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TJIABA 1

OcHOBBI TEOPUU TPYIII

B 3T0i1 rmaBe n3yvyaroTca OCHOBHBIE MOHATHS TEOPUH TPYIIIL.

1. Tpynnbl, DOArpynnbl, HOPSJIKU IJIEMEHTOB
HamomuanM HEKOTOpBIE HEOOXOTUMBIE ONIPEIeTeHHS.

OnPEAENEHUE 1.1. MuoxkecrtBo G ¢ OGuHapHON onepaiueil yMHOXKEHUsI XY HAa3bIBAETCS
2pynnot, ecnn
(1) ymHO)KeHme acconuaTuBHO, T. €. (zy)z = x(yz) mjig Beex x,y, z € G|
(2) cymecrByer rakoii asement 1 € G, HasbiBaemblil edunuyeti G, uro xl = lo = x g
Beex z € G
(3) puia moboro siementa @ € G HANAETCH TaKOH 7IEMEHT X~
Kz, uro zz ' =2tz = 1.

| Ha3bIBaeMBIH 06PaMHILM

ONPEAENEHUE 1.2. TTopadxom rpynmel G HazbiBaercs 4ancio |G| snemenTos B G.

YrPAXKHEHUE 1.3. Ilycrs Py — moste u3 g sanementos. Jlokasarh, 9TO
|GL(n,Fy)| = (¢" = 1)(¢" = 9)(¢" = ¢*)- - (¢" — ¢" 7).

[IPEO/TIOYKEHUE 1.4. Edunuumnvii ssemenm 6 2pynne eduncmeenen. Jlas xaxcdozo sie-
menma x € G obpammniii saemenm x~1 onpedeser odnosnauno. Kpome mozo, ecau x €
G, mo (z71)"t =2z,

OnPEAENEHUE 1.5. Henycroe nopmuoxkecrso H B rpynne G Ha3biBaeTcst n0d2pynnot, eciu
BMECTE C JIIOOBIMY JIBYMSI €r0 3JIEMEHTAMU OHO COIEPYKUT MX MPOUBBEICHUE, U C Ka¥KIBIM CBOUM
s7eMeHTOM H COmepKuT ero 0OpaTHBI.

[TPENJIOKEHUE 1.6. Ecau H — nodepynna 6 epynne G u 1 — edunuunoil ssemenm G, mo
leH.

VYUOPAXKHEHUE 1.7. B mpowusBonbHO# rpymie mpou3BeeHue Ji0b0ro 9ucia 3JIeMEeHTOB He
3aBHUCUT OT PACCTAHOBKHU CKODOK.

[IPEAJIOXKEHUE 1.8. /laa nenycmozo nodmmosicecmea H 6 epynne G caedyrousue ycaosus
IKBUBANEHINHDL:
(1) H aeasemca nodepynnot ¢ G;
(2) ecauz,y € H, moxy~ ! e H.

JIOKA3ATEJBLCTBO. Ilycrb Bomosueno ycaosue (1), u x,y € H. B cuny onpenenenus 1.5
nonydaem z,y + € H, orkyaa 2y~ ! € H, T. e. Bomonaneno yciosue (2).

O6parHo, nmycrb BbinoaHeHo yciosue (2), uy € H. Torna y,y € H, orkyna 1 = yy~ ' € H
o (2). Jamee 1,y € H, orkynay ! = 1y~! € H no (2). Hakonen, ectm 2,y € H,Toz,y ' € H
no gokazanroMy Bhime. Otciona x(y 1)~ = xy € H no npeanokenuio 1.4. O

[TpuMEPHL 1.9. IlpuBenem mpuMepsl TPYIIT U UX TOACPYIIIT:
(1) rpyunna S, comepxkut noarpyuibst A, Sp_1;
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6 1. OHOB EOHNM TI'IIIl

(2) rpynua SL(n,C) comepKuT noArpymibt
GL(n,R), GL(n,Q), SL(n,C), SL(n,R), O(n,R),
SO(n,R) = SL(n,R) N O(n,R), U(n,C),
SU(n,C) = SL(n,C) N U(n,C);
(3) rpymma * comepxut noxrpynnet U = U(1,C), U,, = {z € C|z" = 1};
(4) rpymma mmsapa D,,n > 3, cocTosmas u3 BeeX ABHKeHni R2, mepeBoaanmx mpaBib-
HBIA N-YTOJBLHUK B CeOs.

MPELIOXKEHUE 1.10. ITyems npasusvrot n-yzoavrux pacnososicer 8 C = R?, npuvem
€20 UEHMP HATOOUMCSA 8 HYAE, BEPUUHDL SEHCAT, HA OKPYHCHOCTNU Paduyca 1, u 00Ha U3 6EPUIUH

6 mouke 1. Ilycmo
27 2

cos — —sin — 1 0
a= I o | :<0 _1>'

sin —  cos —
n n
Toz0a D,, cocmoum u3 saemenmos
2 n—1 n—1
1,a,a%,...,a" " ,b,ba,..., ba
u nomomy umeem nopadox 2n. Kpome moeo, a™ = b* = (ba)? = 1.

YrupAKHEHUE 1.11. Ilycrs
¢ 0 0 -1 0 —
()= (0 )= () esieo
Jlokazarn, 9TO

W) P=P=K=-FE I[J=KJK=IKI=JJ =-KKJ=—IIK=—J;
(2) 8 marpuny +F, +1, +J+ K o6pa3yioT nmoarpyriy ksarepanonos Qg B rpymnmne SL(2, C).

VTPAXKHEHUE 1.12. Ecnu H;,i € I — nmoarpynnst rpynnst G, 10 Niey H; — noarpymnna
rpyubt G.

OnPEAENEHUE 1.13. Iycrs a — amement rpynnst G. g TPOU3BOIBHOTO EJIOTO YHCIA 7
MOJTOXKUM

1, eciau n = 0;
n _ a---a , ecman > 0;
a = N——
n MHOXKHUTeJIel
(a=™)7 1, ecm n < 0.

TTPEATOKEHUE 1.14. ITycms a — saemenm nexomopot epynnot u n,m € Z. Tozda

n+m — M (an)m — a}nm.

a aa™,

OnPEAENEHUE 1.15. Ilycre a — snement Hekoropoii rpynust. Ilopadkom |a| (nmm o(a))
9JIEMEHTa ¢ HA3bIBAETCA TAKOE HAMMEHBIIEE HATYPAIbHOE 4ucio 1, 4ro a’ = 1. Eciu rakoro
YHUCNIA N HET, TO TOBOPST, YTO MOPSIIOK @ PABeH GECKOHEYHOCTH.

ITPEANOKEHUE 1.16. ITyecmo |a] =n < 0o, um € Z. Caedyrouue yciosus IK6USANEH-
HbL:

(1) nm (n deaum m);
(2) a™ =1.

OnpreAEJAEHUE 1.17. Ilycth a € G. Yepes (a) obo3nauum MHOXKECTBO {a™|n € Z} Bcex
CTeIleHel 3JIeMeHTa a.

YTPAKHEHUE 1.18. (a) siBasiercst noxrpymnmoit B G.



2. CMEZKHE KJ/IA 1 EOEMA JIATAHXKA 7

OnpPEAEAEHUE 1.19. Iycts a € G. Toarpyuna (a) Ha3bIBaETCS YUKAUYECKOT TOAIPYIIIONR
B rpynne G, IOpoxkKAeHHO# 3neMeHToM a. I'pynna G Ha3bIBACTCA YUKAUECKOT C NOPOHCOBIOULUM
(obpasyrougum) snementom a, ecan (a) = G.

[TpuMmEPHL 1.20. JokazaTh, 9TO

(1) rpynna Z siBisieTcst TUKJINIECcKast C TTOPOKJAIONTIM 3eMenToM 1 (mm -1);
(2) rpynna U,, KOMILJIEKCHBIX KOpPHE n-0ii cTernenu u3 1 aBageTcs MUKJINIeCKOl Irpynnoit
C TTOPOXKJAIOMIUM 3JICMEHTOM

271 2 .. 2w
exXp — = COS — +1SsIn —.
n n n

[IPEAJIOXKEHUE 1.21. ITycme a — saemenm nexkomopot epynno. Tozda |[(a)| = |al.

JOKABATEJIBCTBO. Ecam a” = o™ npu HEKOTOPBIX 1 < M, TO

m

a™ " =1, ulal =n < cc.
B sTom cayuae
(a) ={1,a,d?,...,a" '}
(]

OBO3HAYEHUE 1.22. Ecuu |a| = n B ycioBuu npejgoxenus 1.21, T0 HIUKIJIMYECKYIO IPYIIILY,
HOPOXKJIEHHYO JIEMEHTOM @, MBI OyzeM 0003HAIATH (@), .

TEOPEMA 1.23. Ilodepynna yukaiuveckol epynnot cama ABAAECMCA UUKAULECKOT.

JIOKABATENBLCTBO. Ilycrs H — noarpynna mukiaudeckoil rpynubl G = (a). Ecou H = 1,
TO yrBepxKIenue odeBuaHO. Ilycrs H conep:kut HeenmmHudHbBIA d1ement o, m # 0. Ecmm
m < 0, o H conepxur u 3sement a~ ', —m > 0. Boibepem Takoe HammeHblliee HATYPAJIHHOE
qncio m, 9ro b = o € H. Ecm o” € H,r € Z, 1o, nens r ¢ OCTATKOM Ha M, MOJyIaeM
r=sm-+q,0<q < m. [Ipu srom no nmpeayioxxennio 1.14

al=a"" =a"(a™)"° € H,

9TO MPOTHBOPEYUT BHIOOPY m, ecau q > 0. O
CHENCTBUE 1.24. ITycmo my,...,my € Z, ud — wuceamy, ..., my,. Toeda cyuecmesyrom
MAKUC UCABLE YUCAG U, ..., Uy € Z, 4MO MUy + -+ + MuUy = d.

HOKABATENBCTBO. Ilycts H = Zmq + - - - + Zm,,. Torma H — nmoarpynna B Z, u, CJaema0-
BaresnbHo, H = Zd. Ocraercst yoeauthest, uro d = (mq, ..., My). O

TEOPEMA 1.25. ITyeme G = {a), u H — nodepynna ¢ G. Tozda cywecmeyem u npumom
edurcmeenrnoe makoe wucao d, deaaujee n, wmo H = <ad>%.

JTOKABATEILCTBO. Ilo Teopeme 1.23 momygaem H = (a*) nnsa mexoroporo 0 < k < n.
Honoxum d = (n, k). Ocraerca samerutn, uro H = (a?). O

VOPAYKHEHUE 1.26. Ouucarb Bce HOAIPYIIIBLL B (a)12.

2. CmexHbIe KJjacchl n Teopema Jlarpan>xka

OnPEAEJNEHUE 1.27. Ilycre H — noarpynma B rpynne G, u g € G. Jlegvim cmercHbim
xaaccom gH naspiBaerca nopmuoxecrso {ghlh € H} B G.

YIPAX>KHEHUE 1.28. Haittn

(1) nessie cmexubie kaacesl GL(n, C) mo SL(n, C);
(2) seBble cmexHble Kiaccehl Z 10 nZ;
(3) seBBIE U MpaBBIE CMEXKHBIE KJIACCHL Sy, 1O Sy 1.
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VIPAXKHEHUE 1.29. Ilycrs H — noarpynna B rpynne G u x,y € G. Jokasarb, 4TO Clery-
IOIIUE yCJAOBUS IKBUBAJIECHTHBI:
(1) zH = yH;
(2) 27y e H.

MMPEANOKEHUE 1.30. ITyemv H — nodepynna 6 epynne G u x € G. Toeda |H| = |z H|.

TPEATOKEHUE 1.31. ITyems» H — nodepynna 6 epynne G u x,y € G, npuvem y € xH.
Tozda xH = yH.

HOKABATEJILCTBO. fcuo, uro yH C xH. Ilo ycnosuio y = xh s wekoroporo h € H.
Cnenosarensuo, aaa moboro v € H monywaem xu = y(h~tu), rne h~'u € H. Orciona xH C
yH, . e. zH =yH. (I

CJIEACTBUE 1.32. ITycmo H — nodepynna 6 epynne G. Tozda dea aesoir (npasoir) cmesrc-
Houx Kaacca G no H aubo cosnadarom, Aubo e nepecexaromcs.

JOKABATEJIBLCTBO. BocnosbzoBarbes npemioxkenunem 1.31. g

TEeoOPEMA 1.33 (Teopema Jlarpanxka). ITycms H — nodepynna 6 xonewnot epynne G. Tozda
|G| = |H|j, 2de j — wucao aeewz (npaswizr) cmencnux xaacca G no H.

JOKABATEJBLCTBO. Pazobbem G Ha JeBble cMexkHbIe Kaacchl mo H. Torma Kaskaplii aJ1e-
MeHT T € (G JIeXXKuT B HEKOTOPOM KJiacce, nMeHHo, B £H. Ocraercs BOCIOIbL30BATHCSA CJEICT-
BueM 1.32 u mpemnoxennem 1.30. (]

CHEACTBUE 1.34. Ilopsadox snemenma Konewrotl 2pynno. deaum nopador epynnot.

CHAEACTBUE 1.35. ['pynna npocmozo nopadka AGAAEMCHA YUKAUECKOT.

3. T'omomopdu3mbl, HOpMaJIbHBIE MOATPYIIIbI, (PAKTOPTPYIIIIBI

OuprEJEJIEHUE 1.36. OTtobpaxkenue rpynm f : G — H HA3BIBACTCI 20MOMOPHUMOM, €CITH
flzy) = f(z)f(y) nnsa Beex z,y € G. NnbekrusHblii roMoOMOP)U3M HAZBIBAETCH MOHOMOPHUS-
mom. CHOPBEKTUBHBIA TOMOMOP(MU3M HA3BIBAETCA INUMOPPHUIMOM. BHEKTUBHBIA TOMOMOP-
busm Ha3bIBAETCA U30MOPPUIMOM. V30MOpdU3M Tpymmbl HA Ce0sT HABBIBACTCS A8MOMOPPHUS3-
MOM.

ITpumMmEPH 1.37. IIpumepsr roMoMOpdU3MOB:
(1) det : GL(n,C) — C*;
(2) 3max noncranosku o : S, — {£1}.

VIIPAYKHEHUE 1.38. Eciu g — dukcupoBannblii 37eMenT rpyiibl G, TO 0TOOparKeHue T —

gag~! apasgerca aBToMopduMOM TpymmbI G.

ONPEAENEHUE 1.39. Asromopdusm u3 ynpaxkuenus 1.38 naswisaercs euympenmum. OH
TaKK€ HA3BIBACTCS CONPAHCEHUEM C TLOMOULDIO (.

[TPEIOKEHUE 1.40. ITyemo f: G — H — zomomoppusmom. Tozda f(1) =1 u f(z™1) =
f(x)~t dns ecex x € G.

VYTPAXKHEHUE 1.41. Ilycrs f: G — H — romomopdusm rpymm. Jlokazarb, 94To

ecmu G1 — noarpynna B G, ro f(G1) aBiagerca noarpymnoii B H;
(2) eciu g : H — F — romomopdusm rpyni, 10 ¢f : G — F Takke sBJIseTcd TOMOMOD-
du3MOM TPYIIIL.

ONPEAENEHUE 1.42. Ioarpynna H B rpynne G Ha3bBaeTcH HOpmasvroti, ecan xHx ™1 C
H nna mo6oro x € G. Eciu H —nopmasibras noarpynna B rpynne G, to numyr H < G.
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I[MTPEMIOWKEHUE 1.43. ITycms H — nodepynna 6 zpynne G. Tozda caedyrougue ycrosus
IKEUBANEHMHDL:

(1) nodepynna H nopmanvna 6 G;

(2) zHz=! = H daa mobozo = € G;

(3) ®asrcowti aeeviti cmescuorli kaace G no H ABAAEMCA NPABHLM CMEHCHBILM KALCCOM;
(4) xasrcont npaswil cmeschviti kaace G no H A6AAEMCA NEBBLM CMEHCHBIM KAGCCOM.

JLOKA3ATEJILCTBO. Ilycrb Boinosnueno ycaosue (1) u x € G. Torua
t 'H(z ™)' =27 'He C H,

orkyna H C xHz ! u mostomy Hx~! = H B cumy (1).

[ycrs Teneps sbmoaneno (2). Torna H = xHr 'z = Hx, 1. e. Bomonuneno (3).

ITpeanonoxum rernepb, 4TO BBIIOAHEHO (3), U PACCMOTPUM JIeBbIil cMexKHbI Kaace TH.
Ilo ycnoBuio OH sSIBJISIETCS MPABBIM CMEXKHBIM KJIACCOM, cofepxKamuMm ¢, T. €. *H = Hx mo
npemnoxkennio 1.31. Orcrona BeiTekaer (2), u, ciaenoBarenbro, (1).

Nrak, repBble TPU yCJIOBUSI SKBUBAJEHTHBL. AHAJIOIMYHO MOKA3BIBAETCS, YTO YETBEPTOE
yCJIOBHE KBUBAJEHTHO BTOPOMY. O

ONPEAENEHUE 1.44. Tlycrs f: G — H — romomopduam rpymm. Sddpom ker f naspiBaercs
MHOKECTBO Bcex Takux z € G, uro f(x) = 1.

[TPETOKEHUE 1.45. ker f < G.

I[TpuMEPHL 1.46. doka3arb, 4TO
(1) A, <Sy;
(2) SL(n,C) < GL(n,C);
(3) Vi <1$4, Sg fl Sy.
YupaKHEHUE 1.47. Ilycts f : G — H — romomopdusm rpynn. lokasars, 9To orobpa-
xenue f uabeKTUBHO <= ker f = 1.

[TPEMIOKEHUE 1.48. Iycms f : G — H — 2omomopdpusm epynn v x € G. Tozda
fHf(@) = wker f.
JOKABATEJBCTBO. 3amMernMm, 9TO B CHJIy yrmpaskHenns 1.29
ye [N (f(@) = fly)=flz) < flz7ly) =1
< zlyckerf <= zker f=ykerf.

O1cCiofa BBITEKAET yTBEPXKICHUE (]

Iocrpoenne gaxmopepynnu G/N, rne N <4G. TloctpoeHne ecmecmsennozo 20MOMOPPHUMa
7:G— G/N.

VOPAKHEHUE 1.49. Eciu 7 : G — G/N — ecrecrBennsiii romomopdusm, to kerm = N.

TreoPEMA 1.50 (Teopema o romomopdusmax). IHycmo f: G — H — 2omomopdusm epynn.
Toz0a G/ ker f ~ f(G).

JIOKABATEILCTBO. Ilycts x € G. Tlo mpepnoxenmio 1.48 momygaem, uto f~1(f(z)) =
xker f. Baganum renepb orobpaxenue ( : f(G) — G/ ker f no upasuiy
((f(@)) = fH(f(x)) = zker f.

ITIposepuwm, uto ( sBagercs romomopdusmom rpymm. Ilyers x,y € G. Torna xy € f~1(f(zy)),
T. e.

C(f(zy)) = my(ker f) = (zker f)(yker f) = C(f(2))C(f(v))-

Urak, ¢ asrgerca roMmoMOppu3MOM.
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Y6enumcsi, uro ¢ unbvekrusHo. Ilycrs g,h € f(G) u ((9) = ((h). Tlo ompenesenuto

g = f(z),h = f(y) s vekoropwix x,y € G. Orcioga xker f = yker f, u nosromy g = f(x) =
fly) = h.

Yoéeaumcst, uro ¢ cropbertusro. Ecam x € G, 1o x ker f = ((f(x)). Urak, ¢ — n3omopduam.

(I

ITpuMEPHI 1.51. Jokazarb, 94TO
(1) GL(n,C)/SL(n,C) ~ C*,
(2) Sn/An = {£1};

(3) Z/nZ ~ U,.

4. Jle#icTBug rpynn Ha MHOXeCTBax

OuprEAEJNEHUE 1.52. Ilycts G — rpymma u X — muO)kecTBO. Ckaxkem, uro G deticmeyem
Ha X, €C/IM 33JJaHO TAKOE OTOOpasKeHue

GxX—-X, (gr)—gzeX, geGuzelX,

yro 1l = z,(gh)x = g(h(z)) mus Beex g,h € G u x € X. Ipyrumu cjioBamu, 3aJaH FOMOMOD-
¢usm rpynme G B TPYNTy TEPECTAHOBOK MHOXKECTBA X .

ITPuMEPHI 1.53.
" JleiictBue rpynmbl G conpsikenusvu HA G.
b Ilycrb H — noprpynna B8 G. Torga H geiicrByer ymuoxenusmu cjiesa na X = G.
i I'pynuna G = GL(n, C) peiictByer Ha n-MepHOM BEKTOPHOM KOMILJIEKCHOM ITPOCTPAHCT-
Be C".
f I'pymna S, neficteyer na kombie muaorownenos C[X1, ..., X,] no npaswmry

O'(f(X177Xn)) = f(Xala--~7XUn)-

OnpreEAEJEHUE 1.54. Ilycrs 3amano mgeiicteue rpynmbl (G Ha MHOXKecTBe X, m o € X.
Op6umot Orb, smemenTa = Has3bBaercs moaMHOKecTBO {gz|lg € G}. Cmabususamopom St
Ha3BIBAETCS MOIMHOKECTBO BCEX TakuX g € G, 910 gx = x.

