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ckocTH 2 =0 H TOJB3yACh NpeacTaBgeHueM (8), nepenuiueM BhIPa-
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PaccmorpuM HeKOTOpBIe NpelesbHbIE CIYyYaH.

1) UneanbHo nmpoBogAamas 3emMas. B atom cayuae
0 — 00, a CleJoBaTeNbHO, |Rs| M |n]—> oco. Ilpu sTOoM GopMydst
(15) u (15’) namwr:

H0=

ikR eikR'
-+ —R—,—; 1_.[3 ==,

£
R
DTOT Ke Pe3yJbTaT JIETKO MOJYUUTh HENOCPEACTBEHHO, pelias 3a-
Jlady METOAOM OTPaKeHHH,
2) Hunonr B OXNHOpPOZHOH cpepne. DB 3roM cayuae
ko=ks; n=1; p=ps. Popmyas (15) u (15) npamwor:

eikR
R’

H0=1—[3= f Jo(lr)e‘ulz"‘h|&j—}'=
0

T. €. MMeeT MecTO OJHO INepPBHYHOe BO30YXKAEHHE, KaK U JOJIKHO
OBITh.

TTonyueHHble HHTerpaJsibHble BhipaxkeHus (15) siBJasiiOTCs BecbMa
CJIOXKHBIMH JUISE HCCJEIOBAHUS M IpakTHyecKoro npuMenenus. [Tox-
HHTerpa/jbHble BBIPAXKEHHS HMEIOT TOYKH BETBJEHHSI H MOJIOCHL
3omMepdenbaoM Oblil NpeAJOoKeH MEeTOX HPHUOIHKEHHOTO BHIYHC-
JIEHHSl THX HHTerpajoB nyteM nedopMaluH KOHTYpa HHTErpHPO-
Banua !). Ilpu atom uM Oblia nosaydyena cjelayooiias NOPUGIHKEH-
Haa ¢opMmyaa AJas 10Js1 BOJH3H NOBEPXHOCTH 3€MJIH:

Ve
ik R —
y=2 er' 1+i1/.«cpe—o—21/pe—pf e” da |, (16)

0

rle BeJHYHHA p— TaK HAa3blBAeMOEe <YHCJCHHOE pAacCTOSHHe» —
CBSI3aHO C IIOJIIOCOM p NOABIHTEerpajbHOro BhipaxeHus (15) coor-
HOLIEHHEM

p=i(ko—p)r.

®opmyaa (16) coBmagaer ¢ GopMyTaMH, MONYYeHHEIMH COBepLIeH-
HO WMHBIM IyTeM pANOM JApYyrux asTopoB (Beiins, Ban-mep-Iloas,
®dox).

) &pan K ¥ Musec, Juddepennuansusie 7 HHTErpajbHHE ypaBHEHHS
MaTeMaTHyecKoll ¢u3uky, 1. 1I, 1937,



HJOTIOJMHEHHUE I

METOJ, KOHEYHbBIX PABHOCTEH !)

§ 1. OcHoBHBIE NOHATHSA

Mbl 1n03HAKOMHJHCh C AHA/JUTHUECKHMH METONAMH pellieHHs
ypaBHeHuii ¢ 4acTHbIMH NPOHM3BOAHbIMH. OIHAKO fBHOe NpexcTas-
JieHKe pellleHHs] B BHAE PSJa WM HHTerpaja He Bceraa BO3MOXKHO.

PaccmorpuM, Hanpumep, ypaBHeHHe TeNJONPOBOLHOCTH

=k, 9 3E). (1)

Meron pasfeneHus NepeMeHHBIX NPHMEHHM TOJbLKO B cjyuae
k(x,t) = k((x)ka(f). OnHako wacTo BCTpeUAlOTCA 3aJayH, KOria
KO3OHOHEHT TeNJIONPOBOLHOCTH HeNpeACTaBHUM B TAaKOM BULe HIH
Jlaxke 3aBHCHT OT TeMIlepaTypbl (KBa3HJKHellHOe ypaBHeHHe TeJo-
nposoaHocTH). IlpencrasiieHHe pelneHUH HelHHEHHBIX YpaBHeHH
B aHaJHTHYECKOA (OpMe BO3MOXKHO B HCKJ/IOUHTENAbHBIX cjydasx.

YHuBepcasbHBIM METOAOM NPHOGAHKEHHOTo peluenus nuddepen-
L HaJbHbIX yPaBHEHHH, NPHMEHHMBIM [JIS IIHPOKOTO KJjacca ypas-
HeHHH MaTeMaTHYeCKOll (U3HKY, SABJsSETCs METON KOHEYHbIX pas-
HocTell (MY METOM CeTOK).

Metoa KOHeUHBIX pasdHocTell coctout B caeayiouem. O6aacte
HeNnpeprelBHOTO M3MEHeHHs apryMeHTOB (Hampumep, x 4 f) 3ame-
HSIeTCSl KOHEUHBIM (JUCKPETHBIM) MHOXKECTBOM ToueK (ysJsioB), Ha-
3bIBaeMbIM CeTKOIl; BMecTO (YHKI Ui HelpepbIBHOTO apryMeHTa pac-
CMaTpUBAIOTCA (PYHKUUH JUCKPETHOrO apryMeHTa, ONpeleeHHble
B y3Jiax CeTKM W HasblBaeMble CeTOUHBIMH QyHxuuaMmu. [Ipousson-
Hble, Bxoaaue B nuddepeHunalpbioe ypaBHeHHe, 3aMeHs0TCs (al-
NPOKCHMHPYIOTCS) TPH [OMOUIA COOTBETCTBYIOLUIHX Pa3HOCTHHIX
OoTHOWeHu#; auddepeHlHaNbHOe YpaBHEHHEe NPH 3TOM 3aMeHsieTcs
CHCTEeMOH anareGpaHyecKHX ypaBHeHHH (PasHOCTHBIM ypDaBHEHHEM).
Hauanbubie # KpaeBble YCHOBHs TOXe 3aMEHAIOTCS PAa3HOCTHBIMU
HayaJbHBIMM M KDaeBBIMH YCJOBHSMH [Jsi CETOUYHOH (yHKUUH.

EcrectBenHo TpeGoBaTh, UTOOGH MoJyuyeHHasi TakuMm ofpasom
pasHOCTHas KpaeBasi 3ajauya Obllia paspelinMa M ee PElleHHe NpPH
yBesqHueHHH uncaa N y3J0B CeTKH NpUGAHKAIOCh (CXOAHJIOCH)
K peLIeHHI0 HCXOAHOH 3ajaud A AuddepeHuuasbHoro ypas-
geuusi. Huxe NOHATHS aNNPOKCHMalMH, CXOJIUMOCTH, TOUHOCTH H
YCTOHYMBOCTH HJLJIIOCTPHPYIOTCS Ha MPOCTEHLIHX NpHMepax.

#*) Cm. A, A, Camapckuii, Bpegende B TeOpHIO Da3HOCTHBIX CXeM,
«Hayka», 1971.
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1. Cerku u cerounvle yHxkuumu. PaccMoTpuM npocTefline mnpu-
Mephl CETOK.

[Tycts ofnacTh U3MEHeHUs apryMmedra X ecTh oTpe3ok( < x < L
Pasoboem otpe3ok 0= x </ Toukamu x;=1ih (i=0, 1, 2,

, N; h >0) na N paBebix uacreii mauunt h = I[/N xaxpgaq.

MuoxectBo Touek Xx; = ih, =20, 1, 2, ..., N, nasniBaercsl pas-
HocTHOHM ceTKoM Ha ortpeske 0 <C x<C /! m obosnauaercs @,=
= {x;=1ih, i=0, 1, ..., N}, a uncio A — paccrosiine MexIy

TOuKaMHu (y3JaMH) CeTKH &, — Ha3blBaeTCs MIaroM CeTKH.

Otpesox [0, [] moxuo pa3butb Ha N uacrtefl, BBOAA NPOH3BO/b-
Hble TOUKH X3 <Xy << ...<<Xy—y <<l Torma moJy4YdM CeTKY

= {x;, i=0, 1, Nxo--O xy=1} ¢ marom #h;=
—xl—x, b KOTOpblH 3aBHCHT OT Homepa i yana x;. Ecin h; &+
= hipy XOTA Obl MJISI OJHOTO HOMepa i, TO ceTKa ®, =&, Ha3bl-
Baercss HepaBHOoMepHO#. Ecim hi==const =h=I/N pas Bcex
i=1,2, ..., N, To MBl moJy4aeM NOCTPOEHHYI!O Bhlllle paBHOMEp-
HYIO CeTKY.

Ha Geckoneunoit npsmMofi — oo < x <C co MOXHO paccMaTpH-
BaTh CETKY h,« = {X + ih, { =0, =1, =2, ..} c HavanrOoM B JIO-
6o TOuKe X, COCTOALLYIO U3 GEeCKOHEUHOro qncna Y3JI0B.

OyHrnuo Yy; = y(¥;) AUCKPETHOTO apryMmesra Xx; i ==0, 1,

N, Ha3bIBalOT ceTOUHOH (yHKLHeH, onpelesleHHOH Ha ceTKe (.

"Besxoii HenpepbIBHOK ¢GyHKUMH f(X) MOXKHO TNOCTaBHTb B CO-
OTBETCTBME CeTOuHylo QyHKuHIO fP, moJaras, Hanpumep, ff=
=f(xi)- BnpoueM, B HekoTOpBIX cayuasix yAo6Hee yCTaHABJIHBAThb
3TO COOTBETCTBHE IPYTHMMH crniocofamu.

ITycth 06s1acTb H3MeHeHHs] apryMeHTOB (X, f) ecTb NPSMOYTO/ib-
ik O = (0<<x<<1l, 0t T) TIloctpouMm Ha oOTpeske
0<<x<<l cetky Gp={x;=1ih, i=0,1, ..., N} ¢ waroM h =
= /N ucetky®@.= {t;j=1jv, j=0, 1, ..., No} ¢ wmarom 1=
== T[Ny na orpeske 0 <C ¢ << 7. MuoxecTBo yanoB (x; t;) ¢ Koop-
AunaTamu x; = ih W t; = jT HasoBeM ceTKOH BupsaMoyronbuuke [
¥ 06O3HAUUM ®py == {(xl.._ th, tj=jt), i==0,1,..., N, j=
=0, 1, ..., Ng}. D1a cerka paBHOMepHAa MO KaxXAOMYy H3 mepe-
MenHblXx x¥ W £. Ecau xors Obl OHA H3 CETOK ®n HIAHM @ HeEpas-
HOMepHa, TO CeTKa ®p, HasblBaeTca HepaBHOMepHOH. CeTka @y,
OUEBHIHO, COCTOHT H3 TOUEK I[IepeceYeHHst MNPSAMBIX X = X; [ =

=0,1, ..., Nunpameix t =1¢;, j=20,1, ..., N,
[Tyctp y — cerounas ¢yHkuMs, 3ajaHHas Ha Onr. Bynem o6o-
sHauath Yyl = y(x;, {;) 3HaueHde ceToyHoll QYHKUMH y B yaie

{Xi, t;) CETKH & he.
HenpemeHou dynruun u(x, t), rae (x,t) — touka u3 [, 6yaem

f= p—
CTaBHTH B COOTBETCTBHE CETOUHYIO Qynkumo ul=ul ,  =u(x;, t).

Bo3MOXHB H apyrue cnocoBbl TAKOTO COOTBETCTBUA, HA KOTO-
PBIX Mbl 31eCb HE OCTaHaBJHBaeMCH.
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2. Annpoxcumauusi npocrefiiux auddepeHuNaNbHBIX ONEpPaTO-
pos. Onepatop Ly, npeoGpa3syrcuinii cetounyo GyHKIHIO §¥ B ceTOY-
HyI0 QyHKUHIO Y = Ly, Ha3blBAlOT CETOUHBIM MJIH PA3HOCTHBLIM OIle-
paropoM. Huddepenuuanpupiii oneparop L, 3amaHHbli B KJacce
(YHKIHA HeNnpepbIBHOrO apryMeHTa, MOKeT ObITb NPUGJIHKEHHO
3aMeHeH (amIpOKCHMHDOBaH) pPa3HOCTHBIM omepatopoM Ly, 3amgaH-
HbIM Ha CeTOYHHIX QYHKUHAX. [ 3Toro kKazkaasd W3 NPOU3BOI-
HBIX 3aMeHfeTCs Das3HOCTHBIM OTHOIIeHHeM (OTCIOZa K Ha3BaHHe
«Pa3HOCTHBIH OMepaTop»), COAePKAIIHM 3HAUEHHS CETOYHOH (YHK-
LKH B HECKOJBKHX yanax ceTkd. [TocMoTpuM, Kak aTo mesaercs Ajasa
IepBHIX M BTOPHIX INPOU3BOAHBIX (GYHKUHH ORHOTO MEePEMeHHOTO.

[Mycts &p = {x; = ih} — ceTka ¢ marom h Ha oTpeske 0 <<
< x¥ << . Paccmorpum mepByio npoussoAHyo Lv = v’ ¢yuruum
v(x). 3aMeHHTb €€ PA3HOCTHLIM BBEIP2XKEHHEM MOMKHO GecuucaeH-
HBIM MHOXKeCTBOM cnocofoB. [IpocrefilinMu SIBASIIOTCS 3aMeHHI

v, — v
h

=

Ly ~ L — L;Ui

— JieBasl PasHOCTHas MPOH3BOAHAA WJIH JIeBOE PA3HOCTHOE OTHO-
LIeHHUe,

Yip1 T Y

Ly ~ 5

= szi

v, —
— npaBasf pPasHOCTHas IMpomsBoaHas uan Liv, == —T—p—"" —

LleHTpaJ/JibHasl Pa3HOCTHAS NPOH3BOLHAS.

3necs v; = v(X;), 3HaK ~ 03HAU4eT COOTBETCTBHE HJH all-
npoxcumanuio. Ilpu 3amene Lv = v’ pasHOCTHBIM BBIpaXKeHHEM
L;v, nomyckaercst OrPEIHOCTb L¥v,—(Lv), =V} wuasuiBaemas
MOrPEMHOCTIO aNMPOKCUMalHy onepatopa L pasHOCTHEIM omepa-
Topom Lp. EcrectBenHO TpeGoBaTbh, YTOOB NpPH CTPeMJEHHH A
K HYJIO 3Ta MOFPEIIHOCTh CTpeMHuJach K Hyaw. Jlas ouenxku ¢
Hago TPeANoJIOKHUTh, 4YTO v (x) rmaikas ¢yukuus. Dymem roso-
puTh, uTOo U(X) NpHHALIeXKHUT Kiaaccy (mpocrpaucrsy) Cm 0, 1]
(v(x) = Cm [0, 11) ¢yukuuit, 3afxaHublXx Ha oTpe3ke 0 < x << 1,
eciu v(x) umeer m HempepbiBHBIX Ha orpeske 0<x <1 mnpous-
BogHbx. [Ipu m = 0 noayuaem kgacc C© [0, 1] HenpepHIBHLIX TpH
0 < x <<l QyHKUUMA.

[Tycts v(x) & C [0, 1], rne m = 2. Pasnoxum v(x) B oKkpe-
CTHOCTH TOYKH X == X;:

v,,, =0, = hv|+ O (k)

i%1

n - ’ ’

u BBUHCTAM Y =L, v, — v, =0 (h), $*=L]v, —v; =0 (h).
Bynem roBopuTh, uTO pasHOCTHHIE olepartop L, 1) anmpokcu-

MHpyeT aupdepeHnHaJbHLE onepaTop L Ha ceTKe ®,, ecJau
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rré)axixp?|=ng)ax]thi——(Lv)i[, rae v (x) — JOCTATOYHO TJajKas
h h

GbyHRUHS, CTpeMHTC K Hydo npu hA-—>0; 2) annpokcumupyer L
¢ nopsiakoM n (n>0), ecan max l 119? ‘ =0(n") (HJIH maxltp’; \ < MAK",
©p &y

rae M — moJsioxuTeNbHAs IOCTOSIHHAS, He 3aBucsiasi ot Hh).
- —

O6pawmascy Kk dbopMmyaam aas Lp, BHAMM, 4T0 Ly vU; H L?,Lvi amn-
NPOKCUMUPYIOT Lu = v’ ¢ mepBHIM NOPSAKOM npH ve C™, rue
m = 2. YBeauueHue #m He MeHseT MOPSAKA anmpoKCHMaIHH.

Bripaxenne jua Lpv; CONepXHT 3HAYEHHA U B JByX yaJax
X =Xx; H X = X;— cerku. ['oBopdaT, uto omepatop L, sBasercd
JIBYXTOUEYHBIM HJIH ONEpPATOPOM IepBOr0 MOpsiKa.

MHoXecTBO y3JI0B, 3HAUEHHA CETOYHOH (YHKIHH B KOTOPBIX
BXOJXAT B BblpaxKenue Ljv;, HaswBaloT wabgonoMm omnepatopa L
B Touke X;. OueBuaHo, uro wabjaoH omepatopa Lp cocTouUT H3
IBYX Yy3JI0B X; U X;—i, a WabJ0H L?{ —H3 Y3JIOB X; H Xip1.

BosbMeMm, HanpuMep, TPEXTOUEUHBIH onepaTop, onpeAeaeHHbId Ha
wabJJoHe Xi—1, X; Xitt:

. . 1—2 ;= (1 — .
LY vp=oLfv;+ (1 —0) Lyv; = it G)hvl -( 20y , (2)

rae o— OpOH3BOJBHOE yHCH0. B uacrHoctH, npu o == 1/2 nosayuaem
Yigr Yy KOTO-
2h ’

pas, Kak HeTpPYyAHO nokasaTh, npu v(x) & C® [0, 1] annpokcumu-
pyet v’/ (x) co BTOPBHIM NOPSAKOM.

B nanbrelimem 6y11eM NOJIb30BaTbCsl 0603HAUEHUSAMH

LEeHTPANbHYIO PAa3HOCTHYIO MPOH3BOAHYI0 Ljv; ==

v, — v v,,, —0
i~ Uiy i1 Y
v.’?,i_—h—_’ Ux‘i=__;£—'
Yip1 — Y 1 )
+ -
AR o =73 (v;, .+ o, )

B Tex cayuasix, Korja HOMep i y3Jga He HMeeT 3HaueHUs, OYIeM ero
ONyCKaTb H MHCaTh U, v, U 2.

PaccmoTpuM Tenepb BTOPYIO mpousBozHyio Lv = v”. Ha npyx-
ToueuHOM InaGJOHEe, OYEBHIHO, e€e allpPOKCUMHPOBATHL HeJb3d. Bbl-
6epeM TpPeXTOUEYHBIH 11abJ/OH, COCTOSAMA U3 Y3JA0B X;—), Xi, Xiy1, U
PaccMOTPUM Pa3HOCTHHI OMepaTop

U4 — 20+

1
Ly,= Ve, i =7 (vx, § T Vg, i) = h? * (4)

Ecan v & C [0, 1], m > 4, To MOXKHO HanucaTb

h? h3 ht
Ve =0, E U+ 5ol o+ o+ o), )
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(o(h") — BenuuuHa, cTpeMsimasica K HyJawo npu A —0 GeicTpee,
yeMm A™). Otciofia caepyer (HHIEKC [ ONycKaeM), 4TO

Uy — 07 =10 00V o (A3, (6)

14
T. €. U annpOKCHMHDYeT v” CO BTODHIM IOPSIAKOM.

Ilns annpokcHMauMM 4yeTBepTofi nmpousBogHofi Lv = vIV) phiGe-
peM NAITHTOYeYHbIH Wa6JoH, COCTOAUIMHA H3 y3a0B x; + kh(k = 0,
+1, *=2), u D0J0XKHUM

- Yy —dy;_ + 6, =40+,
Lo, =0 = Rl : Y

B stom caywae v, . —o'V=0(h’) maa v(x)=CO®. Ha naru-
ToueyHoM wabJgoHe (x; 4 kh), k=0, =1, *+2, MOKHO AOOHTHCH
anmpokcumanuu O (AY) mas v”, ecam veC®, B camom jede,
u3 (6) u (7) caenyer, 4To omepaTop

2
Lo=10,, — =0, =0+ 0K 8)
uMmeer 4-H NMOPANOK aNIpOKCHMAaLHH.

Ha npakTuke annpoKcHMauHsi NPOM3BOIHBIX HA MHOTOTOUYEUHBIX
mabsoHax HCNOAb3yeTcsl PeAKO, TaK KaK NPH yBeJIHYeHHH uwtabuo-
Ha OObLIYHO YBeJHUYHBAeTCs1 06beM BHIUUCAHTENbHON paboTsl U yXyA-
IIalTC  KauecTBa  MOJYYalOLIMXCA  Pa3HOCTHBIX  OMEepaTopOB
(B cMblcae YCTOHUHBOCTH).

