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’
OGosnaunm uepes Zp, OKPECTHOCTb TOUKH Py Ha MOBEPXHOCTH I, ompejease-

Myio ycnosusMi (32) u (33). YcTaHOBHM HEKOTOpHIE OUEHKH AN QYHKUHH [(X, ¥)
U ee NPOH3BOJHBIX.

M3 cywecrBoBaHus HOpPMajgu B KaXAOH TOYKe NOBEPXHOCTH (ycaoBue 1)
cnenyer nuddeperunupyeMocts dyuxuuu f(x,y). Hampasasiouime xocuuycel Hop=
MaJiH (BHeLIHeH) Bhipa)caioTcs GopMy/aaMHu:

Zx 8 2y 1
€0s g = ———————r} COSP = ———————] s y="——————
Vitd+2 Vigd+2 Vifa+se

B cuny BbiGopa Hauefl cHCTeMbl KOOPEMHAT 2Zx(Po) =0, 24(Po) == 0. DBymem
CYHTaTh, UYTO NOBEPXHOCTH Z,’,o cToJb Mana (Pg CTONb MaJjo), 4TO

1 1
_V % ~ 2"
l+zx+zy

O6o3nauuM uepes n'P NPOEKIHIO BEKTOPa np Ha ILIOCKOCTH (X,Y) u uepes o,

(34)

B’ ~—yrasi, o6pasoBaHHbIE BEKTOPOM n;, ¢ ocaivu ¥ H y. OueBHIHO, YTO
cos a=sinycosa’, cosP=sinysina’,
Tak xax siny <y, To B cHay ycsxosus 3

siny < Ar}s,Po
H, CJeJ0BaTeJbHO,

eosa| < Ar?;Pa, [cosB| < Argpo, (35)
cos O cos
a4 TaK KaK 2y = , 2y="—ﬁ, npuuem <2, 10
cos y cosy cosy

& 0
| 2, l <24rpp, |2,|<2Arpp,

ITonpaysice ¢opmynofi Teiinopa nns ¢yHKmEM 2= f(x, y) B OKPECTHOCTA
Toukn Py (0, 0) GyneM umern:

2()6, !/)=z(0:0)+xzx(f:y_)+!/zy(f:é7)v rae 0<2<x’ 0<!7<!/,

OTKyaa caepyer, 4uTo
|2 (x, y) | < 4Ar5EL. (36)

TTonyuennsle ouenku (34), (36) mo3BOASIIOT HOKa3aTh, YTO B TOUKAX, JeKALIHX
Ha MOBEPXHOCTH X, MOTEHL M ABOHHOrO CJost

W(M)=ffc—°§—"iv(maop (28)
= RMP

ABJSETCA CXOAIMMCA HECOOCTBEHHHIM MHTErDajoM, €clH 2 — NOBEPXHOCTb
Jlsanynosa. [Tycte M = Py — Touka noBepxHoOCTH 2. Bhifupas CHCTEMY KOOpDIHHAT,
KaK ObUIO YKa3aHO Bbillle, NIPeJCTaBHM YpaBHEHHe HOBEPXHOCTH X B OKPECTHOCTH
Touku Py B BHIE

z2=J(x, y).

Dynkuus f(x,y) ynosmersopser ycaosusM (34) u (36). Bomumcaum cos @, riae
(p—yroi MexAy HampaBieHHeM BHyTpeHHeidl HopMaan B Touke P(§, 1,0)
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—>
u HanpasnenneM PPy Herpyano Bumets, uto

,°°5¢I=I%C°S G+%605ﬁ+—1§—cosy <|cosa1+|cosﬂl+i_§_|<
< AR}, + ARDp, + 44RD, =64RS

cos @
R

<6A—s (0<e<D), (37)

Ipencrasam W B Buge CYMMH JIBYX HHTErpajos
W=W,+ W,

4 o
rae W, — uuTerpan mo NOBepXHOCTH Zp,conepxauleil ocobyio Touky Po, a HHe

- 4
terpan W, Gepercd 1O OCTaJbHON YacTH MOBEPXHOCTH % —3Zp. Tak xaxk nog-

HHTerpajbHas ¢yHKUHs B uHTerpajse W, Hurie He ofpaiaercsi B GECKOHEYHOCTD,
TO JJIs CXOAMMOCTH HHTerpaina W JocratoyHo yGeIMTbCs B CXOAHUMOCTH HHTErpa-
aa Wi. ITockoabky

do — dgdn __ pdpdb
cos y cos y

»

rae p=V g2 4+ n? 0O — noaspHbie KOOPAMHATHL Ha IJOCKOCTH (X, y), TO npeol-
pasoBaHue NEePEMEHHEIX B 9TOM HHTErpaje Haet:

0o 27
W,:Jf CO;q)'V(P)dO'P=J‘I‘.S.2S_(EV(p) 1 p dp db.
3 Rpp, § ¢ Rpep, cos y

Po

Jasi noabMrerpadpioit yHKIHE B cuay ouenor (34), (36) u (37) umeem:

coszrp 1 <F= I?ZA? ,
R* cosy ="

iv(P)

TaK Kak p < R.

Taxo#i Bua MaxopaHTHOH (QYHKUHH F o6ecrmeyHBaeT CXOAHMOCTb HEeCOGCTBEH-
HOrO WHTEerpana B CJAyuae ABYX HE3aBHCHMBIX MePEMEHHHIX (cM. M. 3).

Herpynxo ycTaHoBuTh, YTO AJsi NOBEPXHOCTH JIANyHOBa NOTEHUHAN NHpo-
CTOro CJ0s

V(M= J.J ! r(P)do (26)
Rup P
b
TaKKe CXOHLHMTCS B TOYKax MoBepXHocTH. ClefyeT OTMETHTB, YTO 3Ta CXOAHMOCTb
HMeeT MeCTO M AJst MOBepXHocTel GoJjiee HPOKOro Kiaacca.

B ciyuae AByX He3aBHCHMEIX IIepEMEHHBLIX NOTEHHHAJbl TNPOCTOrO M JIBOIl-
HOrO CJIOeB CXOAATCS B Toukax KpHBOK (cM. ¢opmyan (29) u (30)), ecam stu
norenudansl Gepyrest Has KPHBHX JIANMyHOBa, ONpene]sieMBIX YCAOBHAMH, aHa-
JOFHYHBLIMH ycaoBusiM 1—3 .14 noBepxHocrell JIsnyHosa.

8. PaspbiB norenuuana apoiHoro cios. ITokaxkeM, uTo mHOTeH-
Hyuaa ABOMHOTO CJOS B HEKOTOPO# Touke P, Jexalueil Ha NHOBepx-
HOCTH X, ABASeTCA pas3puIBHOH (YyHKOMEH, IJs KOTOPOH HMeIOT
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MECTO COOTHOLUEHHA
W (Po) =W (Pg) + 27v (Py), }

W, (Po) = W (Py) — 2nv (Py), (%)
rie Wys(Po) — npellesibHOe 3HayeHue MNOTEHIHaNa ABOMHOTO CJ0K
npu noaxone K Touke Py ¢ BHyTpeHHeH cTopoubl, a Wy (Py) — npe-
IeJbHOE 3HAUeHHE ¢ HAPYXKHOHI CTOPOHBI MOBEPXHOCTH !).

B cnyvyae nByX HE32BHCHMBIX I[€PEMEHHBIX COOTBETCTBYIOLIHE
$hopMYJIbl HMEIOT BHL

WB(P0)=W(P0)+3W(P0)» }

W, (P) =W (Pg) — v (Py). (39)

IMoTennuana ABOHHOrO CJI0S1 JJs JABYX H€3aBHCHMbLIX NEPEMECHHBIX

BBIpAXKaeTcsl HHTErpajioM

WM = | =22 4 (P)ds,.
) CfRMPv() 5

PaccMOTpHM HEKOTOpPBIH 3J€MEHT RyrH dS, KOHIAMH KOTOPOro
sBasiorcs Toukd P u Py TlposeneM uepes Touky P Iyry OKpy:KHO-
ctu papuyca MP ¢ uedrpom B Touke M no
nepeceyeHuss ee ¢ orpeskoMm MP, B Touke
Q, Torga C TOYHOCTBIO NO GECKOHEYHO Ma-
JbIX BBICHIEr0 NOPSiAKA MOXKHO HaMHCaTb

(puc. 62):
ds cos ¢ =do, LRG- = do, (40)

N’ N’
rae ds = PP,, do = PQ, dw— yroa Bu-
JIHMOCTH, NOX KOTODBIM BMAHA xyra ds u3
toukd M. 3nark dw CcOBHajaerT CO 3HAKOM
cos @, tak uro: dwo >0, ecau @ (yroxa Puc. 62.
MeX Iy BﬂyTpeHHeﬁ_> HOPMAaJblo B TOUKe

P n Bexktopom PM) wmenbiie :/2, 1 do <<0, ecan ¢ > n/2.
Ecin do >0, 1. e. ¢ < n/2, To u3 Toukn M BHIHA «BHYTPEHHSS»
cropona Kpuso#i C; npu do << 0 (¢ > n/2) u3 Toukn M BHAHA «Ha-
pyXHas» CTOpOH&l\EpHBOﬁ. Orciona cieayer, 4To yroa BHAMMOCTH

HekoTOpOil Ayru PPy pased yriay PiMP;, KOTODBIfi ONUCHIBAET Jy4
MP, xorna touka P mpo6eraer ayry PiPs.

') Ecau X — HesaMxHyTas NOBEPXHOCTb, TO BHYTPEHHAS CTODOHA MOXKET
6bib yCIOBHO ONpefleieHa cOrvlallleHHeM O TOM, Kakash HopMajib B Touke Pj Ha-
3LiBaeTCA «BHYTPEHHell» H Kakas — «BHelHel». Cuexyer uMeTh B BHAY, 4TO B
Clyyae HE3aMKHYTHIX MOBEPXHOCTeH MOTEHUHaJ [BOHHOrO cJ0s OnpelenseTcs
TOJILKO JII9 ABYCTOPOHHHX MOBEPXHOCTEH,

12 A, H. Tuxonos, A. A, Camapckult
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PaccmorpuM noreHuuan asofiHoro cios WO Ha 3aMKHYTO# Kpu-
Bo#i C ¢ TNOCTOSIHHOH NJOTHOCTBIO v == vo == const. JIyu MP onucni-
Baer yroJa

27, ecam Touka M JsexkuT BHYTPH Kpupo# C,
Q=14 =, ecau Touka M jexuT Ha Kpusoi C,
0, ecsam Touka M sexur BHe Kpusoi C,

Korza touka P mpoGeraer Bcio Kpusyio C. OTciona aJs noTeHuMan1a
W?° nonyuaem:

2nvg, ecam Touka M JexuT BHyTpH Kpusoil C,
Wo=wvQ=1{ mnvy, ecan Touka M sexur Ha Kpusoi C,
0, ecau Touka M JexuT BHe KpuBOH C.

Takum o6pasoM, NOTeHUHANT ¢ IOCTOSHHON IJIOTHOCTBIO SIBJISIETCA
¢$ynKuHell KycouHO-MOCTOSIHHOH, NpHYeM

WO = W+ qv,,
(1
WO = W0 — v, )

0 0 0
rne Wi, W, w— 3HAYEHHs NOTEHHLaJa BHYTDH, HAa U BHE KpH-
ot C.
AnasoruuHo B cilyuae Tpex He3aBHCHMBIX [EPEMEHHBIX GyneM
HMETb:

d
St = do, (42)

rae do — TesecHbll yroJ, NoJ KOTOPHIM BHAEH 3JeMeHT do TMoBepX-
Hocty Z. Ilyers do” — anemeHT cdepuueckol NOBEPXHOCTH, MOJY-
yaloIHics NpH nepecedeHuu cdepsl, onucaHHON paxuycom MP us
TOYKH M, ¢ KOHyCOM, MMEIONUIHM BepIuuHy B Touke M u omupaio-
IUMCST Ha 3JICMEHT NMOBEPXHOCTH do. DVIeMeHT NMoBepXHOCTH do’ =
= do cos . OTciofa u cienyer ¢popMmyna (42). 3ameuanue, caenan-
HOe BbIllle OTHOCHTEIbHO 3HaKa dw, OCTAeTCsl B CHJIE, YTO TIPUBOJHT
Hac K dopmynam

47:vy, ecau Touka M JeXKHT BHYTPH MMOBEPXHOCTH X,
WO0=vQ =1 2nv,, ecuan Touka M JIeKHT Ha OBEPXHOCTH 3,
0, ecan Touka M JI€KUT CHAPYKU HOBEPXHOCTH X,

XapaKTepU3YIOUHM KyCOuHOe NOCTOSHCTBO (yHruuu WO a raxxe
K ¢opmynam

(41)
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rae W2, W% — snauenne morennmana WO BHYTPH H CHapy¥X# IO-
BEPXHOCTH X, a W3 — snavenne W0 ga 3.

PaccmoTpuM Temepr NOTEHIHAJA XBOHHOTO CJI0A C IEPEMEHHOR
AJIOTHOCTBIO H [OKaXeM, YTO B TOYKAX HENPEPBIBHOCTH IJIOTHOCTH
AMeloT MecTo GOpMYJIbl, aHaJoruunble dpopmyaam (41) u (41°).

[Tycrs Po— TOuKa noBepXHOCTH X, B KOTOPOi QyHkuusi v(P) He-
upephiBHa. BBeneM norteHuMasn aBofiHoro cinost W ¢ nocrosHHOM
NJIOTHOCTBIO v == v(Pp) H paccCMOTPUM (YHKIHIO

Ty=w )= W) = [ [ [v(P) —w] 2% do.

s Rup

Hokaxewm, uto ¢yuxknus [ HenpepniBHa B Touke Po. [as aroro no-
CTATOUHO JOKa3aThb PaBHOMEPHYIO CXOZHMOCTH HHrerpana [(M)
B TouKe P,. 3amanumcs HeKOTOPHIM yucaoM € > 0. K3 HempepsiBHO-
ctn ¢yuxuuu v(P) B Touke P, cienayer, 4TO AJsi JI0GOro Hamepexn
3agaHHoro uucsaa 1 > 0 MOXKHO HalTH Z;— OKPECTHOCTb TOYKH Py
Ha NMOBEPXHOCTH X — TaKYIO, UTO

[v(P)— v (Pp) L <m,
ecan P e 3. Ilpencrasum unterpas / B BHIE CyMMB
[=1+1,,

rae uHTerpa’ /; 6epercs Mo MOBEPXHOCTH 2y, a [> — MO NOBEPXHOCTH
Ty = 3 — X1. U3 onpenenenns X, caenyer:

! ]l l < "]BZ,
rne Bz—nOCTOﬂHHaﬁ, onpenensieMas yC/lOBHEM

f f 'L;;-"’—' do, <B, (43)
b MP

NpH BCEBO3MOXHBIX TNOJOXKEHHAX TOUKM M, He 3aBHCAIA OT BbI-
6opa noBepxHOCTH Z; IloapoGHee OTHOCHTENBHO 3TONR NMOCTOSHHON
Gyzer CKasaHO HHIKeE, '

Buibupas v = ¢/By, M y6exaaeMcs B TOM, 4TO AJd J060T0
&€ > 0 MOXHO HalTH TaKoe X, comepxalilee Py, 4TO

[ (M) <e

npu Jo6oM nojqoxennn Touku M. OTciona u caeayer paBHoMepHas
cxoauMocTh unterpana /(M) B touke Py, a Takke €ro Hempepks-
HOCTb B 3TOH TOUKE. ‘

Ecin Ws(Po) m Wy(Po) —npenéan mnorennuana W(M) npu
M — Py c BHyTpeHHell ¥ HapyXHOil CTOPOH NOBEPXHOCTH 3, TO

W (Po) = W3 (P) + 1 (Po) = W" (o) +1 (o) 2v=W (Py) +2n9 (Py

12*
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¥ aHAJOTHYHO
W (Po) == W (Pg) — 2auv (Pg).

Cnpasennusoctb Gopmyasl (38) ycraHoBieHa.

ITpoBeneHHOe Bblllle A0Ka3aTeJIbCTBO CIPaBENJIMBO IJISl NMOBEpX-
HOCTeH, yHOBJETBODPSAIOIUX YCJAOBHIO orpaHuueHHocra (43). Has
BHITYKJIOH TOBEPXHOCTH, KOTOPYIO BCAKHH Jy4 M3 Touku M mepece-
kaer He Oonee IByX pas, By < 8m; mias moBepxHOCTEH, COCTOSIIIUX
M3 KOHEUYHOTO YHCJa BBHIMYKJABIX yacred, By Takxe orpanuueno. Ta-
KHM 00pa3oM, Hame JOKa3aTedbCTBO OTHOCHTCS K BecbMa LIHPO-
KOMY KJIaccy NOBepPXHOCTeH.

Bce npoBefeHHBlE BHIIE PACCYyXJAEHHS OCTAIOTCS B CHJe M JAJSA
$yuxuuii 1ByX He3aBHCUMBIX NepeMeHHHEIX. B sToMm cayuae ¢dopmydsl
(41) nmpunumaloT BuJI

Wi (Po) =W (Pg) -+ nuv (Py),
W (Pg) = W (Pg) — stv (Po).

