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AHanoruyHo NMPOBOAMTCHA NOKA3aTeNbCTBO TEOpPeMbl /s ciaydas

Tpex H3MepeHHH, rle B KaueCcTBe MaxKOPaHTHOH (YHKIUHH MOXKeT
1 1

6uiTh B3sita ¢yukuusa U (M)=e (T_E)'

[Ipu moxasaTenbCTBe TEOPEMHBI 3TOTO MYHKTA MBI MPEANOJarasy,

yro (YHKUHUST 4 OrpaHHyYeHAa B OKpecTHOCTH Touku P. Opnako Te

e PacCyXKJIeHHsl OCTAlOTCS B CHJe, eCAH NPeAlNoNOXHTb, 4TO
(QYHKIHSA 4 B OKPECTHOCTH TOYKH P yl0BNeTBOPSET HepaBeHCTBY

1u(M)|<a(r)log#, (17)

rie e(r) —rnpousBoabHad (QYHKUHA, cTpeMsllasci K HYJO IpH
r — 0, 1. e. B okpecTHOCTH Touku P ¢yukuusa u (M) pacrer menneH-
Hee, ueM log(1/rpar).

Uraxk, ecau ¢pynxyus u(M) ssaserca eapmorudeckoid @ynk-
yuel gHyrpu obaactu S, 3a UCKAOHeHUem TOUKU P, 8 OKpecTHOCTU
KoTopoti oHa pacrer medaennee, uem log(l/rmp) npu M — P, TO
ITQ PYHKYUA ABAAETCA O2PAHUUEHHOLU 8 OKPeCTHOCTU TOouKu P, u
MOXCHO Tax onpedeauts 3nauerue u(P), uro ¢ynkyus u 6yder eap-
Mmonuueckoli 8o acell obaactu S.

AHasnorHYHO B caydae TpeX He3aBHCHMBIX MEpPeMeHHBIX: ecAl
eapmonuteckan ¢yukyua u(M) 8 oxpecTHOCTU UB0AUPOGAHHOL
ocobou Touku P pacrer medaennee, wem 1/r,

e(r)— )

r—>0/°

|u(M)|<s(r)-,—;:;-( (18)

TO OHQ 02PAHUYEHA 8 OKPECTHOCTU 3TOU TOUKWU, U MOJNCHO TaK On-
pedeaurs 3nauenue u(P), urobor Qynkyus u(M) Geira capmonuu-
Ha u 8 camoli Touke P.

6. PeryasipHoCTb TapMOHHYECKOH# (YHKLMH TpeX NMepeMeHHLIX
B OeckoHeyHoCTH. [apmonnueckass (QyHKUMS Tpex mnepeMeHHbIX
u(x,y,2) Ha3blBaeTcsA pery/sapHOH B GECKOHEYHOCTH, eCJIH

oul A du
ax r:? 9z

A

< <z (19

du A
i<

A .
|u|<7 "

OpH I0CTATOYHO GOJILLIOM r == fo.

Hokaxem, uto ecanm ¢yHKUHA u(x,y,2) TrapMOHHYHA BHe He-
KOTOpOil 3aMKHYTOH MOBEPXHOCTH X H PaBHOMEDHO CTPEMHTCS K
HYJi0 Ha GeCKOHeYHOCTH, TO OHA peryjsipHa Ha GECKOHEUHOCTH.

VcaoBHe paBHOMEDHOIO CTPEMJIEHHS K HYJI0 Ha GeCKOHeUHOCTH
03HayaeT, 4TO CyliecTBYyeT Takas QyHkuus &*(r), uto

luM)|<e*(r) (e"(r)—>0 npu r— ), (20)

rje r — pajuyc-BeKTOp TOYKH M.
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CoBepuast npeo6pasoBalie Kenbsuna
v(r’, 8, @) =rulr, 6, ),
rjae

1
r’=7,

NOJyYHuM, YTO (PYHKHHA U rapMOHHYHA BCIOAY BHYTPH NMOBEPXHOCTH
2/, B KOTOPYIO NepPeXOAHT MOBEPXHOCTb X NPH INpeolpa3oBaHHu
06paTHBIX paJAHyC-BEKTOPOB, 32 MCK/IOUEHHEM Hauaja KOOPAHHAT,
Tle OHAa MMeeT H30JHPOBAHHYIO OCOBYIO TOUKY.

U3 ycnosus (20) cnexpyer, 4To B OKPECTHOCTH Haudaja KOODIH-
HaT A8 QYHKUHH U HMeeT MeCTO HepaBeHCTBO

’ 1 1 1
lv(ri e’ (P)]<8 (?)7—:8(?',)7,—,
riae
N ,
e(r)=e (7)—*0 npu r’—0.

Ha ocnoBanun nocnenue#t Teopemul n. 5 dynxuus v(r’,0,¢) or-
paHHuyeHa W rapMOHHUHA NpH r’ < ro:

lo(r, 0, @) |<<A npu r' <o, (21)

OTKyZAa H CJenyerT, 4To

(0, 9| = 1202 DL < Ay >p =L

B cuay TapMOHMYHOCTH (YHKUHHM » mpH r’ =0 MOXHO Hamu-
caTh:

oul(x, y, 2 d (1
u(%xy ) =—'a7(’—r“ v(x,) !/,, Zl))=
X 1 [de Ox dv oy Ov 0z
== vt Gt o e e (2
rae ‘ :
x’=—’£—r’, y’=%r’, z’=%r’.

or 8y Bz
OTC}OIla, BbIYHC/AA IIPOU3BOJHBIE *a", —a—x—, m* H IpHHUMAasa BO

BHUMaHHE OrpPAHHYEHHOCTb TNEPBHIX INPOM3BOAHBIX (YHKUHH U
B OKPECTHOCTH TOYKM r’ =0, mosyuaem:

ou| A
dx r2
du ou

AHaJoruunbe OLEHKH HMEIT MeCTO [Jsd NPOH3BOAHEIX B H 92"

< HpH r—> 0o,
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7. BHemnkune kpaeBble 3ajauyu. EAUHCTBEHHOCTb pelIeHMs AJs
JIBYX- M TPeXMEpPHBIX 3aAay. BHeimHue KpaeBble 3ajauyd Mo-pas-
HOMY CTaBATCS JUIS TPeX M JBYX He3aBHCHMBIX NepeMeHHBIX.

Paccmorpum cHavasma caydaii Tpex mepeMensmix. [lyerb T —
06J1aCThb, BHEIIHAS K HEKOTOPOH 3aMKHYTOH NOBepXHOCTH X.

[lepBasi BHewHAS KpaeBass 3ajavya (BHEWHAA 3a-
naua Jlupuxie) COCTOUT B ceAylouleM:

rpebyerca HauTu QyHKYUro u(x,y,z2), YyoosaeT8oPIOUYIO YCAO-
suaM:

1) Au= 0 g nHeoeparnuuennoii obracru T;

2) u 8Cro0Yy HenpepuieHa, BKAIOUASL NOBEPXHOCTL X

3) ulz=17F(x4,2), ede [— pynkyusa, 3adanHas Ha nosepx-
HocTu 2

4) u(M) pasromepro crpemurca Kk 0 Ha 6eckonewHoCcTU:
u(M) —0 npu M — oco.

[TociienHee yCJIOBHE SIBJSIETCA CYIIECTBEHHBIM M/ €XHHCTBEH-
HOCTH peuIeHHsl, B yeM Jerko yOeddTbcsi Ha IMPOCTOM IpHMepe.
IlycTs TpebyeTcs pelIUTb BHEIIHIOW MepBYI0 KPaeBYIo 3ajauy AJs
cheppl Sg paauyca R ¢ NOCTOAHHBIM FPAHHYHBIM YCIOBHEM

u ls, = const = f.

Onyckasi ycioBHe 4), BHAMM, YTO peIleHHAMH 3a1aud MOTYT CJIy-
R
KUTb QYHKIHH U4y = fo H u2=f07, a Takxe Jobas GyHKIHA

u=uqau, +pu,, rme a-4+p=1

Iokaxewm, uTo

BHEWHAR nepeas Kpaesaa 3a0aua OAfL 2AQPMOHUYECKUX (DYHK-
Yull ¢ Tpems He3ABUCUMDIMIU NEPeMEHHbIMU umeeT eQUHCTEeHHOe
peuwtenue. Tlpexnnonaras CylLIeCTBOBaHHe [BYX peIUeHHl Uy H Uy,
YIOBJETBOPAIOUINX YCJAOBHAM 1)— 4), BHAUM, 49TO HX DAasHOCTb
U = uy— U, NpeicTaBaseT cOOOH pelleHHe 3afaid C HYJEBLIMH
rpannusbiMi ycoBusiMH. [lockonbky yciaoBue
4) BHIIOJHEHO TakKXKe I/ (PYHKUUH 4, TO AAA
Ipou3BOJABHOrO & >> 0 MOXHO YyKa3aTb TakKoe
R*, uto s,

lu(M)|<e npu r>=R"

Eciu touka M newur sayrpm obnactu T’

(puc. 47), s3ak/Ja0ueHHOH MeXAy MOBEPXHO-

cteio 2 u coepoit S, (r 2 R¥), to u(M)<e, Puc. 47.

KaK 10 cjaefyeT M3 NMPHHLHIA MaKCHMaJbHOIO

3HayeHHs!, MIpHUMeHeHHOTr0 K oGaacty 1/. B cuay npou3BOJILHOCTH &
8ak/ouaeM, uto 4 = 0 B o6aactu T/, a TakKe u BO Beeit obnacru T,
UTO ¥ 0Ka3biBaeT eHHCTBEHHOCTh PellCHHs BHEIUHeH nepBoi Kpae-
BOM 3ajaun B mpOCTpaHCTBe,
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[leppasa BHelwHAA 3agaya Ha MNJOCKOCTH CTaBUT-
€A CJeAyIINM o6pa3oM:

Tpebyerca Haltu GYHKYuo U, yO0BAETBOPAIOUYIO YCAOBUIM:

1) Au =0 8 paccmarpusaemoii 6eckoneunot obaractu T, ozpa-
Hu4ennod xontypom C,

2) @yukyus u scrdy nenpepoisra, exarowas C;

3) ulc=1[(xy), ede [ — ¢pynkyusa, 3adannas na C;

4) u(M) oepanuuena 8 GecKOHEYHOCTU, T. e. CYWECT8YET Taxoe
qucao N, uro |u(M)|<< N.

Tpe6oBanue obpalleHusi pelleHHs B HyJb Ha GECKOHEUHOCTH H
31eCh OKasblBaercss JOCTATOUYHBIM, YTOOBl JOKa3aTh, YTO ABYX pas-
HblX pelleHUH ObITb He MOKET, HO OHO SIBJSIETCS CJAHIUKOM CHJIb-
HbIM, TaK KakK NPH EeM 3ajJaya MOXKeT OKa3aTbCsl BOOOIle Hepas-
pelnmMon.

Hokaxewm, uTo

sHewHAs nepaas Kpaesas 3adaua Oin pyHKkyuil Osyx nepemen-
HblX uMeeT eOUHCTBEHHOE peulerue.

Honyckasi cymecTBOBaHHe [ABYX Pa3/IHUHBIX DelUeHH# U; H Uy H
paccMaTpuBas HX Pas3sHOCTb W = Ui — U, ABJSAIOLIYIOCH peIieHHEM
nepBo#l KpaeBOi 3aJauM C HyJeBBIMH Ipa-
HHYHBIMH YCJIOBHAMH, OyAeM B CHIY ycJjoO-
BHS 4) HMeTb

lul<KN=N,+N,, .

. THe Ny m N, rtakoBb, uto |wy] << Ny,
# |us] << N». OGosnaunm uepes 3; o6nacThb,
Jexamylo BHYyTpH C MU ABAAOMYIOCH [0-
nonHeHueM Kk ob6nactn X, tak uro X - 3
ecTb BCSl INIOCKOCTb. BosbMeM Touky M,
BHYTPH X; M OKDYXKHOCTb paguyca R c
Pc. 48. LEHTPOM B TOuKe Mo, JeXalyo BHYTPH X
(puc.  48). Tapmounueckas  QyHKUHS
In(1/Rpm,) He mmeeT ocoGemnocteli B ofaactn 3; dyHKuus
In(Rumm,/R) nonoxutenbna Bo Beell obaactm X, Bkmouas C.
Ilyets Cp, — okpyxHOCTb pamuyca R, ¢ meHTpom B My, colepxa-
mwas ueankom KoHTyp C, u £’ — 06JacTh, OrpaHHUCHHAS KPHBBLIMH
C u Cp,. DyHKUHSA Uy, onpefedseMas PaBeHCTBOM

_ in (RMMQ/R)
e =N Rk @)

€cTb rafMoHHYeckasn (yHKuUus, paBHaa N Ha OKPYXKHOCTH paanyca
Ry, nonoxurenbhas na C; M3 NPHHIMIA MaKCHMAJbHOTO 3HAYCHHA
CJIENYeT, UTO Up, ABJIAETCS Ma)OPaHTOH Ias MOAYAA (YHKUHH

u(M) B obnacru I;
[ u(M)] < ug, (M).
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Qukcupyem Touky M u OyneM HeorpanuueHHO YBENHYHBATH Rj.
Ouepuano, u4to Uup(M)—0 npu Ry — oo. Otciopa crenyer, uto
u(M)y=0.

TeMm caMmbIM, B CHJIy NPOH3BOJBHOCTH M, eAMHCTBEHHOCTb peIMEHHSA
TIOCTaBJIeHHOH 3ajauM J0Ka3aHa. EJHMHCTBEHHOCTh pelleHHs 3TOH
3alaud MOXKHO TaKxKe J0Ka3aTb, NOJb3YACH NpeoBpa3oBaHHeM 06-
paTHBIX DPanMyCOB-BEKTOPOB, IEPEBOASIMIUM 0O6MaCTh, BHENIHIOW
x xourypy C, B o6nactb, BHYTPeHHI0I0O K KOHTYpY C’, B KOTOpBIfI
nepexonut koutyp C.

[Tpu 3TOM GeckoHeuHO ymajeHHAsi TOUKa NepefileT B HM30JHPO-
BaHHYIO 0COBYIO TOUKY, B OKDPECTHOCTH KOTOPO# DYHKUHA U OrpaHH-
yena. M3 teopeMbl m. 5 6GyxeT BHITEKAThb FapMOHHUHOCTL (hyHKIHH
U B HavaJie KOODJMHAT, a T€M CaMbiM H eIHHCTBEHHOCTb DeIeHUd.

U3 npuBeneHHHIX pacCyKIenull crelyeT, uTO TAPMOHHuYecKasd
GVHKIHA ARYX mepeMeHHBIX # (M), orpanuueHnas B 6eCKOHEUHOCTH,
CTPEMHTCS K OnpeaeseHHOMY npeneny upu M, crpemsmeiica K Gec-
KOHEUHOCTH.

Pasiuuye B NMOCTAaHOBKe NepBOil KpaeBOM BHeMIHEH 3afaud AaA
IIBYX M TpeX TepeMeHHBIX MOXHO NOSICHHUTbL Ha CHeAyIomeM (hH3H-
yeckoM mpumepe. [TycTb mad wap paauyca R, HA MOBEPXHOCTH KO-
TOPOTO MONNEPKHBACTCS MOCTOSIHHAS TeMmrmepartypa ua, H Tpelyerca
onpenesuTh CTAllHOHAPHOE pacnpeliefieHHe TEMNepaTvphl BO BHEII-
HeM mnpoctpaHcTBe. DVHKUHS 4 == Uo(R/r) npexcraBasier peienue
aTo#l 3anauH, obpanjawlueecst B HyJAb Ha 6ECKOHEUHOCTH.

PaccMoTpuM Tenepb ABYMEPHYIO 3alauy, B NYCTb HA OKPYKHOCTH
pamuyca R 3amaHO TMOCTOSIHHOE IDaHUYHOE 3HAUYeHHe

u ly == fo = const.

B sToM cayuae u == [, ecTb eIMHCTBEHHOE OTPAHHUYEHHOE pelleHHe
3alaud M HHUKAKOTrO pelleHud, o6palnaiolierocss B HyAb Ha Gecko-
HEYHOCTH, He cyuecTByeT. Mbl yxe BCTpeyasHuch ¢ CYUIECTBEHHO
Pa3HUHBIM  XapPaKTepOM NOBelleHHS TrapMOHHUECKHX (BYHKIUHH
B GeCKOHeUHOCTH [l ABYX M TpeX He3aBHCHMBIX NepeMeHHBIX (Ha-
npuMep, nosenenue 1/r u In1/r Ha Geckoneunoctn).

Insi npocTpaHCTBeHHOR MW MJIOCKOH HeoTpaHH4YeHHHIX o6.acTefl
HMeeT MecTO MPHHUHMN MaxKCHMaJbHOro 3HaueHHs. B 3TOoM HeTpyaHo
VOeIUTHCA ¢ MOMOUIBIO PACCYKNEHH, aHANOTHUHBIX TEM, KOTOpbie
BBITH HCNOJB30BAHB TIPH A0KA3aTeNbCTBE TeOPeM eIMHCTBEHHOCTH.
Orciona, B cBOIO 04Yepellb, BHITEKAET HENPepbiBHAS 3aBHCHMOCTD pe-
UIEHHS OT 'PaHUUYHBIX YCJIOBHH.

8. Bropas xpaeBas 3amaua. Teopema enuncreennocrd. Peure-
HHeM BTOpOHi KpaeBoil 3ajauu OyReM HasniBaTh GyHKUHIO 4, He-
npepuBHyo B o6aactH T -+ 2 H yIOBJIEeTBOPAIOIYIO Ha 10Bepx-
HOCTH T yCJIOBHIO

S|, =1 0.
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IlokaxemMm, 4TO peuienue 8TOpOLl BHYTpeHHell Kpaesol 3adauu
(s8ryTpenneil 3a0auu Hedmana) onpedessercsa ¢ TOUHOCTHIO G0 npo-
U3BOAbHOL NOCTOAHHOU.

