§ 7.12. BJO;KEHHBIE ITPAMOYTONBHUKY. JIEMMA BOPEIA 251

Mu . fokasamy, 410 A aioGoro e > 0 Hafimerca & > 0 Takoe, uTO KoOMNm
7 " - . < .
CKOPO X4 Xo € A H BLITIOJIHAETCH HePABEHCTBO (3), aBTOMATHYECKA NMeeT Mec-

10 HEpPaBEECTBO (’4)‘. HHade roBops, MBI JOKA3adH, 4TO HPOJOJKEeHHAA (yHK-
A f paBEOMepHO HermpepoisEa Ha A. Ho T0rga oHa HempepeiBHA B JT060i
T09Ke A. .

[pyroro ynoslTeTBOPAIINETO YCIOBHIO TeOPeMBI IIPORONKEHHSA He MOKer
ObITh, HOTOMY 9TO eciu Gbl MbI B KakoU-HHOYAb Touke X' A — A monomunu f
He paBHOH mpefiely lim f(x), To-f 6uia 6bl paspeiBHOE B ar0f TOouKe. Teo-

x—x0
peMa JOKa3aHa.

IIyets G < R — OTKpBITOE MHOECTBO H G — ero 3aMbiKaHue, a f— He-
upepsisHag ‘Ha G ¢yHKNuA. B HeKOTOPHIX TodYKax rpaHmmpl I' MHOKecTBa G
MOKET OK&3aTHCA HEeBO3MOXKHEIM 3aJaTh TY IUIH NHYI0 JACTHYI0 HPOH3BOXHYIO
ot f; Hanpruep, ecan G ecth Kpyr o: 2% + ;llz <14, 10 B 10uke A = (0, 1) ero

IDRHIIEI He HMeeT CMBICIA IMPOHIBORHBA f, OT OUpeNeNeHHOH Ha ¢ PyHKIUN

f(x, y),— cocegame ¢ A TOYRM B HANPABISHHM OCH z He IpHHANIeKaAr d. Op-
HAKO HHOITA MOKHO BBECTH 000C6NIeEHOe HOHATHe YAaCTHOW MPOM3BOXHOU OF f
1o nenpepsiHocti. Ecaii Hama QYHKOUA f He TONBKO HempepslBHa Ha G, HO

uMecT HA G wWACTHHe NpON3BORHEIe 7= (f=1,...,n), PABHOMEPHO HempepLis-
j .

ubie Ha G, T0, MOJL3YACH TeopeMoi 1, aTH mOCTeAHIlle MOKHO TPOAOIKHTL IO
HempepsiBEOCTH 1 Ba G — G = T — rpammny -G. 3T DpPOAOIKeHNs OOLIYHO Ha-
3LIBAIOT COOTBETCTBYIOIIMMHU YACTHBIMHA HPOH3BONHBIMU OT f Ha [, XxoTA 310 yme
OymyT, BooGie TroBOpA, 0Go6ujennble npouseodnsie, ‘Ho eciau Kakam-BHOYAH
rouka z° e T pgomyckaer omnpepmeienue o0bI9HOE OXHOCTOPOHHEH IPOMBBOAHOM
(mpasoil WInm NeBoil), TO HOCTEJHAA COBHAJAeT B DTOH TOUKe ¢ COOTBETCTBYIO-
uieii 06o0mennoi nponapoxnoii. UroOu yGeanThcs B 9TOM, ofpariMcs K Ha-
nieMy OpnMepy ¢ Kpyrom o. Jasa Touru B = (2% y°), z, >0, |¥°| < 1 rpa-
HOIBT G UMEEeT MeCTo :

0 h O —f (22,0 .- ' ) :
1 (2® = %’...)h f(x y):fx(xo——-eh,yo)»fx(xo,yo), b0, h>0,

rje- copaBa B KayecTBe Ipefela CTOMT ofoGmennas npounssopnas. Ho Torpa,
OUeBIJ(HO, CYMeCTBYeT paBHAsA eil o0brumas Jesasa mpoussonmas oT f B (2% y%).
B pampmeidmem (cM. § 19.8, Teopemst 1, 3, 4) mHOKa3biBaeTCH, UTO ecam
(n — 1)-Meprag rpaumua ' ofiacrm G (manm ee 4acTh Y) HempepsiBHO au@de-
pennupyeMa r pas, To PYHKUHIO f, PABHOMEepHO HeIPepHIBHYI0 Ha G BMecTe CO
CBOUMH IIPOM3BORHEIMH A0 WOPAAKA r BKJIIOUHTENBHO, MOMKHO WPONOIKHTHL 34
npefeant I' (wim.y) ¢ coxpamenvem auddepeHUHaNBHBIX cBocTB. B wacTtmocTH,
B0 BCex TouKax I' (mmn y) uponoimmernnas Qyunkuns f(z) GymeT mMers oGHIYHbIE
HeOpPepHBHBIE YACTHBIC [IPON3EBO/IHEIE /10 MOPAAKA r BRIIOUHTEIBHO.

§ 742, JIemMa 0 BIOKEHHBIX HPAMOYTOJbHHKAX
_n nemma Bopean '

Jdexma, Hycre 3adana nocaedosareibHOCTs NPAMOY204bHUKOE
) _ o '
Av=1{a;" <ax; b}, j=1,...,n0 (k=12,..)

caowcennvlr  Opys 6. dpyea  (AyD Auyy), ¢ Ouamerpon dy =

n
== ‘/ ; (b;k)'r— a}k’)'z, crpemawunmca k nyao (d, - 0), Tozda cy-

1
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wecreyer eduncreennas roura X° :(x‘l’, ..., 20 R, npunadaencn-
was ecem A,

HJoxraszatexncTBo. M3 ycrosma neMMsl cliefyer, 49To OpH
KaKIoM j=1, ..., n oTpe3sr: [a}k), bgk’] (k=1, 2, ...) saomenst
Jpyr B Apyra H INHA HX CTPEMHTCA K HYJI0 Opu k — oo, m03TOMYy
B CHIy AKCHOMBHI O BJOKEHHBIX OTPe3Rax /UIfA Ka;A0ro j CyulecTBy-
T e[UHCTBEHHOE 9HCJA0 X, HPUHAIEKALIee BCeM 0Tpe3KaM [a}"’, by 1
(k=1, 2, ...) oguospemenno. Touka x°, mMeIOmMAasn CBOHMH KOOpIH-
HATAMK 3TH 9HCIA, OYEBHJHO, ¥ €CTh Ta, O KOTOPOHl TOBOPUTCA B
JeMMe.

Jdemma Bopeas*). Iycre neroropas 6eckoneumas cucrema
OTEpPUITHLT MHOXecT8 V (nanpumep, oTEPuITOIX KY608 Ul wLaApoe)
nOKpbleaeT 3aAMKEHRYTOE  O2panuvenHoe mHowecrso E < R. Tozda
€ 3TOU cucreme CYWecT8YeT KOHEUHOe HUCAO YKASBAHMbLIL MHONCECTE
V, ece ace noxpuisarowuzr E.

Hoxaszareanbcrso. Tak kak mmoskecTBo E orpammueno, to
cymectByer .Ky6 A < R, xoropomy mpunajiessur E. JlomyctaM, wqro
JeMMa HeBepHa. Paspennm A na 2" paBusix wacTuuasix Ky6os. Torua
cpeau IOCNefHUX, 0YeBUHO, 00A3aTEJIbHO HAUMETCA TAKOH, KOTOPHIX
" MBI 0003HaUMM uepe3 A,, uTo Teopema mA Mpoxntectsa EA, Tanke

HesepHa (I06Gafg Komeunaa cHCTeMa MUOMKECTB V He TOKpHIBAaeT
EA,). Pasnexnm A, Ha 2" pasbix Ky0oB; cpefn HHX laiiieTcs cHoBa
TaKoil, KOTOPHIA MBI 00O3HAUHM uepes A., 4TO WIA Muo:kecrsa EA,
TeopeMa HeBepHa. IIpOJO/KHB 3TOT NUPOLECC HEOIPAHHYEHHO, HOJY-
MUM CHCTEMY BKJIIOMEHHBIX APYT B apyra xy6os A, DA, >..., nua-
MeTPHI KOTOPHIX CTPEMATCA K HYNIO, TAKHX, 4TO A8 Muoskectsa FA,
(k=1, 2, ...) Teopema nesepua. Cymectsyer (B cuiy mpejbinyimeir
aeMMbl) touka X' & R, npunamiekaman sceM A,. B cmay samrmy-
Toctn E ona mpusagne:xutr E ¥ DOTOMY LOKPHITA HEKOTOPHIM MHO-
skectBoM V, mameit cucremsl. Tak wark V, — OTHpBITOE MHOMKECTBO,
To Ay < V, npu Heroropom goctaTouno Goawwmom k. CaegosaTensho,
EA <V,
Mol nppmaE K DpPOTHBOPEUHIO, NMOTOMY 9TO, € ONHOH CTOPOHHI,
EA, poxpsiBaercs oaHmM MHOKecTBOM V,, ¢ jipyroi,— me cymect-
ByeT HHKAKOI KOHEWHOH CHCTeMBI MHO:eCTB V, moxpsiBaromux FA,.

§ 7.13. d)vopmyna Teiinopa

PacemorpuM dynrumo f(x) = f(z,, ..., z,), 3apanuyo ma oTKpH-
TOM MHokecTBe 2 < R, m MMewomywo na () HenpephisHbie YaCTHBIE
NPOM3BOJHEIE TOTO HMOPAIKA, KOTOPHIH HY:KeH, ITOOBI BMeIH CMBICH
¢opMyIBI, 0 KOTOPHIX OyAeT MATH peus Hike.

*) 9. Bopeas (1871—1956) — ¢dpanmys3cKrii MATEMATHK,
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; 0 0

Bapurcupyem rouky x° = (2},...,23) < Q & nyer 6 >0 ecrn
JloCTaTOYHO MaJjioe UMCIO0, YToOH BCe Toukm X = (Z), ..., Z,) U3 ee
OKPeCTHOCTH

0= x1 =)/ Bles— i) <8 (1)

LpHHajeRaim Q.
Beenem Bcnomoraresibuyio (bymm;mo '

F ()= f(x*+ t(x — x%) = f (2} +-t(x, —2}), ..., 2% + t(z,— "))

or nepemennoii t & [0, 1]. Taxum obpasom, MbI BpeMenHno (GEKCHpYyeM
emte TOYKY X M3 OKPeCTHOCTH (1). Opmaxo BIOCH/CTBIM X oynem
CYATaTh nepeMenHoi, O4eBUIHO, YTO

Fl0) =fx"), FQ1)=f(x). (2)

CoraacHo TeopeMe 0 npouano;mon CTOKHON Py HKI MK

t)—-E(xj ) 2L (x0 4 1 (x — x9)), (3)
i=1 ’
TaxuM oGpasonm,
F(0) = E(x] =) 7% (), (4)

Nanee,

() = 2 (x, — )Y (o) 2 g, (0 4 (x— x0) =

h=1

; 2 (25 — 25) (an — 23) 55 - (€ + tx—x) ()
n

\/J,a

%, — 23) (2n — a3) afjgx,, (x9). (6)

F(0)= 2

Paccyxjan mo MHLYKUHM, MBI HPHAEM K HPOM3BOXHON

Ry (t) = Z e 2 (le»— x?l) . (-7?;1 - x],) 3'f(§x%t(:z0:jj ) (7)

j1=1 .7.121 . it

¥ ee 3HavenuIo npu ¢t =0:

n

FO(0) = Z A(xh a,l) .(le—x%)z%.l (8)

=1 Q= B
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HYCTB f ummeer Ha () HempephIBHEE YAaCTHEIE nponano,uﬂme a0
nopanka ! swmodntensmno. Torma F \Meer  HepepHIBHEI® OOBIKHO-
BeHHbIE IIPONM3BOTHBIE 1O { [0 TOTO Ke HOPAAKA | BRIIOIUTENBHO.
Ilosromy mmeer Mecro pasiosxenme mo ¢gopmyse Telmopa anuA ofHoii
IepeMeHHOH:

vl ’
F(t) = 2% 0) £ (1),
. 0

e r(t) = (t’/l!)F(”(Ot) 0<o<1) n. 0 saBmenr or £ u £ Orcwona

T
L

F(t)= X F®(0) + R, Bl(x)__r,(l)__ LFY ). (9)

Cne;{ona'reum{o,

100 =B B B =) oo o1 o) g R,

| | (10)
R o (o 1 8 (x— x%)
R(x)=+N . O\ (g — a0 )

(%) =5 jlél jlzl (xgl xgl) (x], xn) or;, .. 92y,
(1)

ITo U ecrh (i)op\[ywa Teitnopa PyHKHUE 7 mMEPEeMEHHBIX B OKpe-
CTHOCTH TOYKIT x’ ¢ .0CTaTOYHBIM WIeHoM R, B ¢opme JIarpaHH{a

Hano mMeTs B BI(Y, 9TO CPERN 1eHoB KPaTHOMH 6yMMBbI 2 Z

) - Jl-1 ]h—-

B (10) mMeoTca pasuble Memay coboit. HanmmeM Heckospko wnenoB
¢opmyasr Teiopa B cayyae ABYX MEpPeMEHHBIX!

(o) = 1 (ahad) + (7). (21— =) + (72, (22 — D] +
+%U%)m—a>+4mw)m-ax% #) +
() ]+ (= D+

+ (2, — ) 5%):—1]‘ -+ Rl:

Rz=71!—((x1—'11) + (2, — 22 0i>f O<o<).
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3/iecy IPHEMEHEeHO CHMBOIMYECKOe ~oGoznauenne:

B atE o\ -
B 4§ W~Vamf————-
) 2or, 1>2 T k=i
( 1 2 7=0 0210wy °
Guaru (), ( )a 0603HAUAIOT, 9TO B f BMECTO X HONCTAaBIAAETCA
x’, coorBeTcTBenH0 X°+ 0(x — x°).
Ilono6upiM 06pasoM B ciydae Tpex nepemeHm,Ix
1-1

fay o ) = 2 il — ) 57+ (0 — ) - +
13
+(ra = a8) g 1+ Ry

. aN. . ‘
Rl:-;!—[(xl—ﬁ)g%“*‘....+(x3"‘xg) Ex—a]ef’ 0<o<1,

rjie ynorpebiseMas CHMBOJHKA, HAL0 nosararh, ye HOHATHA Hu-
TaTeJalo.

(Dopuy.ny Teunopa MO/KHO ellje 3auucars B cne;(vlomen KOM-~
NaKkTHOU (opme:

o= % g man o,

kl€i~1

R= 3 (x"“ 7 x°+6(x——x°)) O<o<t),

And
k=l
; ) olkly
e |kl= Nk, kl=kl. kO =1, M(x)= ‘ o
1 v oz, ... 0z,

(x—x9 = (&, — )" .. (20— xii)""

®opuyaa Teitmopa owenb wacro yHOTpeonﬂeTca B CIHydYaAx 1=
=1, 2. llpu l=1 oma mocie mepeHoca B JIeBYI0 YacTh PaBeHcTBa
Jix ") nmeer BI/IJI .

f(x)-f(x°>=2(-§§)w (= a9), U2
1/ %01 x—x" ‘ '

i=1

W WPeJCTABIALT ‘coboii obobmenne OJHOMEPHOI (I)opmym,l KOHeUHBIX
npapamennit Jlarpamxa Ha n-mepuBIi carydaif.
Hpu ! = 2 oHa 3anuchiBaercs B. c.nenyxomeM BHE:

f(x) = f(x°>+“( ) (z5— 29) + Ry; C43)

§=1
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(»’fk - x{,’) (x, - x?) =

n n 2
—1y (axiax) (on — o) (01— 29) + ep?, (14)

e e > 0 mpu p* == 2, (z; — 29)*—0.

[eiicTBHTEIBHO, B cnqy HENpPePLIBHOCTH PACCMATPHBAEMbIX PO~

M3BOHBIX
9% *f
= + &y
(axkoxl)x°+9(x—x°) (d:rkﬁz'l '

rae ey~ 0 npu p — 0, nosTomy, monaras 1 = max leyl, saxmodaenm,
"

4TO BTOpOE CJIATAeMOe B npaBoit wactn (14) me mpemsimaer mo a6eo-
JIIOTHOI Beanmduue

n;;lxk—x}g”xz—x?‘=ﬂ(§|$h—w§|)2\<\nnp2.

B raxoM cIyuae ero MOKHO 3ammcath B Bume ep’, rme lel <nn—0
(p—0).
Hocnenmolo cymmy B (14) moskmo sammcats B Bmge A4 (§) =

I ~2
a°f o
= 2 2 ambr§i, THe ay=an = (m—) v B :(l'k — ) (k=
2971 ; :
k=1 =1 : 0
=1, ...,n). N '

Takam obpasom, A(E) ecrn Rsanpanmecxa;{ dopMa or n mepe-
menusix. Ecan cunrats, aro & = z, — 25 = dzp, To :

A@) =@ =33 ((,x L ) dardz,

€CTh Y)Ke BHAKOMHIl HaM Bropoii nuddepennuman ot f B Toure Xx°,
COOTBETCTBYIOI(UN HEe3aBHCHMBIM Auddepennnanam dz,, ..., dz,.

3amernM emie, 9T0 0CcTaTOK (9) (bopmvdm Teitnopa (bym{mm F(t) or opmmoit
MepeMeHHO# MOMKHO 3aUHCaTh B nHTerpanwon dopme (cM. § 9.17):

r () = j‘ (t— w)F® () du,

— 1)'

My coorsercTByeT B cuiy (7) ciepylomee BuipaykeHIe s octaTka GopMyst
Tesinopa pyHKIHH f(r) MAOTEX HepeMeHHBIX:

R(x)=r(1)= “, j(i——u)l 1 2 2 (5, —2%) - (7, — )%

51*—1 Jl =1
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7 (x° 4 u (x— ) o (x—x K '
X 0% ... 0% du=1 2 (%) o o) 5(1 — )70 (x4 u (x—x")) du.
tki=t (15)

B cuny RenmpepniBHOCTH IOALIATETPANLHBHIX Pyukumi B (15) mo (w, r) ca-
MU UHTeTPAALl CyTh Hempepsipuble QyHKmum OT mapamerpa x (cM. § 13.14, Teo-
pema 1). Boasme Toro, eciam Hama (QYHKIUA [ wMeeT B OKpeCcTHOCTH X° He-
IpepeiBHLIe mpomasofusle (I 4 §)-T0 NMOPANKA, TO 3TM MHTEIDAILE MOMKHO Kud-
$epenmuposaTs (MOJ 3HAKOM HHTerpana) s pas (cM. § 13.14, reopema 3).

§ 7.14. ®opmyna Teiinopa ¢ ocrarkom B popme ITeano.

Ennncrsennocrs
0 0 .
Ilycts B. oKpecTHOCTH Q< R,.’ TOUKH X% = (xl, ceo xn) 3aj1aHa
¢ynrnma f(x)=f(x,, ..., x.) B AIA Bcex X M3 HeKoToporo IMapa

Ix — x| <6 (umpumapmeskamero {2) mMeeT MecTo NpejcTaBieHHE

n : 1/3
f(x) = Py (x) + o0 (p") (pm[(él(x,-—x?)zJ —»0), [

rre

Pr(g = X o (x—x9"

n n _ (2)
(ak = .. hy (K] = ?4 kj, (x — x9)* = ;Izll (2 — xg)k]):

TOTJIa TOBOPAT, 4TO (PYHKN#A f pasiioneHa B OKPECTHOCTH TOYKH X°
uo ¢opmyae Teisiopa ¢ ocTarodyHBIM wieHoM B $opme Ileano. Ha-
npuMep, MBI 3HAaeM, UTO eciM (PYHKUAA | UMeeT B OKPECTHOCTH TOU-
ki X’ HelpepbiBHEIE YaCTHbI NPOU3BOJHEIE X0 MOpPANAKA N BRIIOWM-
TeJbHO, TO OHA mpencrasuma mo gopmyie (1).

Hoxaskem, 4to npegcraBienne Qysxuuu f(x) mo dopmyae (1)
©[IUHCTBEHHO, WMHAYe TOBODS, eCjid  M3BecTHO, wro | mapsgy c (1)
IIpeJicTaBieHa B. BHJe

’ k N
1= X ac(x—x)"+0(p") (00, |x—x|<8), ()
e a;; e “’:1-~--kn" HOCTOSAHHKG KO3UNUEnTs, TO @ = a,: (| k|<N).
B camom peme, Beruntas (3) ua (1), noayumm paBeHCTBO
. k N - 7

2 a(x—x)+o(p") (p>0, ou = (o —a)), (4)
KI<N
cupaserueoe A [x —x°| <8. 3adfmrcmpyem Touky X m Bmemem
HepeMeHHYI0 TOUKy z; =X'+i(x —x°), saBmcamyw - or < [0, 1.
OuesupHo, 40 Z — X' =£{(x~x") u |z, —x'| = {[x — x°|. ooromy
ecan B (4) 3aMeHMTE X HA Z;, TO MOAYUNM

0= > oy (x— x4+ o\(tN) (t—0).

KI<N

O=
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Ilonyyennoe paBeHCTBO MOMKHO 3amHCaTh B BHJE

N
0=t D ax(x—x)+o(t") (t—0).

=0 lkl=
Ho rorma (em. § 5.9, nemma) mMmeer mecro
2 ag (x—x)"'=0 (I'=0,1,...,N), (5)

k=
KaxoBa Obf mm Gputa Touka X mapa |x —x°| < 8. Wrax, paBencrso
(5) mMeer MecTo TOMAECTBEHHO I BceX X M3 YKasaHHOTO Ila-
pa. Ecim or newoit uacru (5) B3ATH UPOHIBOAHYIO NOPAAKA P =
= (D4, ..., Pn), 1Pl =1< N, 10 mOAYUUM P! 0y =0, oTKYyRa 0 p=
4910 H TPeboBANOCH IOKA3aTh.

