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IIPEIUCTIOBHUE

COOpHUEK COEPKUT 3a7au Mo Kypcy oObIKHOBEHHBIX Aud de-
pPEeHIUaTbHbIX YPaBHEHUN B COOTBETCTBUU C IIPOrpaMMOi, TPUHA-
TOI Ha MexaHMKo-MaTeMaTudeckoM aryiabtere MI'Y. YacTh 3a-
nad B3fiTa U3 u3BecTHbIX 3agaunnkoB H. M. IN'onTepa u P. 0. Ky3b-
muHa, I'. H. Bepmana, M. JI. KpacuoBa u I'. I. MakapeHKo, yueOHU-
koB B. B. CtenanoBa, I'. @unurnca; 60AbIMKHCTBO 3a/1a4 COCTABIEHO
3aHOBO. Bonee TpyoHbIe 3a1a4il OTMeYeHbI 3BE3J0YKOM.

B Hauane ramjgoro naparpada u3nomeHbl OCHOBHbIE METO/BI,
Heo6XoMMble [JA pellleHUA 3ajay 3Toro naparpada, Win JaHbl
CChLIKM Ha yueOHUEM. B psaAne ciydaeB npuBejeHbl NoApoOHbIE
pellleHUA TUNOBBIX 3ajady.

B sro usnanue Braoueno «Jo6aBienuer (§§21-27), comep-
Jallee 3ajaudd, NpejAlaraBIIdecH Ha NHCbMEHHBIX BK3aMeHaXx
U KONJIOKBUYMax Ha MeXaHHMKO-MaTeMaTHuecKoM ¢GarylIbTeTe
MI'Y B 1992-1996 romax. 3ajauu cocTaBleHbI IpenojaBaTelIaAMu
MI'Y 0. C. Unbamenko, B. A. RougpatbeBbim, B. M. Munivonmu-
koBbIM, H. X. Po3oBbim, . H. CepreeBbiM, A. ®. DUaunmnoBbIM.

B KHure npuHATH ycioBHble 0003HaUeHUA YUeOHUKOB:

[1] B.B.CrenanoB. Kypc duddepenyuarvnoir ypasreruil.
[2] U.T.HerpoBckuit. Jekyuu no meopuu 06bikHO8eHHBLT Jug-
depenyuasbHblT YpasHeHUll.

[3] J.C.Ilontparun. OGukHosenHble dufdepenyuarvrole ypas-
HeHUA.

[4] J.3.3abcroabu. Jufdepenyuarvroe ypasuenus u eapuayu-
OHHOe ucHucaeHue.

[5] B.II. JemugoBuu. Jexyuu no .mamemamuveckoil meopuu
ycmotiusocmu.



§1. H3O0RJIHNHBI.
COCTABJ/IEHHE JTUOOEPEHIIUAJBHOI'O
YPABHEHHA CEMEMCTBA KPUBBIX

1. Pemenue ypaBaenusa y' = f(z, y), mpoxojAiee yepe3 TOUKY
(z, y), mOMKHO UMeTh B 3TOI TOYKe MPOU3BOAHYIO ¥y , paBHyIO f(z, ¥),
T.e. OHO MOJHO KacaTbCA NPAMOM, HAKIOHEHHOH IMOJ YTioM « =
= arctg f(z, y) Kk ocu Ox. ['eoMeTprUecKoe MECTO TOYEK IMIOCKOCTU
(z, y), B KOTOPBIX HAKIOH KacaTelbHbIX K PeNIeHUAM ypaBHeHUA y =
= f(z,y) omuH U TOT ke, Ha3bIBaeTCA H30KIMHON. CilemoBaTelbHO,
ypaBHeHHe U30KIuHbI uMeeT Bun f(z, y) = k, rae kK — moctofAHHasA.

UYTo66l NpPUOGTU#EHHO MOCTPOUThL pelleHHA ypaBHeHuUA y' =
= f(=, y), MO#HO HaUYEPTUThL JOCTATOYHOE UMCIO U3OKIUH, a 3aTeM
NPOBECTH pelleHUd, T.e. KPUBbIe, KOTOPble B TOUKAX MEpPeceueHus ¢
usokaudamu f(z, y) = ki, f(z,y) = k2, ... UMeIOT KacaTeabHble
¢ YTIOBBIMM KO3 pUIMEeHTaMU COOTBETCTBEHHO ki, k2, ... I[Ipumep
npuMeHeHHA 5Toro Meroxa cM. [1], ra. I, § 1, m. 3, mam [4], ra. I, § 1.

2. Yto6bl mocTpouTh AMddepeHraIbLHoe ypaBHeHHE, KOTOPOMY
YIOBIETBOPAIOT KPHUBbIE CEMeHCTBa

90("”7 Y 017 ceey Cn):()') (1)

Hazo npoaud pepeHunpoBaTh paBeHcTBO (1) n pas, cunTas y pyHKUMEH
OT &, @ 3aTeM U3 NOIyYeHHbIX YpaBHEeHUI 1 ypaBHeHuA (1) HCKIIOYUTH
npousBonbHble noctofaHHble C1, ..., Cy.

Ipumep. CocraButh nuddepeHnualbLHOE ypaBHEHNE ceMeiicTBa
KPUBBIX

Ciz + (y — C2)* = 0. 2)

Tarx rar ypaBHeHHe ceMelicTBa COJep:«UT [Ba IlapamMerpa, Aud-

¢depeHnMpyeM ero gBa pasa, cuuTasa y = y(x):

Ci+2(y—Cay =0, (3)
29" +2(y — Ca)y" = 0. (4)
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Ucrmntouaem C;. Uz ypasuenus (3) umeem C; = —2(y — C>2)y'; nox-
cTaBiafAf 3T0 B (2), MOILyYnM

—2zy'(y — C2) + (y — C2)* = 0. (5)
Hckmovaem C». U3 ypasuenus (4) umeem y — Co = —y'?/y"’; moncras-

asa 310 B (5), MOIy4YNM mocle ynpomeHuil AudepeHnnaibHoe ypas-
HeHUe
y' +2xy’" = 0.
3. Jlunun, nepeceraromue Bce KpUBbIe JaHHOI'O ceMeiicTBa IOJ OfI-
HUM U TeM e YTIOM , Ha3bIBAIOTCHA U30TOHAIbHBIMU TPAEKTOPUAMHU.
Yrabl 8 M @ HaKJIOHa TPaeKTOPUM U KPUBOH K ocu Oz cBA3aHbI COOT-
HomeHueM 3 = a + ¢. [IycTthb

y = f(z, y) (6)
— nuddepeHInalbHOe ypaBHEHHE TaHHOT0 ceMefCTBa KPUBBIX, a
y = fi(z, y) (7)

— ypaBHeHHUe ceMelicTBa M30roHajlbHbIX TpaekTopuil. Torga tga =
= f(z,y), tgB = fi(z, y). CaenoBaTenbHo, eciu ypaBHeHue (6) Ha-
NHCaHO M YTOI ¢ WU3BECTeH, TO Jerko HailTH tg( u 3aTeM HamucaThb
nu¢ depeHnanbHOe ypaBHeHHe TpaekTopuii (7).

Ecnu ypaBHeHUe TaHHOrO ceMeiicTBa KPUBBIX HallMCaHO B BUJE

F(z,y,9') =0, (8)

TO NIPU COCTaBJIeHUM ypaBHEHHUA WU30TOHAJbHBIX TPAaeKTOPUIl MOKHO
o6oiiTich Ge3 paspeleHud ypaBHeHUA (8) OTHOCHTEILHO y'. B atom
cayuae B (8) Hajgo 3amenuth y' Ha tga = tg(B F ), rme tgB =y' —
yrioBoi Ko3¢pPUIUEeHT KacaTeJbHOI K TpPaeKTOPUH.

Ecnu e ypaBHeHUe ceMeficTBa KPUBBIX JaHo B Bufe ¢(x, y, C) =
= 0, To cHaya/la Hy#HO COCTaBUTh AuddepeHMalIbHOE ypaBHEHHE 3TO-
ro ceMmeiicTBa U TOJIbKO Iocje 3Toro — AuddepeHnalbHOe ypaBHeHUe
TpaeKkTOpUM.

B 3agauax 1—14 ¢ nomolbi0 U30KINH HA4ePTUTH (IpUbI-
#EHHO) PeIleHUA JaHHBIX ypaBHEHHil.
1.9y =y— 2% 2.2(y+y") =z +3.
2

3.y’=”2%—1. 4. (VP + 1)y =y — .

5. yy' +x =0. 6. vy’ = 2y.
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7. xzy +y=0. 8.y +y=(x—y)3
9.y =x —e. 10. y(y' +z) =1.

11. ¢ = g;g;. 12,y = L.

13. 22 + 3%y’ = 1. 14. (22 +y?)y = 4z.

15. HanucaTb ypaBHeHHE TeOMETPUYECKOTO MeCTa TOYeK
(2, y), ABIAIOMUXCA TOUKAMH MaKCUMyMa WM MHHUMYMa pelle-
uuii ypaBuenus y' = f(z, y). Kak oTauuuTh TOUKM MakcuMyMma
OT TOYeK MUHUMYMa?

16. Hanucath ypaBHeHIe reOMETPUYECKOT0 MeCTa TOUeK Tie-
peruba rpaduKoB pelleHUN ypaBHEHUM

a)y' =y—a* 6) y' =z —e;
B) 2° + 4%y =1; r)y = f(z, y).

B 3amauax 17—29 coctaBuThb auddepeHnnanbHble ypaBHe-
HUA JaHHBIX ceMeicTB IUHU.

17. y = &%=, 18. y = (z — C)3.

19. y = Cx3. 20. y = sin(z + C).

21. 22 + Cy? = 2y. 22. y? + Cx = 2°.

23. y=C(z - C)%. 24. Cy = sinCu.

25. y = ax? + be®. 26. (v —a)? +by? = 1.
27. Iny = ax + by. 28. y = ax® + bx? + cx.

29. z=ay’ +by+ec.

30. CocTaBuTh nuddepeHnnalbLHOE ypaBHEHE OKPYHHOCTEN
paauyca 1, IEHTPbI KOTOPBIX JexaT Ha NpAMoit y = 2.

31. CoctaBuTh auddepeHnranrbHoe ypaBHeHUEe mapabon c
ochblo, mapanieibHoit Oy, U KacamIUXcA 0JHOBPEMEHHO MPAMBIX
y=0ny=u=x.

32. CocraBuTh quddepeHnranibHOe yPaBHEHUE OKPYH{HOC-
Teil, KacalolmnXcA ogHOBpeMeHHO npAMbIX y = 0 u & = 0 u pac-
HOJIOKEHHBIX B MEPBON U TpeTbeil YeTBEpPTAX.

33. CocraButh auddepeHnuaibHOE ypaBHEHUE BceX Hapabo
¢ ocbio, napamnenbHoit Oy, U NPOXOAAIMX Yepe3 Havyalo KOOpau-
HaT.
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34. CocTaBuTh auddepeHnralbHOE YpaBHEHUE BCEX OKPYiK-
HOCTel, KacalomuxcAa ocu abcIiuce.

B 3apmauax 35—36 HaiiTu cuctembl AuddepeHUaTbHbIX
YpaBHEHHI, KOTOPbIM YAOBIETBOPAIOT JUHUU AaHHLIX CEMEMUCTB.

35.ax +2=0, y? + 22 =01
36. 22 +y? =22 — 2bz, y=ax +b.

B 3amauax 37—50 coctaBuTh AuddepeHUanbHble ypaBHe-
HUA! TpaekTOpHii, MepeceKalOMUX JUHUY JaHHOTO ceMelicTBa I0J
JaHHBIM YTJIOM (:

37. y = Cx*, © =90°.
38. 2 =z +C, © = 90°.
39. 22 =y + Cx, © = 90°.
40. 22 +y®> = a?, @ = 45°.
41. y = kuz, p = 60°.
42. 322 +y2 =C, ¢ =30°.
43. y? = 2pz, © = 60°.
44. r = a + cos¥b, p =90°.
45. r = acos® 0, © = 90°.
46. r = asinb, p = 45°.
47. y=zlnx + Cz, ¢ = arctg2.
48. 2% + y? = 2ax, = 45°.
49. 22 + C% = 2Cy, = 90°.

50. y=Cz +C3, ¢ =90°.

1YpaBHenus, nonydaemblie B 3agauax 37—>50, MOTYT GbITH pemeHbl Me-
ToJaMM, U3JaraeMbIMH B JalbHelmuXx naparpadax.
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§2. YPABHEHUSA C PASIEJAKIITNUMUCAH
IIEPEMEHHBIMH

1. YpaBHeHI/IH C pa3fendrouuMuca nNepeMeHHbIMU MOTYy T OBITh 3a-
Im1ucaHbl B BHUJ1€

y = f(x)gy), (1)

a TakKe B BUJIe
M(z)N(y) dz + P(x)Q(y) dy = 0. (2)

Ilna pelleHUA TaKOro ypaBHEHUA Halo o0e ero 4acTU YMHOMKUTb WU
pa3enuTh Ha Takoe BbIpajkeHHe, YTOGHI B ONHY YacTb ypaBHEHUS BXO-
MUI0 TOABKO %, B JPYTYID — TONbKO ¥, U 3aTeM NPOUHTErpUpPOBATh
o6e yacTu.

IIpu peneHun oGeux yacTeil ypaBHEHHA Ha BbIpaskeHHe, COJepKa-
Ilee HEM3BECTHbIE T U ¥, MOTYT ObITb HOTEPAHbI pellleHHudA, obpaliai-
mue 5TO BbIpaskeHHe B HYIb.

IIpumep. Pemuts ypaBHeHUe

a?y’y +1=y. (3)
MpuBoauM ypaBHeHMe K BULY (2):

dy

L, -y b 2’y*dy = (y — 1) da.

2,2
Ty
Dlenum o6e yacTu ypaBHeHus Ha x2(y — 1):

y? _dzx

y—1 Y 2

IlepemenHble pa3penensl. IHTerpupyem o6e yacTu ypaBHEHHA:

2 2
Y dx y 1
= —_ — — 1] === .
/y_ldy /$2, syt -1=--+C

Ilpu nenenuu Ha x> (y — 1) MOTIH GBLITH MOTepAHBI peleHus = = 0
ny—1=0, 71 e y=1 OueBuguo, y = 1 — pemenue ypaBnenud (3),
axr =0 — HeT.

2. Ypasuenus Buna y' = f(ax + by) npuBoAATCA K ypaBHEHUAM
¢ pa3[elfAUMICH lepeMeHHbIMU 3aMeHol 2z = ax+by (umu z = ax +
+ by + ¢, rae ¢ a060e).

B 3agauax 51—65 pemuThb JaHHble ypABHEHUA U [IJIA Kama0-
o U3 HUX NMOCTPOUThH HECKOJIbKO MHTEerpanbHbIX KpuBbIX. HaitiTu
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TaK:Ke pelleHr, yI0BIeTBOPAIN1e HaualbHbIM YCIOBUAM (B TeX
3amavax, rje yKkasaHbl HaualbHbIe YCIOBHUA).

51. zydz + (xr+1)dy = 0.