9. CroiicTBa NoTeHUHAJa NMPOCTOro CA0d. B OT/IMYHE OT HOTeH-
nyajia ABOHHOTO CJIOSi MOTEHUHA NPOCTOrO CAOS

V(M) = L | b (P) doy (26)

HenpephiBeH B TOYKAX MOBEPXHOCTH X. YOenuMmcss B STOM MJs CaIy-
yas [Jagkod noBepxHocTH X. g 3TOro J0CTAaTOYHO yCTaHO-
BUTb PaBHOMEPHYIO CXOJAMMOCTb HuHTerpana V(M) B Toukax mo-
BEPXHOCTH X.

JlefictButenibHO, mycTh Po— HeKOTOpast TOYKA NOBEPXHOCTH 3.
ITpenacraBuM nortenuuan V B BUAE CyMMBbI

szf ! !L(P)do‘p"{'ff—é—i—;u(P)ng=V1+V2,
p =,

Rup

1

FIe Xy — JOCTATOYHO Manjash YacTb NOBCPXHOCTH 3, COAepsKallasics
B cepe pamumyca § ¢ HeHTPOM B Touke P, Benuunny 8§ Mbl 6oJee
TOYHO ONpPeNeJHM B JajbHellleM.

PaccmoTpuM cHecTeMy  KOOpAHHAT C HayaJoM B TOouke Py,
OCb 2 KOTOpOH HampaBjieHa no BHemHell HopMmaau B P, Ilycrs
M(x, y, z) —npouspo/bHas Touxka, orcrosmas or P,(0, 0, 0) Ha
paccrosuuu MP, << 8. OGosnauum yepes X{ npoeknuio 3, Ha MJIO-
CKoCThb (X, y), a uepes KM — kpyr paznyca 25 c LeHTPOM B Touke

M’ (x, y, 0), uennkom comepxamuii obmacte 3. Ilpexnosaras
OTrpaHHYEHHOCTh (PYHKUHH

lnp) <A
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U npuHAMas BO BHHManue, 4TO

do _ dEdny
cosy  cosy

do =
ii

R=Viu—8+G—+e—0=Vkx—e2+(y—ni=no,

HOJYUUM:

do do’[cos y
vioni<aff g —af] <
Vi ()] z Rup VG ==

1
<2A” dg dv J dg dn ’
o ¥ V(x—£)2+(y—n)2 jV(x—§)2+<y—n>2
1

ecsM 8 HACTOJIBKO MAaJo, YTo cosy > /.
BeeneM B MJIOCKOCTH (x, y) MOJAPHYIO CHCTEMY KoopauHat (p, ¢)
¢ HauaJjoM B Touke M’. Torma MOXHO HanucaThb

28 om:

[V, (M)] <24 HV( £ —oa | [ 20 g un,
Kéw' 0 0

=82+ (y—m)?

Butupasa 6==¢g/8nd, Gynem HMeTh
Vi i<e,

ecin MPy < 8. Cnenosatennno, V(M) pasHOMepHO cxomuTes
BO BCAIKOH TOUKe Py & X u sABJ/IsieTcst HEMPEPLIBHON (yHKUMEH B TOH
TOUKE.

OG6parumMcsl Tenepb K M3Y4eHUIO NOBEIEHHsT HOPMAJbHLIX IPOH3-
BOAHBIX MOTEHIHAJNa NPOCTOrO €105l Ha NoBepxHOCTH. [TokaxkeM, uTo
OHH MMEIOT Ha £ pas3pblB TAKOrO Ke THMa, KakK U MOTeHUHaJ ABOM-
HOTO CJIOS.

BHewHsas ¥ BHYTPeHHSI1 HOpMaJbHble NIPOU3BOAHBE (GyHKIMH V,

av v onpefensioTes caepyomum obpasoMm. Ilycrh Py—

_— " -,
dny dng

HekoTopasi Touka X. M3 Toukn P, npoBemeM och 2, KOTOPYIO MOXHO
HanpasHuTb 160 BIOJ1b BHeH.IHeI/! Jn60 BJAOJIb BHYTpeHHEI/I HOpMaJIH

dV
PaccMOTpHM 1IPOH3BOAHYIO —— B HeKOTOpoil Touke M ocu 2.

O6o3Hauum (ﬂ) 3¢ (d—V—) npejiesibl NPOU3BOIHOMH av IpH CTpeM-
dz Js © \dz Ju dz PH CTP

JleHuH TOouku M x TouKe Pg ¢ BHYTpeHHell uaH Hapymﬂoﬁ CTOPOHH
nosepxHocTd X. Ecau oCh 2 HanpasJena Mo BHEIUHEH (BHyTpeHHeit)
HOpMaJH, TO :-ma 3HAUEHHs] HA3bIBAIOTCS BHYTPEHHUMH H BHELIHHMH
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NpeAe/IbHBIME 3HaYE€HHSIMA NPOM3BOJHOM MO BHeIHeHl (BHyTpeHHer)
HopMaJid B Touke Py1).
Hccnenyem paspbiBbl  BHYTPeHHEH HOPMaJbHOM [POH3BOLHOMN

d
noTeHIHana mpocToro cios Ha 2. Ilpomssommas —— B Touke M

OCH Z2, HaﬂpaEJIeHHOH no BHYTpeHHePl
HOpMaJIH paBHa

)d0P=

— f f °°§"’ w(P) dop, (44)
z

Rup

TAe W —Yron MeXjy OCbio Z W BEKTO-

Puc. 63. pom MP.IlpoBenem u3 Touku P (puc.63)

wopManp PQ u.npamyio PN, napannenb-

Hylo ocu 2 (HOopMmanH B Touke Pg), n o603Haunm uepes 8 yronx NPQ,

PaBHBI YTy MeXAy HOPMAaNsMH B TOUKax P u Po?). BoipaxkeHue

IJs TOTeHHuana jaBofiHoro caosi W(M) comepXUT MHOXHTeNb

c‘;;q’ , Tine 9= [/ MPQ. Tak xak yron MPN paseHn
n— P, TO

cos (nt — P)=cos@cos B -+ singsin B cosQ = — cos P,

rne Q — nByrpaHseit yron ¢ pe6pom PQ3). Orciona caemyer, uto

(M)~—Jf(ucose Cosq’ do —ffus:necosg Sm(p do =
=—W,—1(M), (4b)

V(M) —V (P
MP,

/lenly H3BHE JUIA TPOWSBOAHOA M0 BHEWHeH HODMAH WA Tpejieny H3HYTPH AAA
IPOH3BOAHON MO BHYTPEHHEN HOPMaJH, B 3aBHCHMOCTH OT TOrO, ¢ KaKOil CTOPOHBE
touka M npubamxkaercs K Touke Py

2) Ouesunno, yto O u sin O CTpeMﬂTCﬂ K #yaio, korga P — P,. Ecan nosepx-
HOCTb 00.ia/laeT KOHEYHOH KPHBH3HOM B OKDECTHOCTH TOUKH P, T. €. ee ypapHe-
HHEe MCXKHO MPEACTaBHTh B BUJE

1) Ilpenen pasHOCTHOTO OTHOLUCHHS! npy M — Py pasen npe-

z2=[{x, y), ~

rie [(x,y) nMeer BTOpHe NpoH3BOAHME, TO sin@ Oyner auddepenunpyemon
QyBKIHEH X, ¥ H, CIEAOBATENBHO,

sin® < Ar
(mas nosepxuocred JlanyHosa sin 6 << ArG).

%) Ecay nampaBnense PQ npuHATb 3a OCh HOBOH chepHYECKOfl CHCTeMbl, TO
sTa (opmyaa cosnagaer ¢ ¢opmyaoit (13) ma crp. 326.
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rae Wy (M) — noreHnHan ABOAHOrO CJIOA C MJAOTHOCTBIO py==p COS 0,

AMEIOIHKA pa3phiB Ha NOBepXHOCTH 2. OueBHAHO, 4TO MHTErpan

I(M) siBnsiercsi pyHKuuefi, HenpepuiBHON B Touke Py, Tax Kak I (M)

CXOJMTCH PaBHOMEPHO B 3TOH TOuke (CM. NIpHMeuaHue, ctp. 358).
BosBpamasice kK popmyane (45), Bunum:

9z

(ﬂ_)3= — W, (Py) — 2nu, (Pg) — I(Py), l!
(%g_)ﬂ = — W (Py) + 2nun, (Po) — I (Py). ]

(46)

Ofo33ayuM

(55),=—W1i(P) —1(P)=

[ jf(ucose)cosq’ dc—ffusinecosgszzq’ do] =
M=Pq

Mt

—
- FIe o — YIOJ MEeXAY OCbI0 2 H BEKTOPOM PoP.
3ameuas, uto pg(Po) = w(Po), HaxoxuUM:

(e ), = (@ ) = 2 (P |

ong

()= (3 ) - 20 o |

ong

(47)

TaK KaK [0 YCIOBHIO OChb 2 HampasJeHa IO BHYTPEHHell HopMalH.
Ecan och 2 HanpaBuTh 0 BHEIUHeH HOPMaJH, TO S8HaK COSWY M3Me-
HAETCsI, H MBI TIOJIyYHM:

(35),~(22) + s

onyg
(e =z )y = 2 o). |

Jlas caydas ABYX MEPeMEHHBIX HMEIOT MeCTO aHaJoTHuHbe ¢op-
MyJIBl C 3aMeHOll 21 Ha' v

10. MpuMeHenne NOBEPXHOCTHLIX NOTEHUHANOB K pPeUIEHHIO
KpaeBbix 3ajauy. Meron pasjesieHHs NepeMEHHBIX H MeTOH (YHKUHH
HCTOYHHKA MO3BOJAIOT TOJYYHTb SBHOE BLIPaXKEHHE IJIsl pEIUeHHS
KpaeBbIX 3allay TOJBKO B cayuae obnacrei npocrefimero suna. Cee-
JleHHe KpaeBblX 3ajau ajs ypaBHeHHus Jlamaaca (uau Ilyaccona)

(48)
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NPH NOMOIIH HOBEPXHOCTHHIX NOTEHIHAaJOB K HHTErpajbHBIM ypaBs-
HenusaM, ¢ OJHOH CTODOHHI, YAOOGHO IJIA TEOPETHUECKOIO HCCJIeloBa-
HHs BOOPOCE O Pa3PEeUIMMOCTH M eJHHCTBEHHOCTH KpaeBHIX 3ajad,
C BpPYrofl CTOPOHBI, JaeT BO3MOXHOCTb 3(h(EKTHBHOTO YHCJAEHHOIO
peluenys KpaeBbIX 3afau Aias obJsactelt cloXHOH ¢opmbl, Paccmor-
pHM BHYTPEHHHE KpaeBble 3alaud JAJst HEKOTOporo KoHtypa C:
HalTw yukyuto u, eapmonudeckyto e obaracru T, oepanudennoli
xonrypom C, u ydosaersopatouyyto Ha C epaHUYHBIM YCAOBUAM

ul,=[— nepsas kpaesas sadaua,

uasu

ou
an

. =f — gropas Kpaesas 3adaua.
AuajiornyHo CTaBSITCA BHEIUHHE KpaeBble 3afaunt).

Bynem wuckaTh peluenne BHyTpeHHedl mnepBoH KpaeBoil 3anaud
B BuJle MOTeHIHana JABOIHOrO CJ10g

W(M)=Cf jgsl‘j v(P)dsp=—éf—d%—;(ln ! )v(P)ds,,.

A RMP
[Mpu mo6om BuiGope v(P) dyukumua W (M) ynosierBopsier ypasue-
#u1o Jlannaca Buyrpu C. ®ynkuusa W (M) paspuiBHa Ha koutype C.
a5t BRINOMHEHUS] TPAHHYHOTO YC/IOBUSA, OYEBUIHO, HAJO, YTOOL!
W5 (Po) == [ (Py).

TIpunuMas Bo BHuMaHue Gopmydasr (39), nonyuaeM ypaBHeHHEe AJs
onpeneneHusi GyHruuu v(P)

wv(P) + [ 2L v (P) dsp = F (P (49)
C 0

Ecnu 0603HauuTh yepes So ¥ § Ayrd KoHTypa C, COOTBETCTBYIOUIHE
toukaM Py u P, 10 ypaBuenue (49) MOXHO NepenHcaTb B BHIE

L
v (o) + [ K (0, 8)v (s) ds =F (s, (50)
0
rie L — pavua xoutypa C u
— d 1 __cosg
K (SO’ S) - an <In RPPu ) RPPo (51)

1) Tlpn mocraHoBKe BTOPOH KpaeBOll 3alauM Kak BHYTPEHHEH, Tak H BHEM-
Heil, B rpaHHYHOM YCJIOBHH HOpMaab OyJAeM CYHTATh BHYTDEHHEH,
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— SI/IpO 3TOTO HHTErpajbHOrO yPaBHEHHS, SIBJSIOLIETOCS MHTErpasib-
HbIM ypaBHeHHeM THna ®pexaroabMa Broporo poaal!). Jasa BHewHef
3ajlayd MOJIy4aercsl aHaJOTHYHOE YpaBHEHHE

L
— v (so) + [ K (50, )% (5) ds =F (so). (52)
0
Jlns BTOpPO¥ KpaeBolt 3afauy MOJNYYaiOTCs YpaBHEHHS

L
— ntp {Sg) + f Ky (s, S)p(s)ds==f(s;) (BHyTpeHHss 3anaua), (53)
0

L
iy (Sg) + J. K (so, S)u(s)ds =[(sy) (BHewmmHsia 3anaua), (54
0

rje

K, (55, )= aa (ln 1 )=c08'¢o2)’ (55)

np, Rpp, Rpp,

€CJIH €e peHI€HHe HCKAaTh B BHIAEC NOTEHUHAJMA IIPOCTOro CJ0s

w(M)= [ n 5= n(P) dsp.
é MP
Bonpocel, cBsisaHHBIE € pPa3PeUIMMOCTBIO STHX ypaBHEHHH, GyayT
paccmatpruBathes B 0. 11 Hacrosuiero naparpada.

PaccMoTpuM KpaeBble 3alaud MJIsT HEKOTOPHIX NPOCTeHIHX 06-
JlacTell, JJIsi KOTOPHIX COOTBETCTBYIOIHE HHTErpajibHbE ypaBHEHHS:
JIETKO Pa3pelIiMBL. ‘

l.[Teppasa kpaeBas 3ajaua Aas Kpyra. Eciu Kou-
Typ C ABJAETCA OKPYXKHOCTBIO paauyca R, TO BHYTPEHHsIST HOpPMaJb

') Huterpanbubie ypaBHEHHs, COAEPIKAlHe HHTErPabl ¢ HOCTOSHHBLIMH Tp@-
JeJaMH, Ha3BIBAIOTCS YpaBHEHUsMH Cpexrosbma:

b
f K (x, s) @(s) ds = (x) — nepsoro poxa,

a
b

o (x)+ f K (x, 8) ¢ (s) ds =T (x) — Broporo pona.
a

%) Herpyano Bumetb, uto K(so, §) == K (s, s0). Taxkue sapa Ha3biBaioTCH
CONMPsSAXKEHHDb MH, a COTBETCTBYIOUHE HM YDABHEHHA HAa3BIBAIOTCA CONPHIKEH-
HBIMH WHTerPa/bHEIMH ypaBHEHHAMH,
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B TOuke P HAnpaBJeHa IO AHAaMeTPy H

cosp 1
Rpp, 2R’

Tak Kak ¢ ecTb yroa P¢PP’ (puc. 64). HHTerpanbHoe ypaBHeHue
151 GYHKUHKM v TIPUHHMAaET BHA

p(s)
N vis) + j v(s)ds=Lf(s). (56)
HCTPYJIHO BUAETb, YTO €r0 pEIICHHEM SBJSIETCS
) gysxuns
7 1
Z V) =T )+ 4 7)
Puc. 64.

rie A — HekoTOpas NOCTOsIHHasi, NOAJeXallas
onpenenennto. IloxpcraBasfs npeamosaraeMyio QopMy peleHHS
B ypaBHeHHe (56), nmeeM:

1 1 1 1 1
L0+ At 2 [ (S1(5) +A)ds =L F (<o)
C
OTKyla HaxoguMm nJida TNIOCTOSAHHOM A BbIpaxKe€Hne 4epe3 3alaHHYIO

¢yHKRUHIO
A=— ‘4?1?; F(s) ds

Takum o6pasom,

V) =11 — g | F©)ds (58)
C

IBJISIETCSl PelleHHeM HHTerpajibHOro ypaBHeHHs (56).
CoOTBETCTBYIOIUH NOTEHIHAA ABOMHOrO C/OS PaBEeH

W M) = | =2 v(P)dsp——f et [%f(S)—T,:gﬁff(S)dS] ds.

Hpeo6pasyeM NpaBylo 4acTh NpeablAylell GOpMyJEl, Npeanonaras,
yto M nexur sHyrpu C:

W/-—f c°S“’f (s)ds — ( R ff(s)ds)f‘""’s“’ds__

J‘ cosq?f(s)ds (47521? ff(s)ds).23=
Cc

=L f (;T,f - ;_R) f(s)ds. (59)

c
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HUs A OPM (puc. 6d) BuigHO, uTO

cos @ I 2Rcose—Ryp  2RRyp coqu—Ri,,P .
 Ryp 2R 2RRyp 2RRYp
R*— ot

= , (60
2R [R® 4 p§ — 2Rp; cos (0 — B)] (60)

Tak Kak
0y =R*+ Rip — 2RR, O3 Q.

