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{IpH TPAaHHYHOM YCJOBHH
v="F(6, ¢) (23)

Ha moBepxHOCTH cdeprl paanyca fo.
W3 npeauiecTByiolero H3/J0MKeHHA SCHO, YTO pellleHHe 3TOH 3a-
Ja4H TpeiCTaBJsieTcss B BHIE

o0

or, 6, 9) =Y, ¥ oy 2l yid (g, g), (24)

—0 Y (kro)

The faj— KO3QdunHeHTH pasnoxends GyHkuud [(0,9) no coe-
pugeckum dyukunsm (Y4 (8, ¢))

oo n

fe.9=2 2 [,Y00 o) (25)

j=-n

FEcau k2 coBnagaer ¢ OJHHM H3 COOCTBEHHBIX 3HAaueHHH

To Kpaesasi 3afaua (22) — (23) wuMeeT pellieHHe He IS BCSKOH
dyukuun f(0, ¢). Popmyna (24) nokasbiBaer, 4TO HEOOGXOMUMBIM H
JIOCTAaTOYHBIM YCJOBHEM pa3pelinMOCTH Halled KpaeBod sajaud B
3TOM cJyuae sBisieTcsl ofpaillende B HyJIb KO3QDHUUEHTOB [ny

fﬂo]=0

U
n 2n

[ [F6, @720, 9)sin6 do dp=0.

0 0
EcnH 3TH YC/IOBHS BBINOJHEHb, TO pellleHHe onpefeasercs dopmy-
Joit (24), B KOTOpOH cjaaraembie, COOTBETCTBYIOUIHE 1 == Mo, OTCYT-
crByoT. OflHAKO NpH 3TOM pelleHHe ONpeJesNeH0 HEeOXHO3HAUHO,
Tak Kak K HeMy Bcerja MOXHO npHO6aBuTb JIOOYI0 JHHEHHYO

KOMGHHALHMIO COSCTBEHHBIX (YHKIHMA, COOTBETCTBYIOMAX K2 == Amon
5. BHewnas kpaeBas 3anada aas ctepnl. Pacemorpum Brelu-

HIOIO UepBYIO KpaeByio 3afauy aas cdepwt (cM. ra. VII, § 3)
Ao+ Ro=0 (k2>0),
vl,_,,=F, o),

v=0(%) npu r=>oo,

lim r (%:’— + ikv) =0 (ycnoBue Hanyuenus).
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Kak 6b10 nokasano B § 3 raasu VII, 31a 3ajaua uMeeT efMH-
CTBeHHOe pewleHue. PasjoXum HCKOMYIO QYHKHHIO H (QYHKUHIO
f(8,9) B paaet no cheprueckuM QYHKUHAM:

v(r, 0, ¢)= EO ]_=2_an nYY o, 9),

i, ¢) = 2 _Z fang)(S, ?).

Koaddunuentsl pasnoxenns R,(r), OueBHIHO, GYAYT YIOBIETBO-
PATb ypaBHEHHUIO

i+ Ry (= 2E ) R, —o,
'PanH4YHOMY YCJOBHIO .
R, (r()) = fn
H YCJOBHSIM H3JYYEHHS IIPU 7 — 00!
1 . .
Ra(=0(+), lim r(Ri+ ikRs) =0.
r->eo
Ofulee pemenne 3TOro ypasHeHHs uMeeT BHIL (cM. m. 4 u Jlomoda-

Henue I, § 3)
R, (r)= AL} (kr) + B2 (kr),

e =) 5 H % 0., 0),
RO =V 55 HRy ) (pe=kr).

VuurHBas acuMnTOTHUecKUHe GOPMYJIH AiA GyHKmHE XaHKes
H (o) u HY () (cm. onommenne I, § 3):

H”)(p)—]/———e B ’%]4— cens

HD (0) = 2 - ‘[" ﬂ_*_ s

p

rae

(rourkamMu 0GO3HAueHHEI YJeHH (oJiee BBHICOKOTO MOpPALKA MAaJOCTH
OTHOCHTe bHO 1/p), moayuaem pas ¢yakuui ¢ u @ crenywomue
ACHMIOTOTHYECKHE (HOPMYJbL:

[wr-Tp-5]

L0 (kr) = Ee——— + ...,

- [or 222

2 4

gg’(kr)=——-—-———-——-—+

r
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O71ciola BHIHO, YTO YCJOBHIO M3JyYeHHsl YAOBJETBOPSET JHIIb
¢ynkuus 2,

Ilosromy
A,=0.
Tlob3ysich TpaHAYHBIM YCJIOBHEM IIPH r==r;, HaXOJAHM:
Baj— =it
L3 (kro)

TakuM o6pasoM, Mbl mosayuaem ¢ysxuuwo o(r, 8, @) B BHIe

Fo it (k)
0 (rv 9’ ‘P) Z 2 B ’ Y(nl) (9: q)):

— =, 2(2) (k
rae T 21
_[ J‘ f(e, ¢) Yﬁ[’ (8, ) sin 0 dB do
Fag == I ’
I

X i 2 (n+ i 2, j==0
j i . e, n n , 1==0,
MY%I)HQ:OIOI [T sin® do do = T (n—pr’ 8’={ 1, j>0

— KBajJpaT HOPMH Cdepuueckoil (QyHKIHH Y$ (e, Q).

YACTb III

MOJINHOMBbI YEBDBIIHEBA —3PMHTA W UYEBbILIEBA — JIATEPPA

§ 1. Noaunombl Yebbinena — JpmMuTa

1. Ouddeperunanbias dopmyna. [Tonnsompl Yelblmesa — 3p-
muta Hp,(x) ompeienum No aHaMOTHH ¢ NoJAHMHOMaMu Jlexkanzapa
npd noMou npousBoisiuei dyukunu ¥ (p; x), nonaras

W (o, x)=eo=r' = ¥ H, (9 £ 1)

n=0
Orcrona, B cuay Teopembl Komu, cienyer

"¥ (p, x)

o [wg o nl [ et
| | e e [ o)

H, (x)= oni gt

=0 23'”

rage C — 3aMKHYTHIH KOHTYpP B IIJIOCKOCTH KOMILJIEKCHOrO IepeMeH-
HOro [, OoxBaThiBamwmui Touky {==0. BBoas HOBYIO nepeMeHHYIO
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HHTErpHPOBaHHA 2= x — {, npeoGpasyem (2) K BHALY
— (—1)" x‘_"!_ J-.._e—_zz_ J—
H,(x)=(—1)"e 2l 4 G dz

=(—1)" ¥ 1 d J‘ " dz 3)
2ni dx* z—x
1
rie C; — KOHTYp, OXBAaTHIBAWIUHH TOUKYy 2==Xx. B cuay TeopeMu
d™ (e~ *)
Komyu, Bhpaxenue B QHIypHBIX CKOOKaX PaBHO g
sysapTaTe nogaydaeM H3 (3) nuddepenunassuyo GopMmyay

. B pe-

Ha ()= (—1)"e* -2 (e, 4)

dra ¢QopMmyaa mnoxkaswiBaeT, uTo H,(x) €CTb NMOJHHOM CTENeHH 7,
npuueM

Huy(— x)=(—1)"Hp (). (5)

W3 (4) maxonuMm Hy(x)=1, H;(x)=2x, Hy(x)=4x>—2 u 1. .
2. Pexyppentubie dopmyant. [luiddeperunupys npousBoAsiuLyio
(YHKIHIO 110 p M X, HalJeM:

Y, —20W =0, W,—2(x—p)¥=0. 6)

B kaxnoe u3 toxgects (6) noacraBum psax (1) ans W(p, x).
Cofupasi ujeHHl OpH P" M NpUPaABHHMBAs MX K HYJIO, NMOJYYHM MABE
peKyppeHTHble GHOpPMYJIHI:

H, (x) =2nH,_, (JC), (7)
Hpy( (%) — 2xHp (x) + 2nHp - (x) =0, (8)

®opmyna (8) nosBoaseT mnocjaefoBaTeNbHO omnpenenste H, pis
Beex n, sHaa Ho(x) =1, Hi(x) = 2x. Tak, Hanpumep, Hy(x) =
= 2xH{ —2Hy = 4x% — 2 Hy = 2xHy —4H; = 8x3—12x u 1. A.

3. ¥YpasHeuue ‘ledumeaa—apmma Ha#inem ypasuenue, KoTo-
pomy ynossetsopsier Hy(x). Ilns 3T0ro Hemosib3yeM peKyppeHTHble
dopmyast (7) u (8). Crauana c noMompio (7) Hckmounm u3 (8)

2”Hn—-1:
Hpp1—2xHy 4+ Hy=0;
3TO ypaBHeHHe NpoanddepeHIHpyeM 10 X:
Hyy1—2xH, —2H, 4+ H;, =0
1 nofctaBum ciofa Hny = 2(n4 1)H;, u3 (7). B pesyabrare no-
JAYUHM:

Y OxH, 4 2nH, =0 wm -2

4 (e—x= "”")+2ne—x2H =0. (9)
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Orciona Buano, uto nonuHoM YeGbimeBa — dpMura siBasiercs cob-
CTBEHHOH (QyHKUHeHl, cOOTBeTCTByioUlel COGCTBEHHOMY 3HaYeHHIO
A = 2n, caenyowmeii 3anaun (3agava Llrypma — JluyBumis):
HalTu Te 3nauenus A, npu KoTopuix ypasHenue Yebouuesa —
Ipmura
e *y’) +re=¥y=0, —oc0o<x< oo, (10)

umeem HeTPUBLANbHOE peulenue, 803pacraroujee npu x— oo He
6ovicTpee, 4em KOHEYHAs CTeNneHb X.
Pemnenne 310#i 3a4aud MOXKHO OBlJIO 6B HCKaTh B BHAE CTeNeH-

HOro psxa Yy = an,,x". [ToxcraBasa ator psnx B ypaBHenue (10),
n= :
NOJYYHM 151 KO3(O(PHIHEHTOB PeKyppeHTHYIO GopMyay

2n— 2
=G D (th

N3 ¢opmyawn (11) Buano, uto npu A = 2n Bce KOIQDHUHEHTH
ar =0 gns B> n u pan o6peiBaerca. Tonbko mpu A = 2n MoOXKeT
ObITb BBINOJNHEHO yCJOBHe Ha GeckoHeuHocTH. [lonyuarownecs no-
JHHOMbl OIIpeleleHbl C TOYHOCTBIO [O IOCTOSIHHOTO MHOMXHTEJS.
Bribupas a, = 27, nonyuuM nonuHoMmbl Hp(x).

