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Hacaanok bopna. Paccmorpum cocyn ¢ BepTHKaJbHBIMH
CTEHKAMH, KOTOPbIH 3aMOJHEeH XKHAKOCTBIO MJIOTHOCTH p H B KOTOPHBIH
BCTaBJeH Hacazok Bopra c nomepeuHblM CceueHHEM MPOH3BOJIBLHOU
¢opmbl # maomann A (cMm. puc. 19); nycts naBiaeHde Ha ypoBHe
Hacajika paBHO p. Mbl NpPeAmoNOXKHM, 4TO CPBLIB TeueHHd !) ¢ Ha-
cafKa NPOMCXOZHT y €ro BHYTPEHHEro Kpasi M 4TO CKOPOCTb CTPYH,
BLITEKAIOIIEeH W3 Hacajka, aCHMNTOTHUECKH NpUOIUKAETCS K MOCTO-
SHHOMY 3HAYEHHIO U, KOTOPOe NPeACcTaBJser o0l NOCTOSHHYIO CKO-
pocTh Ha CBOGOMHOH JHHHU TOKa,
orpannunBamomeit crpyw. I[lycts
A* — acUMNTOTHYeCKOe  Momepey-
HOE ceyeHHe CTPYH; TOTAa, N0 Ofl-
penenennio, A*/A ectp K03huU-
nueHT cxatug. Mbl  nolcuutaem
€ro cjaeyouM o6pasoM.

O6beM KHIKOCTH, BbITEKAIOLLUH
3a eJIMHHLY BpeMeHH, paBeH vA¥,
€ro -KOJIMYEeCTBO [BUXKEHHS PaBHO
v2A*;  «pacxog»  KHHETHUeCKOH
SHepruM  coctaBasier  /opudA*,
C apyroit cropoHnl, Ao6aBaseMoe
KOJHYecTBO JBHXKeHHS paBHO pA Puc. 19. Mcreuenne u3 Hacagka
(u36LITOUHOE 1aBJeHHe), a 3Hep- Bopna.
rus (moTeHuuanpHad) paBHa
p(vA*). Orcriopa pA = pv?A* u pvA* = !/;pv®A*. Pasnenns neppoe
ypaBHeHHe, YMHOXKEHHOe Ha U, Ha BTOPOE, IOJNYyYHM B pe3yJnbrare
PaBeHCTBO

A 1
=73 (29)

KymMyasitTuBHBe 3apsaab. Jlpyroe BaxkHoe NpHMeHeHUe
3aKOHOB COXPaHEHHsSI Mbl HAXOJUM B TeOpUU HANPABAEHHbLX 3ApA-
008, KOTOpbIE HCIOJb30BAJHCh B aMEPHKAHCKHX «0asykax», B 6pH-
raHckux PIAT u pasublx Apyrux BHJaX NPOTHBOTaHKOBOrO U ¢y-
racHOTO OPYKHsl BpeMeH BTOPO#l MHPOBOil BOlHBL. MBbl 34eCh KPaTKO
H3JI0XKHM CYIIHOCTb NMOJOGHOr0 NMpHUMEHEHWUs TEeOPUH CTPYH; Majib-
HeflIyI0 NHTepaTypy MOXKHO HalTH B paborax {17], crp. 16 u [22*].

KOHCTPYKUHMIO U [JeHCTBHEe TAKOrO OPYXKHSI MOXKHO B IpHHIUIE
onucarb caeayoiuM ob6paszom. BapriBuatoe BelllecTBO ¢ MeTaJIHue-
CKOll TPOKJ2JKOH OKDYyXaeT MOJNYI0O BLIEMKY; JI€TOHATOp cHapsaa
PAcroJoXeH B ThIVIbHOA yacTu. PaccMOTpHM TOJMBKO clAyuau KOHHYe-
CKOH M KJAHHOBHAHOH META/IIHYeCKOH IPOKJAAKH; B IMPOHOJBLHOM

') Bro cayvaii «GesnanopHoro Tteyesus»; cM. Gibson A. H., Hydraulics,
Constable, London, 4-e u3A, cTp. 122; 3TO yCIOBHE He BCErja BLIONHAETCH.
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paspese OHM mnokasanel Ha puc. 20. Bspeis 3actaBnser npo-
KNaJKy ABHraThCsl BHYTPb H BNepel, NPHUEM OKa3biBaeTCsi, YTO NPH-
BeJeHHasi TakuM o6pa3oM B JBHXKeHHe NPOKJAaaKa obnajaaer orpoM-
Hoit nmpo6uBHO#A cuioil. UeM o6bAcHATCA MOABJEHHEe TaKOH CHABI?
Haunyuiuee ¥3 H3BECTHBIX OOGBACHEHHH MCXOAHT M3 CJeAYIOHUIHX
npaBAONOAOGHBIX JHONyWeHud (npHGAHIKEHHOTO Xapakrepa).

Honyuenue l: nonayydB HauaJbHBI HMNYJAbC OT B3PbIBYarT-
KM, CTEHKH INpPOKJaJAKH ABHXYTCA BHYTPb noj AeHcTBHeM HX c0G-
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Puc. 20. Cxema neitcraun KYMyASTHRHOI'O 3apsaja.

CTBEHHOrO KOJIMYECTBA ABMKEHHSl C NMOCTOSIHHOM CKOPOCTBIO A0 TEX
Iop, NOKa OHH He BCTpeTaTcs Ha «ocu» (AA’ Ha puc. 20,a).

Honymenue 2: nox NeiicTBieM pa3BHBAIOLIHXCA NPH 3TOM
OrPOMHBIX HanpsiKeHHH MeTaa] NpPOKAaJAKH BefeT ceGs KaK HAe-
anbHasA XHAKOCTb.

Honyumenue 3: 3Ta KHIKOCTb ABHIKETCS CTAIHOHAPHO OTHO-
CHTE/NbHO OCeH, CBS3aHHBIX C TOYKOH J BCTPEYH NMPOTHBOMOJOXHBIX
CTEHOK MPOKJaJKH.

HonymeHnune 4: NOBePXHOCTH CTEHOK NPOKJAIKH SIBASIOTCH
¢BOGOAHBIMH rpaHHIlaMH.

STH JonylieHHs CBOAAT BONPOC K 3ajxaye [esbMrodnna o co-
ynapennn ctpyé (puc. 20,6). B naockom cayuae (xaun) romorpad
npeacTasaser coG0oH OKPYXHOCTb, rOAOrpag xe MOJOBHHB MOTO-
Ka — nonyokpyxHocts. O6aacts W npeacrasaser co6oit Seckoneu-

HYIO TNOJIOCY C Da3pe3oM, NMO3TOMY MOMHQ MQJHOCThIO PaCCYHTATH
Tegenue ') mo merony § 37.

') [17); crp. 36; [8], ctp. 2683,
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Jns Gonee BaXKHOro cjayyasi KOHHYECKOH NPOKJAAKH Mbl He pac-
poaaraeM TakuM annapatoM. OaHaKo ¢ MOMOIUBIO 3aKOHOB COXpa-
HEHHSl BCe XKe MOXHO NpPHOJHXKXEHHO yKa3aTb 3aBHCHMOCTb CKOpO-
CTH H Macchbl CTPYH OT yIjia npH BeplHHE KOHYCA H OT HCMOAb3ye-
Mofi B3pbiBYaTKH. ViMess 3TH naHHble, MOXHO ONEHHTb NPOGHBHYIO
cHay, Noab3ysich ypasnenneM Bepuynan '),

§ 50. KaButauuoHHoie TeueHHs Kak TeyeHus leabmroasua

B § 43 6b10 naHo TeopeTHuecKoe 0GOCHOBaHHe SMNHPHYECKOrO
yreepxaenus (Berua — [letepcona, cM. npum. 2) ua <vp. 88), uto
TeopHsi CTPYil mpuMeHHMa, ecau p’/p K 1. IT10 yKasbiBaer Ha BO3-
MOJKHOCTb MaTeMaTHYeCKOro ONHCAHHA KaBHTALHOHHBIX TeUeHHH mo-
CPeACTBOM pewleHHsi KpaeBoi 3asauu [enbmroabua — Bpuaniosna.
Huxe Mbl JaguM 0630p A0BOJOB B N10/ib3Y H NPOTHB 3TOTO [1OJIOXKEHHS;
B HacTosilleM naparpadge paccMOTPHM TOJIbKO NepBble AOBOAbI.

Bo-nepBbiX, KaK M B c/1yyae KaBHTALHOHHBIX TeYeHHil HAeaNbHO#
®HAKOCTH, OUEpTAaHHH peajlbHbIX KaBePH CPaBHHTENbHO IJalKHe,
cTailHOHapHble 2) U uMeloT AnHHY B 10 nau 6osnee anamerpoB oGrte-
Kaemoro Tena. Takum 06pa3oM, OHH SIBASIOTCA 3HAYHTENBHO Jyu-
WHM NpHOJHIKEHHEM TEOPEeTHYECKOH MOJesH, ueM peaJibHble cJielbl
(cM. § 53). Mickalouenne cocTaBasIOT Te CJy4aH, KOrAa npensrcreHe
NoMelleHO B KaBUTaUHOHHYIO Tpy6y npu Q > 0,3.

Bo-BTopuiX, npodusbs KaBepHB MOYTH BCerla BHINYKMABLIH, W OT-
PLIB MOTOKA NPOHUCXOAHT Y MOMEPEYHOrO CEYEHHH C MaKCHMaJbHbIM
nHaMeTpoM. JTO yTBep:KJAeHHe B OGLUEM COracyercsl C pelleHHsIMH
3agayn lenpMroabua — Bpua/IO3HA H 3aMeTHO OT/IHYaeTcs OT CJay-
4as ciefosB.

B-TpeTbHX, NpHGAHKEHHAs IKCMepHMeHTaAbHas gopMyaa ?)

Cp=10,56+40,4Q =0,55(1 +0,73Q) (30)

ans koadpdunuenta Cp npu nonepeyHoM KaBHTALUHOHHOM OOTEKaHHH
UHJIHHAPA BMOJHE XOPOIIO COIVIacyeTCsi € TEeOPEeTHYECKUM 3Haue-
uuem Cp(0) = 0,55, BeluncaenusiM Bponeukum ans 3aaauu eabm-
ronbua — Bpuanoska no Meroay us § 46, ecaw BBecTH monpaBou-
HH MHOXHTesL (1 4+ Q), cornacho § 43 4).

) Birkhoff G, MacDougail D. P, Pugh E, Taylor G.
1. Appl. Phys., 19 (198), 563582, ¢ Y '

) Ecan npensiTcTBHE He COBCEM [I/afKoe, MOryT BO3HUKHYTBL He6o/bllue
«OHeHHR», HanpaBieHHHE N0 OCHOBHOMY TeueHHIo, Kak Ha ¢oTo | uau B [23),
crp. 116, 129. Koraa Q > 0,3, kasepua Moxer nonepeMesHo BOHPATh W BHNYCKaTh
BoRy; cm. [32], cTp. 10.

s Kempf H, Foerster E, Hydrodynamische Probleme des Schiffs-
anfrl‘ebs, Springer, 1932, 227—342.

ONPOTHBJIEHHE UHIMHAPA NPH Pa3NMYHHIX YHC/JaX KaBHTaUMM Oblio pace

CHHTAHO PALOM aBTOPOB, nuTepaTypy cM. B [17*). — Mpum ped,
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Heckonbko Haubojiee HHTEpPECHBIX ¢(aKTOB OTHOCHTCS K KaBep-
HaM N03ajH CHapsJ0B, BbCTPeNeHHbIX B Boay. PoTo I naer HaMm oT-
JHYHBI MaTepHaJ Takoro poaa'); Ha ¢oTo nokaszana xaBepHa, 00-
pasoBaBwiasics no3aau cdepbl, BXOAAIlEHd B BOAY CO CKOPOCTHIO
oxoJsio 45 m/cex. Ha oanoit u Toli ke doTonnacTHHKe GBI CAENaHbI
IBa CHUMKa co casuroM Bo Bpemend Ha 0,005 cex. Beabie Touku Ha
CHHUMKaX — 3TO MaJieHbKHe My3bIpbKH, KaXkAblii H3 KoTophix c¢oro-
rpadupoBan aBaxael. HeTpyaHo HalTH TOUYKH, COOTBETCTBYIOLLHE
ONHOMY H TOMY € NYy3bIpbKy, H JAJIHHA BEeKTOpa, HAYyllero ot nep-
BOU TOYKH KO BTOPOH 175 KaxXnaoi napsl, B rpy6oM nmpubaHKEHHH
MPOMOPIHOHA/NEHA BEKTOPY CKOPOCTH BOAB! BOJIH3H my3bippka. Ta-
KUM 06pa3oM, MOXHO HArJasjiHO NpelACTaBHTb ce6e NpodHAL KaBep-
HBl H 10JIe CKOpOCTei TeueHHS.

Opanako no pas3HbiM npHYHMHAM MoJOGHble CHHMKH He BIIOJIHE
TOYHO COOTBETCTBYIOT TEOPETHUECKOH MOCTaHOBKe Bonpoca. Tak, Ha-
npuMep, OHH H306paxaloT 3aMenssseMoe TeJlo, a He CTAalHOHAapHOe
TeueHHe; MOBEPXHOCTb BO/bl SIBJSETCA BTOPOH CBOGORHOM rpaHHLeH,
YTO YCJIOXKHSIET MaTeMaTHUYecKOoe ONMHCaHHe; K TOMY e Hesb3sl npe-
He6GperaTb BAHsiHHEM Bo3ayxa (cp. § 53).

ITpuMenumocTs Teopuu Teuenuit I'eabMronbua KauecTBeHHO Noi-
TBEpPHKIAaeTcsl TeM, YTO NMOSaJH CHAapANOB, ABHXKYLIHUXCH NOCTaTOUYHO
GLICTPO, MOJYYAIOTC KaBEPHBI CKOJb YroAHo Goabinoft anuusl (100
oHaMeTpoB H GoJjblue). ITO siBJeHHe HMeeT BaXHOe NMPAKTHYECKoe
3HayeHHe: GoJsblIoe mopaxkaiolilee AeHCTBHE CKOPOCTHBIX CHApSAOB
H OCKOJKOB 60MG6 06YCJIOBJNEHO TEM, YTO OHH MOTYT NpOJeJbiBaTh
OTBEpPCTHS, 3HAYHTENbHO MNpeBbIIAOUHe MX COGCTBEHHble pas-
Mepbl 2). [Ins Hac Ke 3HaueHHe 3TOro (akTa 3aKJAIOYAETCS B TOM,
YTO OH YyKa3biBaeT ¢H3riueckoe NpuOAHKeHHe K GeCKOHeuHbIM Ka-
BepHAaM, KOTOpble onpelensiloTCs MaTeMaTHYeCKH KakK pellleHHs 3a-
naun [enbMrosnbua — Bpuaniosxa.

O6o6uleHHas 3aaaya [eabMroabua. Ecau npexn-
NOMIOXKHTb, YTO BLIMOJHATCA yeaoBus (14) M uTO KHIAKOCTL He-
cKHMaeMasi ¥ HeBSI3Kasi, TO MOXHO NMPHMEHHTb KoHuenuHio [eabM-
rofblla ¥ K YCKOPEHHOMY TeHeHuro ¢ y4eTOM 2pasuUTayUORHbLX CHJL.
C 3Toii Lenblo AONMYCTHM, YTQ KaBHTAlHs CaMONPUH3BOJBHO BO3HH-
KaeT, Kak Toabko p < p,. [lonyualouylocs TakuM o6pasoM xpae-
BYIO 3a/lauy MOXHO Ha3BaTb 0606uennod 3anaveit enbMroasua ).

) Cm. Birkhoif G, Caywood T. E, J. Appl. Phys., 20 (1949),
646—659 (omucanue npuGOpPOB, HCMOJAB3OBAHHBIX B ONBITAX, H APYTHE CHUMKH).

2) Cm. [5], § 74 u ykasauuyio Tam JuTepaTypy; a Takke Harvey E. N,
The Military Surgeon, 98 (1946), 509—528.

%) Teopusi FpaBHTALUHMOHHBIX BOJH pAaccMaTpUBaeT TECHO CBASAHHYIO ¢ Hed
sajady, Koraa p = p, Ha cBoGoxHOA nomepxHocTH. OGHYHO MOX NOBEPXHOCTHIO
P > Pa, HO B A3HHOM CJYyYae 3TO YCJOBHE He Npeanosaraercs.
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Haes o ToM, uTo peanbHyI0 KaBHTAUMIO MOKHO MaTeMaTHUYeCKH OmH-
catb NpH noMouwd pemeHuil oGo6uieHHo# 3amaun [eabMmroabua,
NOATBEPKAAETCH KauyeCTBeHHbIM HaGJIOAEHHEM TOTO, UTO 3ANOAHEH-
Hble napom KaBepHbl BO3HUKAIOT Yy TEepOblx nosepxHocted. 3To
IMNIHPHYECKOE NOJIOKEHHE MOXKHO BbIBECTH NPH PAcCMOTPEHHH 06-
oGenHoit 3apauu [enbMronbua chaeayiowiuM obpasom '), Ilpume-
Hasi oneparop Jlansnaca kK ypaBHeHHio Bepnyaau [ra. I, dopmy-
Ja (9)], nonyunmM ypaBHeHHe

1 0
V2p=——p0V7{§VUVU—+—-—;{—+G}. (31)

B ¢opmyne (31) V3G =0, tak xak G ecTb HbIOTOHOB I'DaBHTa-
unoHHbiH notenuuan; V2(aU[ot) =0 (V2U)/ot =0, B cuay ¢popMmyJnt
(6) m3 ra. l; u, nonaras u, = oU/[dx,, Tak uto VU VU= X uf,
nosayuaeM GopMyay

V(X ul)=2u,Vu,+23(Va,  Vu,)>0.

Orcioga V?p <0, npuiueM paBeHCTBO HMeeT MeCTO TOJbKO €CJH
U OCTOSIHHAfA, T. . p — cynepeapmonudeckas ¢ysxuus, M3sectHo,
OJlHAaKO, YTO cyneprapMonHueckass (QYHKUHA [JOJXHAa TNPHHHMATh
CBOM MHHHMaJibHblé 3HAUeHHA Ha TpPaHHle; clel0oBaTeNbHO, p OyAeT
CTAHOBHTbLCS MEHbille p, Npex/e BCero Ha rpaHuue.

§ 51. Ny3bipbKu

Yacto ynorpeGisieMOe BMECTO «KaBEDHLI» CJOBO «Ny3bIpeK»
yKasbiBaeT [J06aBOYHO HAa MaJjbie pa3Mepbl H MOABHXHOCTb. IlpH
pPacCMOTPEHHH MaJieHbKHX My3bipbKOB OGBIYHO HEOGXOAHMO YYHTHI-
BaTh CHJY TSXKECTH M TNOBEPXHOCTHOE HATSKEHHe, KaK Mbl yxe
punent B § 32. Mbl H310XKHM ceHyac HEKOTOpble Pe3y/bTaThl OTHO-
CHTE/IbHO MY3bIPbKOB, KOTOPbIE NMOKAa3biBalOT NPaBHALHOCTb YKAa3aH-
HbIX coOGpaxeHuil, ¥ Pa3bACHUM Jlajiee NPHYKHBI, N0 KOTOPHIM Teye-
Husi [eslbMro/ibiia AaioT JAiulib NPHOIHKEHHYHO KapTHHY DeasbHbIX
KaBepH. _

Cuavana Mol HanoMurum ([11], 7. I, n. 29) o ckauke daBJ/ieHHS,
paBHOM 27/r, KOTOPbI CO31a€TCH MOBEPXHOCTHHIM HATSKEHHEM 1
npy nepexone BHYTPb NOBEPXHOCTH ChepHYECKOTO ny3bipbKa pa-
auyca r. Yxe 310 Ger/ioe 3aMeuaHHe yKasblBaeT Ha BO3MOXHOCTb
TOrO, 4TO MHIAKOCTb, U3 KOTODPOH yAa/jeHu BCe NMy3blpbKH paiuyca
r > R, MoxXeT BbHIAeDKHBATb HaTsXKeHHe BeauuuHoint (21/r) —p,
6e3 kaBHTaLHH!

) Kirchhoff G, Vorlesungen iiber Mechanik, 1876, cvp, 186; cm. Takxke
Bouligand G., J. de Math, 6 (1927), 427.
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XoTa OorpaHHYeHHOCTb 0GbeMa KHHIU JIHIIAET HAC BO3MOMXHOCTH
noApo6HO HCC/e0BaTh 3TOT YBJEKATENAbHBIH BONPOC, MbI BCe e Ha-
IIOMHHM, YTO XHAKOCTH nocJie [erasauuu B JNa6OpaTOPHBIX YCJO-
BHSIX BbIAEPXKHMBAJIH HaTsKEHHe BeJIHYHHOH B HeCATKH aTmocdep!),
BonpekH ycaosuio (14). Ilopo6Ho 3ToMy Boaa, W3 KOTOpOH yaa-
JeH BO34yX, MOxeT ObiTb neperpetra 6e3 mnapooGpa3oBaHus. [lo
3THM NPHYHHAM Ja6opaTopHble U3MepeHHs KAaBUTAUWH Telepb, Kak
NpaBHJIO, COMPOBOX/JAIOTCA H3MepPeHHEM COAepXKaHHs BO3/AyXa B
WHUAKOCTH. TOJbKO MOTOMY, UTO yalle BCEr0 «BOAA» He B JOCTaTOY-
HOH Mepe oxHoposHa (cp. § 1), a comepHUT BO B3BECH MHOrO «my-
3bIPbKOBBIX siep», ycjaoBHe (14) npuGJaHKeHHO cCrnpaBeJsIHBO.

z=0
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Puc. 21. Moxsem naockoro nysnpLKka B KaHade.

Bropoit Bompoc, uMeloLIMHi MaTeMaTHYECKHH HHTepec, CBsA3aH
¢ MoAbeMOM 60JbUIMX NMY3biPLKOB B BEPTHKAJbHBLIX TPy6ax npu Ha-
JIMUHH CHJBI TsxKecTH. He 3artparuBasi TpyAHBIX 3ajau (H3UYECKOil
peaslH3alUH H YCTOHYMBOCTH M npeHe6Gperas MOBEPXHOCTHBLIM HaTH-
XeHHEeM, Mbl PAaCCMOTPHM HJea/HM3HPOBAHHBIA Cc/lyyadi — NOAbEM
JBYMEPHOTO MJIOCKOrO My3bIPpbKa, CXeMaTHYeCKH H306pakKeHHbI Ha
puc. 21, a.

Hau6onee uuTepecHo 3aech 6oJsbllioe CXOACTBO ¢ MaTeMaTuue-
CKMMH MeTORaMH, BBeleHHbIMH B § 45, 46. Uto6bl nokasate 370,
cHOBa oTO0pa3uM TeyeHHe Ha eIMHHUYHBbIH noaykpyr 1I' B mjaockocTH
t (puc. 21,6), npuueM HEMOABHXKHYIO TPaHHLY OTOGpPa3sHM Ha AHa-
MeTp, a cBOOOAHYIO — Ha MOJNYOKPYXKHOCTb, Kak B § 37. Ilycts d —
anameTp TpyObl H Up— CKOPOCTb NOJBbeMa Ny3bipbKa (ecJH OCH He-
NOJABHXXHO CBfA3aTh C BepXHeH TOUKO Ny3blpbKa, TO Uy €CTh CKO-
poCTb najeHuss B oog— B TOYKe Ha GECKOHEUHOCTH BBEpX MO Teue-

!) C npyroii croponm, Beauunua 250 aTMmocdep, KOTOPYIO HACTO NPHBOAAT.
ABAACTCA, TIO-BHAMMOMY, HempasuabHoO#; cM. [17], ra. XV, § 3
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HHi0). Torida, uTo NMOUYTH OYEBH]HO, NOTEHLHAN CKOPOCTeH
W=An(115), A=22 (32)

1—1#2 n
XapPaKTepH3yeT HCTOYHHK HYXHOH HHTeHcHBHOcTH npu (=0,
CTOKH PaBHOH HHTEHCHBHOCTH npu f = * [(co; M o03); rpaHHUB
o6nactu I' nepexoasiT B JHHHH TOKA.
Yro Kacaercs compsiKeHHO# ckopocTH [(f), TO MBl YUHTbHIBaeM
ee HyaH H GeckoHeyHocTH B 06a1acTH I' noacTanoBKoA, aHanOrHuHOM
nojactaHoBke Jlesu-Uusura (19):

t=(14+8[—InC1—)"%9, 0<C<05  (33)

Kak W paHbuwe, u3 npuuuuna cummerpuu lllsapua caeayer, urto
dyuxkuns Q (¢, C) peryasipHa B enHHHYHOM Kpyre |{| <1 u ee pan

Teftnopa
2(t, C)=a,(C)+a,(C) £2+a,(C) '+ ... (33)

cyMmupyercs no AGeaio npu f = 1.

OcTaeTcsi YAOBJETBOPHTH YCJAOBHIO [f|? = 2gy HAa NMOBEpPXHOCTH
pasaena, T. €. ypaBHenu10 BepHynau aas cBo6oAHOMA rpaHKUK B CTa-
{HORaPHOM HEC)KHMaeMOM HEeBA3KOM TeyeHHH. JTO YC/OBHE 3KBH-
BAJNEHTHO HEJHHEHHOMY HHTErpajbHOMY YPaBHEHHIO OTHOCHTEJNbHO
HeH3BeCTHOR (YHKUHH

Ao)=—Im{Q(¢, C)}) =—2a,sin26 —4a,sin4s— ...,

KoTOpasi onpeaeasierc Koapduuuentamu paga (33').

