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06paTHYIO fhLwosv. Tenepb (4) MOXHO NiepenHcath B Bule
I — T 09l <20y —yol aan seex vy, 9, €W. (6)

-1
910 noxasmiBaer, uro f = HemnpephiBHA.
. -
Ocranoch TOALKO NOKasaTh, 4T0 f = aHpdepeHunpyema.

-1
[ycte u==Df(x). Ioxaxem, uro f = auddepenuupyema
B TOuKe y==f(X) M HMeeT B KauyecTBe NPOM3BOLHOH p~l.
Kak u B 10KasaTeabcTBe TeopeMmsl 2.2, aas Bcex X, €V nmeeM

f(x1)=f(x)+u(x1—x)+q)(x1‘—x)-' .
rie

lim "p(xl—x)l =0,
X, >x jx—x|

[Tostomy
R f ) —f(0) =% — x4 p~ @ (x; — x)).

Tak kak xamnoe y, €W wumeer Bux f(x,), rie x EV 0
nocjaexHee paBEHCTBO MOXHO NepenucaTb Tak:

="+ o= —-u o o= o)).

H NOTOMY JAOCTATOYHO InOKa3aTb, 4TO

tim @G ) — T M
N>y lyi—yl

Crnenoparensuo (3azaua 1.10), 10cTaTOUHO yGenHTLCA B TOM,
YTO

lo G oy —r=Tom ] .

lim
>y | Y ‘—)’l
Ho
AR D) e A )]

[yi—vy]|
LT O B 0 A I e COV Ky a0 1
Lt on—r"l Iy —yl

Hocxoubxyf HenpepeiBHa, f (yl)—>f (y) npu y,—y.
TTosTOMYy NEPBBHIA MHOXUTEAb CTPEMUTCA K HY/MIO. A Tak Kak
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B cuny (6) BTOpofl MHOXKHMTeNb HE NPEBOCXOAUT 2, TO NPOU3-
Benenne Takxke crpemurcs k 0. Wl

Cnenyer saMmeruTb, uTO OOparHas QYHKUHS f'1 MOXET
cymectBoBath naxe ecau det f/(@)==0. Hanpumep, ecau
f: R—R onpezeasercs pagencrsoM f (x) = x3, 10 f’ (0) =0,

HO f uMeeT 06pATHYI OYHKUMIO f_l(x)ﬁly;c. Bce xe onno

MOXHO CKasaTh omnpeaeneHHo: ecan det f/(a)=0, 10 ft
He MOxeT OwnTb Anddeperuupyema B f(a). Hrobn IokasaTb

a10, 3amernM, uto (fo f7')(x) = x. Ecau 6u f~' Grna aud-
tepenunpyema B f (a), TO NpaBuIo AuddepeHIPOBAHNS CAOK-
HBIX (YHKUHH 1ano 6bl f/(a)-(f—l)’ (f(a))==1[ n, cnenona-

Tensuo, det f (a) - det (Y (f@)=1, B nporusopeunu
¢ teM, uro det f' (a)==0.

3apaun

2.36 *, Ilycrs A < R” — oTkpbiTOe MHOXeCTBO u f: A >R —
TaKas B3aMMHO OJHO3HauHas QyHkuud, yto det f” (x)==0 naa Bcex x.
Toxasath, uto f(A) — OTKpHTOE MHOMECTBO 1 f~ L 7 (A)—> A
zudgepennupyema. Ilokasatb Takixe, 4To f (B) OTKPHITO Aad BCA-
.KOTO OTKPBITOrO MHOXecTBa B < A.

2.37. a) Ilycte f: R2—>R— nenpepnieHO pubdepennupyemas
¢yuknua. Tlokasarb, 4TO f He B3aMMHO OJHO3HA4HA. (Y Ka3aHHe:
ecau, Hampumep, D,f (x, y)= 0 ans Bcex (x, y) U3 HEKOTOPOro
OTKPHTOro MHOXecTBa A, paccMoTpeTh (yHknuio g: A — R?, ompe-
IeaseMyl0 paBeHCTBOM g (x, ¥) = (f (x, ¥), ¥).)

6) O606muTh 3TOT pPe3yabTaT Ha ClIyuaH HeNpepeiBHO IH-
depennupyemux f: RT—>R™ ¢ m < n. )

2.38. a) Ilycts f: R - R Taxosa, uto f’ (2)=~0 nns Bcex a £R.
TloxasaTb, 4TO.f B3aUMHO ONHO3HauHa (Ha BceM R).

6) Onpeneanm f: R2—>R2, nojoxus f (x, y) = (e* cos y, e¥siny).
[ToxasaTh, 4TO f He B3aUMHO OJHO3HauHa, xoTa det f' (x, y) == 0
s Bcex (x, y).

2.39. Hcnoansys dynkumuo f: R —R, onperenennyio ycaosusiMu

f(x)={~)26—+x2sin-i— opn  x ==0,

0 npu x =0,

[0K23aTh, UYTO HEMPEPBHIBHOCTh HPOM3BOAHOH HEJb3sl UCKIOUATbL H3
npejnonoxenui teopemn 2.11.
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HESIBHBIE ®YHKIHUH

Paccmorpum ¢yukuuio f: R2->R, onpenenenuyio pased-
creoM  f(x, Y)=x24+y?— 1. Ecau Touka (@, b) BhOpaHa
Tak, uro f(a, &)=0, npuuem a=1, —1, to (puc. 2.4)

y
]
{(z) Flzy=0} ;
A
= 2
3/ by
fpagux g,
Puc. 24

CYLIECTBYIOT TaKHe OTKpHThle HHTepBanu ‘A u B, coxepxa-
IMe COOTBETCTBEHHO & u b, uro aaa Besikoro x € A cyuue-
CTBYeT eNUHCTBeHHOe YE B, nas koroporo f(x, y)=0.
TTosToMy MoOxHO onpelenuts ¢yHKuuw g: A—R ycao-
puaMu g(x)EB u f(x, g(x))=0 (eciu b > 0, xax uso-

6paxeno Ha puc. 2.4, 10 g(x)::VI — xi’). Has paccmar-
puBaeMO# HaMM ¢yHkuMM f HMMeeTcs eme OIHO YHCHIO by,
npu kotopoM f(a, b)=0. U azecp cymwecrsyer Tako# HH-
tepan B, cozepwawmii b, uro ecmu x€A, TO
f(x, &,(x))==0 1na onHosHauHO ompenejeHHOro &, (x)€ B,
(smech g,(x)=— V1 —x2%). O6e dyukuun g u g, Lup-
depenuupyembl. Mx HasbiBalOT Mes8HblMU (DYHKUMAMH, OTpE-
IelneHHBIMH ypaBHeHnuem f(x, 9)==0.

Ilpp a=1 nan — 1 HeBOSMOWHO Ha#TH HH OAHOH Takofl
$YHKUMM £, Onpele/ieHHOH B OTKPHITOM HHTepBaje, COLep-
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KameMm @. Bouio 6b KeaateJbHO MMETh NPOCTOH Kputepui,
MO3BOJAOIIMA pewiaTh, KoOraa BooOlle MOXHO HAaHTH TakKyio
¢dyukuuio, Bosee oM 06pa3oM MOXKHO NOCTABHTH BONPOC

rak: nycrb fi R® X R—R, npuuem f(al, ..., a”, b)=0;
koraa aas kaxaoro (x!, ..., x™ B6amsun (a!', ..., &%
MOXHO HalTH eIMHCTBeHHOe Y BOJM3H b, Ia9 KOTOPOro Obl
f(xt, ..., x", y)==07 Eule Gosee o6wumM 06PasoM MOKHO
3a1aThCS. BOMPOCOM 06 YC/IOBHMAX paspelinMOCTH CHCTEMbl
ypaBHeHHH, 3aBHCAMX OT napamerpo x1, ..., x", orHocH-
TEJAbHO M HEH3BECTHBIX: OYCThb
fi: RﬂXRm_)R, i:ll ceey M,

npuueM

fi@, ..., a% b, ..., 0™ =0, i=1,...m »
koria s kawmoro (x1, ..., x") sGmsu (a!, ... a”)
MOMHO HalTH enmHcTBeHHOE (Y, ..., y™) BOAU3H (b1
..., b™), ynosnerBopsiollee ypasHeHuaMm f;(x!, ..., x .
9 e, ¥ =0, i=1, ..., m? Ortser xaer caeryiowas
TeopeMa.

2.12, Teopema o HesBHOW dyHkuuu. I[lpednoro-
acur, umo f: R” X R™—>R™ nenpepoisno dugpgbepenyupyena
8 HEKOMOPOM OMKPHMOM MHONCecmBe, codepicaue (a, b),
u f(a, b)==0. ITycme M ecms (m X m)-nampuya

Do f @), 1KLL m

Tozda ecan det M=£0, mo cywecmsyom omipumoe
anosncecmso AR, codepacawee a, u omrpemoe MmHONCe-
cm8o BcR™, codepacawee b, co caedyiomun ceoiicmson:
Oasn 8caroeo x € A umeemcs eduncmsennoe g (x)E B, dan
rxomopozo f(x, g (x))=0. [lpu smon gpywxyusn g: A—>B
ougheperyupyema.

IlokasateabcTBo. Onpereanm F: R*XR™—>R*XR™
paBenctBoM F (x, y)=(x, f(x, ¥)). Torna detF' (a, b)=
=det M=0. B cuay teopemr: 2.11, CyWecTBYIOT OTKPHTOE
mHoxecTBO W cR" X R™, comepwxamee touky F (e, b)=
=(a, 0), u colepxauee Touky (@, £) OTKPHITOE MHOMECTBO
B R” X R™, KOTOpOEe MOXHO cuMTaTh MMewIuM Bux AXDB,
Tak uto ¢yHkuusa F: A X B> W umeer nudpdepenunpyemyio
obpathHyw h: W —> A X B. OueBunHo, % uMeer Buz £ (x, y)==
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=(x, k(x, 9)), rie £k — nHexoropas anddepenuupyemas
¢yHKuHs (nockoibky F —— QyHKUMA Takoro suia). Ilycts m
R” X R"™ —> R™ — @yHKuHA,  OmpejeNeHHas  PaBEHCTBOM
n(x, y)=1y. Torma noF = f. IToaromy '

flx, k(x, ))=[oh(x, V)=
=@oF)oh(x, Y)=mno(Foh)(x, )=mn(x, y)=y.
Taxkum obpasoM, f(x, k(x, 0))=0, 1. e. MOXHO mno-
aoxute g (x)=k{(x, 0). i )
3uas, yro pyHkuua g nuddepeHuupyema, Jerko HalTH ee

npoussonnyo. JeHcTButenbuo, Tak Kak f'(x, g(x))==0,
10, npumenss D; k oleum uacTAM 9TOro paBeHCTBA, TMO-
aydaeM

0=D;f (¥, £ )+ X Dyvaf' (x. £()) D;8%(),

L, J=1,..., m.
Mockoabky det M=0, sta cucreMa ypaBHeHHH OTHOCH-
tenpHo D ;g% (x) paspewnma. OTser OyleT 3aBHCETb OT 3Ha-
YeHHH Djf’(x. g(x)), a nosromy u or g(x). Ho aro He-
136exHo, H60. GyHxKuus g, Boollle IOBOps, He eNMHCTBEHHA.
Paccmatpusas ¢yuxumio f: R2—R, onpeaensemyio pabeH-
ctBoM f (x, ¥)==x2- y-—1, MBI Yy)>e 3aMeTHJH, YTO YpaBHe-
Huo f(x, & (x))=0 ynosnerBopsior IBe QYyHKUUU:X & (X)=
=V1—x% u g(x)=—V1—x2. Jluddepennuposanne
ypaBHenun f(x, g(x))==0 naer 3szechb

Dyf(x, g(x))+Dof (x, g(x)) - &' (¥)=0,

nm 2x+4-2g(x)- g (x)=0, 1. e g (X)=—x/g(x)
4 3TOMY YCJIOBHIO YIOBJETBOpPSeT H g(x):]/l—x2 '
g(x)=—-]fl — x2. Heckonbko 0606LIMB METOHL LOKa3a-
TeNLCTBA TeopemMbl 2.12, MBH NOJYYHM pe3yJabTaT, KOTOPHIH
Oyner WMeThb BaXHOe 3HAYeHue B TIJI. 5.

2.13. Teopema. ITyems f: R®*—>RP, p<n, uenpe-
PoiBHO  Ougbbeperyupyema HO OMKPLIMOM MHONCECHSE,
codepocaugem mouky «&. Ecau f(@)=0 u (n XX p)-mam-
puga (D,f’ (a)) umeem panz p, mo cywecmsyom omxpoi-
moe mroxcecmso AcR" 4 Ougpdepengupyenan @yuxyusn
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h: A—R* uameowan ougeperyupyenyio olpamuyio,
maxue, 4mo

Foh(xh, ..., M= (x""P, ..., x".

HokasatenbcTBO. Mp MoxeMm paccmarpuBate f Kak
dynkunio #3 R"~7 X R? 8 RP. Tlycre M ects (p X p)-marpuua
(Dn—p+ifj(a) Y, 1<, j<p. Ecm detM=+£0, 10 M
HaXONHMCi TOYHO B CHUTYalUHH, PACCMOTPeHHO# npu Jokasa-
TeAbCTBe TeopeMbl 2.12, a taM OBIO NOKa3aHO, YTO CYlie-
CTBYyeT Takad QYHKuMA A, 4TO

Foh(x), ..., XM)=(x"-F*, ., x™.

B ofuiemM e caydyae, MOCKOJbKY (D,f’(a)) WMeeT paHr p,
Ha#ayrcs  rakue uHIoekCH L < ... <[, 4T0 Marpuua
D @)., 1 <Jj<p, i==1i, ..., i, HuMeeT HeHyaesof
onpeneaurens. Ilycts g: R®™—R" — ¢yskuus, nepecrasis-
jollas TiepeMeHHble X' Tak, yTo

h oL, xb).

glet oo, ) =(.., x
Toraa foq ecTb QYHKIHS PACCMOTPEHHOTO YiKe THMA, TAK YTO
((feg)ek)(x!, ..., xM=(x""P*1, ..., x") npn me-
Kotopoit k. VMckomoft ¢pyuxuue#t Oyner A= gok. I

3anaum

240, Pewuth 3amauy (2.15), Hcrmoab3ys TeopeMy O HeABHOM
QyHKIHH.