52. \/gmdx = zydy.

53. (2 — 1)y’ + 2zy® = 0; y(0) = 1.

54. y' ctgx +y=2; y(x) > —1 opu z — 0.

55. y' = 3/y% y(2) =0.

56. oy’ +y = y%; y(1) =0,5.

57. 222yy’ 4+ y® = 2. 58. y' — zy? = 2zy.
59.e7° (1+ %) =1. 60. 2’ = 107*7,
61. z& +t=1. 62. y' = cos(y — z).

63. vy —y = 2z — 3.
64. (z +2y)y' =1; y(0) = —1.
65. vy = Ax+2y—1.

B 3amauax 66—67 HaliTu pelieHusA ypaBHeHUi, yJOBIeTBO-
pAlolliMe YKa3aHHbIM YCIOBUAM NpU & — +00.

66. 22y’ — cos2y = 1; y(+00) = 97 /4.
67. 3y%y’ + 16z = 2xy3; y(x) orpanuyeno npu x — +oo.

68. HaiiTu opToroHaibHble TPaeKTOPHH K JMHUAM CleLyIo-
mux cemeiicts: a) y = Cz?; 6) y = Ce®; B) Cx? +y* = 1.

B 3agauax 69* u 70* nepemeHHbIe pa3enArOTCA, HO MOy Yae-
Mble UHTErpajibl He MOT'YT ObITh BbIpaKeHbI Uepe3 dIeMeHTapHbIe
¢yuknuu. OgHaKo, HccleJoBaB UX CXOAMMOCTb, MOKHO JaTb OT-
BET Ha IOCTaBJeHHbIE BOMPOCHI.

69*. [lokasaTb, YTO KasJaA UHTerpajibHad KPUBafA ypaBHe-
3/y2+1

i1
70*. UccnenoBaTh MoBeJeHNe MHTErPAIbHbIX KPUBBLIX ypaB-

In(1
Henusa y' = % B OKPECTHOCTH Hauana koopauHaT. Iloka-

3aTh, YTO M3 KamJ0OU TOUYKU rpaHuibl nmepBoro KOOpAWHaTHOI'O
yria BbIXOAUT OJHA UHTerpajibHafd KpuBaf, npoxoadamiasa BHYTPHU

9TOro yria.

HUA yl = nMeeT JIBe ropu3oHTallbHbIe aCUMIITOTEI.
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§3. TEOMETPUYECKHUE U ®U3NYECKHUE
3ATAUN!

1. Yro6bl pemuTh NpHBeJeHHbIE HUMe FeoMeTpHUUeCKHe 3afadH,
Ha/[0 MOCTPOUTDH YepTen, 0603HAUNUThL HCKOMYIO KDUBYIO uepe3 y =
= y(x) (ecau 3agaua pemaeTcA B IPAMOYTOIbHbIX KOODAMHATAX) U BbI-
pasuTh Bce yNOMUHaeMble B 3aavye BeIU4MHbI Yepe3 =, y U y'. Toraa
IaHHOe B YCIOBHMU 3ajlayyl COOTHOILIEHWe HpeBpamaeTc B AudepeH-
I1albHOe ypaBHeHHe, 13 KOTOPOro MOHO HafTH MCKOMYIO GYHKIHUIO
y(z).

2. B ¢usuuecKux 3agavyax Ha{o Mpekjie BCErO PENIMTh, KAKYIO
U3 BEIUYMH B3ATb 338 HE3aBHCHMOE [lepeMeHHOe, a KaKylo — 3a HUCKO-
MyIo GyHKIUIO. 3aTeM Hago BbIPa3UTh, Ha CKOIbKO M3MEHUTCH HUCKO-
Maf QYHKIVA y, KOr/la He3aBUCHMOe [lepeMeHHoe I MOIYYUT Ipupaie-
Hue Az, T. e. BbIpa3uThb pasHocTh y(x + Axz) — y(z) Yepe3 BeTUUYHUHBI,
0 KOTOPBIX TOBOPUTCA B 3anaue. Paznenus aTy pasHocTb Ha Ax U nepe-
ina k npegexy npu Az — 0, moryuum aud depeHIaIbHOE YpaBHEHHE,
M3 KOTOPOro MOKHO HalTH UCKOMYIO pyHKIHIO. B GonpmuHcTBe 3amay
COMleP#KATCA YCIOBHA, C MOMOIbBIO KOTOPBIX MO{HO ONpPENelUTh 3Ha-
YeHHUA MOCTOAHHBIX, BXOJAMUX B obliee pelieHue AuddepeHInarbLHOTo
ypaBHenus. NHorga aud depeHnuaibHoe ypaBHEHHE MOAHO COCTABUTh
Goiee IPOCTHIM Iy TE€M, BOCIIOIb30BABIINCH (PU3MUECKUM CMBICIOM IIPO-
M3BOJIHO# (eCIU He3aBUCHMOe NlepeMeHHoe — BpeMA £, To %% €CThb CKO-
POCTb M3MEHEHHA BEIUYUHBI Y).

B HeKOTOpBIX 3ajayax NpPU COCTABIEHHM YPaBHEHHA CIeAYeT Fc-
[01b30BaTh (QU3NYECKUE 3aKOHbI, CYOPMYINPOBAHHbIE B TEKCTE Mepe]
3agaveil (Mau mepej rpymmoi 3ajgady).

IIpumep. B cocyn, comepaamuii 10 . Bobl, HeIpepbIBHO NMOCTY-
[aeT O CKOPOCTBIO 2 .1 B MUHYTY PacTBOp, B KaA0OM JIUTPe KOTOPOro
copmepurca 0,3 ke comu. llocTynaomuii B cocya pacTBOp IepeMely-
BaeTCA C BOJOI, M CMeCh BBITEKAeT M3 COCYJa C TON K€ CKOPOCTBIO.
CKOIbKO coiu GyaeT B cocyme yepe3 5 MUHYT?

Pemenue. [Ipumem 3a He3aBUCHMOe NlepeMeHHOe BpeMA ¢, a 3a
HUCKOMYIO ¢YHKIMIO y(f) — KOIUYECTBO COMM B COCYIEe Uepe3 ¢ MUHYT
nocie Hayaia onbiTa. Haiiiem, Ha CKOJIBKO U3MEHUTCA KOTUYECTBO COMH
3a IPOMEMKYTOK BpEeMeHU OT MoMeHTa t 1m0 MomeHTa ¢t + At. B oxny
MHUHYTY [OCTyNaeT 2 . pacTBopa, a B At MUHYT — 2A¢ TUTPOB; B 3TUX

1Bce sagaum aToro maparpada CBOAATCA K ypaBHEHHAM C pa3fielAloNIU-
MUCA NepeMeHHBIMH. 3afaud, NIPUBOAAMMNECH K YPaBHEHUAM APYTUX TUIIOB,
MO3KHO HaliTM B COOTBeTCTBYHOMmMUX naparpadax. Heo6xogumele niasa peme-
HUA 3afay 3Ha4YeHUA INOKas3aTeJbHOW (QYHKUUM U JorapudMoB MOKHO GpaTb
13 TabauLbl B KOHLE 3afjayHUKa.
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2At autpax comepmurca 0,3-2At¢ = 0,6 At ke conu. C gpyroit CTOPOHBI,
3a BpeMa At u3 cocyna BeITekaeT 2A¢ 1uTpoB pacTBopa. B MomeHT ¢
Bo BceM cocyze (10 1) comepskures y(t) k2 conu, cliegoBaTelbHo, B 2At
JANTpax BBITEKAIOLIEro pacTBopa cogepskainochk 6b1 0,2A¢ - y(t) ke comn,
ecau Gbl 3a Bpema At cofiepkaHie colu B cocyle He MeHAnoch. Ho Tak
KaK OHO 3a 3TO BpeMA MeHAETCA Ha BEeIHMYNHY, 6€CKOHEYHO Malyo IpH
At — 0, To B BeiTekatomux 2A¢ autpax cogepmures 0,2At(y(t)+a) ke
cony, rae o — 0 mpu At — 0.

Hrak, B pacTBOpe, BTeKAOIEM 33 IIPOMEMKYTOK Bpemenu (¢, ¢ +
+ At), comepsuresa 0,6At k2 conn, a B BeiTekatomem — 0,2A¢ - (y(t) +
+ o) xe. llpupamenue KoaudyecTBa coau 3a 3To BpemA y(t + At) — y(t)
paBHO Pa3HOCTH HaWJIEHHBIX BEIMYHH, T. €.

y(t + At) —y(t) = 0,6At — 0,2A¢t - (y(t) + ).

Pazpgennm Ha At u mepeitgem k npefery npu At — 0. B neBoit yactu
nory4uTcA npousBofaHan y' (t), a B npasoit noryuum 0,6 — 0,2y(t), Tar
kak a — 0 mpu At — 0.

Urax, umeem nud depennuanbHoe ypaBHernue y' (t) = 0,6 —0,2y ().
Pemas ero, noxyuum

y(t) =3 — Ce™ "%, (1)
Tak kak npu t = 0 coinu B cocyne He 6b110, T0 y(0) = 0. [loaaras B (1)
t = 0, naiigem y(0) = 3 —C; 0 = 3 — C; C = 3. IloacraBasaa sTo
snauenve C B (1), monyunm y(t) = 3 — 3¢~ 2" llpu t = 5 B cocyne
6ynet
y(5) =3 -3¢ "?° =3 —3¢7" = 1,9 xe comn.

71. HaiiTu KpuBble, 1A KOTOPBIX MJIOMAJb TPEYTroJhLHUKA,
06pa30BaHHOr0 KacaTelbHOli, OpJUHATON TOYKU KacaHUA U OChIO
abclice, ecTh BelMuKMHa OCTOAHHAA, paBHaA a’.

72. HaiiTu KpuBble, 114 KOTOPhIX CyMMa KaTeTOB TPEYTOJb-
HUKa, MOCTPOEHHOI0 Kak B MpeIblAylleil 3ajade, eCTh BeIMYNHA
nocToAHHAaA, paBHaA b.

73. HaiiTu KpuBble, obiagaioliyie CleAYyIOUNM CBOHCTBOM:
OTpe30K ocu abcuucce, OTCeKaeMbIil KacaTelbHOW M HOpMalblo,
NpOoBeIeHHBIMH U3 MPOU3BOJBLHON TOUKM KPUBOM, paBeH 2a.

74. HaiiTu KpuBbIe, y KOTOPbIX TOYKa IepeceuyeHUs 000
KacaTelbHOH ¢ ocblo abciuce uMeeT abceluccy, BABOe MEHbIIYIO
abcuucchbl TOUYKM KacaHUA.

75. Haiitu rpuBsble, obi1agaioniye clefyIOMUM CBOHCTBOM:
ecily yepe3 M06yI0 TOURY KPUBOI NIPOBECTU NpAMbIe, Napaiielb-
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HbIe 0CAM KOOPJUHAT, O BCTPEYH C 3TUMH OCAMH, TO ILIOMAIb [0-
JTy4YeHHOT'0 NPAMOYTOJNbHUKA JeTUTCA KPUBOU B oTHomeHuHU 1: 2.

76. HaiiTu KpuBbIe, KacaTelbHble K KOTOPLIM B JI060i1 TOUKe
06pa3yIoT paBHbIe YIJIbl C HOJAAPHBIM PAJILYCOM U MOJAPHOH 0ChIO.

B 3apauax 77—79 cuutaThb, 4TO BTEKAWOIIuii ra3 (MIu HKuI-
KOCTh) BCJIE[CTBHE [IepeMelInBaHuA paclnpeleifseTcd M0 BCeMY
06beMy BMeCTHIIHUINA paBHOMEPHO.

77. Cocyn o6bemom B 20 . comepxut Bo3nyx (80% asora u
20% wuucnopoga). B cocyn Breraer 0,1 . aszoTa B CeKyHIY, KO-
TOPBIi HENMpPephIBHO NMEpPEMENINBAETCA, U BbITEKAET TaKOe #e KO-
audecTBo cMecu. Yepes ckonbKko BpeMeHu B cocyne 6ymer 99%
azora?

78. B 6are naxogutca 100 4 pacTBopa, cogep:kamero 10 xe
conu. B Gak HempepbIBHO mopaeTcA Boga (5 . B MHHYTY), KOTO-
pad nepeMelinBaeTcA ¢ UMeomuMca pacTBopoM. CMech BbITekaeT
¢ Toii #e ckopocThlo. CKoNbKO conu B Gake ocTaHeTcA yepe3 yac?

79. B Bosnyxe komHaThI 06bemoM 200 4> conepautea 0,15%
yraekucioro rasa (CO;). Bentunarop nogaer B Munyty 20 m3
Bo3ayxa, copepmamero 0,04% CO,. Yepes rakoe BpemA Ko-
JNYECTBO YTJEKHCIOro rasa B BO3JyXe KOMHATBHI YMEHBIIUTCA
BTpoe?

B 3anauax 80—82 npuHATH, YTO CKOPOCThb OCThIBAHUA (UIU
HarpeBaHWsA) Tela NPONOPLUOHAILHA PA3HOCTU TeMIepaTyp Tela
U OKpYy:Kalolleil cpefbl.

80. Teno oxnaguaock 3a 10 muwn ot 100° go 60°. TemnepaTy-
pa OKpy:kalolllero Bozayxa noajep:uaercd paBHoil 20°. Koraa
TeJI0 OCTBhIHET 10 25°7

81. B cocyn, comepskamuii 1 ke Boael npu TeMnepatype 20°,
ONylleH allOMUHHUEBBIN NpeaqMeT ¢ Maccoii 0,5 ke, yneabHO Ten-
goeMKocThio (0,2 U TemnepaTypoit 75°. Uepe3 MUHYTY Boja Ha-
rpenacs Ha 2°. Korja TemnepaTypa Bojbl U npeameTa OygeT OT-
anyaThed ofHa oT apyroit Ha 1°7 [lorepAaMu Tensia Ha HarpeBaHue
cocyla ¥ MpoYuMHU npeHeGpeyb.

82. Kycor Meranna c TeMmepaTypoii a rpaaycoB HOMelleH
B IleYb, TEMIIEpATypa KOTOPOil B TeUeHNe Yaca paBHOMEPHO MOBHI-
maeTcA oT a rpanycoB ao b rpagycos. [Ipu pa3HocTu TemnepaTyp
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ne4yu U Metaiia B T rpafycoB MeTall HarpeBaeTCA CO CKOPOCThIO
kT rpagycoB B MuHyTy. HaiiTu TeMnepatypy mMeTaia yepe3 yac.

83. Jlonka 3amMennAeT cBOe JBUKEHME M0/ JeiCTBUEM CONPO-
TUBIEHUA BOJbl, KOTOPOE MPONOPIHOHAIBHO CKOPOCTH JoAKU. Ha-
yaibHaA CKOPOCThb JOAKU 1,5 m/cer, depe3 4 cex cropocTh ee
1 m/cex. Korpa ckopocTb ymeHbuuTes 10 1 cm/cex? Karoit myTh
MO€eT MPOUTH JO[Ka 10 OCTAHOBKU?