Jloka3aTenbCcTBO NpPOBeAeM INIPH AONOJHUTENBHOM HNPERNONONKe-
HUH, 4TO (YHKHMS U HMeeT HeNpephIBHble IepBble NPOM3BOAHBIE
B obaactu T+ Z1).

[Tycte w4 w uz — aBe HempepuiBHo auddepenuupyemble B T -+
+ 2 ¢ynkuny, yrosaersopsomue ypasHenuio Au =0 B T u ye-

u

JIOBHIO %z=f(M) Ha X. Jasa OYHKUHH U = uy— Uy OGylem

HMETDh!
du

0n =0.

z

Ilonaras B nepso#t dopmyne I'puHa (3) v = u u yuuTbIBAs COOT-

u
HoueHna Au =0 u 797' ={, nosayuaem:

I ) () (22 o

Orciofa B cuNYy HeNpephbIBHOCTH (GYHKUWH 4 U ee HepBHIX NPOH3-
BOIHHIX ClIefyeT:
%=%=%EO’ T. e. u==const,
4yTO U Tpe6oBaJOCh J0Ka3aTh.
HanoxeHHb# 37ech MeTOX AOKa3aTeJbCTBAa NMPHMEHHM M B CaIy-
yae HeOrpaHHueHHOM oOJacTu a1d (PYHK-
WA, YIOBJETBOPSIOIIUX TpeOOBAHUAM pe-
IyJASIPHOCTH Ha GeCKOHEeYHOCTH.
L. [Toxaxem, uTOo B cCiayYae HeorpaHHYeH-
HOH o6JsacTH, BHeIIHEH K 3aMKHYTOH TMoO-
BepxHOCTH, ¢opmyna I'puna (3) npumenu-
Ma ansg QYHKUHKE, perynisipHbix Ha Gecko-
HEYHOCTH.
PaccmorpuM o6aactb 7, BHEIIHIO K
3aMkHyTO#l nmoBepxHoctd. IlpoBenmeM cdepy
Puc. 49. Zgr CTOJMb GOMNBUIOTO paguyca, 4To6H X je-
¥)aja BHYTpH Zg O603HauuMm Tr obaacrb,
orpannuennyio = u g (puc. 49). Ilpumenss B o6mactu Tr ¢op-

Myay [Ipuna K 1BYyM QYHKUHAM, U H 0, pPeryaspHEIM B

1) TlpennosioKeHHe  OTHOCHTENbHO  HEMPEPBIBHOCTH MEPBHIX NPOH3BOAHBIX
B T+ 2 cmenaHo 1/s ynpomeHHs foKa3aTeabcTBa. [loKasaTenbCTBO €IHHCTBEH-
HOCTH Npu Haubostee OOLIUX Npeano/oxeHHsax Owwio mano M. B. Kengwimem n
M. A. JlaspeurbessiM (JAH CCCP, 1. XVI, 1937); cm. takxke B. U. Cmup-
1 0B, Kypec eicuielt MareMatuky, 1. 1V, ®usmarrus, 1958.
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GeCKOHeUIIOCTH, MOJAYUYHM:
- du v du dv du du
J””A”‘”_“ f” (55 o + 5y oy T ]+
TR TR

+”u%§—d0+” w3 do.  (24)
= z

R

Ouennm uHTErpas no g, HCHOb3YsA NPH ITOM CBOMCTBO peryJsp-
HOCTH (YHKUHMHA 4 U U:

Ju '
J‘J‘ u-a—ndc
ZR

<

ff u(vycosa+ v, cosP -+ v, cosy)do
ZR

< 4

A 34 342 , o 12747
”R'de"l< 4R = =7~
ZR
OTCl01a BHIHO, YTO

lim ” u 3% do=0.
R-»00 n
ZR

Crosiunit cnpasa 8 (24) umrerpan no Tr CTPEMHTCS K HHTerpany
no Beeit o6nactu T npu R — co. DTOT MHTerpas CyuwecTByeT, Tak
KaK MOJAbIHTErpasbHoe BHIPaXKeHHe B CHJY PeryJsipHOCTH 4 H U HC-
ye3aeT Ha OeckoHeuHocTH Kak 1/R: CaenoBaTenbHO, CylIeCTBYeT

npexen
lim J'Jf uAvdr= fff uAvdx.
R-> Tx 7

B peayabTaTe Mbl NpHXOAUM K GopMyJe

J.J'j ulAvdy=
T

Tem cambiM ycTaHOBJIeHa NPHMEHHMOCTb MEPBOH, a CIeA0BATENbHO,
H Bropoil ¢opmyn I'puHa AJs HeorpaHHUYeHHBIX obJactell K (yHK-
LIHAM, peryJsipHbIM Ha (eCKOHEUHOCTH.

Ilokaxem Tenepn, uTo 8TOpas erewnas kpaesas 3adaua (8Heu-
Haa 3adaua Heiimana) umeer eOUHCTBeHHOe peuwienue, pesyisproe
Hae Geckoneunocru.
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IMonaraa B8 ¢dopmyne (25) v=u= u;—uz; 1 yuuThiBasg, 4TO

Au=10mu —ai =0, nosyunm:
)

n
[[] (24 w2+ u2yde=0.
T

Orciona B CUIY HeNDepPBIBHOCTH NPOH3BOJAHBIX (QYHKIHM # CJEAyerT,
41O
uy=0, uy,=0, u,=0 u u=const.

Tak kax 4 = 0 Ha 6eCKOHEUYHOCTH, TO
u=0, T e. u=u,,

Y10 H Tpe6OBaNOCh LOKA3aTh.

EcrecTBeHHO BO3HHKAaeT BONIPOC: MOXKHO JIM JOKasaTb 3THM Xe
METOJOM €XMHCTBEHHOCTb NepBOH KpaeBOH 3ajauu?

IlycTb 4y U up — pas3NHuHble pelIeHHs NMepPBOH KpaeBoH 3ajauu
(suyrpenneil). Ilpumenum dopmyany (3) K QyHKUMAM u = uy— Uz
M v =u B obnacti T, orpaHuYeHHOHA MOBEPXHOCTbIO X!

fT”“A“dT=—Uf(ui+u§+ui)dr+jzju.g%da.

Orciona, NpHHUMasi BO BHHMaHHE YCJIOBUS

Au=0, ul;=0,
nosiyuaem

2 2 2 —
fff(ux—{- uy—{— uz)d*r—-O
T
H, CJel0BaTeJbHO,
Uy=1u,=u,=0 1 u=const.

Ha nosepxHocTd ¥ (QYHKUHMA 4 paBHA HYJIO, NO3TOMY MBI MOXEM
yTBEPKAATD, UTO
u=0u u =u,

QOaHako 3TO JI0KA3aTeJbCTBO HEKOPPEKTHO, MOCKOJbKY B Mpolec-
ce JOKa3aTeJbCTBa MBI MpeAnoJiaraju CyUecTBOBaHHe MPOH3BOA-
HBIX HCKOMOH (YHKUMH Ha NOBEPXHOCTH X, YTO CaMOH NOCTaHOBKOW
3aflayH He mnpefycmarpHBaercs. JloxasaTelbCTBO €LHHCTBEHHOCTH,
OCHOBaHHOe Ha MpHHIHIE MAaKCHMAJbHOrO 3Ha4yeHHA, CBOGOAHO OT
3TOro HejOCTaTKa.
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§ 3. Pewmenne kpaeBbiX 3alay JJs NMPOCTEMIUHX
obnacreli MeToJoM pa3fieicHHs TePeMeHHBIX

Pemenne kpaeBbX 3ajau Ads ypaBHeHuH Jlammaca moxer ObTH
HallleHO MeTOAOM pasjieJieHUs MepeMeHHHIX B Ccjayuae HEeKOTOPhIX
npocrefimux o6aacrefi (xpyr, NpsMOYrOJbHHK, WIap H LHUJAHHEAD H
ap.). Ioaywatomyecs npy 3ToM 3ajadyd Ha cOOCTBEHHblE 3HAUEHHSA
(3amgaun Ldrypma — JIMyBHANIA) DPUBOAAT K PA3JHUUHBIM KJaccaM
cnenHanbHelX QyHKUHHA. B atom naparpade mbl paccMoTpuM 3aja-
un JlupHxae (BHYTPEHHIOIO H BHELIHIOI), NPH pelleHHH KOTOPHIX
UCMOJIB3YIOTCH TOJBKO TPUTOHOMeTpHuecKHe (ynxkuud. Ilosxe, npu
H3yYeHHH CHelHaJbHBIX (yHKUUH, OyAyT paccMoTpennl 3agaun Jn-
puxJe s chepnl ¥ UHAHHADA.

1. lepBag kpaeBas 3ajgaua jJs Kpyra. PeuiuM NepByIO KpaeByio
3ajiayy Aasa Kpyra:

HQUTU PYHKYUIO U, yoo8AETEOPAIOWYIO YPABHEHUIO:

Au=0 senyrpu Kpyea (1)
U 2PAHUYHOMY YCAOBUIO
u=[ Ha epanuye Kpyea, 2)

20e f-— 3adannas pynkyus.

Mul npeano/ioxuM cHauasa, 4yTo GyHKuMS [ HenpepbiBHA H nud-
¢epeHuupyemMa H penteHde « (M) HenpepblBHO B 3aMKHYTOH 06-
JaCTH; B JajbHefilleM MBl ocBofomumca OT ycaoBusa Aupdepenuu-
pyeMocTd M fgaxe HernpepbliBHOCTH dynkuuu [ (cp. n. 4 § 2). Ha-
pPALY ¢ BHYTpeHHell KpaeBod 3ajauedl Mbl OyAeM paccMaTpHBaTh
TakXKe BHEIIHIOIO KpaeBylo 3amauy (cM. § 2, m. 7).

BBemem mnonsipHyl0 CHCTeMy KoopauHat (p, ¢) ¢ Hauajlom
B LeHTpe Kpyra. YpaBHeHue (1) B noaspHbIX KOOpPAMHATaX HMeeT
BHJ

Au

I

1 0( au) 1 62u=0 3)

? 95 \°Pap) T 57 g
(cMm. dopmyny (34) § 1). Bynem pemats 3agauy MeTonoM pasie-
JeHHsl NePeMeHHbIX, T. e. OyAeM HCKaTb YacTHOe pelleHHe ypaBHe-
nus (1), Buna

u(pe, =R (p)D(p) = 0.

MNopcrasass npexnonaraeMyio ¢opmy pellieHdss B ypaBHenue (3),
NONYUHM
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rie A = const. OTciona mosyyaeM ABa ypaBHEHHUSA:
Q"+ AD=0, ®==0, (4)

p%(p%)—ue=o, R 0. )

IlepBoe H3 3THX ypaBHEHHH faerT:

@ (@)=Acos VAqo-+ Bsin V2 q.
‘3aMeTHM, 4TO NPH H3MEHEHHH yIJja ¢ Ha BeJIHYMHY 27 OJHO3HAY-
Hasa QyHKUHUSA u(p, ) AOMKHA BEPHYTHCA K HCXOJLHOMY 3HAYEHHIO

u(p, 9+ 2n)=u(p, ¢) (yc10BHE NEPHOTHUHOCTH).

‘Orciona caenyet, 9ro O (¢ + 2n) = ©(¢), 1. e. ®(p) aBasercs Oe-
proaHYecKo# GYHKUHEH yriia ¢ C NepUOAOM 271, DTO BO3MOKHO TO/b-
Ko, ecnt VA =n, rie n— nenoe 9HCIO, H

@, (p) = A, cos no + B, sin ne.

®yukuuio R(p) 6ynem uckath B Buge R(p) = p*. Iloacraeass B

‘ypaBHeHHe (5) M cOKpauias Ha pY, Haifigem:

m=p2 ym p==x=n (n>0).

R (p) = Cp" + Dp~—",

rae C u D — nocTosiHHBIE.

Jdna pemeHus BHYTPeHHeH 3afaud HaJ0 INOJNOXKHUTH R =
= Cp"(p = n), 1aK Kak, eciu D 0, To dyukuus u = R(p) D (¢)
o6pamaercss B 6eCKOHeYHOCTb NPH o = 0 W He sABASETCS T'apMOHH-
yecko#t ¢yHkuue# BHYTpH Kpyra. [nsi peuleHus BHellHeH 3ajaud,
HaoGopoT, Hamo OpaTh R ==Dp~" (u = -—n), Tak KaK pelueHue
BHellHell 3aJauM JOMKHO OBITb OTPaHHYEHO B GECKOHEUHOCTH.

Hrak, yacTHble pellleHHsI Hallell 3agauu HaiaeHbl!):

Uy (p, 9)=0" (A cosng + B,sinng) aaa p<a,

‘Cael0BaTelbHO,

1 .
Un (9, @) =5 (Apcosng + Bysinng) ans p>a.

) Buipaxenuwe omepartopa Jlamnaca B moispHOf cucreMe koopauuar (3)
npu p = 0 Tepsier cmuica. JlokaxeM, uto Au, = 0 Takxke npu p = 0. Has no-
Ka3aTeJbCTBA 3TOTO Mbl yXe He MOXEM IM0/b30BaThCsl MOJAPHOH CHCTEMOH Koop-
JAUHAT.

TepefizeM K A€KapTOBOH CHCTEME KOOPAHHAT; YaCTHLIE PeleHHst

p"cos ng u p"sinng,
-6yAyuH AEHACTBHTENLHOR U MHHMOU 4acTAMU QyHKUHHA
n,in gy .\
p"e'™® = (0e™®)" = (x + iy)",
“SBNSIOTCA MHOTOYJEHAMH 10 X # y. OueBHJHO, YTO MHOTOY/IEH, YIOBIETBOPAIO-
Ml ypasHeHnto Au = 0 npu p > 0, B CHJy HENPepLIBHOCTH BTOPBIX MPOH3BOJA«
HbIX YJOBJETBOPAET TaKXKe 3TOMY ypaBHeHHIO npu-p = 0.
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CyMMBl 3THX pellieHHH

u(p, )= 209” (A, cosng + B,sinng) nas BHyTpeHHed 3anauH,
n=l

©o

u(p, )= 2 —17 (A, cosng - B, sinng) s BHemHeH 3ajzauu
n=0 e

NpPU J0CTATOYHO XOPOIIEeH CXOAMMOCTH TaKxke OYAYT rapMOHHUECKH--
MH (OYyHKIHAMMU.

Iasi ompenenenus kosdduuuenros A, u B, ucnoandyem rpa-
HUYHOE YCJIOBHE

o0

u(a, 9= Zo a* (A, cosng + B, sinng)=F. (6):

n="

Cuuras, uro [ 3asana kak (QyHKUHA yria ¢, BO3bMeM ee pasJo-
xenue B pag Pypoe
f@)="3~+ Y, (& cos ng + B, sin ng), (7).
n=1
Tae

[ @) dv,

1
(10-——;

1
Q‘_ua .‘-1'——15

fp)cosnmpdy (n=1, 2,...),

1
a, '7—"

I

Bo== | f@)sinnpdp (1=1,2,...).

ﬂg—ﬁ:‘ R

CpasuuBas psabl (6) u (7), nonryuaem:

Q a o
A0=—2—°, n=»a—,’f, Bn=—g% IJIs1 BHYTpEHHeHR 3amauu,

a o
AO:TO’ A,=a,a", B,=—a"B, nJa BHewmHeH 3amaud.

Takum o6pa3oM, MBI MONYYHIH (HOpMasnbHOe pelleHHe TMEPBON BHYT-
PeHHelt 3ajflauu JJig Kpyra B BHJe pAla

ulo, =3+, (—2) (@, cos ng + B, sin ng), (8)-

n==l
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4 peuleHue BHellHell 3ajaul B BUIe

uo, @) =3 + N (£ (@ncosnp+ B, sin ng). 9)

n=1

Urobel y6eanThCs B TOM, YTO NOJydeHHble (YHKIHHM AefCTBHTEALHO
ABMAIOTCA HCKOMBIMH pelIeHUSAMH, HYXKHO YyOeAuThcss B NPHMEHU-
MOCTH NpPHHUMNA CYNEepNO3HLUHH, AJ5 UYero Hajao [0Ka3aTb CXOAH-
MOCTb DPfAAOB, BO3MOXHOCTb HX MOYJeHHOro aud@depeHUUpPOBaHHUS,
a Takxe 10Ka3aTb HeNpephiBHOCTh 3THX GYHKHMA Ha rpaHHIe
kpyra. O6a psiza MOXKHO NpeACTaBHTb OJHOH (opMmysoil

ufp, @)= E " (0 cOS np +- B, sin ng) + 3L,
n=1 .

TIe
<! npu p<{a (BHyTpeHHsA 3amaua),
=

<1 npu p>a (BHemHsas 3ajmaua),

O, Pn — K03 PunHenTH Pypbe dyHkuUU ().
HoxaxeM, uto paanl (8), (9) MoxHO AHddepeHUHPOBATL NPH
{ << 1 moboe uucao pas. Ilycts

u, =1"(a, cos ne -+ B, sin ng).
Briuneaum k-10 npous3BOnHyl0 QYHKUHH U, 1O @

3
515‘% =t"n" [a,, cos (ncp +k 3) + B, sin (ncp + & f—)] .
o 2 2
OTcio1a NoNy4aeM OUEHKY
Bku k
l i< tatom,

rae yepe3 M ofo3HaueH MakCHMyM Moaynas kKosdduuuento dypbe
On H Ba:
lo, [ <M, B | <M. (10)

DuKCHPYEeM HEKOTOphle 3HAYeHHA po << @ (/151 BHYTPeHHell 3aj4aun)
#Iu p = a%/po > a (A9 BHelUHe# 3ajauH), NPH 3TOM fy = po/a <<
<< 1. Paccmartpusas psan

oo

Zt"nk(ran|+lﬁn|)<2mglt3n* t<ty),

n==1

BHAMM, YTO OH CXOAMTCS paBHOMepHO npu ! << fo << 1 nmpu mo6om
k. Tlosromy psagbl (8) u (9) MoxHO auddepeHIHPOBATL IO @
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B J1060#l TOuKe BHYTPH (BHe) Kpyra /oGoe uucio pa3. AHaJOTHYHO
JIOKa3HIBaeTcsl, YTO MO MepeMeHHOH p Takxke MOXKHO AHddepeHuH-
posatbh paan (8) m (9) BHyTpH (BHe) Kpyra pajuyca po<<a
(p1 > a) CKOAbLKO YTrOJQHO pas.

