, Ha3blBaeMOe nepecederuem
MHOXKeCcTB A W B, KoTopoe COCTOMT M3 3J1eMEHTOB, IpHHAMJIeXKaUuX
OJHOBpeMeHHO KaK MHOXecTBY A, Tak u MHomecTBY B (puc. 1, 6).

Uepea. AN B 0003HauaeTcs MHOXKECTBO, Ha3blBaeMoe PA3HOCTMbIO
MHOKecTB A u B M cocTosimiee u3 3J1€MEHTOB, KOTOPEIE IPHHAJIEKAT
MHOXKeCTBY A, HO He IpHHamJexkaT MHoxecTBY B (puc. 1, e).

Ecau B A, To pasHocts AN\ B Ha3biBaercss 00NOAHEKUEM MHO-
xectBa B Jo mHoxectBa A wuam ponoaneduem B B A. Tosopst
Takke, uto AN\ B moaydaercss u3 MHoOxectBa A BHIYUHTAHHEM M3 HEro -
MHOXKecTBa B.

Ecnu 3afana cucreMa MHOXecTB A, (TePMHHBI: MHOXKeCTBO, CHCTEMa,
COBOKYNHOCTb, CeMeHCTBO, KJacc 6YAyT ynoTpeGasaTbcsi KaK CHHO-
HMMBI), TJie 3HayeHnsl o o0pasyloT HEKOTOPYIO COBOKYIHOCTb MHIEK-
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coB U, To obveduneruen U Ay mromcecms A, Ha3LRIBAGTCA MHOMKE-
acs Y
CTBO, KaxIblH 3/1eMEeHT KOTOPOro IPHHANIERKHT XOTS Obl OJHOMY H3
BaJlaHHBIX MHOKecTB A4, T. €. YCIOBHE X U A, paBHOCHJBHO
' as 9

clenyiomeMy: cymectByeT Takoe a =, uro x = A,.

Tlepeceuenuem muomcecms A,, o< U, Ha3bIBaeTCHA TaKOE MHOXKe-
¢TBO, 0003HaYaeMoe 4epes

n AO!)

A=}

YTO KaXIBlH ero 3/JeMeHT NPHHAIJEKHT BCeM MHOKecTBaM Ay, T. e.
yC/I0BHE X & ﬂ A, osHauaeT: 415 Bcex o < U nMeeT MecTo ¥ € A,

acs Y
Ecau Ay E 021 ecex a= ¥, mo
EX U 4a= (] (EN\A4a), (1.1)
ac=Y . asY
EN ) 4= U (ENA. (1.2)
(A=D1 [ 2=’}

JlokaxeM, Hanpumep, paseHctso (1. 1) Ecm x s EN | 4
[ AP §
“TO, B CHJIy OIpefesleHHsI Pa3HOCTH MHOXKECTB, er u x et U A,.
acy
B cBoto ouepenp 310, COrJacHo ONpeleseHni0 O0beJHHEHHST MHOXKECTB,
3KBHBAJEHTHO TOMYy, 4To x& E n ans Bcex o & A, uMeer Mecto
cooTHoweHne X & A,. 10 Xe, CHOBa TO OMNpEJEJEHHIO Pa3sHOCTH
MHOECTB, PaBHOCHJBHO YTBEPXKIEHMIO, UTO AJA BceX o & A uMeeM
er\Aa. Hakownel, mnocneaHee yTBepxJeHHe, MO OINpPeAeJEHHIO
nepeceqeﬂuﬂ MHOXECTB, 03Ha4aeT, YTo x & n (EN Ay). Hrak,
acs Y
YCJIOBHH xeEN | 4z v xe= () (E\ A,) — 9KBUBaJEHTHS,
a9 as YN A
BCJIGACTBHE uero BoinoJHsiercsl paseHctBo (1.1). Pasenctso (1.2) po-
Ka3b(BAa€TCS aHallOrHYHO.
B crepyomeM nyskre 1.2% paccMoTpeHo ToHSiTHE (GQYHKIUHH,
a nyHkt 1.3* OyaeT NocBsilleH TOHSATHAM KOHEUHBIX MHOMKECTB H
nocyepopatesbHOCTH. [IyHKTE H Daparpadsl Kypca, OTMEHEHHbIE 3Be3-
HOYKOM, NpHM TepBOM YTEHHH MOXKHO INPONYCTHTh H BEPHYTHCH K HUM
JHUIb B cayyae BHyTpeiHeH norpe6HocTH. B yacTHoCTH, AAS NOHH-
MaHust JafbHeHlIero MatepHala JOCTaTOYHO TPEACTaBJEHHS O (YHK-
UKH, HMeloOerocs B Kypce 3JeMeHTapHOH MaTeMaTHKH, KaK 06 ofpe-
JeNeHHOM COOTBETCTBHH MEXAY 3/eMeHTaMu ABYX MHoxects. Ilpu
3TOM MOHATHE COOTBETCTBHS MOXKHO NOHHMAaTh KaK MNEpPBHUYHOE.
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1.2*, PYHRIUNA

ByzneM roroputh, uTO 4UCAO dAemermog mHoxcecmea A.paeno edu-
Huye 1, eciu B HeM HMeeTcsi 3JeMeHT a < A u HeT APyrux (uHaue
TOBOPS, €CJH H3 MHOkecTBa A BblUECTb MHOMKECTBO, COCTOSIEE W3
3JIeMEeHTa @, TO MOJYYHTCA MYCTOE MHOXKECTBO).

Mﬂomecmo A HasbiBaercst MHoxcecrmgom u3 2-x (Oeyx) saemenmos,
€CJIH TocJIe BBIUHTAHUS H3 Hero MHOXKECTBA, COCTOSIIIENO TOJBKO H3 OXHOTO
aJieMeHTa @ & A, T. €. MHOXeCTBa, YHCJ/I0 3/IeMEeHTOB KOTOpOora paeso 1,
OCTaHeTCs] MHOMKECTBO, YHCJO 3JIEMEHTOB KOTOPOI'O TaKiKe PaBHO elHu-
Huue. HeTpyaHo JokasaTb, 4TO 3TO OlNpejesieHHE He. 3aBHCHT OT
BbIOOpa YyKa3aHHOrO 3jeMeHTa a= A, T. e. eciu a= A u be A,
npuueM AN {a} cocTouT H3 ORHOrO 3/eMEHTa, TO H MHOXKECTBO
AN {b} TaKke COCTOMT H3 OJHOTO 3JeMEHTa (a HMEHHO, H3. 3Je-
MeHTa Q).

[Tycte Tenepb 3ajaHbl MHOXKeCTBa X = { x} u Y ={y}. MHoxKecTBO,
cocTosiliee H3.JBYX 3/eMeHTOB x & X u y &Y, HasbiBaeTcs napoi
{x, y} anemeHTOB X, Y.

Ilapa Buga {x, {x yl}, the x= X, y=Y, {x, y} —napa saemen-
TOB X, Y, Ha3blBaeTcsl ynopAJO4eHHOL napoti SJEMEHTOB X u y. DJe-
MEHT X HasblBaeTcsl TIePBBIM = 3JeMEHTOM YIOPSAOUEHHOH Naphbl
{x, {*, y}}, a sneMeHT Yy — BTOpBIM. Ynopsnouennas napa {x, {x, y}}
o0o3HayaeTcs 4epe3 (X, y). B panpHeitiem no;L napoi ToHHMaercs
OOLIYHO YNOpsJoueHHas] mapa.

MHoxecTBo Bcex ymnopsifodeHHBIX mnap (x, y), x= X, y= Y, Ha-
abiBaeTcs npouseedenuem muoxecns X u Y u obGo3nauaercsl yepes
XxY. Ilpu sToM He mnpejnoJaraercsi, YTo 00s3aTeNbHO MHOXKe-
c)}‘so ))/( OTJHYHO OT MHOMXECTBA Y, T. €. BO3MOKEH H Caydail, Korjia

Onpenenenne 1. Besxoe mmomcecmeo f={(x, y)} ynopadouernnoix
nap (x, y), x=X, yev, makoe, umo ora /uo6bzx nap x, y)yef
u (X", yyef us ycrosus y=+£y" cxzedyem umo x' == x" Hasvieaemcs
pynrkyued, uau, 4mo mo e, omobpasceHuem. ‘

Hapsny ¢ TepMunamMu «pyHKIHS» B «0TOOp axKeHHE» B ONpeleNeHHbIX
CHUTYAUUAX YNOTPeONAIOTCA UM PaBHO3HAUHBIE TEPMUHEBI 11peobpasosa-
Hue, mopgusm, coomgemcmasue.

®ysKkuun OyAyT ofo3HauaThCs pasiuuHbIMH OykBamu: f, g,..., F,
G, ..., o, ¥, ....

MHOXeCTBO BCeX TNepBbIX 3JEMEHTOB YNOPSAOUEHHHIX Map (X, y)
HEKOTOPOH GYHKIHH [ HasblBaeTcs 06.4acmoro OnpedeseHus (MW MHO:
JKECTBOM . OnpefieieHnsi) 3ToH GYHKUuu M o003Hauaercs yepes Xf,
a MHOXKECTBO BCEX BTODPHIX 3JIEMEHTOB — MHONECHEOM €€ 3HAYeHUl W
oGo3nayaercs uepes Y;. CaMo MHOXKeCTBO YNOPSIIOUEHHBIX nap f =

= {(x, y)}, paccMaTpuBaeMoe KaK MOIMHOKECTBO NponsBefeHns X X X,
Ha3biBaeTcs epaguxom pynxkyuu f. T

dneMedT x & X; Ha3biBaeTCA apeymeHmom Gyukyuu f uin Hesa-
BHCHMOH TNepeMeHHOH, a 3neMeHT y & Y — 3a8ucumoil nepemerHo.
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Ecan f = {(x, y)} ectb dynkuus (orobpaxenne), To muumyrt f: X, —Y
H TOBOpAT, YTO f orofpaxaeT MHoxecTBO X; B MHOxecTBO Y. B cay-
yae X = X; nuwerca npocto f: X —Y.

Ecan f: X —Y — pyHKUUS:, T. €. MHOXKECTBO YNOPSIIOUEHHHIX Nlap
f={(x, )}, x= X, ysY, yrosiaeTBopaOLxX YcJIOBUSIM oNpenele-
Hua 1, u (x, y) =f, 10 MHWYT y=f(x) (uHOrAa HpoOCTO Y= fx) UaIH
f: X~y uroBOpPST, 4TO QYHKLHUS f CTABHT B COOTBETCTBHUE 3JIEMEHTY X
3JIeMeHT y (oToOpaxeHHe [ oroOpakaeT 3JEMEHT X B 3JIEMEHT ) HJIH,
4TO TO Ke caMoe, 3JIEMeHT Y COOTBETCTBYeT 3JeMeHTy Xx. B atom
cjlyyae TOBOPSIT TAKkKe, HTO 3JEMEeHT y ABJSeTcs 3HaueHueM (yHK- -
Uuu f B TOUKe ¥, Wjau o0pa3oM 3jieMeHTa x Npu oTabpakeHuu f.

Hapsany ¢ cumBosnom f(x,) Ajasi o6o3HaueHus 3HaueHust GyHKILUH [
B TOUKE X, ymoTpeGasdercs Takxke obo3HaueHUe [ (X)|x—=x- ~

Ilpu 3agaHHOM y & Y COBOKYNHOCTh BCEX TaKHX 3JEMEHTOB X & X,
4To f(x)=y HasbiBaeTCHs npoo6PA30M IremeHma y U obo3HadaeTcs
nocpeacteoM f-1(y). Takum oGpa3soM,

Py ={x:x=X, [(x)=y}

Ouesnpno, ecin y = Y\ Yy, 10 f1(y)= .

Hnorpa cama ¢yukuus f obosHauaercss cumBoJsioM f{x). Obo3na-
ueHde QyHRuuH f: X —>Y u ee 3Haueduss B Touke X & X OJAHUM H
TEM K€ CHMBOJIOM f(x) He TpPHBOAHT K HeNOPa3yMeHHIO, TaK Kak
-B KaxJIOM KOHKPETHOM cJiydae BCeraa sicdo, o 4yeM HMEHHO HJeT pedb.

OGosnauenue f(x) o6biyHO yHoGHee 0003HaueHHS [: X+~ y HpH
Boluncaennax. Hanpumep, 3anuce f(x)=x? 3HauuTeJbHO yjoGHee M
npowe MCHo/Mb30BaTh NPH aHAJHTHYECKHX MpeoOpa3oBaHHAX, YeM
3anuch f:x—> 12

ITycte 3amaHo oToOpaxkeHwe f: X —Y, T. e. oro6pakeHne MHO-
‘xectBa X B MHoxecTBO Y. MHaue roBopsi, KaxaoMy ajeMeHTy x& X
nocTaBJieH B COOTBETCTBHE M NMPHTOM €AWHCTBEHHBIH 3/ieMeHT y &Y,
U Kaxabii sneMent y & Yy Y mocraBiaeH B COOTBETCTBHE XOTS Obl
OJHOMY 3JeMeHTY x & X. ,

Ecmn Y =X, T0 roBopst, 4To ortoSpaxkeHue [ oTo6pazkaeT MHO- -
x)ectBo X B ceb4, - '

Ecin Y =Y,, 7. e. mijoxecTBo Y coBIajaeT ¢ MHOKECTBOM 3Ha-
YeHHI ¢ynkuuM f, To roBopsrt, uto [ oToOpaxkaeT MHokecTBO X Ha
MHOXeCTBO Y /M, 4TOo oToOpaxeHue [ sBafercs CIOPLEKTHBEBIM
otobpaxeHueM, Kopoue, cropsexyueii. Takum oGpa3oM, oToBpakeHue
f: X—Y ectb cioppekuusi, ecmu aast moGoro aJieMeHta ye Y cy-
LHECTBYET MO KpafiHe# Mepe oJuH TaKoH 3/eMeHT x & X, u1o f (x) = y.

Ouesunno, ecau f: X—Y M Y;—MHokecTBO 3HaueHHH QyHK-
ftun f, 10 f: X > Y, ABAAETCS CIOPBEKTUBHBIM OTOGpaXKaHHEM.

Ecnu npu orobpaxkenuu f: X—Y pasupiM x & X COOTBETCTBYIOT
pasuble ye<Y, T. e. npu x' =x" umeer Mecro f(x')==f(x"), TO
oto€paxenne f Ha3blBaeTCs B3aHMHO OJHO3HAYHBIM OTCOpaXKaHHeM
(B3aMMHO OZHO3HAUHLIM cOOTBeTCTBHEM) X B Y, a TaKiKe OXHOMMCTHGLIM
oro0paxaHueM WJIH uHn®Bekyueid. TakuMm o6pasoM, oToGpakenue
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f: X—Y onHonucTHO (UHBEKTHBHO) TOTJa W TOMBKO TOrja, Korja
npoo6pa3 KaxAoro 3JeMeHTa y, NPHHaJJexalllero MHOXKECTBY 3Haye-
Hu#l ¢yHKLuM f:y & Y, COCTOMT B TOYHOCTH M3 OIHOIO 3/IEMEHTA.

Ecan otobpaxenue [:X-—Y sBJsiercsds OJHOBPeMEHHO B3aHMHO
ONHO3HAUHLIM H HAa MHOMKECTBO Y, T. €. fABJISETCH OJIHOBPEMEHHO
MHbeKIiHell | ClopbeKlnel, To OHO eCTECTBEHHO Has3hiBAeTCS 63QAUMHO
00HO03HauHBIM Omobpascerues MHOxecTBA X Ha MHOXECTBO Y uJH,
uTO TO XK€, GuexmusHeim omobpasiceruem (Ouekuued) B Y.

Takum obpasoM, otobpaxenue [: X —Y sBasercs B3aHMHO OXHO-
3HAUHBIM OTOOpa)keHHeM MHoxkecTBa X Ha MHOMXKeCTBO Y Toria H
TOJMBKO TOTAa, Korja sl jobnix ¥ X m x" e X, x' % x", cupa-
BequBO HepaBeHCTBO f(x')4f(x"), u KakoBo Owl HH Ob0o y =Y
CyIecTBYeT TaKoi 3JeMeHT x & X, 4To f(Xx)=y.

B3auMHO ofiHO3HauHoe oOToGpaxeHHe MHOXKecTBa X Ha MHOXKe-
CTBO Y 4acTO Ha3bIBAIOT TAKKE B3AMMHO OAHO3HAUHBIM COOTBETCTBHEM
3JIEMEHTOB 3THX MHOXKECTB.

Ecmu f: X—Y u A< X, TO MHOXKECTBO

B={y:yeY, y=f(x), x A},

T. €. MHOXECTBO BCEX TeX y, B KamIbi u3 KOTOPHIX NpH oToGpa-
XeHHu [ oToOpaxKaeTcsl XOoThb OAMH 3JIEMEHT H3 NoAMHoXKecTBa A MHO-
xectBa X, HasblBaeTcs 06pasom nodmroncecmsa A v nuwetcs B = [ (A4).
B uyactHocTH, Bcerna umeeM Y;=f(X).

Ecin f: X—Y u Bc Y, To MHOXKECTBO

A={x:xe= X, [(x)= B},

HasbIBaeTcs npoobpasom muoxcecmsa B w nuwercs A = f1(B). Takum
o6pasoM, Npoobpas MHOXKeCTBA B COCTOMT M3 BCEX TEX 3JIEMEHTOB
x <= X, Kortopele npu oToOpaxkeHuu [ OTOOPAKAIOTCA B JIEMEHTHI
u3 B, wiau, YTO TO XK€ caMoe, KOTOPOE COCTOMT W3 BCEX Npoobpasos

TOueK y & B:
F(B)= U -

yeB

Ecmn Ac X, 1o ¢yukuug f: X —Y ecrecTBeHHHM 00OpasoM MO-
poxJaer GYHKIMIO, CHpefejeHHyl0 Ha MHOxecTBe A, CTaBSLyIO
B COOTEETCTBHE KaxIOMy 3JeMeHTY x & A smeMeHT f(x). d1a (yHK-
uusi HasblBaeTcsl cyxcenuem pyukyuu f Ha MHOXKecTBe A W uHOrja
obo3Hauaercs uepes fa.

TaxuM obpasdom, fla:A—Y u pas moboro x & A uMeeT MecTo
fla:x+—f(x). Ecin MuoxectBo A He coBnanaer ¢ MHOxecTBOM X,
TO cyxeHue f|4 QyHKUHH [ Ha MHOKecTBe A uMeeT ApPYrywo o6aacTb
onpeneseHust, 4eM QyHKuus f, W, CAeJOBaTENLHO,” ABJASCTCS APYLOH,
ueM f, dyHkuuell. Hepeako cyxkeHue GyHKIHH Ha HEKOTOPOM MHOXKe-
cTBe 0003HAYAeTCsT TEeM 2Ke CHMBOJIOM, 4YTO M MCXoAHast yHKuuA.

Ecnu nBe dyuxuwu [ u g paccMaTpHBAlOTCS Ha OZHOM H TOM:3Ke
MHOxkecTBe X, TOUHee, eClM paccMaTPUBAIOTCA CYXeHHs QyHKuui f
M ¢ Ha OJHOM M TOM e MHoxecTBe X, To 3amuch f=g Ha X o3Ha-
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gaer, 4T0 [ (x) =g (x) ansa Kaxgoro x & X. B stoMm ciyuae rosopsr,
uto QYHKUMSA [ TOXKIECTBEHHO paBHa (YHKIHH g Ha MHoxectse X.

OrmeTuM, YTO GYHKHHH, Y KOTOPLIX BCEM 3JIEMEHTAaM HEKOTOPOro
MHOXECTBA COOTBETCTBYET OJMH H TOT XK€ 3JIeMeHT, T. €. QYHKUHH,
Yy KOTOPBIX IIPH H3MEHEHHH 3HAUEHHS apryMeHTa 3HaueHue QYHKIHH
HE MEHSIETCs, HAa3LIBAIOTCH NOCHIOAHMbIMU (HAa JAHHOM MHOXECTBE),
UIH KOHCMAaRmamu.

Hrak, ecau Nnpy u3MEHEHHHM OJHOH IepeMeHHOH (aprymenta ¢yHk-
LHuK) Apyras fnepeMeHHas, siBadonlasica ¢pyHKiued Nepeoil, He MeHsIeTCsl
(T. e. «He 3aBHCHT» OT NepBOH NepeMeHHOH), TO 3TO sIBJseTcs YacT-
HbHIM H B ONIPENEJIEHHOM CMBIC/IE NPOCTEHIIHM caydyaeM pyHKIHOHAb-
HOH 3aBHCHMOCTH.

Ecmn [:X—Y wu Kaxabift sneMenT y <Y, npeicraBiser u3
ce0l MHOXKECTBO KaKHX-TO DJeMeHTOB Y= {z}, mpuueM cpein 3Tux
MHOXKECTB HMeeTcsl N0 KpaHHeH Mepe OJHO HENMYCTOE MHOXKECTBO,
cocTosilllee He M3 OAHOLO 3JeMeHTa, TO TakKas (QYHKHHUsS [ HaspBaeTcs
MHO0203HaUHOU yrkyued. TIpu 3TOM 3JeMeHTH MHOXKecTBa f(x)={z}
YacTO TAaKKE€ Ha3biBalOT 3HAYeHHAMH QYHKIHH f B TOuKe X.

Ecnu Kaxkzoe MHOXKeCTBO f(X) COCTOMT TOJNBKO M3 OLHOTO 3Je-
MEHTa, TO (YHKUHMIO [ Ha3bLIBAIOT TaKKe O00NO3HA4HOL ynKyuel.

Ecmu f: X—>Y u g:Y—>Z, to dyskuust F:X—Z, onpeneneH-
Hasg JAna Kaxioro x & X paseHcTBoM F (x) =g (f(x)), HasbiBaeTcs
Komnoguyueid (MHOTAa cynepnosuyued) GYHKUMA [ w g, WIAH CAOKCHOL
@ynryueti, 1 obo3HauaeTcs yepes g-f.

Takum o0pa3oM, No onpeneseHui0 Kaxkaoro x & X

(g-f)(x) =g (f(x)).

[Tycte 3anana gynkuus f: X —Y u Y; — MHOXecTBO ee 3HaueHuil.
CoBOKYIIHOCTb BCEBO3MOXKHEIX YNOPSAJIOYEHHHX Nap Buaa (y, [~1(y)),
ye Y, obpasyer QyHKHMIO, KOTopas HasblBaercs 06pamHoil (yHk-
yued nns GyHKUMU [ u obOo3Hauaercst yepe3 f-!. OGparHast GYHKuus
J™' CTaBHT B COOTBETCTBHE KaXkAOMY 3JEMEHTY y & Y, ero mpooGpas
f(y), T. €. HEKOTOpOE MHOXKECTBO 3/JIEMEHTOB. TeM caMbiM oGpaTHas
GyHKUMA SBJAsieTCS, BOOOLIe TOBOPS, MHOTO3HAYyHOH (hYHKIIHEH.