TTPEAJIOKEHUE 1.55. B cayuae deticmeus X opobuma Orb, cosnadaem ¢ kaaccom conps-
orcenmnux anemenmom {grg~tlg € G}. Cmaburusamop St, saemenwma v € G coenadaem c
yenmpaauzamopom C(z) = {g € Glgz = zg}.

B cayuae deticmeus b opbuma Orb, cosnadaem ¢ npasvim cmeschoim kaaccom Hx. Cma-
buausamop St,, anemenma x € G pasen 1.

TTPEJIOYKEHUE 1.56. Pastbie opbumbs He nepecexaromcs.

TTPEMIOKEHUE 1.57. ITycmo 3adano deticmeue epynno. G Ha muooicecmee X, u ¢ € X.
Cywecmeyem bueryus mexncdy Orb, U MHOHCECTNBOM AEBVL CMEHCHBT Kaaccos G no St,.

JOKA3ATEJIBCTBO. Ilycts g € G. Conocrasum 3nmementy g € Orb, kmacc gSt,. (]
(&
| Ste |

OnpreEAEJEHUE 1.59. Ilycrs 3amano meiicreue rpynmbl (G Ha MHOXNKecTBe X, m = € X.
CkazkeM, 9TO TOUKA T HeNnodeuicHa OTHOCUTEIHLHO 3TOro aeicrsusd, eciu St, = G, 1. e. Orb, =

CheacTBUE 1.58. | Orb, | =

x.

3AMEYAHUE 1.60. B cayuae meficTBus f HEMOABIAKHBIMA JIEMEHTAMH SIBJISIOTCS CHMMET-
pUYeCKHe MHOTOYJIEHBI M TOJIHKO OHH. B ciaydae meficTBus "M HEMOABUKHBIME SI€MEHTAMU
ABJAIOTCA dsementhl nenrpa Z(G) = {z € Glgz =29 Vg € G}

3AMEYAHUE 1.61.
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YUPAKHEHUE 1.62. Haiitu menTpsl rpynn
GL(n, k),SL(n, k),O(n,R),U(n,C).

TEOPEMA 1.63. Kaowcdas nepecmarnoska us Sy, padaazaemcs 6 npoudeedeHue He3a8UCUMDBLE
YUKAOB.

IIycts 0 € S,. Moxuo cuurars, 910 ¢ # 1. Bo3bpmem mpom3BosbHBIL djemenT k,1 <
k < m, B IPeAIONOKEM, ITO TeMeHTsL kg = k, ki = ok, ko = 0%k, ...,k = o'k pasmmansl, HO
otk =0k, tne 0 < s < L.

JIEMMA 1.64. s = 0.

JLOKA3ATEJIBCTBO. JLOKABATEJBCTBO. Ecan s > 0, to o(ks—1) = o(k;), aro HeBo3-
MOXKHO, ubo o neiicreyer uabektusHo Ha X = {1,...,n}, HO ks_1 # k; B cuity BbiGopa [. O
Urak, na muoxecrse {kq, k1, ...,k } mogcranoBka o neficTByer Kak
ko ki ... ki1 ki
ki ke ... ki ko
Bribepem Tenepn npoussosbhoe yucio j, 1 < j < n, npuuem j ¢ {ko,k1,...,k}. Kak u Bbuue
CTPOUM MHOZKECTBO {jo, 1, --,Jt}, HA KOTOPOM IIOJICTAHOBKA 0 AEACTBYET KAK LUKJI
Jo Ji - Ji—1 i
JuoJz - gt Jo
JIEMMA 1.65. Bce aaemenmut ko, k1, ..., ki, 50,71, - -, Jt PABAUNHDL.

JLOKABATENLCTBO. llycrs j, = kq. Torma
jO = O-_rjr S {k07 kla ety kl}v

4T0 HEBO3MO2KHO. O

IIpomonzkast 3TOT Mporece, MOIydaeM MOJICTAHOBKY

B AW [ R [ N A
ki ke .. R ko) \J1 J2 - Jt Jo
HenocpencreBennast mpoBepKa MOKA3bIBAET, ITO T = J. O

YTPAKHEHUE 1.66. /lokazaTh, 9TO
(1) eciu o = 07 - - - 0y, — PA3JIOKEHUE TIEPECTAHOBKU 0 € Sy, B IIPOU3BEECHIE HE3ABUCUMbBIX
IUKJIOB, TO |0| paBeH HAMOOIBIEMY OOIIEMY JETUTENIO JUIHH 01, . . . 3 O
(2) 1Ba HE3aBUCMMBIX LUMKJIA U3 S, LEPECTAHOBOYHDL.

[TPEMVIOKEHUE 1.67. IIycmo m € S, u (i1,...,1k) — yuka u3d S,. Toeda
. . 1 . .
(i1, ..y ig)m = (7(i1), ..., 7(ix)).
TEOPEMA 1.68. /J[se nepecmanosru u3 S, conpasicens, mozda u moavko mozoa, k0204 onu

UMENTN 00UHAKOBOE UYUKA0B0E CMPOEHUE.

JOKABATEJBCTBO. [l1a moka3arebcTBa HEOOXOAUMOCTH HYZKHO BOCIIOIB30BATHLCS MIPE/I-
snoxennem 1.67. O6paTHO, MyCTh MOACTAHOBKHU 0, T UMEIOT OJWHAKOBOE ITUKJIOBOE CTPOEHUE, T.
e.

0 = (kO;kh"'7kl)(j07j17"‘>jt)"' )

ITo npennoxkennio 1.67 umeem o™t = 7, rue

W(ko ki .. kiojo g1o.. i )

-/

Y N A A
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TEOPEMA 1.69. Ecaun > 3, mo Z(S,) = 1.
JOKABATENBCTBO. Ilycrs 0 € Z(S,)\ 1, n

g = (ilv---;ik)(jly---;jt)"'
— pa3JIoKeHuEe ¢ B MPOU3BEICHNE HE3ABHCHMBIX MUKJIOB. IlycThb B 9TOM pPa3jIOKeHWH BCTPeda-
I0TCS B WKTa AuH k,t > 2. Honoxkum m = (iq,51). Torma 7! = 7, u no npeoxennio 1.67

7TU7T_1 = (j17i27"'7ik)(i1?j2a"'ajt)'” 7é a,

YTO MPOTUBOPEUUT YCIOBUIO 0 € Z(S),).

Urax,

g = (il,...,ik)
Apjsercs mukjoM. Eciu ero ammna k > 3, To monoxum 7 = (iy,is). Torma 7~1 = 7, u no
npeioxkennio 1.67
non ! = (ig,i1,13,...,ik) # 0,

YTO IIPOTUBOPEUNT yCIoBHIO 0 € Z(S,).

Nrak, o = (i1,i2). Tak Kak n > 3, TO Hajigercs UHIEKC i3, OTIWIHBINA OT 41,i3. [1OJOKUM
7w = (i1, 13). Torma mo npemnoxenuto 1.67

non 1t = (i3, i3) # o,
YTO TIPOTHBOPEYHT YCIOBHIO 0 € Z(S,). O

YnPAXKHEHUE 1.70. Tokasark, uro ase Marpuisl u3 GL(n,C) conpsikenbl (m10706HBI)
TOTA M TOJIBKO TOT/IA, KOTJA OHU MMEIOT OJMHAKOBBIE YKOPJAHOBBI (DOPMBI.

OnpeEJIEHUE 1.71. Ilycts p — mpocroe umciao. ['pynna mopsizka p" Ha3bIBAETCA p-
2pynnot.

TeEoOPEMA 1.72. Ilenmp p-zpynno. G HEMPUBUALEH.

JOKA3ATENBLCTBO. Ilycts G = K1 U ... U K,,, — pazioxenue (G Ha HEIEPECEKAIOITHECS
KJIACCHI COTIPSTPKEHHBIX JIEMEHTOB. 3amernu, uro |K;| = 1 torga u toawpko rorma, Korma K; =
{a;}, rne a; € Z(G). Orcrona

G=ZG)UK,U...UK,,, |K;j|>1. (1)
ITo cnencreuio 1.58 nopsipok |K;| pesur nopsinok rpyunst G, 1. e. |K;| = p™,n > n; > 0.
Orciona o (1) uncio p mennt nopsinok Z(G). ]

5. Teopemsbr CujioBa

TeEoPEMA 1.73 (Ilepsas teopema Cuiosa). ITycmov G — koneuwnas zpynna nopsoka pm,
2de p — npocmoe wucao. Toeda 6 G cywecmeyem nodepynna nopadka p™.

JIOKA3ATEJILCTBO. BymeM BecTH mOKAa3aTENbCTBO WHAYKIMEH MO MOpAAKy rpynmbl G.
Cnyuaii |G| = p™ oueBuIeH.

Ipeanonoxnm cHavdasa, 9To cymecrByer ssement & € G \ Z(G). Paccmorpum feiicreue G
conpsizkernsivu Ha G. Torma 1 < |Orb,, | < |G| n |G| = | Orb, || St, |. IlosTomy ecian p He aennut
| Orb, |, To p™ menur | St, |, upudem | St,. | < |G|. Tlo unaykuu B St, cyuecTByer moArpymnma
nopsaKa p'', m TeopemMa JOKA3aHa.

IIycrs p aenur | Orby | g moboro x € G\ Z(G). Toraa xak u B (1) umeem

Gl =12(G)|+ > |Orb,|.
2EG\Z(G)

Takum obpasom, p gesur nopsuok Z(G).
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JIEMMA 1.74. B Z(G) cywecmsyem saemenm nopadka p.

JLOKA3ATEJILCTBO. Jloka3arenbcTBO OyaeM BecTH MHAyKIWel no nopsaky |Z(G)|. Ecan
|Z(G)| = p, To yrBepxkaenue odesuano. Ilycrs |Z(G)| > p, w a € Z(G) \ 1. IIpeamonoxnm,
970 p He jgenutT nopanok a. Torma N = (a) < Z(G), upuaem

26 =2 <1z
ITo wunyknun B Z(G)/N nmeercs snement bN,b € Z(G), nopsinka p. TPeINOIONKUM, UTO
amement b mveer nopaaok d. Torma b? = 1. Ilpu ecrectsennom romomopdmsme 7 : Z(G) —
Z(G)/N momy4aem, 910
(ObN)* = () = 7(b%) = 7(1) = N.
ITosromy B cuity npesgoxkenus 1.14 p = |bN| geanr d.
Urak, B Z(G) Beerga ecrb ss1ement b nopsijka d, gessinerocs ua p. Torma to |b%| =p. O

BasepiM okazaTenbctBo Teopembl. Ilyers a € Z(G) nveer mopsinok p, u N = (a) < G.
Torma
Gl _ Gl
[N]
o unaykiuu B G/N umeercs noarpynna U nopsyka p"~ L. Tlycrs H = {y € G|lyN € U}. Pac-
cMOTpuM ecrectBerHbiii romomopdusm 7 : H — U, 7(z) = zN. Ilo Teopeme 0 romomopdusmax
U~ H/N, u nosromy |H| = |U||N| = p". O

|G/N| =

OnPEAENEHUE 1.75. Ilycrs G — KoHedHas TPYyIIA MOPsIKA p''m, e p — MPOCTOe YUCIIO,
npudem (p,m) = 1. [Noarpynma mopsigka p” B G HA3BIBAETCS CUAOBCKOU P-TIOATPYIITIOIL.

TEOPEMA 1.76 (Bropasa Teopema Cusosa). ITycms G — xoneunas epynna, u p — npocmoe
wucao. Tozda awbas p-nodepynna 6 G codepotcumcesn 6 HEKOMOPOT CUA08CKOT D-nodzpynne.
Jobwie dee cunosckue p-nodzpynno, conpasicens 6 G.

JOKABATEJIBLCTBO. Ilycts I npoussombuas p-moarpynmna B G u P — cuioBckast
p-noarpyuna B G. Pacemorpum muoxkecrso X = {gP|g € G} neBbix cmexkubIxX KiaccoB G no P.
Ppynna I' meiicrByer na X siesbimu cupuramu, 1. e. eciu y € I, to y(gP) = (yg)P. Ilo
caencrsuio 1.58 nopsanok moboit opburst | Orb,p | gesmr 7| = pk, k < n. CaenoBare ibHO, €Cid
|G| = p"m, tae (p,m) =1, T0

G
|P| Z|OrbgP|_Zp

Tak xak (p,m) = 1, To mopsiaok Hekoropoit opouthl Orbyp pasen 1, 1. e. I'gP = gP. Orciona
g 'Tg C PuTl C gPg~!. 3amernm, aro gPg~! ~ P aBasercss CUIOBCKO# p-ioarpymmoii. B
JaCTHOCTH, eciu || — cuyoBcKad p-moarpymma, To I' = gPg~ 1. O

TEOPEMA 1.77 (Tperns reopema Cunosa). ITycms N, — wucao cuao8ckux p-nodepynn 6
G. Tozda N, deaum nopadox epynnu G u N, =1 mod p.

JOKABATEJIBLCTBO. Ilycts S — MHOXKeCTBO BCeX CHJIOBCKHX p-moarpytn rpymmbt G. Pac-
cmorpum JeiicrBue G Ha S conpsikenusmu. [lo Bropoit reopeme CutoBa S cocTouT U3 OIHOM
OpOHTHI, IpUIEM IO CJeJCTBHIO 1.58 mopAmoK 3Toit OpOUTHI, paBHBIHA Ny, JETUT IOPAIOK TPYII-
el G.

Ilycrs S = { Py, ..., P,}. Paccmorpum neficreue Py Ha S compsikennsimu. Torma S pasoun-
BAETCS HA HEMEPECEKAIONTHECs OPOUTHI, MJIMHA, KaXK/I0i W3 KOTOPHIX paBHA crenenu p. OnHa u3
opbut coBnamaer ¢ Py, u modromy r = p°t + --- + p®. Ecam e; > 0 mms Bcex ¢ > 0, To r = Ip,
orkyga |S|=1+7r=1 mod p.
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[peanonoxum, aro, Hanpumep, e; = 0, 7. e. opbura P; TakXKe OJHOIIEMEHTHA. IDTO
osnauaer, uro gP g~! = P, mua Bcex g € Py. Ho rorma PyP; apngercsa p-noarpyuuoit 8 G,
comepyarieit kKak Py, tfak u Py, 1. e. Py = PyP, = P;. O

6. IIpocTbie rpynib:

OnupreAEJIEHUE 1.78. Heabenera rpymnmna G HA3bIBAECTCS npocmoti, €CIU B HEMl TOJIBKO IBE
HOpMaJIbHbIe ToArpynmbl G u 1.

TrEOPEMA 1.79. I'pynna As npocma.
JOKABATETHCTBO. Ham morpebyercs HECKOTBKO JIEMM.
JIEMMA 1.80. 3nax yukaa (iy,. .., i) € Sy, pasen (—1)F~1.
JIOKABATENBCTBO. (i1,...,1%) = (i1,9)(i1,96—1) - - - (41,23) (i1, 12). O
JIEMMA 1.81. ITycmv o € A, u Orb,, Orb; — KAGCCHL CONPANCEHHBIT INEMEHMOE T 6 Sy,
u A,. Tozda aubo Orb, = Orb. , aubo
| Orby |
5

JOKABATENLCTBO. Ilycte 7 € C(0) \ Ap, tne C(o) — nenrpanusarop o 8 S,. Eciu
v € C(o)\ A,, 10 771y € C(0) N A,. Crenosarennno, nonyuaem pasbuenne C(o) Ha 1Ba
JIEBBIX CMEXKHBIX KJIaCCa

|Orb, | =

[ea

C(o)=7[C(o)N A U[C(0) N AL]
no noarpynne C(o) N A,. Orciona |C(o)| = 2|C(c) N A,|, u mo3TOMY
|Sh| n! | Ay | /
Orb, | = — — = |Orb, |.
0o 1= 16000 = 2C) A ALl T e A, O
Ecmu xe C(o) C Ay, o C(o) = C(o) N A, otkyna
[Syl n! 2| A, |

| Orb, | = |C(0)] - |C(o) N A, - |C(o) N Ay

= 2| Orb. |.
(]

JIEMMA 1.82. Bce mpotinvie yukavt 00pasyiom 00uH KAGCC CONPANCEHHBIL IAEMEHMOE 6
A,,n>5.

JOKABATEJBLCTBO. PaccMOTpuM KiacC COIPSIXKEHHBIX B A, 3J€MEHTOB, COIepKaIuil
rpoitnoit uuki (1,4, k). Ecau [ #m ¢ {i,j, k}, To
.o -1 .o
(k3 l7m)(l’j7 k:)(k7l3m) = (Z’]’ l)'
Orcroa BBITEKAET YTBEPKICHUE JIEMMBbI. O

3aBepLIuM JI0KA3aTe/IbCTBO TeOPEeMbl. Bce TpoiiHble HUKJIBL 00Pa3yT OMMH KJACC COLpPsi-
JKEHHBIX 9JIEMEHTOB B As. DTOT KJIACC UMEEM TTOPSIOK

5 51 5l
2(7) =22 =2 =20
(3) o3l — 3l 7

nockosbky (4,7, k), (j,4,k) — eIMHCTBEHHbIE HUKJIbI, MOCTPOEHHbIE HA TPEX JIEMEHTaX i, j, k.
Hanee

(3, K, 1) (@, 3) (R, D) (G, b, )™ = (0, k)(5,0);
(s kym) (i, ) (kD) (G, k,m) = (i, k) (4, m).
CrenoBarenbHO, Bce mpomsBedeHns ABoiiHbIX muknoB {(4,7)(k,l)} obpadyior oguu kiracc u3
3 x 5 =15 snemenros B As.



6. IIOE TI'IIII 15

Pacemorpum knace {(1,2,3,4,5)}. Ecmu (1,2,3,4,5) = 7(1,2,3,5,4)7~ !, rae m € S,, To
T MOXKHO 3aMEHUTHb Ha J1000i anement 7(1,2,3,5,4)™,m > 0. CiegoBaTenbHO, MOXKHO C4U-
tath, uro m(1) = 1. Torma no mpemmoxennio 1.67 (1,2,3,4,5) = (1,7(2),n(3),7(5),7(4)),

T e 7(2) =2,73) = 3,75 = 4,7(4) = 5. Urak, 7 = (4,5) ¢ As. Tarum obpaszom,
(1,2,3,4,5),(1,2,3,5,4) jexkar B pa3HbIX KJIaCcCaX CONPSKEHHbIX 3j1emeHToB B As. Ilo Jjiem-
Me 1.81 mMeercs ABa KIacCa CONPSZKEHHBIX 9JEMEHTOB, COCTOSAIINX U3 IUKJIOB JIJIMHBL § B As.

Oba kJacca comepxKar mo
1 /5! 4! 24
2\5 2 2

9s1eMeHTOB. [leficTBUTEbHO, IIPYU IIOACYEeTe YUCIa UUKIOB (i1, ... ,15) AJIMHBL § MOXKHO IIPEJIIIO-
Jararhb, uro 41 = 1. Jusa is9,13, 14,15 ocTaerca 4! BapuanTos.
Nrak, nmeem pasbnenne Ha KJIACCHI COMPSI?KEHHBIX 3JIEMEHTOB

AS = {1}1 + {(17 273)}20 + {(L 2)(374)}15 + {(L 273747 5)}12 + {(17 27 37 574)}12-

IIycte N < As. Torma N comepzKuUT LEIUKOM HEKOTOPbIE KJIACCHI CONPSKEHHBIX 3JIEMEHTOB.
IlosTomy

IN| =14 20ny + 15n3 + 12n4 + 12n5, toe n; = 0,1,
u |N| penur 60 = |As|. Enquncreennsie BapuanTbi: au60 Bee n; = 0, siubo Bee n; = 1. O
N3noxuM apyroe mokas3areabcTBO Oosiee 00Iel TeOpeMBbI.
TeOPEMA 1.83. I'pynnow A,,n > 5, npocmovs
JOKA3ATEJIBCTBO. HaMm norpebyercs: HECKOIBKO JIEMM.
JIEMMA 1.84. I'pynna A, noposcdaemcs mpotiHvmis YuKAGMU.

JLOKA3ATEJILCTBO. Ecau unjekcot ¢, j, k, pazmuanst, 1o (i,5)(k,1) = (i,4,k)(J,k,1), u
(4,7)(J, k) = (i, 4, k). O

JIEMMA 1.85. ITycmv N <4 A, codeporcum mpotinot yuxa. Toeda N = A,.

JIOKABATENBLCTBO. Ilycrs (4,7,k) € N u (a,b,¢) € A,. Tak kak n > 5, TO cyuiecTByer

TaKad IMOACTAHOBKA,
i 7 k v

o= , €A,
a b ¢ v

rae (u,v) = (u',v") nmm (u,v) = (v/,u’), aro o(i,j,k)o~! = (a,b,c). Ocraerca BOCTIONBL30BAT-
Csl IPeAbIayIIeil TeMMOii. O

IS

:\

—~

JIEMMA 1.86. IIycmb N codepotcum nodcmanosky o, 8 pa3sodcenus Komopot Ha HE3A6U-
CUMbBLE YUKADL UMEENCA YUuKA dauns, He menvue 4. Toeda N = A,,.