Hpumep. Hpu 2, y—0

1 . |
Yy =g ga =gy = he e o @4yt o)) =
=t @ y) + (& b ay+ y?) +o () 2Py oy’ + o (0F) =
=1+ @+ + oy -+ 4o (-0

MBI TIONYYHITH pa3ioxenue QPyuruuu P B oxpectHoctH Touku (0, 0) mo ¢op-
myde Teilsiopa ¢ ocTaToOyHbBIM WieHoM o({p?), p — 0 B dopMe Ieano.

§ 7.45. Joxanpumii (abcomoruniit) axerpeMyM. QyHKIHN

Ilycrs Ha orkpbiToM MHOKecTBe Q < R, samana dymkunua f(x) =
= @y ..., Tn).

I'ogopar, wut0 f 00(:Tueae1‘ ceoez0 (a6coaroTHO20) AOKAALHO2O
Mmakcumysia ¢ Touke X° € Q ecam CymecTBYeT TOJSOKUTENBHOE UUCILO
8 >0 raxoe, uTo 1A Bcex TOYEK X, [T KOTOPBIX

|x—x|=/ §~(zcj+x?)2<6, (1)

¢ynrmua f(x) ompeserena m mopuEHAeTCA HepaBeHCTBY J(x) < f(x°).
Anajoruuno, . mo ompejerenuto, f docrueaer e X° ceoezo (abco-
AIOTHO20) LOKAALHOZ0 MUHUMYME, €CIH CYIMECTBYeT ee OKPeCTHOCTH
(1), ma xoTopoil (bthulm f OTIpejlelleRa M YJIOBIETBOPAET Hepaseu-
TRy f(x) = f(x°):
JIOKaubHLI . MUEMMYM MM MAKCHMYM Ha8BIBAIT AOKAALHBIM IK-

CTPEMYMOM.

- Ecow pymruusa f gocturaer B X° XOKANBHOrO 3Kc'rpemyMa H uMe-
er B Hell 9YacTHBIe WPOM3BOJHEIC NEPBOI0 HOPAJKA, TO IOCjIeHiAe
* JOIKHBI B BTON TOYKE PABHATHCA HYIIO:

af 3f (0" L0Y . (i '
(c’ix) '55;(1'1"“,111).:0 (]:1,.,.,11),
HOTOMY YTO TOTAR AJIA KaKA0TO j (PyHKIEsA -

0. 0 ) : 0
f(wh oo Zj—1y Ly x?—i—l? e xn)



4 7.5, JIOKANBHDI# (ABCOJIIOTHBIN) PKCTPEMYM OYHRIUU 2

=)
L=

OT ONHOUH TepeMeHHOM x; MMeeT JIOKAJBHBII JKCTpeMyM B :c‘} u ee

IPOMBBOHAA 1O ¥, ODH &j == Zj, paBHas (o—axf—) , - HOIDKHA PaBHATH-
/0

CA HYJIIO0.

13 cKasaHHOIO clefyeT, 4TO €CHH MBI XOTHM OTHICKATH TOUKH
x'eQ, rae [ focTHraeT JOKANBHOTO IKCTPEMYMA, MBI JOJKHBI HX
HCKaTh cpegu ToYeR X Q. rpe f nubo nme wMeeT. Kakoi-nmbo va-
cTHol MpousBONHON iubo MMeeT MX, HO oM pasHb HyNio. Hac 6yr(e1'
nuTepecoBaTh BTOPO  caydaii. HoxameM KaK MOKHO, - pazjaras
(pynKum©o [ 1O cbopmyne Teunopa yaHath, MMeeT JH Na CaMOM
jere f B yRazaHHOH Toduke X' DKCTpeMyMm W Kakoit (Makcmmym min
MHHMMYM)?

Iycrs dynruns f umeer B okpectHOoCcTH |X — X'| <8 wWenpepsin-
Iibie MPOHMBBOJIHBIE BTOPOro NOPA/IKA M ee NepBhie NPOM3BOHbIE BCO
oopamanTes B HyanL B Touke X°. Torga ee pasiomenme mo gopmyne
Teitnopa (npm I = 2) Momxer GHITH BaNHCAHO TaK:

f(x)—f(x°) = 241 ; anErds + 802' (2)
| 1 %\, o | / N e
ay; = Q= -2— 0—2"’;)';[ ’ Ek == Tp — g, e—>0 HpH P == |/ z §k1.>0’
‘ 0 R
. ﬂ .n
Keajparuseckan dopma A(§)= 2 apuEi MoHeT obnanath

OTHUM M3 CAeAYIOIHNX YeThipex csoucm : :

1) dopma A(E) crporo onpejeneHHa MOJOKUTENBHO, T. €. A(?é) >
>0 gna mobbix E = (§,, Es, ..., E.) ¢ p> 0

2) dopma A(E) eTporo ompejelieHHa OTPUHATENILHO, T, €. A(§) <
< 0 pag nwobuix & ¢ p=>0;

3) dopma A(¥) ompeneneinna, Ho He CTPOTO, T. . A(E) =0 nan
peex § mim A(E) <0 pmasi Bcex § m uwpu sroMm cymiecTyer TOYKA

—~(§1» v k) e pl = l/ZEk >0 Taxras, uto A(§') =0

4) gopma A(E) me onpeneneuna, T. e. cymechyloT TaKHe ' nm ’=”,
uTo A(§)>O A(E”) <. .
Tlokaem, uto 6 cayuae 1) gyuryus f docruzaer e x° aokans-
1020 MURUMYNA, 6- cAYiae 2) — 40KaAbHO20 MaKCUMYMA, € Cayuae
awe &) & Touke x° sagedomo mer skcrpemyma. Harowey, e cayuae
3) eonpoc ocraerca OTKpLITHIM — npU daHnol unGopmayuu gfjur?
YUA MONCET UMETb IKCTPEMYM, HO MONET U He UMETL e2o.
Hoaomam ana § ¢ p>0 n=%8/p=_(n,, .. n,.) T. e. n,*—E/p
(j=1, ..., n). Torga paseuctso (2) MoKuHO aamucaTh B BU/le :

) — f(x*) = pH( D) + ), (3
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rpe @ (n) = Z 2 apMais

> 12 B=1 (4)

=1 i=1
Taxkum obpasom, Pysrumio @(n) MBI JOIKHEL paccMaTpHBATH Ha
piaporoii mosepxuoctu (4), mpepcraBasiomefi coGoii orpanuwgeHHoe
s3aMKHyTOe MHOMecTBo ©. QueBmamo, uto ®(n) menpepmisua Ha O.

B.ciyuae 1) ®(n) >0 nwa 0. B cwiy Ttoro, uro 0 — 3aMKHYTO®:
qQrpanmieHHoe MuOMecTBO M (D(1) HeupephiBHa Ha HeM, CYIIeCTBYeT
muauMyM min @(n) =m >0, n=o.

Haxnee, Tak xax e >~ 0 mpum p — 0, T0 cymecTByeT JOCTATOUHO
“mazoe §>0 raxoe, wro mna mcex p<98 lel < m/2, Ha ocnomamin

(3) Torma mIA YKA3aHHBIX > 0 f(x)—f(x%) > p”(m — -';-‘-) =

= =5 p >0, 1. e. B TOUKEe X' d)ymcuvm { nocTuraer NOKAABHOTO MU-

numyMa

Vreepmaenne 2) jorassisaerca anazormuso. Ecam ¢opma crporo
onpejesienHa oTpunarenbro, 1o gyuxuua O(n) <0 na o, cregosa-
TeJHHO OHA JOCTHTaeT CBOero (OTPHIATENLHOI0) MaKcuMyMa Ha 0,
KoOTOpHIli MBI ofosmaumm uepes — M (M >0), Ho mus pocratouno
mazgoro 6>0, ecoim p <96, To lel <M/2 nosromy pan 0<p<<éd

= 19 < ot M) = M,

T. . f mMeeT B X" IOKaAbHBIH MaKCHMYM.

B cayuae 3) mama Qopma mua merotopoit tonkm § + 0 .o6pa-
mmaeTcA B HYyJIb, HO TOIZla B CUIY OJHGPORHBIX CBOMCTB (HOPMBI JLISA
#1060i Touky Buaa X' = at’; rme o — j06oe YHCHO, OHA TAKILE JOJHK-
HA PaBHATBCA HYHNIO. ITO IOKA3HIBAET, 9TO JUIA BCEX YKABAHHBIX
Touek X' Hama ¢opMa paBHa HyN0 M, ciegoBarenbno, f(x’+ x') —
— f(x*) = gp*. Ho 3HAK € HEW3BECTEH, HOITOMY MBI He MOJKEeM CKa-
3aTh, MMeeT [ B X' DKCTPEMYM WJIH Her.

EnuucTBenHOe, 4TO MOMHO CKasaTh IPH STUX YCJIOBAAX, UTO
ecam GopMa TOAIECTBEHHO He paBHA HYJIO W HOJOMATENbHO (1@
CTPOro) ompejielieHHa, TO B X° He MOKeT OBITh MAKCMMyMa, B,
eCIM OHA TOM/ECTBEHHO He PAaBla HYWI0 W OTDHIATENkHO (me ctTpo-
ro) oupejielieHHa, TO B X° He MOKeT GHITL MUHAMYMA.

B cayuae 4) onsite yao6Ho o6paTuTbeA K PaBEHCTBY (3). B arou
ciyuae, IO YCJIOBMIO, CYIIEeCTBYET TouKa &', mia Koropoit dopma
TIONOKUTEIbEA, M Touka E”, jaAa XKoropoil ¢opMma oTpHIaTeNdLHA,
HO TOFJa JJA COOTBETCTRYyOmmX ®M Touex M, n” O6ymyr BeImOI-
narsca Hepasencrea @ (n') >0, O(n”) <0 m npm Maneix p oxa-
erest, aro D(n’) +e>0, O(n”)+e<0, 1. e. B moboit manoit
OKpecTHOCTH X° mMewTca ToYKE X' ® X, pus Kortopeix f(x') > f(x")
B f(x”) < f(x"), a 910 o3nHayaeT, YTO B X’ 3aBeJOMO HET BKCTPEMyMa,
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CocTaBuM pA/i ITMABHBIX MHHOPOB KBajparmdeckoil gopmbi A(E):

STETIR
@y Ggs

Ay .. Qn

Ay =apy Ay = Ay = . .

Any oo« Qun

CorsacHo Teopeme CHIIBBECTpa M3 TEOPHH KBAaJ{paTHYECKHX (Pops

1) ecim A, >0, A, >0, A.>0, To dopma cTporo mOMOHHU-
TEJILHO OHpejlelienta (Cnyqau 1)

2) ecoim A, <0, A,>0, A3<O, veey (=1"A, >0, 10 PonMa
CTPOro OTPHLATENBHO onpenenenHa (caywail 2);

3) Ecoim A, =0, A,=0, .., A,=20 mm A, <0, A,=0,

, (=1)"A, =0 u umeercs j, npu rotopom A;=0, To ¢opma 3a-
BEJIOMO He cTporo ompejesenna (cayuai 3);

4) BO BCEX OCTANLHBIX CIHYJIAHX (I)opua neonpeyienenna (cay-
vait 4).

B D;ByMepI-IOM cliyuae pPaBEHCTBO (2) BEITJIAAT ciepyomuM 06-
pasom:

F (g, @) — £ (2, 20) = Y, (AE? - 2BEE, 1+ CED) + ep?,

2 : 2 a2
=(2"fi)* B=(0j§x), C‘(ﬁ)v'
axy /g 172/, _ 93/ 0

" COOTBETCTBYION[HI CI/IJILBBCTI)OB PAIl COCTOMT U3 JIBYX YJIEHOB!

A=A, A

CnenoBarennuo,

. a) ectn A>0u AC— B*>0, to { umeer B X° ManMyM
b) ecin A <0 n AC — B*> 0, 1o marcumyM;
¢) ecim AC — B* <0, 1o Her akcTpeMyMa;
‘d) eciu AC — B* —O T0 HeM3BECTHO, €CTh JIM HKCTPEMYM.

Bupouem, 9Tu aKTHI JterKo HOXYIHTH HTIOCPE/ICTBEHHO U3 Npe/i-
crasaenun (§ = (g, n) #*0)

(4t -+ Bn\2+ (4C — BY) o

A(f) = AE* + 2BEn + Cn* = (A= 0).

B cayuae a), ecan [nl >0, To A(§) >0, a ectr =0, T0 FomEKHO
661mb £ 7 0 u Toraa cmosa A(f) > 0. ’

B cayuae b), ecam [n] >0, o A(§) <0, a ectn 1 =0, To gomxHO
Goire £ 0 u torga A(E) <O. .

B ciayqae ¢) u A #* 0 moxno0, ¢ ofHOI CTOPOHBL, MOK06paTh (g, )
tak, 4to 1170 u (AE+Bn) =0, a ¢ apyroii, moxoxurs =0 u
E>0 B o6oux cayuaax Gyper A(C)%O HO pa3HBIX 3HaKoB.-Eciu

we A=0, o C++0, 10 mpuxoaum K TeMm :Ke Qakram, 3aMeHsa
A na C,

’
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B cirygae d), npu 4 %0 A(f) = (At + Bn)*/A, n Momkuo yxaszaTso
He HyleByW Touky § = (§, n) raxywo, uro A(f) =0. Tor e ¢pakr
monyauM npu C # 0, samensnna 4 ma C. Haxomern, ecan A =C =0,
T0 ¢opma A(E) —Bgn, OYeBHHO, Ileonpesenena.

Ipumep 1. f(z, y) = 24 y* — 9zy + 1. Ypasuenns gl =0, g-,: 0
: z Y
Jlal0T 71Ba pemieHmsA: g = ¥y = 3 (MWHEMYM), z =y = 0 (HeT BKcTpemyMma).

Hpnmep 2. f(a, y) = xt+ y‘——2x2+4xj——2y + 1. Tpn pewenna:
z = +}2, y = —y2 (MumumMyM); z = —V2, y = +}2 (MumEMyM); z = y = 0
(cayuaéd d, HO HA CaMOM [eJe -HeT IKCTpeMyMa).

Dpumep 3. f(z y) = zZ—ny + y*— y® Peiuenne z ==y =0 (cOM-
HuTeAbHB# ciayuail). C Apyroi cTopoHBI, 04eBHAHO, f(z, y) = (z — y2)%2 — 5,
M TaK Kak mpu aioboM & >0 f(e?, &) = —e® << 0, f(e, U) == &2 > 0, 10 dKcTpe-
.MyMa B Touke (0, 0) Her. Opnaro ppu miobwix h, k (k% k* > 0) dysruns
y(t) = f(ht, kt) nMeeT MuRMMy™ upyu ¢t = 0!

§ 7.16. Teopembl cyniecTBOBaHUS HEABHOI yHKIH

Sanamum npoussonpuyo ¢yurmmo f(x, y) o1 ABYX mnepemern-
HBIX Z, Y. [Ipupasusem ee mymio:

MHosKecTBO Becex ToueK (z, y), IVIA KOTOPBIX RBLINOJANAETCA paBei-
crB0, (1), o6ozmauum wepes M. Hyers (2, yo) EM, 1. e. f(zo, Yyo)=0

Ecan me HakIagelBaTh HOKAKNX ycIoBuil Ha f, 10 sMHOKeCTBO
M MoskeT MMeTh camylo pasumumyio npupony. Hampmvep, » caydae
flz, y) = (. — z)* + (y — yo)* MuomecTso M COCTOUT U3 O;IHON-e (ML
CTBEHHOU TOURH (I, Iy); B cayuae

f(z, Y =(r—z)—(y—y)=(@+y—z-— yo)lx —y—x + y»)

M. ecTh papa HPAMBIX, NpoxogAummx wuepes (xy, Yo). Ogmaxoe wacro
MMeT MecTo caydad, Korga M, mo kpaiiueil Mepe B JOCTATOYHO Ma-
noit oxpectroct (xy,, Yo), mpencTaBiser coboil KPUBYIO, ONUCHIBAE-
My HempepbiBHOI (0ZHO3HAUHON) DyHKIHe

y =), z< (z,— 6, x},+a>.

Bosuukaer Bompoc, Kak IO cBolicTBaM (I)ym{umx f ysmarp, uto
. HMEeT MecT) HMEHIO ITOT caydait?

Humxe mokasbiBaioTcs [Be OOIIHE TEOPeMbi, OTBEYAON[NE HA MO-
CTaBJEeHHBIH BOIPOC.

Teopema 1. Iycro 3adano ypasnenue

flz, y) =0, (1)

ydosaersopaouee caedyrowyum ceolicrearm. - .
‘Dyuryus | onpedeserna wa HeKoTOpOU O8YyMepHOI OKPeECTHOCTU
Q rouku (x°, y°) naockocru (x, y) u HenpepvisHa TaM 6MecTE CO
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CE0UMU YACTHBIMU RPOU3BOOHBIMU (nepeozo nopadka), npu arom*)
7 .
i 2
dy
u f(z° y°) =
I]Jcrb, 6a./we M ecrv mmonecrso ecex rouer (z, y), ydosaer-
eopaiowuxr ypasnenuio (1) (8 vacrnocru, (x°, y°) M),
Tozda, karoso Gt Hu Obiio b, >0, naiidercas npamoyeoibHUK

A={z—2z'l<a, ly=y'l<bl, b<by (3

npunadaexcawyuii Q, raxoi, uro mmnoxecreo MA onucvieaerca He-
npepuviéHo augﬁgﬁepenqupyemou Pynryuels

y=v@);, z=A’, (4)
0= {]z — z,] <al. 6)]

- JlpyruMm clnoBaMu, NpAMOYroisHUK A obiagaer TeM, CBOKCTBOM,
uT0 Ha ere mpoeknumu A’ Ha OCh T MOKHO OIIPEeJeNuTh HENPePHIBHO
nugdepenupyemyo - Gyurmmio (4), yHOBIETBODAIOLIYIO ypaBHe-
nuo (1):

flz, $(2)) =0, z= A",

I'padux ee moamocteio npunajiexut A. JTa QYHKIAA €UHCTBOHHA
B TOM cMbIcie, 4To jaio6as Touka (x, y) € MA HMMeeT KOOpPAIHATHL,
COSI3AHHBIE VDABHEIIOM (4). B wacrnoctu, y°=1y(z"), moromy uro
(2, ¥°) & MA.

Teopewma 1. Ilycrv sadaro ypasnenue

1« 9 =fz, ..., 2, y) =0, S0
ydosaergopiroupee CAedYouUM YCAOBUIM.
Pynkyus | onpeae.rzena Ha HekKoTOopoU okpecTHoCcTU TOUKU

(x°, %) = (xl, ces zn, Y ) npocrpancréa: R,., 7ouex (x, y)=
=&y, ..., Tn, Y) U HENpPePLI&HA TAM 6MECTE €O CEOUMU HACTHLIMU'
rpou3eodnbim (nepeozo nopsadka); npu aToMm
af : .
0 30y — (9"

Hycry, dasee, SR ecTv MHONECTEO Gcex Touek (x, ¥), yaoe./te'reo-
pawowuz ypasuenuio {(1’) (e uacrnocru, (x°, y°) =M.
Tozda, karoso 6ot nu Gblao b, >0 nauaercﬂ e Q np:moyeonbnun

A={|lz;—a <a, j=1,...,n|y—p| <0}, b<by (3)

npunadaexcawyuil Q, raroti, uro muoxcecreo MA onucsieaercs Henpe-
poieno dugdepenyupyenoi dynryued (1. e. umeoujeli Henpepvlenble

*) JlocTaTouHo NpeAnoJaarars, 4To of) = j' 20, y9) 5= 0. Orcooma B CHA
dyle Y . y
af )

HeTPepeIBHOCTH e ClejiyeT ' BHIOAHEeHWe YCIOBHA (2) HA HEKOTOPOH OK-
Y .

poctHocTH TouKE (29, y°).
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4acrHble npou3godubie)

Y= \E(x) =Pz, ..., z.), xEA", (4")
=||zj—2l|<a, j=1,..., 10l ()
HNowxaszareasctBo reopemn 1. Tak kak 3—{/ Henpepbm].ia
pa obxacTtu §, To n3 (2), ciejyer, 9To g—i HMeeT ONMH H TOT ke

siak Beogy Ha Q. [laa onpenenennocTn nycm > 0 na Q.

BeeneM 3aMKHYTHI NPAMOYTOABHUK

f -

A={lz—21<a, ly—y'l<bl, b<b, (6)
npnﬂalmemamnﬁ Q (A= Q). Tak Kax 3)-; no Henpepmmlm Ha A

H '— > 0 TO UIs1 HEROTOPBIX NOJORHUTEJbUBIX KOHCTAHT My H M,
s m,>0, |2 < m 7
51/ 1 . ox = 2° ( )

@Oynxuna f(z°, y) or nepeMe%}mﬁ Y CTPOro BOBDACTAET Ha OTpe3Ke
{y*—b, y* + bl, noromy uro 5{;> 0 ma A, n, Tak rax f(z°, y°) =0

ro f(z°, y*—b) <0, f(z°, y*+b)>0. Bceuemcrsue muenpepsiBHO-
CTH ]‘ Ha A, Haﬁnerc;{ NOJIORUTENLHOE YHCH0 a <& TaKoe, 4To
iz, b)<() flz, ¥ >0, z= A® (em. (5)).

