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Hu I‘paHI/meIMH yCﬂOBHﬂMH
u(0, t)==n, (t), }
ul, y=pty | =0 &)

Msyuenne ofuieft nepsoil KpaeBoHl 3ajaud HauHeM C pelleHHd
cnenywouei npocreiimell 3agauu I:

HalTu HenpepbisHoe 8 3amknryTol obaacty (0 <K x << !, 0
<L t << T) pewenue 00HOpOOHO20 YPaABHEHUS

u=au,,, 0<x<l, 0<tLT, “4)
YO08AETBOPAIOUIEE HAUAALHOMY YCA0BUID
u(x, )=0(), 0<x<! (@)
U OOHOPOOHDIM 2PAHUMHOIM YCA0BUAM
u(0, =0, u(, =0, O0<ILT. (5)

Has peuleHust 3Tof 3ajauyl pacCMOTPHM, Kak NPHHSATO B MeTo-
Jie pasjiesleHus1 NepeMeHHbIX, CHayaJa OCHOBHYIO BCIIOMOTATeNbHYIO
3ajauy:

HQUTu peulerue YypasHeHusn

U=l .y,

He pasHoe TONOeCTBEHHO HYAIo, YO08aeT8OpAIOU,ee OOHOPOOHbIM
2PAHULUHOLM YCAOBUM

u(0, =0, u(,H)=0 (5)
u npedcrasumoe 8 sude
ulx, H=Xx)T (1), (6)

20e X(x) — ¢ynxyua rtosvko nepemenrnozo x, T(t) — ¢ynryus
TOAbKO nepemennozo f.

[MoacraBnssi npepnonaraemyio ¢opMy pemenuss (6) B ypaBHe-
Hue (4) 4 mpou3BOAs AejieHHe ofeux yacTefi paBeHCTBa Ha a2XT,
TOJTY4UM:

LI _ X,

TT=x ="M @)
rae A ==const, Tak KakK JeBasg uyacTb PaBeHCTBA 3aBUCHT TOJbKO
OT f, a mpaBas — TOJBKO OT X.

Orciona ciaefyer, 4To

X7+ 21X =0, (8)
T4 AT =0. (8

TI'panuunsle ycnoBus (5) nawor:
X0y=0, X({)=0. 9)
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Takum o6pasoM, 1as onpenenenus ¢yHkuuu X (X) Mbl NOAY4YHJIH
3ajauy O COOCTBeHHBIX 3HaueHMAX (3anauy lltypma — JlnyBunias)

X"+ AX=0, X@0)=0, X()=0, (10}

HCC/IeOBAHHYIO NPH pPellleHHH ypaBHeHHS KoJjeb6aHUd B roase I
(cm. § 3, n. 1). Tlpu stoM 6bIO MOKAa3aHO, YTO TOJNBKO AJs 3Ha-
YeHHH napamerpa A, paBHBIX

2
Wm=(2) =123, ..), (1)
CYIIeCTBYIOT HeTPHBHa/bHLlE pelleHHst ypaBHeHUsi (8), paBHble
X, (x)=sin-nlix. (12)

ODTHM 3HAYEHUSAM Ap COO’I“BeTCTByIOT pelieHus ypaBHeHus (8')
T, () =C,he~ !, (13)

rae C, — He onpejeneHHble NOKa KOYDPUIHEHTHL.
Bosppamasicb K OCHOBHOW BCOMOraTesIbHOH 3ajaye, BUAHM, UTO
pyHxuuU
—-a®h,t . nn
u, (x, ) =X, (x) T, ({) =C,e”*"n"sin -7 % (14)
ABJNAOTCS YAaCTHBIMU pelleHHSMH ypaBHeHHs (4), yAOBJEeTBOpsiiO-
IIMMH HYJI€BbIM I'DAHHUYHBIM YCJIOBHAM.
O6patumcst Tenepb K pewenuio 3anaun (I). Cocrasum dop-
MaJIbHO DAL
an \2

(o]
-\-—7) & . an
u(x, )=, Cpe \ ! ) sin " x. (15)
n=1
Oynkuua u(x,t) yzosaeTBOpAeT I'DAHHYHBIM YCIAOBHUSM, TaK Kak
HM YZOBJIETBOPSIIOT BCe uJeHbl pana. TpeGysl BHINONHEHHS] Hadadb-
HBIX YCJOBHH, nojyyaem:

Q(x)=u(x, 0)=26nsin -ﬂ;—n-x, (16y
n==l

T. e. Cp aBasiotrca Kospduunentamun Pypoe odyskunu @(x) npu
pPas/JoXKeHHH ee B PAJ O CHHycaM Ha HHTepBase (0, [):

!
cn=qan=—f-0fq>(§) sin ¢ . d, (17

Pacemorpum Temepb pan (15) c¢ xoadpouunentamu C,, onpege-
ngeMbpIMH 1o popmyne (17), u nokaxeM, 4TO 3TOT psif YAOBAETBO-
pdetr BceM ycaoBusiM 3afaun (I). Ias storo Hamo AokasaTth, 4To
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$ynknua u(x,t), onpeneasemas psgom (15), auddepenuupyema,
YEOBJETBOPsiET ypaBHeHHI0 B obnacth 0<x <[, t>0 u He-
TIpepbIBHA B TOYKAX TPaHUUBl 3TOd obmactu (npu t=0, x =0,
x=1).

Tak kak ypasHewmwe (4) JHHeHHO, TO B CHIy NPHHIHNA Cynep-
TIO3UUUH Dsifl, COCTABJIEHHBIH M3 YACTHBIX DelleHud, TakkKe OyxeT
pelieHHeM, eC/IM OH CXOJAHUTCH H ero MOXKHO JHddepeHUHpOBATDH
NOYJIEHHO JABaXJbl 0 X M OAMH pa3 no ¢{ (cM. semMmy raaBu I,

§ 3, n. 3). Ilokaxem, uto npu { = >0 (f — n06oe  Bemomora-
“TeJIbHO@ YHCJIO) PSAbl IPOM3BOMHBIX

" du C 0%u
21 dtn " }:‘ Ox'g
n=

n==1

CXOAATCA paBHOMepHO. B camom nese,

1aUn
i at

nn\2
n\2 ~{=) @ . an
—Chp (T) a’ne (’) smil—x

<|Ch, [(%‘_)2 . a2n23~(¥)2 @t

B nanpueiimem O6yayt chopMyJsHPOBAHBI NOMNOJHHTENbHBIE TPe6o-
BaHMs, KOTOPBbIM MOJI)KHA YHOBJAeTBOPATh (yHKUHs ¢(x). [Ipexno-
JIOXKHM CHauanma, 4To ¢(x) orpaHuueHa, |@(x)|<< M; Toraa

l
1Cal=|2]| [ 0 (e)sin gz | < om,
0

OTKyJZa CJefyeT, 4To

< 2M (lﬂ)z a2n2.e"(£’£)2 ot o t>f

au,;
ot

M 2HaAJOTHYHO

62ltn

2 -
| <om (%Y we TV i i

Boo6ue

nn

k! 241 (712 or R
lztkau;‘tl<2M(—’ll) ~n%*tl. gl . e (’ ) “ pan 1=t

o0
Hcenenyem cxozumocts MaKOpaHTHOTO psila ) &, Ie
n=l1

o, =N. n"e_(j%t—)2 “

(16
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ITo npusuaky JlanamGepa 3TOT pfi CXOAHMTCS, TaK Kak
—(£)2a’(n"‘+2n+l)i
e VI
T\2 -
—\) an’t
&)

— lim (1 +%)q e_(%)2a2(2n+l)i —0.

n->oo

22 = lim
n-»oo

(n+1)?
n4

Ortciofa BbITeKaeT BO3MOMKHOCTb MOYJIeHHOro AuddepeHunnpoBanus
pana (15) aoGoe uncao pas B obaactu £ > > 0. danee, nons-
3ysicb IPHHIHUAOM CYNepro3HilHH, 3akaioyaeM, 4To (PyHKIHs, onpe-
JesleHHAss 3THM PsAOM, YAOBJEeTBOpAeT ypaBHcHHIO (4). B cuay
NPOU3BOJBLHOCTH { 3TO HMeeT MecTo A1A Bcex ¢ > 0. Tem camuim
JoxasaHno, uto npu >0 paa (15) npeacrasaser QyHKUHIO, AHD~
(bepeHLHPYEMYIO HYXKHOE YMCJIO pa3 1 YAOBJAETBOPAIOLIYIO Yypas-
nenuo (4) 1).

Ecau gpynkyus ¢(x) HenpepvisHa, umeer KYycO4HO-Henpepoulenyio
npoussodnyro u ydosaersopaer ycaosuam @(0) =0 u (/) =0,
TO pAd

nn \2

u(, )=Y,Cre” ) “sin I (15)

n==1

onpedeaser nenpepoistyio (pynkyuo npu t 2> 0.
JleficTBUTeNbHO, U3 HEPABEHCTBA

Jtug (x, 1 <<|Cyl (upr 120, 0K x <)

cpasy xe caelyeT paBHOMepHas CXOAUMOCTb paga (15) npu t =0,
0 <C x <C !/, uTO W [JOKasblBaeT CIPaBeMJIUBOCTb CAEJAHHOTO BHILIE
VTBEPXKAEHUS, €CAU YyHecTb, 4TO ANAA HeNPepbLiBHOH H  KyCOUHO-
raajgkoll GyHKUMH @(X) pAA U3 MoAyJaeit Ko3(poduuuentTos Dypbe
cxonputes, ecan @(0) =g (l) =072).

Wrtak, 3ajaua HaxOXKAEHHA peleHHs1 NepBOH KpaeBOH 3ajpaun
ANf OJHODPOXHOTO YpPaBHEHHS C HYJeBLIMH TPaHHUHBIMH YCJIO-
BHSAMH H HeNpepbiBHBIM, KYCOUHO-TVIAJKHM HAYaAbHBIM YCJOBHEM
pelueHa MOJHOCTBIO.

!) Tlpu ZxokasatenbcTBe TOro, 4to panx  (15) ynosieTBopseT ypaBHeHHIO
#; == a%uxy npu ¢ = 0, Gblia HCNOIL30BAHA TOJBKO OrPAaHHUEHHOCTb KOIPEHUHeH~
10B ®ypre Cn, KOTOpas, B YACTHOCTH, GYXET HMETb MECTO Aas JODOH orpali-
yeHHO#l @(x).

2) Cm. v 11, § 3, m. 3.
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2. dyukuus ucrounuka. [IpeoGpasyemM mnosyueHHoe pelleHHe
(15), samensaa C, HX 3HAUCHHAMH:

PG
u(x, t)=20ne ! sin—l—x=
n=1

o nn

! 2
N E o (EV w2t |
"‘ T | ®@)sin——EdE | e ) sin -~ x =

n=l 0

'r 0o J'I;t 2
-t 2t R o
=j %Ze () sin 22 x - sin 22 g | @ (8) dt.
[4]

Il

I

n=1|

VsMeneHre NOPSiAKOB CYMMMPOBAHHSI M HHTErDHPOBanHs BCeraa
3aKOHHO nipu { >0 B cHJIy TOTO, YTO PSA B CKOGKAX CXOAHTCS pas-
HoMepHO mo & npu £ > 01).

QO6o3nayum

in \2

G(x, & t)=—?—Ee_(_‘— aztsinnTnx . sinﬂl-ﬂ—g. (18)

n

[Monbsysice dyHkuuedt G(x,E,{), MOXHO MPEACTaBHTb (YHKUHUIO
u(x,t) B Buze
!

u(e, = [ Gx & Ho)d. (19)

0

Oyukuua G(x,& ¢) HasbiBaercsi G yHKUHeld MIHOBEHHOTO
TOYEYHOro HCTOYHHKA wWIH, 6ojee noapobHO, dyukuHeil
TeMIepaTypHOro BJHSIHHS MCHOBEHHOIO TOUYEYHOr0 HCTOYHHKA
Temaa. .
[Toxaxem, uto ¢yuxuus wucrounHka G(x,§ f), paccmarpusae-
Mas KakK (pyHKUHS X, OpelJCTaBJsieT pacrpejesieHHe TeMNepaTypst
B ctepxHe 0 <C x <C ! B MOMeHT BpeMeHHU £, ec/ld TeMIepaTypa B
HayasbHbii MOMeHT f{ =0 paBHa HYJIO U B 3TOT MOMEHT B TOYKe
X = { MTHOBEHHO BbIIEJAETCA HEKOTOpOe KOJUHUeCTBO Tenaa (Besu-
YHHY KOTOPOrO Mbl ONpeJesHM II03:ke), a HAa KpafaX CTepXHs Bce
BpeM#sl MOAJLEPKHUBaeTCs HyJaesas TeMnepaTypa.

BripaxkeHne «koJgHuecTBO Telwta @, Bueasiiouieecs B TOUKe E»
oGo3HayaeT, Kak OObLIYHO, UTO Mbl HMeeM [eJ0 C TenjaoM, Bbige-
JAA0WKMCA Ha «He6O0blIOM» MHTEPBAJIE OKOJO H3yuaeMOW TOUKH E.

) Psan 2“'1' rae o, onpepensercs ¢opmyaolt (15), npu ¢ = 0 apasercs
MaXXOPaHTHLHIM AJs PAAA, CTOSLIErO B CKOOKaX.
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Hsmenenne TtemnepaTtyphl @g (), BLI3bIBaeMoe IOsIBIEHHEM Telid
OK0JI0O TOYKH, OydeT, OYEeBHIHO, paBHO HYJKO BHE HHTepBajla
(E—e, E-+¢e), Ha KOTODOM BbIAeJ]sieTCSt TeMJG, a BHYTPH 3TOTO
HHTepBaJa @¢(&) MOXHO CUHTATH IOJIOKHUTEJNbHOH, HEmpepPLIBHOH H
auddepenuupyemoit GyHKUHeH, 05 KOTOPO#H

Ete

o | @ (ndz=0 (20)
t—e

TaK Kak JeBasf 4acTb 3TOTO YPAaBHEHUA M IpeACTaBJiseT KOJHUe-
CTBO TemJia, Bbi3BaBllee H3MeHeHHe TeMIepaTypbl Ha BEJIHUYHHY
@ (E). [Tpouecc pacnpocTpaHeHHs TeMIepaTypel B 3TOM cJayuae oll-
penensiercst opmyaoi (19):

l
ue(x, )= [ G (x, & #) 0, (8) d&. 21)
0

CoBepiiuM Temepb npefenabhsill nepexod npu & —0. Ilpunumas
BO BHUMaHHMe HenpepbiBHOCTe G npu f >0 u paBeHcrBo (20) u
NPUMEHsIST TeOPeMy CpelHero 2HauesHd NpH (HKCHPOBAHHBIX 3HA-
YyeHusx x, f, OyAeM HMeTb:

t+e
w(n = [ Gt Ho@d=
i t+e
=08 [ a@a=66t 0L, e
E—e

rae &* — HekoTropas cpelHss Touka uHHTepBada (E—e, &+ ).
B cuny HenpepniBHOCTH ¢yHKuuu G(x, & ¢) no § npu £ >0 nosy-
yaeMm:

lim u, (x, £) = C%- G(x, & )=

e~ 0
ot (nn\2 ,
el Carne t, : .
=9—-32e (5 ) ¢ smizn—x-smn/—ng. (22)

Orcrona caenyer, uro G(x,§,{) npeiacrasiser TeMIepaTypy B TOY-
Ke X B MOMEHT !, BbI3BAHHYK NeHCTBHEM MTHOBEHHOrO TOYEYHOro
HCTOUHHKA MOIIHOCTH @Q = Cp, MOMEUIEHHOrO B MOMEHT f =0
B Touke £ npomexytka (0, /).

OtmeruM cheiyiollee cBoicTBo ¢yHkuMH G(X,E,f): dyHKHHA
G(x, & t)>> 0 npu awobbix x, § u ¢ > 0. JlelicTBHTENIbHO, paccMOT-
PHM HauaJbHYI0 (YHKHHIO @e(X), 006/aNa0MYI0 NePeYHCIeHHbIMH
BHIIE CBOHCTBAMH, M COOTBeTCTBYylomlee el pemedune (217). Us
HEOTPHLATEJbHOCTH HAYaJbHOrO H TPAHHYHBIX YCAOBHH B CHJY
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NpUHIHNA MaKCHMAaNbHOTO 3HAYECHHS CJAeAYeT, UTO
ug(x, )=>0

naa Beex 0< ¥ </ u £>0. Orciona, BOCHO/IB30BABUIHCE (HOPMY-
Jgoit (217), umeem:

e, =G (x, &', =0 (upu £>0). 217)

[Mepexoass k mpeaeny npu e— 0, u3 (21') nmonyunM HepaBeHCTBO
Gx, EH=20 mpn 0y, E! 1 >0,

KOTOpO€ H HaJo GhIIO J0Ka3aTh.

DTOT pe3ysnbTaT HMeeT NPOCTOH ¢uauueckuii cmbica. OxHako
YCTaHOBHThL €ro HemocpeAcTBeHHO H3 dopmyar (19) 6bwio 6b1 3a-
TPYAHHTENbHO, MOCKOAbKY G (x,E,f) npeiacTaBisieTcss 3HaKolepe-
MEHHBIM DSIIOM.

3. Kpaesble 3ana4n ¢ pa3pbLiBHBIMH HAYaJbHbLIMH YCJIOBUSMH.
Nanoxennaa Bbile TEOPHS OTHOCHTCA K pelIEHUSM ypaBHEHHS
TeNJIONPOBOAHOCTH, HEeNpepbIBHBIM B 3aMKHYTOH obsacta 0 << x <<
<[, 0<<t<<T. OTn ycr0oBUS HENPepHIBHOCTH SIBJAAIOTCA BeCbMa
OrpaHHYHTEJbHBIMH. B camoMm Jese, paccMOTPHM NpOCTeHIuyo 3a-
nady o0 OCTbIBAHWH PaBHOMEDHO HArpeToro CTepKHS NpPH HYJEBOM
TeMIlepaType Ha Kpanx. [lonosiHUTeNbHble YCJAOBHS HMEIOT BHI

u(x, 0)=uy, 1, )=u(, t)=0,

Ecan up 5= 0, To pelnenre sTofi 3a1aud AOJKHO OBITb Pa3pPLIBHLIM
B Toukax (0, 0) u (/, 0). Dror npumep nOKasLIBaeT, YTO [OCTaB-
JIeHHble BHIILE YCJAOBHUS HEeNPEpbIBHOCTH Haya/JbHOTO 3HAYeHHsA H
YCJOBHS COMpSIKEHHs ero C IPAHUYHBIMH 3HAYSHHSMH HCKJIIOYAIOT
M3 paccMOTPEHHA NPaKTHUeCKH BaxKHble cayuyau. Ogsako ¢dopmyna
(19) nmaer peweHne KpaeBoii 3ajauu H B 3TOM CJayyae.