241, IMycrs f: RXR—>R. Onpenenum pas kaxgoro xER
oyskumio g0 R—>R paBenctsom g, (y)=f(x, y). Ilycrb npu
Mo6oM x CyWeCTBYeT eNMHCTBEHHOE Yy ==¢(x), NI KOTOpOro

£, () =0.
a) Ilokasatb, uto ecam D, ,f (x, y)5=0 1as Bcex (x, y), TO
¢ nupdepenHuupyemMa u
_Dg1f (% ¢ (-’f))_
Dy, of (x, ¢ (%))

(Ykxazauue: paBEHCTBO g; (y) =0 MOXHO nepenucate 8 dopue
Dyf (x, y)=0)

¢/ (x) =
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6) [lokaszatb, uto ecam ¢ (x)=0, TO cymecrByer y, aasa

KOTOpOTO
Dy, f (2, y)=0,
D?f (x, y)=0'
B) Myctb f(x, ¥)=x(yIny—y)—yInx. Haiitu
: max min  f(x, y)).
12<x<2\18<y<1

MO NMOBOAY OBO3HAYEHUM

Jror naparpad coLepKUT KpaTKoe M He BMNojaHe GeCnpH-
cTpacTHoe oOcCyxIeHHe KaaccHueckux oO0O3HaueHHH, CBf3aH-
HBIX C Y4CTHBHIMH TpOU3BOAHBIMU. [lpuBepikeHnsl Kmaaccu-
yecKkHX 0003HA4YeHMH 3aMHCHBAIOT YaCTHYIO . NPOU3BOLHYIO
D,f(x, ¥, 2) B BHIE

of (x, ¥, 2) 9of

HIH HIIH
ox ox

%(x. Y. 2) wm ;;f(x. Y, 2)

WIM NpH TNOMOLIM KaKuX-JAHGO APYrMX MOAXOIALIMX aHAa/Oo-
FHY4HBIX CUMBOJ/IOB. Taxo#t cnoco® sanmcu BeeT K TOMY, 4T)
sMecto D, f (u, v, w) nuuyr

%—(u, v, W),

xoTs MOryT (a ans Beipaxenu#t tHna D, f (7. 3, 2) nosmxubl)
MCIOJ/Ib30BATLCA CHMBOJB BPOJe

of (x, ¥, 2)
0x

of (£, ¥, 2)

UM
ox

(a0, v, w).
(%, ¥, 2)=(, v, W)
Ananornunsle 0603HaueHHs ucnoandyiorca ans Dof u Dsf.
IponsBoanble BHICIIMX NOPHAKOB 0003HAYAIOTCS CHMBOJAMH
THNA :

2
DyD.f (x, y, 2)=2L& 3 2)

0y 0x
IOnaa f: R—>R cuMBoan 0 aBTOoMaTHyecKky 3aMedseTcsl NepBo-
dsin x dsinx
HauaibHBIM d, TaK UTO WHIYT —-—, a He 55 Ve

dopMyIHpOBKa TeopeMbl 2.2 nmoTpeGoBana Obl B KAaccuueCKOH
3aNUCH BBEAEHUSA JULIHHX OYKB.
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O6uiunas  samuck BouucaeHna D, (fo(g, £)) Taxosa:
ecan  f(u#, v)— HekoTOpas OYHKUuHA B u==g(x. Y),
v=~*h(x, y), T0

of (g (x y). h(x ¥)) _ Of (u, v) ou + 0f (u, v) ov

0x ou “ox ov ox *

[CuMBos Ou/dx osnauaer (0/0x) g(x, y), a (0/ou) f(u, v)
osnauaer D, f (&, v)=D,f (g (x, ¥), h(x, ¥)).] D10 paseHcTBO
YacTO 3aMUCHIBAIOT MPOCTO B BHIE

Of _ of ou 4 of ov

Ox ~ ou ox ' v ox’

X0oT f WMeeT B DasHBIX 4acTAX paBeHCTBa HEOHHAKOBHIA
cMbical

OGosnauenne df/dx, Bceria npeicTaBasBLieecs Npeyse-
AWYEHHO COOJa3HUTENbHBIM, TOPOAUNO MHOrMe (0GbIUHO
GeccMmbic/ieHHble) onpeneneHus s df u dx camux no ceGe,
eIUHCTBEHHO! LeAbI0 KOTOPHIX ObIIO NpHAAaTb CMBICH pa-
BEHCTBY

IOas f: R2—R, nanpumep, df onpedeisiemcs B KNacCH-
yeCcKHX Kypcax ¢opmyJioft

0
af =L ax+ L

(uro 6bl HH O3Haganu dx u dy).

[naBa 4 colepxuT CTPOTEe OlpeleseHnus, aioliue BO3-
MOXHOCTb J1OKa3aTh BHIllenpupeleHHble paBeHcTsBa. [leficTBu-
TeJIbHO JIM 3TH HOBble OfpelefeHHs JYyYlile KJACCHUECKHX —
BONPOC NeJHKATHLIfl: MYCTb uYuTaTedb CYAUT O HEM CaM.
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Humeepuposanue

OCHOBHBIE ONPE JEJIEHHSA

Onpenenenue uHterpana ¢yHkunn f: A->R, rne AcR"—
3aMKHYTHIA napanienenunei B R”, crosab moxoxe mua onpe-
JejneHue uHTerpana ¢yHxkuuf ONHOH nNepeMeHHOH, uTO MBI
OTPAHHUMMCA JHIb GerJHMH 3aMeyaHHAMH.

Hanomuum, 4T0 pasGuenneMm P BaMKHyTOrO HMHTepBaJa
[a, b] HasmBaeTcs NOCAENOBATENLHOCTh £ty o..» B THE
a=1t<Hh<...<t,=>b. Pasbnenue P geanr wuHTEp-
Ban [a, b] Ha 'k uHTepBanoB [f,_,, t;]. Pa3buenue mapan-
aenemdnena [a,, &1X ... Xa, b,] onpeienserca xax
cemeficrso P=(P,, ..., P,), rae kaxpoe P; ectb pas-
Guenne uuTepBana [a;, b;]. Ilpennonioxum, Hampumep, uTO
P=ty, ..., t,—pasbuenne [a,, b, u Py=38q ..., §,—
pasbuenue [a,, b,). Torma pasbuenne P = (P,, P,) 3aMKHY-
TOTO TNpPAMOYroJbHuKA [a,, &,] X [ay, by} Remut ero na k.1
NPAMOYTOMbHUKOB  [£;_y, £;] X [S;_}. ;1 -Boo6uie, ecan P,
aeawt [a;, b;] na N, wuurepsanos, 10 P=(P,, ..., P,)
zemr [a, b1 X ... X [a, b,Jua N=N,- ... N, napan-
JenenunenoB. Mbi Gynem HasBiBaTL UX napasisesenunedamu
pasbuenus P.

IpeanonoxuM Ttenepn, uro A—napaiienenunen, P—ero
pa3buenue B f: A ->R — orpanuyeHHas GyHKuUMS.

Ilns kawporo mapannenenunena S pas6uenns P HOXOKHM

ms (fy=inf (f(x): x€S},
Mg (fy=sup {f(x): x€S},
n mycTh v(S)%b6i>eM S [3a ofses napaanenenunena

la;, &)X ... Xla,, b,] pasno kak W napamtenenunesa
(@, b X ... X (@, b,)., mno onpesereHul0 npUHUMAETCA



60 3. Hurezpupoeasnte

npousselenue (b, —a,) X ... X (b, —a,)). Huxcuan u sepx-
nas cymms f nns P oonpenensiorcs dopMynamul)

L(f, P)=§ms<f)v(8) n U(f, P)=§Ms(f)'v(3)- '

OuesuzHo, uro L(f, P)<U(f, P); BepHo name Ooiee
cuibHOe yTBepiIeHue (3.2).

8.1. Jlemma. [Ipednososcum, umo pasbuenue P’ ecms
npodorscerne pasbuexus P (m. e. xaxcoui rapaisesend-
ned pasGuenus P’ codepocumca 8 Hekomopom napasiese-
nunede pasbuenus P). Tozda

LU, PYSL P u U, PHSUS, P).

ILoxaszareabctBo. Kaxim#t napamrenenunes S pas-
Guenuss P pacmazaeTcs Ha HeCKOJbKO TNapalljlellenHieroB
S, ..., S, pasbuenua P’, tak uyro v(S)=v(Sp)—+4 ...
... +v(Sy). Ho ms(f)gmsi(,f), NOCKOJbKY Cpely 3Haue-
Haft f(x) aas x €S comepxarcs Bce 3HaueHus f(x) aas
x €S, (1, BO3MOXKHO, TaKxe MeHbluue 3HaueHusn). [Tosromy

ms (NS =ms(NUE)+ ... +ms(NvS) <
<mg (NO(S)+ - +mg (H(S,)

CymMa neBbix uacte#t mo Bcem S ects L(f, P), Torga kax
cymmoft npasbix uacteft cayxur L(f, P’). CrenoarenbHo,
L(f, P) < L(f, P). lns BepXuUX CyMM LOKA3aTeNbCTBO aHA-
aoruuso.

8.2. Cunencreue. L(f, PHYLKU(f, P) dan awobux
pasbuenuii P u P'.

Ookasarteabctno. Ilycrs P”-— pasGuenue, nponoi-
xaowee u P u P’ (nanpuvep, P"=(P|, ..., P), rae

P;’—paa6ueﬂue [a;, b;], nporomxawowee u P; u P;) Torzna
L(f, PHYLSL, PHYSU(, PHYSU(f, P). B

Hs 3.2 crepyer, 4TO BepXHAS IpaHb BCEX HHXKHHX CYMM
ana f He MPEBOCXOLMT HHMXHeH TPAHH BCeX BeDXHHX CYMM.
dyukuus f: A —>R HasbiBaeTcs uxmezpupyemod Ha mapan-

WL u U~—ot lower (HHkHuit) B upper (BepxHHi#) cOOTBET-
CTBeHHO. — [/ pus. nepes.
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nenenunele A, eciu ona orpanuueHa u sup {L(f, P)} ==

= inf {U (f, P)}. 910 obmee aHaueHne obo3Hauaercs ff "

A
HasviBaerca uumezpasosr f no A. Yacro wucnoansywor o60-

3HayeHHe J.f(x‘. cos XMdx' ... dx". Ecau f: [a, b5]—R,
C A

b
rie ¢ < b, To ff: ff.
a [a, b] '
Cneﬂylomaﬁ TeopeMa A0CTaBjseT MNpPOCTOH, HO BAXHBIHR
KpUTEPHH HHTErDUPYEMOCTH.

3.3. Teopewma. Ozpanuunennasn dyurxyus f: A—>R
uumezpupyema moz0a 4 moavKo moz20q, k0204 0af 8CA-
woz0 ¢ > 0 cywecmsyem maxoe pasbuenue P napasrere-
nuneda A, umo U(f, P)— L{f, P)<e.

HokasatTeabcTBO. ECIM 3TO ycia0BHe BHINOMHEHO,
10, oueBnno, sup (L(f, P)}=inf (U (f, P)} w f unterpu-
pyema. C apyrot cropoHmsl, eciu [ uHTerpupyema, T. e.
sup {L(f, P)} =inf (U (f, P)}, 0 ans Bcakoro € > 0 uMeiorcs
taxue pasbuenuss P u P, uro U (f, P)— L(f, PY<e. Ecan
toraa P” npononxkaer u P u P’, TO, KaK BLITEKa€T H3 NEeMMb
3.1, U, PY—L(f, PYKU(f, P)—L(f, P)Y<e. 1

B crieaywommx naparpadax Msl OXapaKTepH3yeM KJacc
WHTETPUPYEMBIX (PYHKLUMH M HaliieM MeTOl BBIUACHCHUS HH-
Terpa/ioB. 31ecCh e OTPaHUYMMCH PAaCCMOTPEHUEM EBYX (yHK-
M, OIHA M3 KOTODHIX WHTErpHpyema, a Apyras — Her.

1. Mlyers f: A—R nocrosuHa, f(x)==c¢. Toraa nas
BCAKOTO pasbuenusi P u BCAKOro ero napajaenenniena S uMeem

mg (f)y= Mg (f)=c, tax uro L(f, P)y=U (f, P)=§,w(3)=
= ¢v (A). CneposarennbHo, ff=cv (A).
A

2. Iyere f: [0, 1] X [0, 11— R onpenenena yc.uoxsuﬂmi

0, ecnu x pauuoHaibHO,

f(x, y)z{

1, eciu x WppauUHOHANBHO.

KakoBo 6nl Hu Oblto pasbuenue P, Beskuil ero mapasine-
nenuned S GyzeT conepkaTb MU TOUYKM (X, ¥) ¢ PAUMOHA/b-



62 3. Hurezpuposanue

HBIM X, M TOuYKH (X, ) c uppaunonassHeiM X, [lostomy
ms(f)_O u Mg(f)=1, 1ak uro

L(f, P)= 2,01;(3)_0

U (f. P)=§10(S)=v([0, 11X [0, 1)) =1.
CﬁeﬂosaTeano, J/ HeuHTerpupyema.

3agauu

3.1, Hycts f: [0, 1] X [0, 1] > R omnpexnenera ycnoBuamMu
[ 0, ecin 0L x < %,
f(x y)= 1
1, ecau —2—< x<L 1.

[Mokasartb, uTO f HMHTerpupyema H J f=1/2
' 0, 110, 1)

3.2. Nycrs f: A->R uHTerpupyema v g = f BCIOAY, KpOME KO-
HeYHOro uuciaa royek. [lokasats, 4T0 g WHTErpupyeMa f f=

A A
3.3. INycty £, g: A >R HHTerpupyeMsl.
a) ITokasarb, uto and BCAKOro pa3buenus P napamenenunena A
H BCAKOro napaiiejsenunena S storo pasbueHus m (f)+m <

Kmg(f+g u Mg(f+g) < Mg (N)+ Mg {e) a ‘orouy
L(s P)+L(g,P)<L(f+g) uU(f+g,P)<U(f Py+U (g P).

6) Moxasarp, 4T0 f -}- g HHTErpUPYEMa H J f+g= f f+ J‘ g.
A

B) [Tokasarts, uto j cf=c¢ J. f Aaa BcAKOH MOCTOSHHOH C.
A

34. Mycts f: A>R n P — pas6uenue A. [oxasats, yto f
HHTErPHpY€Ma TOTAa M TOJABKO TOrKA, KOrja AAs BCAKOrQ mapaiie-
aenunena S pazbuenus P cyxeuwe f|S QyHkuuu f Ha S unTerpu-

pyemo, npudeM B 3TOM caydae f f= 21 Jf | S.
A s
35. Ilyets f, g A—>R unterpupyemnr u f < g. [lokaszats,

wo [12]

A



Mepa 0 u obven 0 63

3.6. Iloxasarb, uto ecau f: A - R uHrerpupyema, 10

[

A

<[
A

3.7. Oycrs f: [0, 11X [0, 1] - R onpenenena ycnoBuaMu

0, ecau x HPPAllHOHAJAbLHO,

0, ecau x panHOHAALHO, y UPPALUHOHAABHO,
f(xy) =] ) )
. E’ €CJH X PAuHOHANBHO, y = g—HeCOKpaTHMaH Xpo6b,
[Tokasats, 4TO f uHTErpHpYyeMa H f=0.