310 HHTErpasbHOe ypaBHEHHEe aHaJOTHUYHO ypaBHeHHI0 (25), HO
Gonee caoxxHo. HafiTh ero npH6AHIKeHHOe YHCJEHHOe pellileHHe OKa-
3aJ0ch TPYAHHM JeJoM. BHUYHC/NEHHA npuBeaH K BHBOAY '), uyTO
u,/Y gd =0,23 £ 0,01, uT0 BnOAHE XOPOWIO COrMAacyercsi ¢ HEMHO-
FHMH HMEIOUIHMHCSA 3KCMEePHMEHTANbHLIMH JaHHBIMH 2).

§ 52. Heycrofiunsocts no Tediaopy

Koraa p’ > p, rpaBuTauonnsfl unen B gpopmyse (13), oueBuano,
BLI3NBAET KeycTod4usOCTs. 3Ta HEeyCTOAYHBOCTH MPOCTO-HANPOCTO
Takas Xe, KaK y BOAH B Beape, NMepeBePHYTOM BBepX AHOM!

Tak kak noctynaTenbHoe ABHXKeHHe 06MacTH C YCKOpeHHeM a
OKa3HBAaeT AeACTBHE, IKBHBAJEHTHOE 3) HANOMKEHHIO NONSA TATOTEHHS

) Birkhoff G, Carter D, J. Rat. Mech. Anal, 8 (1957), 769—
780; cm. Takxe Garabedian P, Proc. Roy. Soc., A241 (195(7). 4)2’3——2931
. ?) Héali. Xyxosckuit B [23*] noayann TowHoe pewrenHe noROGHOA samauH. —

pus. ped.

3 Synge J. L, Griffith B. A, Principl M i .
McGrav-{llll? 1949, 55, rinciples of Mechanics, 2-e¢ usx.,
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g€ = —a, TO B YCKOPEHHOM TeuYeHHH MPeAbAylWHRA Pe3yabTaT MOXKHO
HHTepnpeTHpoBaTh caeayiowinM o6pasoM. [laockag noeepxHocTb
pasjena AByX XHIAKOCTel ¢ MJAOTHOCTAMH p, p’ HeycToliuHBa, Koraa
HMeeTCs YCKOpeHHe, HampaB/aeHHOe OT Gosee Jerkofl MHAKOCTH K
Gonee Taxenol. Takas HeycTOHYHBOCTb Ha3biBaeTcsl HeycToddu-
eocroro no Teidaopy'). _

JIByMepHast HeyCTOHYMBOCTb BO3MYIUEHHI MepBOHaYaJbHO MJOC-
KOH MOBepXHOCTH pa3jeia aJeKBaTHO omuchiBaercs ¢opmyJoit (13),
NoKa aMIVIHTYAa BO3MYIUeHHH ocTaerca OeckoHneuno masod. [lpu
HayaJIbHbIX CHHYCOHMJAJIbHbIX BO3MYLIEHHAX HauGoJlee 3aMeTHHIM
NPH3HAKOM HeJIHHEHHON TefAJOPOBO#f HEYCTOHYHUBOCTH SBJASETCA
BO3HHKHOBEHHE 3aKPYIJIEHHBIX Ha KOHLAX CTOJOHKOB, pa3jeleHHHX
NajaoniMH cTpysaMH. JIio60NbITHO, YTO HaJ/M4YHe 3THX CTOJNGHKOB
NPHO/IHKEHHO COrJiacyeTcs C TeM aHaJH30M MoabeMa MJOCKHX
Ny3bIPbKOB, KOTOPBIA KPAaTKO H3/MoXKeH B § 51.

TeitnopoBa HeycTOHYHBOCTH BeCbMa 3aMeTHO TNPOABJAETCH
B nNyJbcauun cheprHueckHXx ny3blpbKOB. TakuHe My3bipbKH HIpaioT
rJ1aBHYIO POJIb KaK B KaBHTaUHOHHOH 3po3un (§ 42), Tak u B noa-
BOJAHBHIX B3phiBaX. B npeanonoxenun cdepHyeckoit CHMMETPHH
(crHosa runoresa (C)!) Paneii?) noayuns npoctele fudpdepeHuHans-
Hble ypaBHeHHs Ajs paauyca b(f) xak GyHKUMH BpeMeHM, NMpHMe-
HHMble K 060UM THNaM ny3bipbkoB. OAHAKO, eCIH BO3MYLUEHHS cde-
pHuecKkoil 'paHHUb Pa3noXuTh, no ¢yHkuuaM Jlexauapa pn(cosg),
TO MOXHO MOKa3aTb, YTO aMIJHTYAH Bo3MyuleHuil by (f) ymosaer-
BODSIOT yPaBHEHHUIO

bb,+ 36 b, — (h— 1)bb, =0. (34)

(310 ypaBHeHue oTiHuaeTcs oT ypaBHenus (13) ans naockoro cay-

yas uneHoM 3bbn.) Ily3bipbKHM, BO3HHMKAalOLIHE TPH TNOXBOAHOM
B3pbiBEe, CHaua/la Ype3MepHO pacCIIMPSIOTCA, KOTAa BOAA BHITaJKH-
BaeTcsl HAPYXKY, a 3aTeM CHOBa CYXKalOTCAl NMPHMEPHO A0 HAYaJbHOro
paauyca.

B6a13n MHHMMaABHOTO pajHyca NMPOMCXOAHT pe3Koe 3aMedJe-
HHe TeYeHHs BHYTPb Ny3bIpbKa, T. €. MPOHUCXOAHT YCKOpEHHe B Ha-
npasneHdy Gosiee MJOTHOH XKHAKOCTH. JTO, OYEBHAHO, Aenaer cde-
PHUECKYI0O TNOBEPXHOCTb pasfena HeyctodudBoit mo Tednaopy, —
06CcTOATENLCTBO, KOTOPOE OYeHb 0CAa6/AeT NOC/Ae10BATeNbHBIE My /ib-
calHH Ny3bipbKa.

Cayuait nyspipbka, 3aMOJHEHHOrO MapoM M CXKHMaloILerocs
«B TOYKYy», KaK NpeAnmosiaraeTcsi NpH HAeaJH3HPOBAaHHOA KaBHTa-

') Tak xax Bnepshe ee tusuyeckoe 3xavenne uschun Tefnop; Proc. Roy
Soc.},(f\i’gllélQSO), 192—196. lanbuefimne pasbscHeHus w autepatypy cm. s [17],
ra. XI, , 13.

%) [12], 1. VI, crp. 504; (7], n. 91 a; [17), ra, XI, § 1—3.
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UHOHHOW 3PO3HH, MeHee fiCeH, TaK KaK TyT Bceria MMeeTcs yckope-
HHe, HanpasJeHHOe OT 6oJiee NJIOTHOM XHUAKOCTH K MeHee MNJOTHOMH.
Tem He MeHee u B 3TOM ciyuae uMeeM HeyCTOHUYHBOCThL H3-32 OTpH-
HaTeJbHOro TOpMoxkeHHs '), Tak Kak mo cyutectsy b < 0.

B npeaurecTBYIOLHX paccyXJAeHHAX Mbl He TOJbKO npeHebpe-
raqi MHOTHMH (PH3HYECKHMH NepeMeHHbIMH, KOTOPLIE MOTYT HMeTb
3HayeHHe (HanmpuMmep, MOBEPXHOCTHLIM HATAXKEHUEM), HO H OrpaHH-
YHBANHCh OECKOHEHHO MAAbLIMU BO3MYILEHHSAMH. XOTS MOCTHIHYT
HEKOTOPHIH ycnex B HCCJACAOBAHMH BO3MYLIEHHH KOHEuHOH aMnJu-
Tyabl, B HeJIHHElHOM TeOpHH MOKa eille He BCe MOHSATHO.

§ 53. MacwraGubie 3ddexkTHl Npn BxoJe B BOAY

BoablnHcTBO NpHBEIEHHBIX BbILIE 3KCNepHMeHTaJbHbIX (aKrTon
NOATBEPIKAAIOT MHEHHe O TOM, YTO MaTeMaTHyeckHe pelleHHs1 0606-
weHHoH 3anaun [enbMronbua npu6AHKEHHO NPUMEHHUMbI K peasb-
HbIM KaBUT2UHOHHbIM TEUEHHAM. YHNOMsAHYTble A0 CHX TOP HCKJIO-
4YeHHs ObIIH CBA33HH C OCOGEHHOCTAMH MaJjbix MNy3bIPbKOB?2).
Kpome Toro, paccyxnexus B § 43 natoT cepbe3noe ocHoBaHHe npen-
noJsiarath, YTO TEOPHs CTPYil NPHMeHHMa B cJyuae, Koraa p’/p Ma.o.

Ecau MBI XOTHM COrjacoBaTh 3TO NMpPenrnoJfokeHHe C ONbITHbIMH
dbakTaMy, TO NMPUXOAUTCH MPH3HATh, uTo wucao 0,0013 ne «mano».
B uacTHOCTH, €cTh ABa THAPOJHHAMHYECKHX SIBJIEHHS, KOTOpbie Ha-
6ni04al0TCA NPH BXOjle Tes1 B BOAy B aTMOcepHbIX YCJIOBHSX 1 OT-
CYTCTBYIOT, ecaH Bo3ayx yaajseH. CreaosatenbHO, HHKaKas
MaTeMaTHueckasi Teopusi, npeueGperaiouias oTHoweHHeM p'/p<<
< 0,0013, He mMOXKeT WX NpaBuabHO OODBsiICHHTh. Bosnee BaxKHbBIM M3
3THX AIBJEHH CUMTAeTCH NOBEPXHOCTHOe cmuikanue. Ecau B cnoko#-
Hyl0O BOAY najnaeT HeGoJbLIOH wmap co ckopocTeio 3—6 m/cex, TO
KaBepHa cHaya/jla CMbIKaeTcsl Nno cxeMe pHc. 22,4, Tak Ha3biBaemoe
eaybunnoe cmoikanue. Ecan xe cKOpOCTb NPH BXOoe paBHa 12 m/cex
HAK 6GoJblie, TO KaBePHA HAYHHAET CMBIKATbCSl HAa MOBEPXHOCTH NO
cxeMe puc. 22,6. CHUMCK nonsi CKOpOCTell NMPH CMbIKaHHH Ha Mo-
BEPXHOCTH BocnpousBeleH Ha ¢oto Il. BnepBhlie sBseHHe nmoBepx-
HOCTHOTO CMbIKanus HaGmionan BopTuurron npumepno s 1900 r.
{33}, nosaHee Manaok 3) 3ameTHa, uTO 3BYK, BO3HHKAIOUWHH NpH
rAyOHHHOM CMbIKaHHH, HAaMOMHHAET XJOINOK, a NPH NOBEPXHOCTHOM —
BCIJECK.

B 1944 r. d3suc*), caeays ykaszauusm Teitnopa, nokasan, 4To
ecJIM B IOCTATOUHOIl Mepe CHU3WTH JaBjieHHe BO3AyXa P, TO NOBEpX-

“WBitkhoff G. Quar. Appl. Math., 13 (1956), 451—453.

?) Cwm. § 32, 51 u (32]. Manenskue nyaulpLKH Koe-4yero ga ctosiT!

) Mallock W. Proc. Roy. Soc., A95 (1918), 138—143; cM. Takxe
Harvey E. N. and McMillen J. H, J. Appl. Phys., 17 (1946), 541—555.

‘) HeonyGnuKoBaHHH{ ROKNAA, OTNEYaTaHHBI HA MUMeorpade.
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HOCTHOE CMbIKaHHe YyXKe He MPOHUCXOAHMT AaxKe NMpH GOJBUIHX CKOpO-
ctax. Buauane npeanonaranu, 4yTo HaJHYHE HAH OTCYTCTBHE MOBEPX-
HOCTHOTO CMbIKAHHSl 3aBHCHT OT KaBHTaUHOHHOrO uMcaa Q = 2p/pu?,
TaK KaK BeJHuyHHAa Q OKa3biBaeT CYLUECTBEHHOe BJIHSIHHE Ha MHOTrHe
KaButaunoHuble aBaeHus. Ho B 1945 r. no HaueMy npeasoxeHunio
Hx. T'unb6apr u Augepcon [29] npuMenuaAH TsXKeable raswnl THNA

h

ik

el

Puc. 22. a—ray6unHoe cMHKaHue; § — NOBEPXHOCTHOE CMHLIKAHHE.

¢peona, 6narogaps ueMy MOXKHO ObINO HE3ABHCHMO MEHATh JaBJe-
HIHe H IVIOTHOCTb. DTH aBTOPbl MOKa3aJH, YTO AAN 3aJaHHOro AHa-
MeTpa d Wapa M 8epTuKkaAbHod CKOPOCTH BXoAa v (uncao Ppyna
Fr = v?/gd) xapakrep CMblKaHHsi B OCHOBHOM ONpeleJsieTCss OTHO-
wenueM p’/p. Hanpumep, ana wapos guamerpa 2,5 cM, BXOAALIMX
B BOAY €O cKopocTAMH 15—45 m/cex (1. e. npu Fr = 103 — 10%)
NPOHCXOAHT NOBEPXHOCTHOE CMbiKaHue, eciau p’/p > 0,001, u rayGuH-
Hoe, ecau p’/p < 0,0001.

dT0 BHe3anHOe H3MeHeHHe peXxHMa BOJH3H Maaoro 3HayeHHs
napamerpa p’/p HanmoMHHaeT BHe3aNHOe H3MeHEHHe B OGHIYHOM
cnepe, npoucxoasutee B6au3H 1/Re = v/vd = 0,02 (Buxpesas no-
poxka) H I/Re = 0,000005, a Takxe B TpyGax B6aM3n 1/Re =
= 0,0005 (cM. ra. 11). Takum o6pa3oM, 3TO gaeT HaMm elle OAHH
«NapajoOKC annpOKCHMalHH» M CHOBA yKa3hlBaeT Ha TO, YTO XapPax-
Tep peuienuld ypasHenuld 8 YACTHLIX NPOU3BOOHBIX MONET BKEe3anHo
U3MEHATLCA 60/U3L O4ENb MAAbLIX 3HAYEHUd NnapameTpos.

B § 78 Gyner nokasaue, npasia, ¢ NOMOILbLIO 4O HEKOTOPO# cTe-
NeHY NPOH3BO.ILHOrO (H3HYECKOro aHa/lu3a, uTO TaKoe H3MeHeHHe
pexHMa B AefCTRM4TENLHOCTH TECHO CBA3aHO ¢ 6e3pa3MepilbiM napa-
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metpoM N = VFre'lp u NPOHCXOAHT TOrAa, Korda N mnpumepHo
paBHO !/s.

Hpyroe sBaenxe, He COBMECTHMOE C HAHBHLIM TMOHHMAaHHPM
yrBepxaeHHs Betua u [lerepcona, COCTOHT 8 TOM, YTO NPH HaK.10H-
HOM BXoJle B BOAy OOHapyXHBaeTCA TEHAEHUHSA K NPEJOMJEHHIO TPaeK-
TOPHH ABHXEHHA KHH3Y. XOTs 06CTOATENbCTBA €713 He BIOJHE ACHH,
CauxTep nokasaJa Ha onbiTe, UTO r1ajlkas awoopa.enas chepa aua-
MeTpoM B 5 cM, BxoafAulas B BOAY CO CKOPOCTbIO OKOJ0 15 m/cex
nox yraoM B 20° K rOpPH3OHTY, MOXET OTKJIOHHTbCA BHH3 NPH BXo1e
Ha 5° u Goabwe. (ITpn ropa3no GOIbLWHX CKOPOCTAX Ou.IK OGHApY-
XKeHbl OTKJOHEHHS BBEpPX H TeHI1CHUHs1 K pHKowerty').}) ITonnoi
TeOPHH 3THX sBaennii ner, Ho Cauxrtep nposea TiiatenbHblit (K co-
XKajeHHlo, HeonyONHKOBAHHbI) 3KCNepHMeHTa bHbIl anajan3, KOTo-
pHR NOKasas, YTo Takoe MpejoMJeHHe TPAeKTOPHIl CBA3aHO C 6A3-
KOCTbI0 8030yxa — mepeMeHHO, BJHAHHEM KOTOPOii NO HHTYHLHH,
Ka3anocb Obl, MOXHo npeie6peyb (cp. ¢ runotesoi (A) u3 § 1).

§ 54. Peanbnbie caenn

OG6uiuHo ypaBHeHHs Jitnepa npu6GAHKEHHO NPHMEHHMB B YCJ0-
BHAIX CTaUHOHAapHOro TeueHHs, Koraa p’/p K 1, HO @AM 3TOro Me
AOCTATOYHO, YTOOW v O6bJ0 MaJo. 3TO BHPa3HTENbHO NOKAa3aHO
Ha ¢oTorpaduAx peanbHbix caeqoB. B uacTHOCTH, ocHOBHOR nepe-
MEHHO#, onpejeasollell noselelHe pea.1LHOroO c.1efa, sBAseTcs 6e3-
pa3MepHoe uucao PefiHoabaca Re = vd/v, onpegenennoe B § 21.
[Mpx 3TOM A€10 CBOAUTCA K BbIAICHEHHIO NPHPOAL peasbHBIX CJ1e10B
npu Re > 1.

ITpn ycnoBun Re <« 1 B peasbHbX c/elax nmepeaHas H 33aJHAR
YacTH NPHOJHKEHHO CHMMETPHYHH, H TaKHe CJelbl COOTBETCTBYIOT
npubaunxenuio Crokca — noasyiwemy teuenuio (§ 30), ecan MoXHO
NOJYYHTb pellleHHe TaKOA Kpaesoit 3ajaud. B nurepBase 5 < Re <
< 30 (npubanxkenHo?)) npu o6TeKaHHH KPYroBOTO UHJAHHAPA HJH
Apyroro Heo6TeKaeMoro MPenATCTBHA JHHHH TOKa <OTPHIBAIOTCAN,
o6pa3ys KoHeuHbiil BLMYKAMH C/1efl, KOTOPHH KayecTBeHHO HaMOMH-
HaeT KOHEeYHYyI0 KaBepHy, ONHCaHHYl0 panee B 3TOH r.iase. B neft-
CTBHTE/IbHOCTH NOAOGHBIE c.1edbl HAGMIORANUCh No3aau cdep H AHC-
KOB BN/OTb A0 3HauveHHs Re = 200.

ITpu G66abwnx Re, rnapHbiM o6pa3om B uutepBaJe 40 < Re <
< 1000, peanbHne caean o06blyHO GLIBAIOT nepuoduUYecKUMU,

') Ramsauer C., Uber den Ricochetschuss. Kiel dissertation, 1903; [S].
crp. 453. [PuxoueTHposanue No NOBEPXHOCTH BOAHW 6uno uiyyeno JI. U. Ceno-
8uM (cM. Cenos JI. H., Boasnne pukowern, JAH CCCP, 37 (1942), M 9). —
Mpux. ped)
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6narojaps ueMy 4acTo CJAbILIHA My3blKaiibHasi Hota. B cayuae kpy-
rOBOTO LHJHHApPA yacToTa KoseGaHHA N cBfi3aHa co CKOPOCTBIO Teue-
HHg U H IHAMeTpoM d NPHOIHKEHHBIM SMIIHIPHUECKHM COOTHOLLIEHHEM
v

N =7 (35)
ITockonbKy TeueHnus ¢ mMOJOGHBIMH NMEepPHOAHYECKHMH cjelaMH CTa-
LMOHAPHBI, 3TO NpeAcTaBaseT cOG0H HOBLIH NMapajOKC CHMMETPUH
(§ 26).

B unrepBase 10° < Re < 10° peanbHble caefbl MO3agH MJI0XO
o6TeKaeMBIX TeJ OKa3hIBalOTCS MPEHMYILECTBEHHO TYLOYACHTHbIMU,
HO B CJiyuae JOCTaTOYHO IVIAAKHX MOBEPXHOCTEH MOrpaHHuHbIA /oM
0o6BIYHO He CTaHOBUTCA TYpOYJEHTHbBIM RO TeX Nop, noKa He Npo-
u3oiger otpaiB. OnHako Aas 3HaueHuit Re > 3 X 10° norpaHnyubid
C/IOH, KaK NpaBHJO, CTAaHOBHUTCA TYpOyJeHTHuM 0o oTpbiBa. Kak
yxe o6bAcHAN0CH B § 28, 370 naer BecbMa cyXeHHBHIH (HO Bce elle
TYpOy/NeHTHHIH) caen.

CyluecTBeHHasi 3aBHCHMOCTb BCeX 3THX KauecTBEHHBIX ABJEHHH
OT YHCJIEHHOTO 3HaueHHs Re nenaer OueBHAHBIM TOT (AKT, 4TO HH-
KaKasi AefiCTBHTE/NbHO (QyHIaMeHTa/bHAs TEOPHs peaJsibHbIX CJ1e10B
He MOXeT npeHeGperaTh BA3KOCTHIO. TeM He MeHee OblU MOCTPOEHB
pas/uuHbHeEe OCTPOYMHble MOAENH CJelJ0B Ha OCHOBe YPaBHEHHH
Difinepa.

Tak, Muzec!) npeasoxun NPpHMeHATh peluendHe 3anaud leabM-
rosbla — BpuaniosHa B KauecTBe mNOAXOASLLEr0 MPHOIHKEHHS
peasbHOro OGTeKaHHS UMJAHHApPA C JaMHHAaPHLIM [OrPaHHYHLIM
caoeM. B toM cayuae, koraa u3-za TypOyJeHTHOCTH NOTPaHHUYHOrO
cios npu Goablux yucaax Pefinosnblca cnex cyxaercs, Xxopoiuee
npu6uKeHHe AAaeT «cJiell HYJeBOro CONpPOTHBJEHHS».

Buiniv npeasioxenbl U APyrHe «CTPYyiiHbie» MOJe/H 2), B KOTOPHIX
BBOJHTCA YaCTHYHOE BOCCTAHOBJIEHHEe AaBJeHHs B cjele Ha 60Jb-
LIHX PACCTOSHHUAX, YTO MOXKHO COIVIACOBATb C IMNHPHYECKHMH [LaH-
HBIMH.

§ 55. Buxpesnie MoAenH CJefoB

B apyrux MoJensx cjAefoB 3apaHee BBOASITCS AnpUOpHble pac-
npeaesieHHsi 3aBUXPEHHOCTH C LeAbl0 BHPa3HTb HabJoaaeMmsie
CBOACTBA TEUEHHS TOCPEACTBOM NPOCTHIX MaTeMaTHYeCKHX ypaBHe-
nuit. TIpn Goabwinx Re onsiTb-TakH MOXHO NpeHeGpeub BA3KOCTHIO,
4T0, MO KpafHeil Mepe NMpH 6GerioOM PacCMOTPEHHH, KaXeTcs OnpaB-
AEHHHM.

‘g Musec P, Teopus nonera, M., HJI, 1949.

?) Roshko A. J. Aer. Sci., 22 (1955), 124—132; Cornell W. A. B [32]
CxeMa, Ha KOTOPYIO ykasnBaer aBTOp, BnepBuie Ouna peeaeHa H, E. XKyxosckum
15%). — lTpux. ped.]




§ 55. Buxpeasovie modeau caedos 113

B onHoit u3 ctaphix Mojesnell BBOAATCS ABa CHMMETPHYHO pac-
NOJIOXKEHHBIX 32 KPYTOBHIM IH/JIMHAPOM TOYEUHBIX BUXPS, KaK MOKa-
3aHo Ha puc. 23 (cp. puc. 13). Dot Moaeau, KOTOPOi Mbl 06s3aHbI
®ennuio, yaenssoch 3HaYNTENbHOE BHUMaHHe BBUIY ee upe3Bbiuaii-
HOHl MaTeMaTHYeCKOH MNPOCTOTHI, UHTEPECHOH TEeOpHH ee YCTOHYH-
BOCTH M CBSI3U €€ ¢ MOAeNsIMH BHXpeBhix gopoxek (§ 56). Ecnau
BHXPH DacnosioxKeHbl Ha KpuBoH 2ry = r2 —a? ([7], ctp. 155), rae
a— pajdyc UUJHHAPA, TO BUXpeBass KoHGUrypauysi HaXOAMUTCH B
(HeycToliuuBOM) paBHOBecud. KpoMe TOro, MoXHO HOGHUTbCS, YTOGbI

Puc. 23. O6Grekanue nuauHapos, no Penmio.

KOHHUrypanua JUHUHE TOKA MOJENH HMesa Xopollee COrjiacoBaHue
¢ Ha6JjionaeMOH SKCIEPHMEHTaJbHO, NPUMEPHO B HHTepBaJje
5 < Re < 30.

OnHako BG/M3M IEHTPa BHUXPS B CTAallHOHaPHOM IJIOCKOM Teye-
HUH MHOTHe [OJig CKOPOCTeH HAMOMHHAIOT KOHMUIypalUHu JHHHHA
TOKa B BH/J€ KOHLEHTPHYECKHX OKDYXKHOCTeH, U, cJel0BaTeNbHO, HE
CTOUT INPHAABATb CJAMIIKOM 00./blIOe 3HAaueHHe YMOMSHYTOMYy CO-
raacosanuio. TeopeTHuecky e B CTalHOHAPHOM TEUEHUH 3aBUXPEH-
HOCTb JIOJUKHA U3 JI060ro LeHTpPa pPacHpOCTPAHSATLCS BO BHELIHHE
006/1aCTH, CTAHOBACh aCHMIITOTHYECKH MNOCTOSAHHOL BHYTPH J10GOM
3aMKHYTOH JIMHHH TOKA JIaMHHAPHOrO TeUeHHs NpH GOJbLIOM YHCe
Peitnonbaca.