B npuioxeHusix 4acto noab3yoTcs GopmynaMH, BHIXOASUIUMHU
3a rPaHHUbl YCJAOBHH MX NMPUMEHHUMOCTH, 3aYacTyi0 BooOuie He CTa-
Bsi Bompoca 006 ycJaOBHH NpHMeHHMocTH topmya. ITocnenoBarens-
Hoe oOocHoBaHHe BceXx ¢opMmyna Obio Obl BecbMa TPOMO3AKHM H
YacTO OTBJIEKaa0 Obl BHHMAaHHE HCCHENOBATENS] OT KOJHYECTBEHHBIX
H KaueCTBEHHBIX CTODOH SIBJEHHS, XapaKTepHBIX IIA (U3HUeCKOM
CYIIHOCTH Tpolecca.

OnHako Mbl CYMTaeM HYXKHBIM, MO0 KpalHeli Mepe Ha mpocTeif-
IIHX [puUMepax, AaTb OGOCHOBAHHE MaTeMAaTHUYECKOro arnnapara,
JOCTaTOUHOe LJS pellleHHsT OCHOBHBIX 3aj1ad.

PaccmoTpum kpaeBble 3amaud ¢ KYCOYHO-HeNpepHIBHLIMHM Ha-
YaJdbHBIMH (YHKIHAMH, He MpelroJaras, 4to HadajbHas (GpyHKUHA
conpsikeHa C TPAHHUYHBIMH YCIOBHAMU. ITOT KIaCC AOTIONHUTENb-
HBIX YCJOBHH ABJAfeTCA AOCTATOUHO OOIIMM JJs noTpebHOCTEH npak-
THKH H J[OCTAaTOYHO MNPOCTHIM ANA H3JOKeHua Tteopuu. Haineft
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HeJblo ABJSETCS 0KasaTh, YTO Ta ke dopmyaa (19) naer pelnenne
noctasieunoil 3ajpaud. [IpoBefem ee HcclefoBaHHE B HECKOJbLKO
sTanos. JokaxkeMm NpelBapHUTEbHO TeOpeMYy:

Pewenue ypasrenus 1eni0nposodHOCTU

w=au,, O<x<I, t>0), (4)

Henpepoisroe 8 samkuyroli obaactu 0<<x <!, 0KI<T) u
y00842TBOPAIOUEE YCAOBUAM

u(o, t)=u(l’ t)=0’ t>07 (5)
u(x, 0)=o(x), 0<x<<l, 2)

20e ¢ (x) — npoussosbHasn HenpepouleHas QyHkyus, obpaujarouancs
a Hyao npu x =0, x = I, onpedeseno 0OHO3HAYHO U npedcTasaser-
A popmyrol
1
u(x, )= [ G(x, & o d. (1))

0

Dta TeopeMa Oniia JOKas3aHa Bblllie B INPeANOJOXEeHHH IOMOJHH-
TEeJbHOI'O YCJAOBHSI O KYCOUHO-HenpephBHOH AHQPepeHLUPYeMOCTH
¢yuxunn ().

OcBoGoxuMcsi OT 3TOrO YcaoBHSI. PaccMOTpuUM mocjeioBaTesNb-
HOCTb HeNpepBIBHLIX KYyCOouHO-AHDdepeHHHpPYeMbIX QYHKUHE @ ()
(92 (0) = @n (/) = 0), paBHOMepHO cxomsmyocs K @(x). (B xaue-
CTBe @n(X) MOXKHO BbLIOpaTh, Hanmpumep, (GYHKUHH, NpeLCTaBHMblE

Ik
JIOMaHbIMH JIMHHSIMH, COBHAJAIOUIUMH C @{X) B TOYKax - k=

=0, 1,2, ..., n). Dyaxunnu u, (x, ), onpenensemoie popmynoit (19)
yepe3 @n(x), YAOBJNETBOPSAIOT BCeM YCJAOBHAM TeOPEMH!, TaK Kak
®n (X¥) YHOBJAETBOPAIOT YCJHOBHIO KyCOUHOH aMddepeHuHpyeMoCTH.
DT QYHKLUHH PABHOMEPHO CXOAATCS M ONpeleNdioT B Npefese He-
npepoiBHy0 dyHkuHo 4(x, {). B camoM nene, maas 1106010 & MOXK-
HO yKasaTb Takoe f{g), 4TO

!cpn‘(x)—opm(x)[ <e 0<<x<), ecmn ny, n,>=n(e),
TaK KaK 3TH QYHKUHH N0 YCJOBHIO cXoAATcsA paBHoMepHO. OTciona
B CUJY NPHHIMNA MakCHMaJbHLIX 3HAUCHHH C/elyeT TaKkKe, 4UTO
Vtn, (0, ) — tn, (x, ) | <6 O, OCECT), ecan ny, 1y > 1 (e),
YTO M JOKa3EiBaeT PAaBHOMEPHYIO CXOAMMOCTh TOCHAEZOBATEJbHOCTH
QYHKUHH Un (X, ) K HEKOTOPOH HENMpepsBHOH (QYHKUMH 4 (X, f).

Ecmu Mbl, GHECHPOBaB TOUKY (X, f), mepefileM K mpegeay noj
3HAKOM HHTerpasa, To MOJAYUYHM, UTO (PYyHKLHSA

4 1
()= lim u, (v, f) = lim [ G(0500u8)ds= [ G (v,E. Ho@E)d
n~»o n—)ooo b
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HelpepbiBHA B 3aMKHYTO# obnactn 0 << x <</, 0<<¢{<<T u ynos-
JETBOPsSeT HavyaJbHOMY ycloBHIO (2). B cuay cHocku Ha ctp. 200
HEeTPYAHO YOeIHTbCS, UTO OHA TAKXKe YJOBJEeTBOPSeT ypaBHeHHIo (4)
npu { > 0. JlokazaTenbCTBO TeopeMbl 3aKOHUEHO.

®opmyaa (19) maerT eIMHCTBeHHOe HeNpepHIBHOE pelieHHe pac-
cMaTpuBaeMoll 3ajauH.

O6paTHMCH K J0Ka3aTejbCTBY TEODE€Mbl €EAUHCTBEHHOCTH M5 cny-
yag KYCOUHO-HENPEPHBHOA HaualbHOH QYHKIKEY @(x), He mpen-
nojaras, 4to 5Ta (QYHKUHA CONpPAXKEHA ¢ FPaHHYHBIMH ycaoBuaMu. [loxkaxeM, uto
d)ymcuu}z, HenpepoisHas 8 obiractu t > 0, y@osxzereopmou;an YPABHEHUrO TEnA0-

nposooHoCTU
u=au, 4)

6 obaactu 0 << x < I, § > 0, HYyAeBbIM 2PAHLUHOIM YCAOBUAM
u(0,t)=u(l,t)=0 (5)

U HAHANBHOMY YCAO0B8UIO
u(x, 0)= @ (x), (2)

onpederena 0GHO3HAUHO, eCAU:

1) oHa HenpepblBHA 8 TOUKAX HENPepPLlBHOCTU (PYHKYUU Q(X) U

2) oepanuyena 8 samxuyTod obaactu 0 << x <<, 0 <<t << by, 20e to— npo-
{1380.461H0€ NOAONCUTEALHOE HUCAO.

[penmonoxum, dto Ttaxag ¢ymkuua cymectByer. OueBHIHO, YTO B CHIY

fipe/ilecTBYIOMIell TeOpeMbl OHAa MOXKeT ObTh TpeicTaBiea B obmactu ¢ > f

dopmyJoi ;

(% t)=fa(x, Li—Do,(B)ds  (t>7>0) (19"
0

iipu J1o6oM Z, rae E— BCOIOMOTATEJABHOE 3HAYEHUE,

0<i<t o )=ulx D)

CosepmuM npeieabHHIl nepexox B 3dToll ¢opmyne npu £ —0, coxpauss -x
# { HenmsMeHEbIMH. ITokakeM !), 4To BO3MOXKEH Nepexo] INOA 3HAKOM HHTerpaja

1) JloxasniBaeMas HHKe TeOpeMa SBASETCA YaCTHBIM CaydqaeM TeopeMsl Jle-
fera 0 BO3MOXHOCTH Tepexofa K Mpejeny MO 3HAKOM HHTErpasja, ecau nocae-
ZOBaTEJAbHOCTh (DYHKUHE F,(X) TNOYTH BCIOAY CXOAHTCS K INPEAENbHONH CyMMH-
pyeMmoil (GyHKUMH F(X) H eciH 37a MOCAEIOBATENBHOCTb OrpaHHYeHa CyMMUpYC-
Moi QyHKUUEN. DTO /10KaA3aTEJIbCTBO NPHUBOAMTCH, YTOOH H3GEXKATb MOJb30BAHHS
TEOPETHKO-MHOKECTBEHIBIMI NOHATHAMK. EcIH BOCNONB30OBATBCS TEOPETHKO-MHO-
2XECTBEHHBIMH NOHATHAMH, TO COBEPINEHHO aHAJOTMYHO MO)XHO [OKA3aTh TEOPEMY
O 7TOM, YTO peUIeHHe YPABHEHUA TEMJIONPOBOAHOCTH (X, I), YAOBJETBOPSIOILES
HYJIeBBIM TPAHHUHBIM YCJAOBHSM, OJHO3HAYHO ONpefeseHo:

1) eenn u(x, 1) << F(x), rae F(x) — HexkoTopass cyMmmupyemas GyHKUHS U

2) ecau MOYTH BCIOAY

1i x, 1) =0 (x),
t;ﬂ(l)u( Y=o (x)

tre @(x) — safaHHas HauaJbHasd CyMMHpyeMmas (QyHKUHS,
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H, ciefoBaTtenbHo, QyHKUMA u(x, {) mpefcTaBUMa B BMAE MHTErpala
w(r )= [0UENe®E (0@ =1E Ol (19)
0

OJIHO3HAYHO €e ONpPe/eJs IOIErOQ.
[ycts %), Xp, ..., ¥o — TOUKH paspuBa GyHKuMH @(x). [Tonaras xp =0 n
Xa41 =1 (puc, 38) m Geps samyuytle oTpe3kd [p (Xxp + 06 < x << xpe1— 6)

8 138 1,40 28 38 . % St Tyl
Y | "
z,0 I bl z,.rt
I’(* I”‘ IIH!
Pue. 38

(=0, 1, ..., n), rne 8§ — HekoTOopoe (PHUKCHPOBAHHOE NOCTATOYHC MAaJOE HHCJIO,
HeTPYAHO yOenHuTbCSs, UTO MOALHTerpajpHas ¢yukuus u3 (19”) paBHOoMepHO Cx0-
IHTCS K TNOXBIHTErpa/bHOM (YHKUMH M3 (19) Ha BcsikoM orpeske [p (kB =0,

L2, ..., n). Ha otpeskax In (mp—0<<x<xn+908) (k=1, 2, 3, ..., n),
T (xo Kx<x+98), ulnt) a1 —0 < x << X0 41) noszmrerpanbnble BhIpa-

xketus B (19) u (19) OrPaHHYEHbl HEKOTOPLIM 9HCJIOM N npu mo6om t(0<t<to)
B CHNY NPEANOJOKEHHON orpammeﬂﬂocm GyHKuUnKs u(x, ) ¥4 B CHAY HenpepiB-
HoctH G(x, §, f) mpn 0 <<E </, ¢ > 0. Pasbusas pasuocts uuterpaios (19) u

(19°) Ha 2n 4+ 3 uHrerpana, B3sthix no In (=0, 1,...,n) uls (=0, |,
.., n+-1), BURMM, 4TO 3Ta PA3HOCTL MOXKET OHITH CRenana MeHbue Hanepen 3a-
JAHHOTO YHCJIA €, eCaH

1

]
0S5 F3 4N’
TaK 4970
f[G(x,E t—t)tp,(%)—G(x,E t)q>(§)]d§ 2n+3.
Ty
n ecau Z BblﬁpaHO HAaCcTOJbKO MaJbiM, 4TO
|G (x, E,t—?)«vt-(g)—G(x, g, t)w(a‘);<

1 -
<Tﬁ’s‘ wma t<I ma I (k=0 1,..., n),
TaK uTo
Iy
3 -
<'2'm s <Kt (=0, 1, ..., n).

Orciona chaenyeT HepPaBeHCTBO
!

[[emet—ho,® =0 tne@E]dt|<e am t<F,
0
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' I0Ka3biBalolee 3aKOHHOCTh Nepexoia K mpeneay npu f->0 MOA 3HAKOM HHTer-
pana. TakuM o00pasoM, €CJH CyWeCTByeT ¢yHkuua u(x, f), yROBJETBODAIOU A%
YCIOBHSIM TEOPeMBl, TO OHAa NpeicTaBHMa B BHAe (19), uTo WM JNOKa3LIBAET ejHH-
CTBEHHOCTb TaKof (GyHKIHH.

HokaxeMm Ttenepp, uto ¢opmyara (19) npedcrasaser oepanu-
4enrnoe pewenue ypasnenua (4), yoosiersopsaouee ycroguim (2)
0ra 210601 KycouHo-Henpe- ¢
poisrotl gynxyuu @ (x), He-
npepoigroe 80 8cex TOUKAX
HenpepoieHOCTU @ (X).

STy TeopeMy MBI IOKa-
XKeM B z1Ba npuema. Jloka-
}eM, YTO OHa BepHa, ecaH
@ (x)— qnHefiHas QyHKIUS:

P (x) =cx. 29 Puc. 39.

N

PaccMOTpHUM MOC/IeA0BATENbHOCTD BCIOMOraTeNbHbIX HeMpepblBHbIX
¢yuxuuit (puc. 39)
1
Hr—+),

<<
)<x I, a=(n—1)c.

cx naa 0
Qrn (x) = 1
"

a(l —x) pns l(

OyHKUMA Uy (X, ?), onpeleneHHble npH noMowd opmyast (19) ans
Qn(X), ABNAIOTCS HENPEPHIBHLIMH pEIUEHHSIMH YDPaBHEHHS TemIo-
NPOBOLHOCTH C HYJEBBIMH FPaHHUYHBIMH YCJOBHSIMH H HayaJbHbIMH
YCJIOBHSIMH

Un (x, O) =@ (x)'

P (D)< @y (v) (0K,

TO B CWJIy NPHHIHNA MaKCHMaJ/bHBIX 3HaueHH#H

Tak kak

Uy (%, ) <tpy (x, 8).

Qynkuus Up(x) = cx sABJsieTcsi HeNpPepPHIBHBIM pellleHHeM ypaBHe-
HHS TeIJIONPOBOAHOCTH. B cHsly NpHUHIHMNA MaKCHMAaJbHOrO 3Haue-
HHS

Un (%, D<K U (%),

TaK Kak 3TO HepPaBeHCTBO HMeeT MecTo npu x =0, x = [ u t =0,
Takum o6pasoM, un(x,t) ecTb MOHOTOHHO HeyGHIBAIOMIAS MOCJ]ENO-
BaTe/IbHOCTb, OrpaHuuenHas cBepxy ¢ynkuuein Us(x), oTkyna cie-
AyeT, YTO 3Ta NOCAENOBATEIbHOCTb CXOAHTCA. HeTpymuo BHAeTh,
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4TO

!
u(x, ) =lim u, (x, )= lim [ G(x, & £)9, (&) dt =
n->o0 >0 bt

I
= j G(x, &, D) ds < Uy(x),
0

TaK Kak lIepeXOjl K Ipefieny Noj 3HaKoM HHTerpana 3akoHeH. B cuay
cuocky Ha crtp. 204 ara (QYHKIHS YIOBAETBOPSET YpaBHEHHIO M
HyJeBbIM TPaHHUHBIM YycJdoBHAM npu £ > 0. JlokaxkeM, uTo 3Ta
¢Gyuxuusg HenpepbiBHa npu f=0 a1a 0<< x <<l Ilycte xo<<I.

1 .
Boibepem n Tak, 4tobn xo </ (l —-;). B stom cayuae @n(x) =
== Us(xo). [IpuHMMasn BO BHUMAaHHe, 4TO

Up (x, t) < u (x’ t) g UO(x)

H 4TO
lim u, (x, )= lim U, (x) =@ (xy),
?.—:go X=>X,

3ak/irouaeM, 4TO CyUIeCTBYeT npenea

lim (s, ) =g (x),

X>X

t->0
He 3aRucaAuuil ot cnocoba crpemisennsa x—xo U f— 0. Orciona u
clielyeT HenpepblBHOCTh #(x,f) B Touke (X, 0). Dta dyHKUHMA Or-
paHHyeHa, TaK KaK oHa He npesocxoaut Up(x). Urak, aasa ¢(x) =
== (X TeopeMa AOKa3aHa. _

3amenoit ¥ Ha [-—x yGexpmaeMcs B TOM, 4TO TeopeMa BLepHa

if .
e(x)="0(—x). 27y
Orciofa cilelyer, yTo OHa BepHa s J1000H (QYHKIHH THOA
@ (¥) =B+ Ax,

Tak Kak nojob6Hada ¢yHKUMSA MoOxeT OBITb MOJyueHA CYyMMHPOBa-
nuem (2) u (27). Ilajee, oTciofa cilefyeT TakKike, UTO TeopeMa
BepHa jaa7 J0G0H HenpepblBHOH (YHKUHH Ge3 MNpPeANOOXKeHHS o
oM, 4T0 @(0) = @ (/) =0. B camom gene, a06yi0 YyHKUHIO
¢(x) Takoro TMma MOXHO NPeACTaBHUTbL B BHJE

9()=[20+F @0) —a O]+ ),

re cnaraeMoe B KBaJAPaTHBIX CKOOKax — JHHeHHas QyHKUHA, a
{(x) — HenpepbIBHASL (PYHKUHSA, oOpallalomlascs B HY/Jb Ha KOH-
nax orpeska: P(0) =9 (/) = 0. Tak Kak Mbl yGegwJauch yxe
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B TOM, YTO MJs KaXXAOrQ c/JlaraeMoro TeopemMa npuMeHUMa, TO OT-
clofla cjaelyeT, UTO TeopeMa BepHa H Aas @(x).