[0, 1110, 1]

MEPA 0 1 OBBEM 0

MuoxectBo A = R” umeer.(n-mepuyio) sepy 0, eciu ans
BCAKoro € > 0 cywiectByer takoe nokpeitue (U, Uy Us, ...}
3TOrO  MHOXECTBA 3aMKHYTBIMH  flapa/liiefeNHnesaMd, 4TO
(o]

2 v(U;) <e. OueBuaHo (HO TeM He MeHee [OJE3HO HAMoOM-
i=1

HUTH), uTo ecam A umeer mepy O n B < A, 10 B umeer
mepy 0. Herpynno nposeputb, uto B omnpefeneHun Mepwn 0
BMECTO B3aMKHYTHIX fapaJesellMNes0B MOXHO O6parb OT-
KPHITHIE. -

MuoxecTBo, cofepiKallee JHLIb KOHEYHOE UYMCJO TOYEK,
oueBuaHO, nmeer Mepy 0. MHoxecTBO, cocrosiiee U3 Gecko-
HEYHOTO HYHCJAAa TOYEK, KOTOpPhle MOTYT OHITb 3aHYMEpPOBAHbI
B MOC/JEAOBATENbHOCTh &y, @, @3, ..., TAKXe HMeeT Mepy O;
B CaMOM fesle Aas BCAKOro € > 0 M BCAKOro HoMepa [ MOXHO
BeiOpaTh 3aMKHYTHIt napannenenunes U,, conepxamufi a;, TaK,

o0 [se]
arobr o (U;) < e/2%, a torna X v(U) < D ¢/2' =e.
i=1 i=1
BaxHbiM M 10BOJbHO HEOMUIAHHHIM MPHUMEPOM TaKOro
6eCKOHEYHOTO MHOMKECTBA SBJAAETCS MHOXKECTBO BCeX pPalluo-
HaibHbIX uncea Mexny 0 u 1. YroObl yGenuThbcss B 3TOM,
HYXKHO TOJbKO TNepeuncasTh JApobu u3 Huxecaenywoiue# tab-
JAMUB B MOPAIKE, YKa3aHHOM CTpedKaMH (MCK/IOuas NOBTOpe-
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HHf W uucaa, 6oabluve uem 1)

0/‘1/2/:;{
T 1T 1T 1T 7
oSS S
0" 1273 4
2 2 7 7272
/0/1/2 3 4
3 3 3 3 3
s
0
Z
/

JTOT npuMep JOMyckaeT BaxHOe obobumieHwue.

34. Teopema. Ecau A=A UA,UA;U ... u Kaxe-
doe A; umeem mepy 0, mo A umeem mepy 0.

IDoxaszareabctno. IlycTs & > 0. Byayun MHOXeCTBOM
Mephl HyJb, A; o6nanaer TakuM nokpuithem (U, , U; yU; 5.}
o

BAMKHYTHMHM TNapajiefenuneiaMu, uro v (U, ,-)<e/2’.
j=1

Torna ceMeicTBO BCex U;, ; 00pasyeT NOKPHITHE BCEro MHO-

wectBa A. W3 TabGavus

S0 S
Uy U,y Ups..s

/

(12. 1 U2,2 U?,B .

S S
U,y Usy Uss...

BHAHO, YTO 3TO ceMefiCTBO MOXeT OBITh 3aHYMEPOBAHO B MNO-
=]

° .
cnenoBarensHocts V', Vo, Vi, ..., Ouesnino, _Z,lfu(v,.)<
i=

< Defdi=e B
i-1
Muoxectso A < R” umeer (n-mepunit) obsem 0, ecan

ILnf BCAKOTO € > 0 cyliecTBYeT TaKoe KOKEYHOe NOKDHITHE
{Uy, ..., U,} atoro MHOMecTBA 3aMKHYTHIMU Napajieient-
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NelaMH, 4TO Z‘U(U[) £. OueBHILHO, UTO MHOMECTBO, HMEIO-

mee: obbeM 0. umeer Takxke umepy 0. B arom onmpenenennu
BMECTO 3AMKHYTHIX MapanelenunesoB, KaK H paHblie, MOXKHO
OblIO OB BOCHOJIB30BATLCH OTKPBITHIMU.

3.6. Teopema. Ecau a << b, mo unmepsar [a, bj =R
He moocem umems 00senm 0. A umenno, ecau (U,, ..., U,} —

€20 KOHe4dHOe noKpvimue 3QMKHYMbLMU UHMepBaAGMUE, MO
a

2vUp>b—a
i=1
HoxasatenbctTpo. [lpumenuM HHAYKUMIO TO 7.
Yrsepxaenne ouesuino npu n==1. IIpesnonoxum, 4ro Teo-
peMa cmpapenuBa A% MOKPHITHH A HHTePBATAMU, W NYCThb
(U, .... U, 1}, —nokputue [a, b] n4 1 samknyroid uu-
TepBajioM. MoxkHO cuntarbh (M3MeHSH, eCAU HYXHO, HyMepa-
uno). yro a € U,. Toraa ylz[a, Bl, rre a < a<B. Ecim
B2b. rovUp>b—a Ecmuxep<b, 10Uy ...,U,)—

NOKpHTUE MHTepBana [B, ] # WHTepBanamu, CJELOBATENLHO,
n+1 n+1 -

va) > b—p u noromy vao B—a)+0—p)=

= b —a. B
Ecan a < b, 10 BepHo Takxe, uto [a, O] He MOXKET MMeThb
mepy 0. 9To BhITeKaerT u3 clelylOlLieH TeOpeMHI.

3.6. Teopema. Komnawmruoe MHONcecmBo A, unerno-
uee mepy 0, umeem maroce 00vem 0.

HoxasareasctBo. Ilycte € > 0. Tak kak A uMeer
mepy 0, to cymecrsyer Ttakoe ero nokpeitue (U, U,, ...}

[ee)

OTKPHTHIMU Napaiie/ennnelaMn, 4To 3 v(U;) <e. Tak kak A
i=1

KOMNAKTHO, TO y»e HeKoTopoe KoHeynoe uwucio U, ..., U,
napanienenunesos U; noxpriaer A W, pasyMeercs,

n
2 vUp<e B
i=1
Sakmouenne teopembt 3.6 HeBepHO, ecain A HEKOMITAKTHO.
[Tyctb, uanpumep, A — MHOXECTBO BCeX pPALMOHAJbHBIX 4H-
cer mexay O u 1; torma A umeer Mepy 0. Ilpeanonoxum,
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uro  {la,, &, .... la, b,]} —uexoropoe noxpwmrHe A.

Torna A conepxHTCH B 3aMKHYTOM MHOXecTBe [ay, U ...

... Ula, 0,1, n notomy [0, 1l (ay, b,]U ... Ula, b,].
n

M3 rteopemmt 3.5 caeayer, uro Z (b, — a,) > 1 114 sesaxoro
i=1

TAKOr0 MNOKPHITHA M, CJeloBaTeqnto, A He MOXeT HMeTh
o6bem 0.

3apauu

3.8. Hokazath, uto [a,, b} X ... X [a, b,] e Moxer HMeTb
obvem 0, eciu a; < #; nna Beex i (BepostHo, Bu pemdTe KOKa-
3biBaTh 3TO B 100; HO cM. 3azauy 3.25.)

39. a) llokasarb, 4TO HEOrpaHHUEHHOE MHOMECTBO HE MOMKET
uMeTh obvem 0.
. 6) Hdatb npumep 3aMKHYTOro MHOMecTBa Mephl 0, He HMeoWero
o6bem 0.

3.10. a) ITokasartb, uto ecau MuoxkecTso C wumeer o6bem 0,
TO 4 ero rpasuua uMeer o6bem 0.

6) Hdatb mpumep orpaHuueHHOro mMHomectsa C Mepul 0, rpanuna
KoTOoporo He umeer Mepy O.

3.11. Ilyctb A — mHOxecTBO u3 3agauu 1.18. [TokasaTh, uTo ecau
(o] -
2 (bi —a;) < 1, 10 ero rpauuna we nmeer mepy 0.
i=l1 )

3.12, Mycte f: {@, b} —> R — Bospacraroman dyuknus. Iokasars,
4TO MHOXECTBO ee Touek paspeiBa uMeeT Mepy 0. (Y kasanwue:

Henoas3yd 3agauy 1.30, noxkasaThb, 470 MHOKECTBO {x: o(f, x) > %}
KOHEUYHO Aa J06Or0o HENOro MOJONKHTENbHOTO 7.)

3.13*. a) Iloxasatb, 4TO MHOXKECTBO BCeX Napalie]eNHNenoB
[a,, 8,1 X ... X[an b,] ¢ paunonanbhmMu a@; u b; MOXeT ObiTh
PacnosioXeHo B NOCJEAOBATENbHOCTD.

6) IMyctb A < R” npousBoJibHOE MHOXECTBO H 6 — €ro OTKpHI-
T0¢ nokpuTHe. IlokaszaTb, uTO CylIECTBYET INOCAEA0BATENLHOCTh
Uy, Uy Us ... aneMenToB u3 6, Takxke nokpuBaiowan A. (Y  a-
3aHue A Kaxnoro x€.A cymecTsyeT Tako#l mapajsienemunes
B={a,, b} X ... X [ap b,] ¢ pauuoHarbHuiMu a; u b; uTO
xEBc U nna uekoroporo U €0.)

HHTEFPUPYEMBIE ®YHKIIUN

Hanomunm, uro o (f, x) o6o3navaer konebanne Gpynxuun f
B TOUKE X.

3.7. Jlemma. [ITyems A — samxuymud napaisse-
aenuned 4 fi A->R — ozpanunesnan @ynigusa, y xomo-
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poii o(f, x)<Ce 0an scex x € A. Toz0a A o6radaem ma-
kum pasbuenuer P, wmo U{f, P)—L(f. P) <ev(A).

HoxasateabcrTBo. Jaa kaxaoro x € A cyuecrsyer
TAKOK BaMKHYTHH napasneiemunesr U,, colepxaiinfét x BHY-
TpU cebs, uro MU,( f— mny., (f) <e. Tak Kak A KOMIIaKTHC,
TO. KOHEYHOe YHCHO le, UX" MHOXeCTB U, MOKpbI-
paer A. [lycth . P — pasbuenne mHOxecTBa A, KauIblf na-
paaneNennnes KoTOporo coxep:kurcs B Hekotopom U, . Toria

Mg (f)—mg(f) <e ana xaxnoro mapamienenunena S pas-
Ouenuss P, tak uro

U(f. Py—L({f, P>=§1Ms<f)—ms(f)w(8)<w(A). N

38.8. Teopewma. [Tycmv A -— zamxuymuii napaiiene-
nuned, f. A-—>R — oepanuvennan dynxyun u B — muo-
acecmeo ee mouex paspwusa. Tozda f unmezpupyema na A
8 MOM U MOABKO moMm caydee, Ko20a B — muoxcecmso
seper 0.

Hoxasarteascrso. [IpexnmosoxuM cHavana, uyro B
umeer Mepy 0. Ilyerb €>0 u B,={x: o(f, x) >¢}.
Toraa B, B, rak uro B, umeer wmepy 0. INockoavky B,
KOMNakTHO (Teopema 1.11), B, umeer o6bem 0. Taxum 06-
pasoM, CyLiecTBYeT KOHeuHoe cemeftictso Uy, ..., U, 3am-
KHYTHIX napannenenuneﬂoa, BHYTPEHHOCTH KOTOPHIX TNOKpHI-

BaioT B,, Takoe, uto 2 v(U;) <e. Tlycrs P — pasGuenne A,

i=1

KauIb# napaanesenunen S KOTOpOI‘O NPUHALJIEKUT OIHOM
U3 caelylowux JABYX rpynn (cm. puc. 3.1):

&y, cocrosiedt U3 Takux napannenenuneAOB S, uro ScU,
LIS HEKOTOPOro i. -

&y cocroslell M3 TnapajieNendneloB S, A KOTOPHX
SnB,=g@.

Hyc'rb [f(x)| <M nmaa Bcex x€ A. Torna Ms(f)-——
—mg () < 2M nns xaxnoro S. ITosromy -

Z [Ms(f)" ms () -v(S) < 2M Zv(U,)<2Me.
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Hanee, ecnin SE&F, 10 off, x)<<e npu x€S. Us
aeMMbl 3.7 cleayer, YTO CYIUECTBYeT TaKoe IpoiomxeHne P’
pasbuenns P, uro

G2 Me (D —mg (N] -0 (8) <e-v(S)
ans Beakoro S € &, Toraa
U, PYy—=L(f Py=_ X [Mg(H—mg (N vSH+
S'cSe
T B,y [Ms (N —ms (N]28) <
< 2Me—+ SZQ? ev (S) < 2Me - ev (A).
€Fs

Tak kak M u v (A) dukcuposanel, TO OTCIOA CHELYET, 4TO,
BEIOMpas HaanexawuMm o6pasoM pasbuenne P’, MOXHO cae-

%7

7
/Bs 7

/ %7

Puc. 3.1. 3amrpuxoBaHHbie OPAMOYIOMb-
HHKH TIpHHaJJIERKAT &),

matb U (f, P'Y—L(f, P’) xak yroguo maibiM. Taxkum o6pa-
30M, f uHTerpupyema.

- O6parHo, mnpexnojoxuM, uyro f uHTerpupyeMma. Tak xak
B=B;UBjpUBysU ..., T0 nocrarouno (teopema 3.4) 10-
Ka3aTh, YTO Kaxzuoe By, ecTb MHO¥eCTBO Mepnl O.

Mbl nokaxeM, yro kaxuoe By, umeeT o6beM 0 (HO Tak
Kak By, KOMNAKTHO, TO Ha CaMOM JAele 3TO TO XKe CaMoe).
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Mycts >0, P -—rakoe pasGuenne mHoxectBa A, uTo
U, Py—L(f, P)<<e/n, u & — cemeHicTBO Beex napasine-
nenunesoB S pasbuenus P, nepecekawowmnxcs ¢ By, Toraa &
noxpsisaet Byy,. Ho ecan S €&, ro Mg (f)—mg(f) > 1/n.
Taknm obpasom,

T+ Y v < Y M (h—mg(NIv(S) <
N4 Ses

< VMg () —mg (Nlv(S) < =
S

H, CJIeL0BaTe/bHO, EJ‘U(S)< A |
s
Jo cux nop MbIE MMeJIH 1eN0 TOJMBKO C HHTerpanaMi OT
QYHKLMA, 3aNaHHBIX Ha napajienenunexax. Mwurerpans no
APYTMM MHOMECTBAM JIETKO CBOLSTCS K HHTErpajiaM STOro
puaa. Ilyete € < R". Xapaxmepucmuneckan gpynxyun ¢
Muoxectsa C onpenenseTcs Tak:

!O npn  x¢C,
{1 mpu xEC.

Ecan C = A 119 HEKOTOPOrO 3aMKHYTOTO NapasJenent-

L (X)=

neaza A u f: A—>R orpaHuyena, To nox ff NOHMMAeTCs
C

{fxc B NPEINOJIONEHHH, uTO (YHKUHA [ UHTErpHpYeMa.

A
[locnennee BO BCAKOM cJayuae uMmeer Mecto (3anava 3.14),
ecmu f U Y MHTETPHDYEMHI.

3.9. Teopema. Pynryua ¥ A—>R unmezpupyena
moz0a u moAabKO moz20a, Kodda 2paruua MHoxcecmsa C
useem mepy 0 (u caedosamensro, o6ven 0).