Ecin  orobpaxenne f:X—Y ORHONMCTHO (MHDBEKTHBHO), TO
obpaTHOe OToGpakeHue, oNpeLie/leHHoe, KaK Bcerfa, Ha Y, siBaseTcs
OJHO3HAYHOH ¢YyHKuued H oToOpaxaer Y; Ha X, 1. e. f1:YV;—X.
HeficTenTeNbHO, B 3TOM clly4ae npooGpasbl BeeX TOYEK y & Y COCTOAT
R TOYHOCTH M3 OJHOH ToukH x & X.

1.3*. KOHEYHBIE MHOKECTBA Y HATYPAJBHBIE YNCJIA.
NOCIEJOBATEJIBHOCTI

.. BaxHBIM, YacTO BCTpeYalOUIMMCH KJAaCCOM MHOXECTB SIBJSIETCS
KJIacC.TaK Ha3blBaeMbIX KOHEUHBIX MHOXKeCTB. UTo6bl chopMyIupoBaTh
onpejieJieHue KOHEYHOTO MHOXKeCTBa, AafUM CHadaja ofnpefe/ieHue
.MOHSITHS HaTypaJbHOTO YHCJA.
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Onpenenenne 2. Mwuoscecmso N ={n} Haseieaemcs MHOKCECTGOM
HamypaabHblX 4ucen, ecau '

() 00UH U3 €20 INeMeHmos 0003HAUCH Cumsoaom 1;

6) kanmcdomy sremenmy n & N nocmaesen 6 coomeemcmeue 6 mod-
HOCmu 00uM 9AEMEHM FIT020 MHONCECMSN, 0003Hauaemol] 4epe3 n* u
HQ36IBAEMBLEL INCMEHIMOM, CACOYIOUUM 30 IAEMERMOM T,

8) 041 aw06oeo n = N umeem mecmo n* == 1;

e) us n*=m*, ne N, me N, credyem, umo n==m;

0) Takcuoma undyxkyuu) nycmo mrosgcecmeo M = {m} < N 06.1a0aem
ceoticmeamu

1°) le M;

2°) ecau me M, mo m* = M,
moeda MHoowecmeo M codepocum ece HamupaaoHoe wucaa: M = N.

TlpuBenenHoe aKcHOMaTHUeckoe oOINpejiesieHye - MHOXKeCTBa HaTy-
paJbHBIX yHcea npuHagnexuT lleaHo *), nmosToMy cBofictBa a)— A)
HasbIBAIOTCS axcuomamu [learo.

OnemenTthl MHOxKecTBa N ofo3HaualoTcss uepes 1, 2, 3, 4, ...
(snech Toc/e KaxkAOIO HaTYpadbHOrO uHc/Aa HAlNHCAHO CchAelylollee
3a HUM).

Onpegenenne 3. Muoocecmngo X HA3b16aeMCs MHONCECMEOM, COCHOS-
wium u3 n ssemenmos, n & N, ecau cyulecmsyem 63aUMHO O0OHO3HAUHOE
omobpascerue muoxcecmsa X wa muoscecmeo {1, 2, ..., n}.

Ecau 045 MHOXMCECMBA CYUECMBYENT MAKOE HAMYPAALHOE H, YMO YUCAO
€20 3MEMEHMOB PABHO 11, MO 3IMO  MHONMECIBO HA3bIBAENICA KOHEYHbIM.

Bcsikoe MHOXKecTBO, He sIBJISIIOLICecS] KOHEUHBIM, Ha3bIBaercs
Geckoreurvim. TIpnMepoM OeCKOHEUHOTO MHOXKECTBA fIBJSETCS MHOXKE-
CTBO BCeX HaTypaJsbHbIX YHCEJ.

[Tyctoe MHOXKeCTBO CUMTAeTCS MO ONpeaeseHHI0 KOHEUHBIM, a YHCJO
€ro 3JIEMEHTOB DaBHBIM HYVJIO.

Ecnu MHoxecTBO, colepakailee rm 5J€MeHTOB, MOXKeT ObITh IToJIy-
4EHO M3 MHOXeCTBa, COAEpIKAllero 1 3/eMeHTOB, BHIYHTAHHEM M3 Hero
HEKOTOPOro KOHEYHOT0 MHOXKECTBa, TO HaTypadbHOoe YHCJO /1 Hasbl-
BaeTcd MEHbIIUM, YeM HaTypaJbHOoe YHCJIO #, HJH, YTO TO Ke, YHCJO A
Ha3biBaeTcst GOJBLIMM, YeM YMCJO /1, B 3TOM cjydae MUWYT m<n,
HIH n>m.,

Onpepenenne 4. [Tycmv X — xaxoe-aubo muoxcecmseo u N — MHOxce-
cmeo HamypavHox uicea. Beakoe omobpasicernue f: N - X (e, n. 1.2%),
HA3b6I8GEMCSL NOCACOOBAMENLHOCIBIO INEMERIMO8 MHONcecmea X. Daemenm
f(n) obosnauacmes uepes x, U HO36I6OEMCS N-M  YAEHOM 10CA€0060-
meavrocmu f: N— X, a cama 3ma nociedosamessHocms 0003HA4aemcs
uepes {x,} wau x,, n=1, 2, ... . ’

Kaxami snemenT x, nocaenoBaTebHOCTH {x,} MpeacTaBiser coboil
YHOPSIIOYEHHYIO Tapy, COCTOSIIVIO M3 uucaa n&N U COOTBETCTBY-
IOIETO €My IIpu oToOpaxkenuu [: N—X sneMeHta x MHoxectBa X,

*) L. Tleano (1858—1932) —uranbAHCKU# MaTeMaTHK.
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T. €. X, =(n, x). Bropofi. aneMeHT 3TCiH mNapbl HasbiBaeTcs 3HayeHHEM
3]€MeHTa TOC/He0BaTeNbHOCTH {X,}, a MepEbil —ero HOMEPOM.

MHOXKeCTBO 3JIeMeHTOB HOC/AENOBATENbHOCTH BCErJa GECKOHEUHO.
JlBa pas/MUHBIX 3J€MEHTa NOCJENOBATEILHOCTH MOTYT MMETh OAHO H
TO e 3HaueHHe, HO 3aBENOMO OTJIHYAOTCS HOMEDPaMH, KOTOPHIX
GecKOHEUHOE MHOKECTBO.

MHoxecTBo 3HaueHHH 3JIEMEHTOB MOCJeOBaTeNLHOCTH (OGBIYHO
FOBODAT Kopoue: MHOMXKECTBO 3HaueHHH INOC/A2A0BAaTENbHOCTH) MOXKET
OulTb KoHeuHBIM. Hamnpumep, eciiu BceM n & N NOCTaB/ieH B COOTBET-
CTBHE OJMH H TOT ke 3JeMeHT a & X, T. e. ApH Bcex n & N umeer
MecTo f(n)=a, TO MHOXKECTBO 3HaueHuH MNOCNENOBATENbHOCTH X, =a,
n=1, 2, ..., cocTouT u3 onHoro sgemeHTta a = X. Taxue Nocaeno-
BaTeNbHOCTH Ha3bIBAIOTCSI CHALUOHAPHBIMU.

Ecmu my <<ny, ny =N, ng =N, To 4JeH X, MOCTEI0BATEJIbHOCTH
{x.} HasbIBaeTCs u/IEHOM, TPEIIUECTBYIOUIHM UYIEHY X, @ WIEH Xn,
YJIEHOM, CJIeAYIOIHM 33 4JEHOM X,,. B 3TOM cMmbic/iie ujieHBl HOCJAESO0-
BaTeJbHOCTH BCErAa YMopsA0UeHH.

1.4. JOTHUECKHE CHEMBOJIbI

B MareMaTuyeckuX pacCyXKAEHUAX YacTO BCTPEUAIOTCS BBIPaKeHHS
«CYLIECTBYET 3JeMeHT», cOaafalliiii HeKOTOPbIMH CBOHCTBaMH, H
«/060# 3JIeMEeHT» CPeld 3JIEeMEHTOB, HMEIIIHX HEKOTOpOe CBONCTBO.
BmecTo c/10Ba «CYLIECTBYET» uJIM PaBHOCHJIBLHOIO €MY -CJI0Ba «HaHAeTCsi»
MHOTIAa NMHuUeTCS CHMBOJ d, T. €. INepeBepHyTasl JaTHHCKas GykBa E
(or anrauiickoro cjoBa Existence — cyinecTsoBaHue), a BMECTO CJIOB
«no00i», «KaKAbiH», «BCAKHE» —CHMBOJM Y/, T. €. HepeBepHyTOe
JatuHckee A (oT anrymiickoro cjoBa Any —mmo6Goil). Cumsos 3
HasbIBAETCS. CHMBOJIOM  CYujeCmeo3anusi, a CHMBOJI \f — CHMBOJIOM
eceoduHocmu.

IMpuMepn. 1. Onpenenenne oGbeauHeHHs U A, MHOXKECTB
=L
A, e U, 3anucbiBaeTcsi ¢ NOMOUIBIO JIOPHYECKOTO CHMBOJIA cylle-
CTBOBaHHS CJERAYIOIHM 06pasoM:

U Ao={x:Tacs¥, x= Ay},

ac

a ornpejeJeHue nepeceyeHus ﬂ Aa, 3allHCaHHOE C IIOMOLUBIO CHM-
=
BOJ1a BCQOéLU,HOCTH, HMEET BUL

ﬂ Ay={x:Vaes¥ x= A,}.
ac

2. Tlyctb . R — MHOXeCTBO AEHCTBHTEAbHBIX YHCENd W TYCTh 3ajaHa
dynkuust f:R— R, 1. e. QyHKUHdA, ONpelelieHHash Ha MHOXKECTBe
JZeiCTBHTE/IbHBIX YHCeN H NPHHHMAIOLAA AeHCTBUTENbHLIE 3HaueHHS.
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DOynxuust [ HasuBaercst uemnol Qynxyueil, ecan aas Aoboro x & R
BBITIOAIHAETCA PaBeHCTBO [ (— x) =f (x). Hcnoap3ys soruyecKyio cuM-
BOJIMKY, 3TO YCJIOBHE MOXKHO -3aliucaTh KOpoue:

VxeR: [ (—x)=f(x).

3. ®ysruua f: R— R HasblBaeTcd nepuoduqeckod, eciau cCyie-
crByer Takoe yHucsao T >0, yTo KakoBo Obl HH GblIo x & R cnpasel-
JnBo paBeHCTBO f(x+T)=f(x). ¥Ynorpebasasi JoruyeckKHe CHMBOJI,
3TO MOXKHO 3allucaTh CJERYIOLIUM o0pa3oM:

(AT >0) (Ve R):f (x+T) = (x).

O6bluno A4 yAoOCTBa YTEHHS! YTBEP:KACHHH, 3alHCAHHBIX C MO-

MOIHBIO HECKOJNbKHX JIOTHYECKHX CHMBOJIOB, BCE, HYTO OTHOCHTCH
K KaxJOMY M3 HHX B OTA@/JBHOCTH, 3aKJIOYaeTCs B KPYIJble CKOOKH,
KaK 3TO H CHeJaHo B Nocienued ¢opmyse. [IBoeToune B NMOXOOHBIX
¢dopMyJsax O3HAUAeT HMEeT MecTO».
4. Oyukuua f:R—R He sABNAETCS YeTHOH, €CJH . yCJOBHE
f(—x)=f(x) we BumonHsercd ana Bcex x & R OpHako nopo6-
Hble OTpuLaTebHble (GOPMYJHPOBKH He OYeHb YIOOHBI A uX
UCNIOJIb30BaHHUs, TaK KaK TPYyAHO JesaThb BHIBOAH U3 TOrO, YEro HeT.
I'opaspo ynoGHee uMeTh [LeJ0 C MNO3UTHBHBIMH, KaK HMX Ha3bIBaloT,
YTBEPKAEHHSIMH, KOTOPLIE He coliepikaT oTpHuanui. B HaweMm ciyuae
YTBEpXKAEHHE, UYTO paBeHCTBO [ (—x)=/(x) He BHIOJHAETCA A
BCeX X € R, DaBHOCHJbHO YTBEPKIEHHIO, UYTO CYIIECTBYeT TaKoe
xR, uto f(—x)5=f(x), HIH, B CHMBOJIUYECKOH 3aNuCH,

xR f(—x) £ (x).

5. ®@ynkuus f: R— R He siBAsleTcs Nepuopnueckoil, ecyu Jmoboe
yucmo T >0 ne nABasieTcd ee nepuojoM, T. e. ajas mwoboro T >0
paBeHCcTBO f(x+T)=f(x) He NO/IKHO BHNOAHATHCA LA BeeX x & R,
WJIH B NO3HTHBHON ¢opme: Ansi moboro T >0 Haiizercs x & R, Ans
Kotoporo f(x+47T)=~f(x). C nOMOWBIO NOTYYECKHX CHMBOJIOB 3TO
3anHChIBAETCS CJIEAYIOIHM 00pas3oM:

(VT>0)(TAx=R):f(x+T) #[ (x).

CpaBHuBafl 3alluch Npu TOMOIIM JOTHYECKHX CHMBOJIOB YTBep-
XKIeHH# B 1npuMepax 2 u 3 ¢ UX OTPHIaHHeM B mpumepax 4 u 5,
BHJMM, YTO NpPU IOCTPOEHUH OTPHUILAHHH CHMBOJBI CYIIECTBOBAaHUS H
BCeoOLIHOCTH 3aMeHsiioT Apyr Apyra. s Toro yTofbl B HEKOTOPOM
MHOXKECTBE He CyILIecTBOBaJ 3JEMEHT, o0Majaloliuil KaKuM-TO CBOM-
CTBOM, HaJo, 4ToObl Bce 3JEeMeHTH He o006Jajajd 3TUM CBOHCTBOM,
T. € B 3TOM C/ydyae NPu OTPHUAHHH CHMBOJ CYINECTBOBAaHHS E|
NepexofuT B CHMBOJ BleobmHocTH V. Ecau xe KaKuM-TO CBOHCTBOM
06/1afaloT He BCe SJEMEHTH pacCMaTPHBAEMOTO MHOMKECTBa, TO 5TO
03HayaeT, YTO B HEM CyIIeCTBYeT 3JeMenT, He 00Jafalomui JaHHBIM
CBOMCTBOM: CHMBQJI BCEOOIIHOCTH 3aMEHUJICS] CHMBOJIOM CYIIECTBOBAHHUS.
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Iasa Toro 49toObl He 3aTPYAHSITH UYHTaTeNd, HE IIPHBLIKILETO
K JIOTHYECKOH CHMBOJINKe, JaJbHellee H3JIoXKeHne MaTepuaa BeJeTcs
B KJIaCCHYeCKOH MaHepe Ge3 HCIOJb30BaHHS JOTMYECKHX CHMBOJIOB,
KOTOpble JIHIIb HHOrja YHOTPeS/IAIoTCS NapaljielbHO € OCHOBHBIM
tekcToM. C OIHOH -CTOPOHBI, A TOrO UTOOBl NPHYYATh HUTATe]d
K MX TNPHMEHEHHIO (4TO BecbMa TOJIeSHO NpPH KOHCIEKTHPOBaHHH
KHUT H JIeKIHii), a ¢ APYro#l, TNOCKOJLKY OHH MO03BOJSAIOT Gosee
KpaTKO, a MOTOMy MHOrJa W 6oJiee BHIPA3HTE/IbHO, PA3biCHKTb HYXK-
HYIO MBIC/Ib, H TEM CaMbiM NOMOTalT YUTaTeNIo MOHATH COJepKaHHE
U3J1araeMoro BOIpoca. )

CumBoJioM [ | B TeKcTe KHHMIM OTMeyaeTcsi KOHeWl HMPOBOJHMOTO
JoKasaTeabeTBa. CHMBOJ —> 03HAYaeT «clefyeT» (OXHO BbICKa3bIBaHHE
cAefyeT M3 JPYroro), a CHMBOJA ¢ O03HayaeT PaBHOCHJBHOCTDH
yTBEPKICHuH, CTOAMMUX 10 pasHble OT Hero CcTOpoHbl. 3Hauok def
O3Hayaer, uyro cQOPMYJHPOBAHHOE YTBEpXKACHHE CIPABELJIMBO 1O
onpefesennio (0T aHIJIMiicKoro caoBa definition — onpesenenue).
Hanpuwmep,

A cBg(Vx}eA:xeB),
@+ x) =g (x)-

§ 2. JEXCTBUTEJbHBIE YHCJA. YACJIOBBIE MHOKECTBA
21. CBOMCTBA JEMCTBUTEIBLHBIX YHCET

B snemenTapHoil MaTeMaTuKe H3ywaioTcsl AeficTBHTeJbHblE (Belie-
cTBeHHble) uHcna. CHavwama B Npouecce cueTa BO3HHKaeT TakK Hadbl-
BaeMblH wamypaaowoui psd wucea 1, 2, 3 ..., n, ... B apupmeruke
BBOJATCS JeHCTBUA C/IOXKEHHS M yMHOMKEHHMsS HaX HaTypaJbHbIMU
uncnaMu. YTo ke KacaeTcsl onepailuil BHUMTAHUS M JEJIEHHS, TO OHH
YXe OKasblBalOTCs He BCErfa BO3MOXHBIMH BO MHOMKECTBE HaTypaJb-
HBIX uYncestl. HroObi Bce 4eThipe apuMeTHUECKHE ONepauuu ObijiH
BO3MOXHBI J/Is1 JIOOOH mapbl uuces (KpOME olepaiud JeJeHHS Ha
HOJIb, KOTOPOH He/b3sl NMPUIHCATH PA3YMHOTO CMbic/ia), IPHXOIUTCS
PacClIMPUTE KJIACC pacCMaTpHBaeMblX yuces. K HeOGXOAUMOCTH TaKoro
pacilupeHHsl 3amaca 4ucesl NPHBOAAT TAKXKe NOTPeGHOCTH HU3MepeHHs
TeX HJH HHBIX TEOMETPHYECKHX M (PH3MUECKHX BeJHuuH. [lo3ToMY
BBOAATCA YHCJIO HOJNb H LeJBE OmpuyamesvHele uucia (suga —I1,
—2, ..., —n, ...), a 3aTeM H payuonareHsie (BUKA p/q, Tie p, §—
Hensle, g4 0). ‘

Ta xe noTpe6HOCTH H3MEpEHHS BeJHYMH M TIPOBEJEHHE TAKHX
onepauwil, Kak y3BJ€ueHHE KOPHS, BHIUHCJIEHHE JorapugMoB, pelieHue
anreGpanueckux ypaBHEeHHH, IPHBOJHT K JAa/ibHEAIEMy DacIuHpEHHIO
3allaca pacCMaTPUBAEMBIX WYHCEJ: TOABJAIOTCS UPPAYUOHAALHbIE H,
HaKoHell, KOoMnaeKcHole uucaa. Bee panuonanibHble W Bece Hppaumo-
HaJbHbIE Yhc/la o0pasyloT MHOXKECTBO BCEX JEHCTBHTENbHBIX UHCE.
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" MHOXeCTBO IeHCTBHTENbHBIX HHCEJN, KaK NpHHATO, GyrneM 00o3Ha-
yaTh yepe3 R (OT JIATHHCKOTO cJIoBa realus — pefcTBuTenbHbIH). ITO
MHOXKecTBO 00pasyeT COBOKYNHOCTb, B KOTOPOH oONpeJesieHbl . B3anMO-
CBSI3HBIE OTMEpalHH CJIOXKEHWS, YMHOXKEHHS U CDaBHEHHS YMCeJ 0
BeJIHYHHE H KoTopas of/afaet olpele/eHHOTO POja HellpepblBHOCTHIO.
HanomuuM KpaTKo CBOHCTBA JeHCTBHTEJbHBIX 4YHCEJ, H3BECTHHIE M3
s/eMeHTapHOH MaTeMaTuK¥, H JOMOJHHM HX ONHCAHHEM HEKOTOPHIX
cBoiicTB, OOLIYHO HE paccMaTpUBaeMBIX TaM JOCTATOYHO IOJIHO.

I. Onepauusi caoxedus Haa moboll ynopsnoueHHOH napot
JNeHCTBUTEIbHBIX UHCEJ @ ¥ b OMpeNeJeHO, H NPHTOM eJHHCTBEHHBIM
o6pa3om, YKCJI0, Ha3biBAEMOE HX CyMMOL M 0003HayaeMoe uepe3 a—-b,
TaK YTO MPH 3TOM UMEIOT MECTO CJEAVIOUlHE CBOiCTBA.

1. Han wobodl napor wucen a u b

a+b=>0b+a.

3To CBOUCTBO HAZBIBACTCH HEPEMECTMUMEAbHOIM HITH KOMMYyMamug-
HblM 30KOHOM CAOJCEHUA.
I,. Hasi moboli mpodku uucea a U b, ¢

at+(b+c)=(a+b)+c.

IDTO CBOMCTBO HA3LIBACTCH COHEMAMERbHBIM WU  QCCOLUAMUBHHIM
3ULOHOM CAONHCERUA. :
I,. Cywecmeyem wucao, obosnauaemce 0w  Hasvieaemoe HyaeM,

makoe, umo 0as a0b0eo wucaa a
at+0=a.

I,. Iasg aw0B020 wucaa a cyujecmsyem 4ucao, 0503HAHAEMOe —Q U
HQ36L6AEMOE  NPOIMUBONOAONCHOIM OQHHOMY, MAKOE, 4MO

a-+ (—a)=0.

II. Onepaunuss ymMmuoxeHnus. na moboil ynopsiodeHHok
napbl udcest @ U b onpeleNeHo, U TNPUTOM EAHHCTBEHHBIM oJpaszoM,
YHC/JI0, HasbiBaeMoe HX npoussedenuem v obo3Hauaemoe ab, Tak uio
IpH 3TOM HMEIOT MECTO CJefyIoulne CBOHCTBA.

I1,. das mo6od naper wucesr @ u b

ab = ba.

D10 CBOICTBO HA3LIBACTCA NEPEMECMUMEAbHOIM W KOMMYMAMUBHHIM
SAKOHOM MHONCCHUS.
1. Has awbod mpoixu uucer a, b, ¢

a{bc)=(ab)c.

310 cBOHCTBO Ha3LIBAEGTCH (04LiT.AMEAbHbIM HIN accoyuamueHbim 3aK0-
HOM YMHOMCEHUS,
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Cyuwecmeyem uucao, obosnauaemoe 1 u Hasweaemoe edunuyerd,
makoe, 4mo 048 00020 4ucia a

a-1=a.
Hast aw6ozo uucara a==0 cywecmsyem 4ucao, 0603Ha4AEMHOE

1
l/a uru - U Hazoigaemoe obpamnbim OGHHOMY, MAKOE, 4o

I
a —=1.
a
INI. CBA3b onmepankil CNOKEHHS H YMHOXKEHHU A
Hast mobod mpodku 4ucea a, b, ¢

{(a+b)c=ac+ be.

3To CBOHCTBO HasblBaeTca pacnpedesumensHois wau Qucmpuby-
MUGCHOIM 30KOHOM YMHOJNCERUST OTHOCHTENBHO CJIONKEHHS,

IV. ¥Ynopsanouenunocte. [ag xamdoeo yucra a onpedeseno
00Ho u3 coomnowenuii a>>0 (a 6oavwe Hyad), a=0 (a pasHo Hyo)
uau 0>>a (noav Goavwe a), npu amom, ecaw a>0 u b>0, mo

V. a+b>0;

1V,. ab>0.