JIOKABATEJILCTBO. Ilycts o = (4,4, k,1,...)--- . Torma N comepKutT 3/1€MEHT
.o .o 1 _—1 .o
T =(i,4,k)o(i,j, k)" o™ = (i,4,1).
Ocraercsi BOCTIOIB30BATHCS MIPEIBLIYINEH JIEMMOIA. O

JIEMMA 1.87. Ilycmo N codeporcum nodcmanosky o, 6 pada0ACeHU KOmopolt Ha Ha HE3A-
BUCUMDBLE YUKABL UMEIOMCA HE MeHee 08YT Uura08 daunst 3. Tozda N = A,,.

JLOKA3ATENBLCTBO. Ilycts o = (4,7, k)(a,b,¢)--- . Torma 8 N comepxkurcs
= (k,a,b)o(k,a,b) o™ = (i,¢,k,a,b).

Orcrioma N = A, 10 npeapblayiieii jemme. O
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Wrak, MOXKHO CYMTATh, 4TO N CONEPXKHUT IOJACTAHOBKY O, B PA3JIOXKEHUE KOTOPOH B He3a-
BHCHMbI€E IIMKJIbI HE 00JIee OJHOIr0 UMKJIA JJIMHBL 3, IPUYEM OCTaJIbHbIe IUKJIbl KMEIOT IJINHY 2.
Ecan nmeercss ognua TpORHOM TUKJII, TO 02 € N apnsercs TPOWHBIM IUKJIOM, 1 Torma N = A,.

Takum 06pa3oM, MOYKHO CUYHUTATH, UTO O SIBJISIETCS TPOU3BEICHUEM YETHOIO YHCJIA HE3aBU-
CHUMBIX [IHKJIOB JJIUHBI 2.

Iycrs 0 = (i,5)(a,b). Eciu ¢ ¢ {i,7,a,b}, ro N conepxur

.o .o -1 . .
(i,4,¢)o (i, j,c)” o = (i,c,j),
OTKy/a, Kak u Boitie N = A,,.
ITycrs reneps o = (4, 5)(a,b) (@', j')(a’,b') - . Torna N comepxkur u
. ./ i . i . .
(ja a)(bv ? )O—(b’ Q )(ja a)o’ = (Zv v, b)(]v a,j )

Kak u BbIe oTcioga ciemyer yrBepKIeHUE TEOPEMBbI. (Il

7. PaspemmMble rpymnibl

OnPEAENEHUE 1.88. Ilycrs x,y — snementsl rpymibl G. Kommymamopom 31€eMeHTOB T, Y

HasbIBaeTCA daeMent [r,y] = zyz~ty L.

YPAXKHEHUE 1.89. lokazarb, 410
1

[2,y] " =[y.2], m 2w, ylz7" = [zaz ", 2y2 7).

ITpuMEPHI 1.90. [doka3arh, 91O

(1) B rpynmne nepecranoBok Sy, [(4,7), (4, k)] = (4,4, k), ecnn unnekcsl i, j, k pasnandHsr;
(2) B rpynne marpun GL(n, k), rae k — xombo, [1 + aEik, 1 + bEy;] = 1 + abE;j, ecin
WHJEKCHI 1, ], k pa3Tu<IHbL.

OnpreAEJAEHUE 1.91. Kommymanmom G' = |G, G| Ha3biBaeTCs MHOXKECTBO BCEX MPOU3BE-
Jenuit KomMmyTaTopos B G.

ITPENTOXKEHME 1.92. G' < G.

TTPEATOKEHUE 1.93. Ecau N <G, mo caedyroujue ycrosus IKGUSAAEHMHDL:

(1) epynnoe G/N - abenresa;
(2) NDG.

TEOPEMA 1.94. S/ = A,.
HOKABATEJILCTBO. Hyzxkno BocnosibzoBarbes nemmoii 1.84 u npumepom 1.90. (]
TEOPEMA 1.95. Ecau n > 3, u k — noae, mo GL(n, k)’ = SL(n, k)’ = SL(n, k).

YHOPAKHEHUE 1.96. /loka3aTh, 9TO

(1) ecsiu mosie k conepxkut He MeHee YeTbipex djeMenTon, 1o GL(2, k)" = SL(2, k); umenHo,
€CJIA CYIEeCTBYeT Takoi 3meMenT q,q¢ — 1 € k¥, 1o

(690 0o

(2) GL(Q,]FQ) >~ Sg, " TO3TOMY GL(Q,FQ)/ 7é SL(Z,FQ) = GL(Q,FQ)
YNPAKHEHUE 1.97. Boranciants GL(2,F3)'.
ITpuMEPH 1.98. A} =V, u A), = A, eciu n > 5.

OnPEAEMEHKUE 1.99. Ecim G — rpymma, to monoxum G = G uGF+HD = [GF GF].
I'pynna G paspemmmMa eciii CymiecTByeT Takoe HaTypajbHoe uncio m, uro G =1,

BAMEYAHUE 1.100. [Ias mo6uix m,n > 0 Bepro pasenctso (G(™)(m) = Gntm),
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I[MPEMIOWKEHUE 1.101. ITycms f: G — H — 2omomoppusm epynn. Tozda
f(G(k)) CH®,
Ecau f — cropsexmueno, mo f(GHF)) = H®),
Y1urPAKHEHUE 1.102. /lokazaThb, 9TO

(1) ecnn H — nogrpynna B rpymme G, to H®) C G*) nna moboro marypaasaoro umca
k;

(2) G®) 9@ s moboro HarypasbHOro Uucia k.
[MPENIOKEHUE 1.103. IIycmov N < G. Caedyrousue ycao8us IK6USAAEHIHDL:

(1) epynnoe G paspewuma;
(2) epynnoe G/N, u N paspewumot.

JIOKA3BATEJILCTBO. Bocnonws3oBarheamnpemioskenrem 1.101

[TPENIOKEHUE 1.104. Zlas epynno. G caedyrousue ycao6us IK6UBAAEHIIHDL:
(1) epynnoe G paspewuma;
(2) cywecmeyem maxol pad nodzpynnoi

G:GoDGlD"'DGk_lDGk:L

wmo Gi114G; u G;/Giy1 — abeneso das 6cex i.

HOKABATEJIBLCTBO. Hyzxuo Bocmosb3osarbes npeiokenuem 1.103 u uagyknwmeit o k,
ybeauBmmch, uro rpynna (G paspernmnma.

O

CaencTBUE 1.105. ITyemws p-npocmoe wucao. Tozda Koneunas p-2pynna paspeusuma.

HOKABATEJILCTBO. Hyzxuno BocnosibzoBarbea npemyiozkenuem 1.104 u reopemoit 1.72. [

I[TPEATOKEHUE 1.106. ITycmo

A, A" € Mat(t, k), B,B’ € Mat(tx s,k), C,C" e Mat(s,k).

A B\ (A B\ [(AA" AB + BC'
0 C 0o C) \0 cc’
OnPEAENEHUE 1.107. I'pynna seprrempeyzosvnwx marpur, T(n, k), k — nome. I'pynmna
seprreynumpeyzorvioixr marpur, UT (n, k), k — nose.

Tozda

CnenctBuE 1.108. Paccmompum omobpasicenue ¢ : T(n, k) — T(n — 1,k) no npasuay:

ecau
A| B «
X = (T‘?) €T (n,k), ede Aec T(n—1,k), B € Mat((n—1) x 1,k),c € k¥,

mo p(X) = A. Tozda ¢ ABAAEMCA 20MOMOPPUIMOM 2PYNT, NPUNEM

o(UT(n,k)) =UT(n—1,k).
I[TPEAJIOKEHUE 1.109. T(n, k) C UT(n, k)

JIOKA3BATEJILCTBO. Bocnoanr3oBarhes npemamoxennem 1.93.

TEOPEMA 1.110. I'pynna T(n, k) paspewuma.
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HOKABATEJILCTBO. Ilo npemmoxenusam 1.109 u 1.103 gocraTrodno moka3arh, YTO TPYyIIA
UT(n,k) paspemuma. Byuem Bectu nokazarejbcrBo uaaykuueil no n. Ecm n = 1, To
UT(1,k) =1 n noToMy paspentuma.

IIycts mist n — 1 Teopema mokasana. Paccmorpum romoMopdusm rpymm

e:UT(n,k) - UT(n—1,k)
u3 cnejgcreus 1.108. Bamerum, 9To

ker  — {( 7 ) € UT(n, k), re B € Mat((n — 1) x 1,k)}.

ITo mpemoskennio 1.106 momyuaem, uto ker ¢ — abemesa rpymnma. OcTaeTcs BOCMOIH30BATHCS
unayknueit u ciaeacreuem 1.103 ¢ N = ker . (I

8. IIpsmbie Ipou3BeAeHUs T'PYIIII
OnpPEAEJEHUE 1.111. T'pyuust G sBusiercs (6HympenHum) npamoim npouseederuem CBOUX
noarpynn Gy, ..., Gy, (obosnavenue G = Gy X --- X G,) ecan:
QO kaxnas noarpynna G; HopMmajibHa B G|
Q kaxaprit ameMenT g € G UMeeT ¥ MPUTOM €JIUHCTBEHHOE TIPE/ICTABIIEHUE B BHUJIE MPO-
U3BEIEHUs § = 1 - - * gn, THE g; € G;.
Ecnu G — rpyiia OTHOCHTENIBHO CIIOXKEHUs, TO TOBOPAT, 910 G SBIISIETCH NPAMOT CYMMOT
cBoux moarpynn Gy, ...,Gy,, n mumyr G =G @ --- B G,.
YIPAXKHEHUE 1.112. Jokazars, uro |G| = |G1|- - |G-

[MPEAIOKEHUE 1.113. Ilycmos G = Gy X --- x G, u g; € Gy, 9; € Gy, 2de 1 # j. Tozda
9i95 = 9;59i-
CNEACTBUE 1.114. ITyemv G =Gy X XGpug=¢g1-*-gn, h =hy---hy, 2de g;, h; € G;

dasn ecex i. Toezda

gh = (gih1) - (gnhn), g =97 - gnt.

ITPuMEPHI 1.115. UMeroTcd ciemyoIne mpsaMble pa3ToXKeHNs:
(1) rpymma C* ~ U x R%;
(2) R* =RF @R %,

TIPEMIOKEHUE 1.116. I'pynna Z nepadaoscuma 8 npamyro cymmy.
ITPE/TIOKEHUE 1.117. ITycme
G=G1 X xXGpug=g1- - gn-
Tozda 9| = (|91, - - lgnl)-

TeoOPEMA 1.118. ITycmo epynna G = Gy X -+ - X G, koneuna. Caedyrowue ycio6us sKkeu-
BANEHMHDL:

o 2pynna G yukauwHa;
o xasicdas 2pynna G; yuriuuna u nopadku 2pynn Gy = 1,...,n, nonapno 63auUMHO
npocmoL.

JOKA3ATENBCTBO. Ilycrs rpynna G nukanuna, u m; = |G;|. Torma kaxkmas noarpymnmna
Gi,i=1,...,n, nuknuuna. Eciau, nanpumep, (mq,mg) > 1, T0

(m1,...,myp) <mq---my.

ITosromy B cusy npengiokenus 1.117 8 G Her ssiemeHTa HOPsiAKa My - - - My, = |G].
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O6paruo, nycre G; == (a;)m,, OIPUYEM BCE YUCJIA M7, . .., M, HOIMAPHO B3AUMHO IIPOCTHL.
Paccmorpum sstement a = aq - - - a, € G. o npemyioxkennio 1.117 ero nopsiiok paBex

Canenosaresbuo, G = {(a). O

CnencTBUE 1.119. IMuxauuveckas epynna nopadka d HEPa3A0NHCUMA 8 NPAMOE NPOU3Eede-
HUe Mmoz2da u MoAbKo moada, K020a ee NOPAOOK ABAAEMCA CMENEHDIO NPOCMO20 YUCAQ.

[TpuMmEP 1.120. IIpamoe pasmoxKeHune MUKJIUTIECKONW TPYIITa MOpsaka 12.

TeoPEMA 1.121. IIycmo N; <Gyt =1,...,m. Toeda
(N1 X -+ X Np)<(Gy X -+ X Gp)

(Gy X+ X Gp)/(Ny X+ X Npp) = (G1/N1) X -+« X (G /[Npn)-
JIOKABATEJIbCTBO. Paccmorpers romoMopdusm rpymm
7: G — (G1/N1) X -+ X (G /Np),
0TOOPAKATOIIHAI IJIEMEHT
g=g1"gm = (1N1) - (gmNm) € (G1/N1) X -+ x (G [Nin),

M BOCITOJIB30BATHCS TEOPEMO 0 TOMOMOPGhU3MAX. O
ONPEAENEHUE 1.122. Onpenenenue guewnezo npamozo npouseedenus G = G X -+ X Gy

TEOPEMA 1.123. Buewmee u énympenmnee npamovie npoudeedenus u3omop@hHot.






TJIABA 2

KoneuHo mopoxKaeHHbIe abesieBbl I'PYHIIbI

B 370it r1aBe onuchIBaeTCs CTPOEHNE KOHEYHO MOPOXKIEHHBIX abeeBbix rpynm. Bee abese-
BBI I'PYIIIBI OYAYT MPEINOIAraTbCsl A INTUBHBIMA.

ONOPEJEJEHUE 2.1. Duementsl € = (e, .. ., e,) aBasiorcsa 6a3ucom B abeneBoil rpymib A,
ecu

& 2JIEMEHTHI U3 € HE3a6UCUMDL, T. €. U3 TOTO, UTO
mier + -+ mpe, =0, tae mq,...,my, €%,
cemyerT, 9Tto my = --- = my, = 0.
A >jeveHT u3 € noposcdarom rpynmy A, T. e. Kaxapli 3;gemeHT T € A npejacraBum B
BUIE L = mie1 + -+ mpeéy,.
JlpyruMu CIoBaMU, KaxKIbIi 37eMeHT © € A uMeer ¥ IPUTOM €IUHCTBEHHO IIPEICTABICHHE B
BHJIE
T =mie1 + - -+ mpe,, m; €L (2)
I'pynna A ceobodna, ecniu ona obsagaer Oasumcom. Panzom cBOOOMHON abeeBoit rpymmbr A
HA3bIBAETCS YUCJIO BEKTOPOB B Oasuce A.
[TPEJVIOKEHUE 2.2. /lasa abenesoti epynno, A caedyrowsue yeaosus IK6USAAEHIMHDL:
(1) epynna A obaadaem 6basucom e = (e1,...,en);

(2) epynna
A~Z7Z®--DZL.
————

n
JOKABATEJBLCTBO. Eciu e — 6asuc A, To 3amaaum
VAL DL
N————
n

0 TpaBuiy: eciu ¢ € A nMmeer npejcrasienne (2), 1o Y(z) = (mq,...,my).
ObpatHo, rpymmna
A=72® --®L
—_————

obuagaer 6asucom e = (e, ..., ey,), rie

ei:(o,...71,07...’0)’ i:17._.7n'
(]

[TPENJIOKEHUE 2.3. Yucao sekmopos 6 basuce c600600nol abeaesoti epynnov. onpedeseHo
00H03HawHO. JIpyeumu caosamu, panz c6o0bodnoti abenesoti 2pynnov, onpedener 00HO3HANHO.

JLOKA3ATEJNBLCTBO. Ilycre (eq,...en) u (f1,..., fm) — ABa 6azuca B A. IIpeamonoxnm,
aro m > n. Torga xaxzoe f; IMeeT IpeCTaBIeHne

n
fj = E aji€i, Qji € 7.
=1

21
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Crpoku marpuist (aj;) € Mat(m x n,Z) nuneitno 3asucumsl Hag Q. CremoBarenbHo, OHE -

HelHo 3aBucuMbl HaJ Z. IlosaTomy Haiimercs Tako#t HeHyIeBOM HAOOP MEIbIX 9ucest by, ..., by, €
Z, 9aTo
ail N QA1n
(b, ooy b)) [ =0.
Am1 e Amyn,
Orcoma by f1 + -+ - + by fr, = 0, 9TO IPOTUBOPEUUT HEBABUCUMOCTH f1, ..., fim. O
VOPAKHEHUE 2.4. Ilycts A — cBobGomnast abejeBa rpyira ¢ 6a3ucom € = (e1,...,ep).
IIpeamnonoxum, 9T0 C1, . . ., ¢, — SIEMEHTHI MPOU3BOILHOM abeneBoit rpymmsl C'. Torma cymect-

BYET U IIPUTOM €JMHCTBEHHbII Takoil romomopdusm ¢ : A — C, uro ¥(e;) = ¢;, 1 < i < n.
CIENCTBUE 2.5. [Tyems A — c6060dnas aberesa epynna c basucom e = (eq,...,e,). Tozda
|hom(A,Zsy)| = 2".
B wacmmocmu, 6 pane A onpedeser 00HO3HAUHO.

TEOPEMA 2.6. Ilycmv A - ceobodnas abeaesa epynna parza n. FEcau B — newysesas
nodzpynna 6 A, mo ona ceobodHa u ee panz < n.

JIOKABATEJILCTBO. Bymer Bectu goka3areabcTBO uHAyKImei non. Eciun =1, 10 A ~ Z.
Torma rpynna A OUKJIMYHA M, CIEIOBaTEIbHO, 110 Teopeme 1.23 rpynna B = (b) nukiaudna,
npudaem b # 0. Torga smement b asiasercsa 6asucom B.

Iycrb ayist n — 1 reopema nokasana, u € = (eq, ..., e,) — 6azuc A. Iouaoxum

n—1
H= {Z aiei|ai S Z}
i=1

Torna H — cBoboanas abesesa rpyiiia ¢ 6azucom (e, . . . €,—1). Ilounaykuuun BNH — cBobonHas
abenera rpynma ¢ 6a30i (f1,..., fm), m <n— 1. Caenorarenbho, ecin B C H, To Teopema
JIOKA3aHa.

Ilyctes B ¢_ H. Paccmorpum Takoe HaWMEHbINEe HATYPAJIbHOE YUCJO d, ITO FJIEMEHT

f=ce+---+cp_16p-1 +de, € H.

IMokazkem, 910 37€MeHTHI f1,. .., fm, f cocraBasior 6a3uc H. [lelicrBurenbHoO, ecin
b=wue1+ - 4+une, € B, u; €7,

TO U, = rd JjIg HEKOTOporo r € Z. B camom nene, mycts u, = rd + [, toe 0 < I < d. Torga

b—rf=ule;+---+u, je,_1+le, € H,

9TO MPOTHBOPEUUT BBHIOOPY d, ecau | # 0. Urak, up, =rdub—rf € BN H. [losromy
b—rf=a1fi+ - +amfm, a;€Z.

Takum o6pazom,

b=rf+a1fi+ -+ amfm, 7ra; €Z,
T. €. DJIEMEHTHI

fafh"')ffn (3)

MOpoXK AT B.
IMokaxkeM, 410 27eMeHTh! (3) He3aBuCHMBL IlycTs

rf+a1fl+"'+amfm:0a r,aiEZ, (4)

Koaddunuenr npu e, y snementra siesoii yactu (3) pasen rd = 0, orkyua r = 0, ubo d # 0.
Takum obpasom, B (4) noaydaem, 4ro

a1f1+"’+amfm:07
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OTKyJla 41 = -+ + = Gy, = 0, wO0 d7emMeHTsI f1, ..., f;, HE3aBUCHMBI. O
ONPEJEJNEHUE 2.7. Leaowucaennoie sremenmaphnsie npeobpazosarus cmpox (cmoabuos)
[IEJIOYNCIEHHON MATPHUIIBI COCTOAT U3 JABYX THUIIOB TPEOOPA30OBAHUIL:
e yMHOMKEHHe CjIeBa (CIpaBa) Ha 3aeMeHTapHble Marpunsl F + aEjj,a € Z,

e ymMHOXKeHue cTpoku (crosbua) Ha -1.

VYTPAKHEHUE 2.8. CoBepiriasi HETOYNCACHHBIE IeMEHTapHBIE TIPE0OPA30BAHKS CTPOK
(cTON6IOB) MOXKHO HEpecTaBUTh JI00bIE 1Be cTPOKU (CcTobNA).

TEOPEMA 2.9. ITycmo A € Mat(nxm,Z). LeaovucieHnomu IMemermapromu npeobpaso-
BAHUAMU CMPOK U CMOAOUOE MOdHCHO A npusecmu k duazonaarvromy eudy diag(dy, ds, .. .),d; >
0.

JOKABATENBLCTBO. Mozkno caurars, urto A = (a;;) # 0. IIycrs
0(A) = ming|ai; |ai; # 0}.
IIpenmnonoxumM, 9T0 MaTpUIy A HEIOUNCIEHHBIMA 3JIEMEHTAPHBIMU TPEOOPA3OBAHUAMA CTPOK

U cTOJIOIOB IIPUBEJIU B TAKOMY BUJLY, 94TO fajee d(A) yMeHbIIUTD HeJib3s. [lepecrasiisas cTpoKu
U CTOJIONBI U YMHOXKAs, eCJid HeoOX0auMO, Ha -1, MOXKHO cyurarhb, uro §(A) = a1;.

JIEMMA 2.10. aq;, deaum a1, a;n 0as ecex i, j.