OTa 3HauHTeNbHO Gosiee MOAXOAALLASA MONENb Oblia HERaBIO
npensoxena BatuemopoM!), ofHAKO A0 CHMX MOpP NPH KOHKPETHBIX
pacuerax He YyHajoCh MPEOAOJIETh BBIUHCJHTE/NbHBle TPYAHOCTH.
Kpome Toro, B BHAy HeycroiumsocTd no [enbMrosbily, peasibHbie
caefnl npu Goublinx Re aalor B Beicliefl cTemeHH HecTalldOHapHOE

') I. Fluid Mech., 1 (1956), 177—190 u 388—398; cm. Takke Wood W. W.,
Tam ke, 2 (1957), 77—87,
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TeYyeHHe, H, CcJenoBaTeJbHO, MOJAeJb ABJAETCA Hepeanbuoﬁ. Il.’lﬂ
auana3oda 5 < Re < 30, no-euaumomy, Gosee mnpueM.aemoit fB-
aseTca Mojenb Ba3koro teueHus Oseena (§ 31)1).

§ 56. Brxpesble JOPOXKKH

Haun6Gosnee 3aMaHuHBO# BUXPEBOH MOAEJbIO JJs C/eJOB SABJSETCS
«BHXpeBasi NOPOXKKa», COCTOALLAs H3 ABYX Napa./lielbHbiX pPsAOB
TOYEYHBIX BHXpeil, pa3MellleHHBIX Ha OJHHaKOBOM pacCCTOSIHHH, MpPH-
yeM 3TH NEPHOAHYECKHE PAALl PACMOJIOXKEHbl «B l1aXMaTHOM [O-
psaKe», TaK YTO BHXDH KaXAOro pRAa TNPHXOAATCH TNOCpPelHHe
MeXAy BHXPSMH Ipyroro psita. dTa Mofedb Gbiaa mnpejnoxelia
Kapmanom 2) aas npeiacTaB/ieHHsi NMEepHOAHUYECKHX CJelOB 33 LH-
JHHApaMH, HabJalonaeMbiXx B OCHOBHOM B uHTepBaJsie 30 < Re < 300.
Hdas nHee komnnexkcuoii notenunan W = U + iV 3anucbiBaerca
B CJeAyiolleM BHAe:

W=%{]gsin%—lgsin%(z—%—ih)}. (36)

Takum oGpa3oM, NMOTeHUHaJs BK/JOYaeT TPH MapaMeTpa: HHTEH-
CHBHOCTb BHXPS %, NMPOJOJBbHBIA pa3Mep a M NonepeuHblii pasmep
h. B nwo6oM KOHKpEeTHOM cJyuae onpeje/eHHe 3THX NapaMeTpoOB,
OYeBHIHO, ABJSETCS OCHOBHOII 3aauefl, a 11060 HaGOp 3HAUEHHT X,
a U h 3aj1aeT paBHOBeCHOE pacro/0XEHHE.

KapMau noka3aJ, yTo B HeBfi3KOl XHIKOCTH Takoe pacnojoxe-
HHE HMEET HeYCTOHUYHBOCTL MEepPBOro nopsaika (T. e. OTK/JIOHEHHS OT
NONOXEHHS PaBHOBECHS PACTYT 3KCMOHEHLHAbHO), eCAH TOJbKO
h/a ne pasHo 0,281 (npuGaumxenHo). OH noka3sasn Takxe, YTO aHa-
JIOTHUHOE pa3MelleHHe BHXpPeH, NPH KOTOPOM BUXPH B 06OMX psiaax
OCTalOTCA MapaJjjiebHbIMH [Be/HuHHa af2 onyckaetrca B ¢opmyJe
(36)], Bcerna HeycTOHUYHBO.

Kpome Toro, uccaeays ckopocth K, ¢ KOTOpOil 3aBHXPEHHOCTb
pacnpocTpaHsieTcs B NOrpaHHYHOM cJjioe no o6Ge ctopoHsl, [efizen-
6epr H Ipanatab 3) noayuuau cooTHoleHHe

2w e 1+Qv?

- =K~ 7, (37)
otkyna x == (1 + Q)av?/4. Xots caM BuIBOJ BecbMa NpHOAU3HTENEH,
pe3y/ibTaT ABAAETCS HANEXKHBIM C TOYHOCTBIO A0 MHOXHTens 2.

1) Jlutepatypa npusemena 8 [I7], crp. 263, npumeuasue 13. OTJAHYHBIA
HCTOpHYecKHAi 0630p BHXpeBuX cucTeM B caeaax aan Posenxen JI, c6.
[Tpo6nemnt nexauuku, UJI, M., 1955, ctp. 446—454.

2) Gott. Nachr., Math.-Phys. KI. (1912), 547—556.

%) Heisenberg W., Phys. Zeils., 23, (1922), 363—366 n xommenTapnu
[pasaras wa ctp. 366; cm. takxe [3), crp. 555, 564 u [I1], 1. 2, c1p. 132
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Hakonel, nerko goraaatbes, uTo BeJHYHHA A He QOKHA HAMHOro
OT/IHYATLCA OT AuaMeTpa uuaunuipa d; B § 57 M cMoxeMm B 6osb-
uiefi Mepe 060CHOBaTh 3TO TeOpeTHYECKH. YUHTHIBasi BCeé NpHBEAEH-
Hble Bhillle cOOGpaKeHHs,, MOXKHO NMOCTPOHTb NMPHOJIHKEHHYIO anpu-
OPHYIO MOZeNb NEPHOAHYECKHX CJelOB.

OuesnaHo, 4TO 3Ta MOAeNb BHXPEBO# NOPOKKH BO3HHKJA He H3
pellleHHsl MaTeMaTHYeCKOi KpaeBoii 3a1auu: ocTpoyMHas uies Kap-
MaHa He NPHHAAJEXKHT K «paUHOHaJbHOH rHAPOJAHHAMHKE» B CMBIC/IE
§ 1. Tak, B 3T0li Teopuu o6TeKaeMoe NMpPenATCTBHE He ABJAETCS He-
KHM peasibHO CYILECTBYIOUIHM reOMeTPHYECKHM OGBEKTOM.

Buino BhickaszaHo mpeanosioxeHue, YTO BHXPEBble HOPOXKKH ecTe-
CTBEHHO BO3HHKAKOT MPH 3aKPYUYHBAHHM BHXDEBHX CJIOEB, NMpeACTa-
B/ISs, TaKMM 0o6pa3soM, acHMNTOTHYeCcKHe peilleHHs 3afauu Kouww.
OnHako npu6JHKeHHe B BHAe MOAEJH COCPeNOTOUYEHHBIX TOYEHYHbIX
BHXpell siBisieTCs HepeaJbHLIM KaK TeOpeTHYecKH, TaK H IKCIepH-
MEHTaJbHO '), Aaxke HECMOTPSA HA TO YTO, KaK HHOrAa roBopAT, BHX-
peBble CJIOH 3aKPYUHBAIOTCA, MPHYEM «33aBHXPEHHOCTb BCe GoJblie H
6osiblile COCPEAOTOYHBAETCH B 3aKPYUYEHHHX yyacTKax».

OTH 3aMeuYaHHs HMEIOT CBOell Ue/bi0 MOAYEPKHYThb, HACKOJbLKO
AaJeKko yllna COBpeMeHHasi TMAPOJHHAMHKA OT NPOCTON H AOrMaTH-
yeckofi naen Jlarpanxka. Bce craunonapHble BUXpeBble TEYEHHA H3
§ 55 u Bce peweHns 3afauu [enbMroJsbua ynoB/ieTBOPAIOT ypaBHe-
HUAM Dfljlepa AAsf HeCXKHMaeMONl HeBA3KOM XHAKOCTH, 3TO MOKa3bl-
BaeT, HACKOJ/ILKO JaJleKa OT «KOPPeKTHOM» NMOCTaHOBKH 3ajlaya CTa-
LHOHAPHOTO TEUEHHS AJS 3THX ypaBHeHHH.

B neficTBUTe/ILHOCTH JKe CaMO MOHATHE «CTAllHOHAPHOro Teve-
HHsi» owHGOouHO ¢ HH3HUECKOH TOUKH 3peHHs IJIA XKHUIKOCTe# Manofl
Bsi3kocTi!

§ 57. Koauvecrso ABHXKEHHA B caeae

Oanako ToT ¢aKt, uTo HAeun Jlarpanxka oxasainch OlIHGOUHLIMH,
He 03HayaeT, UTO TeopeTHUeCXHH NOAXoA B rMAPOAHHAMHKe cleayeT
orteepruyTh. Kak Mbi Buaenu B ra. I1, ecTh 6osibuine OCHOBAHHS CUH-
ratb ypaBHenHs Hasbe-Crokca ans Hec)KnMaeMod XHAKOCTH 3a-
cAyXKHBaOWKMMH foBepus. Hame paccMoTpenHe TeOpHH c/1ef0B Mbl
3aKOHYMM KpaTKMM 0630pOM pe3y/bTaToOB, MOJYYEHHHX K HAcTOfl-
lieMy BpeMeHH NPH NOMOLULIH 3THX ypaBHeHH#. Kak n B cayuae Ka-
BUTaLMOHHOTO JBHXKeHHA (§ 49), MHOroe Moxer ObiTb OGBACHEHO
NpH NMOMOLUH 3aKOHOB COXPAHEHHH.

Bo3MOXHO, uTO HaHbo/iee NOJIE3HOR ABJAAETCA HHTepNpeTanus
xoauwecrsa Osuxcenusa caeda. B 3KcnepHMeHTe NMO3ajAH BCAKOro

') Teopetuyecku#t pa36op cmu. B paGore Birkhoff G, Fisher J,
Rend. Soc. Mat. Palermo, 8 (1959), 77—90, OTHOCHTE/bLHO SKCMEPHMEHTAALHLIX
aAannuix cM. [3], ra. XIII. Llurata B3arta u3 TOo@ ke paGoThl.
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ABHXKYLIErocs B XXHAKOCTH TBEPAOTO Tesa Mbl Ha6GalogaeM ABHXKY-
wuics Bnepen «chaei». Takum o6pasom, IS ABYMepHOro cayuas
MOXHO ONpeNeNHTb KOJNHYECTBO /[ABHIKEHHS cJiefa, mpuxoisileecs
Ha eJMHHIY JJIHHBI, HA PACCTOSIHHH X OT NPensTCTBHSA, N0 popMyJe
([17], cTp. 266).

Mx)=p [ u(x, y)dy, (38)

rae ocb x BbI6paHa nNapaJjJielbHO HanpaBJeHHIO IBHIKEHHS TBep-
AOro Tesa, a BeJHYHHA u 0003HayaeT NOCTYNaTeJbHYI0 CKOPOCTb ')
JNBHXXEHHS] XHUAKOCTH.

Ecan Mbl npuHHMaeM sMnupuueckuil GpakT, 4To BHe cJeda 3aBHX-
PEHHOCTbIO MOXHO npeHeGpeub M MO3ITOMY 374eCh NPHMEHHMbI TNPH-
6/MXKeHHs KJ1acCHYeCKON THAPONHHAMHKH, TO 3TO MNPHBOAKT Hac
K MPeNnoJIOXKEHHIO, YTO KOJH4yecTBO nBHKeHHss M (x) daxrHuecku
He 3aBHCHT OT BeJIHYMHLI X — HeGO/NBUIOrO PacCTOSHHA M03afAH Npe-
OsTCTBHA 2). DTa runortesa noATBEPIKAAETCS 3IKCIEPHMEHTAJBbHO.

Ilanee, ecTecTBEHHO NMPEANOJNONKHTb, UTO KOJHYECTBO ABHIKEHHS
B CJele cO31aeTcsl AaBJeHHEM Tela Ha XHIAKOCTb (BTOPOH 3aKOH
HbloToHa) ¥ 4TO OHO paBHO MO Be/MYMHE W MPOTHBQMOJIOXKHO NO
HanpaBJIeHHIO COMPOTHUBJEHHIO D, KOTOpoe XHAKOCTb OKa3biBaeT
NBHXKeHHIO Tesla (TpeTuit 3akoH HbloTona). B wactHocTH, conportu-
BieHHe D N0/IXHO PaBHATLCS BO3HHKAIOLEMY 32 €IUHULY 8peMeHu
KOJIMUECTBY NBHXKEHHS B cJjele, KOTOPOe B CBOW Ouepenb [AOJKHO
pPaBHATBLCS NPOM3BEJEHHIO U M, rie M — KoNHUeCTBO ABHXKEHHS B
cjele B pacueTe Ha eHHHIY JAUHbL,

OTH UHTYHTHBHbIE JOraflkM MOXHO cOpPMYJUPOBaThL MaTeMaTH-
YeCKH H BbIBECTH U3 Pa3yMHBIX NPEANONCKEHHA OTHOCHTENbHO Teue-
Hua xuikoctH 3). Ewe Gosee HHTepecHO TO OGCTOATENLCTBO, YTO
HEKOTOpOe YTOUHEHHe TakKHX (OpMyJ AaeT Hauayuyllui cnocob u3s-
Mepenuss paKTHYECKOTO JOGOBOTO CONPOTHBIEHHS KpbiJia B NoJeTe,—
no AaBaeHHsiM B Tpy6Gkax [1uto, onpenenseMbiM No3ajiu Kpbiia Ha
pPacCTOSIHHH OT Hero, COCTaBJsiolUleM HeGOJbLIYI0 AO0NI0 HIHPHHBI
Kpblaa ).

HOnsa Hac eme Gosee MHTepeCHO NpHMeHEHHE 3aKOHA COXPaHeHHs
KOJIMYECTBA ABHXKEHHH cjela K MONe/NH ¢BHXPEBOH MOPOXKKH» M3

) Oas nepuoanuecKHX HAH TYPGYyNeHTHBIX CAENOB — CpefHee 3HAYeHHe 3TOR
CKOpOCTH TIO BpEMEHH.

2?) Yro6ul npuAaTh TaKWM THNOTE3aM MAaTeMaTHYECKYI0 pecneKTaGenbHOCTh,
MOXHO Ha3blBalb HX «Tay6epoOBLIMH>.

3) [17), ra. X1I, § 9. Bonee pannee TimaTenbHoe HccaedoBaHHE NpPOBen
Taylor G. Y., Phil. Trans., A225 (1925), 238—245; cM. Takxe Gold-
stein S, Proc. Roy. Soc., A142 (1933), 563—573

4) [3], § 115 TIlepsonauvaanHo 31y TexHumky paspaGotan Betz A, Zeits
Flugt ~ Motorluftschiffahrt, 16 (1925), 42—44; cm. Takke Fage A
Jones B. M, Proc. Roy. Soc., Alll (1926), 592—603.
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§ 56. B ouenn ANHHHOM BHXpEBOM «XBOCTE» ¢ OrpPaHHYEHHOR CKO-
POCTbIO cpedHee NPOAONbHOE PAacCTOAHHE 4 MeXAy BHXPSAMH He
MoXeT H3MensTbcss co BpeMeHeM. C ADYrod CTOPOHBI, KOJHYECTBO
JBHXKEHHA cjella B pacueTe Ha efMHHUY AJHHB J€rko NMOACYHTaThb

no ¢gopmyae hx/a, rae h — cpeHee nonepeuHoe paccTosiHHe MeXAy
BUXpaMH. TeopeTuuecKH M3 3TOrO CJeAYeT, UTO B HEBA3KOH XKHAKO-

CTH, KOTla % NOCTOSIHHO BO BpeMeHH, 3HaueHHe A (a cjeloBaTeNbHO,
# OTHOIIEHHE CPefHero NPOACJLHOIG pacCTOAAHHA K CpeflHeMy fone-
PeYHOMY) NOJKHO GbITb NOCTOSAHHO BO BPEMEHH: 31eChb HET TEeHMEeH-
UHH K €IHHCTBEHHOMY «YyCTOHYMBOMY» ') OTHOLLEHHIO MPOTAXKEHHO-
crefi. B Bs3koM JKHIAKOCTH cocpelOTOYEHHS 3aBHXPEHHOCTH *x
NPOTHBONOJIOKHBIX 3HAKOB AUPOYHAHPYIOT H B3aHMHO YHHYTO-
KAIOTCSA; CJIeJOBaTeNbHO, MOXHO OXHAaTb BO3PaCTaHHA BENHYH-

Hbl h, uTO W Ha6Jal04aeTcs B 3KCNEPHMEHTE,

C HayuyHO# TOYKH 3peHHsl NpHBeJeHHble Bbillle pe3y/bTaTH HHTeE-
PecHH TeM, YTO OHH MOMOTalT BLISCHHTH ACHMNTOTHYECKYIO CTPYyK-
TYPY peabnbix cienoB. OQHAKO /18 NONYUEHHS KOHKPETHBIX BHBO-
AOB HYXHO BBECTH elle OAHY runoresy nonoGus. [logo6ue u oTHO-
CAllIHECA K 3TOMY HAeH OyAVT OCHOBHOH TeMOH NOCJeAyIOLHX
ra. IV u V. OtHocHTeNbHO Xe NpHMeHeHH i K TEOPHH C/le0B CM. pa-
6oty [17], ra. XII u XIV.

!) ®aktuueckn naxe oTHOWeHWe npoTakeHwocTei Kapuana h/a = 0,281..
naer mizcroﬁuusocrb. XOTH H HH3ulero nopsaka, cM, [18). [31o0 6uno ycranosaeno
H. E KouunumM B paGote [24*]. — [Tpum. ped.]



Fnasa IV
MOJOEJTHPOBAHHUE H AHAJIU3 PASMEPHOCTERN

§ 58. O moaeasx

[Tpumenenne modesed NpuH H3yuyeHHH MEXAHHUKM JKHAKOCTEH Ha-
XOAHT OTKJHK Yy Ka)/JOro, KTO He JIMIIeH eCTeCTBeHHO# Ji0603Ha-
TeqbHOCTH. Kakoi Ma/nbuHK He Hrpajs c MolensiMH KopabJell H
CaMoJIeTOB H C YNPOIUEHHBIMH MOJEJSIMH IJIOTHH H BOJAOCJHBOB?
Ho naxe B Hau6Gonee pa3BHTHIX 06/acTAX COBPEMEHHOM TEXHMKH
TaKHe MOJe/IH He3aMeHUMbl H UMEIOT CYIeCTBEHHOe 3HaueHHe.

M uecMoTpa Ha 3TO, WMeeTcA OveHb MaJo TaKHX (H3HYECKHX
DUCUMNHH, Te Pa3pbiB MEXAY TeopHeii M HHXKEHEPHOH nNpaKkTH-
kOH O6bl1 6bl Gosblle, uem B 06JacTH NPHMEHEHHS MoAedeil
K HM3YYEHHIO THAPOAHHAMHYECKHX fIBAeHHA. YueHble-TEOPETHKH
CTpPEeMATCA OCTaBHTb B TeHH Te HeynoOHble (aKTH. KOTOpHIEe He
yK1abiBalOTCst MOCJAYIIHO B PaMKH NPOCTOfl JIOPMYECKOH TEOpHH.
B TO e BpeMsl HHKeHephl, NMOCTOSHHO CONpHKacamwolluecs ¢ Helf-
CTBHTE/IbHOCTBIO NMOA OTKPHLITHIM HeGOM H B JaGopaTopuH, OGHIYHO
CJIMUIKOM MNeperpyxeHsl YaCTHBIMM TeXHHYECKHMM 3aJayaMH, H HM
NPakTHYECKH HENOCTYNHO yyacTHe B aKaJeMHUYECKHX AHCKYCCHAX.
Beap serye Bo3naTh Ha CJOBax JAOMXKHOe OOLIENpPH3HAHHLIM TEO-
pHAM, a NPH pelleHHH KOHCTPYKTOPCKHX mpoGjeM nojaraThcs Ha
ONBIT H HHTYHIUHIO.

Hama uenb— yMeHbIIHTL 3TOT pa3pblB NyTeM KPHTHUECKOro
MCCJeICBaHHA NMPO6JeMBl B LeioM ¢ 06eHX TOueKk 3peHHs. Mmul Hau-
HeM ¢ Teopuu MOJeJHPOBaHHA, MOAYEPKHBAs IMPH 3TOM CBA3b
C NMOHATHEM epynnot.

Cnauana, B § 59—65 Oyaer nan KpuTHueckHil 0630p awaausa
pasmepnocted. K ananusy pasmepHocTell oGbIYHO OGpalnaiorcs,
KOrjla HYXHO 06paboTaTb pe3yJbTaThl 3KCIEPUMEHTOB C MOAEISAMH,
M OH o6JajlaeT TeM MNpPEHMYLIECTBOM, 4TO AJS Hero He Tpebyercs
MaTeMaTHYeCKHX CBEJEHHHA CBEPX Kypca 3JeMeHTapHOil aareGpl,
HO 3aTO M Te€M HeJ0CTAaTKOM, YTO HeOoOXOAMMO BEOAHMTb 106aBCUHLIE
nocryJarhl, (HU3HUECKYI0 HANeXKHOCTb KOTOPbIX NPHXOAHTCA NpoBe-
pate oco6o. B § 60—61 3TH nocTynaTel faHbl B TeOpeTuKo-zpynno-
80 GopMYyJHPOBKe B TePMHHAX «TPYNNbl NOACGHA» BCEBO3MOXHbBIX
13MeHEeHHA OCHOBHBIX €AHHHIL.
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3artem B § 66—74 Gymer noka3ano, KaK 3TH NOCTYJaThl MOXHO
BLIBECTH M3 MaTeMaTHYECKHX QOpPMYJHPOBOK AHHAMHKH XKHIKOCTEH,
paccmoTpennblx B ra. I, 11, npoBepas ruaponnHamHyeckue ypaBHe-
HHSl HA HHBAPHAHTHOCTb OTHOCHTE/NbHO 3aJaHHbIX rpynn. Mbt GyaeM
Ha3blBaTb YKA3aHHBIH METOJ UHCNEKYUOHHLIM AHAAUZOM, 3aUMCTBYS
3TOT Bhipa3utenbHuiit Tepmud y Pyapxa [56]; daxrtuuecku, meron
OCHOBaH Ha CTapoil uiee, Kotopas Oblia npeasoxeHa AdaHacbe-
Boii-Opendect [61]. Ho no cux nop maHHbI/i METOA HUKOr4a NpaKTH-
YeCKH He HCNOJb30BaJCs, XOTS, KAK Mbl [OKa)XeM, OH SIBJSAETCS
3HauHTeJbHO Gosiee HaleXHbIM (§ 72) u Gonee o6uiuM (§ 74), ueM
aHaJu3 pa3MepHOCTEil.

Haxkonen, B § 75—78 BuiBOAbl HHCNEKLUHOHHOrO aHajJH3a (M aHa-
Jlu3a pasHOMepHOCTefi) GyAyT COMOCTaBJEHbl C NPaKTUKOL MOAeH-
poBannd. Kak u B ra. I n 1I, okaxkercs, uto melicTBHTENBHOCTD
HaMHOro CJI0XKHee TEOpPHH. B HHXKeHepHOH NpaKTHKe HOJXKHBI YuH-
THIBaThCsi MHOTHe (AaKTOpbl, HFHOPHpyeMble NMPH MaTeMaTHYECKOM
OMHCAHHH, H NPHXOJHTCHA HCMO0/1b30BATh HEKOTOPble NPHEMLI, He MO~
JYYHBILHE ellle HayyHOro 060CHOBAHHS.

§ 59. AHaaun3 pa3mepHocrei

AHanu3 pa3MmepHOCTeli BO3HWHK B pe3yJibTaTe PAaCNpOCTPaHeHHA
Ha ¢H3uuecKHe SABJEHHA MOHATHIl reoMeTpHueckoro moao6Hs, OTHO-
HIEHHS H NMPONOPIiMH, 3HAKOMBIX eille rpekaM !). Bnepsoie 310 6bis10
crenaano 'anuneem npH onpeneneHdHu MPOYHOCTH 6aJOK H3 JaHHOrO
MaTepHana B 3aBHCHMOCTH OT HX JHHedHbiX pa3MmepoB. OH BBea
HHTYHTHBHO OYEBHAHOE NPEANOJOXKeHHe O TOM, YTO pa3pylueHHe
6asIKH TPOHCXOAHT TOTAA, KOTAa CHJIAa, OTHECEHHas K edHHHLe MJIo-
wanu (HanpsKeHue), NPEBOCXOAHT HEKOTOPYI0 MaKCHMaJbHYIO Be-
JHYHHY, XapaKTEepPHYIO IJas MaTepHaia Gaakd. [aauneli npuilen
K BBIBCY, 4TO BeIHUHHA 6e30nacHOH Harpy3Kdu Ha eAHHHILY o6beMma
06paTHO NMPOMOPLUHOHANbHA [/HHE H NPEJABOCXHTHJ MHOTHE JApyrue
KJlacCHYECKHE pe3yJIbTaThl.

3ateM aHaaM3 pasMepHocTelt npuMeHsau Mapuort u Helo-
ToH?), HO Tonbko Pypbe (cMm. mpuM. |) Ha 3Toil CTp.) BHepBbie
YCTAHOBHJ, YTO CYLUECTBYIOT ONpeje/ieHHble «OCHOBHble eJHHHIbIY,

1) Tak, ®ypve ([59], ra. II, pasa. IX) ynomuuaer, uto rpeks 3Hanu pas-
vMepHOCTH nuowaan H o6bvema. Psnell Bceraa ccuaancs ua «nojobhes W «AHHA-
Muyeckoe cxoacTBo». Y Tannnen, cMm. ero «JIse Hopme Hayku» (1638), Heus
BTopofi. [¢Becenn o AByx oTpacasx Hayku», M.—J1., 1933. — [Tpum. ped.]