Ecan a —b >0, TO roBopsAT, 4To umciao a Ooablue uucaa b U
numyT a>b (noapobuee 06 3ToM cMm. B m. 2. 3%).

JleficTBUTeIbHBIE yMCIa 06JaJaloT elle TaK Has3biBaeéMbIM C B O ii-
CTBOM HeNnpepBBHOCTH. UrtoCbl cGOpMyJHPOBATL €ro, BBEEM
NOHATHE CEHMEeHH .

Cnpzpenenue 1. [sa muomecmsa A R u B R Haswiawomcs
Ceeruem MHoscecmen Oeiicmeumenvrolx uucer R, ecau

1°) o6wedurnenue mruomecme A u B cocrmasasem ece muOxcecmeo
dedicrmeumenstvix uuces R, A\YB=R;

2°) Kaocdoe uz mroomecme A u B ne nycmo, A+, Bs£ O

3°) kaowdoe uucao mromcecmea A menouie 106020 4UCAQ MHOdNCE-
cmea B: ecau as A, be= B, mo a<<b.

CroiictBo 1° 03Havaer, 4To Kaxjpoe AHCTBHTENHHOE YHCJIO MpPHU-
HaJJIeXXHT TIo KpaHHe#d Mepe ogHoMy H3 MHOXKectB A W B.

M3 csoiictBa 3° oueBngHo -caenyer, uto MHoxectBa A u B
He nepecekatotcsi: A\ B= . HelcrButesnHo, ecsiy Obl Hamescs
sneMeHT Y = A1B, T. e. x &= A H' x & B, To u3 cBoiictea 3° caeno-
BaJso &b, YTOo x < X.

CeueHre MHOKeCTBA IeHCTBUTENbHbIXK YHCcesi, o0pa3soBaHHOE MHO-
wectBaMn A u B, oGosuauaercs uepes A |B. MuoxkectBo A Hazbl-
BAETCA HUNCHUM, a MHOXKECTBO B — 6epXHUM KJIaCCOM AaHHOTO CeYeHH .

[IpocTele mpuMeps! ceyeHH i MOKHO ONYYHTH CACAYIOUHM. GGPa30oM.
3aduxcupyem Kakoe-1ubo unciao o < R. OTHeceM cHauastia K MHOXKe-
cTBy A Bce 4ucaIa X <<, a K MHOXeCTBY B —Bce umcaa y> o

Ay x<a}, B {y:y>al. 2.1
Tak onpenenenuble WAGRKESERS GuBABOBERASyIOT CeyeHue, 4to ycra-
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HABJHMBAeTCs HEMOCPEACTBEHHOM NpPOBEPKOH BHINOJHEHHS YCJOBHH 1°,
2° u 3° onpenenenusa 1.

MoXHO TNOCTYNUTh HHauye: OTHECTH K MHoxkecTBy A Bce uucaa
x<<«, a K MHOXKecTBY B Bce uHc/ia y=o!

AL (xix <o}, BE{y:y=a}. (2.2)

Cuosa muoxectBa A u B ofpasyior ceuenne. B ofoux caywaax (2.1)
H (2.2) roBopsAT, UTO CeUeHHE NPOU3IBOMUTCH YHUCJIOM & H DHIIYT
a=A4|B.

OTMETHM J1Ba CBOHCTBA CeUEHHH, TPOU3BOAALIMXCS HEKOTOPLIM
THCJIOM.

1°. B cayuae (2.1) 6 kaacce A ectns nauGoasuiee YUCAO, UM 56
ASEMCS, 4UCA0 &, @ 6 Kaacce B wem Haumeroweeo.

B cayuae (2.2) 6 kaacce A nem Hauboavuieeo, a 8 xaacce B ecmo
HOUMEHBULEE YUCAO, UM SBASLMCS HUCAO O

PaccmoTpuM, HanpHMmep, NepBbll cnyqan (2.1). To, uto o sB-
asiercsi HaubOJIBIINM YMCJAOM B KJjacce A, ACHO u3 NepBOH (OPMYJIbI
(2.1), sanawoumeil Muoxecrso A.

IlokaxeM, 4TO BO MHOxkecTBe B HeT HanmeHpuiero uucia. [Homy-
CTUM [MPCTHBHOE: 0ycTb B B ecth HauMenbwee yucyo. O603HauuM
ero uepes f. ITockoabky P < B, To B cuay Bropcit ¢opmydst (2.1)

a<<P, caemoBartesbHo, afa<<a--f, T. e. oc<°°—+—ﬁ-, OTKYZa CHOBa

FB

B CHJIy BTOPO# (opMyasl (2.1) mosnyyaewm, yto 21" = B. AHaJloruuio

3 a<<f umeeM a+B<<P4P, T. €. & H3
0-+B

<[i M TaK Kak f — Hau-

MeHbllee YHCJIO B KJjacce B, 10 —— EA TTosyueHHOE NIPOTHBOPE-

yle J0Ka3nlBaeT YTBEpXKAeHHE.

2°. Yucao, npouseodsuiee CeHerue, eOUHCMBERHO.

B camoMm gene, HOMYCTHM, 4YTO CYLIECTBYeT Ce4eHHE, KOTOpoe
ompesensiercss AByMsi pasHbiMu uncaamu: o= A|B u f=A|B. [lycrs,
Hanpumep, o.<<f. Torga, Kak Mbl BUIEJH NPH JOKa3aTeJbCTBe Hpe-
LbILYILETrOo CBOKCTBA, ‘0L << Jrs<[3 W3 uepasenctsa oc<——+—B cJe-
AyeT, uTo Kak B ciaywae (2.1), TaKk u B cnyqae (2.2), umeer MecTO
a+ﬁ

ot+ﬁ

= B. AdanoruuHo u3 HePaBeHC1Ba ——<B CJIelyeT, uTo

& A. Jto npoTuBOpeYMT TOMY, uTO MHOMKectBa A u B He nepe-

CGKHIOTCSI.

CBoOHCTBO HeNpPephIBHOCTH JAEHCTBHTENbHBIX YHCEJA COCTOHT B TOM,
YTO HHKAKHX JAPYTHX CeyeHui JelicTBHTENBHBIX YHCEJ, KPOMe Tex,
KOTOpblE TPOH3BOISITCH HEKOTOPBIM UHCJOM, HE CYILIeCTBYeT.

V. CBolicTBO HeNpepniBHOCTH HAEHCTBUTENAbHBH X
ynced. Aaa kamdoeo cewenusn A|B muoscecmea deiicmeumenvroix
qucea Cywjecmsyenm 4ucao o, npouseodauiee amo cewenue, o=A|B,
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3TO uMCNO, COTJIACHO BBIHIE JOKa3aHHOMY, SIBJseTcH JmbO Hau-
GoMbLIMM B HHKHEM KJacce, TOr4a B BEPXHEM HET HaHMEHBLIEro,
Au00 HauMeHbIUWM B BepXHEM KJacce, TOTAA B HHXKHEM HET Hau-
GoJibllero.

Taxum obpasom, eciu A|B aBaseTcs ceueHueM AeACTBHTENBHBIX
YHCeJsl, TO COIVIACHO CBOKMCTBY HX HENPEPHIBHOCTH HE MOXKET CJAYYHUTHCH
TakK, 4To B KJjaacce A Oyier HauboJbllee YHCAO H OAHOBPEMEHHO
B Kiacce B Oyger Haumenbmee (puc. 2, a). He MoxeT Takke ObiTb
u Toro, uroObl B KJacce A He ObLIO HAWOOJBIUIETO H OAHOBPEMEHHO
B Kjacce B me 6bL10 Haumespluero yucaa (puc. 2, 6). O6pasHo ro-
BOpsi, HENPEPBIBHOCTL ACHCTBHTENBHBIX YHCEJ O03HAUaeT, YTO B HX
MHOXKECTBE HeT HH CKauKoB, HH
npo6esioB, Kopoue, HET HYCTOT.

CgopmynupoBaHiioe CBOHCTBO — F
HeNpepbIBHOCTH JEeHCTBUTENBHBIX a9 9
yucesl Ha3wBalOT TaKXKe NPUHLU- Puc. 2
non [edexunda *) HenpepbIBHOCTH
JEeHCTBUTENILHBIX UYHCEA.

CBOMiCTBO HENPEpPHIBHOCTU AEHCTBUTE/BHBIX YHCE CBA3AHO € CaMbIM
NIpocTefIIM BONPOCOM HCIIOJML30BAHHS MATeMaTHKH HAa NpaKTHKe —
¢ usMmependeM BejguunH. [Ipu u3MepeHuu XKako#-1M60 Quangeckol
BEJHYUHBl MBI Bcerja MojyyaeM ¢ OoJbluedl uiy MeHbLIEH TOYHOCTHIO
ee npubauKeHHble 3HaueHusd. Ecau B pesyJibTate 3KCHEpPUMEHTAJb-
HOro W3MepeHus JAaHHOH BeJUUHHBI MoJyyaeTcsd PAL 3HaueHUH, Jaio-
WX 3HAYEHHE HCKOMOH BEJMUYMHBI C HEHOCTATKOM (T. €, mpuHajnjie-
JKallUe HIKHEMY KJacCy COOTBETCTBYIOUIEIO HEH3BECTHOTO cedeHu,
ONpENEJISIEMOTO 3HAUeHHEM H3MEpSIeMOH BEJHYHHbBI) WM C H3OBITKOM
(T. e. TpuHaaJexaliue BePXHEMY KJaccy), TO CBOHCTBO HelpepblBHO-
cTU JeACTBHTENbHBIX 4YHCE BblpaxkaeT co00# OOBEKTHBHYIO YBepeH-
HOCTb B TOM, YTO H3MepsieMasl BeJHYhHa MMEET ONpefesieHHoe 3Ha-
YeHHE, PacHOJIOKEHHOe MeXKLY €€ NpuOJHXKEHHBIMH 3HAYEHHAMH, Bbi-
YUCJeHHBIMH C HEJOCTaTKOM H U30BITKOM.

Ynpaxuenue 1. Jlokazats, 4T0 CBOMCTBO V HENpephIBHOCTH JNeliCTBUTENn-
HBIX YHCEJ PaBHOCHJBLHO CJAEAYIOmEMY: KAkKoBbl Obl HH Obi/Id HemycThble MHOMKeCTBA:
AcR nu BcC R, y xoropplx AJis Jobbix 3ieMeHToB ¢ & A u b = A BHION-
HAITCS HePAaBEHCTBA 4 <C b, CYIeCTByeT TaKoe YHCJO &, UTO AJs BeeX a = A u
b = B uMeeT MeCTO COOTHOLIeHMe @ =< § =T b.

W3 mnepeuncieHHplx cBoMcTB [—V JefcTBUTENBHBIX YHCEN BhiTe-
KaloT JpYrHe MHOTOYMCJAEHHBIE HX CBOHCTBA, NMO3TOMY MOXKHO CKa-
3aTh, 4YTO AEHCTBUTEJbHBIE YHCJA NPEACTABASIOT COG0H COBOKYNHOCTD
sneMenToB, obmagaoulylo csofictBamu [—V.

Jas BAYMYHBOro yurarens 3aMeTHM, YTO CCh/IKA B HauaJe napa-
rpadpa Ha To, 4TO JEHCTBUTEJNbHBIE YHCAQ U HX CBOHCTBA HM3BECTHBI
M3 Kypca 3JE€MEHTApHOH MaTeMaTHKH, He ABJIfercd HeoOXOXHMOM.
ChopmypoBaHHLIe BBIE CBOHCTBA JEHCTBUTEbHBIX YHCE] MOXHO

* P, Hegexung (1831 —1916) — Hemeuknit MaTeMaTHK.
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B3ATb 3a HCXORHoe onpeneseHue. Caenyer TOJNbKO HCKJ/IOYHTH TPH-
BRAJLHBIA CJAYy4Yaii: JIerko IPOBEPHTh, UTO IJISI MHOMKECTBa, COCTOA-
HIET0 TOJLKO -H3 ‘OJHOrO HYJIS, BBLINOJHAIOTCA Bce cBofcTtBa [—V
(B TakoM MHoxecTBe | =0, a ceuenuii B HeM mnpocTo HeT). Mnoxe-
CTBO, B KOGTOPOM . HMEETCA XOTb OJHUH 3JIEMEHT. OTJHYHBIL OT HYyJs,
HasbIBAIOT HEMpUBUANbHbIM.

Teneps, mnepedpasupyd HTOr HaUIUX pPACCMOTPEHuH, MNOJYyYHM
cefyiolee -OnpeneaeHHe.

Onpenenenne 2. HempusuarbHoe mHONCECMEO e MERMO8, 06.100a10-
wux ceoticmsamy 1—V, HA36IBACMCA MHOMNECMEOM OelicMBUMEAbHbLX
yucea. KaxcOoui asemenm amoeo mHOMcECmea Hasvisaenics delcmaumens-
HEIM QUCAOM.

HanomMuuM, 4TO MHOXKECTBO JEHCTBHTENbHBIX uHceJ 0003Hayaercs
6ykBoil R.

TlocTpoenne Teopuu IeHCTBHTENBHBLIX YHCEN, OCHOBHIBaIOMIEeCs Ha
TAKOM HX OIpeleJeHlH, Ha3biBaeTCs AKCUOMAmu4ecKum, a CBOHCTBA
[—V — akcuomamu OeticmsumenvHolx ducen.

TeoMeTpuuecKid MHOXKECTBO XeHCTBHUTEABbHBIX YHCeJ H300paxkKaercd
HaNpaBJeHHOH (OpHUEHTHPOBAHHOM) IMpPAMOH, a OTAEAbHBIE YHCaa —

ToukaMu 3TOH mpsiMmoi. IlosToMy coBoKyI-

a ¢ HOCTb JeHCTBHTEJbHEIX YHCEJT YacTo Ha3kiBa-

0 1 0T YHCJOBOH MNpsIMOM, MJAH HHMCJOBOH OChIO,

a OTjeNbHbBIE uuc/Ia—ee Toykamu (puc. 3).

Puc. 3 Hmes B Buay Takoe uzobpaxkeHue AeHCTBUTENb-

HBIX YuceJ, HHOTAa BMecTo @ MeHbuie b (coot-

BETCTBEHHO @ 6om>ule b) roBopsT, YTO TOYKA a JIEXKHUT JIeBEE TOYKH b
(COOTBETCTBEHHO, YTO @ JIEKHT NpaBee b).

Ceuenne A|B reomeTpuyeckd o3HayaeT pa3bueHHe YHCIOBOH Npsi-
MOH Ha 1Ba Jyya, HMeOmuX OOLiee HaualO H WAYIIHX B NPOTHBO-
NOJIOXKHbIX HamnpaBJeHusIX, MpHYeM OAMH U3 HHX COILEepPIKUT HX obliee
Hayano (3aMKHYTHIH Jiy4), a APYrofl HeT (OTKPBITHIA Jy4).

B caenyromunx nynkrax 2.2%, 2.3* 2.4* Gyayr ‘Gosee AeTaNbHO
npoanaau3upoBanbl cBoHcTBa |—V JeldcTBHTe/NbHBIX Yucea H BhbiBe-
JieHbl HEKOTOphle HX cieActBusi. Kak W Bce NYHKTH, OTMeYeHHBie
3BE3JI0UKaMH, TepeyHc/eHHble NYHKTBl, BO BCSKOM cJiydae TpH fep-
BOM YTE€HHH, MO}KHO ONYCTHTh 0e3 cyiliecTBeHHOTO Yyiep0a - J1si yCBO-
€HHSl Kypca MareMaTHyecKoro aHaftusa. [sis NoHUMaHHS JAaJibHeil-
1lero Matepuasta (B M. 2:5 W clelyrOWHMX) BIIOJHE JOCTATOUHO Mpex-
CTaBJeHHsl O JeHCTBHTEJNbHBIX YHCJaX, KOTOpoe JaeTcsi B Kypce
3JIeMEHTapHOH MaTeMaTHKH.

2.2*, CBOMCTBA CJOKEHHA 1 YMHOKEBUA

PaccMoTpHM HEKOTOpbie CBOHCTBA CIOXKEHHSE M YMHOMKEHUS, KOTO-
pole BbiTeKalOT u3 cBodctB [, I1 u II1. Ilpexne Bcero samerum, urto
JJIS ollepallHi CJIOXKEHHS CyUlecTByeT oOpaTHasi oneparus — BeIYNTd~
Hue, olpejeHM ee.
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Ilnga moGofi ynopsizouenHo# maphl-uncesn a = R u b & R uncao
a-+(—b) HasblBaeTcsl pasHocmibio duces a u b u ob603HauaeTcs uepes
a—>b, 1. e.

a—b= a—l—(—-b)

Ecau a--b=c, To, npuGaBiss K 03euM 4yacTsIM 3TOrO paBeHCTBa
yucao — b,  noayuum (a-+b)+(—b)=c+(—¥b). Orciona corsacHo
accOUMATHBHOMY 3aKOHY I, W oIlpefie/ieHHIO pa3sHOCTH MMeeM

a4(b--(—b)=c—b,
HO b--(—b)=0, cneoBaTeibHO,
a=c—b. (2.3)

Takum ofpasom, nocje npubaBneHust K YHCJAY @ Yucaa b 4ucjo @
BGCCTaHaBJAHBaeTCsl BHIUUTAHHEM M3 CYMMH a-+b uMcia b, HosTOMY
onepallHsl BHIYHTAHMS W HasblBaeTcsl onepayueil, obpamroil onepa-
YUu CAONCEHUS.

TlepeitgeM Tenepb K CBOHCTBAM CJIOXKEHHS H YMHOXKEHHS JeHCT-
BHTENbHBIX UHCEJN.

1°. Yucao, obradaiousee C6OLCMEOM HYAS, eOUHCMEBEHHO.

HelicTBuTeIbHO, AONYCTHM, UYTO CYIIECTBYIOT ABa Hyast 0 u 0,
Ttorga B cuny Iz 0'-+0=0', 040" =0. CorsacHo KOMMyTaTHBHOMY
3aKcHY I, JleBBle YacTH 5TUX PaBEHCTB paBHBl, CJE€LOBATENbHO,
paBrbl H npaswe, T. e. 0=0". [}

2°. Yucao, npomueonoioncHoe OaHHOMY, eJUHCMEEHHO.

Ilyets uucaa b ¥ ¢ TPOTHBOIIOJOXKHBEL HEKOTOPOMY YHCIY '@, T. €.
a-+b=0 u a+c=0. Torla u3 NepBoro u3 3THX PAaBEHCTB HMeeM
(@+b)4+c=0+4c, 1. €. (a+b)+c=c, orkyda (a+c)+b=c; Ho
a+-c=0, cnexposartenbHo, b=c, [}

3° Has ai0b020 4ucia a cnpaseciuso paseHcmeo

—(—a)=a.

M3 paseHctBa a-+ (—a)=0, onpejensiowero NpoTHBONONOXKHEI
2J1€MEHT, B CHJY KOMMYTaTHBHOCTH CJIOMKEHH$, NoJayuuM — a-+a = 0.
210 u o3Hayaer, 410 a=—(—a). [ |

4°. [lan a060e0 uucia a chpasedauco paseHcmeo

_a—a’O
B caMoM Jedte, a—a_.a+(—a)_0 ]
. Jaa mobeix uuces a u b umeem:
—a—b=—(a+b),

m. e. 4uca0, NPOMUCONOAGHCHOE Cymme OBYX HUCeR, PABHO CYMME 1po-
MUUCONON0NCHOIX UM HUCeA.

JehcTBUTENBHO, a—!—b—}—(——a—b)-—(a—a)—i—(b b)y=0. ]

6°. Ypasuenue a+x==b umeem ¢ R pewenue u npumom eduncm-
BeHHOZ. X =1b —a.
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B caMoM jene, ecnu permneHue CYUIecTBYeT, TO B cuay (2.3) x =
=b—a. ITHM H JOKa3aHa eAUHCTBEHHOCTb pelleHus] YPaBHEHHS
a-t+x=»5b. Jlaa cyuiecTBOBaHHUS pelleHus AOCTATOYHO NPOBEPHUTH, YTO
YHCJO X =b —a fABJAETCS pelleHHeM. ITo AeHCTBHIeJbHO TaK:

a+(b—a)=a+[b+(—a)]=[a+(—a]+b=b. []

Jlnsa olepauuHd YMHOXKEHHSI TaKXKe CyUECTBYeT ofpaTHasd olepa-
IHS; OHA HA3bIBAETCH JeJEHHEM H ONpejensieTcs cel VIomuN o0pa3oM.
JIas mobo#t ynopsipoueHHON napbl umced a u b, b0, uucio

1
a--- HasklBAeTCS 4acmmuein om OeneHus a Ba b u oGosHavaercst yepes
a .
5 B a/b, umm a:b, T. e.

def
4fg.1, beO.

CeoficTBa, aHalloTrMuHble cBoHcTBaM 1°—6° pmist c/IokeHus, cnpa-
BEMJIMBBI H JJIS ONepalHM YMHOXEHHS:

7°. Yucno, obaadarowee ceodicmsamu eOuruLpl, e0UHCIMBEHHO.

8°. Hucao, 06pammoz OaHKHOMY HUCAY, OMAUMHOMY OM HYasl, €0UH-
CHMIGEHHO.

9°. Zlas a06020 uucaa a==0 cnpaseoiuso paseHcmso

L =

0°. Han woboeo uucaa a=~=0 cnpasedatieo pasencmeo
ala=
11°, Qaa moboix uucer a=0 u b0 umeem pasencmeo
11 1

@b T ab’
T. €. 4HCJI0, 06paTHoe NPOu3BeieHHIO JIBYX YHCEJI, OTVIMYHBIX OT HYJ4,
paBHO TIPOH3BEJEHHIO OOPATHHIX K-HHM YHCeJ.

12°. ¥pasrenue ax=>b, a=~0, umeem 6 mroscecmee delicmeumens-
HOLX Wucea U npumom eOURCIEeHHOE peueriue.

JokasbiBaioTcst cBoiicTBa 7° — 12° amajiornuno cBoificTBaM 1°—6°.
Bce paccmorpennbie cBofictBa 1° — 12° xacaroTes ToJbKO onepamui
C/IOKEHHST M YMHOXKeHHsl. STH ollepallud MNO3BOJSIOT ONpeesHTh
HaTypaflbHble, IeJble U PallHOHAJbHBIE YHCJA, OIepaluyio BO3BENEHU
B LEJAYIO CTEeNeHb H ONepaluio U3BJeueHus KopHsi. Ilpojesnaem sto.