IToncrasasisi Beipaxenue (60) ana K B dopmyay (59), momyuaem
uarerpan Ilyaccona
21
_ 1 f (R*—po)f (0) a®
u—-—W(Po, 90)_" on ; R2+pg"‘2R00COS(6~90)'
61)
Jawllell pelleHWe NepBOH KpaepoH 3amauu s

Kpyra.
pprOBeaeHHue B 3TOM IYHKTe pacCyXjaeHHs
[OKa3bIBAIOT, UTO IIPH JI060K HenpepbIBHOH QyHK- Puc. 65.
unn [ ¢opmyna (61) onpemenser rapmomruye-
CKY!0 (OYHKIUHIO, HENpepbiBHO NPHMBIKAIOIYI0 K FPAHHYHLIM 3HAue-
HusM f.

Ecau ¢ynkuus f Kycouno-nenpepniBHa, TO B CHJly CBOHCTBA M0-
TeHIHnana ABOMHOrO cosi Gynkuus W Takxke HenpepniBHa BO BCeX
TOUKaX HenpepbiBHOCTH f. VI3 orpannyenHoctd dyHkuun f

Ifi<c
cleflyeT orpaHudyeHHocTb GyHxuuu (61)

(R*— od)
R* + p§ — 2Rp, cos (0 — ;)

27t

W (00, 00| < C [

0

do=C,

TaK Kak')
2n

= R~ 6}
2 J R® 4 pf — 2Rpy cos (0 — 6)

do=1. (62)

2.MlepBas kpaeBas 3ajavya AJAS NOAYNPOCTD aH-
CTBa: HAlTH FaDMOHHYECKYIO (DYHKIHIO, HElPepbiBHYIO BCIOAY B 06~
JacTd z = 0, NpHHUMAIOULYI0 Ha rpandne 2 = 0 3aflaHHOe 3HAYEHHe

f(x 9).

') Pasenctso (62) ciemyer us TOro, 4TO JeBast 4acth NPEACTaB/ASET pPEIUCHHS
nepsoil KpaeBoit sagaun npu [ = 1.
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ByneM nckaThb pelileHHe 3TOH 3afiauy¥ B BHIE NOTEHIHaJa ABOH-
HOTO CJI0s1

+ o0
W (x, 9, 2)=” GEv(E ndidy, RE=(x—8F+ (g —nP+ 2%

B nanHOM ciayuae
cosp 2 2

R R [(x—ER+(y—ne+eh
M ANPO HHTErpaJjJbHOI0 ypPaBHEHHA

1 ( cos @ ) =0
W\ Ry
Takum 06pa30M, TIJIOTHOCTh TMOTEHIIHaMa JIBOMHOIO CJ0s

1
v (P)= Wf(P)
H uckoMas (yHKIHS paBHA

2z

o0
I
“th 9 A= _ff [(x — &) — (g — m)* + 222 F& m)d& dn.

Herpyaso nokasats, uTo #(X, y, 2) PAaBHOMEPHO CTPEMUTCH K HYJIO

opu R = Vx4 124 22— 00, ectm 3TUM CBOMCTBOM O6Jamaer
byukuus f.

11. UHTerpanbHble YPaBHEHHs, COOTBETCTBYIOLIHE KpaeBbIM
sanavaM. [Ipu pewennn kpaesblx 3ajay AJs ypaBHenus Jlannaca
C TMOMOILBIO NMOTEHIHAN0B NPOCTOr0 M ABOHHOTO CJIOEB MBI MPHILIN
K MHTCTpaJbHbIM ypaBHeHHsiM Ppearoabma Broporo poxa (50).

Yci1oBHST paspeliuMOCTH HMHTErpafbHBIX ypaBHeHHN Ppexaronbma
BTOPOTO POJia C HeNpephiBHLIM SIPOM W OrpaHHYeHHON (MHTerpupye-
MO#1) mpaBOfl YaCTbI0 CXOJHBI C YCJIOBHSIMH PaspeuiMMOCTH CHCTEM
JUHEHHBIX aJre6panyeckuX ypaBHeHHH (K KOTOPHIM OHH CBOASITCA,
€CJIM MHTerpaj 3aMeHHTb MHTerpaJjbHo#l cyMMoii). IlepBas Teopema
®pexaronbMa 3ak/aII0OYAETCS B CIEAYIOLIEM:

HEOOHOPOOHOe uHTe2paAbHOe YPasHeHue 8TOpo2o poda umeer
peulerue, u NPUTOM eOUHCTBEHHOe, eCAl COOTBETCT8Youee 00HO-
podHoe ypasuenue umeer TOAbKO HYyare8oe peuieruet).

1) JInst KpUBBIX € OrpaHUUEHHOR KPHBH3HOfi TeopHst PpeironpMa NpHUMEHHMa
HENOCPEACTBEHHO, TaK Kak PO HHTerpajJbHOro ypabHeHHA (50) HempephiBHO.

Teopus @pexronbMa NpHMEHHEMa TaKXKe B TOM CJayyae, KOrja HenpephiBHO
OHHO H3 TOBTODHB X AXED:

K+ (py Py = [ [ KD (P, MyK™ (M, Py)doy, KD (P, M)=K (P, M.
=

Joxaxem, uTo ecau 2 — noBepxXHOCTb JIANyHOBa, TO NOBTOpHLIE si/pa Ha-
HIero ypaBHEHHs, HayMHas C HEKOTOPOIO HOMEpAa, HempephiBHEL Kak Mu BHA<IH,
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Hoxaxem, onupasce Ha cQOpMYJIHPOBAHHYIO TE€OPEMY, UTO HHTe-
rpajbHoe ypaBHeHue (50) HMeeT eIMHCTBEHHOE pelleHHE.

OrpaHnuuMcs pacCMOTPEHHEM BHIMYKJABIX KOHTYPOB, HEe COAep-
HKaUWHUX NPSIMOJMHEAHbIX YYaCTKOB IpaHuubl. B stoM cayuae agpo

11 moBepxHocTell JIsnyHosa
c

cos @
r2—6 °

r2

IlosTopHbBIE siipa MOT'YT GLITb IPEACTABJIEHH B BHIE

Ky, o (P Py)= f f K (P, M)K, (M, P,)da,,
p>

. Cy
Mokaxew, uro ecm | K, |<ﬁi— (ry=P;M; ;>0; i=1, 2), To
i
C
IK],zl <m, ecin o) + ap<2, f=PlP2.
r

OueBHIHO, YTO 3Ty OUEHKY JAOCTATOYHO YCTAHOBHTb NJS Cayuasl, KOrKa Touka Po
JIEXHT B OKPeCTHOCTH JlanyHoBa Zo TOYKH Pj;, NDHYEM BMeCTO HHTErpajta mno X
MOXHO paccMaTpPHUBaTh MWHTErpaj 1O NpPOEKIHH S, 3TOM OKPECTHOCTH Ha Kaca-
TEeJbHYIO IVIOCKOCTb B TOYKe P B CHIY TOro, 4TO

p (P, M)
r (P, M)

(rze p(P, M) — paccrosnye MexIy NpOEKUHsMH Touek P u M Ha KacaTenbHyio
IJIOCKOCTb, B — HEKOTOpas NMOCTOSIHHAS), a TaKKe B CHJIy CBSI3H MEXIY S/eMEH-
TOM TOBEPXHOCTH d¢ ® ero npoekuuei dS:
do = dS/cosy, rme cornacio ¢opmyne (34)
cosy > s

Jas naockoft o6macTH cnpaBeAsHBa JieMMa:

1= =B>0

C;
ecau |K;|<—=+—, ToO
2=y’

i

JJ Ky (P, M) Ky (M, Py)dxdy| <
So

Hi=

C

r2—‘11—02 *

<

Puc. 66.

OGo3naunM uepe3 R pmmamerp obaactu So.
PaszoGbem unterpan / Ha ABa uHTerpana: [, —
B3aTEI mo xpyry G; paaumyca 2r ¢ ueHTpoMBTOuke P; m [y — pacnpocrpa-
HeHHbIﬁGHa ocraBwylocs obractb Gy (puc. 66). Tax xak aas Touek M, Jjexa-
mHX B Uy,

r ro+r<< 2y \

r 2 <
2L >
“ 73 fz<’x+f<f1+%=%)’
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ypasuenus (50) K (Po, P) HeorpuuarteasHo, Tak Kak
K (Py, Pydsp=do,
rie do eCcTb yroJ BHAHMOCTH Ayr# dSp H3 TOuKH Po.
Paccmorpum mpexne Bcero nepByio KpaeBylo 3ajgauy AJsi BHYT-

pensell o6sactu. OZHOPOZHOe ypaBHEHHe, COOTBETCTBYIOLlee ypaB-
Hennio (50), umeer BHJ

L
2 (s0) + [ K (50, 8) v (s) ds =0. (63)
0
Kax mbl Bugenn (cM. n. 8), uMeeT MeCTO paBEHCTBO
L
J‘ K (SO’ S) dS= 7,
0

MO0JIb3YsCh KOTOPbIM ONHOPOJAHOE ypaBHeHHe (63) MOXHO 3amucath

TO ANA MHTErpana [ MONyuaeM OLEHKY
2n R C
1 ! 2—_—a3—az ’ o +a,<2,
| 12] <4C\C, ——g—q, Ndride| <y ™
0 s T | CoRMFU=1 g ay>2.

[lponssons B uurerpame mo G, 3ameHy NepeMEeHHBIX X ==rx’, y = ry’, 1o~
Jiyyaem:

l C]CQ ’ ’
Ml < pr—— JJ 72—, 72—, dx'dy’|.
r Mo T
G,
’
B nocnenuem unterpaze, B3ATOM mo Kpyry G| ¢ paldycou, paBHbIM 2r, r{ ecTs

’
paccTosaHue OT UEHTPa, 79— OT CepeAHHbI Paanyca, BCACINCTBHE YEro 3TOT HHTE

rpaJj CXOJHTCS, NMPHYEM OH HE 3aBUCHT OT MOJOXKEHHS TOYKH Py, T. €. OT r,
Orciona
C,

r2—a,—-(x2

<

Ionoxus Cs - C4 = C, NONYYUM HCKOMOE HEPABEHCTBO

- __
|11<g e

CR(11+(12—2, Q) + ag>2.

a; +0,<2,

Orciona cnenyer, yTo, HaYHHAR C HEKOTOPOTO HOMEpa, HHTErpa/bi, MPOM3BOASIIUE
TNOBTOPHbIE $IAPa, OTPAHMUEHBl H DABHOMEDHO CXOAATCH, T. €. ABJAIOTCA Hempe-
PLIBHBIMH (DYHKIUSAMH CBOHX apryMeHTOB.
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B BHIE

L
[ v (s0) + v ()] K (50, 5) ds = 0. (64)
0

[lyctb Pj(sy) — Touka KoHtypa C, B KoTOpoit dynkuus [v(s)|
JIOCTHTaeT CBOEr0 MaKCHMaslbHOro sHaueHus. OTciofa ciemyer, 4TO
cymma v (s;)+ v (s) snakonocrosmna. Torma, mosnaras B (64)
S,=S$, W TNO/b3ysach TeM, uTo K (S, §)=0, mosyunM paBeHCTBO

V(Sg) +v(s)=0

v (s) = —v(sp),

NpOTHBOPedalee HeMPEPHIBHOCTH B TOUKE Sy, €CJIH TOMBKO v (Sg)7=0.

CnenoBaresibHO, OAHOPOAHOE ypaBHeHHe (63) HMeeT TOJNLKO HY-
JIeBOe pellleHHe, W TeM CaMblM HEOTHOPOAHOe YypaBHEHHe HMeeT
€IWHCTBEHHOE pellleHHe NpH jao6oll QyHknuu f1).

Buemnss Bropas Kpaesas 3ajaya, Kak Mbl Bufenu (cu. m, 10),
CBOJUTCA K MHTErpajJbHOMY ypPaBHEHHIO

HJ/IA

L
an (s0) + [ K1 (s0, ) (s)ds =1 (so), (54)
0

f1po Kotoporo Ki(So, S) SBJISIETCS CONPSIKEHHBIM MO OTHOLIEHHIO
X s1apy K(so, s), T. €. Ki(So, s) = K(s, 50).

Bropas Teopema ®penrosibMa cOCTOMT B CaeAyOmEM:

YUCAO AUHEIHO-He3Q8UCUMbLY pellerul] HEeKOTOP020 00HOPOAH020
UHTEZPANbHOZ0 YPABHEHUS PABHO HUCAY AUHEUHO-HEe3Q8UCUMbLX pe-
WeHull COnPANCEHHO20 YPABHEHUA.

M3 sroit TeopeMbl clenyer, uTo pelieHHe ypaBHeHus (54) ompe-
ZleJIeHO OIXHO3HAUHO.

Buemnell nepBoil KpaeBoil 3ajaue COOTBETCTBYET ypaBHEHHe

L
— v (s0) + [ K (50, 9) v () ds =F (5. (52)
0

Onnoponnoe ypaBHenue (f=0) cornacHo NpeAbIAYLIEMY MOXET
ObITb NPUBENEHO K BUAY

L
[ v (59) = v ()] K (50, 5) ds =o0. (63)
0

') Tlpu Hanuuuy NPSMONUHENHBIX YYaCTKOB TPAHHIB PACCYKAECHHS HECKONbKO
OCJIOXKHAIOTCS, XOTA AOBEAEHHEe MX JO KOHLA He IPEACTaBJIAET 3aTPyAHEHHH,



368 YPABHEHHSA 3JJIUINITUYECKOTO TUIIA [T IV

OGo3nauast yepe3 s, TOUKy, B KOTOpo# |v(s)| mocturaer makcu-
MaJIbHOTO 3HaueHusd, moayduMm us (65)

v (8%) = (s).
Orciofa CIefyer, UTO TOAbKO
v (8) = const =,

SIBJISIETCS] pelleHHeM ORHOPOAHOrO ypaBHeHHS. B cuiy BTOpoO#t Teo-
pembl ®penronbMa. conpsiKeHHOe ONHODOJHOE YpaBHeHHe Gymer
HMeTb e/JHHCTBEHHOE DelICHHE.

Ycnosre  pa3pemiHMOCTM  HeOIHOPOLHOTO ypaBHEHHA  JaeT
TpeTbsl Teopema Ppearonapma:

ecAu HeKoTopoe OOHOPOOHOe UHTE2PAAbHOe YPOBHEHUE

b
o= [ K(x, 5)o(s)ds

umeer k arunedno-nesagucumolx pewenutt @i(x)(i=1, 2, ..., k),
TO CONpPAYMEHHOe HeOOHOPOOHOe YpasHeHue

b
b(x)= [ K (s, )% (s)ds + [ (x)

b
umeer peuwienue, ecau ff(x)qa,- (x)dx=0, i=l1, 2,..., k.

a
[Tpumenss Tperbio TeopeMy PpearonbMa k ypaBHeHuio (53),
COOTBETCTBYIOIIEMY BHYTPeHHeH BTOPOH KpaeBOH 3anaue, MOJAYUHM
YCJIOBHE Pa3PemIuMOCTH 3TOH 3amaun

L
[Fs)ds=o, (66)
0

€ KOTOPBIM MBI y2Ke BCTpeuasuch B § 1.
YciaoBue paspellMMOCTH BHellHeH mepBoH KpaeBoH 3amauu
nMeeT BHA

L
[Fs)nisyds =0, 67)
0

rae h(s) — pelleRHe OZHODOAHOTO YPaBHEHHSH, COOTBETCTBYIOLIETO
(53). HerpyaHo BLIACHHTb (DH3UUECKHH CMBICA 3TOH (QYHKIMH.
[Tycte muaupApHYecKHii MPOBOAHHK, HMEWONMA B ceueHHH (op-
My S, sapsKeH IO HeKoToporo norenuuana Vo B nposoxnuke Bech
3apsal HaxoauTcss Ha noBepxHocTH. OGo3HauuM 7(S) mAOTHOCTH MO-
BeDXHOCTHBIX 3apafoB. IloTennnan, co3jaBaeMblii TUMH MOBEPXHO-
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CTHBIMH 3apsilaMH, ABJAETCS MOTEHIHAJOM IPOCTOrO CA0S ¢ IJOT-
BocTeio h(s) u Bhipaxaercs ¢opmynof (29). HopmasbHbeie mpous-
BOJHBIE €r0 HM3HYTPH PaBHBI HYJIO, TaK KaK BHYTPH NPOBOIHHKA
V = const. [Tostomy dyHkmua % (s) ymOBIETBOPSET OZHOPOIHOMY
ypaBHeHHi0 (53) u nmpomopuHHOHa/ibHA GYHKUHMH A(s), onpeineseH-
HOJ BhILIE, YTO M BbIsICHACT (GHU3HYECKHH CMEICA 3TOH GYHKIUH.

Taxkum o6pas3om, HHTerpa/bHble YPaBHEHHS, K KOTOPHIM CBOAST-
cA KpaeBble 3aJiauH, pa3pelIMMbl BCerJa /IS BHYTpPeHHeH InepBoit
W BHelIHe#l BTOPOH KpaeBHIX 3a2jJay H paspeliuMbl MPH YCJOBHAX
(66) u (67) s BHyTpeHHell BTOPOH M BHeLIHell MepBOil KpaeBHIX
sajgaul).