4. Hopma noaunomos H,(x). [lokaxeM (He o6pawasch K 06- -
lled Teopuu), uTO noauHOMb UYeObliieBa — dpMura 06pasyior
OPTOrOHAJNbHYIO C BeCOM e~* Ha GeCKOHeYHOH npsAMoi — oo <<
< x <'oo ‘cucTeMy (PYHKUMH, H BBIUHCIHM HX HOPMY (C BecoM

o(x) = e): _
| Holl=y 2"nt V. (12)
Paccmotpum BelpakeHue

n

d
dx™

Lon= | Hal) Ha( e de=(=17 [ H,, (92 -7) d,

[TosokuM ANA ONpefeNeHHOCTH, 4TO m << n. MaTerpupys no ua-
CTAM M noJb3ydacb ¢opmynoli (7), a TakxXKe TeM, UTO Ha G6ecKoO-
HEYHOCTH 00paliaercs B Hy/Jb NPOH3BeJeHHe NONHHOMA Ha e,
MONYYHM:

m n—1
Lo = (=17 2m [ Hpoy S (%) d =

= (1m0 (emry a.

93 A. H. Tuxonoe, A. A. Camapckull
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TaKk kak Hy=1. Orcroga BHIHO, 4YTO

dn—m—l hed

Lyp= (—=1)"""2"m! o=y (e™)

=0 mpr m<n,

Ecau m=n, TO
Ly =2"n j e=¥dx =2"nl Va=| H, P

-0
TeM caMBIM J0Ka3aHoO, 4YTO

0, m s~ n.
2"l V&, m=n.

Cucrema mosuHoMoB UYeObimieBa — DpMHTa sABJIAETCS 3aMKHY-
Tol (Ha JOKasaTeJbCTBe 3TOro (pakTa Mbl He OCTaHaBJMBaeMcd),
M, CleloBaTeNbHO, Mbl HallJIH Bce pewleHus 3agaud (10), T. e
A = 2n He MOXKeT ObiTb COOCTBEHHHIM 3HaYeHHEM.

5. ®ynkuun YeOnimeBa — Ipmura. B  npunoxennax (cm.
crp. 712) wacro mnoab3yorcs ¢yHkuusaMu UYebblmnesa — dpMuTa

j:on (xX)H,(x)e *dx ={

Hp (%)
1#p () °

06pa3yolUMH OPTOTOHAJMBHYIO H HODMHPOBaHHYIO C BeCOM p(X) ==
==1 cucTeMy Ha GECKOHEYHOM HHTepBajle — oo << ¥ < 0o}

¥ (x) = hy (x) e—%z-r hy (x) =

0, ms4n,

f"l’n(x)‘pm(x)dx“{ 1, m=n.

AT QyHKUKH 06PAMAIOTCH B HYJAb NMPH X — 7 00 H YAOBAETBO-
PSAIOT ypaBHEHHIO

Y+ A—x)p, =0 npu A=2n-1.

§ 2. Noaunommt Ye6umena — Jlareppa

1. Ouddepenunansuas popmyaa. [Toaunomsr Yebniesa — Jla-
reppa Ln(x) Mbl onpelfenuM NpH NOMOIIH NPOH3BOAsLIEH (PYHKLHH
X

1 -
Yip, x)=1=Fe¢ . (1)
Pasnaras ee B creneHHoH paAn

. n 1 omy
¥ (o, x)=;0Ln<x)p. La ()= 21 557 | (@)
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¥ noab3ysice Teopemoii Komn, Hafizem:

=1 [¥G&»xn
Ln(¥) =" f i 4

rie C — KOHTYDP, OXBaThIBAIONIU Tovmy £=0. BBen,eM HOBYI0 Ilepe-
MEHHYIO HHTerpDHPOBAHHA 2, MONOKHB {=1— =, df= —i—, TOT'La
1 2te—%

omi J (z— x)tH!
C

Lp(x)=¢" dz, 3)

rae C, — KOHTYp, OXBaTHBAaWOIHA Touky 2=x. Popmyna (3) naer

L (x)—-—e ‘f;, (xme—%). 4)

nl

Orciona 3akJjioyaeM, 4TO L,(X) eCTb MHOrOuJIeH CTENeHH f.
B uwacrnoctH, umeem Ly{x)=1, L;(x)=1—x.

2. Pexkyppentnsie gopmyant. Hduddepenuupyas ¥ (p, x) mo p
U X, MOJYYHM JBa TOXKIECTBA:

(1—pP¥ —(1—p—x)¥=0, (5)
(1—p)¥,+p¥=0. (6)

Ioncrasum B (5) u (6) psin (2) u npupaBHsaeM ko3P HUHEHTH NpH
p**! Hymo; 9TO JaeT peKyppeHTHHe (HOpPMYJb

(n+1DLpyy—@n+1—x)Ly+nLyy =0, 0]
ntt — Lo+ Ln==0. ®)

®opmyana (7) ycTaHaBJMBAeT CBSI3b MEXAY NOJMHOMaMu L, .y, L,,
L,_; ¥ mo3BOJSET NOCJeL0BaTeJbHO ONpPEeNeNHThb Bce L,, HanpuMep:

L(®)=5[B=xL —Ll=—+x2—2r+1.

BriBenem eme OXHY PeKYppPeHTHYIO GopMyJy
sLh+m+1—x)Lp—(n+ 1)L, =0. 9)
Jas sroro 3amMenuM B (7) nHan —l— 1 u npoguddepennupyem mo x:
(n+2)Lhye—@n+3—x)Los1+ Lo+ (04 1) L, =0;

IBaxab npuMeHsss dopmyay (8), HckmounMm orcioma Lhye U Ly
H B pesyJabTaTe nogayuuM (9).

3. YpapHenue UYeGrnimena — Jlareppa. Halinem ypasuenue, pe-
WEHHEM KOTOPOTO SBJIAETCS L, (x). I[H(bq)epeﬂuupyﬂ (9) no x, mo-
ayunm xLp+ 4+ 2—x)L;, —Ly,—(n+1)L,4+1 =0, nocre uero

23*



708 JOMOJIHEHUE 1I, CIIEL{MAJIbHBIE &YHKLIUU 4. I1m

HCKJIOUUM L4 HPH HOMOILH (8) B pesyJanTaTe NMpHXOAHM K ypas-
HeHUi0 RJas L,:

L+ (0—x)Lr+nl,=0 uim -d—(xe dL”)—f—ne‘"L =0,

dx
(10)
KOTOpOe Ha3biBaeTcss ypaBHeHHeM UebnlmeBa — Jlareppa.
Tem cambiM mokasano, uto L,(x) ectb cobGcrBeHHasi dyHKIHS,
COOTBeTCTBYIOIIAsE COGCTBEHHOMY 3HAuUeHHI0O A = 1 3aJauH:
HQUTU 3HaueHus )\, npu KOTOPLLX YpasHexue

(xe=*y’) +de~*y =0, 0<x< oo, (b

umeer 8 obaactu 0 << X << oo HETPUBLAALHOE pewieHue, O2paHu-
uennoe npu x = 0 u gospacraroujee npu x — oo He ObicTpee, wem
KOHEeYHAs CTenexs X.

3ametuM, uro ypasHenue (10) masi Lnp(x) MOXHO MOJYYHTS,
ecad npoaHMddepenunpoBath fn -+ 2 pasa QyHKIHIO 2 = x"e™™ H
BOCINOJb30BaThesl Ouddepenunanbuoil popmysnoi (4).

4. OproroHaJabHOCTb M HOpPMa noanHomoB YeOnimeBa—Jlareppa.
JlokaxkeM OPTOTOHaAbHOCTb M HOPMHDOBAHHOCTb C BECOM €~ MO-
JIUHOMOB L, (x) Hcxoaa H3 GpMydabl (4). PaccMoTpuM uHTErpad

—*)dx.

Ilycrs m << n. Unrerpupya m 'pa3 0 4acTIM M YUHTHIBAf, 4TO
H3-3a HaJWuMs MHOXKHTeJs1 BHia xhe~*(k > 0) Bce NOACTAHOBKH
06pamaloTcs B HYJb, NOJYYHM:

m 1 d™L,, d"-™ -
Tn = (—1) T!'f i g (x"eT¥) dx. (12)
0

]::}%rnn m < n, To, HHTErpupys eme pas, Ha#geMm J,, =0, Tak Kak
WL,”:O. B cayuyae m==n umeem

d"L, — n
= (1)

nl

Ty == %’if (—1) serdx=2FD .. (13)
¢

Hrak, nonrunomsl UYebpimena — Jlareppa 06pa3yioT OpTOHOPMHpO-
BaHHYIO C BecoM e~* cucreMy QYHKUHH:

0, m=4n,

I, m=n. (14)

f L, (x) Ly (x) e~ dx ={
]
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5. O0o6wennpie nonuHoMbl YeGbimesa — Jlareppa. [pu H3yYeHUH
JBHXKEHHs 3JIEKTPOHA B TOJie KYJOHOBBIX CHJ, a TaKXe B APYTHX
3ajayax COBPeMeHHOH (H3UKH Hapsify C NoJHHOMaMH L, (x)
BCTpedaloTcss  06o6uleHHble NoJauHOMB  UeGbimmesa — Jlareppa
Ln(x). TeopHio 3THX NOJHHOMOB MOXHO MNOCTPOHTb IO AHAJOrHH
¢ nn. 1 — 4, ucxoAa U3 NpoH3BOAslled QYHKIHH

xp

s l 1=
¥ (p, X)=(1—__—6-)S—_;l—e ! r, S>'—1, (15)

B pagJaras €e B psd OO CTCHEHAM p:

< 1 onys
Wo, )= Y La)e"s  Li() = G0 9| .
n=0 v =0
IToBTOpsis pacCy:xIneHHs, nposefenHble Aad s=0 B 1. 1, HAXOAUM:
s 1 WS (g, x) e | J' 2ntse—2
Ln(x)—"ﬁ;{l’ —'§n+_1d€-—x Se* i (z—_‘W(iz.
C C
Orciona cjieayer, uro
| - dnr 45 -
Lfl(x)=n_!x sexW xn se x), (16)

T. €. LS (x) nefCTBUTENbHO SBJISETCS MHOTOWJIEHOM A-fi CTeNeHH.

B uwacrHoctH, Lo(x)=1, Li(x)=1+4s—=x.
Beonst pyukuuio 2 =x"+se“”nu nupdepennupys ee (n -+ 2) pasa

o x, HalaeM A GYHKIHY © = 'E}i— ypaBHenue xu”+(x + [—s) u'+

1
+ (n+ 1) u=0. BbluHciaum npousBogHBIE A4 Lf,(x)=-ﬂx‘se"u
¥ yuTeM OpH STOM ypaBHeHME AJS u4; TOrAa IOJNYUYHM YpaBHEHHe

x(L3) —(x—s—1)(Ly) +nLy=0, (17)

KOTOPOMY YIOBJETBOPSIIOT 0Go6uieHnbie noauHombl Ly (x). Tem ca-
MBIM JOKa3aHo, 4TO 0600uleHHble nosuHoMbl YeGwimeBa — Jlarep-
pa aBaaI0TCA COOCTBEHHLIMH (DYHKUHUSMH, COOTBETCTBYIOMIMMH COG-
CTBEHHBIM 3HAYEHHSIM

7&,,=n—|—s—'é+i

caelylollel 3agauu:
HaUTu 3Ha4eHus )\, npu KOTOpLIX YpasHexue

xy”—l—(s—[-l-—-x)y’—}-(h-— sj‘);,:o

uiru

(xs+He=*yy + xse—* (A o ) y=0 (18)



710 JOINOJHEHHUE 11. CIIEI{HAJIBHBIE ®YHKUHUU Y. 11

umecer 8 obractu 0L x < 0o HETPUBUAALHOE peulenue, OzpaHu-
deHHoe npu x = 0 u 8o3pacrarouiee npu X — oo He ObicTpee KO-
He4HOll cTenenu X.

Hcxona us nuddepenunanvuoit Gopmyast (16) u mposoas pac-
CyXIeHHs N0 aHAaJOTHH C I. 4, HeTPYAHO JA0Ka3aTh, YTO MOJHHOMBI
L% 06pasyioT OPTOTOHAJBHYIO C BECOM e~*X% CHCTeMy. (yHKUHiL:

('1° 0, ms=n (s>—1),
s s x5
; Lo (x) L (x)e~*x" dx = I‘(n-l;”s—i-l)' m=n.

ITosuaoMam YeGnimena — Jlareppa Ly (x) COOTBETCTBYIOT OpPTO-
roHaJbHbiE H HOPMHPOBaHHHE € BecoM p(x)=1 ¢yHKuHH

ba () =x%e 215 (x),

rae
=1,
KOTOpble ABJAIOTCA PEINEHHSIMH YDAaBHEHHSA
2
() + (n =5 — 5 ) =0 (19)

IPH TPAHHYHBIX YCJAOBHSX: OrPAHHUEHHOCTh B TOUKe x=0 H 06-
paiieHHe B HyJb IPH X-—> 00, COOTBETCTBYIOIMMH COGCTBEHHBLIM
3HAUEHUSM
s+ 1
An=n+ _;- .
0
W3 dopmyast (18) Buauo, uto L, (x)=L,(x) a1 A, paBHOTrO
n+ 1y (ectn B ypaBHenuu (18) A samenuts Ha A -+ !/, TO mnpu
s =0 oHo coBnazmaer ¢ ypaBHeHHem UeGnimena —Jlareppa (10)).
B 3akaioueHHe OTMETHM, YTO OPTOTOHAJbHBIE CHCTEMBI MOJHMHO-
MoB {L,(x)} u {Ls (x)} sBAsIOTCS 3aMKHYTHIME (HA JIOKa3aTelbcTBe
sroro ¢daxra He ocraHaBiauBaeMcs). TeM caMbIM MBI HalUIM Bce
coGcrBeHnble yHkuuu 3agau (10) u (18).

§ 3. Mpocreitiuve 3anauu aaa ypasHenus Wlpenunrepal)

1. Ypasuenue llpenunrepa. B kBaHTOBOM MexaHHKe NOBefeHHE
YACTHIbl, HAaXOAALIEHCS B NOJe IOTEHIHANbHBIX CHJ, OMHCHLIBAETCA
ypaBHeHnem Hlpexunrepa

it —— Ao+ U(x, 4, 2 0, (1)

) PaccmaTpHBaeMmble 3flech 3aXauM Aaa ypapHenus Illpepunrepa awor mpu-
Mepbl NpHMeHeHHS MOJHHOMOB UeGslmena — dpmura u Uebnimera — Jlareppa.
IpuBeneHHOe HHXe HM3JOXKEHHE He MPETEHJAyeT Ha NONHOE OCBellleHHe BOMPOCOB,
cBa3anHbIX ¢ ypaBHenuem Ilpenudrepa. Ilo ynuBepcureTckoii nporpamme KBaHTO-
Basi MEXaHUKA U3yYaeTcs NOCJe Kypca MaTeMaTHIeCKOH dH3HKH.
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rae  fi = 1,05.10%" 3pe.cex — nocrosnsas Ilnanka, i=} —I,
ji — Macca uactHubl, U — ee noTeHUHasNbHasi 3HEPTHS B CHJIOBOM
noJae, Y = P (x,y,2,t) — BoNHOBas (PyHKuUHS.

Ecan cunbl He 3aBucAT or BpeMenHd, U = U(x,y,2), T0 BO3-
MOXKHBI CTAaLHOHAPDHble COCTOSIHHS C 3aJaHHBIM COCTOSIHHEM 3Hep-
T¥H, T. €. CYLIECTBYIOT pelleHHs BHAA

iE

b= (x, g, 2)e * ', @

rae E —o6mas sHeprusi yacthusl. [loacTaBissi 3TO BhipaKeHHe
B ypaBHeHue (1), mpuxoauM Ko BTopoMmy ypaBHenHwo llIpemunrepa

M+ 3 (E— V)9 =0, ®

B KoTopoM E Hrpaer poJb COGCTBEHHOTO 3HAUEHHs, NMOJAMEKALIETO
onpejenenHio. B panbHefilieM BMecto ¢$® Mbl OyAeM nHcaTb ¢:

Mo+ 3 (BE—U)p=0. @

B cayuae orcyrcTBusi cuioBoro moas U == 0 ypaBHeHnue (4)
NpHHHMaeT BHI ouE
A+ == =0. (6)

Herpyaso 3aMeTHTb CXOACTBO 3TOTO YPaBHEHHsl C BOJIHOBBIM ypaB-
HeHHeM KJacCHYecKOH (QH3HKH

Ap + kHp =10, (6)
(0] 2n

rae k== — =3 — BOJIHOBOE HHCJIO, A — pauda BoaHel. OjHAKo

3TO CXOACTBO AABASIETCS YHCTO BHEIUHHM M (OPMajibHBIM B CHJY
pasnuuns GU3HYeCKOro cMhbicia ¢YHKUHI, BXOASLIMX B ypaBHEHHS
(5) u (6).

B ypaBuenun Illpenunrepa HemocpeACTBeHHBI (U3HUECKHH
CMBIC/I HMeeT He caMa QyHKOMs Y, a |{|% KOTOpOe HCTONKOBHI-
BaeTCsl B CTaTHCTHUYECKOM Ayxe: Beipaxenue | |2dxdydz osnauaer
BepOATHOCTb NpeOGbIBAHHA YaCTHULI BHYTPH 3JIEMEHTAaPHOro o6beMa
dx dy dz B Touke (X, y, 2) mpOCTPaHCTBA.

B cB3H ¢ 3THM HOPMHPOBKa COGCTBEHHBIX (QYHKIUHH K elHHHIe,
KOTOPOH Mbl HEOJHOKPATHO I0Jb30BAaJHCh paHee B LEJNAX MaTeMa-

THUECKOH NpPOCTOTHI, Telepb mpuo6perTaer (¢yHIaMeHTaJbHOe 3Ha-
yenHe. YCJI0BHe HOPMHPOBKH

[[[1opdxdydz=1 )
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03Hau4aeT, YTO YaCTHUA HAXOAHTCA B KaKOM-I1ubo MecTe HpPOCTpaH-
CTBA ‘M TO3TOMY BePOSITHOCTb HAWTH 4acTHLy TIAe-HHOYyAb B TpO-
CTpaHCTBe paBHa eJHHHIe (LOCTOBepHOE COObITHE).

PaccMOTpHM HeKOTOpHle NpocTedilMe 3ajfauyd /sl ypaBHEHHS
llIpenunrepa.

2. Fapmonuueckuii ocnuaasrop. Ypasnenue l[llpesunrepa anas
rapMOHHYECKOTO OCHHJIATOPA NpHHUMAET BHI

Ly _
\ 2!“' dxz +(E—U)1'p'—'0)

uey
Tie U=—Tx , p— COGCTBeHHast uacroTa (IHMKJIHYecKad) oOcC-

uuaaatopa. Hama 3amaua O6ydeT COCTOATH B OTHICKAHMH CTallHO-
HAPHBIX COCTOSIHHIL, T. €. CMeKTpa COOCTBEHHLIX 3HAYCHHH 3HEPruu
E ¥ COOTBETCTBYIOUIHX COGCTBEHHHIX QYHKUHHA Y H3 ypaBHEHHs

By

v+ (e -2 )y =0 ®
IpH AONOJHHUTEJbHOM YC/JAOBHH HOPMHDOBKH

[repax=1. (9)

Bsoxs o6o3HaueHus
QE h X
A= fjm xo*“/llﬁ)o ’ g"“?&'v (10)

s QyHKuMH P = ¢(§) 1oc/e OueBHJAHBLIX, peobpa3oBaHuil moay-
'UHM ypaBHeHHe

C JOMOJIHUTEJbHBIM YCJOBHEM HOPMHDPOBKH
!
2 —
[ropar=—+. (12

PemenneM 370l 3ajgaun, B cuay n. 5 § 1, 6yayr GyHKuUHH

!y,

e ? Hn(g)
b=ttt

COOTBETCTBYIOIIHE CcOGCTBEHHbIM 3HAUEHHAM

hy==2n+ L.