HokasartenbcrBo. Ecau x — BHyTpeHHsIss TOUKA MHO-
xwectBa C, TO CyIWeCTBYeT TakoM OTKPHITHH napannenenunes U,
uro x EUcC. Taxum obpasoM, ¥-==1 na U u oueBunso,
YTO Y HENpephBHA B X. AHAJOTHYHO, €CJIM TOYKA X — BHeLl-
HAd no oTHoweHHI0 k C, TO CYyHeCTBYeT TaKOH OTKPHITHIA
napaanenenunes U, uro x €UcR"\ C. Ilosromy ¥ =0
Ha U u y, nenpepmBra B x. HakoHel,, ec/im x NpUHaLAEKHUT
rpaHuue MHoOxecta C, TO 111 BCAKOTO OTKPHTOrO Napanie-
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aenunepa U, conmepxauiero x, cymectByioT Touka v,EUNC
n Touka ¥, €U NR\C). Torna yc(y)=1 1 %c(¥)=0.
Cnexosarenbto, ¥, paspeiBHa B Xx. Takum 006pa3oM, MHOXe-
CTBO TOUEK pa3peiBa QYHKUHH ¥ cOBnagaeT ¢ rpanuueit C
n TtpeGyemuiit peayastar cieiyer u3 reopemb 3.8.
OrpanuuerHoe MHOXecrBo C, rpaHdla KOTOPOTO HMeeT

Mepy O, HasniBaeTCs uamepumvin no Mopdany. Vinterpan f I

C
HasbiBaeTcsa (n-MepHuM) o0semom MHOwecTBa C. Pasymeercs,
ONHOMeDHBIR 006heM uacTO Ha3bBalT O4uKof, a JByMep-
HBIH — n40U,a0b10.

3azaua 3.11 nokasmiBaeT, uTO f[axe OTKPHITOE MHOXe-
crBo C MoxeT He ObiTb M3MepuMBIM no YKOpAaHy, Tak 4To

HHTErpan Jf He o0s3aTeqbHO onpenesieH, paxe ecan C
c

OTKPHITO, a f HempepniBHAa. OT0 Hey#oOCTBO GyLeT BCKOpe
YCTPaHeHO.

3anauu

3.14. Tlokasats, uto ecau f, g A->R unterpupyems, T0 uH-
TerpupyeMo u f- g.

3.15, Ilokasath, uyTo MuHoxecTBC C, umewmee ob6bem 0, co-
HEPKUTCA B HCKOTOpOM SaMKHyTOM napamenenunene A, H3Mme-

pumo mo Xoprany u fxc =0.
A
3.16, llatb npuMep orpaHuyeHHOro MHOXecTBa C Mepw 0, gas
KOTOPOTo fxc HE CYIIECTBYET.
A
3.17. Ilokasarb, 4t0 ecan C — OrpaHHYEHHOE MHOXECTBO Mepni 0.
M MHTErpal f % CYLIECTBYET, TO OH paBeH Hymo. (Ykasanue:

A
nokasarb, uro L (f, P)=0 xas Bces pasbueHu#t P, HCHOJAb3OBAThb
sanagzy 3.8.)

_ 3.18. Ilokasath, uto eciu f: A -» R — HeorpuuarensHas q{yux-
U8 " ff=0, 10 {x: f(x) == 0} umeer mepy 0. (YkasaHue:

- A
BOKasaTsb, 410 {x: f(x) > l/n} umeer o06vem 0.)
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3.19. Ilycrb A — OTKPHITOE MHOKECTBO 13 3aiaun 1.18, [Tokasathk,
4TO ecaH f ==Y , ¢ TOUHOCTbK 1O MHOWECTB2 Mepw 0, TO f HeuH-

rerpupyema ma [0, 1].

3.20. [Tokasatb, uTo BO3pacTaowas $yukuus f: [, 8] >R um-
Terpupyema na [a, b). :

3.21. Iloxasats, uto MHOXecTBO C — A, rae A-—3aMkHYTHIHA
napaanenensnen, uaMepumo no KoplaHy TOrza u TOMBKO TOrAa,
KOrZa nas Kaxgoro e > O cymecTsyer Takoe pasbuende P napan-
senenumena A, aro D v(S) — | v(S) <& rie &, cocrout u3

Se Se
BCEX mapaarenenuneloB pa3bueHus P, nepecekaomuxca ¢ C,
a &, — 13 BCex colepxamuxcs B C.

3.22%, Ilokasath, utOo ecau MHOxecTBO A usaMepumo no Xop-
JaHy, TO AJf Kaxnaoro &> 0 cyumecTByer Takoe H3MEpHUMOE MO

Xopnany kommaxTHOe MHOKeCTBO C = A, uTO '. Xasc < E

TEOPEMA ¢YBHUHHU

[IpoGnema BHIUMC/IEHHS MHTETPANOB B M3BECTHOM CMBICAE
pewaerca Teopemo#t 3.10, cBoxAiel BHIYNC/IEHHE HHTErpanoB
N0 3aMKHYTOMY napainenenunerny us R”, n > 1, x Bhluucne-
HHIO HHTErpasoB N0 3aMKHYTHIM HHTepBanaM u3 R. Jocra-
TOYHO Ba}Has, 4TOOBI 3aCAYKHBATL CIELHAJNBHOIO HAUMEHOBA-
HUA,  9Ta TeopeMa OOLIYHO Ha3biBaeTcs TeopeMoH PyGunw,
XOTSl OHa fIBASETCA JNHILb GOJee WIH MeHee YaCTHBIM CJyyaeM
TEOPEeMH, 10KasaHHOM PyOMHM K MOMEHTY, KOrja Teopema
3.10 yxe naBHO Obl1a M3BeCTHa.

Mpen, nexaman B OCHOBe TeOPeMBbl, JyYlle BCEro. HAMO-
crpupyercs (puc. 3.2) Ha npuMepe MOJOXKUTENbHON HeMpephB-
Hott ¢ynxumu f: [a, 8] X [c, d]—>R. Tlycrs £y, ..., ¢, —
pasbuenne unteppana [a, b].. Pasobbem [@, O] X [c, d] Ha n
noaoC npsaMonuHefiHbiMu oTpeskamu {¢;) X [¢. d].

Ecau onpenenuts g, pasenctBoM g, (¥)=f{(x, ¥), 10
naoman, 061acTH, OrpaHuueHHON cHU3Y oTpeakoM {x} X [¢, d],
a CBEpXy HMpOeKTHDylolefica HA 1ero uacTeld rpaduka f,
Oynaer pasHa . '

d d
(&= [ rex way.
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[Tosromy of6bem o0nacTy, OrpaHHYEHHOR CHHU3Y HNPIMOYTO/ib-
nukom [£;_;, ;1 X [c, €], a cBepXy — cOOTBeTCTBYIOULER HACTBLIO
rpapuka f, OyaeT NMpUOJNKEHHO DABEH

d

t;—1t-y) J f(x, y)dy ¢ npousBoJbHbIM X € [£;_q, 4]
0
Takum 00pasoM, uHTerpal

f=

la, ] X e, 4]

f

[fion fi] X 1e, 4l

0 Sk

npubanKeHHo pasen

n d

N\ )

Z(ti-—ti_l) j f(x, y)dy c npoussoibhbiM x; € [¢_q, £

i=1 4

C apyroft CTOPOHB, TaKOTO POAA CYyMMbl BXOAAT B ONpele-

b /
JeHHe .[(J' f(x, yydy | dx. Takum 06pasoM, ecTb OCHOBa-

a C
HUe HaZeATbed, 4TO (YHKUMS A, OMpefeseHHas PaBeHCTBOM
d d

h(x)= f g,= j f{(x, y)dy. nurerpupyema Ha [a, b] n
c 4

[4

f=jbh=j ff(x, y)dy | dx.

la, bl X e, d a

D10 M B caMOM Jele OKakeTcs BEPHBIM, Koria f Hempe-

phiBH2, OIHAKO B OOlIeM cJyyae BOBHUKAIOT TPYILHOCTH.

TIpeANOAOKHM, HANPHMEDP, YTO MHONECTBOM TOYeK paspbiBa f

cnykut {x,) X [¢, d] npn nexoropom x,€[¢, dl. Torna f
a

unTerpupyema Ha [a, b] X [e, d}, HO & (xy) == Jl f(xg 9)dy
a

He wuMeeT Aaxe cMbicaa, B cuny storo teopeMa Py6unn
GOpMyAUPYETCH HECKOIbKO CTPaHibiM 00pasoM M COMpoBo-
MIAETCA 3aMEUAHMAMU, OTHOCAIMMHUCA K pPasfiUuHbIM Creuu-
aJlbHBIM C/AYYaaM, KOria BO3MOxHa OoJee mnpocras ¢popmy-
.rmposxa.



Teopena Dyburin 73

Ham norpe6ytorcs euwe asa tepmura. Ecan f: A—>R—
orpaHuyeHHas (YHKIHS Ha 3aMKHVTOM Tlapas/efenunene, To,
uHTErpUpyeMa f MM HeT, BeDXHsis IPaHb BCeX HMMHHX CyMM
M HHXKHAS TPaHb BCeX BePXHMX CYMM BCeria CYyWeECTBYIOT.

Fpagux f

B ‘."-:'.

‘.-:'-
V4

s 7 7 /
VA 4 7

s 7 7 ’

g iz b

Puc. 32

OHW HA3LIBAIOTCA COOTBETCTBEHHO WUMNCHUM W 8ePXHUM UH-
mezpasanu [ no A M 0603HAYAOTCH COOTBETCTBEHHO

Ljf uuff.
A A

8.10. Teopema Py6uunu. [Tycms AcR” 4 BcR™ —
samxnymeie napasnresenunedn u f: AX B-—>R—unme-
epupyesan @Gyuxgusn. Iycmv daxee dpynryus g,0 B—>R
onpedesena 048 Kawdo20 xE A pasencmson £,(y)=
=f(x y) u

F(x)=L f g,=L f f(x. y)dy.
B B

u)=U[g,=U[sx ydy.
B B
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Tozda & u ¥ unmezpupyens Ha A u

Jf 13 f(gff(x,y)dy)dx.

AX B
f f= f%—f(Uff(x, y)dy)dx.
AX B B

(MuTerpansl B npaBok wacTi Ha3bIBAIOTCS NOBMOPHBL MU
utmezpasani Lis f)

HNokazarteabcrTso. Ilycre P, — pasbuenne aas A
u Py — pasbuenne aa1a B. Bmecre onu naorT pasbunenue P
s A X B, xaxuuif napanienennnes S KOTOPOro HMeeT
Bun S, X Sg, rue S, — mapannenenunel pasbuenus Py,
a S, ——napannenennnen pasbuenna Pg. Toraa

L, P)=§Ims(f)v(s)zsgBmSAxSB(f)v(SA X Sp)=
= s}; (SEB Mg xsy NV (SB)) v(S,).

Ho ecau x €S 4, TO, OYEBHIHO, Mg, xsg N Mg, (&) Cae-
10BaTeNbHO, AnA Bcex x €8, uMeeM

stAst(D"’(SB) 2”‘.ﬂg( £)v(Sp) <

<L[ g =2
Hosfomy ?
B (B ms sy NS0 <L Py,

Takum 06pasom,
LUPYSL(Z. PYKU(Z. PYH<KU @, Py<KUL, P),

rIe nocjejHee HePaBeHCTBO NOKa3biBaeTCA COBEPUIEHHO TaK Xe,
kak nepsoe. Ho Tax kak f unrerpupyema, to sup {L(f, P)} =

=inf (U (f, P)}= j f. Mosromy
AX B
sup [L(.Z. Pyl =int (U(Z, Ppl= [ I

AX S8



Teopema Dybunu 75

Ipyrumu chosamu, & unTerpupyeMa Ha A n f f= f_‘Z
AXB
YTBepxileHne LA X chielyeT M3 HepaBeHCTB

L(f, ASUZ, PY<LL P)<
<U@ PYLU. P. 1

Sameyanud. 1. AHaZOrMUHO [NOKA3BIBAETCH, 4TO

[ r= j(Ljf(x, y)dx>dy=j (Uff(x, y)dx)dy
A B A /

AX B

OTH nHTErpajgbl HA3bLIBAIOTCHA NOBMOPHUMU UHMEZPAAIGMU
nas f, B3ATHIMH B OGDAaTHOM MOPAJKE MO CPAaBHEHHIO C BHi-
6paunnbniM B Teopeme. Kaxk BHAHO M3 3anay, BO3MOXMKIIOCThH
nepeMeHbl MOPALKAa MHTErPHPOBAHM® B IOBTOPHOM MEHTErpajie
MMeeT MHOrOUMC/EHHbIE CAEACTBUA.

2. Ha npaxTuke uacto BCTpewaercs cayuya#t, korzia g,
MHTErpupyemMa ijs Bcex x € A, Tak uTO

| f—j(j £ y)dy)dx.
AX B B
9710 3aBeIOMO HMeeT MeCTO, KOrZa f HenpephIBHA.

3. Camoe xynutee, ¢ yeM OOBIYHO CTAJKHBAIOTCH HA MPaK-
THKE, STO HEMHTErPUPYeMOCTb £, AJA KOHEYHOro YMC/Ia TO-

yexk x € A. B srom cayuae & (x) = J f(x, y)dy nna Bcex
3 .

3HayeHUWH X, KpPOMe I3TOr0 KOHEUHOrO0 MHOXeCTBa. Tak kak

f & He U3MeHAeTCH, eCaH & NepeonpeieldTb B KOHEUHOM

A
yHuclHe TOUYEK, TO BCe elle MOXHO NHCATh

= j(af fx y)dy)dx.

AXB A

CyuTas, uTO HMHTErpany ff(x, y)dy, KOoria oH He cylle-
B
CTBYET, NMPUILAHO NPOM3BOJbHOE 3HaueHue, CkaweM 0.
4. BHBalOT CcJayuau, KOrla 3TOrO Heab3s CLEJNAaTb W Teo-
pemo#t 3.10 npuxoiuTca MO/b3OBATLCS B TOM BHIE, KAK OHa
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cq)opmy.mpoaaua. [lycts f: {0, 11X [0, 1]—R onpeneiena
YCIOBUSMU

1, ecau X HMpPpPAaLHOHANBLHO,

1, ecM X paUHOHANBHO H Y HPPALUOHANILHO,

f(x, y)=

1 _%' eclH X = —g—HeCOKpaTHMaﬂ 1pobb ¢

V PpalHOHAIbHO.

1
Torxa f unrerpupyema u [ f=1.Ho f J(x, y)ydy=1,
[0, 11X [0, 1) 0
eciy X HMPPauMOHATbHO, W He CYLIEeCTBYeT, eCAH X pPalHo-
1

HanbHO. [Icaromy ecau unterpan A (x) = I f(x, y)dy, xoraa
0

OH He CYMIeCTBYET, MOJIOXHTb PaBHBHIM HY/JI0, TO (GYHKUMA A
OyleT HeHHTerpupyemoft.