Eme pa3 oTrMeTuM, YTO NOPSNOK aNNPOKCHMAalUHH Pa3sHOCTHOrO
oneparopa Ly 3aBHCHT OT mopsiaka m AudpepeHLHPYeMOCTH (YHK-
uuH v(x). Mbl Bese (GaKTHUECKH T'OBOPHJH O MaKCHMaJbHOM II0-
psilKe anmpokCHMallMH, KOTOPbI He MeHseTcs IPH YBeJUYEHHH HO-
Mepa m kKaacca C™, cuuras, 4to v (X)— nAw06as ¢yHruua uz Cm),
OueBHIHO, YTO OpPH CrelHATbHOM BhIGOpe U(X) MOPANOK arlpOKCH-
MaluH MOXeT NOBBICHTbCA. Ecau, Hanpumep, v(X) = u(X) ecTb pele-
Hue ypasHeHua u” =x, 10 4V =0 W u_  =u"”, 1. e. v, anmpo-
KCHMHpYeT 0’/ TOYHO NpH U = u.

PaccmoTpuM GoJiee cIOXHDBIH omepaTop

ou 0%u
Lu:W—W' )
rae u == u(x,t) — QyHKUHA ABYX apryMeHTOB X K f, MeHsIOLUXCA

B obmacty [ = (0<<x <<, 0<<t<T). BeemeM ceTky

Ope={(xy=1ih, t;=1j1), i=0,1,..., N, j=0, 1, ..., Ng}

¢ waraMu h = 1/N n v = T/N,, nocrpoennyio B 0. 2,



§ 0 OCHOBHBIE NOHSITHS 557

[Tponssenem szameny

+1 j+1 i 2\ i i i
(ff‘_)] B At — gl (‘97” )]N e il T ied 2 TR
Ot /i T ] 0x% /; h? xx, 7
B pesyabTtarte nosiyduM pasHOCTHBIN omepaTtop
j+1 i i i i
w;t o —u; u;_— 2u; + u
PR N [ el i i+1
Lhrui - € h2? ’ (10)

KOTOpHI{l M&KHO samucath B Buae L, u=u;—i ., rae d==ul,
u=ul*l, 10T ONepaTOp Onpelened Ha uIaGJOHe, COCTOSILEM H3
ueThipex Touek (Xi fig), (%4 &), (Xie1, £5), (Xigt, 15) {puc. 85, 8).
Onepatop Lj. onpeleneH He BO BCeX Y3JaX ®rr, @ TOJBKO IpPH
0<<i<Nuj>0re

o=/ og=0
(=1 ]+1) (ij+1) (i+] j4) (E-17+0) G 7+1) (i j+7) (¢, /*)

oa

(i-17) (5))  (i*1)) (5/) G-77) (Gg) i+ ))
a) 4 g
Puc. 85.

B TeX y3JaX, B KOTODbIX LIAGJOH COCTOMT TOJBKO H3 Y3J0B CETKH
®nr. Y3abl (x;, t;), 0 <<i<<N, j >0, HasoBeM BHYTPEHHHMH H
0603HaYUM wrr = {(x4 £;), 0 <i <N, 0 <j< Ng} MHOKECTBO BCex
BHYTPeHHHUX y3s0B. Taxknm oGpasom, onepatop L. onpepeseH ua
Onre, T. €. BO BHYTPEHHHX y3jax. B ocrajbHBIX y3/1aX, Has3biBaeMbiX
TPaHHYHBIMH, JOJKHBI GBITh 3allaHbl KpaeBble M HadajbHBIE YCJO-
Busi. Onepatop Li; HMeeT MepBHIA MOPSAOK aNPOKCHMAUMHM MO T U
BTOpO# Mo A:

max|Lh,u{—(Lu){]=0(h2+'c), (1
O )
Tak Kak u; =u"+ O(h?), u;= i+ 0(1) (EZ == (%lti)]) . 3necs

WITPHX O3HauaeT AuddepeHuupoBanue mo x, Touka — gudodepen-
nuposanue no f. PaccmoTpum onepatop
FLgl ) gyl it

L+t =4 N owm L, u=u,—u,, (12)
Rt T ¢ h? r ht f %

onpellesieHHbIl Ha YeThipexToueuHoM wabaoHe (Xi—1, tjt1), (X, Li41),
(Xit1, ti11), (x4, t;) (puc. 85, 6). On annpoxcuMmupyer Lu ¢ TeM ke
nopsiikoM, uto u onepartop (10).

B § 2 6yner paccmMoTpeHO oOfHOmMapaMeTpHYEcKOe CeMeHCTBO
PasHOCTHBIX ONepaTopoB, aNNPOKCHMHDPYIOWHX onmepaTop (9). D10
cemelicTBO colepxuT onepatopsl (10) u (12).
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Ilo cux mop Mbl OLEHHBAJH BeJHYHHY NOFPEIIHOCTH allfpoKCH-
mauuu = Lo — Lv gnsa omeparopa Lp (uau Lp) kKak max|y|,
w
h
T. €. 1o HopMe 1) («B HOpMe»)

b llo = max| ¢ (x)]. (13)
rE0,

Jas oumeHKM BeJMUHHBl CeTOUHOH (YHKUHH Y MOXKHO HCIIOJb-
30BaTh U IPYTrHe HOPMEI, HANpUMep:

N—1 Y, N—1
uwn2=(§1hmp§) , uxpnl=l;2=11hw£1 HT. I (14)

IMycts || ¢ | — HekoTopass Hopma miasi QYHKUMA ¢, 3aZaHHBIX Ha
ceTKe wn. B nanbuefimem GyneM rOBOPHUTH, YTO Pa3HOCTHBIH omepa-
Top Lp: 1) anmpoxcumupyer AuddepeHuuanbHblit onepatop L 1o

Hopme |I-fl, ecsin | p il = || Lypv — Lo || =0 npu A —0; 2) annpok-
cumupyer L ¢ nopsizkom n (n > 0) (L, umeer n-ii mopsigox an-
npokcumauun), ectu | $ il = O(h”) man || < MA®, toe M =

= const > 0 He 3aBucCHT OT A.

Ecnn v — pocraTouno raagkas (GyHKUHs, a &, — paBHOMepHas
ceTKa, TO BCe PaCCMOTPEHHble Bhillle PA3HOCTHbLIE ONEPATOPHl HMEKT
OJMH M TOT Ke NOPAAOK annpoKcuMalMM B J06o# u3 HOopMm (13),

(14).

HMnaue oGCTOUT €0 B ciyyae HePaBHOMEPHOH CETKH.

Myerb &, = {x5, i =0, 1, ..., N, xo =0, xy = 1} — nepasHo-
MepHasi ceTKa ¢ wmaraMu Ay ——xz——xl*i, i=1, 2 N, ua or-

peske 0 << x << 1. PaccMoTpum onepatop Lo = 0" EMy NIOCTaBHM
B coowercrsue Pa3HOCTHBEIH OrepaTop
1 [o,,,—v v, — 10U
i Y
PN CL L, 5
| REET Ry Ai h; ! (15)
rie k; =?(/zi -+ A;.)), — onpejieleHHBIH HAa TPEXTOUCYHOM LIAGJIOHE
(X1, Xi» Xit1)-
BolyncsiMM  TIOTPEIUHOCTb — aNMpOKCHMauuu  ¢; = Lyu;— Lou;,
[Mpeanonaras, yto v(x) & C* [0 1l u [lO.HbsyﬂCb Pa3JIOXKEHUSIMU

=0. +hi+1v + l+l //+ h1+l n/+0( ;+1)
v, =0, ~hv, +5 h ——thvg”-’rO(h‘}),

i—1

1) Kaxpmoil cetounolt GyHKUMYM ¥ CTABUTCA B COOTBETCTBHE HEKOTODOE HEOTPH-
nareabHoe yucao [lyll, HasbiBaeMoe HOPMOI M MpeicTaBasiomee cobofi aHajnor pac-
CTOSIHUSA OT Haqana KOOpIHHAT B 00biuHOH reomerpun. Hopma ynoBierBopsier Tpe-
Gomaunam: 1) llyll = 0 Toawko mpu y(x) =0; 2) leyll = ICI fiyll, ¢ = const;
3) ly -+ =zl < Iyl + 2l (mepasenctso Tpeyroibhuka) (cM. JI. B. Kantopo-
puy u I. IT. AkuaoB, OyHKLUHOHANLHBIA aHAJH3 B HOPMHDOBAHHBIX MPOCTPaH-
creax, ®usmarrus, 1959),
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HaXOIUM
Riny — By
b= Bl 01 41,
Orciona BuaHo, uto ||y ls = O(ho), ho = maxh;, ecau |-, npu
s=20, 1, 2, —awb6as uz wopm (13), (14). Orcroma ciaenver, 4TO
Ly umeer 1-# mopsamox anmpoxcuMmauun B HopMmax |l-lo, {11, - 1l2

HoxameM, YTO NpYU HadJex almeM Bb160pe HODMBI, a8 HMEHHO!

N-—1 i 2711,
I l= [ il hi(kgl mm) ] :

onepartop (15) mmeer B 3TOH HOpMe BTODOI MNOPSILOK amIpOKCH-
MaLHH: ,
Il =1l Lyo — Lo fly= 0 (&7).

Ky —
1 rrr i1 T "r___.
TaK kaK o) =0}l + O (hy), 10 (hyyy — h) 0" = 3 =]
(h2+lv:’1(1 — hu”)-+ O(h},,), m mostoMy 1, HpeiCTaBHTCA
B BH}.‘Le
b, =1, + ¥, =0 (h;+ h3,),

! I l 1924
b= () =g A= O (k)

Briuucass kZl ﬁkxopk =k21 (Mhg1 — Me) =MNy4; — "My H YUHUTBHIBASA, UTO
]n]=0(h§), nosyqaem ”'li)”g= (hg) H, CJef0BaTe/]bHO,

Nl < 1+ 11" I << Mg,

rpe M = const > 0 wHe 3aBuCHT OT ceTkH, T. e. (15) umeer 2-ii
NOPSILOK annpokcumauuu B HopMe ||-{[; Ha m060fi HepaBHOMepHOH

ceTKe ®p. DTOT Pe3ysabTaT cOXpaHseT CHAY U U HOPM
V=1

N1 2% N=1
” 11)”3= [2}1 hi (EL ﬁk'lpk> } ’ ”‘P ”3* == Egl hi

Otmetum, uto | plls <|¢lls, s =0, 1, 2.
B nasnbHefiizem O0yaeM nmoJab30BaTbCsi 0603HAUYEHHSIMH

AR RN
=

v, =i i—1 0. — Y1 Y v = Yip1 — Y
% i T o Uy i, YaiT B ’

I o, ,—v ;=0 _
T R b e

hz+1
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Ecin cetka w, HepaBHOMepHa, TO NpH annpPOKCHMaLM{ olepatopa
(9) mcnoansyercs omepatop (15), tak uro Bmecto (10) u (12) 6y-
AeM HMeTh Pa3HOCTHble omepatopel L, u=u; —i ., L, u=u;—u,.
B stoM cnyuae Bmecto (11) mosyuum ouenky

max || Lyts — Lu |y =0 (b5 + 1), (17)
@
T
Tie MakcumMym Gepercst no j==1, 2, ..., N,
Cerka @, Taxkxke MOXeT OhiTh HEDABHOMEPHOH C IuaroMm t;==
) Ju NIl it i
=tj—tj—!v j=1, 2, ..., N, Ilpu s1OM (7) ~T=
Ju i+t
=('aT) + O (7;41); Torna B (17) 1= max T.
1IN,

3. Pasdoctnas 3apava. [Io cux HOp Mbl 3aHMMAJHCh aNNpPOKCH-
Mauxedl npoctefux AudQepeHIHANbHBIX ONEPaTOPOB PA3HOCTHBI-
MU onepatopaMu. OGbiuHO Tpebyercss pewiuTb AuddepeHIHalbHOR
ypaBheHue Lu = —f ¢ HEKOTOPHIMH AONOJIHHTENbHBIMH (HaYanb-
HBIMH, KpaeBbiMH) yc/JoBHAMH. [To3TOMy KpOoMe mOCTpOeHHs pas-
HOCTHOI'O OmepaTtopa HyXXHO alIPOKCHMHPOBATh HA CeTKe IpaBYIo
4acTh M JIONOJHHTeJNbHBIE YCJAOBHA, IOCTAEe Yero MOXHO IOCTaBUTb
PasHOCTHYIO 3ajaudy, T. e. HallkcaTb pa3HOCTHble (ajareGpanyeckue)
YpaBHEHHS] H AONOJHUTE/NbHBIE YCJIOBUA Ha CETKE.

3aKOH HaMmHCaHHUSl PA3HOCTHBIX YPaBHEHHH M JAONOJHHTENbHBIX
YCJIOBHH Ha3bIBAIOT Pa3HOCTHOH CXeMOi.

PaccMoTpHM HeCKOJbKO NPHMepOB MOCTAHOBKH PAa3HOCTHOH 3a-
Jau.

INIpumep 1. 3anaye Komu p1s ypaBHeHus 1-ro nopsaka

w(x)=Ff(x), x>0, u(0)=u,, (18)
Ha DABHOMEDHOH CeTKe COOTBeTCTBYET Pa3HOCTHAA KpaeBas 3ajada
Y —Y,; =he, Y,=1u, (q)i =f£h)zf(xi))’
nojayyaemas IPH 3aMeHe onepatopa &’ Pa3HOCTHBHIM ONEPaTOPOM
Lu=u

ITpumep 2. Kpaepoit 3agaue ana ypaBHeHHS 2-T0 Mopsjka
w=—fx), 0<x<l, uf®=p, u()=p, (19

Ha paBHOMEpPHOH ceTKe COOTBETCTBYeT KpaeBas 3ajfaya

Yot =2+ i =— B,  yo=up, yy=u (@:=F(x)),

nojydyaemasi NpH 3aMeHe onepatopa &” PpasHOCTHBIM Omeparo-
pOM uﬁx-
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I[Tpumep 3. Kpaepoil 3ajsaue Ansi ypaBHEHHS TeNJIONPOBOA-
HOCTH
Ju

= == ax2+f(x, H, 0<x<l, O0<i<T, (20)
u(x, 0)==uy(x), 0, en
w0 h=p (), u(l,)=un,(8), O<ILT, (22)
Ha PpaBHOMepHOH ceTKe @pr= {x;=1h, t=/1(i=0, 1,
, N, j=0, 1, ..., No)} coorBercTByeT pa3HOCTHAs KpaeBas
3ajaua
gt —yl=v (Wl — 2l yl) et 0<i<N, [0
(V = o =T1(x, ti))’ Y3 =ty (x,), (23)

yo=m()  vh=u() (24)

nojydaemMasi MpH 3aMeHE ONepatopa TemJONPOBOLHOCTH PAa3HOCT-
HeiM onepatopom (10). Onpeneanm yith:

yitt =010 —=2v)y]+v(yl_, + yl,) + o, (25)

rae y = t/h2
Ecmu y! m3pectHo, To mo 3Toli (opMyse MONHO ONpPeleNHTH
yi*! Bo Bcex yanax i=1,2, ..., N—1 (na cnoe j+ 1). Tak kax

npu j = 0 sajano HauanbHOe ycioBue y)==u(x,), To dopmyna
(25) mosBosisier onpedenuTb OT CJIOf K C/OW 3HayeHHa yi+! Bo
BCeX y3/MaX CeTKH ®nr, HCOJb3YS INPH 3TOM KpaeBble YCJIOBUS
(24). Cxema (23) nasbiBaeTcsi SBHOM.

IMycts Lie ompepensiercs dopmyaoit (12). Toraa ypaBhenne
DPHHHMAaeT BUL e g+ o g

Y=y, +o wnm i . Y Y- b;:? Yit + @/t (26)

HOas onpenenenust yi*! na nopom caoe j-+ 1 nmoayuaem cuctemy
anrebpanvyecKux ypaBHeHHI

vyl — 2y g/t it = —yl— o/, O0<i<N. (27)

Takas cxeMa Ha3blBaeTcss HesBHOH WM CXeMOH ¢ onepexeHHeM.

4. ¥Ycroituusocte. [Tocse TOro Kak pasHocTHas cxemMa HanucaHa,
T. €. ¢chOPMYAHPOBAHLI PAa3HOCTHOE ypaBHeHHEe H BCe AONOJHHTENb-
Hple YCJIOBHf, BO3HHKAeT NpexIe BCEero BONPOC O pPa3peuiuMOCTH
nosyueHHo# anre6panueckod cucrembl ypaBuenuil. Ecan ata cucre-
Ma HepaspellMMa, TO TaKyl0 CXeMy cJelyeT NPU3HATb HENPUCOA-
HOM.
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Ilyctb pasnocrHas 3afaya paspemnMa. TOraa ecTecTBeHHO Tpe-
60BaTb, YTOGH NPH HEOTPAHHYEHHOM H3MeJbUeHHH CETKH pellieHHe
PasHOCTHOH 3aflayH CTPEMHJOCh K PelIeHHI0 HCXOAHOH 3ajaud AJst
AndepeHIHasbHOTO ypaBHEeHHs (cxeMa cxofuaach). B atmx pac-
CYXIEHHSIX MBI NpPEANOJiaraeM, 4TO PA3HOCTHAsI 3aJauya pelIaeTcs
TOYHO M pellleHHe MOXKeT ObITh HalileHO ¢ JIOGHIM YHCJIOM 3HAKOB.
IlpakTHuecky Ke BCe BBIYHCJIEHHS BEAYTCA C KOHEYHBHIM YHCJIOM
3HAKOB H HAa KaXJOM 3ITalle BBHIUHCAEHHH [ONycKawTcd OMHGKH
okpyrienus. Ecin Manpie OomHOKH OKPYIJVIEHHS, AOMycKaeMble Ha
POMEXYTOYHBIX 3Tanax BEIUMCAHTENBHOTO MPOLECca, NPH CTYIIeHHH
CEeTKH NPHBOASAT K OOJbUINM HCKaXKEeHHAM peLIeHHs, TO TaKyIo
CXeMy Ha3blBalOT HeycToHuMBOH. OHa HempurogHa JJisi NpPaKTHKH.