3AINAYY K IJIABE IV

1. Hafitn ¢yHKuHio 4, rapMOHMUECKYIO BHYTPH Kpyra pajHMyca @4 W NDHHH-
Maromyo Ha okpyxHocTd C 3HaueHus

a) ufp=~Acos @
6) ul,=A-+ Bsing,

2. Pemnts ypaBHeHue Jlanmsmaca Au = 0 BHyTpH mpaMoyrossiuka 0 << x << @,
0 << y << b npu IrpaHHYHBIX YCJIOBHAX

u 1x=0=f1 (y)1 u‘y=0=f2 (x)v u‘x=a=0' uly—-——b:O‘

Hokasatb, 4TO MOJyyarOIHecs NPU 3TOM (GOPMYJNBl JAIOT pELIEHHE 3a1aqf
JUISI TIPOHM3BOJIPHOR KYyCOYHO-HENpepBIBHOH (YHKLUHMH, 3aJaHHON Ha TrpaHHUUE,
Pemnrts 3agauy AJst yacTHOro cjiyvas

h@) =4y —y). fa(x)=Bcosg-x  fo=F=0.

3. Pemmnts ypaBuenne Ay = | ans Kpyra pajuyca a IpH TPaHHYHOM YCJIO-
BUH %[, =0

4. Pemnth ypaBHeHHE Au =Ax{4 JUIsT Kpyra pajvyca @ ¢ UEHTPOM B TOY«
ke (0,0) npu rpaHHYHOM YCNOBHH 4 |,

5. Pemuth ypaBuenne Au = A+ B(x*— y?) B koable a << p << b, ecan

—p=0.

ﬂ! -
ap p=b

Hauano xoopAuHAaT HAXOZHUTCS B LEHTPE KOJbllA.

6. IMocTpouTe (YHKUMIO HCTOUHHKA AJA ypaBHeHus Jlamnaca (mepBas Kpae-
Bas 3ajaya): a) JJa nonykpyra, 6) ana koapua, B) mnaa cios (0<Cz<</).

7. Hafitu rapMoHHuecKyl0 (YHKUHMIO BHYTPH KOJbLA & < P << b, YAOBJAETBO-
PAIOULYIO CAEAYIOWHM FPAHHYHEIM YCIOBHIM:

u |p=a = Al’ 0.

u |p=.—a == fl (‘P)’ u lp=b = fa ((p)

1y Cm. nonpobuee U. I'. ITeTpoBckufl, Jleknun o6 ypaBHEHHAX C 4acTe
HuIMH TpousBogHbIME, § 39, Pusmartrus, 1961,
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8. Haiitn pewenne ypaBaenus Jlamiaca Au =0 B noaymiockocts y =0
C IPaHUYHAIM YCIOBHEM
{ 0 mpn x<0,

uy, npu x>0

9. Hafitrn Qyukumio u(p, ¢), rapMoHHYECKYyi0 BHYTPH KDYrOBOTO CEKTOpa
p << a, 0 << @ << Qo IPH PPAHHUHBIX YCIOBHAX:

u(x, 0) =

a) ulp—o=01 tlpep,=q1, ulpmy=49s TR ¢, M g, — HOCTORHHBIE;
6) u !q):() =1u [(pzq)o == 0) u 'D':a = f ((P)

10. MeTonom KoHeuHBIX pasHOCTEHl PeWMTb MNEPBYIO KpaeByl 3ajauy s
ypasuenus Au = 0 Buyrpu mpsmoyroasHuka 0 < x << g, 0 << y << b, noxpasze-
JIAST KaXKIAYI0 H3 €r0 CTOPOH Ha 8 PaBHBIX '-IaCTe}':I, €C1¥ paHHYHbIe YCJIOBHA UMEKOT
BH]I

Yy Yy X . T . .
u]x=0=-l7( —7), u|y=b=~a—smz-x, Uy =1t —q=0.

CpaBuuTbh ¢ aHajHTHYECKHM pelueHueM (cM. [onosnenme I, § 3).

11. Hajitu o6bemHbIt moTeHunan cdepbl NPH MOCTOAHHON IMIOTHOCTH P = Qg.

Ykaszauue. Pemntb ypaBHeHns Au == 0 BHe cdeps u Au=4mnp, BHYTPH
chepnl U pElIEHHs CONPSAraTh Ha MOBEPXHOCTH Cdephl.

12. HaiiTH noTeHuuan NMPOCTOTO C€JOs,, PACIPENEJEHHOTO C MOCTOSIHHON MAOT-
HOCThIO V == v, Ha cdepe.

Ykasanue. HckaTh pemenue ypaBheHus Au = 0 BHe W BHYTPH chepsl H BOC-
N0ML30BaThCs /1A CONPSIKEHHS] YCAOBHSAMH pas3pbiBa IPOH3BOJAHON MOTEHUMANA
OpOCTOTO CJ1041.

13. Pewnts mepBylo KpaeBylo 3ajfauy 1/ OrPAHHYEHHOTrO KPYIJIOrO LHIHHAPA
p<al<z<)

a) Ha OCHOBaHHAX LMWIHHADPA 3aJaHbl HyJeBbe TPAaHHYHBIE YCJIOBHA (IepBOro
WIH BTOPOTO poja), a Ha 6OKOBOIi MOBEPXHOCTH

Ulog=1(2);

6) Ha GOKOBOA NOBEPXHOCTH M Ha OJHOM H3 OCHOBAHHH UWIMHIPA 3aLaHbl
HyJieBble FPAHHYHLIE YCJOBUS (NIEPBOrO M BTOPOTO POJa), a HA BTOPOM OCHOBA=
HHH HHJIHHIpaA

HanpuMep f (p) = Ap (1 - %)
14. Pemuts HEONHOPOZHOE YpaBHEHUE
Au=—7F

B HEOTPAHHYEHHOH HWIHMHADHYECKOfi 006/aCTH APH HYJEBHIX T'DAaHHYHBIX YCJIOBHAX
(nepBoro WJIH BTOPOTrO pPOAa) H MOCTPOHTbL (YHKLUHIO HCTOYHHKA.

15. Hafitu rapmoHuueckyio BHYTpH cdepbl (YHKUHIO, DABHYIO 4; Ha OZHOH
nosoBHHE cdepsl U Uy Ha BTOPOH MOJOBHHE Cdepbl

16. Hanucate pasnokeHne no coepHyecKHM (YHKUHSAM IUVIOTHOCTH MOBEpX-
HOCTHBIX 32psJl0B, HHAYUHPOBAHHLIX Ha NpPOBOASIIEH chepe TOYEYHLIM 3IAPSAOM.

17. Pemuts 3afauy O MOJsSpH3ALMH NHANEKTPHYECKOTO Wapa B MOJNE TOuey-
HOTO 3apsja.

18. BuuHCAHTD TPaBHTALHOHHBIA TOTEHUHA] IJIOCKOTO pfucka. CpaBEHTH C
aCHMOTOTHUECKHM TpEACTaBJEHHEM TIDaBHTALHOHHOIO TOTEHHHMANA Ha GOJbUIHX
pacCTOSHHSX.

19. BriyucauTh MarAHTHbIA MOTEHUHANT KDYrOBOTO TOKa.

20. Pemnth 3agauy O BO3MYUIGHHH MJIOCKOMapasieibHOrO0 JIEKTPUUECKOrO
no.s MA€anbHO NpoBoAsuled chepoi. Pemnth 3agauy ans aGCco/OTHO HEIPOBO=
Aauied cpepsl,
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IIPHJIO)KEHHS K T'JABE 1V
I. AcumnroTHyeckoe BhipaxieHHe OOGbEMHOrO IOTEHILHAMA
[Tpyn u3yuenuu o6beMHOr0O NOTEHLHAJA

V(M)=fffp(P—LdIP—, rae d=Ryp (1)
T

H2 GOJIbUIHX PACCTOSHHUAX OT Teja OObIYHO MPHHHMAIOT 3HaUeHUs
noTeHuuasa pasablM m/R, rae m — macca tena T, R — paccrosiuue
€ro LeHTPa TSAKECTH OT TOUKH HaAGJII0JeHUA. YCTAaHOBHM GoJjee TOY-
HOe aCHMNTOTHYECKOe BhipaxKeHue aasg V1).

Iycts ¥ — cdepa ¢ uedTpoM B Haua/ e KOOPAHHAT, LETHKOM CO-
Jepxamas Teno T. Bue sToll cdeprl nmoTeHuuan Oymer rapMOHH-
yecko¥ (QyHKIHeH.

Paccrosiune ot Touku Habuwogenusa M(x,y,2) 10 nepeMeHHOH
TOUKM BHYTPH Tesna M; (x4, Y1, 21) M
(puc. 67), Mo KOTOPOH NMPOH3BO-

JIATCS HHTETPHPOBAaHHME, paBHO d

d=VYr*+r>—2rr cosd 7
(r=0M, rj=0M),), 2)
OTKY 2
i1 1 .
d r Vi+e—2ap’
a=r/r; p==cos0. (3) Puc. 67.

Tak kak ri<<r, T0 <1, H NOITOMY HMeET MeCTO pasJoKeHHe
(cM. Honoanenue I, u. 11, § 1)

RS
H_= T 2.‘ anPn (“')’ (4)

n=0
rae Pn(p) — noaunom Jlexanapa n-ro nopsiaka (cM. ononneHue
II, u. II, § 1). [Toacrasassa ato seipaxenue B popmyay (1) u yuu-

TbiBas, uUToO l/f HE 3aBHCHT OT IEPEMEHHbIX HHTErPUPOBAHHA, NOJY-
qHUM:

Vi = [ [ o R =r, 4 Vet Vit ... =
T

n=0

ST (ot [ fonmmacs
T T

+riaf“prfpg(u)d1+... &)
T

) B. h. Cuupuos, Kype Buciwer Matematugs, 1. 111, Focrexusgar, 1956.
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IlepBuiit usen paBen m/r, Tae m — Macca BCero Tesia, H AdeT HaM

nepBoe NPHOJHXKeHHE ]IS BHIYHC/IEHUS TOTeHIHaAa NpH GOJBLIMX r.
IlepefineM K BBHIYHC/IEHHIO CIEAYIOIHX YIEHOB pas3noxenus (5).

ITonsinTerpanbHoe BeIpaXeHHe BO BTOPOM UJeHe PaBHO

oxx; + pyy, + pzz
; .

PPy (W) ry == pur = pr, cos 6 =

BennuuHb X, Yy, 2 H 7 He 3aBHCAT OT NEPEMEHHBIX HHTEIPHPOBAHHS
B MOryT ObITb BbIHeCeHb 3a 3HaK HHTerpaJa. [locie 3Toro BTOpPO#H
YJIeH Pa3/IoxKeHHs NOTeHI[HaNa NPHHUMAET BHJ

;I;J.ff pr Py (u)dT=-,l—3(M1X+M2y+M3z)=r£3(xfc+ uj -+ 22),
T

rie
M,=ff.fpx1d1:=M)'c, M2=fffpy1dr=Mg;
T T

M= fff oz, dv =Mz
T

— MOMEeHTH l-ro nopsiika, #, §, Z — KOODJAHHATH LIEHTPa TAXKECTH.
Taxkum o6GpasoM, BTopoll uned yObiBaeT Kak 1/r2 Ecau mavaso ko-
OpPAMHAT MOMECTHTb B HeHTpe TsixkecTH (£ =0, 7 =0, Z = 0), 10
Vo=20.

Paccmorpum TpeTuii uneH pasnoxenus. IIpeoGpasdyem mnoablH-
TerpaJjbHOe BHIpaXKeHHe

3pi—1 =pr? 8 (xxy + yy; + 22))> — rir?

2 I 2rfr2

= 5‘;’7 [8 (x,x + y,y =+ 2,2 — rir?,

==

priP, (u) = or}
BBoas o6o3HaueHus

Mgk=‘fffpxixkdr (x=xy y=1x5 z=23),
T

NPHXOAHM K CAeAYIOIEMY BhipaxKE€HHIO AaA Vi

Vi= % fff priP, (n)dv =
T

or (12 [3Myy — (Myy + My, + Myg)] +

+ y? [8Myy — (M + Myy + Mg)] + 22 [BMy — (M), + Mgy -+ My)] 4+
+ 2 3uyMyy + 2 - 3xzM3 4 2 - 3yzMyah.
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[TonunoM, crosimuit B (HIYPHBIX cKoOKax, sBJsieTcd TrapMOHHYe-
CKHM TIOJIHHOMOM, TakK KakK OH MOxeT ObITb 3amucaH B BHIe

1
Vs, =55 {(x* — yA) [My; — Myy] — (22 — %) [My; — M) +
+ (4® — 2%) [Myy — Mys] + 6 [xyMp 4 x2M 3+ yzMyl},
rie Ka)JIoe cjIaraeMoe YAOBJeTBOpsieT ypaBHeHuio Jlanaaca. Ko-
sbdUIHenHTh, CTOSIIME B KBaJAPaTHBIX CKOGKax, BEIDAXKaIOTCH ye-

pe3 MOMeHTbL uHepyuu. MowmenTt UHEPUHH TeJqaa T OTHOCHTENHHO OCH
X, KaK HU3BeCTHO, paBeH

A=J‘fj. o (Ul + 2 dv =My, + M,
T

AHaJOTHUYHO MOMEHTH MHEPUHH OTHOCHTENbHO OCed y W 2 PaBHHI
B= Mgz + M;; C=M; + My,.
Orciona caenyer, 41O
My —Mp=B—A; My—Myup=C—A4; Mpy—Myp=C—B8.

B pesyapTaTe MBI NPHXOJHM K ACHMIOTOTHYECKOMY BHIDaKEHHIO
IJis MOTeHuuaJs a

Va2 b Bty + 22) + 55 (02— 1) (B — A) +

+(y*—2)(C —B)+ (=) (A—C) +
+ 6 (xyMy, + yzMos + 2xMsy)}, (6)

CrpaBeIJIMBOMY C TOYHOCTHIO O 4/1eHOB mopsigka 1/r8.

Boipaxenue (6) ynpouiaercsi, eclH NOMECTHTb HA4a/lo KOODAH-
HAaT B IlEHTPe TSKECTH, a OCH KOODJIHHAT HANPaBHTb MO TVIABHBIM
0CAM HHEpUUH:

m 1
==t s =P )B—-ADH+ (-2 (C—B)+

2 __ 2 .
+@—2)A-C). (7
TTonyyenHoe acUMNTOTHUECKOe NpEACTAB/JEHHe MOTEHIHa/ja Mo-
3BOJIIET OTBETHTb Ha PfAJ BONPOCOB OGpaTHOH 3alaud TeOPHH MO-
TeHLHaJa, 3aKJA0UaIoNieiica B ONpefe/eHHH XapakKTepPUCTHK Teja Mo

€ro MOTeHUHaaAy (HIH KaKUM-JTHO0 ero MPOH3BOMHBIM).
B camom gene, onpenensii kKo3ppHUHeHTH pasnoxenus (6),
MOXHO HailTH Maccy, KOOPAHHATHI LEHTPA TSKECTH H MOMEHTH

HHEPLUH Tena.

1. 3apaun 2JeKTPOCTATHKH

B samauax sJeKTPOCTaTHKH pelleHHe ypaBHenuil Makcsedasa
CBOJIMTCA K OTHICKAHMIO OJHON cKaJsipHOH (YHKIHH — NOTeHLHaaa
¢, CBA3aHHOH C HaNpsXKEHHOCTBIO IOJS COOTHOLIEHHEM

E = — grad ¢.
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Hcnonbsysa ypaBrenus Maxkcseana

div E = — 4mp,
TOJTYYHM:
Ap=— 4mp.

Takum o6pasom, moTenuman yaoBAeTBOpsieT ypasHenuio Ilyacco-
Ha B TeX TOUKAaX IPOCTPAHCTBA, Tle HAXOAATCH 3JEKTPHUECKHEe 3a-
psiabl, W ypaBHeHuto Jlammaca— B Tex TOYKax, I'ie 3apsifioB HeT.

. OcHoBHO! 3agauell 3NeKTPOCTATHUKH sBIAAETCA
OTBICKaHKe TOJs, CO37aBaeMOI0 CHCTEMOH 3apsii0B Ha 3aJlaHHbIX
npoBoAHUdkax. [IpH 3TOM BO3MOXKHH [ABe pa3jM4YHbIC MOCTAHOBKH
3TOH 3aLayH.

[. 3agalotcs notenuuasnnl NPOBOAHHKOB M TpebyeTcs ompee-
JIUTDH T0JI€ BHE IPOBOAHHUKOB H NJIOTHOCTb 3apPSA0B Ha TPOBOLHHKAX.
Marematuueckas (GOpPMYJNHPOBKA 3alayd COCTOHT B CJAENYIOMEM:

Tpebyerca HalTu QYHKUUO @, YO0BAETBOPAIOUWYIO YDABHEHUIO
Jlanaaca Ap = 0 scrody 8He 3adanHol cucTemsl RPOSOOHUKOB,
obpawaiowyroca 8 Hyab Ha OECKOHEYHOCTU U NPURUMAICUYIO 3a-
Oaurble 3HAYCHUS (; HA NOBEPXHOCTAX NPOBOOHUKO8 S;:

@ls,=@;, @ == const.

Takum oGpasoM, B 3TOM ciydae MBI NPHXOAMM K IepBOH KpaeBoil
3ajave A1 ypasHenus Jlannaca. EAMHCTBEHHOCTh ee pellleHHs Cie-
IyeT u3 oOIlell TEOpHH.