5. Bcnn A=Ja,, 0] X ... Xa, b, 1 f: A>R—
LOCTaTOYHO XOpoluas (YHKUUS, TO NOBTOPHOE NPHUMEHEHHEe
TeopemMbl PyOuHn naer

b
n

bl
ff: f ((f F A2 x”)dx‘)...)dx”.
A a, a,

6. Teopemy ®yOuHM MOXHO HCNOJL30BATH M AJA BHIYHC-

NeHus ff, rie Cc A, NOCKOAbKY STOT MHTErpaa 1o onpe-
¢
JeNeHHI0 PaBeH J.ch- [Tycrb, Hanpumep,
A

C=[—1 IIX[—=L 1IN\ {(x, y: |(x. |< 1}

Torxna
1 1
[r=] ( [ e wets, y)dy) dx.
¢ -1 \-1
Ho .
1, ecmu y> V1 —x2 um —V1—x2,
%e (X, Y)Z{ 4 y<=V
0 BO BCex OCTaJAbHBIX TOYKAX.
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[Tosromy

1
f flx Mg (x dy=
-1

V1=

Py

1
= | re y)dy+f fx, yady.

-1 Vica
BooGuie ocHOBHAd TPYAHOCTh IIPH MOJYYEHHH BHIpaeHHs
Aas f frrae Cc AX B, coctour B onpesenerun C ) ({x} X B)
¢

aas x € A. Ecan nerue onpeseants CN (A X (v}) nas y€ B,
TO CJelyeT BOCNOAb30BATHCS MOBTOPHBIM HMHTETPANOM

ff= f(ff(x, ¥) ke (% y)dx> dy.
C B \A

3agaun

3.23. Iycts C < A X B — mHOokectBo obbema O u A" A—
MHOXecTBO Bcex X C A, aas kortophlx {yEB: (x, y)EC) n2 uMeer

o6bem 0. [Tokasarh, uto A’ — mHOMecTBO Mepn O. (Y kasanue:

X HHTETPHDyeMa H f o= f U= J._?.'rak 4TO j(zz—g)=o.)
AX B A A A
3.24, Myctb C < [0, 1] X [0, 1] — o6 benuHeHue BceX MHOKECTB
{p/q} X [0, 1/ g}, rae p/q — necokpatumbie npo6u ua {0, 1]. Toka-
3aTh, 4TO 1Aas MHoxecTBa C clOBO ,Mepa“ B 3axaue 3.23 Heabss
3aMEHHTh CJOBOM ,00DbeM*.
3.25. Mcnoab3ys MHAyKuMio no 7, mokasarts, 4to [a;, 6] ...
... X[an b} BHEe Mmoxer umerbr Mepy 0 (uam obvem 0), ecan
a; < b; naa xawaoro i.
3.26. Ilycts f: [@, b] >R — uHTerpupyeMas HeoTpHLaTeJbHAS
yuknua 1 Ay ={(x, y): a<x<b v 0Ky < fF(x)} Hoxas?)n’,

yro MHOMecTBO Ay Hamepumo no XXopiany u MMeeT mioOLIaib f f

a
3.27. Ilokasars, uto ecau f: [a, b] X [a, 8] - R unrerpupyema

T0
b b

b
| ff(x. waxdy= [ [ f(x y)ayax.
a a a X
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~

(¥kasaHue BHUNCANTL JABYMA pas uudbivMy  criocofamu J f
C
¢ noaxoiaue nojobpaHHbiM MHOXecTBoM C C[a, 5] X [a, 8])

3.28*, Ucnoabsys teopemy PyOuny, aaTh NPOCTOE AOKA3ATENb-
CTBO TOrQ, 410 D of = D,, |f, ecad 3T CMelIaHHbie MPONU3BOJAHBIE
HenpephBHbL. (Y kasanue ecan D, ,f(a)— D, f(e) >0, 10

1, of — Dy, 1 f > 0 na uexoropoM muapaaneaenumejie A, coiep-
KalieM a.) -

3.29, C nomompio Teopembl PyGHHH BBIBECTH BHpPameHue AAd
o6bemMa MHONecTBA B R®, nonyyaeMoro BpalleHHEM BOKPYT OCH X
MHOXECTBA, JekKalllero B MIOCKOCTH yz2.

3.30. Mycts € — muoxectBo 3 3anaun 1.17. Ilokasars, uto

J ( J Yo (6 Y) dx)a’y—_—- f ( f Yo (0 x)a’y)dx:O,
10,11 \[0, 1l 10, 1) \jo, 1]

HO J‘ Yc He CYWECTBYET.
10, 1] x [0, 1]
33L IMyctb A = [ay, 5] X ... X {ay b,). £ A—> R ~— nenpepnis-
Haa ¢yukima u F» A —> R onpejenena paseHcTBoM
F(x) = j 7.
[a,, #'} x ... x[a,, "]

Kakosa G6yner torma DF (X) nis BHYTpPEHHHX TOUEK X mapaie-
Jenunena A?

3.32%, Ilyetv f: [a, 8] X [c, d] >R u D,f nenpepmsua. [lo-
b

aoxuMm F (y) = f fx, y)dx. Jokasate npasusro Jlei6ruya:
a

» A b
F' (y) = f[)zf(x, y) dx. (YKasaHHe: F(y)=ff(x,)’)dx=

a a

b y
= ‘[ (J Dyf (x, y)dy + f (x, c)) dx. | Tlpu nokasarenbctBe 6y-
a 4
AeT BHIHO, YTO HEMPEPBHIBHOCTb D,f MOWHO 3aMEHHUTb 3HAYATENbHO"
6ojiee ciaabbiMu NPENNONOXEHUIMH,

333. Iyers  f:[a, 8} X{c, d]=>R, D,f nHenpepeiBHa u

X

Fx, y)y= J F (¢t y)dt

a



Pasbuenue edunuibt 79

a) Haéttu D \F n D,F.
£ (xl
6) Haiitn’ G’ (x), ecan G (x)= [ £ x)adt.

o

a

3.34* Ilyctb g4, g9t R? > R — HenpepusHo auddeperunpyemule
¢ynxuun, npuueM D\ g, = Dyg,.
Kak ¥ B 3anaue 2.21, mojaoxuM

X ¥

fen= [ 0d+ [ g oa
0 0
[Toxasatb, ut0 D\ f (X, ¥y) =g, (x, ¥).

3.35% a) Ilycts g: R® —» R"” — junelinoe ortobGpaxeHne ¢ Mart-
punel

a uiu '1...1

(rie BTOpas MaTpulla COAEPKUT B TOYHOCTH OAHY ENHHHLY BHE
zuaronanu). IToxasare, uto o6beM obpasa g (U) mobGoro napaa-
aenenunena U pased | det g |v (U).

6) Hokasate, uro |det g |v (U) ecth 06beM obpasa g (U) zas
BCAKOro JuHeiiHoro oro6Gpaxenust g R* > R™ (Y kasanue: ecau
detg =20, TO ¢ eCTb KOMNO3UIHA AUHEHRHBIX OTOOpaweHHH pac-
CMOTPEHHOr0 B a) THna.)

3.36. (Ilpuuuun Kaaavepu.) [lycts A u B — usmepumbie 0o
XKopnauy wmuomectBa u3z R? A ={(x y) (x, y, )¢ A} u B,=
= {(x, y): (x. v, ¢)€B)}. Mpennoaoxum, uto A, n B, 1as Kaxz0ro
¢ u3mepumbt o KopiaHy M HMeloT OJMHAXOBYl0 IAOmajb. Ioxa-
3ath, 4T0 A M B uMelT 0AUHAKOBHIE 06bEM.

PA3BHEHHWE EJHWHULLbI

B srom maparpade BBOLUTCS MNOHATHE, UMeKLlee ype3=
BHYAKHO BaXKHOE 3HAUEHHE B TEOPUU HHTETPHPOBAHUS.

3.11. Teopewma. Ilycte O — omkpemoe noxpsimue
Muoocecmsa AcR”. Tozda cyuecmsyem maxoe cemeii-
cmso D yuryuii ¢ wracca C”, onpedesennsix Ha HeKo-
mopom OMKPLLMOM MHOXCecmBe, codepicamem A, 4mo

1) 0K @(x) < 1 0aa kascdozo x € A,
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2) 048 kaosxcdozo x € A cywecmsyem maxoe omupumoe
muoxcecmeo V., codepacawjee x, 4mo mMOAbKO KOHEUHOe
wucao pyunnui uz O omauuno nva V om uyas;

3) D @(x)=1 daa xaxmdozo x€ A [& cury (2) sma
D@

CYMMa O0a5 KaxHCG020 x € A KOHeUHQ HA HEeKOMOPOM OMKPbL-
mosm MHOJMcecm8e, codepocauem X,

4) das scaxoeo @€ D cywecmsyem maxoe omrpumoe
muoxcecmeo U uz 6, amo ¢ =0 8He Hexomopoo 3aMKHy-
mozo MHoxMcecmea, codepacaujezocs 8 U.

(Cemeticteo D, yrosaersopstouee ycaoBuam (1) — (3).
HaswiBaeTca C™-pasbuenuem edunuys 1as A. Ecnu cemedi-
cteo D ynosaeTBopsieT Takwe YCaoBHIO (4), TO TrOBOPAT, YTO
OHO noJ4uHeno TOKPHTHIO ©. B 3srofi raase Oyler UCHOJb-
30BaThCA TOJNDKO HENPEepHBHOCTb (PYHKUUH @.)

HDokasareasctso. Cayuad 1. A xomnaxmuo.

Torza wuexoTopoe koHeuHoe cemeficrso Uy, ..., U, or-
KPHITBHIX MHOXecTB H3 € nokpmBaer A. OueBuiHo, 1ocra-
TOYHO NOCTPOUTL pasOueHHe eNMHHIM, NOAUHHEHHOE IOKPHI-
o {U;, ..., U,}. Hatizem cnauana KOMnakTHble MHOMXeCTBa
D;cU;, BHYTPEHHOCTH KOTOPHIX MOKpHIBaOT A. MHoXecTBa
D, crposrca mo MHAYKUMM caeiyiomum obpasoM. [Ipexnono-
wuMm, uro D,, ..., D, Bubpann rtak, uro {intD,, ...
e intDy, Ugyys o.., U,} —nokpoitne Al). Tonoxum

Coroy=AN>ntD,U ... UintDyUU,,U ... UU)).
Toraa muowectBo C,, ,cU,,, xommaktHo. CieroBarTeabHo
(samaua 1.22), MOXHO HAHTM TAKOE KOMMAKTHOE MHOXe-
ct80 Dpyy, uto CpycintD, , v D, ,cU,,, Tlocrpous
mHoxecTBa Dy, ..., D, MoxHO s kawuoro { BHOpaTh
HeOTpHUATeNbHYI0 OGYHKUMIO 1, kaacca C™, NMONOKUTENLHYIO
Ha D; v pasuyio 0 BHe HEKOTOPOrO 3aMKHYTOI'O MHOXeCTBa,
cozepxauterocs B U, (3anaua 2.26). Tax kak {D;, ..., D,}
nokpeBaeT A, 10 P, (x)-+ ... 4+, (x) >0 n1a Bcex TO-
YeK X M3 HEKOTOpOTro OTKDHTOro MHoxectsa U, coiepxa-
wero A. Ha U MoxHO nonoxursb

_ P; (%)
A N RS S R

[ycte f: U —>[0, 1] —npoussoabHas ¢yHkuus kaacca C*,

) CumBoa int D osHauaer BHYTPEHHOCTb {interior) MHOXNce-
ctBa D.— Ilpux. nepze.
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paBHas 1 Ha A u O BHe HEKOTOPOrO BaMKHYTOFO MHOXeCTBa
B U. Torna O={f-¢,. ..., f-@,] Oyrer uckoMbM pa3-
OueHueM eAMHHLHL.

Cayuaid 2. A=A,UA,UA,;. .., 20e kaxndoe A; ron-
rakmuo u A;cint A, .

[lycte G; AR KaxIOTO { COCTOHT M3 BCeX MHOMECTB BMIA
UnN(@ntA; ,\ 4,5, rae U npoberaer @. Torxa ®; 6yner
OTKPHITHM  TMOKPBITHEM  KOMIAKFHOrO  MHOMecTBa B, =
=A;\int A;,_,. Cornacro cnaysaio 1, cywecrByer pasGue-
uue eaunnusl ©; ang B;, nonunHennoe @;. Ias Bcskoro
x €A cyuiecTByeT TaKoe OTKPHTOE MHOXKECTB0 U3 x, uro
s mobux y € U BCe ujleHBH CYMMH

o= 2 o0

(pe(I)l, BCe i

KpoMe KOHEUYHOro HMX uucla, DPaBHbl Hy/mo. 310 BhiTe-
Kaer M3 TOro, uro ecmm y€A;, 1o @(y)=0 nas Bcex

¢€ED; ¢ j>i+42. [as kaxnof ¢ynkumn @€ UCD, no-
jel
aoxuM ¢’ (x) =@ (x)/o(x). Cemeficreo BCEX ¢’
MCKOMBIM Da3CHeHHeM eXHHMLEL.
Cayuai 3. A — omrpuimoe MHOK#CECM B0,
ITonaras

6yier

Ai={xEA: | x| < i n paccrosnue oT X

~ =

10 rpaHuus A >

})
NPUXOLHM K NpeINBIAYLIEeMY Ccayualo.
Cayuai 4. A — npoussossroe MHONCECMBO.
[lyctb B — o6benvnenue Bcex U us ©. CornacHo cay-
4aw 3, CyllecTByeT pasOuenue elMHMUb A B; OHO dBjsercs
Take pasbueHnem eaunuusl aas A. |

Creayer OTMeTuTh BaXKHOe CAeNCTBHe ycjioBus (2) Teo-
pemst. Ilycts MmuowectBo Cc A kommaktao. Hasg Besaxoro
X €C cyuiecTByer OTKpPHITOE MHOXECTBO V ,, colepkalllee X
M TaKkoe, YTO TOJLKO KOHEYHOe uHcao OyHkuui @€ D He
PaBHO ToxipecTBeHHO Hyao Ha V,. Tak kak C KOMNAKTHO,
TO KOHeuHoe umcao rtakux V., moxpwiBaer C. Taxum o6pa-
30M, TONbKO KOHeyHoe umcno ¢ykuu @€ D we pasno
TOXIeCTBeHHO Hynw Ha C.
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[MpuBefeM BaXHOe NPUACKEeHHe Pa3dHeHuit CAMHULBI, HI-
MOCTPUPYIOLiEe WX TAaBHYIO POJb — CKJCHBATb Pe3YAbTaThl,

NOJYYeHHbE JOKAJAbHO. Mbl yiKe BHIeAH, uTO ff MOXeT He
CYLIeCTBOBaTh, NaXe eciH A — OrpaHHyentoe OTKPBITOE MHO-
®eCTBO M MHOMECTBO TOuek paspuiBa f umeer mepy 0. Ho
A060e OTKPHITOE MHOXKECTBO A BO BCAKOM chydyae ofnaiaeT
TAKMM OTKPHITHMIM NOKpHiTHEM @, uro Bce U M3 @ conepmarca
B A u kaxnoe U E G nsmepumo no 2Koprawy (rak. Hanpu-
mep, A ecTb oObeiuHelHe OTKPBHITHIX Napasle/enunesos).
Ecnn 6 — taxkoe nokpeitie u D — monuunentoe eMy pasGue-
HUe eIMHHUB 1a9 A, TO @f HHTerpupyemo A4 KaxuIoro

¢ € . Onpenensem Toria ff KaK E f(p-f B NPeAnoao-
A Qc@ A
)KEUHH, 4uTo 3Ta CYMMa CXOLMUTCA (oua MOXKeT CXOAUTLCA,
Aawe ecan A n f HeorpaHnueHHb!). DTa CyMMa SKBMBAJEHTHA
cyMmMe OOHYHOrO OeCckOHewHOro psga. Mbl  yiKe 3aMeTHaH
(mpu paccMoTpeHuu cayuast 3 B q0oKasaTeabctBe Teopemn 3.11),
YTO OTKPHITOe MHOXeCTBo A ecTb 0GbernHeHWe NOCHen0Ba-
TeMbHOCTH KOMIMAKTHBIX MHOXECTB., TaK KaK Ha KaXAOM M3
9THX KOMNAKTHHIX MHOXECTB OTAHYHO OT TOXIECTBEHHOTO
HYJ9 TOJbKO KOHeuHOe uucio ¢yHkuu# ¢ € D, To HeHyaestie

HHTErpalb f(pf MOryT OBITH 3aHYMEePOBaHbl B TIOC/AEAOBA-
A .