Ownbku BBHIYMCAGHHH MOXKHO PacCMaTpPHBaTh KaK BO3MYyIIeHHE
HayaJbHLIX JAHHBIX HJIH NpaBod uacTH ypaBHeHus. Orciofa ciae- .
IyeT, 4TO OT CXeMbl Hajo0 TpeGoBaTb, 4TOOH pellleHHE DPa3HOCTHON
3ajlayd MaJo MEHSJOCh NPH MaJioOM H3MeHEHHHM BXOIHBIX HaHHBIX
3azaud (mpaBofi uyacCTH, KpPaeBbIX M HauaJbHBIX YCJIOBHE) HJIH,
HHbIMU CJIOBAMH, YTOOBI pellleHHE HENPepPHIBHO 3aBHCEJNO OT BXOJ-
_HBIX JaHHBIX NPH H3MeJbueHHH ceTKH. Ecau 310 TpeGoBanue BhI-
TOJIHSAETCS, TO CXeMa Ha3biBaeTcsl YCTOHYMBOH, B IIPOTHBHOM cayuae
cxema HeycroiuuBa. Huxe NpHBOAATCA NpHMepbl HEYCTOHUHBLIX H
YCTOHUYHBBIX CXeM.

[Tpumep 4. YcroHuusas cxema. Paccmorpum samauy Kouwn
ILJI ypaBHEHHH

= —au, x>0, ul)=u, a>0, (28)
HMEIOUlYI0 pelleHHeM U (X) = upe~® M 3aMeHUM ee Pa3HOCTHOMH
cXeMOH
Yy — Yy
h
W3 pasnHocTHBIX ypaBHeHuii noayuaeMm y;(l -+ ah)=y;—; uan y;==

== Sy;_; = S'Yyy, THE s=—i—m<1. IIpeo6pasyeM BHpakeHHE

=—aqay;, i=1,2,..., yo=u,

os s:
Ins=—In(l4+0ah)=—ah+ 0 (h)=—h(a+ O(h),
Uil § = e"h (a+0 (h)).
PaccmoTpum kakyo-1u60 Touky z. Jas npoctothl 6ynem npen-
noJaraTh, YTO 3Ta TOUKA FABJSETCA Y3JOM MOCAEAOBATEJLHOCTH ce-

TOK &, HpH h—>0. Homepa i, coOTBeTCTByWOIIHE 3TOH TOuUKe AJs
CeTKH ®,, paBubl [ = Z/h. OueBuaHO, UTO

%
Y= Si!/o= yoe—h oM Yoo~ O W = yole=0% L O (h)],

YTO M AOKa3biBaer CXOAHMOCTDL pasﬂocmoix CXEMBbI.
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Otciona BHAHO, YTO NPH MaJOM H3MEHEHHWH HayaJibHOTO 3Ha-
HYeHHA Yo PellleHHe y; PA3HOCTHOH 3ajaudM Takxke MeHSeTCS MaJo
(HenpepbIBHO 3aBHCHUT OT Yo).

[Ipaumep 5. Heycroituuas cxema. Paccmorpum Ty Xe sana-
4y (28), uto u B npumepe 4:

WwW=—au, x>0, u(0)=u,.

AnnpoxkcuMupyeM ypaBHeHHe 4’ = —oli Pa3HOCTHOH cxXxeMofl
ol ThL p (1 —q) BT i gy 0, i=1,2,..., (29)

rie ¢ — NPOU3BOJBHEI mapaMerp, He paBHBIN efuHule, ¢ 7= .

Tak kKak cxeMa TpexTOueyHas, TO HauaJbHBIE 3HAYEHHS HAIO
3ajaBaTh He TOJBKO B TOUKe X = 0, HO U B TOUKe Xy = A Yo == Uy, .
Y1 = uo. I3 (29) cienyer

(oc—1)yis — [(20 — 1) 4+ ah]y; + 6y;-, =0. A (30)

ByneM uckaTh YaCTHBIE pEIlleHHs 3TOTO YpaBHEHHSA B BHIE y; = st
Jas s u3 (30) nostyduM KBaApaTHOe ypaBHEHHe

(6—1)s2— (20 — 1+ ak)s +o=0, (31)
JUCKPYMHHAHT KOTODOTO paBeH
A=Qc—1+ahP—4oc(c—1)=14 220 —1)ah + a?A?,

trak utro VA=14 (20 —1)ah+ O(K). Orciona HaxoLUM IS
KOopHe# s, U S, ypaBHenus (31):

si=——7(l+ah+0(H), s=1—ah+0#)
O6uee pemrenue ypaBHeHust (30) umeeT BUJ
y,= As! + Bsi, (32)

rae noctosinHbie A n B onpenensioTcs W3 HauaJbHbIX YCIOBHHA NMPH
z =0 u i=1. YuurnBas, uyro In (1l 4= ah 4 O(h?)) = h(a+
o O(h)), raxomum

§1=- — - eHITO M), gy g (@0 (1),
[lycte ¥ — QuKcHpOBaHHAsA TOYKA, HABJSIOIIAACT Y3J0M CETKH
®h, Tak 4TO T = ih. U3 (32) caenyer
x

a )7 ¢ (@+0 (k) | Be—7(a+0 (),

yi=A ( p
Orcioga BHIHO, 4TO MOBEJEHUE pelleHHs 3aBHCHT OT 3HaYeHUd
napamerpa o. Ecin o> 1, To T > 1 n mepsoe caaraemoe
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npu Jgw6oM 3HaueHHH A %= (0 HeorpaHUYeHHO BO3pacTaeT npH
h—0.

Kosdduunent A saBucur or yo, y1. Eciu npu HekoTOpOM BbIGO-
pe HauaJabHbIX 3HaueHUH A == 0, TO NPH CKOJb YFOAHO MaJjoM BO3-
MYI€HHH HauyajbHblX JAHHBIX, XOTA OBl 3a cueT OWIUOKH OKpyI-
JieHHsl, MBI NmoayuuM A %= (0 M COOTBETCTBYIOLlee perleHHe Ovier
HEeOTpaHUYEHHO Bo3pacTath npu h — 0.

Takum o6pasom, npu o > 1 cxema (29) HeycrofiuuBa W HempH-
FOIHA IJis BBIMHUCAEHHH 1).

I1IpnBenenHble Bhille NPUMEpHl NOKA3biBAIOT, UTO €CAH CXeMa
yCTOHYHBA, TO MaJ/ible HU3MEHeHHsl HAauaNbHBIX JMaHHBIX WJIH 10pa-
BOH 4YacTM ypaBHeHHMs MNPUBOAAT K MaJbIM H3MEHEHHAM pe-
LIeHHs Pa3sHOCTHOH 3aJauM; ecJH Ke CXeMa HeyCTofuHuBa, TO Ma-
Jible H3MEeHEeHHs HayaJbHbIX RAHHEIX H NPaBOH 4acTH MOTYT NpPHBO-
JMUTb Ha JOCTAaTOYHO MEJNKOH CeTKe K CKOJb YrOAHO OOJbLIHM H3-
MeHeHHsaM  pewenus. Ilostomy  Hey¢Toliumsasi  cxema  pac-
XOITHTCA.

ITyctb nunercs pemenue y* HeKOTOPOIl Pa3HOCTHOH 3a1a4H C lua-
FOM h Ha CeTKe ©p, YAOBJETBOpAIOLlee Pa3HOCTHOMY YyPaBHEHHIO
€ 3a/laHHOW NPaBOH 4aCTbiO ¢ H AONOJHHUTENbHBIMH COOTHOIWIEHHAMHU
(ranpumMep, HayanbHBLIM, KPaeBbIM YCHOBHSIMH), 3aLaHHBIMI B rpa-
HHYHBIX yaaax ceTkH. [IpaByio yacTh ypaBHeHUsI U u3BecTHble PYHK-
LHH, COAeprKalluecs B AOMOJMHHTENbHBIX YCJAOBHSIX, HA3BIBAIOT BXOA-
HbIMH JaHHbIMH. PellleHHe Pa3HOCTHOH 3ajauyM 3aBHCHT OT BXORHBIX
JaHHBIX W OT mapamerpa h — mara ceTkd. MeHsas A, Mbl noJyuacm
noc/aefoBaTeNbHOCTh {y"} pelieHHil PasHOCTHOH 3agauM.

[oBopAT, YTO pasHOCTHAst 3ajlaua MOCTaBJAeHAa KOPPeKTHO (pas-
HOCTHAasA cXeMa KODpeKTHAa), eC/H ee pelleHHe y* npH Ja060M 10-
CTaTOYHO MasoM h <C hy:

1) cyuecrByeT /il HPOH3BOJbBHBIX BXOAHBIX HAHHBIX,

2) HenpepbiBHO 3aBHCHT OT BXOJHBIX NAaHHLIX, MpPHYeM 3Ta 3a-
BHCHMOCTb PaBHOMEDHA OTHOCHTeJbHO luara A.

CBoiicTBO HenmpepblBHOH 3aBHCHMOCTU pelIeHUsi Pas3HOCTHOH 3a-
Jlaud OT BXOAHBIX JaHHBIX Ha3blBaeTCsl TAKXKe YCTOHYHBOCTbIO Pas3-
HOCTHOM 3ajauu (cXxembl).

Pelrenyue pasHoCTrol 3aaun y* paccmMaTpHBaeTcs He npH o4-
HOM (HKCHPOBAHHOM 3HaueHHH A, a npH AOHX 7 << hy, T. e. Ha
J100BIX IOCAEI0BATENBHOCTAX A0CTATOUHO MeJKHX ceTOK. PaBnoMep-
pag no i HenpepwuiBHasi 3aBHCHMOCTb y* OT BXOAHBIX LAHHBIX O3HA-
YyaeT, 4YTO CBOHCTBO HEMpPepbIBHOH 3aBHCHMOCTH COXpaHsiercs NpH
h — 0. UubiMu cA0OBaMH, eCcJaH DelleHHe OUeHUBATh M0 HOpMe
-4, a BXOAHBle JaHHble, HalpHMep, NPaBYIO 4acTb ¢ MO HOpMe
I+, TO ycroiiunBocTb (paBHOMepHAs Mo /1) cXxeMEl MO npapoi
4acTH oO3HayaeT CYINEeCTBOBaHHe TaKoH mnocrosuuoi M >0, nHe

1) Tlpn 0 = 0,5 cxema (29) raxike Heycroiiyusa.
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3aBucsinell ot A, 410
Fo"lyy <Ml @lly, npu mobux A< hy

JlanHOe BbIlIe ONpelesieHNe KOPPEKTHOCTH PA3SHOCTHOH CXeMbE
aHAJOTHYHO ONpejlesIeHUI0 KOPPEKTHOCTH 3amaun anas auddepen-
LHaJbHOTO YPaBHEHHS, ¢ KOTOPBIM MBI HEOJHOKPATHO BCTPEUAJIUCH-
B kypce. Pasnnusie MexXIy 3THMH ONpeNe/ieHHSIMH COCTOHT B Tpe-
GOBaHMH pPaBHOMEPHOH IO A yYCTOMYMBOCTH pelleHHs Pas3HOCTHOR
3ajaui.

§ 2. PasHocTHble CXeMbi i YPaBHEHHS TEMJIONPOBOAHOCTH

1. CxeMbl 1as ypaBHeHUsl C FOCTOSIHHBIMH Ko3thduuuenramu. .
PaccMoTpuM mnepByl0 KpaeBylo 3ajauy A/ ypaBHEHHs TeIJIONpO-
BOIHOCTH: .

HadTu Henpepolenyro 8 npamoyeorvruke I 0<x <1, 0
<t<<T) ¢ynxyuro u = u(x,t), yooBAETEOPAIOWYIO YCAOBUAM:

%=gi‘i+f(x,t), 0<x<l, 0<tLT,

ulx, 0)=uy(x), u(@©, H=u, (), u(l,t)=u,lt).

(1)-

BeeneM B J[ omucaHuyio B § 1 ceTky @, = &, X &= {(x;=ih,
tj=jv), i=0,1,..., N, j=0,1,..., No} ¢ maramu A=1/N,
v=T/N,. Ilpopons sameny

azu) ~(u T Rt BT
axt /], ( xx)i" h? !
Au It} Wit i+1

(5r) ~t= =t i~

¥ BBOJAA TPOHM3BOJbBHEIT BelleCTBEHHbIH NapaMeTp O (BeC BEPXHEro-

ciaoa t=1;;;), NOJYYHM O/ HONApaMeTpHYeCKoe CEeMEHCTBO CXxeM
i i P 7 P41

————=A(oy/*' + (1 — o) yl) + @i, 2)

i=1,2 ..., Ny i=1,2 ..., N—1,

rie Ay, =y;, ;.

Cxema (2) onpeznesieHa Ha WECTHTOYEUHOM 11AGJA0HE, COCTOSNILEM
H3 y3J0B (Xiys, {j4r) (s = —1, 0, I; 2 =0, 1), pacnoyoxeHHHX
Ha IBYX caofiXx t==1{; u f = f;14 (puc. €5, a). TlostomMy cxemy (2)
YaCTO HAa3biBAlOT ABYXCJOHHOH IIECTHTOYEUHOH CXeMOH WJIH cXeMOR
C BecaMH.

[Tockoabky B (2) BXOAHT NPOH3BOMBHBIA napaMeTp o, TO GaKTH-
YeCKM Mbl paccMaTpPMBaeM He OJHY CXeMy, a OAHONapaMeTpHyecKoe
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ceMelicTBO cxeM. B ganbpHefimieM OyIeT noKasaHO, UTO ¢ MOMOIIBIO
mapaMeTpa ¢ MOXHO YNPaBJsiTh YCTOHUHBOCTBIO H TOYHOCTBIO CXe-
mbl (2). Tak kak cxema (2) nuuiercs OAMHAaKOBO BO BceX BHYT-
pennux (npu 1 <i<< N, j>0) ysnax (x; ;) CeTKH ®ar, TO HH-
JeKcHl {, | MOXKHO OIYCTHTb H IOJb30BAaTbCAA OGe3BIHACKCHBIMH 060-
3HAYeHHSIMH, [oJaras

— gi+] Y — 4=y — @it!

y=yl*', J=vyl, y=-"—7F— oe=o/*.

B 3T1ux o6o3HaueHHAX cxeMy (2) mepenuuleM B BHIE

y;=Ay+(1—0)h+e & HEo,. ©)
TlpucoeauHss Clofda HayajabHble  KpaeBble YCAOBHA

y(x, 0) = u, (x), X E @y,
y(O’ t) =1u (t)’ Yy (1’ t) = Uy (t)’ = Oy (4)

‘mrosTyyaeM pas3HoCTHYIO 3anauy (3)—(4), cooteTcTBylomyto 3agaue (1).
‘Tpebyercst HAHTH CETOUHYIO OGYHKUHIO ¥ (X, ), ONpEIeJeHHYIO /s
(x, ) = @y, U YIOBJETBOPAIOILYIO ypaBHEHHIO (3) BO BHYTPEHHHX
yaaax @u.={(x; t;), 0<i<N, 0<j<{Ng}, a B TrpaHHUHBIX
yanax vy, ={x; £;), i=0, 0[Ny i=N, 0<j<<Ng; j=0,
O <i << N} cetku &p, — ycaoBuaMm (4).

Jlust onpenenenust y=y/*! us (3) u (4) nomyuaeM 3ajpauy

oVYj—1 — (L +20V) yi + ovyip = —Fi,  0<i<N,
Yo= Uy, Yy = Uy,

Fi=(1—=2y(1 =) g+ (1 —0)y @=1 + Fis1) + 70;, v=,f—z-

3uauenust §=y| ¥, ciaegoBateabHo, F; Ha HUXKHeM cloe (npH

. =t;) usBecrunl. CueT HaeT OT cnod j K ca0w0 j—4 1, HaumHasq
¢ j = 0, npu KoTOpPOM 3aKaHo Y° = up(x).

[Mpu 0 = 0 noayuaem sasHyl0 cxeMy (cm. § 1, m. 2). [as wHee
y; = F;, T. e. 3HaueHus y ONpeleNslOTCT HE3aBUCUMO B KaXKAOM
yane ceTKH wp. [Ipu 0 %= 0 maa onpeneseHua y nojayuaeM CHCTEMY
anre6panvyeckux ypaBHenn#l mnopsaka N — 1 (takHe cxeMbl Hasbl-
BalOTCA HesABHBIMH). MeToJ peuleHUs 3TOH CHCTeMBI, YUHTHIBAIO-
piMit crenuanbHblil BUA (TPEXZHATOHAJABHOCTb €€ MaTpPHIbl, ¥ KOTO-
poii OTJAMYHBl OT HYJ/IAl TOJIbKO 3JIEeMEHTbI, CTOAILHE BJOJb TJaBHOM
_JMaroHaJd H ABYX COCeJHHX C Helo AMaroHasneil), ykasau B m. 10.

2. Mlorpewxocth annpokcumaunu. Ilycts y = y(x, f) — peuenue
sagaun (3) — (4), u = u(x,?) — pelwreHre HcXoAHOH 3amauu (1).
Paccmotpum  pasuocts 2=yt —u(x,, t,,)) nm z=y—u
M moactaBuM y =2z -} u B ypasHeHue (3). Ilpeamosaras u ==
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= u(x,t) 3apanuofl dhyukuUed, Hafigem
zp=Az+(1—=0)3)+b (r, ) Sy, }
z(x, 0)=0, 2(0, t)=z(l, =0,

p=A(ou+ (1 —0)i)+¢—u (6)

npelcTaBJsieT cO60H NMOTPEINHOCTb, ¢ KOTOPOH peluenue 4 = u(x,t)
ypaBHeHHs (1) ynosJjeTBopsieT pasHOCTHOMY ypaBHeHuio (3). Ce-
TouHast GyHKuus ¢ = P (x,f,u; h,1,0), onpenensieMas GopMyJaoi
(6), Ha3BIBaeTCA MOrPEIIHOCTHIO ANMNPOKCHUMAUNK Auddepenunanb-
Horo ypapHenus (1) pasHOCTHBIM ypaBHeHHeM (3) B Kaacce peiue-
HUH 4 == u(x,t) ypaBHenus (l) (MU «IOTPEIIHOCTBIO ANNPOKCH-
Mauuu g cxembl (3) Ha pewieHud ypaBHeHHs (1)»).

s olleHKH BeMHUUHBI (QYHKUUH P Mbl OyAeM I[0JAb30BAThCH
pasMUUHBIME HOpPMaMH (mpH (UKCHPOBAHHOM f & w¢), Hampumep:

(5)

rne

I$l.= max [;], 7
1<i< N
N1 Y2
n«an=<i§1 mp%) , (8)
d TaKiKe HOpMaMH
rlzoaXHlec, nlaxuwg U T. I (9)

Bynem roBoputs, uto cxema (3) umeer no nopme |||l m-# mo-
PANOK anmpoKCHManuu mo h n n-f mo T Ha pelleHHH U = u(x,{)
(anmpokcumupyer ypasHenue (1} ¢ mopsiakoMm (m, n)) uaa npocro
umeer annpokcumanuio O (Am) 4 O ("), ecnin

I I<ME" 43" (m>0, n>0), (10y

raie M — monoxKuTeNbHasl NOCTOsSHHAM, He 3aBHcsmasg oT A n T, a
I+l — nexoropast Hopma (nanpumep, (7) uau (8)).

Jnst OueHKH MOpSAAKA W MO A M T pasiomuM u == u(x,f) B Ok-

DeCTHOCTH TOUKH (X, I = tjy, =1t; + 0,5t) no cremenam A M t.