JOKABATEIHLCTBO. IlycTh, HampuMep, a1 HE IEIHT do1, T. €. G1 = qai; + 7, Tae 0 <
r < a1;. Bblumrag w3 BTOPOil CTPOKU MEPBYIO, YMHOXKEHHYIO Ha ¢, TOJydaeMm Ha mecre (21)
9JIEMEHT 7', YTO MPOTUBOPEYUT BHIGOPY d(A) = aq;. O

ITo semme 2.10 coBepmiasi 3sieMeHTapHBbIE TPEOOPA30BaHUSA CTPOK W CTOJIOIOB, MOXKHO [10-
buThbed, 9T00BI a1; = a;1 = 0 gag Beex 4,5 > 1. JJoKasaTelabCTBO TEOPEMBI 3aBEPIIACTC
UHIYKIUEH 0 pa3Mepy MaTPHUILHL. O

TeOPEMA 2.11 (Teopema o coriacoBanuom Gaszuce). ITycmv B — nenyaesasn nodzpynna 6

c680600n01 abeaesot epynne panza n. Tozda 6 A cywecmeyem maxoi 6azuc € = (e1,...,€,) U
maxue Hamypasvhovie wucaa di,ds, ... dg, k < n, wmo asemenmot dieq,. .., dger COCMABAAIOM
basuc B.

JOKABATEJABLCTBO. Ilycts f1...,f, ¥ g1,..., 9k, k < n, — npousBosibHbIe 6a3uchl B A U B

B (cMm. teopemy 2.6). Torma

n
gi:Zaijfj, aijEZ, i=1,... k.

j=1
Paccmorpum nmemouncnenuyto marpuiny A = (a;;) € Mat(k x n,Z). Lenounciennse smeMeH-
TapHble IIpeodpa3oBaHus CTPOK A COOTBETCIBYIOT 3JIEMEHTAPHBLIM [peodpas3oBaHuAM Oasuca
G1y-- -, Gk, & TMEJOYUCTEHHBIE YJIEMEHTAPHBIE TTPE0OPA30BAHUS CTOONOB A COOTBETCTBYIOT 1€~
MEHTapHBIM Tpeodpa3oBanusM b6a3zuca fi ..., f,. 1lo Teopeme Teopeme 2.9 uzmenss oba Oazuca,
MOXKHO CYHUTATh, 910 ¢1 = dy f1,..., 9k = di fi- O

ONPEAENEHUE 2.12. AGeneBa rpynna A xomeuno nopostcdena, eciiv CyImeCTBYIOT TAKUE
3JIEMEHTHI a1, ..., d, € A, 9TO KayKIBIH 3JIEMEHT 2 € A mMeeT TpencTaBIeHne
x=ciay + -+ cpap,c; € Z.
ONPEAENEHUE 2.13. Ilukiudeckas Tpynna npumapHa, €Cliu ee TMOPSIIOK SBJISIeTCs CTe-

IIEeHbIO IIPOCTOIr0 4Yucjia.

TEOPEMA 2.14 (CrpoeHne KOHEYHO NOPOKIEHHBIX abejieBbix rpyumn). [lycmos A —
KOHewHo nopoosicdennasn abenesa 2pynna. Tozda A passazaemcs 6 npamyro cymmy c60600H0T
abenesoti 2pynnvl U NPUMGPHHLT UYUKAUYECKUT 2PYNN.



24 2. KOHEHO ITIOOXKJIEHHE ABEJIEB TI'TIIT

JOKABATENLCTBO. Ilycts ag,...,a, € A u3 onpenenenus: 2.12. Paccmorpum cBoGOIHY O
abeneBy rpymiy F' paHra n, HAIIpUEMEDP,

F=72¢ ---QL
—_———

n

Boibepem B F' Gasuc ey, . .., e, u 3agaaum romomopdusm & : F' — A, npu KOTOpoM

§O mie) = wias.
i=1 i=1

Herpyano Bumers, uro & apasgercs snumopdusmom. Ilycts B = ker &. 1o Teopeme 2.11 MOxKHO
CINTATh, 9TO dy€1,...,dge, COCTABAIIOT ba3uc B, tae di, ..., d; — HaTypaabHbIe uncta, k < n.
TTomoxum

Zd;e;, ecmm 1 <1i<k;

N; = .
0, eca k <1 <n.

ITo Teopeme 1.50 o0 romomopdusmax u mo teopeme 1.121 moaywaem
A~F/B~ (Ze1/N1) @ --- & (Ze,/Ny). (5)
Ecm 1 <i <k, 10
Ze;/N; = Ze;|Zd;e; ~ 7] 7d;. (6)

ITo reopeme 1.118 rpynna (6) paszsiaraercs B NPAMYIO CyMMY OPUMAPHBIX HUKJIMYECKUX TPYIIL.
Eciu k < i <n, 0 N; =0, u nosromy Ze;/N; ~ Z. Urak, no (5) noaydaem, 4ro

A~ (®;C;) @ H,
rae C; — npuMapHble IMKJIMYeCKUe IPYILIbL, 1

H=7Z& ---&Z.
—_———
n—=k

ITo mpenyioxenuto 2.2 rpynna H cBobogHA. (I

ONPEAENEHUE 2.15. Tpynna G He umeem KpyueHus, eCid B Hell HET HETPUBUAIBHBIX, T.
€. OTJIMYHBIA 0T 1, 3JIEMEHTOB KOHEYHOTrO TOPSIKA.

CHEJCTBUE 2.16. Koneuno noposcdennasn abenesa 2pynna 6e3 kpysenus c60600ua.

OupreEAEJNEHUE 2.17. Tloarpynma H C R™ duckpemna, €Cau CyIeCTByeT Takas OKPECT-
HOCTD HyNa U, uto U N H = 0.

TeoPEMA 2.18. Juckpemnuas nodepynna 6 R™ c60b60dHa.

HOKABATEJLCTBO. Ilo caexncrsuio 2.16 pocrarodno mokasarb, 4ro rpyuina H KoHedHo
mopoxkaeHa. Beioepem B H MakCUMAIBHYIO JIMHEHHO HE3ABUCUMYIO CHCTEMY BEKTOPOB

flv"‘7fk7 kén

ITosoxkum
k
i=1
Torma sBIsieTCS KOMIAKTOM, W, clegoBareabro, N H komeuno. Ocraercs 3amMeTuTh, uto H
mopoxgaercds N H, fi,..., fk. ([
TEOPEMA 2.19. ITycmv G — duckpemnas nodepynna 6 R, u e = (e1,...,ex) — ee basuc.

Tozda eexmopnv. u3 e nezasucumv, 6 R™,
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JOKABATEJLCTBO. Ilycrs, Hampumep,
€1 = Agea + -+ Agex, N €R.

Tlonoxum
S={ages + - +apel0<a; <1, j=2,....k}
Torpa S sBAsIeTCS KOMIIAKTOM, U, CJIEJ0BATEIBHO, KAK U B IIPE/bLAYIel Teopeme, SNG KOHEYHO.
st 11000T0 HATYPAJTBHOTO YUCTA d MOIydaeM

dey = [daz]eg + - + [day]ey + (Baez + -+ - + Brex),

rae fBaes + - + Brer € SN G. Iosromy mHaliayTcs Takwe HATypasbHbIe Yucia di > dg, 9TO
diey — doey JIEXKWUT B MOATPYIINE, MOPOKIAEHHOI €3, ..., €k, T. €.

(dl —d2)61 =mgez + -+ mgeg, Mm; c 7.
OTO TPOTUBOPEUNT ONpeeaeHuio ba3nca B G. O

ViraKHEHUME 2.20. Ilycrs G — noarpymma B R, nopoxaennas 1, v/2. Byzer i ona mior-
Ha B R?






TJIABA 3

KpucraanorpadudecKkue rpyIiibl

1. I'pynnbr aBu>kXeHuii

OnPEAENEHUE 3.1. IIpeoGpazoBanme P eBkimjoBa npocrpancrea F HazbiBaeTcs deu-
otcenuem, eCiu CyIIEeCTBYBET TAKOW OPTOrOHAIbHBIN JIMHEHHBIN OomepaTop ¢ u BeKTOp b, 91O
O(z) = ¢(x) + b naua Beex x € E.

YIPAXKHEHUE 3.2. Bce aBmxkenunii eBKINI0BA TPOCTPAHCTBA F 00pa3yior -
rpyuiLy G(E) OTHOCHTEJILHO OMEPAINU KOMIIO3UIUU OTOODAKEHUN.

YHPAXKHEHUE 3.3. Hdokazarb, uro eciau ® npurkenuwe eBKIuJI0BA IPOCTPAHCTBA F, TO
[@(z) — (y)|| = llz — y|| A1z Beex z,y € E.

IMpumepamu asuzkenuii sipasorcs cdeuzu P(x) = x 4+ b na dbukcuposanubiii BekTop b € E
U OPTOrOHAJIBHBIE MPEOOPA3OBAHUS.

TEOPEMA 3.4. Mnoowcecmeo N ecex cdeuzos obpasyem nopmasvhyio nodepynny 6 G(E),

npuuem G(E)/N ~ O(E), 2de O(FE) — epynna ecex opmozonasbroil npeobpazosanuti ¢ E.
Kpome moeo, N ~ E.

JIOKA3BATEJILCTBO. 3azaaum orobpazkenue & : G(E) — O(FE) 1o cieiyomeMy HpaBuiLy.
Eciu ®(x) = ¢(z) + b gna seex © € E, o nonoxum &(P) = ¢. D10 oupenenenue KOPPEKTHO.
Heiicreurensro, ycrs ®(z) = ¢(x) +b = ¢'(x) + V' nust Beex © € E, rme b, € Ew ¢, ¢’ €
O(E). Torma ®(0) = b =V, orkyna ¢(x) = ¢'(z) ans Bcex ¢ € E. Tlokaxkem Temeps,
gro £ gBsanerca rommopdusmoM rpyuin. Ilycrs @ kak u Boiie, V(x) = ¢(z) + d. Torma
DU (x)] = o[v(x)] + ¢(d) + b, u nodromy £(PV) = ¢ = £(P)E(V). Bomee roro, ker{ = N.
Iosromy N <G(E) u G(E)/N ~ O(E).

Cornocrapanstist 0 € N Bekrop 1(0) nonydaem n3omopbusm N ~ E. O

ONPEJEJNEHUE 3.5. Kpucmaaioepaduueckol uiu npocmpancmeenoti TPYIOi Ha3biBaeT-
cst noarpynn I' B rpynne apuxkenuit G(E) esiugoBa npocrpancrsa £ pazmepHOCTH N, IPUYEM

(1) mpm oroxgecrsienun N ¢ E obpa3 L moarpymmst I' N N gaBasgeTcs TUCKPETHONH TO/I-
rpymnoii (mim pererkoii) B E panra n;
(2) T'N' N umeer KOHEeYHBIH WHIEKC B I

Koneunas rpynna A = T'/(A N N) nasbiBaercss moueunod rpyiioi.
Y1PAXKHEHUE 3.6. TN N «T.

OBO3HAYEHME 3.7. ITonoxkum A =T/(I'N N) C O(E). 3adurcupyem B COOTBETCTBHHA C
reopemoit 77 6azuc fi,..., f, o6paza ' N N B E. Torma L cocrour u3 Bcex BEKTOPOB mq fi +
et mpfn, mi,...,my, € Z.

[TPEJJIOKEHUE 3.8. ITycms ¢ € A ul € L. Toeda ¢(l) € L.

JLOKABATEJBLCTBO. Ilycrs @(z) = ¢p(x) +bu VU(z) =z +1 nus Beex « € E, rue &, ¥ € T.
Torpa ®~1(x) = ¢~ 1(x) — ¢~ 1(b), orxyaa

(@O (z) = DO (2) +1) = ¢(¢~" (2) — ¢~ (B) + 1) + b=z + $(1).

27
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CHEOCTBUE 3.9. Cywecmeyem maxas mampuya X € GL(n,R), wmo
XAX~!' CGL(n,Z).
B wacmnocmu, ecau A € A, mo tr A € Z.

TEOPEMA 3.10 (2Kopzan). Cywecmsyem maxas Pynkyus 7(n), 4mo dan 4100010 Kornewnod
nodzpynne G ¢ O(n,R) nopadox G ne npesocrodum 7(n).

2. JIBymMepHBbIii cirydait

B sToM paszesie MbI OnuIeM KpUCTAIOrpadudecKie TPYIIb B IByMEPHOM MPOCTPAHCTBE.
Paccmorpum cHadasa crpoeHue KoHedHbIX moarpynn A B rpymme SO(2,R). T'ynma SO(2,R)
COCTOUT W3 BCEX BPAIIECHMIT ABYMEPHOTO €BKJIUIOBA MPOCTPAHCTBA. B H060M OPTOHOPMHUPO-
BAHHOM 0a3uCe ITOr0 MPOCTPAHCTBA MATPUIA OIEPATOPA BPAINECHUSA UMEET BH]

__ [cosa —sina
9= \sina  cosa }°
Ecmu g € A, o no caencreuio 3.9 trg = 2cosa € Z. Takum obpazom, 2cosa = 0,+1, £2,

T w27
=0,+—, £—, +—
OTKYya Qv yEo kg,

, . Utak, mokazaHa
TEOPEMA 3.11. Ilodepynna A 6 SO(2,R) seasemes yukauseckot epynnot nopsdka 1, 2,

3, 4, 6.

ITycres remeps A C O(2,R), Ho A ¢ SO(2,R). Torma A comep:KUT CHMMETPHIO b OTHO-
cUTeIbHO HeKoTopoii ocu, npudem b? = 1. Ecim ¢ € A\ SO(2,R), To bz € SO(2,R) N A,
npudeM bx — CHOBa CHMMETPHsI OTHOCHTETbHO HeKoTopoit ocu, T. e. (bx)? = 1. Tlo Teopeme 3.11
nonysaem SO(2,R)NA = (a),, n=1,2,3,4,6. Torna SO(2,R) N A — noarpynna uxuekca 2
B A. Orciona

A={l,a,...,a" ' bba,... ba" "'},

. e. A = D, — rpynma gwsapa. rtak, mokasaHa

TEOPEMA 3.12. A - odna u3 caedyrouwus epynn:

(1) yukauueckasn epynna epawsenut nopadka 1, 2, 8, 4, 6;
(2) epynna dusdpa D,,, n=1,2,346.

ITo mpemyioxkenuto 3.8 rpynna A jeficrByer Kak rpymia npeobpasoBanuii pemmerku L.

TEOPEMA 3.13. Boswmootcuo, caedyrougue sapuanmos das pewemsu [N N ¢ 6asucom f1, fo.

(1) Zdaunwr f1, fo pasauswnv, u onu He nepnenoukysaprol.. B smom caywae onu noposic-
darom napaasesoepam. Toeda A — yurkauveckas epynna nopadka 2, noposcdaemas
UEHMPANLHOT, CUMMEMPUETE, UM NOBOPOMOM HA T.

(2) daunw fi1, fo pasauuns u onu nepnenduxysapmus. B smom cayuae onu nopoowcda-
1om npamoyzoavhuk. Tozda A — epynna Do nopsadka 4, nopoocdaemas, cummempuets
OMHOCUMENLHO TPAMOT, NPOTOdAULET uepe3 f1 U NOBOPOMOM Ha T.

(3) Zaunw f1, fo odunaroso, u onu nepnenduryaspro. B amom cayuae onu noposcdarom
xeadpam. Tozda A — epynna Dy.

(4) Taunw f1, fo odunakosw, u onu He nepnenduryaspro,. Kpome mozo, dauna f1 — fo
omauywHa om daunvt fo. B amom cayuae onu nopoocdarom pomb. Tozda A — epyn-
na Do, nopoocdaemas 08Yma CUMMEMPUAMY OMHOCUMENLHO NPAMBLE, NEPAIANEALHOLT
0Ua20HANAM POMOG.

(5) daunwr f1, fo odunakosw, u onu He nepnenduryaspro. Kpome mozo, dauna f1 — fo
pasra daume fo. B amom cayuae onu nopooscdarom pomb. Tozda A — zpynna Dg,
NOPONHCOGEMAH 08YMA CUMMEMPUET ?Tmﬂocume./wno NPAMYLL, NAPAALENLHOLT OUG20-

HAAAM POMOG U NOBOPOMOM HG Y204 3
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Kpome mozo, das xascdot pewemxu donycmumo, nodzpynns, paccmompeHHbLT
2pynn cummempuii A, yKa3aHHuLT GviuLe.

3. TpexmepHBbIii caydaii

Paccmorpum renepb TpexmepHblil ciaydait. Kak v Bbllle paccMOTPUM CTPOCHHE KOHEYHbBIX
noxrpynm B SO(3,R), 3arem B O(3,R) u, HaKOHEII, BO3MOXKHBIE PEIIETKH W UX TPYIITBI CHMMET-
puii. Ham morpebyercs

TEOPEMA 3.14. ITyemv g € O(3,R), npuvem hgh™! € GL(3,Z). Tozda cywecmeyem
maxas mampuya u € SO(3, R), wmo

det g 0
ugu~! = 0 cosa —sina|, (7)
0 sina  cosa
2
edea =040+ 4T o
3 3 2

JIOKABATEJILCTBO. U3 Kypca ajreOpbl W3BECTHO, YTO MATPHUIA OPTOrOHAJIBLHOTO OIEpa-
TOpa B HEKOTOPOM OPTOHOPMHPOBaHHOM Gasuce umeer BuJ, (7). Ilosromy

det g + 2cosa = tr(ugu™") = trg = tr(hgh™!) € Z.

Tax kak det g = £1, 10 2cosa € Z. Orcrona KaK ¥ BBIIIE TOJyIaeM TpedyeMoe yTBepKICHUE.
O

OBO3HAYEHUE 3.15. Obo3uaunm depe3 S TpexmepHyn cdepy eIVNHWYHOTO PAINyCca B
TPEXMEPHOM MPOCTPAHCTBE C MEHTPOM B HyJe. IIpeamosokum, 9To A — KOHEYHAsT MOATPYIINa
B SO(3,R). Torga Ka/blii HEEIUHUIHBINA JIeMEHT U3 A ABJIIETCH BPALIIEHUEM OTHOCHTEIHHO
HEKOTOPOI OCH B MEPIIEHIUKYJISIPHOI IIJIOCKOCTH HA yros u3 teopembr 3.14. Ilepeceuenue 3roit
ocu ¢ S cocrout u3 nByx Touek. ObozHadnm depe3 X — MHOKECTBO BCEX TAKUX TOYEK U3 S s
BCEX HEEIWHUYHBIX JIEMEHTOB U3 A.

I[TPEAJIOXKEHUE 3.16. Tycmo x € X u g € A. Tozda g(z) € X.

JLOKA3ATEJIBCTBO. Ilycth | — HemompuxkHas och miast h € A\ 1, w x € INS. Torna
ghg~1(g(1)) = g(1), 7. e. g(l) — menonsuxkuasz och A1t ghg~t € A\1, npuaewm g(z) € g(1)NS. O

I[MTPEMTIOKEHUE 3.17. ITycmo x € X u A, — cmabuasuzamop x 6 A, m. e. MHOHCECMBO
ecex makur g € A, wmo g(x) = x. Toeda H, — yuxauueckas zpynna nopadxa 1, 2, 3, 4, 6.
Ipu amom ecau A = Ay U goAp U ... U gnA, — pasbuerue A HG A€6bLE CMEHCHBLE KAGCCDL TO
A, mo opbuma = npu deticmeuu A umeem nopadox m u cocmoum u3 x,gz(x),...,gm(x). B
wacmuocmu, |A| = m|A,|. Cmabuarusamop gi(x) pasen g;A.g; "

JIOKA3BATEJILCTBO. Conocrasum g; A, 31eMent g;(x). O
OBO3HAYEHUE 3.18. O6o3nauum uepe3 M muoxkecrBo nap (x,g), rae g € Ay \ 1.

Tak kak kaxxgomy ¢ € A\1 coorsercrByior ase rouku u3 X, 1o |[M| = 2(]A|—1). C apyroii

cropoubr, X pasbuBaercs Ha opouTh X1, ..., X meiicteus rpymmsl A. ITo npemmoxenuio 3.17
gncgio nap (z, g), vae « mpoberaer ogHy opouty X; nopsaka m; paBHo m;(|A;|—1), rme A; = A,
IJ1s HeKoToporo syementa x; € X;. Kpome toro, m;|A;| = |A|. Uraxk,

2([A[ = 1) = ma(|As] = 1) + -+ + me(|Ak| = 1).
Hensa ma |A|, momyaaem

2 1_L)+...+(1_L (8)

2 = = :
= 0 ay a7
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1 1 k
Tak Kak |A;| > 2 mus Beex 4, 7o 1 — ) > 3 IMosromy u3 (8) momywaem 2(1 — W) > 3T
4 ?
e. k<4-— W < 4. Cayuait k = 1 HEBO3MOXKEH, TOCKOIBKY
1 1
20—+—=)>1>1— —.
A | A
CrenoBarenbuo, k = 2, 3.
Iycts k=2 m
1 1 1
21— ) =2
1A [Ar] [Ag]
Wiy,
2 _ 1 1
Al AL [Ay]
ITpu stom |Aq], |Az] < |A|. Otcriona |Aq] = |Az| = |A]. D10 03HauaeT, 9To X COCTOUT U3 JABYX

TOYEK, COOTBETCTBYIOMUX OAHOM ocu. IlosToMy A — HuKIMYecKasi IPYyIIa BPAIIEHU BOKPYT
omuoit ocu. ITopsimok A pasen 1, 2, 3, 4, 6.
ITycrs k = 3. Torma u3 (8) BeiTekaer

2 _ 11 o)
AL A1) A [As]

1+

MozkHo cuyurars, 410 2 < |Ay] < |Ag| < |As|. Ecnu |Aq| > 3, 1o B paBercrse (9) npasas 4actb
menbwie 1, a sesas 6osbe. Crenosarensno, |[Aj| =2 u

1 2 1 1

S =t
2 A [As]  [As]

Henocpegcreennbrii mepebop MOKa3bIBaeT, YTO BO3MOXKHBI JIUIIEH CJIEIYIONTHE CJIyJan:
A

1) 1Al =2, |8y = 2

(2) [Az] =3, |As]=3 [A]=12
(3) [Ag] =3, |As]=4 [Al=24
(4) [A2] =3, |As|=5 |A]=60.