Uucao 141 obosnauaercs uyeped 2, uncno 241 uepes 3 u T. 1.
Uucna 1, 2, 3, ... gasviBaoTca HamypassHeimu uucsamu. Vx o6o3-
HaueHHe W Has3BaHWe COBNAJAIOT C YHCJIAMH 3JEMEHTOB B KOHEYHHIX
MHOxkecTBaX (cM. m. 1.3%). 3ro He cayyaiiHo, MOCKOJBLKY A TOro,
+.To0B NOJIYYHTb HATYpaJbHOE HMCJIO 1 B HOBOM CMBIC/E, HANO B3STH
KOHEUHOe MHOXKECTBO €AHHHL, HHCIQ 3JeMEeHTOB KOTOpOoro B m. 1.2%
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6pl0 0003HAYEHO TeM JKe CHMBOJIOM 71, H. CJIOXKHTH HX. IIpH 3TOM
OTHOLIEHHE TII0psA1Ka, BBEeNeHHOE B MHOKECTBE HaTyDa/bHBIX YHCE
(cM. 1. 1.3%), coBnajaer ¢ NOPANKOM, HMEIOIUMCS B 3TOM MHOXe-
CTBE COIJIACHO YNOPANOYEHHOCTH MHOXKeCTBA BCeX JAEHCTBHTENBHBIX
gucea (cM. cBolictBo IV B m. 2.1), npuueM HaTypaJbHBIM 9HCJIOM n*,
CHAeAYIOUHM 3a n, asasercd n-+1, T. e. n* =n- 1. Kak yxe orMe-
4aJoch, MHOXKECTBO HATypaJbHBIX uuces ofo3Hauaetcs uepes N.

3aMeTuM, 4YTO XOTs, KaK 5T0 OBLIO J0KasaHO BHIUe, e€AuHHLA
€JMHCTBEHHA, MOXKKHO paccMaTpPHBATh HECKOJbKO 3SK3eMILASPOB ellu-
HEIBL (KaK M BOOOHIE, HECKOJbKO 3K3eMIUISIPOB JO0oro 3jemeHTa
HEKOTOPOro MHOXECTBa), XOTsi Obl AJAS TOro, 4To0n MOMKHO OBLIO
HanucaTb BripaxkeHue 1--1.

Uucaa 0, =1, =2, ... HaswIBAIOTCH yeasmu quciamu. MHOKECTBO
Henbx qHcesd oObiyHO o0o3HauaeTcsi yepes Z.

B nanpuefimem Oyzer mnokasaHo (cM. cBoiictBo 8° B m. 2.3%),
g9TO U3 BCeX MNepeuucseHHBIX B M. 2.1 ¢BOMCTB JeHCTBHTENbHBIX YHCE/
caenyer, yto 1 >0.

Uucna Buxa m/n, rfie m u n—uenase, a n=0, Ha3bBaOTCHA pa-
YUOHAAbHbLIMU uucaamu. MHOXECTBO pallMOHANbHBIX uuncesa o6o3Ha-
yaeTcst -00bIuHO uepe3 Q. [deficTBuTeNbHbIE 4uc/a, He ABJISIONLeCST
palMOHaNBHBIME, Ha3bIBAIOTCS UPPAYUOHARHLIMU.

ITycrb 3amaHbt felicTBUTENBHOE YUCJIO a U HaTypadbHoe 7. Hucio a,
YMHOKeHHOe 1 pa3 Ha ce0s, HasbiBaeTCs n-ifl cmenemsbio 4ucia a u
obosHavaercs yepe3 g”. TakuMm obpa3soM,

def
a*—aa...qa.

n pas
Yueno b Takoe, uTo b"=a (ec/aM OHO, KOHEUHO, CYIIECTBYET)
HasbiBaeTcsl KopHem n-# CTelleHH W3 YHCHA a W 0003HawaeTcs uyepes
no—
Va, wnu a¥, 1. e.
n —\n def
Va)a.
Ho ONpee/IeHHIO TOJIaraeTcst s L u ana goboro ne N

a™" el 1/an.

OtveTuM Tenepb HECKOJBKO CBOMCTB, KacaloUUXCS CBSI3H oOIle-
palHi CJIO0XKEHHS ¥ YMHOMKEHHSA.

13°. s aiobvix wucenr a, b u ¢ umeem mecmo pageHcmeo

a(b—c)=ab—ac.
B camoMm pene,

alb—cy=a(b—c)t+ac—ac=a(b—c+c)—ac=ab—ac. ]
14°. [las 06020 wucaa @ evinoansemcs. pasexcmeo
a-0=0.
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eficTBuTeEHO, BO3bMEM KaKoe-nu6o uucio b, torna b—b=0
(cM. cBoiictBo 4°). TlosTomy corsiacHo cBoiicTBy 13° GyzeM HMeTh:

a-0=a(b—0b)y=ab—ab=0. []

W3 ceoiictBa 14°, MexAy IpOYMM, BHITEKaeT, UTO YTBepAKICHHE
1540 npu HaauuuH APYTHX paccMaTtpuBaeMbIX cBOHcTB |—I 11 3KBH:
BaJICHTHO TOMY, YTO CYIECTBYeT XOTsSI OBl OJHO YHCJIO, OTJIHYHOE OT
Hyasa. OugeBnlHO, JOCTATOYHO NOKAa3aTh, YTO €CJAH CYLIECTBYeT 4HCJO
a*0, To 1£0. [HokaxkeM 3T0: NMycTh cyuectByer a=~0, Torza us
paBenctBa a-1=a caenyer, uto 140, TaKk KaK B NPOTUBHOM CJy-
yae CcorJiacHO cBOHCTBY. 14° umeso Gbl MecTo paBeHCTBO a = 0.

15°. Ecau ab=0, mo, no kpaiined mepe, 00un u3 comuoncumeneti o
u b pasen wnyao.

Ilyers, Hanpumep, a =0, Toraa, yMHO}KHB paBeHcTBO ab=0 Ha

l/a, nonyuum -, (ab) =—- 0, otkyaa ( -»a)b 0, cJenoBaTesbHO,
b=0. ]
16°. das moboix wucer a u b umeen:

(—a)b=—ab, (—a)(—0b)=ab;

8 wacmrnocmu, (—lya=—a.
B camom peue,

(—a)b=(—a)b+ab—ab=(—a+a)b—ab=—ab. []
Hcnonb3yst 3T0 paBeHCTBO, HMeeM

(—ay(—b)=—a(—b) = (=) [a(=b)}=(—-1)(—ab) =
=—+—w._w O

U3 croiicts I, 11, III peficTBHTEMbHBIX YHCeJ U TEPEUHCJACHHBIX
BbIIE MX CJEACTBUA MOXHO IOJY4HTb IIpaBHja apHPMETHUECKHX
JeficTBuit ¢ ApoBsmu, T. e.. yucaaMu Buia a/b, b#0,a =R, beR.

17°. Pasencmeso
c

79

e _
=
b=#0, d=£0, cnpasgedruso mozda u moavko mozda, koeda ad = bc.
Cnepctede (OCHOBHOE CBOMCTBO ApolM). Karxose: bot Hu Obiau Opode
a/b, b=£0, u uucso c==0, umeem Mecmo PABEHCIIEO
a_x
b bc’
HeficTBuTeNIbHO, YMHOXHB 00e uwacTu paseHCTBa a/b=c/d na bd

H HCHOJIb30BaB OlNpepedieline JAeJeHusd, 6y11€M HMETb CJICAYIOILYIO
1eNOYKy 3>KBHBAJIEHTHBIX PABEHCTB:

4 e lbd=Cdboa-ybd=cpdbead=ch. ]
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18°. Cuomcenue Opobeii npouseodumca no npasuay

a c _ad—ic
?—l—'&*——-‘——ﬁ—', b#o, d?’ZO.

JlokaxeM cnpaBeAJMBOCTL 3TOro paBeHcTBa. MHcrosb3oBaB ompe-
AeNieHue JeNeHHS, AUCTPHOYTHBHOCTbL CJIOKEHHS OTHOCHTENbHO YMHO-
JKEHHSI H OCHOBHOE CBOHCTBO ApOGH, TIOJIYyYHM:

ad 4+ be 1 1 1 ad bce _a c
pa—=@d+be)pr=ad -t besr =+ =5+ 0O

19°. ¥Ymuomcenue dpobeil npousseodumes no npagury

a c ac

7'2":%, b;&O, d#O.

HcnonpsoBas ornpejenieHue JeseHust H cBoHcTBO 11°, moayunm

L. NP VONR S0 SN PUSLE Y ORE T NI )
bd %5 T d”(“ 5)\¢a) =5 a U

20°. O6pammnoim aremenmom Opobu a/b, a=~=0, b=£0 agisemes
a b
dpobe bja, m. e. 5= 1.
10 cpasy cjlefyeT U3 NpaBuNa YMHOXKeHHs Jpobeil.
21°, Henenue Opobeii npoussodumcs no npasuay
a ¢ ad

-b:a":‘?)?, b=+£0, C%O,id?&o.

Hcnonb3oBaB onpeaesieHne aejieHHs, Npejpiayliee CBOHCTBO H Npa-
BHJIO YMHOXKeHHSA JApobeidl, OyieM umerb

BrigefieM Tenepp u3 TOJYYEHHBIX CBOHCTB NpaBHJa JeHCTBHE €O
CTETIeHSIMH.

22°., Ecau m u n—yeavle wucaa, npuuem 8 cayuae, koeoa m==90
uruw n<<0 umeem mecmo a==0, mo

amqr = qmtn, (am)n = qmn,

Ecin m=0 wau n=0, To cnpaBelauBoCTs GOPMYJ OUEBHAHA.
B cayuae, Korga m u n HaTypaabBble YuCJla, TO COrJIACHO ornpe-
JEJICHHIO CTENEHH

amra®=a...... aa...... a=qmn
[ SR N —
m pas n-pas
Eciu m<<0, n>0 u a=£0, 10, Nojarast &= — m W HUCNOJb3YH

OCHOBHOE CBOHCTBO JAPOGH (BO3MOMXKHOCTH OIHOBPEMEHHOrO JeJeHHS
yuc/aMTeId W 3HaMeHareJs JpoGH Ha OJHO H TO Xe He PaBHOE HyJIO
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YHCTIo Ge3 HapyWeHHS DaBeHCTBA), Npu R<<n OyjaeM HMeThb

n pas
ar a...a
anar = athat = G = L = gk — g,
N
k pas
a npu k>n:
aman_g___l__an—k_ m+n
T gk T qknT =a *
Ecou m<<0, n<<0 u a0, 10, nofarast k=—m, |=—n n

HCIOAB3YS cBo#cTBO 11°, mosyyum:

11 1

— - (BHl) — gm+tn
@ o ak” a =

ama” = q- a—l —

ITonoOubIM oOpasom IpoBepsieTcss u BTopas (opMyJaa cBOHCTBa
22°. []

Jlerko nokasatb, yto cBOHCTBa Iy, ‘I3, II;, I, u III pacnpocrpa-
HAIOTCA 10 HMHAYKLUHH Ha JioGoe KoHeyHoe uucJao yjieHoB. B kaue-
CTBe IIpHMepa INOKa)eM, YTO A JIOoOblX YHCEN @), Az, ..., dp
n=2)ubd

(+a+...+a))b=abtab+...+asb. (2.4)

B camom gese, npu n=2 3ra ¢opMmysa cnpaBeisHBa COIJIACHO
cpolictey I11. ,

ITycte Temeps (2.4) cnpaBeanuBa Npu 7=£k, NOKaXeM, 4TO OHa
G6yner cnpaBepiuBa u npu n=~k-+ 1. [lpumenuB coiictBo I, nas
k-1 caaraemMblx (cyurasl, UTO OHO Yy2Ke JOKa3dHO), 3ateM cBolctso 111
H HCIIOJIb30BAB MPE/MOJIOKEHHe HHAYKIHH, TOTYYHM
(a1+a2+---+ak+1) b=[(ar+...4ar) +ara]b=

=(m+...+ap) b+ apb=ab+...+apb+ap.b.

Va dopmysant (2.4) B ciiyuae a;=a,=..
nb=b-4...4-6,

n pas

T. €. 4TO YMHOXEHHE YHCJa Ha HaTypajbHOE YHCJIO 7 CBO}IHTCSI
K CJOXKEHHIO 3TOro 4ucja n pas.

OrMetsM, uto cpoiictBa I—I111 m. 2.1 He onuCHBAIOT NOJHOCTHIO
NefiCTBHTEIbHEIE 4MCJA B TOM CMBICJIE, YTO CYHIECTBYIOT H Jpyrue
MHOKECTBa, OTJHYHLIE OT COBOKYIHOCTH neﬁcTBmeanbe yuces, YI0B-
JeTBOpAOUME TeM ke cBoHctBaM [—I1I, ecam B HUX CJIOBO «4HCJIO»
BCIOLYy 3aM€HHTb CJIOBOM <3JIEMEHT» PacCMaTpHBAEMOro MHOXKECTBa.
HMeHHO B 3TOM CMbiCJ/Ie BCIOAY B HajbHednieM NOHHMaeTcsi BhIpaxe-
Hue «MHOMKECTBO, VAOBJETBopsioliee KaKuM-1160 u3 cBoHcTB [—V».
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IlpumepoM MHOKecTB, yaoBaeTBopsomux ycaosusam I, IT u 1M,
SBJSIOTCA OJHH TOJBKO palHOHAJbHble YHCJIA HJIM, H3BECTHHE M3
3JIeMCHTapHOH MaTeMaTHKH, KOMIIIEKCHLIE YHCJa, a TaKiKe COBOKYII-
HOCTh palMOHANbHBLIX (YyHKUMH, T. e. QYHKUHH BuHja f(x)=g—(%),
rae P(x) u Q(x)— MHOrouJeHHI.

SJIeMEHTRl BCEX MEPEUHMC/ICHHBIX MHOMKECTB MOXKHO CKJAAbIBaTh H
H YMHOXAaTb, NMpH4eM 5TH olepanuy OYAYyT NOJUHHATbCS YCJAOBHIM I,
IT u III. MuoxecTBa, YIOBJETBOPHIOLIHE 3TUM TpeOOBaHHUAM U CO-
Jepxkanine xoTs Obl OfHH 3JEMEHT, OTVIHYHBIA OT HyJs, Ha3blBalOTCH
noAsmu.

Takum o0pasoM, M pamHOHaJbHEIE UHCTa, W JAefiCTBHUTEJbHbIE
yucada, U KOMIJIEKCHBIE YHCAa ¥ pallHoHadbHble (yHKIHMH o6pasyior
noJsi.

IlpoananusupyeM Tenepb CBOHCTBA, BBLLIEJSIION[HE MOJE JeHCTBH-
TeJbHBIX YHCeN cpeid Bcex Apyrux nojed. OXHHM M3 TaKHX CBOHCTB
AIBJISIETCS. CBOACTBO YHOPSAOYEHHOCTH €ro JEeMEHTOB.

2.3*. CBOUCTBO YIIOPATOYEHHOCTU

BrisesieM HexoTopble c/leNCTBHSI M3 CBOHCTB ymopsjoueHHoctd IV
H cBoHCTB cJaoxeHusi u yMmHoxkenus I, II u III. Ilpexne Bcero
OnpefesHM IOHATHE CPaBHEHUA IO BeJuYMHE A5 MOOLIX JIBYX YHCEN
(nanomHuM, 4to B cBoMicrBe IV TrOBOpHJIOCH TOBKO O CPaBHEHHU
Yuces ¢ HyJeM).

Qucao a Rasvisaemes wuciom, 60abusum yucaa b, u nuiemes a> b,
UAL, 4MO Mo gce, YUcA0 b HA36IBAEIMC MeHbUUM HYUCAA Q@ U NUWEMCS
b<<a, ecau a—b>0.

1°. Ecau a>b u b>c, mo a>-c.

ITO CBOHCTBO HA3LIBAETCS MPAH3UMUGHOCMbIO OTHOLICHHS DOPSAAKA.

Ecin a>b u b>c, TO corjacHo OHpejeNeHHI0 3TO O3Hayaer,
uto a—b >0 u b —c> 0. CkanajpiBas 378 HepaBeHCTBa, coraacHo [V,
nosyyaeM: (@—b)+(b—c)>0, 1. e. a—c>0. DTo u o3HavaerT,
uyTo a>c. [ |

2°. Ecau a>b, mo 018 w6020 uucia ¢ umeem: a-+c>b-c.

B camoMm pnene, HepaBeHCTBO @b 03HauaeT, uTo @ —b > 0. [To-
CKOJIbKY IO cBoficTBY 5° M3 1.2.2¥ a—b=a+c—c—b=(atc)—
—(b+-¢), 10 (@) — (b4-¢) >0, u, crenoBatensho, a+¢>b-t-c. [

3°. [an mobbix Osyx uucen @ U b umeemcs @ mouHOCMU O0HO U3
mpex coomuowerul nopadka a>>b, a="b uau a<<b.

HeiictBuTenbHO, NyCTh 3aflaHbl ABa 4ucaa @ u b. s ux pas-
HOCTH a@—b corsiacHo cBoHcTBY [V MMeeT Mecto B TOYHOCTH OXHO
H3 CoOoTHomeHHH a—b>0, a—b=0 uay 0>a—b.

Ecin a,—b >0, 10 1m0 onpezenenuio a>b. Ecau a—b =0, 70,
npubaBUB K 0GEHM 4acTM paBeHCTBa 4YHCIO b, NONYY4uM a=b.
Haxkonen, eciu 0>a—b, 1o npubGaBuB nocjefoBaTeNbHO K 0GEHM
yacTAM HepaBeHctBa 0>a—b uncna —a u b (cM. npeawiayuiee
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cBoficTBo), moayuuM b—a>0. 1o u o3Hayvaer, 4yro b>a, HJH,
yTo TO Xe, a<<b. []

.CootHollleHHe @ << b untaercsl «a MeHblie b». CooTHoluenue a=>b
upTaercs «a paBHO b». CoorHoleHHe a>>b uurtaerca «a GoJblue b».

HaJnuue TpaH3UTHBHOTO OTHOLWICHUS TOPSAKA «60/bIIE), <MEHBLIE»
Mexny JHOOBIMH JBYMS YHCJIaMH W Has3blBaeTcsl OOBIYHO C80LiCmBoM
YNOPAOOHEHHOCIU  MHONCECMBa  Oelicmeumensvtotx  4uces, W OMHOULE-
Huem nopadka.

3anuch a<< b paBHO3HAYHA 3alucH b==a W O3HauaeT, 4To Jubo
a="5, mbo a<Ch. Hanpumep, MOXHO HamDucaTh 2=<2, 2=I5.
KoneuHo, MOHO Hanlucath GoJee TOUHO: 2=2, 2 <5, oJHaKo Hepa-
BeHCTBa 2=C2 m 2<C5 TaKxKe BepHB, TaK KaK 03HayaloT, 4TO «[Ba
He GoJibllle JBYX», COOTBETCTBEHHO, UTO «JBa He OOJbILE MSTHY.

CooTHolleHus a<<b, a=<<b, a>>b, a==0b Ha3LIBAIOTCS HEpaseH-
cmsamu. HepapencTBa a<<b W a>>b Ha3pIBAIOTCH CMpoeuMu Hepa-
eeHcmeamu,

4°, Ecau a<<b, mo —a>—b.

B uwacmwnocmu, ecau a>0, mo —a<<0, a ecru a<<0, mo
—a>0.

LelicTBuTenbHO, M3 a<<b B cuay ofnpegeneHus uMeeM b —a >
>0. gloaéomy—a=-a+b+(~b>=(b—a~>+<—b)>o+(—b>=

5% Ecau a<<b uc<d, mo a-t-c<<b-t+d, m. e. moxmno npous-
600UMb MOYACHHOE CAONCEHUE HePaseHCms 00H020 3HAKA.

B camom jene, ecaum a<<b M c=<d, TO cOrlacCHO CBOHCTBY 2°
3TOro NyHKTa a-+¢c<<b-c¢ u c+b=<d-+b, nostomy B Cusly TpaH-
3HTHBHOCTH YTOPSJOUeHHOCTH UMeeM: a-+c<<b-+d. ]

6°. Ecau a<<b u c¢=d, mo a—c<<b—d, m. e. nepaseHcmsa
NPOMUBONOAONCHOLX BHAKO8 MONCHO BbIHUMAMb 8 YKASAHHOM CMbICAE.

HehcTBuTenibHO, M3 C¢==d HMeeM COrJIacHO CBo#CTBY 4° 3TOro
nyHkra: . —c << —d. CloXuB HepaBeHCTBa @ <<b M — ¢ << —d, Noay-
uuM a —c<<b—d.

7°. Ecau a<<b u ¢<<0, mo ac> bc.

B cavmoM jene, corjacHo cBoficTBY 4° 3rtoro mnyHkra —c¢ >0,
no3ToMy B cuJly cBofictBa 1V, a(—c¢) <<b(—c¢). Orcioga no cBoii-
crBy 16° n. 2.2* noayuum —ac << —bc u, ClIefoBaTesbHO (CM. CBOH-
cTBO 4° 3roro myHKTa), ac>>bc. [ ]

M3 nokasaunoro cefiuac cBodctBa 7° (npu a=0) u u3 cBoii-
ctBa IV, BhiTeKaeT NpaBU/IO 3HAKOB NPH YMHOXKeHHH NEHCTBHTEb-
HBIX UYHCen: npousgedenue  08Yx COMHOxCUMEnel 00HO020 3HAKA (nubo
OJIHOBPEMEHHO MOJIOKHTENbHBIX, JHG0 OJHOBPEMEHHO OTPHIIATENbHBIX)
NOAOKCUMEABHO, & Npoussederue 08yx COMHONCUMENe PA3HLIX 3HAKOS
(ouH M3 HHMX MOJIOXKHTENEH, APYroH OTPHIATENEH) OMpuUyamessHo.

8°. B ynopsadouerrnom nose ecezda cnpasedauso nepasercmeo 1 > 0,

B camom faene, Mbl yxke Bufequ (CM. 3aMedaHue IocJsie CBOMCTBa
14° B n. 2.2%), uTo W3 YCJOBHsI CYLIECTBOBaHHS 3JeMeHTa a0 (310
YCJOBHE BXOAMT B OfpefiesieHHe MoJid, CM. KoHew I. 2.2%) ciegyert,
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gyto 1=£0. IToraxeMm, uto HepaBercTBo 1 << 0 HeBo3MoOxHO. lonycTum
npotuBHoe, mnycth 1<C0. Bosbmem. Kakoe-mibo a>0. CorsacHo
onpelesienu0 eAnHHIEl HMeeM a-1=a. [lo npaBuny 3HaKOB NpOU3-
BeJleHHe INOJIOKHTENbHOTO YHC/Ia 4 H OTpHlaTe/bHOH NO NpearnoJo-
kenuto 1 gBssercss oTpHLATENbHBIM YHCJIOM, T. €. a <0 — npoTuBo-
peudue.

JeficTBUTEIbHBIE YHC/IA CHOBA He SBJAIOTCS €JHHCTBEHHBIM OGBEK-
TOM, KOTOpbiil ynosjerBopseT akchomaMm I—IV. MnoxectBa, mist
KOTOPHIX CHpaBeJJUBbI 3TH aKCHOMBI, Ha3bIBAIOTCH YHOPAOOUEHHbLMU
noasmy. TlpumepoM yNopsiioYeHAOro TOJIA, OTJIHYHOTO OT TOJs JieH-
CTBHTE/ILHBIX YMCeJ, SBAAeTcS NoJe palHoHaldbHHX yucesa. OnHako
yxe HH IOJile KOMIVIEKCHBIX YHCEJ, HH [0J€ PalHOHAJIbHHX (QYHK-
Huf He SBJSAIOTCS YHOPSAAOUEHHBIM ITOJIEM.