§ 3} MPOCTEVIIUUE 3AJAUYHU OJI11 YPABHEHUS HIPEOHMHIEPA 713
BosBpamasch K HCXOIHbBIM 0GO3HAYEHHSIM, HAXOLHM:

=)

* L)

' Hn(xo
VE V2”nl Va

1

En==hm0014-3) (=0, 1,2, ...) (14)

Yy (X) = ’ (13)

B knaccHueckoil MexaHHKe 3HepPrHsl OCUHMIATOPa

Tle Px — UMIYJbC YACTHLBI, MOMKET NDHHHMATL HENpepHIBHBIA psn
3HaueHul. C TOUKHM 3PpeHHS KBAHTOBOH MEXaHHKH 3HepPrus OCHHJ-
JAsiTopa, Kak nokasniBaer ¢opmyna (14), MoxeT NpHHHMATH JIHLIb
IVCKpeTHb!l psif anauenufi E,. B aToMm ciaydae roBopsiT, 4to IHep-
russ  kBaHTyercs. UHcao n, onpelensiiolllee HOMep KBaHTOBOTO
YPOBHS$l, Ha3bIBAIOT IV1aBHbHIM KBAHTOBLIM 4HCJIOM. B Hu3weM kBaH-
TOBOM COCTOSSHHH mnpu n = 0 5Hepris OCHHMJIATOPA OTJAHYHA OT
HyJs U paBHa

Eo= 5 ho.

3. Poratop. HailineM coGcTBeHHble 3HAYEHHsT SHEPTUH poOTaTOpa
co cBOGOMHOH OCbIO, T. €. UAaCTHIbl, Bpalllalolledcsl Ha OJHOM H
TOM K€ PacCTOSHWH BOKPYT HEMOJBHXHOIO LEHTpA.

[ortenunansnas sueprus U poraTtopa COXpaHSeT OLHO H TO XKe
3HaueHHe BO BCEX IMOJIOXKEHUSIX YACTHUH M ee MOXKHO NOJOXKUTh PaB-
Ho#t nymo U = 0.

B coepuueckoft cucreme koopaunat (r, B, ¢) c HauajioM Koop-
A¥HAT B HENOABMXKHOM IeHTpe ypaBHenue llpeaunrepa mas po-
Taropa

A¢+ L Ep=0
MO2KHO 3alucaTb B BHIE

1 a 9P 1
rZsin® 08 (Sme )+ r2sin? @ 6q>2 + E‘p 0. (15)

Ilpu sToM ucnoJb3yercs ycjaoBHE

9% _
or

BBoas BMecTO Macchl { MOMEHT HHepLUH

[=ur?,
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noryuaeM o o
sin 0 Eﬁ(sm B_{E) + sinZ0 W—I—MP=0
HJH
Ag, g + 2p=0, (16)
rae 2
=37 E. a7

TaxkuM oGpa3oM, Mbl NPHXOJHM K KpaeBoH 3afaue Ha cOGCTBEH-
Hble 3HAUeHHs IJ1s1 ypaBHeHUs

Do, g+ Ap=10 (16)

NPH eCcTeCTBEHHOM TPaHHYHOM YCJOBHH OTDAaHHYEHHOCTH B TOYKAaX
0 =0mu 0 = n 4 ycJIOBHH HOPMHDOBKH
n 20

ffl\l:Fsianqu):l. - (18)
00

PemennsiMu 3TOH 3ajZaud, KaK Mbl 3HaeM, SIBAAIOTCS HOPMHPOBaH-
Hble cepuueckue QYHKUUH

_ QU+ DI =m) m) _[2 mpr m=0
Yim (6, 9)= Temn (I + m)! Y17 (6, 9) (3m—{ 1 mpu m==0 ’
cos me (19)
Y™ (8, )= P{" (cos 6) (m=0, 1, ..., 1),
sin mg
COOTBETCTBYIOLUHE COGCTBEHHBIM 3HAUEHUSM
A=I1(+1). (20)

3ameHss A ero 3HaueHHeM corjacHo ¢opmyae (17), noayuaem
bopMyay I/ KBaHTOBAHHHIX 3HAYEHHil SHEPTHH poTaTopa

Em=10+DE, 1=0 12, ... (21)

4. JipuxkeHHe 3JeKTPOHA B KyJ0HOBOM moJe. OgHON u3 mpocred-
IIHX 3ajlay aTOMHOH MeXaHHKH #ABJseTcd 3ajaya O JABHKeHHH
3JIEKTPOHA B KYJOHOBOM IoJie siApa, HMeiollas OO/AbHION NpPaKTH-
YeCKHH HHTepec, TaK Kak pellleHHe ee JaeT He TOJNbKO TeOpHIO
CHeKTpa BOJOPOJA, HO TakXKe NPHOIHKEHHYIO TEOPHIO CIIEKTPOB
aTOMOB C OJHHM BaJIEHTHBIM 3JIEKTPOHOM (BOZOPOAONOAOGHLIX aTo-
MOB), HanpuMep aToMa HaTpHs.

B atoMme BOJOpOIa 3JIEKTPOH HAXOAUTCS B KYJOHOBOM 3JIeKTPO-
CTaTHYECKOM moJe siipa (IpOTOHA), TaK 4TO HOTEHIUHaNbHAsA 3Hep-
rua U(x,y,z) paBHa \

U=—=, (22)
rie r ecTh pPacCTOsiHHe 3JeKTPOHA OT sJpa, —e—3apiji 3JeK-

TpoHa, e — 3apsj sapa.
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YpaBHeHne U.Ipen;nnrepa B 3TOM CJy4Yae HMeeT BHLI
rp+ 35 (E+2)p=0. (23)

Hama 3agaua cOCTOHT B OTHICKAHHH TaKHX 3HaueHu#l E, mjs KoTo-
pbix ypaBHeHHe (23) ZHomyckaeT pellleHHe, HelpephiBHOe BO BCeM
NPOCTPAHCTBE H YAOBJETBOPSIONlee yCAOBHIO HOPMHPOBKH

{ j:o_[lmb(x, g, 2) Pdxdy de=1. (24)

BBenem cdeprueckylo cHCTeMy KOOPAHHAT C HayajoM B slpe, KO-
TOPO€ MPEeAnoaaraeTcs HeMoABHKHbIM,

S L (P )+ S re b+ (E+F)e=0, ()

u OyleM HCKaTb pellleHHe B BHIE

o(r, 0, 9)=2x() Y™ (8, ¢). (26)
[punuMas Bo BHHMaHHe AH(depeHUHATbHOe ypaBHeHHe AiA cde-
prueckux oynkumi Yi™ (0, ¢):
Ao, o¥™ (0, @) +1(L + DYV (8, 9)=0,
noJjydaem:

L[ e, @

BBEIIeM B KaueCcTBe €IHHUIUB AJHHB BEJHUYHHY
- a=mue,

B KayecTBe €JHHHUIbl HEePTHH — BCJIHYHHY
Ep=to =&

B a°
[Tonaras
p=rla, e=E/E, (e<0), (28)
nepenuiieM ypaBHeHue (27) B BHIe
a’y, PG
T4 42 (242 LD ) 0, (29)
C noMompio NOACTaHOBKH 1
Vo 0
ypaBHeHHe (29) npuBOAMTCA K BHAY
sy Ly 2_ 2y
Tty p dp +(28 T P ’492)"/ 0, @D

rae
s=2[+1,
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BBoxs B KauecTBe He3aBHCHMON MepeMeHHOH BeJIHUHHY

x=p) — 8, (32)
nonyunM BMecTo (31) ypaBHeHHe
2
sy’ +y —(F+5) v+ =0 (33)
HJH ,
d d ,
—d;(x—g;)——(—,f—+;f7)y+yh=0, (337)
rie ’
1
A= Voo (34)

COBIafaloliiee C PacCMOTPeHHbIM HamH B § 2 ypaBuennem (19).
Hajinennble TaM cOGCTBEHHBle 3HAUEHHS OKAa3aJIHCh PABHBIMH
s+ 1
)" = nr + 2 ’
a co6cTBenHble OYHKIHH (ONpelesqeHHBle ¢ TOYHOCTBIO MO MOCTOSIH-
HOTO MHOXHTeJs!) BBHIPayKajducb uyepe3 o0OGOGHIEHHBIE HOJHHOMEI
Yebriwesa — Jlareppa Ly :

S X

Y, ()= x%e 7L (2), (35)

rae Ln, (x) ompenensiorcs dopmyJoir (16) § 2.

YuuthiBasg, uTo

=2[+41,
noJIy4aeM:
A=n+Il+1=n (n=1,2...). (36)

Ilenoe uucao n Ha3bIBaeTCs TIJIABHBIM KBAHTOBHIM YHCAOM, (I, —
paiManbHBIM KBAHTOBLIM 4YHCJOM, [ — a3UMyTaJbHbIM KBaHTOBBHIM
YHCJIOM.

3ameHsAs A ero BeIpa)KeHHeM coryiacHo gopmynam (34) u (28),
roJiydaeM KBaHTOBaHHbIe 3HAUEHUS IHEPTHH

— pet
En = — - (37)
OHH 3aBHCAT TOABKO OT TMIABHOrO KBAHTOBOTO YHC/IA M.
[MTonoxkum E paBHLIM 3Heprud KBaHTa he = hv, E = —hv,
rae v = o/2r — uvacrora. Torxa 6ygeM HMeTb:
pet R
V= Shnth T nt e (38)

4 4
e R=2L;%=~4% — TaK HasbiBaeMasi mocTosnHas Punepra.