Orciona BoITEKaeT

TEOPEMA 3.19. ITycmo A — xonewnas nodepynna 6 SO(3,R). Tozda A 0dna u3 caedyrouux
epynn:

(1) yukauueckasn epynna nopadka 1, 2, 3, 4, 6;

(2) epynna dusdpa D, 2den =1,2,3,4,6;

(3) epynna spawenuti mempasdpa T ~ Ay, em. Pucynor 3.1;
(4) epynna spawenudi oxpasdpa O ~ Sy, cm. Pucynox 3.1;
(5) epynna spawenuii ukocasdpa I ~ As, em. Pucynor 3.1.

OrMeruM, 9T0 yKa3aHHbIE TPYIIbI JAEHCTBATEIBHO PEAJU3YIOTCsl KAK IPYIIIbI CHMMEeTpUi
HEKOTOPbIX MOJIeKyJ, cM. Pucynok 3.2. Tax rpynmnoit cummerpuit mosiekyiibt H3C — CCls saB-
JISIETCS IUKJINYecKast TPYTITa MOPSAKa 3, TPYINOi cuMMmeTpuit MoeKybl Cog SIBJISIETCS TPYIINA
nuypa Dy, rpynmoii cummerpuit mosekynsl merana C Hy siBiisiercst rpymnna rerpasapa 1, rpyi-
o cuMMerpuit MoeKyibl rekcadopuy ypana U Fg siBisiercst Tpynmna okTasapa O.

Jlnst 3aBepIenus pacCMOTPEHUS OIUIIEM TOYETHBIE IPYIIIBI, COCTOANIAE HE TOJBKO U3 Bpa-
NIEHUS.

OBO3HAYEHUE 3.20. O603HauuM Yepes3 j LEHTPAIbHYIO CUMMETPUIO B TPEXMEPHOM ITPOCT-
pamcTBe, T. €. j(x) = —x A BCEX BEKTOPOB X.
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Image24.pcx

PucyHok 3.1

Image25.pcx

PucyHok 3.2

VIPAKHEHUE 3.21. j2 =1wu j € O(3,R) \ SO(3,R). Bosee Toro,
O(3,R) =S0(3,R) x (j)a-.

IIpeanonoxum, uyro A — koneuynas noarpynna B O(3,R), He nexamas B
SO(3,R). Torna A = ANSO(3,R) aasiercs noarpynuoit unjgexca 2 B A.

[TPEMVIOKEHUE 3.22. Ecau j € A, mo A = A X (j)s.
Ipennonoxum, aro j ¢ A u A\ A= jM, rne M C SO(3,R).

[IPEJIOKEHNE 3.23. AM = MA = M, M? = A% = A. B wacmuocmu, G = AU M
asasemes nodepynnot 6 SO(3,R), npuvem A — nodepynna undexca 2 6 G.

OBO3HAYEHUE 3.24. I'pynna A = A U jM u3 npejgoxenus 3.23 obo3Havaercs depes
(G, A).

B cuity Teopewmsbt 3.19 u npeagoxkenust 3.23 cupaseiuBa

TEOPEMA 3.25. IIycmv A — xonewnasn nodepynna 6 O(3,R), ne aescawan ¢ SO(3,R).
Tozda A — odna u3 caedyrouwus epynn:

(1) (a)n x (j)os

(2) Dn x (j)2;

(3) T x ()2

(4) O x ()2

(5) I x (j)2;

(6) (<a’>27l’ <a2>n)’ n= 274a 67
(7) (Dn,{a)n), n=2,3,6;
(8) (Dan,Dn), mn=2,3;

9) (0,7).
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Bcezo 32 xpucmanrnozpaduseckus Kaacca.

Nmerorcs 72 pa3/ingHbIX HEIKBUBAJIEHTHBIX I'PYIII CUMMETPHl TPEXMEPHbBIX perierok. Bosz-
MOXKHBIE MHOTOTDAHHUKH, BO3HUKAOIINE Ha pernepe f1, fo, f3 ykaspBaiorcs B Pucynok 3.3.

Image26.pcx

PucyHok 3.3



TJIABA 4

DJIeMeHTbl TE€OPUHU IIPEeICTABJICHUI TPYIIII

1. OcHoOBHBIE IIOHATHUS U IPUAMEPHI

ITycrs V' — BekropHoe npocrpancrso Haz nosem k. Uepes GL(V') obo3nauaercs MHOKECTBO
BCex OOPATUMBbIX JINHEHHBIX OIIePATOPOB HA V', T. €. MHOXKECTBO BCEX JIMHEHHBIX orneparopos A
B V, y KOTOPHIX ecTh Takoif (o6paTwbif) omepaTop A ™!, aTo

AA T =A A =¢.

VOPAKHEHUE 4.1. GL(V) aBisiercd rpynmnoii OTHOCUTENLHO OIEPAIUY YMHOKEHUST Olle-
pPATOpPOB.

OnpPEJEJEHUE 4.2. Ilycts G — rpynna u V' — BEKTOpHOE TIPOCTPAHCTBO HAJ, MOJEM K.
Ipedcmasaenuem rpynnnbt G B V HazbiBaercs romomopduam rpymn € : G — GL(V).

Jlpyrumu CIOBaMu, KaxkIOMy 3JIeMeHTY g € (7 COTOCTaB/IeH OOPATUMbIH JIMHEHHBIN Onepa-
Top &£(g), mpuuem &(gh) = £(g)&(h) nus Beex g,h € G. Ecan npexncrapienne € GUKCHpoBaHo,
10 06bIYHO JeiicTBue oneparopa £(g), g € G, Ha BekTope v € V' obo3uagdaerca uepes gv. Torma
Juist Bcex v, w € V u g, h € G BbIIOIHEHb! YCI0BUS

glaw + fw) = algv) + Blgw), (gh)v = g(hv), 1v=w. (10)
Mocnennue nBa pasencrsa u3 (10) nokazsiBaioT, uro rpynmna G melicTByer Ha MHOXKeCTBE V.

[TPUMEPHI 4.3. YkakeM psif MPEICTABICHUI TPYII.

(1) Oycrs G = S4 u T — TeTpasap ¢ BEPUIMHAMH, 3aHYMEPOBAHHBIMU uucaaMu 1,2,3 4.
[IpeamoIoKuM, UTO TeTpadIp BIoKeH B R, mputueM ero 1meHTp paclooxkKeH B Hadaje
koopsuuar. ComocTaBuM Kazk/I0# IepecTaHoBKe o € Sy OpTOrOHAJILHOE IPeodpa3o-
paane R3, mepesomamee pepmmmer 1,2,3,4 B ol,...,04. Takoe mpeobpaszoBanue Cy-
IECTBYET, TAK KAK O SBJSETCs TPOU3BEICHIEM TPAHCIIO3UIUN, U JJIsl KazK/I0i TPAHC-
[O3UIUKU TaKOe IPeodpa3oBaHKe CyHIeCTBYeT. JICHO, 4TO BO3HUKAET MPEJCTABICHHUE

Sy.
(2) 'pynma S, neiicreyer B k[X71, ..., X,] ¢ IOMOIIBIO IEPECTAHOBOK MEPEMEHHBIX.
(3) I'pynmbr musapa D, 1 KBaTepHUOHOB (Jg MMEIOT eCTecTBeHHOe TpejicTapaenne B R? u
2
B C=.

OnPEAENEHME 4.4. Tlycrs 3anans apa npencrasienns & : G — GL(V), ¢ : G — GL(W).
OTH NpPEICTABIEHUS IKEUBAAECHMMHYL (U30MOPPHHDL), €CITH CYIIECTBYET TaKO# M30MOpdU3M BEK-
TOpHBIX TpocTparcTs ¢ : V. — W, uro ([{(g)v] = ¢(g)[¢(v)] mns Becex g € Vv € V.

Ilepedopmynupyem monsTue MpeaCTABICHUS U H30MOPPU3M B MATPUIHBIX TEPMUHAX.
ITycts V — BeKTOpHOE MPOCTPAHCTBO HaZ mosieMm k ¢ Gaswcom e = (eq,...,e,). Ecan 3amano
npeacrasienne & : G — GL(V), To kaxxmomy sneMenty g € G comocrasiena Marpuna A, =
(aij(9)) € GL(n,k). Ecmm g,h € G, to Ay, = AgAp, mecmm z = > 1 xie; € V,z; € k, 10
crosiber; u3 KoopAuHaT BekTopa A,z B 6a3uce e pasen

T
Ag
Ty

33
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Ipeanonoxum, aro (fi,..., fn) — 6asuc npocrpancrea W, u ¢ : V. — W — uzomopdusm
PEJCTABICHUS, IPHYEM

n
C(@i):Zf]‘Cji, CjiEk', 1=1,...,n.
J1
IMomoxum C = (¢j;) € GL(n, k), nycts mpu npeacrasnenun ¢ : G — GL(W) anemenry g €
G coorsercrByer Marpuna B, € GL(n,k). Torma ana moboro g € G mo onpenenenuio 4.4
LOJTy 4aeM

CAy = B,C nmu By = CA,C" (11)

TEOPEMA 4.5. Kaoicdoe xoneuwnomeproe npedcmasaenue xonewnol epynnoe G nad noasem
R (nad C) sx6usarenmmo opmozonasvhomy (YHumapHomy).

JIOKABATEJILCTBO. Ilycrb 3anano npejacrasienue ¢ : G — GL(V), rne V' — Koneunomep-
HOe BellleCTBeHHOe MPOCTpaHcTBo. BV cyllecTByeT CTpYyKTypa eBKJU0BA IIPOCTPAHCTBA CO

ckaigpHbIM TipoussesenueM (). Beegem B V HOBOe CKasIsipHOE IIPOM3BEJICHHE
1
T,y = — x,gy).
[z, y] ] > (g, 9v)
geG
Henocpeacreennas mpoBepka MOKA3BIBAET, 9TO |, | ABIAETCA CKATADHBIM TPOU3BEICHUEM,
u [gz, gy] = [z, y] nas Beex z,y € V. O

CHEOCTBUE 4.6. ITyems b : G — GL(V) — us meopemw, 4.5. Ecau noonpocmparcmeo
U C V unsapuanmmuo omuocumenvno écex onepamopos ¥(g),g € G, mo V. = U ® W, ade
nodnpocmpancmeo W unsapuanmmno omuocumesvro écex onepamopos ¥(g), g € G.

CHEOCTBUE 4.7. ITyemwv 3adan 2omomopdusm ¢ : G — GL(n,R) xoneunos epynnu G,
npuvem cywecmeyem makoe 1 < k < n, umo

B, | Cy4
P(g) = , By e GL(k,R),D, € GL(n — k,R), C, € Mat(k x (n— k),R),
0 | Dy
oan scex g € G. Tozda cywecmeyem maras mampuya F € GL(n,R), umo
B, | Cy4 B | 0
F Fl = , B € GL(k,R),D;, € GL(n — k,R),
0 | Dy 0 | Dy

das ecex g € G.

JTOKABATEILCTBO. MOKHO cauTaTh, ¥TO 1) oproronaisuo. Torma W = U™, (I

2. Teopema Mailike u ee IPUJIO>KEHUSA

OupPEIEJIEHUE 4.8. Ilodnpedcmasaenue, npamas cymma TPEICTABICHAN, HENPU0IUMOE
[PEICTABJIEHHIE, 6NOAHE NPUS0JUMOE IIPEICTABICHUE.

TEOPEMA 4.9. JIwboe KoHEYHOMEPHOE BEWLECTNEEHHOE NPEICTNABAEHUE KOHEYHOU 2PYNNDL
6NOAHE NPUBOOUMO.

JOKABATEJILCTBO. WHAyKInA M0 pa3MepHOCTH TPEeICTABICHUS. ([

Y1prPAKHEHUE 4.10. Hoka3arb, 910

(1) ecrecrBennbie aBymepHbIe npeacraBaenust Dy, Qg HENPUBOANUMDI;
(2) mpencrasienue Sy u3 4.3 HENPUBOIUMO.
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TEOPEMA 4.11. Bce odnomepuvie npedcmasaenus epynno G ce0damces ¥ 00HOMEPHLLM
npedcmasaenuem G/G'.

JOKABATEJIBCTBO. Hy)HO Bocmomb3oBaThed mpemoxKennem 1.93. O

TEOPEMA 4.12. J[wboe Henpusodumoe KOHEYHOMEPHOE KOMNAEKCHOE abeaesoll 2pynnv, 00-
HOMEPHO.

JOKA3ATEIBLCTBO. Ilycrs 3agano npeacraBienue ¢ abeneBoit rpymibl G B IPOCTPAHCTBE
V. Ecam g € G, To omneparop ¢ (g) nMeeT HeHyJIEBON COOCTBEHHBIH BEKTOP € COBCTBEHHBIM 3Ha-
yernneM \,. Craenosarensno, monmpocrpancTso U B V, cocrodliee U3 HysId W BCeX COOCTBEHHBIX
BEKTOPOB Il 1(g) ¢ COOCTBEHHBIM 3HATEHHEM A\, OTIHYHO OT HyJs, IPUYEM B CHITy abeIeBoc-
i G ono mwaBapuantao. CnemoBarenbuo, U = V. Tak kak g — mo6oit amement u3 G, 10 1y
mobbix g € G,v € V umeem gv = Agv. Orcrosa BbiTeKaeT yTBEpIKJICHUE. O

CHEACTBUE 4.13. Onucarue HenpusodUMBLT KOMNAEKCHUT Npedcmasierul Koneunvnis yurll
AUYECKUT U NPOU3BOALHBLL KOHEUHBIT 2PYNN.

I[TPETOKEHUE 4.14. ITycms V' — npocmpancmeo pasmeprocmu n wad nosem k Hyaesot
rapaxmepucmuku ¢ 6aducom € = (eq,...,e,). 3adadum npedcmasaenue S, 6 V, norazan dasn
oces,

ole;)) =egi, i=1,...,n.
IIyemo U = k(e1 + -+ +en,) u
W ={z1e1+ -+ apey|r; €k, 14+ -+, =0}
Tozda U, W nenpusodumvie nodnpedcmassenus, npuvem V =U & W.

JOKABATEJILCTBO. Jlocrarouno mokas3ars, uto W nenpusogumo. Ilycts h = hie; +-- -+
hne, — Henynesoit BekTop u3 W. TlepecraBisisi e; ¢ MOMOIIBIO S;,, MOXKHO CIUTATh, 9TO hy # 0.
Samerum, 9ro ciaydait hy = hg = -+ = h, HEBO3MOXKEH B CHJIy HYJIEBOH XapaKTePUCTUKU
nosisi.  IlepecraBiisig es, ..., €, € HOMOIIBIO S, MOXKHO cdurarb, 4r0 hy # he. Torma h —
(1,2)h = (hy — ha)(e1 — e2). CremoraresbHO, JI060€ HEHYIEBOE WHBAPHAHTHOE OTHOCHUTEIHHO
S, moampoctpanctBo B W conepkut sektop (h1 — ha)~H(h — (1,2)h) = €1 — €. Ho Torma ono
comepxkut u (2,7)(e; — e3) = €1 — e; wiug 1060ro i. [osroMy 3TO HOAIPOCTPAHCTBO COBIAIAET

cW. O






TJIABA 5

AJre6pbl 1 1moJis

1. Koabua u ajnredbpst

ONPEJEJEHUE 5.1. Koavuo (e obsizaTesbHO accouuaTuBHoe). Accoyuamuehsie, Kommy-
MAMUBHBLE, AHMUKOMMYMAMUSHBLE KOJIBIIA, KoAbYa JIu.

[IPENJIOKEHUE 5.2. B arwbom xoavuo umeem 0z = 20 = 0.
ONPEAEJEHUE 5.3. [loas, meaa.

ONPEJEJNEHUE 5.4. Axzebpa uan nojem (He 0bg3aTe/IbHO accouaTuBhas ). Accoyuamue-
HBLE, KOMMYMATNUCHDIE, GHTNUKOMMYMATIUSHbLE AJITeOPBI, aszedbpol Jlu.

[IPUMEPHI 5.5. YKaxeMm psm aareop.
QO Accouuarusuble anrebpbl — anrebpor Marpun, Mat(n, k).

O AcconmaTtnBHO-KOMMYTATHBHBIE areGphl — anrebpbl MHOTOUIeHOB k[ X1, ..., X, ], an-
re6pbr psagos k[[X]], anreOpbl HeNpepbIBHBIX (DYHKIMIA HA TOMOJOTHYECKOM TIPOCT-
PaHCTBeE.

Q Ecsu R — acconuarusnas anrebpa ¢ 1, To anrebpa marpun Mat(n, R) cHOBa siBjiseTcst
acconuaTuBHOM anredpoii ¢ 1.
Q Anre6psr JIu A s acconmarusroii anrebpor A.

ONPEJAEJIEHUE 5.6. Fdunuunoil 3JIEMEHT, deauments HYAs, 00pamumvLe SJEMEHTHI aared-
pot. Obaacmu, meaa.

[TPEJJIOKEHUE 5.7. Edunuunnti ssemenm anzebpv. onpedesern odnosnawrno. Obpamumoie
INEMEHMBL ACCOUUAGTNMUBHOTE AA2E0PBL 06PA3YI0M 2PYNNY No YymHosxcenuro. Obpamumvlii saemenm
accoyuamuehoti ar2ebpol we mosicem Obimsd desumenem HYAA.

CIEJICTBUE 5.8. B meae u 6 nose nem deaumenets HYAis.

I[TPUMEPHL 5.9. I'pynnbr 06paTuMbIx 3J1EMEHTOB B

(1) k[X1,...,X,] — 9TO HeHyJIEeBbIe KOHCTAHTHI;

(2) k[[X]] — 9T0 psazbl C HEHyIEBBIM CBOGOIHBIM YJIEHOM;

(3) Mat(n, k) — sro GL(n, k); nenurenu nyns B Mat(n, k) — 970 BbIPOXKIEHHBIE MATPHUIIbI
U TOJIbKO OHH.

OnPEAENEHUE 5.10. ITomasrebpsl, noganrebpsot ¢ 1.
I[MPENJIOKEHUE 5.11. ITycmo A — accoyuamuernas aszebpo. u z € A. Ioaoocum
k[z] = {Z a;zila; €k, i>0}.
Tozda k[z] — naumenvwasn nodaszebpa ¢ 1 8 A, codepocawsas z.

OIPEJEJIEHUE 5.12. Hdeas B Kosblie u B anredpe. Obosnauenue I<R. Anrebpa A npocma,
ecn; B Hel TONBKO aBa uneana A m 0.

VYIPAKHEHUE 5.13. Ecau nmean I xonbna R ¢ equHAnei comep:KuT 0OPATUMBIH 9JIEMEHT,
to I = R.

37
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CHEJCTBUE 5.14. Jhoboe mero npocmo.
TIPEATOKEHUE 5.15. ITycms A — KOMMYMAMUBHO-GCCOUUAMUBHAR aN2e0DPa, U
21y, 2n € Al
Tozda

n
(21, 0y 2n) = {Z a;zila; € A}
i=1
asasemesa udeasom 6 A.

OUPEJEJIEHUE 5.16. WUmeasn
(21, 2n)
HAa3bIBAETCS UIAEATIOM, NOPOAHCIEHHBLM MHOKECTBOM 21, . . . , 2n. Vlgean Buaa (z) B A nHasbiBaerca
2AA6HBIM.

TEOPEMA 5.17. J1ob6ot udean 6 aszebpa mrnozousenos k[X| asasemes eaaenoim.
YTPAKHEHUE 5.18. Jlio6oit nnean B Z v B Z[i] ABIAETCS TIABHBIM.

TEOPEMA 5.19. ITycmov R - accoyuamuenas anzebpa, u A = Mat(n, R). Ipednosooicum,
ymo I < A. Tozda cyuwecmeyem u npumom eduncmeennuiii maxot udeanr J < R, wmo I =
Mat(n, J).

HOKABATEJTBCTBO. Ilosoxum

J = {CL S R|aE11 € I}
IIycts X = (z4;) € I, toe x;; € R. dus mobeix 4,j = 1,...,n uMeem
xijEll = EliXEjl el.