Bynem npeanosarath, UTo 4(x,!) HMeeT HYXKHOE MO XOAY H3JO0XKe-
. du du
HHA YHCAO NMPoU3BOAHBIX. OGo3nauad i ==—3-, u’=—a—x— H T I,

u = u(xi, ti),,
d=u(x; ;) noayuum Au—-u”+ u*'V)—}— oo (em. §1, o 1),
w= -+ 051+ i+ 0, a:a—a&i+%ﬁ+ou%

w; =1+ 0.
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Tlosnb3ysach pasyioXeHHSIMH Aag u, i, Au, Haxoxum
ou+ (1 —0)i=ia-+ (0 —0,5) i+ O (?
A(cut+(l—0)d)y=ou"+ (1 —0)i”"+ O (h®) =
=" + (6 — 0,5) 1a” + O (K2 + 7?).
TloncTaBasst mOJyuYeHHBEIE BhIpaxeHud B (6), 6yzeM HMeTh

Yp=a" — i+ (6 —0,5)12” + ¢ + O (h? + 12).

Tax Kak & ecTb pemenue ypasuenus (1), T0 i’ —i=—Ff u
=¢—[+(0—05)t" + 0 (h+ 7))
BuiGrpas ¢ Tak, utobu ¢ =f -+ O (h? 4 1?), Hanpumep ¢ =f, ecan
f=CY nonyuaem
b= (0 — 0,5) 74" + O (K + ?). (11

O6osnauum uepes Cp (T) xaace bynxuuit, HIMEIOLUHUX 7 HPOU3-

"BOJHBIX MO X H N TNPOH3BOAHLIX NO {, HenmpephBHLIX B JJ. M3 npe-
_ABIAYILErO SICHO, YTO

Ible=0(2+1) mpu 0%05 un ueCP, (12)
fPlle=0(H*+1%) nmpu 0=05 u ue cy, (13)
BriGupass mapaMeTp O paBHBIM
e o LR 1
=0 =TT T (14)
"M [pPAaBYI0 YacTb .
- h2 02
o=f+-15 3L, (15)

no.rwlnm CXeMy TNOBBIJIEHHOTO MOPSANKA AaNNpOKCHMauuy =
=01+ 1), ecin u=CP, fe=c? 2.

3. dneprernyeckoe TOXAecTBO. UTOObI BHISICHUTD, NPH KAKHUX 3Ha-
YeHHAX ¢ cxeMa (2) yctofuMBa 10 HayaJbHBIM JIaHHBIM M 10 mpa-
BOH yacTH, HaliJeM OLleHKY pelleHHs pasHOCTHOH 3amaun (3) — (4)
C OJHOPORHBLIMH KPaeBbIMH YCAOBHAMH (uy = s == 0) uepe3 ¢ U uy.

[l 3TOro UCHONb3yeM METO HHTerpasbHBIX HIH HEPreTHYeCKHX
COOTHOLIEHHH, KOTOPH 0Oe3 CyHIeCTBEHHBIX M3MEHEHHH MepeHOCHT-
€ Ha cAyuail ypaBHeHHH c mepeMeHHBIMH Koadpduumentamu. Ham

1) Tak kax &” + f — =0, 10 (6) MOXHO 6BJIO GH cpa3y 3amnucaTh B BHAE
— (A lou+(—0) i) =&+ (0= F) = (1, — 7}

2y K o 1, 2 em. B. K. Cayabes, Hurerpuposante napa6GosuyeckHx ypas-
_HeHui MeronoM cerok, Pusmarrus, 1960.
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noHajo6urcsa HeGOMbIIOE YHCJAO NpeABapuUTebHBIX cBefenuil. [lycTh.
v(x) == v;, 2(x) = z; — NPOM3BOJbHble (QYHKIHH, 3alaHHble HA
ceTKe ®p == {x; = ih}.
ViMeroT MmecTo caenympoimre GbopMyJIbi:
1. Popmysra pasnocTHO20 Ougppeperyuposanus npoussederus
(02) ¢, 1 = Vi2x, 3 + Uy, 12141 (16}
B camom nmesme, Uiy, i Ux iZint = [0i(2ip1 — 2i) + (Vig1 —
— v3)Zipl/h = (Vip12ip1 — 032i) [h = (v2)x, . Popmyna (16)  sB-
JseTCsl pa3HOCTHBIM aHanoroM ¢opmyanl nuddepeHuupoBauus npo-
usBegenus (uv)’ = u'v -+ uv’.
2. Popmysa CYymMmMUposBaHUL NO HACTAM
(0, 2)==—(2, v;]+ (v3)y —v2), (17}
rue

N-1 N
(v, )= 2 v,w;h, (v, w]= 21 v,w;h, (18)y
i=1 f== .

AIBJAIONIASCA PAa3HOCTHBIM aHaJorOM (OpMyJbl MHTErPHPOBAHHS MO
yacTAaM.
Boipasum u3 (16) vz, i = (V2)x, i — Ux, i2i41 H 10peobpasyem

CYMM
y y N—1 N—-1 N—i

(v, 2y)= EI Vizy, th = Z [(v2)i 41 — (v2);] — 12—_—1 Uy, 12141h ==

=

N
=(02)y — 0,2 — igz Ve, b (U, =g 1)
YunTeBast 3aTeM, uT0 v, == 0, + (v, — vy) = v, + hv; |, HOAYUHM

N
(v, 2,) = (v2)y — (v + Aoz )2, — E}_Z 2,0, h=(v2)y — 02, — (2,04}

3. Hepsan pasnocrras ¢opmysa 'puna
(v (ay5),) = — (@Y ve] +ayo|, — NATA (19)
B camoM jpene, monaras B (17) z=ay,, cpasy noayuum (19).
Hs (19), B 4aCTHOCTH, CJefyeT, 4TO
(s (ay5),) = — (ay5 v, ecm y=ov=0 mnpu i=0, N; (20)
( (a92),)=— (@ (4:F], ecm yo=y,==0. @1y

®opmyaa (19) sapasercs pasHOCTHHIM aHajoroM dopmyas I'puna
1

[ u(kwy de = kuw’
4]

i
1
— f ku'w’ dx.
0 0
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4. Bropas pasnocrnas gopmysa I'puna
(v: (w0)) — (@ (a05) )=y (00 — 4u3)y — @ (vy, —yoy),  (22)

noayuaeTcs u3 (19), eciu B (19) nomeHsitb MecTaMu Y U U H Bbl-
yecTh u3 (19) mosyueHHOe paBeHCTBO.
Hawm noHamofutcsl Tak:xke HepaBeHCTBO

[y, 2 ISV, 1) (=, 2), (23)
TAe

(v, 2= X yezehy  i=2,3,..., N. (24)
=]
PaccMOTpHM CYyMMY
(v + Az, y+212)' = (v, v)' + 20y, 2)"+A2(2, 2’ >0
Tae A — ao6oe BellleCTBEHHOE YHCJIO.

Ecin (2, )50, 10 (y + A2, y + 22)i = 0 npu n06bx 3Ha-
YeHHsIX A TOJBKO NPH YCIOBHH, UTO JHCKPHMHHAHT KBaXPaTHOrO
Tpexwrena [(y, 2) PP — (y, y)i- (2, 2)t < 0. Orcroga u caenyer (23).
B uwacruoctd, npu [ = N nonyyaem HepaBeHcTBo Komu — Byns-

KOBCKOTI'O )
[y, 2) I<Iyl-lzl, (25)

rie ( , ) naerca ¢opmyanoit (18), a [l yll — HopMa cerouHoit pyHK-
WHH § = y;, paBHAA

N—1 s
lyl=V{y, y)= < § y?k) . (26)
,,U,oxameM cnenyroume HepaBEHCTBaZ

l21<glz:], ecan z=zy=0, (27)
llzllcgéll 2z], ecanm zo==zy =0, (28)

TIae ”z””:_}gilezi I, 121 naerca dopmy.soit (26), a
N a
— (T 2
l2s1= (20 2" (§ % ,h) -

i 2 N 2
3aMeuas, uTO z?=<2 2, kh) =< 2z, kh) , TIPEACTaBHM 22)
k=1 ™ k=il ¢

B BHJE i \ .
=(1—xi)(k§lzx_kh) ( > zjk).

k=i+1
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[Tpumensa HepaseHCTBO (23) A1 KaXKIOH M3 CyMM, HalpuUMep:
i

2 i i i
(El 2, kh) < kgx (z)E X E} 124 = xikgl (25, )21

TOJIYUHM:
i N
2i<x,(1—x) (kgl (2z )R+ k=2i+1 (2z &) h) =x,(1 —x)]2, P
(29)
Tak kak max x(l —x)= —i—, TO OTCIOZAa cJaenyet, uro | z|.<<
0 <xgl1
<§” 2z ]

Ywmuoxus (29) nHa A u mpocymmuposas no i=1,2, ..., N—1,

-1

6yIeM HMeTh llz|F<-4lll 2z P nan |]zll<%ll 2z ], Tak kax E ih=
i=l
=N—-1DNhr<Ll
TTyers Av={(avz)y, a=¢; > 0. U3 (21) u (27) cnenyer OleHKa

— (Av, v)= —((avy),, v) =4c, v ”2 (30)

B camom nere, — (Av, v)=/(a, (vl =c | vz* B cuay (21). IToas-
sysch 3ateM HepaseHctBoM (27), mosyunm (30).
VKaxeM elle OfHO HepPaBeHCTBO:

2]ab 1< e’ + - b7, (31)

rne a u b — 3anaHHble UHC/IA, €y — NPOU3BOJLHOE INOJOKUTEJbHOE
yucao. B camom pedte,

2|ab|=2'(al/c_g)(l_fl%o__>l<(a Vc*;)2+(_17{;c__;_)2,

Tak kak 2|a,b |<<a}+ b} mpn mobuix a u b,

[TepeiizeM Tenepb K H3YUeHHIO BOIpoca 00 YCTOHUHBOCTH CXe-
MBl (3) Mo HauaJbHBIM JAHHBIM W 1O TIPaBOi YaCTH.

Hanumewm sHepreTHUecKoe TOXKAECTBO, COOTBETCTBYIOIIEe ypaB-
HEHHIO C OJHOPOJAHBIMH TPAHHYHBLIMH YCAOBHSIMHU:

Z=Az0 4P, zy=z,=0, 2z(x, 0)=2z,(x), (32)
rue
20 =gz 4+ (1 —0)3.

YMHOXKHM ypaBHeHMe Ha 2t2; h=2(2, — )k u npocyMMH-

pyeMm mo i=1,2, ..., N—1:

21 “ ZP=2v (A2, 2) 42T (P, 2;), Az=2,,. (33
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Tlpencrapiss 2 B Buie

29=0,5(z4 &)+ (0 —05)(z —2)=0,5(z+ %) + (0 — 0,5) 12
‘M 1101b3ysich TepBoil popmysoi Ipuna (20) paas a=1, y=12;=
=z—% v=2+2u a=1, y=0v=gz; umeen’)

2t (A9, 2)=—2(c — 0,5)12(2.;, 2;] — (2. + 2;, 2. — 8] =
t Xt xt x X x

- — 2(0‘ - 0,5) "52“225]2 _"H zzP + "éi ]2‘

TloncraBus 510 BBIpaxeHne B (33), NOJIyYHuM 3HepreTHUeCKOe
“TOXKIECTRO:

20 [ 2+ (0 — 0.5 Tl 2 ] + 2, P =15, P4 20 (b, 2). (34)

€TMETHM, UTO HMeeT MeCTO CJeLYIOlliee HepaBeHCTBO:
4
I 02§2<727“ ul?, ecan vy=vy==0. (35)

B camoM neJse, CyMMHDYSt HEPaBEHCTBO

1 2
v} =7 (0, — 0, S5 (v +0iL)

mo i=1, 2, ..., N, npuxonum x (35).

4. Ycro#uusocts. Kak 6buto ykazaHo B § 1, n. 4, ycrofiuuBoctb
CXeMbl 03HauaeT HeNpepbiBHYIO 3aBHCHMOCTb pelUEHHs Pa3HOCTHOMH
3ajayd OT BXOAHBIX HaHHBIX (OT HayaJbHBIX NAHHBIX, OT NpaBOH
YacTH U OT KPaeBblX yCJOBHH B JNaHHOM ciayuae). _

BrisicHuM, Npu KakKuX 3HaueHUSAX nmapamerpa ¢ cxema (3) ycroii-
YUBa MO HayaJibHBIM NAHHBIM H Mo npaBod uyacTH. [as artoro pac-
cmoTpum 3ajauy (32) ¢ OAHOPOAHBIMH KPAEBBIMH YCJIOBMSMH,
YTOYHHM MOHSITHE YCTOHYHBOCTH.

IMyers pemende sajgaun (32) ouesusaerca no Hopme | 2y
(uanpumep, zllgy=llzll, T2llgy=112:), a npaBas uacrp ¢ —
mo HopMme [| [l (Hanpumep, Tplley =9l Nlley=1pl.).

Byaem rosoputb, uto cxema (32) (uau (3) — (4)) ycroduusa
710 HQUaAbHbIM OAHHBIM U NO NPasoil Hacru, ecau npu G0CTATOUHO
Mmarvix b << ho U T << To UMEET MECTO HepagencTs80

max " 2 (X, t) Ih]) <M1 ” 2 (X, 0) ”“) + AI? tn;ad)x ” ’l]) (xy t) “(2)) (36)

tE(ﬂT

20e M, M, — noaoxureivHbie NOCTOAHHbIE, He 3asucAwue
orhur.

H(A(+32), 2—8)=— (Zz + 22, 2. — 52], (Azi. zt.) = — (zxt" Zzt’]‘
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Jas ycrofiumBoctH cxembl (32) mocrtaTo4HO, YTOOBI BBLINOJHSI-
JOCh OJHO U3 VCJAOBHH

Nzl <<(UF e 121, + cotil Pl (37)

HJ/IH
Nzl <L+ |20, + corll v, (38)

TAe ¢y, C2 — NOJNGKUTeJNbHble MOCTOANHbIE, He 3aBHCANIYe OT A U T.
B camom Jese, mycTh BBHINOJHeHO ycioBue (37). 3anHiueM ero

B BHIe _ . _
” 2! ”(]) < (1 + CIT) ”2]—1 ”(1) + CQT “ \pl I.!(g)y (39)
=12 ...
Hckmouas u3 (39) nocaenoparesapno | 2i-! iy 1272 gy« o e

u yuutbipasd, uto (1 4 ¢, r)’ <ef i npu j <;, HOJMYUHM

<o iz o te D elw ]| @)

Orcrona caenver (36) npu M, =7, M, =c,MT. Tlpennonaraga,
4TO BHNOHeHO (38), aHAMOHYHBIMH pPACCYKIEHHSIMH NPHUXOLUM

X HepaBeHCTBY Buaa (40), B KOTOpPOM cJjelyeT 3aMeHuTh || BH-
1
- ol
paxenusmu ||-||2 B pesvasrare cHoBa moayuuum (36) ¢ M, =e? ",
My= Ve, M.

[Toasayace toxnecrsoM (34) masa cxembl (32), MBI yCTaHOBHM
HepaBeHCcTBO BHEA (36), U3 KoToporo W OyAeT CJeAoBaTh, B CHAY
CKA3aHHOTO BbILlE, VCTOHUHBOCTL cxeMbl (3).

Yro6rl BISICHHTb BONPOC 06 YCTOWYMBOCTH MO HAYaJbHBLIM JaH-
HbIM, paccMoTpuM 3azauy (32)npu ¢ =0 u noxomnmllzil{”=ll zz].

Toxpecro (34) mpu ¢y = 0 umeer BUI

2ef[[z [+ (0 = 0.5) vlzy Pl + 12, P =] 2P (41)
Myets 0 > 0,5. Toraa BoipakeHne © KBaJAPaTHBHIX CKOOKax
HEOTPHILATEJIbHO H
l2,P<IZP nmn |2li<|zi'1<]2]
Otciona, B cusly HadasJbHOTO YCaoOBHA 20 = z(X) cJjeayer, uTo
2/, <lzoll, rtae fzl,=lz:1 (42)

[yets 0 << 0,5, Tak uto 6 — 0,5 << 0. O6o3nauas 2;==U M 10Jb-
aysicb (35), naiigem

lolP+ (0 —05) th oz Pl vl — (0.5 — o)t - - ll0p=
=(‘l — (0,5 —o0)7-

w)loR=>0
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npu
4
1—(05—0)t: 5 =0,
1 h?
T. €. pH 6 =>0y= — —. [Ilpn 3TOM yc/I0BHH  BBIpameHHe

B KBaJpaTHbIX cKOOkax B (34) HeoTpULATeJbHO, H MBI CHOBA MNpPH-
xonum K (42).

Takum o6Gpa3om, cxeMma (32) (u cxema (3)) ycrofiunea no
HayalbHEIM JAaHHBIM B HopMme |z, =ll2z], ecan BbinonHeno

yCJIOBHE
o>L P _; (43)
=9 i 0
Paccmotpum uacTtHble cayuan. Eciun o= —(17, TO yCJOBHe (43)

BCErja BHINOJNHEHO H cxeMa (32) ycroituwBa mpu JM0GBEIX i U T.
Ina sisHO# cxeMmbl ¢ == 0 u ycuoBue (43) naer
T

V=W\<~% HTH r<%h2, (44)

T. €. sIBHAas CXeMa YCJOBHO ycToHuuBa (yCTOHUMBaA NpPH YCJIOBHUH
1
(44), cBasniBatomeM T ¥ A). MOXKHO MoKas3aTb, YTO INPH v>7 +

41t 0<Ka < 1, aBHAs cxemMa HeycTOHYHBA, T. €. YCJAOBHe y <

1 o o
< 5 -+ €17® ABASETCS HEOGXOAHMBIM ISt YCTOHUHBOCTH SBHOM CXeMbl

(¢; = const > 0 — npousBoNbHAsA NOCTOSAHHAS, He 3aBUCALIAasl OT
huT).
W3 (43) BHAHO, YTO CXeMa [MOBHILIEHHOrO MNOPSAKa TOYHOCTH
1 h?

(cr=o,=5~—--m-), 6e3ycyaoBHO (mpu JMO6GBIX A U T) ycToHuHBa,
TaK KakK 0y == 0o.
[lepeiiieM X OLEHKe YCTOHYMBOCTH cXeMbl (32) mno mnpasoit
yactu. BygeMm ucxoauth u3 ToxkiectBa (34). Mmeer Mecto TeopeMma:
Pasnocrras .cxema (32) ycrotiuusa no HauasbHoim OAHHbIM U

no npasgoil wacTu npu
1

0'>—2_9

rak 410 a1 pewenusn z 3adauu (32) sepHa ouyenxa
i

l/:l
!|21%]1<|12021+V—12—(2 rllw’"ll“’) : (45)

i=l1

IMosb3ysice HepaseHcTBaMu (26) u (31), nmeewm

2t (¥, ) <eyv|f + ol b Ik (46)
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Ecau 6 2>1/, 70 Mbl mojy4yaeM u3 (34) HepaBeHCTRO
2t 2 [ A2 P < T + oo 2 + b I
Bridupast 3atem ¢y=2, 6yneM HMeTb
2z P<IZ P+ 5ol
Orciona cpasy caenyer I_
|2iP <lzoe] + 5 Y,
j==1

Tak xak a®-+ b2<(a-+ b)? mpu a=0, b>0, To TeM CaMBIM Teo-
peMa J1oxKa3aHa.