Hajizem uacTOTHl CIeKTPaJdbHBIX JHHUU. HabamogaeMas B crek-
Tpa/bHON JMHHH 4acToTa v,, COOTBETCTBYET MePeXOfy H3 COCTOf-

HHA ¢ sHeprueil £, B cocrosinde ¢ sHeprueii Eg,.
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YacroTa vn,, KBAHTA, H3JyYaeMOro IpH TaKOM KBAHTOBOM IIe-
pexone, paBHa

1
=R|— —~—%]. 39
ol (39)
TTonaras n =1 u naBas n 3HaueHusi n =2, 3, .,., MH MOAYyYHM
PSL JIMHHH, COCTaBJAIOMIMX  TaK Ha3bIBAEMYIO cepmo Jlaitmana
1
v n R < - ?) :
Hanee, snavenust ny = 2, n =3, 4, ... nawor cepuio Baabmepa
1 1
nny = R (ﬁ - _n,T) !
3HayeHus ny = 3, n = 4, b, ...— cepuio [lawena

1 1
vnn,=R(3—2——ﬁ?)'

[lepeiimem Temepbp K ompeneseHHI0 COGCTBEHHBIX (YHKIHI BO-
IOPOHOTO aToMa. Hna atoro B cuay ¢opmyast (26) HaM jgocra-
TOYHO HAaWTH pamHaabHble GyHKUHUH ¥ (p).

Ionbsysice dopmynamu (35), (32) (30), (34), (36), moxem
HaIHCaTh!

20 \} 2 «
ot ()= Ay () 77 124, (22), (40)
rae An—HopMHpOBqubIﬁ MHOXKHTeJb, OnpefessieMblii U3 YCA0OBHS
f o*xar (o) dp=1. (41)

Boiuncasii An, monyuaeMm cleayiomiee BbIPaXeHHe s HOPMHPO-
BaHHBIX pajuajbHBIX (DYHKUIHMH:

xnz(p)=(%)% %(i")leﬂ 2 (). @

B cuay ¢opmyn (26) u (19) HOpMHpOBaHHBIE COGCTBEHHbIE
({YHKUUH UMEIOT BUJ

20+ 1) (!
o= LEEXE=E ¥ 0, 01, 0)
rae yn:(p) onpenensiercs dopmysaoi (42).

Yucno m (m=0, =1, &2, ..., +[) HasbBaeTcsi MardUTHBHIM
KBAHTOBBIM UHCJIOM.
Tak kak n, Bcerfa Heorpunareabio (n, =0, 1, 2, ...), To npu
NaHHOM 7 B CHTY (OpPMYJIbI
n=n+1+1

KBaHTOBOe YHcJ0 [ He MoxeT OblTh Goabiie n— 1 ([ =0, 1, 2,
..., h—1). TlostoMy mnpu oIpeIeseHHOM 3Ha4YeHHH T[JABHOTQ
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KBAHTOBOrO YHCJIA M YHCJAO [ MOXeT NPHHHMATb n 3HauyeHHi [ ==
=0, 1, ..., n—1, a kaxaomy sHauesnwo ! coorserctByer 2/ 1
aHauenue m. OTclofa ClaeAyeT, YTO 3aflaHHOMY 3HaYeHHIO HEepPTUH
E., T. e. 3aaHHOMY 3HAYEHHIO N, COOTBETCTBYET

n-—1
go(zz+1)=1+3+5+ oo F@r—1D)=n?

pasauuHblX co6cTBeHHbIX GyHKUuHA. Takum o0pas3oM, KaXiaelil ypo-
BeHb 3HEPTHM HMeeT BBHIPOXKJEHHe KPAaTHOCTH nZ.

Haligennoii HaMH IHCKPETHBII CNEKTP OTPHUIATENbHHIX COBCT-
BeHHBIX 3HaYeHWH 3Hepruu E, cOocTOHT 3 GeCKOHEYHOrO MHOMKECTBa
yHCesJ ¢ TOUKOH CTyUIeHHS B HyJe,

Bropo#t oranunTenbHOii 4epTOfi paccMarpuBaeMoH 3amauM JJIst
ypaBHenus lllpenunrepa sBjsieTcsi HaJHUYHe HENMPEPHIBHOLO CIEKTpa
TIOJIOJKHTeJbHBIX COOGCTBeHHBIX 3HaueHHH (BCSIKOE NOJIOXKHTENbHOE
yucao E saBasiercsi COGCIBEHHBIM 3HaueHHeM YypaBHeHus (23)).
B sToM ciyuae 3JIeKTPOH yiKe He CBsI3aH C fpPOM, HO BCe ellle Ha-
XOHHUTCA B ero noJse (HOHM3HPOBAaHHHI atoM Bojopona). Ha moxa-
3arelbCTBE CYIUECTBOBAHHS CIVIOLIHOTO CHEKTpa Mbl He OCTaHaB-
JHBaeMcsi, OTChbljasi YuTaTesss K CHelHaJbHOH JuTeparypel).

YACTH IV
$GOPMYJIbl, TABJIMUB U TPA®HKH

Huxe npuBoasitcs TaGaIHiBl HEKOTOPHIX CHeNHaNbHBIX (QYHKUHUI,
C KOTOPBIMH MBI BCTPeYaJHCh IIDH PelleHHH KpaeBbIX 3aJay Mare-
MaTHueckoi ¢usukd. TaGauubl CONPOBOKAAIOTCA IepeyHeM Mpo-
CTeALIUX CBOHCTB ClelHaNbHbIX (PYHKIHH.
I. OcHOBHbIE CBOHCTBA CreUHaNbHBIX DYHKUHIH

1. Unterpan owudox
1. Mnrerpan omwu6oK:

D)= f e da.
0

2. PasjioxeHne MPH MaJbIX 2:

(D(z)=]/2:? (z 2 + 2 _ )

e ' o2aes
3. AcumnroTnueckasi ¢popMysia npH GOJBIIMX 2:

1 % 1 3.4  4.5.6
DR)=1 — —— —_ ~—
) Va =2 (1 (222) +(22)4 (22)8 + )

1y Cum., nanpumep, B. A. ® ok, Hauana kanToBOR Mexanuky, 1932; Kypanr
u F'uaws6epr, Merogn Maremaruueckodl ¢usuky, 1. I, Tocrexuspar, 1951, . V.
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2. lunuuAapuyeckne QYHKIHH

Psnst AcumnroTHueckue HOPMYJIBL
1. ®yuruuu Beccensn

Iy (")“(") TETD

2. OYHKUHH HreuMaHa
Mo =210 (in % +C)+ | Mo =)/ Zsin(x —2) 4 ...
TR

k14

(C =0,577215664901532 ecTb
nocTO sitHHaaA Diyepa)

Ni()=——o+ Ny ()
~ 2 n
25 (L) o | E =V wcos(r =)
Np(x) =
Npx)=——=(=) (n—1)4.. ~
(’(1>)1) ]/—-sm 1‘)—}-._,
3. Oyukuuu XaHKess
B ()= Ty (9) + Ny (o), [HO (9 )/ 2 o 7
HY x)=Jy(x) —iNy (x) H® (x) == ]/-5; e'i(" T"T) + ...
4, OyHKIUH MHHMOrO apryMmeHra
L) =(=0)" I, (x) = Lwaxy L
x\" 1
=(?) WCESVINREE o
Ko(x) =% i’ (ix) = Ko=) & e*+ .
=—(InF+C) L0 + (5] + ...
K= —ZH" (i) =~ + ... KW=y & e+ .
Ko =3¢ 2 "HY (ix) = K,,(x)z]/% et ..
_ (n; ) (%) +
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5. PekyppenTHble (OpMYJIbL:
‘fwvwm=waﬂmAq““q= Zye1(2)
* dx

r
x¥ x¥

Zoer (0) + Zy () =22 Z, (),

rie Z,(x) —moGas uuaxHgpuyeckas QYHKUHA BelleCTBEHHOTO
apryMeHTa.
UacTHble CaydaH:

Le)=—110),  [L()de=1—1Io(x),

X

L [xd, ()] = 2T, (4), f xTy (%) dx = xJ, ().

0
Hns GYHKUHHA MHHMOIO apryMeHTa:

Let () = Ly () = 21, (0), Kyt (1) — Ky () = — 22 K, (0),

Loy (0)+ Ly (x)=2 'Fdx— I, (%), Ky (x)+Ky (x)=—2%Kv (%),
I(x)=1,(x), Kj(x)=—K;(x).
6. Onpeneauresp BpoHCKOro nns LMJIMHAPHYECKHX (QYHKIHA:
2

JV(X)N(;(JC)—-Nv(x)J(’(x)=?L7;
HY () BY () — B (1) HY (1) = — 2L,

I () K% () — Ko (014 (0) = — -

7. VnTerpanbHble (GopMyJbl:
T

I, (x)=~21? J-e—ixsln®+in0> do =
-t
T By
— (—; i)* f pixcoso+ ing do =ﬂn_ J‘ eixcos® cos ng do,
n ﬂ:
-7 0
Hﬁ,’ 2 (x) = — % f e—ixsin@+ive do,

Cy,2
rae KOHTypw uurerpupoBanua C, u C, usobpaxeHn Ha puc. 96;

Ky(6)=——+ f e-xehivt g,

oo
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8. ®yHKUHH NOJYLeJOro MopsalkKa:
Ty, (x) = V —— sinx,

J oy, (%) == ]/?J cos x,

-
0=V = ( s"; X —cos x) ,
2 cos X .
I =V —= (— — ——smx),

Nogy, (0) = (=" gy (%),

3. [Tonunomu Jlexannapa
1. IMpouspoxsmas GyHKUHUS:

I oo
—_————— == i n N i, _ < .
R Y 0"Pa(9), 0<p< 1<e<l

ns=0
2. PexyppeHTHas ¢opwmyJaa:
(n+ I)IP,HL, (x)y—x@n+ 1P, (x) + nP,_(x)==0.
3. ®opwmyna Poppura:
1 an
Py (%) = gy o [ — 1)°],
4. YpaBHeHHe IOJHHOMOB JlexaHapa:

T;%[(1_x’a’)%]-i-n(n+ 1)y=0.