B cuay npousBOJBHOCTH po 3akjiouaeMm, 4to paiasl (8) u (9)
niouieHHo AuddepeHuupyeMbl BO BCAKOH BHyTpeHHeHl (BHellHeH)
touke Kpyra. 3 BO3MOXHOCTH MNOuWIeHHOro auddepeHUHPOBanUA
caelyeT NPHMEHHMOCTb MPHHUHNA cyneprno3uuud. Takum o06pasom
nokasaHo, 4ro ¢yHxkuun (8) wu (9) yAOBJAETBOPAIOT YPaBHEHHIO
Au=01).

[Ipy 3TOM [JOKa3aTeJbCTBEe Mbl [10Jb30BAJHCh TOJNLKO TeM CBOW-
ctBom (yHkuuH f(9), uro ee KoapduunenTsl Pypbe OrpaHHuEHBE
(popmyaa (10)). 1o umeer Mecto Aas J10G0# OrpaHHYEHHON
Qynkuua (0 maxe Aas n1060A aGCOMIOTHO HHTErpHpyeMOH ¢yHK-
unn). Takum o6pasom, psaawl (8) n (9), cooTBercTByMOWUE M0G0
OrpaHuueHHOH (QYHKUHH, ONPENeNsOT (QYHKIHH, yIOBIETBOPSAIOLIHE
ypaBHEHHIO

Au=0 pgaa t<l1.

ATuM 3aMeyaHHeM Mbl BOCHOJIb3yeMCS MO3:Ke NpH 060OILIeHHH pe-
3y/NbTAaTOB, NOJIy4eHHBIX B HACTOSLIEM MYHKTE.

O6paTuMcs Tenepb K J0Ka3aTeNbCTBY HENPEPHIBHOCTH (QYHKUHHK
B 3amkuyToit obsactu (f << 1). OueBunno, uto Oe3 Gonee Aeranb-
HbIX CBeJEHHH OTHOCHTEJbHO CBOMCTB GYHKUHH (@) 3TOro cmenarthb
HeJb3sl.

M3 npeanoJioxKeHHOil HempepbiBHOCTH # AH(dEpeHuHpyeMOCTH
dynxuuyn f(p) caenyer ee pasiokHMOCTb B pajg Dypbe, a Takxe
CXOAHMOCTb pAja

3 (ol 18,1 < o (1)

C zpyroft CTOpOHbI, HMeeM:
[t"ancosne || aly  1E"Basinng|<|Bal

IMostomy paau (8) u (9) cxomarcs paBxoMmepHo npu ¢ <1 H, cie~
JlOBaTe/NbHO, NpeAcTaBiaseMble HMH (QYHKUHH HenpepbiBHbL Ha rpa-
nune kpyra. Ms dopmyasr (11) Buguo, uro dyukuus (9), noay-
yeHHas Ui BHeIUHed 3aJgaud, OrpaHHueHa Ha OeCKOHEUHOCTH.

Takum o6pasom ycraHoBjeHo, uto psabl (8) u (9) yaosaerso-
PAIOT BCceM YCJIOBHSM paccMaTpHBaeMbIX 3ajau.

1) 310 ypaBHeHHe YyAOBJETBOpsAETCA Takke mpuH P == 0; B caMoM jene, BHI-
paxkas NpPOH3BOAHLIE 1O JEKApPTOBHIM KOOpPAHHATaM dYepe3 NPOH3BOJHBIE NO MO-
NAPHKWM KOOpAHMHATaM, HeTpYAHO yGeauTtbesi, uto dynkumn (8) u (9) npu ¢ << ¢
MOXHO AuddepeHUHpOBaTh MO X M y ao6oe 4ncio pa3. B cuay npuMeyanua Ha
crp. 310 orcrona caeayer, 4To

Au=0 npn p=0.
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2. Hurerpan Ilyaccona. [1peo6pasyem teneps popmy.st (8) u (9)
K GoJsee mpocroMy Buay. Has Onpe/le/leHHOCTH PacCMOTPHM BHYT-
‘PEHHIOIO 3ajauy, a AJs BHeLIHed HaluuieM pe3yabTaT [0 aHAJOTHH.

[ToacraBass BeipaxkeHus Aaa Koshduunuertos Pypne B popMy-
Jay (8) ¥ MeHsifl MOPSZIOK CYyMMHPOBaHHsSI H HHTerPHPOBaHHs, 6yaeM
HMETb:

(P, @)—-— J. f () ! 1 ( L >n(cos mp cos ne-+-sin np sin ng) } dp==

%ff{

ITpoussenem cieayiouye TOXK/IeCTBEHHbIe MPeOGPa3OBAHHUA:

o0

(%)" cos (@ — ) }dxp. (12)

n=l

1y U N e .
-+ Z " cos n (¢ — ) = + 72 t"[ein @V | g=in @=¥)] =

n=1 n=1
|

by gutef O et om0

[

o]
—

[

1 tei (@) te—i (o—V)

"[1 + i (@=b) + —i (0—1)

p) 1 —te 1—te

1 1 —12 0

2 T—%fcos (9 — ) F 2 (’—7<1)'

I

TloacraBasist nmosyueHHele pesynbraThl B paBeHctso (12), moay-

Jaem:
13

1o, 9) =155 ff(w) 52 s dy. (13)

— 2ap cos (@ — P) + a?

Tlonyyennas Qopmyna, pawouas pelieHne nepsBodl KpaeBoH 3agaun
BHYTDH Kpyra, HasbiBaeTcs HHTerpaJom [lyaccona, a moxa-
HHTerpasjbHOE BHIPaXKEHHe
a2 — p2
K(p! (P: a! 'lp)"'" p2—2apcos(q)-—1b) +a2

—anpom Ilyaccona. Ormern™, uto K(p, ¢, a,¢) >0 npu
p < a, TaK Kak 2ap << a? + p?, ecnu p 7= a.

Wnrerpan ITyaccona BbiBeleH B MNPEINONOXKEHHH p << @; MpH
o = a npencrasaenue (13) repsier cmbica. OgHaKo

lim u(p, @)= (q),
p->a
Q>Pq
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TaK Kak psjl, U3 KOTOPOro moJyueH unrterpaa IlyaccoHa, siBasiercs
HeNnpepbLIBHOH GYHKIHel B 3aMKHYTOH o6sacTH.
dyukuus, onpeleieHnas popmynon

n R
_1_- a? — p?
u(p, §) = 2ﬂ_£f(“’) 67— Dapcos (p— 9) ¥ af TP TIPH p<a’(13,)
i (9) mpu p=a,

YAOBJAETBOPsiET ypaBHeHHIo Au = 0 npu p < @, HenpepriBHa B 3aM-
KHYTOH 00/1aCTH, BKJ/II04asi OKPYXKHOCTb p = 4.
Peiienne BHelllHell KpaeBOoH 3ajayl, OYEBHAHO, HMeeT BHJ
41

pZ_aZ
[f(tb) T p =g e b e p>a

1
ulp, ) =14 2n |
-1

f (@) npu p=a.

B caMoM Hayaje MBI TPeLNONOXHIH, uTo (yHKuMs [(@) He-
npepbiBHa U nuddepenunpyema, d, moab3ysicb 3THM, JOKasaju, UTo
pellieHHe 3alayd MOXKHO INPelCcTaBHTb B BHAe OeCKOHEUHOro psja.
B nmajabHeliuieM ¢ MOMOLUbIO TOXK/ECTBEHHBIX Npeo6pa3oBaHHH MbE
nepeluin oT psfa K unterpany Ilyaccona.

IokaxkeM Ttenepb, uto uureepar [lyaccona Oaer peutenue nep-
60il Kpaesoii 3ada4u u 8 TOM caydae, koz0a ynkyua () T0ALKO
HenpepoleHa.

Hnrerpan Ilyaccona npeacrasisier pelienue ypaBHeHus Jlanaa-
ca npu p<<a ({<<1) ana npousBoJbHOH OTPaHHYEHHOH QyHKIHH
f(g). B camom nene, npu p << a (¢t << 1) nnrerpan I[lyaccoHa Tox-
naecteH pany (8) M B cuay 3ameuaHus, ciesaHHoro Ha crp. 313,
yIOBJIETBOPSiET ypaBHeHHIO Au == 0 npu NPOH3BOJbHOH OrpaHHYEH-
Holl ¢ynkuuu f(g).

Takum oGpa3oMm, HaM ocTaeTcsl A0Ka3aTh, 4YTO QYHKUHA 4 B Ha-
HieM cJyyae HelpepblBHO NPHMbIKaeT K T'DAHHYHBIM 3HAYEHHAM.
BbiGepeM Kakylo-1H60 HOCAeNOBaTeNIbHOCTL HeNpephiBHBIX AHpde-
peHIHpYeMbIX (DYHKUHH .

fl((p)v f2(q>): XN fk(q))’ ves

paBHOMepHO cxoasiyiocss K GyHkuun f(o) 1):
lim fe (@) =T (g).
k=00

(14y

TMocnenoBaTenbHOCTH rpaHMYHbIX GYHKUMI GyAET COOTBETCTBOBATD [0~
CJIeJIOBATENbHOCTh TaPMOHHYECKHX GYHKIHH uy (p, @), onpenesaseMbix

) Mbl He 6yaeM OCTaHaBJMBATBCA HA TOM, KaK 3TO OCYWIECTBHTb. Takyio
DOCIeA0BATENbHOCTD MOXKHO BHIOPATh MHOTHMH CIOCOGaMH.
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no ¢opmyne (13) uau (8). PaBHomepHasi CXOAMMOCTb MOCJaeLOBa-
TenbHOCTH {fr (@)} o3Hauaer, yro gas Jwoboro &€ > 0 MOXKHO yKasaTb
Takoe ko(e) > 0, uro

1fe(@) —fers(@)l <e mpu k> ko), [>0.

Oas oyuxkuuit  ux(r, ), NpPeACTaB/AOIIHX pelleHHS nepBoil
KpaeBoH 3ajaud, B CHAy NPHHIHIA MaKCHMAaJbHOro 3HauyeHus, 6y-
JeM HMeTh:

Fue (o, @) —urri(p, @)1 <e
npu p<<pp, ecnn B> ky(e), 1>0.

Takum 06pasoM, NOCNeNOBATENbHOCTb {#x} CXOZMTCA PaBHOMEPHO
X HexkoTopoit GyHKuuH u== lim wu,. Ilpenenpnas ¢ynxuusa u(p, )
k-»o0

HenpepbiBHA B 3aMKHYTOH 06JaCTH, HOCKOJbKY Bce (DYHKUHH Up,
npeicTaBisieMble HHTerpajaMu

n
1 a? — p?
wo D=1 | g ey e (D o,

-7

HenpepbIBHH B 3aMKHYTOH o6saacTH. OueBHIAHO, YTO
u(p, @) = lim u, (o, @)=
R-»oo
n
1 a? — p?
=] 2n f a? — 2ap cos (@ — ) + p? f(\b)d&b npu p <a,
-1
(@) npu p=a,
TaK Kak MOCAenoBaTeNbHOCTb {fr} CXOAMTCA paBHOMepHO K [ H

NO3TOMY Npele/bHbIH fnepexoj MOJ 3HAKOM HHTerpajia 3aKOHeH.
Taxum o6pasom pyHKuUHuSA

Ei4

—_ a’ — p*
“(P» (p)"‘ o J‘ pz_zap cos (Q)—lp)+02 f(‘b) d’ll)
-7

fIpH TIPOM3BOJILHOH HenpepbiBHOA (GYHKUMH [(@) sBAsSeTCA pelue-
HHeM ypaBHeHHs Jlamiaca, HenpepblBHO NPUMBIKAIOMIHM Ha TpaHH-
1le Kpyra K 3aJlaHHBIM 3HaYeHHSAM.

3. Cayuaii paspbiBHBIX TPaHHYHBIX 3HaueHuil. [lokakeMm, uTo
dopmyast (13”) u (14) nator peilenve KpaeBo# 3ajayu AJs Ipo-
M3BOJNILHOH KyCOUHO-HenpephiBHO# OyHKUMH (@), T. €., 4YTO 3TO
pelleHHe OTPaHHYeHO BO BCell O6MAcCTH H HenmpepbiBHO NMPHMbIKAeT
K TPaHHYHBIM 3HAYEHHAM B TOUKAX HeNMpPepblBHOCTH GYHKUHH f(¢),
ABAAACh, TAKHM 00pa30M, €JHHCTBEHHLIM pellleHHeM, 06/alaouum
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stum cBolictBoM (cp. § 2, n. 4). Ilycts @ — kakas-1u60o Touka He-
npepuiBHOocTH $yHKuuH f(p). Hago moxasaTh, uto KakoBo Obl HH
6bl10 & > 0, Hallgetcs Takoe §(e), uTO

[u(p, @) — (o) | <e,
€CJIH

lp—al<d(e) u |p—ql<d(e).

B cuay HenpepuBHoc‘m ¢dyukuun f(¢) cyutectByer Takoe 8o(e),
410

@ — o) <4, ecm |o—gyl<dle).

PaccMOTPUM BCIOMOTaTe/bHBE HenpephiBHBe H AHddepeHuHpye-
mbie ¢ynkuuu f(¢) B f(¢), yROBIeTBOpAIOUIHE CIEAYIOUHM YCJIO-
BUAM:

f——=f(%)+—;' s | @—qo| <9 (e),

o= st [ — o> 8y(e)
H

f@=F@) =5 ma [o—al<3(e),

flo)<<f(p) s | @ — @ |> 8(e),

a B ocTajbHOM npoussoabHbie. Ecan npu nomomu dopmyisl (13)
mbl onpefenuy ana fu f Gynkuun i (p, @) u u(p, @), T0 5T0 OyAYT
rapMoHHyeckHe (DYHKIHM, HeNpepbiBHO NPHMHBIKAaIOMHe K f() H

(o).

B cuay nosoxutenabHoctu sigpa Ilyaccona umeem, uTo

ulp, P<ulp, Q)<<ilp, ¢),

f@<f@<f.

TaK Kak

s nenpepuiBroctn ¢dynkumii @(p, @) u u(p, ) Ha rpaHuie NpH
P = o CAeLyeT CyllecTBOBaHHe TaKoro &;(e), 4To

lu(o, @) —Fl@) <5 mm [p—al<d(e), 10—a0l <8 ()
H

lup, 9 —f (@) <5 mma [p—al<d (), 10— pl<d(e)
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H3 stux HepaBeHCTB HaXOAHM:

- £ e

i(p, @) <[ (po) + 5 =1 (o) -+,

flo) —e=Flo) — 5 <ulp, @)

[p—al<dl(e),
AJs
ICP_%|<5(3),

v i o e

rne 6 = min (8o, 61).
ConocraBasisi moJnyYeHHbie HEPABEHCTBA, HAXOXHM, YTO

Fo) —e<ulp, o) <ulp, @) <<i(o, ¢) <f(p) +¢
HJaH
l a—p I < 6 (3),
Iq)‘“'(Po! <6(8))
YTO M JI0OKa3blBaeT HENpepbBHOCTD U (p, ¢) B Touke (a, @o).

OrpanuyeHHOCTb 4 (p, () CAEAyeT H3 TOrO, YTO B CHJIy TOJIOXKH~-
TenbHOCTH supa [lyaccona

lulp, @) —f(py)| <e mas

on
1 a? — o? .
L (e, ¢)|<M?J a? -+ p? — 2ap cos (¢ — 1) dp=™M,

ecan |f(g)|<<M. 3nauenne xe HHTErpana

2n
-l-f (a2 — 0% d —1
n ) pP—2apcos(p—)+a? O’

0

TaK Kak B CHJIy paHee [OKa3aHHOTO JeBas 4YacTh MNpPEACTaB/seT
rapMOHHYECKYI0 (GYHKIHIO, HENPEePLIBHO NPHMBIKAIYI0 K TpaHHu-
HbIM 3HayeHusiM = 1, a Takas (QyHKUHA TOXKAECTBEHHO paBHa I.
Ananoruuno u(p, @) > M;, ecan f > M,, uTo u HoKasbiBaer orpa-
HHYEHHOCTb MOAY/sS QYHKIHH U (p, @).

§ 4. PyHKuHsa HCTOYHHKA

Merton GYHKIHMH HCTOUHHMKA HaeT YAOOHBIH anmapar AJsl aHaJH-
THYECKOTO INPEICTaBJEHHs pelleHHs KPaeBHIX 3ajau.

B Hacrosimem naparpade 6yAyT LaHbl OnpefeseHHe H OCHOBHBIE
cBoiicTBA (PYHKUMHM HCTOYHHKA AJS ypaBHeHus Jlamjaca, a Takke
GyRyT NOCTPOEHH (YHKUHUH MCTOYHHKA AJs psfa NMpPOCTeHmux o6Jas
creit (kpyr, cdepa, MOJYNPOCTPaHCTBO). DTO IMOCTPOEHHE IPOBO-
IHTCA METOAOM 3JIEKTPOCTAaTHUECKHX H300paxeHHH,
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1. OyHxuuS MCTOYHHMKA AJds ypaBHeHMs Au — 0 W ee OCHOBHbIE
cBoiictBa. [lns BCAKOH QYHKUMH 4, HENPEPBIBHOH BMeCTe C MepBhLIMH
[IPOH3BOAHBIMH B 3aMKHYTOH oO/acTH T, OrpaHMUYEHHOH AOCTATOYHO
IJIaJIKO¥i TOBEPXHOCTbIO I, M HMeIollell BTOpble NPOM3BOAHBIE BHY-
tpu T, Kak ObLIO noxasano B § 2, m. 1, HMeeTr Mecro HHTErpaJsibHoe
IpeACTaBJIeHHe

u (MO)z"]_"U [—é{\—;—g%——u(P)—(%(?;—m”dcp—
_TI“JT” R;‘;ﬁ dty (1)

Ecan ¢yskumsa w(M) rapMmonnyeckas, T0 oGbeMHbIl HHTErpas pa-
BeH HyJIo; ecnu ke u(M) ynosmersopsier ypasHenuio Ilyaccona,
TO O0beMHbI/i HHTErpaJ sBJISEeTCs H3BECTHOH (QyHKIUel.