I1. Bosmoxna u ofpaTnas mnoctanoBka 3azaud. Ha nposoj-
HHKaxX 3alaloTcs MOoJHble 3apaibl. TpebyeTcs ONpene/NHTh NOTEH-
UHasbl POBOJHKKOB, pacrpeleseHHe 3apsI0B 10 HX NOBEPXHOCTAM
W rojie BHe NPOBOAHMKOB. PellleHue 3To#l 3ajJaud CBOAMTCH K OThI-
CKaHUO Qyuryuu ¢, ydosiersopsaouell ypasrenuro Jlanaaca

Ap=10

8He 3a0aHHOL cucTembl nPOBOOHUKOS, 00PAWAIOWEHCS 8 HYLb HA
beckoneunocTu, npunumarowell Ha NOBEPXHOCTAX NPOBOOHUKOB He-
KOTOpble NOCTOAHHbLE 3HAYEHUS

@ ls, = const

u ydosirereoparoujeli UHTEZPAAbHOMY COOTHOULEHUID HQ nosepx-
HOCTAX NPOBOOHUKOB

do o
§ Fr do= 4ne;,
S

20e e; — noanstil 3apa0 i-20 nposodHuUKa.
2. ENMHCTBeHHOCTD peilleHHsl BTOPOH 3a1auu u3 o6uiefi TeopeMel
He cjaelyeT, HO MOXeT OblTb JIETKO J0KasaHa.
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IlpennoJoxuM, 4TO CyUIecTBYIOT fABa pelIeHHs] (1 H (g 3ajka-
yu II. Torra ux pasHocTb

V=0 — ¢
OyneT yAOBJETBOPATb yPaBHEHHIO
Agp'=0
H YCJOBHSM
7 ¢’ ’
[t |si=COUSt, fﬁ'ﬁ;d(’:o: ¢ |o=0.
S

3akmouuM BCe 3ajaHHble HPOBOJHUKU BHYTPb chepbl Tr OCTATOU~
HO GOJIBLIOTO pajuyca R ¥ NpUMeHHM K QYHKUHH ¢ nepBywo dop-
myay I'puna B o6rnactu Tgr, orpannueHHOH cdepoil Xp U NOBEPXHO-
CTSIMH NPOBOLHHKOB S;:

f(anf)sz— fq> 25 do+2 fq) 9% 4.

TR i=1 S

B cuay ycaoBuii Ha GeCKOHEYHOCTH !) M Ha MOBEPXHOCTSX, MBI
MOJIYUHM:
lim | (Vg')2dv=0,

R->oc0 T

OTKYyZAa, BCJAeNCTBHE NOJOKHTEJbHOCTH MOABIHTErpasjsbHOTO BHIpaxKe-
Hud, Cjaeayer:

Vo'=0 wuan ¢ ==const

BCIOAY B paCCMannBaemou o6aacTH. YuHTbIBad ycJOBUe Ha GecKo-
HEUHOCTH ¢’ | == 0, moayuaem:

¢ =0,

4TO W JOKa3hiBaeT €IHHCTBEHHOCTb ITOCTABJEHHOH 3a1auM.

3. VI3 eZMHCTBEHHOCTH pellleHHs KpaeBOH 3ajauu [JJasi ypaBHe-
uua Jlanjaca ciaelnyer, YTO HOTEHUUAA YeOUHEHHO20 NPOBOOHUKA
NpAmMO NPONOPYUOHALeH COOOUEHHOMY emy 3apady

L =c.
@

) Us ycaoBusa @'l == 0 caenyer peryaspHocts Gynknuu @ Ha Geckoney-
Hoctu (cM. crp. 301), B cuay yero

fqa gtp do—>0 npu R-> oo,
2R
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B camom nene, ecnu Ha yeJUHEHHBIH MPOBOAHHK MOMECTHTb 3a-
psdbl e u € = me, TO COOTBETCTBYIOUIHE NOTEHUHAJB ¢ H ¢ LOJK-
Hbl YIOBJETBOPSITL YPABHEHHAM

Ap=0; A¢’'=0

H TPaHHYHBIM YCJIOBUAM

n

! éﬁ_aj’_ — ____‘_g';a_‘?)'_ _
~m P do=¢ 1w 3 an do=me,
S S

OTKyna u caenyer, 4tro ¢ —me=20, T. e. %=
Ha nosepxHOCTH yeIHHEHHOrO NMPOBOAHHKA MOJAydaeM:

’

e

7

e -
— = (C = const.

P

A1y nocroaHHyio C Ha3bIBAIT €MKOCTbIO YEIHHEHHOTO [POBOI-
Huka. OHa He 3aBHCHT OT 3apsjfa NPOBOJHUKA, a OMNpenessiercs
dopmMoii ¥ pasMepaMu nocnejnnero. Takum obpasoM, LJst yeaHHEH-
HOro MpoBOJHHKA UMeeT MEeCTO COOTHOLIEHHE

— ——_L foe
e=Cp, C=—--$2 40
S

EMKOCTb yelHHeHHOTO NPOBOAHHKA YHCJIEHHO paBHA. 3apsdy, npH
COOOLIeHHH KOTOPOrO NMPOBOAHMK NMPHOOpEeTaeT MOTeHUUAJ, paBHbIH
1. Ecnn nmpoBoAHUMK He yeAHMHEH, TO €r0 NOTEHUHAN CYUIeCTBEHHO
3aBHCHT OT (DOPMBI M DPACIOJOXKEHHS] APYTHX IMPOBOAHHMKOB, Jlas
cHCTeMbl MPOBOAHUKOB MMEIOT MECTO COOTHOUIEHHS

e =C o+ Cio(@2—@) + ... +Cinlon— @),
ey =Cyo (@) — @) + CooPy+ ... + Con(9r — 93),

. L R ) L N T S R S Y

. e . . v s e s e v e s .« .

en = Cnl (‘pl _‘pn) + Cn2 ((p2 - ‘Pn) + oo+ Crm(pm

rlle e; ¥ @; — 3apajk H NMOTeHUHan i{-ro npoBoAHHKA. Bennuuna Cg
HMeeT CMbICJ B3aUMHOH €MKOCTH i-r0 NPOBOAHHKA MO OTHOLUEHHIO
K k-my npoBoanuky. Ona moxer GbiTb ONpefeseHa Kak TOT 3apsif,
KOTOpbIH [O/I2keH ObiTb cOOOLIeH (-MYy NPOBOJHHUKY IS TOTO, YTOGHI
Bce MPOBOJHHKH, KpoMe KR-ro, HMeNy HYJEBOH MOTeHUMAJd, a k-i
APOBOJHMK — NOTeHUHaa 1.

4. Jlerko 1okasatrb, UTO Marpuya x03dguyuenros Ci, A8a8€TCH
CUMMETPUHHOL, T. €. HMEIOT MeCTO COOTHOLIEHUA

Cio="Cps.
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Jns onpeneseHHOCTH PacCMOTPHM clyuall IBYyX NPOBOAHHKOB, XOTHA
¥ B cJaydyae AN MPOBOJHHKOB JOKA3aTeJIbCTBO OCTAETCS TeM Ke.

[lycte 3ajgasbl ABa npoBoAHHKA a K b, Torna onpenenensie Ko-
s ¢unnentoB Cop 0 Cpe cBefieTca K onpefenennio bysxkuuit ut u
u®, ynoBjeTBOPAOMHX ypaBHenuaM Au®) =0 u Au® =0 u rpa-
HHUHBIM YCJIOBUAM

uW s, =0; uWls,=1 uV|,=0,

1 A

— pfl) — .
do = e =C,;

u? g, =1 u®ls,=0; u®|,=0,

1 au?

T im on
Sy

do=ef Cpp

OnuuieM cdepy Zgrp AoCTaTOUHO OoAbIUOro pajguyca R, 3akiio-
yamomyw o6a NPOBOAHHMKA, @ M b, u npumenuMm ¢opmyay I'puna k
¢bysxnuaM u® u u® B 06sacTH MeXAY NOBEPXHOCTbIO g H I0-
BEPXHOCTSIMH NPOBOJHMKOB Sq M Sp

.f WD Au® — 4@ AyW) dy = f (u(1>§“(_2). — u(a)ﬁﬁ“_)) do.
or an

(]
TR Tp+S,+5,

Hurerpan B J1eBOil 4aCTH 3TOr0 paBeHCTBA paBeH Hymo. Hcnosabsys
rpaHUyYHBIE YCIOBHS M YCIOBHS B GECKOHEYHOCTH, NMOJYYHM:

au'®
on

(1)
do — J‘i;n—do=0
Sa

HJIH
Cab == Cpa»

4yTO B TpeGOBaJOCh AOKA3aTh.

5. TlepelizeM K KOHKpPETHBHIM NpHMeEpaM.

PaccMoTpuM 3ajauy o noJe sapsixkedHoro wapa. Ilycts Ha mo-
BEPXHOCTH MPOBOJMIIETO lIapa pajiuyca a 3aJaH NOTEHUHAT qo.
Pewasa samauy 1, nerko moxkasartb, 4TO noje H IVIOTHOCTb 3apsiaoB
Ha NOBEPXHOCTH LIapa B 3TOM cayyae OyneT onpelesnsiThCs BeIpa-
JKEHUAMH

— %o )
p=-a U 0=

Ecny BMecTO NMOTeHLHaNa Ha NOBEPXHOCTH IIapa o 3allaH HOJHLIR
3apal ey, COOOUIEHHBIH wWapy, TO

€ [ €
q)0="‘70'v o= 43.;:12: q)=_r_0 (r>a).
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Ilpu sTOM eMKOCTb Iiapa
C=a,

T. €. B alCO/NIOTHHIX elHHHUAX EMKOCTh YeIHHEHHOTrO [lapa uHC-
JIEHHO paBHAa ero paiuycy.

B xauectBe caenyiouiero mpuMepa pacCMOTPHM 3anauy o cde-
pHUYECKOM KOHAeHCaTope (CHCTeMa JBYX KOHIEHTPHUYECKHX [IPOBO-
pamux coep).

[TycTb BHyTpeHHuUl Wap paguyca ry HMeeT 3aRaHHBIH HOTEHLHAN
Vo, a BHewHui wap paauyca r» 3azeMieH. Toraa onpeiaesneaue nos
BHYTPH KOHJEHCATODA CBOAMTCA K OTHICKAHHIO (QYHKNHU ¢, YIOB-
JleTBOpAOLlell ypaBHEHHIO

Ap=20
U YCJOBHUAM
el,=Ve @l,=0.

Jlerko noKasaTb, 4TO B 3TOM cCJydyae

N | 1
*= rg—rn Vo(f 72‘)'
a eMKOCTb Cdpepﬂqecxoro KoHaeHncaropa paBHa
C = e
rg—ry’

Bonee cioxkuolt sagauelil siBnsercs onpeleieHne NOTeHUHasda
cdepbl B NPHCYTCTBHH APYro#l cdepsl, He KOHUEHTPHYECKOH ¢ AaH-
HOH. DTa 3ajaua pelaeTcsi METOAOM OTpPaxKeHHH. AHaJHTHYECKOe
pelleHHe JOBOJBHO I'POMO3JAKO, H MBI 3/lecb MPUBOAUThL €ro He Gy-
zeM 1).

6. Ilepefimem K AByMepHBIM 3ajauam.

B kauecTBe mpHMepa pPacCMOTPHM LHJIMHAPHUYECKHIl KOHAeHCa-
TOp, 00pa3oBaHHBIl ABYMA GECKOHEUHO IJMHHBIMM KOAKCHAJbHBLIMH
UUAMHAPAMH, HAa OJZHOM H3 KOTOPBIX paBHOMEPHO pachpelesnex
aJiekTpHueckuil 3apsai. OueBUAHO, YTO pelleHHe 3aJauyd OJHHAKOBO
BO BCEX MNJOCKOCTAX, NapaJiefbHbBIX NJOCKOCTH HOPMaJbHOTO cCe-
yenust uuanuapa. [losroMy B3amayy MOXKHO pacCMaTpPHBATB KdkK
IJIOCKYI0 M BMECTO I[IOJIHOTO 3apsja 3afaBaTbhb 3apfA] Ha eIHHHLY
JJIMHBL X.

Ecnu BHewHHH UMIMHAD pajuyca rp 3a3eMJeH, a Hd BHYTpeH-
HeM — pajuyca r; — 3ajaH 3apsj %, TO NOTeHLHaJ NMOAA B KOHJIeH-
catope OInpelesieTcs BhlparKeHHeM

r
(p=2nlnr—2,

) Cm. ®pank u Musec, Hudpdepenuuasbupie ¥ HHTErpasibHble ypaBHes
HHsA MaTeMaTHueckol ¢usnky, 1. 11, ctp. 713, 1937.
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a €MKOCTb €JHHHIbt JJIMHB HWJIHHAPKYECKOI0O KOHAEeHcaTopa paBHa

C=—I>_.

21n 22

ry
PaccMoTpenHblii IpHMep NO3BOJISET PEMHTh Gojlee CAOXKHYIO 3a-
JAauiy OIpeAcseHHA €MKOCTH NpoBOjaa, PacnoJaoXKeHHOTro Hajx npo-
BoAsleH miaockocTblo. [lycTh Haa GecKOHEUHOH MJIOCKOCTbIO Ha
PacCTOsIHMH | OT Hee HaXOAHTCSt GECKOHEUHO MJIMHHBIN MPOBOA pa-
Auyca p, Ha KOTOPOM pacnpejesed 3apsfi ¢ IJIOTHOCTbIO x (3apsil
Ha eIHnHHLY lIJIPIHbI). ﬂCHO, 4TO H 3Ta B3aJaydya MOXKeT pewaTthca

KaK AByMepHafl.

HI1. OcHoBHas 3anaua 3JeKTpPOpa3BenKH

s ¥u3yyeHHsi HEOAHOPOJHOCTH 3eMHOH KOpPbBI B MeNsix pas-
BellKH TIOJE3HbIX HCKOMaeMblX UIHDPOKO NPHUMEHSIOTCS 3JeKTpHue-
ckue Meroabl. OcCHOBHaf cxema 3JeKTPOpasBekKH MOCTOSHHBIM
TOKOM 3akJjlodaercss B ciaepyloimeM. [lpy noMowu 3asemiieHHBIX
3JIEKTPOJIOB B 3eMJII0 MPONMYyCKaeTcsa TOK OT nurawulefl 6atapen. Ha
NOBEPXHOCTH 3€MJH H3MepPSIOTCS HaNpspKeHHsT CO3QaHHOIO TaKHM
o6pa3oM 1ojaa MOCTOAHHOro ToKa. [Ipu nmomouu HabaoieHuii Ha
TIOBePXHOCTH ONpelensOT NOA3EMHYIO CTPYKTYpy. Metons! onpene-
JIeHHst MON3EMHLIX CTPYKTYp (mHTepnperanus Halawopnenuil) Gasu-
pYIOTCS Ha MaTeMaTHYEeCKOM pellleHHH COOTBETCTBYIOUIHX 3ajiau.

IToTeHunan noss. NOCTOAHHOIO TOKA B OLHOPOLHON Cpejie ya0B-
JeTBOpsieT ypaBHenHio Jlamnaca

AV=0 (2> 0) (1)
NpH HOMOJMHUTEJNBHOM YyCJ/AOBHU
av

o7, (2)

KOTOpOoe oO3HauaeT, 4TO BEPTHKaJbHAs COCTABJSIOWAS MJAOTHOCTH
Toka!) Ha («IHEBHOH») NOBepXHOCTH Z = 0 paBHa HYJI0, TaK Kak
noJsynpocTpancTBo 2 < 0 (BO3ayx) HelipoBoAsilee.

PaccmoTpuM TOYeuHBIfi 3/ieKTPOA Ha TpaHHLUE NOJYNPOCTpPaH-
ctBa B Touke A. OueBHAHO, YTO NOTeHUMAJ 1OJd OyAeT paBeH

fp
= R’ (3)

rie R — paccTosinHe OT HcTouHHKa A, p — ylelbHOE CONpPOTHBJe-
mue cpeabl, a [—cuna Toka. Ata QyHKUHA OT/IHUaeTCss OT (yHK-
LA HCTOUHHKA B HEOrDAaHMYCHHOM TNPOCTPAHCTBE KO3G(HUIHEHTOM
2 B cuay ycaoeus (2).

1) Cwm. cTp. 278.
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Hsmepsasa pasHocTh NOTeHUHANOB B Toukax M um N, nexamux
Ha OJHOH mpsAMo# ¢ A, IPH OMOIIM H3MEDPHTEJbHOH LelH, MoJy-
UHM:

v —vmy=2Car,

rine Ar — paccroanue Mexnay toukamu N u M.
[lpennonaras, uyto Toukd M u N ROCTaTOUHO GJIH3KH MeKAy CO-
Goli, NOJMYUHM:
V(M) —V(N) __|aV
Ar =1{"or

NL
= omr??

rae r — paccrosiuue ToukH O (uentpa npuemuoit nenu MN) ot nu-
Tawouiero anekrpona. Cuna toka / B nutamomel nend W3BecTHa, Tax
KaK perucTpupyercd B TedeHue xojna paGorel. Otcioma anas co-
NPOTHBJAEHHS OAHOPOAHOIO MOJYNPOCTPAHCTBA NOJMYUHM:

v @)

or
Ecnu cpena HeofHOpOaHA, TO BeNMUHHY p, OnpelessieMyio 1o ¢op-
myse (4), HaspiBAIOT KaXKYLIMMCH CONPOTHUBJIEHHEM M 0003HAUYAIOT
yepes pp; Pr He OydeT NOCTOSSHHOH BeJHYMHOM.
PaccmoTpuM 3ajauy O BepTHKAJbHOM 3JIEKTPHYECKOM 30HAHMPO-
BaHHHW, KOIJa CJOHM 3eMHOH KOpPHl 3ajeraioT FOPH3OHTAJNBHO H CO-
IIPOTHBJIEHHE HX 3aBHCHT TOJIBKO OT [JIYGHHBL

p=p(2).