PaCCMOTpHM Teneps A NPOU3BOILHOK (i)mccnponaﬁnon oYK
re A’ pyuxumio f(z, y) or y na orpeske [y°—b, y*+b). B. cuny

. of ;
CBOWCTB [ OHAa HeIpepbIBHA, CTPOTO BO3PACTAeT (——>O> I uMmeer

NPOTHBONONIOMHBIE JHAKH HA €0 KOHIAX, Ho rorpa cymectnyer,
H TmpHTOM efmHCTBeHHOE, Y = (y°—b, y ®+b), ML ero o6o3mauum
uepes (x), past Koroporo f(x, P(r)) =
JTeM [OKAa3aHO CYNIeCTBOBAHHE 011penene1~moi«'1 Ha A’ Pyuxummp
y(2), ymosmersopsioniell TpeOOBaHUAM TEOPEMBI, eCIH He CUHTATH,
4T0 NOKa He [I0OKa3aHa ee HenpepsiBHasg RAPEPepeHIupyeMocTD.
Hycrs z, c + Az s A%, y=9(x) u

Ay =z + Ax) — p(z).

Torma, npumenss ¢opMy’ay KoHeuHbIX Ipupamienuil Jlarpamma
naa Gysknuu asyx mepemenssix (cm. § 7.13, (12)), nonyaum

O=f+Az,y+Ay)— flx,y) =
= fx(2 + 8AZ, y + 0AY) Az + f, (z + 0Az, y + BAY) Ay
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Nian

: 0Az, BAy) -
Ay = — ficfz-i- z, y -+ 9Ay) Az (8)
fy (x +6Az, y + 0Ay)

VuutsBas, uto A = A (eM. (7)), moayuum

‘falc/fl;l <K my/m, Ha A, (9)
¢jeaoBaTreybHo,
Ax—0

qTO TOKa3bIBaeT, YTo PyHKIWA ¥ = P(z) HenpepLBHa Ha A°.

Ho teueps, pexas (8) wa Az, Mbl MoxkeM HepeliTu K mpefeny npu
Az —~ 0 n nonyuurh, YTO0 HJA J11060r0 z € A’ cymecTByer mpoumsBoj-
HasA

@, ) fulz, ¥ (2)

(o) = — 22 ¥ T : .u
V@ ==y AT n

35ech HAKO y4ecTh, YTO fx n f,, HenpepPBIBHB I f,, >0 na A.

M= fgokasaiiu He TOJIBKO CyLieCTBOBaHHE nponanonﬂon ' (x),
n BakHyio Popmyny (11), ¢ NoMOMBLI0 KOTOPOH MOIKHO BBIYHCIATH
Y (2). HenpepsisaocTs \p:(x) HeNOCPeICTBEHHO BUAHA M3 3ToH (hop-
Myibl, IOTOMY YIO fy B f, HeOpepsiBHH Ha IPAMOYTOJbHHUKE, a KpH-
paa y = P(z), HEOPEPBIBHOCTH KOTOPOH YysKe YCTAHOBJEHA, He BHIXO-
AMT 3a ero Tpefiefsl.

JloxasaTenbcTBO TeopeMsl 1’ amamormyno. Bmecro x na-
MO paccMATPHBATH X W cYuTaTh, 410 M, A, A’ ompejensAOTCA Kak B
dopmynuposke teopemsi 1° u

A={lz—af|<aly—pl<bl=Q, b<P.
Tenepsb y:ke HMeIOT MECTO HepPaBEHCTBA
lf;tjl<m21 fr'}> ml Ha E’ (7’)
H 1O AHAJOTHM JIOKA3bIBAGTCA CYIIECTBOBAHME W eNUHCTBEHHOCTE
tI)yHRup{n
y=px) =Pz, ..., z.) x=A’ (x, p(x)) =
= (24 ..., T, PXN) €A, (12)

YROBIETBOPAIOMEll ypaBHeHHIo (1). EpuucTBeHHOCTH HOHMMAETCH
B TOM CMbicHe, 4To Jgio06as Touka (x, y) € A, ynosaersepsouian
ypaBHEHHIO (1) MMeerT KOODIMHATH, CBABAWHbIe MexAy cobok pa-
BeHcreoMm (12),

ITycrs tenepn

Ay =P(x+Ax) —px), x, x+ Ax & A';
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rae x=(zy, ..., z,), Ax =(Az,, ..., Az,). Torna cornacao gopmyre
KOHEYHBIX upnpameﬁnn JIarpaH,ha M QYHRIUMM MHOIAX IiepeMeH-

nux (em. § 7.13, (12))
0=f(x+Ax, y+Ay)—f(x,p) = Zhﬂr+wxy+

+8MHMAJML+Mxy+&MM% 0<o<t,

H, CIe/l0BaTelIbHO,

’ﬂ,

- /d Y g (x +0A%, ¥+ 04y Az (8)

Ay =
f (x + 0Ax, y -+ BAg) ¢

i, B cuay (77),
' lim Ay = 0. (10")
Ax—0 _
* Janee, cumras, uro Az; # 0, Az;=0 npu j+ i, uz (8’) moxysaem
T Ay ij (B eeen @ygo & 0Az5, 2500, 000 2,0 y -+ BAY)

Al" fy ($1’ Ij 1 xj—l"eA.‘l], .’L‘j+1, cees Tys Y ..41_ eAy)v

1 mocie nepexoua K Tpefely npu Ax,-*() yunrpiag (10°) u uaro
Jx;y fy HenpepeiBuBL ¥ f, > 0, moxyunM

_z?_f_ aof ( x.ip(\t)
[ A B P : "
= T S T ) j=1,...,n). (11"
ay . oy

P (x) . ) . ’
Ilpu arom dz; HenpepHBImA o X, IOTOMY 4TO IIpaBas 4YacTh

(11'). Henpemena o X,

Teopema 2. Ecau ¢ﬁynm;uﬂ fx, y) [cooree’rcreenno f(x, wl.
ydosaereopsier ycaoguanm reopemvi .1 (cooreercreenno Teopemvr 1)
U, KpoMe T020, umeer Ha Q Henpepvigubie UACTHblE npouzseoanbze
nopﬂc?na I, o u gynryua P(z) [cooreercreenno xp(x) 0 KOTOpol
uder peuv ¢ reopeme 1 (cooreercreenno Teopeme 1'), umeer na A°
Henpepvlenble UACTHbIE NPOUsBOOHble nopadka .

Horasarenscrno. [updepennupysa (11) mo z, noxyunm

v = et v fm,
' fu

V' (7) = (m

THe, KOHeuHO, BCIOAY B UACTIBIE nponsnomme nago BMecro (x, )
noxcrasuth (z, Y(z)). IIpasas wacts 310TO paBeHCTBa——HereprB-
Basg QYHKOUA OT Z, clefoBatensno, u P~ () HenpepsiBIa.
Mpopommxasn umb(bepeﬂu;npomnne HaKOHell, MOXyYUM, YTO IHpO-
H3BOJHAN P (x) ecrb panuonambHag (PYHKHHUA TACTHHIX IPOU3BOJ-
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HBIX OT f 0 MOpARKA | BKIIOUATENBHNO W HPOM3BOAHBIX ¢, ..., V=V,
HenpepPEIBHOCTh KOTOPHIX YCTAHOBIEHA Ha TpPEABLIYIIeM sTale nn(b-
depennapoanus. Ilpu srom smamenarens npoGu, pasHOil »Tol pa-
uonanbmoit pynkuur (B cmny ycaoena f,==0), He paBen myIw.

B cayuae Teopemnt 1’ papemctsy (13) Gymyr coorBercTBOBATH
crepyiome [em. (117)]:

. fl: [,f;io-cj + wi;lf:xj] - f-”fj [fliy + ‘pv’cif;y

7 - 7
0x;dx j fy2

(i, j=1, ..., n).

Mpumep. JleBaa vacth ypasHeHHA (y — z)?'= ( 1MeeT HeNpepLIBHLIE
yacTibie [POM3BONHBIE, HO HPOM3BOAHAA W0 y HPH x = y = ( paBHA HYIIO.
310 He MemiaeT TOMY, YTO JaHHOe ypaBHeHHe MMeeT eJMHCTBEHHOE pemIeHWe
(y == z), paBHOe uyumio npu z = 0. Taxum oOpasom, TeopeMa 1 maeT TONBKO
JlocTaTouHble YCIOBMA JUIA CYIeCTBOBAHUA enuHcTBeHHou HesIBHOH (DyHKIUM,
rpaux KOTOPO# IPOXOANT Yepe3 3afanHyl TOYKY (z°, y°), BO He HeoGxoamMsle,

§ 7.147. Teopema cymecrsoBanus peHieHMs cucreMsl ypaBHenuit

Teopema 1. ITycre sadana cucrema ypaeneruii
1y vy Ty Y1y vy Y =fi{x, ¥) =0, j=4, ..., m, (1)
ydosaergopaowan ciedyioyum ceolicrean. »

Qyuryuu f; onpedesenvt Ha HeKOTO[)Ou ((n+m)—mepn012) OK-

pecrnoctu Q Touru (x°, y°) = (xl, ey xn, y,, v, ym) RpOCTpanCT8a
Buim Touer (x, y)=1xy, ..., Tu, Yty +++ Ym) U HENPEPLIEHBL TAM
6MECTE €O CEOUMU HacTHBIMU npoussodnbimu (nepéozo nopadka) c
arxobuanom (onpedeaureaern Arobu *))

D(fye e )
Dy oo ym)

Kpome r020, Touka (x°, y°) ydoeaersopser cucreme (1).
Hycre SIR ecTy MHOcheC’I'BO écex Touek (x, y), ydosaereéopaiouux
cucrene (1) (B wacrnocrn, (xX°, y°) M),
Tozda, Karkoso 6ol Hu 6bmo b0>0, Hatiferca npamoyzorbHUK
0 . 0 ) .
Az{lxi—$ii<a, l:i, R (3 ly]_yjl<b1 ]21’ cecy m}s
npunadaencawuii Q raroi, uro uHoxcecreo MA onuctigaercs Henpe-
poleno dudepenyupyemvinu GyHEyuAMU
yj=¢i(X)’ ]z 17 ceey M, XEon (4)
0 . ‘ -
A= {|ai—al|<a; i=1,... n). : (5)
JlpyruMu  crroBamu, TIpAMOYTOJBHHK A o00dajaeT TeM cBoOiCT-
BOM, YTO Ha ero npoeriun A’ Ha KOOpPAMHATHOE NOAIIPOCTPAHCTBO

Of,"

*) K. T. fIxobu (1804—1851) — HeMenumii MaTEMATHK.
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(#y, ..., *.) MOMHO ompenenuts Henpepbieno auddepeHIUpyeMbie
$yuxupuu (4), ynosaersopswiime ypasaenusam (1):

L%, %, (), .0s, Pu(x)) =0, x=A" j=1, .., m (6)

w mepasemctBaM | Pj(X) — ¥il<b. 3 (PyHKUME eNUHCTBEHHHM B
TOM cMBICTIe, 4TO JI0Gas Touka (X, y) € MA mMeer KoOpAHHATHI, CBA-
sanusie ypasHenuamu (4).
B wacrnocrn,y; = ¢; (x°), j=1, ..., m, noromy, uro (x°, y°) &
eMA. '
3amMeuwanue 1. Mokso TarKe mOIB30BATBCA TaKoit opmy-
AUPOBKOIL, KoTopas Oyaer ynoGHa HMKE: a) TOYKH BHAA

(x, y) =, p.(), .., Pulx)), x=A° (7

npumajgueskar A u ygosaersopsior ypasHenmam (1) (1. e. (X, y)e
e MA); ApYruX TOUEK, YAOBIETBOPAIOIUX YPABHEHNAM (1), B A mer,
T. €. ecaH-TouKa (X, y) = MA, 1o onna umeer suy (7) npu HEKOTOPOM
X & A°.

dJamMeuanue 2. B reopeme MONO cUMTATH, UTO upﬂMoyronL- :
HHK A 1 ero mpoekiua A° onpeRessIIOTCSA HepaBeHCTBAMH

A={lzi—2b<a, i=1,...,n0 |ly;—3l|<bj, =1, ..., m],
39
o=z —al|<a, i=1,..., nl, )

€ pa3jIHvYHBIMM, BOOOINE TOBOPs, umcaaMu a;, b;, Bexs ecau Teopema
BepHa JUIA npAMoyroibuuKa (3') mpm NexoTOpHIX a:, b;, TO, MOKOMUE
b =min b;, Mo)KHO BCHe[CTBHE HeNpPephIBHOCTH (PYyHKUMA ; YKazaTh

TAKOE YUCIO a<a., i=A1, » M, UTO TOUKH (x, P:(x), ..., Pu(x))
cxe |z —2)|<a, i = 1, R n} OKQJKYICA B NPAMOYTOJBHH-
ke (3). ’

Ecan remepp Toura (z, y), ynomiersopsmomiaa ypasmemuam (1),
NPHHAATEKAT NPAMOYTOABHUKY (3), TO OHa NMpPUHANNEIKAT M NPIMO-
vroapEury (3'), m, Tak Kak mua TOCTeSIHET0 TeopeMa BepHa, T0 &
CBSI3aHO ¢ J COOTHOIIeHMAMH (4).

3aMernM, ogHAKO, YTO BOOOIle HEBO3MOMKHO HOOHTHCH, UTOOBI de
n b B (3) Gbiium paBHBIMH, B YeM JEerKo YOeuTHCA Ha IpHUMepe of-
HOIO ypaBHEHHA

Flz,y)=y—2x=0, z,=1py,=0.

Horkasareabctso. llpg m=1 reopema y:e pnoraszama (cM.
§ 7.16, Teopema 1'). IlycTs ona mepua mpm 'm — 1 (m > 1); noxamem
6@ BepHOCTb IIPH M,

Tak xak axobuaum (2) He paBem HymI0 B Touke (x°, ¥°), To opmum
M3 ero MHHOPOB IOPAAKAa m — 1 To)Ke He paBen HYJIO BOTOH TOUKe,
a BCJIeJiCTBHE ero HeNnpepbiBHOCTH, M B HEKOTOPON HOCTATOYIO MAaJIoi
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OKPECTHOCTH ITOM _TOYKH, KOTOPYH Mbl OyJAeM CYATaTh COBIAJAIO-
uieit ¢ {2, ymeHblIMB B ciy4ae HeOOXOMMMOCTH UPEHIHIO OKpect-
nocre Q. He mapymas obigHoctn, OyfeM CUMTATH, YTO 2TO/ 6CTh MM-
HOD

D(fpreeer Imiy)
D(yp-eor Ym—r)

0. ®

Ho, o mpepmonosennio, Teopema Bepra nuia m— 1, moaromy, yum-
rpiBasg (8), ee moxHo npumenuTh K nepsmiMm m — 1 ypasuemmam (1)
H 3aKIIYATH, 410 Mg dioboro b, >0 cymecrByer B R, uUpuHaj-
aexamuit Q HPAMOYTONBHAUK

]xf—x1|<a ]—1,...,7& |ym'_ym‘<ﬁ |y1_"y1|<'Vv
i=1,...,m—1}, y<b, (9)

Taroft, wto Muomectso M’ Touex (x, y) =(xy, ..., Tn, Yi, .+, Ym) H3
A, ynosirersopaomux mepssiM m — 1 ypasuennam (1), ommchiBaeTcs
el pephIBHO nuc{)(bepeﬂuupyemmmn PyHRIMAMET

Yi = @; (X, Ym), =1,...,m—1,(x,ym) = A’,

10
AI~= [le""xll<a1 11“‘! 1|ym—y?nl<ﬁ]~ ( )

Taxum 00paszoM, B 4aCTHOCTH,
y}’:q)j (x", y?,,), =4 ..., m—1 n)

3ameuanne 3. Msl Morsim ObI Ha 9TOM IIEPBOM BTAme PACCYHK-
Jenuil B3ATH @ =, HO Ha BTOPOM 3Tare, BO3MOKHO, IIPHAETCA YHC-
Ja o, p HempoONOPIHMOHAJILHO yMeHbLIIATH. Jlerko yGemuThcs B TOM,
470 3T0 yMeHblleHne He HAPYIIMT y3Ke JoKazamHoe,

Nrak, BHINOAHAIOTCA clHeRyOIIHe CBOWCTBA:

a) Touxu ({(n -+ m)-mepnsie) .

(%, @K, Yy oo P (X, Ym), Y €A, (X, yu) S A

n yposaersopsior nepBeiM (m — 1) ypasrenmam cmcremsr (1), 1. e.
BBIIOJIHAIOTCA TOMIECTBA

filx, @u(x, ym), ooy @uei(X, Ym), ym) =0,
. (12)
(i=1, ..., m—'i),-v (x, ym) =A".

6) ViMeer MecTO eRMHCTBEHHOCTH: €CJIH KAKaA-aA00 TOUKA
(x, ) =(&y, .., Zomy Yty ooy Yu) EA

u yjiosiueTBopser mepsBeiM (m— 1) ypasnemmam cucremsl (1), To
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AJA KOODAMHAT 3TOW TOYKM ABTOMATHYECKH CIPABE/JMBBI. COOTHO-
uleHUA:

x; ym) €A, 2i=qdx, ya) (=1, ..., m—1). (13)

HonycraM, 910 HaMm yJRajdoch mono6parb HelpepmBHO nuddepen-

mupyemyo  ¢yurnuio  Alx), xEA°, e A’ = iz — <o, i=
=1, ..., n}, rakyio, uro Touxu ((n+ 1)-Mepisie)
(x, Ax)) = (21, ..., T, MX))E A", xEA°, (14)

Torga” pymrmuu @:(x, A(x)), x & A® GyayT HempepsBIO pugdepern-
uupyembiMd Ha A°, u GyayT OYeBMJHO Y/OBJIETBOPATLCA TOMKAECTBA:
filx, @.(x, Ax)), ..., Pm-i(x, Ax)), A(x)) =0

: (15)
i=1,..,m—1, xeA’

Cymecmyer GecKoneYHOe * MIIOJKECTBO HeNnpephiBHO nuddepennupy*
EMBIX $yuxuumit A, Koropsie nogumugiorest yeaosuw (14). Ecrectneti-
HO HONBITATLCA Cpefid. HUX BHOPATh TaKylo, YToOBl [JIA Hee HapALY
¢ (15) BepmonnsaAnock 6B Takike TOMKIAECTBO ‘

fm(x, @(x, A, .., Pr-a(x, AX)), Ax)) =0, xeA’. (16)

Torma, eciu MOAOKUTH
Pux) = @ilx, Alx)), Pulx)=Ax), i=1, ..., m—1, xeA’ (U7}

TO HONYYNUM m Henpepsisuo quddepenuupyemMsx GyHKmii
yi=Pi(x), xe& A, yW=y;(x% i=1,...,m, (18)

yAcraersopsomux cucreme (1).
Ho 310 TONBKO n.nau Hamo ero ocymecTBuTh.
Pacemorpum ypamleﬂﬂe

F&, g) = %, 910X, 4y o @rs (s ), yud =0 (10

M OTMETUM clefylomme Tpu cBoiicTBa Ppyuxmun F(x, y.):

1) ®Oyuxupa F(x, y.) onpemerena ua upaMoyrodbiimke A’ n
uMeerT TaM HEuPepHIBHBIC YACTHBIE TPOUBBOMHBIE, OTOMY WTO HTHM
cpoiictBomM obGmapar Pynxnun (10), KoTopsie K TOMY e He BBHIXO-
JAT 3a Npefleasl npAMoyroibHmKa A Touex (X, y), rue fa(x, y) He-
npepsiBno guddepenunpyema.

F(Xo, .l/m) == fm (x(}, P (X ) y:)n)y Yoy Pm—1 (xor y?n)v y?n) =

. = fm (x% y°) =0.
3) Yacrnas mpousBonHasa

. oF

‘)ym T O
Ha A'
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CpoiicTso 3) BhITEKAaeT U3 CHEAYOMHUX paccymueunﬁ.
Jduddgeperupyn (na A’) ¢yuxuun (12) u (16) no y., noxyunm

of; og i of. 6(p af; .
] 1 J m—1
— .. +—'EO =1,...,m—1
9y Wm + W1 Y j ! ! ?
ar 0t O, fm 0Py Ofm
W - 091 Wy T aym-—l Wy ‘Bym'

TlostoMy, ecam npubaBmTh K m-My croabmy ompemeamtens (2) .

: i
i-e ero cTONOI(BI, YMHOMKEHHbIE Ha gy—j, MOy IUM
m -

o, o
oy o "J( S mo1
ou. "o o D Y
DT T e 0 |0,
U Jy, O
m...aym—y ;!./Tn 0f f m or

b-g/_; e 0ym—i . éy—m

oF
OTKyH2, yuutsiBan (8), (—;—y— =;!=O
m
Hama teopema npm m =1 ecrs Teopema 1’ § 7.16. Ilpumennm
ee K d)y}muun F(x,; y.), 3anannoil na oﬁnacm

2Hxi""xil<a'[ tziin- ‘ym""./ml<ﬁ}

VYenoBusiMu 9T0il TEOPEMbI SBIAIOTCS YsKe ITPOBEPEHHBIE HaMU ycC-
sosus 1) —3). B cuny aroit Teopemsl, ecln YMEUBLUIATH yXe Haii-
neunoe B >0, To aua Hero mMoxHO Homobpats a >0, BooGiye rosops,
MeHbIllee yKe HAHAEHHOrO o, TAK, 4TO A MONYYEHHOr0 YMEHbLIieH-
HOTO TpAMOYyronbuuka *) (Ml ero cHoBa obosuavaeM uepes A’') Oy-
JIyT BBIMONHATHCA CJeyIoNine yTBeDPMASHUS B), T):

8) CymecrByer ma : :

A={x—-zl<a, i=1,..,n)
HeITPePHIBHO- nmi)ci)epeﬂgnpyeMaﬂ -pyuruEg
=r(®  (xeA, yn=1(x)) (19)

rarasa, uro toukm ((n-+ 1)-Mepnoro npocrpancria) (X, Alx)) €A’
xesA" yIIOBJIETBOpHIOT ypasuenuo F(x, A(x)} =0,

®) yTBep)RI[eHPIH a), 0) eoxpamsalTca WM NIA YMEHBIOHHOTO NPAMOYTOINb-
nuka A’, Takum 05pa3oM, MbI CUMTAEM. OTHBIHE, YTO YMeHbIICHHBUA IPAMOYIOMNL-
HUK A’ PUTYpAPYET KaK B yiKe NOKA3AHHBIX YTBEPIKHEHHAX a), 6), Tak 1 B yT-
BepAeHHAX B), T), KOTOpbIe q;opmynupym'ca HIe,
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r) Ecau Touka (X, y.) € A’ ynoBnersopser ypasnemuio F(x, y,) =
=0, 10 HeobxomuMo: x € A’ B ¥, = Alx).
Elonomum (em. (17))

wi(x) =qdx, Mx)) (=1, .., m—1), p.x) =Ax), x=A".
Torpa noxyunM cucreMy HempephiBHO audPepeHuUnNpyeMbX QyHRIULE
y=$i(x), x€A, YPi=px) (i=1,...,m—1)
mmﬁx, 9TO TOYKH ' .
(x, p(x), .., p{x)) e A (xeA")
YROBIeTBOPAIOT BeeM ypasHenuam (1). Ocraerca moxasars egmHCT-

BEHHOCTE.