Ilycrs v(M) — HekoTOpas rapMoHHYecKas (GyHKIMS, HellpepbiB-
Hast B T -- 3 BMecTe C MepBLIMU POU3BOAHBIMH, He HMEIOI(As HUTJe
ocoGennocreii. Bropas ¢opmyna I'puna

frj‘f(uAv—vAu)dr=J;f (u%-— v%) do

0:ff(vg—z—u%)dc- vaAudr. 2)
b YT
Cknannisasg (2) u (1), momyuaem:

uy=[[ 60~ u28do— [[[au-Gar, @3
z T

Aaer:

rie
1
G(M, M0)=—m+0 (3')

— Qynkuus ayx rouek: Mo(x, y, 2) u M(E, v, §). Touka M, ¢puxcu-
poBaHa, ¥ NMO3TOMY X, Y, Z HTPAIOT POJIb IapPaMeTPOB.

®opmyaa (3) comepxuruly u %}% " Mexnay Tem, npu pemenun

nepBO KPaeBOH 3a/laud 3a[aeTcsi JHMDb 4|y, a NPH PeleHHH BTO-

. o du
pon KpaeBoH 3a/aud — 3HAueHHe ——| . QyHKUAA v BHIGHpaeTCs
b

TakuM O00pasoM, utobn G |s=0 aas nepsoil KpPaeBoH 3ajauyu
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aG
on
G (M, P) npn noMouiy ycJI0BHH:
1. G(M, P) kak ¢yuxkuus toukn P(E,n,) npu ¢uxkcHpoBaHHON
touke M(x, y, 2) yLOBJeTBOpsieT ypaBHeHulo Jlanaaca

AG =Gy + Gyg+ G =0, P#*=M

BO Bcex Toukax P o6aactu T, kpoMe ToukH P = M,

2. G(M, P) npu coBnagenun aprymeHroB (M = P) o6paulaerca
B GECKCHEUHOCTb ¥ mpexacraBuMa B Buge (3'), rme v =0 (M, P) —
rapmonuveckas Bciony B T QyHKnus.

3. G(M, P) na rpanune obpailaercs B HyJb:

GM, P)=0, ecin PesZ,

STOMY YCJAOBHIO MOXKHO YAOBJETBOPHTb, NOTPE6OBAB, YTOOL!

1
4aR
Oyuknuio @, onpefejeHHylo TakuM o6pasoM, GyaeM HashiBaTh
GyHRKLHEH TOUEHYHOro HCTOYHHKA MePBOH KpaeBoil
3angayu AAst ypaBHeHHs Au=0. OyHKUUs HCTOYHHKA IO-
3BOJISET AaTh fBHOE MNpeJCTaBleHHe I pelleHHA NepBoi KpaeBoit
sanauu aqs ypasHenus Au = 0. B camom nene, popmyna (3) maer:

u(MO)-—” da_—”f ds (F=uly). (&)

Cnenyer umetb B BHAY, uTO (opmysa (4) monyueHa ¢ MOMOUILIO
¢opmyan [puHa, npeanosaramoulell BBLINIOJHEHHE ONPENENEHHBIX
yc/10Buii B oTHOWeHuH QyHKUMK 4 0 G u noBepxHocTH 2. B dopmy-

oG
71y (4) BXOZHT BblpaXeHHe —.—, CYLleCTBOBaHHE KOTOPOTO Ha NOBEPX-

HOCTH X He CJeAyeT HemocPeACTBEHHO H3 onpeneseHua pyHxunu G,
[Tpu nonyyeuun dopmyab (4) Mbl MCXORMM H3 TOrO, 4TO Cylie-
CTBYeT rapMOHHYecKas OYHKLIHs #, NPUHUMAIOILAsi Ha [OBEPXHOCTH
2 sHauenne f. Tem caMbiM Jaxe ajsi Tex o6jacrei, Aas KOTOPHIX
CyllecTByeT (DYHKUHMA HCTOUHHKA, YAOBJETBOPSIOAA YCJAOBHAM IPH-
menumoctd ¢opmynst I'puna, opmyna (4) aaer sBHOe NpelcTaBJe-
HHe JIMIb TeX pelleHHit ¢ NepBOH KpaeBoil 3a4aud, KOTOPLIE YAOBJe-~
TBOPAIOT YCJAOBHSIM NPHUMeHHMOCTH ¢opmynnl [puHa (noKasniBas
€IMHCTBEHHOCTb 3TOr0 KJacca peuleHHM# IMepBOH KpaeBoil 3ajauu).
[MonpoGHoe HccaenoBanue ¢opmynasl (4), nposeaennoe A, M. JIs-
NyHOBBLIM, NOKa3aJso, YTO JJIsi IIHPOKOTro KJjacca NOBEPXHOCTEH, Ha-
3bIBaEMBIX NOBepXHOCTSAMH JlanyHoBa (cM. § 5), oHa npeacrassier
pellieHHe MepBOH KpaeBoii 3afa4yu NpH BecbMa OGUIUX YCIOBHSX.
OctaHoBuMCS elile pa3 Ha onpeaesneHdd ¢yuxkuuu G. PyHrUHSA
G onpefe/iiercsa NPH NOMOWIM (QYHKUMH U, SBAAIOLIEHCS PelleHHEM

=0 paas BTOPO# KpaeBo#l 3a11alm). Onpenennm QyHKIHIO

Ulg=—
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nepBOH KpaeBo#l 3ajaud Il ypaBHEHHUS

Av=10
c TPaHHYHBIMH 3HAYEHUSAMH

MoxeT c03/1aTbCsl BIE€YaTJIEHHE, UTO HMEET MECTO NOPOUHHIH KpYT.
Jns HaxoxaeHuss QyHKUHH 4 — PeIIEHHUS MepBOi KpaeBoil 3afaud —
Hajc Ha#itu (QYHKHHIO U— pellleHHe TOH Ke 3amauyd. Ha camom
fese TOPOYHOTO Kpyra HeT, TaK KaK 3HaHHe (YHKUUH HMCTOYHHKA
[I03BOJISIET PEIINTh NePBYI0 KPaeBylo 3a/lady C IPOH3BOJIbHBIMH Tpa-
HUUHBIMA 3Ha4eHHAMH (u|y =f), B TO BpeMst Kak JJIsl HaXOXKIEHHst

camoit ¢yHrnuH G AOCTATOYHO PEIUUTh KPaeByIo 3a1auy €O CIelnu-
aNbHBIMH TPAaHUYHBIMH 3HaudeHusiMH (v]z= —1/4nR), uTO, KaK MHI
YBHIMM Ha pslle NPUMEPOB, 3HAUHTEJNbHO NPOILE.

[Ipu asaexTpocraTHYeckofi MHTepnperaunuyd GYHKUHS HCTOUHHKA

1
G M, Mo)=';f,;R—+U

npeicTaBjsger NOTeHUHal B Touke M ToyeyHoro 3apsimal), nome-
IEeHHOTO B TOYKY M, BHYTDH 3a3eMJIEHHOH NpPOBOASLIEH [OBEPXHO-
cru 2. [lepBoe ciaraemoe 1/4nR ecthb, O4EBHIHO, MOTEHUHAJ TOYey-
HOrOo 3apsiia B CBOGOJHOM NpPOCTPAHCTBE, a BTOPOE cJjaraeMmoe o
o603HavaeT NOTeHUHAN NOJs 3aPAA0B, UHAYUHPOBAHHBIX HA NMPOBO-
Aaumell nosepxHocTH X. TakuM o6pasoM, nocTpoeHne (QyHKIHH HC-
TOYHHKA CBOIMTCS K ONpeJeNeHHI0 HHAYHUPOBAHHOIO MOJS.

OcTaHOBKMCS Ha HEKOTODHIX CBOHCTBAX (YHKUHM HCTOYHHKA.
Npu 3TomM MBI GyaeM npeanoJararb, 4TO paccMaTpuBaeMble 061aCTH
TaKOBhl, YTO MJs HHX CYLIECTBYIOT (YHKIMYM HCTOYHHKA, 06Janaio-
UlHe HOPMAaJbHBIMHM TNPOH3BOAHLIMU Ha TOBEPXHOCTH X M YAOBJE-
TBOpAIOIINE YCJAOBHAM NpUMEHHMOCTH dopMyabl ['puHa.

1. ®yHxKuHsa MCTOYHHMKA BCIOAY NosoxurenbHa BHyTpu T. B ca-
MoM pene, ¢yHkuusi G ofpauiaercd B HYJdb Ha rpaHuie o6aactu 3
H TOJIOXHTeJbHA Ha NOBEPXHOCTH JOCTATOYHO MaJsio#l cdepwl, Omnu-
CaHHOH BOKpyr noJgioca. OTciofa cjaenyer, B CUAY IPHHIHIA MaKCH-
MaJbHOTO 3HAuYeHHs, ee TMOJNOXHUTEJbHOCT BO BCeli oGaacr.

') TIpu TepMHUECKON HHTEpPUPETALHH CTAUOHADHAS TEMIeEpPAaTypa TOYEYHOro
HCTOYHMKA TEMJa HHTEHCHBHOCTH ¢ OnpejensierTcs: GopMynon

q/4wkr,

Tae k— kospduuuent TtemronpoBogHocTH. Takum ofpasom, ¢ymxkuna G(MM,)
ABJfeTCA TEMNEpaTypoit B Touke M, ecnu TemmepaTypa NMOBEDXHOCTH Tela PaBHA
Hymo, a B Toyke M, moMelneH TeNJOBOH HCTOUHHK HHTEHCHRHOCTH ¢ = K.

Ecau pasmeprocts jaamHbl BhiGpaHa Tak, uto kB = 1, To ¢ynkuua G coorser-
CTBYET HCTOUHHKY MHTEHCHBHOCTH, DABHOH eNHMHHLE,

11 A. H. Tuxonos, A, A, Camapckuft
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3aMeTHM Takxke, 4TO
aa

dn 2\ ’
UTO HENOCPEACTBEHHO CJIeNyeT M3 JOKa3aHHOH MOJOXHUTEIbHOCTH H
yenosusa G |y =0.
2. OyHKIUS HCTOYHMKA CHMMETPHYHA OTHOCHTEJNbHO CBOHX apry-
MeHTOB Mo(x, y, 2) n M(&, 0, §):
G (Ma MO) = G (MO’ M)'

Ilycte M u M{ — HexoTopule ¢uKCcHpOBaHHble TOYKH oGgaactu T.
HposeneM chepnl Xy u 2, paguyca € C UeHTpaMu B Toukax Mo u
0 (puc. 50). INonaras

u(M)=G WM, M), v(M)y=G(M, Mg

u npumeHss popmyay I'puna

Uf(uAu—vAu)dT=zLfﬂ(u%ﬁ’?—v%)dc 5)

K obaactu T, OrpaHHYEHHOH NOBEPXHOCTAMH X, Z; H 2y, Oynem
HMeTb:

”[G(M Mo)——@—ML—G(M, M) M]d _—

l (M M)

[floms

2,

Tak Kak JeBas YacTb ypaBHeHus (5) paBHa HYJIO, MOCKOJbKY
AG =0, a uHTerpasj Nno NOBEPXHOCTH X paBeH HYJIO B CHJYy rpa-
HHYHBIX ycaoBuit. Ilepexonst saTeM K npeneay npu e — 0 u HCHOJb-
3ysi 0COOEHHOCTb (PYHKIMH HCTOYHHKA, NOJY4YHM 1):

G (M§, M§y= G (M{, M)

G (M, Mg
— G (M, M) ——(%—")] 4oy =0,

HJTH
G (M, Mg)= G (M,, M).

Jokasanuasi cumMerpusi QYHKUHH HCTOYHHKA SIBJISIETCSI MaTeMa-
THYECKUM BbIpaXKE€HHeM NPHHIUHNAa B3aHMHOCTH B (U3HKe:
HCTOYHHK, TIOMEIEHHbIl B Touky Mo, IPOM3BOAUT B Touke M Takoe
}Ke JeficTBHe, KaKoe IPOU3BOJHT B TOUKe M, HCTOYHHK, TOMelleH-
Hbiii B Touky M. IIpHHIMD B3aHMHOCTH HOCHT BeCbMa OGIIHI Xapak-
T€p M OTHOCHTCS K Pa3/iHYHBIM (DU3HUECKUM NoJasM (JeKTpomar-
HHUTHBIM, YOIPYTHM H T. 1.).

') JIanyHOBHIM YCTAHOBJEHA 5Ta TeopeMa B NpPHMEHEHHH K Kjaccy NOBEpX-
HOCTell, HasblBAEMBIX NMOBEPXHOCTAMH JlsAnyHOBA.
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OTMmeTHM, B 4aCTHOCTH, YTO M3 CBONCTB CHMMETDPHH CJIEAyeT, 4TO
npu ¢ukcuposannom M u(Mo) = G(M, My), xak ¢yHKuus mnepe-
MEHHBIX X, Y, 2 TOuKH Mo, o6s1aaer TeM ke CBOHCTBOM, uTo H (yHK~
uns v(M) = G(M, M,) nepemenrnx & 7, § touku M npu Qukcu-
posannom Mo, T. e. Ay, G = 0 ipu M %+ My, G =0 npu My 3.

®yukuus ucrounuka G (M, My) nas cay-
yag JABYX H3MepeHHUH, oueBuAHO, OymeT omnpe-
HeNAThCA YCJIOBUSAMU:

1. AG =0 Bcrony B paccMarpuBaeMoii 06-
aactd S, kpome toukn M = M,.

2. B touke M =M, cdyukuua G wumeer
0COBeHHOCTb BHIA

1 In 1
2 Ryy,

3. Gl¢ =0, rpe C— rpanuna obaacru S.

DyYHKIUSA HCTOYHHKA B 3TOM CJAyuYae HMeeT BUJ

1 1
G (M, M) = 3n In m + v (M, M), Puc. 50.

rie U— BCIOZy HempepbiBHAs rapMoHMYecKas (GyHKUHs, YAOBJIETBO-
pAaoulas Ha rpaHuLe YCJIOBHIO

Lin o
21 RMMo

Ulc=—" .
Peuwlenne mnepsoii kpaeBoil 3agaun mis Au =0 npu 3ToM jAaeTcs
dhopmyoi '

uMy=— 19 ds (f=uly.
(4

2. MeTton 3JEKTPOCTATHYECKUX H300parKeHuil u GyHKUNH HCTOU-
HUKa aas cdepsl. HanGonee pacnpocTpaHeHHBIM MeTOAOM NOCTPOe-
HHs (DYHKUMHE HCTOYHHKA SIBJSIETCS METOJ 3JEKTPOCTaTHUYe-
CKkHX n3ob6paxeHunil. Mpues ero coCTOHT B TOM, uTO IpH IO-
CTpOEeHUH (YHKUUU HCTOUHHKA

1
G (M, Mo)=m+0

HHIYIHPOBAaHHOE TOJIE U NpeJCTaBJadeTCs Kak IoJe 3apsifoB, pacio-
JIOXXEHHBIX BHE IOBEPXHOCTH X H BHIOHMPAEMBIX TakKUM 0G6pasom,
YTOOHB! BHINOJHSJIOCH YCIOBHE

1

Ulg =—W'

OTH 3apsAlibl HAa3LIBAIOTCA 3JEKTPOCTATHUYECKHMH H306p a-
XeHHAMH eJHHHYHOTO 3apsaja, INOMEUIEHHOr0 B TOYKY My m

11*
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€O3Jaollero B OTCYTCTBHE INOBepXHOCTH X mnoTeHuuan !/4mR. Bo
MHOTHX CJyyasix BBIOOD TaKuX 3apsifioB He INpeICTaBisieT TPyAa.
Huxe MH nipuBefeM NpHMepH NOCTPOeHUS (QYHKHHHM HCTOYHHKA Me-
TOJIOM 3JIEKTPOCTATHUECKUX H300paxKeHHH.

M3 npencrasienns (QyHKOHH HCTOUHHKA, MOJNYYEHHBIX BO BCEX
STHX IIPHMepax, HEeNOCPeACTBEHHO BHAHA HENPePLIBHOCTb NEPBBIX
NPOU3BOAHLIX QyHKIUKHE G Ha NMOBEPXHOCTH 2.

B kauecTBe mepBOro npuMepa paccMOTPHM (YHRUHIO HCTOUHHKA
nas chepsl.

ITycty nana chepa panuyca R c nentpom B Touke O u Tpebyert-
Cs1 HaWTH 17151 Hee (QYHKIIMIO HCTOYHHKA.

[Tomectum B Touky M, eAMHHYHBI!l 3apsifi U OTVIOXKHM Ha paju
yce, npoxoasuieM uepe3 Touxy M,, Takoit orpesok OM;, uro

pop; = R2, (6)

riae po = OM, u p1 = OM, (puc. 51).

[Tpeo6pasosanne (6), crapsiiee B cooTBeTcTBHE Touke M, onpe-
nenenHyio touky M;, sBjgercsa mpeoGpas3oBaHHEeM O6paTHbIX PaiH-
yCcOB, a caMa Touka M; HasbiBaeTcs CONpPAXEHHOH ¢ Toukolt M.
IJ10 npeoGpa3oBaHHe SBJASETCA B3aHMHBIM, H TOuKy Mo MOXKHO pac-
CMaTpUBaTh KaK CONPSXKEHHYIO C TOUKOH M.