3amevanue. Heckoabko H3MeHHH paccyxaeHus, MOKHO II0KA34aTh, YTO

h2 rie 0<e<{l; B (45) caeayer

TEeopeMa BepHA NPH O = 0p = 7=

it
BMECTO V2 HamucaTh V2e CpaBuenne ¢ (36) mokasmiBaer, yro Hz”(l) Il 251 j,
T
‘]1}7![(2):"11)”» A’]]=I, M2= 78—'
Herpynno monyunts ouenxy (36) ¢ [fzly =10zl [Idlig=1I19l nupu
6 =1/,

OrpannynMcsi AOKa3aTeJbCTEOM YCTOHYHBOCTH MO HAYaAbHHIM AaHHLIM. [1o-
JOXKHM B ypaBHeHuH (32) 1 ==0, YMHOXHM €ro Ha 21:2‘50)/1 H NPOCYMMHPYEM [0
i=1,2 ..., N—1 TIlonesysice ¢opmysofi Tpuna (20) u TOXKZECTBOM
21(4%, 2)=(e+2 2 — 2 + 20 (0 —05) |2 [ =217 — | Z]2+27 (6—0.5)X
X |2 [ monyumm 112112 4 232 (0 — 0,5) | 2, |2+ 27 | & P = || 2112, Orcrona mpu

005 crenyer [zl2<<lzi2ullz! <zl
Ora oueHka cnpaBemIHBA M NPH O == 0, OAHAKO MBI He IMEeM BO3MOK-
HOCTH OCTAHABJHUBATHCA Ha O0KasaTeJgbCTBe 3TOr0O CbaKTa.

M#ul nokasanu ycrofiuuBocts cxemnl (32) B HopMax {z:z] u |[z],
1

2
Ou \?
SIBAAIOIUXCA Pa3HOCTHBIMH aHaJIOI‘aMH HOpM (f (W\) dX)
0

1 Yz
u (f u? dx) . ITomb3ysicb pasHOCTHBIM 4HAJOrOM NPUHIHNA MaK-
\o
CHMyMa, MOXHO yOeiuTbCst B TOM, 4YTO YHCTO HesBHasd cXeMma
yCTOHUHBAa B DABHOMEDHOH MeETpHKe, T. €.

Izl <llzol. mpu o=1 (p=0). (47)

OxasblBaeTcsi, YTO CHMMETPHYHAS LIECTHTOYEYHAas cXeMa ¢ 0==10,5
TaKX€e paBHOMEDHO yCToHuuBa Npu JIOOHX A U T

lzl. <Ml 2], mpu o==0,5. (48)
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PaccmorpuM siBHYI0 cxeMy (o==0). 3anuiieM ee B BHie
Yi=0—=2v) g + v @iy + J141) + ;.
Ecmn y <Ko, o 4 ISSA =291 G [y (N Jicr R i D 1l 1<

<lgl+tlol, Tax xak 1—2y>0. Orciona caenyer |y, <<
<hile +lel mpn vy u ]
Tyl <l yol+ Zl Tl I, (49)
]=
rae llyll,=max|y| Taram o6pasoM, sBHas CxeMa paBHOMEpHO

(l)h
yCTOHYMBA MO HayaMbHBIM NAHHBIM M II0 NPABOH YACTH, €CJH Bbl-
MOJIHEHO VCJOBHE Yy < /5.
5. CxopumocTb M TOUHOCTL., Bynem rosoputs, uTo:
1) pewenne 3amaum (3)—(4) cxomuTcs K pelieHHI0 U =
= u(x,?) sapaun (1) (cxema (3) — (4) cxommrcs) npn h—0 u
v—0, eciu max lly' —u/ ly—>0 npn h—0 u v— 0;
O<tj<7‘
2) cxema (3) — (4) cxomutca co ckopoctbio O (A™ - 1n),
m >0, n >0, unu umeer Tounocts O (A™ 4+ ) (mopsaaxka m no A
H HOPSiiKa N 10 T), ec/IA TPH AOCTATOYHO Madblx A <C hy n 1 < 1o
max [y —u' [, <M K"+ %),

0<t]-<7'.

rie M = const > 0 He 3aBucHT OT A H T. :

XapaKkTepHCTHKOH TOYHOCTH  cxeMbl  (3) — (4)  sBasiercs
Izl = lly —ullw, rae -y — onna n3 BBeaeHHBIX Bhie HOPM.
- OyHKUMA 2 == 2(X; ¢j4) ABAsAETCA peweHHeM samaun (5). Tak kax
2(x,0) = 0, To u3 (45) 15 2z cnenyer oueHka

] Y
uzé]<7‘2_—(2 rﬂw"li"’) npu 0> (50)
ji=
YuuteiBass HepaBeHCTBO (28), moayuaem
< VT y :
7 — 7
'l < 57 maxll= M, max| 'l (61)

Orciona caenyer reopema:

Hz ycroduusocru no npasod wactu u annpoxcumayuu cxemvi
(3) caedyer ee pasHomepHas cxo0umocts, npuuesm nopadox ee TO4-
HOCTU cosnadaer ¢ nopadkom annpokcumayuu '), VHbIMU caoBaMy,
ecau cxeMa (3) ycToHuMBa MO NMpaBoOH 4acTH, T. e. ¢ == !/5, U BHI-
DOMHEHBl YCJIOBHA, NPH KOTOPHIX cxeMma (3) uMeeT MaKCHMAaJbHBIH
NOpSJIOK anmnpoKCHMallWM Ha peweHHH u = u(x,f) (cm. (12),

) Cu. B. C. PaGenvxuf, A. ®. ®uannnos, O6 ycrofiunsoctd pas-
HOCTHHIX ypaBHeHHH, [ocrexusmar, 1956,
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(13)), 1o ona umeer Ttounocts O(x™s 4 4%), rie mg=2 npu
o =0,5, mg =1 npu o == 0,5:

Iy — a/l. <M+ 1") npu oo, (52)

roe M=const > 0 He 3aBUCHT OT A 4 T.
M3 n. 2 caenyer, uto oineHka (52) uMeer mecro, ecau usCP,

o=f mpr 6% 0,5, usCy, o=Ff=F"" upn 6=10,5.
U3 nepasenctsa (49) caenyer, uro s ssHO# cxembt || 4/ —u' <<

<M(R*+ 1), ecoin u=CH.
3aMmeua HH . B cuay 3ameuaHus K Teopeme B I. 4 cxema (3)

npu 0—3——@; uMeer Hpu neCY, feC(Q) TOYHOCTb O(h —l—r)

ecan @ ompexeasiercst no Gopmyne (15).

6. PasHocTHbIe CX€MBl JJs YPABHEHMH C fiepeMeHHBLIMH Koaddu-
uveHramu. [lepefinem Temepb K H3YY€HHIO PA3HOCTHHIX CXEM AJis
YHCJEHHOrO pellleHHsi YpaBHEHHS TEMJIONPOBOLHOCTH (AubOy3nH)
¢ nepeMeHHBHIMH KO3 (HIHEHTaMH

St =g (kgE)—qutf, k>0, c>0, (59
rae ¢ = c(x,t), k==Fk(x1t), g=gq(x,1), [ =[f(x,t) — 3ananuble
¢yskuun x u £ Ecau, HanpuMmep, K09QGdUUHEHT TENIONPOBOAHOCTH
k = k(x,{,u) 3aBUCHT OT TeMmepaTypsl 4, TO ypaBHeHHe (b53) Ha-
3biBaeTcs KBasW/aHHeHHbIM. KBasuauHeliHble ypaBHEHHSI NOMYCKAlOT
aHAJHTHYECKHE DElICHHsI TONBKO B HCKJIOUHTEJIbHHIX caydasx. Pas-
BHTHe BBIUHC/IHTEJbHOH TEXHHKH H NPHMEHCHHE MeTOAa KOHeUHHIX
pasHoCTel clleali BO3SMOKHBIM pellieHHe JUHEHHbIX U KBa3UJIHHeH-
HBIX ypaBHeHHH ¢ nepeMeHHbIMH Koadduuuenramu. [Ipu stoMm BbI-
sIBWJIach HeOGXOAUMOCTb PAa3BHBATh METOAbI, IPHTOAHBIE JJs pe-
IIeHUs1 MO OJHMM H TeM Xe NporpaMMaM YypaBHeHHH KaK ¢ He-
NpepulBHBIMH, TaK H ¢ Pa3PbIBHBIMH KO3 (HIHEHTaAMH.

3azayn ¢ pa3pbIBHBIMH KO3((HIHEeHTAMH BCTPEYaloTCA OUeHb
yacTo B Qu3KMKe U TexHUKe. [locTaTOuHO, HampuMmep, ykasaTb 3aja-
yn 0 Auddy3un HEHTPOHOB M O TEPMHUECKOM peXHMe B reTeporeH-
HOM peak10pe, COCTOsIeM M3 GOJBLIOTO YHCIA 30H C Pa3HBIMH (u-
3HYeCKHMH CRBOMCTBaMH, 3aflay¥ O ABHKEHUH rpaHul (as3oBHIX Ne-
pexoxos (cm. ra. I, npunoxenne IV) u 1. 1. Hdasa peuwenus sagau
C pa3pbiBHBIMH Koa(b(pnuHeHTaMn HCIHOJb3YIOT CXEMBl «CKBO3HOTO»
cueTa, He MCIOJb3YIoLIHe HHPOPMALMH O NOJOXKEHHH TOYEK pasphl-
pa. [lpu 3T0M BO Bcex yajaX ceTKH H AJs JIOGHIX KO5(QHIHEHTOB
NHIIYTCA OAHH H Te ke ¢opMynab (6e3 Kakoro-J1H60 H3MeHEHHst
(opMyJ1 B OKPECTHOCTH Pa3sphiBOB).

TpeGoBaHus CXOAMMOCTH H TOUYHOCTH CX€M CKBO3HOrO cueTa
HaKJaJIblBalOT OTPaHMYeHHs1 Ha BHA 3THX cxeM. CxeMbl, cxond-
muecss B clAyyae pPaspbiBHBIX KO3(QHLHEHTOB, MOXKHO IOJAYYHTDH

19 A, H. Tuxounos, A, A. Camapcknft
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NpH NMOMOIUH MeToAa O6aJsaHca HJIU HHTErpo-HHTEPNOJSIIHOHHOTO
MeTona.

7. Meton 6ananca. KoncepsatnpHbie cxembl. dusuueckue npo-
1ecChl, ¢ KOTOPHIMH Mbl NO3HAKOMHJIHCh B KYypC€, XapaKTepH3YIOT-
Csl MHTerpaJbHBIMH YPaBHEHHSIMH cOXpaHeHHs (KOJIHUeCcTBa TellIa,
KOJHYeCTBa ABMXKEHUS, JHEPTHH H T. A.). Tak, Hanpumep, 3akOH
coxpaHeHusi Temia (ypaBHeHHe OaJjaHca) Ha oOTpe3ke [Xi, X2] 3a
BpeMs Af == f; —{; HMeeT BH]J,

X3

j clu(x, t) — u(x, t,)] dx=

*)
%X, b2

t2
= [ W (a, ) =W (e Ot + [ [ Fix, 1) drat,
t t,

Xy

rae u(x,!) — remnepatypa, ¢ -—— TEMJOEMKOCTb eIHHHIB AJHHHI,
f(x, t) — mmoTHOCTb HCTOUHHKOB Temsa, W(x, {)= —k(x, {) X

X a—’;— (x, t)— TemnoBo#l MNOTOK, R(X,?)— Ko3hdUIHEHT TemjIonpo-

du
BojHOCTH. Ecau  cymiecTByloT HempephIBHBIE NPOU3BOMHBIE —— H
d

a
W(k 3—)1;—), TO M3 ypaBHeHHA 6anaHca cjenyer AudpdepeHuHanbHOe
ypaBHeHHE TeNJOoNpPCBOJHOCTH

o gt =2 (ke IE) +Fx, D,

EcrecTBeHHO IIpH HAaNHCaHHH pPAa3HOCTHBIX YDaBHEHHH, MPH-
GJAHKEHHO OMHCHLIBAIOIIMX TOT HWJAH HHOH Mpollecc, HCXOAHUTb H3
ypaBHenus1 Gasmanca. [lyctb mana cetka (x;==ih, {; =jv). Haa
Kaxn0i 3/7eMeHTapHOA sidelKM (NpsAMOYroJbHHKA) 3TOH CeTKH NH-
ueTcs ypaBHeHHe GajqaHca, KOTOpOe COAePXKHT MHTerpaJibl OT (PyHK-
UHH H ee NMPOHU3BOJAHBLIX (MOTOKH B c/lIydyae ypaBHeHHs 6ajaHca Tel-
Ja) BIOJb rpaHuubl suefikd. [ MX BbIUHCIEHHSI HEOGXOMHUMBI
npelanoJoxenuss o npodune ¢yskuuii. B 3aBucumocTH oT BHIGOpa
JIOKAJbHOM MHTEpNOJALUH KaK MO X, TaK U MO ! Mbl NOJYyYHM pas-
JIHUHBIE cXeMbl. Bompoc o Bb6Ope HHTEpPHOJSUHUHA HOLUMHEH Tpebo-
BaHHAM YCTOMYMBOCTH, TOUHOCTH H IIPOCTOTBHI peanu3aluH (B 4acT-
HOCTH, TpeOOBaHHIO MHHHMYMa apH{MeTHUECKHMX ouepaluH, KOTO-
pble HAJO NPOM3BECTH /sl MOJY4YeHHS DelleHHs).

[MpounnwocrpupyeM wMeTo] ©O6anaHca (MHTerpo-HH-
TepHONALHNOHHBIA MeToJ) Ha npuMepax.

CHayajia pacCMOTPHM CTALlHOHapHOe ypaBHEHHe TelJIONPOBOX-
HOCTH

S (kW) —g@u=—1i(n, 0<x<1, £>0, ¢>0; (4
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3llecb ¢(X)u — MOILHOCTh CTOKOB Temna (npH ¢ << 0 — HCTOYHH-
KOB), MPONOpIHOHANAbHAS TeMnepaType u(x).

BriGepem Ha ortpeske O < x<<1 cetky &n= {xi=ih, i=
=0, 1, ..., N} c warom h. Hanumem ypaBuenue Gaianca Tenna

1 h
Ha OTpe3Ke X;—y, KX Xy, Y-y, == —2—(16;'—1 + %)) =x1-1 + oL

ity *i4y,
Wiy —Wirn— [ q@u@ds+ [ fde=0, (55)

x,:__l/2 xg_l/z

d
rne W (x)=— k(x)d—;‘—no'rox Tensa. UYUToOH MONYYHTH CXEMY,

3aMeHHM TNepBHit HHTerpad M W pa3HOCTHHIMH BHIPaKEHHAMH.
BosbMeM NpocTefimyio annpokcumanmio (4 = const = u; npu xi—y, <
KX Xigy):

iy LIRTA
g ulx)ds ~ hduy,  dy=+ f g dx.  (56)
x;__:/z xi_vz
du |14

ITpouHTErpUpyeM PAaBEHCTBO —-—- == — — - Ha OTPe3Ke X;—) KX &t

*

Upey — Uy == f -%—dx.
Xi—y

Tak xak W Bxozur B (55) B moJyle/aHX TOYKAX X;41y,, TO, IOJA-
rag W=const=W;—y, npn x;— x<x;, GynieM HMeTb

¥y
dx
Ui—g — = Wiy, f )
*i—1
HITH
U, —u
Wi-y= — a1 =— aitiz 4, (57)
o= (67)

1

1 f dx

h k(x)
Xy

19*
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*;

dx
k(x)

OTMeTHM, 4TO f
¥i—1
[%;-1, x;]. Bamensas uurerpas (57°) mo oxuoit u3 Qopmya
% *;
ljdeI _1_J‘dx~i1+__1_
h k(x) T Ry, h k(x) ~ 2\k_ T k)’

Ximl ¥y

eCTb TeIJIOBO€ CONPOTHBJIEHHE OTpEe3Ka

2k; K,
kit ky
TH OTJHYalTCA ApYyr or apyra Ha Beaumuyuny O (h?). Iloncrasnas
B (55) Belpaxenuss (56) w (57) M o6o3Hauass HCKOMYIO (YHKIHIO
Yi, NOJNYYHUM Pa3HOCTHYIO CXeMy, BBIPAXKAIOLLYI0 3aKOH COXPaHEHHUS
Tenjia Ha ceTke (KOHCEPBATHBHYIO CXEMY):

1Ta Y —-Y; (Y — Y-
o= u6 | gy =—g,  68)

NONYUUM @3 ==k;_y, Q;== d T. A. Bce 3tn xo3pduunen-
/2

h

KOTOPYIO MOXHO HamlucaTh B BHIE
(ay;), —dy=—o (58")

X149, x;+l/,
L[ qwar, a=p [ iwan (69

i, i)
Meton Gananca, TakuM o0pa3oM, MNO3BOJIAeT IOJYYaTbhb CXEMBI,
KO3 PHIHEHTH KOTOPEIX BO BCEX y3JaX CETKH BBIYHCJSAIOTCS MO OA-
HHM H TeM xe (OpMyJaM Kak cpellHHe 3HaueHHA Ko3pduuneHntos
IuddepeHIHATBHOTO YpaBHEHHA B OKPECTHOCTH y3ja CeTKH.

Camu cxembl (58) mHIIyTCcs OZMHAKOBO BO BCeX Y3JaX CeTKH H
- qas Jao6bix k(x), g(x), f(x). Takue cxempl HasbiBaloTCA O HO-
poaHbMH. [l NpakTHYeCKHX ueJedl Lesecoo0pasHO HaXOLUTb
KO3 PUUHEHTH cXeMbl @, d, ¢ mo Gosee NMPocTeIM (popmynaM, Hc-
noab3ys 3nauenusi k, g, f B oTAenbHBIX Toukax. Ilpu atoM a, d, @
OMpeleNsioTCa Kak CpellHHe 3HayeHHSA R, g, [ B ONHOH MJIH HECKOJNb-
KHX TOYKax

rae

dg=

ns ns
a(x)=12 cik(x+s;h), —1<5;<0, ]2 c;=1,¢;2>0, (60)
=n, =,
H aHajornuHo aas d, ¢. CoBOKymHOCTb TO4Yek {S;} HasbiBaercs
K03 OHIMEHTHEIM 1112 6I0HOM.
OG6LIYHO HCOOMB3YIOT WAaGJOHE M3 OJHOH HJH H3 IBYX TOYEK,
noJarasi, HalpuMmep,

a,=k_y, d;=q, ¢=[, (61)
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ecad k, g, f nenpepuiBHbl. Ecau &, g, f paspriBHE, TO B 3THX (op-
MyJax ciaeiyer O6paTh NOJNYCYMMY TNpelebHBIX 3HaueHHH cjeBa H
cnpaba 1).

Cxema (58) umeer BTOPOH NOPSAZOK amnpPOKCHMAaUUH, €CTH

a;+a;

P =k O (), LT =+ 0 (),

h
di=q,+0(H), o=f+ 0. 62)

B camoM pAene, MOTPeIIHOCTh ANNPOKCHMAaUMH AJas cxeMbl (H8) Ha
pewiendd u = u(x) ypaBHeHus (54) paBHa

1
b, =Au—du+ ), =z [a, (4 — 1), (4, —u_ )| —du,+e,.
floncrasass ciona

h? h®
U, =u x hu§+—2—u§' i_Tu;"—i— Q(h“)

# yuuteiBas, uto ((ku’) — qu -+ f); =0, noayuum
a + ai " a —a , R
P, =( t+12 -_ki) u; +( i+1h 1 ._k,) u,—(d,—qi)ui-i-(cp‘-_fi),

Otcioga BHAHO, uTO P == O(h?), ecau BbIMOJIHeHbI YycaoBus (62).
Herpyaso y6enutbcss B TOM, 4To K03(GHIHEHTH @, d, ¢, HaNHCaH-
Hble BBIIIE, YLOBAETBOPSIOT 3THM YCJIOBHSIM.