Bo BCcAKOM YHOpSJOYEHHOM IIoJle MOXKHO BBECTH NOHATHE abco-
JIIOTHOM BeJHYHHBI €ro 3jJeMeHToB. [IpH ee onpeleneHHH ¥ H3YYEHHH
ee cBoficTB I enuHOOOpa3usl u3JokKeHHS OyleM Bce BpeMs ToOBO-
PHTL O YHCIaX, a He 00 3JeMeHTax NpPOU3BOJBHOrO YHNOPSAJOYEHHOro
noJst.

Ilns moGoro uyncaa a 4ucnao, ofo3HayaeMoe |a| W oI pefensieMoe
no gopmyJie

la| { a, ecm a=0,

—a, ecw a<<O,

Ha3biBaeTCA QOCOMOMHOL B6EAUHUHOL YHCa a, WJH, YTO TO 3Ke, €ro
MO0y rem.

OTt™eTHM PSS cBOWCTB aGCOMIOTHOH BeJHYHHBL.

1°. Jlaa a06020 4ucara a 6biNOAHAIOMCS HEpAseHCmea

la|=0, (2.5)
la|=|—al, (2.6)
a<<|aj, —a<|al. (2.7)

Joxaxem neparenctBo (2.5). Ecana=0, 10 |a|=a=0; ecan xe
a<<0, 10 |a|=—a>0 (cBofictBo 4° 1. 2.3*%). []

Jokaxem paeeHcTBO (2.6). Ecam a=0, 10 ja|j=a n —a<<0,
NC3TOMY COIJIaCHO onpefieJieHnio aCcCHIOTHOM BeINYUHED H CBOHCTBY 3°
u3 n. 2.2* noayuwM |—a|=—(—a)=a=|al. Ecau xe a<<0, To
|]al=—a u —a>0; 310 o3Hauaer, uT0 |—a|=—a. ]

JloxaxeM HepaBeHcTBO (2.7). Ecom a=0, 10 a=|a|u —a<<
< 0<<a=]al, 1. e. (2.7) Bbnonnsetcsa. Ecau xe a<<0, To a<<
<O0<<—a=]a|, 1. e. (2.7) Toxe BhNOJHSAeTCH. [ ]

2°. Jlaa awoboix wucea a u b

la+b|<|aj+]|b], (2.8)
Hal—lbl|<la—b]. (2.9)
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Jlokaxkem stu HepaBeHcTBa., CorsacuHo (2.7) umeewm:
a<<l|al|, —a<|al, b=<[b]|, —b=c|b|.
Orcioga B cudy cBoficTBa 5° u3 m. 2.3*% u cpofictBa 5° u3 m. 2.2*
atb<lal+|b], —(at+b)<|a[+]|b]

Onso us uucen a-b uan —(a-+-b) HeoTpuIaTeNbHO H, CJELOBa-
TeJbHO, coBNaiaer ¢ |a-+b|. HepaBenctBo (2.8) mokasano.
Hepagenctso xe (2.9) sBasercs caeictBuem (2.8). B camom zene

la|—]bl=|(a—b)+bl—|b|<<|a—b|+|b]|—|b|=[a—Db];

aHanoruuHo, |b|—|a|j=<<|b—a|=|a—b]|.

CornacHo cBofictBY 5°, m. 2.2*, |b|—|a|=—(la|—|b}). Onuo
u3 upcen |a|—|b| u —f{aj—|b|) coBnanaer c ||a|—|b||. Hepa-
BeHCTBO (2.9) Takxke HoKasano. [ |

3°. ,ZZ{/m Aobblx  wucer @ u b ewnoamsemcs pasencmec |ab|=
=|al|b].

210 cpa3y crefyeT u3 onpejencHHS aOCOMOTHOH BeJHUHMHEI, CBOH-
ctBa 16°, m. 2.2*% y npaBHsia 3HAaKOB NPH YMHOXKEHHH.

PaccMoTpuM Teliepp CBOHCTBO HeNpPepHIBHOCTH, KOTOPOE BHIAEJSET
nojie JEHCTBH1€JbHBLIX 4YpCeJ CPeld BCeX NPOYHX YNOpSAJOYEHHBIX
noJsied.

24*. CBOYICTBO HENNPEPLIBHOCTM JIENCTBUTEJBHBIX YHACEJ

YrnopsnouenHoe ToJe, YyAOBJETBOpSIOUIee CBORCTBY V, HasnBaeTcs
HeNnpepbiBHEIM  YNOPSIIOYEHHEIM NosieM. flonle pauwonanbHHIX Ynces
yXe He SBJSETCS HeNpephlBHEIM YIOPSAOYEHHEIM II0JEM: B HeM
MMEIOTCSl CeueHHsl, KOTOpble He ONpele/sioTcss HHKaKHM palHOHallb-
HBIM YncaoM. Hanpumep, MQKHO 10KasaThb, 4TO €CJH K BepXHEMY
KJaccy B oTHecTH Bce NOJIOXKMTEJbHBlE pallHOHAJNbHBIE HHCHA m/n,
YHOBJIETBOPSIOIME HEpaBeHCTBY (m/n)®>2, a K HHXHeMy KJaccy
BCE OCTa/IbHble palHOHaJbHbIE UHCJA, TO TOJYYHTCS CeueHHE palHo-
HalbHBIX uymcesr A|B, KoTopoe He olpejensieTcd HHKAaKHM pauuo-
HaJbHBIM YHCJIOM.

OKa3sblBaercsi, UTO MHOXKECTBQ JeHCTBUTENBHBIX YHCEJ SABJSETCS
B HEKOTOPOM CMBIC/JIE €LHHCTBEHHBIM HeNpepHBHHIM YHOPSAOYEHHBIM
nojeM, To4yHEe €IMHCTBEHHBIM ¢ TOYHOCTBIO MO H3oMopdH3Ma.
Pa3bsicCHHM, YTO 3TO O3HAYaeT.

Hea ynopadoueruvix noss & u G waseiearomes U30OMOppHoMU,
eCAlU Cyecmeyenm maxoe 63AUMHO OOHOBHQAHHOE COOMEemcmaue ux 3ae-
meumog [: P —>&F (em. n. 1.2%), umo 0aa aobox Oeyx snemenmos
xed nyed, x<y, envnsiomes ycaosus f (x) <f(y), [ (x+y) =
=F)+F @), T =F0Ff@.

Kopoue roBopsi, ynopsjouennble noas & u &' HasbBaoTes u30-
MOpPHOIMU, €CHH CYIeCTBYeT B3aHMHO OJHO3HA4YHOE OTOOpaxeHHe
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OHOrO W3 HHX Ha JApPyroe (GMeKuus), COXpaHsoulee YHOPSLOUYEH-
HOCTb, CJIOKEHHE H YMHOXKEHHE HX 3JIeMEHTOB. ‘

MoxHO 1OKa3aTh, YTO BCE HENpepHBHbIE YHOPSJOYeHHbLlE INOJS
H30MOP(HEL MexKay cofo#i. DTUM OObSCHSETCH, YTO B MaTeM4THUYECKOH
JIUTEpaType BCTpeyaloTcs PA3IHYHBIE IIOCTPOEHHS MHOXKECTBa JeHCcTBH-
TEJBbHBIX YHCeJ, HCXOASIINE U3 pPa3HBEIX KOHKPETHHIX OGBEKTOB — BCE
OHH TNPHBOLAT K HETPHUBHAJIBHLIM COBOKYIIHOCTSIM 3JEMEHTOB, YJOB-
JeTBOpsIOmEM cBodcTBaM I —V, T. e. K HenmpephIBHBIM yNOpPsA0UeH-
HBIM NOJISIM ¥, CJIEIOBATENBHO, K M30MOP(HEIM MHOKecTBaM. Takum
o0pasoM, NPHUXOIUM K CJEAYIOWEMY ONpeneNeHHI0 MHOMKeCTBa Jei-
CTBHTEJIbHBLIX UHCEJ.

Onpenenenue 2'. Muosxcecmeom OeiicmeumenvHoix uiices HA3bIBALMCS
HenpepoisrHoe YnopaodoHeHHoe nose.

ITosie panuoHA/MBHBIX UMCEJI, KaK YiKe OTMEUaJOCh BHIIe, He 06J1a-
Ja€T CBOHCTBOM HEINPEPLIBHOCTH, a MoJe JAeHCTBHTEAbHBIX YHCET —
ob6nanaer. IloaToMy 3aBeIOMO CyIeCTBYIOT AeHCTBHUTe/ALHBIE YHCIIa,
He ABJSIOWIKEcH pAalHOHAMbHHIMU, T. €. CYUIECTBYIOT HpPPAIlMOHAJb-
Hble ypcna. TakuM o6pa3oM, MHOXKECTBO JEHCTBUTEAbHBIX YHCEJA MOXKHO
paccMaTpuBaTh, KaK CYIIECTBEHHOe pacllMpeHHe MHOXKEeCTBA PalHo-
HaJGHBIX YHCEJ — CYIIECTBEHHOE B TOM CMBIC/IE, YTO MHOMKECTBO pa-
LIMOHAJBHBIX YHCeJ SBJAETCS COOCTBEHHLIM MOAMHOXKECTBOM MHOXKe-
CTBa JeHCTBHTeJbHBIX uHced. IIpu sToM pacumMpeHdu CoXpaHsOTCS
CBOHCTBO YMHODPSIIOUEHHOCTH H ONePallu CJIOKEHHS M YMHOXeHHA.
OkasbiBaeTcsl, 4TO AeHCTBHTEJbHBIE uHCJ/A, B OTJIHYHE OT palluOHAJb-
HBIX, YK€ HeJb3sl PaclIHPHTbL A0 OOJBILEr0 MHOMXKECTBA TFaK, UTOOL
COXPaHSANHCh YKa3aHHbIE CBOHCTBA (yNMOPSAOYEHHOCTh M ONepaluH
CNIOXKEHUST U YMHOMKEHHS).

D710 CBOWCTBO HAa3bIBAETCH CBOLICMBOM NOAHOMbL OelictneumessHbIX
4UCer OMHOCUMENbHO UX YNOPAOOUCHHOCMU, CAONMCEHUS U YMHONCEHUS.

JloxasaTesqpCTBO €IHHCTBEHHOCTH C TOYHOCTBIO A0 HM3oMOpdu3Ma
HENpPepHIBHOTO yIOPSJAOYEHHOIO MHOJS U CBOHCTBO- €10 MOJHOTHL MO
OTHOLUEHHIO K YIOPSAOYEHHOCTH, CJIOKEHHIO H YMHOXKEHHIO ero aJje-
MEHTOB MOXKHO HalTH B NPEBOCXOAHBIX Kypcax aHamuza B. A. Uabuna,
3. T. lNosusaxa «OcHOBLL MaTeMaryyeckoro aHaamsas, 4. 1, M., 1971
u B. A. Habnna, B. A. CagoBupuero, B. X. CengoBa «Marematu-
uyecknii anaaus», M., 1979.

OTMeTHM, YTO B MHOKECTBE JeHCTBUTEJLHBIX YHCEJA AJIA JIOG0ro
ypcia a==0 u moboro HaTypalbHOro YHC/IA 7 BCEr[a CYLUIeCTBYET
ugcso b, ABJSIONEeCST KOPHEM n-H CTeleHH H3 @, T. €. CYIEcT-

By€ET Y/ a. Mbl me GyleM TOKAa OCTAHABJMBATbCA HA JOKA3aTeNbCTBE
5TOTO YTBEPXKIEHHS, XOTSI €rO MOXHO ObuIo Obl NPOBECTH M 37€Ch,
HanpuMep, Ha OCHOBE TNOHATHS CeueHHs, a HOKaXKeM ero I03xKe
(cm. npumep B I. 6.3). KoHeuHo, B HEKOTOPHIX c/yyasix KOpeHb
MOKeT CyllecTBOBaTh K Ans a < 0. Hampumep, cymectByer 7 —8 =
= —2, HO yXe KopeHb J/—4 He CyIIECTBYeT, B TOM CMBICJE, UYTO
He CYmeCTBYeT JelCTBHTENbHOrO uucaa b=1)/—4, Tak Kak B mpo-
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TUBHOM CJyyae Obljio Obl CNpaBel/HBO PaBeHCTBO b2 = -—4, KoTopoe
NPOTHBOPEUHT MNPABHJAY 3HAKOB NPH YMHOXKEHHH.

Chopmynupyem cBoHcTBa Kopusg. IlycTh # u m HaTypanbHble
ypcaa U a==0, =0, Torla cnpaBeANuBH CAeAyLOUHE QOPMYJIBL

VA ame— o /@ _Va :
1y Vva="Vg; 4)1/1;‘,,;—[)- b+0;
2) Va="yam 59 (Va)" =V am
30) V@:Vﬁ‘i VE;

Bee stu dopmynasl fokasbiBaloTcst OAHHAKOBBIM NpueMoM. [loka-
}eM, HallpuMmep, IepBy.
n

m - ©
IMycts bzl/)/a. CorsacHo onpefieleHHI0 KOPHS u CBOicTBY 22°
P
u3 n. 2.2¥ 370 o3HauaeT, yto 0=y a u wro b™=a. Orciona

mn -
B CHJIy TOTO e olpeiesenHst KopHsi ciaeayer, uto b= 3/ a. Takum
o0pa3oM, HUMeeM:

m

Va=b="y4a.[]

Ecan a<< 0 u Bce KopHu, BXoAsdwue B dopmyay 1), cyuecrsyior,
TO OHAa TaKiKe CIIpaBe/IMBa, H IIPUBEREHHOE ee A0Ka3aTeJbCTBO CO-
xpaHseT cuny. Boobule, ecau a <0 U Bce KOPHH, BXOASLIHE B KaKYIO-
100 u3 Qopmya 1) —5) cymecTsyioT, TO OHHM CIPABENJHBBLI H B 3TOM
caydae.

Mmest ToHsiTHE LEJIOYHCHEHHOH CTEHeHH H KODHA, ONpereuM
MoHATHE paunuoHadbHOH crenenn. [lyctb a >0nr s Q, 1. e. r=mj/n,
meZ neZ, nx0.

Crenenb @ onpefie1fAeTCst PaBeHCTBOM

ar &Y/ am,

OTMeTHM OCHOBHBIE CBOHCTBA paunoHaibHO# creneHu. [lycts a > 0,
b>0, neQ, r,=Q, r=Q; Torja

60) arqr: =g+ rz;

70) (arl)r2 —_— afl"z;

8°%) (aby =a’br.

IokaxeMm, wuHanpumep, dopmyay 6°). Ecan ry=p/q, r,=mjn,
g=+0, n+0, p, g, m, n = Z, 10, UCIOJbL30BAB ollpeJe/eHHe PauHoO-
Ha/lbHOW cTeneHn, cpoiicTBa KopueH 2°, 3° u cBoiicTBO 22 M3 1. 2.2%,
noJay4um:

. — e RQ e—e—
argrs — gplagmin — i’/ap ;/'am — n{/'anp nVamq — Vanp+mq —_
. np + mq p,m
=a MW =af " =gt []
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Ynpaxuenue 2. [lycre B def {x:x2>2, x=Q}, A def Q.B. oka3sars,
4r0 MHOXectsa A B B 06pasyioT cedeHHe B NOJe PalMOHANbHBIX Yuced Q M YTO
310 CeYeHHe He OmpefeJisieTCss HHUKAKHM PauHOHAJbHBLIM YHCJ/IOM.

2.5. PACHITPEHHAS YNCJIOBAA NPAMAA

Yacro OniBaer y,lIOéHO JOIOJHUTE MHOXKECTBO HeHCTBHTEJbHBIX
quces1 R SJICMEHTaMH, 060311aYeHHBIMH uepes +OO H — OO ¥ Ha3sbl-
BAEMbIMH COOTBETCTBEHHO nANOC H MURLC 6eczc01-tetmocmﬂmu, caurast
npyu 3T0M, 4TO MO OHpele/IeHHIO

—'OO<+009
(+00) + (+ 00) = + 00, (—00)+(—00) =—0,
(+ 00) (+ 00) = (— ©0) (—00) = + 0o,
(4 00) (— 00) = (— 00) (4 00) = — oo
-

Ho, nanpumep, onepaunuu (+ o0) 4 (— oo) uin ?L% yxKe He omnpeje-

aenw! (cM. Takxke m. 4.9). Kpowme toro, aas moboro a & K no onpe-
JEJEHHIO TIoJlaraeTcsl BBINOJHEHHBIM HepaBeHCTBO

—oo<<a<<+oo
Y CTpaBelIHBOCTL Ofepauuil
a4 (+co)=+4coc+a=4 o0, —cof-a=a-+}(—co)=—o0;
g a>0
a (4 00)=(+ o) a=+00, a(—00)=(—00)a=—0co;
a1 a<<0
a(+ 00) = (+c0)a=—00, @(—00)=(—0c0)a= 4 oo.

BeckoHeuyHocTH -+ 00 M — 00 Ha3BIBAOT HHOTAA «BECKOHE4HbIMU
Yucramu» B OTJINYHE OT JEHCTBHTEJbHBHIX yHces a & R, KOTOpblE Ha3bl-
BAIOTCS TaKiKe KOHEUHOIMU HUCAAMU.

B panpuefinieM moj uuc/IOM Beerha IOHHMAETCs] KOHEYHOE JAel-
CTBNTEJbHOE YHCJO, €CJIH He OrOBOPEeHO 4To-aubo Japyroe.

MuoxecTBo JeHCTBHTENbHLIX uuces R, [IONOJHEHHOE 3JIeMeH-
TaMi -+co H — 00, Ha3bIBACTCS PACUUUPEHHBIM MHONCECMBOM Deticmau-
meabhox uucea (WM paclIMpeHHOH 4YHCJIOBOH NpaMoil) u 06o3Ha-
yaercsd uepes R. DJeMeHTH -} 0o H — 0o Ha3bIBAIOTCS HHOIAA 6ECKo-
HEYHO YOANCHHOIMU MOYKAMU PACULUPEHHOL HUCA080L NPAMOLL.

26. IPOMEXKYTKH JEMCTBUTEJILHLIX YMCEJL OKPECTHOCTH

Hanomunm olnpenesIeHHsI HeKOTOPLIX OCHOBHBIX IOJIMHOXKECTB Jeii-

CTBHTEJIbHBIX YHCEJ, KOTOPLIE YacTo 6YAYT BCTPeyaThesl B JasbHelHlieM.
Ectu a<<b, a= R, b = R, 10 MHOXECTBO {X : a << x < b} HasBIBaeTCH

OmpesKom pacluMpeHHoH uyucjoBoii npsimoil R u obGo3HauaeTcst yepes
2 Kyapssues JI. d. T. 1
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[a, ], T. e
[2, )] ¥ {x:a<x<b}, a=R, b=R.

B cayuae a=0b orpesok [a, b] COCTOMT K3 OHHOH TOYUKH.
Ecmu a << b, To MHOXKeCTBO {x:a <x < b} HasplBaeTcA UHMeEpEQ-
aom u obosHauaercsl yepes (a, b), T. e.

(a, b)E{x:a<x<b).

UnrtepBan (a, b) Ha3bIBaeTCH eHympexHHocmbro ompeska [a, b].
YucJ/I0Bble MHOXKeECTBa

[a, )& {x:a<x<b} u (a, vb]‘£{x:a<xéb}

Ha3bLIBAIOTCA NOAYUHMEPBAAAMU.

Orpesku [a, b], untepBanel (a, b) u modyuHTepBalH [a, b), (a, b]
Ha3bIBAIOTCSl NPOMENHCYMKAMU, TOUKH @ U b —uX KoHyamu: a—Ipa-
BbIM KOHIIOM, a b — JeBhIM, a TOYKH X TaKue, 4TO a < x<b—HuX
BHYMPEHHUMU MOYKAMU.

Eciu @ u b—KoHeuHsl, T. e. a=R u b= R, T0 uucio b—a
Ha3blBaeTCA OAUHIL NPOMENYMKA C KOHUAMH @ H b.

Eciu X0Thb 0AHO M3 a U b siBasieTcsl OeCKOHEUHLIM, TO IPOMexy-
TOK ¢ KOHIAMH @ U b Ha3bIBaeTCA OECKOHeUHbIM.

Sameuanue 1. IlpoMekyTKH Bcex THNOB PacliHpeHHOH YHC-
JoBOH TpsiMoit 0G/JafalOT CJIENYIOUWHM CBOKCTBOM: ecau Mmo4Ku a=R
u P=R, a<P, npunadiexam HEKOMGPOMY RPOMEICYMKY C KOKYAMU
as=R u bes R, mo u eeco ompesok [o, B] npunadsexcum smomy
NPOMENCYIMKY.

s mpoMexxyTKa KaxAoro Tula 3TO HEINOCPeJCTBEHHO cJaenyer
U3 €ro onpejeneHus.

BaxkHbIM NOHSTHEM IS AasibHelllero sBasieTcs NOHATHE £-0KPeCT-
HOCTH TOYKH PAaCIIMpPeHHOH 4YHCJIOBOH HpPSMOH.

B caysaed =R, T. e. Korna @ sIBAseTcss AeHCTBHTENbHBIM UHC-
JoM, mas Joboro € >0 e-oxpecmrnocmoio U (@, €) Yncaa a sasbiBaercs
HHTEpBal (@ —é&, a-t¢):

Ula, &) (a—e, a+te).

Ecan a= -+ oo, 1o U (+ o0, &) % (e, +oo].

Ecan ke a=—o0, T0 U(—oo &)= [—co, —e).

Besikast €-0KPeCTHOCTh KOHeYHOH MM OecKOHedHO yAaleHHOH
TOUKH @ € R HasbiBaeTcsl ee OKpecmuocmoto ¥ HHorjJa ofo3Hauaercs
npocto uepes U (a) *).

Tlpu onpefiesieHHH OKpecTHOCTEN OeCKOHEYHO YAANeHHbIX Touek -+ co
W — 0O MOXKHO Oblio Gbl OpaTh HEe TOJIBKO TNOJNOXKHTENbHBIE €, a U
BCeBO3MOXKHBIE € = R. YcioBue € >0 HaxkJaibiBaeTcd JHWD C LEJbIO

¥ O6oanaueHue U/ NMPOUCXOAMT OT HeMeKoro cjiosa Umgebung — OKpecTHOCTS.
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enuHooOpasusi Bcex onpefeseHuil: OKPecTHOCTh Jo6oro uucnia ¢ & R
WM OfHON M3 OeCKOHEYHO YAANEHHBIX TOYeK - 0o, — oo ONpele-
JisieTcsl HSKOTOPBLIM MOJIONKHUTENbHBIM uHcTIoM € > 0. Takoe eguHo0Opa-
3Me ObiBaeT HMHOrAa yJaoOHO NpH (DOPMYJHDOBKE pe3yJbTaToB, A
KOTOpPHIX He CYIIECTBEHHO, SBJISETCS

JIK ngCManHBaEMaH TOYKA KOHeYHOH i, 9 _o?)

U GecKOHEuHO YJIaseHHOH.