HoxkaxeM, 4To AN BCeX TO4YeK P, pacnosoXKeHHBIX Ha cdepe,
paccrosiuus no Mo u M nponopunoHaabHbl. as 310ro paccMoTpum
tpeyroabHukn OPMy, u OPM, (cm.
puc. 51); oM mnomoGHBI, TaK Kak
yron npu O obuuii, a npuiexa-
IIHe K HeMY CTOPOHBI MPOMNOPUHO-
HaJIbHBI !

R oy Mo R

91 R - OMl *

W3 nongo6usi TpeyroJbHHKOB CJe-
LyeT:

2o
R

Puc. 51. i=%=£‘- (7)

Fae ro = Iﬁl, ry == |1\7:P| W3 nponopiun (7) nosayuaem:

Po
f0=—1§“f1

s Bcex Touek cepsl. [TosToMy rapMoHHYecKas OQYHKIUS v =

= "T;&'}l_ Ha cepe NPUHMMAeT TO e SHAUEHHE, YTO U (QYHKLHA
0 1

—1/ro.Ona npencrasiser, oueBHAHO, MOTEHUHAA 3apPAAa BEJUUHHEL

— R/po, MOMELEHHOTO B TOUKY M.
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Takum o6pasom, GyHKIHS
1 i
G (P, MO)=_(___£_) (8)

ry o 11
H fBJIAETC HMCKOMOH (yHKuWe#i MCTOYHHKAa mis cdepb, TaK Kak
3TO — rapMOHHYecKas QyHKUHS, HMelomas B My ocobeHHOCTD 1/4mrg
u obpalarpmascs B HyJb Ha cdepe.
Pewrenne nepsoit Kpaesoil 3agaun gaercs Gopmyaoir (4).
BoiuncauM OpOH3BOIHYIO

o= or (70) —w o () ©

—>
rfie n— BHEWHsd HOpMaJb, r;=|MM| (M, BooGuie rosops, He
JeXHuT Ha coepe).

Ipoussonurie or 1/ry u 1/r; mo HampaB/eHHIO M PaBHBL

1 A
_a_<_1_>=_a_ (__‘_)_0_’1 = — —cos(ry, n),

on \r, Org \ rg ) On o
~ (10)
17} [ a 1\ 0n, 1
—|—|=——(—\)—7—=——cos(r,, n),
on \ r, Ory \ry ] On ry
TaK kKak -
ar < or -
(?f: ==cos (r;, n), Tj‘=cos (ry, n). (11
N P
Herpynuo naiitu Beanuuusl cos(ry,, n) u cos(ry, n):
2 2 2
A R*+r5—00
cos (ro, 1) = ——p——, (117)
2 2 2
A~ R +4-ry — 0} ”
COS(TI, n)-—'—QR,"'——'. (“. )
Hcnombsya mpomopuuio (7), GyAeM HMeTh:
2, R o R
Rt —r=—5 5 5 o
cos (r/\n)! . 0o Po __ Pptrp—R
1» > - ’
2R pi'fo . 290’0
0

2 R
TaK Kak pI=R—, 0 ONpeAeNeHHI0 TOuYKH M;, u ry=--Tro Ha
0

cpepe 2. Iloapsyace ¢opmynamu (10), a Takxe BbIpaKEHHAMH
9), (119, (117), unaitnem:

G| 1 [ I R®+ri—¢ o8 R p§+f§—R2]_
only 4n 5 2Rry R'rg py 20070

I R—g}
4R 1}
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Takum o6pasoM, ¢yuknua u(Mg) B cootBercTBUM ¢ popmyaol (4)
paBHa

2 _ 2
w) = [ [ 1) 5o (12)
z

Beenem cdepuueckyio cHCTeMy KOODAMHAT C HAauyajgoM B LEHTpe
cdepul. [Iycts (R, 0, ¢) —xoopauHatel Toukd P, a (po, 0o, o) —
—>

KoopAHHATH TOUKH Mo; y— yros Mexny paguycaMu-sekropamua OP
—
n OM,. Torna ¢opmyay (12) MOXKHO mepenucath B BAJE

R 2 7t Rg_pZ
A 90,%)=—fff(e, ®)— 0 —-sin0de dy, (12))
dm g ¢ (R —-2Rp0cosy+po)
rae
cosy=cos 0 cos B, - sin 0 sin B, cos (¢ — @) !). (13)

dra Qopmyna HasbiBaercs MHTerpanaom I[lyaccoHa aas
chepnl

Tem ke MeToaOM MoXeT ObLITb NOCTPOeHa (DYHKIHS HCTOYHHKA
nasa o6Jaacty, BHelHeH K cdepe,

GM, M= (- —2-), (14)
rae ry = MM;— paccrosinue or ¢uxcupoBaHHO! Touku M, J1exa-
uedt BHe cdeprl, ro = MMy— paccrosinne ot Touku Mo, conpsiKeH-
HO# C Touko#t M;, py— paccrosHue M; oT Havajsa KOOpPIHHAT, 2
R — papuyc cdephl.

YuutpiBasi pasiuMuHe HanpasJeHUH HOpMajledl MJIf BHyTpeHhHeil
M BHeLIHeH 3ajfady, NOJyuuM:

R PA 9 R2

01— .
w(or, 0 0) =— [ [ ——1 - (6, ¢)sin 6 do do,
v § ¢ [R -—2p1Rcosv+91]

rae cosy naercs dopmysoin (13) (unpekc 0 Hamo 3aMeHuTs Ha 1),

3. ®yHKkuMa HCTOYHHKA AJasa Kpyra. OYHKUHS HCTOUHHKA A5
Kpyra Moxer OHITb HOJydYeHa TaKHM Ke CrocoboM, Kak M QyHKUHs
s chepbl. B aTOM cayuae HyHKUHIO cleyeT HCKATh B BHIE

1 1
G=--In—+o. (15)

: — —
'}y B camoM pjene, Hampap/sioulMe KOCHHYcH BekTopoB OP u OM; pasuu,
coorsercTBeHHo (sin@cos @, sinOsing, cosB) u (sin 6, cos g sin B, sin o,
cos 0g), oTRynA
cos y == cos 8+ cos 0, -} sin 8 sin 8 (cos @ cos o + sin @ sin ) =
== ¢0s 0 cos 8y - sin 0 sin 0y cos (¢ — o).
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IToBTOpsia paccyxaeHHe NpPeAbIAYLIEro NyHKTa oT ¢opmyan (6) xo
¢opmyast (8), Mbl HalineM ¢ynkuuio G B BHIE
1 1 R 1

G (P, M0)=—2;[1n—ro—-—-lna-r—l] (16)
rae po==OM, ro= MiP, ri=MP, R=OP—panuyc Kpyra
(puc. 52). Herpynno yGenuTbcst B TOM, 4TO ONpENeJEHHAs TaKHM
o6pa3om rapMoHHuYecKas QyHKIHS
ofpaulaercss B HyJb Ha rpaHHile

GIC=

Hns pelleHus nepBoil KpaeBOH
3aflayd HaJO BBLIYHCJAUTH 3Haue-

HHSA —gng- Ha okpyxuoctu C. Bul-

yuCcaeHHsT INPOXOAST AaHaJOIMYHO
cayyaio cdepsl H J4I0T:
0G 1 R*—¢}

on |¢ 2R g

. Puc. 52.

Ilyers (p, 0) — mossipHBle KOOpDAHHATHL TOUKHM P, sexameli Ha
OKPYXKHOCTH, a (po, 09) — KOOpJAUHATHE TOUKH M,, TOra

rs= R*+ p} — 2Rp, cos (8 — 6).
IToacrasnss B dopMyany

(9o, ) =—f

po ds
R

TO BBIDAXKEHHE LA o U IPHHUMAs BO BHHMaHHE, 4TO
u(P)le=7(0) m ds=Rds,

npuxoaum Ans byuxuun u (M) K BHpaKeHHIO
2n

! R*— o
400 0= | ey (@40 (D

HasbiBaeMoMy MHTerpagaoMm Ilyaccona aaa kpyra (cm.
crp. 314, popmyaa (13)) Ora XKe (opMysa ¢ TOUHOCTHIO N0 3HaKa
Jaer pelneHHe BHEIUHEN 3azauvd.

4. ®ynkuus UCTOYHHMKA AJA noaynpocTpancTBa. [Tousitue QyHK-
UMM uCcTOUHMKA M ¢opMyna (4) HMEIOT MeCTO W JJISl HeorpaHuve-
HOro mpoCTpaHCTBA, €CJIH paccMaTpuBaTh (YHKUHH, perynsipHble Ha
Geckoneunocrn (cMm. § 2, n. 6). HafineM ¢yHKUHIO HCTOUHHKA AJA
nonynpocrpanctBa 2 > 0. Ilomectnm B TOuky Mo(Xo, Yo, 2o) enu-
HHYHBIY 3apsf, KOTOPHIN CO3JaeT B HEOTPaHHYeHHOM MPOCTPAHCTBE
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noJie, MOTEHIHAJ KOTOPOro onpeneisiercs GyHKuuei

Ti{ Te;lg' rae Rup =V (x — %P 4+ (4 — yo)* + (2 — 20

HeprllHO BHJAETb, YTO «HHIAYUHNPOBAHHOE NOJE» U SABJACTCA NOJIEM
OTPHIATEJABHOr0 €AHHHYHOrO 3apsiia, INOMEIIEHHOI0O B  TOYKY

z
H(z,4.2)

%@a&r}f?)

| / z
/
i /
1/
i /
I,

¥

kM 1 (Zaslfpr—20)
Puc. 53.

M (%o, Yo, — 2¢), ABAAIOMYIOCS 3€PKAJbHLIM H306paxMeHHEM TOYKH
M, B nnockoctu z = 0 (puc. 53). ®ynukuus G, paBHasn
1 1
G M, Mo) = 5 — Tamy
rae

Ro=|MM|=V & =%+ — 90" + & — 20,
Ri=|MM|=V &= 5P+ G — s+ &+ 2

ofpamaercs B HyJab npu 2=0 U HMeeT HYXHYIO OCO0EHHOCTb
B Touke M,.

aG oG
Briuncanm -—-l = — . OueBHAHO, UTO
on 2=0 0z 2=0
oG 1 2 - zo 2+ 2
0z 4m [ TR R} ]
TTonaras z==0, HaxoAuM:
96 = 96 —_ 20
on g, 02 2=0 2“R8 ‘

Pewenne nepBod KpaeBoH sajauu naercs GopmyJoH

u(Mg) = — f f [(P)dop,

RM oP
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rae Z, — mockocTs 2 =0, f(P)=ul,_,, nau
00 00

(xo, Yo 20) - _'—‘!; _J; (x _ x0)2 + (zo_ y0)2 + zgla/, f(xx !/) dx dy (18)

§ 5. Teopus norenuunana

1

Y S S T T U= T G O
MOTEHUHAJ NOJS €IHHHYHON Macch (3apsja), NMOMEMIEHHOH B TOuKe
My (&, n, §) aBaserca pelLieHHeM ypaBHeHHs Jlammaca, 3aBHCSIUM
oT napamertpos &, n, {. Marerpannt ot sToill ¢pyHuMH no mapaMerpam
Ha3bIBAIOTC MOTEHUHUANaMH H HMEIT CYyIIEeCTBEHHOE SHaueHHe
C TOYKH 3DEHHS HEeNOCPEJCTBEHHBIX NPHJIOKEHUH B QU3HKe, a TaK-
e U C TOUKH 3DEHHS1 Pa3BHTHS METOMNOB pelIeHHS KpaeBHIX. 3ajau.

1. O0bemubiit notenuuan. Ilyctb B HekoTopo#t Touke Mgy(E, 1, )
noMmenieHa macca my. Ilo 3aKOHy BCEMHDHOTO TArOTEHHS Ha Maccy
m, noMelleHHyo B Touke M(x, y, 2), DelcTBYeT cujla MPHTSIKEHHS

(1)

rie r==R/R — enunnunniit BekTop B HanpasiaeHun MM (R=MM),
a y— rpaBUTalMOHHAsA NMOCTOsSIHHAS. BbOMpast CHCTEMY eQHHHL, TaK,
uro6bl y == |, H nojaras m == |, NOJy4HM:

npeacrasJgoulan

F=—y

Ipoekunn 3TOH CUJIBI Ha KOOPAHHATHbIE OCH 6yny’1‘:

X=Fcosa=— x-—-’é), |
Y=Fcosp=— (y n), i (2)
z=me=—z° -0, |

rhe o, f 1 y— yrisl, o6pasoBaHnble BeKTOpoM F ¢ KOOpAHHATHBIMH
OCSAMH.

BBemeM (yHKUHIO 4, Ha3biBaeMyl0 MOTEHI HMAJOM CHIJO-
Boronouast!) u onperensieMylo paBeHCTBOM

F=gradu

') He crenyer cMemHBATh NMOTEHIHAN C MOTEHLHANBHON SUSPTHEli CHAOBOTO
noas. Tepmun notenunan ynorpebiserc 3fech B TOM Ke CMLICIE, Kak CHJO-
Basg G yHKU HA B MEXaHHKE.
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HIU 5
Ou u ou

X=bpr V=g, Z=%
B namem cayuae
S,
R
Iotenuuan noJist n MaTepHaAJIbHBIX TOYEK BCJAEACTBHE CYIEPIO3HIHH
CHJIOBBIX TOJIel OyJeT BhlpaxaTbcs GopMyJsion

U=

[TepefineM K cayyaio HeNpepLIBHONO pacnpenesedusi Macchl.
ITycrs pauno Teno T ¢ naoTtHOCTBIO P (&, 1, §). Onpenenum notennuass
aToro tesna B Touke M (x, y, 2). las storo pasobrem tesio T Ha go-
CTAaTOYHO MeJxue yactd Ar. ChesnaeM eCTECTBEHHOE MNMpPeaNoJoxKe-
HHe€, 4TO JAeHCTBHe 3jeMeHTa AT 3KBHBaJIGHTHO AEHCTBHIO €r0 Macchl,
COCPeIOTOYEHHON B HEKOTOPOH «CpeaHei» Touke?!) obGbema At; Torpa
LISl KOMIIOHEHTBI CHJBI, JAeHCTBYIOIeHl Ha TOUKy M, moJyunm cie-
Nylolliee BhIPAXKEHHE!

A =—220(x—8), tme RP=(x—82+(y—nfP+@—0%

HurerpupoBanue 1o BceMy o6beMy T naeT KOMIOHEHTY NOJHOMH
CHJIbI MPUTAXKEHHs ToukH M tenom T

Xz—fjfpx;;gdt. 3)

[Torenunan B Touke M Gyner onpenensitbes GpopMyJoin

u(M)=fffp%dT. (4)
T

Ecnn Touka M JeXuT BHe Tela, TO B 9TOM MOXKHO YOEIHThCS
HENOCPeICTBEHHO AH((hepeHIHPOBAaHHEM IO 3HAKOM HHTerpaja?2),

1) Bosee TouHO mpu 9TOM HpeArONAraercsi, yTo AEHCTBHE HekoToporo Tesa T
Macchl M Ha TOYKY, JIeXKAILYIO BHE BHIIYKJAOro ofbeMa T, CONEPIKALIErO 5TO TEIO,
MOKHO 3aMEHHTb JAeHCTBHEM HEKOTOPOr'o 3(p(eKTHBHOrO IEHTPa TOM XKe MAacCH m,

Jexauiero BHyTpH 7T.
2) JIna BO3MOXHOCTH AuGQepeHUHPOBAHHS ONPEleIeHHOI0 HMHTErpasa BHAA

Fon=[ Fo1, Py o (P ar,
T

N0 MapaMerpy MOX 3HAKOM MHTerpala JOCTaTOYHO HENpPEPHIBHOCTH ITPOH3BOJHOM
or ¢yukuun F(M,P) no mapamerpy H abGCOMIOTHON HHTETPHPYEMOCTH (YHK-
uun @{P). O6uiyHO 3Ta TeopeMa dopMmysanpyercs npu @(P) = 1. [JokasartenncTso
€e JJIf HaUIero cJayyasd HHYeM He OTJIHYAeTcs OT OOLIYHOro,
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AHa0THYHO BBIYHC/ASIOTCS M IPOH3BO/JHBIE BBICUIHX TMOPsAAKOB. Oue-
BHUJHO, UTO noTeHnuan #(M) BHe Tena T ymOBJAETBOPSET YPABHEHHIO
Jlannaca (cM. nogpobuee ctp. 340). B nanbueiiumiem, He cTpeMsch
K TOCTPOEHHIO TeopuH B HaHOOJee OOLIUX YCAOBHSIX, MBl GyleMm
N0/1b30BaThCH YKa3aHHLIMHU BbilIe CBOMCTBAMH IOTEHUHANOB H CPOp-
MYJAHDPYEM P TeopeM IIPH YCJIOBHH, UTO
p — orpaHuueHnas ¢yHkuua (noapasy- ‘
MeBas ee UHTerpHPYeMOCTh).

Ecian touka M nexut BHyTpu oG.a-

ou 4z
ctu T, HeJab3d yTBEPXKAAaTh, 4TO0 X =3y P
6e3 JOIOJHHUTEJIbHOIO HCC/Ae0OBaHus, KO- p 2
TOpoe u OGyIer AaHO HUXKe, 0

2. Mnockasa 3apauva. Jlorapudmuue-

ckhil noteHuuag. PaccmorpuM pacmope-

JleJieHHe MacC B INPOCTPAHCTBeE, 3aBHCS- Puc. 54.

miee JIMIIb OT ABYX KOOpAHHAT (X,Y).

B n1060fi MJIOCKOCTH 2 = const NOTeHUWAaJ, OYEBHAHO, NPHHHMAET
OJ(HO ¥ TO Xe 3HaueHue, NMO3TOMY AOCTATOUHO HCCAEJORATh IOTEHIN A
TOYKH (X, y), Jexaleld B njockocTu 2 = 0.