Takum o6pasoM, MeTon OajaHca MPUBOAUT K OLHOPOAHBIM CXe-
MaM 2-ro MOpsiika annpoKCHMAauMH. TH CXeMbl CXOAATCS B KJac-
ce KyCOYHO-HENpepbiBHbIX KO03((PHIHEHTOB H HMEWT N0 KpakHe#
mepe 1-it mopsimok Tounoctu (cxema (58) ¢ koadouunentamu (577),
(59) — 2-i1 nopsAKOK).

PasHocTHble cXeMbl A/l ypaBHeHHs (54) MOXKHO NHCaTh, MCXOAS
H3 tpe6oBanus 2-ro mopsaxa annpoxcumaunuu. Onmako NpH 3TOM
MO¥KeT OKasaTbcsl, uto cxema O (h?) pacxomuTcs B Kjacce pas3phiB-
HbIX KO3 ¢uuueHToB. IIpuMepoM MOXeT CIYyXHTb CXeMa

Yy — 20+ ¥y Ripn =Ry Yigy — Vi
Ayi=ki %) + : 9% ’ % _qiyi=_'fh

(63)

COOTBeTCTByIOILaa ypasHenuo (ku’')’ — qu = ku’ + k'v' — qu =—f.
Hmeercs npumep ') (mpu ¢=0, f =0, u(0)=1, u(1)=0), noka-
3LIBAIOIIKE, YTO pellieHHe ypaBHeHHst (63) nmpu A ->0 umeer npene-
JoM GYHKIHIO % (x), He ABJAAIOUIYIOCH pellleHHEM HCXOJHOH 3amavu.

) Cu. A . H Tuxornos A A Camapckufi, O oqHODOZHEIX Pa3HOCTHHX
cxemax, K. BoluHCA, MaTeM. B MateM. dus. 1, Ne 1 (1961). ‘
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Ecay BOMpOC 0 CXOAMMOCTH CXEMBI BHIICHHTH NIYyTEM CTYIIEHUSI CETOK
(4ro yacTo AenaeTcs Ha MPAKTHKE), TO MOXHO cAejarh OMHGOUHLIE
BBIBOJL O €€ CXOAHMMOCTH (OHAa «CXOAHTCS», HO He K PeHIeHHI0 HCXOd-
HO# 3apauu).

8. JiByxchaoiiHble CXeMbl [Jfi YPaBHEHHS! TEIJONPOBOXHOCTH C
nepeMennbIMH ko3t duunenramMmu. O6paTuMcs Tenepb K HeCTalHOHap-
HOMY ypaBHeHHIO TelJIoNnpoBoxHOCcTH (53). /Il mpOCTOTH NMOJOKHM
¢ =1, g =0. Hanumem ypaBHeHHe OanaHCa Ijs1 NPSMOYroJbHHKaE
(x1-y, SE< Ky <SS E4) (puc. 86):

*iq1,
[ lats, ) —us, t)]dx=
*i—1),

ti+1 X1y Fi41
= [ Moy, =W Cein O1dt 4+ [ [ (x, Ddxdt, (64

tj LI N1 t]
rae W= —k-gi;—. BospmeM mpocreiimne GopMysIb:

*i4y),
[ lute, tre) —ulx, t)lde ~ hlu (e, ) —u (e, 1) (65)
: xi"'/x
Y+l
j (W (X141 ) — W (xi=yy, )] dE =
£
o
~ TO[W{i‘l/z - Wfi.'l/z] +7 (I - G) [Wll‘*“’/z - W‘l—‘/z]r (66)"
rie ¢ — npousBoapHoe uucio. Iloabsyace ana Wiy, dopmymoi
(57) u noacraeass (65), (66) B (64), momyuum ABYXCJAOHHYIO KOH-

CEPBATHBHYIO CXEMY

S N |
> L= —o (A +
/
2

+ (1 — o)Ay + o, (67)
Zi-1 Ze s

Ger

\

e Ay =(ayy),»
zi., Z; Z Zjey e 1 B4l Kty
Puc. 86. @!+I=F J‘ F(x, §)dx dt,
Xy, (68)
rape a Boluncasierca (npu ¢$ukcupoBaHHOM f) mno dopmynaMm mpe-
IBIAyUIer0 TNYHKTa, TaK 4TO Au=% k-a—ﬁ +0MH?). Hna ¢

MOXHO IOJb30BATbCA W IPYrUMH (OpMyJaMH, 3KBHBaJIeHTHHIMH
(68) c Tounocteio mo O(h% 4 12). Ecan [— HempepniBHas ¢yHK-
1Hs, TO nojaraeM @il == fi+',
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ITo amanorun ¢ n. 3 yGexkmaemcs B TOM, uTo cxeMa (67) umeer
ammpokcumanmio O (A% 4 (6 —1/2) v + 1?). Ecn samenuts o (Ay)it' 4
+ (1 —o0) (Ay)f BEIpAXKeHHEM

Al (gyl+1 + (1 — 0) yl) = (a/+% (oyl+! + (1 — o) A

TO IOJYYHM CXEMY TOro ke IopdAAKa TOUYHOCTH:

yi+1 —yl
-_1'— = At (0y]+1 + (1 — 0') yl) + (pf+l

unu
yy=A(y+(1—0))+e. (69)

Tak kak ypaBHeHHe OanaHca MOXKeT OBITh HAMMCAHO JA JIHO-
Gofi obaactH U Ha maockocTd (x, ), orpaHWueHHO# KpuBOH I

[(cudx+w aty= Hf(x, t) dx dt,
T G

TO ero MOXKHO HCIOJb30BaTh IJIS MOJYUeHHS KOHCEDPBATHBHBIX pas-
HOCTHBIX CXeM B cjlyyae TellJIOBBIX 3aiay C MOJABHXKHBIMH BHYTPEH-
HUMH U BHEIUHHMH TIDAaHHIIAMH Ha NPOU3BOJIBHBIX HEPaBHOMEPHBIX
CeTKax.

 AHaJIOTHYHO MOXHO HOJYYUTb KOHCEPBATHBHBIE CXeMBbI A
ypaBHeHHH ra3soJHHAMHMKH, YIPYrOCTH H T. A. Bo Bcex cayuasix He-
06X0QMMO y INOJIyYeHHbIX Pa3HOCTHHIX CXEeM IPOBEPSATDb MOPSIAOK af-
NPOKCHMAalUH, YCTOHUHBOCTb, CXOXMMOCTb M JPYyrHe CBOHCTBA, Tak
KakK 3TH KauyecTBa CXeMHl He CJeAYIOT H3 ee KOHCEPBaTHBHOCTH.

Meton 6anaHca, HJIH HHTETPO-HHTEPIOJSUHOHHBIH MeTox (cM.
CCBIKY Ha CcTp. 581), mHPoKO mpuMeHseTcs Ha npakrtuke ). ITosy-
yaouigecss NMPU 3TOM CXeMbl CKBO3HOT'O CyeTa CXOAATCA B KJaacce
Pa3puIBHBIX KO3 (DHUUUEHTOB. )

Paccmotpum Temepb nepBylo KpaeByl 3ajavy AMs ypaBHeHHS
TemJIonpoBogHOCTH B obsacTd (0 <x << 1,0 <<t T)

O LudFn D), 0<x<1, t>0, Lue%(kg_j),ll
w(, H=p &), u(l, h=p, (), u(x, 0)=1,(x), iWO)
0<e<Ek(x H<e,,

TAE €, Cy==const.

') Cwm., nanpumep, I'. M. Mapuyx, Yncnenusie Meroas pacuera AINEPHBIX
peakrtopos, Aromusaar, 1958,
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Jlna ee pellieHHs Ha CeTKe @y, (cMm. M. 1 § 1) Bocnosnbsyemcst
AByxcioiiHON cxemoli (69), moayuenHo# Meroxom GaJsaHca:

g=Aly+(1—0)+o 0<x=ik<l, t=jr>0,

y(o’ t)=l‘«1 (t)1 !/(1, t)=“‘2 (t)! tE(T)T,
g, ) =u(x), x& I

}
i (71y

rne Ay=(a(x, t,,,)Y;), €CTb cXema 2-T0 TOPANAKA AMMNPOKCHMA-
LHH TIO
Ias oupenenenns: y==y/t! us (71) monyuaem kpaesyio 3apauy:

Ayt —Ciyi - Ay =—Fi, 0<i<N, } 72)

Yo=U1, Yy=los

rne A1=07}2-a,, C;=A;+ Ay + 1, a F; BHpaxaercs uepea y'.

OleHHM THOrpemHocTs anmpokcumanuu cxemer (71). Ilyers
y (x, ty — pemenne 3anaun (71), a uw=u(x, f) — peluenne HCXOA-
woii 3amaun (70). IToxcramass B (71) y' =2+ 4!, nonyuum ans
PasHOCTH 2=y — u YCJIOBHA

z;=Aloz+(1—0)2)+ ¥, 2,=2,=0, (73)
z(x, 0)=0,

rae Y= A(ou+ (1 —0) i) + @ — u; — NOrpelHOCTs aNMPOKCHMA~
nan aasi cxembl (71) Ha pewennn w==u(x, t) ypasHenusa (70).

1 I+

Vuursieas, uro Au=Lu -+ o (), q>=f’+”, uz=(g—‘:) +0 (7%,
ou+ (1 —o)d=(u-+ (6 —0,5) i) t* 4 0 (), nonyuaem Y=
=(0—o)T(Le) T+ 0@+ 1), ecm u(x,f) n k(x, t)—no-
CTaToO4yHO rJjaakue (YHKIUHH (uECg”, kEC§,3)).

Orciofa BHIHO, YTO CHMMeTpHuHas cxeMa (o= 0,5) umeer 2-i
NOPSANOK ANNPOKCHMALMHU 1O A H T.

TlepeiineM K HCCAENOBAHMIO YCTOHUMBOCTH cxeMbl (71) mo Ha-
yaJbHBIM JaHHBIM H-TO NpaBoli uactd. Tak Kak o2+ (l —o)&=
=0,5(2+ %) + (0 — 0,5) 12;, T0 (73) MOXKHO 3amucaTb B BHJAE:

2 —(0—05)TAZ; —05A (2 + ) =1, 2,=2,=0. (74)
ByneM npejanosarath, 4TO

z(x, 0)=2z,(x), (75)
o< <ae, Iailgcs wi |a—adl<<re,. (76)
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HeiictBys Tak Xe, KaK B N. 3, HalHIEeM 3HepreTHUeCKoe TO-
xaectBo AJs 3anauu (74) — (76), aHazornunoe Toxaectsy (33):

2t||2; P — 2¢%(0 — 0,5) (A2, 2;) — (A (2 + 2), z— &) =21(}, 2)).
(77)
B cury ¢opuynnt Ipunra (19) nmeem —(Av, v)=(a, v}],
—(AR+23), z—39=(a(z,+ %) 2;— Z]=(a zi] —(a ZJ. |
Tlpencrasasist 3ateM a B Buie a=4 + (@ —d)=d + va; 1 noab-
3ysiChb YCJOBHEM |at-|<03, G6ynem umetb a < (1 -+ tey)d, c,==cslcy,
(a, é'%]<(l +c r)(d, #|. ToxcraBuM 3Ty OUEHKY B 7).
2t [P+ (0 — ‘/2)1((1 22 ” + (@ )< +e1) (& 2T (¥, ).
(78)

HcenenyeM cHayasa YCTOHYMBOCTH cxeMbl (74) mo HauaJbHBIM
naHHbIM. Jlaa storo moJoxum B (78) p=0. I'onameM qTo BBbI-

paxXeHHe B KBajpaTHHX ckobkax >0 npu ¢>0,5 — 4“: Tlpu
¢>=0,5 370 oueBnpgno. Ilyers ¢ < 0,5. ITo anamorun ¢ m. 4 mHa-
XOAUM loff— (0,56 —0o)t(a, v3] =lvlP — (0,5 —o)cyr|u, P>
(1 —(0,5—0)—; deyv )II v|P>0npul —(0,5—0) 4e,th ™2 20 (3mech
v =2;). IloaTomy H3 (78) cnenyer
1218, <@+ el 216, < (1 + 55128, tae 121, = (a, 23
(79)
[/, <+ 05cl 2, < (1 +55) 122k, <l 20y
(80)

TakuMm 06pa3oM JloOKa3aHa TeopeMa:
Pasnoctras cxema (74) (uau (71)) ycroduusa no HauasbHoiMm

dannvim 6 nopue ||zl =V(a, 2] npu
h2
0->—2'_“ 4cot ° (81)

B arom cayuae 0an pewenus 3adauu (74) —(76) npu p=0 (n;{va-
8ediusa oyeHka

” '6] ”(1)<M1 ” 2 ”(1); rne Ml __eO SC‘T (82)

s (81) cmenyer, urosaBHas cxema (0 = 0) 2;=AZ ycroiiun-
Ba npd 1< h%2c; T. e wmWar no BpeMeHH /s YCTOHYHBOCTH
AIBHOM CXeMbl AOJKeH ObiTb TeM MeHbille, ueM O6O0Jblle MaKCHMYM
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Ko3(p¢unrenTa tennonposoanocTH. [losToMy siBHBIe cxeMbl Heleje-
C006pa3HO HCMOJAbL30BATL AJs YPaBHeHHHA ¢ NepeMeHHBHIMH K03ddu-
HHEeHTaMH.

HokaxeM Teopemy:

Hra pewenus pasnoctroid sadauu (74)—(76) npu o205
cnpasediusa OYeHKa

rré)ax " 2 lkl) < Ml " 20 ”(1) + M2 H;)ax ” ll) ”! (83)
rae

1z, =V(a 2. 84)
O6parumca k HepaBeHcTBY (78):
2t % P+ (a, z2] (I +ecm)(d, )+ 2t (P, 2;) npu o>=1;. (85)
[Toacrasassa cioma oneHky (46), noayuuM (mpu ¢, = 2)
(@ <1+ ex)(@ A+ 5l F.

PelunB 3T0 HepaBeHCTBO (IO AHAJOTHH C M. 4)

!
"zf](l) Mi ,:” 20 ”(21) +%Z "‘l’]luz], Mi=e",
=1

TIPUXONHMM K oueHke (83).

Ecan yuects, uto (a, 22]>e¢, |z, =>4c, [z[f, To us (83) mas
pemenus 3agaun (73) nosyunm
max H 2l < Mmax|lbl, (86)
rie )
80 ’ ”z”c=n;loixlzl-

Tem cambim nokaszaHa Teopema: ecau cxema (71) ycrofiwusa
(npu 0 > 0,5) u annpoxcumupyer ypasuerue (70), 7O oma cxo-
ourca, npuuem nopsadok ee TOYHOCTU coBnadaeT ¢ nopadkom an-
npoxcumayuL.

ITycte cetka ®, HepaBHOMEpHa, cI);—-(x i=0, I,..., N), ee mar h;=

= %; — X;_, 3aBHCHT 0T I. Torma B (71) BMecto Ay c:re.u.ye'r NOACTABUTEL Bbl~
paxenue (cp. m. 2 § 1, (15))

Yip1 7Y Yi— ¥

1
Yy =), , = A [ai“ by “ by

1
]' B, =5 (A + 1),
(87)
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{lorpemnocTs anmpokcHMamuH A8 A MoxkeT GHTb HpencTas]eHa B BHAE
— Auy — Luy = - O (h 412 |
by =Au; — Ly = 7, (Mig1 —ny) + O (A7 + 51,,)),

rre n=0(h]), . e. Ipllo="0 (%), Pl =0 (k). Onuako, kax Gmio moKa-
8aHO B IL. 2, naa || ¥ |l3 BepHa oueHka

N—1 i 27,
I fls = [ Dk <2 ﬁk‘l’k> ] =0(hf), rae hy=maxh,.
i=1 k=1

Cxema MoxeT ObiTh ITOyueHa MeTOXOM GajaHca.

Ecnu xospduuuent k(x, f) uMeer paspsiB 1-ro poma Ha JHHHM ¥ = const (me-
TIONBHXKHBIE pa3puiB) uam ¥ == E(f) (mBHKYyWuHcA paspuiB), To cxema (71) no-
TIpeXKHeMY CXOAHTCS, OJHAKO MOPSNOK €e TOYHOCTH, BOOGIIE rOBODS, MOHHIKAETCH.
B ciyuae HemOABHKHOrO paspeiBa (mpu X = const) mesnecooGpasHo BHIGHPATH
CETKY Tak, YTOGHl TOUKa pa3pbiBa X == const GbLIa Y3JIOM CETKH ®p. DTO NMPHBOAMT
X HepaBHOMepHbIM ceTkaM. OJIHAaKO NOPAZOK TOYHOCTH (BTOPOH MO A) cXeMH
(71) na rtakoi ceTke COXpaHsSeTCs M B Cjiyyae pasphIBHOrO X.

Ouenka nopsiika TOYHOCTH B CIyyae PaspHIBHBIX KO3(GQHIHEHTOB M HepaBHO-
‘MEpPHON CETKH 3HAUMTEJNbHO YCJAOXKHSeTcs. [IpH 3TOM CHpaBelivBa OlLEHKa BHIA

(86), onnako B npaBo¥ wacTH (86) BMecTo [[Y|| CTOHT HOpMa CHELHAJBLHOTO BHAA
{lplls, ykazanuas Boime.

Jlo cux mop Mbl paccMaTpuBa/H KpaeBble ycaoBusi 1-ro popa.
‘OHH YIOBJIETBOPSIOTCS Ha CeTKe ®p TOUHO, H MOITOMY TOYHOCTh
PasHOCTHOH cXeMBI OnpelessieTcss NOPSIAKOM aNNMpOKCHMAalUH ypas-
Henus. KpaeBble ycoBHs 3-ro poia amnnpOKCHMHUPYIOTCS NPHGIH-
xeHHo. EcrecrBenno tpe6oBaTh, 4TOGBl MOPSAOK HX aNIPOKCHMA-
IiMM coBHajgaa C IOPANKOM AaNmpoKcHMaluu AuddepeHnHaNbHOro
ypaBHEHHS. ,

IlpuBenem pasHOCTHBIE KpaeBble yCJaOBHA 3-T0 pojga 6e3 Bhi-
Bojat).

PaccMoTpuM cHauaja KpaeByio 3afauy

(ku'Y —qu=—T(x), 0<x<1; k(x)>0, g(x)>=>0;
RO)u (0)=BRu(0) —p; —k1)u (1)=pu(l) —u, (88)
rae B1 >0, P2 > 0. YpaBnenue saMensercsi cxemoii (58), a ycqo-

Busi 1IpH X =0, ¥ = 1 — Pa3HOCTHBIMHM KpaeBBIMH YCJIOBHSAMH 3-TO
poxa:

Yy 0= 61!/0 — By —AnYz N = 62-’/N — by, (89)

rae ai=a(h), ay=a(xy) =a(l), B =p +05h9(0), =
= B2+ 0,5k (1), fir==pi+ 0,50f(0), pa=p2- 0,54f(1). Drum
yC/I0BMA aNNPOKCHMHPYIOT yciaoBHs (88) Ha pemenun u = u(x)
:3agaun (88) c mopsaxom O (h?).

1) Cm. AA“A. Camapcxui, OfHOpONHbe PASHOCTHBIE CXeMbI /A HEJHHEH~
HBIX YpaBHEHH# mapabouueckoro Tura, )KypH. BHIYHCI. MareM. H MaTeM: Pus. 2,
Ne 1 (1962). Yenosusa (89) m (92) MOryT OHTH MOJNYYEHBl METOLOM GasaHca,
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Paspemass (89) OTHOCHTeNbHO Yo M Yn, NOAYUHM YROOHYIO ANS
BHIUHC/IEHHH 3anuch KpaeBHX yc/oBHi 3-ro pona:

Yo=Y + vy, Yy =%oYy-1+ Vo (90)
rae % =ay/(a; + 1), %y =ay/(ay + hBy), vi = hii/(a; + BB)), v, =
== hijlo/(ay -+ hBy).