B 3agauax 84—86 ucnonb3oBaTh 3aKOH pajUOaKTHUBHOIO
pacmnajga: KoOJMYecTBO pPaJMOaKTHBHOTO BellleCcTBa, pacnajalole-
rocd 3a efMHUIY BpeMeHU, MPOHOPIUOHAIBLHO KOJIUYECTBY 3TOTO
BelllecTBa, UMEIOIEMYCH B paccMaTpUBaeMbIii MOMEHT.

84. 3a 30 nneit pacnanocs 50% nepBoHavanbLHOTO KOJIMYECTBA
paauoakTHUBHOro BemllecTBa. Uepe3 CKOIbBKO BpeMeHHU OCTaHETCH
1% ot mepBOHaYalbHOTO KoJdMvecTBa?

85. CoriacHo ombiTaM, B Te4YeHHe rojla U3 KamIoro rpam-
Ma paauAa pacnaaaetcd 0,44 me. Uepes cKonbKo JeT pacmageTcA
MOJMIOBUHA UMEIOIEr0cH KONUYecTBa paauf?

86. B ucciefoBaHHOM KYyCKe T'OpHOii MOPOIbl COJAEPHUTCA
100 me ypana u 14 wme ypaHoBoro cBuHua. 3BecTHO, UTO ypaH
pacnafaeTcs HanoJoBUHY 3a 4,5-10° 1eT ¥ YTo Npy MoJAHOM pacna-
ne 238 2 ypaHna o6pasyetcda 206 2 ypaHoBoro cBuHna. OnpenennTts
Bo3pacT ropHoii nmopoasl. CuuTaTh, YTO B MOMEHT 00pa3oBaHUA
ropHad mopoja He cojep:kala CBUHIA, U NpeHeOpedYb HalUYHeM
NPOMEKYTOYHBIX PAAHOAKTUBHBIX NPOAYKTOB MEMIY YPaHOM U
CBHMHIIOM (TaKk KaK OHM pacnajalTcA HAMHOrO ObICcTpee ypaHa).

87. RonnyecTBo cBeTa, HOrIOI[aEMOE CII0EM BOJIbI Majoii TOJ-
IIMHbI, IPONOPINOHATLHO KOJIMYECTBY Najalollero Ha Hero cBeTa
u TonmuHe cioda. Cinoit Bogbl ToamuHON 35 cam MorJomaeT Mojo-
BUHY Najalollero Ha Hero cBera. Kakylo 4yacThb cBeTa MOTJIOTUT
clI0il TOMIUHON B 2 Mm?

na cocraBienua auddepeHUaILHOTO YpaBHEHUA B 3ajia-
yax 88—90 3a Heu3BecTHYIO pyHKEIUIO yJo6HEe B3ATh CKOPOCTh.
YcKopeHHe CUIIbI THKECTH CUMTaTh paBHbIM 10 4t/cer?.

88. [lapamoTHCT NPBITHYI ¢ BBICOTHI 1,5 KM, a8 pacKpbLI Na-
pamioT Ha BbicoTe 0,5 xm. CKOIbKO BpeMeHM OH Najal 10 pac-
KpbliTUA napamiora? H3BecTHo, YTO HpejenbHasA CKOPOCThb Ma-
JeHlA 4YeloBeKa B BO3[yXe HOpPMalbHOH IJIOTHOCTU cocTaBideT
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50 wm/cer. VI3aMeHeHHEeM IUIOTHOCTH € BbICOTOM npeHebpeus. Co-
NpPOTHUBIEHNE BO31yXa NMPOMOPIUOHATLHO KBaIpaTy CKOPOCTH.

89. ®yTHoanHblit MAY BecoM (0,4 k' GpollieH BBEPX CO CKOPOC-
Tb10 20 m/cex. ConpoTHBIeHNe BO3AyXa IPONOPLHOHANBLHO KBaJ-
paty ckopoctu u paBHo 0,48 I' npu ckopoctu 1 s/cex. Boruuc-
JUTh BpeMsd NoJbeMa MAuya U HaubolbIIylo BEICOTY noabeMa. Kak
U3MEHATCA 3TU Pe3yIbTaThl, ecliu NpeHeOpeub CONPOTHUBIEHUEM
Bosayxa?

90. BbluncauTh BpeMA NajieHUA MAdYa ¢ BbICOTHI 16,3 m Oe3
HayalbHOW CKOPOCTH C YYeTOM CONPOTUBIEHUA Bo3ayXa (cM. 3a-
nauy 89). HaiiTu cKopocTb B KOHIle NajeHuA.

B zamavax 91—95 npuHATH, UTO #UJKOCTh M3 COCy[a BbI-
TeKaeT co CKOpocThbio, paBHoi 0,61/2gh, rae g = 10 m/cex? —
YCKOpEeHUe CHJIbI TAMKECTH, h — BbBICOTA YPOBHA BOJABI HAJ OTBEp-
CTHEM.

91. 3a kakoe BpeMsA BbITeUeT BCA BOJA U3 NUIMHAPUYECKO-
ro 6aka guametpom 2R = 1,8 m u BbicoToit H = 2,45 m uepe3
oTBepcTHe B AHe auameTpoM 2r = 6 cu? Och HUIUHApPA BEPTU-
KalbHa.

92. PemiuTh npeblAylLIyl0 3agady B NpPeINoJoKeHUH, UYTO
ocb LUIMHJpA paclojioxeHa TOpU30HTAlNbHO, a OTBEPCTUE HaXo-
JUTCA B caMoil HUMHEN yacTu LUIUHIpA.

93. MunnHapruyecKkuil 6aKk MocTaBileH BepTUKAILHO U NMeeT
oTBepcTHe B JHe. [lonoBrHa BOABI U3 MOMHOrO 6aKka BhITEKaeT 3a
5 MUHYT. 3a Kakoe BpeMA BbITE€YeT BcA Boja?

94. Boponra umeeTr ¢opmy KoHyca paguyca R = 6 cm u
BoicoTel H = 10 cm, ob6palieHHOro BepIIMHOI BHU3. 3a KaKoe
BpeMA BbITeyeT BCA BOJA M3 BOPOHKHU uyepe3 Kpyrijoe OTBepCcTHe
nuametpa 0,5 cu, cienaHHoe B BeplinHe KoHyca?

95. B npamoyronbHblil 6ak pa3mepoM 60 cu X 75 cmu U BbI-
coroit 80 cu nmoctynaet 1,8 .« Boasl B cekyHAY. B nHe umeertca
oTBepcTHe MmiIomaabio 2,5 cu?. 3a Kakoe BpeMA HANOJHUTCA 6an?
CpaBHUTBH pe3yJibTaT C BpeMeHeM HaloJHEeHUA TaKoro 6aka 6Ge3
OTBEpCTUA B JHE.

96. Pe3uHoBBINl WIHYpP AJMHOK B 1 m moj AeifiCTBHEM CHIIbI
f kI ynnunsercd Ha kf MerpoB. Ha cKolbKo yIUIMHUTCA TaKoii
ke IHYP JuHbI [ U Beca P noj geficTBUeM CBOEro Beca, eClii ero
MO/IBECUTH 3a OJJUH KOHeI?
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97. HaiiTu atMocdepHoe naBineHye Ha BbicoTe h, eciiu Ha MO-
BEPXHOCTH 3eMJIHU jiaBienue pasHo 1 k['/cm? ¥ MIOTHOCTDL BO3MLY-
xa 0,0012 2/cm®. UcnonbzosaTh 3akoH Boiina—MapuorTa, B cury
KOTOPOro IUNIOTHOCTH MPONOPLHOHANBLHA JaBIeHUIo (T. e. npeHes-
peub M3MEeHEHHEM TEMIIepaTypbl BO3AyXa ¢ BbICOTOM).

98. lnAa ocTaHOBKM PeYHBIX CyNOB y NMPUCTAHU C HUX Opo-
caloT KaHaT, KOTOPbI HAMAaThIBAIOT HA CTOJNO, CTOANIMI Ha MpU-
cranu. Karkaa cuna GymeT TOPMO3UThL CYIHO, €ClId KaHAT [JelaeT
TPU BUTKA BOKPYT cTol6a, K03dPUIMEHT TPeHUud KaHaTa o0 cToJ0
paBeH 1/3, u paGounii Ha NPUCTAHU TAHET 338 CBOGOIHBIA KOHeI|
KaHaTa ¢ cuioi 10 xI'?

99. B 3akpbITOM NOMelleHUH 00beMOM ¥ #3 HaXOJUTCH OT-

KPBITHIN cocy/ ¢ Boaoil. CKOpoCcTh McapeHUuA BOIbI MPOMOPIUO-
HajlbHA Pa3HOCTU MeHy KOIUUYECTBOM @ BOJAAHOIO Mapa, Hachl-
matomero 1 »® Bo3myxa Npu JaHHOH TeMIepaType, U KOIMYeCT-
BOM ¢ BOJAHOTO Napa, uMelomieMca B 1 % Bo3yxa B paccMaTpu-
BaeMbIii MOMEHT (cuWTaeM, UYTO TeMIepaTypa Bo3JyXa M BOJbI,
a TaKksKe BeJMMYMHA IUIONaa¥, ¢ KOTOPOl MPOUCXOIUT HCIapeHue,
0CTalTCA HEU3MEHHbIMU). B HayanbHbIA MOMEHT B cocyie GbLIO
mg TpaMM Bofbl, a B 1 #3 Bosznyxa gy rpaMm napa. CKolbKO BOJBI
OCTaHeTCA B cocyjle uepe3 MPOMEKYTOK BpeMeHu t7

100. Macca pakeThl ¢ MOJHBIM 3amacoM ToONJIuBa paBHa M,
6e3 TOMIUBA 1M, CKOPOCTb UCTEUYEHUA NMPOAYKTOB rOpeHuA U3 pa-
KeThl paBHa ¢, HayalbHad CKOPOCTh paKkeThl paBHa Hymto. Haiitu
CKOPOCTb paKeThl Iocje CropaHuA TONIWBa, NpeHebperas cUioit
THKECTHU U CONpOTUBIeHUEeM Bo3ayxa (popmyna [luonkoBckoro).

§4. OTHOPOIHBIE YPABHEHUSA

1. OpHOpOAHbIE ypaBHEHHUA MOIYT ObITh 3amucaHbl B Bume y =
= f (%), a rarwme B Buge M(z, y)dz + N(z, y)dy =0, rae M(z, y)
u N(z, y) — oaHOpoAHbIe QYHKIUM OJJHOM U Toi #e cTeneHu'. UToGbI
PELIUTEL 0JHOPOLHOE YpaBHEHUE, MOAHO C/lelaTh 3aMeHy y = tx, nocie
Yero IMoJIy4YaeTcH ypaBHeHHe C PasfelfONUMICA epeMEeHHbIMH.

lpumep. Pemuts ypasuenue z dy = (z + y) dz.

l®dynruua M(z, y) HasbIBaeTCA OJHOPONHON DYHKIHUEH CTENeHU N, eciu
naa Beex k > 0 umeem M (kz, ky) = k" M(x, y).
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JT10 ypaBHeHHe — ojgHopojHoe. Iloraraem y = tz. Torga dy =
= z dt + tdz. lloacTaBasAA B ypaBHeHHe, NOIYYUM

z(xdt +tdz) = (z + tz)dz; = dt = dz.
Pemaem noiydeHHoe ypaBHeHUe ¢ pasfielAIOMUMICA [IepeMEHHBIMU

dt = i—m; t=In|z|+C.

BosBpamasncs k ctapoMy nepeMeHHoMY y, noayuyuM y = z(ln |z| + C).
Kpome Toro, umeerca pemenuve r = (), KOTOpoe GbLIO MOTEPAHO NpU
JlelleHNu!U Ha .

2. YpaBHenue Bujga y' = f (%%) MPUBOAUTCA K OJHOPOJI-
HOMY C IIOMOLIbIO IlepeHoca Hayajla KOOPAMHAT B TOYKY IlepeceuyeHHs
npAMBIX ax +by +c¢ =0 u a1x + b1y + ¢1 = 0. Ecau ke s3Tu npsaMseie He
nepeceraloTed, To a1 + b1y = k(az + by); ciemoBaTensHo, ypaBHeHMe
umeet Buj y' = F(az + by) 1 NIpUBOANTCA K YPaBHEHUIO C Pasfelfio-
IMUMICH NIePeMeHHBIMU 3aMeHol z = ax + by (wau z = az + by + ¢),
cM. § 2, m. 2.

3. HeroTopble ypaBHEHHA MOKHO NIPUBECTH K OJHOPOJHBIM 3aMe-
Hoit y = z™. Yucao m o6bIYHO 3apaHee He U3BecTHO. YTOObI ero HalTH,
HaJlo B ypaBHEHUHU cHelaTh 3aMeHY y = z"'. Tpebys, 4To6bl ypaBHe-
HUe GbLI0 0JHOPOJHBIM, HalIEM YKCIO0 M, €CIU 3TO Bo3MoskHO. Ecin e
9TOr0 C/eNaTh Helb3f, TO YpaBHeHHe He NPUBOJUTCA K OJHOPOJHOMY
3TUM cIiocobom.

M pumep. lano ypasuenne 2z*yy’ +y* = 425, llocne samens! y =
= 2™ ypaBHenue npumet Bug 2maiz2™ 12 + 24 = 42°. 310 ypaBHe-
Hue GyJeT OJHOPOJHBIM B TOM CIy4Yae, KOTr/la CTEIIeHH BCeX ero YIEHOB
paBHBI Memay co6oit, T. e. 4 + (2m — 1) = 4m = 6. ATu paBeHCT-
Ba yIOBIETBOPAIOTCA OXHOBpeMeHHO, ecin m = 3/2. CiemoBaTeabHo,
yPaBHEHHe MOKHO NPHUBECTH K OJHOPOJHOMY 3aMeHoit y = z°/2.

Pemuth ypaBHenua 101—129.
101. (z +2y)dx — xdy = 0.
102. (z —y)dx + (z + y)dy = 0.
103. (y* — 2zy) dz + 2% dy = 0.
104. 223y = y(22? — y?).

105. % + 22y’ = zyy'.

106. (22 + y?)y' = 2xy.



107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.

118.

119.

120. y

121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
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vy —y=xtgl.
zy' =y — xe¥/*.

z+y
= -

zy' —y=(z+y)ln
zy = ycosln Z.
(y-l—\/m_y) dz = z dy.

vy =12 —y? +y.

(2r —4y+6)dx + (xr +y —3)dy = 0.
2r+y+1)de — (dr+2y—3)dy =0.
r—y—1+(@y—x+2)y =0.

(x +4y)y =2z + 3y — 5.
(y+2)dz = 2z +y —4)dy.

y' =2 _y+2 2.
z+y—1

y+xr y+x
z+3 x4+3°
, _Yy+2 : y—2x
T+l Bar1
2y —z) =y
222y = 3 + xy.

2z dy + (22y* + 1)y dz = 0.

(y +1)1In

ydx + x(2zy + 1) dy = 0.
2y +x =4/y.

y=y -5

2y +y =2 \/w — a2y’
seyy = Vb -yt + o
2y + (2%y + D)y’ = 0.