OGpaTuMcsl Tenepb K JOKAa3aTeNbCTBY TEOPEMHB! /IS NPOU3BOJIb-
Holi KycouHo-HenpepbiBHOH ¢yHkuHH @(x). Dopmyna (19) u B
9TOM CJyuae OMNpejenseT pellleHHe, yAOBJETBOPsIOLee YPaBHEHHIO
M HYJIEBbIM FPAHHUHBIM YCJIOBHAM.

[Tycte TOuKa Xo— Kakad-A1u00 TOUKA HeNmpephIBHOCTH (GyHKUHH

(x). Mokaxem, 4To AJs M1060r0 & MOXKHO HalTH §(e) Takoe, 4TO
[u(x,t) —@(x) | <<e, ecanm |x—xo|<<8(e) n t<<8(e). B cuny
HenpepHBHOCTH (QYHKUHH ¢(X) B TOYKe X cyllecTByeT 1 (g) Taxoe,
4TO

o) — o) <5 nast | x — x| <ne),
OTKyZa

Pt — 5 <OW <t +5 m |x—xl<nl). (23)

IlocTpouM BcnomoratesabHble HenpepuiBHble AuddeperuupyeMele
dynxuuu @ (x) u @(x):
P =0W)+5 A [x—xl<n) @
)=o) g | x—x|>nle),
) =0()—5 mm |[x—xl<n) ©)
e <e@(x) maa |x—x|>n).

Ha nutepsane |x—xo| > n(e) dynkuun ¢ u @ ynosnersopsaior
TOJNbKO ycaoBusM (a) U (6), a B OCTaJbHOM NPOH3BOJbHEL B cHay

HepaBeHCTB (23),
) <o) <o x). 24y

Paccmorpum dynxnuu

a(x, )= [ G(x, & ) ds,
0

]
ulr, )= [ G(x ¢ Do ds
0

B cuny nenpepwuisnoctn dymnkunit § (x) u @(x) Qyskuun (1)
M u(x,!) HempephIBHLI B TOYKe Xo, T. €. Halifetcss Takoe §(g), 4TO:

IM&0—¢WH<B.]

)
- 8(e), t<d(e),
[u(x, t)_g(,mg% [ I | x—x,] < 0(e) <8
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OTKyZa
Ay H<PW + 5=0(x) +e,

¢ g [x—x1<8(), t<b(e),
ule, ) Ze(x) —5=0(x)—e
B cuny Heorpuuatennnoctu oynkuuu G(x,& f) u3 dopmyan (24)

cJeyeT, YTO
ulx, H<u(x, H<a(x, §). (25)

‘Orciofa nosyyaeM HepaBeHCTBa

P(x) —eSulx, H<<o(x)+e nma |x—x[<d(e), £<d(e)
HIH
lulx, ) —ox)|<e naa [x—x|<8(), t<dfe),

4TO H TpeGoBajiock AokasaTh. OrpanuueHHocTs QyHkuuu |u(x,?) |

caenyer us (25) W M3 OrpaHHYeHHOCTH GYHKUME &(x, ) u u(x,?).

DTHM TeopeMa AOKa3aHa.

4. Heonnoponnoe ypapHenwe TtennonposogHocTH. PaccMoTpum
HeOJHOPOHOe YpaBHEeHHe TENJONPOBOLHOCTH

up=a’uy, + f(x, t) (1)
< Ha4vaJIbHbIM YCJIOBHEM
u(x, 0)=0 (26)
H rpaHHYHBIMH YCJHOBHAMH
u{0, f)=0,
u(l, t)y=0. (6)

Bynem uckatb peluende 3Toil 3amaunm u(x,f) B Bume paga Dypne
no coOcTBeHHbIM (QyHKuuAM 3safaun (11), T. e. no GyHKuHAM

{ sin J;i X }:
u(x, f) = i uy (t) sin == x, @7
n=1

‘CUMTast IPH 3TOM ! mapameTpoM. Jlns HaxoxJeHHS QDYHKUHH U (x,!)
HaJl0 ONpeleNHTb (QYHKUMH un(?f). Tlpencrasum Qynxumo f(x,t)
B BuJe psiia

fx, )= Y 1n () sin 2 g,

n=\
Tae

1
) =2 [ i (e )sin g a, (28)
0
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INoncraBasa npeanosaraemyio ¢GpopMy pelieHHSI B HCXOLHOE YpaB-
Henne (1), 6yneM mumeThb:

Z sin T { () @un () + () — £ ) } =o.

D10 ypaBHenue OyleT yNOBJNETBOPEHO, €C/H ° Bce KOA(PQPHIUEHTH!
pasJioXeHHd PaBHHl HYJIO, T. €.

i ()= — 22V w4, () + 1, ). (29)

Tlosb3yace HauaJbHBIM ycjoBHEM IJIst U (X, f)

u(x, 0)= Y, u, (0)sin = x =0,
n==1
noJyyaeM HadaJsibHOe YCJHOBUHE AJAA Un(f):
u, (0)=0. (30)

Pewasn o6wikHOBeHHOe AnddepennnanbHoe ypaBHeHHe (29) ¢ Hy-
JieBLIM HadaJbHBIM ycaoBueM (30)!), Haxogum:

¢ an\2 .
w0 = [TV @ ae (31)
0

IMoncraBasas Buipaxkenue (31) ana un(f) B dopmyny (27), momy-
YUM pelleHHe MCXOLHOH 3allauH B BHIE

u(x, ?) E[f ( )a(t K r)dr}sm—rx | (32)

Bocnoabsyemcst BhipaxkenneM (28) masa fn(t) u npeoGpasyem
HalineHHoe peuenue (32):

t 1 ot nn\? ,
u(x, t)=ff [%Ze‘(-‘_) @l=m me sm— ]f(g, ) dt dv =
00

n==]
t

i
=[[6tet—vie asa, @3
00

rae
ony ~(BVait=v . mn nn
G(x, §,t—r)=TZe ! sin—l—x-sin——l—-g (34)

n=1

coBmnafaer ¢ QyHKUHeH HCTOUHHMKA, ompeleaseMoil dopmyaon (18).

!) CM. meakui mpudT B KoHUE 1. 4, § 3, ra. 11,
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BoisichuM (U3HYECKHH CMBICH NOJYYEHHOTO pelleHHs
t !
ue, )= [ [ G(x, & t —1)F (& 7) d2 dv. (33)
00

[TpeanonoxumM, 4to yHkuus f(§ 1) OTIMYHA OT HYJAS JHMIb B J0-
CTaTOYHO MaJol OKPecTHOCTH ToukH Mo (&, To)

EoEE +HAE, <<t <<1,+ At

Dynxuna F(§ 1) = cpf(§,v) npelcraBaseT IJIOTHOCTb TEIIOBHIX
neTouHnkoB. OOliee KOMHYECTBO TeIlIa, BHIENSIOUIEECS HA OTpe3Ke
(0, I) 3a Bce Bpems HeficTBHA HCTOYHHKA (T. e. 32 At), paBHO

To+AT S+ AL
Q= [ [ cole vdedn. (35)
Ty Eo
[Tpavenum TeopeMy 0 cpeiHeM K BbIPAsKEHHIO
t 1 )

ulx, t)z.((G(x, Et—0)fE 1)dtdr=

»

¢ o0
To+ 4T 5+ AR
mf f G(x,g,t—T)f(g,r)dgdr=G(x,é,l‘——i)-E%=ﬁ(x, 1),
T &

rie
B <E<ETAE, wH<T<T+AT
Tlepexona x mpegeny npu Af—0 u At — 0, noayunm QyHKLHIO

o Q

u(x, )= lim i(x, ) = =G (x, &, t — 1), (36)
AE->0 co
AT=>0

KOTOPYI MOXKHO HHTEPIPEeTHPOBATH KaK (DYHKUHMIO BJAHAHHA MIHO-

BEHHOTO HCTOUHHKA Telsa, COCPeIOTOYEHHOrO B TOUKe & B MO-

MEHT To.
Ecau usBecTHa GyHKUUS %G(x, E, t — 1), npeacrasagOUIas

JieACTBHe €JHHHYHOIO MTHOBEHHOrO COCPeIOTOYEHHOrO0 MCTOYHHKA,
TO JeHCTBHE MCTOYHUKOB, HENPEPBIBHO pacClpefeNeHHbX ¢ IJIOT-
woctbio F(x, ) = cpf(x, ), nomxuo BeIpaxathest popmymoit (33),
KaK 3TO HEeMOCPEICTBEHHO CJeNyeT M3 (PH3HUECKOro CMblcjaa (yHK-
wnu G(x, & 1—r1).

Wrax, TeMnepaTypHOe BJHSIHHE TEIJIOBBIX MCTOUHHKOB, jelicT-
syoumnx B obaactu (E, & -+ AE) (10, T 4 At), naercs Bhpaxe-
HHEM

Gle & (=) DAt AT (S5 =F( 188Aq).
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Ecau ncrouHukn pacnpefesieHbl HeNpepbiBHO, TO, CYMMHpPYsSl TEMJIo0-
Bble BJIMSIHHUS HCTOUYHHKOB, AeHcTBYIOWIMX Bo Bcell obGmactd 0 <<
< E<</, 0 <<t <{{ mOTYYHM LOC/IE TNpPeAesNbHOrO Nepexofa npi
A —0uAt—0

1

wie, )= [ [ G(x, & t— 1) [ &, 7) dz dr.
00

Takum o6pasoM, Hcxons M3 (U3HUECKOTO CMBIC/A (DYHKIHH HCTOY-
HuKa G(x,E, ¢), MOXKHO Gbl10 OBl cpasy HamucaTb Beipawmenue (33)
s yHKUMH, Jaiolied pelieHHe HEOJHOPOLHOTO ypaBHEHHs.

Hwmea dopMy, B KOTOPOH [HOMKHO IPEACTABAATLCS PelleHHe 3a-
ZayM, MOXHO HCCJACJ0BaTb YCJOBHS INPHMEHHMOCTH 3TOH (DopMyinl
B oTHoweHHH (yHKUuH f(E,v). Ml He GyleM NPOBOAHTE 3TOFO HC-
CJIeJ0OBaHHU4.

Mbl paccmaTpuBagau 3Jech HEOAHOPOAHOE ypaBHEHHUE C HYJeBH-
MH HauaJbHBIMH ycjaoBHAMH. Ecau HavajbHOe yca0BHE OTIHYHO OT
HyJisl, TO K 3TOMY DELICHHIO cjaelyeT NPuOaBHTb pelieHHe OJHOPOK-
HOTO YypaBHeHHMs C 3aMaHHbIM HauyaJbHBIM yciaoBueM U (x,0) ==
= @(x), HalizeHnoe B 1. l.

5. Ob6was nepeas kpaesast 3agaya. PaccMOTpuM 06LLYIO MEPBYIO
KpaeBylo 3afauy AJA ypaBHEHHA TeJIONPOBOLHOCTH:

HQUTu pewenue YpasHeHus

w=auy, +[(x, 1) ()
¢ QONOAHUTEAbHOLMU YCAOBUAMU
u(x, 0)==q(x), 2y

0, 1) =p, (t),
u(0, t) u()} 3)

u(l, )=p, ().
BBenem HOBYIO HeM3BecTHYIO GyHKUHIO v (X, )
ulx, )=U(x, H+v(x, ?), (37)

NPeACTaBAAIUIYI0 OTKJIOHEHHE OT HEKOTOPOH M3BecTHOH (YHKIHUU
Ux,t).

Ora ¢ynknusa v(x,f) OyaeT onpemeqATbcsl KaK peluieHHe ypapB-
HeHusl

Uy — Q= f (x, 1),
f(x: f)=TF(x, H—[U;— azUxx]
C JONOJIHUTEJNbHBIMH YCJAOBUAMHU
v (x, 0)= ¢ (x), cb(x)=q>(x)—U(x, 0,
v(0, )=p (), wO=wmE—-UQO, 1,
vl =iy, RO =p &)= U, 1),
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BriGepem BcmomoratesibHylo ¢yukumio U(x,t) Takum o6pasom,

YTOOBI
B =0 u p,()=0,

JJISL 4ero DOCTAaTOYHO MOJIOXKHTD 1)
Ux, )= p () + 7 [no ) — py @],

Taxkum o6pasom, HaxoxAeHHe OGYHKUHH u(X,!), awoulell peleHHe
oflied KpaeBoH 3ajauH, CBeJEHO K HAaXOXJAeHHIO GYHKUHH U(x,f),
Jawoued pelleHde KpaeBod 3ajlaud ¢ HyJeBbIMH FPAHHUHBIMH yCJIO-
BHAMH. MeToJ HaxoxAeHHs ¢yHKuuu v(x,f{) nan B n. 4.

Hsnoxennas Bbille (opManbHas CXeMa peUIeHHS 3agady mpH
HAaJIHYHH HEOXHOPOAHOCTEH B YyDaBHeHHH H TPAHMYHBIX YCJIOBHSX
He Bcerna yhaoOHa Hasi NpPeACTaB/JEHHS HCKOMOH (yHKuuu u(x,1?).
Tpyanoct#, BO3HHKAIOUIHE IIPH HAXOXK/JEHHH BCIOMOraTejbHOMR
bynkunn v(x, £), 3aBucar or dyukuun U(x, ), oT KoTopol Hmiercs
OTKJIOHEHHE.

B vacrHOCTH, AJIA 3afaU CO CTALHOHAPHBIMH HEOXHOPOLHOCTSMH
yJa100Hee BblJedATb CTALlHOHAPHOE pelleHHe W HCKaTh OTKJIOHEHHe
OT 3TOrQ pelIleHHus 2),

PaccmorpuMm, nanpumep, 3ajauyy AJds OTPAHHYEHHOTO CTEPKHA
(0, I). KOHHBI KOTOPOro NOAAEPKHBAIOTCS NPU HOCTOSHHBIX TeMIe-
patypax uo u ug:

u=a%u,,,
u(x, 0)=gq(x),
w0, )= u,
u(l, t)=u].

Pewenne 6yaem HCKaTb B BHAE CyMMbl
ulx, Hy=i(x)+ v(x, 1),
roe #(x) — crauuoHapHasi TeMmepartypa, a vu(X,%) — OTKJOHEHHe

OT CTAallHOHADHOU TeMIepaTyphl.
Jaa ¢ynkuuit é(x) u v(x,¢) 6yZeM HMeTb YCJIOBHA

n” =0, Uy = azvxx;
20)=u, v(x, 0)=0x)—a(x)=q ()
a()=u;, v(0, =0,
v(l, 6y=0.
OTrcroga HaxoguM:
1 (%) = o + 7 (1 — tg)-

'y Cm.ra. 11, § 3, m. 5.
%) Cm. . I1, § 3, . 6.
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dyHkuHO v (X, {), onpejensieMyl0 HavdaJbHbLIM YCJAOBHEM H Ofi-
HODOJHbIMH FPaHHYHLIMH YCJIOBHSIMH, Ge3 Tpyla HaXOOHM MeTO-
JIOM paslieseHHs NepeMeHHbIX.

3apmaun

1. BoiBecTH ypaBHeHHE AaA mNpoileécca HarpeBaHHsA OAHOPOAHOM TOHKOM NpPO-
BOJIOKH TIOCTOSHHBIM 3JIEKTPHYECKHM TOKOM, €C/JH Ha €€ TIOBEPXHOCTH NPOHCXOAHT
TenJo0OMEH C OKpyXaiomeil cpenof.

2. BuiBectH ypaBHenue auddysHn B cpene, paBHOMEPHO ABHXKymiedcs B Ha-
npaB/JeHHH OCH X CO CKOpOCTbio w. PaccMorpern ciyuafi OmHOR He3aBHCHMOMY
nepeMeHHoN.

3. Ucxona u3 ypaenenwuit Makcpenna, npepnonarags Ex =E, =0, H, =0 n
npeHeGperasi TOKaMH CMelUleHHs, 10Ka3aTh, 9TO B ONHOPOAHOH NpPOBOZAlIEH cpe-
i€ COCTaBJSIIOIAsi SJEKTPOMAarHuTHOro mojs E, yIOBJAETBOPHET YPaBHEHHIO

aEy - 4no OEy
922 cz ot ’
rie O — NPOBOKHMOCTb CPEIbl, € — CKOPOCTh CBeTa. BhiBecTH ypaBHeHHsa ans H,.

4, Jatp ¢u3nyecKoe HCTOJKOBAHHE CJEAYIOIMX IPAHHYHBIX YCHOBHI B 3ana-

¥Yax TEemJONpPOBOAHOCTH H Anddy3Hu: ‘

a) u(0,)=0, 6) ux(0,t)=0,
B) uy (0, £) — hu (0, {)=0,
ug (1, 1) + hu(l, ) =0

5. Pemuts 3agauy 06 OCTHIBAHHH PAaBHOMEDHO HArpeToOro OXHOPOAHOrO CTEPK-
Hs TNpH HyJeBOH TeMIepaType Ha KOHUAX, IPEAnosiarasi OTCYTCTBHE TemnjoobMeHa
Ha GOKOBOM NOBEPXHOCTH.

6. Havanbuas Temnepartypa crepxus u(x, 0) = uo ==const npu 0 << x < L
TemnepaTypa KOHLUOB NOAKEpXKHBaeTcs mocTostHHOM u(0, £) = uy; u(l, t) = u»
mpu 0 < ¢ << oo. HailTh Temmepatypy CTepxKHA, €CIH TEmiOOOMeH Ha GOKOBOH
HOBEPXHOCTH OTCYyTCTBYeT. HaliT cTauMoHapHYIO TeMNepaTypy.

7. PewnTs 3apnauy 6 npH CJAEAYIOMHX T'DAHHYHBIX YCNOBHSX: HA OAHOM KOHIE
TMOAAEPKHBAETCS NOCTOSIHHAs TeMmepaTtypa, BTOPOH KOHEW TeIJIOH30JHDPOBaH.