TeNbHOCTb. I1OCKOJBKY, OJIHAKC, HEBO3MOXKHO OTAaTh Mpei-

noyreHue HU OJHOMY M3 TaKHX cnoco6oB HyMepauuu, nOL

CXOAMMOCTBIO CHELyeT MOHHMAThb CXOAMMOCTb NPH J000M

ynopsLioyeHuy, T. e. a0COMOTHYIO.

3.12, Teopema.

1) Ecan A — ozpanutennoe mnoocecmso, f: A—>R—
02DOHUMEHHAA PDYRKGUA U MHONCECMB0 ee moxex pPa3pusq
umeem mepy 0, mo psd

Y [or

gED A
cxo0umcs.
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2) Ecau € — Opyeoe nokpumue Yia3aH#ozo muna 4
W — noduunennoe emy pasbuenue eOunHuybt, Mo

N -
S Jw=3 [w

¢cD A Yew A
3} Ecau A uzmepumo no JKopoany u f: A—R unme-

2pupyema, mo 3mo onpedeaerue J.f cozaacyemes o cma-

A
PUA.

Hokasarteabctno. 1) Ilycrs A cosepxmurca B 3au-
kuyToM napaiaenenuneae B n | f(x)| < M aaa Bcex x € A

Torna f|(pf|<M I(p [TosTOMY 1/ BCAKOrO KOHEUHOro
A A

cemeliciBa F < @
3| Jor]< N famnt [ o

Q€F A A @EF

GEF
3aMeTHM, YTO NpaBas YacTb HMeeT CMBICHA, NMOCKOJbKY F KO-
neuno. Ho ua B Mbi umeem Ecp 2‘ ¢ 1. Ilosromy

wer €D

2 fcpf K My (B). Taknm obpasom, 2 jcpf , a cle-
weFl A ~ YEeD A

1OBaTe/bHO, H X Jq)f CXOAATCH.

GED A
2) Ecan ‘Pf elle OAHO pasbueHHe eaHHMUB, TO (YHK-
e ¢ co BceBoaMokHbiMd QED u YEW obpasyior pas-
Guenue enunnupl. Ho @ . f =0 Bciony, kpoMe HeKOTOPOro
KOMNakTHOro MuoxectBa C, M CYLIECTBYET TOMLKO KOHEUHOE
yucao ¢pynxuub P € W, He pasHnX TOmAecTBeHHO Hyaio na C.
[TosToMy MBI BIpaBe Hamucarb, 4TO

Y Jor=X [ X wes=23 [

PED@ A PED A YW cpE(DA

KU Ha TOM Ke OCHOBaHHUW TmNOCJelHEe BbHIPAaXEHHe PpaBHO

Y [ v

bew
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3) Haa xamaoro € > 0 cyuwecrsyer (3azaua 3.22) Taxoe
KOMIaKTHOe H3Mepunvoe no Kopaany muoxectso C < A, uto
Jl<a. CyuecTByeT TOJbKO KOHEUYHOE YHCIO (QYHKIHR

ANC
@ ED, ne pasubiX TOwAecTBeHHO Hymo Ha C. [aa aw6oro
BKJIOUAOINEr0 HX KOoHeuwHoro cemefictBa F < @ umeeM

Ajf—»},jcrf [ — Yorl< Mf(I—Z@)

Q{F A g F peF
=M f Y ogm [ 1< M.
A GEDNF ANC .
Y
Takum 06pasom, z‘ J'(pf= ff- i
GED A A
3anauu
3.37. Ilycrs f: (0, 1) —> R — HeoTpuuaTtespHas HEMpephiBHAA
¢yukupa. [Toxasate, uto l f cymecTByeT TOrAa M TOJMBLKO TOrAa,
©,1)
1-¢

KOFAa cyuecTByer lim f /.
e—>0£

3.38. Mycts A,=[1—1/2" 1—1/2"*!], Mpeanosoxum, uro
7: (0, 1) >R yIoBIeTBOpSIET YCJAOBHIO f == (F) n=1,
n
..). TokasaTb, uro f Jf He CYIECTBYET, HO
o1

lim f f=In2

3AMEHA NEPEMEHHOH
Ecau g: [a, b] —R — HenpepuBHO audde peHuupyemasn
dyukuua u fi R— R HenpepniBHa, TO, KaK XOPOLIO WBBECTHO,
g® b
[1=]U-0 ¢

g@ a
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Jloka3aTenbCTBO BeChbMa HeCd0MHO: ecan F/ == f, 10 (Fo g) =
= (fog).g’; rtakum o6pasom, caeBa crour F(g(©b))—
— F(g@)., a cnpaa Fog(b)—Fog(a)=F (g (b)) —
— F(g(@).

TIpeaocTaBaseM YUTATEI0 TMOKA3dThb, UYTO €CAM g B3AHMHO
OJHO3HAYHO, TO PACCMOTPEHHYIO POPMYJY MOKHO MepenucaThb
B BUIE

f= [reg-1g'l.
& ((a, 9) (a) )

(PaccmMoTpeTh OTHZENbHO CaAyuaH, KOria g BO3pacTaeT M KOrjia
£ yoniBaer.) OGoOlwenne 3TOH (GOPMY/bl Ha BLICLIME Da3Mep-
HOCTH OTHIOIb HE TPHBHAAbHO.

3.13. Teopema. ITyeme A < R"— omipsomoe mHo-
ocecmso u g: A—>R"— makas 830uMHO 00HO3HQUHAR He-
npepuisro Ougpgepenyupyemasn dyuryus, wmo det g/ (x) + 0
025 scex xE A. Toz20a

[r={Ueo)ldte]

g4 A
dan awbol unmezpupyemoii gynxyguu f: g(A)—>R.

HoxasateabcTBo. HauneM ¢ HeCKONbKMX BaXHBIX
3aMeyaHuit.

(1) Ilpeanonoxum, uro A o6nazaeT TaKHUM OTKPHITHIM
NOKpbiTHeM @, 4TO

[f= [Uen)ldetg]

g) 24

ana xaxnoro U E€OC u no6oft unrerpupyeMo#t ¢ynkuun f.
Toraa teopema BepHa Ansa Bcero A. (Tak kak g aBTOMaTu-
YeCKH B3aMMHO OJLHO3HAYHA HAa HEKOTOPOH OTKDHITOH OKpecT-
HOCTH KaxJOH TOUKM, TO He YIMBUTEJbHO, YTO 3TO €1MH-
CTBEHHAd YaCTh J0Ka3arenbCTBA, HCNOJAbL3YIOIAA B3AHMHYIO
OLHO3HAYHOCTb £ Ha BceM A.)

IHokasateabctBo (1). Cemeicto Bcex g (U/) o6pa-
syer oTkpbiToe nokpeitue g (A). Iycrs @ — pastuenue enu-
HUIB, MOJYMHEHHOE 3TOMY MOKphiTHIO. Ecan ¢ =0 Bue g (U),
TO, NMOCKOJbKY £ B3aUMHO OIHO3HAYHO, (@f)ec g==0 Bue U.
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IToaroMy paBencTBO

[of = [N oglldety]
g U

MOXHO Mepenmucarth B BHAE

Jor= [1@-Hegrldetg’]

g4 A
CnenoBaresbHo,
jf= hy f of =Y, f[(rpf)oglldefg’l=
g(4) _ YED g (A) e A
=Y [@eoUegldty (= [ (Fog)|detg’]
¢EP A A

3ameuanue. Teopema clelyeT Takxke H3 MNperNoJo-
KeHus, uTo

(1= [ Goolaetg]
|4 g‘l V)
s Beex V ous nexoroporo moxpbitus g (A). Oro BhiTeKkaer
u3 yrsepxmnaenust n. (1), npumesenHoro xk g~L
(2) HdocratoyHo Aoxas3aTe TeopeMy i ¢yrkuuw f=1.

HNDokasateabctBo (2). Ecmu Tteopema BepHa aaa
f==1, T0O OHa BepHa W L7 NOCTOSHHHX ¢yHKuu#. TlycTb
V — napannenenunes B g(A) u P —ero pasCuenue. ns
Kamioro napaajejenunesa S 91oro pasGuexust 0603HauMM
yepe3 fg NOCTOAHHYIO (YHKUMIO CO 3HAYEHHEM Mig (f). Toraa

L Py=Xms(NvS)=Y [ fs=
)

S IntS

=2 f (fsog)|detg’ | <

s g7 lnt §)

<Y | Uesmldetg|= [ (oa)detg’

s g7t ) g 'w
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Tak kax j f — Bepxuss rpans Bcex L{f, P), 1o aTuM noxa-
' 1%

3aHO, HTO Jf< f (fog)|detg’|. Ananormunoe paccy-
v el
WIeHue, B KOTOpoM fg== Mg (f), rokasbBaer, uTO Jf P
4
> j (fog)|detg’| CnpaBeanuBocTh yTBepKIEHHA cie-
et
LyeT Temepb W3 NPHUBELEHHOTO BhIllle 3aMeuaHH.

(3) Ecau Teopema BepHa maa g: A—>R™ u &t B—>R"%
rae g (A) < B, 10 ouHa BepHa u 1as hog: A—R"

HoxkasareabcTBO (3)

f= [ 1= [Gomldetr|=

hog(A) h (g (A) & (A
= [Femegll]dett |og]|detg’|=
y )

= [Fothog)|det(hog) ),
A

(4) Teopema BepHa n1js JdHHeHHOro oToOpaxeHus g.

HokasareabctBo (4). B cuay (1) u (2) nocrarouno

noKasarb, 4TO
j 1= f [ det g’ |

g 4
Ia8 BCAKOTO OTKpHTOro napaaneienunesa U. Ho 3to 3a-
Zada 3.35.

Conocrabnenue n. (3) u (4) nokassiBaer, 4To A4 Ja0G60ro
¢ukcupoBaHHOro a€ A MOXHO CuuTaTh g’ (@) eAMHMUHOM
marpuuet. B camom nene, eciu T — jmHefinoe oroGpawmenue
Dg (a), To (T_log)' (a) =1. Tak kak Teopema Bepxa fis T,
TO €C/M OHA BepHa 1JIs T7'og, ona O6yner BepHa nas g&.

Tenepsb yxe Bce MOATOTOBACHO 1St LOKA3aTe/IbCTBA TEOPEMBI,
KOTOPOE NPOBOAUTCA HHAYKLUMEN 1O #. 3aMeuanus, NpelIeCTBO-
BaBIUKME (POPMYJMPOBKe TeopeMbl B coenmkenun ¢ (1) u (2),
NIOKA3LIBAIOT CHPABEAJUBOCTL TEOpeMbi AJA caydas n=—1.
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INpeanonaras, uyro TeopeMa BepHa AN pa3MepHOcTH 72— 1,
JAOKaXeM, YTO OHA CNpaBelJHBa M A9 pasMepHOCcTH #. Haum
HYXHO TOVIbKO HalTH A1 Kawnol Toukn a € A codepiaiiee
ee OTKpHToe MHOXecTBO U < A, AAs KOTODOro Teopema
BepHa. [1pu 3TOM MOXKHO cuntats, uto g’ (A)=/.

Onpenemn A: A—>R", nonoxus k(x)=(g"(x), ...
vevy, @71 (x), x™. Torma A’ {(a)=17. CnenoBatenbro, B He-
KOTOPOM OTKphiTOM MHOXecTBe {J’, Takom, uto ¢ €U’ < A,
byukuns k2 B3aumMHo oaxosauna w det 4’ (x) == 0. Onpeseaum
tenepb & A(U’)—>R” nonoxus k{(x)=(x!, ..., x*-1,
g" (h_l(x))). Torna g=~%koh u g npencraBleHo B BHIe
KOMIIOBULMK ABYX OTOOpameHui, Kaxioe U3 KOTODHX M3Me-
HAET MeHbllle 4YeM rn koopAauHat (puc. 3.3).

(9),. . . , g™ lx)2")

Puc. 33

Ocraercsl 103a60TUTHCS O HEKOTOPHIX HETANAX, KOTOpPbLIE
obecrnieyar, yreObl 2 Oblia ¢yHxumelt HyxHoro Bmaa. Tak-
kax (g"on”Y (h(@)=(g" @ ¥ @] = (g" @. 70
D,(g" o k™) (h(a))=D,g"(@)=1, Tax uto k' (h(a))=I.
[lo3TOMY B HEKOTOPOM OTKPHITOM MHOXecTBe V/, TakOM, 4YTO
h(@)EV < h(U’), ¢yukuus & B3aUMHO OLHO3HAYHA H
det & (x) # 0. [lonaras U=hr""(V), nmeem Tenepp g==
—=~koh, rie i: U—-R", k: V>R nu a(U)cV. Co-
raacHo (3), 10CTaTOYHO 10Ka3aTb TeopeMy Ias 2 u k. Mu
JaluM [10KasaTeJbCTBO IAS /; NOKa3aTeJbCTBO LJA B aHano-
THYHO, HO Jerue.

[ycrs W < U — napanneaenunen suza D X [a, b,],
rie D — napaanenenunen B R*"L o reopeMe PyOuHH

1= [ (] ldxl...dx"")dx",
- (W) lan."bn] "o (D)
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rie A DR — Q)YHKUHMA, onpenesteHdHas pPaBEHCTBOM
Boa(xl, ool X" h=(gtixt .., X)L
, 8P, L. X))
OueBuano, /. An Kaxaoro x” B3aUMHO OJHO3HAYHA H
det( ) (x1, ..., " D=deth" (£, ..., x")+0.

ITosTOoMy npHMeHeHHe TeopeMbl AJaa cayvad 7 — | jaer

fl=[ J ]< f 1 dx? ,_,dxn—l)dx,,=

g4l

= J ( j Idet (hx,,)’ (!, ..., xn-—l)la’xl . d.’C”“)dx”—_—
{an’ b ]
= |

l“n' !