Haiitu TpaeKkTopuu, nepeceraroune KpuBbie JaHHOI'O

cemeiicTBa moa yrioM B 45°, mpuYeM 3TOT Yrol OT KacaTelbHOi
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K RpHBOﬁ 10 KacaTellbHOHU K TpaeKkTOPHUU OTCUHUTHIBAeTCA B OTPU-
naTeJbHOM HallpaBl/IeHUU.

a) y = zInCz; 6) (z — 3y)* = Cxy®.

131. HaiiTu KpuBylO, Yy KOTOpOIi TOUKa NepecedeHud n060i
KacaTelbHOI ¢ ocblo abCclice 0JMHAKOBO yJajlleHa oT TOYKH Kaca-
HUA U OT Hayajla KOOpJuHAaT.

132. HaiiTu KpuBylo, Yy KOTOpoil paccTofAHUe M0G0 Kaca-
TeNbHO!N OT Hauyajla KOOPAMHAT paBHO abcuucce TOYKM KacaHUA.

133. Ilpu kakux o u ( ypaBHeHue y' = az®+ +by” npuso-
IUTCA K OJIHOPOJHOMY C IOMOIbIO 3aMeHbl y = 2™ 7

134*. Ilycty k9 — wopenb ypasueuus f(k) = k. Ilorasars,
YTO:

1) ecan f'(ko) < 1, To HU oAHO peleHHe ypaBHeHUA Yy =
= f(y/z) He racaeTca npAMolt y = ko B Hayale KOOPAUHAT;

2) ecan f'(ko) > 1, To 3TOit NpAMOI KacaeTcA GeCKOHEYHO
MHOI'0 pelleHu.

135. HauepTuTb npubnueHHO MHTerpalbHble KPUBHIE Clle-
IYIOLUX ypaBHeHUil (He pelias ypaBHEHU):

y(2y — x 2y? — x?
a)y’:7( 2 ) 6)y’=4wy ;

2y° — a?y y?
B)y’zmé r*) zy =y + y2+;.

Yrasauue. Tanrenc yria Mmemay iAydoMm y = kx u nepece-
Kalollell ero MHTerpanbHOM KpuBoill ypasuenusa y' = f(y/z) pasen
(f(k) —k)/ 1+ kf(k)) (mouemy?). lna npuGIUKEHHOTO HOCTPOEHUSA
MHTerpanbHbIX KPUBBIX HAJ0 MCCIEN0BaTh 3HAK 3TOH JpoOU B 3aBHCH-
MocTH oT k.

§5. JUHENHBIE YPABHEHHA IIEPBOTO
IIOPAIRA

1. YpaBHeHue
y' + a(z)y = b(x) (1)
Ha3bpIBaeTcA JUHeHHbIM. UT0GbI ero pemuThb, HaJo cCHayala peIIUThb
YpaBHeHHe
y' +a(z)y =0 (2)



§5. Juneinvle ypasnenus nepeozo nopadka 21

(sT0 menaeTca myTeM pasleleHUA MEPEMEHHBIX, CM. §2) U B obuieM
pelleHNH MOCIeJHEr0 3aMEeHUTh MPOU3BOILHYIO NOCToAHHYI0 C' Ha He-
usBecTHyio ¢yurnuio C(x). 3aTeM BbIpaeHHe, HOIYYeHHOE IA Y,
noacraBuThb B ypaBHeHnue (1) u Haiitu pynruuo C(x).

2. HeroToprle ypaBHeHUA CTaHOBATCA JIHWHEUHBIMU, €CIHU IIOMe-
HATb MecTaMU HCKOMYIO ¢YyHKIIHMIO M He3aBucuMoe nepemeHHoe. Ha-
npumep, ypaBHenue y = (2x +y3)y’, B KOTOPOM Y AIBIAETCA QyHKIMeH
0T x, — HeauHeiHoe. 3anuimeM ero B auddepenunanax: yde — (2z +
+ y3)dy = 0. Tak kKark B 3T0 ypaBHeHHMe x U dx BXOAAT IHHEIHO,
TO ypaBHeHHe OyneT JIWHEWHBIM, €ClId T CYATAaTh MCKOMOH (QYHKIHU-
eil, a Y — He3aBHUCHUMBIM I[lepeMeHHbIM. JTO ypaBHEHHE MOKeT ObITh

3anycaHo B Buje
dx 2 2

& ey
dy gy
U pelaeTcs aHaIOTMYHO ypaBHeHuio (1).
3. Uro6bl pemuTh ypaBHeHHe BepHymnu, T. e. ypaBHeHUe

¥ +a(z)y =b(x)y", (n#1),

HaJ0 06e ero yacTH pa3JeluTh Ha Y™ W clelaTh 3aMeHy 1/y" ' = z.
Iocne 3ameHsb! molry4aeTcA AMHeHOe ypaBHeHHe, KOTOPOe MOKHO pe-
IINTH U3M0eHHbIM Bbime crioco6oMm. (IIpumep cm. B [1], ra. I, §4, m. 2,
npumep 10.)

4. YpaBHeHUe Purkatu, T. e. ypaBHeHUe

y' + a(z)y + b(z)y® = c(z),

B 06leM ciyyae He peliaeTcAl B KBaapaTypax. Eciau e u3BecTHO 01HO
yacTHOe pemreHue yi1(x), To 3aMeHoit y = y1(z) + z ypaBHeHHe Pukka-
TH CBOJUTCA K ypaBHeHHIO BepHYyIIM U TakuM 06pa3oM MOKeT GbITh
pelleHO B KBajpaTypax.

HHorpa uvacTHoe pelleHHe ypaaeTcA mogo6paTh, MCXOAA U3 BUIA
cBOGOJHOr0 uiIeHa ypaBHeHHA (4ieHa, He conepskamero y). Hanpumep,
naa ypaBrenus y' +y% = z°—2z B neBoit yacTu 6y Ay T WieHbl, HOZ0OHbIE
4YjleHaM [IpaBoO¥ YyacTH, eciu B3ATh Yy = ax-+b. [logcTaBnaa B ypaBHeHHe
U npupaBHUBaA K03¢PUIMEHTHI IPU MOJOOHBIX UjleHaX, HailieM a U b
(ecmu yacTHOe pelleHHMe YKa3aHHOTO BHJA CYI[ECTBYET, YTO BOBCE He
Bceraa 6piBaer). [Ipyroit mpumep: AaA ypaBHeHus y' + 2y2 = 6/91c2 Te
e paccyeHusa NoOy#JaloT Hac HCKAaThb 4YacTHOe pellleHue B BUe
y = a/z. llopcTaBasaa y = a/x B ypaBHeHHe, HallleM MOCTOAHHYIO @.

Pemntps ypaBHeHusa 136—160.
136. zy' — 2y = 22
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137. 2z + 1)y’ = 4o + 2y.
138. y' + ytgx = secx.

139. (zy +e*)dz — xzdy = 0.
140. 2%y’ + xzy + 1 = 0.

141. y = 2(y' — x cosx).

142. 2z(z% + y) dz = dy.
143. (zy’ — 1) Inxz = 2y.

144. zy' + (z + 1)y = 3x%e™°.
145. (z + y?) dy = ydx.

146. (2¢¥ —x)y’ = 1.

147. (sin® y + zctgy)y’ = 1.
148. 2z + y)dy = ydx +41Inydy.
149. y = Vo

150. (1 —2zy)y' = y(y — 1).
151. ¢’ + 2y = y?e®.

152. (z + 1)(y' +y*) = —v.
153. y' = y*cosz + ytgx.
154. zy%y' = 2% + 3.

155. zydy = (y? + x) dz.
156. zy' — 2.1'2\/_: 4y.

157. zy’ + 2y + 2°y3e® = 0.
158. 2y’ — % = zzzfl.

159. y'z3siny = zy’ — 2y.
160. (2z%ylny — )y’ = y.

C nomo1bio 3aMeHbl lepeMeHHbIX WK AuddepeHInpoBaHuA
npuBecTU ypaBHeHUd 161—166 K 1UHEHHBIM U PEUIUTh UX.
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161. zdz = (2% — 2y + 1) dy.
162. (z + 1)(yy' — 1) = %
163. z(e¥ —y') = 2.
164. (2 — 1)y’ siny + 2x cosy = 2z — 2z3.

165. y(z) = [y(t)dt + = + 1.
0

166.

O~y

(z — t)y(t)dt = 2z + fy(t) dt.

B 3apauax 167—171, Haiiga myTeM nog6opa 4acTHOE pellle-
HUe, IPUBECTH AaHHbIe ypaBHeHUA PUKKaTH K ypaBHeHuAM Bep-
HYJUIM U PENIUTDb UX.

167. 2%y + xy + 2%y? = 4.

168. 3y +y*> + % =0.

169. zy' — (22 + 1)y + y? = —22.
170. y' — 2xy +y? =5 — x%.
171. o' + 2ye® — y? = e2® + e”.

172. Haiitu TpaekTopuu, OpTOrOHANbHbIE K JTUHUAM ceMeil-
crea y2 = Ce® +x + 1.

173. HaiiTu KpuBble, y KOTOPBIX IJIOLIaAb Tpameluu, orpa-
HUYEHHOU OCAMU KOODAMHAT, KacaTelbHONH W OPJUHATONU TOYKU
KacaHufl, ecTh BeJUYNHA NOCTOAHHASA, paBHas 3a’.

174. HaiiTu KpuBble, Y KOTOPBIX ILIOIaAb TpPeEYyroibHUKA,
OrpaHUYeHHOI'0 KacaTelbHOi, 0Cbl0 abcluce U OTPE3KOM OT Ha-
yajla KOOpJUHAT [0 TOYKM KacaHWf, eCTb BelMYMHA NOCTOAHHASA,
paBHas a?.

175. B 6are Haxogutca 100 .« pacTBopa, copepsamero 10 ke
conu. B 6ak BTeraeT 5 . BOObl B MHUHYTY, & CMeChb C TOH e
CKOpPOCTbIO nepenuBaeTcA B Apyroil 100-muTpoBsiii 6aK, mepBo-
HayalbHO HAMONHEHHBIH YUCTON Bomoi. M3OBITOK MUIKOCTH M3
Hero BelTuBaeTcA. Korga KonuyecTBo col Bo BTOpoM Gake GymeT
Haubonbmum? Yemy oHO paBHO?

176. 3a Bpema At (rme At oueHb Majo U BbIpa#eHO B JOIAX
roja) U3 Kamoro rpaMma paaus pacnagaeres 0,00044 At rpamma



24 §5. JuHeilnvle ypasHeHusn nepeozo nopadka

u obpasyerca 0,00043 At rpamma pagoHa. 3 kammoro rpamma
pasiona 3a Bpemda At pacnagaerca 70 At rpamma. B Hauane onbita
HUMelloch HEKOTOpPOe KOJINYEeCTBO &y yucToro paausa. Korga ronu-
yecTBO 0Opa3oBaBlIerocA M ellle He pacnaBlierocA pajoHa Gymet
HauGOAbIIUM?

177. [Janbl OBa pa3iuyHbIX pelIeHUA Y U Yz JIUHEHHOro
ypaBHeHHA NepBoro nopsajaka. Beipa3uTh yepe3 HUX oflee pele-
HUe 3TOr0 ypaBHEHUA.

178. HaiiTu To pelileHUe ypaBHeHUA

y'sin2x = 2(y + cos z),

KOTOpO€e 0CTaeTcA OrpaHUYEHHBIM NpU & — 7 /2.

179*. Mlycts B ypaBuenuu zy' + ay = f(x) umeem a =
= const > 0, f(z) — b npu z — 0. llokazarb, 4TO TOJILKO OJHO
pellleHre YpaBHEHUA OCTaeTCA OrpaHUYEHHBIM npu & — 0, U Haii-
TU Tpejie] 3TOro peuteHus npu x — 0.

180*. IlycTh B ypaBHeHUU MpeAbiaylieil 3amgayd a =
= const < 0, f(z) — b npu z — 0. [lokazaTs, 4yTO Bce pelleHUA
9TOro ypaBHEHHA HNMEIOT OJMH U TOT K€ KOHEUHBIH NpeJel Nmpu
x — 0. HaiiTu sToT npeged.

B 3amauyax 181—183 nckoMoe pelieHue BhipasiaeTcAd 4yepes
UHTerpan ¢ 6eCKOHEYHBIM NpPEJeNOM.

181*. IlokasaTb, uYTO ypaBHeHHe ‘é—f +x = f(t), roe
|f(t)] < M mpu —o0 < t < 400, HUMeeT OJHO pelieHHe, Orpa-
HUYeHHOe mpu —o0 < t < +00. HaiiTu sTo pemenue. [lokaszaTs,
YTO HalieHHOe pellleHNe Hepuoanyeckoe, eciau oyHruuda f(t) me-
puoaMyYecKas.

182*. TlokaszaTb, YTO TOJIbLKO OJHO pelleHne ypaBHEeHUA Ty —
—(22%+1)y = 2% cTpeMuTCA K KOHEUHOMY Tpefiely pH = — +00,
U HaliTU 3TOT mpefen. BelpasuThb 3To pellleHue Yepe3 MHTerpai.

183*. HaiiTu nepuopnyeckoe pelieHre ypaBHEHUA

2 ¢ —sinz.

Yy = 2ycos

184*. IlycTs B ypaBHEHUU ‘(ii—f +at)x=f(t) a(t)=>c>0,

f(@#) — 0 npu t — +00. [lokasaTh, UTO Kam1I0€ pelleHHe ITOro
yPaBHEHMA CTPEMUTCA K HYIIO MpH £ — +00.
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185*. IlycTb B ypaBHeHUU TNpeAbIAyIllel 3agaud HMeeM
a(t) > ¢ > 0 u mycTb xo(t) — pelleHre ¢ HAaYalbHbIM yCIOBHEM
20(0) = b. IlokasaTb, uTo miA M0Goro € > 0 cCymecTByeT Takoe
0 > 0, uTo eciu u3MeHUThb GyHKuuIO f(t) U yucao b MeHbuIe, YeM
Ha § (T. e. 3aMeHUTb UX Ha Takylo ¢yHruuio fi(t) 1 uuciao b,
ato |f1(t) — f(t)] < 4, b1 —b| < d), To pemenue x(t) usmeHuTcA
npu ¢ > 0 MeHble, YeM Ha £. ITO CBOWCTBO pelIeHUs HA3bIBAETCA
YCTONYMBOCTBIO M0 MOCTOAHHO JeHCTBYIOUMM BO3MYIIEHUAM.

§6. YPABHEHUA
B IIOJIHBIX TUOOEPEHIIHAJIAX.
WHTETPUPYIOIIIUN MHOMUTEIb

1. YpaBHeHue
M(z, y)dz + N(z, y)dy =0 (1)

Has3blBaeTcA yYpaBHE€HHEM B IIOJHBIX ,E[H(II)(I)BPBHI.II/IaIIaX, eCciii ero Jne-

Bafg 4YacThb ABIAETCA NOJHBIM IH(}depeHIaloM HEKOTOPOH (PyHKIUU

F(z, y). 9To uMeeT MecTo, eciau %—M = %—N YTo6bl pemuTh ypan-
Yy x

uenue (1), Hago Haiitu dpyHrumio F(z, y), oT KOTOPO# mOMHBIA AUd-

¢epennnan dF (z, y) = F,dz + F, dy paBeH IeBoii yacTH ypaBHe-

uuA (1). Torpa obmee pemenne ypaBHeHuA (1) M0HO HanycaTh B BUE

F(z, y) = C, rne C — nponsBoibHasg MOCTOAHHAS.