5. HuterpasbHas ¢opmyJa:

414
P,,(x):%f(x—}— VT=2 cosq)'dp, —l<e<I.
0

6. KBagpaT HODMBIL: 1

-+
1Pab= [ PRCdr =52
-1

Po(r)=1, Pi(t)=rx Pyl()=-5(2—1),

Py(x)=5(Bx*—31x), P,(x)= & (851 — 3022 + 3).
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4. IIpucoennHenuble QYHKUHH

1. YpaBHeHHe NpHCOCAMHEHHEIX (QYHKUHIA:
d d 2
1=+ (r e+ )= 1E5)y=0.

P () =(1 — %)

+1

IPP= [P F dx =5 G

5. TonnnoMu YeGrmesa—dpMuTa

1. Ipoussogsamas ¢yHKIHA:
>, n
et =Y H, () <.
n=0

2. PexyppentHsle GopMyJIbL:
Hu(x)=2nHp-1(x), Hpp1(x) —2xH,(x) 4 20Hp-1 (x) =0,
3. [luddepennuansHan dopmyJa:
Hy(x) = (=1 ev -2 o=»,
4. N
IHolf= [ Hi()e ™ dx=2"n1 V7.

6. [Tonnnomu Hebnmena—Jlareppa

1. IlpounsBonsmasn ¢GyHKRIus:

xt

= had
elT = 2 Ly (X) .
n==0
2. Nuddepenunanphas popmyaa:

L = ! X d" —Xylt
n(¥)=-re — (e7Fxm).

3.
I Ln (%) P = 1.



4. V]

II. Ta6anum

2
X 2 2
Hnrerpan omubok O (2) = ﬁ- j e %da

SOPMYJIbI, TABJIMLIbI U TPA®PHUKH

723

Tab6auna 1

0<<2<<28
2 °@ | 2 | o@ | 2 | e@ | = @ (2)
0,00 0,0000 0,40 0,4284 0,80 0,7421 1,20 0,9103
0,01 0,0113 0,41 0,4380 0,81 0,7480 1,21 0,9130
0,02 0,0226 0,42 0,4475 0,82 0,7538 1,22 0,9155
0,03 0,0338 0,43 0,4569 0,83 0,7595 1,23 0,9181
0,04 0,0451 0,44 0,4662 0,84 0,7651 1,24 0,9205
0,05 0,0564 0,45 0,4755 0,85 0,7707 1,25 0,9229
0,06 0,0676 0,46 0,4847 0,86 6,7761 1,26 0,9252
0,07 0,0789 0,47 0,4937 0,87 0,7814 1,27 0;9275
0,08 0,0901 0,48 0,5027 0,88 0,7867 1,28 0,9297
0,09 0,1013 0,49 0,5117 0,89 0,7918 1,29 0,9319
0,10 0,1125 0,50 0,5205 0,90 0,7969 1,30 0,9340
0,11 0,1236 0,51 0,5292 0,91 0,8019 1,31 0,9361
0,12 0,1348 0,52 0,5379 0,92 0,8068 1,32 0,9381
0,13 0,1459 0,53 0,5465 0,93 08116 1,33 0,9400
0,14 0,1569 0,54 0,5549 0,94 0,8163 1,34 0,9419
0,15 0,1680 0,55 0,5633 0,95 0,8209 1,35 0,9438
0,16 0,1790 0,56 0,5716 0,96 0,8254 1,36 0,9456
0,17 0,1900 0,57 0,5798 0,97 0,8299 1,37 0,9473
0,18 0,2009 0,58 0,5879 0,98 0,8342 1,38 0,9490
0,19 0,2118 0,59 0,5959 0.99 0,8385 1,39 0,9507
0,20 0,2227 0,60 0,6039 1,00 0,8427 1,40 0,9523
0,21 0,2335 0.61 0,6117 1,01 0,8468 1,41 0,9539
0,22 0,2443 0,62 0,6194 1,02 0,8508 1,42 0,9554
0,23 0,2550 0,63 0,6270 1,03 0,8548 1,43 0,9569
0,24 0,2657 0,64 0,6346 1,04 0,8586 1,44 0,9583
0,25 0,2763 0,65 0,6420 1,05 0,8624 1,45 0,9597
0,26 0,2869 0,66 0,6494 1.06 0,8661 1,46 0,9611
0,27 0,2974 0,67 0,6566 1,07 0,8698 1,47 0,9624
0,28 0,3079 0,68 0,6633 1,08 0,8733 1,48 0,9637
0,29 03183 | 0,69 0,6708 1,09 08768 1,49 0,9649
0,30 0,3286 0,70 0,6778 1,10 0,8802 1,50 0,9661
0,31 0,3389 0,71 0,6847 1,11 0,88356 1,51 0,9661
0,32 0,3491 0,72 0,6914 1,12 0,8868 16 0,9763
0,33 0,3593 0,73 0,6981 1,13 0,800 1,7 0,9838
0,34 0,3694 0,74 0,7047 1,14 0,8931 1,8 0,9891
0,35 0,3794 0,75 0,7112 1,15 0,8961 1,9 0,9928
0,36 0,3893 0,76 0,7175 1,16 0,8991 2,0 0,9953
0,37 0,3992 0,77 0,7238 1,17 0,9020 2,1 0,9970
0,38 0,4090 0,78 0,7300 1,18 0,9048 2,2 0,9981
0,39 0,4187 || 0,79 0,7361 1,19 0,9076 2,3 0,9989
2,4 0,9993
2,5 0,9996
2,8 0,9998
2,7 0,9999
2,8 0,9999
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Taoaunnpma 2

3nagenun ¢ynxkuuit Beccens HyneBoro H nmepeoro mopsaxa
or x=20 o x=12,00

x Jo (x) Iy (x x Jo (%) 7, (x) x Jo (x) 5 ()

0,00 | +-1,000 | 0,000 | 4,00| —0,397 | —0,066 | 8,00| +0,172 | 40,235
0,10 | 40,997 | 40,050 f| 4,10{ —0,389 | —0,103 || 8,10 0,148 | 0,248
0,20 | --0,990 | 40,099 | 4,20| ~0377 | —0,139 | 8,20| 40,122 | 40,258
0,30 | +0,977 | 0,148 || 4,30 —0,361 | —0,172 || 8,30{ 40,096 | 40,266
0,40 | -0,960 | 40,196 | 4,40 —0,342 | —0,203 || 8,40| 0,069 | 0,271
0,50 | +0,938 [ 40,242 | 450| —0,321 | —0,231 f| 8,50 0,042 | 40,273
0,60 | +0912 | 40,288 {| 460| —0,296 | —0,257 | 8,60| 0,015 | -+0,273

0,70 | +0,881 | 40,329 | 4,70| —0,269 | ~0,279 || 8,70 —0,013 | +4-0,270
0,80 | 40,846 | +0,369 || 4,80 —0,240 | —0,298 | 8,80| —0,039 | 40,264
0,90 | +0,808 | 40,406 ) 4,90 —0,210 | —0,315 | 8,90| —0,065 | --0,256
1,00 | +0,765 | 4-0,440 || 5,00 —0,178 | —0,328 | 9,00] —0,090 | 40,245
1,10 | +0,720 | 40,471 § 5,10 —0,144 | —0,337 | 9,10| —0,114 | 0,232
1,20 | 40,671 | --0,498 || 520| —0,110 | —0,343 | 9,20| —0,137 | +4-0,217
1,30 | +0,620 | +0,522 | 5,301 —0,076 | —0,346 | 9,30| —0,158 | -0,200
1,40 | 40,567 | 40,542 || 5,40 —0,041 | —0,345 || 9,40| —0,177 | 40,182
1,50 | 40,512 [ +0,558 || 5,50 —0,007 | —0,341 | 9,50] —0,194 [ 40,161
1,60 | 40,455 | -4-0,670 || 5,60 40,027 | —0,334 | 9,60| —0,209 | 40,140
1,70 | +0,398 | 40,578 || 5,70 | 40,060 | —0,324 | 9,707 —0,222 | +0,117
1,80 | 40,340 | --0,582 || 5,80 40,092 | ~0,311 | 9,80 —0,232 | +0,093
1,90 | 40,282 | 0,581 || 590 40,122 | —0,295 | 9,90| —0,240 | 0,068

0,224 [ 4-0,577 | 6,00 0,151 | —0,277 10,00 —0,246 | 0,043
=+0,167 | 4-0,568 || 6,101 40,177 | —0,256 10,10} —0,249 | 40,018
+0,110 | 0,556 || 6,20 +-0,202 [ —0,233 110,20 —0,250 { —0,007
-+0,056 | 40,540 | 6,30| 0,224 | —0,208 | 10,30| —0,248 | —0,031

-0
SodS

NN NDNDNDND
w
o

40 1 40,002 | 40,520 |f 6,40 +0,243 | —0,182 (10,40 —0,243 | —0,055
,50 ¢ —0,048 | 40,497 | 6,50 0,260 | —0,154 110,50 —0,237 | —0,079
60 | —0,007 | 4-0,471 || 6,60| 40,274 | ~0,125 ||10,60| —0,228 | —0,101
70 | —0,142 | 40,442 | 6,70| +0,285 | ~0,095 [/ 10,70 —0,216 | —0,122
2,80 | —0,185 | 40,410 | 6,80| 40,293 { —0,065 || 10,80| ~0,203 | —0,142
2,90 | —0,224 | 40,375 | 6,90 40,298 | —0,035 10,90 —0,188 | —0,160

3,00 { —0,260 | 40,339 || 7,00f 40,300 | ~0,005 [[11,00] ~0,171 | —0,177
3,10 | —0,292 | 0,301 | 7,10 40,299 | 40,025 | 11,10} —0,163 | —0,191
3,20 | —0,320 { 40,261 | 7,20} 40,295 | 40,054 || 11,20 —0,133 | —0,204
3,30 | —0,344 | 0,221 | 7,30| 40,288 | 0,083 11,30 —0,112 | —0,214
340 | —0364 | 40,179 | 7,40 +0,279 | 40,110 || 11,40 —0,090 | —0,222
3,50 | —0,380 | 40,137 | 7,50{ +0,266 | 0,135 || 11,50| —0,068 | —0,228
3,60 | —0,392 | 40,095 ff 7,60| 40,252 | 40,159 || 11,60 —0,045 | —0,232
3,70 | —0,399 | 40,054 | 7,70 40,235 | 40,181 | 11,70] -0,021 | —0,233
3,80 | —0,403 | +0,013 | 7,80 40,215 | -40,201 ||11,80| 40,002 | —0,232
3,90 | —-0,402 | —0,027 | 7,90| 40,194 | 40,219 || 11,90{ 0,025 | —0,229