Ilycrs Touka (X, y) €A u ynopiersopser ypabuwemwusM CHCTeMER
(1). B wacruoctH, oHa ynopieTBopsier nepBuiM (m — 1) ypasHeHHAM
cucreMsl (1) ¥ moroMy na ocHoBaHuH 6)

(x, yw) €A, yi=dx, yn) (i=1, , m—1). (20

B emuny atoro m B cmay roro, 4ro Touka (X, y) ynojzersopser i
m-My ypaBHEHHIO cucTeMbl (1),

fm(X, @1(X, Ym)y <oy PrueilX, Yu), Ym) =0,
1Hadge roBopA,
F(x, y.) =0, (x, y)=A".

Ho Torna B cuay r) mMmeeT MecTo cBA3h Ym = A(X) = Pn(x) u ne-
o6xogumo x € A® 1 B cuay (20) Tose Heobxomumo

Yyi=@ux, Ax)) =¢dx) (=1, ..., m—1).

TeopeMa [0Ka3aHa TONHOCTHIO, HO TONLKO JJIA TIPAMOYTONHbHHKR
A, wuewomero sup (9). Ilepexon x NpAMOYronbHUKy suaa (3) Momx-
HO OCYIeCTBHTH, YUTA BaMeuanue 2. ,

Teopema 2. Ecau k ycaosusm reopemwt 1 do6aeursv, uro Pymnr-
uuu f HenpepLieno dudepenyupyemst 1 pas na Q, To Pynryuw
$i(x), xeA°, j=1, ..., m, pewarowue cucremvi, nenpepviero Jugp-
gﬁepem;upyeuu 1 pas na A.

TeopeMa moKa3niBaeTca aHAJOrHYHO Teopeme 2 § 7.16.

§ 7.18. Orobpaxenusn

Tlycrs samana cmerema Henpepmisno auddepennupyeMux pynx-
nuis .
Yi= (Pj(X) = q)j(xj, oaoy xm), X e Q, j = 1, oy m, 1y

rae €2 — OTKPLITO® MHOMKECTBO TOYeK X = (x,, ..., Z,). :
Bynem rosopurs, 9o cucrema (1) onpenenser wmenpepvieno dug-
depenyupyemoe orobpaxenue

y=A4x, xeQ (1)
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MHOKecTBa Q Ha neKoropoe mHOKecTBO Q' Towek ¥y = (y, ..., Y.).
Bynem eme nucars Q' = A(Q), n naseiBath Q' obpasom Q, a Q —
npoo6pasom Q' (mocpencisom 0T06pamenml A). :

Hapany ¢ A paccMoTpum apyroe mnenpepsisno muddepemnupye-
moe orobpaskenue, B:

=¢i(y)=\pi(yh“-y ym) Y‘EA ]=1 21"°1m
ompmmro MHOMeCTBA A TOYeK Yy Ha HEKOTOPO® MHOJKeCTBO TOUYeK

= (z4, ..., 2,). Takam obpasom, z = By, y= A.

Ecam *) Q' < A, 10 nmeer cMmsica caosknoe Henpepsieno mudpde-
pennupyeMoe ortobpasienne z = BAX, x € Q, onpefeiseMoe paBeHCT-
Bamu z; = (@ (x), ..., Pu(X)), xEQ (j=1, ..., m).

Axobuannt orobpakenuit A, B, BA cBsazanbl 3aMevaTebHBIMH

pPaBeHCTBaMu
Dy v mm) 2 .
D(-’tl, cees .’tm) 9y, 6.16 -

D(zys.iivzy) D(yysoves y)

ays .
T Dy Ym) D(xl,..,,vx‘m)» (2)

9y, dx;
JIOKa3aTeJNbCTBO KOTOPBIX, KAK Mbl BH/HM, OCHOBAHO HA TNPHMEHEHMH
thopMyIibl TPOM3BOMHON OT CJHOKHOH (YHKOMM H NPAaBHIA YMHOKe-
HHsA ompejennTeNei.

B uwacruoctu, eciiu B ofpamaer A ma MHOMKecTBe TOueK x € Q,

1. 6. X=BAx, x€Q ecth TomzaecTBennoe. orobpaskenue, T0 B CHJIY
TOTO, UTO €ro aKoGHan paBen 1, moxyaum d)opMyJIy

1—— D(.’l’ ...q-Tm) D(y’:---vym)
. Dy ¥m) D(xpe . ,xm)

Bynem 'reﬂepb cuUMTaTh, YTO ONpefeNseMoe PaBeHCTBAMH (1) He-
npeprisHo nuddepennupyemoe orofpasenne y=AX muMeeT AKo-

ﬁnaﬂ**)H =0, x =Q, He paBHHI HYJI0 BCIOLY Ha OT-
Zys ey Zpy
KpsitoM MHOKecTBe 2. VIMeroT Mecto crenyioniue cpoiicTsa:

1) Q' = A(Q) — oTrpweiToe MHOMecTBO (BMecTe ¢ Q!),

2) ecan Q — obnacts, To U Q' — o6aacTh,

3) orobpamenne A NOKaAbHO B3aHMHO OJHO3HAYHO, T. €. KAKORA
6o wu Onna rouka xX° € Q, waiigerca map- V& Q ¢ nearpoM B Heit,

raKoil, uTo oToGpaxenue A, paccMATPHBaeMoe TONbKO Ha V, Blamm-
HO OHO3HATHO,

xe Q. )

*) OrmeruM, 4T0 ecu X’ Q u Yy = Ax’e A, T0 B cHJIy HempepHiBHO-
¢ra A maiifieTca OKpecTHOCTH on T0ukH Xx°, 06pas koTopoli mocpencTsoM A
NPRHARJNEGKHT K A. YMenwniag £, moioxus 2=V /, no.'ly!mu TOTRA, 4TO
Q' c A,
g 72"‘;) Cayuait, xorga saxobman orolpariienus (1) PaBeH HYI, W3YYaeTcsA .B

18 ¢. M. Buwonvern#t, 7. T
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Ilyers x°€Q uy’' = Ax’ <= Q’. Beegem mnpocrpancrso R;. Todex
x, y)=1(z4, ..., Tm, Y1, +-+» Ym) M B HEM DPACCMOTPHM ypABHEHUH
fix; y) =0z, ..., z.) —yi=0, i=1,...,m.
Toura (x°, y°) ymoBieTsopsieT 3THM YpPaBHEHHAM H B ee HEKOTOpPOH °
oxpectroctd (B R,,) ¢yuxuum f; menpepsisuo puddepennupyems
U HMeT AKOOHAH ~ '
D( 1""” ) __;D(q’l’ ce q’m) ;&_O.
Dapreeor@m)  D(2pp ey ay)

Iostomy B cuny teopemsi 1 mpexpimyimero maparpada s iio0oro
b, >0 HaliayTca NOMOMKHETEAbHBIE a H b << b, TakWe, YTO MHOMKECTBO
MA Bcex Touex (X, y), NpHHAIIEKAMMUX OPAMOYFOIBHUKY

A=A1XA2,
A1=[ij‘—‘yg|<d, j=1!~--7m}r
Aga{l'xj‘—$2|<:b, j‘ﬂ’“11"'7m}CQ

M yjpoBJersopsionmux ypapuenuam (1), ONICHIBACTCA HENPEPHIBHO
mxdxbepenunpyemumu dyHKIMAMEI

z=yly), yeEA, (l"‘1,..., m).

IlostoMy z€ A, npu y € A;. OGo3naunm onpenenﬂemoe TUMH (DYHK-
nuAMH HenmpepbiBHo Aunddepenrnupyemoe orobpaienue vepes x =
=By, yEA,

- CrazaHHOe MOJRIO BHIPA3UTH CAEAYIOINM 00pasoM:

a) ecnm yE A, 10 x=ByEA,,

6) y=ABy, y=E A, :

B) M3 TOro, 4To X € A,, yE A, n y=AX,. creayer, uro x = By.

Hyc% B(A )=0. B cuny a) 0 <A, <Q. B cuny 6) Alo)=

=AcQ’

Taxum o6pazoM, mobaa Touka y' = Q' comepmnTes B nexo'ropoM
OTRPHITOM Kybe A, < Q' m, clemoBaTeNbIO, €CTh BHYTPEHHAA TOUKA
Q’. Mu1 morasaau csoiicrBo 1): Q' OTKPBITOE MHOKECTBO.

B cuny 6) sikofuan mepexofia oT Y K X mocpejcrsom B He paBen
wymo [ey. (3)] ma orepmitom muoskectse A,. Ho Torpma B cuny yixe
OKa3aHHOro cBoiicTBa 1), KoTopoe Hamo npuMenurbh BMmecto A, Q
COOTBETCTBEHHO K B, A, MHOECTBO ® TOYEK £ OTRPHITO.

Tak, omepanmus A o0TOOpaykaeT OTKPHITOB MHOMKECTBO ®» WA
A =o', v

Iycre x” w X" — ToUKH ©, Wi xotopeix Ax’ = Ax” =vy. Torna
x Ew<A, yEA, 1 B cuny B) x’ = By. Paccy;Kmas anaJoruuio,
. moryumy Takke X =By, 1. e. X' =x". B YACTHOCTH, [OKA3ATIO

r) BAx=x, x € .

DTo mokaspiBaer, 9To A 0TOGpasKAeT OTKPHITOE MIOKECTBO @ HA
A, B3amMHO omHOo3mauwHO. B wactmoctH, A orobparkaer nwboit 1map
V< c nearpom B X" B3aUMHO OJZHOBHATHO, UTO [[OKAa3EIBAeT CBOM-~
¢TBO 3),
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3amenanue. CsoiictBa B) M T) BBIpaKaoT, 4To omepamum A
u B B3anmuo obpatupl. . '

Iyern Tenepb Q ecTh ofxacTh; TOrmga IO yme norfasaHHomy cBOit~
crey 1) Q' Bmecre ¢ Q otxpsiro. Ecam remepn y', y” € Q' — npous-
BOJbHbIe TOYKH, TO MM COOTBETCTBYIOT HEKOTOPHIE TOUKH X, X' =Q
rakue, 4to Ax' =y’, Ax” =y”. Ho Q — cBsA3HOe MHOKECTBO, U Haﬁ~
NeTCs HeNpephiBIan KpUBas x(t) =Q, 0<t<1 raras, uT0 x(0) = x’,

x(1) —x , TAaKM 00pasoM, IpUHAMIeRAAA Q M coeuNANIaN TO‘I*
ki x’, X. Ho roraa kpusasg y(t) = Alx()], 0 <t <1 tome, oueBugno,
nenpepsiBHa, npunagiemur Q  u coepunser y' ¢ y”. Cuaenosarenasuo,
)’ cBA3HO, T. €. 00IacTh, ¥ MBI J0OKa3aldd CBOMCTBO 2). .

CpoiicTBo 3) yTBEP/KIaeT TOJLKO JIOKAJBHYIO B3AUMHYI0 OJHO3HAY-
1HOCTD, TIO6ANBHON B3aMMHON ONHO3HAYHOCTH MOKeT u He OpiTh. Ha-
npumep, npeoépasosanve z =pcos0, y=psin0 moaApHHIX KoOpaH-
1aT TOYeK INIOCKOCTH B HeKapToBni mpu p > ( # mpoussoibHoM O He-
vpepbiBHO nuddepeHnUpyeMo M HMeeT NOJNOMKUTENbHBIA AKoOmaH,
pasubiit p. Ono oro6paskaer Tourm (p, ) (p >0, —o0 < O < o) mioc-
xoctu (p, 68) B roukm (z,y), oTauunble OT HYJNeBOH TOYKHM, JIOKATBLHO
p3auMuo ofnosnauno. Onuako Kamjaoi Tawoi Touxe (z,y) coorser-
TBYeT XOTA M OJHO P, HO GeCKOHeUHOe YMCIO PA3THYHBIX 3HATCHMIL
0, orauyalomuxca MeKay codoit ma.2kn (k= =x1, £2,...),

§ 7.19. T'nagkas noBepxXHOCTDH

Iyers R ecTb TpexmepHoe MPOCTPAHCTBO, Ifie ONpefesiena NpAMo-
yroapnas cucreMma rooppuuar (z, y, 2).
Ecan G — oTKpBITOE MHOKECTBO B ILIOCKOCTH (.z y) u

;—f(x, y) (z, y)EG) (1)

— ¢yuknug, uMeiada na G HelpepsBHBE YACTHBIE NPOUBBOIHBIE
(uepBoro mopska), To MiuomkectBo S < R, opmceiBaeMoe 310t (yHK-
uueit, Ha3HIBAGTCH 24AJKOU NOGEPIHOCTLIO.

ITpo Ty HOBEPXHOCTH MBI GyNeM TOBOPUTH, YTO OHA TIPOEKTHDPYeT-
cqd pa miockocets 2z = 0. Pasenctso (1) ycramaBjmpaer B3aMMHO OX-
HO3HAYHOEe cooTBeTcTBHEe S = G Mexny Toukamu (z,y,2) €S u Tou-
ramu (z,y) =G,

Ecuu G — OoTpaHHYeHHas oﬁﬂacu (oTKpEITOE CBA3HOE MHOIKECTBO)

(Zi » 5, Me TONBKO HempepsIs-
IBl, HO M PAaBHOMEPHO HenpepHBHH Ha G, TO B 3TOM ciydae PyRIEI0
/ u ee wacTHBIe IPOM3BOJIHEIE MOKHO HPONOKATH MO HENPEPLIBHOCTH
na y. Ms1.6y/1eM TOBOPUTH, 40 TMPOJOJKEHHAS TAKAM OGpaaoM Pynk-
wus z = f(z, y) ((z, y) & G) onnceisaer eqadkuti kycox S. MuomecTso
1'=38 — S nasmiBaerca kpaem S (uau §). Ero npoexuus Ha mIOCKOCTD-
2 =10 ecTh, 0YEBUIEO, MHOBLECTEO Y.
-Ecnm  y — ®ycouno raagkas KpHBas (KOHTyp)

r=q(s), y=1(s) (O<s<s),

C rpa}nmen Y, @ Jacriiple HpOI/I3BOIIHI>IP
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10 T' ecTh B CBOI OYepejb KyCOYHO IiajiKas -KPHBag
z=qls), y=vy(s), z=[f(gls),P(s)) (0<s<s,).

B sToM caysae S OygeM Ha3bIBaTh 91EMEHTAPHLIM 24a0KUM KYCKOM.

Ecan A, = (2, Yy, 2,) €cTb DPOH3BONBHAA TOYKA FJIATKOH NOBEpPX-
HOCTH, omuceiBaeMoit ypamuenmeMm (1), To B cuiy Toro, 4to G ecrth
OTKDPBITOE MHOKECTBO, M B CHJIy HenpepsiBHocTH f juis aoGoro 6, >0,
MOJKHO yKasath rtaxoe 0, >0, uto IPAMOYTObHAK (npnmoyronwun
napaJiejgenumnen)

A=”x—xo|<61, : ly—yolgsg, IZ"Zolng} (2)
BbIDE3aeT U3 S 3JIeMeHTapHLlf[ maxumﬁ KYCOK 0!

z2=f(z, y) (z,)eA’), AN ={z—zl<8b, ly—yl<6}c@G,

rae, Takum ob6paszom, A’ ecTh mpoekuua A Ha MIOCKoCTH z = 0,

Ecau A, ecrs Toura kpaa I' saemeHTapHOTO TajKOT0 KycKa S, To
AaA Hee HMOKHO TONbKO YTBEPHATH, UTO CYMECTBYET TPEXMepHEI
npaMoyroabunk A Buga (2) ¢ nesrpoM B Ao, Bupesatonmu usz S Ky-
COK ®, onuceiBaeMslil ypasuneuuem z = f(z, y) ((z,y) = w’), rue 0" —
yacre A’.

Honstus rJIagKoil MOBEPXHOCTH M IIAKOTO KyCKa pacIpocTpaHs-
€TCH 1O aHAJIOTHNA M HA CJIy4al, KOTJA 3TH NOBEPXHOCTH ONHCHIBAIOTCA
YpaBHeHHAMY ' BHJA x=‘F(y,z) wim y=®(z, ), 1. e. Korga ommu
(B3aMMHO OMHO3HAYHO) MPOEKTHPYIOTCA COOTBETCTBEHHO HA ILIOCKOCTH
=0, y=0

Pacopocrpanum Temep, 3TH NOHATHA HA NOBEPXHOCTH, KOTOpHE
B TeJOM BOOOIE He NPOEKTHPYIOTCA HH HA OTHY M3 KOODJMHATHBIX
NIOCKOCTEIl,

*  Vcaosumesa rosoputh, uTO MHOMecTBO S <R ecrv 2aadkas no-
8epTHOCTb, ecid, KakoBa Obl 1u Obuia ero Ttouka A° = (z2° y° 2%,
MOKHO yKasath (TpexMepHBIN) TPAMOYTOJNBHUE

={lz -z <6, ly—y°l <86, [2—12"1 <§,},

BLIpE3aonii N3 S aneMeHTapHBIf ITaAKHHE KYCOK O, KOTODBIA ONUCH
BaeTcA No KpalHeil Mepe OJHUM M3 ypaBHeHUi

z=f(x,y) {lz—2<§,, [y —y°|<b,)},
z=f(y,2) {ly—y" <8, |2—201<C 8y},
y=1f3(z2) {Jz—2"|1<&, |z—2°|<d,)}.

Tar Kak MBl Ha3BAJN O 3JeMEHTAPHBIM [VIAJKUM KYCKOM, TO TeMm
CaMBIM CYHTANH caMo co00i pasyMmeomuMcs, 410 QyHRUuA fi, f3, f,
WMeIOT HA COOTBETCTBYIOIUX 3AMKHYTBHIX HPAMOYrOJbHHKAX Hempe-
PHIBHBIE YACTHBIE IIPOH3BOJHEIE. '

Ilye¢rs, mampuMep, HA OTKDPHITOM TpPeXMePHOM MHOMKecTBe Q sa-
fana ppomsBonbHas (yuxuus F(x,y,z), HeupepoiBHAA BMeCTe €O
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CBOMME YaCTHBIMH IPOU3BOJHLIMH HePBOTO MOpAHKa. Y paBHeHHe

Flz,y,2)=0 3

oupejieiser HEKOTOpoe MHOKecTBO S Touer (z,y,2)=Q. Ecim S
HENYCTOe MHOKeCTBO M -

e s o

T0 S ecTh riagkag HOBEPXHOCTE.
B camom pmeney mycrs A, = (zo, Yo, 2,) €8S. B cuny (4) ogma ma
YaCTHBIX NPOM3BOJAHEIX OT F B TouKe A, He paBHA HYII0; GygeM CUd-

o0z
BOIHBIX OT F, Ha OCHOBaHMM TeOpeMbl O HeABHOH ¢(ymxuum (cm.
§ 7.43, Teopema 1'), cymecrByer TpexMepHBIi NMpPAMOYIOAbHUK .
A={lz—=zl, ly—y! <8; lz—zl<r}, B, A>0), (5)

: or o
TaTh, 4TO (—) # 0. Torga B cuy HENPepPHIBHOCTH YacTHHIX HPOH3-
0

RbIpe3alomuil u3 S 4acTh 0, ONMCHIBAEMYI0 SABHO HempepsiBHO nudde-
peBUEpyeMOl PYyHKIMENd .

z=9z,y), (@yeA, AM={r—2al, ly—yl <8}, (6)
T. €. O — 3JeMeHTApHBI KYCOK.

Kycox ¢ (mam nosepxmoers S) mmeer B Touke A, KacaTelbHYIO
IJIOCKOCTH, onpejeinemyio ypapuennem [em. § 7.5, (13)]

5 .
uam, B caxy pasencts [cm. § 7.16, (10)]

a5

My
o -y
Q.
ypaBHeHHEM

9z

) e (2] 5w+ () =0 @

M pumep 1. lapoBas nosepxuocts A
@t yr+2 =R (R>0) 9
€CTh TiajiKas MOBePXHOCTh, MOTOMY 170 dynxmusa F = 2% 4 y? 4 22 nMeer He-

. . ’ ’
IpepeIBHLIEe YACTHBIE TIPOW3BONHKIE F = 27, Fu: 2y, F, =2z, opHoBpeMenuo
He paBHble HYNI HAa (HemycToM MHo;RecTBe) A. KacareapbHas mIOCKOcTs K A
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B TOURe (xo, Yo, 20) € A NMeET, OYEBHAHO, BHJ,
zo{x — x9) + yoly — .1/0) + 20(z — z0) = 0.