B stom cayuae Kaxyuieecs CONpOTHBJeHHe Oyaer ¢yHKUHel
paccroanus r = AO. 3ajlauya MHTEpNpeTaUHH pe3yJIbTaTOB BepTH-
KaJbHBIX 3JE€KTPHYECKHX 30HIAMPOBAHMH 3aKjiouaercs B olpejese-
HHM QYHKOHH p(2), Aalollell «3JeKTPUUeCKHii pa3pes» cpelsl MO
H3BeCTHLIM 3HAUEHUSM py (7).

PaccmoTpum nmoapoGHee 3ajzauy o ABYCIOHHOf cpene, Koraa of-
EOPOIHBIA C/IOH MOUHOCTH [ H CONPOTHBJECHHS po JEXKHT HA OXHO-
POLHOH cpele ¢ CONPOTHBJEGHHEM Py,

po nmpn 0Lz <,
p(2)=
o mpu <z,

OueBnano, uTO HAa HeGOMBIUMX PACCTOAHHAX 7 K | Kamymeecs
CONPOTUBJIEHAE Pr PABHO pg, TAK KaK HiHAHUE MOJCTHIAIOUICH cpe-
Abl OyneT ckasbiBaThess Mano. Jlis GOJNbLIMX paccTOsHHH (r 3> [)
pr OylleT paBHO py.

3ajaua CBOAMTCS, TaKMUM O0pasoM, K HaXOXIEHHIO peLIeHHs
ypasueuns Jlamnaca V, B ciioe 0 <<z <<l u Vi B nonynpompag-
crBe 2> 1. Tlpu z =1 IOMXHE BHLINONHATBLCH YCIOBHS HempephiB-

HOCTH IOTeHL HaJga

2mr?
0= __1_- .
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B HenpepbhiBHOCTH HOPMAaJbHBIX COCTABJAIOLIHX IVIOTHOCTH. Toxa
1 aV 1 av
0 — 1 (6)

0o 0z o 0z

IMpu 2 = 0 norernuan V, monxkeH yIOBJIEeTBOPATb yciosHio (2),
a B Touke A, KOTOPYI0 Mbl BeIGepeM 3a HAyaJ0 LUHAHHAPHYECKHX
koopauuar (r, ¢, 2), motennuans Vo, IOMKeH HMeTb OCOGEHHOCTb
tuna (3)

Z=! 2=l

[1%4 1
Vo= —=—=+u, 7
0 on Vit r » @
rle Up— OrpaHuueHHasa QyHKIHS.
®yukuusa Vi gonxHa OBITb OrpaHMuYeHHOH Ha OeCKOHeUHOCTH.
Oyuxuud vo 0 Vi ynosiaerBopsioT ypasHenuio (1), koTopoe B cuny
LUJHHAPHUECKOH CUMMETPHH 3ajaun npuobpeTaeT BULA

02V 1 oV oV
a t 7o T =0

Meron pasgejeHusi nepeMeHHbIX jgaeT Aas V pBa tHna pelueHuf,
OrpaHHuYeHHBIX npu r = 0:
exrz] (Ar),

rae Jo — dyakuusa Beccenss nynesoro nopsinka (cm. Jononnenue II,
u I, § 1), a A— napamerp pasjenenus. ByneMm uckaTe peuieHHe
B BHJIe

[ 1
Valr, )= ot ot f (A= -+ Boe?) I (Ar) dh,

Vi(r, 2)= [ (A= + Bie9) Iy (Ar) da,
0

roe Ao, Bo, A1, By — Heroropbie mNocTOsiHHBE, YciaoBue (2) naer
cBaA3b Mexay Ao n Bo. Boluncanm

%=_p_ol_.__§__¢f — AAe-hz a2
> pynkle e 0 ( e~ 4+ ABe*?) I, (Ar) d.

Ycnosue (2) mpuHuMaetr BHJ
[ (Bo— 49 Jo(ar) hdr =0
0

NnpH npou3BOJLHOM 7, OTKyAa
Bo el AQ-
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H3 ycnosus orpanuuensHoctd V, npu z— oo caeayer, yto

X B] —_ 0.
Taxum obpasom,

Vilr, 2)= J. Ae=*2] (Ar) dr
0

Volr, 2) = f [ge=2 4 Ay (e=P= + ¥2)] T, (Ar) di;
0

NpH 3TOM MBI BOCHOJB30BANHChL $OPMYJIOi

1

7;2_*_{72— = 6[‘]0 (hr) e~z d), (8)

(cm. Hononunenwne 11, u. I, § 5) u ob6o3mauuan g—"ﬂ_fzq,

OcraBuivecs nocrosnnble Ay u A, ompegensiiotrcss n3 YCJAOBHIT
(5) u (6) ans z = [, KOTOpBlE CBOASATCS K CHCTEMe anre6pamyecKux
YpaBHEHHUH:

A() (e—QM +1)— A,e—W —_ qe—%l,
1 1 q
— Agle=M — 1) — — Ao~ — _ 9 p-om
0o o ) p, 1 90 ’

OTKYyJa HaXOAHTCA KOIP(HUUUEHT

(01 — po) e~
(o1 + po) — (p1 — po) @

Ay= oM
¥ peuwienre Vo 115 BepXHero cnosi gaetrcs GopMyJoil
1o, [ —Az ke—QM —Az Az
Volr, =1 |° to e e dr, Q)
81 A v
0

rle NoJIoXKeHO

Or— 0o __ A

01+ po ’

TIpeoGpasyem moayuennoe seipaxcenune. Tak xax |k|<< 1, T0 mMox-
HO 3alHcarTh:

ke-—-2M

[e )
= NV . o2
T = N e

n=l
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H
Volr, z)=

o * _ . [ & n_ — ni—z,
=Y [Fer e anas 23 [ #2000, @)

n=0 0 n=10

Orciona, BOCNONb30BaBIIKCL dopMyaol (8), nonyuum:

B S PSS SR PP DR
Volr, 2)="2 (nglk Vm‘—_gw'F%]k Vrz+(z+2nn2)' (o

3710 BuipaxKeHHe AJs pemreHdas (9) MoxeT OHITh CPa3y HaNUCaHO,
ecld pewiaTh 3ajauy Meropom orpaxenuit. Iosaras z=0, mo-
JlyuaeM pacnpefeseHHe MOTeHUMAaNla HAa MOBEPXHOCTH 3€MJIH

Ip | 1 < i

Volr, 0)——531[74'2 EOW-!?W]' (11)
==

OTKYJZa '

o _ _Ipo| L oW __ k'
ar — on [rz +22} [r2 4+ (2nl)?]he ] '
n==
U 0Jd pp 10 popmyne (4) uMeeMm:

_ \ k"r? .
o125 gt | -

o n(E\
=Py 1+22'[(—;g_)5(%2lﬁ'] = pof (&), (12)

rne & =r/l, f(§) o603HauaeT BhIpaKeHHe B KBaAPaTHbIX CKOGKAX.
Ilpu r K [ umeem

Or ££ o
YTo6bl OUeHHTb NOBedeHHe pp NPH GONBLUIHX 7, YCTPeMHM B (op-

myae (12) r— oo (§ - oo0). Ilpegen n-ro usena cymmsl Gymer pa-
BeH k™, OTKyZAa CJeLyeT, uTo

N

e LTk 0rtpot(pr—p0)
P T =% =% T o= (o =p) P

CpaBHHBasi SKCNEPHMEHTAJbHYIO KPHBYIO C KPHBOH, ompejeaseMoi
dopmysoi (12), MBI MOXeM ONpeNeNHTb pp MO 3HAYECHHAM py IPH
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MaJsbiX 3HAYCHHSX r, p; 110 3HAUEHHAM Oy NIPH OOJBUINX 3HAUEHHSAX 7.
MoulHocTs BepxHero npoBoAsllero cjos [ onpenensiercss non6o-
pom. OHa paBHa TOMY 3HAUeHHI0 [/, NPH KOTOPOM 3MIMpPHUECKas
KpuBas kaxk ¢Qysxkuua p(g) = p(r/l) HaunbGoJsee GaH3KO cOBHajgaer
c kpuBofl, BhuMcAeMO# no ¢opmyae (12). Ha texsuke nonbopa,
NPOU3BOJUMOrO C NOMOUIbI0 GHOrapHdMUUeCKHX MaclITaGoB, Mbl
He OyneM OCTaHaBJHBaThcA !).

B cayuae MHOroC/JOHHBIX pa3pe3oB KpHBEIE AN Pp BbIUHCIAOT-
Cfi aHaJOornyHo. XapakTep 3JIeKTPUUECKOr0o paspe3a cpelbl ompe-
Jeqderca NpH NOMolix nogbopa TeopeTHuecKOH KpPUBOH, Haubosee
6ausko cosnapatoulel ¢ smnupudeckoil. [lpum yBenuuyeHuu umciaa
CN0€B TEeXHHKA HHTEPNpEeTallH BeCbMa OCJHOXKHSETCS, TAK KaK UHC-
JIO BCIIOMOTATeJNbHBIX TEOPeTHUECKHX KDHUBBIX CHJbHO pacTerT.

OrMeTnM, 4TO NPH pasJIHUHbIX JMEKTPHUECKHX paspesax pi(z) & -
== p2(2) COOTBeTCTBYIOIIHE KaXXyIIHecs CONPOTHBJCHHA TakkKe pas-

JIHUHBI
o) (1) = o2 (1)

CJICIOBATeNIbHO, 3afauya 00 OoNpeleseHHH 3JeKTPHUECKOro paspesa
N0 KaXyuUleMycsl CONPOTHBJEHHIO ¢ MaTeMaTHYeCKOH TOUKH 3peHHs
MMeeT eIMHCTBeHHOE pellieHue 2).

3ajaud, aHasOTMYHble PACCMOTPEHHOH 3ajxaye 3JeKTPOpasBef-
KH, BCTPEUAIOTCA B PA3IMYHEIX 06/1acTAX (H3UKH H TEXHHKH.

C 3JeKkTpocTaTHYeCKHMH 3aJaiyaMH MBI BCTPeuaeMcsi NPH KOH-
CTPYHPOBaHHH DAa3/JHUYHBLIX 3JIEKTPOHHBIX NPHOOPOB, C TEMJOBLIMU U
FHAPOJMHAMHYECKHMH — BO MHOTHX 00JIacTAX TeXHHKH (Tem1ooTaa-
ua 3/aHHAMH, GUABTPANMA BOALI NMOA IJIOTHHOH H T. 1.)3).

3anauy onpejeseHHs MarHHTHOIO NOJIS B HEONHOPOZHOH cpene
BCTpPeualoTcs, HampuMmep, B MarauTHoM Aedekrockonud. Ilas omnpe-
JeneHus JedekTa B JeTand, HanpHMep HaAJUYHS MYCTOT IO II0-
BePXHOCTbIO, METaJJIHYECKYIO AeTalb NOMEI[AlOT MeXJy MOJI0CaMu
MarHuTa H H3MepsIlOT MarHHTHOe MoJle Ha MOBEPXHOCTH jaeranu. Ilo
BO3MYIIEHHIO MarHHTHOTO MOJs TpeOyercsl ONpele/uTh Ha/iuue
nedekra, a TakxKe, ecH BU3MOXKHO, pasMepnl gnedekra, rayGHHY
€ro 3aJieragus 1 T. A.

Hns peireHus 3ajau HCHOAL3YIOTCS MeTOAbl MOAENHPOBAHHUA,
OCHOBaHHble Ha NOJAOOHMH NOTEHUHAJbHBLIX NOJeH pasiuyHOi (Qu-
3HYECKON IPHPOIBI £).

) Cm., manpumep, mnpekpackyroo kuury A. M. 3aGopoBckoro «3aekrpopas-
BeaKa», 1943.

2) A, H. TuxonoB, O eIMHCTBEHHOCTH DEIIEHHS 3aAYH SIEKTPOPAIBEIKH,
JAH 69, Ne 6, 797 (1949).

%) H. H. ITaBanopcku#, TeopHs ABHXKEHHS TPYHTOBBIX BOZ [0J THAPOTEX-
HHYECKHMH COODYXKEHHAMH M ee OCHOBHble npuioxeumd, 1922, ra. XIV.

4) A. B. JIykpsinoB, OC 31eKTPOJHTHUECKOM MOAEAHPOBAHUU NPOCTPaH-
cTBeRHbX 3amay, JAH 75, Ne 5 (1950).



IV. ONPENEJIEHUE BEKTOPHLIX TIOJIER 385

B caMom mese, pacCMOTPHM mNOTeHLMaJbHbie NMOAA B HEONHO-
POAHBIX Cpelax pas/MyHOH (H3HUeCKOH NMpupoAnl (HampHMep, cTa-
IHOHAPHOE NOoJie TeMIepaTyp, MAarHHTHOe MoJe B HEeOJHOPOTHOM
cpelle, 3JeKTPOCTATHUECKOE TIOJIe, NOJE CKOPOCTeH KHAKOCTH IPH
¢uabrpanun). I[loTeHuuanbHble OYHKHUH 3THX moJdelt u(X,y,z2)
B KaxJOH OAHOPONHOH 06JacTH YAOBJETBOPSIOT ypaBHeHHIO Jlam-
naca Au = 0. Ha rpanune o6nacreli Gy u1 G» c pasiH4YHBIMH KO-
3¢ dHIHeNTaMH TeMJIONPOBOJHOCTH, MarHHTHOH MNPOHUIAEMOCTH H
T. I. BBINOJIHSAETCSA YC/I0BHE
b au(ll_ au(2)
1"9n = "279n

rae Ry U ky — COOTBETCTBYIOUIHe (pH3HUECKHE MNOCTOSIHHBIE.

[Tycts Ha rpaHHumax paBHBIX I'€OMETPHUECKHX O6JacTedl 3amaHbl
YHCJIEHHO paBHble 3HAYEHH$ MOTEHLIMAJOB HJIH HX HOPMaJbHBIX
NPOU3BOAHBIX pPa3iuuHbIX (pusuveckux noseir. Ilpeamosoxxum, uto
(u3HUecKHe HEOAHOPOAHOCTH 3THX 06JacTed [eOMeTpHYEeCcKH pas-
Hbl H OJMHAKOBO PacHo/IOXKeHbl; OTHOUIEHHS (H3UUECKHX MOCTOSIH-
HBIX (TeNJONpOBOAHOCTEH, MATrHHTHBIX NpPOHHLaeMocTefi H T. 1)
JII060# mapbl COOTBETCTBEHHLIX HEOLHOPOAHOCTEH TOxKe paBHbl. Tor-
Ja YyHuCJAeHHble 3HAueHHs MOTEHIUHUANOB 3THX NOJeH BO BHYTPEHHUX
COOTBETCTBEHHBIX TOYKAX TaKXXe PaBHBEl, TAK KaK SIBJASIOTCS pelre-
HHeM OJHOH M TOH Ke MaTeMaTHUECKOH 3alayd, MMelolleH elnH-
CTBEHHOE pelleHue.

IV. OnpeneneHyie BEKTOPHBIX MoJei

Hapsaay co ckaisipHbiMH 3afayaMH BO MHOTHX BONpOCAX 3JieK-
TPOAHHAMUKH H THAPOJAMHAMHUKH 4acTO BCTPeYaloTcs 3ajaud o6 omn-
pefesieHHH. BEKTOPHOIO 10JIs1 MO 3aJaHHBIM DOTOPY M JAMBEPTeHUHH
3TOTO TOJ.

JlokaxeMm, uTO BeKTOpPHOe mnoje A OJHO3HAYHO oONpereseHo
BHYTPH HeKoTOpo#l o6nactH G, orpaHHdYeHHOH 3aMKHYTOH MOBepX-
HOCTbIO S, €C/M 3aflaHBl POTOP M JAHBepreHUHs nojs BHyTpu G:

rot A=B, (1)
divA=C, 2}
a Ha rpanulie S 3ajJaHa HOpPMa/bHasi cocTaBasiouiass Bektopa A.
Anls = (M). 3

OrmertnM, yto ¢yrkuun B, C u f He MOryT GbiTh 3agaHbl NPOM3-
BOJbHO. JIOMKHBL BBIMOJHATBLCS COOTHOIIEHUS

divB =0, %)
[[rmyas = .”dex. )
a

'S

13 A, H. Tuxonos, A, A. Camapckuil,
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®ynkuuio f GyaeM CYUHTATb HENMPEPHIBHOM HA MOBEPXHOCTH S, yHK-
unu B u C — HenpepblBHHIMH B G BMecTe CO CBOMMH NPOH3BOIHBI-
MH U TIOBEPXHOCTb S — TakoH, 4YTO AJf Hee paspelIuMa BTOpas
BHYTPEeHHsI KpaeBas 3ajaya MpPH HENPEPBHIBHBIX IPAHMYHBIX 3Ha-
YeHHsX.