Jlemma. YV a06oix O0syx pasauumbix /‘\/\7 —
MOEK  PACULUPEHHOL YUCA0EOL NpPAMOL a p s
CYLUECMBYION UX HeNepeceKaoujuecs OK-
pecmrocmu. Uia,1) Ufroo,a-)

Hokasateabctso. Ilokaxem, ——~
yrto pas1 mobuix a=s R u b= R, a<<bh, 0 a1 a a
CYIIECTBYIOT TaKue & >0 u &, >0, uto 8
U(a,e)NU (b, &2)=. B camom peue,
eci @ W b KOHeUHbI, To MOXHO B3aTb U] U1

b;a (puc. 4, a). Ecain a = R, NN

, 61 6§ 641 0
b=--co, To ‘B KauyecTBe YKasaHHBIX 9

e, >0 u &, >0 nogxonsit, Hallpumep,
g,=1 u ga=|a|+1 (puc. 4, 6). Ec- Uf-w,) Ultoo, )
JH @—=—00, b e R, ToO MOXKHO B3iTb O\
e,=|b|+1, ea=1 (puc. 4, 6). Haxo- e 0 €
Hell, eCd @ =— 00, b= -+ o, TO NpH 2)
npou3BoJbHOM &>0  OKpecTHOCTH
U(—oo, &) u U(+ oo, &) He nepece- Puc. ¢
KatoTcsi (puc. 4, e). _ _ v
3aMeuanne 2. B cayuae a<<b, a=R, b=R u Ulq, &)N
NU (b, &)= ans mobuix x U (a, &) u y U (b, &,), oueBUIHO,
CIPaBeI/IMBO HEPABEHCTBO X < Y.
Ero chpaBeijHBOCTh yCTAHABJIMBAETCS HENOCPEACTBEHHOH TMpo-
BepKOif BO BceX BO3MOXKHBIX 37lech caydasx, T. e. Ipy a =R, b ER,
npuas R, b=-4oo, ipua=—o0c0, b= R unpu a=-—oo, b=+ o0.

R

&) =89 =

P Py

2.7. OTPAHNYEHHBIE 1 HEOTPAHNYEHHBIE MHOKECTBA

BeefeM pfAi HYXKHBIX [/5 JadbHefnlero NOHATHH H H3y4uM
HEKOTOphle CBOMCTBA YHCJIOBHIX MHOXKECTB.

Onpenenenne 3. Ecau 0aa noomnoxcecmsa E Oeiicmeumenbolx uucen
cywecmayem makoe 4ucao b, umo oHo He mervuie Kavedozo yucsa x < E,
m. e. 022 awbozo x = E evinoansemecs HepaseHcmeo x <<b, mo MHO-
acecmeo E  Hasweaemcs 02paHUYEHHBIM CEEPXY, @ wuca0 b —4uciom,
ozparususarowum ceepxy mromcecmso E.

MHokecTBO, He ABJISIOLIEeCS OTPaHHYEHHBIM CBEpXYy MHOXKECTBOM,
HAa3BIBAETCH HE0ZPAHUHEHHBIM C6EPXY MHONCECTBOM.

C noMOIIBI0 JIOTHUeCKHX CHMBOJIOB OIpe/esieHHe OTrpaHHYEHHOro
CBepXy MHOMKECTBa 3alHCHIBAETCS CJASLYIOIHM 006pa3soM:

Q%
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MmHoxecTBO E — R orpanuyeno cBepxy < (b= R)(Vx = E):
x=<b; orciofa

mHo)ectBo E < R Heorpanunueto cepxy < (Vb= R) (Fx = E):
x>b, T. e. MHOXeCTBO E HeorpaHH4eHO CBepXy, €CJIH KaKoBo bl
HHY Oblio ducio b & R nHafizercst takoe upciao x < E, uyto x> b.

3ameTHM, uYTo €C/JH YHC/IO b OrpaHHYHBAaeT CBepXy MHOXKecTBO E,
T. €. 11 BceX X & E BHINOJHsAETCA HepaBeHCTBO x<<b u b<<b’,
TO JJs Bcex x & E, oueBHAHO, HMeeT MeCTO M HepaBeHCTBO x<Ib',
CJIeIOBATEIbHO, YHCJO b’ TaKXKe OrpaHHUMEAET CBEpXy MHOxkecTBO E.

Ecau B MHOXKecTBe E uMeeTcsl YHCIO b, KOTOPOe HE MeHblle BCeX
Ipyrux udcea us E, 7. e. b=E, u piad Bcex x = E sreinonnsierca
HEepaBeHCTBO X =<b, TO 4hc/a0 b HasbiBaeTcs HauGOJBIIUM HJH MAK-
cumareroim qucaom mHoscecmea E: b=max E.

OvyeBujHoO, UTO ec/id B MHOKecTBe E uMeercs HauboJblliee 4ucJIo,
TO OHO eJIHHCTBEHHO, a caMo MHOXKeCcTBO E B 3TOM Clydyae OrpaHu-
YEHO CBEPXY 3THM UHCJIOM.

OtMeTHM ellle, YTO eC/IH MHOXKeCTBO E HeorpaHHUEHO CBepXy, TO
COTJIaCHO OUpejeNeHHIO 3TO O3HaYaeT, YTo AJs Jroboro uucna b = R
CYILECTBYET 10 KpaliHell Mepe OJuH TaKo# 3jeMeHT x & E, uto x > b.
O6patuM BHHMaHHE Ha TO, YTO Ha CaMOM JeJie TaKHX 3JeMEeHTOB
OeckoHeuHO MHoro. JleACTBHTeNbHO, JAONYCTHM, YTO HX OKa3a/och
JHUIUb KOHEYHOe YHCJIO: Xy, ..., X,, N N, MBaue rosops, ansl Bcex
xeE uxsE=x, k=1, 2, ..., n, cipaBeflyiuB0 HepaBeHCTBO X <= b.
Torpa sico, uro ana bo=max {b, %y, ..., X,} U Bcex ¥ & E Oyner
BBINOJIHSITLCS HEPaBeHCTBO X =< by, T. €. BONPEKH NPeANOJIOKEHHIO
MHOXKeCTBO E 0Ka3aJioChb OrpaHHYEHHbLIM.

AHaOTHYHO MHOXKECTBY, OrpPaHHYEHHOMY CBepXy, Olpejessercs
MHOKeCTBO, OIPaHHUYEHHOe CHU3Y.

Onpepenenne 4. Ecau 0aa nodmnoscecmea E OeiicmaumensHoix uucen
cyuiecmsyem makoe 4ucao a, umo OHO He 6oabuie Kaxcdoeo wucsa x < E,
m. e. 04 mo6020 x & E 6bINOAHACMCA HEPABEHCMBO Q<= X, MO MHO-
wecmeo E - naseisaemcs OepanuueHHbiM CHU3Y, @ 4UCAO @ — YUCAOM,
02PARULUBAIOWUM CHUBY 3IMO MHONCECHE0.

MHoxecTBO, He siBJsIOlleecs OrpPaHHYEHHBIM CHHU3Y MHOXKECTBOM,
Ha3bIBAETCS HEOZPDAHUMCHHbIM CHU3Y MHONCECMBOM.

C moMoIipio JIOTHYeCKHX CHMBOJIOB OINpefe/ieHHe OrPaHHYEHHOrO
CHH3Y MHOXKECTBa 3alMCHIBAETCS CJAELYIOUIMM 00pasoM:

MuoxkecTBO E < R orpaHu4eHO CHH3Y @ (FasR)(Vx=E):
X == a; orciona

MHOxkecTBo E < R HeorpanuueHo cHusy <= (Va=R)(Ax=E):
x<<a, T. e. MHOXecTBO E HEOTDAHHYEHO CHH3Yy, €CJIH KaKoBO Crl
Hy Gblo yucsno a = R, Halinercss Takoil sjeMent x & E, uro x <<a.

OueByjiHO, 4TO €CIH YMCJ/IO @ OrPaHHYHMBAET CHH3Y MHOXKecTBO E,
To u JMofoe yncyo a’ << a TaKkKe OrPaHHUYUBAET CHU3Y 3TO MHONKe-
CTBO.

Ecau B MuoxectBe E HMeeTcs 4ucJIO @, KOTopoe He OoJibllie Bgex
apyrux uucend u3 E, 1. e. a= E u a1 Bcex x & E Buinosnsierca
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HepaBeHCTBO- @ << X, TO YHCJIO @ Ha3bIBAeTCSl HAaUMCHbIIUM WJH MUHU-
MmarpHeim ducaom mroxcecmea E :a=minE.

Ecau B MnoxectBe E uMeeTcsl HauMeHblee YUC/JAO, TO OHO eHH-
CTBEHHO, a CaMO MHOXeCTBO E B 3TOM cJ/yyae OrpaHH4e€HO CHH3Y
STHM YHCJIOM.

Onpepencure 5. Mroxecmso, 0epaHUHCHHOE U CBEPpXY U CHU3Y,
HQA3618QEMCS NPOCINO 02PAHUMEHHBIM MHOXCECMEOM.

JIpyruMy cjoBaMHu, MHOXKeCTBO £ R Ha3biBaeTCs OrpaHuueHHbIV,
€Ccy CYLLeCTBYIOT TakKue 4uclda a W b, uto gas Jjioboro x= E .
BHITIOJIHSIETCS. HEPABEHCTBO @ << x << b.

MHoxecTBO, He fBJSIOileecs] OrpPaHHUYEHHBIM, Ha3blBaeTCs HeOorpa-
HHYEHHBIM.

Ynpaxuenue 3. JlokasaTb, 4yto MHOXKecTBO E < R orpanuueno Torxa u
TOJIbKO .TOTA3, KOTJa CYLIECTBYET TakKoe 4Hea0 a =0, uTo AJst BceX x & E BbinoJ-
HAETCA HePaBEHCTBO | X | =t a.

[TpuMephbl orpaHuyeHHbIX MHOMKECTB JAIOT oTpesok [1, 2], muTep-
Ban (0, 1), MHoxecTBo 3HaueHuHl ¢yHKUuH sinx. DecKoHeumbi#
uHTepBasa (— 5, -+ co), MHOXKECTBO HaTypaJbkblX uucea 1, 2, 3, ...
SIBJISIOTCS MHOXKeCTBAMH, OFDAHWYEHHBIMH CHH3Y, HO HeOr'PaHMYEH-
EBIMH cBepxy. Hakomel, MHOxeCTBO BceX LeJIBIX YHCEJ, BCEX PallHO-
HaJbHBIX YLCEJN CYyTh MHOXeCTBa, HeorpaHHYeHHBIe KaK CBepXy, Tax
U CHHU3Y. :

®opmanbHoe o0ofLieHHe NMOHATHA OrPaHHYEHHOTO CBepXy, orpa-
HYYEHHOTO0 CHH3Y M NPOCTO OrPaHUYEHHOrO MHOMKECTBA Ha NOAMHO-
JKEeCTBa PACIIMPEHHOTO MHOXectBa R jneficTBuTesbHLIX umcen R
(cM. 1. 2.5) He NPHUBOIMT K CONepKaTeNbHBIM IOHSTHSM, TakK Kak
BCe NOJMHOXKECTBA PaCUIHPEHHOrO MHOXKECTBA A€HCTBHTENbHBIX YHCE
OrpaHHYEHbl CBEPXY CHMBOJIOM 0O H CHH3y CHMBOJIOM — 0O,
a moToMy M npocto orpaHudeHsl B R. OnHako noHATHe HauGoJblLero
(HanMeHBIIEro) 3JileMeHTa MHOMKECTBA SIBJISIETCS COAEPKATEeNbHBIM K
B 9TOM cyy4ae. Ero onpegenenue ¢popMasbHO COBIIafaeT C COOTBET-
CTBYIOLIMM oOIpejeJeHHeM IJs1 MOJAMHOMXKECTB He PaCHIMPEHHOTO Mi10-
KecTBa JeHCTBUTEJBHBIX HHCEJ: :

Koneynoe uau 6eckoneynoe uucao- ¢ = E — R wnasewsaemes wauboss-
wum (Haumenbwium) 8 mruoxecnee E < R, ecau Oaa ccex x=E
BLINOAHAEMCS, HEPASCHCINED X <= ¢ (COOMEEMCMIEHHO X == C).

B npanbHefiieM MBI BOCHOJIB3YEMCSl STHM HOHSITHEM.

2.8. BEPXHAA U HIGKHASA 'PAHU YHACJIOBBIX MHOMECTB

Cpenu Bcex umces, OTrpaHHYHBAIOUIMX CBepXy (CHH3Yy) AanHHOe
MUOKECTBO, HauMeHbiuee (HauOoJibiliee) H3 HHX HMeET CliellHaJbHoe
Ha3BaHue.
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Onpenenchne 6. Haumenvuiee cpedu 6cex 4ucen, 02paHutUBRIOULUX
ceepxy mruoscecrnéo E C R, Haseisaemes eeo eepxneil epaxvio u 060-
snataemes *) wepe3 sup E uau sup {x}.

E

xe

Onpepenende 7. Hauborvwiee cpedu 6cex uucen, 02paHutUBRIOUUY
cuusy mroocecneo E C R, Hasvieaemces e20 HuscHell epanbro u 0603HA-
uaemes **) uepes inf E uau ing {x}.

xe

Hnorpa BepxHIOWO (HUIKHIOIO) 'PaHb MHOXKECTBa HA3BIBAIOT MOYHOL
eepxrell (HuscHell) 2panbro 3TOTO MHOXKECTBA.

OTMeTuM, 4YTO B CHeJNaHHBIX ONpenefeHHX He oOcyxKpaeTcs
BONPOC O TOM, CYLIECTBYeT MJH HET HauMeHbllee (COOTBETCTBEHHO
HapboJblllee) YHCJIO CPeid BCEX YHCeJ, OrPaHUYUBAIOMUX CBEPXY
(cHH3y) ZHaHHOe MHOXKEeCTBO —3TO GYJeT CleTaHO TOo3xke. 31eCh Ke
JHIIb TOBOPHTCHA, YTO €CJH TaKOoe YMCJO CYLIeCTBYeT, TO OHO Ha3bl-
BaeTcsl BepXHefl (COOTBETCTBEHHO HHIKHEH) I'DaHbl0 paccMaTpHBaeMOro
MHOxecTBa. M3 camoro ompepenenuss Bepxsell (HuiKHell) rpaHu cle-
JyeT, 4TO €CJAH Y JaHHOTO MHOXKECTBA 3Ta I'PaHb CYILECTBYET, TO
OHAa €JMHCTBEHHAa, TaK KaK BO BCAKOM MHOMKECTBE M4KCHMaJbHOE
(MHHHMAJIbHOE) YHCJAO MOXKeT OBIThb TOJNBLKO OJHO.

JlIpoananusupyem onpepeneHuss 6 u 7. Ilycre P=sup E. 310
O3HauaeT, BO-NIEPBBIX, YTO YMCJO [ OrpaHHUMBAET CBepPXy MHOXe-
ctBo E, T. e. mad KaxJaoro x & E cnpaBelyiMiBO HEpPaBeHCTBO x << f;
BO-BTODPBIX, YTO YHCJO [ SBJSETCA HAHMEHBIIHM CPeJd BCEX YHCEJ,
OrpaHHuYMBaOIIUX CBepXy MHOXkecTBO E, T. €. KakoBo 6bl Hu ObLIO
ypesio ' <P, OHO yxe He OrpaHMYHBaeT cBepXy MHOxecTBO E, a 3TO
O3Hayaer, YTo B MHOxecTBe E Halimercd Takoe uucao x, yro x > f’.

Takum obpasoM, B «apudMeTndeckoii ¢opme» omnpejeneHue 6
MOXHO 3allicaThb B CJAEAYIOIEM BHIE.

Onpenenenne 6. Yucio P wnaswisaemes eepxreil eparbio MHONCe-
cmea E, ecau

1°) Vxe E 1 x<§,

2°) (VB <B)(@x<=E):x>p".

YcaoBue 2°) MOXKHO Hepedpa3upoBaTh CJEAYIOIUM 0O6Gpa3soM:
2Y) (Ve>0)(Ax=E):x>p—e.

Inst Toro 4ytobul yGemnuThest B PaBHOCHJABHOCTH 'yesopui 2° u 21,
JIOCTaTOYHO B35Th B’ W €, cBsA3aHHble paBeHcTBOM P =f—¢, us
KOTOPOTO CJIEfyeT, UTO yciaoBHe € >0 3KBHBaJEHTHO YCJOBHIO B’ <<f.

AnanornuneiM o6pasoM, ecan o =inf E, To corsiacHo onpepjeJe-
HH0 7, BO-TNEPBBIX,  YHCJIO O OrPaHHUHBAeT CHH3Y MHOxkecTBO E,
a BO-BTODHIX, J00OE UHCIO o >>0 yKe He OTPAaHHUMBAET CHU3Y 3TO

MHOXKeCTBO, ub0 4YHCAO o ABJSETCS HauGOoJbIIHM cpeard BCEX TaKHX

*) QT JIATHHCKOTO CJIOBa Supremum — HaHGOJbIKH.
**) Or JaTHHCKOro csioBa infimum — HauMeHbLIH.
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quces. JTO 03HayaeT, YTo JAs Joboro o’ > o Hafifercsa Takod x=E,
yto x <<a'. CrnenosaTesbHO, onpeseseHHe 7 MOXKHO NepedpasupoBaTh
CJIeAYIOLNM . 06p a30M. :

Onpegenenne 7'. Yucro o Haseisaemes HuscHeli 2panbio MHONCe-
cmea E, ecau

1°) VxeE:x=a,

2°) (Vo' >oy(IxsE):x<<a’s
Ycaosue 2°) 3KBHBAJIEHTHO YCJIOBHIO
2) (Ve>0)(AxsE) x<<a-te.

Insi Toro uto6bl yOemuTbCA B SKBHBAJEHTHOCTH YCJIOBHHE 2°)
u 2'), mHOCTATOYHO B3SiTh o' =0} €.

CrenaeM HeCKOJbKO OueBuAHLIX 3aMedanuil. Ecin Remycroe MHO-
)ectB0 E < R uMeer BepxHOl rpaib f & R (UMeeT HHKHIOO
rpadb o & R), TO OHO OrpaHHYEHO CBEPXy (COOTBETCTBEHHO CHH3Y).
Aro crepyer u3 ycaoBusi 1° onpepenenus 6’ (onmpemesenus 7°).

Ectu Pp=supE (a=infE) u uucmo b (4ucio a) orpaHWYuBaeT
cBepXy (CHH3y) MHOXecTBO E, TO P=<Cb (COOTBETCTBEHHO @ =I ).
310 creayer W3 TOTO, YTO BepPXHAS (HHXKHASA) IPaHb MHOXKeCTBA
SIBJISIeTCS HauMeHbIIMM (HAHOOJBHIMM) HHCJOM CPeiH BCeX uuces,
OrpPaHHYMBAMOIIUX CBEPXY (CHH3Y) NAHHOE MHOKECTBO.

Eciu B MHOMXKECTBe CyllecTByeT HanOoJiblllee (HaHMeHbllee) YUCJIO,
TO OHO SsBJsieTCs] BepXHeH (HuxKHeH) TIpaHbIO 3TOrO0 MHOMKECTBA.
B gacrHocTH, Takas CHTyalUsl HMEET MEeCTO IJIs KOHEYHBIX MHOMKECTB:
moGoe KOHEeYHOe MHOXKEeCTBO UHCeJs uMeeT HauOoJblliee H HauMeHbluee
YHCJI0, a TIOTOMY HMKHIOK M BEPXHIOIO I'PaHH. B NpuHIUIE HX MOXKHO
HalTH NpocThIM MMepefOpOM BceX 4YHCeA M3 JTaHHOIO MHOMKECTBa, TaK
Kak oHo KoueuHo. Opnako, BooOlie TOBOPs, TOJABKO B MPHHIHIE,
a He Ha NpaKTHKE: eCd B JAHHOM KOHEYHOM MHOXKECTBE, 3aJJaHHOM
KaKMMH-TO CBOHCTBAMH €ro 3JeMeHTOB, OyjeT «JOCTaTOYHO MHOTIO»
3JIeMEHTOB, TO TiepebpaTh HX Bce OyaeT He MOX CHJIY Jaxe CBepX-
MOIILHOM COBpEMeHHOH BBIYHCAUTENLHOA MalluHe,

TlpuseneM npuMepsl, WTIOCTPUPYIOLLHe NOHATHE BePXHEH M HUXK-
Heil rpaHeldl MHOXKeCTBA.

MHOXKECTBO .BCeX HNOJIOKHTEIbHBIX JeHCTBHTENBHBIX Yicesd, 000-
3HaYuM ero uepe3 R, OrpaHHYEHO CHH3y YMCJIOM HOJb, KOO /A
Jo6oro x & R, nMeer Mecto x > 0; Goaee Ttoro, infR,=0. Mnuoxe-
ctB0 R, HeorpaHHUEHO CBepXy, TaK KaK HeT uycaa, Kotopoe OGbl
OIpaHMYHBAJIO CBEPXY BCe MOJIOXKHTEbHBIE YuCJIa.

Ecmn E =[a, b]—orpe3ok, To inf E=a, supE=>b. Ecmu E =
=(a, b) — unrepBan, 1o Takxe inf E=a, sup E =5. Ecnu, HakoHel,
MHOXeCTBO E COCTOHT M3 JBYX ToueK a u b, a=<b, 1. e. E={a} | {b},
To cHoBa inf E =a, sup E =5. 3tu NpuMepbl MOKa3HBAIOT, B YACTHO-
CTH, YTO BepXHAA (HMKHSIS) TPaHb MHOXeCTBA MOMET KaK NpHHAl~
JIeXKaTh CaMOMy MHOXKECTBY, TaK K He NpHHAJJIEXKaTh eMy.
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Ilepeiinem Tenepb K BBISICHEHHIO BOIIPOCA: BCeraa JU Y YHCJIOBOTO
MHOXKeCTBA CYLIECTBYeT €ro.BeDXHAA (HHXKHASA) rpaHn?. Eciu Muoxke-.
CTBO HeOrpaHUYeHO CBepxy (CHusy), To He cqu,eCTByeT upces1, KOTo-
pole Obl . orpasHyuBalu ero cBepXy (cHu3dy). .CrefoBaTesbHO, He.
CyIUECTBYET CPeH HUX H HaHMeHbUIero (Han6om>mero) Takum oGpasoMm,
€CJII  MHOXKECTBO HEOrPaHHYeHO CBepxXy (CHH3y), TO y HEro Her
BepxHell (HHkHel) rpaHu. B 3TOM CJayuae oTBeT Ha TOCTaBJEHHLIA
BOINpPOC MOJyyuJica coBceM IpocTo. Eciu. ke MHOXKECTBO OIpPaHHUeHO
cBepXxy (CHH3y), TO OTBET JAeTcfl CJeAYIOWedl TeopeMoH.

Teopema 1. Bcsxoz ozparuqzHHOZ C3epxy Henycmoe 4UCAOS0e MHO-
NCECINBO UMeem 6epPXHION0 2PAaHb, O 6CAK0e 02PAHUYSHHOE CHU3Y Henycmos
HUCA0B0C MHONCECITIBO UMEeM HUNCHION 2PAHb.

HoxazareabctBo. [lycts E — orpaHuueHnoe cBepXy Hellycroe
uhcaoBoe MHoxkecTBo, £ < R. Q3o03Hauum uyepe3 B MHOXKECTBO BCeX
YHCeJ, OrpaHMYMBAIOIUX CBepXy MHoxKecTBO -E, a .uepes A —Bce
ocTalbHble JeHicTBUTeNbHble yucsa. [lokaxkeM, uro MHoxkectBa A u B
00pa3yloT ceyeHHe B MHOXECTBE JEHCTBHTENBHBIX YHCEA M YTO YHCIO,
npou3Bojsiliee 3TO cedeHue, ABJASETCH BepXHeH IpaHbi0 MHOXecTBa E.