IIpumep 2 ypaBHelme 2t —yt— g2 =0 ompefieaeT xpymnon KOHYC
¢ BEPHINHOH B Hauyale KOOPRHHAT i OCHIO, COBIAMAIONIEH ¢ OCBIO z.
Yacraste TPOH3BOAHKBIE OT c})vmcmm D(z, y, z) = a* — y? — 22, pasubIe

I
__2x, y = — 24 (D == — 22, 00pawalOTCA OJHOBPEMEHHO B HYJb TOJLKO B

Hﬂ‘{&ﬂe KoopAnHaTt. Hd TeOMeTPIIeCKUuX cooﬁpamemm BHAHO, 4YTO B HayaJle
KOODAMHAT KOHYC He HMeeT KacaTe.IbHOH TUIOCKOCTH, BO  BCeX JKe OCTaJIbHbIX
TOYKAaX KacaTellbHaA *IIJIOCKOC’II) K paccmannBaeMomy HOHYCY CyujeCTBYeT U
HEIPEePLIBHO H3MEHAETCHA BMeECTe ¢ TO‘IHOH re OHA Kacaercsa Komyca.

C Touku 3peHnA BBEIeHHOH TePMIHOJAOTHU MOMHHO CKa3aTh, 4TO prrosou
KOHYC, €CJH H3 Hero BLIGPOCHTI: ero Bepuiuny, eCTh IJIaZKasl IHOBEPXHOCTD.

Kpaem raajgroit mosepxuocT# S HaswBaeTcs MHOKeCTBO | = § —
— S, ecnu ono Hemycroe.
@Qyrruuy

z=a*+y* (oo <z, y <),
z=tgztgy (=n/2 <z, y <n/2),
z=sinz (—o0 < 2 << 00)

OTHCEIBAeT HEOrpaHWYeHHbIe Tiajkue mopepxmocrd Ges xpas. Tperps
13 HUX ONpejlesigeTcss OFpaHmvennoil Gyuknueii, mo cooTBeTCTBYIOMAS
HOBEPXHOCTh (MHOMKECTBO) He OTrpaHMueHa.

IapoBasi noBepxHOCTh S €CTH IMIANKOe H B TO He BpeMs 3aMKHY-
TOe MHOKECTBO — OHa He nMeer Kpasd, Ecam us S BHEUHYTL mpu-
HaJIeRaImYyIo el Toury A,, To ocTameTCH, GUEBHIHO, TaajKas HOBEPX-
HOCTH S ¢ KpaeM, COCTOAIMUM M3 3TOH TOYKM.

Yacres mosepxnoctu S, ABIAONIYIOCA 3aMBIKAHHEM IIANKOH CBA3-
HOl NOBEPXHOCTH ¢ KYCOUHO IIagKUM KpaeM, GyneM HaswBaTh 24a0-
KUM_KYCKOM TOBEPXHOCTH S.

Yacrs S, mapopoii oBepXHOCTH S [enm. (9], cocroaman uz Touer
(r,y,2) ¢ z >0 eCThb IJIaJKasg MOBEPXHOCTD,, Ee xpait T ectn oxrpys
HocTh x*+ y “R” 2z =1{. 3ampikanue S, =S, + I' ecTp Kycox (Bep\-
1ee MoNyLIapHe ¢ Kpaem), omuchiBaemblit Qynrnueil z = VR* — 1* — y*
(*+ y* < R*). 9ra dynkuus mempepsiBna ma Kpyre z°+ y* < R* Ho
€€ HaCTHBIC NPOMIBOJHBIE HENPEPHIBHBI TOJNLKO B OTKPHTOM Kpyre
'+ y* < R® u weorpanuvens BOausu ero rpanumubl. Takum oBpasoy,
S, X0TA ¥ TPOEKTHPYETCA HA HIOCKOCTH (Z, Y), HO €OOTBETCTBYIOIAA
onuckBaoman S; QYHKUUA He ABIAETCHS HEUpepsisao . xuddepentiu-
pyeMoii BINIOTH [0 TPARHMNB yKasaHHOro kpyra. Ha jpyrme roopau-
HaTHBIe IJIOCKOCTH S, He DPOEeKTHpyercs BoBce. Taxmm ofpasom, S,
e MABIAETCH DIEMEHTAPHBIM mIagKkuMm KyckoM. C fpyroii cTopomsr,
aerko Bupuerb, uro S (m S,) Moxuo paspesarh Ha KOHEYHOe THCIO
MEMEHTAPHBIX INIAMKUX KYCKOB.

TlosepxHoCcTh, ecii ee MOMKHO Paspe3arh Ha KOHEYHOE WHCIIO Die-
MEHTAPHBIX IMIAJKHX KYCKOB, Ha3bIBAETCH KYCOYHO LA KOM;
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- TloBepxueocTh npamoyeosbhura (IPAMOYroNbLEOTO TapailieNeNunIe-
7a) Kycouno 2aadkas, HO He TuATKAA.

OTMeTHM, 9TO IJiajKad HOBEPXHOCTH OMpefieNieHA HAMHA_TAK, UTO OHA €CTh
10 TepMHHOJOTHH FiaBbl 17 AByMepHoe Auddepenmupyemoe Mnorooﬁpaane B Rs.

§ 7.20. Taapxas noBepXHOCTH, 38TAHHAA MAPAMETPHYECKIL.
OpuenTHpyeMan NOBEPXHOCTD

M1 yie suHaeM, YTO FJiafiKasd NOBEPXHOCTH MOKeT GBLITH ompefelne-
na B ssuom (cm., mampumep, § 7.19, (1)) wiu neasnom [cm. § 7.19,
(3)] Buze. Boabmie Toro, NMpou3BOJIbHAS TJIAAKAsA TIOBEPXHOCTh IO
CaMOMY CBOeMY OINPEIeJeHHI0 BCerja JOKAJbHO BBIPAa)KaeTcA ABHO.
Cyinectsyer elle BaKHBIH ¢II0co0 3a1aHUA INIAAKUX NOBEPXHOCTEH —
napaxerpuveckul. ' '

Hapagy ¢ apexsiepHbIM mpocTpaHcTBOM R, rjie 3amana npAMO-
yroabHasg cucTema koopaumar (z,y,z), BBegem euie Imiockocre W
napaMeTpoB u, U, Iie.3aJaHa NPAMOYFOJbHAA CHCTEMa KOOD/HHAT
(u, v). Hycrs @ < W — oTKpBITOE MHO)KECTBO W HA HeM 3aJaHBL TPH
JyHKIUM OT mapaMeTpos u, v '

z=¢u,v), y=vu,v), z=yuv)  (g,v)eQ) (1)
WA, ¥UTO BCE pPABHO, BeKTopHas QyHKIUA
r= @i+ Pj + xk. (2)

Bynem npeanonarats, 4to GyHKuum @, P, ¥ UMEIOT HeNPePHIBHEIE
YaCTHBLIe IPOU3BOIHBIE Ha {2 M YTO BBHINOJHAETCA HEPABEHCTBO

: . _ Dz, y)\? Dy, z) 2 [D(z, 2)\? .
Jru X "’F“(D @ L)) +(1) w,2)) T(D(u v))>0 (4, v) &Q). (3)

TeomeTpuueckoe mecto S Touer (z,y, z), ompenensemoe Pymruu-
sivu (1), HassIBAOT NMOGEPIHOCTHIO. Hpu aToM TOT (haKt, uTo S 3ajaHa
(I)ym\unmm (1) ‘¢ yxasaHHBIMH CBOICTBAMH, MBI Oy/leM BHIDAKATh
TaK: noeeprnocTs S 2aadro 2adana napamerparu (u,v) & Q.

He Bcerja momepxHocth S, THajKo 3aJaHHafg NPH HOMOMIM Iapa-
MeTpOB, ecThb ruajikas mosepxHocTs (nuddepenimpyemoe MuorooGpa-
3He) B TOM CMBICIe, KAK DTOT HOCTeNHMHA TEPMUH OUpejie]eH B Ipe-
negyIIeM maparpade, HO MOJKHO [aTh HPOCTOM JOCTATOYHBIA KpHTe-
puit 1A 9TO0rO.

Wxenno, ecam ypasienna (1) ycTanaBauBaiT B3aNMMHO ONHO3HAT-
1noe coorsetcTBre Q= (u, v) = (2, y,2) €8, 1o cucrema Qynxumii (1)
oTpejeNenubix Ha J0Goit obmactn Q' < Q< Q| onuckiBaeT TIAGKYI0
uosepxHocth (uddepennnpyemoe Muorooﬁpasne)

‘Mp1 me noxasmnaeu anech 910 yreep:aenue. Ouo He Gyuer HyKio
U OmRalmux Hamux uexeid. Bmpouem, oHo AIOKA3AHO, faMKe B
Gosee obmeM Buge, Bo 11 Tove (cm. § 17.1 memma 1). ,

OryernM Baxkublil (hakT, BeITeRaOmuit 13 HepaBeHcTBa (3). Mycrs
(u’, °)EQ—nponsBonbuaa (i)I/IKCPIPOBaHIIaH TOYKa 067acTH mapa-
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MeTpoB. [lisa Hee ofuH M3 ompenexuTene, sxonAmnx B (3), monsomu-
TeJeH, MyCTh [JA OHpefeseHHOCTH Hepesiil, Torga maiiferca oxpect-
HOCTh ® < §2 9Toi# TOUKM TaKaf, dTO Ha HeHd OepBbIe JIBA YDPaBHOHHUA
(1) ogmosmaumo paspemmMsl oTHOcHTeabHo (u, v). IloacraBus coot-
BeTCTBYionMe QYHKIYUA OT X, ¥ B TpeThe ypPaBHEHHE, HONYYHM, UTO
HEKOTOpHI KycoK 0 =S ommchiBaeTca HempepsisHo nudgepernmpye-
Moit Ppynxuuei z = f(z, y), A= (z, y) = (u,v) € 0.

dTuM NOKa3aHO, YTO, KakoBa Ol HM Gbuta toura (u’, v°), cymect-
ByeT ee OKPecTHOCTb ® £ Taras, YTO COOTBETCTBYIOIMH eii Kycok
¢ < S mpoertupyerca (B3amMHO OfHO3HAa4YHO!) mO Kpalimeir Mepe Ha
" OJiHY U3 KOODJAMHATHHIX IVIOCKOCTeif. JTO JIOKAIBHOE CBOMCTBO MOBEPX-
HOCTH, TJHAJKO SaJ@HHCH vepe3 CBOM MApPaMeTpPhl, ABJIAETCA OYeHD
Ba;KHBIM, HO ClelyeT MMeTh B BHAY, UTO OHO crafee TOro. cBoiicTBa,
KOTOPOMY J{OJKHA Y/IOBJETBOPATH INIAAKAA MOBePXHOCTH (muddepen-
nupyeMoe AByMepHOoe MHOroo0pasme B mpocTtpaHcTse R,), Kak oma
6buia ompefnesena B nmpeaniayiieM mnaparpade (cm. mpumep 1).

II'pumep 1. Ha puc. 7.5 nsobpaskena mMOBEPXHOCTb S, KOTOPYI0 MOMKHO Ce-
Ge - npeJiCTaBUTh KaK TNOJyIeHHYI0 M3 IIPAMOYTOJBHOTO JHCTKA A OGymarn
O<u<a O0<<v<<b) (puc. 7.6), KOTOPHIL MBI IVIAJKO CKPYIMBAEM, NO3BO-
JHMB CaMollepecedeHue N0 OTPE3KAM U == uy M U == U;. PealbHO Takyl mosepx-
HOCTh MOM(HO OCYHIECTBHTH, paspe-
”\ 3aB JIMCTOK A Ha JBe 4aCTH 1O mpsA-

MOH u = up, CKPYTHB OIHY H3 4a-
cTel W INPHKIeNB BTOPYIO dacTh
TaK, Kak Ha pHc. 7.5. Hpoumssoap-
HOil TOYKe S NpHIMHIEM B KaYeCTBe
ee mapaMeTpoB (u, ¥) KOODAMHATEHL
> COOTBETCTBYIOIE TOYKA NPAMO-
0 u U a u yroabeuka A, Ho kasknas rouka or-
N ) } peska CD — S npu 3tom Gygmer co-
Puc. 7.5. Pirc. 7.6. OTBETCTBOBATL BYM HapaM (u,, )
u (uz, v). Baaromapa sromy S
MoszceT  GBITH Ha3BaHa CcaMoliepeceKaomielica (DapaMeTPHYeCKH 3aMaHHOI)
1oBepxHOcTEI. C TOUKA BpeHHA TEPMHUHOJOTHHM, IHDPHHATOR HAMU B Iipe-
ReiynieM naparpade, NOBepXHOCTL S He #BIAETCA IMafKoli: m060# mpamo-
YrONGHWK (HPAMOYTOJBHEIH Hapallefennuen) ¢ MEHTPOM B KAKOUW-1m00 Touxe
P e [C, D] »uipesaer u3 S 9acTh, He NMPOEKTHPYIIGYIOCA HU HA OAHY M3 KOOp-
AMBATHBIX TUIocKocTedl, C JpyToil CTOPOBEI, onpefiediedny0 Touky P e [C, D]
MOKHO CYHT&Th COOTBETCTBYIOIIed NBYM TOUKAM (i1, vo) M (u2, vo) WIOCKOCTH
(u, v). OGe oM MOTyT OLITh IOKDHITHI HACTONBKO MAJBIMM, NPWHALIEMAIMMN
IUIOCKOCTH - (4, 1), KPY/KKAMH ¢ IIeHTPAMHU B HHX, YTO HM COOTBETCTBYIOT KYCKH
03, 02 S, KaKABIA K3 KOTOPEIX TIPOGKTHPYETCA HO KpadHell Mepe Ha OfHy u3
HOOPAMEATHHIX INIOCKOCTEH.

lHTepecHO ellle PacecMOTPeTh NOBEPXHOCTh §' < S, COOTBeTCTBYIOMYIO mna-
pamerpaM (u, v), mpoGeraloIuM NPAMOYTOILHAK A’ = {0 < u << u;, 0 < v <
< b}. M3 puc. 7.5 BuaHo, uTO S’ ecTh HapaMeTPHUECKH JajaHHAT NOBEPXHOCTH
fes caMomepecedeHHUIi: HMeeT MECTO B3aHMHO OJHO3HAYHOE COOTBETCTBUE
8’ == A’. Ho Bce paBHo Touku P & [C, D] sBasiorca ocobennniMn mia S': B aw-
OBIX KK YFrOZHO MAJBIX (TPeXMEPHBIX) OKPECTHOCTAX {0 TaKMX TOYeK HPHEAR-
Jexangue MM dacTH S'Q He TPOEKTHPYIOTCA HU Ha ONHY M3 KOODAMHATHHIX
wrockocrer. TakuMm ofpasoM, S’, Tak e, KaK S, He ABIAeTCHA TIAAAKOH mO-
BePXBOCTHIO. )

3amevanne. Ilo apyroi TepMHHONOrHM TIianko#l - HoBepxHOCTHIO S’ Ha-~
3LIBRIOT COBOKYNHOCTb TOUEK (, Y, ), YNOPANOYEHHYK NPM IIOMONIH MAPAMOT-
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pos (u, v) mocpeiAcTBoM paseHcTB (1), rie @, Y, y — HenpepoisHo Auddepen-
iMpyemMble QyRKUMH, HOXUNHAILNMeCH HepaBeHCTBY (3). CorilacHo 3TO# TepMu-
HOJIOTHH TOYKH (z, ¥, z), COOTBeTCTBYWIIMe pas3HbLIM mapaM (u, v), CYUTAIOTCA
PasHLIMU 3JdeMeHTaMM S, XO0TA, ObITH MOJKET, 3TH 3IeMEeHTHl OHPeReNsHIoT Oj-
HY ¥ Ty e reoMeTpMUYecKyl TOURy (z, y, z).

3amennm mapamerpst (2, v) mosepxmoctn S mapamerpamu (u’, v');
u=Mu',v), v=p,v) (W, v)eQ=Q), (4

e A ¥ p — HenpepsiHO pupdepennupyempie QYHRUHE ¢ AKOGHAHOM

D’,, "
P 0 (=), (5)

a otoGpaykenne (4) MPUBOXUT BO B3AMMHO OJHO3HAYHOE COOTBETCTBHE
oTKpuiToe MHOMecTBO.- ' mapamerpos (u’, V') ¢ OTKDHTHIM ke (cM.
§ 7.48) mmokectBom Q mapamerpos (u,v). B pesyanrate momyumm
ypasuenua S, BEIpa)KeHHbI¢ Yepe3 mapamerpui (u', v'):

T =@y (u'a U') =@ (7" (u', I),), p (u'v U’)),
y =1 (', V') = (', V), p(u’, v)), (6)
2=y, (W, V)= M@, V), p@, )W, v)=Q),

e @i, Vi, X1 — PyHrimu, Henpepoisuo nuddepennmpyemeie Ha Q)
U rje BHIOOJHAITCA HEPAaBEHCTBA

(D@ Y Dy, 2 \? (--D<z,z>’>”
[rurXro '2_(17 (u',”vv) +(D<u',v'>) T\ow vy =

° * D (u, 2 r o ’ 1
= lroxnl (RE2) >0 @, ee). @

Hospte mapamerps (u’, v’) ¢ yKasaHHBLIMH Bbillle CBOHCTBAMH MH
GymeM HA3BIBATH OONYCTUMBIMU NAPAMETPAMU NOBEPIHOCTU S.

PaccMOTpUM [NIaJIKYI0 HOBEPXHOCTH S, BATAHHYW NapaMeTpUYecKu
npu momoiny ypasHenMil (1) ¢ yxkasammsimMm Tam cBoiicrsamu. B io-
6o#f TOYKe OHa MMeeT KaCaTeJbHYI0 ILUIOCKOCTh M HOpMadb. UToOm
HONYYNTH BRIPAJKEHHe 1A HOPMajH B TepMHHAX BeKropa r= @i+
+ 4 j+ xk, MoxHO paccymaaTs cremyiomuM obpasowm.

Berrop r=r(u, v) npu QHKCHDOBAHHOM 3HAYeHWH IapaMeTpa v
OTMCBIBaeT KPHUBYIO, COOTBETCTBYIOLIYI0 H3MEHEHHIO HapaMmerpa u.

DBexrop r, HAlpaBleH MO KacarejIbHOH K 9T0il KpHBOH. AHAIOrHYHO

BEKTOD ¥, HAOPABIEGH II0 KacaTeJbHOH K Jpyroi KpuBOH, KoTopas
OIIMCHIBAETCA BEKTOPOM I, KOTHA U (DHKCHPOBAHO, a U MEHHAETCH.

Ecam cuntate BeKTOPH F., I, Boixofiammmu u3 touku (u, v) mo-
BEPXHOCTA S, TO OHH OIPERENAIOT HPOXOAAINYI0 I€Pe3 HUX IIOCKOCTS,
KacaTedbHY0 K S B TouKe (u,v). Us ycnosus (3) caenyer, uTo BeKTo-

pH 1y, T, He KoiutuHeapHhl. Hopmans x S B TouKe u, v onpepmensercs
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BEKTOPOM

oxch = (800 _0van), | (oxow _oxoe . (00w dgov),
r“xr”—‘(%&?_ﬁﬁu)l—i—(ﬁua—;\ 0v‘6ul+( 0V ¢ )k'
®

ITpu 3TOM MOKHO ONpENeNHUTH J(Be eIHHUUHBIC, HENPEPLIEHO 308U~
cawue or (u, v) € Q nopmaau:
l‘qu’v
n= - o ((u, U) = Q)- (9)1;
[Fcr,]

3HaKy. «+» cOOTBeTCTBYeT OfHA CTOPOHA MOBEPXHOCTH S €O IeT-
KOil BBINYHEHHBIX B €€ CTOPOHY eIUHMYHBIX BEKTODOB, HEHPEePHIBHO
- saBucamux or (u, v), a 3HAKy «—» — jpyraa ctoposa S.

Hanum caenylomee onpejenenne. Ecinu n3 xamnoit Touxn A rian-
KOl TOBEPXHOCTH S MOHO BBIIYCTHTH EIUHHYHYI0O HOpPMaib n(A)
TaK, YT0 NOAYyYeHHaA BeKTopHaA PyHKIuA o1 A Gyaer HempepsIBHOI
Ha Beeil MOBePXHOCTH S, TO S NA3BIBAETCA OPUEHTUPYeMOU NoGepi-
HOCTbI0.

llosepxnocts, 11 KoTOpOil ompenesena rakas Qymrinma n(d),
nasbiBaercsa opuentuposannoii [npm womomm n(A)l, Ecin Mmb Gygem
FOBOPHTB, 4TO § €CTh OPHEHTHPOBAHHASA TJAJKad HOBEPXHOCTH, TO
TeM caMbiM Oyiem cudrath, 9r0 S 0603HAUAET HE TOJBLKO TOBEPX-
Hocth (MHOMECTBO), HO M TOT (PaKT, 4TO Ha Hell 3ajaHa YKA3aHHAS
nenpepoisnaa Ha S ¢ysruma n(A4). Tosopar eme, uro ¢ymkuusa
n(A4) 3ajaer ompejelleHHYI0 CTOPOHY OPHeHTHpPYeMOil Tmajroii To-
BepxHocTH [Kyga BBIXOAMT M3 S INeTKa eJMHIYHBIX BeKTopoB n(A),
HenpepsiBHO  3aBucAmmx or Al.