8. PewnTh 3amauy © HAarpeBaHMM TOHKON OZHOPOAHON NPOBOJOKH MOCTOSH-
HbLIM 37€KTPHYECKHM TOKOM, ecllM HauasnbHas TeMmnepaTypa, TpaHHYHas Temmepa-
Typa, a TaKXe TeMIepaTypa OKpyxaiomed Cpeibl PaBHBI HYJIO.

9. Lusuuap AauHbl /, 3amOJHEHHHI BO3AYXOM NpH JaBJEHHH H TeMnepatype
OKpyKatoiefi Cpefibl, OTKPHIBAIOT C OJHOIO KOHLA B HauaJbHbli MOMEHT BpPEMEHH,
M M3 OKpyXawumeil aTMocdeps, Iie KOHUEHTpalHus HEKOTOPOro rasa paBHa U,
HaupHaercs AMGQyYsusa rasa B WHIMHEAP. Halitu xonuuectBo rasa, nuddynnupo-
BaBUIero B LHJHHAD 3a BpeMs f, €C/lM HaualbHas KOHUEHTDPAUHs ra3a B RHIHHApPE
paBHa HyJIO. .

10. Pemuts 3apauyy 9 B NpeanosNOXKERHH, YTO JEBbIi KOHEN NHJIHHApA 3a-
KpPHIT 1I0J1yNIPOHHIIAEMOf MePeropoKom.

11. Pewuts 3a71auy 00 OCTHIBAHHM OJHODOJAHOFO CTEPXKHSI C TENJIOH30JHDO-
BaHHOI 60KOBON NMOBEPXHOCTBHIO, €CJH €ro HauaJbHas Temmepatypa u(x, 0) =o(x),
2 Ha KOHUAX TNpPOHCXOAHT TEMIOOGMEH €O cpeflofi HyJeBOH TeMnepaTypu. Pac-
CMOTpeTb yacTHLIN cayuadt @(x) = uo.

12. Pemuts 3apjauy 11, mpeamosarasi, 4To TeMNepaTypa OKPYXawmed cpeabt
paeuaa U,.

13. Pemuts 3apmauy 11, cuurag, uTo Ha GOKOBOA MOBEPXHOCTH NPOMCXOAHT
Ten006MeH O Cpejiof, TeMNepaTypa KOTOPO#:

a) paBHa HYJIO

6) nmocTosiHHa H paBHa U,

(h>0).
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14. HaitTn ycTaHOBHBIIYIOCA TEMIIEDAaTypy CTEpXKHsl, NpeHeGperas Tem1006-
MeHOM Ha GOKOBOH NOBEPXHOCTH M CUHTag, YTO OJAMH KOHEI CTepIKHS Ternjiou3o-
JIHpOBaH, a KO BTOPOMY KOHLY MOABOAHTCA MOTOK TeMJa, rapMOHHUECKH MeHSIO-
urHiics BO BPEMEHH.

15. Pemute samauy 14, cuuTas, 4TO ONUH KOHEN CTEPIKHS HMEeT HYJEBYIO
TeMNepaTypy, a TeMOepaTypa BTOPOTO KOHilA FapMOHHYECKH MEHSeTCsl BO BPEMEHH.

16. Crepxenb (0,/) cocrTaBieH H3 JABYX OXHOPOAHBIX KYCKOB OJHHAKOBOIO
TIOTIEPEYHOrO CEYEHMS, COMPHKACAIOMIUXCH B TOYKE X = Xo H OGJAfAMOUINX Xapak-
TEPHCTHKAMM @5, R; H, COOTBETCTBEHHO, @3, kp. HafiTn ycranosuBumiyiocs Temme-
paTypy B TakoM CTep>KHe (TemJoBEHE BOJHbLI), €CJAH OLHH KOHel cTepxHs (X = 0)
TIONIePKUBAETC NPH HYJeBOR TeMmmeparype, a TeMMepaTypa BTOPOro MeHSeTCs
CHHYCOHZA/IbHO BO BPEMEHH.

17. JleBulfi KOHEL COCTaBHOI'O CTEPXKHA 3ajaud 16 NMOAEPKHBAETCA NPH TeM-
mepatype, pPaBHOR HYyJI0, a npasblfi — npH Temnepatype u#(/, f) = u,, HaualbHAH
JKe TeMNepaTypa CTepKHs paBHa Hymio. Hafitn temuepatypy u(x,{) crepxus Ha
peryasipnoM pexknume (NepBblil uJieH Pas/oXKeHHus).

18. Hafitn temnepatypy u(X, ) cTepxHs, HayaJbHaa TeMnepatypa KOTOPOro
paBHa HyJIO, a I'DAaHHYHBEIE YCAOBHS HMEIOT BHJ

u(0, ty=A4e"%  u(l,t)=B8,
rae A, B n o > 0 — noctostHHbIE.

§ 3. 3anaun Ba GeckoHeyHOH NpPSMOi

1. Pacnpoctpanenue Tenna Ha GecKoHeuHO!H npsiMoil. ®PyHKuua
UCTOYHMKA JJs HeorpaHvycHHol obaactn. PaccMoTpum Ha Geckoney-
HOH npaAMOH 3ajayy ¢ HauaAbHbIMH AaHHBIMH (3anauyy Kouwmn):

HalTu oepanudensyro ¢pynxyuro u(x,t), onpedesennyro 6 006-
AaCcTU — 00 <L x < o0, t = 0, y0084eTBOPAOUYIO YPABHEHUIO Ten-
20N POBOGHOCTU

ut-’:azu'xxv _m<x< 00, t>0, (1)
U HQUQAbHOMY YCAOBUIO
u(x, O=g¢(x), —oo<x< oo, (2)

Ecnn ¢(x) — senpepbiBHas (YHKUHS, TO BBIIOJHEHHe Haya/JbHOrO
ycjaoBHa OyleM MOHMMATb B TOM CMbIcae, 4TO u(X,!) HenpepbiBHO
npu t =20, 1. e.

lim u(x, )= (xy).

t->0

XX,

Kax Mbl Bugenu B . 7, § 1, pelienne ypaBHeHHs TeNIONPOBOLHOCTH
OJHO3HAYHO OMpejessieTcss CBOMMH HAYaJbHBLIMH YCJAOBHAMH, eCaH
oHO orpaunueno. [Tostomy B GOpMYyJSHPOBKY T€OPEeM BBOIUTCHA yC-
JI0BHe OrPaHHYEHHOCTH.

HanuM cHavana ¢GOpMaNbHYIO CXeMy pelleHHS IOCTaB/IeHHOH
3ajaul, OCHOBAHHYI0 Ha pasje/leHHH NepeMeHHbIX.

ByzeM HckaThb OrpaHHuYeHHOe HETPHBHA/LHOE pelLieHHe ypab-
seuns (1), npeacraBuMoe B BUAe NPOH3BENeHHUsA

u(x, y=Xx)T{). 3)



53 BAIAYM HA BECKOHEYHOM TNPSIMOM 291

Tloacrasnss supaxenue (3) B (1), nomyuaem:

Tie A> — mapametp pasgenerus. Otciona caeayer:
T+ a®A’T =0, 4)
X7 4 22X =0. (5)

Pewas ypasnenus (4) u (5), Hajiiem uacTHble peleHHs ypaBHe-
aua (1) suna

uy (x, )= A(A) e~ NMat =iz (6)
YIOBJETBOPSAIOLIHe YCIOBUIO OTPaHHUEHHOCTH. 3Jech A — AloGoe

BELIECTBEHHOe YHCIO — oo < A < co; mno3tomMy B (6) BosbMmem
3HAK «IJI0Cc» H o6pazyeM (QYHKIHIO

ulx, )= [ A(a)e=ewtsine gy, @)

— OO

Ecan npoussonnbie, BXoasimue B ypasHeHue (1), MoOxuo BbiyHC-
JIATh nyTeM AHGdepeHUHPOBAHMA MOJ 3HAKOM HHTerpana (7), To
dynkunua (7), oueBuaHO, OyleT YAOBJAETBOPATh ypaBHeHHio (1) kak
CYNepIO3HLHS YaCTHBIX PelieHHil 3TOTO YpaBHEHHS.

Tpe6ys BLINONHEHHS HayadbHOrO ycjoBus npu =0, Gyaem
#MeThb -

@ (¥)= f A (M) ei*® da, 8)

Bocnoabsyemca Tenepb QopmyJoli  o6paTHOro mnpeoGpasoBaHHs
HHTterpana Oypoe:

A0 = [o@eas ©)

Toncrasnas (9) B (7) M MeHsis NOPSAOK HHTErPHPOBAHHS, NOJY-
9HM:

wle =z | ( [0 @ene dg) eaNiHiN (), =

-0

=_21? J’( fe-azh’t+ik(x—§) d},)q)(g) dg.  (10)
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Buyrpenunii muterpan B (10) pasen'’)
1 f A+ (x=8) L 1
— —a?)2 X —_— a? .
2n ¢ A 2V na’t € ( )

-Q0

IMoncraBassa (11) B (10), npUXOAHM K HHTErPajbHOMY IMpEACTaB-
JIGHHIO HCKOMOT'O pelueHHs

wlx, = [ G(x & Ho@®ds, (12)
rxe -
1 _(x=3y
G(x, & f)=me et (13)

Qynkuuio G(x,§; ¢), onpeneasemyo ¢opmyaoir (13), yacro Haswl-

BalOT GYHLaMEHTaJbHbIM pellleHHeM YPaBHEHHSI TEMJIONPOBOLHOCTH,
Henocpencteennolt npoBepkoif MOXKHO yGeZUTBCA B TOM, UTO

¢ynkuus

__(x—gp

e fat(i=t) (13)

CF o ) Q
Glx, & t—1) cp2V na® (t — 1)

NpeACTaBJAseT TEMNEPATypPy B TOUKe X B MOMEHT BpeMeHH [, eciau
B HauaJbHBII MOMEHT BpPeMeHH f == fp B TOUKe § BHIZEJASeTCS KOJHU-
yecTBO Temaa Q = cp.

Oyukuua G(x,E {—1%) YyIOBIeTBOPSieT YpaBHEHHIO TEMJIONpPO-
BOJHOCTH MO NepeMeHHbHIM (X,1) 2), uTO MOXHO HPOBEDPHTL Hero-
cpeACTBeHHBIM AHddepeRHpoOBaHHEM.

) B. M. Bynax, C. B. ®omun, KpatHele uuTerpanst ¥ psiant, «Hayxa»,

1965.
2) B camoM 1ene,
[ : _(x—Ep
X — 4a? (t—ty)
Gy = — . €
* 2V 2[at(t — ) ’
L (x—tp
G e ) [_L ! (x—8) ]e a7 (i—)
VAl 2 [t —t))" T At —to)]" ’
(x—§)?
o 1 [_ a? + a?(x — &)? ]e' 4a? (E—1,)
TRVEL 20—t | dla(t—to)T: '

Gt == az(;xx.
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KosnnuecTBo Temyia, Haxojslleecsi Ha OCH X B MOMeHT ! > fy,
paBHO

Q o (x=F)P dx
o JG(X, g, t_to)dx;_ﬁ_ J e (=t _—«)VQZ(t_t ) ==
-0 - i 0
_0 f - o = Q =
V_J__i_ —ooe do Q co,
TaK KakK

o0

f e~ do=Vn

—00

(a____xi da:__dx—)
o V(i —thy) Ve t—ty)/

Takum o6pasoM, KOJHUECTBO TeMJa Ha Halliedl NpsAMOH He MeHseT-

ca ¢ TeuenneM BpeMenu. ®Oyuxuus G(x,I,f—%) 3aBHCHT OT Bpe-

MEHHM TOJIbKO uepe3 apryment 0= a*(f{—1t), Tak 4TO0 3Ty O¢YyHK-

IIHI0 MOXKHO 3aNHcaTh B BUAe

1 . - (x—§»

=————c¢ 6 (137

2Va Vo (13%)

Ha puc. 40 nzo6paxen rpadux ¢yukuun G B 3aBHCHMOCTH OT X

AJas pasauuHbix 3HauyeHH# 6. IToutH Bes naowmlanb, orpaHuyeHHas
9TOH KpHBOH, HAXOAHUTCSA HAA HPOMEXKYTKOM

(E'—S) §+E)» )

rle &-— CKOJb YrOAHO MaJjoe YHCJIO, eCJIH TOAbKO 0 = a?(f — ¢5) —
‘AOCTATOYHO MaJjoe yucao. BenuuuHa 3To# miowany, YMHOXKEHHas
Ha Cp, paBHA KOJHYECTBY Tela, NOABEICHHOMY B HauaJbHBIA MO-
MeHT. Takum o6pasoM, LA MaJblx 3HayeHU# f—f, > 0 noutu Bce
TENJI0 COCPEAOTOUeHO B MaJioH oxpecTtHocTH Touxku & I3 cxasan-
HOrO BHIIIEe CJefyeT, YTO B MOMEHT f, BCe KOJHMYECTBO Temsaa Io-
Meimaercs B Touke E.

PaccmarpuBasi U3MeHeHHe TcMIepaTyphl B (PHKCHPOBAHHOH TOY-
Ke x = E-+ h ¢ TeueHHeM BpeMeHH npH A=0, T. e. npu x = §,
HOJIYYHM:

1 1
G =L T T T =
=t 2V Vo
Takum oGpasom, TeMnepaTypa B TOH TOuKe, I'le BbLAEJNSETCA TEILIO,
JJIst MasblX @ HEOTPAHHUEHHO BesiHKa.

Ecan x ==& T e h=0, to byukuus G npencrapasercs
B BHIE NPOU3BEJEHHA ABYX MHOXHTeseH

] o~ h40

Gom = [21/‘ Ve
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Bropoii COMHOXKHTENb MeHDLIIE EIHHUIBI: NOpd GoablIux 0O
on &~ 1, npu mMaapix 0 on = 0. Otcioga cuaexyer, ut0 Grpr =
= Gy—p A8 60ABIHX 0; Gror € Gu—¢ a1 mMaapix 0. Uem meHb-
mie i, T. e. yuem OauXke X K E, TeM GoJsiblle BTOPOH MHOMKHTeEJb.

fc‘;
30
I

A

§-001

/w

s
/0
il

8705
LT / ‘ i \N\._M ot
ar 15 10 08 Q20100102 06 10 15 20

Pue. 40.

Fpaduxn ¢yukumn Gr—p u Gixg 1Upu hy << hy npuBeleHH Ha
puc. 41.
HetpyzaHo BHaeTh, UTO

Iim quég =0.
0->0

paCKprBaﬂ HeonpeneqeHHOCTb, HaX0AUM:
1 =¥
— 0 2

. 1 1 2 1 . 2

lim —— ——= e~/ = —lim =

g>0 2V n Vo 2V n 8>0 _/_12__eh’l46
462

®opmyna (13’) mokasbiBaeT, uTO BO BCAKOH TOUKe X Temmepa-
Typa, co3/laBaeMas MTHOBEHHBIM TOUEYHBIM HCTOYHHKOM, HefcTBylo-
KM B HauaJbHbId MOMEHT ¢ = (0, OTIM4HA OT HYJsl AAS CKOJIb
YrOAHO MaJ/blX MOMeHTOB BpeMeHH. [ToJ06HEIH QakT MOMXKHO GbLIO
6bl MHTEPNPETHPOBAaTh KaK pe3y/abTaT OeCKOHeYHO OLICTPOro pac-
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npocTpaHeHus TeMnepaTtypsl (OeckoneuyHast ckopocTh). OLHAKO 3TO
NPOTHBOPEYUT MOJEKYJIAPHO-KHHETHYECKHM NPeACTaBJIEHHAM O HpH-
pome tenna. Takoe NMpOTHBOpEYHE MNOJYyyaeTCs B CBA3H C TeM, 4TO
Bhbillle NPH BbIBOJE YpaBHEHHs TEIJIONPOBOAHOCTH Mbl M0JAb30BaJHCh
(heHOMEHOJOTHUECKHMH NPeICTABIACHUAMH O DAaCTeKaHHM TemJa, He
YUHTHIBAIOLUMH HHEPUHOHHOCTb NpOLec-
ca IBHKEHHS MOJeKyJ. c)
Tenepb BBISCHHM YCJAOBHSI TIPHMEHH-
Mmoct# ¢dopmyan (12).
HoxkaxeM, 9to opmMyna

i by I _x—8)
ux,t——————-:f —— € 40t d't:
( ) 2}/“ - Va”t CP(E) ’
(12)
HaspiBaemas wHHTerpaaom Ilyac-
coda, g 21060l orpaHuueHHol GYHK- Puc. 41.
uun  |@(E)| <M npexncraBaser npu
t > 0 orpaHHYeHHOe pellleHHe YpaBHEHHS TeEIJJONPOBOJHOCTH, He-
NpepBIBHO TIpUMBbIKatoulee npu ¢t = 0 K ¢(x) BO BceX TOYKax Hempe-
PBIBHOCTH 3TO# (DYHKIUH.
Hoxaxem npenBapuresbHo JqemmMy (06OGHIeHHBH IpHH-
LHN CYyNnepno3HLHUH).
Ecau ¢pynryus U (x,t, o) no nepemennoim (x, t) ydossersopser
AUHELHOMY OughepenyaroHoMy YpasHeru

LU)=0
npu 21060M QUKCUPOBAHHOM 3HAUEHUU NAPAMETPA o, TO UHTe2paA

u(x, t)=fU(x, t, a) @ (o) da

TaKoce ABASETCA pelienuem To20 sce ypasHenus L(u) = 0, ecau
npoussoonvie, sxodaujue 8 aunelinoul Ougpepenyuarvubiii onepa-
rop L(U), moxno sviuucaare npu nomouwju Ougdepenyuposanus
nod 3HAKOM UHTeZpaiq. _

HoxasaTenbcTBO JieMMbl KpaiiHe npocro. JluHelHbll auddepen-
nHanpublii omepatop L(U) mnpeacraBasieT cymMMy HpPOH3BOAHBIX
bynkuny U ¢ HeKOTOPBIMH KO3(D(HUHMEHTAMHU, 3aBHCALIHMH OT X
u t. JindpdepenunpoBanue QyHKUHH U, N0 NPEANOJONKEHHIO, MOXK-
HO NpOM3BOAHTL INOA 3HaKOM HHTerpaja. Kosadduuuento Takxe
MOXHO BHeCTH noJ 3Hak uHTerpasa. OTcioga cielyer, yTo

L(u)= f L(U (x, ¢, @) ¢(a)da=0,

T. e. uto dynkumua u(x,t) ynomnerTBopsier ypasuenuio L(u) = 0.
Hanomuum nocratounsie ycnosus auddhepeHuHpyeMocTd N0z
SHaKOM MHTerpana, 3aBHCAIIEr0 OT NapaMerpa.