Ipumep. Pemuth ypaBHeHue

(2z + 32°y) dz + (2 — 3y*) dy = 0. (2)
Tak Kak (‘%(2m+3$2y) = 3x?, %(;1:3 —3y?) = 32, To ypasHenue (2)

fIBlIAeTcA ypaBHeHNeM B NOJIHbIX Juddepennnanax. Haitnem ¢pyHrnuio
F(z, y), nonusit nudpepenunan koropoit dF = F, dz + F, dy 6511 651
paBeH eBoii yacTH ypaBHeHus (2), T. e. Takyio pyHruuo F, uTo

F, =2z +3z%y, F,=1"-3y" (3)

HHTerpupyem mo  mnepBoe U3 ypaBHeHMi (3), cuuTad y HOCTOAH-
HBIM; IIPH 3TOM BMECTO HOCTOAHHONH WHTErPUPOBAaHUA HA/I0 OCTABUTh
¢(y) — HeusBeCTHYIO GYHKIHUIO OT Y :

F= /(2:3 +32%y) dz = 2° + 2’y + p(y).
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Moacrasass 3To BbIpazkeHue naa F' Bo BTopoe u3 ypaBHeHwuii (3), Haii-
nem ¢(y):

I
(2* + 2%y + o(y), = 2° = 3y*; ¢ (y)=—3y" @(y)=—y’+ const.

CnenoBaTenbHO, Mo#HO B3ATh F(z, y) = x4+ 3y — y>, u o6mee pe-
meHue ypaBHeHud (2) 6ymeT UMeTb BUA

2 +2y -y =C.
2. UHTerpupyonmum MHOM¥UTENEM A YpaBHEHUA
M(z, y)dz + N(z, y)dy =0 (4)

HasbpIBaeTcA Takafa GyHKuua m(xz, y) % 0, Hocie YMHOMEHNA HA KOTO-
pyto ypaBHeHue (4) npeBpamaeTca B ypaBHeHHe B [OIHbIX AubepeH-
uuanax. Ecain ¢yukuuun M u N B ypaBHeHuu (4) UMeIOT HempepbIBHbIE
yacTHbIe IIPOM3BOJIHbIE U He 06pallalOTCA B HY/Ib OJHOBDPEMEHHO, TO
HWHTEr pUPYIOMUI MHO}UTENIb cymecTByeT. OlHaKo HeT o6Iero Meroja
IafA ero oThicKaHuA (Korga obmee peuieHue ypaBHeHUdA (4) Hew3BecT-
HO).

B HeKOTOpBIX cIy4asAX MHTerPUPYIOUNil MHOMHUTENb MOAHO Haii-
TH C IIOMOLIBIO IPUEMOB, u3noxeHHbIX B [1], ra. II, § 3, n. 3 uau B [4],
ria. 1, § 5. Jl1A pelleHuA HEKOTOPbIX YPaBHEHHI1 MOHO IPUMEHATh Me-
TOJ] BbIIeI€HUA MOMHBIX JUddepeHInanoB, HCIOAb3YA U3BeCTHbIE (HOp-
MYJIBI:

d(zy) =ydz +xdy, d(y*) =2ydy,
d (E) = M, d(lny) = dy T I
y U y

I pumep. Pemuth ypaBHeHUHE

yde — (4a’y + ) dy = 0. (5)

CHauaJsa BblieiAeM PYIIy YIE€HOB, IPEeACTABIAIONMYIO CO60i HoI-
Helii nuddepennuan. Tak kak y dz —x dy = —z d(y/x), To, nens ypas-
wenue (5) Ha —x 2, UMeeM

a(L) +aydy=0, a(%)+aey?) =0
T T
dTo — ypaBHeHMe B MOIHbIX Auddepennnanax. MuTerpupys Henocpen-
cTBeHHO (MpuUBOAUTHL K BUAY (1) He HYHO), MOIy4YaeM pelleHue

y

Z 4992 =C.
Il'+y
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KpoMme Toro, pu fleleHuy Ha —x” GbLIO MOTEPAHO pelleHue x = 0.

3ameuanue. Tak Kak mocile AeleHus ypasHenus (5) Ha —xz2,
T. e. yMHOeHHA Ha —1/2%, MoMyYnioch ypaBHeHMe B MOMHBIX Tudde-
peHInanax, To UHTErPUPYIOMU MHOMKUTENb Jid ypaBHeHuA (5) paBeH
—1/22.

3. Ecnu B ypaBHenuu (4) M0HO BBIIEIUTH HOIHBIH quddepeHnu-
an HeKkoTopoil ¢yHruMM p(x, y), TO MHOTAA ypaBHEHHE yIPOIAeTCH,
€C/Id OT MepeMeHHBbIX (%, y) NepeidTH K nepeMeHHbIM (z, 2) uau (y, z),
rae z = p(z, y).

Mpumepst 1) Pemuts ypapuenue ydz — (z3y + z) dy = 0.

Brigenus monHblil auddepeHnuan Kak B IpeNbIAyIieM IPUMepE,
HOLYYUM

d (g) +zydy = 0.
x
Ilepeiins K nepeMeHHBIM 2z = y/x U Y, MOLYYNUM ypaBHEHUE

2
m+%@:m

KOTOpOE JIerK0 PellaeTcs.
2) Pemuthb ypasuenue (zy + y*) dz + (2 — zy®) dy = 0.
Crpynnupyem 4ieHbl Tak, 4TOGbI BbIJEIUTDH NONHbIE JuddepeH-

Mansl

a(yde +ady) +y°(yde — 2 dy) =0, mﬂm0+fd<§)=&

Paznenus Ha ¢ U ciellaB 3aMeHy Ty = u, £/y = v, HOIYYUM ypaBHEHUE

2
U

du + =5 dv = 0, KoTOpOe Jerko pemaercH.
v

B 3amauax 186—194 npoBepuTb, UTO JaHHble ypaBHEHUA
ABIAIOTCA YpaBHEHUAMHU B MOJAHBIX AuddepeHlHanax, 1 pemuThb
UX.

186. 2zydx + (2% — y?)dy = 0.
187. (2 — 9zy?)z dz + (4y* — 623)ydy = 0.
188. e ¥dx — (2y + ze¥)dy = 0.

Y _
189. 2 dx + (y* +Inz)dy = 0.

190.

2 2 3
2
3$£w do — = jwdy:

0.
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191.

192.

193.

194.

86. Ypasnenus 6 noanwvix duddepenyuarax
2z (1 + % — y) dz — /22 — ydy = 0.
(1 + y?sin2z) do — 2y cos® z dy = 0.

322(1 + Iny) dz = ( y— —) dy.

$ (2% + 1) cosy
(si_ny+2) de + ————dy

cos2y — 1

Pemnth ypaBHenusa 195—220, HaiigAa KakuM-Iubo cmoco-
60M MHTErpUpPYIOUINii MHOMUTEIL WK CAelaB 3aMeHy IepeMeH-

HBbIX.

195.
196.
197.
198.
199.

200.

201.
202.
203.
204.
205.
206.
207.
208.
209.
210.
211.
212.

(2 +y* +x)dx +ydy = 0.
(2 +y* +y)de — xdy = 0.
ydy = (zdy + ydz)/1+ 2.
zy*(zy’ +y) = L.

y?dr — (zy + 23) dy = 0.

1
(y——)d +dy 0.
T Y

(z% + 3Iny)y dz = x dy.

y?dx + (zy + tgzy) dy = 0.

y(z +y)de + (zy+1)dy = 0.

y(y? + 1)dz +z(y®> —z +1)dy = 0.
(22 + 22 + y) dz = (x — 322y) dy.
yde — xdy = 2% tg £ da.
y?dx + (e® —y)dy = 0.

zydr = (y® + 2%y + 2?) dy.
2?y(ydr + x dy) = 2y dx + = dy.
(@ —y?* +y)dz + z(2y — 1) dy = 0.
222y + y) dz + (z%y — z) dy = 0.
222y — )y dz + (42?y® — 1)z dy = 0.
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213. y(z + y?) dz + 22(y — 1) dy = 0.

214. (22 —sin® y) dz + 2z sin2y dy = 0.

215. z(lny + 2Inz — 1) dy = 2y d=.

216. (2? + 1)(2z dz + cosy dy) = 2z siny dz.

217. (2239 — y) dx + (22%y® — z) dy = 0.

218. 2%y +y + (23y® — )y’ = 0.

219. (22 —y)dz + z(y + 1) dy = 0.

220. y?(ydx — 2z dy) = 23 (x dy — 2y dz).

§7. CYIIECTBOBAHUE U
EJNHCTBEHHOCTD PEIITEHHUSA

1. Teopema cymecTBOBaHUA U eJUHCTBEHHOCTH pe-
mMeHUA ypaBHEeHUHA
!
y =f(=z, y) 1)
¢ HayalabHBIM ycaoBueM y(zo) = yo-

Iycmv 6 samrnymot o6aacmu R (Jz — zo] < a, |y — yo| < b)
dynryuu f u f, nenpepvienvt'. Tozda Ha Hexomopom ompeske To —
—d < z < o +d cywecmeyem eduncmeennoe pewenue ypasnenus (1),
ydosaemsopauee Havaibromy ycaosuio y(xo) = yo.

IIpu sTOoM MOmHO B3ATb d = min {a; %}, rue a U b yrasaHbl
Bblllle, @ M — JA0Goe Takoe, 4To |f| < m B R.

IocnenoBaTenbHble NPUOINAEHUA, ONpeaelsaeMble GopMyTaMu

yo(x) = Yo, yk(w):yo+/f(s, yre-1(s))ds, k=1,2, ...,

o
pPaBHOMEPHO CXOOATCA K pelIeHUIO0 Ha YKa3daHHOM OTpe3Ke.

3amMmeuaHHue. [luA cynecTBOBaHHUA pPelIeHUA JOCTaTOYHO TOIbKO
HenpepbIBHOCTH f(x, y) B obaacTu R, HO IpU 3TOM pelleHUe MOKET He
6bITh eIMHCTBEHHBIM.

!Tpe6osanue HempepbiBHOcTH f'(y) MOMHO 3aMeHUTb Tpeb6oBaHHEM ee
orpaHuuyeHHOCTH uian yciaosueM Junmuua: |f(x,y1) — f(z,y2)| < klyr — y2|,
k = const.
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2. CucrteMa ypaBHEHUIA

!
Y = fl(x7 Y1, oe ey y")7
....................... (2)
!
Yn = fn($7 Y1, oeey y")
B BEKTOPHBIX 0603HaYEHUAX 3alUCHIBAETCA TaK:
’

y = f(z, y), (3)
ree y = (Y1, .-y Yn) 1 f = (f1, ..., fn) — BerTOpbl. Hempe-
PBIBHOCTL BEKTOP-QYHKUUU f O3HAaYaeT HENPEPBIBHOCTb BCeX (YHK-

N a
uuit fi, ..., fn, @ BMeCTO 55 paccMaTpuBaeTcA MaTpHIla U3 YaCTHBIX
NPOU3BOAHBIX %;L, i, k=1, ...,n.

Teopema CylmecTBOBaHMA M €IMHCTBEHHOCTH DpeLIeHUA U Bce
yTBep:#/IeHuA M. 1 0CTAIOTCA CIpaBelIUBLIMU U JUIA CUCTEMbI, 3alll-
canHoit B Buge (3). Ilpu sTom |y| osHauaer mauHy BekTopa y: |y| =
=Y+ ... +y2.

3. TeopeMa cymecTBOBAaHUA U €IUHCTBEHHOCTH pe-
MeHUA AIAA ypaBHeHUA N-TO NOPAAKA

y(n) = f($7 y? y’? M y(n_l))' (4)

IIyemv e obaacmu D Pynryua f u ee uacmuvle npouseod-
nvie nepgozo nopadka no y, y', ...,y uenpepuiensi, u mouxa
(Tos Yo, Y05 -+, y((]"_l)) aexwcum swympu D. Tozda npu navaavHblT
ycaosuax

n—1 n—1
( )( (() )

y(x0) = yo, ¥ (x0) =90, ---» Y To) =y

ypasnenue (4) umeem eduncmeennoe pewserue.
YpaBHeHue (4) MO#HO CBeCTH K cucTeMe Buia (2), ecid BBECTH
HOBble HeM3BeCTHble GYHKIUHU Mo dopMylaM y = y1, ¥y = y2, y" =

=Y3, ..., y("_l) = yn. Torga ypaBHeHue (4) cBoOUTCA K CHCTEME

' ' ’ '
Y1 =Y2, Y2 = Y3, <+ Yn—1 = Yn, yn:f(wa Y1, "'73/71)7

KOTOpaf fABIAETCA YaCTHBIM CIydYaeM CHCTEMBI (2) U K KOTOpPOM mpu-
MEHUMbI BCe YTBEpHAeHUA 1. 2.

4. IpogonsxeHnue pemeHuii. Bo MHOrux ciyyasax pelieHue
ypaBHeHusa (1) uau cucteMs! (2) cymecTByeT He TOIbKO Ha OTpe3Ke,
YKa3aHHOM B 1. 1, HO U Ha 60iIblleM OTpe3Ke.

Ecau ypaBhenue (1) wiam cucrema (2) yJOBIETBOPAET YCIOBH-
AIM TeOpeMbI CyIIeCTBOBAaHUA B 3aMKHYTO OrpaHUYeHHON 061acTH, TO
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BCAKOE pelleHre MOKHO HPOJOMKUTH 10 BHIX0/ia HA TPAHUILY TOH 06-
nacTu.

Ecin npaBas 4acTh ypaBHeHus (1) miau cucrems! (3) B obractu
a<z<f |yl <oo(aunpf Moryr 6bITb KOHEYHBIMU UM GECKOHEYHBI-
MH) HelpepbIBHA U YOBIETBOPAET HEPABEHCTBY

|f(z, )| < a(@)lyl + b(=),

u ¢yuruud a(z) ¥ b(z) HeNpepHIBHDBI, TO BCAKOE pPelIeHIe MOKHO IIPO-
JIOMKUTEL Ha Bech MHTepBal a < x < f.

221. [locTpouTh mociegoBaTelbHble IPUOIUMKEHUA Yo, Y1, Y2
K pellleHUIO JaHHOI'0 ypaBHEHUA C JaHHBIMU HayalbHbIMM YCIO-
BUAMU:

a)y =z —y* y0)=0.

6)y =y?+3x2 -1, y(1) =

B)y =y+e’ !, y(0)=1.

r)y =1+zsiny, y(r) = 2.

222. IlocTponTh Mo ABa MOCIEJOBATENbHBIX NPUOIUACHUA
(He cuMTas MCXOOHOTO) K PElIeHUAM CledyIOIUX ypaBHeHUN U
CUCTEM:

a) y':2m+z’ Zl:y; y(l):17 Z(l):O

d;
6) &=y, L=a 2(0)=1, y(0)=2.