12,00 +0,048 | —0,223




4. 1v] GOPMVYJIbI, TABJIMLBI ¥ TPA®HUKU 795

Ta6auma 3

Nocrenosateanusie kopuu ypasaenus Jo (1 n' =0 u coorsercIBylONHE
sHauenus |J, (L) |

n L 5 (vg) |f. n By Iy (uy)
1 2,4048 0,5191 6 18,0711 0,1877
2 5,5201 0,3403 7 21,2116 0,1733
3 8,6537 0,2715 8 24,3525 0,1617
4 11,7915 0,2325 9 27,4935 0,1522
5 14,9309 0,2065 10 30,6346 0,1442

Ta6auuma 4
3navennna ¢pynkuuit K, (x) u K; (x)

x Ko (%) K; (x) ” x Ko (x) K (%)
0,1 2,4271 9,8538 3,1 0,0310 0,0356
0,2 1,7527 4,7760 3,2 0,0276 0,0316
0,3 1,3725 3,0560 3,3 0,0246 0,0281
0,4 1,1145 2,1844 3,4 0,0220 0,0250
0,5 0,9244 1,6564 3,5 0,0196 0,0222
0,6 0,7775 1,3028 3.6 0,0175 0,0198
0,7 0,6605 1,0503 3,7 0,0156 0,0176
038 0,5653 0,8618 3,8 0,0140 0,0157
0,9 0,4867 0,7165 39 0,0125 0,0140
1,0 0,4210 . 0,6019 4,0 -0,0112 0,0125
1,1 0,3656 0,5098 4,1 0,0998 0,0111
1,2 0,3185 0,4346 4,2 0,0089 0,0099
1,3 0,2782 0,3725 43 0,0080 0,0089
1,4 0,2437 0,3208 4,4 0,0071 0,0079
1,5 0,2138 0,2774 4,5 0,0064 0,0071
1,6 0,1880 0,2406 4,6 0,0057 0,0063
1,7 0,1655 0,2094 4,7 0,0051 0,0056
1,8 0,1459 0,1826 4,8 0,0046 0,0051
1,9 0,1288 0,1597 4,9 0,0041 0,0045
2,0 0,1139 0,1399 5,0 0,0037 0,0040
2,1 0,1008 0,1227 5,1 0,0033 0,0036
2,2 0,0893 0,1079 5,2 0,0030 0,0032
2,3 0,0791 0,0950 53 0,0027 0,0029
2,4 0,0702 0,0837 54 0,0024 0,0026
2,5 0,0623 0,0739 55 0,0021 0,0023
2,6 0,0554 0,0653 5,6 0,0019 0,0021
2,7 0,0492 0,0577 5,7 0,0017 0,0019
2,8 0,0438 0,0511 58 0,0015 0,0017
2,9 0,0390 0,0453 59 0,0014 0,0015
3,0 0,0347 0,0402 6,0 0,0012 0,0013
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III. Tpaduku crnennanbHbix HyHkuni

10

a5 NN
/ 2%
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\ OO

\
/ ) -
R /d>(\’;\ ‘\<<ﬁ’
\VAV | vardind
\ )Z(/ ) =~
-05
~10

Puc. 105. I'padurn dynkuuit Beccens Jo (x), J; (x) u J5 (x).

05 W(z)

\
ANV P aN.e
NG

&y

-25 '

/

Puc, 106. I'pabuku yskunii Heilmana Ng(x) u Ny (x).
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1V, Pasanunbie opTOroHa/ibHbie CHCTEMB! KOOPAMHAT

Ilycts %, Y, z— HeKapTOBH KOODPAMHATH HEKOTOPOH TOYKH, a
X1, Xz, X3 — KPHBOJIMHEHble OPTOTOHAJ/IbHbIE KOOPIHMHATHI 3TOH TOY-
KH. KBagpar anemeHTa MIHHBI BEIpaxKaercs (GOpMyJoi

ds?=dx*+ dy* + dz* = hldx? + hidxl + h; dx,

we )/ (T BT+ T oo

— MeTpHueckHe Ko3dduuuents, unu ko3dpduuuents Jlams. Opro-
TOHaJlbHast KOODAWHATHAsI CHCTEMa MOJIHOCTBIO XapaKTepuayercsi
TpPeMsi METPHYECKHMH Kod(pduuuentamu hy, hy, hs.

[TpuBenem obmee Bblpaxenue Anasi omeparopoB grad, div, rot,
A B OpTOroHa/JIbHOH KPHBOJHHEHHOH CHCTeMe KOOPAHHAT:

rThne

3

2 1 du ,
grad U == Tj'd—xilj,
j=1

. 1 a a 0
div A= g [ (hod) + 5= (hshidy) + 5o (ko)

hlil hziz k3i3
L | o o0 o
hihohy | 0x Oxo Ox; !
hiA, hyAy hids
_ 1 _5_ h2h3 ou ) o] (hshl ou ) a (h]hz ou
Au=rrs [dx, ( w5 ) Vo \h am) Yo \h o )]
vhe iy, iy, i3— eaUHUuHBle Oa3ucHble BeKTOpH, A == (A, As, A3) —

TIPOM3BOJIbHBIH BEKTOD, 4 —— CKaJsAp.
l.IIpaMoyronbHbe KOOPAHHATBHL

rot A=

X=X, Xo=Y, X3=2, h=1, h=1, hy=1,

, du . du _  du . 04, = 04, . 04,
gradu=a—xl+—a71+§k, divA = P -+ 37 + 57
i j R
o a8 9 94, 0Ay>.
rotd=\| - & 3% _<_6y — oz )it e
A, A, A,

Au=uy,~+ uy,+ u,,

tae i, j n k— HanpaBafOlKe eAHHUUHBIE BEKTOPHI OCell X, y, 2.
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2. luaunppruyecKkne KOOPAHHATH
K=, X=Q, X3=2
CBA3aHbl C HpﬂMOYFOHbHHMH KOOpAHHATAMH YpaBHEHHUSMH
x=rcosg, y=rsing, z=2.

KoopnuHaTHble [IOBEPXHOCTH: r = const — UMAHHAPH, @ =
= const — nJockocTH, 2 = const — nIo0CKOCTH.
Merpuueckue K03 PHIHEHTH PaBHHI

7h|=1', h2=r, h3=l,
TaK 4TO
1 du i

gradu =—— ar Li 4 - PRy

2+6z

diva=12(a) ++ 53+ 52,

rot A= (124 _ 04 4 (P4 ""3)2+[,a,<rA2) + 53]t

1 0 du 1 0%
Au—73;('?)+ 7 g7 + S

3. CheprHuecKkrue KOOpDAHHATH
Xy=r, X,=0, x%3=¢
¢BsI3aHbl C MPAMOYrOJIbHBIMH KOODAHHATAMH (OpMYJIaMH
x=rsinBcosq, y=rsinBsing, 2=rcosb,

KoopaHHATHBIE [OBEPXHOCTH: KOHUEHTPHUECKHe cdephl 7 ==
= const, miockoctd ¢ = const, koryce § = const.
MeTtpuueckue KO3(p¢HUUHEHTH PaBHbI

h¥_=f 1, hy=r, hy=rsinb,

TaK 4ToO
ou , 1 Ou, du i
gradu'“n_-l_i_r 06 2_i-rsmﬁ g B
3 [, 1 0dA
____ A —_—
divA or (r l)+ rsin® 00 (SmeA2)+ rsin6 dg °’

AA
rotA= rsme[ 6(snBAg,) 2]z1+—i—[ L_o4, 9

[ ) — 55t b
du

1 0 /. .ou 1 o
— 1 9 (. 9 owy, 1 0Ou
Au=—155 (r 0r)+ 7Zsin@ 00 \Sme 69)+ﬂsin29 e
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4 DnNHNTHYeCKHE KOODPAHHATH
Xy=A, Xg=p, X3=2

OlpefeNsaoTea ¢ noMousio dopMyn npeo6pa3oBaHus

x=chp, Yy=cV A —1(1—p?), z=2,

TAe ¢ — MaciiTaGHbIA MHOXKHTENb.
MetpHueckHe Ko3puIHEHTH paBHbI

pET

. Wt
h=cy Tt Mh=c .

[ —pnz

KoopannaTthble moBepxHOCTH: A = const — UHAHHADPHI SJJHNTH-
YeCKOro ceueHusi ¢ ¢oxkycaMH B ToukaXx X = +c¢, y=20, p=
== const — ceMeACTBO KOH(OKAJbHBIX THNePOOIHYECKHX UHIAHHA-
poB, 2 == const — MJIOCKOCTH.

5. [TapaGoaHueckHe KOOPAHHATH.

Ecan r, 8 — nonspHbie KOOPAHHATHI TOYKH HAa MJIOCKOCTH, TO
napaboinyecKHe KOODIAHHATHL MOrYT ObITb BBeJeHb C [OMOLIbIO
bopmya

X =A=V2r sin—g-, Xy=p=V3r cos2, Xy=2.

2

Koopnunarthble moBepxXHOCTH A = const u p = const npepcras-
JsI0T co00# nepecekaroumnecss napabonHyecKHe LUHJIMHAPH ¢ 06pa-
3YIOWHMH, NapasjiefibHbIMH ocH 2. CBA3b ¢ JeKapTOBHIMH KOOp.H-
HaTaMH ZaioT QopMyJbl

xz—é-(p.z—ﬁ), y=»r, z2=2.

Merpuueckne KospdHUHEHTH k)= hy=VAZF puZ, hy=1,
6. dnmauncouRaJbHBE KOOPAHHATHL.
BBozmATca ¢ MOMOLIBIO ypaBHEHH (@ > b > ¢):

x2 Vi 22 2
7 + R + = 1 A> —c? (ypaBueuue annunconna),

(ypaBHeHHe onHO-

x2 Pk 22 2 2
+ = + =1 (—¢*> pu > — b? nostocTHOrO ru-~

" N /2 N " B>y ) (ypaBHeHHE nBYyX-
=1 (— v > — a?) TOJIOCTHOrO rumep-
@4v bty T ity Gosonzaa).