8 A. H. Tuxouos, A, A, Camapckuft
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Oynxnus

b
F(x)= [ }(x, o) da

MpH KOHEUHBIX MNpefeqaxXx a U b nuddepeHnupyeMa 0OOL 3HAKOM
0 . .
UHTerpasa, eciu —a—i—(x, a) aBAseTcs HelpepblBHOH (QyHKUMel Me-

PEeMEHHBIX X H a B ofJacTH UX u3MeHernua (cM. b. M. Bynaxk,
C. B. domun, Kpatune uuterpansl u paxw, «Hayka», 1965).
Herpynso BuieTh Takxe, 4TO QYHKIHI

b
Fixy= [ o)o(@)da

NpH KOHEUHBIX nIpedenax a M b nuddepenuupyeMa oL 3HAKOM
HHTerpaJ/a mpH TexX JKe YCIOBHAX OTHOCHUTEeNbHO GQyHKUHU [{X, )
¥ NPOU3BOJBHOH, OorpaHHYeHHOH (M HaxKe abCOJNIOTHO HHTErpupye-
Moit) yHKUMH (). Ecnu npenenbl HHTErpHpOBaHHS GECKOHEUHBI,
TO B 3TOM ciyuae Tpebyercs paBHOMepHAs CXOAHMOCTb HHTerpaJsa,
TIOJYUEHHOr0. B pesyabrare JH(depeHUHpOBaHUs NOABIHTErPaNbHON
¢yHKUMY O napamerpy (CM. TaM xKe).

OTH Xe 3aMeuaHHs OTHOCATCS W K KPaTHBIM HHTerpaniam, 3aBH-
CSAILKMM OT MapaMeTpoB.

Hnsa nuueliHbix ypaBuenuil L(#) =0 HMeer MeCTO NPHHIHI
CyNepIo3UIHH, 3aKJIIOYAOMHNACA B TOM, YTO (QYHKIHS

n
ulx, ty= 2 Ciu; (x, t),
i=1

npeicTaBjieHHAss B BHAE CYMMBl KOHEUHOIO YHCJIAa YaCTHBIX pelile-
HUH, fABJASETCA TakMke pellenneM YypaBHeHHA. Ecau MB HMeeM
peluenne u(x,f,a), 3aBHCAllee OT NapaMerpa, TO HHTErpaJsibHas
cyMMma

2 u (X, t an) Cn (Cn =0Q (an) ACL) (14)

Takxe sBAseTCA peiuenueM ypaBHeHusi L(u) = 0. [loxaszannas
JeMMa, TaK e Kak H JeMMa Ha cTp. 91, ycraHaBJHBaeT yCJIOBHS,
APH KOTOPHIX npefen cymMbl (l4), B HalleM ciayyae paBHblil

u(x, )= [ U(x ¢, 0)g(a)da,

Takxe siBaserca peuwenueMm ypasHeHus L(u) = 0. C 3Tolt ToOuKH
3peHds A0KA3aHHYIO JeMMy, KaK H jeMMy Ha cT1p. 91, ecrecTBeHHO
Has3bBaTh OGOOMEHHBIM NPUHUHIOM CYHNEepPHO2HILHH.

O6patuMca K uayueHuio umrerpana (127). JDoxaxeM, Bo-mep-
BbiX, 4TO ecJH (yHKuHs ¢(x) orpannueHa, |@(x)| <<M, 10 nHH-
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terpas (12’) cxoAuTcs U NpeicTaB/aseT OTpaHHYEHHYIO (YHKIHIO.
B camoMm nene,

_{x=8)2
it jp—
s D] <M fwt az
1 ——-l —a? = 3 —-—-—-——g —X
—MVR—!;e do=M ( 2V‘¢727)'
TaK Kak

o0

f e~*doa= V.

- 00

HokaxeM pnanee,qrokHTerpan (12’) ynoB/eTBOpSET ypaBHEHHIO
renaonpoBogHocTd npuH ¢ >0. [na s3Toro jgocratouHo Jo-
Ka3aTh, 4YTO IIDOM3BOJAHbIe 3TOro HHTerpana npu £ >0 MoxHO
BHIUKMCAATD MNPH NOMOWIM JupepeHIHPOBAHHA IOA  3HAKOM
uHTerpana.

B cayuae KOHEUHBIX NpPENENOB HHTETPHPOBAHHSA 3TO 3aKOHHO,
TaK Kak BCe NPOH3BOAHBIE QPYHKUHH

1 _x=%y
e 4a2t
2V na’

npu ¢ >0 nenpepwsuel. 118 Bo3MOXKHOCTH OHubbepeHUHPOBAHHSA
nojJ 3HAKOM HHTerpaJja HpH OeCKOHEUHBIX MNpeAetax AOCTATOUHO
y6euTbCd B PABHOMEPHOH CXOAMMOCTH HHTerpana, IOJYyYeHHOTO
nocie nuddepeHNHPoBaHUs MOJ 3HAKOM wunterpana. [Iposemem
3TO HCCAeJOBAaHHe Ha NpuMepe NepBOH NMPOM3BOAHOH MO X.

Hrak, ans pokasatenbctsa AuddepeHUHpyeMOCTH (DYHKIHH
(12) mo x, a Tak:Ke paBeHCTBA

= [ 3065 000

JIOCTATOYHO [0Ka3aTb PaBHOMEPHYIO CXOJHMOCTb HHTerpaJa, CTOS-
Ilero chnpasa; IPH 3TOM AJaf JAHPQepeHUHPYEMOCTH B TOUKe
(%0, t,) HmoCTAaTOYHO HOKa3aTh PaBHOMEpHYIO CXOAUMOCTh HHTErpa-
Ja B HeKOTOPOH 06s1acTH 3HAuYeHHH NepeMeHHBLIX, COAepKallell HC-
clenyeMble 3HaYeHHA (Xo, f), HAanpuMep B 06JacTH

H<HSE, [x|<<E

HocraTouHbIM yCJIOBHEM DPAaBHOMEDHOH CXOAMMOCTH HHTerpa-
Ja (aHaJOTHUHBIM MNPU3HAKY paBHOMepHOH CXOAUMOCTH psixa)
ABJASIETCA CYUIeCTBOBAHHE IOJIOXKHTeNbHOH ¢yHKunmu F(E), ne

8*
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s3aBucawell oT mapamerpos  (x, {f), KoTOopas MaKOpHpYyeT
¢yuknuI©O

2G(x, 8 Do)

¥ HHTErpaJ oT KOTOpOﬁ CXOANTCHA.

<FE), t>% E<-—%, (15)

fF(t;,) d§ < oo, fxlF(g) dg < oo. (15%)

Beanunna x; o603HayaeT HOKOTOPOe YHCJIO, HAUHHAS C KOTODOrO
BHINONHsIETCS] HepaBeHcTBO (15).

Ha#inem ouedxy cBepxy a/1s abcONIOTHON BeJHUMHBEI MOJABIHTE-

TPaNbHOTO BHIPAXKEHHA B GopMyJse Ajs %ﬁ—:

3G ! L

206, 8 )] 1@ 1= 5y EEE T oI
Mt ~Hei ]
SF dwgee P E<x (19

npu Jwbbix |x|<<Z n ¢ <t <<t Herpyano ybeautbess B €XO-
aumoctd uHTerpanaa (157) or dynkuum F(E). Unrerpan

oo 2

_ (5—%)° _ &

U &+ f | & +2%F —r
F 4a’ty = —_— 2L 1 T o ddi,
J €)d ( 2V 2lat] € d —122}/“ 2[a2t1]%e &

(§1=]§|‘—'2)

CXOMMTCH, TAK KaK [OJ 3HAKOM MHTerpaja CTOUT MHOXKHTEb THIA
(at + b)e—%. Orciona 3akaouaeM, uTo

= fa—G (5, & Do®)d

CoBepIIeHHO AHAJOTHYHO [JOKA3BIBACTCA BO3MOXKHOCTBH BBEIUMC-
JIEHHSI BCEX OCTaJbHbIX IPOH3BOLHBIX NMOL 3HAKOM HHTerpana. TeMm
caMbiM JIOKa3aHO, yro ¢yHkuus (12') yRoBIeTBOpSieT ypaBHEHHIO
TEMJIONPOBOJHOCTH.

OGpatuMcst Telepb K BBIACHEHHIO OCHOBHOTO CBOHCTBA MHTerpa-
Jaa (12), a HMeHHO, JOKaXeM, 4TO

u(x, )y —>o¢(x) mpu t—>0 u x—x,

BO BCEX TOUKAX HEMPEPBLIBHOCTH (QYHKUHH @ (X).
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Hrak, nyctb ¢(x) HenpepplBHa B HEKOTOpOH Touke xp. Ml
JOJIKHBL IOKa3aThb, UTO
lim u(x, ) =q(xy),
t->0
X—>»Xo

T. €. KaKOBO Obl HH OblI0 & >0, MOXHO yKasaTb Takoe §(g), UTO

lu(x, 1) —@(xo) | <e,
KOJIb CKOPO
fx—x0|<6(e) u |t]<d(e).

B cuny npeanonaraeMoll HenpepblBHOCTH GYHKUHH ¢(X) B TOuKe
Xo CYUIECTBYET Takoe 1) (g), 4To

e
lo(x) —o ()| <5, (17)
€CJIH TOJIbKO
[x — x| <.
Pas6uBasi mpoMexyTOK HMHTerpallMH Ha 4acTH, NpeACTaBUM u (X, )
B BHJE CYMMbl TPeX cJaraeMbix:

X X2

1 1 s Vi
u(x, t):m—_}i;?e 4a%t qj(g)dg_*_ s dg_l_

X
oo

1
o [ di=un e Ot D u D, (19)
2Vn h
2
rine
Xj=Xp—M H X=X+
T/aBHOe cilaraeMoe 3TOH CYMMBI 4y MOXKHO NPeICTaBHTh B BHIE

Xq

(x-—&)’
e
wy(n =28 [ e a4
Xy

X2

_x=%P
toie [ © — e dE =1+ 1,

HHTeI‘paJI [1 BBIUHCAACTCS HENOCPEACTBEHHO

Xo—X
% _{x=8F 2V a?
__9(x) f e oG [ gy
h=sve ) var ®=75 ] e
o2V a?f
rage
— E—~x — dg
o=, do=e. (19)
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Kak Tonbko [X — Xo|<<m, TO BepxHuii npeaen CTAHOBHTCA MOJO-
JKHTEJNbHBIM, a HHXHHUH — OTpPHLATENbHBIM, H 1pH [ — 0 BepxHHH
npenen CTpeMHTC K -foo, a HIKHHE K —oo. Orcioga caemyer,
qTOo

lim I, = @ (xy).

t->0
X->» X0

Taxum o6pas3oM, MOXKHO yKasaTh Takoe di, 4TO

g
Hh—olx) <5, (20)
€CJIH TOJIBKO
|x—x0|<6] H lt'<6;.
TToxaxem, 4TO ocTajbHble HHTerpasnl: I, Uy U Uz — mananl. OueHuM
npexje Bcero uHTerpan I

& ) _(x—BP

I1,1< V_j T 9 (8) — 9 (x)]de.

W3 pasencts (18) BuaHO, 4TO Nnpn

X <E<x
UMeeT MeCTO HePaBeHCTBO
1E—xl<m.
IToansysace HepapeHcTBoM (17), a Takxe Tem, 4TO
X" oo

L4
- 00

L e—w = o =
V&.x[ da<Vn (e da=1,

KakoBhl Obl HM OBIIH X7 H X", IOJydaeM:

Xy—X
X (x—E) 2V a%

1 1 - 1 e
<& 1 f L v R f =0 o < £
lzl\G 2V n a’t dg 621/11: <%

Xy X|—-Xx
2V %

@1
rIe HOBasi mepeMeHHas a ompegesnsercs dopmysaoi (19). Ouenum

. e P € 5 1
)| =—— f —— 4a’t dg
| u3(x, t)| V| Ve P (§) dg

oo

X —> X

M f —a
< Ve a—>0 mpu 0

Xa—X
2V Wt

(22)
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¥ aHaJOru4HoO

1 3 1 _x—gp
i, 1= = | [ e ® o as| <
- X,—X
2Vait
M ) X—>X
<V?E f e~%da—>0 mupmu t—>0? (23)

—_00

TaK KaK €ClIH X—>Xy TO X, — x>0, 1 x;, —x <0, u ecau £—0,
To B NOCJENHHMX uJeHax (22) u (23) HHXKHHUA Tpelnes H, COOTBET:
CTBEHHO, BEePXHHH Mpejes CTpeMATCs K -+ oo U — oo, Cienosa-
TeJIbHO, MOXHO YKa3aTh TaKoe 0, uTO

lug(e, <5 n Ju(x, )<+, (24)

€CJIH TOJIBKO
lx —x,] <8, u |t] <0,

ITonbsysich ycTaHOBJIEHHBIMH Bbillle OLEHKaMHu (22), (23), nonyuaem:
[ux, ) — o () ||y + {1} — @ (xo)] + 1y + us <<

<lw |+ =@ |+ LI+ ml<g+5+5+5=e (25)
€CJIM TOJBKO
[x—x <6 u [£]<H,
rie 6 paBHO HaHUMeHblIeMy H3 uyuceJ 6, u §,.
TakuM o6pa3oM, Mbl AOKa3aJ/H, YTO GYHKIHUS
¢ 1 f 1 _(J:—i)’ £) d ’
_ ———— a?
u(x, t) v i P (&) dg (12)

OrpaHuyeHa, YAOBJICTBODAET YPaBHEHHIO TENJOINPOBOAHOCTH H HA-

4aJpHOMY YCJOBHIO.
Ecin HavyasbHOe 3HauyeHHe 3ajaerca He npu f=0, a npu

t = t,, To BhIpaxkeHue JJs u(x,t) npaobperaer BHL

__(x—8
T ds  (127)

1 1
ulx, 1) = 2Vn _v£ Var(t —1,)

EnvHCTBEHHOCTh NOJY4eHHOTO peilleHHa [AJAd HeNpepbiBHOMH
dyHrkuuu @(x) ciaenyer us teopeMul, JokaszaHHOH B § 2, m. 3. Ecau
HayasbHasi GYHKUHS ¢(x¥) HMeeT KOHEYHOe YHC/IO TOYEK pasphbl-
3a, 10 murerpad (12”) npeacTaBiser orpaHHYeHHOe peLIeHHe
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ypaBHenus (1), HempepniBHOE BCIOLY, KpOMe TOYeK paspbiBa ¢YHK-
unn ¢ (x) 1).

PaccMoTprM B KauecTBe NpHMepa CJIelYIOMyIO0 3ajauy:

HQUTW pellenue YpasHesus TenaAonpoBOOHOCTU, eCAl Ha4aAb-
nas temneparypa (npu t={,=0) umeer ROCTOAHHblE, HO pa3-
AudHble 3Haverus 0aa x > 0 u x < 0, a umeHHo:

T, nama x>0,
T, mag x<O0.

Toan3ysace dopmyJofi (127), mosyyaem peiedue 3amaud B Bujie

oo

u(x, 0)=q>(x)={

1 ( P
—_————— 4a® E =
wir =y [ yare = e0a

0 o
(x—§)? (x—2)?
= T2 J e_———xziaZt ST J e———x4a§ 4 _
V= A oV at Va g 2V ak
- X
21/(?? oo
Ty f —a? T, J' @
=1 e~ %da L e %do=
Ve J tve )
TevVar
X
2V at
=nth  L=h f e~%da,  (26)
2 Va'c S
TaKk Kak
-2 0 z 2
- IE'“' do = —— je"“’ da — — Ie“a’ do=+ — 1 |eogq
V;r'{__co V:n:__& Va 2 Vﬂo
"
o0 0 z
1 [‘—G’d 1 | J’_a, 1 I (_x)
h— o= —_— e da—-— — e d(l i .
Va te 2+ 7 2+Vﬂo 2V a?
-y _

B uacTtHOCTH, ecJH

TO

u(x, f)='zl>‘(l +T;§1:fe—wda) == 7=

/

1) TMoab3ysich METOLOM, H3NOXeHHBM B 0. 3, § 2, MoxHo y6e@uTbcs, 4TO
OyHKUHS 4(X,!) NEpeuHCNEHBEIMH YCIOBHSMH ONPENE/SETICS ONHO3HATHO.
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Ilpodusis TemMmepaTypH B 3ajaHHBIE MOMeEHT ! jgaeTcAd KPHBOH

2

f(2)= V_ j e~%da,

rie z npeiacrabaseT abcuHccy TOYKH, B KOTOPOH omnpefensieTcss TeM-
nepaTypa, ec/lu 3a eJUMHHIY JJIHHbI, B 3aBUCHMOCTH OT f, NpPHHH-
maercs: snauenne 2 )/ a%. Tloctpoenue 3Toli KPHBOH He npeacras-

JsieT TpyAa, TaK KaK HHTerpas
z

2
6y =————_f -2 da,
(=) Ve s e~ *da

HasblBaeMblH OGBIUHO HHTErpamaom omn60K, YacTo BCTpe-
yaeTcs B TEOPHH BepoaTHOCTen H JJst Hero CyuleCTBYIOT nojpo6-
Hble Tadauus t).

®opmynaa (26) npu npousBoabHBIX Ty U T MOXKeT GBITH 3alu-
caHa B BHIe

uir, p="1020 p I=le g "__>.
2 2 \ 2V a¥%
OTC}Olla BUJAHO, YTO B TOYKe X == 0 TeMmMneparypa BcCe BpemMa Mo-
CTOSIHHAa M paBHa MOJYCYMMe HauaJbHbIX 3HAuUeHHH cnpaBa M clie-
Ba, Tak kKak @®(0) = 0.
Penienne HeolHOPOAHOTO ypaBHeHHA

ut=a2uxx+f(x’ t) (—oo < x<oo, t>0)
C HYJI€eBbIMH HayaJbHbIMH YCJOBHSAMH
ul(x, 0)=0,

OUEBHIHO, KOJKHO NpeacTaBaaTbes Gpopmyso

i

ue, = [ [ G5, & t—DE ndzdr, (27)

Kak To cjenyer u3 cMblcia gyHruuu G(x, E f) (cm. m. 4, § 2). Mul
He 6ylaeM nojapoOHee 3aHMMATbCA H3yueHHEM 3TOH QOPMYJBI H yc-
JIOBHII NPHMEHHMOCTH, KOTOpbleé HAJI0 HaJOXHTb Ha (QYHKUHIO
f(x,1).