Cuenosarensuo, x;; € J, . e. I C Mat(n, J).
O6parno, mycts X = (z,;;) € Mat(n,J), 1. e. z;; € J ana Beex 4,5 = 1,...,n. B stom
cayqae x;;E11 € I, oTkyna

X = injEij = ZEﬂ(ajijEu)Elj el.
ij

ij

ChEACTBUE 5.20. ITycmv D — meso. Tozda Mat(n, D) — npocmas anzebpa.

OUPEJEJIEHUE 5.21. Tomomoppusmov, Koierl u aaredp. Hzomopdusmol, asmomopPhusmol.
Sdpo romomopdusma ker ¢.

IIPEIIOKEHUE 5.22. ker ¢ asanemes udearom xoavya (arzebpo).

CHEJCTBUE 5.23. ITycms ¢ 1 k — A — nenyaesots 2omomopdusm noas k 6 anzebpe A.
Tozda ¢ seasemcs MOHOMOPHUIMOM.

JIOKABATEJIBLCTBO. Paccmorpum umean ker ¢. Ilo ciencreuio 5.14 mmbo ker ¢ = k, aubo
ker¢ = 0. B mepBom ciydae ¢ = 0, 970 mpoTHBOpeYnT mpeanosoxkennio. CremnoBaTebHO,
ker ¢ = 0, u ¢ — morOMOpPDuU3M 10 craeacTBuo 1.47. O

CHEJCTBUE 5.24. ITycmv A — anzebpa ¢ edunuuyets 1 nad nosem k. Tozda omobpasicenue
¢:k— A, a— al asasemes eaoocenuem noas k 6 anzebpy A.

OnPEAENEHUE 5.25. ITycrs [<R. Paccmorpum dhakToprpymniy (OTHOCUTEIHHO CIOKEHHS )
R/I. Onsa+1,b+1 € R/I u o € k nonoxkum

(a+D)(b+1I)=ab+IcR/I, ala+])=aa+].

IMonyyaromasics anrebpa (Kosiblo) Ha3biBaeTCs Pakmopanzebpoi (Paxmoprosvyom)
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[TPEVIOXKEHUE 5.26. Onpedeaerue daxmopanzebpo. (Paxmoproavya) R/I roppexmmo.
Ecau R accouyuamusno (Kommymamueno, Koavuo usu aszebpa Jlu), mo smum oice ceoticm-
6om obaadaem R/I.

JIOKABATEJILCTBO. Ilyctb a+1=a' +I1,b+1=0V +1. Tornaa =a+z,b =b+y, rue
z,y € I. Ilosromy
a'bl =ab+ab+ay+ay €ab+ 1,

MOCKOMBKY b 4 ay + xy € I B cuny onpenenenus uieana. Ananorudno, ecid a € k, 1o
ad = aa+axr € aa+ 1.
Hecnoxuo mpoBepsieTcs u MocjeiHee yTBEPK IeHuE. 0

ONPEJNEJEHUE 5.27. Paccmorpum romomopdusm © : R — R/I, a — a+ I. Torma 7
siBJsercd romomopdusmom Kodel, (aarebp). Ou HasbiBaercs ecmecmeenvim roMoMopdhusMom
Kouerr (anredp).

[TPEVIOXKEHUE 5.28. Tomomoppusm m: R — R/I us onpedeaenus 5.27 asanemes 2omo-
mopdusmom xoney, (anrzebp), kerm = 1.

TEOPEMA 5.29 (Teopema o romomopdusmax). ITyems ¢ : R — R’ — 20momopdusm roaey
(anzebp). Tozda Im ¢ ~ R/ ker ¢/.

JIOKA3BATEJBLCTBO. Ilo Teopeme 1.50 orobpaxenue ¢ : f(R) — R/ ker ¢, 3anaBaemoe 110
LpaBUILY
(((x)) = ¢~ ($(x)) = = + ker ¢
saBjgerca uzomMopdusmom aaauruBHbix rpynn Im¢ u R/I. Ocraerca nokazarsb, 9ro ((ab) =
¢(a)¢(b), u
ag(a) = ¢(aa) (12)
st Beex a,b € Im¢g, o« € k. ycrs a = ¢(z), b= ¢(y), tne z,y € R. Tak kak ¢(x)d(y) =
¢(zy), TO
(a)¢(b) = oM (o(2))~ H(B(y)) = 6 d(zy) = ((ab).

Ananornuno nposepsiercs (12). O

I[TpuMEPH 5.30. Hokazarb, 910
(1) C[X,Y]/(Y) ~ CIX];
(2) RIX]/(X?+ X +1)~C.

B 3aksiouenne 3Toro paszuena MpUBEIEM BAaXKHBIN mpuMep mpocToit anredpol. Hamomunm cHa-
Jana, 4To JJist AJIEMEHTOR &, Y JII000i acConaTuBHON amrebpe nosiaraeM [z, y] = zy — ya.

Iycrs V = C[Xq, ..., X,] — anre6pa KOMIUIEKCHBIX MHOTOYJIEHOB OT X1, ..., X,. Paccmor-
puM B V JIMHEHHDBIE ONEPATOPHI P1, - - -, Pns s - - - 5 Gn, TAE A1 J000r0 f € V.
of
pi(f) = ax,’ af =Xif. (13)

[TPEJITOXKEHUE 5.31. Cnpasedau6v, coommousenus
pi,pi] = [0, 4;] =0, [pisq;] = 035

JIOKABATEJILCTBO. JlocTaroyHo mpoBepuTh mocjeanee coornomenne. Eciu f € V., To

A(X, f) of
P4l = iy —aipi)f = =55~ Xigy =
X Of Of 09X, s
ax ! gy~ Xigy = ax /=0l (14)
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ONPEAEJEHUE 5.32. Auszebpoi Betias A, (C) nasbiBaerca noxaiarebpa ¢ eiuHuieil B aj-
rebpe THHEHHBIX OIEPATOPOB Ha V, MOPOXKIEHHAs BCEMH OIepaToOpaMu p;,q;, 1, = 1,...,n.

B cuy mpeyioxenust 5.31 mpon3BosbHbI 35eMeHT n3 A, (C) siBisiercst KOHEUHOH TNHEHHOM
KOMOWHAIIMEH OTHOUICHOB

@t gyt s si,my >0, s, my € Z. (15)

B wacrrocrn, kaxaprit snement F n3 A, (C) MOXKHO MpeACTaBuTh B BHJE KOHEWHOH CyMMBI

F=> filq,-,a)9i(p1,- -, Pn)- (16)
IlosoxkuMm B 3TOM CiIydae
or _ agz(ph,pn)
ap] _Zifz(ql7"'7qn) 8])1 )
8F 6fz(q1;7Qn)
a - =2 . 9iP1,-- s Pn)-
4 > o4, (p1 )
ITPEANOKEHUE 5.33. Ecau F € A, (C), mo dasn 6cex i =1,...,n
oF oF
piaF = 5 an =5 -

JOKABATEJILCTBO. CrpaBeninBa
JIEMMA 5.34. B 10601 accoyuamusHol anzebpe A 6binoaHeHb, PAGBEHCTEA
[z,y2] = [z,y]z + y[z,2], [z,9] = —[y,z].
JOKABATETBCTBO. HemocpencTBeHHOE BBIMHCIEHUE. ([l

MoxHo cunrarb, uyro F' aBiaserca ognounenom (15). B cuiny npemoxkenns 5.31 u jaem-
MBI 5.34 mosrygaem

i Fl = a1 - 2 i g™ iy - an oty (17)
Ocraercs noka3arb, 9TO
i, "] = ma" . (18)

Ecnu m = 1, To (18) BeiTekaer u3 npegoxkenus 5.31. Iycrs nys m pasenctso (18) mokaszamo.
Torna mo jsemme 5.34

i, "] = [pis @l + @ilpi, @] = @ + qmg” ™' = (m + 1)g}™.

IIPENIOXKEHUE 5.35. Odnouaenss us (15) nezasucumot.

JOKA3ATENBLCTBO. Ilycrs F' — nenysesoit snement u3 (16). IIpeacrasum F' B Buge F =
Z;io U;qL,, TIe U; — MHOTOWIEHBI OT D1, ..., n,q1,-- -, n—1. 110 TpemyIoxkennio 5.33 momxydaeM,
9TO

0=[pn,F]= Zuiiqffl.
i=0

ITpomosKast 3TH PaCCy kIACHUS, TIOIy9aeM B anrebpe Befiis HeHyIeBoi MHOTOWIEH CHAYAJIA, OT
DlseevsPnyQlys- - Qn-1, W 32T€M OT D1, . .., Pp. AHaJOrHIHO paccmarpuBas 0 = [¢;, F] momy4aem
IPOTHBOPEYHE. (Il

TEOPEMA 5.36. Auzebpa A, (C) npocma.
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JLOKABATENBLCTBO. Ilycrs 0 # 1< A, (C). Ipeanonoxum, 4ro umeasn I conepKUT HeHyIe-
BOI MHOTOYJIEH M3 TOKA3aTeqbCTBA npengokenus 5.35. Pacemarpusas [p;, FY, [q;, F| € I, kak n
B JIOKA3aTeIbCTBE MPEJIOKEHNs 5.35, moydaeM, 9To I COMEPKUT HEHYIEBOH SJIEMEHT U3 TIOJIST
C. Dot anement obparum B A, (C), n mosromy I = A, (C) B cuiy ynpaxsuenust 5.13. d

2. Teopema PpobeHHMyCca
OmnuiteM KOHEYHOMEPHBIE TEJIA HAJ, TIOJIEM BEINIECTBEHHBIX YUCEI.

OnPEAENEHUE 5.37. Ilycrs H — MHOXKECTBO BCEX KOMILIEKCHBIX MATPHIL

Z:(Z‘j) (19)

TEOPEMA 5.38. H asasemcsa nodasrzebpoti 6 R-anrzebpe scexr KOMNACKCHHBLT MAMPUY,
Mat(2,C). Boaee mozo, H seasemcs mesom ¢ uenmpom R.

JIOKABATENBCTBO. s z € Hus (19) wepes ||z obosnauny vdet 2 = y/]a|? + |b]2. Torza
[[2]] > 0, ecin z # 0, [|z122]| = [|z1]|[|z2]]-
__(a b
T \-b a
1

Ecmu z u3 (19), To monoxum
_ 9 _ z
HerpynHo Buners, uro 2z = ||z||?. Takum o6paszom, ecam z # 0, 10 2~ = 3 - Cenosarennno,

2]
H — rer0. OHO HEKOMMYTATHBHO, TaK KAK €CJIH

0 -1 v 0
=0 ) =0 ) (20)
To [J = —JI.

Haitnem nentp H. On cocrouT u3 BCeX MaTPHIL

U —v
w=|_ _ |,
vou
910 Wz = zw anad Beex marpun z u3 (19). HenocpexncrBenHasi npoBepKa IOKA3bIBAET, YTO

w=\E, A\ €R. O

VOPAXKHEHUE 5.39. okasarnb, uro marpunsl F, I, J, K, rne I,J u3 (20) u

= (%0
cocrasjsior 6aszuc H wam R, mpuyem
IJ=K, JK=1I I’=J?=K?=—-FE.
Hawm morpebyercs psifi yTBEPIK IEHM.

OnPEAENEHUE 5.40. Ilycte A — acconmarusHas k-ajareOpa ¢ 1. Djement z € A Ha3bI-
BaeTCs aszebpauyeckum Has k, eciu CylecTByeT Takoil HeHyseBoil MHorounen f € k[X], uro
f(2) = 0. Munumasvroim MHOPOUIEHOM aIrebpandecKoro 7eMeHTa 2 HaJl k Ha3bIBAETCH TAKOM
muorowien f(X) € k[X] munumanbuoit crenenu co crapmmm kodddunuenrom 1, uro f(z) = 0.

VIPAYXKHEHUE 5.41. Ilycts A — KOHEYHOMEpHAs accolUaTUBHAs ajirebpa Haj nosjem k ¢
emnanIeil. /Jlokasarh, 4TO KasKIbli 3jieMeHT u3 A anrebpanded Ha k.

YTIPAKHEHUE 5.42. JlokazaThb, 9YTO MUHUMAJbHBIA MHOTOWIEH JJId 3a/JaHHOTO 3JIEMEHTa,
OIIpeiesieH OJHO3HAYTHO.

Kak nokazano B reopeme 5.17 kaxpiil ugean B ajredpe muorowienos k[X| max nonem k
SABJIAETCA TJIABHBIM.
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IIPEAIOXKEHUE 5.43. IIyemo f € k[X] umeem cmenens n. Tozda dimy, (klx]/(f)) = n.

JOKABATEJBCTBO. YOeIUMCsI, ITO SJIEMEHTHI
L+ (), X+ () X"+ () (21)

cocrapnstor G6azuc klz]/(f). O

TEOPEMA 5.44. Ecau k — nose, mo k[X]/(p) asasemcsa nosem mozda u moavko moezda,
Koeda mrozounen p € k[X] nenpusodum.

HOKABATEJLCTBO. Ilycts p = wv, e 0 < degu,degv < n = degp. Ilo nupenmnoxenuto
5.43 snementnt u + (p),v + (p) # 0 B k[X]/(p), vO (u + (p))(v + (p)) = 0 B k[X]/(p). Toraa s
k[X]/(p) nmerorcst mennTesu HyJIsi, 9TO TTPOTHBOPEYNT CIEACTBHIO 5.8.

O6parno, ecan p — HenpuBoguM u u € k[X]\ (p), 10 (u,p) = 1. CrnenoBarensHo, HaiLyTCs
takue snements! f,g € k[X], uro 1 = fu + gp. Torma (u+ (p))~t = f + (p). |

IIPEATOKEHUE 5.45. IIycems A — obaacms nad nosem k, u z € K — aszebpauveckut
anemenm ¢ Murumasbrvim mruozousenom f(X). Tozda f nenpusodum. IToroorcum
klz] = {ap + a1z + -+ ap_12""*|a; € k,n = deg f}.
Tozda k[z] asasemes nodnosem 6 K, codeporcausum k, u
k2] ~ k[X]/(F). (22)
IIPEAJTOKEHUE 5.46. ITyemv A xonewnomepnoe meao wad R, u a € A\ R. Tozda munu-

MaALHOU MHO20UAEH HAO a umeem cmenenb déa. Kpome mozo, Ra] ~ C.

JTOKABATEJIBLCTBO. Tak kak A KoHEYHOMEPHO, BCe crenenu a 3apucuMbl. CrenoBaresbHO,
a asrebpamyro. MuHuMAaIbHBIAE MHOTrOYJIEH P Ui G HENPHUBOIUM W IIOTOMY HMEeT CTEIeHb
He BBIMEe 2 B cwiy mpeaoxkenns 5.45. Tak kak a ¢ R, To crenens p papna 2. Ilosromy
a’+aa+P3=0,tme p=X2+aX + [ € R[X]. Honoxum

20+«
VAB — a2’
Torga I? = —1, mpudeM 1o HpeIoXKeHnio 5.45
Rla] = R[I] ~ R[X]/(X? + 1) ~C.

O

TEOPEMA 5.47. IIycmv nose A asasemca anzebpauyveckum pacuwuperuem noas R. Tozda
aubo A =R, aubo A = C.

JOKABATEJILCTBO. 3amernm, uto A O R1 = R. Mox#o cunrtars, uro A # R. Ilo npexn-
aoxennio 5.46 A O C. Urak, A sapuaserca koneunbim pacumpennem C. Ecim a € A\ C, 1o
MuHEMAJIbHBI MHOTOWIeH f € C[X| miust a umeer kommiekcHbIit Kopenb A. Orcrioga 0 = f(a) =
(a — N)g(a), tne g € C[X]. Tak kak B A Her penureneil uyas, Toa—A=0ua =\ € C. O

TEOPEMA 5.48 (®pobenunyc). I[Iycmv A — xonewnomepnoe meao nad R. Tozda A — odno
u3 mea R, C, H.

JOKABATEJIBLCTBO. MoKHO cuuTaTh, 4T0 A He KOMMyTaTuBHO. Kak u B IpemblayInei
reopeme 5.47 A O R1 = R. Mox#uo cunrars, uro A # R. Ilo npegnoxenuio 5.46 A O C. Eciu
A = C, 1o reopema jokazana. Ilycrs A # C. B srom ciygae A siBiisieTcsi JeBbIM BEKTOPHBIM
npocrpancrsom Hag C. Pacemorpum B A smueiinbiit oneparop L(x) = xi, ¢ € C. 3amernw,
gqro L4 = 1. ITosToMy TOTyUaeTcs KOMILTEKCHOE KOHETHOMEPHOE TIPeCTaBIeHNe THKIMIeCKOH
rpymnbl G opsaka 4. CiemoBarenbno, A pasjiaraercs B IpaMyl0 CyMMY

A=A A 10A, ®A_;, rmeA;={zecAlxi=jz}.
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Mycrs y € Ay. Torna yi =y, orkyna y(i —1) =0, 1. e. y =0. Iycrb y € A_;. Torna yi = —y,
orkyna y(t +1) =0, e. y=0. Urak, 41 =A_1=0,u
A:Ai@Afi, (CgAz
JIEMMA 5.49. A, =C.

JOKABATENBLCTBO. Ilycts a € A;. Torma ai = ia, 1. e. nose Cla] sBiIgeTcss KOHEIHBIM
pacmmpenuem C. Ilo Teopeme 5.47 Tlomyuaem A; = C. O

JIEMMA 5.50. Ilycmov y € A,z € Ay, 2de e, 7 = +1. Tozda yz € Azri.
,ZLOKABATEJH)CTBO.

(y2)i = y(z1) = y(ria) = 7(yi)a = 1ei(ya).

O
JIEMMA 5.51. Iyecmo y € A.;. Toeda
yAei = Ai, YA = A
JOKABATEIHLCTBO. Ilo memme 5.50
yAei C Aiy yA; C A
Tak kak B A HeT mesnureseil HyJIsi, TO
dim¢ Ag; = dime(yAs;) < dime 4; = (y4;) < dime A;.
Orcroza crefyer yTBepKIeHue. O

CHEACTBUE 5.52. dim¢ A; = dim¢c A_; = 1.

BaBepImImM JT0Ka3aTelbCTBO TeopeMel. Ilycts j € A_;. ITo memmanm 5.50, 5.49 j2 € C. Toraa
ji = —ij. Tlo memme 5.50 MoxkHO cumTarh, uro j2 = —1. Iomoxum k = ij € A_;. Torma
ki = —ik. Kpowme Toro,

K =ijij = i(~ij)j = =5 = —1,

jk = 30) = (Gi)j = =i =i, kj = (ij)j = ij* = .
Wrak, B cuny caencrBus 5.52
A;=C=R1+Ri, A_;=Cj=Rj+REk
Orcroma A ~ H. O

3. OcHoBBI Teopuu moJteii
OUPEJAEJIEHUE 5.53. ITodnoas.

Kaxk mokazano B Teopeme 5.17 kaxkzplii waean B anrebpe MuorouseHos k[X| wHaz mosem k
siBjisiercst TiaBHbIM. IlycTh p — HenpuBoxuMbnit MEOrowieHn n3 k[X]. Torma k[X]/(p) siBnsiercs
HOJIEM.

[TPEAJIOXKEHUE 5.54. Oaemenm x + (p) € k[X] aeasemca xoprem p 6 noae k[X]/(p).
Munumanrvhon snemenm 0as z pasen p.

ONPEAENEHUE 5.55. Ilycrs f € k[X]. Ioae pasaoosicerusn f — 970 Takoe DACITUPEHHE
noseii F'/k, aro
(1) B F mHOrounen f pasjaraercd Ha JUHEHHbIE MHOKUTEJIH;
(2) B F Her MeHbIIero mo/iioisi, cogepkamero k, B KOrTopoM 6bl MHOro4JIeH f passarajics
HA JIUHEHHbIE MHOXKHUTEJIH.
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TEOPEMA 5.56. IToae pasaoocenus F/k das 3adamnrozo mmuozounena
f € k[X]
cywecmeyem.

JOKABATEJILCTBO. Uunykmus mo crenenn deg f. Pasnoxum f B mpow3Besenne HETPUBO-
JIMMBIX MHOTOYJIEHOB, W MyCTh p — HenpuBoAuMbIii Muoxkurenb f. Torma B mone K = k[X]/(p)
MHOro4JIeH p umeer Kopeub z = X + (p). CunenoBaresbHo, B koabie K[X] muorodnen f npes-
craBuMm B Buge f = g(X — z), tue g € K[X] umeer crenennb deg f — 1. Tlo ubpykuuu s g
cywecryer nosie paszsoxenus F/K. Ocraercs 3amerurs, uro F/k — nose paszsoxenus st

f. O

TEOPEMA 5.57. IIyems Fy/k u Fy/k — d6a noas das 3adannozo mmozousena f € k[X].
Tozda cywecmeyem makxot uzomoppusm noset ¢ : Fy — Fy, wmo ¢(x) = x das ecex x € k, m.
€. ¢ ABAAECMCA USOMOPPUIMOM K-anzebp.