IlocraBjeHHyl0 3ajnauy 6GyleMm penlaTb B HECKOJbKO 3Talos.
Haiizem BekTop Ay, y1OBJETBOPAIOMHH YCAOBHAM

rot 4, =0, (6)
divA4,=C., ¥
W3 cootromenus (6) caenyer, 4yTo
A =gradg. 8)
B3as ¢yHKUHIO ¢ B BHAE
o=~ | Gf [ CRSZ) dq, ©)

MBI YJIOBJNETBOPHM U ypaBHenuio (7). Onpenenum Temepb BeKTOp
A, Tax, uTo6Hl

rot 4,= B, (10)

divA4,=0. (11)
ITonaras
MBl yaoBierBopuM ycaosuio (11). IMoacrasaaa (12) B (10), moay-
YUM:

grad divy — Ay = B. (13)

[MorpeGyem, uTOGH!

divp=0. (14)
Torpa ypasuenne (13) ans Bektopa ' IpHMET BHA

Ap=—B. (15)

Paccmorpum o6aacth Gy, HeNHKOM coiepikautyio obaactb G H or-
PaHHUEHHYIO MOBEPXHOCTbIO Si.

[Tpononxum Bektop B B o6snacte Gy — G, notpe6oBaB BHINOMHE-
HUSl YCJIOBHH: , ‘

1) nopmanbHas cocrtaBadomas B, Bextopa B Ha rpanuue S
HenpepeiBHa (caMm BekTop B, BooGlle roBopsi, paspeiBeH), Bn; =
= Dne;

2) B,=0 ma §; (16)

3) divB=0 B G,—QG. 4"

YKaxeM, Kak OCYUIeCTBUTb TaKoe NPOJAOJMXKeHHe B Ha o6aacts
Gy — G. Tlonoxum

B=grady B G,—G.
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Yeaosue div B = 0 paer

Ay=0 B G,—G. (17)
I'pannuHble ycaoBHs, B culy 1) u 2), uMelor Bug

ad

535—= i Ha S, (17’)

d

E=0 ma S, (177)

rie B,; — npepenbHoe 3HaueHHe B, Ha BHyTpPeHHell cropone S. Tas
(QYHKIHMH x Mbl NOJYYHM BTOPYIO KpaeByio 3azauy (17)—(17”7). He-
00X0OMMOe YCJ0BHe PA3PEIiuMOCTH 3TOU 3ahauH

[[22as= ”B S =0

S+
BBHITIOJIHEHO, TdK Kak

U Bnd3=fajfdiv3dt=o,

D(P) = f” 59 i,

P=P(x, Y, 2), QzQ(g’ " £, RPQ=V(x—§)2+ (!/"‘71)24'(2*@)2,

Mbl, OUEBHIHO, YLOBJETBOPDUM ypaBHeHuio (15).
Herpynuo yGemuthcs B TOM, 4TO ycjoBHe (14) TakxKe BHINOJ-
HeHo. B camom nene, BLIUMCAMM NPOH3BOAHbIE
0% 0by O
dx * Oy * 0z °

ITonoxus

[Mpencrabnas unrterpan no obaactu Gy B Buae CYyMMBI mnerpanos
no G u Gy — G ¥ yuuThIBasi COOTHOLUEHHE

s [[[ 5 an=[[] ege()as==[[[ 5.3 () s

[0C/I€ HHTErPHPOBAHHS MO YACTAM GyAeM MMeTh:

&I oem [ g [T as
1] [ocm [ bt [ S5tas  ma

rme  cos o= cos (r, x)lg, cosay=cos(n, x)|g, n-— HaNpapjexue
BHEIlIHEH HOPMAJIM K ITOBEPXHOCTH.

13*
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Opx .
st g TOTYUHM:

e __ 1 0By 1 Lff._B — B
ax"—-mj.é”l ag" Rd‘c+4n : "eR £ cosadS —

| cos @
e [[Bemeas

Ananoruunnie BBIpAXKeHHAA HMEIOT MECTO IJA NIPOH3BOAHBLIX

oYy 0V
dy L P

Orcrona cJaexyer, yTo

. 1 div B 1 B 1 *Bpe— By
le\l)=-ZR—J~GJ.J'—R dT—E‘L‘f—Rf—dS‘*‘—“?{fJ'————eR ldS.
1 1 S

B cuny ycnosuft (4), (4") u (16), a TakKe HempepbIBHOCTH HOp-

MaJbHBIX cOCTaBAAKMHMX Bektopa B Ha S (Bni= Bne), BekTOp

A,, onpenensieMblft ¢opmynoit  (12), ynoBIEeTBOPSieT ypPaBHEHHIO

(10), ecnu BekTOp ¢ yHOBJeTBOpseT ycaoBusm (14) u (15).
ScHo, uto BekTOp Ay - Az yHOBNETBOPSIET YCIOBHAM

rot (4, 4+ A,)=B, : (18)
div (4, 4 4, =C. (19)
UYro6ul HaiiTH BekTOp A HaM ocTaeTcs YAOBJETBOPHTb IPaHHY-

HoMy yesaosuto (3). Jna atoro HaiigeM BekTop Aj, YAOBJAETBOPSAIO-
LM YCI0BHAM BHYTpH G

rot 4;==0, (20)
div A;=0, 21)

Ha S ‘
Azl s=T (M) = App Is — Agn ls = F* (M). (22)

Slcuo, uto dyukuusa f*(M) onpenenerna opHosHauHo. V3 ypaBHenus
(20) cmenyer, urto
A;=grad 6.
Moacraeasia 370 3HaueHHe A; B ypaBHeHue (21), noayumm
BuyTpH G:
AB =0; (23)
ycnoBue (22) maer 5 ‘
Fn =l (24)

T. e. AJd onpefejeHus (QYHKUHH O Mbl NOJYYHM BTOPYIO KpaeBylo
sanauy. [ToaTomy BekTop A3 onpeneiuTtcs OJHO3HAYHO.
Takum oGpasom, joKasaHo, uto 3afaya (1) — (3) umeer epun-

CTBEHHOE PelleHHe \
A=A+ 4+ 4,
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V. llpimenenne metoga koHdopmHOro npeoGpasopanus
B 3JEKTPOCTATHKE

I. las pemeHHs ABYMEPHBIX 3JIEKTPOCTATHYECKHX 3a4ay 4acTo
HCNoJib3yeTcss TeopHss (GYHKUHEA KOMIVIEKCHOro nepemeHHoro. Pac-
CMOTDHM, HANlpHMep, CJENYIOUYI0 3alady IJEeKTPOCTATHKH:

HQUTU 3NeKTpUYECKOe NOAe HECKOAbKUX 3APAMCEHHbLX npoeoa-
HUK0B8, NOTEHYUALbL KOTOPbLX PABHOLL Uy, Us, . ..

Takas 3afaua, Kak H3BecTHO (cM. mpuaoxenwue II), nmpuBoaut

K YPaBHEHHIO .
' Au=0 (M

C TPAHHUYHLIMHA YCNAOBHAMH R
u ,Si =U (2)

roe depes S; o6o3HayeHa MOBEPXHOCTb NMPOBOJAHMKA C HOMEpPOM i.
Ecln nojie MOXHO CUMTATh IJIOCKUM, He MEHSIOMIHMCS, Hanpumep
BIOJIb OCH 2, TO ypaBHeHHe (1) M TpaHUUHBIE YCJIOBUS NMPHUHHMAIOT.

BHI: . ,
0%u A*n
Ox"’ + ayz "'O’ (3)

u ICi = Uy, (4)

rae C; — KOHTYp, OTpaHHYHBAIOMKA o6aacTb Si.
ByneM MckaTb MOTeHIHMAaJ # KaK MHHMYIO 4acTb HeKOTOpPOi#l aHa-
JUTHYECKOH (DYHKIHH

f@=uvx y)+iulx, y) (z=x+iy), ()
npuueM B cuay ycaosuit Komn — Pumana

Vy=Uy  Uy=—1Uy (6)

0,0, + tyu,=0. )

M3 rpanuusoro yciaoBua (4) .caenyer, uro ¢yHkuus f(2) umeer no-
CTOSIHHYIO MHHMYIO 4acThb Ha KOHTYpax C;, OrpaHHUMBAIOMIHX HAIIH
NPOBOJTHHKH.

O6pawasich K yciaosuio (6), 3ameuaeM, 4ToO

n

v (x, y) = const : (8)

npenctaBaser coGofi ypaBHeHHe ceMelCTBAa CHJIOBLIX JIHHH{ Y1),
B TO BpeMs KAK ypaBHeHHe

‘u(x, y)=const 9)

1 . dx dy
) B caMoM fene, ypaBHEHHE CHJIOBLIX JHHAN HMEET BHUA = 3ame-
x Yy
HS8 U, H-uy COMIACHO ycnosusM {6) uepes —v, H Uy, NOAYYHM vxdx—l- vydy =
= dv = 0 unu v(x, y) = const.
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B cuay ycaosus (7) onpefenser ceMeHCTBO SKBHIOTEHIHANbHBIX
JIMHHA.

Takum o6GpasoM, AJs pelleHHs HOCTaBJeHHOH 3ajaul 10CTATOY-
HO HaiiTH KOH(OpMHOe npeoGpa3oBaHue

W= f (2),
nepeBojsiliee NJAOCKOCTh KOMIIJIEKCHOTO NMEPEeMEHHOTO
z=x-+1iy
Ha MJIOCKOCTh
w=v+iu,

NpH KOTOPOM T'PaHHUb NPOBOJHUKOB MEPEXOAAT B MpPsAMbie

u = const
HJH
Im w == const.

Ecnu u3BectHa Takas (yHruus @ = f(2), TO HCKOMHIH MNOTEH-
LMaJ HaxoAuTcsa no GopmyJe

u=u(x, y)=Imf(2).
3Hast NOTeHIHaJ, MOXKHO BBIUHC/IHTbL /EKTPHUECKOE ToJe

a 0
Ey=—G¢ Ey=—5 (10)

H NJOTHOCTb MNOBEPXHOCTHBIX 38p‘i{lIOB Ha €AHHUIY MOJAHHBI 1O
OCH 2. :
1 ) 2 _ | .|/ Ju \2 du \2
o= VE+E =4 (55) +(55)"

Koropas B cuay ycaosu#i Komu — Pumana pasna

o=—If ()] (11)

2. [Tone mony6ecCKOHEUYHOr0 MNJAOCKOTO KOHAEH-
caTtopa. Haiinem mone koniencaropa, o6pasoBaHHOTO GecKOHeY-
HO TOHKHMH METaJJHYECKHMH MJacTHHAMH y = —d/2 u y == d/[2,
npocrupaioumumucsa B obmactu x << 0. He ocranaBauBasicb Ha Bbl-
BoJe KOH(pOPMHOro npeoGpa3oBaHuUsi, NepeBOAsLIEro, 06aacTh, H30-
GpaxeHHy10 Ha puc. 68 B coil |Im w|<C m, Mbl NpUMeHsieM ero He-
NOCPEACTBEHHO K pelieHHI0 yKa3aHHOH 3ajauu?).

[IpeoGpasoBanue

2=t (w+e¥) (=0 i) (12)

) Cuv. ®pauk u Musec, JuddepeHunalbinie n HHTErpaibHbie ypabBHe-
HHA MaremaTuueckofl duauky, 7. II, ra, XV, § 5, 1937,
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MepeBOAHT IJIOCKOCTb 2==x- iy c AByMa paspesaMu (y =
= +df2, x<0) B caoit |Pp|<n nnockoctH W =@ iPp

¢

Yy
d
2 b4

PROSEAS

NI,

-7

Puc. 68. Puc. 69.

(puc. 69). B kauecTBe KOMIJIEKCHOrO NOTeHLHasa BhiGepeM (yHK-
LLHI0
Mo 1
o @ (13)
rie uepe3 up, o0O3HayeHa PA3HOCTb MOTEHLHMAJOB MEXAY NJaCTH-
HaMH KOHJeHCaTopa, TaK 4TO MOTEHLHa/ 3JeKTPHYECKOrO MO0Js Bhi-
paxaerca ¢QyHKUHeH

u
u(x, y)=§;’; , (14) \
rjie Y CBsS3aHO C X H Y COOTHOLIe-
HHUAMH g
d _ (15)
y =5 b+ e®siny). /

x=3d—(<p+e“’cosmb),
14

Ha puc. 70 n3o6paxeHsl 3KBH-
NOTEeHUHAJbHbIE U CHJIOBble JHHUH
nosNy6ecKOHEUHOTO MJIOCKOTO KOH-
JeHcaTopa.

[lepefineM K HccnegoBaHHIO MO BOJAHM3H KPas KOHAEHCATOPA.
N3 dopmyan (15) suano, 4to npu ¢ — — oo

[ ——

Puc. 70.

_ d _d
XN Y= 5, (16)

T. €. BHYTPH KOHJEHCATOpa, AaJeKo OT KpaeB, noJjie sBAsSeTcs MJOo-
CKHM, a MpPH @ — 00

p=Vx2+y2w—2%—e“’, 0=arctg L ~ 4, (17)

T. €. BHe KOHJAEHcaTopa, Ha 60MbIIHX paccTosHUsX OT ero kKpaes,
SKBHIOTEHUHaAJIbHbIE JIHHUHU ABJSIOTCA KpyraMH.
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Ecau BMeCTO ® BBeCTH KOMIJEKCHBIH mHOTeHuHan f==-"qy,
Pe1s

2n
TaK yTo W =70—f, TO CBAI3b MeXNY 2 H [ (2) 3alaercs ypaBHenuem
(o de®)
== — _— Us
z=d s + o @ ,
OTKy/la crelyeT:

2nf
dz _ d ( u—)
T\t ten )
a mpu f=7";’t—(qai- ni) MH TOJyYaeM:
dz d

o (T mm PE= g

[Tosaras u,=1, ™Mbl NoJyuYnM [/ IJOTHOCTH 3apsAmOB G CO-
riaacHo dopwmydae (11) caenymoiiee 3HaueHue:

o=@ __ 1
4nt dnd| 1 — €%

(18)

Orciona ciaenyer, uro npu ¢— — oo o =~ 1/4nd, a upu ¢— -+ oo
o6 =~ 1/4nde® t. e. B 3TOM cJydyae MJIOTHOCTb 3apsifOB yObiBaeT
Ha BHeIIHeH CTOPOHe MJacCTHH Kak l/p.

W3 ¢opmyant (18) Buano, uro npu ¢ = 0 (Ha Kpaw KoHAeHca-
TOpa) ¢ = oo. B camom Jese, Kpall MIOCKOH muacTHHb HMeeT Gec-
KOHEUHYI0O KPHBH3HY M JUIA TOTO, YTOObl 3apSAAUTh €r0 JO HEeKOTO-
poro noreHuHaJsa, HeoOGXOAHMMO MOMECTHTb Ha Hero GecKOHeuHbIH
3apsn.

Kpyr 3apauy, pemlaeMblX MeTOAOM KOH(pOPMHOro mpeo6pasoBa-
HHf, oueHb MWHUPOK. C ero MoMoNIbIO MOJKeT ObiTb YCHEIIHO pelien
BOMPOC O BJIHSIHHM Kpasi TOJICTOH CTEHKH MJIOCKOro KOHAeHCaTopa,
pAd 3ajAay, OTHOCALIMXCSA K BJHAHHIO H3rHOOB B KOHAEHCaTope
¥ 1. n. Kondopmuoe npeoGpasoBaHHe MOXKeT ObiTb TaKkKe NpPHMe-
HEHO K pacueTy AMHAMHuecKHX 3anad. HemocrtaTkom H3/0KeHHOrO
MeTofa SAIBJISeTCS TO, UYTO KOH(OpMHOE npeobpa3oBaHHE NpHMe-.
HsIeTC B OCHOBHOM JIMLIb K IIOCKHMM 3afayaM, CBOISILIUMCS K ABY-
MepHOMY ypaBHeHHIO Aqu = 0.

VI, Iipumenenue meroaa KondopMHOro npeo6pasoBaHus
B IHApPOJHHAMHKE

1. Tlpn pewenun 3aflau O ABHXKEHHH TBepPAOTO TeJa
B XHIKOCTH CYLUIECTBEHHYIO POJIb HIPAIOT TPaHHYHbIE YCJAOBHS
H4 [OBEPXHOCTH TeJsa.

B cayuae upeasbHOH KHAKOCTH FPAaHHUHOE YCJOBHE COCTOHT B.
TOM, 4YTO NPOEKLUHA Up CKOPOCTH KHAKOCTH Ha HanpaBJeHHe HOp-
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MaJjH K MOBEPXHOCTH TeJa J0JXHa paBHATbCS HOPMaJbHOH CO-
CTaBJAIONIEH CKOPOCTH IBHIKEHHS TeJsa.
Ecnu Tesl0 HeMOABHXKHO, TO IPAaHHYHOE YCJIOBHe NMPHHHMAeET NPO-
CTOH BH]
v,=0
Ha TOBEPXHOCTH Tena.
Ecnu paccmaTpuBaeMoe JBHXKEHHE NIOTEHUHAJBHO, T. €.

v=grad o,
TO TPAHHYHBIE YCJIOBHS NPUHUMAIOT BHA
c
a: s=0 B CJiyuae HENONBUIKHOTO Tena,

—2,5=u,, B CJyyae TeJa, ABHXKYUIEroCs CO CKOPOCTBIO &.