2. Kpaesble 3ajayn jpjs mnogyorpanuvedsoii npamoii. Kaxk Mpi
yKe oTMeuaaun B § 1, nm. 4, B Tex ciayvanx, KOrZa HHTepeCywTcsl
pacnpenesendeM TeMnepaTypsl BOJH3H OJIHOTO M3 KOHIOB CTEPXHA,
a BJAMsiHHE ADYroro KOHLA HeCyIleCTBEHHO, NPHHHMAIOT, YTO 3TOT

1) Cwm., nanpumep, A. A, Mapxkos, Kypc teopud BeposiTHOCTEd, rae HaHbl
TaGAHUKE 5TOrO HHTErpaja ¢ LIECTBIO JeCATHYHHMH 3HakamH. CM. Taxxke Gonee
KpaTKyi0 TaGJHIly B KOHLE KHHIH.
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KOHell HaxOAHTCS B GeCKOHEYHOCTH. IDTOo OPpHBOAHT K 3ajaue 06
OIpefeNeHHH pelleHHsl YPaBHEHHUS TENJAOINPOBOIHOCTH

U=0y., x>0, t>0

Ha noJy6eckOHeuHOH npsiMoll x > 0 ansa 3HaueHwuit { > 0, yaoBJer-
BOPSIOILETO HAYAJbHOMY YCJAOBHIO

uf{x, 0)=0¢x (x>0

W TPaHHYHOMY YCJIOBHIO, KOTOPOE, B 3aBHCHMOCTH OT 3aJaHHOTO
XapakTepa rPaHHYHOTO pexkKHMa, GepeTcsi B OZHOM M3 CHEIYIOMIHX
BHJOB:

u(0, )=un(f) (mepBast xkpaesas 3amauva),
%(O, fy=wv(f) (BTopas KpaeBast 3amaua)
HJIH

%(0, )=»2A[u(0, {)—06(f)] (TpeThs KpaeBas 3apnaua).

B nmanbuefimeM Mpl OrpaHHYMMcs MOAPOGHBIM HCCAeROBaHHEM
TOJBKO MEePBOH KpaeBOH 3ajmauy, 3akawuaiomelcs B OTH-
CKaHHH PeLleHHs YPaBHEHHS TelJIONPOBOAHOCTH [PH TONOJHHTE/b~

HBIX yCJOBHAX
u(x, V)=o), u(0, H=u(l). (28)

s Toro 4ToGHl YCJOBHS 3a4auUM ONMpPeNeNsIH eAHHCTBEHHOE pe-
IeHue, HeOOXONHMMO HAJIOKHUTh HEKOTOphIEe YCJIOBHUSI B GecKoHeu-
Hocry. ITorpe6yeM B KaueCTBe AONOJHHUTENbHOro TpeGoBaHus, UTO-
Onl bysKuusa u(x,?) Oblra BCIOLY OTpaHHYEHa

lu(x, )| <M mna 0<x<oo u t>=0,

raie M — Hekoropas nocrosHHas. OTciofa caenyer, 4To HauaJbHas
dyHkuust @(x) IOMKHA TakkKe YAOBIETBOPSITH YCIOBHIO OTPaHH-

YeHHOCTH
fo(x) | <M.

Pelenne mocraB/eHHON 3ajayd MOXKHO NpEeACTaBHTL B BHAE

CYMMBI
u(x, t)y=u (x, t) 4 u,(x, 1),

cae uy(x,t) npeAcraBisieT BJHAHHE TOJbKO HavyasbHBIX YCJIOBHH, a
Uy (x,t) — BAUSAHHE TOJNBKO TPAHUYHOTO YCJAOBHA. DTH QYHKUHUH
MOXKHO ONpelequTb KaK pelieHHs: ypaBHenus (1), ymoBiersopsio-
lHe YCAOBHAM

wx, 0=e), w0, =0 (28")

Uy (x: 0) =0, Uy (O: t) =u (t)' (28”)

H



§ 3 3ANAYM HA BECKOHEUHOM IPSMOMN 235

QOueBHIHO, YTO CyMMa 3THX (QYHKUMH OyIeT yAOBJIETBOPATH YCaO-
pusaM (28). JloxaxeM npeABapHTeJbHO LBe JIeMMbl OTHOCHTEJIBHO
$ynknun u(x,t), onpenensemoil Huterpajaom Ilyaccona,

1 _(x—ty

wo D=z [ i T 4O (29)

1. Ecau ¢ynxyus (x) aeasercs HedeTHOU pynkyueid, T. e.
1P(X)=—'lb('—X),

oo

70 pynryua (29)
(x—8)?

1 ————

1
ux, ) =—= f——:e 4a’t dE
=5y | 7 (E)ds
obpauwjaerca 8 Hyse npu x = 0,
u (0, 1)=0.
IlIpu sTOM, KOHeuHo, mpeamoJaraercs, YTO HHTerpas, onpenensi-

mui GyHKUMIO u(x,t), CXOAMTCHA, YTO HMEeT MecTo, eciau P(x)
orpanuuena. IToabiHTerpanpHas GyHKUUs B MHTErpaje

© t)——-l——~fm Lm0 d
wi C2Va J Var A

HeueTHA OTHOCHTEJbHO E, TaK Kak SIBJIfieTCs NPON3BeIEHHEM Heuer-
Hoii ¢yHkKuME Ha uerHylo. MHrterpan e oT HeueTHON GYHKUHH
B mpelenax, CHMMETPHYHBIX OTHOCHTeJbHO Hayaja KOOpAHHAT, pas-
HseTcs HYJI0; CJIef0BaTeNbHO,

u(0, 1)=0,

4TO ¥ JOKa3bIBAaeT JEMMY.
2. Ecau ¢yuryus ((x) seaserca verHoi ¢pynxyued, T1. e.

'\b(x)='\p(_ X),

TO npousgooHas gyuxyus u(x,t) us gopmyasvt (29) pasna Hyso
apu x =0

ou
Oaa scex t > 0.
B camom gnedne,
+o0
(x—8)
o P —— =8 @y mar| =0,
x=0

O lmo 2V J 2(@)”

Tak Kak npu x =0 mnoxbiHTerpasibHasi (QYHKUHS HEueTHa, ecJH
P (&) — ueTnas.
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[Tepefimem Temepb K HOCTPOEHHIO QYHKUUH u;(X,1), YAOBJIETBO-
pstouei ycnosusam (287).

Beenem BcmoMoratenabnylo ¢yuxkuuo U(x,f), onpeneseHHYI0 Ha
GeckoHeyHOH NpsMOH — 0o < x <C co ¥ Y/JOBJETBOPSHIONLYIO ypas-
HEHHIO, a TaK¥Ke YCJIOBHAM

U@, ty=0,

Ui, 0)=¢(x) pra x>0.
31y OQyHKUHIO, NOAL3YACh JeMMOH, MOXKHO ONPedeNuTb NpU MO-
MOIUM HayajapHOH &ynkuun W(x), cosmajawiiefi ¢ ¢(x) mas
x>0 u dABAAOHIeHCS HEYeTHBIM MNPOJOJIKEHHeM @(X) OJs

x<<0, T e
o (x) g x>0,

WOC):{ —@(—x) mia x <0,
TaK 4TO’
(x—E)?

[ e
U(JC, t)_‘ 2]”/R=‘[° Vﬁe dalt \F(g)dg.

PaccmartpuBas 3nauenus ¢ynxnun U(x,f) TONbKO B HMHTepecyloled
Hac obsactd ¥ = 0, DOJyUUM:

u(x, )= (x, ) nopn x>0.
[Tonb3ysice onpenenenuem ¢yuxkuuu W(x), GyaeM HMeTb:
U, t)=
0 oo

o g [
77 e Oty | yie = V@@=

(o]

9 oo
1 _(x+8) 1 1

! “iat
"’w?of are eRdt =] o

_(x—§)p
e % g(g)dg,

NpHyeM B NepPBOM HHTerpaJie ciefaHa 3ameHa £ == —E W ucnonb-
30BaHO PaBEHCTBO

YE)=—0o(—8=—09).
Coenunsis 06a WHTErpasa BMecTe, NOJYYHM HCKOMYIO (QYHKIHIO

_x=87 (x+8)?

i (5 t)=;;/—;JV—;_f{e W o@d:  (30)

B BHJe, He coflepxkKallleM BcIoOMoraTeJbHbIX (DYHKIUHA. 3aMeTuMm, uTo
npu x = 0 BlpaxeHnde B QHUrypHbIX cKoOKax ofpalaerca B HyJb
Hu(0,2) = 0.
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IToabsysice eMMoil 2, HETPYAHO YOEAUTHCSs, YTO PellieHHe ypas-
HEHHUA TeNJICHPOBOAHOCTH C OAZHODOAHBIM TPAHHUYHBIM YCJIOBHEM

di _
BTOPOrO poja —0—?(0, f)==0 ¥ HayaabHBIM ycaoBueM di(x,0) =
= @(X) OpeLcTaBJsieTCs B BHIE

(x+E)

F (x—EP
a(x, )= gllf:TofT/%t{e it e et }cp@) dg.  (30')

TlpuMennm noayucHHyI0 GOpPMYJaYy K pelleHHI0 3afauH of OCThI-
BaHHMU PaBHOMEDHO HAarpeToro CTepXkHsl, Ha FPaHHIe KOTOPOro MOA-
JiepKEBaeTcss NOCTOSHHAS TeMilepaTypa, KOTOPYIO MEI NMpHMeM paB-
HOM Hya10. 3afaya COCTOHT B ONpeNeJEHHH pelIeHHS YpaBHEHUs
TEeIJIONPOBOLHOCTH, YIOBJETBOPSIONIEID YCIOBHAM

Uy (x, to) = T, U (0, t) =0.

YuyuTeiBasl, 4TO HauajbHOe YCJOBHe 3ajaercd He npH { =20, a
npH ¢ = fto, BMecTo dopmyan (30) moayunm:

o0

(x—E)? (x+8)*
T T Aat(f— 2(f— dg
, 1) = f e tat(t—t)) 4a? (t—to) —_ ., 1
v,(x ) QV_RO { e }Va__—2(t—to) (3 )

pa36HBaH HHTeI‘paJI Ha JBa cJjgaraeMblX U BBOASA nepemeHHbIe
E—x E+x

Y = R =k
NOJyUYuM: .
Uy (x, t) =TO (m—-—“—__(t__%.‘)-‘) N (31’)
rne

2

2 -2
D(2) 7= e (V]

0
— uHTerpaJs omuboK.
OGpatuMcst Tenepb K OThICKaHHI0 (GYHKUHH up(X,f), mpencras-
JIsIIonlell BTOPYIO 4acTh pelileHUst NMepBOH KpaeBOH 3aJau.
ITycts
u (f) = py = const.
O yHRUHA

SIBJISIeTCA PelIeHHeM YPaBHEHHs TelJIONPOBOAHOCTH, YAOBJETBOPSIO-
LIHM YCJIOBHAM

(%, t) =no, (0, £)=0.
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Orciona cnenyert, uto QyHKuMA

0t B =1to— 0 (%, )= pq [1 — CD(W%‘———T)’)] (33)

M ABJSETCS HCKOMOH, TaK KaK OHa YAOBJIETBODPSIET TOMY Ke ypaB-
HEHHIO H YCJIOBHAM

v{x, t)=0 (x>0) n v(0, Hh=u, (>4
Ilpencrazum v (x, ) B BHAE

v(x, B)=poU (x, t — 1),
rne

Lo

iy — ] — X — 2 g a
U, t—1)—=1 CD(‘H/E?TF—T,)) = f e~ da  (34)

2Val(i—ty)

ABJSIeTCS pelleideM TOH Ke 3ajauu, uto U v(x,t), npu pp = 1.
[To onpenenernio pyuxuus U(x,{— 1) uMeeT CMBICA TOJBKO
npu t = . Ilgcaonkum onpelenenue 3ToH (yHKXUHH, moJjaras

Uk, t—t)=0 nmaa t<t,

OueBHIHO, YTO 3TO OMpefc/ieHHe COrnacyeTcs co 3HaueHHeM (yHK-
uan U(x,t) npu { = 0 u onpelejeHHas TakHM o0pasoM (yHKUHuS
OyleT YAOBJETBOPATL VDPABHEHHIO TEIJIONPOBOAHOCTH A/ Bcex ¢
npu x > 0. [pannuioe ziavende atodl dyHkuuu (npu x = 0) as-
JsieTcsl cTyneHuaToil dyHiknuel, paBHOH HyJalo npu f << # u paBHON
enunune npu ¢ >t ®ynxuua U(x, f) BecoMa uacTo BeTpevaercd
B IIPWIOXKEHWSX M fBJSTCH BCMOMOTATeNbHLIM 3BEHOM IJ5 Ha-
XOXKIEHNHA QYHKUHMH Uz(X, [).

PaccMOoTpUM BTOPYIO BCIIOMOTAaTeNbHYIO 3ajfauy, 3aK/amyalo-
ULyIOoCsi B HAXOMK/EHHH DelieHHsl yPaBHeHHs TElIONPOBOJHOCTH CO
CAeNyIOIUMH HaYaJbHEIMH H TPAHHYHBIMH yCJOBHAMH:

we mas f<t<t,
0 nmaa t>1¢.

HenocpeacTBeHHOH NMpPOBepKOH HETPYAHO yGeAHThCs, UTO
v(x, ) =po[U (x, t — ) — U (x, t —1))].

Boob6ue, ecsin rpaHuyHas ¢yHkuusa p(f) sagaerca B BHAe CTylcl-
yaTofl QyHKUHH

0 (x, t) =0, v(o,t>=u<t)={

U o L <t
p(fy=1 " g 4 <t

ooy ARty <ESE,



§ 3] 3A7711 HA DECKCHEYHOM TIPAMOM 939

TO, paccykAasi COBEPLIEHHO aHANOTMUHO, NOJYYHM, 4TO peuleliHe
KpaeBoil 3ajgauu c nofo6Ho#i ¢yakuueil p(f) moxer ObITh 3an-
CaHO CNeNYIOIUM 00pasoM:

n—2

ulx, )= -20 w U, t—t)—Ulx, t— L)l + ey U Qe £ —1,-y).
i=
(35)
[Toabsysicb TeopeMOH O KOHEUHOM NPHPALIEHUH, IOJYYUM:
n—2
oU (x, t — '
wn, =Yy ET=D] Aot U, = tum)  (36)
i=0 i

b4 G PR TR FIU

O6paTumvcs Tenepb K 3ajaue O HaXOXKAeHHN peileHust u(x,?) ypas-
HeHHS TeNJIONPOBOJAHOCTH C HYyJeBLIM HayaJbHBIM YCJIOBHEM H rpa-

HUYHBIM YCJOBHEM
u(0, )=np@ (¢>0),

rae p(f)— npou3BosbHAsT KycOuHO-HenpephiBHas Qynkuus. [1pubian-

’KeHHOe pelileHHe 3TOH 3ajaui Jerko noayuuts B Buie (36), ecau

¢yHKuHIO W (f) 3aMeHHTb KYCOUHO-NOCTOAHHON (yHKuued. [lepexons

K Npeneny NpU yMeHbIIEHHM HHTEPBAJOB IOCTOSIHCTBA BCIOMOTa-

TeJbHOH (YHKUHMH, MOJYUYHM, 4TO npenen cymmel (36) Oyner paseH
t

aU
f—az—(x, t—1)u(r)dr,
0
TaK Kak npu x>0
lim w, U(x, t —t,-)=0.
t—t,_, >0
OueBHAHO, YTO HCKOMOe pelleHHe us(x,f) BTOpOil 3ajauM JOJIKHO

6bITh PaBHO
t

ou
Uy (x, t) = J- -5 (x t—1) u () dr. (37)
0
Mp! He 6yneM moApoGHO OCTAHABIHBATLCSH HA MPAaBOMEPHOCTH MNpe-
JeJbHOTO Mepexofa H BBISICHEHHH YCJIOBHI IPHMMEHHMOCTH 3TOH
(dopmysbl B OTHOLIEHHH QYHKIHH W (T).
HerpynHo yOenutbcsi B TOM, 4TO

0o
x2?

V% J e~ dg \—=— L@ Ther

2Vn [at]"

(x—E)
200 (g1 1 - )
08 1: \ " 2Va Vau

9
o1

oU

o  t)=
_*
2V ait

= —2a? —g% (x, 0,t)=2a




240 YPABHEHHY ITAPABOJIMUECKOI'O THIIA [TJ1. 111

Takum 006pasoM, HCKOMOe pelleHHe B CJydyae [POH3BOJIbHOMN
dyukuun p(f) MoxKer ObITb NPENCTABJIEHO B BHIE
t

__d T
Uy (x, t) thf T e pit)dv

HJA
t

u, (x, t):Qa?f 99 (v, 0, t—D)p(x)dr ). (38)

o

OrmMeTHM, 4TO B npolecce noaydenus Gpopmyasl (38) Mbl HUTIe
He 10/1b30BaJ/IACh CHELHAJbHBIMH CBOHCTBAMH YDaBHEHUS TENJONPO-
BOJMHOCTH, KpOMe €ro JUHeAHOCTH. MBI HHIIE He TO0Jb30BAJHCh TaK-
*e aHaauTHueckoh dopmysaon dyukuun U(x, ), a TOABKO TeM, 4TO
OHa YJOBJETBOPSAET IPAHUUYHBIM M HAUYajJbHBIM YCJIOBHUAM

U@, )=1 npas ¢t>0,
Ux, 0)=0 pgma x>0
HJH
U ¢ { 1 nas ¢>0,
0. 1) = 0 naa t<O.