Onpenenum noTeHuuan OIHOPOAHOH OGeckoHeuHOH upsiMoit L.
Hanpasum ocb z Bronp 31o#f mpsamoit. [1ycTb MOroHHasi MIOTHOCTb
(T. e. macca exuHuUbl AAHHB) paBHa p. CHJIA NPUTAXKEHUS dJIeMeH-
ToM Az Touku P(x, 0) (puc. 54) u ee cocramisioulas mo ocH x pap-
HLI, COOTBETCTBEHHO,

AF — w Az w Az
— T TR = 2+ 2%’
AX = _—— Az,
X=AFcosa 1 Vo
Orciona
T
o 2
dz 1 2n
X=— f P = = — px% f cosada=— ==
K (%2 + 22" #o x
3
(z/x =tga).

Ecmu P(x, y) — NPOU3BOJIbHAA TOUKA, TO CHIA MPUTAXKEHUS TOUKH

aunnell L Gyﬂ.e'r, OYeBHJHO, HanpasjeHa BIOJb OP W paBHa IO Be-
JIUYHHE

rape
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[Torenunan 3TOfl CHAbl HA3BIBAETC JOTapHOMHYECKHM
NOTEHIHAaJdGM H paBeH

V=2uln-;—, (5)

B yeM Jlerko yOeIUTbCi HeMOoCPeACTBEHHBIM AuddepeHnHpoBaHUEM,.
JlorapudmMuueckuii noreHnuan SBAAETCS pPeUICHHEM yDaBHEHHS
Jlanmaca ¢ JByMsi He3aBHCHMBIMH TepeMEHHBIMH, 006Jaiaiounm
KPYrOoBOE CHMMETPHedl BOKDYT

y noatca B royke p = 0, B KOT0-
poi#i on oOpauiaercss B OecCKo-
HEYHOCTD.

Taxkum o6pa3oM NOTEHLHAN
OIHOPOXHOH MPAMOU Aaer MJoc-
KOe moJie H Bbipaxkaercst GopMy-
aoit (5). TlpeacTaBsieHHe NoTeH-
23 = p llMaJNa B BHJe HHTerpaja Obiio
M NONyYeHO HaMH JHIb A5 Orpa-

Puc. 55. uuueHHbX 06beMoB!). OTmeTnM,

4TO B OTJIHYHe 0T OODBEMHOTO

noTtesnuana jgorapumuueckuil norediHan He obpainaercs B HYyJb

Ha GECKOHEUHOCTH, a HMeeT TaM JorapHQMHIeckyl0 0coGeH-
HOCTb.

BhluHCAHM Tenepb KOMIOHEHTH CHJIbl IPUTAXKeHAs TOuku P

(puc. 55)

X-——-Fcosa=——2uT)x; (cosazipc-),
Y=Fsina=——2u—g-2- (sina=3y).

Ecnn uMeercss HECKOJIBKO TOYeK (GECKOHEUHbIX MPAMBIX-C pac-
TipeJeNentol BIOJAb HHX Maccoi), TO B CHJy MPUHUMMNA CYNeprosu-
LIMM CHJOBBIX MNOJefl MOTEHUHadbl TOYeK (JHHMH) OyLyT CKJaIajbl-
BaThCsl.

1) Tlpu BLIUMCJEHMH MNOTEHIHala GECKOHEUHOR NpAMOR HeJb3sn OHIO Hemo-
CPeACTBEHHO MHTErPHPOBaTh MOTEHUHANbl OTAEJbHHIX IEMEHTOB, TaK KaK B STOM
clyuae NOAydaeTcs pacxoAsmufica MuTerpas. B camoM fene, noreHunan sae-
MeHTa Az paBeH

Az

Veite

(Dopma.nbnoe HHTErpHpoBaHue paet pacxonﬂumﬁca HHTErpal

Au=p

§ = j“ dz
o Veit2
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B caysae o6nactu S c HempepLIBHO-pacHpe/eNeHHON IMJ0T-
HocThio P (% M) !) (puc. 56) KOMIOHEHTH CHJIBI NMPUTSKEHHS TOUYKH
P BbIpasatcs IBOHHBIMH HHTErpajaMu:

x—§
X=—2ff”(§: n) (x—E2+ (y—1)7 dﬁdn,

*"2””@’“)@— T g)ﬁdgd"’]} X

¥ noTeHuuas GyneT paBeH

ulx, y\_gﬂ 6 Ml 5

1
£+ (y—m)

YTO HETPYXHO NpPOBEepUTh AH(P¢hepeHUHPOBAHHEM MJIs TOUEK, JexKa-
mux BHe S. Ecan xe Touka P Jexurt B o6aactd S, To HeO6X0IHMO
[IPOBECTH ROMOJHHTENbHOE HCCIeAOBaHHeE.

3. HecoGcrBennble uurerpaant. [ToTeHIHaMb U KOMIOHEHTD! CHJIbI
NIPUTSIKEHUA TNpPEACTaBJAAIOTCS C MNOMOIIbI0 HHTETPAJOB, Y KOTOPbIX
MOAbIHTETPaNbHble GYHKIHH 00 alaorcs
B GeCKOHEeYHOCTb, €CMd Mbl paccMmaTpu-

dg dm, @)

BaeM MX 3HAauYeHUS B TOYKaX, Haxond- )
uMxca B 06JacTd, Cojepxalneli nputs- )
rHBaiollHe Macchl. S ME&T

Kak Hu3BeCcTHO, eciu NOJBIHTEIpafb-
Hag ¢QyHkuusg obpauiaeTcs B HEKOTODOH
TOYyKe 00JacTé HHTerpupoBaHus B Oec- Puc. 56.
KOHEYHOCTb, TO HHTErpas HeJab3s OIpe-
IendTh Kak Ipenesl WHTerpajbHOH cymmbl. JeHACTBHTeNbHO, B 2TOM
ciyyae MHTerpasbHasd CyMMa He mMeeT Npejena, Tak Kak cjaraemoe,
OTHOCsLIleeC K 3JE€MEeHTapHOMY oObeMy, cojepKalemy ocobyio
TOYKY, MOXET KaK YyroJHO CHJIBHO MEHSTh BeJMYHHY CYMMBI, B 3a-
BHCHMOCTH OT BblGOpa IpoMexyTouHOH TOukH. MHTerpanbt ot no-
JoOuBIX QYHKUHMA ONPEe/sIOTCS KakK HHTerpajbl HeCOOCTBEHHbIE.

IMycrp B o6aactu T samara ¢yukuust F(x, y, 2), obpamaiomniascsa
B GeCKOHEeYyHOCTb B Hekoropoilt Touke Mg(Xo, Yo, 20). Paccmorpum
onpejlesieHHb uHTerpan no otaactu T — K, rne K. — HekoTopas’
OKDeCTHOCTb TOYKH M, nuamerpa, He NPEBOCXOASILErO €.

Ecan npu npoussosnbiom crarusanun obaact Ke, k 1ouke My

NOCAER0BATENbHOCTE HHTErpasoB

= ffdet (e, —0)
T-x,

) Dro cooTBETCTBYeT B MPOCTPAHCTBE LMAMHAPY ¢ obpasyiouiefi, mapainiensb-
HOl ocH 2, M ceueHHCM S B IVIOCKOCTH (X, Y), ¢ o6beMHON miaoTHOCcThIO W(E, M),
He 3aBHCAIER OT {.
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HMeeT Npefies, He 3aBHCAWMA OT Bbibopa obGaacteit Kg, TO 3TOT
Tpenes HasbiBaeTcs HECOOCTBEHHBIM HHTErpaJoM OT
¢ynkuun F(x, y, 2) no obnactu T u o6o3Hauaercs, KaKk OOLIYHOp

f]fra

Ecnu cymecrByer xota O OXHa NOCIENOBaTeNbLHOCTb oO6JaacTell
K,,, Taxas, 4To npm e, — 0 cymectByer mpefen I, a IJist OPYyrdx
nocnenoBaTenpHOCTed K, ~9TOT Npelesa HMeeT ADYrHe 3HayeHus,

win gaxe BooOle He CYLLeCTBYeT, TO npexen I HA3BIBAeTCsl YCAOBHO
CXOAAUINMCS HecOOCTBEHHBIM HHTerpasoM. JICHO, YTO IpH paCCMOT-
peHHH YCJIOBHO CXOASILLErOCsl HECOOCTBEHHOrO HHTerpasta I HYXKHO
yKasblBaTh Ty IIOCJAEROBATENBHOCTL oObJacre Kem o KOTOpO#
ONpeNeNsieTcss 3TOT HHTErpail.

Mpl orpaHMuYMMcH 3/leCb PAcCMOTPEHHEM TOro cJydasi, Koriaa

NOJbIHTerpanbHass QYHKLUHS HMeeT OCOOEHHOCTh B H30JHPOBAHHON
Touke. MccaenyeM CXORMMOCTb HHTErpajioB THIIA

i

rae C u o > 0 — HeKOTOpLIE NOCTOSIHHBIE,

R=Ryum,= V (xo — &> + (o — m)* + (20 — £)?,
My —rouka o6snactu T. He orpannunBasi OGLIHOCTH, MOXHO CYH-
TaTh, yTo T ecTb map paxumyca R ¢ ueHtpoM B Touke M, Bosbmem
B Kauectse obnactu Kg, wap paauyca en ¢ UeHTPOM B Touke Mo 1

6y£[€M HCKaTb npenen HOCJIEJIOBaTeJIbHOCTId HHTerpaJ'OB

f“?‘ir"qu’f““edef ey dr=2m- QCf dr

40[‘ 3—&]R 3
al \3—=57 L ecan o = 3,

n

45C [In r]f R ecan a =3,
n

—_———

[lepexon K npemeny NpH &y, CTPeMslleMcs K HYJIIO, NOKasbiBaeT,
4yTo npH o < 3 mpenes CYIIECTBYET, MpH o == 3 mpemena He cyuie-
CTBYET.

[ToxaxeM, uro ecan ¢ynkuns F(x, y, 2) HeoTpHLATENbHA H CY-

IIeCTBYEeT Npesei
- f”Fdr (5 —> 0),
T-Ke,
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rie Een — map paauyca & ¢ LEHTPOM B TOuke My, TO CyllecTByer
npenen uHTerpajoB / W NpH JIOG0OM BHOOpPE NOCAENOBATENLHOCTH
obnacreit K, , CTArHBalOWUXCH K TouKe M, u snauenne sToro mpe-

JlleJla He 3aBUCHT OT QPopMbl obmaactu Ke,. Jlo0yw obnacts K,
MOXKHO 3aKJIOUHTb MeXAy AByMs cdepamu Kem H K¢, , panuychl
KOTODHIX €, U €, CTPEMATCA K HYJIO

BMeCTe C &n (pHC. 57). B cuny mosoxu-
TENBHOCTH TOABIHTETPAJbHON (QYHKIIUH

f”Fdr>”deT>jHFdr.
T-K, T_Ksn T—T(-Sm
Orcooga BHAHO, YTO

lim l_LithzJi_}n; ;LJFdrzl,

TaK KaK MNpelesbl KpPafiHUX HHTErpaJjos Puc. 57.
CYWIECTBYIOT M PaBHB 3TOMY YHCHY.
Takum 06pa3oM, 8 cayuae Tpex HE3ABUCUMbLY NEPeMEHHbLX He-

co6CTBeHHbLL UnTe2PAA
C
f j J‘ —dt (8)
o
¢ R

cywecteyer, ecau o << 3, U He cyujecTsyer, ecau o == 3.

s Apyroro umcna HE3aBHCHMBIX NEPEMEHHBIX KPHTHYECKOe
3HaYeHHe o, ONpelessiolee rpaHHIbl CXOAUMOCTH HHTErpajsoB THMA
(8), paBHO uHCny M3MepeHHIl; Tak, Hanpumep, 044 08yx He3qBuCHU-
MBLX NePeMEeHHbIX UHTe2pas

J’J‘ C 45 TPH a <2 cxomures,
50 o npu @ >>2 pacXomuTCs.
OcraHoBHMCSI Ha TNPH3HAKE CXOAMMOCTH HECOGCTBEHHBIX MHTe-

rpanos. JlokaxeM, 4TO
048 cx00UMOCTU HECOGCTBEHHO20 UHTe2pana

f”F(x, y, 2)dx dy dz 9)
F

docrarouno, urober cywjecrsosara takas gyuxyus F(x, y, 2), Ora
KoTopoil necobcreennbill unteepar no obaactu T cxodurca, u 4Tobbt
UMEAO0 MECTO HepaseHcT80

|F (%, 9, 2)| <Fx, y, 2) (10)
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PaccMOTpHM HEKOTOPYIO NOCAeHOBaTesNbHOCTh obnacrelt K., co-
nepxaumux ocobyio Touky Mo. B cuny cxomuMocTH nocienoBaTelb-

HOCTH HHTerpasioB I OT ¢yHKuHH F 175 Bcsikoro e > 0 cyinectsyer

Takoe N(e), uto
llnl—7n2|= J'J‘J. Fdri<e,
Ksnl_KSnz

KOJIb CKOPO Ny, ne > N(g). Tax Kak F SBAAETC] MaxKOpPaHTHON
¢dyuxumeit nas F(x, y, 2), TO MOXKHO HalHCaThb:

“n."'"lnzlz fjf FdT Jj F]dr Jff Fd’l:’<8 (101)
Ken——Kem | a

ecan ny, Ny > N (). BunosHeHHe ycaoBus (10’) B CHJy DpH3HAKA
cxonumoctH Kol gB/sieTcss JOCTATOUHBIM IJst CXOAHMOCTH TMOCJIe-

A0BaT&/JNbHOCTH
L= [ [ Fax
T—Ks

K HEKOTOPOMY Tpefeny
I=liml,= [ [ | Fde.
T

h >0

Herpyzano Bunetb, uTo 9TOT npejaesn He Oyner 3aBHCeTb OT (HOPMBI
obaacreii K, . TeM caMbiM CyliecTBOBaHHe HeCOGCTBEHHOrO WHTe-
rpana (9) nokasaHo.

Ecnn ke nnas Hekotopoit ¢yskuuu F(x, y, 2) MOoxHO yKasarb
TaKylo noJoxutenbuyo ¢ymkuno F(x, y, z), uro F(x, y, z) > F,
npuueM HecoGCTBEHHbIH HHTerpak or F no o6aactu T pacxopures,
TO HecoOcTBeHHbI HHTerpaj (9) OyAeT, OueBHAHO, PACXOLHUTBLCS.

Cnencrue: ecau 0as HexkoTopoi ¢ynrxyuu F(M, P), obpauaro-
weiica 8 Oeckoneunocts npu P == M, umeer mecro nepaseucreo

F (M. P c a =const < 3,
< T
|F M, Pl < Ryp  C=const < oo,
70 HecobcTaennbll unteepaa no obaacru T, colepicawjels Touky M,

j”F(M, P)dr,
T

cxoourcs.

V3 teopun COGCTBEHHBIX HHTETPAJIOB, 3aBHCALIHX OT HapameT-
pOB, M3BECTHO, YTO HENPePLIBHOCTb MOJABIHTErPaJbHON (GYHKUHHM MO
napaMeTpaM W He3aBUCHMBLIM MepPeMEHHBIM SABJAETCH NOCTATOUHBIM
YCZIOBHEM HeNpepHIBHOCTH CaMOro HHTerpaja Kak (YHKIHMH napa-



§ 5] TEOPUSI TIOTEHUMAJA 337

MeTpoB!). JIa1st HeCOGCTBEHHBIX MHTErPajioB HeMpepHIBHOCTb MOMALIH-
TerpajibHOH QYHKUHH He HMEET MeCTa M IOITOMY YKA3aHHbIH Bhile
KPHTEPHH HeNpPHMEHHM. YCTaHOBHM KDHTEPHIl HenpepbIBHOCTH He-
COOCTBEHHBIX HHTErpasioB, 3aBUCSAIINX OT mapamerpa.

Bynem paccmarpuBaTh HeCOOCTBEHHBIE HHTETPaJibi

VMy= [ F(P, M)[(P) dvp, (11)
T

rae F(P, M) — dyrxuus, oGpamaioumascs B GECKOHEYHOCTh NpPH
COBIIaJleHUH apryMeHToB W HenpepbiBHas no M, a f(P) — orpanu-
yeHHas QyHKIUSA.

Hureepaa (11) Hasvieaercs pasHomepro cxodawumcs 8 Touke
My, ecau dasn 2106020 & > 0 moxcno ykasars Taxoe §(e), 4To umeer
MeCTO HepasencTs8o

VswO)I=| [ F(P, M)f(P)dvp|<e
Ts )

Oas ntoboil Touku M, paccrosnue xoropoid or My menvuie §(e), u
das 6ol obractu T ey, coOepacawels Touky My u umeroujeii dua-
merp d << §(e).

HokaxeM, 4TO HHTErpaJ

V(M= [ F(P, M)} (P)dvp,
T

paBHOMepHO cXxomsmuics B Touke My, ectb HenpephiBHAs QYHKIHS
B 3TOH Touke Mo Mbl JONKHBI J0Ka3aTh, YTO AJS JI0GOro & MOMKHO
yKasaTb Takoe 6 (g), yto
VM) —VM)i<e
npu
—_
| MM, | < 6 (g).
BriGepem BHYTpH oGnactu T HeKOTOpyIO 06-

nactb Ty, comepxkalnyio Touky M, (puc. 58), u
paso6beM HHTerpas Ha JBa ClaraeMbIX

V=V, +V,, :
rae unrerpan V, Gepercs mno o6mactd T;, a Pue. 58.
Vo—mo o6nactu Ty =T —T,. B nanbueiimenm

Mbl GoJlee TOUHO omlpenenuM pasmepsl o6aactu Ty Paccmorpum He-
paBeHCTBO

[V (Mo) = V(M) | IV (Mo) = Vo (M) | -+ Vy (Mo) |41 V', (M) |

') Byrax B. M, ®omun C. B, Kparubie uuterpans u pagn, «Hayka
1965, c1p. 442. P P DR, «Haykar
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H IIOKaxeM, 4YTO KaxKJA0€ H3 CJaraeMblX, CTOAIHX COpaBa, MOXKeT

—>
GLITh clle1aHO MeHbIe €/3 npH AocTaTtoyHo MaioM |MeM|. BuiGupas
o6aactb Ty BHyTpH chepnl paxuyca §(g/3), OyaeM UMETD:

VM) IS5 1 [V (M) <5, ecm |m|<6’(§).