Kaxnoii Touke (X, y, 2) COOTBETCTBYeT TOJLKO OLHA CHCTEMA
3HaueHHH A, p, v. Ilapamerper x,=A, xy==p, X3=v H Hash-
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BAOTCH SJMNCOMAAJbHHIMH KoopnuHatamu. Koopmunatwm x, y, 2
BEIPAXKAlOTCA sBHO uepes A, p, v

(A + a?) (n + a?) (v + a°) _ (A + 52 (1 + 5% (v+b?)
x=i1/ - YT F @ =) (@ =59

z=-_t]/ A+ )+ (vted

@@=~ "

Kosdduuuentst JTaM3 paBHbl

poely/ ==, 1/ @=VE=])
1772 R (2) 2 2 R%(p) ’
et/ =N =)
3= Rz(v) ’

rae

R(&)=V(s+a)(s+b)(s+c) (s=a,uv).

Omnepartop Jlansaca MOXHO TPENCTaBUTb B BHJIE

: a Ju
Au= A=A —=v)(n—v) [(”_V)R(A)W(R(K.)W>+

+ = DRE 2 (RE L)+ - RE) 2 (R )]

YacTtHoe penieHue ypaBHeHus Jlamigaca, 3aBucsllee TOJbKO OT A,
U=U(A), naetcss popmyJof

U= AJ‘R(A)-I_B

rie A ¥ B — npou3BoJbHBIE NMOCTOSIHHBIE.

7. BhlpoXZeHHbBe SJAJHOCOHJLAJbHBE KOOPJIH~
HaTH.

a) BripoIeHHbIE 3JIHIICOUTANbHEIE KOOPAUHATH (o, B, @) Ans
BLITSIHYTOTO 3JJIMOCOMIA BpalUeHHs ONPeleNsloTCs NPH [OMOILM
tdbopmya

x=csinpcosqp, y=csinasinpsing, z=cchacosp,
rie ¢ — MmacwitTabubll  MHOXHTendb, 0<<a<<oo, 0KPp<m,
—n << @ << . KoopauHaTHble NOBEPXHOCTH! BBHITAHYTBIE 3JIJHIICOH-
Bl BpalleHHss o = const, AByxmosoctHele runepGOJOHIE Bpane-
Hus B = const u nockocTH ¢ = const.

KBajpar sieMeHTa AJMUHBI 1aeTCsl BhIpaKeHUEM

ds?=c?(sh?a -} sin? ) (do? + dB? -+ c?sh? asin?p de?,
OTKYAa JAJs1 METPHUECKHX KO3(h(PHULHEHTOB MOJYUAIOTCS 3HAUCHHSK

hy=hy=cVshla+sin?p, hy=~h,=cshasinp.
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YpaBHenne Jlanaaca uMeeT BHJ,

Ay = 02(5h2a1+ sin? f}) [shla %(Sha%) +§ir:_ﬁ@—%(smﬁ_g€—) +
by + ) 3] =0

6) CucreMa BBIPOXKIAEHHBIX  JJIHICOHAANBHLIX  KOOPAMHAT
(2, B, @) AR CNMIOCHYTOrO 3/HICOMAA BPALIEHHS ONpeLEASeTCS
€ OMOLIbI0 PaBEHCTB

x==cchasinfcosq, y==cchasinfsing, 2=cchacosq,
I<a<oo, 0B, —a<lpn.
KoopauHaThble NMOBEPXHOCTH: CHOJIOCHYThlE 3JITHICOMABI Bpale-
HHA o = const, ONHOMOMOCTHBIE THNepOOJIOHAB BpalleHHs [ =
= const u maockocTH ¢ == const, mpoxoxsiuye uepes ocp 2.

KBaapar nunefinoro snementa u onepatop Jlamnaca B pacemar-
PHBAeMOH cuCTeMe KOODJAHHAT MMEIT BHI

ds®> == c?(ch® a — sin?B) (da? + df?) + c2ch? a sin?p dg?,

. 1 1 a du I 8 (. ,du :
Dy = c?(ch? @ — sin? B) [cha%(ChGE)_{-m?ﬁ(smﬁ—@"\_{-

1 1 0%y
+ (sin‘m - chza) Jg? ]

8 TopoumanbHbBle KOOPAHMHATHIL. .
CucTeMa TOPOHMAANbHBIX KOOPAMHAT (a, B, ¢) onpexensieTcs np
TIOMOIIH PopMyJ

x = c¢shacos @ __ cshasing o csinf

" cha—cosp’ y_'cha—cosﬁ’ ~ cha—cosp’
TAae ¢-—wMacwrabupii  MHOXHTENs 0 << a<<oo, —n<p<<um,
—n <P < M.

Koopaunarebie NOBepXHOCTH CYTbh TOPHl a = const:

o—ccthaf +22=(3) (o=ViF ),
.cepbl B = const:

2
2 2 (_¢
(z_CCth) +p —(sinﬂ) v
HJOCKOCTH ¢ == const.
BhipaxeHnHe ansi KBagpaTa JIHHEHHOTO 3JeMeHTa uMeeT BHI

< 2 9
ds? = o= f_ YO [da? + dB? + sh?a de?),
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MeTpuyeckHe K03(QQHUIHEHTE paBHbI
; c csha
h“—hﬁ-cha—cosﬁ’ hq’-—cha—cosﬁ'

1 omnepaTop Jlannaca naerca CHeAYIOMUM BbIpaXEHHEM!:

Au=

6( sha )+ ( sha 6u)+ 1 d%u
da \cha — cosf da dp \cha —cosP ap (cha — cosP)sha dg?”

Y1o6HO BBOJHTb BMECTO U HOBYIO (PYHKUIHIO U C IIOMOILbIO COOTHO-
1IeHus

u=V2cha-—2cosB- v,
npyu 3ToM ypaBHeHHe Au==0 HDPHBOJAUTCA K ypPaBHEHHIO
1 1
Vaa ‘*" UBB+ Uactha+—4—v '+" -shTo:v‘Pq)z 0.

9. BunoasipHbie KOOPAHHATH
a) BunossipHble KOOpAHHATH Ha IJocKocTH. [lepemennnie

X =a, Xy =0, Xg=2

Ha3bBAOTCS GUIOJISIPHEIMH KOODIHHATAMH, €CJIH HMEIOT MeCTo
paBeHCTBa

_____asha - asinp _
X = —cosp’ Y ="tha —cosp’ z=z
a
Merpuueckue K03QGUUHEHTH PaBHb Ay == hy= o hy=1.

6) BucdepHueckHe KOOPAHHATH X; =@, X, =P, X¥3==¢@ onpezae-
JSI0TC TpH momowH Gopmya

___csinacos@ __ csinasing e cshpP

~ chp—cosa’ y—chﬂ—cosa' ~ chp—cosa’
rie ¢ — NOCTOSHHHIE MHOXHTear O0<<a<P, —oo<L<P<oo,
—a< e

OTH GOPMYJH MOXKHO NPEACTABUTh B KOMIAKTHOM (bopMe
z4tip=cictg—5— a+'ﬂ (o=V2+ )

KoopanHaTHble fI0BEPXHOCTH CYTh: BepeTeHOOOpa3Hble MOBepXHO-
CTH BpallleHHus o = const:

(p——cctga)2+22=( d )2,

sinaq
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cpepH P=const: \
0+ (@ —cotgpP=(555)
IJIOCKOCTH p == const.

Bblpa}KeHPIe oJisg KBajgpara JHHEAHOTO 3JICMEHTa B npoctpaH-
CTBEHHLIX 6HHOJIﬁprIX KOOpAUHATAX HMEET BHJ

ds*= [do? + df? + sin? a d¢?),

(ch ﬁ — cos @)?

OTKyZa CJaefyeT

c csina
h"—h?——chﬁ—cosa’ h3—chﬁ—cosa'

¥ ypaBHeHue Jlamjaca HpUHHMAET BHE,

d sing sin o du 1 0%u
00.( chp ~cosa 6a)+ aﬁ(chﬁ—cosa aﬁ)+sina(chﬂ—cosa)a_q)—2_0'
TIpn pemenuu ypaBHeHus Jlamnaca ymo0Ha NOACTaHOBKA
u=Yy2chp—2cosa v.

Torma mnia byHkuuu v nonyqaeTc;{ ypaBHe}me

vaa—}-vﬁﬂ—l—vactga— v+ Vg = 0.

sm2

10. Coepouganbubie KOOpAHHATH.
a) BuiTsEyThe cdepounabHble KOOPAHHATH

Xp=2A, Xp=H, X3=¢,

x=chp, y=c V(A2 —1)(1 —p?cosq, z=c V(A —1)(1 —p?)sing,
A=l —I<p], 0 o2n,

yr e FY ey I
ey Z2E | h=c)/ FZE h=cV@DU—.

6) CnsocHyThe cdhepouaibHble KOOPAHHATH

X =4, x2.=u’ X3=Q,

x=chpsing, y=cV@Ar—1)(1—pn?, z=cApcosgq.

ITosepxHocTH A == const—cniocHyTEE chepounsl, p == const—ogno-
IOJIOCTHHIE THNEpGoJoub. MeTpuueckue Ko3hG HLUHUEHTH

e ) T
h1=c Az—l‘i » h2=cl/1_ h3=02;p’.

uz ?
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11, [Tapa6onounaube KoopAUHATH. [lepeMeHHBE
X =2, Xo=u, X3=0q,
onpenesnseMbie COOTHOIIEHHAMH

x=AncosQ@, y==Ausing, z=%(7h2-— ?),

Ha3blBalOTCA NMapaboJIOMAHBIMH KOODAHHATaMH. MeTpHuecKHe KO3d-
GuUMenTH paBHB Ay ==hy ==V AT+ n?, hy=Au.

KoopnuuatHeie noBepxHoctu A ==const, p=const saBasioTCA
napaGoJoHAaMH BpalleHHA BOKpYr ocH cuMMerpuu Oz,