?) Mariotte, Traité de la percussion des corps (1679) u Traité du
mouvement des eaux (i686); Newton, Principia Mathematica (1686), 1. 2,

asg. 7. [B pycckom nepeoae: Kpwmaos A. H, Co6panne tpymos, T. 7,
—J1., 1936. — [Tpum. nepee.] Cm. takke Bertrand J., [ de I'Ecole Polyt,
19 (1848), 189—197.
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OTHOCHTENIbHO KOTOPbIX Kaxaas (H3HuecKas BeJHuUHHA HMeeT onpe-
neseHHble «Pa3MEPHOCTH®, KOTOpble HAAO0 3aMHCHLIBATH Kak nOKa3a-
Tenu creneneid. Koweuno, 3Ta HMAEs MNOYTH OuYEBHAHA, €CAH BAY-
MaTbCsi B CMbBICA «KO3((HLUHEHTOB nepecueta» npu mnepexoge ¢u-
3HYECKHX BeJHUHH OT OJHOH CHCTEMbl eJHHHIl K ApYrod.

ITocpencTBoM pasauuHoro BbiGopa eannut Pypne Ges Tpyaa
AOKa3a/, YyTO OAHH M Te XKe aHaJMTHUeCKHe (opMyJbl NalOT Kak
peweHHsa 3ajaud 06 oxsaxeHHH cdep MajablX PazMepoOB TaK H 3a-
naud o6 octoiBahuH 3emas. [TockosabKy Hac uHTepecyeT COOTHOLUe-
HHe TeOpHH H (PaKTHYECKHX HaHHBIX, TO 3[eCh yYMeCTHO 3aMEeTHTb,
uyTo BHBOAb Pypbe GbliH He NPAaBOMOUYHBI, TaK KaK OH HE YUYHTHI-
BaJ KOHBEKUHH H PaJHOAKTHBHOTO HAarpeBa 3eMHOro sapa. TeMm ue
MeHee ero MeTOA HCKJ/IOYeHHs napaMeTPOB NyTeM H3MEHEHHS enH-
HHI CTal Tenepb KJIAaCCHYECKHM H TPHMEHsIeTCsl CO 3HAYHTENbHbIM
(xots M He onMHAKoBbIM!) ycrnexoM BO MHOTHX pasjenax (H3HKH,
Croxc, Casap, ®pya, PeitHoabac, Baw# u MHorue apyrue Hccaeno-
BaTeJH C YCNeXOM HCNOJb30BajJH 3TOT METOA H YCTAHOBHJAW psl
3aKOHOB (yHIaMEHTaJIbHOrQ 3HaUYeHHS.

Panelt nepBbiM 3aHs/Ccs M3yyeHHEM BOMpOCca O TOM, HaCKOJbKO
yKa3aHHbIl NMpHEM NJOAOTBOPeH KaK OOIUHH MeTOod HCC/aed0BaHHA.
3710 BLI3BAJO ANMBINYIOCH B TeyeHHe ABYX Aecstunetuii, 1900—
1920 rr., OXXHBJIEHHYIO AHCKYCCHIO C YuacTHeM Belyuiux (H3HKOB
0 MOJIYAJHBO NPHHATHIX paHee NMPeANOJIOXKEHHAX H O FPaHHUax NpH-
MEHHMOCTH aHaJH3a Pa3MepHOCTEH.

3TH NpeAnosioXKeHHS M OrpaHUYEHHS, XOTA Ha HUX YacTo He
o6palllaloT BAHMAaHHS B TEXHHKe H B MONYJSAPHORK JIHTEpAType, H3J10-
*eHbl HAPSIAY C APYTHMH BONPOCAaMH 3TOTO pasfielia B KJacCHYecKOH
moHorpaduyu Bpumxkmena [46), Kk KoTropoii Mbl oTCchliaeM J0603Ha-
TeAbHOrO uuTatens. [ApyrHMu aBTOPHTETHBHIMH MCTOYHHKAMH fIB-
astores pa6oru JI. K. Cenoa [57] n Jlanrxaapa [51]

§ 60. I'pynna nopoGusn

OnHa u3 HalUMX OCHOBHEIX LeJseii — 060OCHOBaThL aHa/H3 pa3Mep-
HOCTeli ¢ NOMOLLBI NMOCTYJ1aTOB, B KOTOPbIX IBHO HCNOJAb3YyeTcs yno-
Mmanytas B § 58 rpynna nonoGus NOJIOXKHTEJNbHBLIX CKalspHbIX
npeo6pa3oBakuil elHHHL H3MepeHHs. XoTa nocTyaatsl Oyayrt ¢op-
MYJHPOBaTbCA A6GCTPAKTHO, Mbl GyleM HHTEPNpeTHPOBATL HX NpH
NOMOIUM MPOCTbIX NPHMEPOB H3 THIPOMEXAHHKH, H, ObITb MOXET,
CaMbiM MPOCTHIM M3 HHUX SIBASAETCA CJeNylolllHil npUMep.

Mpumep I. JonycTuM (Hau BCNOMHUM!), YTO CKOPOCTb BOJ-
Hb U B I1yGOKOM BoJoeMe onpejesnsieTcs ee JVIKHON A M YCKOpeHHeM
CHAbI TAXECTH g, TaK yTo U = f(A, g). HonycTum Takxke, yTo 3TO
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COOTHOILEHHE OCTaeTCsi TeM Xe CaMbM NMpH M106oM Bh6ope «OCHOB-
HbIX €/IHHHU» AAMHBI ¥ BpeMeHu. ClesaB 3TH NpPEANOJIOKEHHA, Mbl
MOXKEM MaTeMaTHUUYeCKH pacCyXIaTb cAelyloluM 06pa3oM.

IMycth B HekOTOpPOH (HKCHPOBAHHON CHCTEMe OCHOBHBIX €QMHHL
BOJIHA JAJIHHOH A JBMIXKETCA CO CKOPOCTbIO U B TPaBHTALHOHHOM noJe
HHTeHCHBHOCTH g. Ecnin BoIOpaTh HOBYIO €JHHHLY AJHHBI, PaBHYIO &
CTapbiX eHHHL, H HOBYIO €HHHLY BPeMEHH, PaBHYIO T CTAPbIX eldH-
WM, TO AJHHA BOJIHLI 3aMHIIETCR B BHAe A/ =Aja, a ee CKOpPOCTb —
8 Buae U = vt/a, B TO BPeMSA KaK YCKODEHHe CHJbl TAXKEeCTH NpHMeT

sun g = gr%/a. Bwi6paB a =) H t= V)\/g. Mbl  MOJYYHM
A =g’ =1, n popmyny
v ’ ’ ’
—_— =f()\, )= 1, 1)=C,
Vo g)=/(
cne C— CKOpPOCTb BOJIHBI €AHHHYHOA IJIHHB B TPaBHTAUHOHHOM
none, BbIpa)KeHHast B HOBOil cHcTeMe OCHOBHbIX eannuu. Orciona

8 HOBOf cHCTeMe ocHoBHBIX enunni, v = CV gh. Ho, no mpexnono-
KeHH10, QYHKUHSA [ He 3aBHCHT OT BHGOpPAa OCHOBHBIX €AMHHIU; OT-

ciona v=C Vgh Takke H B cTapoi cHcTeMe enuHHl, rae C — He-
KoTOpas yHuBepcanbHas nocrosuuas. ([as soan B rayGokoM Boao-
eMe C=1/V2x.)

[Mpeasinyliee paccyleHHe MOXHO NPOBeCTH B abGCTPAaKTHOR
dopMe B TepMHHAX OGBLIUHBIX NMOHATHH «OCHOBHBIX» M <«NPOH3BOA-
HbIX» OLHOPOAHBIX MO Pa3MePHOCTH BeJHUYHH. JTH NMOHATHA Xapak-
TEPH3YIOTCA CJEeAyIOUIMMH ABYMS MOCTYJAaTaMH, KOTOpble MPencTaB-
asoT co6Goit Heutro Gosbliee, yeM Apocto onpenedends. (B npu-
vepe | A — ocHOBHas BeJHYHHKA, B TO BPeMs Kak U H g — MPOH3-
BOMHBIE BEJHUHHDL.)

MNpeanonoxenne I. HMmeloTcs HekoTopnle He3aBHCHMble

«OCHOBHbIE BEeJIHYHHbI» ¢; [i=1,...,n], TakHe, 4yTO OHH HE3aBHCH-
MO npeo6pa3yloTcs «3aMeHOH eAHHHL» no GopMmyaaM
T (g)=aq, li=1,...,n a,>0], 1)

rae a; — Jio6ble MOJNOXKHTe/bHble AeACTBHTeNbHBle yHcaa. (B mexa-
HHKe n = 3, a g; — 3TO AJIMHa, BpeMsl H Macca; B npumepe 1 n =2,
TaK Kak Macca He BXOJHMT B DPacCcMOTpeHHe.)

lMpeanonoxenue II. MMeloTca «nNpoH3BOAHBIE BENHYHHBI®
Q; (Takue, KaK NJIOTHOCTb, CKOpPOCTb, BR3KOCTb M T. A.), KOTOpHE
10HOPOOHbL NO PA3SMEPHOCTU B TOM CMBICJe, YTO npH npeo6pa3oBa-
'uu no ¢opmyne (1) Kaxgoe Q; yMHONKAeTcs Ha MOAXOASLIHMA
ko3 pHUHEHT nepecyeTax:

T(Q)=an...almQ,. )
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TMokazateau bj, Ha3bBalOTCA «Pa3MEPHOCTAMH» BesHuHHB Qj
B JaHHOH CHCTeMe OCHOBHBIX €XMHHIL; €CJIH BCe OHH PaBHHI HYJIO,
TO BeaHuHHa Q; HasbiBaercs «GespazmepHoii». OueBHAHO, uTO JIO-
Goe npou3BefeHHE cTeleHeHl OXHOPOAHLIX MO Pa3MEPHOCTH BEJNHUHH
OCTaeTcst OJHOPOJHBIM MO pa3MepHOCTH. flcHO TakXe, uto dopmyna
(1) sBnsieTcs yacTHLHIM cayuaeM GopMyanl (2) nNpH yCaOBHH

b 5 {1, ecau k=1,
ir =%k | 0, ecan k + i.

CrenoBaTeLHO, ¢ MaTeMaTHUECKOR TOUKH 3PeHHS NPeAnoJosKeHHe
I uanuuue.

[TpeoGpaszopaunam T, B3aHMHO OJHO3HAYHO COOTBETCTBYIOT BeK-
TOpbl & = (@), ... , &n) C MOJOKHUTEIbHBIMH KOMIOHEHTAMH («M0J0-
XKHUTenbHble» 1n-BeKTophl). Kpome TOro, ecan onpenenuts caeayio-
lHe AeHCTBHS:

a3= - G & = (o o, 1), @

TO, OUEBHAHO, BHIIOJIHSIOTCS PaBEHCTBa
Ta(Tg(Q))= Ts(T(Q)))=Tas(Q)). (3a)
Ta“ (Ta(Qj))z Q!' (30)

TFoBops MareMaTHuecKHM $i3bIKOM, paBeHCTBa (2) onpenensior
NpeACTaB/ieHHe MYAbTUNAUKATUBHOU 2pynnbt') TOJOXKHTENbHBIX f-
BEKTOPOB, ONpejAe/eHHOl cooTHOWeHHeM (3) Kak rpynna (2) sunueii-
HbIX npeoGpa3oBaHuil MpocTpaHcTBa BeKTOpoB Q.

§ 61. CooTHOuUIEHHS, HE 3ABHCAKE OT €AHHHULL H3IMEPEHHSA

[1pu BbIBOAEe QopMy.ibl U = CVghs npuMepe 1 Mbl HCHOJb30-
BaJu elle JABa ApPYrux npeanonoxkenusi. Ha aGcTpakTHOM s3bike
Bbllle MpUBefeHHbIX mpeanosoxeHuit I u Il ux MoxHo chopmyan-
poBaTh cJeAyLUM. 06pa3oM.

[Tpeanoanoxeunune [1I. CywmecTByer (yHKHHOHAJbHOE COOT-
HOLIEHHe BHAA

¢(Qo --- ,Q)=0, 4
rie ¢ — oAHo3HauHas ¢yHkuus, [(B npumepe 1 r=2, a g=v—

—f (A g)l

Mpeanoaoxenue 1V. CooTHowenne (4) He 3aBUCHT OT BHI-
60pa OCHOBHBLIX eJHHHII.

) NMoa epynnod noHuMAeTCA TAKOE MHOMKECTBO, 3aMKHYTOE OTHOCHTEJBHO
acCOUMATHBHOTO YMHOKEHHs, YTO AJA KaXKAOr0 M3 €ro 3JEeMEHTOB CyllecTByer
06paTHbIA 3MeMEHT OTHOCHTeNbHO YMHOXeHus. [Togpo6uoctd cM. B [45), ra. VI.
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Takum o6pa3om, B aHa/u3e pa3MepHOCTell pacCcMaTpPHBAIOTCA
¢yHKUHOHAAbLHBIe cooTHOWeHHA @(Qo, Q1, ..., Q;) =0 nosoxu-
TeAbMbIX TIEPEMEHHBIX, KOTOpble NoJ [eACTBHEeM (KOMMYTAaTHBHOI,
3aBHcsllel OT n-napametpoB) rpynnsl T, npeo6pasyiorcs no ¢op-
Myaam (2). T'oBops TouHee, HCCAENYIOTCSI COOTHOWENHsl, KOTOpble
He 3aBHCAT OT BHI6OPa €1HHHLl H3MepPeHHS H KOTOpble OnpeaesioTCs
cleayloLHM 06pa3oM.

Onpenenenmue. D yHKLUHOHaNbHOR COOTHOLIEHHe
9(Qo, Qi ..., Q) =0 OZHOPOAHKIX MO Pa3MEPHOCTH NepeMeHHBIX
He 3a8ucur oT 86ib60pa eOuHuy TOTNA K TOJNBKO TOT[Aa, KOrAa W3 CO-
otHoweHHsa @(Qo, Qi ..., Q;) = 0 crenyer

o (Te(Qo)s ---» T4(Q,))=0 (5)

npH a1060M npeo6pa3oBaHHH OCHOBHBIX €AHHHU T,.

O6patHo, ucnoas3ys dopmyay (36), nonyuaem, 4To W3 COOTHO-
wenHa ¢(T,(Qo), ..., T¢(Q;)) = 0 caeayer
¢(Qo --» Q)=0 (5
IAs Kaxjaoro npeo6pasoBauus T,, HO Mbl, He BHHKAA B 3TH TOH-
KocTH, GyaeM npuHuMath Kak ¢opmyay (8), tak u dopmyay (5').
IlpyruMu cs0BaMH, 1o onpeeseHuio, CJjeaylolllee COOTHOLIEHHe
¢ (Qo, @1, ..., Q) =0 He 3aBHCHT OT €IMHHI TOrZAa M TOJBKO
TOT4a, KOrla B THNEPOKTAHTEe, ONpeResieMOM MOJIOKHTENAbHBIMH 1)
BekTopaMH Q = (Qo, Qi, ..., Q;), ceomerpuueckoe mecTo TOH4EK,
COOTBETCTBYIOllee 3TOMY YPaBHEHHIO, UHBAPDUAHTHO OTHOCUTEAbHO
npeobpasosanuil epynnot (2).
Caenyer noguepkHyThb, YTO ypaBHeHHi0 ¢ = 0 cooTBeTCTByer He-
KOTOpO€ reoMeTpHYecKoe MeCTO TOueK W Ha BHA QYHKUHMH ¢ He Ha-

JIOXKEHO HHKAKHX OTPaHHuYeHHH. DTO HAHOCTPHPYETCS CJAeAYIOLHM
MPOCTHIM NPHMEPOM.

[Tpumep 2. PaccMOTpDHM 4YacTHIH!, BbiBEeJEHHBIE H3 COCTOSTHHSA
MOKOSt H ABHXKYLIHECA C He 3aBHCAILHM OT BPEMEHH YCKOpeHHeM 4.
OG6o3naunM paccTosiHHe uepe3 s, BpeMsi uepe3 { H CKOPOCTb yepes v.

Ina takoii cucTeMbl Bceria CrpaBelHBbl XOPOIIO H3BECTHBIE
OXHOpPOAHbIE O pa3MepHOCTH (C/1eA0BaTENbHO, He 3aBHCSIHE OT
€[HHHIl H3MEePeHHs) COOTHOWeHHa v = af H v? = 2as. OaHaKo reo-
METPHYECKOE MECTO TOueK, onpeaesnsieMoe ypaBHeHHeM U = af B no-
JIOXKHTE/IbHOM OKTaHTe npocTpaHcTea (v, @, £) coOBnajaer ¢ reoMer-
PHYECKHM MECTOM, OnpejefsieMblM, HanpHMep, COOTHOUIEHHEM

Vw—ah@T o +Viw—ah —o. (6)

1) 310 Bce MOXKHO DPacHPOCTPAHHTL HA CAyYail HENOAOKHTEABHHIX BEKTOpOB,
HO TO/ILKO LEHOA YCJAOXKHEHHA (OPMYMHPOBOK, ]




124 Ta. IV. Modeauposanue u anarus pasmeprocredl

[MosToMy cootnouenne (6) He 3asucur or svibopa edunuy, X0Ta
OHO M He fABJISeTCS OJHOPOAHHLIM NO Pa3MEPHOCTH.

HecMOTpsi Ha CBOI0 HCKYCCTBEHHOCTb, 3TOT TNPHMep NOMOXKeT
HaM BBIABUTb pa3juune MexAy (opMasbHBIM J10Ka3aTeNbCTBOM
Bykuurema (§ 64) II-Teopembl H G6ojiee OGUHM TeOMETPHYECKHM
J0Ka3aTebCcTBOM Bams, kotopoe Gyner H3anoxewo B § 63. Ho
npexje ueM A0Ka3biBaTh II-TeopeMy B 06LieM cJayyae, MBI PacCMOT-
pUM CHauaJjla yacTHBIA cayyall r = n, KOrjia COOTHOIIEHHS, He 3aBH-
cawye oT BuiGoOpa eAMHHL,

QO =f(Qlf MRS Qn)) (7)

colepkaT TOYHO Ha eauHHly Goabwe Beauund Q;(j=0, ..., n),
yeM HMeeTcsl OCHOBHBIX eguHHMU ({ =1, ...,n). Mbl OGymeM npes-
nojararth, 4To [ — OJHO3HauyHasi (GYHKUHS, a TaKXKe, YTO BENHYHHMI
Q1, ..., Qn 3aBHCAT OT N OCHOBHBLIX eIHHHI, T. e. MaTpuua ||b;ll
u3 ¢opMmyast (2), coctosmas u3 (n X 1) X n 3/71eMeHTOB, HMeeT
panr n. JKBHBaJEHTHHM YCJIOBHeM sBjfercs TpeGoBaHHue, 4TOOH
KBaapaTHbifi MuHOp B, coorBetcTBylomu# j =1, ..., n, Gbl1 Heoco-
6od matpuuef !).

Kak yxe GHIO yKa3aHO Bhllle, MPHMep | OTHOCHTCA K 3TOMY
cayualo npu n =r=2.

Teopewma 1. Beakoe cootrowenue suda (7), ne 3asucaujee oT
soi6opa edunuy u codepxcaujee n OCHOBHbLX €OUHUY, PABHOCUALHO
COOTHOWLEHUIO

Q=CQ... Q. ®
20e C=f(1, ..., 1) u x; onpedeaarorca u3 ypasHenuil
bol = buxl + e + b’ux” [i = 1, “e ey n]. (8’)

HokasatenbcTBo. Tak Kak BeNHUMHB Q; MOJIOXKHTE/bHLIE
n MuHOp B — Heoco6ast MaTpHLA, TO Mbl MOXeM HaiTH TakoA Bek-
Top &, ut0 To(1)=Qy rae 1 = (1, ..., 1); u nyctb npu 3ToM C =
= f(i,...,1). Ortciona, npumenus copmyasl (5), (5’) kK coorHo-
wenuto C—f(l, ..., 1) =0, noayyuM paBeHCTBO

T(C)—f(Qu ---» Qu)=0.

lNpumensis ¢opmyny (2) K nepBoMy ujeHy H TMepeHoCs ero
B JPYrylo CTOPOHY, MOXHO 3anHcaTth

f(Ql, ooy Qn)= Ca:’OI . q,:on . 9)

) SToMy SKBHBaJIeHTHO YC/IOBHe HepaBEHCTBA HYJI0 ONpeAenHTens B (cm,
[45), cTp. 304).
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C apyroi cropoHb, Tak Kak MHHOp B — Heoco6as MaTpHua, TO
cucreMa (8’) mMmeeT eNHHCTBEHHOE pelleRHe X = (X, ... , Xn). [las
3TOrO pelleHHst X ClpaBel 1HBH PaBEHCTBA

x X b b, \*y
Q= Te()I=(ale ... ajn) s,
BbIHOJIHHB 3/eMeHTapHble BbIK/J3IAKH C NOKasaTeaddMH, nOle'-llflM
x b,x; Lo, x b
] = a = a= e == ok
I @ =T o' = [T o s = [ .

Henas noacTaHoBKy B npaByl0 4acTb paBeHcTBa (9), noayuum
dpopmyay (8).

Hns nanbHefinlero pasbscCHeHHs CMbic/a TeopeMbl | npuBegeM
clelylollHe H3BECTHbie MPHUMepHI.

Mpumep 3. TpeanonoxuM, uro conportusienne D, KoTopoe
KHAKOCTb OKa3biBaeT ABHXEHHIO TBEPAOro Tesa 3alaHHOH (OpMbl,
AABNAETCA UHEPYUAAbHLIM B TOM CMhICJe, YTO OHO Onpeaensercs
NNOTHOCTBIO XHAKOCTH p, CKOPOCTbIO U U AHaMeTpoM Teta 4. Toraa
npu x, =X, x2 =y, x3 =2 hopmyna (8) s3kBHBa/NeHTHA COOTHO-
EHHIO

MLT 2=(ML™Y (LT L,
TaK yTo ypaBHeHus (8’) cBoAATCA K BHAY
l=x, 1=—3x+4y+2 —2=—y,

otkyaa x =1, y = z = 2. Orciona, eciH COOTHOIIEHHE He 3aBHCHT
OT eAHHHU u3MepeHHs, To D = Kppv?d?, rae Kp-— nocrosuuas.
(B nefictButensHocTH Xe BeauunHa Kp = nCp/8, KoTopas HOCHT
Ha3BaHHe OaJJIHCTHYECKOro KOI(QHIUHEHTA COMPOTHBJEHHS, caabo
H3MeHsieTCs.)

ITpumep 4. Ecan conporusnenne D onpegensieTcs yepes p, v,
d v BA3KOCTb XXHAKOCTH pm B BHAe QYHKUHOHAJBLHOTO COOTHOILEHHS,
HEe 3aBHCALLEro OT BHIGOPA eHHHIL, M eCAH CHIAaMH HHePUHH MOXHO
npexne6peub («mnoasyiutde TeueHus» CrTokca), TO aHAJMOrHYHBI noA-
CYeT pa3MepHOCTeii NPHBOAHT K coOTHoweHuto D = K*pvd, rpe
K* — ewe oaHa nocrosiHHasl.

§ 62. Yncaa Peitnoanaca m Maxa

B TeopeMe l 4ucsio 7 OCHOBHBIX €AHHHU PaBHAJOCL 4YHCAy T
fIepeMenHbIX, BXOAsAIHX B HE 3aBHCALLee OT Bbl60pa €JHHHL COOoT-

HOLeHHE
Qu=/(Qu -+, Q).
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IMpu r=n+1 paccyxnaeHHs, aHaJOrHUHLIE JOKa3aTeJbCTBY
TeopeMb! |, MpuBOAAT K ¢opMyaaM, colepKaulUM mnose3nbie Ges-
pa3MepHbIe MapaMeTphl.

Teopema l’. Bcakoe coornowenue Qo = f(Qi, ..., Q,), e
3asucawee or evibopa edunuy u codepxcaujee (r— 1) OCHOBHbIX
eGuHUY, MOXCHO 3anucate 8 sude

Q=CMQ ... Qr,

rae II=QTl Q:f — Oe3pazmepHoe npousselenue cTenexeld
Qi ... ,Qu QQ™ ... QFr=1l, rakwe GespaimepHoe npo-
u3sedenue.

Tenepp Mbl npouAJIOCTPHPYEM NpPeAbIAYLIHA pe3y.abTaT, npen-
CTaBJSAOWHHA co6ol uacTHuf cayuaii II-Teopembl (Mbl ee JAOKaKeM
HHXe), IByMs BaXXHbBIMH NPHMEPaMH H3 THIPOMEXaHHKH.