CyutectBoBaHne Takoro &’ BHITEKAeT M3 YCJIOBHS PaBHOMEPHOMN
cxonumoctd uHTerpana (l1) B Touke M, Bri6op obaacru T; ompe-
nensier obaactb Te.

Tak xax Touka M, snexur BHe obaactu Ts, TO uHTerpan V, siB-
JISIeTCsl HeNpPEePBIBHOM (DYHKIHel B 3TOH TOUKe.
Orciona cienyer cyuecrBoBanue Takoro 8/ (e/3), uro

3 Yy ni€
Vo (M) =V, (M) |<5 mpu | MM <" ().
ITonaras

6 (e) = min [& (e), 8" (g)],
NOJIyUHM:

e
VM) —VM)I<<e mpu [MM,[<<d

4TO M O3HAYaeT HENPEPLIBHOCTb DPABHOMEPHO CXOMASINErocss HHTE-
rpaJna.

OTMeTuM, YTO NMOJY4YEeHHBIE PE3YJIbTATH CIPaBEAJHBL HE TOJIHKO
IJIS MHTEerpajoB no o0beMy, HO TaKike W [JJsi HHTErpajsoB IO MO-
BEPXHOCTSIM H JIHHHAM. DTO OGCTOSATENbCTBO OYHET HCIOJAb30OBAHQ
HaMHu B JaJjbHeHineM.

PaccMoTpum norenuuman

V(M)=” 25 g, (12)
7’~ MP
U KOMIIOHEHTbI CHJIbl HpI/ITH}KeHI’IH

X (M) = ” [ 2P) (5,
Y(M)=—f” p{P) (g — ) o (13)
T

Z<M)=—Hf;+£(z—;)drp
T

B TOUKaXx, Jexalux BHYTpH npursruBatomero tesa T. Heco6ersen-
uble yHTerpadnl (12) m (13) fABAAIOTCH CXOAAMMMUCH, €CJAH HJIOT-

Hocts p(M) orpannuena |p(M)|<< C. Oas norenunana V(M) sto
OYEeBHJIHO, TaK KaK

lel « € (@=1<3).
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JJisi KOMIOHEHT CHJB NPHTSXKEHHSl 3TO CJeAyeT W3 HepaBEHCTBA
lel 1x—§] ¢
— =< = (a=2<3)
R R R ’

TaK KaK [¥—E|<<R.

g WAMOCTpanMH MOHSTHA pPaBHOMEPHOM CXOAHMMOCTH HeCOO6-
CTBEHHBIX HHTErpajiop MoKasKeM, 4To uHTerpatn (12) u (13) sas-
JISIOTCST HENPEPBIBHEIME QYHKUIHUSAMU.

Huas storo Hajgo noxasaTh, urto uurerpatn (12) u (13) pasHo-
MepHO CXOAATCA BO BCsiKO# Touke M.

BpruncianM MonyJib HHTerpaJja?)

I | (2.
T MP Kfs""‘ Ryp

rie KM} — map paauyca 8 c¢ uenTpom B Touke M,, comepxaiuii
o6nactb Ts. OfHAKO BBIUMCAEHHE STOTO HHTErpasa mo obsiacty Kib

¢ meHTpoM B Touke Mo— Heyno6HO. [l BBIYHCIEHHSI TOCHEIHEro
UHTerpaJa Lesecoo0pasHo HepedTH K cepHuyecKoH cHCTeMe KOoop-
nunar ¢ nerrpoM B Touke M. OueBupaHo, uTO

CJ” T |<C f” T | =C8xd?,
Mo RMP M RMP
Ks Ko

rie K} — wap paauyca 26 c¢ uentpom B touke M. Ecau nam 3a-
naHo HekoTgpoe ¢ > 0, To BLIGHpas

s0=1 5 »

Mbl y6eanmMcst B paBHOMEpHOH CXOAMMOCTH uHTerpana V.
[ToBTOpSif aHANOTHUHOE pacCyKAeHHe I HHTErpajia

X(M)——pr(m Ly,
e[ 2l (] o momio <
KM Rup KM Ryp

0O (o) =g

nosyuaem:

€CJau

) OtmeTHM, 4TO HHTEI‘paJl (12) nmosnyvaerca u3 uHrerpasa (ll) npy
FM,P) = I/RMP,f P) = p(P
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Takum obpasoM, norenunan V M KOMIOHEHTHI CHJbI NPHTAXKeE-
nug X, Y, Z ABAAlOTCS HENMpPepPLIBHBIMH (QYHKLUHMAMH BO BCeM MPO-
crpaHcrse !).

4. IlepBbie NPOH3BOAHBIE OGBLEMHOrO mnoOTeHuMana., QOymKuUHY,
CTOsILIHE MOJ 3HAKOM HHTErpaJjioB

xon=—[[fo®r 22 ac, van, zom,
T

ABJASIOTCST NPOH3BOIKLIMH IIG CCOTBETCTBYIOLIHM HNEePpEMEHHLIM OT
¢YHI(HHH, CTOSIILleH MO 3HaKOM HHTerpaJion

V=[] 2@ 4,
( JT' Ryp P

Ecau naa ¢ysknuum V osaxonno nuddepesrtporanne mop 3HaKOM
HHTErpaJa, To

Vv v
X_"a'x—r V= L?_/' Z= dz ? (14)

T. . V sABJSETCA NOTEHLUHANOM NOJS, KOMIOHEHTH KOTOPOTO PaBHbI
X, Y Z
Ecnn touka M nexur Bre obmactu T, To QyHKIHS

=t _ —(x—8) o 1

Ryp  lx—82+(g—nt+ =82 ox Ryp

HenpepuiBHa no oboum aprymenram M(x, y, 2) u P(§, n, ¢). Caeno-
BaTeJbHO, B 3TOM cayvyae audQepeHUMPOBAHHE MOJ 3HAKOM HHTe-
rpana V 3axkoHHoO.

[Tpoussoaubie Gosee BLICOKOTO NOPSAAKA MOXKHO TaKKe BEIGHC-
JATb NP NOMOIM AH((PepeHIUpOBaHks NOA 3HAKOM HHTerpaga
Bciofly BHe Testa 7. Otciona B cuny aemmbl riiasut 111, § 3 caenyer,
YTO MOTEHUMAJ BHE TPUTATHBAIOLINX Macc YNOBJETBOPSIET ypaBie-
nuio Jlannaca

AV =0 BHe Tena T.

JloxaxeM, uTo BbIYHCIEHHE NTPOH3BOAHLIX MOTEHUHAa V MOXKHO
NPOH3BOAUTL TyTeM AH(depeHuHPOBAHHS MNOH 3HAKOM HHTErpansa
H B TOM CJlydae, Korfa Touka M jexut BHyTpu tena 7.

[Ipu noxasatenbcTse Mbl GyeM NOJb30BATbCS TOJNbKO OrpaHHu-
ueHHOCThIO Qynkunn p (X, y, 2) (|p(x, y, 2) | << C), He npennonaras
€e HENpephLIBHOCTH, OTKyna Oyler CcJaeAoBaTh, 4YTO (DYHKUUA
V(x, y, 2) nuddepenitupyemMa H B TOUKAX IPaHHUbI, KOTOPLIE MOIKHO

') Papuomepnan cxoxaumoctb uHTerpanos V(M) un X(M) nokasasa B npea-
NOJIOXKEHHH OrPaHHYEHHOCTH MIoTHOCTH |p|<C C. CsiemosaTespHO, STH HHTETPafbl
HENpEepPLIBHE TaKXe M B TOYKAX paspbiBa (YHKUHMH P, HanpHMep HA rpanuue
006/1aCTH, 3al10JHEHHON MacCaMH.
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paccMaTpuBaThb KaK TOUKH pa3pbiBa QyHkmuu p(x, y, 2), paBHOH
HYJIIO BHe TeJa.
[okaxeM, uto aas n06OTO ¢ MOXHO HalTH Takoe §(g), UTO

Viix+Ax, y,2)—V(x, y, 2)
Ax —X|<s,

€CJIH
[Ax| < &(e).

3axaounM Touky My B pocrarouso Maabifi mwap K}, pasmepn Ko-
TOPOro Mbl YTOUHHM B JAajbHeliueM, 4 pasobbeM V Ha ABa caarae-

MBIX
V = V + V2,

rae Vl H VQ COOTBETCTBYIOT HHTErpHpPOBANHIO IO Oﬁ’be'\/ly Tl K
Mo

K JOnoJHHTeJbHOMY o6beMy To=T — Kg'. Torma
Vix+Ax, 9,2)=V(x, 4,2 __
Ax _
_Vils+Ax 4, 2) = Vi(x 4, 2) + Vo(x4Ax 4, 2) = Va(x, y, 2)
Ax Ax *

Tlpu moOLix GHUKCUPOBAHHBIX padmepax obJgactu T
lim Vel A, y’z"VZ""y'2)=xz=JUp(g, 10 2 (%)do
T

Ax->0 Ax

Tak Kak Touka M, sexur BHe oGjactu T,.
ITonarass X =X, + X,, ouenum

X — V{x+Ax, y2)—V(x gy 2) l<

Ax
<|X2""' V2(X+Ax, yvAzx)—V2(xv yvz) l_l__'X1‘+
Vi(x+Ax, 9,2) =V, (x4 2)
+‘ l Ax

W TOKaxeM, UTO Kax[oe H3 CJaraeMbiXx MOXHO cje/aTh MeHblue
yeMm ¢/3. B camom neue,

X, UJJP T

X -
Tak Kaxk ’

<Cf J- rmmﬁ;iﬁd(pdr 4nC6'<%,

(1)

|< I ufipl|<C. PaccMoTpuM mnocjenHee cjaraemoe

'Sl=] V,(x+Ax,J,z) V,(x,y,z)l
1 R~ R,
EIJJP RR, dv

Axfff R1 _ "l=

4
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rie

= V[x+A0)—EP+ @ —nP+ (=03
R=Vkx—8’+{y—n?+ -0~
Cropoust Tpeyronbnuka MMM, paBuw r, r; u |Ax|. Otciona cie-

AYyeT, 4TO
IR— R[] Ax |

sz (][ et [ 5+ [ 2),

Tak Kak HJs JIOOBIX uHcesJ a ¥ b

ab << 2((12 + 5?).
Tlpu stoMm

([ J[[ 2] fmims
T Ry e R
! Kog}

TIe Kg"gl—map panuyca 2§’ ¢ ueHTpoM B Touke M.
ITpu coorsercTByiolleM BhGOpe & MOXKHO O0ecneunT, Hepa-
BEHCTBO

|S]< 5 1208 =6mCY < <. (16)

BuiGupas ¢ us ycsaosus (16), Mbl yHLOBJETBOPHM OGOMM HepaBeH-
cram — (15) u (16). ®ukcupyem ob6aacts Ti==K§', a TeM camsiM
u o6aacts To=T —

Pasenctso (14) B npuMeHeHuu K BuiOpaHHOH obnaacth Ty o3Ha-
yaeT, 4TO JJs JI06OTO & MOXKHO yKasaTb Takoe 8, uto

V (x+Ax, Y, 2)""'V2 (x! Y Z) e
‘ : Ax —X2|<—'

Koab ckopo |Ax|<< 6”. Buibupasi, Hakomen, 8 = min[8’, 8”], mm
HONYUHM:

l V(X+Ax’y’§2—v(x’y’z) —X|<e, ecan | Ax | <6,

v
TeMm camMbIM A0KAa3aHO, 4TO CYLIECTBYET NNPOU3BOAHASA VYR paBHas

oV
o =X. (17)
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®opmyabl

He TpeOYIOT CHelHaJbHOr0 AOKAa3aTeabCTBa.

Takum ob6pasoM J[0KasaHO, 4TO AuddepeHnupoBanye Noj 3Ha-
KOM HHTerpaja 3aKOHHO ¥ 4TO KOMIOHEHTH cujosoro noast X, Y, Z
ABJSIOTCS KoMmoHeHTamu grad V.

5. Bropbie npou3BojHble 06beMHOro noteHuumasa. HecoGersen-
HBIH HHTErpal

J[ o0& (w)are =[] o~ 580 )
T T

He CXOZUTCS a0COMIOTHO /5 BHYTpeHHux touek P tenma T. B stom
caydae MaxkopaHTa A/ NOALIHTeTrpanbHOM QYHKUHM HMEET BHJ

rad npu a=3.

YcranoBuM OPMYJIbL, IO KOTOPbIM BBIYHCIASIOTCS BHYTpH T BTO-
pble MPOH3BOAHbIE NOTeHNHaNa V B NpeAnoNoxeHU: HENPEPbIBHOCTH
U HenpepbIBHOH Au(depeHunpyeMocTH IJIOTHOCTH p (X, ¥, 2) B OKpe-
CTHOCTH HCCHIellyeMbiX TOYeK. B yacTHOCTH, HCCleNOBaHHE, MPOBO-
IuMoe HHuKe, He OyJeT NPHUMEHHMO K rpaHH4YHbIM TOYKaM, TIe, Kak
NpaBu/ao, HMeeT MeCTO Pas3phiB MJIOTHOCTH.

ITpeacraBum nmoteHnuans V B BHIE CYMMBl ABYX CJaraeMbix

V=V1+V2,

orHocsimuxcsa K o6nactam Ty u T, tae Ty =K5° — wap paauyca
8 ¢ uenTpoM B paccmarpuBaemoii Touke My, BHYTPH KOTOpPOro GyHK-
nus p auddepeHunpyema.

Bropyio npoussonnyio oT V, MOXKHO BHIYHCASTL AH(dEpeHIHpo-
BaHMEM IIOJl 3HAaKOM HHTerpaja, Tak Kak Touka M, JeXHT BHe 06-
gactu Ty

=g ()= om0 3 () e

[Teppas npousBoanas V; no x pasna

Se=|[Jom () == ][ o5 (F)as w0

(7)== % (7)-

TakK KakK
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[Tpeo6pasyem unterpan (19), nonbsysice ¢opmysoit Octporpas-
CKOTO

aV 61 1
o ][ o tem [ ][ (o)~ 22—
. P do
= | [ feosado [ [ [ 5 Gae

zg”o T|

rie 2§° — noBepxHoCTb cepbl, orpanuunBaiomas o6beM Ty, o —
o M
Yyroa MeXAy BHeUlHeH HODMaJsbl0o K MOBEPXHOCTH X§° M OCbIO X.
IlepBoe caaraemoe sBaserca nauddepeHuupyemoit ¢yHkuued s
M

trouke My, Tak Kak M, nexur BHe X5 . Bropoe ciaraemoe B oxpect-
HocTH TOuKH M, saBasercs Takxke auddepexHunpyemoit QyHkmuei,
Tak Kak (PyHKIHS p HMeeT NPOou3BOAHYI0 B Ty, Orciona cireayer, 4to
B Touke M, cyuiectByer Bropad npoussonHas ¢yukuun Vi. Ilepeii-
JEM K ee BBIYHCJIEHHIO:

5= [[rdp)eoesns [Tl

Hana BTOpPOTO cCJjaaraeMoro B TOYKe M, umeer wmecro arenymwlitan
OIlEHKa:

JIEYRES

'

T|<C 'ffj —5 == C4nd, ecsu (20)

[TpuMeHsisi K MOBEPXHOCTHOMY HMHTErpajy TEODEMy O CpemHeM,
noJyuuM:

cos2 « 4n
ffpa cosadc———fj’ o=—p 5.

. M
3nechp p* — 3HaueHHe IJOTHOCTH B HEKOTODOH TOUKE 2 ',

(7] 'y _x—% 1
—57(7)_—7?3—_ Rz COSC
4, KpoMe TOro,
‘“. cos” g ——ff 7 (cos?a - cos? - cos* ) da——n.
Mo 26

Ilepexon k mpemeny npu 8 -0 maer:

lim 2V lm[ fpa cosado]:————p(M) @1)

5»0 0%* 60
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Pagencrtso
v aw,
dx2 = 0x? + dx?

BEPHO IPH BCAKOM 0 u JieBasd 4acTbh €ro He 34aBHCHT OT 6 [I03TOMY
oV 0%V {24 4:|'L
0 — (M' + ax;)_ = o(M) +hmJ.”pa . dt (22)

2

v
9% » AOKa3aHHOTO BbILIE,

M3 cyuiecTBOBaHHSI BTOPON NPOU3BOJHON
CJIedyeT CyIleCTBOBAaHHE

. a?
légrz) jTJ;J 0= 6x2 d1: fJ. P05 ax2 )dt. (23)

Ilocnennuit uHTErpas mosydeH npH cnenuasdbHOM cnocoGe mpe-
HeJbHOTO mepexoja, KOTfa CTsaruBaembie K Touke My obaactu gB-
JSIIOTCA WapaMu?'), 4To W OTMeuaeTcss YepTofl HajJ HHTErpajioM B
tdopmyae (23). Mamenenne dopMbl 3THX objacrelt, BOOGIEe roBops,
MOXeT MeHATb 3HaueHHe Ipejena; uurerpan (23) ciaexyer paccMar-
puBaTh KakK yCJOBHO cxojswuiica. Takum o6pasom,

L My = f” ryel axz v — 2% p (M), (24)

Orciona BHAHO, YTO BBIYHCJIEHHE BTOPLIX NMPOHU3BOMHLIX MOTEHIHAsa
npu noMouy ¢opmanabHoro audpepeHIHPOBaHHUs O] 3HAKOM HHTe-
rpana npuBeso 6bl Hac K HEBEPHOMY Pe3yJbTaTy.