By +y” —2y=0; y(0)=1, y(0)=0.

z _ g4 g dz|  _
r) W 3tx; z(1) =2, at |y = 1.

223. YKa3zaTb KaKkoi-HHUOYIb OTPE30K, HA KOTOPOM CYIIecT-
BYeT pellleHNe ¢ JaHHbBIMHM HavyalbHbIMU YCIOBUAMU:

a)y =z +y*, y(0)=0.

6y =2y"—=, yl)=1

dz

B) ‘a

=t+e*, (1) =0.

d:
) 42—y =22 2(0) =1, y(0) = 2.
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224*. Jlna ypaBHenus y' = r — y? ¢ HayalbHBIM YCIOBHEM
y(0) = 0 mocTpouUThb TpeThe NPUOIMKEHNE K PELIEHUIO 1 OLEHUTh
ero omubry npu 0 < z < 0,5.

Yrazanue. OeHUTh 0CTATOK pAa, CXOOAUMOCTh KOTOPOroO M0-
KasbIBaeTCA B TeopeMe CyleCTBOBaHUA pemeHus, cm. [1], ra. II, §1;
[2], §15.

225. [loab3yAach KAKUM-IUO0 JOCTATOUHBIM YCIOBUEM €UH-
CTBEHHOCTH, BBIIENUThL 00JacTU HA MIOCKOCTH I, Yy, B KOTOPBIX
yepe3s Kam /Iy TOYKY MPOXOAUT eJUHCTBEHHOE pellieHre ypaBHe-
HMA

a) y' = 2xy+y°, 6) y =2+ {/y — 2z,
B) (x—2)y' =y—z, 1)y =1+tgy,
n) (y—x)y =ylnz, e) vy’ =y +/y? — x2

226. I[Ipy rakux HeoTpULATEIbHBIX a HapyllaeTcA eINHCT-
BEHHOCTbH pelleHuit ypaBHeHuA y' = |y|* U B Kakux Toukax?

227. C moMombio HeOOXOAUMOr0 U AOCTATOYHOTO YCJIOBHUA
e[IMHCTBeHHOCTH 1A ypaBHenuit Buga y' = f(y) (em. [1], ra. III,
§ 4, n. 1, menruit mpudt uiu [2], § 4) uccrenoBaTh HamMCAHHbIE
HM#e ypaBHeHuA. Boigenus obaactu, rae f(y) coxpaHfeT 3HaK,
npubIMKeHHO U306pasuTh Ha yepTese peunleHuA. JIida ypaBHeHUMH
I) 1 e) npaBble yacTy npH y = () JOONpEeReNAIOTCA 110 HENpephIB-
HOCTH.

a)y =y 6) v =yvy+1,
By =@w-DVF 1)y =arccosy,
n) y' =ylny, e)y =yln’y.

228. IIpu KakMX HaYalbHBIX yCIOBUAX CYI[€CTBYET €IMHCT-
BEHHO€ pellleHue cleIyIOMUX YpaBHeHuil u cucreM?

a) y' =tgy+ ¥z, 6) (x+1)y" =y+ /¥,

I,

B) (x —y)y'y" =lnzy, 1)y —yy" =y -z,

de _ 2 3 d_y_3

d
e) i—”tg =y +In(t + 1), wd—i} =y —1t.
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229. MoryT nu rpaduKM ABYX pellleHuil JaHHOTO ypaBHEHUA
Ha IUIOCKOCTH &, Y NepecekaThcH B HEKOTOPOi Touke (Zo, Yo)

a) aaa ypaeHenus y' = x + 2?7

6) naa ypaenenus y" = x + y27
230. MoryT au rpaduku ABYX pelleHHH JaHHOTO ypaBHe-
HUA Ha IVIOCKOCTH T, y KacaTbcA APYT Apyra B HEKOTOPOIl TOuKe

(zo, Yo)
a) naa ypaeHenus y' = x + y2?
6) naa ypaenenus y" = x + y2?7
B) aaa ypaBHenus y"' = x + 327

231. CronbKo cyllecTBYeT pellleHUil ypaBHEHUA y(") =z
+ y2, YIOBIETBOPAIOMHNX OJHOBPeMeHHO NBYyM ycaosuaM: y(0
=1, y’(0) = 2? Paccmotpersb oTaenbHo ciaydau n = 1, 2, 3.

232. Cronbko pemenuii ypapuenua y» = f(z,y) (f u
f, HenpepbIBHBI Ha Beefl MIOCKOCTH T, y) NMPOXOJMT Yepe3 TOY-
KY (2o, yo) MO 3aJaHHOMY HAIpaBIEHUIO, 06Pa3yoLUEMy YIol o
¢ ocbio Ox? PaccmoTpeTb ciyyau n =1, n =2 u n > 3.

233. Ilpu kakux n ypaerenue y» = f(z,y) (f u [, He-
IpPEepPbIBHBI) MOKET MMETh CPeJd CBOUX pelleHuil nBe GyHKINH:
Y1 =2, Y2 =« +a*?

234. Ilpu karux n ypasuenue 3 = f(z, y, y', ..., y™ V)
¢ HempepbIBHO AuddepeHurpyemoil byHkumeit f MomeT MMeThb
cpeiu CBOUX pelleHuil nBe QyHKUUU: y; = T, Yo = sinz?

235*. lycts f(x, y) HempepbIBHA 1O T, Y U MPU KaKI0M & HE
Bo3pacTaeT npu Bo3pacTaHuu y. lokasaTb, YTO ecliu aABa peiie-
HuA ypaBHenus y' = f(x, y) yOOBIETBOPAIOT OMHOMY M TOMY 3Ke
HavalbHOMY YCI0BHUIO Y(Zg) = Yo, TO OHU COBHAJAIOT NPU T > Xg.

236. CKOIbKO MPOU3BOJHBIX MMEIOT DelIeHUA CleIyunX
ypaBHEHHIl U cHCcTeM B OKpecTHoCcTH Hadana koopaunat? (Teope-
My O IJIagKOCTH pemenuit cM. [2], § 19 uau [4], § 6, Teopema 1.4.)

I+

a)y =z +y’/3, 6) ¥ = xlz| — ¢,

B) y" = |a®| +y°/%, r)y" =y -z,
dz _ dy _ 2

II) dt_t—’_y’ dt_m+t|t|,

d
e)‘cil—f:y2+\3/t_4, d—g:{‘/E.
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237*. [Ipu KaKkuX a KaxJoe pellieHue MpoaoaHaeTcA Ha Gec-
KOHEeUYHbIN uHTepBal —00 < & < 400

a) nuA ypasHenus y' = |y|®?
6) naa ypasHenusa y' = (y> + e%)%?

B) 1A ypaBHeHUA Y = |y|a—1 + |$\3/§|2a?
r) nas cuctemst y' = (y? + 2% +2)7%, 2’ = y(1 + 2%)*?

238*. Ina ciaepylomuX ypaBHeHUH NoKa3aTh, YTO pellleHUe
¢ TIPOM3BOJbHBIM HavalbHBIM yCIOBHEM ¥Y(Tg) = Yo CYUIECTBYeT
npu ro < ¢ < +00:

a)y =z —y°, 6) y' =zy+e V.

239*. Ilycts Ha Bceit maockoctd z, y GyHruuu f(x, y) u
fy(w, y) venpepwiBubl U f, (7, y) < k(z), pynruua k(zr) nenpe-
poiBHa. [JokasaThb, 4yTo peumenue ypaBHenus y' = f(x, y) ¢ 1106b1M
HavalbHBIM yclIoBHeM y (o) = Yo CYWECTBYET IpU Lo < £ < +00.

240*. Jana cuctema B BekTopHoi#i 3anucu y' = f(x, y), ynos-
JeTBOPAIONIAA YCIOBUAM TEOPeMbl CyIeCTBOBAHUA B OKPECTHOC-
TH Kama0i ToukH (z, y). [Iycts B obnactu |y| > b npu Beex x

y- f(z,y) < k(@)]y,

rae y - f — cranApHoe npou3BeneHue, a GpyHruusa k(x) Hempe-
phiBHa. JlokaszaTh, YTO pelleHre ¢ JObIM HaualbHbIM YyCIOBUEM
y(xo) = yo cymecTByeT npu xo < & < +00.

§8. YPABHEHUSA, HE PASPEIIIEHHBIE
OTHOCHUTEJIBbHO MPOU3BOTHOM

1. Ypasuenus suga F(z, y, y') = 0 MoxHoO pemaTh clefyoOmUMHA
MeTofaMHu.

a) PaspemuTh ypaBHeHHe OTHOCHTEIbHO y', T. €. U3 ypaBHEHHUA
F(z,y,y') = 0 Boipasuth y' yepes = u y. [lonyduTca oJHO WU He-
CKOIbKO ypaBHenuii Buna y' = f(z, y). Kamaoe u3 HUX HaJ0 pPemUTh.

6) MeTox BBeJeHHA MapaMeTpa’.

13)1ec5 u3naraeTcA MpocTelmuii BapuaHT 3Toro meroaa. bonee o6muii Ba-
puast cMm. [1], ra. III, § 3, m. 1.
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IlycTs ypaBuenue F(z, y, y') = 0 MO#HO pa3pemuTh OTHOCUTENb-
HO ¥, T. e. 3anucaTh B Bufie ¥y = f(x, y'). Beena napamerp

_dy _
p= g =Y 1)
noJay49uM
y = f(z, p). (2)

B3as noaubit qugdepennuan ot o6enx yacteil paBeHcTBa (2) U 3aMe-
uuB dy vepes pdzx (B cuny (1)), moryuum ypaBHeHHe BUA

M(z, p)dz + N(z, p)dp = 0.

Ecau pemenne sToro ypaBHeHud HailIeHo B Buie = ¢(p), To, BOCIOIb-
30BABUIMCH PABEHCTBOM (2), HOAYUYHUM pelleHHe UCXOJHOTO ypaBHEHHA
B mapameTpudeckoii sanucu: = ¢(p), y = f(p(p), p)-

YpaBuenus Busia x = f(y, y') pemarTcA TeM #e METOIOM.

lpumep. Pemuts ypaBuenue y = = + 3’ — Iny’. BBoaum napa-
MeTp p =y’

y=z+p—Inp. (3)

Bepem nmonHblit nud pepeHiuan oT o6enx yacTeil paBeHCTBa U 3aMeHAeM
dy Hapdz B cuny (1): dy = da:-l-dp—%fz, pdx = dm+dp—‘—;}1. Pemaem
noxy4eHHoe ypaBHeHUe. [lepeHocuM uneHs! ¢ dx BieBo, ¢ dp — BrpaBo:

(0= 1)do = 2—ap. )

a) Ecau p # 1, To cokpamaem Ha p — 1:

d:c:d?p, z=Inp+C.

Moacrasass sTo B (3), Hody4aeM pelleHHe B apaMeTPUUECKON 3allUCH:
r=lnp+C, y=p+C. (5)

B maHHOM ciyyae MOKHO UCKIIOYUTD MapaMeTp p U HOIYYUTH pe-
meHye B ABHOM Bufe. Jlad 3Toro us nepsoro us ypasHenuil (5) BbIpa-
#aeM p yepes &, T. e. p = e®~C. IlogcTaBiAA 3To Bo BTOpoe ypaBHEHMe,
MoJxydaeM MCKOMOE pelleHue:

y=e""°+C. (6)

6) PaccmoTrpuMm ciyuaii, koraa B (4) umeem p = 1. llogcraBasas
p =18 (3), noryuaem eme peuieHue

y=z+1 (7
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(Bb110 661 omubKOIt B paBeHCTBe p = 1 3aMeHUTDb p Ha y' U, TPOUHTeT-
pupoBas, nonyuutsh y = © + C.)

2. Pemenue y = ¢(x) ypaBuenusa F(z, y, y') = 0 HazbiBaeTca oco-
ObiM, €CITU Uepe3 KamAyIo ero TOYKY, KpOMe 3TOr0 PelIeHU , IPOXOLUT
U IpyTroe pelleHne, UMeIOLIee B 3TOH TOYKE TY e KacaTelbHYIo, 4TO U
pemenue y = (x), HO He coBIajawolee C HUM B CKOIb YTOAHO Maloi
OKpECTHOCTH 3TOH TOUKHU'.

Ecnu dyusnua F(z, y, y') u npousBoansie ?3_5 u 3—5 HeNpepbIBHBI,
TO0 11060€ 0co60€e pelleHre ypaBHEHUA

F(z,y,5')=0 (8)
y}:{OBJ'IeTBOpHeT TaKHe ypaBHEHI/IIO

OF (z,y,y") _
g =0, 9)

IlosTomy, 4TOGBI OTHICKATh 0cOGbIe pelleHNA ypaBHeHUA (3), HAOO Hc-
kaouuTh 4’ u3 ypasuenutii (8) u (9). llonyuennoe ypasuenue ) (x, y) =
= ( Ha3bIBaeTCA ypaBHEHUEM OUCKPUMUHAHMHOL KpUBOH. 1A Kam 10t
BETBU [MCKPVMHHAHTHONH KPUBOI Hal0 HPOBEPUTH, ABIAETCA 1M 3Ta
BETBb pelleHNeM ypaBHeHHA (8), M ecau fABIAeTCH, TO GyAeT I 3TO
pelenre 0co6bIM, T. €. KacalOTCA M ero B Kas/oi Touke ApPyrue pe-
IeHNA.
IIpumep. Haittu ocoboe penenue ypaBHeHUA

y=xz+y —Iny'. (10)

Jlud depennupyem obe yacTh paBeHCTBa MO y':

1
0=1-—. (11)
Uckarouaem y' us ypasuennii (10) u (11). Us (11) umeem y' = 1; noa-
craBisf sto B (10), monryyaem ypaBHeHHe JMCKPUMHUHAHTHON KPUBOMN

y=z+1. (12)

IIpoBepumM, GyaeT iU KpuBad 0coObIM pemenueM. [l1f 3TOro cHa-
yaja IpoBepAeM, ABIAETCA 1M OHa pemeHneM ypaBHenus (10). Ilox-
craBisaa (12) B (10), moxyvaem tompmectBo  + 1 = z + 1. 3Hauur,
kpuBad (12) — pemreHue.

1970 onpepenenue B3ato us [1]. EcTh u apyrue onpesenenus, He paBHoO-
CHUIIbHbIE 3TOMY.
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Teneps NpoBepuM, ABIAETCA I 3TO pellleHHe 0coObIM, T. e. Kaca-
IOTCA /M ero B Ka#JIoi Touke Apyrue pemeHuda. B n. 1 6sl10 HaiigeHo,
YTO OpyTHe pelleHusA BolpaxaioTca Gopmynoii (6). llumem ycaosus ka-
caHuA KpUBBIX ¥y = y1(z) U y = y2(x) B Touke ¢ abcuuccoi xo:

y1(zo) = y2(zo), y1(20) = y2(xo). (13)

llas pemenuii (6) u (12) 3Tu ycaosus npunumaioT Bug e*°~ ¢ 4+ C =
= z0+1,e*° "¢ = 1. U3 BTOporo paBencTBa uMeeM C = xo; OACTABIAA
9TO B IIEpPBOE PABEHCTBO, moxyvaeM 1 + xo = xo + 1. DTO paBeHCTBO
CIpaBe[IMBO IPU BCEX To. SHAYMT, IPU KamaoM xo pemeHue (12) B
TOuKe ¢ abcUUccoil To KacaeTcs OJHOW M3 KpUBBIX cemeiictBa (6), a
HMEHHO TOil KpuBoOH, qi1A KoTopoit C = xo.