( |detd’ (x1, ..., x")jdx' ... dxn—l>dx"=

= f Idet 2’| W
w
Veaosue det g7 (x) #= 0 MOXHO MCKIIOUHTL K3 MPEANoJo-
Keuu#h Teopembl 3.13, ecan BOCMOABL30BaThCS CJaenylouleft
TeopeMON, 4YacTo wrpaiolleft HenpelBULEHHYIO pOJb.

8.14. Teopema Capna /Tycms AcR®—omrxpeumoe
mHroscecmso, g: A —>R" — renpepusno dugbgpepenyupyeman
pyurxuua u B=={x € A: det g’ (x)==0}. Tozda g (B) uneem
sepy 0

HDoxasarteasctro. [lycts U < A — samkuyThifi mna-
pawienenunel, Bce pebpa KOTOPOro MMEKT OJMHAKOBYIO
anuHy, ckaxeM [, u € > 0. Ecau N nocrarouno Benuxo u U
pas6ur na N” napannenenunesos ¢ peGpamu LauHe I[N,
TO AAf KaXIOTO M3 STHX NapaijielenuneioB S H Kaxaoro
x €S umeeM

1DEX(—x)—gW—gx)|<elx—yl<eVn 5

aas Bcex YES. Ecan S nepecexaeTca ¢ B, 10 MOMXHO BHI-
6pate x €SN B; nockoabky det g’ (x)=0. MHOXeCTBO
{Dg(x)(y — x): yES) nexur B HekoTOPOM (7 — 1)-MepHOM
noanpocrpaHctee V' mpocrparcrsa R". Tloatomy MHOKECTBO
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(g () — g(x): yES] conepiurca B s\/;l/N-oxpecmocm
sroro noxnpocrpanctsal) V' om, smauur, {g(y):.y€S} co-

NepKHTCH B eVzT(l/N)-oxpeCTHOCTu (n — 1)-mepuolt nuo-
ckoctH V + g (x). C npyro#t cropons, B cuay demme 2.10
cyuiecTByeT Taxoe uucio M, uro

g —gW|< Mx—y| <MY -

W.

Taxum o6pasom, ecam S nepecexaercs ¢ B, TO MHOXeCTBO
{&(y): yES) conepmurcs B uMAHHIDE, BHICOTA KOTOPOro
MeHblle, ueM 2g I/n ({/N)., a ocuopaunem cayxur (n— 1)-
MepHas cdepa panmyca MeHblle M']/n I[[N. O6bem srtoro
uuannapa mensie C(I/N)"e, rie C — 11ekoTopas KOHCTaHTa.
Ho cyuwecrsyer e Gomee N" rdxux napansenenumenos S.
[Tostomy g (U} B) conepwurcs B MHO#ecTBe 00beMa, MeHb-
wero, yem C(I/N)"eN"=Cl"¢. TlockoabKy 3TO BepHO AAA
Bcex & > 0, mHoxectBo & (U N B) nmeer mepy 0. Tax kax
(3amava 3.13) A MOXHO MOKPHTH NMOCAELOBATENLHOCTHIO Ta-
KMX napauienenunenos U, To TpeGyeMbifi pesyibrar cienyer
u3 teopemb 3.4. §

Tcopema 3.13 spaserca B HeHCTBUTENLHOCTH JMILL camoft
npocro# uactbio TeopeMmsl Capra. PopMyJIMPOBKY M LOKasa-

TeJILCTBO MOJAHOrO GoJee raybOKOro pes3y/bTaTa MOXHO HalTh
B [12, cTp. 47).

3amaun

3.39. Hcmoansys teopemy 3.14, nokasath teopemy 3.13 Ges
npexanoaoxkenus, uro det g’ (x) =£ 0.

3.40, IIycte g: R* >R" u g’ (x) 5= 0. llokasatp, 4TO0 B Heko-
TOPOM OTKPBHITOM MHOXECTBE, COIEPKAIEM X, HMEET MECTO PaBEHCTBO
g=Togpo.. . 0g, rne g; uMeloT BUA g; (X)=(x1, ..., fi (X),.... x™),
a T — aunefinoe orobpaxenne. I[lokasaTh, 4TO g = guo...o0g,
TOTZa ¥ TOALKO TOTAA, Korja g’ (x) — AuaroHaabHas MaTpuua.

341. Onpeneaum f: {r: r >0} X (0, 2n) > R? pasencTroM
f(r.0)=(rcos9, rsin6).

a) IloxasaTh, 4TO f B3aUMHO OMHO3HAYHO, BHIUHCAUTL f' (r, 6)
u nokasarb, uto det 7 (r, 0) 5= 0 ana Bcex (r, 0). Ilokasath, uTO
f{r: r>0}X(0, 2)) ectp MHOXEeCTBO A u3 3amaun 2.23.

) Tlon p-okpectuocTbio MHOXecTBa G ¢ R" NOHHMAaeTCH MHOXE-
crBo {y ER™ |y — x| < p ana wekoroporo x € G}. — f1pun. nepes.
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6) Ilycts P = 7~ 1. IlokasaTs, uT0 P (X, y),= (r (x. y), 0 (x, ¥)).

TIe —_—
r(x )=V 7.
arctg 2, ecan x>0,
X
n 4 arctg —i— ecad x <0,
b (x y)=
1
5 ect x =0, y <0,
3
5 ecin x=0, y <O0.

Haiita P’ (x, y). Pynxkuua P HasbIBaeTCH CUCMEMO NOAAPHOLX
Koopouram Ha A.

B) IIycth C = A — 06uacTh, 3aKi09EHHAA MEWAY OKPYIKHOCTAMEA
paauycos £y K ro U IyuaMy, HCXOJALIHME M3 HyAs ¥ 06pas3ywnHMK
¢ ocelo x yram O, u 0, Ilokasare, uto ecau h: A >R, rae
hix, y)=g(r(x y) 0(x, y)) 1O

ry €
f h= J. f rg(r.0)dddr.
. (o r 0
IToxasarb, uto ecan B, = {(x, y): 224 y2 < r?}, 10
r 2n
fh:f .[ rg(r, 0)d8dr.
0 0 ,

B
4
r) Oycrs C,={—r, r] X [—r. r]. lloxa3zars, uto

J- et g dy =a (1 —e™")

B,

r 2
J‘ e-—(x2+y2) dx dy — ( ‘[ e—x2 dx) .

c, -7
[okasaTb, uTO

lim e~ FH gy dy = lim J e~ FE g dy
r—»oo r—>cc
r Cr

H BBIBECTH OTCl0oJ4d, 4TO
o

Jl e dx=Vrx.

-0
(»Martematuk — 370 TOT, JMA% KOTO CNPaBEAAHBOCTL 3T0T0  pa-
BEHCTBA TaK K€ OYEBMJHA, KaK ABaXAbl ABa — 4eThipe*. — Kels-
8UH.) . -
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Humeezpuposanue no uenam

MPEJABAPHTEJBLHLIE CBEJEHHS H3 AJINEBPB]
Mycts V — BekTopHoe npocrpanctso (Han R). Yepes V*
Gyner oGoaHauarbca k-Kparnoe npousselenne V X ... X V.

dynkuna 7: V>R naswiBaerTcs noausuneiinol, ecau aas
Beakoro £, 1 <{i<C kR, nuveeM

T (v, enn, VT e V) =
=T(0p coor Uppoos D) +T (v oos ) 00ls 1)),
T@n ooos 0ty oovy D) =0al (v}, ...0, ..., Up). -

HNomuanuetinas dyukuus T': V* — R nasmaercs k-men3opos

Ha V, a MHOXeCTBO BCeX k-TeH30poB, oGosHauaemoe J*(V),
CTAHOBUTCA BEKTOPHBIM IpOCTpaHcTBOM (Hal R), ecad nmas

kaxnot mapue S, T€F* (V) u xaxaoro a €R non0XKUTH
S+ @ oo =S@Wp ... B)F+T (W ..., ),
@S)y(@y .oy vpy=aS (v, ..., V).

CyuiecTByer Takxke ONepaliys, CBA3HIBAIOINAS DPA3JMYHBIE NPO-
crpancrea J* (V). A umenuo, nycts SEF* V) u TEFH(V);
mensoproe npoussedenue S@T EF (V) onpereaserca
dopmyaoi
ST (Vg vvvs Vpo Vppys vver Upyp)=

=S, . oos V)T (Wppqs vy Upyp)
3ameruM, uro nopsuok comHoxutene#t S u T 3gech cymecr-
BeH, nocko/bky S®7T u T ® S ornons He pasuel, Jloka-

3aTeJbCTBA CJeAyIOUKUX CBOHCTB onepaumu & npenocraB/geM
YUTATE/I0 B KayecTBe JIETKUX YNpaKHeHUH:

S, +S)RT=85,&T+S,QT,

SR+ TYy=8SQRT,+SQT,,
@) ET=S8SQ @lN=aSQT),

SeTrgU=SgT )
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S®TYRU n SQ (T K U) obosnaualoT 06LHYHO npoOCTO
S®T @ U; aHanorayno ONpelensioTcsd IPOH3BEIEHHA BHIC-
wux nopaakos T, & ... @ T

Yuratenb, BeposaTHO, yie 3amernia, uto &' (V) ects npo-
CTO compsukeHHoe mpocrpaHcTeo V. Onepauus & nosposser
NPeICTABATb OCTa/lbHble BEKTOPHHIE npocrpanctea g% (V)
yepes 1 (V).

4.1, Teopema. Ilyems v, ..., v,—0a3uc npo-
empanem8a Vo u @, ..., @, — OyasoHull 6a3uc conpaicen-
Hozo npocmpancmee, §;(v;)=2>;;. Toz0a mHoxecmso scex
meH30PHBLX npoussedenul k-20 nopadka

¢, @ ... B¢, AL, ooy K0
asasemes 6asucom npocmpancmea J* (V), komopoe 8 cury
amo20 umeem pazmeprocms nt.
JokasarenbCTBO., 3aMeTHM, YTO

Py, R... 80 (Pik(’(ljl. s vjk)zélx’jl TR ‘éik' =
. I, ecnu jy=i, ..., jp=1Ip
"7 |0 BO BCex OCTAMbHBLIX CaAyYasx.

. . n
Ecnu paHo k2 BEKTOPOB W, ..., Wy, TIe w1=]_21ai,-'uj, TO

nns aoboro T € F* (V) nmeen

n

T(wi,..., wk)=. Z aljl...akjkT(‘Ujl. ...,’()jk)z
Jpreens Jk=]
n
= 2 1T(fail, . 'uik)cp,‘® @9, (W, W)
llx-“'rk“
CrenosarenbHo,

n
T= X T(og .o 0)0,® ... D¢,
Ly ly=1 1 !

TaK 40 @i @ ... & @y, MOPOKIAIT gr V).
[IpelNOJOKEM Tenepb, YTO @; —uncna, AaA Ko-

/ p ey
TOPBIX .

. @i, 0,9, Qe @ P, =0,
by ven tk-l
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[Npnmenenne OOeHx wacTell 3TOrO PaBeHCTBA K (Uj. ..., Uj,)
paer aj ..., ,-k=(]. Takum 00pa3oM, npousBeleHHd Pz, KR...
oo R cpik AuHefHO He3aBUCHMHL. J

Ha TeH30pH MOMKHO PaclpOCTPaHNTh TaKWkKe BAKHYIO KOH-
CTPYKIIHIO, XOPOUIO H3BECTHYI) B C/ydde COMPSIKEHHBIX NPO-
crpancTs. VIMEHHO, BCAKHM JIHHeHHEIM OTOOpaenuem 1V — W
onpenenserca auHefinoe oroGpaxenne f*: FF (W) > JrWV),
IeHcTBYIOWee MO ¢opmyie

FTp o 9p=T((v), ..., [ (¥p))

aas mobux TEFX(Wyu v, ..., v, €V. Jlerko nposeputs,
wro S T)=FS& fT.

" Yuraresdb yme 3HAKOM C HEKOTOPHIMH TEH30PaMH, MOMHMO
_anementoB u3 V* Tlepsnifi npuMep — BHyTpPeHHee mNpOu3Be-
nerue (, )€ J?(R"). OcHoBbiBasCch Ha TOM, UTO BCAKHH XO-
pOWMA TpelIMeT MaTeMaTHuyecKoro OOGHMXOXa B3aciyKuBaeT
o60f1enns, Mbl ONpeletseM BHYMPeRHee npoussedenue
Ha 'V kak 2-tensop- T, KOTOpHH cummempuuen, T. e.
T (v, w)=T (w, v) 11a Bcex v, wEV, u nosoocumersno
onpedeaen, 1. e. T (v, v) >0 nna Bcex v =+ 0. Yrolu BH-
neautb {,) Mbl HAa3BIBAEM €r0 CMAHOGDMABLM BHRYMPEHHUM
npoussedenuer na R". Chenywollias Teopema MOKa3hIBaer,
YTO 3TO — He CJAMIIKOM Jafeko uuyiiee obobuielne.

4.2, Teopema. Ecau T — suympennee npoussedesue
na V, mo V o6aadaem 6a3ucom v,, ..., v,, 048 womo-=
pozo T (v, v))==0;; (Taxoi Gasuc Ha3wsaemcs opmorop-
marsram omuocumenvro T.) Credosanmensvro, cyuecmeyem
maxoli usomoppusn f: R"—->V, amo T (f(x), f(V))==
= (x,y) 045 scex x, y ER". Apyaunu crosanu, f'T ={,).