. Ty :xe moBepxHOCTH, HO ODPHEHTHPOBAHHYIO IPOTHBOMOIOMHBIM
o6pasom, -Hajo y:e oGo3HauaTh Apyroit Gyxsoil, /IBe Takme mporuBo-
IOJIO}KHO OPMEHTUPOBAHHbIE MOBEPXHOCTH yI00HO 0603HaYaTh GyKBa-
ma S, u S.. Onwa w3 HEUX npou3BoAbHO ofo3Hauaerca depes S,
a Jpyrag AaBTOMATHYECKH mnoiyyaer obosmnadenue S_. ’

Hlaposast MoBEePXHOCTh OPUEHTHPYEMA — BHINYIEHHBIH U3 KaKOii-
aubo ee TOUKM eIUHUIHBIA BEKTOD BO BHe MIapa, OYEBH/NO, Hempe-
PHIBHO IIPOJIOJIZKAETCA HA BCIO IOBEPXHOCTh. JTHM LIAPOBAA MOBEPX-
HOCTh OpHeHTHpOBaHA. Jipyras, NpoTUBONOMOKHASA, OpHEHTALMSA
IMapoBoil MOBEPXHOCTH ONPeNeNAeTCA eMHHYHLIM HOPMATBHBIM K HEil
BEKTOPOM, HATNIPaBJIeHHHM BHYTPh COOTBETCTBYIONIEro mapa.

Boime Mp1 BHIeH, 4To ecan S ecTh IJAfKaA MOBEPXHOCTH, OIIpe-
JelleHHAasd IapaMeTpuyecKn ypasuewumamu (1) ¢ ykasaHEBIME. TaM
cBoficTBaMH, To OHa OpHeHTHpyeMa. 3Hary «+» B dopmyne (9) coor-
BETCTBYeT HEKOTOpas opHeHTauuA S, a 3HAKY «—» Gydaer TOT/A - CO-
OTBETCTBOBATH NPOTHBOMONOMKHAA OPHeHTAIHA. :

Boo6uie ke cymecTByoT IajKue NOBEPXHOCTH, HEOPHEHTHpYe-
mple (cM. cregylomuit naparpad). ‘ ~
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Iloce cxa3aHHONO MOMKHO YTBEDHIAThb, UTO 6CAKASL HEOPUEHTU-.
pyemas eaadkas NOGEPIHOCTL He MoxceT bOuwiTy sadana napamerpu-
yecku npu nomouwpu edunoli cucremwr ypasnenuii (1) ¢ yxasanHolmu
TaM 02PAHUMEHUAMU, Hara2aeMbIMU Ha Pyrryuu @, P, X.

C jpyroit cTOPOHBI, MBI 3HAeM, 4TO ecid S ecTh IJajiKasg TOBEPX-
HOCTB, TO IIO0 CAMOMY ee OIpeNeJeHuI Iiaf Kakaoil ee Toukm 4,
naifleTcA NPAMOYTOJBLHHUK A ¢ UeHTpoM B Hell, BHIPe3HIBAIOINMA U3
S Kycok 0, omuchBaeMbi ABHO ¢ymxumeit, nycrs z = f(z, y), (z,y) =
e A’, nenpepsiBHo upepeHIIPYeMOil HA COOTBETCTBYIOIIEH HPOEK-
yua A. flcso, 9T0 KYyCOK ¢ ¥WMeeT JiBé CTODPOHH, ONpejessieMble HOD-
Maneio . m=(n, n,n,), ie

=F —L e n, = F n ‘ P S—
x ey Ty = ——y flz = —_—
Vigr+d Vitr+d Vitri+d

af 0 f)
(p — oz q = ay .
BepxuuyM 3HakaM B 3THX PABEHCTBAX COOTBETCTBYET BePXHSAA CTOPOHA
KycKa 0, a HHIKHIM — HIDRIAA CTOPOHA. .
IToaToMy MOMHO CKa3aTh, 4TO0 6cAKAs 24a0KAf NOEEPTHOCTL 10-
KAALHO OPUEHTUDYEMA. v -
Hpumep 2. Hlaposas moBepXHOCTH. Ypasmenus (cm. § 12.19)

n

z=Rcos0cosq, y = RecosOsing, z=Rsin0, —oo << 0, ¢ << oo, (10)

tme R > 0 — 3afapHOe 4Yuc/ao, OUPefeNA0T OPH IIOMOIMHM NOJAPHBIX YITOBHIX
napameTpoB 0, ¢ LIAPOBYI0 HOBEPXHOCTL S pajuyca R ¢ INeHTPOM B_HYJIeBoi
TO4KE, B YEM JNeTK0 YOeNITLCA, €Cal HCKAWYHTH N3 DTHX ypaBHenui 0 u ¢.

OGaacte G n3MeneHusa napamerpos (0, ¢) ABIsgeTCS BeA INIOCKOCTh, IIpaBbie
wactn ypasmenmii (10) — Hempeprisuo mudgepennupyemie dynxunu or 0, @.
Buiuncienna noKa3piBaOT, uTo e

I;‘eXl:wl = R?|cos 8. _ (1)

13 (11) MB!I BHIMM, YTO Helb3f CKasaTh, YTO MIAPOBasd IOBEPXHOCTH S 3aMa-
Tia TAAJKO NapaMeTpaMit 6, ¢ Ha BCell NJIOCKOCTH DTHX napaMerpos. M3 mocief-
uelt HAZO HERAWIUTH TOUKH (0, ¢), ¥ KOTOPBIX €08 O="
== (). Ho aT0 HeAoCcTaTOK He NMOBEPXHOCTH, & ee mapa-
MeTpHYecKOro mpepcrapienus. aw Mui. 3maeM  (cw.
npegpAyIpTA naparpad), S ecTb riAajfKkad MOBEPXHOCTH
M ce IOJIOCHL,  COOTBETCTBYIOLHME 3HadeHHAM € ==
= =+7/2, He ABIASIOTCA WCKIIOIRTEIbHLIMA.

MMapameTpnueckoe npejcTasaenne. (10) camomepe-
€eKaeTca IOTOMY, YTO Mbl He OIDRaHHYHIM B HeM MHO-
JRecTBO NapaMeTpoB. Bolee SKOHOMHO CUYHTATh €ro 3a- :
IauEBIM Ha MEOKecTBe —n/2 << 6 < m/2, a << @ < Puc. 7.7.
<2 a - 2m, rae @ — HeKoTopoe AeHCTBYTENLHOE UIICHO. .
Ato MHomecTBO Ipu fomonu (10) orobpaskaercA B3aMMHO OJHO3HAYHO Ha
1IAPOBYI0 NOBEPXHOCTH S, N3 KOTOPQHl BBLIKOJOTHI iBa ee moiloca. Ha arom MHO-

secTBe |re- X 1yl > 0.

Mpumep 3. Top. B nunockocrn (x, y) 3ajaJnM OKPYIKHOCTE pajuyca &
¢ menrpom B toure (b, 0) (0 << a << b). Bpamenwe ee Kak TBepHOTo Texa B
npocrpancTse (z, ¥, z) BOKPYr OCH y TIDUBORUT K NOoBepXxHOcTH 7, Ha3pIBaeMOH
ropox. Iycts O eCTh BeiMYMHa yraa, nso0payKeHHOro Ha puc. 7.7, w ¢ — yros,
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Ha KOTODPHI MOBEPHYTA BOKPYT OCH y ILIOCKOCTh Hamiell oxpysmuoctd. IloBepx-
nocth I' BEIpasKaeTcsa depe3 napamerpsl (0, @) Tak:

x= (b+acosB)cosq, y=uasinB, z=(b+4acosO)sing
(0< 0, 9 < 2n). (12)
B /lekapToBHIX KOOpAMHATAX ypaBHeHue I mMeer BHJ ’
O = (Y22 + 22— b)* + y? —a? = 0.
Hpnu stom ma T

(5 ) + () + () s (VFFE = >

1o mokaseiBaer (cM. § 7.19), aro T ecrb ruajikas MOBEPXHOECTH, UTO, BIIPOYEM
MHTYUTUBHO OYeBUIHO.

§ 7.21. Ilpumep HeopHeHTHpYeMoii IOBepXHOCTH.
JIner Méduyca *)

Boapmem mpaAMoyroabHsiii juer Gymarm (puc. 7.8), KoTopsiit Mbt
byneM MsicauTh Ge3 oTpeskoB aa’, bb’, COCTABIAIOUMX YACTH €ro
rpanui. Ilepexpytum ero oxuu pas m ero cToponsl ab u a’b’ cxuenm
TaK, 9ro6sl ToukK a, b’ u b, a’ txremnucs nomapwo (pue. 7.9). [Moxy-
YeHHAA MOBEPXHOCTEL ecTh aucr Mébuyca. nryutusuo sacuo, 4To 37O
Gyner rianKas NOBEPXHOCTH, €CIM CKPYYMBATH JHCTOK IJIANKO, HE
aoman Gymarm. He Tak ym Tpyamo, XOTA ¥ HECKOJNBKO TPOMOBJIKO,
OCYHIeCTBUTE TAKYI0 KOHCTPYKIHIO NPU TMOMOIIA POPMYI, HO MBI BTO
ne GyaieM mesaTh, moldarasich Ha MHTyHuuoo ynrateas. Ha pue. 7.8 or-
MedYeH 0TPe3oK ¢’ — CpejiHssA JUHHA NPAMOYTOALHOTO JMCTA GyMArd.
Idroit uHEM Ha Jucre MEGHyca COOTBETCTBYeT 3aMKHYTas Kpupasm cc’
(ne m3o6paxennas Ha puc. 7.9), y KOTOpoil TOUKE ¢ ¥ ¢’ Camauch

- 2 ‘
| =3
a

Pnc. 7.8. Puc. 7.9.

n 5o

B OfiHy TOYRYy. Beimycrum u3 ¢ egmuudHy0 mopmans nlc) mpoussosis-
HbIM, HO OmpejleeHHBIM o6paszoM. Pas manpasienme n(c) BniGpamo
(cpeau iBYX BOBMOKHBIX), TO BTHM YiKe [eTePMUHHPOBAHHO OIpejie-
aserca BuGop n(A) mua Beex Touek 4 € cc’, ecIm MBI XOTHM, TOGHI
BexTop n(A) menpepriBHO 3asmcex ot A. Onmako B TouKe ¢’ BeKTOp
n(c’) y:xe BeIGpan — Bexb ¢ U ¢’ comagator. Jlerko BUAETH, UTO ECJH
TOUKY cpeJHell JHHNY NPAMOYTOJILHAKA HEIPEPHIBHO IBHTATH OT ¢ K
¢’, 10 enummdnas Hopmans n(A), rgze A — Toura amcra Mébuyca,
COOTBETCTBYIOINaA ¢, Oyner crpemuthea k —nlc), a He k nlc), m, cre-
JwBaTeabHo, BeKTop-pynknua n(A4) oxkasviBaeTcsi paspeIBHOM B TOYKe
c=c' 8. - -

*) A. ©. Mébmyc (1790—1868) — neMenuuit reomerp.
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§ 7.22, Jloxanspbliii oTHOCHTENBHMIH IKCTPEMYM

Iycre Q ects OTKPHITOE MHOKECTBO R-MePHOrO IPOCTPAHNCTBA H
Ir @15 - ooy @m (1 < m <n) — onpegenennnle na Q Gynxiun,

O6osnauuM uepes E MHOKECTBO TOYEK X, A KOTOPBIX BBIIIOJ-
HAIOTCSA OJHOBPEMEHHO paBeHcTBa (cBA3M):

;x)=0 (j=1,...m;m<n), (1)

Ilo ompegenenuio, ToUKa X, € Q eCTh TOUKA A0KAALHO20 OTHOCU-
TeAbHO20 makcumyma (Munumyma) Pynkyuy [ Opu HANMIAH CBA3EH
(1), eciu x"€ E -u cymecrsyer 8 >0 rakoe, 9T0 ia Bcex XE K,

n
VAOBIETBOPAOINMX HEPaBEHCTBY |X — X°| = 2 (z, — 2)* <8,

mmeer Mecto f(x) < f(x°) (B cayuae Maxcnmyma) z f(x)=f(x")
(8 cnyuae mMmHEMYMA).

TouKa JOKAJIBHOFO OTHOCHTENHLHOTO MAKCAMYMa WJIH MHHAMYMa
HA3LIBACTCA TOUKOU A0KAAbHOZ0 OTHOCUTEAbHOZO0 IKCTPEMYMA. :

3aiiMmeMesn CHAMAJIA BHUICHOHNEM BOIPOCA O HeOOXOEMBIX yCI0~
puaAx, 4To6p X° 6Lma TOUKOH JIOKAJIBHOTO OTHOCHTENBHOTO KCTpE-
MyMa.

Bynem npeamonarath, 9T0 B OKDPECTHOCTH TOYKH X' GyHKIUA
f, @4 ..., @n MMEIOT HeIpepHIBHEIE YACTHBIE TIPOM3BOJHbIE. Boibine

a9\ |
01h o
(j=1,...,m, k=1, ..., n) papen m. Takum o6pasom, cpexu onpene-

nMTenel NOpPANKA m, MOPOIaeMBIX 3TOM MaTpuLiei, EMeeTcA He paB-
e wymo. 1A onpeneiesHocTH Oy/IeM cYUTATh, 970 3TO €CTh OHpe-

KeNUTEND
6(;)] , .(7(p1'
oz, ) 0\ O )

D@y o) 100000 N L, (2)

D (11’ v xm)o - aq)m 0(pm
oz, 0 T\ ory, .

Mzui cumraem, uro cumson ( ), ofosmauaer Tor (baKT 910 B PyHK-
HUK, CTOANYI0 B CKoOkax, sMecto X mogcrasieno X’. Ha ocmosamuu
TEOpEeMbl O HESBHBIX (byumnmx CYIIECTBYET MPAMOYTONBHUK

A=A XA, - (3)
N =]z — 25| <8, j=1,...,m],
A”:”x1_xz|<0 l~m+1,..., }

Toro, 6yJaeM NpPeANoNarars, 4T0 B TOYKe X' PaHI MaTPHI(HI

u- (euncrBenusie) nenpepusuo nudipepennumpyemole (bym(rmu x; =
= W(&my1, ..., Ta) =1, ..., m), ompenenennvie na A”, ynopuier-
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Bopaomue pasenctsam (1):
Pty ooy Pmy Tty ooy ) =0 (=1, ..., m).

Ipu atom \pt,'—x?|<6 G=1, ..., m.

Hogcrabum ® [ BMecTO Xy, ..., Tm coomeTcTBylom;He PynK-
$11:1: G TR Toma f Oynmer ysmriueil sonbko or (n —m) mepe-
 MEHHBIX Tmyty ..., £n, HE3ABHCUMBIX MEKKY COOOI:

f(p,g, eoey Wmy Tmyty oo -,- x,._) =(D(.’tm+,, .oy x").

OueBHHO, 9TO ecam | HOCTUTAET JOKAILHOTO MAKCHMyMa M/ MHHA-

myma (orHocuteanmoro) B X’ = (xl, e, 2%), o D (Zmt1y ooy Tn)
0

MOCTHIaeT B TOUKe (Tmiy, + .., T2) JOKATBHOrO AGCOMIOTHOTO MAKCH-

Myma (Mummmyma). Ho torpa, Kax MBI sHaeM, 10uKa (Zmi1,. .., Z0)

IoJHA OBITH CTaluoHApHOi musA yHKIumN CD T. @, BbIHOJHAIOTCHA
PaBeHCTBa

(%)ﬁ:(} (l=m-+1,...,n). (4)

3necy smar (), Temeps yKe o3madaer, 4TO B (PYHKIMH, CTOAINEH
0 0
B CKOOKAaX, TOJAraercA Tmit1 = Tmi1, « + «5 LTn = L. MBI JlyMaeM, 4To
Takoe IBOAKOE 0003HAYEHHe K IyTAHMIE He NPHBEIET.
Pasencrpa (4) 2KBUBAJTEHTHHI OJHOMY DaBEHCTBY

n

b
o = ( )dx,~0 (4')

i 0x,;

j=m41 i/o

KOTOpOEe MOMMHO ObITL BePHBIM [JA DPOM3BOJALUBIX (HC3AaBHCHMBIX
MeRIy €000it) dZmyyy ..., dr.. B camom meme, ma (4) caenyer (4)
pA T00KX ATmyy, ..., dz,. O6patno, ecan pepuo (4') mada nw6eIx
nupdeperuuanos drm g, ..., dZ,, TO, B 9ACTHOCTH, OHO BEpPHO, KOrna

oxuH u3 stux guddepennuanos paseH 1, a ocTajgbuble paBHm HYJI0,
2 9TO MPUBOJIAT K PABEHCTBAM (4). .

Ilo ompenenenuw Touka z° & E masbiBaeTcs CTayloHAPHOL TOUKO
Ppyrnkyun [ npu nasvuuu ceaselr (1), ecnmu jaA mee  BHIIOAHAIOTCHA
pasenctsa (4), miam, 9To BCe PaBHO, KaK MBI BERISCHUJIM, €CJIH BHIHO-
HAgeTCs OfHO paBeneTso (47) s JIIOOBIX HE3aBHCHMBIX Mesy coboi
dr; l=m=+1, ..., nl.

ATo. ompesieNieHHe, OYEBHIHO, DKBHBANEHTHO CJe/(VIOIEMY:

Tourka X’ & F wasviBaercss cTayuoHapHoil Toukoll [ npu naiuuuy
cesaseii~(1), ecnu s Hee momusii guddepennuan

z,é(%)odxh: o (5)
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A BeeX di, Y/I0BIETBOPAIONIUX JVHEeHHBIM CBA3AM

n P . -
Z(a‘“) dr, =0  (j=1,...,m). (6)
h=1 k -

-

B caMoMm jiesie, B cuiry HHBapHaHTHOTO cBoiicTsa. muddepenunana
df = d®D, rne Bxoxamue B df (3aBHCUMbIe) ;(mi)(bepeﬂuua.mﬂ dry, ...
., A% COOTBETCTBEHHO DPABHEI

n
- P pk

dz, = dr;  (k=1, ..., m).

£
j=m+1 7

Ho mocinepuue BMecte ¢ HE3aBUCHMBIMU nn(b(bepenunanamn dx,,,H,
+. dz, cBasanst cooTHomenuaMn (6).
1lpuBesienusie paccyssIeHMA NOIYTHO NAKT CIHOCOG OTHICKAHEA

Tauuonapuon TOYKH. OH CBOJUTCA K DpPEIIeHuIo n—m ypaBHeHmr
(4) ornocurensuo (Zumys, ..., x,). OrHaKo NpeaBapUTENLHO HANO GBHLIO
eule pemurs ypasHenusa (1) ormocurennmo xy, ..., Tw. ITOT cHOCOB

B CKOJILKO-HMOYTH CIOKHBIX clydaax asiserca HeynobmsiM. Boiee
TIPOCTHIM ABIAETCA CHOCO0, HasbiBaeMblit meT000m muoxcureaels laz-
panaca. '

Merod mmomcureaeli Jlazpamma (0TbICKAHUR CTAYUOHAPHBIT TO-
UEK) 3AKAIOUAETCA 8 TOM, UTO 8B0OUTCH BCNOMOLATEALHAR PYHKYUS

F(2)=f(x)— >13 Aigps (x) Ty

or He3asucuMblr nepemennvlr x = {(x,,..., x,), ede \;— nocroannvie
yucaa (mnoxureau Jlaepanaa), no&newcau;ue onpede./zeuu;o emecre
¢ KoopouHaramu Heu3eecTHol crayuoHnapHoil rouru z°. Chauaaa 3a-
darorca npouseosbHble YUCAA My, ..., hm U 048 cOOT8eTCTEYIOWEl UM
dynxyuu F(x) or nesasucumoix nepemennbtx (He céazannbiz ceazamu
(1)) pewaerca sadaua na abeoarornvwi sxcrpemym. Tounee, npupae-
HUBAIOTCA K HYAI0 8Ce ee HacTHble nPOoU3eodnble:

I N0 (k=1,...,n). 8)

K noayuennoii cucreme (8) us n ypasnenuii npucoedunserca eue.
cucrema (1) us m ypasnenuii ceasu. Cosgrynnaa cucrema us n+m
YPAGHENUI PeuLaerTca 3aTem OTHOCUTEAbHO N -+ M MEU3BECTHBIX i, ...
. N 0
y Zny Aty ooy Al OKasvléaercs, uro Kamdomy peueruio 2y, ..., Ty,
0 0 0

Al, .++» hm cooTeercreyer crayuonapnas roura x° = (af, ..., 2°) sa-
dauu u, naobopor, ecau X° ecTv CTAYUOHAPHAR TOUKA, TO e€ii cooT8er-
CT8YeT eJUHCTECHHAA CUCTEMA MHOICUTesell 2»(1), vy A TaAKas, uTo.
cocrasaennble Jad nux ypasnenus (8) ydosaersopsiorca npu X =x°,
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BBeneMm n-mepubie BEKTOPHI

(@rad o ={(55) . ... (32 ).} 9)

(grad@j)o={(%>,...,(§%)} G=1,...,m. (10)

®axr, uTo X" ecTh CTAMOHAPHAA TOYKA, MOMKHO BHIDA3UTL TakK,
U3 roro, uro mexrop (dzi,...dx,) oprorouasen Ko BceM BekTopaM
(grad @s), (i=1,. .,m), 1. e. M3 TOrO, YTO YJAOBAETBOPHETCA CUCTEMA
(6), cmenyer, uro ygomnersopsercsa paseHcrBo (5), T. e. Bekvop
{dz,, ..., dz,) oproronanen k Bexropy (grad f),. Ho Torma, xar m3-
BeCTHO M3 JjuHeliHOW aureGpel (cM. HKe JeMMy), cymiecTByer m
9HCeN Ay, 4.y Am TAKHX, YTO

(grad ), = A, (grad @) +...+ Au(grad @m),. 1)
Huage ropops, npu x = x* suimonusaorcsa papencrsa (1) u (8) u mm

ROKa3aJId HaWle yTBepMiJeHue B oiHy cTopony. HaoGopor, ecam npu
x =X’ npd HEKOTOPHIX YHCAAX Ay, ..., Am BHIIOJHAKTCH PABEHCTBA

m
(8), 1. e. Bekropuoe pasencrso (grad f), = X A: (grad ¢:),, T0 U3 TOTO,
- =t

'yro BeIMONHAITCA paBencrsa (6), T. e. ua Toro, uro Bekrop (dx,...
..., dx,) oproronanen k Bexropam (10), ciexyer, oweBmgHO, 4TO0 Ol
oproronajien k Bexropy (9), T. e. 4T0 BBINOSHAETCA paBeHCTBO (5),
M MBI JIOKA3aJil yTBepsiIeHiie B 00paTHyI0 CTOPOHY.