Mpumep 5. Ilpeanonoxum, uto D = f(p, v, d, p) ectb QyHK-
UHA OT p, U, d ¥ u, He 3aBHCALLAA OT BLIGOPA eAHHHL NPH BCeX npe-
06pa30BaHUAX €IHHHIl AJNHHBEL, BDEMeHH W Macch mo dopmyne (1).
BeapasmepHbie Beauuunsl Kp = D/pv?d? u Re = puvd/pn (uncno Peii-
HOMbACA) HWHBAPHAHTHH OTHOCHTENBHO 3THX mnpeoGpasoBauuii. Ho
C NMOMOLLBIO OJHOrO M3 TaKHX Npeo6Gpa3oBaHHii!) Mbl MOXKeM OIHO-
BPEMEHHO CBECTH p, U, d K 1; npu 3ToM p nepexoaut B pfpvd = 1/Re.
ITosTomy

D=K,(Re)pv?d?, rne Kp(Re)=f (1. 11, RLe) (10)

[Tpumep 6. IlpeanonoxuM, yro D nono6HbiM ke o6pasoM
onpelensieTc BeJHUYHHAMH p, U, d H CKHMAeMOCTbIO HEeBO3MYILEH-
Horo notoka xuakoctH — d(1/p)/dp = dp/p*dp. Tlpn 3ToM mnonysa-
IoTcs GeapazmepHble BeaHunHnl D/pu?d? = Kp u v’dp/dp (pa3mep-
HocTb nocaeaneit (LT')2(ML-3) (MLT-2L-2)-!' = 1). Ousnueckuii
CMBICA BHIpa)keHusi v2dp/dp cTaHeT NOHATHEE, eCNM Mbl BCMIOMHHM,
yto dp/dp = ¢?, rae ¢— CKOPOCTb 3BYKa B XHIKOCTH. Paccyxnas,
Kak B npHMepe 5, noJyuyaeM COOTHOLUEHHE

Kp=f(M?, rze M=~§-—~qncno Maxa?). (11)

dopmyny (10) MOXHO BHIBECTH TaKxe H3 TeopeMbl 2 ra. II,
ecnH NpeldNnoNOXuTh, 4TO ypaBHenHs Hasbe — CrTOKca mOJHOCTBIO

) 370 ROKa3aTeALCTBO B OCHOBHOM MpHHAQ/NexHT Bauni; oM. Takxe
Riabouchinsky D. L'Aerophile, September 1911.

?) Hasusaemoe B0 ®panunn «unciom Cappor. Tepmur «uucio Maxae
npeanoxua Ackeret J, Schweiz. Bauzeitung, 94 (1929), 179,
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onpenensiioT ABHXKeHHe XUIAKOCTH, cp. § 71. Ananoruuso dopmyay
(11) wmoxHO BuiBecTH H3 ypaBHeHHH Jfinepa — Jlarpanxa,
cp. § 73.

ITpexxne uem nokasatb II-TeopeMy, MH TNpHBeldeM elle OAHH
BaXKHBI NpHMep NpHMeHeHHs aHa/JH3a pa3MepHOCTed.

ITpumep 7. Ilyctb WMeeTcs oTHeceHHOe K eHHHUE MACCH CTa-
yuonaproe pacnpejeseHHe 3HepruH TYpGYJAeHTHOCTH MeXAy BHX-
pPAMH pa3iHuHbiX pa3MepoB A, Tak uto dE = E’(A)dA. Tpeano-
JIOKHM, YTO 3TO pachpefeNeHHe ONpelesIfeTCs UHepYUAAbHbIM
MeXaHH3MOM IepefauH 3HepruH TypGYJeHTHOCTH BHUXPAM MEHbUIHX
pa3MepoB A. OueBHANO, 4TO CKOPOCTb NEPeAAayH 3HEPriH, NPHXOAf-
weficd Ha elMHULY Macchl, HMeeT pa3MmepHocts V2/T = L2/T3; cae-
JOBaTeNbHO, NpPH JI060M H3MeHeHHW MacwTaba Buga L — al,
T — 1T ona yMHOXaetcsa Ha BeauuuHy a?/1%. Kpome Toro, uto6u
E’(L) coxpaHsnocb HeH3MEHHBIM, 3Ta CKOPOCTb He JOJ)KHAa 3aBH-
cetb ot A. Orciona ocpeanennoe spesms T (L), Heo6xoaumoe ans npe-
BpalleHHs] BUXpeH pa3Mepa A B BUXPH MeHbLIHX Pa3MepPoOB, HOJKHO
GLITb MPOMOPUMOHAJNBHO A™s: npu u3mewenuu Mmacuwtaba 8esuduna
T umeer pasmepnocte L's. Tenepb paccMOTPHM CMEeKTp 4acror
sHepruu: dE = F(k)dk, rne k = 2n/AL ectb BOaAHOBOe uucno. [lo-
ckonbKy dE umeer pasmepHocth V2 = L2T? a penuuunnl k u dk =
= 2ndA/A? uMeloT pa3MepHocTb |/L, o dyHkuus F(k) umeer pas-
MepHocTb L3/T2, uau L, nan k~*s. OKoHYaTeAbHO M3 aHa/u3a pas-
MepHocTeli caenyer ¢opmyia Konmoroposa ans pacnpedenenus
snepeuu Tpybyrentroctu: F(k) ~ k™"

Qopmyna Koamoroposa cBfi3aHa ¢ H3BeCTHLIM MapajoKCOM
6eCKOHEeYHOH NJOTHOCTH MOJIHOH 3HEPrHH TypOYJEeHTHOCTH, MPHXO-
Asiuleficss Ha eAMHHUY o6beMa, B cayyae MOLUHBIX MyJbCaUuii, HO
Mbl He 6yneM paccMaTpPHBaTb 34ech OODBACHEHHe 3TOTO MapasoKca.

§ 63. Il-reopema

He npusoas 6Gonbwe npumepos'), nepeilnem cpasy k nokasa-
TenbCTBY o6uwei Il-reopembr Bawi u Bykunrema, Kotopyio MoxHO
copMyNHPOBATL CAEAYIOIHM 06Pa30OM:

Teopema 2. ITycro nosoxurersvuoie nepemennsie Q,,. .., Q,.
npu ecex npeobpasosanusx no ¢popmyse (1) ocnoembix edunuy
91, ... gn UBMEHAIOTCA CO2aaCHO opmyae (2). MTycte m L n—

') Muorouncnennsie npumepsl npusonsr Gpuaxmen 1. [46], ra. 1, VI,
Cenos JI. M. [57); Jlaurxaap [65], Moprep [54] » PoGepTcon B. A,
Gen. Elec. Review, 33 (1930), 207, cM. Takxke Paneit, Phil. Mag., 34 (1892), 59
# 8 (1905), 66, a Takxke Nature, 95 (1915), 66.
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pane marpuyst b1, onpedersemod popmyramu (2). Tozda 8caKoe
He 3asucsuiee oT 8bi60pa eOuruY COOTHOWEHUe 6uda

F(Qy ..y, Q=0 (12)
IKBUBANCHTHO ycaosurwo euda
e(l,, ..., O,_,)=0 (13)

npu nodxodaujum obpa3om eeibpannsix Ge3pa3mepreix npouseede-
wuax Iy, ... , M,_m cTenened Q;.

[Mosscuenwue. IlepBas ¢pa3a cooTBeTCTBYeT MpPeANoaOKEHHAM
I u Il u3 § 60. [Tpeanonoxenus III u IV o6061ensr popmy.oit (12).

HokasateabctBo. CornacHo onpesenensio, Matpuua ||bgll
HMeeT Heoco6bl#i MuHOD ') m-ro nopsaaka. [epectaBassa Q; u g; Mbl MO-
XeM J0GHTBCS TOro, YTOGbI B 3TOT MHHOP BXOAMAH JHb Q, ..., Qm
H Gy ... Gm. (Pu3HueckH 3TO 03HayaeT, 4TO OpYyr#e OCHOB-
Hble €JIHHHIBL He SABJAAITCA He3aBHCHMbIMH.) Toraa BCAKHI
BekTOp bj= (bj1, ..., bjn) npun j>m ectb JnHeliHAsA KOM-
6unauua b; = ¢;by + ... + ¢jmbs BexTOpOB by, ..., bp.

Tenepb onpenenum (r — m) HOBLIX 6e3pasmepHbix nepeMeHHbIX
II; ¢popmynamu

-c -c
H'=Qm+lQ| no.,.. Qm/"’.
Onpene/uM Takxe HOBYIO OYHKUMIO g B BH[E

g(Ql’ M 4 Q:m Hh RS | Hl-m) =f(Ql’ R4 Qy); (14)

OueBHAHO, uTO B dopMmyne (14) szﬂj_mQ“'Jl Q:J:m npu j > m.

B «okTante» Q; >0, ..., Q; > 0 npeo6pazoBanue (2) He3aBHCH-
MbiX NepeMeHHbiX B3aHMHO OAHO3HAuHO B 60abwom ?). [loatomy ~o-
oTHoleHue [ = () 3KBHBaJIeHTHO (T. €. ONMpeAenasieT TO JKe CaMue reo-
MeTpUueckoe MeCTO) cooTHouweHulo g =0, H, cJael10BaTeNbHO,
g = 0 TakxXe He 3aBHCHT OoT Bbl6opa eamHHul. Ho Tak kak MHHOp
matpuubi byl npu i, j =1, ..., m HeocCcOHIit, TO CHCTEMY JHHEHHBIX
ypaBHenHit by lgay +... + bimlgam =1g Q; ans nw06wIX noso-
KHUTeNBHBIX Qy, ..., Qm npH noaxoasieM BHGOpe MOXHO paspe-
WHTb OTHOCHTEJNbHO YHCEN &,, ... Gm. A TaK KakK cOOTHOIleHHe g="0
He 3aBHCHT OT Bb6Opa eIHHHI, TO onpeaeaseMoe HM reoMeTpHuye-

'} OTHOCHTENLHO CBOACTB MATPHR, HCHO/Mb3YEeMuIX 34eCk, cM., Hanpumep [45],
ra. X, B yactHoctH, c1p. 306 fun TantMaxep ®. P, Teopus matpuy, I&E—JI.,
1950. — ITpus. ped.]. Heocobmit MHHOp m-ro mNopsAka — 3TO KBaapaTHas MNoOA-
MaTpHlla NOpsJKa M, ONpeleJHTeab KOTOPORA He PaBeH HYJIO.

%) B cayyae koraa Cjm — Uedble YHCAA, STO MOXKHO OGOGUIMTH HA Apyrue
OKTaHTH. XapakTep noBefieHH Ha runepnaockocTax Q; = 0 Gojee c/0XKeH; ero
ucenegosan Riabouchinsky D, Comptes Rendus, 217 (1943), 220-—-223.
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CKOE MeCTO OIHO H TO XKe aas Bcex Qy, ..., Qm; cenoBaTeNbHO, COv
otHoweHHe (12) skBHBa/NeHTHO, HaMPHMep, 3aBHCHMOCTH

‘P(Hln ~ ey nr—m)‘—__g(l: LR 1; IIX! et Hr-m)=0'
Takum o6pa30M, TeopeMa JoKa3aHa.

Hcropuueckasa cnpaska. ViMeloTcs HeKOTOpHIE Ppa3HOriacus
OTHOCHTesIbHO aBTOpcTBa II-Teopemnl. Bami!) nonyuuwn stor pe-
syabrat B 1892 r., HO oH He chopMyMHPOBas CBOMX HMCXOZHBIX
nonyuwennit. OH yKa3as] HCNOJb30BaHHHN BhIllE METOH, HO €ro pac-
CYXJIeHHSl HACTOJbKO 3araflouyHbl, YTO HHKTO He BOCMNPOH3BOAHJ €ro
AokasatenscTBa. Bykuurem ({47], {48]) man s 1914 r. nepsoe HoKa-
sarenbcTtso Il-TeopeMbl, HO TOJNbKO AJSA YAaCTHOrO Cjayyasl, KOria
GyHKUHIO f MOXHO Da3oXHTb B psjg MakJopeHa, U 10 HeJaBHHX
nop sto ObuI0O €AHHCTBEHHOe OGLIeNPHHATOE HA0KAa3aTeabCTBO2),
Henasho Psa6ywunckuit u A. Mapruno-Jlarapa [52], pasbsachus
coob6paxenus BawH, noayunau ropasno Gosee ofliee AoKasa-
Te/bCTBO 3).

IlpuBeneHHOe 3Jech HOKa3aTeNbCTBO AA€T BO3MOXHOCTh GoJee
OTYETJIHBO BLISIBHTb OTPAHHYEHHS, HAKJAAblBaeMble Ha BeNHUYMHH @f
H Q; ¥ noka3aTh HCMOJNb3yEeMBI MAaTPHYHbLIH annapar 4),

§ 64. OGcyxnenne nokasareabcrsa

Ecau npeanonoxuts, yto QYHKUMIO f MOXKHO Pa3NOXKHTL B PAA
MaknopeHa, To MOXHO AaTh ApPYroe ajre6paHyeckoe NOKa3aTelbe
ctBo Il-teopeMul, MOHATL KOTOpOe, GLHITL MOXKET, Jerye. Mul npuBse-
AeM 311eCh 3TO [0Ka3aTe/bCTBO H HEKOTOPHE CBSI3aHHbIE C HHM pe-
3yAbTaTH, 4TOGH MOJHee DPa3bACHHTb TOHSITHE OOHOPOGHOCTU noO
pasmeproctu. Tlpexne Bcero OTMETHM CJeAYIOLHE OYEBHAHBIE CAeN-
CTBHA M3 TeopeMnbl Jinepa 06 OQHOPOAHBIX PYHKUHSAX.

JNemma 1. Qaa ¢ynxyuu f(Q), 3asucauwed or norosxcurers-
Kowx Beausun Qy, ..., Qm, 8binosxenue Jdreposoix ycrosud o0no-
podxoctu

of 9% 4
-bbj— = —OT ’ (15)

') Vaschy A, Annales Télégraphiques, 19 (1892), 25—28. Hnen Psa6y-
IIHHCKOTO MOJYYH/IH PasBUTHE B Ogsu'le ero pa6otr (L’Aerophile, September, 191¥|
Comptes Rendus, 217 (1943), 205—208 u 225 (1947), 837—839).

) ®axtnveckn Bpumxmen ([46] crp. 16) nocraBua Bompoc o TOM, Hesbsa
JH paccMaTpHBath GyHkumM Gonee ofwero suna. Pyukmus a(B, M,y) B onpe-
aenennn Teinopa — Maxkosa u3 § 85 smaserca GespasmepHoft dyHkumefl, KoTO-
PYIO HENL3IR PAINOKHTL B PS4 MaxnopeHa; CM. Takke napajoxc tzeppn H3 § 186.

%) B nepsom m3nannn [57) pawo nokasatensctso Il-TeopeMH npu camux
obmux npeanonoxennsx. — ITpus. ped.

4) Cu, texxe Langhaar H. L. [51] u gauunie taM coninga,
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ede \j— OelicTeUTeNbHbIE NOCTOAKKLIE, IKBUBANEHTHO CAeOYrOUEMY
COOTHOWLEHUIO:

fQ=CQ} ... Qi», C=f(1,...,1). (15

Ecau Q; 00nopodnsr no pasmeproctu, kax 8 dopmyae (2), To 00-
HOPOOHAG NnO pasmepHOCTU U yHKYuA |, u ee paameprocTU OTHOCU-
TeAbHO Gr ecTo Mbin + ... + Ambmp = As.

Hdna takux GyHKUMH Mbl BBeleM clleayiolllee onpeeseHHe.

Onpeneneunne. Koueunyo cymmy ¢dynkuuii f(Q), ynosne-
TBOpsAtowyio (157),
P(Q=/ Q)+ ... +/(Q (16)

6yzneM Ha3biBaTh Q-NOAUHOMOM.

Jlemma 2. Ecau gce urenet f(Q) 8 ¢(Q) odnod u rod xce pas-
MepHOCTU Ap no a1060my qn, TO PynKkyua ¢ 00HOPOOHA no pasmep-
HOCTU.

JleHicTBHTENLHO, BLINOJNHMB NOACTAHOBKY (2), noay4YuM

?(Ta(Q)=2(Q, @)=a)1... a’rp(Q). (17)
Mpoctoét npumep fL = Qi, f: = Qq, fa = — Q, moxasbiBaeT, yTo
06paTHOe HeBEepHO, ecan QYHKHHS @ He NpPUBeJeHa K HOPMaJbHOMY

BHIY.

Mel Gyzem rosoputb, 4to Q-NMOAHHOM POPMALLHO O00HOPOODEH,
€CJIH BCe €ro uJeHbl f; UMEIT OJHH M TOT XK€ BEKTOP Pa3MepHOCTH
A= (A, ..., An). OueBunno, ecnn dyrKuHs ¢ GopManbHO OAHO-
polHa, To paBeHCTBO ¢ = 0 He 3aBUCHT OT BbIGOpa €AHHHIl B CMbI-
cie cootHouwenus (5). Kpome toro, oHo skBuBaseHTHO Ge3pasmep-
HoMmy cooTHowenuo 1 + (f2/f) + ...+ (f/fi) =0, uro TpuBHanL-
HO N0Ka3biBaer il-teopeMy Aas Q-MOJHHOMOB.

Msuorue ypaBHeuusi ¢pH3MKH (OPMajsbHO OAHOPOAHBLI, MOJOGHO
NpHBEREHHBIM Bhillle B npuMepax 1, 3, 4. YTBepxaaau gaxe (xoTs
3TO HeBepHO, cM. § 65), uTo Bce Hacrosliue GHIHYECKHEe YpaBHEHHUS
doaxcHbt 66iT6 ONHOPOAHBI H, NeHCTBHUTENbHO, KPHTEPHEM ORHOPOA-
HOCTH MO pPa3MePHOCTH YAacTO MOXHO IOJIb30BAaThC B KauecTBe
yao6Horo cnoco6a topManbHOH npoBepkd (U3HUECKHX YPaBHeHHI,
€CJIH Bbl B HHX He BnoJHe yBepeHbl. ONHAKO B [eACTBHUTENSHOCTH
Heno OOGCTOHT 3HAYUTEJNLHO CJIOXHee, U HEKOTOpHle TOHKHe pas-
FpaHHueHHus, KOTOpbHle 3]eCb HaJ0o HMeTb B BHJAY, Jyulle MOKa-
3aThb Ha npuMepe. B cBsI3H ¢ 3THM Mbl BHOBbL PAacCMGTPHM MPHMep
2 u3 § 61.

Ecaun npumenuts [l-tTeopemy k cootHowenuio (6), He 3aBucs-
weMy oOT BHOOpa eNHHHI M paccMaTpuBaTh U Kak Q) a ¢ —
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Kak ¢z, TO NOCJAe HEKOTOPhX mnpeobpa3oBaHHi TOJAYYHM COOTHO-
leHHe !)

VI—IH@E+n +Vi=T =o.

3T0 cooTHOLlEHHe B OT/NHYHe OT COOTHOWIEHHA (6) He TOJbKO
He 3aBHCHT OT BhLI6Opa €AHHHL, HO H OLHOPOAHO NO Pa3MEpHOCTH,
TaK KaK BCe BXOAsilllHe B HEro 4JieHH HMEIOT pPa3MepHOCTb HYJb NO
BCeM OCHOBHBIM BesMuMHaM. HecMoTps Ha 3710, ROKa3aTesbCTBO
II-teopembnl Bykunrema He NpHMeHHMO K CoOTHOWeHHIO (6).

Cnenys Bpumxmeny?), Mbl MOXeM pPaCCMOTPETb TaK¥Ke IOJIH-
HOMHAJIbHOE YDPaBHEHHe

(s, v, a, t)=v+v*—2as—at=0. (18)

H 3ro ypasrienne, H cooTHoweHHe (6) yAOBAeTBOPSIOTCSA B YCJAOBHAX
npuMepa 2; KpoMe Toro, QyHKUHSA ¢ ecTb Q-NOAHHOM.

Onnaxko ypaBHeHHe (18) we s8aserca He 3aBHCAMHM OT BuIGOpa
€AHHHIl B CMbic/e COOTHOUeHHA (5), H QYHKUHA ¢ He GOPMaJbHO
ONHOPOAHAA (YHKUHA: NOACTaHOBKA S —as, !— B! nepeBoaur ypa-
BHenHe (18) B caenyioutee:

F(@—a)+(5) @—a9)=o. (18)

Tak kak ypaBHenue (18) cnpaBesnnBo B Ji06G0OA CHCTEME OCHOB-
HBIX eqMHHI («CMpPaBeAJIHBO NPH JIOOGHX €AHHHIAX», XOTd H 3aBH-
CHT OT BHGopa eauHHl), TO ypaBHeHHe (18") ecTb ToxaecTBo oTHO-
CHTeNIbHO BeJHuuH g H 8. [losroMy u3 ypaBHenus (18’) caemyiot
paBeHcTBa: U = af H v? = as. DTH paccyx/JeHHA MOXHO OGOGIUHTb
cleaAyIoIHUM 06pa3oM.

Teopema 3. Ilycteb ¢(Q) ecre Q-nosunom, u nycrs coort-
nowenue ¢(Q) =0 <«cnpasedauso npu aobeix edunuyax», Tozda
ycaosus ¢jQ) = 0 IK6uBasenTHO cucTeme opmasvno OOHOPOOHbIX
ypasneruil.

JlokasaTenbCcTBO ciefilyeT U3 GOPMANBHOrO PACCMOTPEHHA TOXK-
AeCTBa

?(Te(Q) =2 a}it ... aking (Q),
rae ¢;(Q) — cnaraeMule GpyHKUHH ¢, HMeIOUIHe pa3/IHiHHeE pa3Mep-
HOCTH A{ = (Au, v Ain).

ITpHMeHHB npeibiaylllHe paccyXIeHus K psay MakaopeHa, mo-
AyuHM Ooka3ateabcTBO Dykuurema Il-TeopeMmbl; no-BHAHMOMY, OHO

') 310 cootHowenue He moaywaerca H3 (6). — [Tpum. ped.
2) [46], cTp. 42. HUccaepoBanne ypanuenns (18) npuseso Bpuakmena K mbican
NPeANOXKHTb «BEKTOPHOE HCYHC/AEHHE» COOTHOWEHHH.
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paBHEIM o6pa3oM npuMeHuMo K pany Jlopana u x aeficTBHTeNb-
Homy psay lupuxie BHYTpH obaacTefi CXOAHMOCTH.

Hakonent, MBl HanoMHHUM CBOWCTBO «aGCOJIOTHOM MHBapHaHTHO-
CTH OTHOCHTEJIbHOW BeJIHUMHBI», BBegeHHOe Bpuaxmesom!). Cornac-
Ho BpuaxkMeHny, QyHKuHS nepeMeHHHIX ¢y, ..., §n O6Nagaer 3THM
CBOACTBOM, €CJIH OHA YAOBJETBOPSAET QYHKUHOHAJBHOMY YPaBHEHHIO

£(@y-eodn) _ S0 29)

f(‘Il- ey qll) - f(“th .. -;“AQa) (19)
RIS BCceX MOJMOXKHTENbHHX ay, s H ¢, [i=1, ..., n]).
Mbl NpHXOAHM K ClleflylollleMy pe3yabTary.
Teopema 4. IMycro Q= f(qi, ..., gn) e€cT6 nosoxuresbras

8EeAUMUNG, HenPepbiBHAA Nno OCHOBHbIM eJuHuyam G; U y0061eTeo-
parowan ypasnenuro (19), Tak 4TO OTHOWEHUA ee YUCA0B8BIX 3HaAYe-
Hull UHBAPUAKTHBL OTHOCUTEAbHO U3MeHenull ocHosHbix edunuy. To-
2da Q doaxHo ydo6.2eTBOPATL COOTHOUWERUIO (2).

HokasateansctBo. IlycTh g;=o0, a; = o™, a Bce ocTandb-
Hble nepeMeHHble paBHH 1. IIpH noMoluu mepecTaHOBKH MOXHO MnO-
ayuutb dopmyay (19).B Buae

ME™ 1, ..., )=f"*,1,..., 1),

rae A=f(o, L, ..., 1)/f(1, I, ..., 1). Huaykuveit no m noayyaem
AN BCeX MOJIOXKHTe/IbHBIX H OTPHUATENbHHX LeJbX m caedyiolee

pPaBeHCTBO:
FE™ L., D=MF(1,1, ..., 1) (19)

n
Orciona, nonaras ¢;=2"", ¢=V2 =u fQa, ..., N)=¢C, no-
JlyyaeM BLIpaXKEHHs

flgnl, ..., D=C"u f2 1,..., )=C\"

IMoaoxum a = log{f(2, 1, ..., 1)/f(1, I, ..., 1)] = nlog: A, Tak yto
Am = 2ma/n. nocse NOACTaHOBOK MOJYYaeM COOTHOLIEHHE

@™ 1,..., )=C2™" =C (™). (20)

) Cwm. [23], cTp. 2]. YpaBuenue (19), oueBHAHO, NOKA3LBAET, UTO OTHOWIENUS
ONHOPOJAHBIX Be/NHYHH HHBAaPHAHTHH OTHOCHTENLHO 38MeYH OCHOBHHX eNHHHIL
[peanonoxkenue, 4TO ¢; NONOKHTEABHH, XOTS ¥ HE YNOMHHEETCH, HO TaKXKe
HeoGxoaumMo B NOKa3zaTeabcTBe DpuikmeHa, noCKO/ALKY OH HMeeT aeno

c f dq;/q;. N, peficTBHTENbHO, OTPHUATeNbHble BEAHYHHHW d¢ OOLIYHO He HMeT

HHKAKOro ¢H3HYecKoro cMbiciia. 3TH pe3y/bTaThl PacHpoCTPaHHA ¢ nnqxpepeuuu-
pveMbix HA HenpepbiBHLIE cpyuxuuu Martinot-Lagarde A, Comptes
Rendus, 223 (1946), 136—137
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Ho ctenenn aBOAKM C pauHOHANBHLIMK NOKa3aTeAsiMH o6pa-
3yi0T BCIOQY NJAOTHOE MHOXECTBO MONOMHTENbHBX AeACTBHTENAbHBHIX
yHcen. CrenoBatenbHo, ecnn f PakTHUeCKH HenpepuiBHA, ecH [ He
ABASETCA HEH3IMEPHMOR H He ABJAETCA BCIOAY pa3puHBHOA QyHk-
uMefi'), To ANA BCex NOJOXHTENbHLIX ¢ NONyYyaeM PaBeACTBO
Hau L,...,1) = Cq'.

l‘loa'ropue paccyXieHHe AN JAPYrHx HHAEKCOB, Mul MPHXOAHM
K YTBEPXKAEHHIO TeopeMnl 2).