HDokasareabcrBo. Ilycts w,, ..., w,— NpOH3-
BOJbHLI Gasuc npocrpancra V. Tlonoxum

W) =W,
T(‘w;, w2)
r__ ____ ’
W=, T (w;, w;) @
o —w T (v}, wy) T (wy, ws)

57T (wi, wi) i T(‘wé, wé) bt
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u 1. a. Jlerko nposepurs, 4TO T(w; w;): ,oeean fed
u o w;+0, rax uro T (w], @) > 0. llonaraem Tteneps

v, = ;/VT (), w)). Hsomopduam f momer Gbitb onpere-
aed paseicramu f(e;))=v,. @

HecvMoTpsa Ha CBOWO BawHOCTL, BHYTDEHHee [MpPOU3BejeHUe
HTPaeT 3HAUNTEILHO MEHBIIYIO POJIb, YeM APYras XOpOUIOo u3-
BECTHAs 4YTh /M He Beajecyiuas yHkuus, rensop det € F 7 (R").
IimMes B Bnay oGolulenne 95TOH ‘GYHKUWH, BCTIOMHHM, 4TO
MepecTaHOBKA JBYX CTPOK MAaTPHULbi MeHsSeT 3HAK ee onpe-
ACJIUTENN. Z‘)THM MOACKA3bIBAECTCA CJACAYIOLIECEC ONpeReeHHe!
k-tensop @€ J* (V) HasuBaeTC GRMUCHMMEMPULECKUM,
eCJIH -

Oy ooy Upovey, V) onny Yp) ==
:'-(D(‘Ul, o0 e 'U", RS 'Ui, PPN "Uk)
nas BCex vy, ..., V,€V. (B sToM paseHcTBe ¥, B v; Me-

HAIOTCA MEeCT4aMH, BCe Xe OCTajJbHble ¥ OCTalOTCHl HAa CBOEM
Mecte.) Muoxecrso A® (V) Bcex aHTUCUMMETPHYECKUX R-TeH-

30pOB ABJISETCSH, OYEBHIHO, Moanpoctpanctsom B J* (V). Ilo-
CKOJIbKY COCTaBJieHHe omnpelenurens TpeOyeT sHauHTeabHOH
paGoThl, HET HUYEro YIMBUTEJbHOTO B TOM, YTO AHTHCHMMeT-
pHYeCKMe TeH30Pbl TPYAHO BHIMMCHBATh. CylecTByeT, 0AHAKO,
eAMHOO6PAsHHH cnoco6 3anuch kawaoro u3 Hux. Hanomuuw,
4TO MOACTAHOBKEe O NPUIUCHIBAeTCA 3HaK —-1, ecan oHa yer-
Has, U — 1, ecau OHa HeueTHafl; 3HaK 3TOT 0003HayaeTCd
cuMBosom sgn . Ilycte 7€ J* (V). Onpenenum Alt(T) pa-
BEHCTBOM 1)

1
AT (@, ..., vk)=—k—lzsgn07‘({)a(1), e Vg )
aESk

ruge Sk—MHO)KeCTBO BCEBO3BMOXHBIX TMOACTAHOBOK 4HCeN
1, 2,..., &

43. Teopema.

1) Ecau TEF* V), mo Alt(T)€E A* (V).

2) Ecau o €A*(V), mo Alt(0)=o.

3) Alt(Alt(T)) = Alt(T).

1) Alt — coxpamenne ot alternation (uepegoBanue). — I7pun.
ne pes.



9 4. Huteepuposante no yenam

Hokazareasvcrso. (1) Ilycrs (4, j) — moacraHoBka,
MEHSAIOULds MeCTAMKH 4MCad [ W j W OCTaB/AILAA BCe OCTA/b-
Hele Ha Mecre. [lycts 6 €S, Tonowum o' =0 . ({, j). Toraa

At(T) (O, ooy Djy vy Upo ovey D)=
1
=-?l SgnO’T(’Ugu), eoer Ug(j)s vons Ug(iyy +0es Vg r) =
GESk
1
== 580 OT (V' (@ v wes Vg (@) 0« 00 Vg' (f)s « o 01 Vgt (B)==
oesk
I
= -TZ!_ Z—‘Sgn OJT (‘U(]' (1)r o0y Vg {k)>=
a'eS,
=—AlT)(vy, ..., vp).
(2) Ecw o €A"(VYuo=(l, j), 100 @Wgqy -, Us )=
=sgno -0, ..., v) Tak Kax BcaKas fI0OACTAHOBKA eCTb

npousBefeHne MNOACTAHOBOK BuAa (I, j), TO 3TO PaBEHCTBO
BepHO 1as Bcex 0. [losTomy

1
A]t((’o)(v]' ceey "’k)mWESgnU-w('vom, veey ‘Uo-(k))=
oS,
1
= D SN0 SO OO s U= 0@ - T
UESk

(3) Henocpexncrsenno caeayer us (1) n (2). &

Iina uaxownenus pasmepuoctd A (V) Ouna 6 wena-
TeJAbHa TeopeMa, aHnajdoruuHas Teopeme 4.1. KoHeuno, ecam
oEA*V) u nEA'(V), To © ® 1 OOHYHO He MPHHALJEKHT
A*+H (V). Mal OMpelenyM TNO3TOMY HOBYIO ONEPAaLMIO, BHEUi-
Hee npoussedenue ® \nEA*HH(V), nonaras

co/\n=%mAlt(w®n).

(TlpuurHa BBeleHHS TAKOTO CTPAaHHOrO Ko3PpPpHlMEHTa BHAC-
HaTcs nosxe.) OCTaBUM B KauecTBe YNpaKHEHUS YHTATENIO
NPOBEPKY C/IEAYIOWMX CBOHCTB BHEWIHErO MPOW3BELEHHS:

((’)1 ‘+' “)2)/\“——‘0)1/\7]‘*’032/\”'
‘D/\(nl""n2)=@,/\n1+'m/\n2'
(@) An=oA@)=a@An),

o AN=(— A0, fr@AMD=/ A0



lpedsapurervnbie caedenusn us arzebpo 97

Cnpaaemnsb Takme paBeHCTBO (W AMWNAD=0AMAO),
HO J0Ka3aTeqbCTBO ero Tpebyer GOAbIINX YCHAWH.

4.4. Teopewma.
1) Ecaw SE€F*V), TEFV) u AlLS)=0, mo
AtS @ Ty =Alt(T ® §)=0.
2) AHAROIMNRH = AR NYR ) =
=Alt(0 ® Alt(n Q 0)).
8) Ecau o € A*(V), nEAY (V) u OEA™(V), mo

@AMAI=0AMAl=LEIEM a1t g ng o)
JloxasatedbCTBO.

(1) ARGSRT) (0, + .o V) =

= X sgno S Wy .. Vg &) T (Vs e+1) +++r Vg(+p)-
UgSlz+l

[yers G Sy, cocrout u3 BCeX MOACTAHOBOK G, OCTABJIAI0-
mux Ha Mmecte uucaa R-+1, ..., &4 Toraa

-
%&sgno . S('vgm, RN ‘z’g(k)) . T(‘Ug(k_H). veos Vg(rel) =
o

=[ ;9 sgn o’ -S("Ug' (1) ++0s Vg’ (k))] .
0¢S,
T @yp oo v Vpy)=0.

Mycrs reneps 0,4 G. Tlonoxum Go,= {00 0E€G}

Vol -+ or Vg (4l =W «. ., Weyy TOraa
2 sgno - S@sy v Vo )T Wagertys « v Vgppn) =
g €ao,

=[sgn Og * Esgna’ -S(wor(l), ey wdr(k))] .
a'€aq
T (W@hypr oo vr Wy )=0.

3amerum tenepb, uro G Goy==(. B camom nene, ecau
6€GndGo, 10 0=0¢"-0, 113 Hekoroporo ¢’ € G u no-
TOMY 00=0\(0’)‘IEG BONpEeKH Tmpeanonoxenno. [Ipogon-
Kad TaK Oajibite, MB pasobbeM S,,, Ha MNOHNAPHO Hemepe-
ceKaiolnecss MOAMHOXECTBA, CYMMa 10 KaXAOMY M3 KOTOPHIX
paBHa HyYJ0, TaK uTO M cyMmolt mo Bcemy S,,, Oyaer O.
Pagencrso Al (T @ S)==0 1oKasblBaercd aHAAOTHYHO.
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(2) Hmeem
ALAHMR ) — R ) =Alt(MQ ) — Alt(n ® B)=0.
Crenosatensho, B cuay (1)
0=Alt(@@ [AHME O —MQ 0])=
=Ali(o @ Alt(n ® 8)) — Alt (0 @ N ® 9).
Bropoe paBeHcTBO 10Ka3BIBAETCS aHANOTHUHO.
® @ADAl=CEHTE (e An @ 0=

(k4 ldm) (kD)
=~GFnm ma Alt@@ng o).

BTopoe PaBEeHCTBO AOKa3biBaeTcCss aHaaOTru4Ho. ]

EcrectsenHo o6Go3naunTh 06a npoussenenus o A (M A Q)
n (0 Am) A0 npocro ® AMAD n onpereants npoussele-

HHS BHICIIMX NOPALKOB ®; A @y A ... A ®, aHaJIOrUYHBEIM
o6pasoM. Bssas rtemepb kakoi-aubo Gasuc vy, ..., v, Npo-
crpatcTBa V', MOKHO BecbMa NPOCTO OCTPOMTH MO AYalibHOMY
6asucy @, .... ¢, 6asuc ama A* (V).

4.5, Teopema. Mnooecmso scex
QA AT, (<E<B< L <5<
seasemen 6asucom npocmpancmsea A*(V), xomopoe 8 cury
SMO20 UMeem PA3MEPHOCMY
(n o n!
k)T H(n—k)
IokasareabctBo. Ecm o€A*(V)cg* V), o
MOXHO HanucaTh
o= X 81,00 ... O
Y
ITostomy

o = Alt (0) =il, E ikai" ety Al (9L, © L B Qi)

Tax kak kaxioe Alt (cp,'l KR... & cpik) OT/ANY4eTC OT COOT-
BETCTBYIOLIErO  BHEWIHEro  MnpousseleHus  @; A ... N\ @,
JHIIb [OCTOSHHBIM MHOXHUTEAEM, TO 3TH HNPOU3BELEHHA NO-
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poxnaior AF (V). Vx nuuetiHas He3aBHCHMOCTb 1OKA3HIBAETCH
Kak B Teopeme 4.1 (cm. samavy 4.1)1). R

Ms reopemer 4.5 caenyer, uro ecin V umeer pasmep-
Hoctb #, To A"(V) wmeer pasmeproctsh 1. Taxkkm oBpaszoxm,
BCe @HTUCHMMETPHYeCKHe n-TeH3OpH Ha .V sasasiorcs kpar-
HBIMH JM1000TO HeHYJIeBOTO M3 HHX. Tak Kak npumepoM Ta-
KOTO TeH30Pa CJYXWUT ONpeleUTeNb, TO HEYAHBUTENLHO TO-
siBfleHMe ero B ClelylouleH TeopeMe.

4.6. Teopema. [Ilyems v, ..., v,—0a3uc npo-
cmpancmsaV u o €A (V). Han awobsx n 8exmopos w,=
n

= Dl a,w; us V uneen
= 0

o(w, ..., wy)=det(a,;) -0 (vy, ..., v,).

HokasareabcTBo. Iycre MEJ"(R") onpeneneHo
paBeHCTBOM

M@+ es @i oes @y s @) =
=0 (Zayv; ... Za,)

Ouepunno, ME A" (R"), tak uto M ==A - det 143 HekoTOpOrO
AER u A=n(e, ..., e )=0(, ...,'v,). I

TeopeMa 4.6 nokassisaer, uto HeHyeBo TeH3op @ € A" (V)
pasbusaet 6a3ucul npocTpaHcTBa V' Ha pBe rpynmel: Tex 6a3ucoB
Uy yennr Uy LIS KOTOPHIX @ (Vy, ..., ¥,) >0, W Tex, 118 Ko-
TOPBIX © (U, ..., ¥,) < 0. Ecmno,, ..., v, 0w, ..., w,—

n

1Ba Gasnca u A =(a;;) — MaTpuUa nepexona w; == 2 a;v;.
j=

) Kak mokassiBaet ycaosue 1 i) < iy < ... < ip<n, B T€O-
peMe 4.5 mpennoaaraercs, uto #<n. OjHaKo M3 A0Ka3aTeNbCTBA

TEOpeMBl BHIHO TaKke, 4To ecan & > n, 10 A¥ (V)= {0]. B camom
IeJe, TP I[epeCTAaHOBKE MHOXHUTEJeH ¢, U ¢, NPOU3BENCHHE .
p q

9 A ... /\cplk yMHoxaercs Ha — 1. Ho ecau & > n, 10, nockonbky
1

iy, ..., ip — HATypaibHB€ YHCJAA, He NPEBOCXOAWHE n, HalAyTCH
HepaBHbIe MHEEKCHl p H g, 1N KOTOPHIX {, = i, Tlostomy P Al
i

veo A %y, Beeria pasko 0. — I pun. peo.

'z'll
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TO Uy, ..., U, MW@, ..., W, NPUHALNEXKAT ONHOHK N TOH *e
rpynne TOraa M TOJbKO ToTAa, koraa det A > 0. Jror xpu-
Tepuff, He 3aBHCAHH OT ®, BCerla MOXKHO HCHOJIbL3OBATH
s pasbueHus 0asucoB npocTpaHcTBa V' Ha iBe IpymnmL.
Kaxnas u3 sTux 1ByX rpynn HaswiBaeTcs opuedmayued mnpo-
crpanctea V. Opuentauus, comepxamas 6asuc vy, ..., T,
Oyner 0603Ha4aThCa CUMBOIOM [vy, ..., v,], a BTOpas OpueH-
Tauus — CUMBOAOM — [vy, ..., v,]. Cmandapmuoii opueu-
mayueti npoctpanctsa R" Oyner kasmiBathest [e), ..., e,].

Tot ¢akr, uyro dim A®(R") == 1, BepoaTHO, He NOKAKETCH
HOBBIM, HOCKOJbKY det 4acTO OmNpenetseTcs KaKk eNHHCTBEH-
HeIf anement © € A" (R"), ans xoroporo o(e, ..., e)=1.
B cayuae ofwero BeKTOPHOro mnpocTpaHcTBa V' Her HHKa-
KOTO KpHTepHUs nNOBROOHOro poxa I BbLiedeHHs ocoGoro
o € A" (V). Ilpeanonoxnm, oaxako, uto Ha V sanano Buyr-
pentee npoussenenne 7. Ecan vy, ..., v, u w, ..., w,—
ABa 6asuca, OpTOHOPMAJbHBIE OTHOCHTEeNLHO T, U A =(a;;)—

n
MaTpuua mepexona w;== ¥ #;jV; TO
=1

n n
0, =T (w,;, w,’):—klz_laikaﬂr (Vg 'Uz):kzlaikajk'

Ipyrumu caobamu, o6o3nayas uepes A7 wmarpuily, TpaHcno-
HupoBanHylo Kk A, umeeM A . AT =], tak uro det A =+1.
Hs rteopemnt 4.6 caenyer, uro ecam ® & A”(V) takoBo, uro
o, ..., v,)==%1, 1o u o, ..., w,)==x1. Ecm
Ha V 3alaHa elue OpHeHTAUMS W, TO OTCIOAA CAELYET, UTO
cyuiecTByeT eauHcrsennoe o€ A”(V) Takoe, uro w (v, ...

.+ U,)==1 1A BCAKOro OPTOHOPMAABHOTO Gasuca v, ...
«. s U, Y KOTOpOTO [T, ..., ¥,]==U. DTO eIUHCTBEHHOE ®
Ha3LIBAETCA J.2e MEeHmMOM 00BeMa NPOCTPAHCTBA V, onpenense-
MBIM BHYTPEHHHM npousseleHueM T U opuenTauued . 3ame-
TAM, 4t0 det ecTb 3aemenT oObema npoctpancrsa R”, onpe-
NlejsieMblit CTaHAAPTHBIM BHYTPEHHUM npousseneHueM I U CTaH-
naptHo#t opuenraumefi p, u uro | det(v,, ..., v,)| ects obvem
napajjesienunesia, HaTAHYTOrO Ha MNPAMOJMHEHHBIE OTPe3KH,
coeannsiomue O ¢ kamaoff U3 TOUEK Uy, ..., U,

Mp  sakmouuM STOT mnaparpad paccMOTpeHHeM OJHOM
KOHCTPYKUMH, KOTOpOe MBI npoBeieM Jjuub zas V =R"