OueBHAHO, 4TO €CJAH MBI HMeeM Jen0 ¢ pellleHHeM KaKoro-ju6o JiH-
HefiHoro auddepeHnralbHOrO0 ypaBHeHUs NPH TPAHHYHOM YCJAOBHH

u(0, )=nu() (E>0),

HYJIeBbIX Ha4aJbHBIX YC/JOBHUSIX W HYJeBBIX [ONOJHHTEJNBHBIX Tpa-
HHYHBIX YCJIOBHAX, €CJIM TaKHe HMEIOT MecTo (HampuMep, npu x=/[),
TO pelleHHe 3TOH 3aJayd MOXKeT ObITb NPEACTABJIEHO B BHIe

t

ul(x, t)= f %%’- (x, t—7)p(v)dt, (39)
0

rae U(x,!)— peuwlenne aHaJOTHYHOA KpaeBofl 3ajaud IpH
U{o, t)=1.

CohopMyIHpPOBARHBIA 3MeChb IIPUHIUI, HasblBaeMblHl 0D HHI H-
nmom JloraMmess, NOKasblBaeT, YTO OCHOBHYIO TPYAHOCTb NpH
pellleHHH KpaeBbiX 3ahady NpeJCcTaB/seT NOCTOAHHOE MDAaHHYHOe 3Ha-
yenue. Eciiu KpaeBas 3ajlaua ¢ NOCTOSHHBIM I'DaHUYHBIM 3HAUYeHHeM
pellleHa, TO pellieHHe KpaeBOH 3aJauyd C NepeMeHHBIM TPaHHUYHBIM
ycioBueM npesnctabisercs hopMynol (39). DTHM NPUHUHIIOM YaCTO

) D10 npexacTaBneHue pelleHHA NEPBOH KPAeBOf 3alaud C HY/JEBLIMH Ha-
qaJbHLIMH YCIOBHAMH LaHO 31ech AJIA YAOOCTBa CPAaBHEHHA ¢ PELICHHEM TOH XKe
8ajauH, nojysennsim B ra. VI, § 4 aipyruM meronom.
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MOJb3YIOTCA NMPH pPElIeHHM MHOTHX KpDaeBbIX 3ajad, HNPHBOJAS pelle-
HYe TOJIbKO AJIsl IOCTOSIHHOIO TPAHHYHOTO YCJIOBHs, He OTOBapusas,
YTO pelleHHe KPaeBOH 3amaud ¢ nepeMeHHbIM u(f) maerca QopMy-
Jqoft (39).
Cymma ¢yHKUHA
Uy (xv t) + Uy (x, t)

IlaeT pelleHHe NepBOIl KpaeBofi 3ajauu A1d NMOJyGeCKOHEUHON Mps-
MOH [J1s OAHOPOAHOIO YpaBHEHHA.

IToabsysich dopmyaon (27) n. 1 § 3 u npHHUMIOM HedyeTHOro
IIPOAOJIKEHUs, HETPYAHO YOeIHTbCA B TOM, UTO pelICHHE HEeolHoH-
POAHOrO ypaBHEHUS:

ut=a2uxx+f(x, 1) 0<x<oo, t>0)
[Py  HY/JAEeBOM HayaJbHOM M HY/JIE€BOM TDAaHHYHOM  YCJIOBHH
(u(0, t) = 0) maercs ¢opmynoit
us(x, )=

00

(x—E)? (x+E»

t
= 1 [‘f 1 TAR(F=T) _ p ddi(i—7) £ o) de 0
2Va § s Vm{e e }f(g, 1) dt dt. (40)

Cymma
u (x, O+ uy(x, ) + uy(x, H)=ulx, ?)

JlaeT pellleHHe NEePBOH KpaeBOH 3amauu
U= gy + 1 (x, 1),

U(O, t)=“'(t)’ u(x, 0)=q)(x)

§ 4. 3apaun Ge3 HayaJAbHBIX YCJHOBHN

Ecau usyuaercs mporecc Ten/oONpoBOJHOCTH B MOMEHT, LOCTA-
TOYHO yJaJieHHbIl OT Haya/JbHOrO, TO BJMSAHHE HAYaJbHBIX YCJAOBHI
NPaKTHYECKH He CKa3biBAeTCA Ha pacnpefiel]eHHH TeMIepaTyphl B
MOMeHT Hal./0JeHus. B aToM cayuae crasutca 3ajgaya 06 OTbICKA-
HUY DpelleHHst ypPaBHEHMA TellJIONPOBONHOCTH, YIOBJETBOPSIOLLEr0
TPaHHYHBIM YCJAOBHAM OAHOIO M3 TpeX THIIOB, 3aJaHHbIM 1JA BCeX
1 > —oo. Ecnu crep:keHb orpaHuueH, To 3a/al0TCA IPAHUUHBIE YC-
JIOBHSI HAa OOOMX KOHUAX cTep:KHA. s nosyGecKOHEYHOro cTepik-
Hsl 3a1aeTCsl JIMIb OAHO T'DAHHUYHOE YCJOBHE,

PaccMorpuM mepByto KpaeByio 3agady Ajs N0MyGecKOHEYHOIo
CTepXKHS:

HQUTU O2paHUueHHOe pelleHue YpasHenus TenAonpoOsoOHOCTU 8
obracru x > 0, yoogaersoparoujee Yycaosuio

u(©, H)=u(), 0y
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rie u(¢f) —sadannan gynxkyus. Illpednoaaeaerca, 4rT0 ynKyuu
u(x,t)y u u(t) oepanuuenvt 6crody, T. e.

fulx, )| <M,
[u(t) | <M.

Kak Oyner nokasano HmKe (cM. Menxuil wipudt), QyHrunsa u(x,:)
ompejensieTcs OAHO3HAuHO. Bosbmem Haubosee yacTo BCTpeuaio-
LIniicsl cay4yail TPAaHHYHOTO YCJIOBHS

p () = A cos ot. 2)

Drta sajaua u3yuasach eile Pypre u BnepBHe Obljia NPHMeHeHa
npH oNpeleeHHN TeMIepPaTypPHBIX KoseGaHHH IOYBHI !).
3anuimeM rpaHuyHoe YCJ0OBHe B BHJE

u (f) = Aeiot, 27)

W3 nuneliHOCTH ypaBHEHHA TENJONPOBOAHOCTH CJEAYeT, 4TO AeH-
CTBHTeJIbHAsi M MHHMMasl YacTH HEKOTOPOTO KOMIIIEKCHOTO pelueHust
ypaBHeHHs] TelJIONPOBOJHOCTH KaxKIasi B OTHEJbHOCTH YAOBJETBO-
psieT TOMY 2Ke yDaBHEHHIO.

- Ecau naifineno peurenne ypaBHeHHsl TeNJIONPOBOAHOCTH, YAOBJeE-
TBOpsIIOILEe YC/I0BHIO (2'), TO ero neicTBHTEeNbHAst YacTb YROBJe-
TBOpPfiET ycJOBHIO (2), a MHHUMas — YCJOBHIO

u (0, )=y, (f) = Asin ot.
Hrak, paccMOTpuM 3ajnayy:

Uy= 0"l yzy, (3)
u (0, t)== Aeiot,
Ee pemtenne OyneMm HCKaTh B BUIe
u(x, t)= Aewx+ft, 4y

(e o U P — HeolpejeseHHbIEe NOKA NOCTOSTHHLIE.
IMoncrasnssa Bulpaxenune (4) B ypaBHeHHe (3) W TIpaHHYHOEe
yCJOBHE, HaXOAUM:

1 .
Ct2 = _(12_ ﬂ, ﬁ =1,
OTKyna

= EVE]

1} Cwm. npuioxenne 1.
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Hast u(x, 1) umeem:

RV o
u (x’ t) _ Ae—‘/- 247 x+i(:t‘/- oar x+(nt). (5)
HeficTBUTeIBHAS YaCTh 3TOTO PelIeHHUs
o [
u(x, t)=Aet’/ 2a xcos(i]/ 2—(25 x+mt> (6)

yLOBJIETBOPACT YDABHEHHIO TEMJIONPOBOJHOCTH M T'PAHHUHOMY Yyc-
goButo  (2). Popmysra (6) B 3aBHCHMOCTH OT BHIGODA 3HaKa
onpelendeT He OAHY, a ABe QyHKuuH. OaHaro TOALKO QYHKUHSA, CO-
OTBETCTBYIOLAsA 3HAKY MUHYC, yIOBJeTBOpsieT TPeGOBAaHHIO OrpaHH-
ueHHocTH. Takum o6pas3oM, pelleHHe MOCTABJIEHHON 3a7aud M0Jy-
aeM B BHIE

u(x, )= Ae—l/% " cos (—— l/i x -+ cot) . )

2a?

Ananorsnuno pewraercsa 3ajgaua 6e3 HayanbHbIX yCJIOBHﬁ aJad or-
paHH4YEHHOI'0 OTpe3Ka:

Up==0lyy, |
(0, )= Acos o, i (8)
u(l, H)==0.
IlepenucoiBasg rpaHHYHOE YCJIOBHE B BHAE
40, ty=Ae'et, 4(l, t)=0,
OyneM McKaTb pelueHue B dopme
0(x, t)=X (x)e-iot, 9

[ToncraBasis 310 BhipaxeHue B ypaBHeHue (8), moayyum s
¢dyukuuu X (x) ypaBHeHHe

X"+ 5 X=0 wm X"4yX=0,

[10]

v=V 7 =V 5r 1+ (10)
H JOTIOJIHUTE/bHbIE YCA0BHUSA
X(©0)=A4, X({)=0. an
Ortcioaa a1s ysrunu X(x) GviaeM HMeTb:

, i [ — .
)x(x)=/il%w")=xl () + X, (x), \2)
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rae Xy u X, — BellecTBeHHas] H MHAMas vactu ¢yukuun X(x). Hdas
dbyuxuui 4(x, f) noayyaem BHParKeHHE
N siny (I — x) ;
X, )= _ —l(-)t.
d(x, hH=A sl ¢ (13)
Bruinenss BelllecTBEeHHYIO uacTh dyHKuMHA 4(x,f), HaXxomuMm Dpelle-
HHe MCXOJHOH 3ajaun Ge3 HayaJbHBIX YCJOBHH B BHIE

ulx, =X, (x) cos ot + X, (x)sin of. (14)

Mbl He DaeM 3/[ecCh SIBHOFO BhIpaKeHus Ajas Xy # Xz, XOTd 3TO M
HETPYAHO CAenaTh.

Ecnu rpanuunas ¢yuxuua npexncrasasfer coO0CH KOMOMHAUMIO
rapMoH#K PasHbIX 4acTOT, TO pelleHHe TAKOH 3alaudl MomeT OBIThb
MOJNIYYeHO KaK CYNMEpPNOo3ULUs pelieHHH, COOTBETCTBYIOUIUX OTZeNb-
HbIM TapMOHHKaM.

,ZIOKE}KQM €JIUHCTBEHHOCTb 33aJauu 0e3 HauaJbHBIX )’CJIOBPH:I IJd moJqyorpanu-
yeHHoii npsivofi. ByaeM HCXomHTh M3 HOPMYan

+ %2

a’ x T (=7
u(x,t)= = [ T € u(O, T)dt‘{_
(1) 2Vn1; [a? (t — )]
| e ! { (x—E)? (x+E)2 }
+ _ “ _ pr T _el!a"’(l—tu‘a u(fg,t ) d§= I +12 (15)
2Vm ) Vari—iy ’ ‘
(t=1o),

KoTOpast NPeACTaBisieT Al060e OrpaHHIeHHOe pelleHHe YPAaBHEHHS TemJIONpOBOX-
HOCTH uepes ero HauaabHoe 3Hauenwe u(x,!) m rpanuunoe u(0,f) = u({) B ob-
nacth x = 0, t = .

ITokaxewm, uTo

lim Iy (x, t)=0, (16)
o> —oo
ecad TOJbKO
fu(x, t)|<M
npu Jobom f. IleficTBuTeTBHO,
‘ 0o i [+ —u2 ‘
|121<—ﬂ_—! {. e “Ida,— (' e 2a'ozgj=
Vﬂ I lx . ;C I
l 2V ai(i—1ty 2V a? (i—1y) ]
R
y 2V @ (t—t)
TyE” e da,
rie
E—x £+ x
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Orciona u caenyer paseHctBo (16), Tak xak x H { QHKCHPOBaHH, a fy—= — uo.
Ecin 8 ¢opmysne (15) ¢ukchupoBate X H [ H yCTPEMHTb fy—— oo, t0 u(x, i}
6yner paBHO HpefeJy TOJBKO TIEPBOTO CJIAaraeMoro, H Mbl MOJAyuuM (OpMYy.ay

t "
_ a? X “Iai—T) i
4 (% 1) 2V=n J- [a2 (t — 7)™ ¢ u(z) dv, (17}

- 00

JIOKa3biBAIOIYIO, UTO ABYX PAa3/HUHBIX pelleHHd Hauledl 3a5auM ObITb HE MQIKeT.
MoOXHO TakXe A0Ka3aTb, 4TO MJf JHOOOH OrpaHHYEHHOH KYCOYHO-HEMPEpPBLIBHOM'
¢yuxuun p(f) dopmyna (17) npeacraBaseT pelleHHe NOCTABICHHOH 3amauu.

AwajoruuHo MoxeT ObTh HCClefOBaHa 3ajaia 6e3 HauaAbHEIX YCJAOBHH J/1%
orpanuuerHoro otpeska (0 << x <C /). Dra 3asaua 6e3 yC/IOBHA OrPaHHYEHHOCTH:
HMeeT MHOTO3HAaYHOE perleHHe, TaK Kax ¢yHKuua

- “—l” % a2t "
up (x, t)=~Ce sin—lx

npu JM060M 7 NMpeACTaBAseT PelleHHe 3TOR 3a4ayd ¢ HYJEBHIMH TPAHHYHLIMHM 3Ha-
yenusamy. OJHAKO pemleHHs] TAKOro THNA NpPH {->-— oo HEOTPAHHYEHHH, U HE-
cocTas/isieT TPyAa JAOKa3aTh €JHHCTBEHHOCTb OrPAHHUEHHOrO peuieHdHs TOCTaB-
JIEHHO! 3aJiauH. '

3AIIAYU K TJIABE III

1. Hafitu (yHKUHIO BIHAHHS MIHOBEHHOrO TOYEYHOrO HCTOYHHKA Temla IJf:

a) TOJIyOrpaHHYEHHOTO CTEPXKHSl TMPH TPAHHYHLIX yCJOBHAX 1-ro H 2-ro poaa:
¥ NPH OTCYTCTBHH TEMN000MeHa Ha GOKOBOH MOBEPXHOCTH;

6) HEOrDAaHHYEHHOrO CTEPKHs NpPH HANMYHH TEMmJIoOOMeHa Ha GOKOBOH MO--
BEPXHOCTH;

B) NOJYOrPaHMYEHHOTO CTEPXKHS DPH HAJHUMH TennooOMeHa Ha GOKOBO# 1o--
BEDPXHOCTH ¥ NpPH I'DAHUYHBIX YCIOBHAX NEPBBHIX JABYX THIOB.

2. Haiith (GyHKUHIO BAHAHHS MFPHOBEHHOrO TOYEYHOrO HCTOYHHKA Temia A
MOJIYOTPAHHUEHHOTO CTEPKHS C TEIJIOH3OJKPOBAHHON OGOKOBOH MOBEPXHOCTBIO IS -
TpeTbelt KpaeBoi 3afauM [rpaHHyHOE yCIOBHE BHIA —g—z — hu (0, t) =f (1)].

3. PeumuTs ypaBHeHHE TEIVIONPOBOJAHOCTH AN caydaes a), 6), B) 3azaunm |,.
€C/IH:

1) B touke x = E¢ JefictByer HcTOuHHK Tem1a Q = Q(f), B uwacTHoCTH
Q = Qo = const;

2) sagaHo HayaslbHOe pacupejesneHue Temmepatypsi u(x,0) = @(x), B wacr--
HOCTH

uy opun 0<x<l/,
0 Bue unrepsana (0, I);

(p(x)={

3) TemnOBHE HCTOYHHKH pacIpefiesieHH C IVIOTHOCTBbIO f(X,{) mo BceMy crepsk-
HIO, a Haya/bHas TeMmepaTypa paBHa HYJI0; PacCMOTPeTb, B YaCTHOCTH, CJAy4Yah*
f = go = const (crauuoHapHBIE HCTOYHHKH).

4. TTonyorpaHHYeHHBIH CTEPXEHb C TEIJIOM30JMPOBAHHOH GOKOBOH mOBEpX-:
HOCTbIO ObIT PAaBHOMEPHO HArpeT 0 TeMIepaTyphl

u (x, 0) = uy = const (x>0).
Konen crepxus, naunHas ¢ MoMeHra ¢ = 0, NOAAEPKMBAETC HPH TEMIEPATYPe,.

pasHo# 0,
u(0, t)=0 (¢>0)
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Haiite Temneparypy c1epxus u#(X,{) u, moabsysch TabJAHNAMK MHTErpajia OUIHGOK
z

D (2) = —2 f e~ da,
Va g
NOCTPOHTL TPpapUKK MO X Ha HHTepBate 0 << X <C! ¢dynxuun u(x,¢) npu f=
= [[18a? t = [?[2a2, t = I*/a®.
Yrazanue. Y100HO BBECTH Ge3pa3sMepHHIE NEpeMEHHEIE

x=x/l, B=q%/? v=ulu,

5. KoHell. MOJyorpaHMyeHHOro UWIHHADA B HAUadbHLII MOMEHT BpeMeHH
-2 =0 OTKpBHIBAOT B aTMocepe, Iie KOHUEGHTPALMS HEKOTOPOIO asa paBHA .

Hafitn koHuentpanmio rasa B ummunape u(x,f) nas ¢ >0 u x> 0, ecan
HayaJjpHas KOHueHTpauus u(x,{) = 0. INonb3yscp TabauiaMu WHTErpaja OILHGOK,
YCT2HOBHTb, YEDE3 KaKOe BpPeMS B CJIoe, OTCTOSIIEM Ha DAacCTOSHHM ! OT KOHUA
IMJIHHADE, KOHUEHTpauus rasa jocrurder 95% Buemmeil konueHtpauwu. Haittu
3aKOH JABHKeHUs $POHTA NMOCTOSHHOIN KOHIUEHTPALHH.

6. K KoHWY MOJyOrpaHHYEHHOTO CTEpPXKHs, HaualbHAs TEMNEPATYpa KOTOPOTO
fblTa paBHA HYJO, NOABOANTCA TEMIOBOH NOTOK ku(0,f) = ¢(¢). Haitn Tem-
qiepatypy u(x, £) CTepKHs, ecqu:

a) cTepeHb TEIJIOH3OJHPOBAH C GOKOB;

6) Ha OOKOBOi NOBEPXHOCTH CTEPXKHA NPOMCXOLHT TemnooGMed (Mo 8aKOHY
HeloTona) co cpenoit Hy/eBOl TeMnmepaTyphl.