§ 65. Hesasucumb an Qu3nueckue 3aKoHn OoT Bufopa CAMHNL?

B § 61 M paccMatpuBaaH cBOACTBO He3aBHCHMOCTH COOTHOWe-
BHR oT BbGOpa eaHHHIl KaK MaTeMaTH4YecKylo runoredy. OTHOCH-
TeNbHO ee (H3HYecKOA NPHMEHHMMOCTH BeJIHCh XapKHe cnopu. Tak,
HEKOTOphie aBTOPH MO3BONANH cefe HCTOJNKOBHBATL TOT NPaBAONO-
ROGHLIAA NPHHIHN, YTO «BCe eJHHHUB H3MEepeHHA ) MPHrOAHLI», KaK
APHBOASWHA K BLIBOAY, YTO NPH BCEX TaKHX €IMHHIAX NOAYYAWOTCH
OHH K Te XXe YHHBepcaibHbe (H3HuecKHe 3aKOHH. Tak, Toamau4)
» 1914 r. yTBepXXaan: «OCHOBHBE CYLMHOCTH, H$ KOTOPHIX HOCTPOeHa
dH3HYecKan BCONEHHAs, TAKOBB, YTO H3 HHX MOXHO NMOCTPOHTH MH-
RHATIOPHYIO BCEJIEHHYIO, B TOYHOCTH NoAoGHY!10... Halllefl BcesieHHOM»,

Jlerko BHAeTh, YTO TAaKOR BHBOA He SABAAETCA JNOMHYECKH Heol-
XOAHMBIM, eCJIH BCIOMHHTDb, YTO B HEKOTOPOM CMBIC/ie BCe NPOCTpaH-
CTBEHHO-BpeMeHHbie CHCTeMH KOOPAHHAT PaBHOBO3MOXHHW. Ho reo-
HeHTPHUecKas CHCTeMa, noaobHas TOR, 4TO HCMOAB3YeTCA B aCTPO-
HOMHKH [lronemesn, He NPHBOAHT K TeM e (H3HYECKHM 3aKOHaM,
9TO H reTHOLEHTPHUYECKAS CHCTEMa.

Kpome TOro, Takoe HCTONKOBAHHE HEBEPHO AaXe AAA ERHHHI
ANHHB, MacCHl H BpeMeHH B MexaHHKe ), JleAcTBHTENbHO, OCHOBHO®
noNOXKeHHe CNeUHANbHOA TEODHH OTHOCHTENLHOCTH COCTOHT B TOM,

') OtrocuTeAbHO xon'rpnpuu B BCIOAY Jaspunnux éyuxunft cu. Ham.
mel G., Math. Annalen, ). 459—462. C nomouis0 AOrapuPMEIECKOro
npeodpasonnnn ypasuenne (19) CBOAKTCA K H3BECTHOMY AAANTHBHOMY GYyHXUHO-
BaabNOMY YpaBHewmio. Jlerko nokasath, 4TO, B cHAy ypasHenma (19), ecan
ymxuus | paspuizna B 0aHOA TOuKe, TO OHa .aomxua OuTh BCIORY PA3PHIBHOA.
neJu-uo ueusuegsuoc-ru [ cu. Banach S, Théorie des Operations

Unéflrﬁ:. Warsaw, 1933, ctp
onsare.nsc'rao stoft Teopemn ann auddepenunpyeMbix dyHx-

nuk cu B 7f Mpux. ped.

Omoc;rre.nwo 3HageHHA wKaau Himepednfh cv. Campbell N., Mea-
sunmcnt and Calculation, 1928. Crtporo rosops, caeayer pasimuats mxanu
NEPLYNCACHUSR, NOPAAKOBHE WIKAAL, IWKanbLi, B KOTOPHX MOXHO YCTAROBHTS
pneac-no asuocreﬂ SHaueHHA, W HCTHHHLIE ‘Annefume wKanH ¢ AyaeM.

'; man R. C, Phys. Rev., 3 (1914), 244—255.

Kouemo MOXRO COXpAHNTh npeanonaxenuwe [V creayounu o6ps3ou:
CYNTATS, MO OnpesesieRAI0, OCHOBHOR €AMHHUOA TAKYI eAMHALY H3MEpeHHS, ARk

cTpaseaInBo npeanoaoxenne 1V, 970 MOXET AaXe QKAIATRCR NOJNCIHBIM.
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4YTO 3aKOHH MEXaHHKH, OHHM H3 KOTODHX fIBAAETCS OCHOBHOH 3a-

KOH CHJIN
F=4 {mou/VT —u¥[c?)
— dt 1]

(21

He ABAAIOTCA He3aBHCHMBIMH OT BHIGOpPA eAMHHL H3MepeHHs NJIHHhLI
H BpeMeHH B OTAEJNbHOCTH, TAK KaK B HHX BXOJHT CKOPOCTb cBeTa'!).

B kBaHTOBOM MexaHHKe noctosHHas [laaHka h Bxoaur B ¢op-
Myay ne-Bpofins ans AAHHB BOJIHW 4acTHUMW A = h/mv u B doro-
sJeKTpHueckoe ypaBHenHe E = hv; 3To eule Gosee nOAYEPKHBaeT
TO 0GCTOATENLCTBO, YTO He BCce (H3HYECKHe 3aKOHH OAHOPOAHH MO
paaMepHOCTH. 3pecb h— yHHBepca/bHas NOCTOMHHAs, HMeEOUias
pa3MepHocTb nmefictBus ML?/T (sneprus X Bpems). Ipyras pas-
MepHas TOCTOSIHHas { BXOJAHT BO BCeOOIHA 3aKOH NMPHTAXKEHHSA
Hblotona?) F = qmm’/r?;, npyrae Takue noCTOSiHHBlE BXOAAT B Bbi-
paxieHHe ANA AHaMeTpa MO6OA MHKPOYACTHUH, H T. A. Takum 06-
Pa3oM, MHl BHIHYXJEHH 6e30rOBOPOYHO NPH3HATL, YTO MBI He 3HaeM
TaKux €OCHOBHbIX eQUHUYD, NO OTHOWLEHUIO K KOTOPOLIM 6Ce U38eCT-
Nole Ham (pusudecKkue 3aKOKBL He 3aBuUcUMbL OT 8bl60opa edunuy?’).
B neficTBHTENLHOCTH BHOOP HEKOTOPHIX €AHHHI KaK OCHOBHHX (HJH
nepBHYHHX), a BCeX OCTaJAbHHX KaK NPOH3BOAHHX (MJAH BTOpAY-
HHX) ABASETCA [e/0M COraallleHHs W He BH3BaH ¢H3HuecKoil Heol-
XoaHMocTblo. Tak, HHOra OKa3biBaeTcsi YNOGHHIM CYHTaTh CHJAY He
saBHCALIeH OT MAcCH, AJMHHB U BpeMeHH %),

dusHyecKkHe NOCTOSHHHE B npexwecryownx yrsep-
KAEHHAX HEOOXOLMMO CAenaTh CYyLIECTBEHHYIO OTOBOPKY. YHHBep-
CaJbHOCTb <€YHHBEPCANbHHIX MOCTOSIHHHIX® MOXET OKa3aTbCH He
a6comotHod. Tak, no oTkpuiTHA HbIOTOHOM THroTeHus BeaAuuHHa g
RomKkHa Obna, NO-BHAMMOMY, CYHTAaTbCl YHHBEPCAJbHOA NOCTOSH-

') HesaBrcAMMA BHGOP €AHHHI AMHHH B BPEMEHH BO3MOXEH H B STOM CAYs
4ae, eCIH CKOPOCTb CBeTa C PaCCMATPHBATL KaK (PRIMUECKYIO Pa3MepPHYIO NOCTOSH.
Hylo. — ITpum. ped.

?) Cornacio dammurrony (Lond. Phys. Soc., 1918, crp. 91), npaxruyeckn
NPHPOAA SACTABASET HAC EAHHCTBEHHHM OCPA3OM BHIODATL eXMHMIM AJNWHM, Bpe-
MEHH H MacCH TaK, YTOGH Obn0 7= ¢ = h = |, OrpanHueBHHe 33KOHH «rpa-
nunnlrgguoro noaoGus» Hccaeaosan Laboretta, Electrotecnica, 1932,
erp. .

%) Hpyrue npumepn cM, y Bpumxumena [46], crp. 103. [ITo-smnsMomy, peus
MJET O 3ABHCHMOCTH OT €RHHHI| H3MEPeHHH CMoco6a 3anmHCH QHIHUECKHX 3AKOHOSB,
& He CaMHX 3aKOHOB no cyulecTBy. — /Tpusm. ped.]

) Cm. [46], ctp. 65. B TepMOmHHAMHKE MB HMeeM 3aMevaTE/bHHA Napas
Roxc PaGywmucxoro (taMm e, crp. 10), a Taxxe sakon pannauunm Credans —
Bontumana E/nnomans = KT4. Eme Goapine NPORBASETCS HCKYCCTBEHHOCTH no-
RATHS <OCHOBHASl CNHHHIA» NPH PACCMOTPEHHH SAEKTPOMATHWTHMX EAHHHI CM.
Jeans J., Electricity and magnetism, Cambridge Univ. Press, 1941, ctp, 14—15,
8 raxke Brylenski, Comptes Rendus, 216 (1942), 104,
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HOA (YTO [0 CHX NMOP CKa3nBaeTcst B BHOope TeXHHYECKOH CHCTEMb
eauHdu). anee, ckopocTb c=l/VKp pacnpocTpaHeHHs 3JEKTpO-
MarHHTHHX BOJIH paccMaTpHBajsack MakcBesaoMm ') He KaK yHHBep-
cajibHas TNOCTOSIHHAA, a KaK BeJHYHHA, 3aBHCAILAA OT MAHIJEK-
TPHUECKOH nOCTOSSHHOM K W MarHHTHOA NPOHHIAeMOCTH JAaHHOTrO
peutectsa. [To-BHAMMOMY, npeXxAeBpeMEHHO OTKa3nBaTbCH, KaK OT
6e30cHOBATeNbHLIX, OT MOMWTOK, MOAOOHHX NpednpHHATHM TOJM3-
-HOM (cM. npuMm. 4) Ha ctp. 133) H SAAHHITOHOM 2), BHIBECTH COOTHO-
IIEHHsT MeXJY YHHBEPCaJbHbIMH NMOCTOSIHHHIMH H3 HEKOTOPHIX OGLIHX
NPHHUHAOB.

§ 66. HucnexunoHULIA aHaan3

B Hb/0TOHOBOU KONTUHYAABHOU MeEXQHUKe MONHO npou3soduTs
aobvie usmenenus tuna (1) e macwrabax Oaunwvi, macces u spe-
MeRU, Yero Hejlb3si CKa3aTb O PENSTHBHCTCKOH H KBAaHTOBOH Mexa-
HHKax. M, no-BHAHMOMY, MOXHO OBITb YBepeHHbIM, YTO 3aKOHH
HbLIOTOHOBOH MEXaHHKH OOCTATOYHO TOYHO OMHCHIBAIOT TMOBeAEHHE
peanbHBIX XHAKOCTe#t B OGHIYHLIX YCJOBHAX. XOTS moao6Hble H3Me-
HeHHst MacuiTa6a MOryT CyllecTBEHHO NOBJHATH Ha TaKHe CBOHCTBa
BeLIeCTBa, KaK MJIOTHOCTb M BA3KOCTb, AHANa30H MJOTHOCTH H BA3-
KOCTH peaJibHBX MXHAKOCTE HaCTOJNILKO BeJIHK, YTO 3TO BJHsIHHE
OGLIYHO OCTAEeTC HE3aMETHHIM.

BhifeneHHbi Bblllle KYPCHBOM MPHHIHN MOXHO A0Ka3aTb He
TOJIBKO 3KCMEPHMEHTAaJbHO Ha MOAEJAX, HO ero MOXHO TaKxke BHI-
BECTH TEOPETHUECKH H3 OCHOBHBIX YPaBHEHHA rHApPOMeXaHHKH. 3TOT
BHIBOJ, OCHOBBIBA€TCSl HAa MPOCTOM MeTa-MaTeMaTHYeCKOM MPHHUHME:
ecau Kakas-aubo cucTema MaremaTudeckux YypasHerull UHBApPUANT-
Ha OTHOCUTEAbHO HEKOTOpOUd 2pynnol, TO TO Xe camoe CnpPasedsuso
0as scex credcreud u3 sTux ypasrenud.

[IpuMeHuTeNbHO K CKaJAAPHHIM npeoGpa3oBanusam (1), ykasaH-
HbhIM NPHHUKNOM (paKTHYECKH nosb3oBanuch Pypbe, CTOKC U ApyrHe
NMHOHEPH HCCAENOBAHHS aHa/NH3a pPa3MepHOCTeH, YTOGH NpPOBEPHTh
NPaBHJBHOCTD CBOHX paccyXAeHHHA. DToT MeTox GLl OTYETIHBO
ocosHaH PsneeM, Korfla oH cchsiancsi Ha «noaoGHe»; nmpeHMylue-
CTBa STOr0 MeToja mnpH3HaBaa Takxke DBpuaxmen3), xoropuit
nucan: «IlpenmyuiecTBo (aHa/su3a pasMepHOCTed) B TOM, YTO OH
6HICTPO NPHBOXHT K pe3yJbTaTy, HO... OH He AdeT TaKoH MOJHOTH
HHPOPMALHH, KOTOPYIO MOXHQ O6HJIO Oh HOJNYYHTb C MOMOILBI...

1) Theory of electricity and magnelism, Oxford, 1881, craten 784—787.

?) Eddington A, Relativity theory of protons and electrons, Cam-
bridge Univ. Press, 1935; cw. taxkmke [46], ra. VIII n Whittaker E. T,
Spase and spirit, Edinburgh, 1946.

%) Rayleigh, Phil. Mag., 34 (1892), 52 u 8 (1905), 66, a Takxe Nature
8 (1915), 66; Bridgman [46], 17; cm. Takme Schiffer L, ZAMM, 24
(1944), 289--293,
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[eTaJbHOrO aHaJH3a» H «aHaJH3 Pa3MepHOCTeld ¢ gmauqecxoﬁ TO4-
KH 3peHHS He CTOJIb NOYYHTeJeH, KaK yCJoBHe MOAOOHS».

[IpuHUAN «AHHAMHYECKOro MOAOGUS» AAS1 ABHKEHHH MKHIAKOCTH
06bl4HO GopMYyAUpYeTCs clelyIOINM 06pa3oM.

Onpenenenue. JIBa TeueHus xuakoctd @ u @ Ha3BIBAOTCH
dunamudecku nodobHbimu, €CIH KX MOMXHO OIHCATb NPH MOMOLIH
KOOPAMHATHBIX CHCTEM '), B KOTOPHIX MPOCTPAHCTBO, BpeMst H Macca
CBfI3aHbl APYT C APYrOM CJAEAYIOIHMH COOTHOLIEHUSIMH:

X;=ax, t' =3¢, m' ==1m. (22)

Jlerko npoBepHTh, ABAKIOTCH JH YPaBHEHHS THAPOLHHAMHYECKOR
TEOpHH MHBapHaHTHBIMM OTHOCHTeNbHO npeoGpasoBanuit Buaa (22).
HiMeHHO 3TO 6bIJIO CAeNaHO NPH AOKA3aTeJbCTBE TEOpPEeMH 2 H3
§ 21. Us ypasuenufi, noanexaumwux nposepxe, Haubosee BaXKHH
ypaBHenuss HaBbe — Ctokca ana Hecxumaemold 8:a3k0il HuOKOCTU:

D 0 N
Dy y 10 v, =123 @)

Buino nokasano, uTo 3TH YypaBHeHHS HHBAapDHAHTHBI NpPH OTCYT-
CTBHH CBOGOJHOH MOBEPXHOCTH, ecAu ANsl BENIHYHH v M plp (ruapo-
€TaTHYeCKOe [aBJieHHe MOXHO yuecTb corsiacHo teopeme | us § 21)
MacimiTabbt Bei6panpt TakK, yTo uyHeno Pefisonbica vd/v H3 rpumepa 5,
§ 62 coxpansercs HensMeHHbIM. (OTHOCHTENbLHO POJHM NapaMeTpOB,
XapaKTePH3yIoIHX JaHHOe BeLMECTBO, TAKUX, KaK v U p, cM. § 65; ux
poJIb aHaJOTHYHA TOH, KOTOPYIO Hrpalor- K M g B TEOPHH 3JeKTpo-
Marsetuama, rjie ¢ =co/V Kp.)

B § 70—73 Gyayr moxka3aHbl pa3iiHuHble aHaAOTH TeopeMbl 2 H3
§ 21 nprMeHHTENBHO K CXKMMaeMOMY HEBSI3KOMY TEUEHHIO, CXKHMae-
MbIM CTPY#HBIM TeYEHHsIM, TEYeHUSIM C KaBuTauuet u 1. 1. Ho
CHayaja Mbl pPacCMOTPHM MHCNEKLUHOHHbIA anaau3 Boobuie, AJs
TOro yToGbl Jyullle YSICHHTb ceGe ero OTHOIUEHHe K TPaAHLUOHHOMY
aHaJu3y pasMepHOCTel.

§ 67. Ces3b ¢ Teopuelt rpynn

SlcHo, YTO MaTeMaTHueCKHe ypaBHEHHS MOXHO NPOBEPHThL Ha
MHBAPHAHTHOCTh HE TOJAbKO OTHOCHTE/NIbHO «H3MEHeHHH MmaciuTaba»,
ONMCLIBAEMBIX MOCPEACTBOM COOTHOMWEHHH (22), HO H OTHOCHTENBHO
MHOTHX JApyrux npeoGpasoBanuil. Hanpumep, ece ypasnenns ou-
3HKM HHBaDHAHTHEBLI OTHOCHTeNbHO NepeHoca M MOBOPOTA oceRt Ko-

1) B aeficTBHTE/NLHOCTH MW HMeeM B BHAY HLIOTOHOBHI CHCTEMM KGODIHHAT,
B KOTOpHX BEpHN S&XOHW ZXBuXenksn HaoTona. ITockoabky mnpeanosoxenne of
HX CYUICCTBOBAHHH CT@BHT BOOPOC © BOSMOXHOCTH JHHAMHYECKOTO MOA0GHS,
B 3TOM ONpeje/ieHHH HMEETCA HEYTO OT MOPOYHOTO Kpyra,
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ODRXHHAT — H3BECTHHA NPHHUHKN, KOTOPhIi BecbMa CYLUECTBEH MNpH
MaTeMaTHYeCKOM HCCJaefNoBaHHM GoablUHHCTBA (DH3HUECKHX 3aaad.
B HEeKOTOpHIX YAaCTHBIX CJAyuasX MOXHO BOCNOJb30BaTbC HHBApH-
@HTHOCTBIO OTHOCHTEJNbHO KOH(MOPMHLIX M adHHHBIX npeoGpasoBa-
HUA (cMm. § 74).

Boo6lie roBops, UHCNEKYUOHHbLI GHAAU3 NPUMEHUM K A0604
epynne npeobpasosanud'). [lox rpynnoii npeoGpa3oBaHHii MH pa3y-
MeeTcs, MOHHMaeM (cM. npHM. 1) Ha ctp. 122) MHOXecTBO npeoGpa-
s0BaHHi, colepixalllee TOXKIECTBEHHOe H Bce o6paTHuie nmpeobpaso-
BAaHHS H NPOH3BeJeHHS AIOOHX ABYX CBOHX 3JIeMEHTOB.

Hawe yTBepXKaeHHe OCHOBBIBAeTCs Ha JIOTHYECKOH aKCHOMe, O
KoTopoit wa peyb B § 1, runoresa (C) uB § 26, a uMeHHO: ecau
2UnoTe3bl Teopuu UHBAPUAHTHLL OTHOCuTeabHO epynnb. G, TO uHea-
puantntt otHocuteavho G u ux caedcrsus?). OG6partHo, MHOXce-
CTB0 B8Cex B83AUMHO OOHO3HAYHbIX npeobpasosanul, 0CTABARIOWUX
6e3 usmenenus kakyro-aubo cucremy ypasHenud, obpasyer spynny.

CaMoft BaXKHOl TPYNNOil B MeXaHHKe NOCJe «Tpynnbl NofoGHS»
npeoGpa3oBanuit BHAa (22) saBasiercAa AecsiTHNapaMeTpHuecKas
rpynna laaunes — HoloTona. 3ta rpynna nopoxaaercs Tpexnapa-
MeTpHYecKoH moArpynnoi# S npocTpaHCTBEHHBIX NepPeHOCOB

X, =Xx,~4¢, [i=1, 2, 3] (24)
onHonapaMeTpuyeckoft moarpynnofi T nepeHoCOB OTCueTa BPeMeHH
t'=t+c; (25)

TpexnapaMerpHueckot noarpynnofi R nosopoToB NpocTpaHcTBa
xy=20,%, (26)

rie llamll — HanGonee oblan kBagpaTHas OpPTOrOHaJbHAs MaTpHUA
TpeTbero nopsiaka, H TpexnapameTpHueckoll noarpynnofi M rpynnbl
npeo6pa3oBanuiit K 0CAM, O8UNYU{UMCA TIOCTYNATEABHO C MOCTOAH-
HOft CKOPOCTBIO

x;=1x,—b,t. @7)

Tenepn nerko npoBepHTb, uTO TPH SaKOHa ABHKeHHs Hbiotona
AHBAPHAHTHH OTHOCHTENbHO mpeobpasoBanuil (24) —(27) u uTo 3TH

1) 310 6uno Bhckasano Ehrenfest [61], crp. 261, mo me npuBrekno
BHHMaHHMS, TaK KaK OHA He yKa3asna HHKAKHX MpPHAGKeHHR. DieMeHTapHHe cBe-
Aenust o rpynnax cM. B [45], ra. VI; o6 opTOroRasbHHX MATPHUAX CM. TaM XKe,
ra. VIII. [Cn. Takke Kypowm A. T, Teopus r| , M.—J1, 1953; Maas-
uesn A U, Ocrosu anuefinoft anreGpm, M.—JI., 1948. — [Tpum. ped.].

) 310 nonoxeHHa, XOTH H IIHPOKO HCMOAB3YeTCR MATEMaTHKAMH H (H3H-
Kamn, peako dopMyanpyercs siBHO; cM., onHako, Bouligand G. Théorie
Qénérale des Groupes, Paris, 1935, ctp. 3,
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npeoGpa3oBaHHA He HAMEHSIOT OnpefeNeHHi TaKHX PU3HYeCKHX na-
paMeTpOB, KaK NJOTHOCTb, BA3KOCTb H T. M. (npeanonaraercs, yToO
Macca ocTtaercsl HeuaMenHoH). ClenoBaTenbHO, TeopeTu4ecKkas Mme-
xanuka HbeoTOHG UMBAPUAHTHA KAK OTHOCuTeAbHO epynnst aau-
nes — HooTona, Tak H OTHOCHTENbHO rpynnnl npeoGpa3oBanuii (22)
DHHaMuyeckoro nogo6usa. IDTOT NpHHUMN ObLT NOATBEPKAEH Ha
ONbITE MHOTHMH crmoco6aMH € OYeHb 6OJbLIOH TOYHOCTLIO, 3a -HCKJIO-
YEeHHEM TexX CJyuyaeB, KOFAa CKOPOCTH ABHXKEHHS CPaBHHMBI CO CKO-
pocTeio cBeTal).

§ 68. Teopks MomeaupoBaHHA

Mnul yKkasanu B3 OCHOBHLIX I[IPEHMYIUECTBA HHCNEKUHOHHOTO
8HaNM3a: OH QNaeT HaM BO3MOXHOCTb ONPaBAAaTh NPEANOJOXKEHHE
IV anannaa pa3mepHocTelf, NMO3BO.AS NPOBEDHTL HHBAPHAHTHOCTH
yPaBHeHHH, OnpeensiouHX 1aHHYIO KpPaeByIo 3a/auy, OTHOCHTENbHO
npeo6Gpa3oBanuft (l); a TakKe no3BOASET PACCMAaTPHBAThL «NOLO-
6He» s#e TOJLKO TakOro npocToro BHAa, Kak (1). MHcneKumoHHbi
aHaJH3 HMEeT H TpeTbe NPEHMYILECTBO: OH 1aeT B NpPHHUHMNE pa-
UHOHAJbLHHA MeTOJ NMPOBEPKH CnpaBelsHBOCTH npeanonoxenun I11

Xora, Kak Mbl Buaead, npeanonoxenus I, II u IV, no-sugu-
MOMY, B oflleM JIONYCTHMH B MeXaHHKe XHAKOCTell, ¢ npeamnono-
xenuem I1I npeno oGcrour muaue. Kpome Toro, ananus pasmepHo-
cTefi He AaeT OCHOBAHHH a priori pelIHTb BOIPOC O TOM, ONpeje-
JAIOT JX nepeMmeHHbe Qy, .... Qa BeqHyuHY Qp NOCTATOYHO TOYHO,
Tak, BpuakmMen 2) 3ameyaer BCKOJb3b, YTO 3TOT KapAHHAMLHHA BO-
npoc «He Moxer OuiTh paspewed ¢uaocodpoM Ha Kadeapes, a ero
MOXHO PelINTh TOJIbKO Ha OCHOBe (DH3IHYeCKOro onunira. Mel npoua-
JIOCTPHPYEM 3TO 3aTpyAHeHHe GO/bWHM 3KCIEPHMEHTaAbHbIM Ma-
TEpPHaNOM.