O6patuMcst Tenepb K TpeThell KpaeBOH 3ajade AJs ypaBHEHHS
temsonposogHoctH (70). Ilycre nmpu x = 0, x = 1 3anans ycno-
BHUSI:

ESe=B@®u—w® npn x=0, |
ou (1)
—kGr=BOu—p() mpn x=L.

PasHocTHBIE KpaeBHe YCJOBHS 3-TO pOja B 3TOM CJAyyae HMeET
BHJ

a,(0Y, o+ (1 —0) 7, o)=0,5hy; o+ B, (0y,+ (1 —0) Jp) — ii}s ]’

fi, = u; + 0,5Af (0, ?), "

— ay(0Yz, y + (1= 0) J, y) =0,5hy; y + By (0yy + (1 — 0) Gy)—A,, ,
fiy =py + 0,54 (1, ?), t

(92)

rae ai, an, B1, P2, fi, flo 6epyrca B MOMeHT ¢ = fjy05 © — mapa-
MeTp, BxoAsimuA B ypaBHeHHe (71). OHH MMEWOT TOT Xe MOPALOK
annpokcumanuu O (A% 4+ (0 — 0,5)t 4 12) Ha pewennu u = u(x,t)
(ypaBnenus (70) c ycaosusMu 91)), uto u cxema (71). YuurniBas,
uro p == yi usBectHnl Aaa Bcex i =20, 1, ..., N, HeTpyAHO npH-
BecTH (92) x cuerHoMy BHAy (90). BoipakeHust mist %y, %2, vi H Ve
He BBINHCHIBAEM.

B pesyabrate mna onpeleleHHs y = yit! nosyuum pasHOCTHOe
ypaBHeHHe (72) c kpaeBnIMH ycaoBHsimu (90).

9. Tpexcaofinnie cxeMbl. ITOMEHMO ABYXCJOAHEIX CX€M, PacCMOTPEHHHX
B 0. 8, MJs YHCJACHHOTO peINeHHs YPaBHEHHA TEIJIONPOBOAHOCTH (70) ucnoan-

8YIOTCS TPEXCJIOHHBIE CXEMHI, CBS3HLIBAIOLIHE 3HAUEHHS HCKOMON (QYHKUHH Yy RIS
TpeX MOMEHTOB BPEMEHH t=t1+l, ¢ t!—-l (1a tpex cuaosx)!).

YacTo NPHMEHSIOTCS TPEXCJAORHBIE CHMMETDPHUHHEIE CXEMBI)
1 _ -1
L — =A™ + (=20 + 0y )+ ol (0! =F]), (93

rne Ay=(a (x, t]) yf)x' Ounu umeroT norpemHsocTs annpokcumauun O (A2 4 2)
npu Jio6oM o.

'}/lCM. P. II. PuxtMafiep, PasHocrubie METOAW pelUeHHs KPaeBHX 3a~
Aay, WJI, 1960,
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s tpexcaofinofi cxeMul (93) noMumo y(x, 0) Heo6XoadMO 3ajaBaTh 3HA-
yeude y(x, 1) npu ==7. 3TOo MOXKHO cHeJaThb ABYMs cnocofamu: ) ucnoabsys

dopmyay ulx, 1) =u(x,0)+1 —g—t:— (x, 0)4 O(x?) u ypasuenue (70), nonay-
uaeM y(x, T)=uy(x)+ 7 [La+flip=1uo(x)+ v [(k(xr, 0)uf)y +[(x O

2) ucnons3oBaTh A8 onpefeseHus Y (x, ¥) AByXcaoiHylo cxemy 2-ro nmopsajka
TOYHOCTH: yi=0,5A (y+ i)+ o npa t=1v. Urak, nycts 3agann HauajbHHE
yCJOBHS ) _
y(x, 0) =uy(x), y (x, vy =1iy(x), TEb, (44)
IMpu x =0, x =1 craBaTca KpaeBHe ycJ0oBHA, HaupuMep, l-ro poaa.
[Moxaxewm, uto cxema (93) ycTofiuMBa NO HAuaJbHHIM YCJAOBHSAM H 1O Opa-
BOH 4acTH NPH
o=, (95)

Has 9TOrO paccMOTPHM OAHOPOAHHEIE rpaHHuHse yeaoBHs y,=0, yN=0. Bge-

RS IS

neM ofoshauenus y=y'*’, j=y!, y= y"l 1 nepenuueM cxemy (93) B suae

L =0 +o yV=oy+(1—20)5+o0y. (%6)
¥muoxum ypasHende (96) Ha 2‘ry(,°)h, npocymmupyeM mo i=1,2, ..., N —1
H YuTe€M TOX[ECTBA

W=y =
1 Y 1\, _¥%
=[5 @ +m +(o—5) =] = [5@+ P+ (0= 5) @ -],
1 oy ] .
—;~(y’+y“2) =7+ +gH—
B pesyasrare GyneM HMeTb

Iy 13y + 2% (a (0P =115, + 27 (@, o), (97)
rae

Iy Wy =—lyg+gI2+@—=")ly—7l (98)

— ,;],_.

Ty liy=g ly—g0* npn o>'/s
ITonbayscs 3aTeM' HepaBeHCTBAMHU
2t (9, 4 < teoll @ IF + —};— lolz, (o ()] =4e, 128
H BHOHPas ¢o==8¢;, moayuaeMm

. T
Ny ity <91+, el (99)
Orciofa caenyer oumeHka

] '
fl y’ "([) <l y(x) "(1) + ‘]78—1——‘;—— (2 tl qu’ IF) mpr G =4 (100)
i

=1
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dra olleHKa MO3BOJAET JOKA3aTbh CXOAHMOCTh CXeMH (93), (94) co ckopocThio
O(h2 412 mpu ¢ =1/,
VkaxkeM elue OLHY TPEXCJIOHHYIO CXEMY

1 _ .
_?’_(ym — ) o (g = =Y = Ay H It i — i
2t 2T (101)

Ay=(a(x t;41) ¥z),.

Ona GesycloBHO ycrofiumBa u uMeer TouHocts O (A% -+ 12). Ilas onpenestenus
y“’l u3 (101) moayuaem samauy (72) c

P 3 wl—g™!
=% =4+ A, +5 Fi=opt—Fr,
KOTopasi pellaeTcsd MeTOROM mnporoHkd (cMm. m. 10).
J1st ypaBHeHHs runep6oJiHuecKoro THIA
0%u 5} ou

u (07 t) = (t), u (1! 2‘) = Uy (t)’ u (x’ O) =1Up (x): -g'tl't—(xr 0) == iy (x) (103)

PasHOCTHHIC CXeMBl JOJIXKHBI COAEPXKATb HE MEHee TPEeX CJO0EB. CHMMETPH’-{HHE
CXEMBL

gt -2yl 4y
T2

=Al oy + (1 =20y  +oy'~"Y+H  (109)

uMetor annpokcuManuuio O (A2 - T?) u ycToHuHBH npH

1 h?
O =2 = ———,
4 42,
B uacTHOCTH, siBHas cxeMma (0 = 0) ycJOBHO yCTOHuHBa NPH
h
T <—::._— .
Vc'z

Xorst Bce ycroftumBbie cxeMnl (104) mMeloT OZMH H TOT K€ MOPSTOK TOUHOCTH,
HO Ha pea/IbHBIX CeTKaX, KaK IIOKAa3HIBAlOT YHCJEHHBIC SKCIEPHMEHTH, TOYHOCTH
CXEeMBbI YBEJHUYHMBAETCH C YMeHblueHHeM O. IT0S3TOMY MOXHO DEKOMEHAOBATH
0/b30BaThesl 6E3YCJHOBHO YCTOHUHBHIMM CXeMaMH TNpH ¢ =1/,

10. Pewenne cucreM pasHOCTHHIX YpaBHeHWi. MeTos NPOTOHKH.
HesBHEIe cXeMbl [J1 ypaBHEHHS TemJIONPOBOJHOCTH IIPUBOIAT
K cucteMe anare6panueckUX ypaBHeHHH JAJs 3HaueHUs] HCKOMOM

41
dynxunn ¥+ ya mopom caoe t = tiq1.
Drta cucreMa ypaBHEHHH HMeeT BUI

Ayi1 —Ciyi + Biyiy =—Fy, 0<i<N, (105)

rie F; —3aganHas @yHKIHUS.
Jns ypaBHeHHSI C OCTOSTHHBIMH K03 duiueHTaMu

Ai=oy, Bi=oy, C;=1+20y, y=1;.
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Jlns ypaBHeHHs ¢ NepeMeHHBIMH KO3 GbHLHeHTaAMHY
Ay=ova;, Bi=ova;, =Ay, Ci=A+ A+ 1

B cayuyae HepaBHOMepPHOH CeTKH

ca ca

— i o i+1
A= T, Bi== A
it 141

T, C;=A4,4+ B;+ 1.

KpaeBnie ycioBusa l-ro M 3-ro poja, paccCMOTpeHHLHe HaMH
B§ 1 m§ 2 MOXHO 3anmucaTh B BHAE

Yo=%Y T Vi, Yn="olYy—1F Vo (106)

ITpu %y = 0, %2 =0 orciona cnaedyloT ycjoBHA 1-ro poma yo == vy,
Yn == va.

Hrak, paccmorpum ypasHerue (105) ¢ kKpaeBbIMHM YCIOBHAMH
(106) u npelArnonoXKuM, UTO

A >0, B;>0, C; = A;+B; wmn C;= Ay+B;+D;, D; 20,

0, <1, a=1, 2, }(107)
Ipn sTHxX yCnOBHAX, Kak OyleT nmokasaHo Huxe, 3amaya (105) —
(106) paspemnma. [l HaxOXKIeHHsi ee DeILEHHS] MOXKHO IpuMe-
HATH OObIYHble MeTOHB! JIHHeilHO! anreOpel MM MeTOIAB HTepallHi.
Onnako Haubojiee BLITOJHBIM HJIM SKOHOMHYHBIM 1O 0o0beMy 3a-
TpauuBaeMoii paGoTbl ABJAAETCS METON NMPOTOHKH WM MeTol ¢ak-
TOpH3aLKH 1), yUHTHIBalOLIell CrelHalbHbIl BHA MaTPHUILI CHCTEMBI
ypaBHeHuii (105) — ee TpexAHaroHa/bHOCTD.
Byzem uckath pemenne 3anaun (105) — (106) B Bune

yi=ai+lyl+1‘+‘ﬁi+h i=0,1,2...,N—1, (108)

rie o; ¥ P; — HeusBecTHble Moka ¢ynkuuu. [lomcraBasst yi—4 ==
= oy + Pi B (105), uckiounm y;—; # nomyuum (Ao — Ci)y; +
+ Biyis1 + (AiBi + F;) == 0, nocae yero npu nomouwu (108) uckio-
YHM Yi

[(Aies — Ci) @ryy + Bl yraq -+ [(Aiey — Cp) Biyy + (A + Fi)] = 0.
VYpapuenne (105) Gyaer ynOBJETBOPEHO, €C/N BBIpaXKEHHs] B KBax-

paTHHEX CKOOKax paBHbl HyJ0. M3 3THX ABYX PaBEeHCTB HaXOIHM
peKyppeHTHble GOPMYJBI JJ18 ONPENENERUS Oy M Piyr:

—__ B _ A+ Fi . .
Ol == A, ﬁH'——_Cz—Az“i , i=1,2,..., N—1. (109)

1) Cu. T. M. Mapuyk, Uncrennele METOXH pacyeTa SAEPHbIX DPEaKTOPOB,
Artomuszat, 1958; C. K. Toayuos, B. C. Pas6enbkuifi, Beegenne B T€OpHIO
pasHocTHBEIX cxeM, ®usmarrus, 1962,



592 IOFOJIHEHHUE 1. METOJ KOHEUHBIX PA3HOCTER

CpaBunBas ¢opMysny yo == ouy; + Bs ¢ kpaeBniM ycioBHeM (106)
npu i = 0, HaX0AHM:

o =x%; B=wv. (110)
Pemas (109) ¢ navanbueiMu ycnoBusmu (110), naiinem ay, B,
i=1, 2, ..., N. Uro6el noaw3oBatbcst ¢opmynoit (108), namo

3HATb Yn.
Onpenennm yy uepes ony ¥ Py M3 KpaeBoro ycnosus (106) mpu
i=N. Hckmouasi yYyy-1 H3 POPMYNT YN = HoYN—1 -+ V2, YN-1=

= oYy + Pn, HAXOAHM:
v+ By

Yn=
l—x2aN

(111)

IpH YCIOBHH, UTO | — weory 5= 0.
IToxaxem, yto u3 ycaoBuit (107) caeayer 0 << a; << 1 asst Bcex

i=1,2 ..., N W3 dopmyant o= Bi/[B;i+ Ai(l —a;) 4
~+ D;} Bunno, uto 0 << oy << I, ecin 0 << o; << 1 W, ciieqoBaTefib-
Ho, 0L o; <1 past i=1,2, ..., N, Tak Kak a; =% <1. Ta-

KHM 0o6pasoM, 1 —xgay >0 mpn 0 << w2 << 1 u dopmyna (111)
HMEEeT CMBICIL.

Pewenue sagauu (105) — (106) cocrour us aByx sranos: 1) no
HayaJbHbIM AaHHbBIM (110) u dopmynam (109) mnocaenoBatenbHO
onpenensiioTcst o, 3ateM Py aasa i =1, 2, ..., N (cuer umer ciesa
HanpaBo— OT i K i+ 1); 2) u3 (111) HaxomuTcs yy H 3aTeM o
¢opmyne (108) mnocnesoBatenbHO (cmpaBa HameBo — OT {4 1
K i) ONpefenifioTCcs YnN—1, YN—2, +.., Y1, Yo

Cuer no popmynam (108) ycrofiuus, Tak kak 0 << o; < 1.

CyuiectByeT eie OAHH BapHaHT GOPMYJ NPOTOHKH:

A ,
§‘=m%g:" l=l, 2, 000 N—l» §N=%2; (112)

Bn,, +F .
'rlt:._.__..._ciii"“lBing-, i=1,2 ..., N=1, ny=wy (113)
Y=ttt e, =12, N—1, p=3E20 (11

ITopsinok cuera: 1) no dopmyaam (112) u (113) nocaenosa-
TeJbHO OT i+ 1 K i (cnpaBa HaJeBO) onpelensiercss cHayagda &g,

sateM n; st i =N — 1, N—2, ..., 1,0; 2) no popmysnam (114)
noc/jeoBaTesbHo ot i K i~ 1 (cieBa HampaBo) HaxoasTcs
Y, Y2 ..., Yn.

Herpyano yGeiuTbcst B TOM, YTO YHC/IO apH(PMeTHUECKHX meli-
CTBHii, NPOM3BOAMMbIX NpH pewiennd 3anaud (105) — (106), npo-
MOPIHOHAJIBHO YHCJAY yPaBHEHHH.

11. PasHocTHBIE METOAB PEIUIEHHsi KBAa3WJIMHEHHBIX yPaBHEHHIl.
Ilpy wH3yueHMH BBICOKOTEMIEPATYPHBIX TNPOLECCOB HEOGXOAUMO
YYUTHIBATb 3aBHCHMOCTb KO3()(HIHEHTOB TEIJIOEMKOCTH H TeILIOo-
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NIPOBOJHOCTH OT TeMmepaTypbl. MOLIHOCTb TEIJIOBBIX HCTOYHHKOB
MOXeT Tak)Ke 3aBHCETb OT TeMIlepaTyphl, €C/H, HanpHMep, TeIIo
BblZesIsieTcsl B pe3y/bTaTe XHMHYecKOH peaxuud. B pesynabraTe MBI
noJyyaem JJs OINHCAHHA Tpolecca pacrnpoCTpaHeHHsl TelJa KBa-
3HJHHelHOe YpaBHeHHe TeIVIONPOBOJHOCTH

¢ (u) 35 = ax(k() )+f( ), ¢w)>0, k(u)>0. (115)

B ofmem cayuae ¢ = c(x,t,u), k= k(x,t,u), f=7F(x1 u).

B HeomHoponHOll cpele 2 W ¢ MOTyT ObiTb Pa3phIBHLIMH (yHK-
UUSAMH apryMeHTOB X W 4 (AJAs PasHbIX BEIIeCTB 3aBHCHMOCTb &,
¢ OT TeMmepaTyphl pasnuuHa). YpaBuenue Buaa (115) Bcrpeuaercs
Tak¥e NPH M3YUEHHH MPOHHKHOBEHHS MAaTHHTHOTO MNOJI B cpeny,
K03p(GHIUEHT MAarHUTHOH BOCHPHHMYHUBOCTH KOTOPOH 3aBHCHT OT
MarHuTHOTO MNOJISI.

YpaBuenue (115) 3amenolt nckoMO# (QYHKUHM NPHBOAMTCA K

©OJHOMY H3 BHIAOB s
/3
G-diwl) o

o (u) i
2 — 2% 4 (). (117)

u

B camoM nene, BBOAS, Hanpumep, QYHKUHIO U = f ¢ (u)du, mnony-
0

YyuM 1715 Hee ypaBHeHue (116).

B Hacrosimiee BpeMs MeTOJ KOHEUHBIX pa3HOCTeHl sBJseTCA
€HHCTBEHHBIM METOIOM, M03BOJAKLUM 3((eKTHBHO HaliTH pelle-
HHe KBa3HJHHEeHHBIX ypaBHeHHH.

PaccMoTpuM mpocTeiillive ABYXCJHOHHBIE cXeMbl AJ ypaBHEHHA
(115). Onu MoryT ObITh MOJYYeHHl MeTOAOM 6ajaHCa 1O aHaJOrHH

a
¢ 1. 7, eC/id y4ecTh, yto W= —k (u)Tf:-

s KBasWJIHHEHHBIX YypPaBHEHHH HCNONb30BaHHE $ABHBIX CXeM
HelleslecooOpasno, ecau k(u) sABAsiercs OblcTpoMeHstoiefics (Ha-
fpuMep, CTeneHHOM) (QyHKuMeH, TaK KaK yCJOBHEe yCTOHUHBOCTH

h2

T<2maxk(u)

Tpe6yeT OueHb MEJKOrO miara tIoBpeMeHH. [1o3TOMy npuMeHSIOT-
sl HesIBHblEe CXeMbl — JIHHeHHble U HeJHHeHHble OTHOCHTENbHO Yyitt,
B ciyuae HelHHEHHBIX cXeM INIPHMEHSIOTCS HTEepPalHOHHBIE METOXbI
IJIS1 HaXOXKIEeHHR yitl,
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a) HesiBubie cxeMbl ¢ TouHocThio O (A2 + 1)

yit' =yl 1 .
— =7 4 W@ — ) —
_ —a, () (gt — gD+ (v),  (118)
=g 1y (i1 — i+
__1;'_='h_2[ai+l(y Yyt —yit) —
—a, () (gt — gD+ ), (119)
rie
Y;- +y
ar () = (=) (120)

Ilpu x = 0, x = | craBATCcA KpaeBhle YCAOBHS, HANIPUMED Yo = Uy,
Yn = Us.

[leppasi cxema nuHeHHA OTHOCHTeNbHO yj/*!— 3HaueHua y Ha
HOBOM caoe ! =={1;;4. PemeHue pasHOCTHOH KpaeBOH 3amauu IJjs
yi*! mHaxoauTcs MeTOJOM HPOroHkH (cm. m. 10).