BrisicHeHue Bompoca o ToM, Gy[eT M JaHuHas cTAIMOHAPHAA TOUIKA
X’ TOYKOH OTHOCHTENBHOrO DKCTPEMyMa M KaKoro (MaKcHMyMa WM
MHHHMYMa), Toske YHOGHO IPOBOJMTH, PACCMATPHBAA JIATDPAHIKeBY
$ynxuuo F. Bypem cuurars, uto B T09Ke X° Axobuan (2) me pasen
nynaw. Torga B cmiy ceazein (1) MoxuO cumrars, 4T0 Nepemenmnie
Zmisy « ooy To B OKpecTHOCTH X° He3aBuCHMBI (MesKny coGoit), a mepe-
MEHHBI® Iy, ..., Lm OT HHX 3aBHCAT. A CHMMETPHH MOMKHO CYHMTATS,
YTO BCe MepeMeHHble Iy, ..., Zn — 3aBUCAMBIE (0T Zmyy, ..., L.). Ha
OCHOBAHUH TEOPHHM JOKAJBHOTO abCONIOTHOIO DKCTPEMyMa J(OCTATOU-
Hble YCIOBHA MAKCUMYMa MOMKHO NOJNYYMTH, HCCIenys sropoil nudde-
pesnmaa d*f, B Touke X°, cUMTASA Tmyt, ..., Tn HEIABHCHMBIMH, M

smaey, 910 f(x) =f(x) — X Ayy (x) = F(x) pna scex x, ynomner-
K=t : _ 7

4 oF
TN dz,

nopaomux ceazam (1), Iostomy mas stux x df =dF =
' k=1 "k

aas Beex dx,, ynosieTBopAMAX cBA3AM (6), u

O N OF Q' OF
@f = &F = X X Sio dnyda, + X5 di,
k=11=1 k1 k=1 R

ana Beex dr,, d'x,, yaopierBopaomux cBasaM (6) um BeITeKaoDAM
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U3 HUX cBA3AM nocie ux guddepenyuposannsa *), IlogcrasuM B »1!
paBeHCTBa CTALWOHADHYI0O TOYKY X' m OyJaeM CHHTATH, 4TO A;— eg

aoF -
muokuTesnu Jlarpamua. Torma (—5$—) =0, 7 MBI HONYYNM paBEHCTBO
: x/0

azp :
d2f, = z 2 ( 72,07, )dehdxl,

BepHOE [yiA Bcex dx,, HONIuHAIIIEXCA cBaA3AM (6). v

[Moryuennslit peayapTar MoskHO copMmynuposats Tak. Ilycrh Ha-

0 BRIMHCAATH BTopoii guddepennunan d’f, or Pynxmun f B ee cra-

nuonapHOit Touke Xx° mpu mamamumu csaseit ¢; =0 (j=1,...,m). [lua
7 n

91010 OmpeNenAeTca garpamxkena Qynkuuag F = f — 2 AjP; M BBIYMC-

J=1
aisercss ee  BTOpoilt pupdepenuman d*Fy = EE(W‘) dx,dxy,
l

h=1 =1

¢opMagbHO cYMTAA, 10 Zy, ..., T, — He3aBUCHMBL Torpga mmeer mecto
pPaBEHCTBO

d2f0=d2F0, (12)

ClpaBe/inBoe, KakoBbl Obl Hu Obuim dx, (k=1, ..., n), moguunsrwo-

meca anmeidHBIM cBazAM (6). B srom cMelcne ucciemoBanume deo
MOKeT ObiTh CBENEHO K ucciaeqoBanuio d-F,.

" Jlonycrum, uro d*F, ecth crporo monoxmurenbHas . dopMa, T. e.
d’F, >0, xaxoBbl 6b HU Obuin (HesaBuCHMBIE MeMKTY C060l) dz,, He
paBHBIe HYJIIO OJHOBPEMEHHO. SaNaNUM (Tmyy, .. -y dZa, OHOBPEMEHHO
He paBHBIE HY/I0; Yepe3 cBasm (6) um COOTBBTCTByIOT BIIOJIHE ONpeie-
Jiennsle 3uavenus dxy, ..., dr,; DoIyyuMm cucreMmy dzx., ..., dz, mad-
(hepeHnUAanOB, OXHOBPEMEHHO He pPaBHBIX HYIIO, MM coomeTcmyeT
d*Fy>0, mo Torga m d’f,>0, 1. e. wBagpatmunas gopma d*f, or
nepeMeHHBX (Lmyy, ..., 4%, (KOTOpad SABHO HUTAE He MHCANACH)
CTPOro TONOKATeTbHAA. B TakoM ciaydae f, Kak DyHKIuA He3aBUCH-
MBIX MeKY co6oil epeMeHHBIX Lmii, ..., Zn, NOCTHTAET B X° JIOKANb-
HOTO aGCOJIOTHOrO MEHIMyMa WTH, 9T0 BCE PABHO, f, Rax dyuroua
OT Zy, ..., &n, MOCTUTAET B X’ JIOKATHHOTO OTHOCHTEIHHOTO MUHAMYMa
npu momumn ceAzeit (1). [lomofmeiM 06pasoM MOMHO BaKIOYUTD,
uto ecan d*F, ec1n OTpHIaTeAbHO ompetenennas ¢opma, TO f nmeer
B X° TOKAJIBHEIH OTHOCUTEIBHEIH MaKCHMYM.

Ho moryr Owith Goflee cirosKHbIE cnyqan, rorga d*F, He ecTm
ompeniesennasa opma, HO OHA JeNaeTcA onpefeneHHol, ecam TuP-
depenunanst dzy, ..., dr, nomauaswTca ceaszam (6). B sTom cayuae
npuMeHeHHe pasemcTsa (12) TaKe YROOHO IIPH 3TOM METORe.

*) Hmeworca B . Bujy cBs3H 22 dedx; + 2 (Ph dz;=0
i=1j=1 - i=1 i
k=1, ..., m).
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Cxema pemenus 3aga¥s Ha OTHOCHTEJNBHBIH DKCTPEMYM Ha 06iaa-
cTH Q CBOMHTCA K CAeAyIOnleMY. _

Brinenserca ma Q mogMEO;KeCTBO €, TOYEK X, B KOTODHIX (yHK-
uau f, @y ..., QO EMEOT HeNPEPHIBAEBIE YaCTHRIE NPOU3BOAHEIE, a MaT- -

prua —a—z-’— nMeetr panr m. Ha Q, onucanmpiM Bulme cHoco60M Haxo-
ok b !

mATCA cTamuoHApHBIe TOYKH. Hajkmas ma HEX saTeM HcclieqyeTcd Ha
axctpemym. Ecam B meil cymecTBylOT HempephiBHBIC YacTHBIE OpPON3- |
BOXHEIE BTOPOTO MOPAIKA, TO MOMKET 0Ka3aTocA 3PPEKTHBHBIM MeTOJ
Wccaegopanus Broporo mugdepennnana pyuxuun Jlarpammxa F. Ecan
TEOPHA OPUBOAUT K COMHUTEJILHOMY CIydYaio, To rpefyercs cremmanb-
nHoe uccunenosanne. Homeuno, m touxu x = Q —Q, rpebyor Tamke
CIIeMaNbHOTO MCCIEJOBAHMA,

DMpumep 1. Haililem nokanbHble DKCTPeMYMH QYHKIME f(z, y) = zyp
sa okpyxnoctu (T'):

o, ) =2+ yP—1=0 oy

Qyukuua f 1 @ ABaMAL HempepsiBHO JuddepeRnupyeMn Ha BCedl MIOCKOCTH.
Kpome ToOTO, paHr MaTpuun :

Hﬁw o“fp\

3z Gy | =12% 201

pased 1 (T. e. KOJIMYECTBY CBA3ell) HA BCel MIAOCKOCTH iz, J, Ba HMCKIIOUCHNEM

+ roukn (0, 0). Ho nocienusa pe maxoamurca na [. CuaefosaTennHOo, TOYKM, Cfie
BO3MOKEH JIOKANBHLIH ODKCTPEMYM, HAXOHATCH TOJNBKO CPeiM CTAUUOHAPHBIX
TO9eK.

Hpnpamhmaﬂ HyJII0 9acTHBe TpPOU3BOmHLie (BymKInM Jlarpamsma 3ajiadm
F(z, y) = zy — A(2® + y* — 1), nonryunM ypaBHeHHA

oF oF -
T =y —2z=0 3;=x4=27uy=0. (14)

Peman ux BMecTe ¢ ypaBHEHUEM (13), mosyaum ttve'n,rpe uapmpTarinonapnmx
Touek z-= +1/V2, y = =+ 1/y2, COOTBETCTBYIOINUX BCEBO3MOKHBIM paciipefese-
aAM «+» 1 «—». Tlape x4y = y; = 1/V§_coorseTOTBy10T A = 1/2 v narpan-

yeBa QyHKIUA .

F(z, y) = zy — (22 + y2—1)/2.

Bropo#t muddepennvan or F B Touxe (zi, yi) nMeeT BEA d?F = —d2? +
+ 2dx dy — dy? = —(dz — dy)2 B cuay (13).
2rdx + 2y dy = 0,
oTKyna dy = -d'x, H OKOHYATEJIbHO

#F = — (2dz)? = —4da?,

rhe dz — He3asucuMbii nnddepennnan. CaenopateabHo, B TOUKe (24, Y1) mMeeT
_ MeCTO JIOKQILHBIH OTHOCHTENbHBIH MaKCUMyM sagaum, pasmmii f(1/V2, 1/¥2)=
== 1/2. Jlerko 3aKJKOYHTH, MCIOAL3YA CHMMeTPUYECKUe CBOKCTBA f, 4TO B TOU~

ke (—1/¥Z, —1/¥2) mMeeT MecTO HPYroii JNOKAABHBI OTHOCHUTENBHBIA MaKCHMYM,.
paBEEIE 1/2.
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Tak KaK OKPYKHOCTH I' €CTH OrpaHHYEHHOE 3AMKHYTOe MHOMKECTBO M Helpe-
pusnas na I pynxuma f mommma pocrmrars ma I' cBoero MakcmMyMa, m Taw
Hak MakcuMyM HA [' HeoOXOZUMO eCTh JOKANbHEIA MakcuMyM Ha I, To max F =

. T

= [V Z 1/V2) = f(—4/V2, —1/¥Z) = 1/2 u, anaxorwno,
min f = f(UV2, —1/¥3) = f(—1VE 1Y3) = —1p2.

Jdemma. fIycrv a, b', ..., b™ — gexropvt n-mepnozo npocrpan-
~crea (m <n). Jlas T020 uT06bL UMEAO MECTO npedcTasierue
m I3
.
a = ?\,jb], (15)
i=1

20e \;— neKoTopvle uucaa, HeobrodumMo U oCTATOUHO, UTOOLL 6CAKUILE
QERTOD €, OPTO20HAAbHBLEL KO écem b':

(e, B)=0 (=1, .., m),.. U
AB8TOMATUUECKU 3% 0[)7‘0:307‘%1-/!»8"» K a: A
(¢, a) =0. _ “un

v,[[vO}(a.’saTeJIbCTBO. Ecan imeer mecro (15), To (16) BIEeT
’ . . m . m N '
(e,8) = (c, )Y ij’) =X 4;(e,b’) =0,
-1 i=1 . }

11 MBI JIOKA3aJI1 HEOGXO[UMOCTh YCHOBHSA JIEMMBbI,

Hepeiinem K pokazarenbcTBy pmocTatounoctd. Oproromaausm-
pya cmcremy b', ...; b™, nomyumm oproHopmumpoBamHy® cncTeMy
a', ..., a", obIajaoiyio TeM jKe CBOHCTBOM: M3 PABEHCTB .
. (C, aj)=01 j=11"-7m7
cienyer, uro (e, a) =0,

Pasnoxum BexrTop & mo BekropaM a’:

a= 2 xia]‘ +r, )“J"z (a7 a})'

i=1

Bexrop r oproromasen ko Bcem a’, mo Torma (r, a) =0 u, cregosa-
TeAbHO, :

0= (r; a) = (r, gm ral - r) ={r, r)..

Ho rorpma

- m
r=0ua=2 Ma.
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-§ 7.23. OcoGrie ToukH Kpupoii

W3 reopunm HesABHOH (PYHKOMH W3BECTHO, YTO 6€caM QYHKIIA
F(z, y), obpamaerca B Hyab B ToUKe (Z5, Yo), MMeeT HeNpPEePLIBHBIE
vacTHbIE IMPOU3BOANbIE B HEKOTOPOH OKPECTHOCTH 3TOH TOUKH H

(5). =0, 1)

10 cymecTByioT Takue §,, 6, >0, uro muokecrso E Beex Touer (z,y),
HPUHANJIEIKAIUX TPAMOYTOILHUKY

[-7)—“1'0|<61, Iy‘—yol<6z (2)

M yI0oBIeTBOPAWINX paBeHetBy F(z, y) =0, onncwBaercs ¢gynxuneit
y=¢(x) (y,=qlx,)), uMelonell HenmpepHBHYI0 NPOM3BOAHYI0 (HAa
tx"‘l'ol'<61). .
- aFECJm B 9roil ¢opmyiauposke BMecto (1) NpeANoNoKUTH, YTO
(dz
Belcm)!omee eMy MuokectBo E omucbiBaercs paBeHctBoM z = y(y)
(o =1(y,)), rme Y — QyHKUMA HMeIAd HelUPePHBHYID POK3-
BOIIYIO.

Ceittac Hac Oyfler MHTepecoBaTh TOT CJIydaif, KOTJa HAJOKEHHbBIE
Ha Qyurouio F yeloBHA COXPAHAOTCA, 34 WCKIIYEHUEM OJHOTO.
Nmenno, GyaeM mpedrnogararh, 4to o0e YacTHBIe IIPOU3BOIHBIE oT I
. ; aF aF)

B roure (Z,, Jo) PaBOBI HYJO: (a) = (3;) =0

Muoskecrso I' Bcex rouer (z, y) st Koropwix Qynrmus F =0,
MBI OyjleM Ha3bIBATh KPHUBOI, orfasad cefe oT4eT B TOM, YTO Ha ca-
MoMm pene I' MomeT He OBITHh TeOMETPUYECKUM 06pa30M, ROTOPSIiT
o0bYHO OpUHATO HaspiBaTh Kpusod. Hampumep, ecam Pyurmua F
TORIECTBEHHO paBHa HyII, To I' ecth Bea miockoers (z, y). Hae
OyjeT HHETEpecoBaTh BOMPOC, KaKoi BHJ mMeer [ B rocrarouno manoil
" OKpecTHOCTH TOYKH (Zo, Yo). '

He ymenpmana obmmocta, Gynem cuurtarh, 410 £, =0, y,=0. Ly-
JeM mpeamosiaraTh TakiKe, 4To (yHKuua I mMeer HempepslBHBIE dacT-
HBle IPON3BOLNLIE YeTBePTOTro HopsaAAKa (3a MCKIIOYEHHEM OJHOTO CJy-
wast, AC — B*> (), xorga Q0CTATOYHO CYIHECTBOBAHMA BTOPBLIX Helpe~

PHIBIBIX TTPOM3BOKHBIX).
(azp)
= |2
ay o

2 -2
Honormum A:('”:) , Bz(ﬂ.) ,
9z® /o dxdy |,

Bynem mpepmoxarars, uro umeaa 4, B, C omHoBpeMeHno e pan-
Hbl HYJII0 © PACCMOTPHM OTHENBHO BOSMOJKHbBIE CIyYal.

1) AC —B*>0. Torma ma OCHOBaHHM TeOPHMU JOKaJbHOTO abco-
-JoTHOTO 3KCcTpeMyMa gyHxuus F gocruraer B rouke (0, 0) crpororo
JOKANBHOr0 MAKCHMYMa WJIH CTPOTOro JIOKAJBbHOTO MEHMMYMA, OTKY;a
caeyeT, YTo A TOYEK JOCTATOYIHO MAJOro KPyra ¢ ¢ HEHTPOM B Hy-
JIeBOR TOUKe, OTAMYHBIX OT IeHTpa, F(x, y) ¥ 0,

) #:0 TO MOJHO YKa3aTh HPAMOyroabuuk (2) rakoit, 4to c00T-
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Taxum obpasom, kpusasa [, onuceisaeMan ypasHeHueM
Flz, y) =0, (3)

B Kpyre ¢ cBogutcia K omuoil touke (0, 0).

B arom caydae rosopsat, uto touka (0, 0) ecrs usoauposanmasn
royka T'. Cama oma mpmHagneknT x [', HO B ee [JOCTATOUYHO MAaJOM
OKPECTHOCTH HeT JPYIHX TOUeK '

Ypasuenue x*+ y* =0 mosker CJIyH(HTB HPOCTHIM. IPAMEPOM 3TOTO
ciryvas.

2) AC — B* <0, Cornacno ¢opmyae Teiinopa

F(z, y) = Az* + 2Bxy + Cy* + plz, y), (4)
rjle |L MMeeT B HYJEBOH TOYKe BTODbie NPOHM3BOJHbIE, PaBHbe HYIIO M
p=00p%) (p*=z"+y"). (5)

B nmepsom npubmumennu ypasneuue F(z, y) =0 ecrecrBemuo 3a-
MeHHUTH ypaBHexuweM Az’ + 2Bzy -+ Cy* =0, Kotopoe B mammHOM CiIy-
vyae (AC — B* < 0) onpenensier mapy (He MHHMBIX) IPAMEIX

(s + Byy) (o + Boy) =0, (6)
AN

0. 7

0, 7~ (M)

Ecau cpenars moficTaHOBRY

E=awx+ By, ﬂ.-=°‘zx+§zy, (3)
10 13 (4) momyuum
Flz, y) =®(E, 1) =En+(E, 1), )
rjie
p=00) (FP=8+n. (10)

3necs (10) cremyer uz (5), Tak Kak B cury (7)

0 <1 << ey,

riie ¢y, ¢; >0 — HEeKOTOPble KOHCTAHTHL.

B cuny epmuEcTBeHHOCTH pasioxenud mo Qopmyre Teimopa ¢ oc-
tatkoM B opme ITeano (em. § 7.14) ms (10) -cmenyer, uro mpemcras-
nenne (9) ects Popmyna Teitmopa Pyurmun D(E, 1) B oxpecTHOCTH
£ =1n=0 ¢ ocrarounnM wiemoM -nopsiaka [ = 3. Ho Torma

PE ) =2 £ i (5, ),

rjie {; MMeIT HelpephIBHbIE YacTHEIE TIPOM3BOMHBIE IIEPBOT0 MOPAAKA
{cM. komery § 7.13).
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Hrag,
- - 3 : S
DE,m)=8En+ g}o E e’ (8, m)- (11)

B nuockocrn (§, ) (puc. 7.10) nposenem mBe GHCCeKTPHCH, e~
Il{e NONoIaM KOOPAHHATHBIE Yribl. [lIf HCCAe{OBAHHS YACTH Vi KPH-
ot T’ (B(E; n) =0), nomasmrei
(B OCTATOYHO MaJO# OKPECTHOC-
y TH HY/eBOH TOYKH) B BaTymIeBaH-
%, nyo ¢urypy, creraeMm 3aMeny
- . TlepeMeHHBIX (5, ) ma (g, u),
r
oo

Pue. 7.10. Puc. 7.11. n=%u, (lul<1). (2)

A nmast mecnefloBaHMA wacTn v; kpusoir I'', momapimeit B Hesaryiie-

saunyio durypy, samenuy (§, n) ma (u, n), rae

E=uy (lul<1). (13)

B cury (11) n (12) :
O, ) =¢tu+EE, u) =0, (14)

rae @(E, u) uMMeer HempepbIBHbIe YaCTHBI® IPOU3BOJHBIE.
Coxpamas na &*, mouyanm

AME, u) =u+Ep(E, u) =0. (15)

Touge E=0, n=0 B cury (12) smoryr cooTBeTCTBOBATH TOUKH
(£, u), rme. £=0 n lul < 1. Ho ypasuennwo (15) moeTr ynosrerso-
puth Toabko Touka § =0, u=0. JleBas ero wacTb npu 3TOM MMeeT
HempepHBHEBe YACTHBe MpOM3BONHBe B okpectHocTH Toukm §=0,

ah .
u=0nm E) = 1.B rakoM caIydae, Ha OCHOBAHUHM TEOPEMBI O HesB-
0 .
WHIX (PYHKIMAX, CYIlecTBYeT, U HPUTOM eJMHCTBeHHAA, (QYHKIHA
w=u(g) (u(0) =0), onpeftenennas Ha JOCTATOYHO MIJIOM HHTEDBaJIE
[E] < 8, nMewIas HenpephBHYI0 NPOM3BOAHYIO M Y/OBIETBOPAIOMAA
ypasuenuio (15), n Torpa coorsercTylomas efi QyHKIHA

n =¢tn(t), (16)

Taxske HerpepwisHo Auddepennupyemasn na (gl < §, umeer mpomsson-
nyio (n")e=0 u ynmosrersopsier ypasmenuio ®(E, n) =0. Ona onu-
- ChIBAET KYCOK Y{ kpusoii I''. Jipyroit kycor v; kpusoit I, Kacarennb-
HBI K ocH 1 B HyJdeBOoil ToUKe, 00Hapy:KUBaeTCA NOCPEACTBOM IIOJ-
cranosgy (13). ‘

Taxum ofpasoMm, B paccMaTpuBaemom ciydae kpusasa I' (o6pas I
npu ofparHoll saMeHe §, M Ha , y) B OKPECTHOCTH HYJIEBOH TOYKH
UIOCKOCTH T, Y pacmajiaeTcsa Ha JiBa OepeceKamouinecd mof yriaoMm (ne
PaBHBIM HyXo) Kycka Y, u Y. (puc. 7.11).