Hns toro uto6n NPOBEPHTb CNPaBeAAHBOCTh npeanonoxenns 111
C NOMOLIbIO HHCNEKUHOHHOTO aHa/K3a, B MPHHLUIE MOXHO AeicTBO-
BaTh cjeaylowum o6pa3zoM. [lycTh H3BeCTHO, UTO HekOoTOpoe Teye-
HHe XHAKOCTH MOXHO NPHGJHKEHHO PacCYHMTaTh, PELIHB COOTBET-
CTByOLLYI0 Kpaesyto 3ada4y B cMuicae § 1. Torma MaxHo nonpo-
CTy NpOBePHTb HHBApHAHTHOCTh AuddepeHUMANLHBX YpaBHEeHHit H
KpaeBBIX YCIOBHA OTHOCHTE/NBbHO NpeoGpa3cBaHHH HEKOTOPOit rpyn-
nu (ckaxeM, npeoGpazonannit (22)). Ecan onu wunBapuanTHm W
KpaeBsas 3ajaya KOPDEeKTHO MOCTaBjeHa, To npeanonoxenre III
CnpasejlJIHBO.

Takum 06pa3oM, HHCNEKUHOHHLIA aHAN¥3 MMeeT TO NMpeHMyLe-
CTBO, 4TO OH YK/JaluBaercs B o6llyl0 CXeMy TeOpeTHUecKoH FHipo-

'} Kaxywmitca napazoxc [lwo6va He snimercs KOHTPNPHMEPOM; CM. 28.
?) [46), c1p, 13—14; cM. TaM e, crp. 50, d $
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nuHaMuKH, OCHOBHOe orpanHyeHHe, HaK/JaAbiBaeMOe Ha ero MpH-
MEHHMOCTb, 06YC/I0BJIEHO, KaK MBl YXKe BHACHHAH B ra. I—II, ten
06CTOATeNICTBOM, UYTO BCE €elle CAMLIKOM MaJjao 3ajaay TeoperHue-
CKOH TMAPOAMHAMHKH CBelleHH K TaKHM KpPaeBbIM 3ajayaM, Kop-
PEKTHOCTb KOTOPHIX AOKasyema.

§ 69. YacTHnifi HHCIEXUMOHHLIA anaAN3

Mbl npuseneM cefiyac mpHMep, HAMIOCTPHPYIOLUHA NpPUMEHEHHE
KaK HHCMEKUHOHHOrO aHaNH3a, TaK H CMoco6bl YCTpaHEHHs 3aTpyAd-
HEHHH, BO3HHKAIOUHUX NPH 3TOM.

Paccmotpum ypasnenns Hasbe — Crokca (23) ans HeckuMae-
Mol BA3KOH xkuakocTH. CornacHo Pyapky [56] ux MOXHO npHBecTH
K Ge3pasMepHOMY BHAY CJelyiOllHM 06pa3oM.

IMyets V, L 1 P cooTBeTCTBEHHO CKOPOCTHb, AJAHHA H AaBjeHHe
Ha MOJEJIH, H3MepeHHbe, N0 NPeANOJOXKEHHIO, Ha TPaHHLAX TEYEeHHA
KHAKOCTH. Ecnu yMHOXHTL ypaBHenus (23) na L/V?, yto6u npu-
AaTb 3THM ypaBHeHHM Ge3pa3MepHbiii BHX, H BBeCTH GespasMep-
Hle nepemennnle uy;=u,/V, t'=VIL, x;=x,(L, p'=p/P u
GespasmepHbie noctosnHue Re = VL), Fr=V?Lg u Q*=2P/pV?,
TO MOJIYyYHM YpDaBHEHHS

Du; 1 _, 1 ( & Q%
==—Vu+ —\—)——7F,
Dt  Re i+ Fr\ g 20x; (28)

rie gi/g — HanpaBAAIOLIHE KOCHHYCH CHJB THXKECTH.

beapasmepune auddepenunanviinie ypapHenus (28) naxomatcs
B 3aMeyaTe/IbHOM COOTBETCTBHH C TEXHHUECKHM OMHTOM: MH MOXeM
OTCIONa BLIBECTH TPH Haubosiee BaXXHHX OPHEHTHPYIOUIHX NMpaBH.a,
Hcmosib3yeMble NpH  ModennpoBaHuu!). Tak, Mb BUAHM, 4TO
€C/IH BJHAHHE CHJBl TSHXKECTH, C)KHMaeMOCTH H KaBHTAaLHH He3Ha-
YHTEJbHO, TO MOJEAb NOJMXKHA HMETb TO Xe camoe 4Hcao Peft-
HonbAca Re. Ecin He HMeloT 3HaueHHMsl CXKHMAaeMOCTb, KABHTALHA H
'BA3KOCTb, TO MOAEAHPOBaATL Hafo no yucay dpyaa Fr.

Ecan MOXHO npeHeGpeub CXKHMaeMOCTHIO H BASKOCTBIO, HO HAJl0
YYHTHIBaTh FPABHTAUHOHHbE H KaBHTALHOHHbE 3Q¢eKTH, TO cae-
AyeT COXpaHATb HeH3MeHHHM Kak uHcl0 Fr, Tak H «yHCIO KaBHTa-
nuu» Q* (cm. § 72, 78). ,

HMucnekuHoHHHA aHanWs [lenaeT npaBAONOAOGHHM MpPeANoJio-
XeHHe, YTO Te HIH HHble BEeJHYHHB He HIpalOT POJIH Kak pas Toraa,
KOrZa Majill COOTBETCTBYIOWHe KO3 dHUHEHTH B ypaBHeHHsXx (28),

) Cu. [11}, 7. 2, ra. 1, no nosoay awanornyHoro BmBoAa. Peuent Tam TaKkos:
HYXHO COXPaHHTh HEM3MEHHLIMH «OTHOWEHWA CHA», HH BeAHUHHAa Q°, Hu AuQ-
depenunatbible ypaBHeHHs He PacCMaTpPHBAIOTCA B ABHOM BHAE.
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H, TakHM 06pa3oM, NMO-BHAMMOMY, OH flaeT XOpolliee TeOPeTHUECKO®
o6ocHOBaHKe MOAeNHpOBaHUs no uHcaaMm Fr, Re n Q*.

XoTs TOJbKO YTO NPHBENlEHHOE pacCyXfeHke BechMa cojlepia-
TeJbHO H ero CTOMT 3alOMHHMTb, OHO CTpPajdeT TEM HEROCTATKOM,
YTO YYHTBIBAJOCh TOJIbKO ORHO M3 Tpex (yHZaMeHTa/JbHHIX ypas-
HeHHiI THAPOMEXaHHKH, a HMEHHO ypaBHeHHe IBHXeHus. Mtax, npu
3TOM OCTAJHChb B CTOPOHE YpaBHeHHe HepaspbiBHOCTH

dp d . D
24 %:0, uan  div u+%=0 (29)

4 ypaBHEHHE COCTOSIHHS, KOTOPOE MOKHO 3alHCaTb B BHAE
p=/(p)- (30)

ITo stoit npuunHe Mbl 6ydeM Ha3blBaTh €ro «YacTHbIM HHCIEK-
UMOHHBIM aHaJM30M», a COOTBETCTBYIOLUMH mpolecc, KOrja paccMa-
TPHBAIOTC KOPPEKTHO MOCTaBJEHHble YCJOBHS, TMOJHOCTbIO Onpese-
Jasioune reyenne, 6yleM HasbiBaTb «NOJIHBIM HHCNEKUHOHHLIM aHa-
JIU30M>.

§ 70. UHepuHaabHOE MOACTHPOBaHHE

Ha npakruke coo6paxeHusiMH yA06cTBa 3KCIepHMEHTHPOBAHHUA
H 3KOHOMMH YaCTO PYKOBOACTBYIOTCSI He TOJbKO NPH BHIGOPE HCIOJB-
3yeMoll XHUIKOCTH (HanpHMep, BO3AYXa HJH BOAbl), HO M MpPH BbHI-
G6ope pasmepos Mofaeneil H cxopoctu Teuenus. McnoabsoBauue
MajbiX Mojesded [Js TNpeiACTaBJeHHS AeHCTBHTEJNbHOH KapTHHH
Gounbuiero mMacmTaba o6bIUHO 0GOCHOBbLIBAETCS C MOMOMIbIO aHAJ/JH3a
pa3MmepHocTell. B 4acTHOCTH, OGBLIYHO CHHTAIOT NPHUOAHXKEHHO BbI-
NIOJIHEHHBIM CJeAyIollee yCIOBHE,

[lpuHuMn HHepUHAABHOIO0 MOAENHPOBAHHUSA.
De3pa3MepHble BEJIHUMHBI OCTalOTCA Ge3 H3MeHeHHs NpH Bcex Ipe-
o6pa3oBaHusix Buaa (22).

Tak, ecau L — xapakrepHasg aauHa u V — Xapakrephas cko-

POCTb, TO CYHTAIOT, YTO V’lu(L"x) MHBAaPHAHTHO MO OTHOLUEHHIO
K npeobpa3oBanusM (22). B kauecTBe cJeACTBHS MOXHO MOJYUYHTh,
MCXO/Sl H3 3HAuYeHHs BEJHYMH Ha MOJEH U(X), AeHCTBHTE/NbHYIO Be-
JHRYHHY V(Yy) MOCPeACTBOM COOTHOLIEeHHs

v =--u(%).
rae L’ u V/ — xapakrepHule #JMHA M CKOPOCThL MOJHOTG Macuitaba.
[TonoGubiM xe 06pa3oM AOMYCKAIOT HHBAPHAHTHOCTH OTHOCHTENbHO
npeo6pasosannft (22) Kospduuuenra napnenns C,=(p —pa)/%p'zﬂ,
rie p,— laBjeHHe B OKpYxalowleii cpese. B cayyae HeBaskon
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MHAKOCTH H3 ITOrO cCJefyeT HHBAPHAHTHOCTL KO3(PQPHUHEHTa
Cp= D/% pV2A, rae D — no6osoe conpoTuBieHne # A — niowans
nonepeyHoro ceyeHus, 3aMeTHM, OAHAKO, YTO HeH3MEHHOCTb BEJIH-
qHHB p/ -21—pv2 He npeanonaraercs (cM. § 72): aHanau3 pasMeprocrelt

OXBaThiBaeT He BCe.

B nefCTBHTE/NIBHOCTH METON HHCIEKUHOHHOTO aHajH3a Mo3Bo-
AseT HaM oboiiTHch Ge3 BCex nNpeANoNOXKeHHHA anajuH3a pa3Mep-
HocTei. B uyacTHOCTH, NPHHUHN HHEPUHAALHOTO MOLENHDPOBAHHA
MOXHO CTPOrO 8bi8eCTU H3 CTAHAAPTHLIX YPaBHEHHA AJs HECKH-
MaeMoil HeBSI3KOH JKHIAKOCTH NPH YCJAOBHM OTCYTCTBHS CBOGOAHOA
HOBEPXHOCTH.

Tak, noyTH TpUBHa/AbHHE BHKJAAAKH NOKA3bBalOT, yto npeobpa-
soBaHua (22) B coueTaHHH ¢ npeo6pa3oBaHHAMH U’ = au/f, p’ =
= qp/a’ u p’ = (1/aB?)p COXPAHSAIOT HEH3MEHHHIMH KaK ypaBHeHHs
ABHXEHHsi Dfijepa H ypaBHeHHe HepPa3pPbiBHOCTH, TaK H YCJOBHE
orcyTcTBHst BHXpeRi V .X u=0. ITHM AOKa3aHa cJeayiolas Teo-
peMma.

TeopeMa 5. B cayuae HecaHumMaemo20 TeHeHUS K YPABHEHURAM
Osuscernus 3idrepa, YypasHenuI0 HePA3PHIBHOCTU U HE3ABUXPEHHOCTU
U K Kpaesoim ycAosusm 3isepa Ha T8epOBIX CTEHKAX NPUMEHUM
NPURYUN UHEPYUANLHO20 MOOEAUPOBANUS.

IMockonbky chopMyaHpOBaHHBE Bbillle YCJOBHA ONpelensior
KOPPEKTHO MNOCTaBJEHHYI0 KpaeBylo 3ajauy (3anauy Hefimana,
¢M. § 4) anm CTALHOHAPHOTO TEYEHHS NPH 33aJaHHOM p,, OTCIOAA
BBITEKaeT CleACTBHe.

Caencteue. Ecau cnpaBeannsn ypaBHenHs Siinepa ans 6es-
BHXPEBOr0 HeCXKHMaeMOro TeueHus, To H3MepenHoe 3Hauenne Cp He
ROJXKHO 3aBHCETb OT Pa3MepoB, CKOPOCTH ABHXKEHHAI H MAOTHOCTH
IKHAKOCTH.

QaxTHuecku, BBHAY napagokca Jlanam6Gepa, 3TOT pe3yJbTaTr Me-
mee HHTepeceH caM no cefe, a HHTEPECeH B KauecTBe HJUIIOCTPALHH
paxHoro Meroaa. OaHako npHBelEeHHHeE PacCyXAeHHS paBHbHIM 06-

a3oM npuMeHHMbl K TeueHHAM )Kykosckoro (§ 8), k «caegam»!)
&npxmq)a (§ 39), x Teuennsam leanMroasnua — Bpuanmosna (§ 47)
B K TeODHH BHXpeBHX aopoxek Kapmana (§ 56). Ilpunuun uuep-
DHAJbLHOIO MOAENHDOBaHHA CIPaBeRNHB TaKXke A NPHMHTHBHOR
MbIOTOHOBOI KHHETHYECKON TeOpHH CONpPOTHBJAEHHS BO3AyXa M AR
KBa3HsIMnHpHueckoRA ¢opmyan Dfinepa, Buipaxaioulet n060BoO€

) To ects X KxaBepHaM. 38METHM, 4TO, MOCKO/NLKY TEOPHH Tedemnft Sftrepa
[ )<K'y)xomoro obpatumil, B npeo6pasoBanuax (22) MoXHO paccMaTpmBaTh Jaxe
<0
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CONMpPOTHBJIEHHE H MOXBEMHYIO CHAY B BHJe OnpejefeHHbIX HHTE-
rpanoB!).

Ecan npuMenuTbh TeopeMy 5 K YCKOPEHHOMY JBHXKEHHIO, BO3HH-
KalolleMy H3 HauaJbHOTO COCTOSIHHSA NMOKOS, TO MOJYYHM, YTO KO3¢-
(HIHEHT NPHCOEJHHEHHOR Macchl &, BbIpaXKaloluiics OTHOLIEHHEM 2)

b— ITpucoeannenuas macca’
T Macca nepeMeleHHOH KHIAKOCTH

onpegensiercs Gopmod paccMaTPHBAEMOro Telna H He 3aBHCHT OT
ero pa3MepoB, OT H3MeHEHHS YCKOPEHHS W OT IJIOTHOCTH JXHAKOCTH.

OKcnepHMEHTaNbHO TNPOBEPEHO, YTO MPHHUHM HHEPLHAJbHOrO
MOJeNHPOBaHHS NMPHOJIHIKEHHO CNPaBeNaHB NPH PEXHMaX, COOTBET-
CTBYIOUHX LIHPOKOMY AHana3oHy H3MeHeHuil Re. OnHako oH cpasy
nepectaer GBIThb CpaBeaJHBLIM, KOT/a MOABJAIOTCS NepeMexarouye-
csl BUXPH H TYpPOYJEHTHOCTb B IOTPAaHHUYHOM cJ10e (Hanpumep, BOAH3H
1/Re =~0,02 u 0,00005, cM. § 28).

§ 71. MoaeaupoBaHue no uucay PefiHoapaca

l'opa3pno G60abluee 3HaueHHe HMeeT NPHMeHEHHe MeToja HHCIEeK-
LIHOHHOrO aHa/H3a K YPaBHEHHSIM AJS HEeCKHMAaeMblX BA3KHX XKHI-
koctell. B 3tom cayuae, B cuny Teopembl 2 u3 § 21, noayuaercs
crefyollas TeopeMa.

Teopema 6. Ecau ypasnenusa Hasve — CTokca Oaa Hecscu-
MaeMol 8A3KOL HUGKOCTU B8MECTE C YCAOBUSAMU HECHUMALMOCTU U
NPUAUNGHUA HA CTEHKAX NPUGAUNCEHHO OnpedenslOT He3asucsaujee
OT 8pemenu (CTATUCTU4ECKU) TedeHue HUOKOCTU, TO cnpasedsuso
cooTHowernue (8).

HefictBuTenbHO, cooTHoweHue (8) BecbMa y6eaHTeNbHHIM 06-
pasoM Obii0 MOATBEPKAEHO SKCNIEPHMEHTaJbHO IJA CaMbiX Pa3HO-
o6pa3Hblx xupkocted u rasos?). Kak nokaszaHo na puc. 8, paapy-
ureHde TeyeHHs [lyaseiins B Tpy6ax AJsi BO3JyXa, BOAB H MHOTHX
APYrHX XKHAKOCTEH HacTymaeT NpPH ORHOM H TOM Xe uucae Peii-
#onbaca. [Ipu unmcnax Maxa, menpbmux M = 0,3, Ko3bPuHUHEHTH

') 3tu Teopum noapo6Ho paccMoTpeHn B KHHrax Painlevé P., Lecons
sur la résistance des fluides, Paris, 1930 u Cranz [5), ra. 11

2) Hpucoedunennas macca Tena B Xuaxoctd (ra. VI) — ato pasnocts Mexay
€ro MHEPTHOH Maccofl B XHUAKOCTH M B BaKyyMe.

8) CM. § 25 w® npuBeJeHHbe TaM CCHJIKH Ha JHTepaTypy, a Takxe [54],
ctp. 16—17. Teopuio pazpaboran Croke, [13], 7. 3, cTp. 17. Tak kak TYpGyJeHt-
Hbleé OBHXEHHS OGHYHBIX MKHAKOCTeR M rasoB AMHAMHYECKH MOLOGHE, NO-BHAH-
MOMY, MaJOBEpOSITHO, YTOOH TYPOYAGHTHOCTL MOXHO OHIO CBA33Th C KHHETH-
YecKOfl Teopuell WHaue, yeM KOCBEHHHIM 06pa3oM — yepe3 BA3KOCTb. [1010GHLIM xe
o6pazoM OujM HccnefoBaHh Macaa —Boswall R O, Brierly J. C,
Proc. Inst. Mech. Eng., 122 (1932), 423—569.
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N060BOr0 CONPOTHBACHHA cpep H WHAHHAPOB YAOBJETBOPSIOT COOT-
Howenuio (8) mpu omHOM u TOM e 3HaueHHH Kp(Re) ans Bcex
KHUAKOCTeH W NMPH BceX pa3Mepax H cKopocTsix. CoOTBETCTBYIOLIHH
pe3yJabTaT cnpaBeiJIHB JJS INOBEPXHOCTHOTO TPEeHHS IVIACTHHOK,
napanfebHbiX HanpaBJeHHIO NOTOKA.

[Tpu onbiTHO! MpOBepKe 3THX Pe3yAbTATOB HEOOXOAHMO cOGJIO-
AaTh CaeayiouiHe ABe NPefOCTOPOXKHOCTH, HHaye He o6ecneynBaeTca
MozenupoBaHue No yucay Pefinonbaca. Bo-nepBuiX, HYXKHO n0Jb30-
BaTbC MOAENSIMH C aHAJOTHYHON uiepOX08ATOCT6I0 NOBEPXHOCTEL.
3To CylUeCTBEHHO BJAUSIeT HA MOSIBJieHHe TYPOYJIEHTHOrO TeYeHHs H
Ha Tepexof B NMOTPAHHYHOM CJIOE€ OT JIAMHHAPHOrO TEYEHHS K Typ-
GynentHoMy. Tak, B6aH3H Reyxp, MOXKHO HAMHOFO yMEHbLIHTH J1060-
BOe cCOnpoTHBJeHHe cdepHl, yBeIHUHB AOJKHBIM 06paszoMm LIepOXo-
BAaTOCTh €€ MOBEPXHOCTH.

Bo-BTOopHX, TYypbyseHTHOCTe c80600H020 NOTOKA AONXKHA OCTa-
BaThC TOH JKe caMoii!), ocoGeHHo B a’poaHHaAMHyecKHX Tpybax
C 3aMKHYTHIM KOHTypoM. HaiigeHo, uto Beanunna Reyxp ans cohep
B a3pOAHHAMHYECKHX TPy6ax MOXeT yBelHYMBaThCH B 2 pa3a B 3a-
BHCHMOCTH OT TypGyJeHTHocTH B TpyOe. IlpakrtHueckoe pellleHHe
370/t npo6aeMbl 6ynet onucaHo B § 75.

MogeianpoBanne npu G6O0abWIHX uyHcaax PefiHosbaca B Manom
MacwitaGe AN GOABUWIMX CKOPOCTedt B MMOTOKE — BeCbMa HeJjerkas
3ajaua. Ecan Hcnonb30BaTh NaHHYIO XKHAKOCTE (BO3AYX HJIH BOAY)
npu arMocdepHbX YCJOBHSAX, TO BCAKOE YMeHblleHHE RHaMeTpa MO-
e’ JOJKHO KOMIEHCHPOBAThCA YBEJHUYEHHEM B TOM XK€ OTHOILLEHHH
ckopocTH. B cayyae Bo3ayxa BA3KOCTb v MOXHO YMEHbIIHTDb, HCNOJD:
3ys CXKaThil BO3AYyX, YTOGH KOMIEHCHPOBATb yMeHblIeHHe MacluTa-
6a anuH (cp. koHeu § 73 u § 75). K coxanenuio, Mol He 3HaeM HH
OIHOM XHAKOCTH, y KOTOPOA 3HaueHHe v Gbl10 66 HAMHOIO MeHbUIe,
yeM y BOAbl, XOTi MHOTHe XHIKOCTH HMeEIOT 3HauHTeabHO 6oJbliee
3HayeHve v. [To3ToMy TONBKO aspoanHaMHuecKHe TPYyOui?) paioT
9KOHOMHUHbIE MoeJH no uHcay PefiHoabaca npH MOAeNHPOBAHHH
TeUeHHH BOAH.

§ 72. MoaeaupoBanue no uncay dpyna
H N0 YHCAY KaBHTAUHH

HUHCneKUMOHHHA aHalMH3 MOXHO TaKXe NPpHUMEHATL AJA MNOJY-
YeHHA 33KOHOB MOIXENHPOBAHUS IBJIEHHH, B KOTOpHX BSI3KOCTb H

) [3], crp. 431; cM. Takke § 28, rae npHBeneHH AHAJOTHUHHE PE3yAbTATH.

%) O6 mcno/ab30BAHHH A3POAHHAMHYECKHX TPYG BMECTO T'HAPOAHHAMHYECKHX
oM. Keller C., Escher Wyss News (1940). Feau#t 8 ycnosusx cBepxTeKyuecty
(§ 20), no-swaumMOMy, He NORXOAHT,
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CXXHMAeMOCTb He HrPaioT CyLleCTBEHHOH PpOJIM, HO 3aTO HMeEeTCH
«CcBOGOAHAS MOBEPXHOCTbY, HAXOAAILASCA NMOA NOCTOSIHHBIM HaBJe-
HHeM. B uyacTHoOCTH, TakHe 3aKOHbl NIPHMEHHMbI K I'PaBHTAUHOHHBIM
BOJIHAM H K fIBJEHHIO KAaBHTAaUMH B XHAKoCcTsX. CnpaBeanuBa cie-
Ayolias TeopeMa.

Teopema 7. B 0OHOPOOHOM 2DABUTAYUOHHOM NOAE UHTEHCUB-
HOCTU g 3inepossl ypasHeHus OBuUXCEHUS W Kpaegble YCAOBUA HA
T8epdblx 2PAHUYAX, A TAKXCe YCca08ue OE38UXPEHHOCTU U Yycao8ue
Ha «c80000HOU nosepxHocTu» p = const Ha epanuye cped wHuo-
KOCTb ~— 2a3 OCTQIOTCA HEU3MEHHbIMU npu 8cex npeobpasosanusix
suda (22), ocrasasiouux Heusmennoim wucro Ppyda Fr = YigL.

HoxasateasbcTBo. B cuay Teopemn 5, ROCTaToOyHO pac-
CMOTpeTb ycJIOBHe Ha cBOGOLHOI MOBepXHOCTH p = const, T. e. ycJo-
BKe Toro, 4to6el Vp 6bl1 HOpMaleH K OrpaHHuUHBaloOlledl MOBepPX-
HocTH. [ns moKasaTeJbCTBAa YMHOXHM ypaBHeHus (23) na L/V?,
KaK npH BbIBOJEe ypaBHeHH! (28); Mbl noayuuM GeapasmepHoe ypas-
HeHHe

D L <ﬂ> _ 2y (31)
Dt Fr \ & Ox;

Tak kak gi/g ectb i-fi HanpaBAAOLMN KOCHHYC HHTEHCHBHOCTH
rpaBHTAllMOHHOIO MOJS H TaK Kak u(x, {) onpepeasier Vp, 10 Mul
nojyyaeM AMHaMHueCKOe NOAOGHe NPH NPONOPUHOHANBHOCTH Olgh-
epenyuaros xkos3pduurenTa naBieHus 2p/poV? (X0t M HeT O6bIu-
HOR NPONOPLUHOHANBHOCTH BeJNHUYHHBI 2p/poV?), ecaum TOoMbKO uHcaa
Fr 6yayT paBHbIL.