.Bropas cxema (119) Henuuefina ortnocutenbno yi*tl. [asa pe-

IIeHHsA MNoJyualolledcs CHCTeMBl HeJNWHeHHBIX ypaBHeHHH mpuMe-

HAKTCA UTepalHOBHbIE METOLbI. Hanumem YpaBHEHHEe IJid omnpene-
s+1
JIEHUA HTepaIlPIH Y; B cijydae HpOCTeHIIIeI‘O UTEPALHOHHOIO Me-

TOAa
s s+1 s s41 s s+1

Ay I—Ciyi+At+lyt+1“‘_Fl: (121)
rie

s T s s s s s g
A=ray), Co=Ait+Ai+1, F=yl+f ()

s =0, 1,2, ... — HOMep HTepalUH.
B kauecTBe HyJeBOro npHOAMKeHHs OOLIYHO GepyT 3HaueHHEe
°
y! ¢ npeabiaymero cjos, nojaras Yy,==yl; HHOrAa NpPHUMEHAIOT
3KCTPAnoJIAUHKIO C HCnosMb3oBanueM yj~! (ecmu y! kak dynxkuus f
s+1
MoHoTOHHa). Pemenne ypaBrHenuii (121) oTHOcHTenbHO ¥; ¢ Kpae-
BLIMH YCJIOBUSIMH NpH [ == 0, i = N 1-ro uiu 3-r0 poja HaxoauTCs
MeTOZOM nporoHku (cMm. m. 10). [as OKOHYUaHHS HTepauUMH HC-
s4-1 s
nosab3yercd ycaoBue max | y; —y;| < & WIH Xe 3ajaeTcs onpe-
<IKN-1
Jenennoe uncao urepauuii. OGbIYHO yKe ABe-TPU UTEpallHH 3aMeT-
HO IOBBILIAIOT TOUHOCTb. MrTepanuoHHsie cxembl (119) mosBosgior
s obecreyeHHs 3afaHHOH TOYHOCTH HCNONb30BaThb GoJee Kpym-
Hbifl [Iar MO0 BPeMeHH MO CPaBHEHHUIO ¢ (e3UTepalHOHHBIMH CXeMaMHK
(118), uto 3ayacTylo NPHBOAHT K 3HAYUTEJbHOMY YMEHBIIEHHIO
06beMa BEIUHCAHTENbHOH paboThl.
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6) CummerpuuHasi wectutoueynas cxema O (A% 4 12):

gt =yl 41 +y{)
2

A0 e+ (e, ]+ (2

Y+ ¥, .
rae a;=k{——5—=|. D10 He.iMHeliHas cXeMa, W JIa Ompexee-

HUsl yi*! HYXHB HTepanuu,

B cayuae cnaGoit kBasunHHEHHOCTH, KOT4a B He 3aBHCHT OT U,
a mpasasi 4acTh f(u) HeqHHeliHa, HMEIOTCH Ge3HTepalHOHHBIE Ge3-
YCJIOBHO YCTOHUHBBIE CXeMBI 2-I0 NMOPSiAKa TOYHOCTH.

Hanuwewm Takyio cxemy (npu & = const = 1):

y_yl Adi . yf+l_yf 41 i _
TEe =AT+ (), = 05A (" 4y + [ (@),
Ay=yz,
The j — NPOMeXyTOuHoe 3HaueHHe. CHayasa MNpUMeHsieTCs C Iua-
roM 0,5 v u npaBo#t yacTeio f(yi) uHCTO HesIBHAS cXeMa, 3aTeM ¢
IaroM T 4 NpaBoOd YacTelo f(j) — CHMMeTpHUHASA LWECTHTOUEUHAS
cxeMma. B pesynbrare moay-
yaercs cxema 2-ro mopsii-
Ka TOYHOCTH HO A H T.
WMuorpa masa pelwenns
KBa3HJIUHEHHBIX ypaBHEHHH
HCIOJ/Ib3YIOTCSI CHMMETPHY-
Hble TPeXCJNOHHBIE CXeMBbl
(93); B aToM cayuyae k(u)
u f(u) Gepyrcs Ha ware f.
OnHako npeanoutenust 3a-
CIYXKHBaeT HeJluHelHas
cxema, aHaJOrHYHasi cxe-

, (122)

(123)

me (101).
ITpuwmep. Ilpusenem
pPe3ybTaTH UHCJIEHHBIX
pacueroB mno cxeme (119)
LJas cayuas k(1) = weu°, Puc. 87.
% >0,0>0,f=0. Ypas-
du 4] Ju

HEHHe B3F =-07 (uou" —(ﬁ) HMEeT DCIICHNS, NPOHU3BOJHBIE KOTODHIX

ou
B ToukaX, rje u==0 pa3pbiBHb, a IOTOK %oU’ —— HeNpephIBeH,
T. €. CyllecTByeT (POHT TeMIEepaTyprl, KOTOPHIH pacmpocTpaHsierTcs
C KOHEYHOH cKopocThlo (puc. 87).

IIpumepom takoro perieHus siBasercss yHKIIHs
oen (et — )| mpu x<ct,
u(x, t)={ [ 0 ( )J p =
0 opu  x=ct,
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Tle ¢ — CKOPOCTb TeMnepaTypHofi BOJHBL. DTa (GYHKUHA ABJIETCSE
pellleHHeM 3ajaud

a a d:
o= (e 55), #>0, >0,

oc? )”"

u(x, 0)=0, u(0, H)=us", rne “°=(xo

Hast storo npumepa no cxeme (119) 6biiu npoBefeHbl pacueTht
¢ mapamerpaMu ¢ =2, % =105, ¢=5, h = 0,2 (unciao Touek
N =50) n maroM tv==2-10"% TouHoe penieHHe H pe3yJbTaTHE
pacueTa HaHeceHHn Ha pHc. 87. Bcioay, kpome HecKOJMbKHX GJH-
KalwHux K QpPOHTY y3J0B, OTKJAOHEHHEe COCYHTAHHOI'O pelleHHS OT
tToyHoro He npesocxoauT 0,02. Uucno urepaunuii v << 3 (e = 107%).
CnnowHass auHust Ha puc. 87 — TOUHOE peIllIeHHe, KPYKKH — pac-
YeTHBIE TOUKH !).

OtmetuM, uto cxemMa (122) HeMOHOTOHHA M NOZTOMY NpPH pacue-
Te TeMnepaTypHOH BOJHBI JaeT XyAlIHe pe3y/abTaThl HO CPaBHEHHIO
¢ MoHOTOHHOH cxeMoit (119).

§ 3. Meron KoHeuHbIX PasHOCTel Ausa peweHus 3agaun Jupnxie

1. PasHocTHas annpokcumanus onepatopa Jlanaaca. Ilycts Ha
MJIOCKOCTH (X1, Xz) 3afaHa obGaactb (, orpaHHYeHHas 3aMKHYTOIk
kpusoit I'. Paccmotpum 3anauy dupuxae (cm. ra. IV)

0%u 0%u

M=-—+-—==—=[(x) B G, ulp=nx, x). (1y
daxq 0x3

JIas peuwenusi 3agaun (1) MeTONOM KOHeUHBIX pasHOCTeH Hajgo

B o6nacty G + I' BBeCTH CeTKy M annpoOKCHMHPOBaTb Ha 3TOil CeTKe

ypaBHeHHe H KpaeBoe YCJOBHeE.
HauyHneM ¢ annpokcuMauun omeparopa Jlansaca. 3aMeHHM Kax-

2 92
AYyi0 H3 BTOPBIX I]pOPI3BOlIHbIX “aa_l;' . 3%‘ pa3HOCTHbIMPI Bblpaxe-
X1 X9
HUSIMHU:
621; oL (x; + ~y, x2) — 2u (x12, %2) 4 u (xy — hy, Xy) —u,, = Axu’
O0x] hi
% ulx, X2+ hy) — 2u (x,2, xo) +ulxy, xa—hy) u,, = A2u,
axZ h2 Xa2X2
2

rie h, — war mno x,, o =1, 2.

1) Cm. A. A. Camapckni, . M. Co6o0an, [Iprumepn yucnensoro pac-
gera TeMnepaTypHuX BoaH, JK. BHuucl. MateM. W maTeM. ¢us. 3, Ne 4, 702—719

(1963).
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Onepatop Jlannaca Au 3aMeHHM Da3HOCTHLIM OIEPaTOPOM
Au= u:‘clx, + ufzx,’ (2)

KOTOPBIl oOmpefesieH Ha NATHTOYEYHOM wabJuoHe («KPecT»), CoCTosl-
meM U3 TOueK (X1, X2), (X1 — Ay, X2), (X1 & hy, x3), (%1, X9 — hy),.
(x1, %2 hy). On usobpaxen nHa puc. 88,a. Buiuncaum mnorpeui-
HOCTb annpokcumanuu anas onepatopa A. Tak kak (em. m. 2 § 1)

®u K2 ' .

Uy =532 Ty 5t + O Uha),
a=1, 2,
[ hy 4 4 o
zm—Am=E¢m+75uw+OW+ma Lo= —

a
H, CJaeLOBaTe/bHO,

Av—Av=0(|hP),
| b [P =hi+ b3,

rae v — a06as QyHKIHsA, HMeolad He MeHee YeThipeX MPOH3BOMA~
HBIX N0 X3 ¥ X3 (v & C™, m = 4). Takum o6pasom, omepatop A.
annpokcumupyer onepatop Jlamn-
Jaca co 2-M NOPSAKOM.

Herpyauno y6enutbcss B TOM,
YTO OmepaTop

Ay=Av+

hi + A}
12

AAy,
®3)

onpejejeHHbll Ha [JeBATHTOYeY-
HOM mabJoHe («sILHK>»)
(puc. 88, 6), nMeer Ha peuleHHH % 7 4
u==u(x) ypasHenns Au=0 Iz
4-fi TOPAROK  AannpPOKCHMaLHH %
(AMu—Au=O0(|k|*) mpu ue
& CM, m>=6) u 6-i1 nopagok 8
(AMu—Au=0(h%) npu ue
e C™), m > 8) Ha KBajapaTtHOi Puc. 88.
ceTke, T. e. mpu hy = hy = h.

Hanuwem noapoGuee Boipaxkenue A A B cayyae hy=hy =k
(na xBaJpaTHOIi ceTke)

— ntytys+yi—4y i

Ay = Yee, T Yipn, W2
Paspewas ypasnenne Ay = 0 OTHOCHTENBHO Yo, MOTYIHM

y=%%+w+%+w-
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3HaueHHe y B LeHTpe WAabIOHA eCTh cpefHee apudMeTHUECKOe 3Ha-
YeHHH B OCTaJbHBIX y3jax mabaoHa. dta QopMmysa siBasiercs pas-
HOCTHBIM 2HAJIOroM (opMyabl cpelHero 3HaYeHHs /s rapMOHHde-
CKOH (YHKLIHH.

YpasHenue IlyaccoHa Au = —f(xi, x2) 3aMensieTcs cxeMoil

Ay=—0o(x), o(x)=09(x, %)=F(x, x,). C))

[TepefineM Temepb K NMOCTPOEHHIO PA3HOCTHOTO aHaJoOra 3afauH
JHupuxae (1) B obmactu G 4 T. IlpoBenem aBa ceMelicTBa mna-
paJeNbHbIX OPAMBIX Xy = {1y, Xg = ishs, iy, ig =0, =1, ... (6y-
JeM CYHTaTh, YTO Hayano KoopauHat (0, 0) aexur BuyTpu G).
‘Toukn (ithy, izh:) HasoBeM yamaMu. ¥Y3asl x==(ijh;, ithy) u x' =
= (i{h1, i%hs) Ha30BeM COCEHHMH, €C/IM OHH JIeXKaT Ha MPAMOH, ma-
pajieqbHOH aH60 OCH X4, JUGO
OCH X2 H OTCTOAT APYT OT Ipyra
Ha paccrosHuu mara (A4 uau
— hy), Tak uto [i{—i |5 —
e \ -—-lzl = 1. ¥Ysen x = (iihi, izl’lz)
_;/ | Has3bBIBAETCH DErYJAADHBIM, ecqH

I ero  cocemHue  y3anl ((i; %=
* 1) Ay, ishg), (ithy, (iz = 1)hy),
Vi |
]

obpasyiouiue HNATHTOYEYHbLH
|
]

O

wabJOH  «KPecT», HaxoAATCs
au6o BHYTpU obGmactu G, nu60
e Ha ee rpaHuue. Ecnu xora 6bi
SN P_,.-/ OJHMH M3 3THUX YeThIpeX COCEeJHMX
y3/10B He npuraiiexur G-+ T,
TO y3eJd X = X* Ha30BeM Hepe-

o
ryaspueiM. O603HAYHM @, MHO-
JKEeCTBO BCeX DErYJSPHBIX Y3JI0B,
©3 — MHOXECTBO BCeX Hepery-

Puc. 89. JAApHBIX y370B. Touxku mepece-

YEHHS MNPSMBIX X = 11}, Xy =

== [ph, ¢ rpanuueil I' Ha30BeM rpaHuWuHBIMH y3JaMH. MHOMKeCTBO
BCeX TDAHMYHBIX Y3/0B Ha30BeM TrPaHUIEH CeTKH H 06G03HAYUM
“yo. TakuMm o6pasom, obaactd G + I' craBuTCS B COOTBETCTBHe
ceTKa ®,(G+T), 1. e MHOXKECTBO TOUEK X & &,, rie By ==

=, + o, + v, (puc. 89).

Bynem mnpeamonarath, 4TO ceTKa o06Jagaer CBOHCTBOM CBsia-
HOCTH, T. €. JioOble [Ba BHYTPEHHHX y3Ja MOMKHO COEAMHHTb JIO-
MaHOH, UeJHKOM Jexaulelt BHYTPpH G H cocrosiell H3 3BeHbEB,
-COEIMHAIOUINX Y3Jbl CeTKH U MapanienbHbix Jub6o Oxy, aubo Ox,.

B peryasipupix ys;nax muIleM pPa3sHOCTHOe ypaBHeHHe (4), uc-
[OJIb3YSI MATHTOYEUHBIH WAlJ/IOH «KPecT» ¢ wmaraMu Ay u hs,

o [panusiele yanol, €y,
X [EpecyIspnele yanel, Z¢ W
o Lezynspnue yinsl, €W,
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B rpaHuuHBIX y3Jax X € y, 3ajaeM 3HaueHHe HCKOMOM ¢dynK-
4%

y=p), x=vy, (8)
B HeperynspHBIX y3naX MOTYT ObiThb HamHMCaHB Pas3JuUyHbIE yCI10-
BHS1.
1) VinTepnonsuus HyJeBOTO NOpPsIAKA.
3nauenne y(x)lo, monaraercsi paBHBIM /
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n(Z) B GnmxkafimeM yaje ¥ TPaHHIB! ya:
y)=pE) mpu x <o, (6) /

2) HHrepnonsmus nepBOro MOPsAKa.
3naueHue y(x) lm; onpejeaseTcs IpH
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noMouy JHHeHHOH HHTepnoasuuu. Ha-
npumep, s ciaydasi, H306paKeHHOro Ha 7
puc. 90, 3Hauenue yo B y3aae O onpene-

JgsieTcst 10 ¢opmyJe

1 1 1 1 o /[panuyrelé ysu, zey,
(h_x + . ) Yo=73 W + T Y3 (7)  x Hepeeynnpmeve yane, Zew;”
- o Aezynapuele yanss, T
KOTOPYIO MOXKHO 3anHcaTh B BHJe

Ay=0, roe Ay=y;,, Puc. 90.

Aju — annpokcuManus onepatopa Lju= Ha HepaBHOMEpPHOR:

cetke (cm. § 1, m. 2).
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1y~ _ 99 ! yz'.%_.ﬂ)A A e
Ar!/ﬂ‘}i‘( 2 7’_—))Aeyo k. &) Y= 4+15Y

b=05(h+1), =05(hs# by), k=03, by, =02

Puc. 91.

3) HUnrepnoasuus Broporo nopsaaka. B ysae X € 0, NHIeTCs
MATHTOYEUHAS CXeMa Ha Hepery/spHoM maGJjoHe (Ha HepaBHOMep-
HOH ceTKe)

A*y =Yz + Y2,=— Q- 8)



600 IOTOJHEHHUE 1. METOJ KOHEUHBIX PA3SHOCTEM

Heperyaspuuiit mwa6saon nsobpaxked Ha puc. 91, a u 88, 6. Ysen 3
ABJIAETCA TpaHWyHbiM, I, 2, 4 — BHyTpennue. Ilycts A _ — pac-
Yr—Yo __ yo—ys)=
B+ h 1 i i~
= yjlfl’ b ='_12—I— (CM' § 1’ 1. 2) A2y= 7(!/2— 2!/0 + L’4)=!/,3,,,,,
2

Ay = Ay + Ayy. Bropoit cayuaii n3oGpaxen Ha puc. 91, 6 u 88, .
Yann 2 u 3 HaxOmATCA Ha TpanHune, hy, — pPacCTOSHHE MEXAY
yaaamu 2 u 0. B stoMm cuayuae

<crosine Mexny ysnamu 8 u 0. Torga Ay = hi(
1

____1_ Yi—Yo __ Yo—Ys\__
Aly Ton ( hy hy— ) - y’?lf"
— _1_ Y2 — Yo Yo—Ys \ .

A2y T hy ( hot - hy ) _ y’fz’e”

tae h,=0,5(hy+ hyy). Mb GymeMm paccmarpusaTh 3-H cnocof
3ajaHusa ycaoBuit Ha ©,. Kak 6yner moxkasano HHKe, OH BJIACTCH
‘HaHboJiee TOYHHIM.

CoopmyanpyeM Tenepb PasHOCTHYIO KpaeBywo 3ajady, COOTBET-

-cTByloHyIo 3agaue (1): .

Ay+ =0, x=u, (9)
Ny+o=0, x<o, (10)
y=g, XEy, (11)

Bosnukalor mBa Bompoca: 1) o paspeiiHMoOcTH 3afauH, T. e.
0 CyLIeCTBOBAHHH peLIEHHSI CHCTEMBl aJre6paudyecKUXx ypaBHeHHH
(9) — (11); 2) o cxogumoctu u TouHOCTH cxemul (9) — (11). Or-
BeTbl Ha 3TH BOINPOCH MBl MOJYYHM HHXKe NP NOMOLIHM NpPHHIKNA
‘MaKcHMyMa.

YT0G6H! -OLeHHTb NMOTPEINHOCTh, ¢ KOTOPOH Mbl OmpenensieM pe-
aenye 3afayu (1) us ypaBrenuit (9) — (11), HyXKHO oOLeHHUTH pa3-
HOCTb Y(x) — u(x) = 2(x), rae y(x) — pewenne 3amaun (9) —
(11), u(x) — pemenue 3agaun (1), B3sAToe B y3nax ceTku @, Iloa-
ctaBaas y =2+ u B (9) — (11), noayuum

Az=—1, p=Au-gq, xE(f),,,
A'2=—¢*: ¢'=A'u+q), xeco;l, (12)

=O, X e Yh'
W3 npenwaymero ciaemyer, uto $ = Au + ¢ = 0(|4]|?), ecau
@ = f(x), $* =0(|h|) ana ycnosus (8), y* == O(1) maa ycxo-

BHA (7). Uro6sl oueHuTs pemenue 3agayu (9) — (11) uepes npa-
BYIO 4acTb, HaM NOHAZOOUTCS MPHHIMI MaKCHMYMa.