JOKABATEJILCTBO. Uunykmus mo crenenn deg f. Pasnoxum f B mpon3Benenne HETPUBO-
JIUMBIX MHOTOUJIEHOB, U TIYCTh P — HEMPUBOAUMBIH MHOKUTENb f. [lycTs z; € F; — kopens p. Ilo
npeaokernsm 5.54, 5.45 cymecrByer uzomopdusm noseit i : k[z1] — k[z2], ToXKIecTBEHHDIH
Ha k. Be3 orparnuenns OOIIHOCTH MOXKHO CIUTATH, UTO 1) TOXKIECTBEHHO, U 21 = 2Z5. HeTpyaHo

BUJIETD, UTO F; SABJISETCS MOJIEM Pa3JIOKEHUS JIJIsT — MHOTOYJIeHA ¢ KO PUIHEHTAMI 13

X — zZ1
klz],i = 1,2. Tlo uaaykuuu cyiecrsyer usomopdusm Fy — Fo, ToxmecrBennbiii Ha k[z;]. O

OIPEJEJIEHUE 5.58. Xapaxmepucmuka 1osst k — 3T0 HOPAIO0K €IUHULBL B €0 aUTHBHON
CpyTITe, eCIN OH OTJUYEH OT HyJis. B MPOTUBHOM ClIydyae XapaKTepUCTHUKA, MOJIs HYJIeBas.

TIPEMUIOKEHUE 5.59. Ecau xapaxmepucmuka noas k pasua p > 0, mo k codeporcum nose
soiuemos Z/pZ. Ecau chark =0, mo k codepoicum noae payuonasvrox wuces Q.

4. KoHeunsle mojsa
TIPEAJIOKEHUE 5.60. ITycmo k — xonewnoe noae. Tozda chark =p > 0, u |k| = p".
TIPEAJIOXKEHUE 5.61. ITyemo k — nose u |k| = q. Tozda x4 = x das ecex x € k.

IIPEMJIOKEHUE 5.62. Ilycmo k — noae xapaxmepucmuxu p > 0. Fcau x,y € k, mo
(o +y)? = P + 4.

IIPEMIOKEHUE 5.63. Ilycmo F' — nose xapaxmepucmury p > 0, 8 KOMOPOM MHO204AEH
f=X?1— X pasarazaemcs wa sunetinoe mroorcumenu, 2de ¢ — cmenens p. Tozda mmoorcecmeo
scex KopHel mrnozounens f asasemcs nodnosem 6 F, codepocawum Z,. B wacmuocmu, ecau
F — none pasaooicenus | € Z,[T), mo F cosnadaem ¢ muooicecmeom ecex kopred f.

JIOKABATEJILCTBO. Ilycrb 2,y — kopuu f, u ¢ = p", 10 no npejoxenuto 5.62 (x +y)? =
24+ y! =z +y, T. e. T+ y gBageTca KopHeM f. AHAJOTHYHO, Ty, T !, —T ABIAIOTCA KOPHIMHE
f. Kpome Toro, mo npennoxenuro 5.61 sneMeHTs! U3 Z,, ABAAIOTCA KOPHAMHA f. (]

TEOPEMA 5.64. [Iycmb q — cmenenwsv npocmozo wucaa p. Tozda cywecmeyem u eduncm-
sennoe nose nopadra q. Ono obosnawaemes Fy. B wacmuocmu, Z/pZ = F,,.

JIOKABATEJILCTBO. Ilycrs k = Z/pZ — none Borueros xapakrepuctuku p, u f =T9—T €
E[T]. Ilycts F — mose pazmoxenus f. ITo mpemmoxenuio 5.63 F/Z, cocrout u3 Bcex KOpHei
muorouasiena f. Ocraercst moka3arh, 9T0 y f HET KPATHBIX KOPHEIA.

ITycrs ¢ € F — kopenb kparHocru s > 1 muorowiena f. Torua f=T9-T = (T —¢)*g(T),
OTKY/Ia

F=qT ™ 1= 1= (T — &) "'g(T) + (T — 0)*g(T) = (T — &) *(T), h(T)e FIT],
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4r0 HeBO3MOKHO. CrenoBarensHo, |F| = q.
Urax, none F pasnoxenusi f — uckomoe. Ero eIMHCTBEHHOCTD BBITEKAET U3 TEOPEMbL 5.57.

O

TEOPEMA 5.65. Ilycmv k — noae u G — kouweuwnas nodepynna ¢ k*. Toeda epynna G
YUKAUYHA.

JOKA3ATEIBLCTBO. Ilycts ¢ — mpocroit gemurens nopsaka G u Gy — cuytoBekasi t-noj-
rpymnma B G.

JIEMMA 5.66. I'pynna G; yuksuvHa.

JOKABATEJIBLCTBO. Ilycts x — semenT waunbosburero nopsaka t° 8 G;. Torma G cosma-
JaeT ¢ MHOMKEeCTBOM Bcex KopHeit X! — 1. O

Ipynna G passaraercs B NpsMoe MPOU3BEAEHUE CBOMX CUJIOBCKUX IMUKJIMYECKHUX [TOIIPYIIL
G4. Ocraerca BoOCTIONB30BATHCST Teopemoit 1.118. O

TEOPEMA 5.67. ITycmv p — npocmoe wucao, u g = p". Tozda cywecmeyem makxot Henpu-

sodumnili muozouser f € Fp[X] emenenu n, wmo Fy ~ F,[X]/(f).

HOKABATEJIBLCTBO. Ilo Teopeme 5.65 rpymnmna k¥ nukiaumdsa ¢ HOPOXKIAIONUM SJIEMEHTOM
a. B uacrnocru, Fyla] = F,. Ilo npenoxenntio 5.45 nonyqaem, aro F, = kla] ~ F,[X]/(f),
rae f — menpusoauMblit muorowrer u3 IF,[X]. Ilo mpennoxenmo 5.43 crenens f pasua n. [

TEOPEMA 5.68. I'pynna asmomopgusmos nosa ¥y, 2de ¢ = p™ u p — zapaxmepucmura noss
Fi, asasemes yursuueckod epynnoti nopadka n, noposcdennoi ssemenmom ¢, 20e ¢p(x) = aP
dan ecex x € Fy.

JLOKABATENLCTBO. Ilyeth o € AutF,. Torma a ocrapiaseT HEMOABMKHBIM 3JT€MeHT 1,
U MOTOMY (v TOXKIECTBeHHO Ha Z,. Ilycts F, = Z,[X]/(g), toe g € Z,[X]| — nenpuBogumblLii
MHOTOY/JIEH CTeNeHw 1, KOpHeM KOTOPOro ABsgerca sjement a € [, mopoxmaromuit MyrbTar-
nukaruHyio rpymmny Fy. Torma g — munnmambubiit Muorounen mis a. CrenoBaTenbHo,

0 =a(g(a)) = g(ala)),
orkyzna «(a) — cuoBa Kopenb ¢(a). Ho wmcmo kopmeit g B Fy He BbImle cTemenu g, T. e. He
6osbiie n. Ho a oiHOBHAYHO onpe/iesisgercs cBouM 3nadeHueM Ha a. Ciie0BaTeIbHO, TOPSI0K
AutF, we Gompmre n. s mokazaTeahcTBa TEOPEMBI JTOCTATOTHO TTPOBEPUTH, UTO TOPSIOK ¢
paser n. Torma AutF, cocronT n3 creneneit ¢.
HyCTb’(bm =1, 1, e 2’ =z gnaseex ¢ € F,. Torma xasknaeiit snement F, saBnsercs
kopHeit TP — T, 9T0 HEBO3MOKHO. U

5. Aare6pst JIn

ONPEAENEHUE 5.69. Aunzebpot Jlu L HazbiBaeTcss HeacCONUATHBHAS ajredpa ¢ yMHOMXKe-
HEEM [T, Y], YIOBIETBOPAIONIAS TOXKIECTBAM

[z, 2] = [[z,y], 2] + [ly, 2], 2] + [[2, 2], y] = 0.
[IPUMEP 5.70. Amre6pa A7), anre6pa R3, [z,y] = z x 3.
VYIPAYKHEHUE 5.71. B anrebpe JIu BBIMTOJIHEHO TOXKIECTBO AHTUKOMMYTATHBHOCTH
[z,9] = —[y, 2].

OnPEAENEHUE 5.72. Ilycts A — mpousBosibHas anrebpa. Jluneitnoe omeparop D Ha A
HasbiBaercs duddepenyuposanuem, ecnn D(xy) = D(x)y+xD(y). Yepes Der(A) obosnauaercs
MHOXKeCTBO Bcex auddepernupoBanuii anrebpor A.
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ITPEAIOKEHUE 5.73. Der(A) asasemcs nodaszebpoi Ju 6 arzebpe JIu ecer aunelinvix
onepamopos L(A)() na A.

YUOPAXKHEHUE 5.74. Ilycts f — Ounmnelnas cummerpudnas (popMa HA N-MEPHOM ITPOCT-
pancrse k", rue k — nose. Hepes o(n, f) — 0603Ha4AETCST MHOKECTBO BCEX KOCOCUMMETPUYHBIX
OTHOCHUTEJIBHO f JIMHEHHBIX OnepaTropoB B k™. T. €. MHOXKECTBO BCEX TAKUX JIMHEHHBIX OMEPATO-
pos € B k™, uto f(Cx,y) = —f(z, Cy). Toxazars, uto o(n, f) — nomanrebpa JIu 8 Mat(n, k)().

YIPAXKHEHUE 5.75. Ilycts f — monmyropanuneitnas spMuToBa, (bopMa HA N-MEPHOM KOM-
wiekcaoM npocrpancrse C". Yepes su(n, f) 0603HAUUM MHOXKECTBO BCEX KOCOCUMMETPUYHBIX
orHOCHTENIbHO [ sinHeiHbIX omeparopoB B C", T. e. MHOXKECTBO BCEX TAKUX JUHEHHBIX OIe-
paropos A B C", uro f(Az,y) = —f(x,Ay). Jokasarb, uro su(n, f) — nonausrebpa Jlu B
Mat(2n,R)(-).

OBO3HAYEHUE 5.76. Yepes si(n, k) obo3nadaercs MHOXKeCTBO Bcex marpui u3 Mat(n, k)
co ciaeaom 0.

VIPAYKHEHUE 5.77. sl(n, k) saserca nogaareGpoit JIu B Mat(n, k).
TIPEATTOKEHUE 5.78. ITycms k — nose xapaxmepucmuky # 2, u
H=FEy1 — FEy», X=FE;5 Y =EFEy €Mat(2k).
Jloxaszamsb, umo
[X,Y]=H, [H X]=2X, [HY]=-2Y. (23)
TEOPEMA 5.79. Auxzebpa sl(2,k) npocma, ecau chark # 2.
JOKABATENBCTBO. Ilycts 0 # I <sl(2,k), n
u=aX+pY +yH €T\0.
Torna o (23)
[X,ul| =B[X,Y]+~[X,H|=0H —2vX € 1. (24)

Kpowme Toro,
[Xv [X,UH = ﬂ[HvX] = 2ﬂX el
Ecim 8 #0, ro X € I, w rorna I = sl(2,k) B cuy (23).

IIycrs 6 = 0. Ilo (24) moayuaem, uro [X,u] = —2yX € I. Ecom v # 0,10 X € I, n
nosromy I = si(2, k).
Mycrs =~ =0, quada # 0. Torga caosa X € I. O

TEOPEMA 5.80. Auzebpa JIu (R3, x) npocma.

JIOKABATEILCTBO. Y6emuvcest cHadana, uto (R3, x) — anrebpa JIn. Ilycts eg,eq,e3 —
opToHOpMupOBaHHEIL 6asuc B R3. Torma MOXKHO CIHTATh, UTO
[e1,e2] =e3, [ea,e3] =e1, [es,e1] =ea.
Henocpencreennas IpoBepKa MOKA3bIBAET, 9TO
[z, 2] = J(e1,e2,e3) = [[e1,e2],e3] + [[e2, es], e1] + [[es, e1], e2] = 0.

Kpowme Toro, sIkobuan J(z,y, z) kKococummerpuaen. Otciona puisomutes (R, x) — anre6pa Jln.
[Mycrs I — menynesoit umean B (R3, x). Moxkno cumrtarh, uro e; € I. Torma I comepxut
e3 = [e1, ea],e2 = [es, e1] € I. Cnenosarennvno, I = (R3, x). O



T'JIABA 6

JImHeiiHbIe TPYNIIIBI 1 X aareops! JIn

Bcrony B 9T0i1 pabore mox F' monmmaercs OO 1OJIe BEIECTBEHHBIX uunces R, nubo mose
roMILnekcHbIX aucen C.

1. KacareJsibHbIE IIPOCTPAHCTBA

OnPEAEJEHUE 6.1. Ioarpynna G B nonnoit auneiinoit rpyune GL(n, F') Ha3biBaercs Au-
Hetinot, eC/IM CyIeCTBYeT TaKasd KOHeYHasd CHCTEMa MHOIOYJICHOB

fs(Xi5) € F[X;5]1 <4,5<n], s=1,...,N, (25)

uro marpuna A = (a;;) npunangexxur G TOrAa W TONBKO TOrAR, Koraa fs(a;;) = 0 mms Bcex

s=1,...,N.
I[TpuMEPH 6.2. Iloarpymmst O(n,R), SO(n,R), SL(n,F) nureiiHsr.

ONPEAEJEHUE 6.3. Ecau G nuneiinas rpyuna, 3ajanHas cucreMoil ypasuenuii (25), u g €
G, 1o xacameavmvim npocmparcmeom Ty k G B TOUKE g HA3bIBAETCH JIMHEHHOE 1IPOCTPAHCTBO,
cocrosimee n3 scex mMarpur, dX = (dz,,) € Mat(n, F) ¢ ycroBuem

2 Depe (9)dzpg =0, i=1,...,m (26)

Pacemorpnm mpocTpancTBo Tg /I pA3IUIHBIX JIRHEHHBIX TPYTII.
[TpuMEP 6.4. Eciu G = SL(n, F'), To G 3amaercsd oiHUM ypaBHEHHEM
f=det X —1=0.
Orcrona T 3a7aeTCst OMHUM YpPaBHEHUEM
of I(det X) (i, Aigig)

= = == A .
0% pq 0%pq 0%pq Pa

Takum obpazowm,
of

0 pq

= 6pq’
OTKY/Ia

of
adequ = Opgdpg =Y _ day, = tr(dX),
p,q p

T. e. Tg 3amaerca ypasaenuem tr(dX) = 0.

[TPUMEP 6.5. Eciu G = O(n,R), to G 3anaerca onnum ypasuenuem ‘X - X = E. Qro
O3Ha4aeT, 4To i ¢, =1,...,n

n
E xtixtj - 61']' =0.
t=1

47
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Takum obpazowm,

0 n .
Ty, (Dimr @ity = 8) = Xl <a T s

22;1 (5tr5isxtj + :Eti(?tréjs).

Uraxk,

6 n n
o <Z TtiTej — 5ij> lE= Z(5tr5is5tj + 04i040;s)-
rs \y—1

t=1
Orcrona BeiTeKaeT, 9T0 1y 337a€TCS YPABHEHUSIMU

0= Z (5tr5i56tj + 5ti6tr5js)dxrs = dl’ji + dIlj

t,s,r=1
CrenoBarensro, T cocTouT U3 Beex KococuMMerpudeckux marpun dX = (dz;).
Badukcupyewm ssiement g guneitnoil rpynnsl G. OTobparkeHue MpaBoro CABUra
R,:G— G, zw— uxg,

saBasgerca auddepenupyemMbiM 0TOOPAKEHMEM, IOCKOJIbKY YMHOXKEHUE MATPHIL 33JA€TCsl JIK-
HeifinpIME ByHKIHAME OT Ko3dduiuentos Marpuner r € G. llosromy muddepennuan dRR,
9TOr0 0TOOpAYKEHUsT COBIAIAET C MATPHUIEH ¢, T. €.

dRy : Ty — Tyy, dR,(dX) = (dX)g. (27)
Ho Ry, 4, = Ry, Ry,. CnenoBarenbro, dRy 3anaer nuneinsit ndomopdusm Ir u Ty, 1. e.
T, =Tgyg (28)

st mioboro g € G. B wacrHocTH, cnpaBeaimBo
IIPEATOXKEHUE 6.6. dimTg = dim T, das arboz0 g € G.

OUPEJEJIEHUE 6.7. Ilycts G — nuneitnas rpynmna. [lymem u3 snementa E B s1ement g € G
HasbiBaercs Takoe quddepennupyemoe orobpazkenue p : [0,1] — G, uro p(0) = E,p(1) = g.
Ceasnoti komnonenmoti £ B G HA3BIBAETCS MHOXKECTBO BCEX 3JIeMEeHTOB ¢ € (G, obiamaronium
nyrem u3 E B g. ['pynna G cesasna, ecniu Gg = G.

TEOPEMA 6.8. Ceasnas komnonenma G g edunuunozo ssemenma E asasemces nopmaivrot
nodzpynnoti 6 G.

JOKABATENBLCTBO. Ilycrs Gg — cBa3nas komuonenra F, u g,h € Gg ¢ nyrsavu
z(t),y(t) : [0,1] = G, x(0)=y(0)=E, 2(1)=g, y1)=nh

Torma z(t)y(t) — auddepenimpyemsbrit nyts n3 E B gh. Kpome Toro, nomydaem nuddepeHrnn-
POBaHHBIE ITyTH

z(t)~t Zax(t)Z~!
—_— —_—

E X', E ZXZ1.

Tak kak umeercs jiokajbhas duekiusa G u T B okpectoctu E, 10 Tr(Gg) = Tr(G).

YHOPAXKHEHUE 6.9. lokazarh, 9TO

(1) Gg umeer koHeunblit unjexc B G;

(2) O(n,R) me cBasHo, a SO(n,R) cesa3Ho.
VOPAYKHEHUE 6.10. Byuer su rpynna SL(n, R) ceasua?

[IPEANOKEHUE 6.11. IIyems x : [0,1] — G - dudpepernyupyemui nymo 6 epynne G.
Ecau ty € [0,1] u g = z(tg) € G, mo z'(tg) € T4(G).
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JLOKABATEJBLCTBO. Ilycrb G 3amaercs cucremoii anrebpandeckux ypasaenuii (25), u x(t) =
(xi;(t)). Torna aus moboro t € [0, 1]

fs(xij(t)):07 Z:].,,N

Cite1oBaTeIbHO, UCHOIB3Ys NPABUIO AuddepeHnupoBanus CA0KHON (DYHKIUH, [Jisd JTI000ro
s=1,..., N nmoxydaem
Ofs

0 pq

Orcrona B cuty onpenenenns 6.3 momydaem TpebyeMoe yTBePXKICHHE. O

TEOPEMA 6.12. ITycmw epynna G ceasua. Tozda G onpedeasemes Tg.
JLOKABATEJIBLCTBO. Ilycrs X € G u z(t) — uyrs u3z E 8 X. Torua
z(t) € Ty = Tpa(t)
qutst Beex t € [0, 1] B cnny (28). Urax,
x(t) = A(t)x(t), A(t) € Tg nna seex t € [0,1]. (29)

O6parno, eciu A € Ty, To paccmorpum auddepennuanbioe ypasuenue (29), rue A(t) = A ¢
HadasbHbiM ycsiopueM x(0) = E. OHO uMeeT U IPUTOM €JIUHCTBEHHOE DEIICHHUE.

Bribepem B BekTOpHOM IpocTpancTBe Mat(n, F') Takyro HOBYIO cHCTEMY KOODAMHAT ¥, j =
1,...,n%, aro Tx 3amaerca cucremMoil ypasHenuil y; = 0, e ¢ npoberaer mepsble d HHIEKCOB.
Torma cymectByer okanbhas ouekinus Ty u G. Tlosromy pemenue (29) nexur B G.

Ho sto pemrenne ecth exp At. Takum obpaszom, exp : T — G aBAgeTCs JTOKAJIHHON OneK-
mueit B okpectaoctr U Toukn E. Tak Kax oTobpazkenue x — x| HempepbisHO quddepent-
pyeMmo, To MOKHO cuntarh, uro U ! C U. O6oznaunm yepes H MHOXKECTBO BCEX IPOU3BEICHUIT
snementoB u3 U. Ecim @ € H, ro xU C H sBisgercs OTKPBITHIM HOAMHOXKECTBOM B G.

Iycts G\ H wenycro n z € G\ H. Ecam 2U N H memnycTo, T0 zu = uy - - - Uy, TA€ U, uj € U.
Orcroma 2z = uy - --wu~ ' € H, tax kak v~ ' € U. Caemosarensno, zU N H mycro. Urak, G
SABJIAETCA OObEJIUHEHUEM JBYX HEIEPECEKAIOIIUXC OTKPBIThIX noamuokecrs G = H U (G\ H).
IMyctb g €e G\ H uz : [0,1] — G, tme (o) = E, (1) = g. Torma orpesok [0, 1] sBasercs
obbeIMHeHneM JIBYX HellepeceKaroNIXes OTKPBITHIX HemyCThix noamuoxects o~ L (H), x71(G\
H), 9T0 HEBO3MOXKHO. O

[TPUMEPHL 6.13. Paccmorpum 3KCIOHEHIIMAIBHOE JJIs P IPYIIL UX IOPOZKIAIOIINX dJIe-
MEHTOB.