JleficTBHTENIbHO, faBJeHHEe B OKpYyXKalolleil cpese P — 310 06bly-
HOE JI0KaJibHOoe aTMocgepHoe AaBJI€HHE Pg MPH MOAEJHPOBAHUH Ipa-
BUTAUHOHHBIX BOJIH; NMPH KAaBHTALHOHHOM MOJENHUPOBAHHH HYKHO
paccMaTpHBaThb TaKxXe JNaBJIeHHE Napa pP,. DTO CTAJO BNOJIHE SICHO
auib B 1924 r, korna Toma!) BBea uHCMO KABHTALMH

P—p,
Q=i (32

1) Thoma D., Experimental research in the field of water Power, Trans.
First World Power Conf, T. 2 (1924), 536--551; cm. Takke Taylor H. B,
Moody L. F.,, Mech. Engineering, 44 (1922), 633—640. §Bxo 3To BHCKa3an
Lerbs H. na ctp. 290 B Hydromechanische probleme des schiffsantriebs,
Hamburg; cm. Takke Rossell H. E, Chapman L. B, Principles of naval
architecture, Soc. Nav, Arch. Marine Eng., New York, 1947, 1. 2, crp. 177,
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o atoro cuyutajoch OGLIENPH3HAHHBIM, YTC KAaBHTALHs 3aBHCHT OT
OAHOPOAHOro Ge3pa3MepHOro napaMeTpa

Q= 1'/:7 g (32

BXoJsillero B YpaBHeHHe (28), uTO HemocpeACTBEHHO CJEAyeT H3
OGLIYHOrO aHaju3a pa3MepHocTedi !).

ITonHblli HMHCNIEKUHMOHHBI aHaJH3 BMecTe € MpPelNoJIOKEHHEM,
4YTO KaBHTaUHs BO3HHKaeT CAMONMPOH3BOJILHO NpH p < Py, AAeT TeOo-
peTHueckoe OGOCHOBaHHe [Js1 mpeanouyreHudst ¢opmyan (32), u6o
3TO NpPeaNnoJIOXKEeHHe PpAaBHO3HAYHO TIOCTYJHPOBAHHIO Pa3pHLIBHOIO
ypaBHeHHs coctosuus ra. II1 (14):

P = Por eI p>p, (33)

P=pPp €M p=D,

Ipu 3apaunnbix P u p, npeo6pasoBande nogobus (22) He H3Me-
HfAeT cooTHoweHHi (33) TOraa U TOJAbKO TOTAAa, KOTJa OHO He H3Me-
HSIeT BeJAMyMHY Q; [J0Ka3aTeJbCTBO aHAJOTHYHO JI0Ka3aTeabCTBY
‘TeopeMbl 7.

Ilpn MoORenHpPOBaHHH MOXKHO OCTAaBHTb HEH3MEHHBIMH KAK rpaBH-
TAllMOHHBIE, TAK U KaBUTALHOHHLIE uJeHBl NMpPH JHHeHHOM Maclurabe

1:q, B3siB 115t ckopocTh MacTa6 1:1 a (OXHO K TO e g) K H3MeHAS
P takum o6pa3soMm, uto6el P — p, npeo6pa3oBuiBajJOCh B OTHOLIe-
Hud 1:a. Takoe «MozenHpoBaHHe mo yHcay Ppyna ¢ NOHHKEHHEM
JAaBJeHHS» ceffuac IIKMPOKO MCMOJb3yercsl MpH MCCAEeAOBAHHH KaBH-
TalHH CYAOBBIX BHHTOB; MOXeT OKa3aTbCH, UTO B TaKHX MOAeNsX
LaBaeHHEM Napa HeJsb3sl npeHe6peyb.

§ 73. Moaeaunposanue no uucay Maxa

Eme co BpeMen onnitoB Po6una (1747 r.) 2) u3BecrHo, 4TO coO-
NPOTHB/NEHHe CHapsila He MNPOMOPLHOHAJAbHO KBAaApaTy CKOPOCTH;
CNIeAOBATENbHO, HH OJMH CMOCO6 HHEpPUMANbHOrO MaciiTaGHPOBAHHS
He sBAsieTcs npuemaeMbiM. B o6Go3znauenusax npumepa 3 u3 § 61
Kp 3ameTHo Bo3pacraer B6Au3H cKopocTH 3ByKa. [Tostomy Kp
0o6biyHO TabyHPOBAJMH KaK (YHKUHIO U.

Bbino npusnano ¢ camoro HayaJsa, YTO NPHYHHON STOTO ABJAETCA
CXXHMaeMOCTb BO3/lyXa, HO 6oJiee pauHonanbHoe TaGyauposanue Kp
Kak ¢yHKUHH yHcaa Maxa M OTHOCHTCR JHIIL KO BpeMeHH mepBoft

1) Cm. Lorain F., L’hélice propulsive, Paris, 1932, ctp. 129. Bucking-
ham E., Jour. Am. Soc. Naval Eng., 48 (1936), 147—148; Taylor D, \‘?..
The speed and power of ships, 3-e uananne (1943), crp. 17.

?) Tlo mosoay ucropun Bonpoca cM. Cranz [9), ctp, 44—45
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MHpoBo#t BOHHBEL. Jlo Jioruke Belleil caeayer, 4to Ha [LaJbHOCTb
nojeTa CHapsAAOB JOJIXKHA BJHSATH HE TOJLKO MJOTHOCTb, YTO BUAHO
yxe M3 BbIpaxkeHHs, onpegeasioulero Kp, HO H TeMnepatypa BO3-
ayxa. OpHako siBHBIM 006pasoM 3TO ObLIO BnepBble YCTAHOBJEHO,
N0-BHANMOMY, TIOC/IE IepBOH MHPOBOH BOMHBL '),

Haunnasi npumepno ¢ 1935 r. B ¢Bsi3u Cc co3ganreM CKOPOCTHBIX
CaMOJIETOB, Aa3’POAHMHAMHKH CTa/jM HHTEPecoBaThCs MOJEeNUpOBa-
HHEM 10 uucay Maxa. AspoaunaMuueckue TpyGol, paborawowue npy
ckopoctH 30 M/cex, MOXHO HCNOJb30BaTh AJIS1 BOCIPOH3BENEHHS YC-
JgoBuil nonera co ckopoctamu ao 120 s/cex, ecam peryanposath
JOMKHBIM 06pa3oM «3ddekTHBHOe» uucao PeiiHosbaca, Ho B HHX
BOBCEe HE CKa3blBAeTCS BJIHMSHHE CHMAaeMOCTH, KOTOPOe NPOosiBAAETCH
npu G60abwux ckopoctsX. IToatomy nauunas c¢ 1935 r. aspoanHa-
MHKH H GaNNHCTHKH OGBEAHMHHAH CBOH YCHMS [UIA HU3YUEHHUS! CXKH-
MaeMbIX TeYeHHil.

BnepBble 3aKOHbl MOIEJHPOBAaHHA TNPH COXPaHEHHH YHCAA
Maxa ans NMOJHTPONHOrO ypaBHEHHSI COCTOSIHMA BhuiBes1 Jlankesel
(CM. MpUM. HA 3TO¥ CTP.) NPH NMOMOIUH HHCHOEKUHOHHOTO aHaJau3a»
ypaBHEHHH NBHXKEHHS CHUMAEMO20 HeB8A3K020 ra3a 6e3 yuera CHJ
TSXKECTH. Mbl H3JIOXKHM pe3ysabTaThl JlaHXKeBeHa B HECKOJNbKO 0606-
ILEHHOM BH]I€.

Og@pauiasicb CHOBa K TeopeMe 5, Mbl BHIMM, uTO ypaBHeHHe He-
pa3pLIBHOCTH HHBAapHAHTHO OTHOCHTEIbHO BCeX npeoGpa3oBanuil
nogo6us. OueBHAHO Takxke, uTo J0G0e 3aRaHHOEe YpaBHEHHe CO-
crosiiust (30) He H3MeHseTCs HM NPH KAakoM npeolpa3oBaHHHU, KO-
TOPOE He H3MeHsleT p U p B COOTBETCTBYIOIUUX Toukax. CtaJjio GbiTh,
OHO He U3MeHsIeTCsl, B YaCTHOCTH, NpH npeo6pa3oBaHUaX

X;—>0x;, t—>af ecid p,p,U He H3IMEHAIOTCH. (34)

HHcnekuuonHblii aHaNu3 yka3blBaeT, 4TO B ypaBHeHHsax (23) caa-
raembie Duy/Dt = ) u, 0i,/0x, + 0u;/0t w dpledx, npu npeobpa-
3oBaHuu (34) o6a ymHoxkaioTca Ha l/a. B pesynbTate nosayuyaem
Teopemy.

Teopema 8. Ocno8Hble ypasHeHUR CHUMAEMO20 HEBA3K020 Te-
YeHUA UHBAPUARTHOL OTHOCUTEAbHO npeobpasosanus (34).

Kak nokazano B ru1. I, 3TH OCHOBHbIE YpaBHeHHS He ONpeensioT
KOPPEKTHO NOCTaBJIEHHYIO KpaeBylo 3ajgauy. [1o MeHbliei Mepe He-

'y Darrieus G, Mem. Art. Frangaise, (1922), ctp. 242; Hilliar H. W,
Dept. Sci. Res. Exp. Report RE 142/19 (1919). Darrieus yTBep:aaer, 4To H3Me-
HeHHe J[a/JbHOCTH MoJieTa MO 3TOA NpHUHHE MOXKeT COCTaBiATbh npuMepHo 1%.
Pa6ora JlaukeBeHa, UHTHpPYeMas HuXKe, HaneuaTaHa cpasy nocae pa6ote Dar-
rieus, O60CHOBaHHOCThL MOZENHpOBauWA Nno uncay Maxa nokasan Bucking-
ham [48], ctp. 275—278. O npaktaueckoit cropose gena cm. Kent R. H,
Mech. Eng., September 932,
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o6xoauMo 106aBHTb K HMUM ypaBHeHusi Pankuna — lloronuo aas
yaapueix BoaH (§ 14). Oanako NOCKOJMbKY nochelHHe ypaBHEHHS
MOXHO BbLIBECTH H3 YPaBHEHHsl COCTOSIHHSI M 3aKOHOB COXPaHEeHHs
Macchl, KOJHYeCTBAa ABHXXEHHS H 3HEPrHH — a 3TH 3aKOHbl He H3Me-
HAIOTCA npH JAob6oM npeo6pasoBaHuu Buia (34), — To npousoiiner
COOTBETCTBYyIOllee H3MeHeHHe Macwitaba M B ypaBHeHHsaAX Psi-
KuHa — Tlorouuo.

3akoH u3MeHeHHs Macwitaba (34) cnpaBensiuB TaKXKe B TEOPHH
YyNpYrocTH, TEOPHH NJIACTHYHOCTH H B JMHAMHKE B3PbIBHLIX IpoIlec-
coB '); oH Ha3BaH 3akoHoM KpaHnua. Boo6uie on cnpaBeasius Bceraa,
KOT[la TeH30p Hanpaxcenut ecTo QYHKyus TOAbKO 0T Oegopmayuu
H He 3aBHCHT OT ee CKOPOCTH, U BCSKHI pa3, KOria B HEKOTOPOM
HanpsiXXeHHOM COCTOSIHHH 0CBOOOXJAaeTcs onpejesieHHas (B pacue-
Te Ha eAMHHIY 00beMa) XHMHYecKas 3HepPrus, Kak 3To Tpebyercsi
B ycaoBuax Uenmena — )Kyre ([6], § 87). JTlioGonbiTHO, 4TO 3TOT 3a-
KOH CAPaBeNJIMB TaKXKe B PeAATUBUCTCKOL MeXaHHKe MHIKOCTeH.

HexoTopble aBTOpEl XOTeIH € MOMOLILID YAaCTHOrO HHCMEKIH-
OHHOro aHaJu3a 060CHOBaTb MOJeNHpOBaHHe 1o yHcay Maxa. [Tyctb
c=YVdpjdp o6o3nauaer JIOKAJbHYIO CKOPOCTh 3BYKa, H nyctb C—
CKOPOCTh 3ByKa B HeBO3MyllleHHOM mnortoke, Torapa, ecau npene6-
peub CHJaMH BI3KOCTH H TSXKeCTH M 0603Haunte M = V/C, 0 coot-
HouleHHe (23) mpuMeT BHI

du; u,’zdu; | (c )2 ap

7[’_+E 0xy +W C ] pox =0. (35)
310 naer caeaywooulee NpaBaonofoGHOe MPaBHIO: Modeauposarue
npu nocroaxHom wucse Maxa, 4TO AN NAHHOTO HEBO3MYILEHHOrO
NOTOKAa 3KBHBaJEHTHO npeo6paszoBanuam (34).

Oxnako B o6uieM cayuae 3TO NPaBHJIO OKA3bIBAETCH AONHLIM,
€C/IH PaccMaTpPHBAThL PasjiMyHble ra3pl (rassl ¢ pa3HbIMH ypaBHe-
uuAMH coctosinus (30)) MM paxce OJHH M TOT XKe ras, HO NpH pas-
JAMYHHIX TeMnepatypax M AaBienusaXx. CpaBHHM, HanpuMep, AHHA-
MHYeCKH Mofo6Hble 6apOTPONHbIE TeUEHHS ra3a, y KOTOPHX YCJAOBHS
CBOGOLHOrO MOTOKA OTHECEHbl K ABYM TOUKAM Ha OXHOH H TOH XKe
apuabate. B cuny ypasnenuit (22), BeJHYHHH U H p BCIOAY YMHO-
KAIOTCA Ha NocTosiHHble MHOXHTeqH. [lostoMy B cuay ypaBHenus
(35) gradp yMHOXKaercs Ha NOCTOSIHHMIA MHOXHTeNbL a(a), rae
o — OTHOIIEHHe MJIoTHocTe#t B cBoGogHOM noToke. CiefoBaTeNbHO,
ecnu F(p) = p(p) — ps (ps— RaBieHne B CBOGOJAHOM [OTOKE), TO
F(ap)/F(p) = a(a) He 3aBucur ot p. Takum o6pasom, aas Bcex
p, p’, a cnipaBeanuso F(ap)/F(p) = F(ap’)/F( ’). Ho 310, oueBHgHO,

1) Cm. [10], crp. 195; Schardin H., Comm. Pure Appl. Math., 7 (1954),
223—243,
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SKBMBAJIEHTHO COOTHOINeHHIO (16) u3 § 64. Orciona no teopeme 4
F(p) = kp¥ u, cnenosarenbHo, cnpaBeisHBa Caelylolas TeopeMa.

Teopema9. [as 1020 4TO6BL MOGCAU CHCUMAEMBLX NOTOKOS NO
yucay Maxa 6oian Qunamusecku nodobrer npu A0bbix Ycaosusx 8
HEBO3MYUWEHHOM NOTOKe, YPABHEHUE COCTOAHUA QOAMHO umeTs cne-
YuanbHoll 8uo:

p = kpy—+ const. (36)

ITpu atoM aoctaTouHO, yToGBl ¢ GBIIO ONHHM M TeM e BJ0Jb
Bcex aauabatuyeckux KpHBHX. O6GoblienHe Ha HeaanabaTHuecKHe
TeYEeHHsI OUeBHIHO.

JilnuHeapuszoBaHHOe MoJelHpPpoBaHHe no Maxy.
Wutepecuniii npumMep a@hHUHHOrO MOAENHPOBAHUS JaeT JHHEAPU3O-
BanHoe npubamxkenve (IIpanaras — I'mayspra) craunoHapHoro
c)KMMaeMoro oOTeKaHHs TOHKHX TeJl, yxe onucanuoe B § 10—11.

Boamyuenue ¢ norenuuana ckopocreit U = ax + ¢(x, y, 2) yno-
sneTopsier Auddepenuransiomy ypaeHenuio [ra. I, (14*)]

(M?_ 1) ‘Pxxchyy"*_chz’ M=

B Jdossyxkosom cnyuae (M < 1) OHO 35KBHBAJIEHTHO YPAaBHEHHIO
v’2 o =0, rae V2= 02/0x"? + 0%/dy? + 0%/02% u )C'=X/V1 — M2,
B CHJY Yero 3ToT cayuail aguunbim npeobpasoBaHueM CBOAHTCH
K CAYual0 Hecxumaemozo NoToKa.

B csepx3syxosom caywae (M > 1) Mbl noaoGHHIM xe 06pa3oM
NPHBOAKM 3TO YpaBHEHHE K BHAY

92 1 02 0? M2 1
B8} oy an

a
¢’

@37

yTo NpejcTaBaseT co6oi 804HOB0e ypaBHeHHe. B oGoux cayuasix
Mbl TIOJIyudeM npu COOTBETCT8YOWux uuciax Maxa agpunno no-
Jdo6Hole Tewenus 0asn agpunno skeusarentnolx modesed. Cayuait
3BYKOBOH CKOPOCTH HYXHO paccMaTpuBath otaedbHo  ([10],
pasz. 9.6).

TakuM obpaszoM, aaa apdHHHO MOACGHBIX TEUEHHH H3IMeHeHHe
aHayeHHss M 3KBHBaJleHTHO (mo Kpaiued Mepe B Teopuu!)) uaMe-
HEeHHIO «OTHOIUeHWs] TOMIHH», CnegoBaTeIbHO, 33 HCKJIOYEHHEM
O6LIKHOBEHHOrO MOAENHPOBAaHHA mo Maxy (35), MOXHO H3MEHSATh
Maciutabpl B ABYX NEPNEHAHKYJISPHBIX HANPAaBJEHUSIX He3aBHCHMO
OPYT OT ApYra, TaK e KaK B TeOPHH AJIMHHBIX BOJH.

') Vunteisas § 12, K 37Ot TEOPHH HYIKHO OTHOCHTBCH HECKOJbKO KPHTHYECKH,
Ona He paccMaTpuBaeT YR3PHBIX BOJIH,
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Monenuposanue gfBORHKX coynapenuit'). [peot-
pasoBaHHe PaCCTOSIHMA H NJOTHOCTH B OOPaTHOM OTHOUIEHHH NPH
COXpaHEHHH CKOPOCTH H TeMnepaTyphl

x‘-nzx,, t—)at, u‘_’up P"’P/a) e—>o

o6najfaer HeKOTOPbIMH HeOGHIYHLHIMH CBoWcTBaMH. B coBepuieHHOM
raze (§ 3,14) oHO coxpaHfeT HEH3MeHHLIM YAEJNbHYIO TenjoeM-
KocTb C,, afna6aTHYeCKYI0 MOCTOSHHYIO 1 H CKOPOCTb 3BYKa B OK-
pyxaioueit cpexe C. CnemoBaTesbHO, OHO COXpaHsieT yncno Maxa
M =YV/C.

Kpome Ttoro, 3To mpeo6pa3oBaHHe corJjacyeTca H ¢ KHHeTHue-
CKoit TeopHeill rasoB, ec/lM PacCMaTpHBATb TOJAbKO ABOHHbIE COyla-
peHusi MosekyJs. CnefoBaTesbHO, OHO COXPaHSET HEeH3MeHHbIMH Bsi3-
KOCTb M, MPOBOAHMOCTB %, a CPeHIO MJHHY cBOGOLHOro mpoGera
MOJIEKYJIbl A H3MeHsieT B OTHOWEHHH | :a. 3HA4YHT, OHO COXpaHseT
Takke uucao Peitnoabaca Re = Vip/p, uncno Ilpauaras Pr =
= Cyu/x n uucno Kuyacena A/L. Takum o6pa3oM, oHO NPHroaHO
AN MOIENHPOBAHUSA CIKHMAEMOCTH, SIBAeHHH yAapHLIX BOJH, siBJe-
HUH BSI3KOCTH, MOBLILIEHHS TeMNepaTypbl BCJeJCTBHe HArpesa Io-
rPaHHYHOTO CJIOS H sIBJIEHHA B pa3pexxeHHOM rade (GoJbwas cpea-
HfAS JJHHa cBoGoaHoro npobera).

Haxonen, naHHoe npeo6pa3oBaHue COXpaHsieT BCe BTOPHYHhIE
npouecchl XHMHUYECKOH KHHETHKH, C/1el0BaTeIbHO, OHO NMPHTOAHO AJs
MOJIe/IHDOBaHHSl MHOTHX SIBACHHH, pacCMOTpeHHHX B § 34, KoTophlie
He YKNaAHBAalOTCH B PaMKH MeXaHHKH KOHTHHyyma. C apyro#i cTo-
POHHI, OHO MMeeT To 6OJbILIOE MPEHMYLIECTBO, YTO MO3BOJSET BOC-
NPOM3BOAHTL MYTEM MOAENHPOBAHHS MHOTHe a3pOTEPMOAHHAMHYe-
CKHe fIBJIeHHsI, TIpOTeKalolllie B BEPXHHX CJOSIX aTMochephi, npu HC-
NLTaHAAX HA MOJAeJAX He6GOJbLIMX Pa3MepoB BOJIH3H NMOBEPXHOCTH
SeMJIH.

§ 74. AcumMnToTHYECKOE M3MeHeHHe MacuiTaba

AddunHoe MolenHpOBaHHE — KaK M B TEODHH TOHKHMX Tea—
MOXHO (OpPMaJbHO pacCMaTpHBaTb B PaMKax aHanu3a pasMepHoc-
Tel, NPUNHCHIBasl Pa3Hble «Pa3MEPHOCTH» AJNHHAM B pa3HbIX Hanpa-
BJEHHAX 2),

Onnako ropa3fio Gojee JeficTBEHHBIM ABJAAETCS MeTOJ KHHCReK-
LMOHHOTO aHajH3a, KOTOPHH NOKa3hnBaeT, YTO TAKOH «aHanNu3 pas-
MepHocTeil» 06bIYHO paBHOCHJEH 0co6of Teopuu 8o3mywenud, T. e,
ACHMINITOTHYECKOMY MHCNEKUHOHHOMY aHaJH3y.

1) HeonyG6aukoBaHHas %Gon aBropa B dkkepmana u3 AVCO Corp,

H Cu. Williams ., Phil. Mag., 34 (1892), 234—-271; Moon P,
Spencer D. E, J. Franklin Inst., 248 (1949), 495—522, Yacro meToan B03e
MylleHHA caMi He MOryT OnTb CTPOro 0GOCHOBAHHL,
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Mb paccMoipean cayuail JHHeapH30BAHHOrO MOJEJKPOBAHHSA
no uHcny Maxa. Cefivac M NpHBeJeM HECKOJbKO NPHMEpOB MPH-
MEHEHHS! TOH e HIeH.

Buite Moxer, HauGosee BaXKHLIM NPUMEPOM CJYXKAT ypaBHEHHS
nozpanu4unozo cnos TIpaHaTAs QA JNTaMHHADHOTO TeyeHHs BOJH3H
raaakon TBepaoit rparuMun (§ 27). Tak, crauMoHapHOe nJocKoe
TeyeHrHe B norpauiuHoMm chaoe ompegeasercs [ra. 11 (14)] ypasnue-
HHSAMH

du du 1 dp % du ov
Hx TV oy T o ox ="y ax Ty =0 (38

H KpaesbiMH ycnosuamu u(x,0) =0, u(x, ) = .

OTi ypaBHeHHs, BbiBeleHHble B NPHOJHKEHHH, KOrZa TOJLWHHA
NOrPaHUYHOrO CJIOA CuHTaeTcsi OECKOHEYHO MaJjiof, HHBAPHAHTHH
OTHOCHTEJILHO rpynnel apGUHHHX npeo6pa3oBaHHA BHAA

x—>px, y—>By, u—->u, v, (39)

a2 TaKXe OTHOCHTEJAbHO TPYNNH, onpejensiouleldl MOAENHPOBaHHE
no uxcay PeiiHoabaca.

HOpyroit npumep naer Teopus G6e3BHXPEBHX TIPABHTALHOHHBLIX
BOJIH B MEJKHX BOJOEMax C MeaJeHHO H3MeHslouleAcs ray6uHoR A.
B camom rpy6om npubauxeHHH CpPeAHSA CKOPOCTb YacTHUW u(x, f)
B 3THX <BOJHAX Ha MEJAKOBOJAbE» JJf ABYMEPHOTO [BHXKEHHH
[58, pa3a. 2.2] yaoBaersopsieT ypaBHEHHIO

Uy =g (hit)ex. (40

HacTHHA HHCNEKLHOHHbIA aHaJH3 MoKa3nBaeT, uto ypaBHeHHe (40)
HHBAPHAHTHO OTHOCHTEAbHO NpeoGpa3oBaHuA

t—>Bt, h—>p"’h (41a)

npu mo6om B > 0. Tak kak ypaBHeHHe (40) 0ZHOPOXHO H JIHHENRHO,
TO OHO HHBAPHAHTHO TaKXXe OTHOCHTENbHO npeoGpasoaaHHﬁ

u—>3w—+s npu aO6HX $>0 H e (416)

Kak yxe 6b10 oTmeueHo B § 15, BOJIHB Ha MeJKOBOAbe MOXHO

NPeACTaBHTL 60Jiee TOYHO YPAaBHEHHAMH NMOJHTPONHOrO TeYEHHs NPH

= 2. U3 ckasannoro B § 73 caeayer, 4To OHH HHBAPHAHTHHl NpH
Bcex H3MeHeHHsAX Macwralba BHAa

X—>ax, t—>at, u—>u, p—>kp. (418)

B ra. V Mmbl nokaxeM, Kak ¢ NOMOLULbIO TaKHX TPYNN MOXHO MO-
RyyaTb B fIBHOM Biie YacCTHble DelleHHs KpaeBblX 3afau.