§ 7.23. OCOBBIE TOUKH KPHBOIX 295

3) AC — B>*=0. B stom cayuae

Az’ + 2Bxy + Cy* = (ax + By)?, ]
rie o 1§ opHoBpeMenHo He pasHBl Hynw. Ilomomum § =Bz — ay,
n=oaz + By u, paccypas Kak Bbllle, NOJYIAM, 9TO B HOBOiH (mps-
MOYTONbHOM) cucTeMe KooppuHar (§, ) Hama KpHBas OIpeZequTCH
ypaBHeHHeM

i e (17)

rjie \: IMeIT HenpepsiBHble nponsBoiHke. IlofcTanoska 1 = uf npu-
BOJMT IOCTie COKpalieHns Ha E? K ypaBHeHMIO

%(E, u) =u’+ E@(E, u) =0. \ (18)

Teneps cuosa %(0, 0) =0 (x(0, u)+ 0 npn u+#0). Ecuu (¢), =
=¢(0, 0) # 0 [cayqait (@), =0 uckmounrensnsiiil, uto nanGoree Be-

POSATHO, TO (Z—g)o = (¢)y 5= 0. Iosromy & pasencty (18) mpumenuma
TeopeMa 0 HEeABHOU (PYHKIMH, B CHIY KOTOPOH CYIIeCTBYeT, W OpH-
ToM eauHcTBeHHaA, Pynrnua §=v(u) (0=v(0)), umewman meupe-
PHIBHYIO IIPOM3BOJIHYIO, YNOBJETBOPSAION[AA B JOCTATOYHO MaI0i OK-
. pectaoctu u = 0 ypasuenuio (18). .
Hueens (u) = — ' (&, u), v' () = —{2up — 12 2 (v ), ))fg2
Hycrs (@), <O, rtorna, oveBHaHo, Haligercss 6 >0 rakoe, uTo
>0 ( 0<uxd),
V) {<0 (—8<u<),
0 (u=0),

u v(u) erporo yGsBaer no myas ma [—8, O] u crporo BO3PACTAET OT
nyns na [0, 8. Ilosromy ma kampoMm us »TwX oTpeskos ynKIUA

Puc. 7.12. ' Pue. 7.13.

& =v(u) obpaTiMa u IMeIoT cMBICa obpatnbie HellpepHIBiEe (DyHK-
IuM, KOTOphie MOTYT GbiTh sammcansl B Buge u = =+V—E[(gp), +&(E)]
(e(E) >0, &£~ 0), rne &> 0. . '

CrnenoBartesbno, Mbl MOJIYyIMM ABA TIAKKHX KycKa Kpusoit I'":

n==EV-tl(gl + el ® 21 —(¢), (§~0, 0<E<H).
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CoorpercTBylomaa wexonnag kpuBag I' maobpaskena wa pue. 7.12.
1'oBopsar B srom cayuae, 9o (0, 0) ecth Toura eoseépara kpueoii 1.

Ilpu (@)e >0 xapruHa aHaXorMYHA, HO «BO3BPAT> HMEET MECTO
B obmacts £ <0 (pue. 7.13), Korga HOAKOPEHHOE BHIPAsKEHHE HOJO-
HRUTEIBHO.

Komneuno, ecan (¢), =0, To TpeGyerca panbmeliliee ncciaeoBaHme.

3aMeTHM, YTO MOJACTAHOBKA § = 11 He J[aeT HOBOHl BETBM KPHBOH,
noroMy 4to mocie cokpamienusa (17) ma n® voayunmm yvpaswenne 1+
+ ny(n, u) =0, ve umeromee pewenus npu 1 =0 u KonewnoMm u.

§ 7.24. Kpussie Ha nOBEPXHOCTH

Paccmorpum aBasknmbl HenpepbiBHO [AndepeHIIPyeMyI0 HOBepX-
HOCTh G ‘

z=flz, y), 1)

N UpHHAIesKANY0 eif ABaKkab AuddepennupyemMyo TIaAKyIo Kpu-
Bylo I': r(s) = q@(s)i+ (s)j + E(s)k, rae s — mruma pyru I
Bynem monbaoBathes 0003HAYeHIAMHE

- 2 “ A2 A2
0z 0z 0%z 0"z z
y § =7, =T S = t—'———"—; (2)
ox ay dz dxay oy’
(MBI mymaem, ¥ro 0T TOTO, 4T0 S obo3Hadaer muumy ayri I' um npous-
9%z
BOANYIO 25, NYTaHUIb e npousoiimer).

Epurnynas mopMalib K 1I0BePXHOCTH ¢ B ee Touke A4 = (x, y, 7),
o0pa3yoman ocTpelil YroJd ¢ HOJNOKUTEIbHbIM HalpaBielHeM OCH Zz,
pasua

— S . 1
Vit +d 172t Vit g

C gpyroil cropoubl, eJHHNIHBIA BeKTOp raaBHoli mHopMaim kK I' B A

pasen (§ 6.10, (3))

k.

r . {dz.t d2y dz? -
‘V——-——=Rl‘:R —i '—7. —‘;-k r O
|l' \_ds2 T ds® i+ ds® ( 7& ’)’ .
rne R — papuyc wpususupt [' (R>0) u r, y, 2 — KOMIOHEHTH! r.
O6o3nauum 4yepes 8 yrox mesnmy n u v. Torja

R~ aVitpl+¢
Ho rax xar I' =0, to guddepennumansr xommonent r (coorsercTByIo-
mue ds) yHROBJAETBOPAIOT YCIOBUIO cBsidn dz = pdx + qdy, otkyna

d*z = p d*x -t q &Py +rda® + 2s da dy + t dy?, (4)

2 2 2
cos O —pdr—gqdy+dz ]
. 3)
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roatoMy B cuiy (3)
costh r de?4-2s dz dy--t dy® _ ra? 4 2s af - 1p®

B w2 Virdt g Vit it

(5)

dx dy ’ "
THe & =+, p= 7 — KOCHHYCHl YIIIOB KacaTelIbHOH K I' coorBercr-

BEHHO ¢ OCAMH L, Y.

N3 ¢opmyust (5) HeHOCPeACTBEHHO CclelyeT, UTO 6Ce€ KplUsble
I' < o, umerowue ¢ Touke A €0 06y CONPUKACAIOWYIOCH NAOCKOCTD
L, orauunyio or KacareabKol naockoctu K 6 8 A, umeror ¢ A odny
u Ty e Kpueusny. Bemb A BeeX TAKUX KPUBHIX npapas dacTh (D)
B TouKe A ecThb OJHO ¥ TO jKe YHCJIO, TaK ’Ke KAk cosO mma mux —
OJHO M TO Ke YUMo, a UX KpuBuaHa B 4 paBHa 4acTHOMY OT jJele-
‘wus mpasoit wactu (5) ma cos 6. Taxum oOpasom, KpuBH3HA KaKOI-
nubynb M3 yKasaHHBIX KPUBBIX DaBHA, HANPUMeDP, KPUBH3HE TOH H3:
HMX, KOTOpasfg NOJY4YaeTcs KAK cedeHNHe NOBEPXHOCTH O CONPUKACA-
uieiica miockoctbio L. ’

dto yrtBepsIenue, Boobme rosops, HeBepHO, ecau cosO =0, r. e.
KOria compMKacalomasgcsa K [' IIOCKOCTh cOBMAafaeT ¢ KacaTeabloil
1I0CKOCTRI0 K 0. YToObI yOequThess B 3TOM, JOCTATOYHO 3aMETUTH, 1T0
HBe Je/KaliMe Ha IUIOCKOCTH Kacaloluecss APYr APYyra KpPHUBBIE 116
ofg3aTeNIbHO HMEIT B TOYKE KacaHhs PaBHble Pafuychl KPHBH3IIbL.

Iyers ' ects HOpMadbHOE CedeHHe MOBEPXHOCTH G B ee Touke A,
T. €. KpHBasg, [0 KOTOPOW HepeceKaercs G ¢ IIOCKOCTHIO, MPOXOfisi-
ugeil gepe3 mopmans kK 0 B 4, a ['" — rakoe-nmu6o ceyenue ¢ I10C-
KOCTBIO, IPOXOfANIeil yepes Kacatenbuyio K [' B touke A. Torpa min
wxpussix I' u T npassie wactu (5) B 109ke A paBHBI Mesay coloil.
K tomy me mia [ yrom 6 =0 miun 6=m. [lostomy uMeer mecro
PaBEHCTBO '

cos O

R’ 1 (6)

| -

+

rae R u R’ — pajmycsl KPUBH3UBl COOTBETCTBEHHO HOPMAJBHOTO ce-
YeHUS M IUIOCKOTO CeueHus, UMEIOUIero ¢ HuM OOLIyI0 KacarTelbllyio.
Pasencreo (6) maswiBaerca gopmyaolc Menve *). Ero moikuo eue
sanmcars Tak: R’ = xR cos®=RlcosBl (rax rax R>0 u R'>0).
®opumyna (5) mua pagumyca KPHBU3HGL HOPMAIBHONO CEYEHHHA IIMe-
eT BUJ ‘

1 ra’ 42 saf 4 1f? 7
— mm T__.—___“—’ /)
R= Vit td

rie clIeBa Hajo OBI0 OB MOCTABUTH BHAKH «<k», COOTBETCTBYIOMIUC

cuygaam 0 =0.u 0 =mnr. Ho Mpr sTor0" nemars ue Oypmem. Ilusa pmamn-
Heliimero Oyjget Gosee ymo0HO paspellnTh PAajfUycy KDHBU3HBI HMeTh

*) . B. Membe (1754—1793) — pannysckmit MaTeMaTHR.
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KaK MOJIO;RUTENbHbIA, TaK M oTpunaTenbnbiii 3Hak (R >0 wm R <0),

B 3aBHCUMOCTH OT TOTO, OYHET JH BOTHYTOCTH HOPMAJLHOTO CeYeHMS

ofpaiieHa B CTOPOHY NOJOKITEIbHON OCH Z MM OTPUIATEeNbHOR.
Bce upepminymime paccy;KHeHuA, B TOM 4MHCIe u ¢opuyna (7),

ObllM BLIBEEHBI B “PeANON0REeHUH, 9TO Ir(s)l >0, 1. e. uro R xo-
Heuno. Bexs npu r(s) = 0 nomarme ruasoi HOpMAJH, K KpuBoil ne

uMeer cMbicia. Oguaxo gopmyna (7) sepua m npu r(s) =0. B camom
medxe, xeBas uacth (7) B aroM caydae paBHa mnyiw (R = o), Ho mpa-
Baa 4dacth (7) toxke paBHa Hymio. Bens mpaBaa gactb (3) pasma mny-
a0, a ¢ Helt B cwity (4) m npasas wactey (5) mim (7).

llepeseceM Hadalno NPAMOYrOJABHOH CHCTEMBI KOODAMHAT B pac-
cMaTpuBaeMylo TOUYKy A Hamedl HOBEPXHOCTH O, a OCb Z HaNMpaBuM
no nopmaimu k ¢. Torga p=¢=0, a*+ §* =1, n MoxHO MOMOIKUTH
a=cos0, p=sin0. Qopmyna (7) pagmyca KPUBH3HHI HOPMAILHOTO
ceveHMst TOTAa Oyner uMeTh BN -

11*; ‘—rcos26—t—ZscosesmB-l—tSWG—r+t

(8)

Kpusmsua 1/R ecrs nenpepsiBHas GyHxkuusa Ha orpeske [0, 2x].

TlosToMy. OHA JOCTHraeT Ha HeM MaKCHMyMa M MIHUMYM2, KOTOpbie

MO/IHO HaHTﬂ NpupaBHUBAHIEM HYJI ee HpOI’I3BO}1HOH B pe3yJibra-~
Te MOJYYHM ypaBHeiue

tg20 =2 (r£1). (9)

Ha wuurepsamax (n/4, 3n/4) n (3n/4, 5n/4) QPynxnums tg 20 crporo
Bo3pacTaer, npoleras Bce 3Ha4YeHHA oT —oo [0 —+oo. IlosTomMy ma
KaJKJIOM M3 3TMX HHTEPBAJIOB CYWECTBYET TOJLKO 1O ONHOMY KOPHIO
0, u 0, ypasuenusa (9). K tomy e 0,— 0, = n/2. Ha nepuoge ume-
ercsa emie ABa KopHsa, 6, + n m 92+n HO OHU OIPEAeNAIOT Te e
cevyeHns. ,

WUrak, upu r+ ! uMeerca [Ba M TOIBKO [BA B3aMMHO HepIEHH-
KyJNAPHBIX HANPABIEHHUsA, BIOIb KOTOPBIX KPHBH3HA HOPMAIBLHOTO Ce-
denigA JocTUraer cvoero Makcumyma 1/R, m munumyma 1/R,. Ecau
5TH HalupaBlIeHUsA NPUMHATEH 34 OCH KOOPJHAT X, §, TO yPaBHeHue (8)
6yner umeth BuA 1/R =rcos’ 0+ ¢sin® 0, noToMy 4TO B 3TOM ciaydae
ypanruenne (9) momxno yaosiersopsThesa npu 6 = 0.

Wmeem 1/R,=r, 1/R, =1, u munt noxyuuau Qopmyry (ditmepa *))

1 cos?6 . sin?9-
1 _ cos’é . (10)
R R, 32

Unena R, u R, nasuiBaloTes 24a8HblMU paduycamu KpususHsl NoBepx-

*) JI. 3inep (1707 1783) — BeMMKHME MATeMATHK, MeXaHHK 4 (PH3HK, pyc-
CKUH aRafieMHK.
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vocTu (B Touke A). OHU COOTBETCTBYIOT 2408HbIM CEHeHUAM TOBEPX-
noctH (B3aMMHO NEePHEeHIMKYJIAPHBIM MeKIY co0oil).
Cevennto 0’ = 0+ (n/2) coorBercTByeT coriacHo d)opmynm (10)
KpUBU3HA
__1_ _ sin? @ cos2 @
R~ R TTE]

Caomus (10) u uocnennée paBecho nony‘mM PaBEHCTBO
+ RI R + H ’

fOKa3bIBalOIlee, UTO CYMMA KPUBUIH a00bix O8Yr 63aUMHO nepneM-
Juryaaprbir cevenull ectv eauvuna nocroanunan. Oua HaspiBaeTCA
cpedrell Kpusuanoll nosepIHOCTU 8 TOoUKe., '

Toukn pgBaskabl HenpepbiBHO auddepeHIUPYeMOil NOBEPXHOCTH -
NpHHATO KraccupUUUPOBaTh clAeIyOMUM 00pasoM.

{. JINMETAYECKAA TOUKA COOTBETCTBYeT ciaydawo R R, >
> (). B arom ciyuae R, u R, uMeloT OANHAKOBHE 3HAKH, HO TOrJa M
IR} pas moGoro cedeHHs HMeeT TOT iKe 3WaK, T. €. BCe HOPMAlbHbIe
cevYeHUsl MMEIOT BOTHYTOCTH B CTOPOHY MOJOQMKHTENbHOH WIM OTPUIA-
TeJIBHON OCH Z, B 3aBHCHMOCTH OT TOTO, OYIeT AU 3HAK «+» WIH «—»,
TouYKHM NOBEPXHOCTH LIMANCOKUIA 00JANKAIOT ITHM CBOUCTBOM. :

2. TumepGonmuecKas ToYKa cooTBeTcTByeT ciydaw R R; <
< (. B sToM ciyvae BOTHYTOCTH TJaBHBIX CEYEHHH M NPHIEraloliux
K HHM CeYeHHIl HAanpaBJIEHBI B HPOTHBOMOJOKHEI® CTOPOHBL Tak Kak
kpususHa 1/R ects mempepsiBHas QyHKIUsa or 0, To KOKHO cymiect-
zoBarh MO KpaiiHeidl Mepe [Ba ceueHHA ¢ KPMBH3HOH, PaBHOH. HYJHO.

Ha camoMm  fesle WX TOJBKO [Ba, COOTBETCTBYIOLME 3HAYEHHAM 0,

jIst KoTopwix tg 6 = £V—R,/R,; paunycsl -KpHBHBHEI 3TUX CedYeunil
6ecroneunnl. OXHOTIOIOCTHBII mnep6onon11 ecTh mpUMep TaKOH 1o-
BEPXHOCTH, €€ TOYKH 00JaJgaloT 9TUM CBOMCTBOM.

3. TapaGounmyeckassi. TOTKAa  COOTBETCTBYeT  ClydYalo-
1/R,R, =0 (mo oxno us gucen R,, R, KOHe‘IHO) Taxum obpazom, 1u6o
Ri>q,1/Rz-—0n TOTAR .
kS cos? 0

R~ R’
aubo 1/R; =0, R, <0 u rorga 1/R =sin®0/R,.

B aToM ciaydae mMeeTcs TOJBKO QNG CeueHHe, AMEWIee ‘HYIeBYI0
KPUBH3HY, a BCe OCTAJbHBIE CeUeHHs MMEIOT KPUBH3HY OFHOTO M TOrO
JKe 3HAKA, M BOTHYTOCTh MX HANPABJEHA B ONHY CTOPOHY. Touxkn nu-
NMHAPAIECKOH NOBEPXHOCTH — NPHMED BTOTO CAYIas. -

Yanath, K Kakoil KaTeropuu OTHOCHTCSL TOYKa nonepxnocm 3=
= f(x y) ¢ RacaTelbHOH IUIOCKOCTHIO, He 00A3aTelbHO HapaLten-
HOM ocaM z, Yy, Moo no sHaxy .rt—s®. Ilyets r>0 u rt—s*>0;
Torga KBajpaTuieckas opma

rdz* + 2s dz dy +t dy? (11)
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' CTPOTO 110I0KHTENbHO ONpeseleHa M BeawdnHa cos B dopmyne (5)
BIs RceX 3HaueHHil O coXpaHseT 3HAK, CIeJOBATENHLHO, pPaccMaTpH-
BaeMasg TOYKA IUIHITHYECKAS.

~ Eean rt—s*<<0, ro ¢gopma (11) Menser 3HaK IAA HEKOTOPHIX
JBYX pasubix map (dz, dy), 4to ykassiBaer Ha runepbOIMIHOCTH TOU-
Kku. Eenu me rt—s* =0, 1o dopma (11) coxpamsder smar JUlst Beex
(dz, dy), sa wmckaYenneM oxHOrO HdeaBJIeHY[H 970 noxasmnael
9T0 TOYKA IapaboiuyecKad.

ITHMH PACCY/KIEHMAMH MBI KOCBEHHO NOKA3aJM, 4T0 3HAK 11— s
ecTb MHBAapMAaHT 110 OTHOIIEHHIO K NpPeofpasoBAaHMAM [PAMOYIOIh-
UBIX KOODJAMHAT, IPM KOTOPHIX ypaBHEHUE Majoro KyCcKa I0Bepx-
HOCTH, COfiepiKalllero TOYKY A, 3ammceiBaeTcss B gBHOUW (opMe 2z =
= f(z, y). B artom MoKHO yﬁenmbc;l TaK/Ke IPU ITOMOILY KPOMOTIII-
BBIX BBIKIQJOK CBA3AHHBIX ¢ 3aMEHOH IePeMEHHBIX B YACTHEIX Tpo-
UBBOJHBIX.,

Ifycts Temeps r=t, rt—s —r*—s% rorma dopmyaa (8) umeer
Bua 1/R =r+ ssin 20. : )

1) Ecan r* —s*>0, 10 umeer mecro saaunruueckas rtouka. Ilpn
atoM, ecmu s 7 0, uMeercs, Kak u B ciydae 1), gBa IIaBHBIX ceYeHHA
¢ MAKCHMQJIBHBIM W MHHUMAaJGHBIM pafuycoM KpuBusnpl. Ecam e
s=0, T0 1/R =r = const — Bce cevyeHna UMe0T OTHY H Ty Ke Kpi-
Busuy (Touka onp_/enenuﬂ)

2) Eean r* —s* <0, 10 uMeeT MecTo 2unepéoaULECKa TOUKA.

3) Ecan r*—s* O, TO, OYEBHIHO, HTO NAPabOAUUECKAs TOUKA.

IIycts rmagkas woBepxuocTh S 3ajiana B mapaMerpuyeckoii dopaie

r=zityjtzk=ql, Vi+yu, vjityw vk @ veQ), (12)

rae Q — obmacrs. {uddepennmanam du, dv COOTBETCTBYIOT B CHJIy
(12) auddepenumans KOMIOHEHT

__ Ox ox ‘_ oy . _6'_1_/_ '
dz

d_—d +?v

7

KOTOPHIM B CBOI0 OYepejb coomemTByeT BHIpaJKeHUE s KBafpara
nuddepesumaia gyra va S:

ds* = dx* 4 dy* -+ dz® = E du® -+ 2F dudv + G dv?,

[ 0% 2 ay \? 0z \2 . dz Oz Oy oy 9z dz
L_(E) +(—(-?—l:) +(E)’ F:d_uﬁ ou ov + o ou ov’ (14)
| o=z 2 6‘1/\2 (ﬁz 2
6=(G) + () +(%)

Berpamenue (14) ects KBaJIpaTII‘IECI(aH gopuma orHocutensuo du,
dv. s raapkoit 10BEPXHOCTH DTO CTPOTO ONPEETCHNAsS HOIOHH-