PaccMOTpeTh 4acTHHI ciydall ¢ = g, = const. )

7. Konell MOJMyOrpaHHYENHOrO CTEPKHS MOALEPKHBAETCA NPH NOCTOSHHON
TEMIeparype 4o; Ha OOKOBOIH MOBEPXHOCTH CTEPXKHS NPOUCXOLAT TENJOOOMEH CO
< Cpe/lofl, MOCTOsIHHA® TeMnepatypa KOTopolt pasHa u;. Havanbuast temmeparyph
cTepxKHg paBHa Hymo. Haiitn u(x, {) — TeMnepaTypy crepkus.

8. Pemntp 32anaun 6a, 66, cuurasn, uro u(x, 0) == uy = const.

9. HafiTh ycTaHOBHBUIYIOCS TEMNEPaTypy BAOJb IOJYOrPAHHUEHHOTO CTEPIKHA
~C TEIIOU30NHPOBaHHON GOKOBOH MOBEPXHOCTBIO, HA KOHIE KOTGPOro

a) 3apmana temneparypa 4(0, ) = A cos of;

6) saman TemaoBoil notox Q(f) = B sin of;

B) MPOMCXOAMT TemooOMeH no 3akoHy HbloToma co cpemoil, Temmepatypa
-KOTOpO# MeHsieTcsl 1o 3akoHy v(f) = C sin wf.

10. TTonb3ysicb METOZOM OTpaKeHHsi, NOCTPOHTh (HYHKUHMIO BJHSHHSA MTCHOBEH-
HOr0 TOYEYHOTO HCTOYHHKA ANl OFPAHHYEHHOrO CTEPXKHSA C TEMIOM30/UPOBAHHON
- GOKOBOH MOBEPXHOCTBIO NPH TPAaHHIHBIX YCAOBHAX 1-ro M 2-ro poaa.

11. HeorpanuyesHuiit cTepXKeHb COCTaBJIEH M3 IBYX OXHOPORHLIX CTEpXKHEi,
. CONpPHUKACAIOIHUXCA B Touke X == 0 u 06/salaloliuX XapaKTepUCTHKAMH a;, K| H,
COOTBETCTBEHHO, Qp, k. Hauanbuast reMnepatypa

T, nmpn x<0,
y 0 == =
“(x 0)=0(x) { Ty npu x>0.

"Haiitn temmepaTypy u(x,f) CTepXHs AAd ciydas, KOrAa GOKOBAas HOBEPXHOCTD
TEeN0H301UPOBAHA.

“TIPUNOXEHUSA K I'JTABE [
1. TemnepaTypHble BOJIHBI

3ajaua O pacnpocTPpaHeHHH TeMMepaTypHLIX BOJH B MOYBE fB-
_JIeTCA OJZHHM M3 MePBHIX MPHMEPOB MPUJONKEHHS MaTeMaTHUeCKOH
TEOPHH TENJIONPOBOAHOCTH, Pa3BHTOH Pypbe, K H3YUEHHIO SIBJICHHI
AIPHPOABI.
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Temnepatypa Ha NOBEPXHOCTH 3eMJIH HOCHT, KaK M3BECTHO, SIPKO
BHIPAKEHHYIO CYTOUHYIO H T'OROBYIO NepHoauunoctb. O6parHMmca K.
3ajlaue O DaCIpOCTPAaHEHHH NepPHOAHUYECKHX TeMIepPaTypPHBEIX KoJe-
OaHuil B nouse, KOTOpylo OyldeM paccMaTpUBaTh KaK OJHOPOAHOE
nonynpoctpancTBo 0 <C x < co. Ira 3ajaua fABJSETCH XapakTep-
HOll 3ajauell 6e3 HAauaJbHBIX YCAOBUH, TaK KaK NPH MHOrOKPaTHOM
MOBTOPEHHH TEMMEPATYPHOTO X042 Ha MOBEPXHOCTH BJIHsAHHE Ha-
YyaJibHOH TeMIlepaTypbl OyAeT MeHblle BJHAHHUS IPYTHX (axkTopoOB,
KOTOPBIMH MBI npeHeGperaeM (HanpuMep, HEOLHOPOMHOCTb TIOYBHI).
Taxum o6pa3oM, NPUXOAHM K CAelyloilell 3afaue !):

HALTU 02PAHUMEHHOE peuleHue YpPasHenus Tenaonpos8odHOCTU

du o 0%u

‘T‘i-t—:a—éjtT (O<x<°°, '_'°°<t)1 (1}

yOosreTeopsrouee YcA08UIO
1 (0, )= Acos wt. 2)

Drta sajgaua 6oi1a paccmorpena B raaBe III. Ee pemenne umeer
sun (cm. ra. 111, § 4, (7))

u(x, t) =Aen‘/-727 * cos( 7(:7 x— mt). (3)

Ha ocHoBanun [MOJIYYEHHOTO pelleHUA MOXKHO AaTb CAeAYyIOULYIO-
XapaKTEepPUCTHKY Ipollecca PacnpocTPaHeHHs] TeMIlepaTypHOH BOJ-
Hbl B nouse. EcaM TeMmepaTypa MOBePXHOCTH IJIHTEJNbHOe BpeMs
NepHoAHYECKH MeHsieTCsl, TO B [0YBe TaKXKe yCTAaHABIMBAlOTCS KO-
JeGaHuA TeMmepaTypsl ¢ TeM Xe NepHOIOM, NpHIeM:

1. AMnauTtyaa KoneGaHHH 3KCIOHEHUHaJNbHO yObiBaer ¢ rayOu--
HOH

(0]
A(x) = Ae V % 5
T. €., eCJH TAyOHHB pacTyT B apH(MeTHYeCKOH MNpPOrpeccHu, TO -
aMILTUTYaBl YOBIBAIOT B reOMeTpuueckoll mporpeccHd (mepBbiii 3a-
koH Pypbe).

2. TemnepaTypHble Kosie6aHHsl B [OYBE NMPOMCXOAAT CO CABHIOM
dasbl. BpeMs1 § 3anas3fbiBaHHA MaKCHMyMOB (MHHHMYMOB) TeMIie-
paTypsl B [OYBe OT COOTBETCTBYIOLIHX MOMEHTOB Ha MOBEPXHOCTH'
TIPOMOPIIHOHAJBHO IJ1yCHHE

1
8= 1/ S0az *
(BTopoit 3akoH Dypbe).

3. [ny6uHa NPOHHKHOBEHMS TelJa B MOYBY 3aBHCHUT OT MEPHO--
na KosmeGaHuii Temmeparyphl Ha rnoBepxHocTH. OTHocHTeabHOE:

1) X. C. Kapcnoy, Teopus rtentonposoasocty, ra. 111, Tocrexuanar, 1947..
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HU3MeHeHne TeMnepaTypHOﬁ AMIIHTYAbl paBHO

AW _ VY o
(0 _

OTa popMyna NOKa3blBAEeT, YTO YeM MeHblle NEepPHOM, TeM MeHb-
we ray6HHa TPOHHKHOBeHHA TeMmmepaTypol. s TeMmepaTypHbIX
konebanuil ¢ nepuonamu Ty u Tp rAyOuHBl X1 H X2, HA KOTOPHIX MpPO-
HCXOJAHT OJMHAKOBOE OTHOCHTe/bHOEe H3MEeHeHHe TeMIepaTyphl, CBf-

34HB!l COOTHOLUCHHEM
Ty
Xo = —_—
2 V T] xl

(Tpetuii 3akon ®ypbe). Tak, HanpuMep, cpaBHEHHE CYTOUHBIX M TO-
JLOBbIX KoJsieGaHuil, aas Kotopbelx Ty = 365 T, moxasniBaer, 4TO

xo=1/365 x =19,1x,,

T. €. YTO ryOHHA NPOHMKHOBEHHUS TOJOBLIX KOJeOaHHH HpH oxH-
HaKOBOH aMIINTYAe Ha NoBepxHoCTH Oblia 6bl B 19,1 pasa Goublie
rayOHHbl NPOHHKHOBEHHUS CYTOYHBIX KOJeOaHHM.

B xauectBe npumepa mnpuBeleM pe3yabTaThl HabuiogeHuil Hajg
TOJOBBIMH TeMOEpPaTypHLIMH KoJeGaHMAMH Ha cTaHuud [om B
Ilpuamypnoe !):

[ny6una (u) 1 2 3 4
Amnantyner (°C) 11,5 6,8 4,2 2,6

DTH AaHHblEe NOKA3bIBAlOT, YTO aMILIHTYyla TOJAOBLIX KoJebGaHHuii
‘Ha ray6ude 4 m ymenbwaercs 10 13,3% cBoero sHauyeHHs1 Ha [o-
BepxHOCTH, paBHoro 19,5°. Ha ocHOBaHHH 3THX AAHHBIX MOXKHO OIl-
_penennTb KO3(QPULHEHT TeMnepaTyponpOBOLHOCTH NOUBHI

g AL ___1/_<g_'x g
A 22 77 szA(x)

A

-OTKY/Ja HaxoIuM, 470 KO3(P(HUHEHT TeMNepaTypONnpPOBOJIHOCTH [0Y-
Bbl paBeH

a?=14-10"" cu’[cex.

Bpemsi 3anmasabiBaHus MakCHMaJbHOH TeMmepaTypel Ha TIJyGHHe
-4 m pocturaeT 4 Mecaues.

Caenyert, ogHako, MMeTb B BHAY, YTO M3/I0:KeHHasd 31eCb Teopus
'OTHOCHTCAl K PacnpOCTPaHEHHIO Teljia B CYyXOH MOYBe HJH TOPHBIX
noporax. Hannuve Biard yc/JoxKHsieT TeMIepaTypHble SIBJGHHA B
‘flouBe, NPU 3aMepP3aHHH MPOHCXOAMT BblAeJEHHE CKPBITOH TEIJOTHI,
He yudTbIBaeMOe 3TOH Teopuei.

) M. i. Cymrun, C. Il. Kauypun, HL . Toacruxusg, B. @, Ty-
M ¢ a b, OGwee Mepaunorosenenue, ri. V, HMan. AH CCCP, 1940.
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TeMnepaTypONPOBOAHOCTb SIBJASIETCA OAHOH H3 XapaKTepHCTHK
TeJla, BaXKHBIX JUIsI H3ydeHHs ero (u3HUeCKMX CBOHCTB, a TaKXe:
JJ1s1 pa3JHYHBIX TeXHHuecKMX pacueroB. Ha usyuenmu pacnmpoctpa-
HEHHs] TeMIIePaTyPHBIX BOJH B CTEPXKHSAX OCHOBAaH OIMH H3 Jabo-
pPaTOpPHBIX METONOB ONpele/ieHHs TeMNepaTyponpoBogHOCTH ).

[lycTh Ha KOHILE ROCTAaTOYRO JJIMHHOIO CTEPXKHS IMOAJLEpPKHBAET-
ca nepuoauueckas temnepatypa p(f). Ilpencrasus 31y dyHKuHIO B
Buae psina Pypoe

pt) = +Z (ancos 2 4 4 b, sin 22 t)=

n=l

oo
a 2nn 0
=?°+2 A, cos [—T—(t-—-én)] ,
n=1
2 2 0 T b
An=Va,,+bn, 6n=§n—narctga—:,
rae T — mepuoji, U B3AB TeMIepaTypHble BOJHBI, COOTBETCTBYIOLIHE:
KaxJIoMy cJlaraeMomy, NMOJy4YHM, 4TO TeMmepaTtypa u(x,f) ajasa Jjiwo-
6oro x OyleT mepHOAMYeCcKOH (yHKLIMell BpeMeHH H ee #-f rapmo-
H¥Ka paBHa

U, (x, t)=a, (x)cos Q%tﬂ'bn(x)si 2mn

Y — :
= A,e /T“ cos[ W —mt—{—mn ]

Va (x, +b xl . -‘/-— (xl-xﬁ)
Van (x9) +b2 (*2)

drta ¢opmyaa nokasbiBaeT, UYTO €CJAM IMPOM3BECTH H3MepeHHe
TeMIepaTyphl B KaKHX-HHOYAb ABYX TOYKaX, X1 W Xz, 32 NOJHbIH me-
pHOM, TO, HaxXOAA KOI(DPHUHEHTH An(X1), bn(X1), @n(X2), bn(x2)
IpH NOMOIIH FAapPMOHHUYECKOTO aHajJu3a, MOXHO OIpefeNuTb Ko3d-
GUIMEHT TeMnepaTypolpoOBOJHOCTH CTEpXKHA a2

[Tepuoauueckue KoJjeGaHusg TeMnepaTypsl B CTePIKHE MOXKHO-
BbI3BaTh, Hampumep, ciaelyiomum obOpasoM. IlomecTHmM oaun us-
KOHIIOB CTepXKHSI B 3JIEKTPHUECKYIO Teub U OyldeM uepe3 OXHHAKO-
Bble NPOMEXYTKH BpeMeHU BKJIOYaTb UM BHIKJIOUATh TOK. B pesyib-
TaTe TAKOro MepHOLMUECKOTO HArpeBaHHsl B CTeplKHE 4Yepe3 HEKO-
TOpOe BpeMsi YCTAHOBATCSl IMePUOAHUECCKHe KoJeOaHUA TeMmIepa-
TYpHl; H3Mepsis C IIOMOIIbIO TepMONap TeMIepaTypel u(xy, ) u
u(xs, t) B Kakux-nH60 JBYX TOUKaX, Xi, U Xz, 32 INOJHBIH NEPUOK

HJIA

') Cneunanbsbill ¢usnueckuii npakTHkyM, T. I, [octexuanat, 1945, sapaya 35-
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#3MeHeHHsl TPAHMYHOTO peXHMa ¥ NOjBepras uy M Uy ONHUCAHHOH
Boile 06paboTKe, MOXKHO ONpeNeJHTh a®— K03 HLUHEHT TeMmepa-
TYPONPOBOAHOCTH MaTepHalia, U3 KOTOPOro clesaH crepxeHb. LEcre-
CTBEHHO, UTO JJIsI MPHMEHHMOCTH H3JIOXKEHHOH Bbllle TEODHH CTep-
JKeHb JOJKeH ObITb TelJIOH30JIHPOBaH ¢ OOKOB, a TakxkKe JOJIKeH
ObBITh NPOBEJeH KOHTPO/Ib TeMOepaTyphl Ha APYFOM KOHUE CTEpKHS,
4yTOOB HMEThb BO3MOXHOCTH I10JIb30BATbCs TeOPHell TeMmepaTypHLIX
BOJIH B NOJy0eCKOHEUHOM CTEpXKHe.

Jnsa BO3MOXKHOCTH HCNOJB30BAaHHA TEOPHH TEMNEpaTYPHBIX
BOJIH B NOJY0ECKOHEUHOM CTep:KHe Halo yOeaHTbcd B TOM, YTO
“TeMIlepaTypa Ha CBOOOJHOM KOHLE CTePXKHA NOCTOSSHHA. DTO KOHT-
POJIUPYETCH ¢ MOMOILbIO LONOJHHTENBbHOH TepMonapsl.

il. Bausuue pajHOaKTHBHOIO pacnaja Ha TeMiepatrypy
‘3eMHOH KODHI

Has cy:xaeHHs O BHYTPeHHeM TeMIepaTypDHOM COCTOAHHH 3eM-
JIH Mbl MMeeM HeMHOrHe JaHHble, MoJjlyuaeMble M3 HaOJIONeHHMH Ha
.ee nosepxHocTH. OCHOBHble CBeleHHS O TePMHYeCKOM Ilojie 3eM-
HOH KOpbl 3akaioyawrcs B ciaenytouieM. CyTouHble H TOLOBBIE KO-
Jie6aHusl TeMNepaTypbl NMPOHCXOAAT B CPABHHTENIbHO TOHKOM IIO-
BepXHOCTHOM ciyioe (mopsaka 10—20 m nasa romoBeIX KoJeGaHHM).
Huxe sToro cjos Temmepartypa ¢ TeueHHEM BpeMeHH MeHseTcs
-O4YeHb MeJJICHHO.

HaGaionenus B LIaxTax M CKBasKHMHAX, OTHOCAIIHMECHS K BepXHHM
"92—3 Km 3eMHOU KOpBI, MOKa3bIBAIOT, YTO TeMIepaTypa c rayOGHHOH
nosbimaercst B cpegem Ha 3°C na Kaxasie 100 a. .

[TepBble MOMBITKH, OTHOCAILHEC K KOHIY MPOLIIOTO CTOJIETHS,
JaTh TeopeTuueckoe ofbsicHeHHe HAO/I0NaeMOr0 re0TepMHYECKOro
rpajHenta BCTPETHJIH HeNpeojoJHMble TPYAHOCTH '). DTH MOMBITKH
HCXOAM/HM H3 MpejcTaBieHuss o6 oxJaxKAeHud 3eMJHd, pacKa/JeHHOH
s mpouwioM. Hauanbhaa temnepatypa, XapakTepusyloilas 3TOT
Tipollecc OCTHIBAHHS, JAOJKHA HMeTh nopanok To = 1200°C (tem-
JiepaTypa IUIaBJeHHs TOPHBLIX NMOPOA), a NMOBEPXHOCTHasi Temiepa-
Typa umeer nopsitok 0°C u He mMorsia 3nauutenbHo (6osabuie 100°)
OTKJIOHATBCA OT 3TOH BeJHUYHHBI 32 Bech MEPHOA CYyLIeCTBOBaHHS
Ku3HH Ha 3emile. [IpocTeilimias KOMHUECTBEHHAs TEOPHA OCTHIBAHHSA
‘BeMyid NPHBOAUT K peLIEHHIO YPABHEHHS TEIJIONPOBOIHOCTH

Ou _ p 0%
ot~ 7 92°

B noaynpocrpaHctBe 0 <C 2z <C oo npH CJHeAyIOUHX HAYaNbHBHIX H
TPaHHYHBIX YCJIOBHAX:

u(z, 0y="T, u(0, £)=0.

) X. C. Kapcaoy, Teopua remonpoBoanocts, nL.- III, Tocrexuspar, 1947,