Urak, B Kammoil Touke pemenue (12) kacaercsa Apyroro pemre-
HuA (6), He coBnajamolero ¢ HUM. 3Ha4uT, pemeHue (12) — ocoGoe.

Ecau cemeiicTBO pelleHHi 3amycaHO B HapaMeTPUYECKOM BHIE,
Kak B (5), To BbIIOIHEHNE yCIOBUI KacaHNA NPOBEPAETCA aHATOUYHO.
Ilpu 3ToM Hamo ydecTb, uTo y' = p.

3. Ecau cemeiictBo kpusbix ®(z, y, C') = 0, ABIAOMUXCA pelle-
HuAMHU ypasHenusa F(z, y, y') = 0, umeer orubaromyio y = ¢p(z), To
sTa orubaromasn ABIAETCA 0COGBIM pelleHreM TOro e ypaBHeHud. Ecau
¢yuruma ¢ MMeer HempepbiBHbIE MEpPBble MPOU3BOIHbIE, TO A OThIC-
KaHWA orubarmimeil Hago UCKIoYnTb C 13 ypaBHEHUI

0%(x, y, O)
oC

U IPOBEPHTD, Oy €T I MOIydYeHHasA KpUBad orubaomeii, T. e. KacalT-
cfl M ee B Kai/|0H TOUKe KPUBble ceMeicTBa. ITY NPOBEPKY MOHLHO
NPOBECTH U3I0MEHHBIM B KOHIE II. 2 METOJ0M, MCIOIb3YA yCIOBUA Ka-
canus (13).

@(,{m Y, C) =0, =0

B 3agauax 241—250 HaiiTu Bce pellleHUdA JaHHBIX ypaBHe-
HUIi; BHIAETUTD 0COOble pellleHNA (eCiI OHU €CThb); JaTh YEPTE.

241. y'> — y2 = 0. 242. 8y = 27y.

243. (v +1)3 = 27(z + y)%.

245. y2(y° +1) = 1.

245. y'? — 443 = 0. 246. y'> = 43(1 — y).
247. zy'? = y. 245. yy'* + 2 = 1.

249. y"° + 42 = yy'(y' +1).
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250.

41— y) = (3y — 2)%y".

YpaBHenusa 251—266 paspeliuTh OTHOCHTENLHO ¥', mocie
sTOro obiee pelieHe UCKATh 00bIYHBIMY MeTogamu (§§ 2,4,5,6).
HaiiTu Tak:#e ocobGble pelleHUA, eClid OHU €CTh.

251.
253.
255.
257.
259.
260.
261.
262.
263.
264.
265.
266.

y* +ay =y’ +ay.
zy'® — 2yy’ + z = 0.
y? +x=2y.

y'? — 2zy = 82

y? =2y =y?(e” - 1).
y'(2y —y') =y sin’ z.
'y =yt

252. zy'(zy' +y) = 2y%.
254. zy'> = y(2y' — 1).
256. y'° + (z + 2)e? = 0.
258. (zy' + 3y)? = Tx.

2
w(y —xy')? =xy'” - 2yy'.

y(xy —y)? =y — 2y

yy'(yy' — 2x) = 2% — 29°.

y? + dzy — y? — 222y = z* — 422,

y(y — 2zy')? = 2y

2

YpaBHenusa 267—286 pemuTb MeTOAOM BBeJeHUA Iapa-

MeTpa.

267.
269.
271.
273.
275.
277.
279.
281.
283.

e=y%+y.
r=y\Vy’+1
y=y" +24°

W +1° =@ -y
y' -y =y

v =2y + 9

5y +y” =z +y).
Y’ +y’ = ayy.

y = eV /v,

268. z(y'> — 1) =2y
270. y'(z —Iny') = 1.
272. y = In(1 + y'?).

274. y = (y' —1)ev'.

276. y'* — > =y

278. y'> — 2zy’ = 22 — 4y.
280. 22y'* = zyy' + 1.
282. 22y’ —y =y’ lnyy'.

284. y = zy' — z2y'>.
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285. y = 2y’ + y2y’°. 286. y(y — 2zy')% = y'°.
Pemnts ypaBuenus Jlarpausa u Kiaepo (3agaun 287—296).
287. y = zy’ —y'°. 288. y + xy =4y,

289. y = 2zy’ — 4y'°. 290. y=zy' — (2+79').
291. y'* = 3(zy’ — y). 292. y = zy'® — 2y'°.

293. zy' —y =Iny'. 294. zy'(y' +2) =y.

295. 2y (y — zy') = 1. 296. 22y’ —y =Iny'.

297. HaiiTu oco6oe penieHue auddepeHINalIbLHOTO ypaBHe-
HUA, €Cclli U3BECTHO ceMeiiCTBO pellleHUil 3TOro ypaBHeHUA:

a) y = Ca? - C?, 6) Cy = (z - C)?,

B)y=C(z - C)2, r) zy = Cy — C2.

298. HaiiTu KpuBylo, Kamaad KacaTelbHaA K KOTOpoil obpa-
3yeT ¢ OCAMHU KOOPJAMHAT TPeyroibHUK Iomany 2a?.

299. HaiiTu KpuBylO, Kam/JafA KacaTelbHad K KOTOpPOi oTce-
KaeT Ha OCAX KOOPJUHAT Takue OTPe3KU, UTO CyMMa BeIHYuH,
o6paTHBIX KBajipaTaM [JINH 3TUX OTPe3KOB, paBHa 1.

300. HaiiTu kKpuBYyI0, NIpoXoJdIyI0 Yepe3 Hayajuio KOOpAUHAT
U TaKylo, YTO OTPEe30K HOpMalHu K Heil, 0OTCeKaeMbIil CTOPOHAMU

NEePBOr0 KOOPAMHATHOTO yria, UMeeT NOCTOAHHYIO MJIUHY, paB-
HYIO 2.

9. PASHBIE YPABHEHHUA ITEPBOTO
MOPAIKA!

Pemuts ypaBHenuda 301—330 u nocTpouThb rpaduKku UX pe-
LIeHUH.

301. 2y’ + 22 +ay—y=0.  302. 22y +y*> =1
303. (2zy? —y)dx + zdy = 0.

304. (zy +y)? = 2%y 305. y— ¢ = y® +ay.
306. (z+2y°)y’ =y. 307. y'° — y'e?® = 0.

1Bce 3agayun §9 pemarOTCA UIJIOMEHHbIMU paHee MeTodaMu.
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308. 2%y’ = y(z + ).
309. (1 —2?)dy + xydz = 0.
310. 3> + 2(z — 1)y’ — 2y = 0.
311. y +y'In*y = (z + 21Iny)y’.
312. 2%y’ — 2zy = 3y.
313. z +yy' = 2(1+¢7).

314. y = (zy' + 2y)2. 315. ¢y’ =

.'E—y2.

316. y* + 3z —6)y' =3y.  317.z— L = %

!

318. 2y — 3y +x =y. 319. (z +y)%y = 1.
320. 2z3yy’ + 32%y? + 7= 0.

321. 2 = (1 - 22) dy.

322, zy' =e¥ +2y.

323. 2(z — y?)dy = yda.

324. z2y° + 42 = 22(2 — yy/).

325. dy + (zy — xy®) dz = 0.

326. 222y = 32 (2zy' — y).

327. L =2 — 9,
T +yy

328. x(x — 1)y’ + 22y = 1.

329. zy(zy —y)2 + 2y =0.

330. (1 — z%)y’ — 2zy? = xy.

Pemnts ypaBHeHusa 331—420.

331. y' +y = zy’.

332. (zy* —z)dz + (y + zy) dy = 0.

333. (sinz +y)dy + (ycosz — x?) dz = 0.



334.
335.
336.
337.
338.
339.
340.
341.
342.
343.
344.
345.

346.
347.
348.
349.
350.
351.
352.
353.
354.
355.
356.

357.
358.

§9. PasHble ypasHeHUus nepeozo nopadka

By +1=0.

3y
yy' + 132 ctgx = cosx.

(e¥ + 2zy) dx + (e¥ + )z dy = 0.
zy? =y —vy.

zx+1)(y —1) =y.

yly —zy') = Vat +yt.

zy' +y=1Iny'.

2%(dy — dz) = (z + y)y de.

Y +xyy = 3y.

(zcosy + sin2y)y’ = 1.

(wy' —y)* =y” - 1.
(4zy — 3)y' + 9y = 1.
YV =\y—z+ /.
zy' = 2,/ycosx — 2y.
3y =y +y.

vy —ay) =2y’

y' = (4z +y — 3)2.

(cosz — zsinz)ydx + (x cosz — 2y)dy = 0.

22y'? — 2zyy’ = 2 + 3.

%yl +2zxylnx+1=0.

zy' = a:\/m + 2y.
(1-2%y)dz + 2%(y — xz)dy = 0.
(2ze¥ + y*)y' = yeV.
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359.
360.
361.
362.
363.
364.
365.
366.
367.
368.
369.

370.
371.

372.

373.
374.
375.
376.
377.
378.
379.
380.
381.
382.
383.
384.

§9. Pasnvie ypasnenus nepeozo nopadra
zy'(lny —lnz) = y.
2y’ = x +Iny'.
(22%y — 3y?)y’ = 622 — 2xy? + 1.
yy =4z + 3y — 2.
y2y + 22 sin® z = 3 ctg x.
2y’ — y = siny’.
(z%y® + Dy + (zy — 1)’zy’ = 0.
ysinz + y' cosz = 1.
rdy —ydr = x\/mdm.
v +ay” =ay(y? +y7°).
Yy =2z -y+2.
(z —ycos L) da + xcos Ldy = 0.
2 (x2y+ \/W) dz + 23 dy = 0.
(v — z/y) (22 — 1) = zy.
v+ (Y -2z =3y —y.
(2x+3y—1)dx + (4o + 6y — 5)dy = 0.
(2zy?* —y)dz + (y¥* +z+y)dy = 0.
y=y'vV1+y>
y> = (zyy' + 1) Inz.
4y =% + ¢
2z dy + ydz + zy?*(x dy + ydz) = 0.
xdr + (22 ctgy — 3cosy) dy = 0.
22y”® = 2(xy — 2)y' + 42 = 0.
zy +1=e"Y,
y' = tg(y — 2z).
322 —y = y'Va? + 1.



385.
386.

387.
388.
389.
390.

391.

392.
393.
394.
395.
396.

397.

398.

399.
400.

401.

402.

403.
404.

405.

406.

§9. Pasnvle ypasnenus nepeozo nopadra
yy' +xy = 2.
z(x — 1)y +y° = zy.
zy =2y +1+y"?.
2z +y+5)y =3z +6.
y +tgy = Tsecy.
vy = dy(ay' - 29)%.
y/ — y2 - .

2y(z +1)

zy = z%e7Y 4 2.
y =3z + \/y — 22
zdy — 2ydz + zy?(2z dy + ydz) = 0.
(x® — 2zy?) dx + 32y dy = x dy — ydz.
(yy')? = 2Tx(y® — 227).

Yy —8x\/y= Aoy

22 -1

av—!—yd

2z —In(y +1)]dx — ]

y=0.

zy = (z* + tgy) cos? y.

2
2 (y—xy') =yy”.

' 3z

Y P +y+1

y = Aty
z(y +1) — z?

(y —2zy')” = dyy"”.
6x5y dz + (y*Iny — 32%) dy = 0.

y’:%\/i-l— VY-

2
! _ xr
2zy +1—y+y_1.

43
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2
$2+2
407.yy’+$:%( $y> .

w4y -1\
08,y = (2t =1)

409. (:c\/y +1 +1) (y? +1)dz = zy dy.

410. (22 + > + Dyy' + (2 +y*> — 1)z = 0.

411. y*(z — 1) dz = z(zy + = — 2y) dy.

412. (zy' — y)? = 2?%y? — 2.

413. zyy' —22/y2 +1=(z +1)(y? + 1).
414. (22 - 1)y +y* —2zy+1=0.

415. y' tgy + 423 cos y = 2.

2 !
416. (zy —y)2 =y — % + 1.

417. (z + y)(1 — zy)dz + (z + 2y) dy = 0.

(
(

418. 3zy + = + y)yder + (doy + = + 2y)z dy = 0.
(

419. (22 — 1) dz + (2*y* + 2> + x) dy = 0.

420. z(y? +e2) = -2y,

§10. YPABHEHUSA, TOIIYCRAIOIIINE
IIOHUAREHUE ITOPAIRKA

1. Ecin B ypaBHeHUe He BXOAUT HCKoMad QYHKIHA y, T. €. OHO
umeer Bug F(z, y®, y&+D), y™) = 0, To mopAKOK ypaBHeHus
MO#HO NOHU3UTb, B3AB 3a HOBYIO HEU3BECTHYIO DYHKIMIO HUBNIYIO U3
IPOM3BOHBIX, BXONAMKX B ypaBHEHHUe, T.e. cienas 3ameny y*) = z.

2. Eciu B ypaBHeHUe He BXOJUT He3aBUCHMOeE TepeMeHHOe T, T. e.
ypaBuenue umeer sug F(y, y', 3", ..., y™) = 0, To nopamok ypasue-
HMA MOKHO MOHU3WUTh, B3fIB 38 HOBOE He3aBUCHMOe IlepeMeHHoe ¥, a 3a
HeusBecTHYI0 byHENUIO 3 = p(y).

I pumep. Pemuts ypasuenne 2yy” = y'> + 1.
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B ypasuenue He Bxoaut z. [lonaraem y' = p(y). Toraa

,,_d(y')_dp(y)_d_p dy _
4 dz dz ~ dy az PP

Mogcrasaas y' = p u y” = pp’ B ypasHenue, noryuum 2ypp’ = p> + 1.
Tlopa/ok ypaBHEHUA NOHM#AeH. PellB noiyYeHHoe ypaBHeHUe, HalifleM
p = +£4/Cy — 1. Cnegoparensno, y' = ++/Cy — 1. U3 3T0oro ypaBHeHus
nonyunm 4(Cy — 1) = C?*(x + C2).

3. Eciu ypaBHeHHe 0JHOPOIHO OTHOCHUTEIbHO Y U €ro IpOoUu3BOI-
HBIX, T. €. He MeHfAeTCA IpPU OJHOBpeMeHHoi 3amene y, y', ', ... Ha
ky, ky', ky", ..., To IOpANOK ypaBHEHWA NOHUAAETCA TOJACTAHOBKOL
y' = yz, re z — HoBasA HeusBecTHaA GyHKIUA.