(1) ycrs G = SL(n,C). Torna Tk = si(n,C). Basuc sl(n,C) cocTaBiasoT MaTpuIib!
Eyj, 1<i#j<n, Ey—E; 1<i<j<n.
IIpu Tom
exp(Eij) = E+ Eyj, i# ],
exp(Er — By;) = diag(1,...,1,6,1,...,1,6,1...,1).
(2) ycrs G = O(2,R), Tg =o0(2,R). Torza

A R E G N A F Gl | B

LT ) (D) = (e ne)
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2. Crpykrypa aareopst Jlu Ha Tg
TEOPEMA 6.14. ITycmov G — aunetinas 2pynna, u A, B € Tg. Tozda [A, B] € Tg.

JIOKA3BATEJILCTBO. Kak u B jokazarenbcrse Teopembl 6.12 exp(At),exp(Bt) € G mia
Beex t € F. CnemoBarenbHo,

[exp(AV/t), exp(BV't)] € G s Beex t € F. (30)
Beramciny kacarebubiii BekTop K (30) B Touke E. meem
At
exp(AVt) = E + AVt + - + o(t);
B%*
CXp(B\/i) =F+ B\/i—F 7 + O(t);

- A%t
exp(AVE) ™! = exp(—AVI) = B — AVi+ =~ +o(t);

_ Bt
exp(BVI) ™ = exp(~BV1) = E ~ BVi+ —~ +ot);

Takum obpazom,
[exp(AV/1), exp(BV)] = exp(AV/t) exp(BVT) exp(AVE) ! exp(BVE) ™! =
E+(A+B—-A-B)Wt+
2 2 2 2
<é+32+g+BQ+ABA2ABBABQJrAB)tJro(t)
E+ (AB — BA)t + o(t).

ONPEAEJEHUE 6.15. Ilycrb
G1 QGL(nl,F), GQQGL(TLQ,F),

— nuueitabie Tpynnbl. [omomopdusm rpynt f : G1 — G2 HA3BIBAETCS 20MOMOPPHUM NUHETHBLL
2pynn, €CNIA CYIECTBYIOT TAKWe MHOTOYJIEHBI

fij(XTS)EF[X’I"S|1§T7S§TL1]7 1§7;7j§n2>
910 17151 1106010 g = (grs) € G1 (1, j)-blit KO3 duimenTsr maTpuist f(g) paser fi;(grs).

TEOPEMA 6.16. Ecau f : G — Go — 2omomopusm aunetnoz epynn, mo df |g: Tp(G1) —
Tr(G2) asasemes zomomopdusmom anzebp Jlu.

JOKABATENLCTBO. Ilycre A € Tp(Gh). Tornadf |g (A) = Je(f)A, tae Jp(f) — 3nadenue
dxobuana orobpaxenus f B rouke E. Taxum obpasom, otobpaxkenue df |p mmmeiino. Kpome
roro, f(exp(At)) = exp(df |g (A)t) nns mwoboro ¢ € F. Orcrona

F([exp(AV?), exp(BV1)]) = [f(exp(AVT)), f(exp(BV?))] =
[exp(df |1 (AVA)), exp(df i (BVE))) (31)
Huddepennupys pasencrso (31) no ¢ u nonarag ¢ = 0 mojyyaeM Kak U B JIOKA3aTEIbCTBE
teopembr 6.14

df |e ([A, B]) = [df |& (A),df e (B)].
O

CNEACTBUE 6.17. ITycmo f : G1 — G2 — 20MOMOPPHUM AUHETHDLT 2PYNN, NPUYEM 2DYNNG
G1 ceasna. Tozda df |g o0nosnawno onpedeasem f.
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TEOPEMA 6.18. ITycmb A — KoneunomepHas, ve obazamervho accoyuamushas F-anrzebpa,
G — epynna ee asmomoppuamos, u Der A — anzebpa JIu ee duppepenyuposanuti. Tozda epynna

G aunetina u Ty = Der A - ee aneebpa Jlu.

JIOKA3BATEJILCTBO. Ilycrb e = (ey, ..., e,) — npousBoibhblii 6azuc B A. Torga jis i00bx

i,j=1,...,n
n
k k
ee; = E Cjek, Cij € Pl
1,,k=1

Ecnu o € G nmeer B 6a3uce e marpuiy (a;;), TO

n
ae; = E €Ak
k=1

CitetoBarenbHo, s BCEX 1, j

ale)ale;) =32,  esasierar; =

s — koo o
Zt,s €sCtUsiltj = Zt,s,k CstQsiAt;Ck-

C apyroit cTOpPOHBI,

alee;) = Zcfja(ek) = Z cfjelalk.
k,l

k

IlosTomy K03(DUIMIEHTEI a;; MATPHITBI (¢ YIOBIETBOPSIOT yPABHEHIAMHI

k — k . .
E Cijelalk: - E Cs1QsiQtj,
k,l

t,s,k

u noromy rpynmna G C GL(n, F) nuneiina.
Haiinem ee anrebpy Jlu. daement

D eTg < exp(Dt) € G=Aut A nys Beex t € F.
DTO 03HAYAET, YTO JJIs BCeX a,b € A
exp(Dt)(ab) = exp(Dt)(a) exp(Dt)(b).

Takum obpazowm,

Dt D?%*?
(B+ gy + 5+ )(ab) =
Dt D?t? Dt D?t?
(E+—1! + = ~~-)(a)(E+—1! + 5 - )(b).

Huddepennupys pasencrso (34) uo ¢ u nosnaras t = 0, nosyvaem
D(ab) = D(a)b+ aD(b).

Nrak, Ty C Der A.

(32)

(34)
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Ob6parno, nycts D € Der A. Torna Dt € Der A nna Bcex t € F. Orcioga o ¢gopmysie
JlefitbHuIA

exp(Dt)(ab) = (E + % + D2!t + - )(ab) =
ab+ (D(a)b+ aD(b))t + %(DQ(a)b +2D(a)d(b) + aD?(bt™))t* + - -
+ (S (1) D@D ) o
(a+D(a)t+%+--~)(b+D(b)t+ DQSW b=
exp(Dt)(a) exp(Dt)(b).
Nrak, exp(Dt) € G. O

Paccmorpum mompobHee CBONCTBA CBA3HBIX M HECBA3HBIX rpymnn Jlu.

TEOPEMA 6.19. I'pynnwt
SL(n,C), GL(n,C), SO(n,R), U(n,C), SU(n,C)
ceasnv. I'pynnw GL(n,R), O(n,R) neceasmot.

TEOPEMA 6.20. Jwbasa xomnaxmuas xKomnaexcras 2pynna Jlu udomoppra abeaesoti
epynne C" /T, 2de T' - duckpemnas nodepynna panea 2n ¢ C™.

OupPEJIEJIEHUE 6.21. T'omomopdusm rpymm Jlu f : G — H Ha3bIBACTCA HAKPOIEAHOULUM,
€CJIM BBITIOJTHEHO OJHO U3 9KBUBAJEHTHBIX YCIOBHUIL:

(1) moarpyuua ker f nuckperna,;
(2) df : T1(G) — T>(G) stBasiercst n30MOPGMU3MOM BEKTOPHBIX MPOCTPAHCTB;

(3) f unpynupyer muddeomopdusm okpecrrnocreit x u f(x).

ITpuMEP 6.22. Tomomopdusm f: R — U(1,C), f(x) = exp(2mi). sABAsieTcss HAKPHITHEM.

TEOPEMA 6.23. Cywecmeyem naxpwusarowuti 2omomoppusm f : SL(2,C) — SO(3,C) ¢
adpom ker f = £1. IIpu smom f(SU(2,C)) = SO(3,R).

JOKA3ATENBLCTBO. Ilycrs L = sl(2,C) — MHOXKECTBO MATPHIL CO CIEJ0M HYJlb, T. €.
sl(2,C) = {(Z _Ca> |la,b, c € C}.

Paccmorpum npegcrasienue Ad rpynnet G = SL(2,C) 8 L no upasuiy
(Adg)(z) = gzg™".

Samerum, uro Ad coxpansier OuiinHeHHYO (DYHKIUIO

. 2 ) 2
a c|_ o 2 i(b—c) i(b+c)
b —gl = ¢ —bc-(za)—i—[ 7 ] —|—{ 7 .
Caenosaresnbuo, Ad g € SO(3,C).
ScHo, uro ker Ad = +1. IIpu srom Im Ad = SO(3,C). O

Ora KOHCTpYyKIMs 0000IaeTcss Ha mpousBoiabaoe n > 2. Wwenwno, nycrs C), — anrebpa

Kimdbdopaa or cranpapruoii Gunnneitnoi byuxkuun (z,y) = >+

j—1TjYj HA& N-MEPHOM 1POCT-
pamcree C™ co cTpaHgapTHBIM DA3UCOM €1, ..., e,. Torma 6asuc C, COCTABISIOT OSHOUJIEHBI
€€, 1<ip <...<im<mn, (35)

npuIeM
exe; = —ejep, upu 1 <k #j <n, e? =1.
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ITostomy dim C,, = 2", u
C,=ClaC},
e 6asuc CF cocrapmsior ommoutenst (35), y kotopbix m = k mod 2. B C,, nmeercs nHBOIIO-
nus,
€i, " €i,, =€, €.
IMonoxkum N(u) = wu ps ao6oro u € C,.
Ilycrs Cf — rpynma obpaTuMbix symemenToB anreGpbt C,. Yepes Spin(n,C) obosmaunm

MOJIPYIITY BCEX TAKUX
u € (CO*, uro N(u) = 1 mw uC"u~' = C", (36)
rae C" — koMmIIIeKcHas JTUHEHAS 000T0YKa BEKTOPOB €] .. ., €.
OnPEJAEJNEHUE 6.24. Ipynua Spin(n, C) HasbiBaercs komnaexchot cnunoprol epynnod.

B cuy (36) momywaercst romomMopduam
7 : Spin(n, C) — SO(n, C).

MozKHO OKa3aTh, 9T0 roMoMopdu3M T ClopbekTuBeH, u rpyina Spin(n, C) ceasua, ker m = £1.
Jlns onmucanus snementos Spin(n, C) obosnaumm gepes Q! see takume y € C", uto y =
> yje; u Zyjz = 1. B srom cayuae y € C, u Spin(n,C) cocrour u3 nupousBeseHus 4€THOrO
yucsia daemenTos QP L.
IIycts n = 2l 4+ 1 — megerno. Torma amredpa

C° ~ Mat(2!,C).

CutetoBaTesibHO, B HElt UMEETCs IIPOCTOH JIeBbIi ujean I pazmepHocTH 2!, Tem caMbIM BO3HHKAET
HempuBoIMMoe Tipecrasienne Spin(2] 4+ 1, C), Ha3bIBAETCS CRUHOPHOIM NPEICMaABAEHUEM.

Ecimu n = 2, to anrebpa C, mnpocra, u mosromy umeercsa npezacrasienue Spin(2l,C) B
npocToMm sesoM ujease J pasmepuoctu 2. CHOBa BOZHHKAET CIIMHODHOE HPEICTABJIECHHE, HO
OHO IIPUBOJYMO U pa3jiaraeTcd B IPAMYIO CYMMY JIBYX HOJIIPeICTAaBICHUN

J={JNCYHa(JNCh).

OnPEAEJEHUE 6.25. I'pynma Jlu G odnocesaswna, ecnmu B G a1000#t TyTh CTSITUBAETCS B
TOYKY.

TEOPEMA 6.26. Jhobas ceasznasn epynna JIu G umeem 6ud G ~ é/N, 2de G — odnoceasnan
epynna Jlu, u N — duckpemnuli uernmpasvroili Hopmasvrol deaumenn. Ilapa G, N onpedeaena
00HO3HAWHO.

ONPEJENEHUE 6.27. I'pynna G uasbsaercs 00noceasnbim naxpvmuem G.

[TPUMEPHL 6.28. Ciemyromue rpymnibl OJHOCBS3HbI:
SL(n,C), SU(n,C), Spin(n,C).
NmeroTca caenayromme 0JHOCBA3HBIE HAKPBITHA:
(1) R —U(1,C);
(2) SL(2,C) — SO(3,C);
(3) SU(2,C) — SO(3,R);
(4) SL(2,C) x SL(2,C) — SO(4,C);
(5) SL(4,C) — SO(6,C).
IIpm 3TOM B CHIIy € TMHCTBEHHOCTN HAKPBITHASA
Spin(3,C) ~ SL(2,C), Spin(4,C) ~ SL(2,C) x SL(2,C),
Spin(6,C) ~ SL(4,C).
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3. IlpencraBaenus rpynn Jin

TEOPEMA 6.29. IIycme G xomnaxmuas epynna Jlu. Tozda na G cywecmsyem u eduncm-
BEHHLLT MAKOT UHMEZPAN fG f(g)dg 0as kascdot anasumuneckot gynkyuu f na G, wmo on

(1) auneen omnocumenvno dynryuu f;
(2) Jodg=1, [51f(9)]*dg >0, ecau f #0;
(3) Jo flg)dg = [, flg~")dg = [ f(gh)dg = [ f(hg)dg, ecau h € G.

CHEJACTBUE 6.30. Joboe xoneurnomeproe npedcmasaenue kKomnaxmuos epynnot Jlu
8noamne npusodumo.

CHEACTBUE 6.31. ITycmo 3adano npedcmasaenue ¢ : G — GL(V), 2de dimV < co. B
6600umca craraproe npoussedenue (z,y). Beedem nosoe craaspnoe npouseederue

() = /G (6(9)z, dlg)y)d.

B cuay ceoticme unmezpasa xaorcoudi onepamop ¢(h), h € G, ynumapen.

TEOPEMA 6.32. Jlwboe nenpusodumoe Komniekcroe npedcmasienue KOMRAKmMHoU 2pyn-
no, JIu KonewHoOMEPHO.

TEOPEMA 6.33. I'pynna ecex yrumapnox mampuy, U(n, C) asasemes Maxcumasvhot Kom-
naxmuot nodepynnot e GL(n,C). Jhobas dpyzas MAKCUMAADHASA KOMNAKMHKAL NOOZPYNNG 6
GL(n,C) conpsorcena ¢ U(n,C). I'pynna ecex opmozonasvnor mampuy O(n,R) seasemcs
MAKCUMANLHOT, Komnaxmuol nodzpynnot 6 GL(n,R). Jhobaa dpyzas maxcumasvhas Kom-
naxmnas nodzpynna ¢ GL(n,R) conpascena ¢ O(n,R).

OUPEJEJIEHUE 6.34. I'pynna Jlu noaynpocma, eciu B Heil HET HEEIUHUIHBIX CBI3HBIX
HOPMAJIHbHBIX a0eJIeBhIX TOATPYIIIL.

ITpuMEP 6.35. Ipyuust SL(n, C), SU(n, C),SO(3,R) nosyupocrsi.

TEOPEMA 6.36. Jlbas cesasnas noaynpocmas epynna Jlu donyckaem mounoe aunetinoe
npedcmasieHue.

OUPEJEJIEHUE 6.37. MakcumanvHoim mopom B rpytre Jlu G HA3BIBAETCS MAKCHMAJIbHAS
moarpynna Jlu, sBisiomasics npaMbiM mpousseaenuem rpymmn C*.

IIPUMEPHI 6.38. MakcumasbHbIi TOD

B GL(n,C) — noarpynna quaronanbabix marpun D(nC),

B SL(n,C) — noarpymma aunaronansusix Marpur, D(nC) N SL(n, C),
B SO(n,C) — noarpynna auaronansubix marput, D(nC) N SO(n, C).

TEOPEMA 6.39. B cea3nol Komnaxkmuot epynne Jlu MaxcumarbHull mop ABAAEMCA MAK-
CUMANLHOT C8A3HOT KOMMYMamuehol nodzpynnot Jlu. Bce maxue nodepynnv, conparceroi.

ONPEJEJEHUE 6.40. MakcuMaibHas CBA3Hag paspemmuMad noarpynna Jlu BT B rpymme
JIu G wHaswiBaercs nodzpynnot Bopeas.

BamernM, aro BT comepxur MaxcuMabHLIH Top H.

TEOPEMA 6.41 (Moposor, Bopenb). Bce nodzpynnw Bopeas BT cesasnoti xomnaexcroti
epynno. JIu G conpsaocens, meacdy coboti 8 G.

ITPUMEPH 6.42. Ecin G = GL(n,C), o BT = T(n,C). Ecan G — opna u3 rpynn
SO(n,C), SL(n,C), SU(n,C),T0 BT =T(n,C)NG.
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ONOPEJAEJEHUE 6.43. Ilycrs ¢ : G — GL(n, C) — koMmuieKkcHOe npecTaBieHre rpy bt Jlu
G. Hna moboro romomopdusma x : G — C* uepes V), 0603Ha4UM HOIIIPOCTPAHCTBO

Vi = {v € V]¢(g)v = x(g)v mas moboro g € G}.
Henynesoe mogmpocTpancTso V, Ha3bIBACTCA 6€CO6bLM, HEHYIEBbIC BEKTOPBI 3 V), Ha3bIBAIOTCA

6€COB8BIMU, A d)yHKI_II/IH X B 3TOM CJIy4Yae Ha3bIBACTCA 6ECOM.

Eciu H — makcumasibabIil TOp B G, TO H sIBJIsIeTCs KOMIIAKTHON abesenoii rpytmmoii. Cremo-
BATEJIbHO, BCE €€ HEMPUBOINMBIE TIPEICTABICHUsT OqHOMepHbI. [loaToMy ecim 3a/aHO0 KOHEYIHO-
mepHoe npeacrasienue ¢ : G — GL(V) cBga3Hoit komnakTHO#N rpyuibt Jlu G ¢ MakcuMaIbHbIM
topom H, TO

V= @j‘:lV)\j (H)

ONPEJENEHNE 6.44. Becosoit BekTop v € V; \ 0 aist H HA3BIBAETCS ¢MAPWUM, €CITH AT
Kazk/JI0ro ssieMenTa g € BT maiinerca rakoe uucao x, € C, aro ¢(g)v = x,4v.

B wacrHoCTH, cTapmmuii Bec 33qaeT roMoMopdusm x : BT — C*.

TEOPEMA 6.45. Henpusodumoe KoHewHOMEPHOE NPEIcMasieHue C8A3HOT NoAYNpocmots ai-
zebpaueckoli epynno, G 00HO3HAUHO, ¢ MOYHOCTILI 00 IKEUBAAEHITVHOCTIIU ONPEJEAAETNCH CEO-
UM CNAPULUM BECOM.

I[TpuMEP 6.46. Ilycre G = SL(2,C). Toruma umeercs ecrecrBenHoe npejcrasienne G B
npocrpancTse P, 0MHOPOIHBIX KOMILIEKCHBIX MHOTOWIEHOB OT X, Y CTEeleHu 1, HMEHHO,

(i Z) o f(X,Y) = f(aX +bY, X +dY).

Bopenesckas moarpymma BT cocTORT 13 BCeX BEpXHETPEYTOJLHBIX MATPHIL

a b .
B:(O d)’ a,deC*, beC.

Craprmuit BEKTOp 9TOrO TpeacTaBjiennst — Y ", Tak kKak BoY" = ¢ "Y™.
Jlerko BumeTh, 9TO —F NMeficTByeT mpu 3TOM MPEICTABIEHUN TOXKJIECTBEHHO, €CJIU 71 IETHO.
CiienoBareIbHO, IPYU Y€THOM 1 = 2k TIOIy9aeTCsd HETPUBOANMOE MPEICTABICHNE

SO(3,C) ~ SL(2,C)/{+£E}
cremenu 2k + 1.
I[TpuMEP 6.47. Ilycrs P, kak u Bbiue. 3amerum, uro SU(2,C) cocrour u3z Bcex marpuil
BH/IA
b a
Oupenenum npegcrasiaenue SU(2,C) B P, kak orpanuuenue npeicrasienus SL(2,C) u3 npu-

mepa 6.46 na noarpyuny SU(2,C). Ilosyuaercs nenpusogumoe npejcrasiaenue SU(2,C) co
craprmuM BeKTopoM X". JleficTBUTETBLHO,

<“ _b>, a,beC, a2 +p? = 1.

B+ = SU(2,C)NT(2,C) = {(g 2) laeC, |a|= 1},

U [03TOMY

(“ 0) o X" =a"X".
0 @

ITpu yerHom n = 2k nosyyaercs HenpuBoAuMoe KomiiekcHoe npezcrasiaenue SO(3,R) crenenu
2k + 1.
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IIpencrasienune u3 mpumepa 6.47 moxkuo onucars mo-apyromy. Ilycrs H,, — npocTpancTso
BCEX OJTHOPOJIHBIX KOMILIEKCHBIX MHOIOYJIEHOB f CTEeleHu n, yaoBjaeTBopsomux auddepeHim-

aTLHOMY YPABHEHHUIO
0? 02 0?
Af=0, A= 49 L9
’ 0x2  Oy? 922
Jeiicrre SO(3, R) nHIyMpPOBAHO €CTECTBEHHBIM JIeiCTBIEM Ha KOOPIHHATAX TPEXMEPHDBIX BEK-
TOPOB. DTO TpeCcTaBIeHne HMeeT cTeneHb 2n + 1 Haa R, ¥ 0HO SKBHBAIEHTHO IIPeACTABICHITIO

B P,,. Takum obpasom, nosyuatorcsa sce nenpuogumble npeacrasienus SO(3, R).