2 o2

Jos IIPOU3BOLHBIX -37— Hu e NoJIy4yaroTcss aHaJOru4yHbi€ BbI-

paxeHus. . TlopcraBasina sHaYeHHsT BCex TpeX IPOH3BOJAHLIX B Bbipa-
XK EHHEe ﬂﬂﬂ oneparopa JIanJIaca, HalaeM:

k% oV
AV_ “0x? + 6_1/2 + o 2

— I ol )+ 5 () e ()] = o 0=

= —4np (My), (25)
Tak Kak 1/R-—rapmonuueckas ¢yHKius?).

') Ilpemen (23) o06GbMHO Ha3LIBAIOT TJAaBHHM 3HayeHHEM HHTErpasa.

) dopmyna (25) ycraHoBieHa B HPEANONONKEHHH JUD(EpPEHUUPYEMOCTH
GYBKUHH O, YTO ABJAAETCH AOCTATOYHHIM YCJOBHEM H MOXKeET OHITh 3aMEHEHO Me-
Hee CTECHUTEJbHBIMH YCJOBHAMH. OfHAKO YCTOBHA HENPEPHIBHOCTH (PyHKUuH p (M)
Insi COpaBeMIHBOCTH (25) HENOCTAaTOUHO, TAK KaK CYIIECTBYIOT NPHMEpPHl TaKHX
HenpepelBHEIX Qymxkuui p(M), An1a KOTOpbHIX OGBEMHEI NOTEHUHA]T HE HMeeT
BTODBIX NPOH3BOAHBIX,
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Takum 06pasoM, 0GbeMHBI NOTEHIHAJ YROBJIETBOPSIET ypaBHe-
Huio Ilyaccona
AV = —4xnp BHyTpH Tesa

¥ ypaBHeHHIo Jlamiaca
AV =0 BHE TeJja.

Heopnopoznsoe ypasnenue
Ay=—f (25"

NpH yCAOBUH AH(GepeHunpyeMocTy [ BHYTPH HEKOTOPOH oGaactu T
HMEeT YaCTHOe pelleHHe

[l
uo—-m : R’

Orciona ciaenyer, B YacCTHOCTH, YTO pelLIEHHe KPaeBOH 3afauu
IJ1s1 HEOXHOPOIHOrO ypaBHeHHs (25') MOXKHO CBECTH K pEelIEHHIO
aHaJIOTHYHOH KpaeBOH 3amauu AJad ypaBHeHus Jlammaca Av == 0,
€C/IH HCKOMYI0 (YHKIHUIO NMPEeACTaBHUTb B BUJE CYMMbl & = Uy v.

6. IoBepxHocTHble noTeHuuanbl. Kak mnokasniBaeT OCHOBHas
Gopmyaa I'puna (cm. § 2)

-] 1 ou 1] 1
s =z [ [ [ 22— u e () o
(M) 4 3 Ryp On on \ Ryp P

Jo6ast rapMOHHYecKas (QyHKUHA MOXKeT GBIThb NPEACTaBJeHa ¢ Mo-
MOLIbIO HHTErPasioB, ABJAIOIIHXCS IOBEPXHOCTHLIMH MOTEHIHAJaMH,

PaccmoTpum moJe, co3faBaeMoOe MacCaMH, paclpeneseHHbIMH
Ha TIOBEPXHOCTH!), W ONpeNenHM NOTeHHHaJ 3Toro moss. [losepx-
HOCTHOH NJIOTHOCTBIO W(P) B TOYKe P MNOBEPXHOCTH X HAa3LIBAIOT
npenes OTHOIIEHHS MAacChl, HaXOAALLEHCS Ha HEKOTOPOM 3JeMEHTe
do MOBEPXHOCTH X, COZEpKalleM TOYKYy P, K ero miIowamyd mnpu CTd-
ruBaHuH do K Touke P. [ToreHuuas 3THX Macc NpeAcTaB/sercs no-
BEPXHOCTHBIM HHTErpasioM

V(M) = L f %ﬂ%’dop, (26)

HA3bIBAEMBIM NOTEHLHAJNOM HPOCTOrO CJO 4.
JpyruM THIOM NOBEPXHOCTHOTO TOTEHIHAJa SIBJIAETCS IOTEH-
nuaJn ABofiHOro cnost. Ilepefinem K ero onpeneneHuio.

1} Ecsim maccel ¢ 06BEMHON HJIOTHOCTBIO P PACHOJOXKEHH B HEKOTOPOM Caoe
TOJILLIMHB A OKOJO IOBEPXHOCTH 2 K TOJE H3Y4aeTcss Ha PACCTOSIHHAX, GOJIbIIHX
no cpaBHeruo ¢ h (A/R < 1), TO yuerT TOJIIMHE NOBEPXHOCTH, BOoOImE roBopH,
He HMeer cMbicia. [loatoMy BMecTo 0GBEMHOTO MOTEHNHAd € MIOTHOCTHIO P
uenecoofpasno paccMaTpHBaTh NOBEPXHOCTHBIA MOTEHUMAA C IMOBEPXHOCTHOH
TUIOTHOCTBIO U == Ph,
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PaccMorpuM aunosb, 06pasoBaHHBIA [BYyMs MaccaMH —m H
~}m, pacno/oXKeHHbIMH B ToukKax P; u P, ua paccrosiuuu Al
(puc. 59). IlpousBenenue m-Al = N wuashiBaeTcI MOMEHTOM
nunonst. Ilorenmman punonas

B HeKOTOpOH Touke M(X,y, 2) . . Mxyz)
paBen
(L) G
r r r r
L NL(il__lL) “
Al \ry n)' B
rae ry M ry — paccTOsSHHS Puc. 59,

ToukH M oT Touex P; u Pa.

Ecan Al Majno mo CpDaBHEHHIO C PAacCTOsHMEM 10 Toukd M
(Al/r1 K 1), TO, MOJB3YACh TEOPEMOH O KOHEUHbIX NPHPaIlEeHUAX,
MOXKHO HalHCaThb:

V=NZ(%) R=VG—F+ G- Fe—0"

rie npousBojHas OepeTcsl MO HaNpaBJEHHIO OT OTTAJKHBAlOLIei
Maccel K nputsaruBamomeil 1 R — paccroasne ot Touku M(x, y, z)
. JO HEKOTOPOH CpPelHel TOUKH
Mizyz) P(E, n, §) orpesra Al
BoluncauM  npousBogHYIO
1o HanpasneHuio [

E_(_l_)_
di\R)
1 cos
= 77 €08 (r, l)=R—2(p,‘
Puc. 60. rjle BeKTOp r HampaBjeH oOT

ounonss K - (QUKCUPOBAHHOM
Touke M, a @ ecTb yros Mexnay BekTOpoM I u BeKTOopoM r. Takum
06pa3oM, NOTEeHUHAJ TUNOJS paBeH

VM) =NZE, (27)

rie N — MOMEHT JHIOJA.

ITycts na aByx mosepxHoctsix X u 3/ (puc. 60), Haxonsuuxcs
Ipyr OT Jpyra Ha MaJjloOM PacCTOSTHHH O, pacrpeneseHbl MacChi Ta-
KHM 06pasoM, 4To Macca Kax/I0ro dJeMeHTa NOBEPXHOCTH X’ paBHa
Mo BeJHYHHE H TNPOTHBOINOJIOXKHA 1O 3HAKy Macce COOTBETCTBYIO-
ero snementa nobepxHoctn X. O6GosHauuM uyepes n O6LIyI0 HOP-
MaJb K NOBEPXHOCTAM X M X', HaNPaBJEHHYIO OT OTTAJKUBAIOUIAX
Macc K nmpHTAruBalomuy. Ilepexons x mpemeny npu 6 — 0, nosyuum
ABOHHOW CJOH KaK COBOKYNHOCTb ABYX MPOCTHIX CJIOEB C B3aHMHO
MPOTHBONONIOKHBIME IJIOTHOCTAMH, HaXOAAIUMHCH APYT OT Apyra
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Ha MaJoM paccrosiHHH. EcIu v -— NOBEepPXHOCTHAS IJIOTHOCTb MO-
MeHTa, TO MOMEHT 3/IeMeHTa MOBepXHOCTH dop GYHeT paBeH

dN =v dop;
JJIs IOTeHLta a sjaeMeHTa do B Touke M (X, y, z) Mbl 6yneM HMeTb:

vi( 1 )dcfp:v(P)—co—z&dcp,
dnp \ Ryp Riyp

Tie ¢y = /nPM)
HaszoBeM moTeHHHanOM ABOHHOTO CJAOS HHTErpas

W (M) = — U )v(P)dcp. (28)

dnp ( Ryp

310 onpejesneHHe, OYEBHAHO, COOTBETCTBYET TaKOMY C/lydYalo, KOTAa
BHELIHfAS CTOPOHA NOBEPXHOCTH fABJSETCS OTTAJKHBAWOUIEH, a BHYT-
PeHHSS —~ NPUTSTHBAIOUIEH.

OueBuIHO, YTO
W=”—_°;§“’ v (P) dop,
b MpP

Tae ¢-—Yroa HMexXAy BHyTPEHHeH HODMaJbl0O H HAlpaBJeHHEM H3
TOYKH NOBepxHOCTH P na ¢ukcupoBanuyio touky M. Eciu mosepx-
HOCTb HE3aMKHYTasi, TO Mbl JOJIKHEI CUHTATb ee ABYCTOPOHHEH, Tak
KaK MOTeHuuas ABOMHOTO CJIOSI ONpenessieTcss TOJNBKO ISl TaKHX
TIOBEPXHOCTEH.

[ToTenunansl nmpocToro M ABOMHOrO CJIOECB B CAydYae [ABYX He3a-
BHCHMDbIX TNepeMeHHBIX HMEIOT BHJ

V= f u(P)in ds, (29)
c

RMP

d 1 cos @
W=—|v(P) -2 (In——)ds = Pyds, (30
éf”)dn,,(“zem) s Cf DLy (pyas,  (30)

rne C— HekoTopas KpHBasi, W -— JUHeHHAs MJOTHOCTH HPOCTOro
CJ10s1, Vv — INIOTHOCTP MOMEHTA JIMHEHHOro NBOHHOrO CJOS, (¢ — yroJ
MeXJy BHyTPeHHeHl HOpMaJiblo K JHHUM C U HanpasJeHHeM Ha (HukK-
CHPOBAHHYIO TOUKY.

Ecnn Touka naGaionenns M(x, y, 2) HaxOQWTCs BHE NOBEPXHO-
cTH (BHe NMPHUTATHBAIOUIHX Macc), TO MOABIHTErpajbHble QPYHKUHH H
HX TIPOU3BOIHBIE 10 X, Y, Z JMOOOro NOPSAKa B GopMynax

V(M):UMP) Rlp dop, W(M)=—~LIV(P)E:—P<R1?)(10P
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HEMNPEPHIBHEL 110 NMEPEMEHHBIM X, y, 2. [TosToMy B TOuKax, Jexamux
BHE TOBEPXHOCTH X, NPOH3BOJLHbIE MOBEPXHOCTHBIX MOTEHIHAJO0B
MOKHO BBIYHCAATb NPH NOMOIIH AHG(epeHIHPOBAHHA MO 3HAKOM
uhrerpana. OTciona B CHJIy NPHHIHIA CYNEPNO3HUHH CAELYeT, YTO
NOBEPXHOCTHBIE MOTEHIHAJH YAOBJAETBOPSIOT ypaBHeHHIO Jlansaca
BCIOAY BHe npursarusBaolinx macce. Pyukuur (29) u (30), oueBngHO,
YROBJIETBOPSIOT ypaBueHuto Jlannaca ¢ AByMSI He3aBHCHMbIMH Iepe-
MEHHBIMH.

[ToBepxHOCTHbIE MOTeHNHMAJBl B TOYKAX MOBEPXHOCTH X mpef-
CTaBJSIOTCS HECOOCTBEHHBIMM MHTerpasiaMu. [lokaxkeM, 4TO ecau
TIOBEPXHOCTb MMEET HENPePBhIBHYIO KPHBU3HY, TO IOTEHUHAJ ABOH-
HOTO CJIOSi B TOYKax 3TON MOBEpX-

¥
HOCTH cyimiectByer. [lpoBemem no-
Ka3aTesqbCTBO AJS CAydasl ABYX He-
3aBHCHMBIX HepEMEHHBIX:
Ccos
W= f 22y ds. M
R ¢
o
z
Paccmorpum kpuBylo ua mjoc- P
KOCTH (X,y) u BHEIGepeM HayaJjo Puc. 61.

KOOpIHHAT B Touke P, ocb X Ha-

NpaBUM MO KacaTelbHOH, & OCb Y -— IO HOPMAajd#d B 3TOH TOUKE
(puc. 61). YpaBHeHNe KDPUBO# B HEKOTOPOH OKPECTHOCTH TOUKH P
3anumercs B Buje

y=y(x).

KpHBasi HMeeT, N0 NPeNNnoNOKeHHIO, HellPePbIBHYIO KPHBH3HY, T. e
#(x) MMeeT HenpepLIBHYIO BTOPYIO NpoH3BoxHyto. [TosToMy

Y=y O+ O+597 (09 0<0<1),
OTKyJZia BCJeACTBHE BHIOOpPA KOODAHHATHBIX OCei

U oo on
y (x) = x%y" (0x).
Orcioga 6yneM HMeTh:

R=Vm=]/x2+x4[—y”(2ﬁ]2=x]/ 1 _|_x2[y”;ﬂx)]2’

y xy” (0x)
COSQp ===
R 77 2
e [F0)
u
cosQ __ y” (0x)

e (T
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4

Y

W3 BripaxeHus KpHBH3HB K = ——-
(1447

caeayer y”(0)=K(P).
ITostomy
lim <5% — LK (P),

Mp>o R

cos
UYTO NOKa3bIBACT HENPEPBIBHOCTH R(p BAOJIb Iyru, a T€M CaMbIM H

CylLlleCTBOBaHHE NOTEHIIHAJa JABOHHOTO CJI0S B TOUKaX Kpusoil C mist
OTpaHH4YeHHON (QYHKIHH V.

[Morenuuan ABOMHOrO CI0ST B CJydae TPeX He3aBUCHMBIX mepe-
MeHHBIX TaKXKe CYIIeCTBYeT B TOUKAaX IOBEPXHOCTH, UMeOIEed KO-

cos

HEYHYI0 KPHBHU3HY, MOTOMY 4TO (QYHKLHS R;p HMeeT HHTeTpupye-
Myio ocoGenHocTp mopsiaka 1/R. CyuiecTBoBanMe moTeHIHasa Hpo-
CTOTO CJIOSI He BHI3BIBAE€T COMHEHHIH.

7. Mosepxnoctu u xpusble JianyHosa. [IpexmosolkeHHe O KOHEYHOCTH KpH-
BHU3HBI OKa3blBa€TCA MIJAHIIHHUM AJIA CYIIeCTBOBAHHA NOBEPXHOCTHBIX ITOTEHUHAJOB.

IToTeHunanbl MPOCTOro M ABOHHOIO CIOEB B TOUKAX MOBEPXHOCTH X ABJISIOTCA
HeCOGCTBEHHBIMH HMHTErpajaMi. IloKaxkeM, uYTO 3TH HHTErpajbl CXOAATCA st
ONpelleJIeHHOI0 KJacca MOBEPXHOCTell, HasLIBaeMblX MOBEPXROCTAMHM . JIdnyHoBa,
ecad IUIOTHOCTh ToTeHuuana orpanuuera |v(P)|<< C, rme C — HekoTopasi no-
CTOsIHHas.

IToBepxHOCTh HaskiBaeTcsi MOBEPXHOCTHIO JIAaNMyHOBA, ecau BHINOJI-
HSIOTCS CJIElyIONINe YCJIOBHA:

1. B kax[o# TOyKe NOBEPXHOCTH X CYILECTBYET onpejeneHHas HopManab (Ka-
caTenbHas MJIOCKOCTb).

2. CywecrtByer raxkoe uynciao d >> 0, uro nNpsMble, NapaaieqbHble HOPMa/K
B Kaxoi-1HGO TOuKe P NOBEPXHOCTH X, mepecekaloT He GoJsiee ONHOTO pasa 4acTh

4

Zp mosepxHocTH X, JeXallylo BHYTpH cdepn panuyca d c uedatpom P. IOt
4

Y4aCTKH NOBEPXHOCTH Zp HASHIBAIOTCA OKpecTHOCTAMHU JlamyHosa.

A~
3. Yron y(P, P’)=(np, np:), oOpasoBanHbil HOpManaMu B Toukax P u P/,
YAOBAETBOPSIET CNEAYIOMEMY YCIOBHIO:

v (P, P) < A, @31)

rie r-— DacCTOsiHHe MeXny Toukamm P u P/, A — HekoTopas WOCTOSHHAs H
o<d<g L.

Ilycte P, — HEKoTOpast TOYKAa noBepxHocTH 2. BrGepeM mpaMOYroJbHYIO
CHCTEMY KOODJAMHAT, MOMELIasi Hayato KOOPAHHAT B TOYKY Py M HampaBjiss OChb 2
BIOJb BHewmHel HopMaaH. [I10CKOCTh (X, y) NpPH 3TOM COBHANAET C KacaTeabHOMN
NIOCKOCTbIO. B cuay ycaoBust 2 CYIMECTBYeT TaKoe (g, 4TO ypPaBHEHHE NOBEpPX-
HOCTH X MOKeT GBITh NpeiCTaBJeHO B BHIE

2= (x ) (32)
p=V3F ¥ < po (33)

nns

) OtMerum, uto ecau GyHKUHA f(X,y) HMeET HenpepuiBHbIE BTOPEE I[IPO-
H3BOAHLIE B OKPECTHOCTH TOYKH Py, TO HOBEPXHOCTb Z == [(X,Yy) YHOBJETBOPSET
ycaosuaM JlamynoBa. TakuM o06GpasoM, MOBEPXHOCTH C HENMpPEPHIBHOH KPHBH3HOH
ABJSIIOTCS OBEPXHOCTAMH JlanmyHnoBa.