4. TlopAJoK ypaBHEHUA NOHUMKAETCH, €CIU OHO ABIAETCA OJHOPOI-
HBIM OTHOCUTENLHO T U Y B 0606IEHHOM CMbICHe, T. €. He MEeHAeTCA OT
3aMeHbI x Ha kx, y Ha k™y (npu sToM y' 3amenserca Ha k™ 'y’, y" —
Ha k™~ 2y” u 1. 1.). UT06BI y3HATB, Gy/eT M ypaBHEHHE OTHOPOIHBIM,
U HaliTU YMCIIO M, HaJ0 IPUPABHATE APYT APYTY NOKA3aTely CTeleHei,
B KOTOpPBIX uMcio k 6y/leT BXOAUThL B Ka A /1 bl ff UleH ypaBHeHUA Moc-
Jle yKasaHHOH Bbllle 3aMeHbl. Hampumep, B MepBblil WieH ypaBHEHWUA
22*y"” — 3y? = x* nocne sToit 3amens! uncio k GyaeT BXOAUTH B CTelle-
Hu 4+ (m — 2), Bo BTOPOil — B CTeNeHU 2m, B TPeTHi — B CTeneHH 4.
CrenoBaTenbHO, M [IONAXHO y/OBIETBOPAThL ypPaBHEHUAM

44+ (m—2)=2m=4.

Orciona m = 2. Eciu #e nonyyeHHble ypaBHeHUA 1A m Gy1yT HECOB-
MeCTHBIMHU, TO AU depeHnnaIbLHOe ypaBHeHe He ABIAETCA OJHOPO[-
HBIM B YKa3aHHOM CMbICTIe.

Ilocae Toro Kak YMCIIO M HalileHo, HAJo clelaTh 3aMeHy IepeMeH-
HEIX = e', y = ze™*, rjge z = z(t) — HoOBas HemsBecTHas DYHKIHA,
a t — HoBoe HesaBUCHMoOe NepeMeHHoe. [lony4yum ypaBHeHUe, B KOTO-
poe He BXOIIUT He3aBUCUMOoe nepeMeHHoe t. [l0pANIoKk TaKkoro ypaBHeHuA
MOHUMAaeTCA OJHUM U3 paHee PAacCMOTPEHHBIX CIIOCOGOB.

5. llopANOK ypaBHEeHUA JIerKO MOHUKAETCH, €CIH yJaeTcA Ipeob-
pasoBaTh ypaBHeHHe K TakoMY BHIY, 4ToObl 06e ero 4acTH ABIAIMCDH
MONHBIMU POU3BONHBIMHU 10 T OT KAKUX-HUOY AL dyHKIMil. Hanpumep,
mycTh AaHo ypasHeHnme yy' = y'°. Jlena obe yacTu Ha yy', MOLYUHM
% = 9y—’; (Iny') = (Iny); Iny’ = Iny + InC; y' = yC. Nopanor
YypaBHEHUA TOHUMEH.

Pemuts ypaBHenusa 421-450.
421. 2%y" =y, 422. 2zy'y" =y — 1.
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423. 3y = 1. 424. y* + 2yy" = 0.

425. y" = 2yy'. 426. yy' + 1=y

427. y"(e® + 1) +y' = 0. 428. y" =y,

429. yy" = y'* — y'>. 430. y"" =2(y" — 1) ctgz.
431. 2yy" = 42 + ¢, 432. v + zy’ = 2y
433. "> + o = zy'. 434. ' +y'? =2V,
435. zy" =y — 2y, 436. y"* =y + 1.

437. y" =ev. 438. y' —zy" +y"* = 0.
439. 2/ (y" +2) = zy">. 440. y* —y3y" = 1.

441. y* = 3y — 2 )y 442. " (2y +z) = 1.

443. y"* — 2y +1=0.

444. (1 —2?)y" +zy' = 2.

445. yy" — 2yy' Iny = y'>.

446. (y' + 2y)y" = y'2. 447. zy" =y’ + xsin %
448. ¢y =y, 449. yy' +y =y
450. zy" =y + z(y'? + 2?).

Pemuth ypaBHenusa 451—454, Bocnoib30BaBIIUCch GopMy-
noii, cBOJAIlell MHOMOKpaTHOE UHTErPUPOBaHNE K OJHOKPAaTHOMY
(em. [1], r1. IV, § 2, m. 1).

451. zy'V = 1. 452. zy" = sinz.
453. y" = 2xy". 454. xyV + ¢ = e®.

Pemuts ypaBHenua 455—462, npeo6pa3oBaB UX K TaKOMY
BHUAY, UTOObI 00€e YacTHU ypaBHEHHA ABIAINCH NOJHBIMU NPOU3-
BOJHBIMU.

455. vy + 3y'y" = 0. 456. y'y" = 2y".

457. gy =y'(y +1). 458. 5y""° — 3y"yV = 0.

459. yy' +y° = 1. 460. y' = xy +y + 1.
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461. zy" =2yy —v'. 462. zy" —y' = 2%yy'.

B 3zamauax 463—480 nmoHU3UTL MOPANOK JaHHLIX ypaBHe-
HUi, MOJNBL3YACh UX OJJHOPOJAHOCTBLIO, U PEMIUTDH 3TH yPaBHEHUA.

463. zyy" — xy’”® = yy'. 464. yy' =y + 15y% /7.
465. («2 +1)(y” — yy") = zyy'.
466. zyy" + zy’”> = 2yy'. 467. 22yy" = (y — zy')2.
v oy _y”°
468. y' + = + 5 = —.
r Y

469. y(zy" +v') = zy* (1 — z).
470. 22yy" +y* = 0.

471, 22 (y'* = 2yy") = 4.

472. zyy" =y (y+ ).

473. 42?y3y" = 2? — yt.

474. 2%y = (y — zy)(y — =y’ — x).

2 !
Yy 2 _ n o 2yy
475. > +y" =3y + "
5 4
476. " = (2.1';1/ - —) y + 4y — —‘g
x x
477, 22 (2yy" — y'?) =1 — 2zyy.

z*(
478. 2% (yy" — y'z) + zyy’ = (2xy’ — 3y)Vas.
479. z4(y'? — 2yy") = 4adyy’ + 1.

480. yy' + zyy" — zy'? = 3.

B 3agauax 481—>500, noHU3KB NOPAJOK AAaHHBLIX ypaBHEHUI,
CBECTU UX K ypaBHEHUAM IIepBOro NOpAIKa.

481. 4" (3 12\ _ 14 482. "% _ 'y = y 2
Y B+yyT) =y YT =yyT=E)

483. yy' + 222y = zy”. 484. y'* + 2zyy" = 0.
485. 2zy?*(zy" +y') +1=0.
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486. z(y" +y°) =y +y.
487. 2 (y'y" - 2y"") = y'".
488. y(2zy" +y') = zy'’> + 1.
489. y" +2yy” = 2z + 1)y

490. y'y" = y 24 y’zy” 491. yy' =y + 2ay?.
492. y"* =y —yy'®y". 493. 2yy" =y
494. y"'y"* = 1. 495. y2y" = 4>,

496. z%yy" +1= (1 —y)zy'.

497. yy'y" + 2y'*y" = 3yy""?

498. (y'y" =3y )y = y".

499. 2 (y'y" — 2y") = yy’2 "+ 2y
500. 2(y%y" — y'°) = 29y’ — Bayy”.

B 3apgauax 501—505 HaiiTu pelieHUA, yAOBIeTBOpAIONIUe
3aJaHHbIM HayalbHbIM YCIOBHUAM.

501. yy" = 2my'2; y(2) =2, ¥y'(2) =0,5.

502. 2y — 3y"> = 0; y(O) =-3, y(0)=1, y"(0) = —1.
503. z2y" — 3zy’ = 2% —4y; y(1) =1, /(1) = 4.

504. y"' = 3yy’; y(O) = -2, y'(0) =0, y"'(0) =4,5.

505. y" cosy +y' > siny = ¢'; y(—1) = oY1 =2

506. HaiiTu KpuBble, Yy KOTOPBIX B Jt000i TOUKE paguyc Kpu-
BHU3HbI BABOe 0oJjblile OTpe3Ka HOpPMald, 3aKJIIOUEHHOT0 MEMIY
3TOI TOUKON KpuUBOIi U ockio abeuuce. PaccmoTpeTh Ba ciyyas:
a) KpuBad oGpalleHa BBIIYKIOCTbIO K ocu abeuuce; 6) BOrHyTOC-
ThIO K ocH abcuucc.

507. HaiiTu KpuBble, y KOTOPbIX pajuyc KPUBU3HBI 00paT-
HO NPONOPLMOHANEH KOCUHYCY yria Me#Jy KacaTelbHOH U 0CblO
abcrucc.

508. OnpegenuTb ¢hopMy paBHOBeCHUA HepaCTAMUMON HUTH
¢ 3aKkpeljeHHbIMM KOHIIaMH, Ha KOTOpYylO JeHcTByeT Harpyska
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TaK, YTO Ha KaMAYIO eJUHULY MIUHBI OPU30HTAIbHOI IMPOEK-
oUy Harpyska oAuHakoBa (Lenu uemHoro mocta). Becom camoii
HUTH TpeHe6GpeyYb.

509. HaiiTu ¢popmy paBHOBeCcHA OJHOPOAHON HepacTAMUMOMN
HUTH (C 3aKpeIIeHHBIMU KOHIIAMHU) TOJ [eiiCTBUEM ee Beca.

510*. IorkasaTb, 4YTO ypaBHeHHEe IBUMEHHA MaATHUKA y' +
+ siny = 0 umeeT yacTHoe pemenue y(x), CTpeMAIEeCH K T IPU
xr — +00.

§11. JUHEWMHBIE YPABHEHUSA
C IOCTOAHHBIMHU KO9®POPUIIUMEHTAMU

1. YTo6bl pemuTh JAUHENHOE OJHOPOJHOE ypaBHEHUE C MOCTOAH-
HBIMH K03 dpULleHTaMU

aoy™ + a1y Y+ ... 4 an_1y +any =0, (1)
HaJo0 COCTaBUTb XapaKTepUCTHYECHKOe ypaBHEHHE
A" +aiA" "+ dan—i At a, =0 (2)

U HaiiTM BCe ero KOPHU A1, ..., An.

O6mee pemenve ypaBHeHus (1) ecTb cymMMma, COCTOAIAA U3 Clla-
raembix Buaa C;e”i® [IA KazKIOro IMPOCTOro KOpHA A; ypaBHeHHA (2)
U claraeMbIX BHJA

(Cmt1 4 Cg2® + Crgat® + .o + Crpgpz™ 1) (3)

IA Ka#IoT0 KpaTHOro KOpHA \ ypaBHeHus (2), rae k — KpaTHoCTb
KopHA. Bee C; — npousBonbHble nocrogHHble. KoaddunueaTsl ypas-
nenus (1) U KopHHU \ 37ech MOTYT GbITh BemleCTBEHHBIMM WM KOMII-
JIeKCHBIMU.

Eciu e Bce KoaddunuenTsl ypaBHenus (1) BelmecTBeHHBIE, TO
pellleHHe MOMHO HaIicaTh B BelleCTBEHHOI (opMe U B cilydae KOMII-
JeKcHBIX KopHeit \. [l1A KamJoif mapbhl KOMIUIEKCHBIX COIPA#EHHBIX
KopHeit A\ = o £ Bi B hopMyIy o6lero pelmeHHsA BKIIOYAIOTCA clarae-
Mble

Cm+1e”” cos Bz + Cry42¢“" sin Sz,

€CJIN 3TU KOPHU IIPOCThIE, U CllaraemMbie

Pr_1(z)e®" cos Br + Qr—1(z)e”” sin Sz,
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eclIM Kaablil U3 KopHeil a + i u a — (i uMeeT KpaTHOCTEL k. 31ech
Pr,_1 1 Qr—1 — MHOTrO4wIeHbI cTeneHy k — 1, aHaTOrMYHble MHOTOWIEHY
B (3), X K03()PUIMEHTHI — NPOU3BOILHBIE IOCTOAHHBIE.
Mpumep. Pemurs ypabuenne y¥ — 2y"Y — 16y’ + 32y = 0.
[Iumem xapakTepucTHYecKoe ypaBHEHUe

A2\t —16A+32=0.
Pasnaraﬂ J'IeBle YaCTb Ha MHOMUTEJIIN, HAX0OUM ROpHI/I:

A=2)A*=16) =0, (A—2°A+2)(A\°>+4) =0,
AM=X=2 A3=-2 Ai=2i, A\s=—2i.

Ilo uzno#eHHBIM Bbllle TPaBUIAM MUIIEM obliee pelieHMe
2 —2 .
y = (C1 + Caz)e™ + C3e™ " 4+ C4 cos 2z + Cs sin 2z

(cremenn Muorounena C1+ Cax Ha 1 MeHbIe KPAaTHOCTH KOPHA A = 2).
2. [l1A TMHEHHBIX HEOJHOPOJHBIX YPaBHEHUH ¢ MOCTOAHHBIMH KO-
3¢ punreHTaMu U ¢ NpaBoOi 4YacThlO, cOCTOANEH U3 CYMM U IIpou3Be-
neHudt GyHRUui by + b1z + ... + by, z™, e*?, cos Bz, sin Bz, yacTHOe
pellleHre MOMHO UCKAaTh METOAO0M HeoIpeJeleHHbIX K03} QUIUeHTOB.
Jlna ypaBHeHu# ¢ mpaBoii yacTbio Pp,(x)e’”, roe Pp(xz) = bo+
+bix+ ... + bpx™, yacTHOE pelleHHe UMEET BUA

y1 =2 Qm(z)e’, (4)

rae Qm(x) — MHorouneH Toi e creneru m. Yucio s = 0, ecan v — He
KOPEHb XapaKTepUCTUYEeCKOro ypaBHeHHA (2), a eClIu ¥ — KOPeHb, TO
S paBHO KPaTHOCTU 3TOro KopHA. UTo6bl HaliTU K03hPULMEHTHI MHO-
rowieHa Qm (z), Hago pemenue (4) moacTaBUThH B guddepeHnnaTbHOE
YypaBHeHMe U IPpUPABHATb K03¢ PUIMEeHTh] IPU NONOOHBIX YileHaxX B Je-
BOH U NpaBoOil yacTAX ypaBHEHHH.

Ecau B npaBylo yacTh ypaBHeHUSl BXOAAT CHHYC M KOCHHYC, TO
UX MOKHO BbIPa3UThb yepe3 MOKa3aTeIbHYIO GYHKIUIO IO ¢hopMyiaM
ditnepa
eiﬂz + e—iﬂz . eiﬂz _ e—iﬂz
—— > sin Bx = —
U CBeCTH 3ajJady K y#e pacCMOTPEHHOMY Ccily4alo.

Ecau e ko3¢ punueHTs! 1eBoil YacTU ypaBHeHUA BelleCTBEHHBI,
TO MOKHO 060iTHCH Ge3 nepexoja K KOMILUIeKCHbIM pyHKuuAM (5). Jaa
YypaBHeHMA C [IpaBoOii 4acTbiO

e (P(z) cos Bz + Q(z) sin Bz) (6)

()

cos Bx =