Ilpexkne Bcero ydemumcs, uto A u B obpasyior ceuenune. [eii-
CTBHTE/IbHO, MOCKOJBKY B MHOXeCTBO A OTHeCeHh BCE YHCJIa, He
rollaBllHe B .MHOXKeCTBO B, To ux obwvemuHenne A|B cocrasisier
BCe MHOXECTBO IeliCTBHTeJNbHBIX 4ucea K:

AUB=R. (2.10)

MmuoxectBo E —orpaHuyeHo cBepXy. JTo O3HauyaeT, 4To Cylie-
CTBYeT 4YHCJ0, 0003HauuM €ero uepe3 b, OrpaHHYHBAIOllEe CBEPXY
MHOxectBo B. Torpma, cor/lacHo onpeleNeHHIO MHOXKeCTBa B, uMeeM
b & B u, ciaeaoBaTeJbHO, MHOXKeCTBO B He mycro:

B+ Q. @.11)

HokaxeM, yto u MuoxectBOo A He mycro. [To ycnoBHiO MHOMKeE-
ctBo E me mycro. 3TO 03HaYaeT, UTO CYLIECTBYET Mo KpafiHell Mepe
onno uucao x = E. Torpa uueno x— 1 3aBejoMo He OrpaHHUHBAET
csepxy MHoxkectBo A, ubo x—1<<x, xe E, 1. e. B MHOXKecTBe E
HalleJCst 3JeMeHT X, Goapwinit-yem x — 1. Takum obpasom, x—1 & B,
100 MHOXKecTBO B COCTOHT TOMBKO U3 YHCEJI, OTPaHHUYHBAIOMHUX CBepXY
muoxkectBo B. [lostomy x —1 & A, n6o K MuOXKectBy A OTHeCeHbI
BCe YHCJA, HE BOUICJUIHE B MHOMKECTBO B. Wiak, muoxkectso A

TaKxKe He HyCTO
As£Q. (2.12)

IToxaxeMm Tenepb, YTO Kaxjoe 4HCIO a & A Menbite J1060ro
yncaa b < B: :
a<<b. (2.13)

HonyctuM npoTHBHOE: NYCTb HafiyTcsl TaKue uucaa a < A n
b B, uto a=5. Torga, NOCKONBKY 4HC/IO b OTPaHHUHBAET CBEpPXY
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MHOXKeCTBO £, B CHJTy HepaBeHCTBA @ == b 0Ka3asioch Obl, YTO H YKCJO &
OFPaHHYMBAET CBePXY MHOXKeCTBO £ W, CJe0BATEbHO, NMPHHALICKHUT
MuoxecTBy B, a e B. Takum o6pa3oM, Uuc/io @ NPUHALICKUT OJHO-
BpeMeHHO KaK MHOXeCTBY A, Tak M MHOXeCTBY B. D710 HeBO3MOXKHO,
u6o K MHOxecTBY A CblIi OTHECeHbl TOJNBKO Te€ YMC/Ia, KOTOpble
He cojgepxkarcsi B MHoxecTee B. llosysenHoe NpoTHBopeune MOKasbl-
BaeT, UTO HEePaBeHCTBO az=b npu yciaoBuu a< A, b = B, Hepo3-
MOXKHO H, TeM caMbIM, BBIMOJHfAETCA HepaBeHCTBO (2.13).

Boinoanenune yeaoBui (2.10)—(2.13) o3nauvaer, uto MHOxectBa A
u B peficTButenbHo obpasyior ceuenue (cM. onpenedenne 1 B n. 2.1).
Iycte B —uucso, npousBopsmiee 310 ceuenne, f=A|B. Takoe
YUCJIO CYLIECTBYET B CHJY HENpPepbiBHOCTH JNeHCTBHTENBHLIX UHCeJ
(cM. cBoiictBo V B m. 2.1

[lokaxeMm, uTo 4Yuca10 P orpaHuuYnBaeT ceepxy MHOkeCTBO E.
Ecan 6u 370 €BIJIO HE TaK, TO HALWIOCh Obl TaKoe 4nciao x & E, uTo
x> f. Doiepem kakoe-nmubo y Tak, utclbl P<<y<<x (puc. H).
IMockombky y>Pp u p=A4|B, 170 y= B n, '
CJIeI0BATE/IbHO, YHC/IO y OTPAaHHYHBAET CBEpPXy .Y
MHO)KecTBO E, ub0 KJacc B COCTOHT TOJBKO B
3 Takux umuceqd. Ho 3710 =2aBenmoMo HeBos-

MOXKHO, TaK KakK y<{x H x < E, T. €. iy MeHb-

1le HeKOToporo uuecia u3 E u noromy He orpa-
HUYMBAET CBePXy 3To MHOxkecTso. Ilosyyensoe mnporusopeune o3Ha-
Yaer, YTo 4YMCI0 P OrpaHHYMBaET CBEPXy MHOKeC1BO £ H MOTOMY
f & B. TlockoabKy P npousBoaut cewenue A B, To OHO MOXKeT
ABISTBCS TGO HauGOIBWIHM B Kjacce A, eciy OHO TNPHHANIEKHT
3TOMy KJaccy, Ju0O HauMeHbWHM B KJjacce B, ecay oHO eMmy MpH-
HaanexuT. B HaweM cayuyae, Kak OblIO IIOKa3aHO, HMeeT MeCTo
BrOopoil cayuail: § & B; caenoBatenbho, §=minB. Takum obpasom,
yucsio P ABJIAETCH HAUMEHBIIMM CPeAu BCeX YKCeJ MHOXKecTBa B,
T. €. BCeX 4ucCes, OrpalHYHBalOINUX CBEPXYy MHOKecTBO E. 210 H
O3HauaerT, YTo YHCJI0 [ sisjseTcsi BepxHell rpaHbio MHOMKecTBa E,
B=supE.

Ecau Teneps E —HemycToe OrpasHuueHHOe CHH3Y YHCJIOBCE MHO-
XKECTBO, TO OTHECEM K KJjaccy A ece yuCsa, OrpaHnYMBAIONIHE CHU3Y
MHoxkecTBO E, a K Kaaccy B pce ocrandbeele. [lajee, paceyxaast
AHaJIOTHYHO PACCMOTPEHHOMY CJy4Yalo BepxHeH TpaHH, MOXKHO HOKa-
3aTh, yTO MHCXkKeCTBA A M B 00pa3yloT CeueHHe B MHOMKECTBE peli-
CTBHTEJ/IbHBIX YHCEJ, & YHCJO ¢, IPOM3BOSIIEE 3TO CEUCHHe, SIBJISETCH
HHKHEH Tpawplo MEoxectsa E, a=inf E.

Bupouey, yTBepxIeHHE O CYIICCTBOBAHUM HIKHEll TPaHH y orpa-
HHYEHHOTO CHH3Y HeNYCTOr0 MHOMXECTBA MOXHO TOJYYHTL H H3 yiKe
AOKA3aHHOrO yTBEPH/EHHS O CyLeCTBOBAHHHM BepXHel rpaHu y He-
NYCTOro OrPaHHYEHHOTO CBEPXY MHOXKECTBA. [lAs 5TOrO JOCTATOYHO
3aMeTHTb, YTO €CJH E——orpammeﬁﬂoe CHH3Y MHOXKECTBO, TO MHOMKe-
ctBo E* BcexX umcen—x, rge x = E, T. e. MHOXKECTBO Ha YHCJOBOM
NpsAMOH, CHMMETPHUHOE C MHOMecTBOM E OTHOCHTeNLHO HyJsi, siB-

] T

Puc. b
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JIleTCA yXKe OrPAHMYEHHBIM CBEPXY MHOxecTBoM (puc. 6). HeficTBH-
TeJBHO, €CJIH YHCIO @ OrpaHHuYHBaeT CHH3y MHOxecTBO E, TO YHC/I0 —a
OrpaHHYNBAET CBEPXY MHOXKeCTBO E*. OTcro;La JIeTKO CJefyeT, YTo
inf E=—sup E*. ]

Teopema O cymieCTBOBAaHHH BeDXHHX H HIXHHX TpaHel NpuHAj-
JIEKHT K TdK HAa3LIBAEMBIM UYMCTHIM TeOpeMaM CyIeCTBOBAaHMS: B HeH
OKAa3bIBaeTcsd, UTO Mpu ONpeJeNeHHBIX YC/IOBHAX Y MHOXKeCTBA
CYWECTBYET BEPXHSST, COOTBETCTBEHHO HHXHSAS TpPaHb. oOl[HaKO u3
paccyxjenuil, NDOBEJICHHBIX TNpH JO0KA3aTeJLCTBE 3TOH TEOpEMHI,
He cJeayeT crnocoba HAXOXKACHUS 3THX IDaHeH B KOHKPETHOM cJyuae.

D10 caeayer H3 TOTO, YTO IIOCTPOCHHUE

E* E MHOXKeCTBA B, ¢ TIOMOUIBIO KOTOPOTO MpO-
Fii ) —H#H  Bojuuloch 0KA3aTeNbCTBO TEOPEMpl H KO-
TOPOE COCTOSIO M3 BCEX 4uCesd, OTPaHH-

Puc. § YHBAIOIIUX CBEPXY PACCMATPHBAEMOE MHO-

3KeCTBO, PAaBHOCHJIBHO OTHICKAHUIO BepX-
Hell rpaHd P 3TOro MHOXKecTBa. B JIEHCTBUTENHHOCTH 3a7aya HAXOX-
JeHus BepxHeHl (HuKHEH) FpaHM MHOXKECTBA, 3aLAHHOTO KaKHMH-
Ju60 CBOMMHM CBOHCTBaMH, MOXKET OKa3aThCsl OuYeHb TPYAHOH 3aiauei.

Ecnu MHQXKeCTBO HeOTpaHMYeHO cBepxy (CHH3Y), TO, KaK yiKe
OTMEUaJIOCh, HHKAKOe YHCJIO HE MOXKeT SBJATHCS €ro BepxHeH
(HmkHEH) Tpanbio, TaK Kak BooOlle HeT Yuces, KOTOphle ero orpa-
HHYHBAIOT cBepxy (cHu3y). [naa ypobcTBa BBOAUTCH Clepyoluee
onpejeseHye.

Bepxreil epansio HeozparUMEHHO20 CEEPXY MHONMECMBA HA3bIBAEIMCS
-+ 00, @ HUNMCHel 2PAHbIO HE02PAHUYEHHO20 CHU3Y MHONECMBA HA3bL-
saemes — o0.

D10 onpejesieHHe eCTECTBEHHO, TdK KaK NpPH COrVIAIEHHSIX, MpH-
HSTBIX OTHOCHTEJbHO YNOTPEOGJEHHSI CHMBOJIOB --00 M —00 B M. 2.5,
TaK OIlpejeNeHHble GeCKOHEYHbIE IpaHH MHOXKECTB TaKkKe YIOBJIETBO-
paot yeaoBuam 1° u 2° onpenenennit 6/ u 7.

Yno6cTBO K€ 3ITOrO ONpefieIeHHs - COCTOMT B TOM, HTO Telepb
Kaodoe Henycmoe HUCA060e MHOINCECINBO UMeen 6ePXHION 2paHb, npu-
HAOAeHCAUYI0  PACULUPERHOMY — MHOJCeCmBY  OeliCmeumeAbHoly — Hucen.
[Ipu sTOM, ec/iy 3ajaHHOE MHOXKECTBO OTPAaHUYEHO CBEPXy, TO €ro
BEepXHSISI IpaHb KOHEYHA, €CJH K& OHO HEOTPDAHHYEHO CBEpXY,
To 6eCKOHEUYHa H PaBHA -}- co. AHANOrHYHOE YTBEpXKJEHHE CIIpa-
BEJVIHBO H JJIl HHUKHEH TpaHH.

Ynpaxuenus. 4. Ilycts 3amanel uncjoBHE MHOXKectBa X;, i=]1, 2, ...
»ers -1, H NYCTh
def-

X = {x'xle—l— txg, i eX;, i=1, 2, 0., 0}

Iokasatb, 4o sup X = 2 sup X;.
i=1
5, [lyctb sajaHBl aBa !fmcnmsmx MHoXectBa X U Y H mycTb
de ’
Z={z:z=x—y, x=X,ysY}
Jlokasars, 4to sup Z=sup X —inf Y,



2.9. CsoiicTao Apxumeda 43

ITokaxeM Tenepb, YTO H3 TEOPEMb! O CYIIECTBOBAHMU BEPXHHX H
HIKHMX TpaHedl BBITEKAIOT JIBA BAaXKHBIX CBOHCTBA JeHCTBHTE/NbHBIX
ypce/1, ONHO H3 KOTOPHIX OOBIYHO Ha3hIBAIOT CBOHCTBOM Apxumena *)
(xoHeuHO, mpaBHJbHEE OBLIO Obl CKA3aTh: CBOMCTBO UHCEJN, yKa3aHHOE
ApxHMenoM, HO 3TO OyYeHb JJIMHHO), a BTOPO€ MNPHHIMIIOM BJIOMXeH-
HBIX OTPE3KOB.

2.9. CBOMICTBO APXIMEJA

CBoicTBO ApXuMeja neHcTBUTENbHEIX YHCEN COCTOUT B CJIEAYIOIIEM.
Teopema 2. Kaxoso 6bi Hu Goir0 Oelicmsumenssroe wucao @, Cyue-
cmsyem maxoe HamypaabHoe 4ucao 1, 4mo n>>a, m. e.

(VesR)(AneN):n>a.

HdoxkasatennctBo. [onyctuM, 4to cBo#cTBO Apxumelna He
BHINIOJIHAETCA. ODTO O03HAYaeT, YTO CYLIECTBYET TaKO€ UYHUCJIO @, 4TO
IJsi BCEX HATypaJbHBIX £ BEIIOJHSIETCA HEpPaBEHCTBO n<=a, T. €.
(3a=R)(Vn<= N):n<<a. D10 3HAYHT, YTO YMCIO @ OTPAHHUMBAET
CBEPXY MHOXKECTBO HATypasibHHIX yucesa. I103ToOMy MHOKECTBO HATy-
paJbHBIX YHCeJ, KaK BCAKOE HEIyCToe OTPAHHYEHHOE CBEPXY UYMCJO-
BOE€ MHOXKECTBO, COrJacHO Teopeme I, m. 2.8 uMmeer. KOHEUHYIO BepXx-
Hio10 rpaib. O6osznaunM ee yepes P, P =sup N.

ITockombky P —1<<P, TO corsnacHo cBoHCcTBY 2° BepxHe#l rpanu
B onpesesenuy 6, n. 2.8 cymecTByer TaKoe HaTypajbHOe UYHCaO 7,
yto n>f —1. Ho Toraa n+41>f, npuuem coryacHo onpeneneHuio
HaTypanabHbix yuces n-+ 1 & N. Hepasencrso n -+ 1 > f nporusopeunt
ToMY, 4TO B =sup N, TaK KaK BepxHAsA rpaHb MHOXECTBA OrPaHH-
UHBAeT €ro CBepXy (cM. cBOHCTBO 1° BepxHell rpaHu B onpejese-
Huu 6’ . 2.8). TloayyenHoe TporuBOpeuHe INOKA3bIBAET, UTO yKa3aH-
HOrO 4YHC/IAa @ HE CYIECTBYET, T. €. CBOHCTBO ApxuMmeia cupaBej-
auBo. [

Caencreue. Kakogor 6ot Hu Goiau wucaa @ u b, 0 <<a<<b, cyue-
cmeyem maxKoe HAmypasbHGce HUCAO 1, 4mo na > b.

HelicTBuTenbiio, corJacHo cBOHCTBY Apxumesa a8 4ducaa bja
CYLeCTBYET Takoe HaTypaJdbHOe f, YTO # >>b/a. ITO YHCIO A HCKO-
Moe, TaK Kak, YMHOxkafd HepPaBeHCTBO A =>b/a Ha IOJIOKHTENbHOE
9ucao0 @, NoJsydaeM na > b.

310 YyTBepHKIACHHE uHMEET NPOCTOH TeOMeTPHUYECKHH CMBICJ: eCJH
B3ATh JABAd OTpe3Ka COOTBETCTBEHHO IJHH a H-b, O0<<a<<b, TO
nocseoBaTelbHO OTKJajblBast Ha OoJblIeM OTPE3Ke OT OAHOrO U3
€ro KOHIIOB MEHBUIMH QTPE30K, MEI 4epe3 KOHEYHOE UYHCJO [IATOB
BbIfiZileM 3a Hpegenbl GOBIIEr0 OTpe3Ka.

Iipumep. Ilycro MHoxecTBO E COCTOMT H3 YHcesa BHAA %,
n=1, 2, .... Hafizjem sup E u inf E.

*) Apxume]q (287—212 go H. 5.) — [peBHErpevecKHii MATEMATHK W MEXaHUK,
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TTockoabKy MHOMecTBO E umeeT Haubousbiuee uuciao 1, TO. OHO

. |
U ABJISETCS €ro BepXHeH rpaHpio: sup J—A}:l. HOna  orblckanus

ne N lll
HiKHEH T'DaH¥M MROXKECTBA E 3aMeTuM, 4TO IJ4 Jo0oro 1= 1, 2, N

1 .
CNPaBeJINBO ~HEPABEHCTBO >0, 7. e 4YuCIO HOJb OFPAHHYHBAET

cHu3y wmHoxecTBO E. IlokaxeM, 4T0 oHO HanboJjbliee CpefH Beex

tTakux uuces. Ilycts €>>0,  Toria corjacHo cBoiictBy Apxumena
1

CYWeCTBYET TaKOe HATypasibHO® 7, YTO A>> -, HJIH, YTO TO 2Ke

1

camoe, - << &. DTO H2PaBEHCIBO NOKa3eiBaeT, 4To JMoboe upcao & >0
n

1
yKe He OrpanuyyBaeT cHu3y MHoxkectBo E, wubo WEE npu

mofom n=1, 2, .... Wrak, uojp — Haubojpliee H3 BCEX YHuceJ,
. i
OrpaHHYMBAIOIMX CHU3y MHOXKecTBO £, 1. e. inf {-~}=O.
ne N

2.10. HPHHIUII BJOKEHHBIX OTPE3KOB

Ilpexxne Bcero nosicHuM, Kakasi CHCTeMa OTPe3KOB Ha3bIBAeTCH
BJIOXKCHHOH.

Onpeaenenue 8. Cucmema 4ucroselx 0mMpe3xos
[a1, b4, (a2, b2), ..., [@ns B4), ..y @nER, b, =R, n=1,2, ...,

HA3bIBAEMCS, CUCMEMOL BAONCEHHBLY ONPE3K08, eCAU
UG =Qy<<..<@p<<...<<b,<<...<<by=<b,, 2.14)

m. e. ecau KamOvui caredyroujuii. ompesok [Aniy, biw] coOepacumei
& npedwidyuem [a,, b,] (puc. 7).

Teopema 3. Jl1a 6cakoil cucmembl 6A0MCEHHBLX OMPe3K08 Cyuwecm-
syem xomsa 6ol OOHO HUCAO, KOMOpPOe NPUHAOAEHCUN BCEM OMPEIKAM
Oannotl cucmemol.

D10 CBOMCTBO NEHCTBUTENBHBIX YHMCEJ HA3BIBAIOT TaKke HNenpe-
PbIBHOCTbI) MHONCECMBA OedicmeumensHolx wucea ¢ cmoicse Kanmopa ™),

HokasarteabcrBo. Ilyets Q= {[a,, b,]} —cucrema siioxeH-
HBIX OTpe3skoB. B cuiy wuepasencrB (2.14) muoxectBo {a,} Bcex
JIEBBIX KOHIOB OTPE3KOB CHCTeMbl {2 OrpaHHYeHO CBEPXY, HalpuMmep,
gucaoM by. TlostoMy corsacHo Teopeme O CYLIECTBOBAHMU BepXHeH
rpaiu (cM. Teopemy 1 B m. 2.8) y mHOXecTBa {a@,} CymecTByeT
KOHeuHas BepxHAs rpaHb (puc. 7)

o =sup {d,}. (2.15)
TTockoabKy TpaBblil KOHeW b, JMOOOTro OTpe3Ka CHCTeMbl Q B CHIY
HepaBeHCTB (2.14) orpaHuYpBaer cBepXy MHOXECTBO {a,}, a o ABJA-

“ T, Kaurtop (1845— 1918)— HeNieuKnﬁ MarteMaTHK.
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€TCsi BepxHell rpaHbi0 3TOFO MHOXKECTB4, T. €. HAUMEHBLIIMM H3 BCex
yycea, OrpaHHuMBalOumMX {a,} CBepxy, To Masi BCex n=1, 2, ...
BBINOJIHSAETCA HEPABEHCTBO

@< b, | (2.16)

3To 03HAuaeT, YTO MHOKECTBO {b,} BC X TPaBbLIX KOHIOB OTPE3KOB
cucTeMsl Q OrpaHuueHo CHU3Y, H MOTOMY Y HEro CYIIECTBYET KOHCY-
Hasg HWXKHASA rpaHb

p=inf{b,}. (2.17)
[MockoabKy uucno o cordacHo (2.16) orpandyuBaeT CHH3Y MHO-

)ectBo {b,}, a HHXKHAS TIpailb P 3TOr0 MHOXKeCTBa SBJsieTcs
Haubo/BUINM cpellu BceX TaKux

yuced, T0 P == a. Urak, uveewm, < ' N

yto JJst Bcex n=1, 2, ... . ~
—

clipaBeViMBbl HepaBCHCTBA i + e ———+ +

G—a=P=b, (218 T %2 G WPl bbb

Crciopa crefiyer, 410 Kakaas Puc. 7
ToykKa oTpe3ka [«, P] conep- '
JKHTCSL BO BCeX OTpPe3Kax CHCTeMbl Q: ecnnH a<<x =<, To A9 Bcex
n=1, 2, ... UMeeT MeCTO HEpaBeH(TBO Q,=<X=b,, T. €. Xx&
e [a,, b.] []

3amevanune. Ilpu noxasarenpctBe Teopembl 3 ChlIO TiOKazano,
yTo KaxJasd TOuKa oTpe3ka [a, P] npunaamexuT BCceM OTpE3KaM
cucreMbl € M, CJel0BaTeNbHO, HX IepeceyeHuio, T. €.

[ee}

[ Bl () [@n bal. | (2.19)

n=1
Jlerko yC€eputeest ® B ofparHcM  BKawouenud.  FEcan

(o]
x & () [@n be), ToRNA BCeX n=1, 2, ... nMeeM a,<<x<b,.
n=1
Tlockonbky 4HC/IO X OrpaHHYMBAET CBEpPXY MHOXKECTBO {a,}, a a==
= sup {a,} ABAsleTcs HauMerbLIHM CpPelH BCeX TaKHX YUCEJN, TO o << X.
AnanoruyHo rnokassiBaetcs, uro x=<f. Takum ofpasom Ttouka x
IpUHaJIeKUT oTpesKy [a, B], T. e.

ﬁ (22, ba] = [e, B]- (2.20)

n=1

U3 (2.19) u (2.20) cnexnyer, yto

ﬁ [am bn]zia, ﬂ]- (221)

n=1
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Onpepenenne 9. [Tycmo 3adana cucmema ompeskos [a,, b,], @, &
R, bR, n=1, 2, .... Bydem ecosopumes, umo Oaiuna b,—a,
0mpe3Kos 3IMOLl cucmemsl CMPEMUMCA K HYA0, €cau 048 Kancdoeo
yucaa >0 cywecmeyem maxod HOMED Ng, 4MO OAS 6C€X HOMEPOs
N ==1N, GbINOAHACMC HEPABEHCMEO b, — a, < E.

B Kypce ssemeHTapHOI MareMaTHKH BBOAMTCS TOHsTHE Tpenesia
nocjefoBatesabHocTH. ChOpMy/HpOBaHHOE ONpeliesieHHe B TePMHHAX
npegesa osHadaer, uto lim (b, —a,)=0. B Hamem Kypce npegeny

n—o
NI0C/IEN0BATENLHOCTH GyJeT NOCBSIEH CaelyoUHi mnaparpad.

OrMeTHM, 49TO TEpPMHH <«HOMep» SIBJISETCS CHHOHMMOM TepMHHA
«HaTypaJ/JbHOe uHc/a0». VHIeKc & y uMcia n, NOKaskiBaeT, YTO 3TO
YHCJIO 3aBUCHT OT 3ajaBaeMOro uucaa &<<0.

Tecpema 4. [laa ecakoti cucmemor [a,, by], n=1, 2, ..., erosxcexn-
HOLX OMIPEe3K08 C OAUHAMU, CIPEMAWUMUCT K HYMIO, Chujecmeyerm e0ur-
CMBEHHAA MOYKA &, npuradiexauas eécem ompesxam OAHHOL CUcmembl
(cM. puc. 7), npuuen

&= sup {a,}= inf {b,}. (2.22)
neN neN

HoxasarteabctBo. Ilycte € >0 — npousBosbHoe, HO (UKCH-
poBaHHOe uHCJIO. K3 yc/oBHSI, UTO AJMHBI OTPEe3KOB [a,, b,] cTpe-
MATCH K HyJIO CJelyeT, YTO CYIeCTByeT TAKOU HOMep fg, UTO MJIst
BCEX N ==1, BHIOJHSIOTCA HEpaBeHCTBa b, — a, <.

Ilockosbky u3 HepaBeHctBa (2.18) cnenyer, uto fp—a<cb,—a,,
10 0<<Pp—a<Ce npu moboM &>0. 3TO BO3MOXKHO TOJIBKO B CJy-
yae, Korga a=§ (ecau 6ul f>c, TO, HanpuMep, Npu e=f —a>0
yKa3aHHOe HepPaBeHCTBO MPeBPaTU/IOCh Obl B HeBepHOE YTBEpKAeHMe
p—a<<Pp—a). Takum o6pasom, orpesok [a, B] ‘B sTomM cayuae
npespauiaeTcs B TOYKY, KOTOPYIO OGO3HAQUUM Yepe3 §=o = f.

B cuny dopmyan (2.21) 310 u 03HayaeT, YTO CYLIECTBYET JIHIIb
eJMHCTBeHHasl TOuka §, TMpUHaJJexKamasi BCeM OTpe3KaM [a,, b,],

=1, 2, .... ®opmyna (2.22) crepyer u3 (2.15) u (2.17). []

Ouenp vacTo B pa3/HUEBIX [OKa3aTeJbCTBaX NPHMeHSETCH CJle-
Aylolias KOHCTPYKLHS IOCTPOEHHS CHCTEMBI BJIOXKEHHBIX OTPE3KOB
C IJIMHAMH, CTpeMsiuMHCS K HyJ. Beperca orpesoxk [a, b] u Tou-
KO (a40b)/2 nenntcs Ha [Ba paBHHIX OTpeska [a, (a-+b)/2] u
[(a+0)/2; b] nmuewr (b—a)/2. Hanee EbiGHpaeTcsi ONUH H3 3TUX
CTPe:KOB (KaKOH MMEHHO 53TO 2aBHCHT OT VCJIOBHI KOHKPeTHOH
3ajaun), o€osHauaetcsl uepes [a;, by] U cHOBa CBceil cpefHell TOUKOI
JIeNMUTCsl Ha JBa paBHHIX OTpPe3Ka, OJHH M3 KOTOPHIX 0CO3Hayaercs
[as, bo] 1 1. 4. B pesysbrate nosyyaeTcsl CHCTeMa BJIOKEHHBIX OTpe3-
KOB [a,, b,), n=1, 2, ..., ¢ Adunamu b,,—a,,:zzznf. [MokaxkeM,
YTO 3TH AJHHEI CTPEeMSITCS K HYJIO.

HefictBurenbho, Aas BcsAkoro &>>0, cOryIacHO CBOHACTBY ApXH-

o b—a
Mela, HauJleTcd TakKoe HaTypaJbHOE ng, UYTO n£>—8——, HO TOorja H
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AJSl BCEX n==n, GyfeT BBITIOJHATHCS HEePaBEHCTBO n>2;;_—a H, Cle-

BOBATEe/IbHO, HepaBeHCTBO b—;—a<e. 3ameuas, gro
=141 =14n 20Dy sy,

noJIy4aem 51,—,<% aa n=1, 2, .... TlosatoMy nns Bcex n=n,
. . b—a _b—a
CrpaBe/UIMBO HEPABEHCTBO —5p- < —— <{&. JTO H O3HayaeT CTpeM-
JieHHe K HYJIO AJUH OTPe3KOB [a,, b,] IpH BospacTanuu n.
3aMeTHM, 4YTO OPHUHLHIl BJOMKEHHBIX OTPE3KOB SIBJAETCH CBOHCT-
BOM, MNpPHCYIIHM HMEHHO MHOXEeCTBY JAeHCTBUTEJIbHBIX uHces. Tak,
noJie OJHHX TOJNHKO palMOHAJbHHIX YHCENX yxke He 00JafiaeT aHaJo-
FHYHBIM CBOHCTBOM.

Hanpumep,  ecnu B3STh  NOCAEROBATENBHOCTH  «PallHOHAJbHEIX
orpeskos» [1; 2], [1,4; 1,5], [1,41; 1,42], [1,414; 1,415]%), 1. e.
[OC/IeIOBATENLHOCTD MHOXKECTB pallMOHAJbHBIX YHCEJN, JekKalldX Ha
OTpe3Kax, KOHUHl a, U b,, n==1, 2, ... KOTOPBIX CyTh 3HAYeHHS V2,
BbIYHCJEHHbIE COOTBETCTBEHHO C HEJOCTaTKOM H C H3OBITKOM C TOY-
Hoctelo  1/10%, n=0, 1, 2, ...**) 10, OUEBHAHO, He CYLIECTBYeT
HHKaKOr0 pPallMOHA/JbHOTO YHCJ/a, NPUHAJIEKAIIero BCeM 3THM OTpes-
KaM. B caMom Jiese, TakKMM UHCJOM MOTJIO OHITH TOJMBKO uucao )/ 2
(noyemy?), KoTtopoe, OAHAKO, He SIBJISETCS PallHOHANBHBIM ***),

MoxHO J0Ka3ath H 6oJee TouHOe yTBep:KIeHue. Hasosem noJe
APXUMEJIOBLIM, €CJ/H JJ/IS1 Hero BBINOJIHSIETCS CBOHCTBO Apxumena, T. e.
BLITIOJIHSETCS  YTBep3KAeHHe TeopeMnl 2 u3 m. 2.9. CpoiicTBo ymops-
JOUEHHOro IOJIst, COCTOSIIIee B TOM, HTO KaKJA0oe CEUeHHe 5TOro MoJs
olpenesieTcss HEKOTOPHIM ero 3J1eMeHTOM, Ha30BeM HeNpephIBHOCTBIO
noast no [exnekuuny (cM. cBofictBo V B m. 2.1), a cBOHCTBO ynopsi-
JOYEHHOrO MOJIfA, BBIpaXKalolleecss B TOM, YTO KaXJasl CHUCTEMAa ero
BJIOXKEHHBIX OTPE3KOB HMeeT - Helycroe - NepeceyeHHe — HempepbiB-
HocTblo nosis 1o KaHrtopy.

JIns- apXUMeIOBBIX YIIOPAJOUEHHBIX TOJieH MOXKHO IOKa3aTh, HTO
UX HenpepuBHOCTb N0 [leneKHHay, HenpepelBHOCTb N0 KaHTOopy H
CYUIECTBOBaHHe KOHEeYHOH BepXHeH TIpaHH Yy KaxXJIOro HemycToro
OrpaHHYEHHOIQ CBEPXY MHOMKECTBA 3KBHBAJEHTHBHI MexkAy COOOH,
T. €. U3 Jo0oro H3 3THX CBOMCTB, NPUHATOIO 3a AKCHOMY, BEITE-
KaloT OCTa/lbHbie JBa.

Hamu OplI0O MOKa3aHO, YTO U3 HeNpepblBHOCTH N0 [efekunuy
€JIelyeT CYILIEeCTBOBaHHe KOHEYHOH BepXHeH IpaHH y OrPaHHYEHHOrO

*) B cJayvae, Korja KOHUBI OTpe3ka [a, b] 3ammcaHbl B BHJIE JECATHUHOM
Jpobu, 3ansTad MeXKAy @ ¥ b sameHseTcs TOUKOH ¢ 3andToi.
** Dro osnavaer, uT0 a} <<2=cb? W b,—a, =1/107, n=0, 1, 2, ....

#%%)  J]0Ka3aTeJbCTBO MPPAlMOHAJABHOCTH YHCHA V3, 06GBLIYHO TPOBOXHMOE
B 3JeMeHTapHOA MaTeMaTHKe, BOCUPOH3BEJEHO HHXe B I. 6.3.
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CBepXY MHOXKECTBA, OTKYAa B CBOIO Ouepelb CJelyeT HelpephiBHOCTD
no Kanropy. Jans Toro 4ro0bl 3aBepIIMTb J0Ka3arTeJbCTBO yKasaH-
HOH 3KBHBAJIEeHTHOCTH TP€X IOHSATUHl HellPepHIBHOCTH apXHMEIOBBIX
noJefl, AOCTaTOYHO NIOKa3aTh, YTO H3 HeNpeprIBHOCTH No Kaurtopy
cIeflyeT HenpepbBHOCTE 110 lefekuHay. JloKa3aTenbCTBO 3TOrO yTBEpK-
IeHHA MOXHO HaillTH, Hanpumep, B Kuure JI. JI. KyzapsaBuesa «Mare-
MaTHYeCKH#l aHa/iu3», ToM I, M., 1973.

Buinie otmeuanocs (cM. 1m. 2.4%), ‘uTo BCe HempepwiBHEIE IO- [ene-
KUHAY YyIOpAZOYeHHbIE TOJS H3OMOPOHEI Mexay coboii. Tenepp Mbl
BUIHM, UYTO BCSIKOE apXHUMeJOBO YIOPSAOYeHHOe MoJie, oGJafaloliee
O/HHM M3 TPeX YKa3aHHHEIX CBOHCTB HEMpPephIBHOCTH, TaKXKe H30MOPHHO
MHOXKeCTBY JeHCTBHTeNbHBIX UHceJ (IpH 3TOM DIPH HaJIMYHH Henpe-
PHIBHOCTH N0 JIefeKHHIY MOXHO TpeGOBaHHE apXHMEJOBOCTH MHOJIS
OTOPOCHTb: Kak Obl10 NMoKas3aHo B M. 2.9, OHO B 3TOM CJyyae BCeraa
HMeeT MeCTo).

B sakmouenne o6paruM elle BHHMaHWE Ha TO, YTO YTBEPXKAEHHE,
aHaJIOTHYHOe TeopeMe 3, OKa3blBaeTCsl yiKe HEBEPHBIM AJI YHCJOBLIX
NPOMEXKYTKOB JPYTMX THIOB, 4eM OTpe3kd. Hanpumep, cucrema
BJIOXKeHHbIX HHTepBatoB (0, 1/n), n=1, 2, .... Kaxaplii nocaenyio-
WK HHTEPBaAN COAEPKHUTCA B NpeNplAyileM, T. €.

(0, n——J‘rl)c<o, %) n=1,2 ...,

HMeeT, KaK JIETKO BHIETh, IYCTOE NEpecedyeHue.

3agaua 1. [lokasaTh C IIOMOIILIO CeYeHMH, YTO ZAA JM06oro umesaa a >0 u
n v—
MOGOTO HaTYpaJbHOrO 7 CYIEeCTBYeT KOpeHb 1/ as

§ 3. MPEJIEJI HOCJIEJOBATEJIbHOCTH
3., ONIPEJIEJIEHUE TPEAENA TOCIEXOBATEJILHOCTH

Tlpeskze Bcero onpesnesuM NOHATHE YHCAOBOW NOC/EA0BATEbHOCTH .

Onpenenenne 1. [Tycmo KancOomy HAMYPAIbHOMY HUCAY N NOCKIAS-
AEHO 8. COOMEEMCMBUE HEKOMOPOe OefiCMEUINeAbRoe YUcA0 &y, (NPt 3mos
PASHOIM  HAMYPOAAGHOIM YUCAAM 1 MO2YM OKA3AMbCS NOCMABACHHbIM U
6 coomeemcmeue t 00uHaKossle 4ucaa). COBOKYNHOCTb INEMERMOB @, *),
n=1, 2, ..., HA36160eMCS YUCLOBOL NOCACO0BAMEALHOCMbIO, UAL NPOCMO
nocAe008QAMENbHOCbIO, KANCObLL INEMEHIM Q, HA3BIBACMCS INCMEHMOM
(uaw uneHom) smoil nOCAEO0BAMENLHOCIMU, G YUCAO N — €20 HOMEPOM.

UucioByl0 TIOCAEOBATe/IbHOCTh C 3JIEMEHTaMH a4, OyzeM 0603Ha-
yate Jubo a,, n=1, 2, ..., mbo {a,}.

*) 3necb NMOA 3/1eMEHTOM TIOHHMAeTCS Napa, CUCTOALAA W3 HarypalbHOro
YHCJIAa M COBTBETCTBYIOLIETO €MY NPH PACCMaTPHUBAEMOM COOTBETCTBHH JeilCTBHTEIh-
HOrO uHc/aa (Ha3blBaeMOro B XaJsbHeiillleM 3HaueHHeM JaHHOIO 3/eMeHTa M0CJ/efo-
BaTe/bHOCTH).
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I[To camomy ollpefiefieHHIO, NOCAEIOBATE/NbEOCTL ECETIA COLEPKHT
€cckoneuHOe MHOMKECTBO 3JIEMEHTOB: JiOCble Ba PA3HBIX €€ 3JeMeHTa
oTayyaloTcsd N0 KpaliHed Mepe CBOHMH HOMepamH, KOTOPHIX GecKo-
HEEYHO MHOTO. )

CueBuIHO, YTO YHCJIOBAS IIOC/AEIOBATEJNHHOCTh SIBJSETCS YACTHBLIM
cnyuaeM (GyHKUHH. VIMeHHO, MOCJel0BaTeNbHOCTb SBJASETCA (yHK-
yueii, OnpeceseHHOll HQ MHONMCCMEE HAMYPAAGHbLX HUCER U NpUHU-
MCIOWEL BHAYeHUL 8 MHONCeCMBe OeliCmBUmensHolx wucea, T. €. QyHK-
nuedt Buga f: N— R (cm. m. 1.3%).

Wrorza B KauectBe HOMepOB ObiBaeT YHOOHO ynoTpebnsTh He Bee
HaTypaJbHble YHC/Ia, a JUllb HeKoTopble M3 HHX. Hanpuwmep, uary-
pajnbHbie 4HcJda, HaunHas C HEKOTOPOrO HATYPalbHOTO UYHCAA Ny G,

n=n,, ne-+1, ..., nIu OJHM UeTHble uyHcia: a, n=2, 4, .... Cny-
qaeTcsd, YTO AJs HyMepaluu ynotpeb/asioTcs He TOJBbKO HaTypaJshblie,
EO M JpyrHe uHcla, Hanpumep a, n=0, 1, 2, ... (3gecb B Kaue-

CTCe ¢€Iie OAHOrO HoMmepa. JoOaBJieH HYJb). Bo 'Bcex stux cay4asnx
MCXKHO TNepeHyMepoBaTb 2aHOBO @,, HCIOJb3ys BCE HATypalbHble
ykeaa m M TOMbKO ux. B nepBOM npHMepe cneayeT MOJIOXKUTb M ==

=n—ny+1, Do BTOPOM — m = 2 , B TpetheM —m=n -+ 1. [lostomy

B MOXOGHBIX CJAyd4asX TaKxke COBOPHTCSH, 4TO @, 06p83leT nocneno-
BaTeIbEOCTb H, KOHEUHO, yKa3blBa€TCsl, KakKue 3HaueHH$ NPHHUMAIOT
HOMepa n.

Onpenenenne 2. Yucro a Haswcaemcs npedeaom GaHHOL nocaedo-
eameabnocmu {a,}, ecau 013 awoboeo € >0 cyujecmseyem maxod Homep
ng, 4o 0L 6CeX HOMEPOB N == Ng GbINOAHSEMCA HEPABEHCMBO

la, —a] <e. (3.1)

Opu stom nuwyr lim a,=a, W a,—>a 0pu 1 -—>oco.

n—oo

Ynorpebnsia JornyeckHe CHMBOJEL, 3TO ONpejeJieHHe MOXKHO 3afiu-

catb B BHJE:
lima,=a< (Ve>0)(An, e N)(Vn=ng):|a,—a| <e.
n —» 0o

[lccnenoBarenbuocts, y KOTopoﬁ cyLlecTByeT 1ipenen, Ha3blBa-
eTcsl cxodsauel.ea.

Taxum o6pazoM, nocjelnoBaTenbHOCTb {a,} IBJAsieTCs cXoAsimeics,
€CAH CYIDECTBYET TaKoe 4YHCI0 4, YyTo AAs Joboro e >0 Halinercs
Takod HOMEp n,, 9TO - BCEX /1==M, LHINOJHSETCT HepPaBeHCTBO
la, —a|<<e.

C ynortpebneHueM JOrHYeCKHX CHMBOJIOB 3TO onpedesieHHe BbIIJA-
IHMT cielyiomuM obpasom:

(FasR)(Ve>0)(An,= N)(Va=n): |la, —a| <e.

Ilccaedosamenshocms, He ABAAWAACA CXO0AUECs, HA3bIBALMCS
pacxodswedcs.
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OTtMeTHM, uTO HepaBeHCTBO (3.1) paBHOCHJBLHO HepaBEHCTBY
a—e<<a,<<a-te.

HanoMHuM, uto pmist 3agaHHOro yncja X & R BCAKHA HHTepBa
BHla (x—e, x-+e¢), rie £€>0, HaA3LIBACTCH &-OKPECMHOCMbIO, WIH
NpPOCTO OKPECTHOCTbIO, YHCAa (TOYKHM) x H o0O3Hauaetcs uepes
U (x, &) unu U (x).

C - noMomiplo NOHATHA OKPECTHOCTH ONpeJeJieHHe Ipejena Iocue-
JOBaTeJILHOCTH MOXKHO NepedpasHpoBaTh CJACAYIOMUM 00pa3oM.

. Onpepenenne 2'. Jucio a seasemes npedesom nociedosamesbHOCmuy
{a.}, ecau e atoboli e20 oxpecmuocmu cOOepIcamCa NOYMU 6Ce YACHbL
nocAed06aAMenbHOCU, M. €. 6Ce YAeHbL NOCACO08AMENbHOCTU, 3C UCKAIO:
YeHIEM UX KOHEHH020 4ucAQ.

Eciu lim a,=a u a,<<a (COOTBETCTBEHHO Q,=>a) JIJis BCeX

7n— 0

n=1, 2, ..., To TrOBOPAT, uTO TNOCJENOBATEJbHOCTD {a@,} CXOXUTCS
K UHCJy @ c1e6a (COOTBETCTBEHHO ¢npasa) U MWHOTAa BMecro lim aq, =

n->co
= q numyT lim a,=a—0 (cootBeTcTBeHHO lim a,=a-0).
n—oo n -0
ITousiTue npenena INOCJAENOBATENHHOCTH CBSI3AHO B ONpeleseHHOM
CMBICJIE C BCTpeyalollefics Ha NpakTHKe 3ajnadell NoJydenus: 3Haue-
HUsI HEKOTOpOH HHTepecylolell Hac BeJIMYWHBL C Hameped 3afaHHOH
¢uKcupoBanHoii TOouyHOCTBIO € >0. IlocienoBarennbHblie npHOIMKEH-
Hbleé 3HaYeHHA @, DPacCMaTPUBAeMOH BEJHMYHHBI MOTYT MOJy4aThbCs
B pe3yJbTaTe NPOBEIEHUS KaKHX-JTHOO 3KCIEPHMEHTOB, WJIH BHIHCIE-
HHsl N0 KaKuM-HHOYIb PEKYpPpeHTHHIM (GOpMYy/aM /U KaKHM-TO Apy-
TUM nyTeM. DTa 3agaua OyAeT, CUeRHJAHO, pellleHa, eclH Halgercs
HOMEp 7., HauuHas € KOTOPOTO BCE 3HAUYEHUS A, OYAYT OTKJIOHATLCS
OT TOYHOr'0 3HaueHHsI paccMalpHBaeMOH BeJHUHHBL B Npefesiax 3ajaH-
HOH TouHoCcTH. KOHewHo, ecsm yKa3aHHoe 7, CYLIECTBYET JIMIUb AJIST
OJHOI'0 JaHHOTO &>>0, 3TO ellle He O3HAUaeT, YTO HOCJEeJOBaTEJIb-
HOCTb {a,} CXOmuTCs: B CHpele/eHuH Npejesa IOC/eN0BaTeNbHOCTH
TpebyeTcsi, yTOCEl COOTBETCTBYIOIUMH HGMep 7 MOXHO Gblio 6B HOJ0-
6path A5 Jto6oro &> 0.
ITpumepw. 1. IlocnenosarenbHocTh {1/n} cXOAHTCS H HMeeT
CBOMM IpeieioM HOMb. B camom geJie, KakoBo Obl HH Cwiio € >0,
no cBoicTBy Apxumena (cM. m. 2.9) neHCTBHTENBHEIX YHCEJ CYIHECT-

1
BYeT TAKOE HATYPaJbHOE UHCIO M, HTO ng>>-—-. IlosToMy Ans Beex
. 1 1
n ==, BHIIOJHSETCS HepaBeHCTBO 0<Z<F<8’ a 3T0 U O3Ha-
¢

R 1
gaeT, uto lim —n—=0. OueBnano, uro nmocsaegoBatenpHocTs {1/n} cxo-

n—o

AUTCA K HYyJIIO chpasa.

. T X o
2. TlocnenoBarebHOCTD {sm? n} siBAseTcs pacxoismeficA. B ca-

MOM JeJie, KaKoBo Obl HH OBLJIO YHCJO @, BHE ero &-OKpPeCcTHOCTH,