Kak wu3BecTHO H3 THAPOJHHAMUKH, NOTEHHIMAaJN cKopocTefi mis
HeCXKHUMaeMOil XXHAKOCTH yA0BJETBOPAET yPaBHEHHIO

Ap=0.

Takum o6pasoM, 3ajaya O NOTeHIIHAJbHOM OOGTEeKaHHH TBepuoro
TeMa NMOTOKOM HeCKHMaeMOH HIeaJbHOH KHUIKOCTH CBOJII/ITCH K pe-

WeHHIO ypaBHeHUs Jlanmaca
Ap=0

C JONOJHHUTENbHbBIM T'DAHUYHLIM YCJOBHEM Ha IMOBEPXHOCTH obTe-

KaeMoro Tejsa
NN -
on g = Un,

Q

T. €. K PellleHn1o BTOpoll KpaeBol 3ajauu AJs ypaBreHus Jlamnaca.
Ecan paccmatpuBaeMoe JABHXeHHe IJOCKOe, TO pelleHHe 3ana-
Yy MOXKeT OBLIThb MOJYUeHO NPH NMOMOLH TeOpUH GYHKUHN KOMII-

JIEKCHOT'O MePEeMEeHHOro.
B cayuae MJIOCKOTo JBHKEHHs HEeCXKUMAaeMO# XKHAKOCTH ypas-

HeHHe HeNnpepbIBHOCTH Jaer:
dvy 0 (—uy)
(1)

0x dy

3anuuieM ypaBHeHHS AHHHH TOKa

dx __dy
Ux _ Uy
B BHJIE
v, dy —v,dx=0 2)
H BBefleM (QYHKUHUIO § MPH MOMOLIH coomomennﬁ
v, 0ll>

v"_—:_ﬁ’ %y =" 3%
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Torpa u3 ypaBHeHus (1) cienyer, yTo JeBasi 4acTb BbIPAXKEHH
(2) aBasercsa nonHbiM AHb¢epeHunanoM GyHKIHU P:

Ve dy —v,dx=dy.
OnnonapaMeTpHueCKOe CeMelCTBO KPUBBIX
$(x, y)=C

npeactabaseT cobo# JHHHH TOKAa HECXKHMAEMOH IKHUIKOCTH.
Ecan cymecrByer norteHIuan CKOpocTel, TO PaBEHCTBO rotv =
= 0 paBHOCHJILHO yDaBHEHHIO

Ap=.0.

U3 BhipaxeHuil 15 Uy H Uy ClepyeT:
99 _9v 99 __ 0%
ox oy’ oy  ox’

T. € (QYHKHMH @ H v yA0BJAeTBOPSIOT ycaoBuaM Komwn — Pumana,
CnenoBaTeqbHO, QYHKIHS KOMIJIEKCHOTO NMEPeMEHHOro

w(2) =@ (x, y) + i (x, y)
ABJACTCS aHAJHUTHUECKOH.

Wrtak, BcAKOe NOTEHUHAJbHOE IJIOCKOE JBHMKEHHE KHIKOCTH
COOTBETCTBYET oOmnpeje/ieHHOH aHAJUTHUECKOH (YHKUHH KOMIJeKC-
HOTO MEePEeMEHHOro M, OOpaTHO, BCSKAs aHAJHTHUeCKas (GYHKIHs
CBsi3aHa C ONpeJde/eHHOH KHHeMaTHUeCKOH KapTHHOH JBHKeHHS
KHAKOCTH (TOuHee, ¢ ABYMA KapTHHAMH, TaK KakK QYHKLUMA ¢ H ¢
MOKHO NOMEHATb POJISIMH). '

PaccMoTpuM KOHKpeTHble NpHMepbl NMPHMEHEHHsl TEOPHH aHaH-
THYeCKUX (YHKLUHH K pelleHuio 3ajad 06 oO0TeKaHMH Tea IIOCKUM
MOTOKOM KHAKOCTH. ‘

2. O6Texanue Kpyrosoro uuauuapa. Ilycte Ha
KPYroBOH LHJAMHAP paaMyca r == d HaGeraeT NJOCKHUH NOTOK XHA-
KOCTH, HMeEIOIHH Ha OeCKOHSYHOCTH TMOCTOSIHHYIO CKOPOCTb U.
B ciayuae cranMOHapHOro [ABHXKEHHS 3ajauy MOXKHO OOpPaTHTb H
paccMaTpuBaTh [BHXKEHHE UWJIHUHAPA C MOCTOSTHHOH CKOPOCTBIO U
OTHOCHTEJbHO JKHIKOCTH. _

CaxeM ¢ UHIHHAPOM HENOABMIKHYIO CHCTEMy KOOpZAMHAT W Ha-
npasuM och Ox napansenbHO CKOPOCTH JBHMKEHHsS LHJIHHIpA.

Ha noBepxHOCTH [IBHXXYILErocst B KHAKOCTH Teda, OYEBHIHO,
BBHINOJIHAETCA TPAaHUYHOE YC/I0BHE

9 __ . 9y
Bs T “as

Te ds—3JieMeHT IyrH Ha KOHType, OTPaHHUHBAIONUIEM TeJo.
B cnyuae nocrynatesnbHOro JBHKEHH CO CKODOCTbIO U 9TO yc-
JIOBUe MOXKeT OblTb NPOUHTEIPHPOBAHO HA MOBEPXHOCTH TeNla, H
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Mbl NTOJAYUYHUM!

b=uy+C
Ha HOBerHOCTH TeJaa.
I/ITaK, Hallla 3ajayda CBeJ/JaChb K pPELISHHIO ypaBHeHI/Iﬂ

Ap=20
C 'PAHAUHBIMH YCJIOBUSMMU:
1) ¢ = uy + C Ha noBepXHOCTH LMUIHHADA,

op . op \
2) 5 By CTpeMATCA K HYJNIO Ha 6eCKOHEUHOCTH.
[Tocnennee ycnoBHe 03HauaeT, 4YTO QYHKUHSA

dw op , . O ,
dz ~ . 9y +i ox Uz 1y
asasiercss BHe kpyra C onHO3HAUHOH aHaAJHTHUECKOH QyHKuHeH,
ofpawapueiics B HyJb B GeCKOHEUHO YAaJEHHOH Touke. DTO ImoO-
3BOJIAET MPEACTaBUTb QYHKLUHIO @ B BHIE

w=Clnz—=—=—=-+4 ...
2 2
TTonoxus
Ck = Ak + lBk,
Mbl ONpeaednM nocrosHHbie Ax M By M3 rpaHHYHOrO YCJIOBHUS
Y=uasin®-+C,

nepeiiia K MOJSIPHBIM KOOPJAMHATAM 2 == qed,
JI1s1 MOCTOAHHBIX MMOJYYaIOTCS BEIPAXKEHHUS

A1=0; A2=ua2; B2-—_—0; A3= Ba-_— O;
OTcrona

r a?
(p—-2—:—c~9 — ucos 67,
T . a?
'll)——-"‘ﬁlnr"l“ uSlnBT.
TepBbiil uieH B BbIPaXKeHHH [/t @ BbipaxaeT UHUPKYJIALUIO HHTEH-

cuBHoctd I' BOkpyr umaueapa. B npocrefimeM ciayuae oTcyTcTBHS
HUPKYASLHH MBI THOJYYHM

KoMnJyieKCHBIE MOTEHIHAN JJs NOTOKA, OGTEKAIOUIero HemnomBHK-
HBIJi LMJIHHAD H HMEIOIEro Ha OeCKOHEYHOCTH CKOPOCTb 4, HMeeT
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BHJ
ua?
w=uz+—z— ———lnz

3. O6texanue naacTHHKHU [lonyuennsie peayabTaTh A
o0TeKaHHA KPYroBOro LMJHHApA IIO3BOJSIOT pellaTh 3alaud o6
o0TeKaHHH NPOH3BOJBLHHIX KOHTYpOB. [IpHm 3TOM npumeHsieTcs Me-
Toa KoHGpOpMHOro npeoGpasoBanusi. PaccMOTpHM ero mpuMmeHeHnde
Ha KOHKpeTHOH 3ajaue 06 0OTeKaHHH [VIaCTHHKH.

|7
z y &

Prc. 71

[Tycte Ha GeckoHeyHO AJNUHHYIO NJIACTHHKY WHPHHHE 24, pacno-
noxenuyw Ha ocu Ox (puc. 71), HaberaeT NOCTOAHHBIN MIOCKHUL
NOTOK, MMEIOIMH Ha OeCKOHEYHOCTH CKOPOCTb ¢ KOMIOHEHTAMH 4
u . l'Ipn NOMOILY aHAJHTHYECKOH GyHKUHU

e=5(t+7)=1@

MOXKHO YCTAaHOBHTb B3aHMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIy 06-
JacThi0 BHE IVIACTHHKH HA IJIOCKOCTH 2 M 06JacTbio BHe Kpyra
€IHHHYHOTO pajWyca Ha IJIOCKOCTH {. Hpu 3TOM TOUKE 2 == 0o
6yLeT COOTBETCTBOBAThL TOUKA { == 00, a :

dz

d_§=%>0 npu {=oo

[TocMoTpuM, KaK H3MEHHTC YycaoBHe Ha GeckoHeunoctd, Jlas
KOMINJEKCHOTO NOTeHLHa/Ia

w(2) =@+ ip

MBI HMEEM

(ﬂ) =u—iv==7
4z } oo ' ol

~— CONPAKCHHOEC 3HAUCHHEC KOMIIJIEKCHOH CKOpPOCTH,
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Haiizem sHaueHHe KOMIIEKCHOH CKOPOCTH (PHKTHBHOIO TEUEHMS
Ha MJIOCKOCTH {: ]

v@=wlf" @} =222,

(% )= 0 (k =3)-

Wrax, QuKTHBHOe TeyeHHe MpelcTaB/seT co6oii ofTekaHHe LH-
JIMHJpA €JUHHYHOrO pajHyca IIOTOKOM, HMeKLUM Ha GeckoHey-
HOCTH KOMIJIEKCHYIO CKOPOCTb AU. [LJISI TAaKOTO ABHKEHHS KOMII-
JIEKCHBIA NOTEHLMAN HMeeT BHI

w (¢) = ko g+ E2= 4 5 Ing.

H3 coornomenus z = f(§) caeayer:

OTKyZa

I/ICHOJIbSyﬂ 3TH COOTHOUIEHHS, MBbl MNOJAYYHM MHJSI KOMIIEKCHOI'O
MOTEeHIHaNa KHAKOCTH, oOTekalolleil T[JIaCTPIHKy, BbIpaxKeHue !

z+Vz’—_a2)

—_— —_—T 2 . 2

wE)=uz—iv VY — a4 — 2 ln( -

B ciyuae oTCyTCTBHA LUMPKYJALHH 3TO Bblpa}KEHHe NPHHHMAET BHA
w(@R)=uz—ivy2—d.

W3 nosnyueHHBIX COOTHOLIEHHH BHAHO, UTO CKOPOCTb Ha KOHLAX NJja-
CTHHKH JOCTHTraeT 6ecKOHeyHO GOJbUIMX 3HAaYeHHH. B peanbHBIX yc-
_JIOBHSIX 3TO, KOHEYHO, He MMeeT Mecra. Hammn pesyabratel o6bsic-
HSIOTCA TEM, UTO Mbl CUMTaeM XKHMIKOCTb HieasbHOl. [lpuvenss
TeopeMy Bepﬂymn, MOXHO HaHTH BEIPaKeHHe JIJisi CHJbI, AeficT-
Bylolllell Ha 06TeKaeMoe XHUAKOCTbIO TeJO.
~ MlayueHueM cnJl, ¢ KOTOPHIMH BO3IyX AefCTBYeT Ha ABHXKylileecs
B HEM KpBIIO caMoJeTa, 3aHUMAaeTcs a’pofAHHAMHYECKas Teopus
Kphla. B pasBuTHHM 3TOMl TEOPHH HCKJOUHTENbHAs POJib NMPUHALL-
“JIeXKHT PYCCKHUM H COBETCKHM yueHBIM, B nepByio ouepenb H. E. JKy-
koBckomy ¥ C. A. Yanawiruny. B npocreiimem ciyuae Gecuupxy-
ASIPHOTO OOTEKaHHs UWAMHAPA VIOCKHM NOTOKOM HAKOCTH MBI 110-
JiyyaeM MmapafoKcaJbHbI pesy/bTaT — OTOK He OKasbiBaer Ha LW-
JMBID HHKAKOrO AeficTBUs. B cayduae HasoXeHHs Ha MOCTynatelb-
HBI TMOTOK LHMPKYJASLHH CKOPOCTH BOKPYr WHJHHADA BO3SHHKAET
cusa, AeACTBYIOIlAas Ha UMJIHHJAD NePHEHAHUKYJSPHO K HampasbJe-
HHIO CKOPOCTH MOTOKa B GECKOHEUHOCTH.
Teopus aHaNNTHYECKHX OYHKUMA MOXKeT GbIThb HCNOJAb30BaHA
JUIIL B CJOy4ae IJIOCKOTO ABHXKeHHsl. B TpexMepHOM ciyuae npH-
xoaurcs mnpuberaTh K JADYrHM MeToAaM pelleHHs 3ajaud o0
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OOTeKaHUH XKHAKOCTbIO TBEPAOrO Tena. B obuiem cayuae pelenue
3ajaqu mpeicTasifer Gonbwue TpyaHocTH. PaccMorpuM mpocreii-
WA cayvyall ABHXKEeHHs wWapa B Ge3rpaHMYHON NOKOSIIeHcs »Xuj-
KOCTH C MOCTOSTHHOM CKOPOCTbIO. 3aflaua 3aKJIOUAEeTCs B pPelIeHHH
ypaBHeHHUsT

Ap=0
BHe Iapa ¢ IPaHHYHBIM YCJOBHEM
e =1 cos 0
an =4 c0s0 Ha NOBEPXHOCTH IIapa

r=a

8y 89 _ dp __
=0y =0z =( B OeCKOHEUYHOCTH.

Peuenne uineMm B Bujie

cosB
.

p=A4A

Hcnosnb3ys rpaHuuHOE YCJIOBHE, NOJYYUM:
ua®

== — 55 COS 0,

UTO U JaeT pelleHne NOCTaBJEHHON 3aJauH.

Bo Bcex pacCMOTPEHHBIX CaydyasaX Mbl CUHTAJAH KHIKOCTh
njeadpHol. [l BA3KOH KMIKOCTH TPaHUUYHBIE YCJIOBHS HU3MEHSIOT-
cs. Ha moBepxHOCTH Tena NOMKHO BHLINONHATHCS YC/IAOBHE MPHJIU-
NaHus, a UMEHHO: B TOUKaX TBEPAOH IPaHHLbI CKOPOCTb KHMAKOCTH
MO BeJMYHHE M HANpaBJIeHHIO AOJKHA COBNAajaTh CO CKOPOCTHIO
COOTBETCTBYIOLIeH TOYKH TPaHHLBbI.

3amaun 0oOTEKaHHA Tesl BA3KOH MKHIKOCTBIO NMPHUBOAAT K 6O.b-
IIAM MaTeMaTHUeCKUM TPyAHOCTM. B paseutuu 3Toil o6aacTd ruj-
POAMHAMHKH OOJbLIYIO POJb CHIFPaJdH TEOPHH MOTPAHHUHOTO CJIOS.

VII. BurapMoHuyeckoe ypaBHeHue

ipuwioxenun Il x raase 11 6w10 moayueno ypaBheHnue mo-
nepeuHblXx KoseGaHUH CTepKHs

0%u d%u
Bz +a ? Era =0 (l)

3ajgaua 0 Koje6aHUM TOHKOH MNJNACTUHKH, CBOGOJHOH OT HAarpysku
¥ 3aKpeIVIeHHOH Ha KPafX, Tak:Ke NPUBOJAMT K aHAJOTHYHOMY ypaB-

HeHuo 1)

2 62
St (G4 T4 2 ) =0 s dumo @)

1) B. K. Cuapnros, Kypc Bucimeli matemarukn, 1. 111, Tocrexuszar, 1956,
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M TPAaHHYHBIM YCJNOBHAM

u=0m —g—z=0 Ha rpaHuue. 3)

Kpome Toro, ¢ysxkums u HojaXKHA YAOBJIETBOPSITH HAYaJbHBIM yC-
JIOBUAM

u(x, y, 0)=o(x, y); %(x, ¥ 0=, ). (4)

Eciu Ha niacTHHKY AeHCTBYeT BHEIIHSIE CHJa, paclpeinesieHHas ¢
TJIOTHOCTBIO f(X,y), TO cTaTHuecKu#l nporub saKpeIJeHHOH MO
KpasiM MJACTHHKHM OYyIeT onpeletsiThCs H3 ypaBHEHHS

AAu=f (5)
NpH TPAHHYHBIX YCJIOBHAX
ou
u=0u —-= 0. (3)
YpaBHeHHe
AAu=0 (9"

Ha3biBaeTcs OHTa PMOHHYE€CKHM, a €ro pemeHusa, uMewlue
NpOU3BOJAHLIE 10 4-ro [IopsiAKa BKJKYHTE/NbHO, HAa3bIBAIOTCA 6 u-
TrapMOHHYECKHMH PYHKLUHUSAMHU

OcHoBHas KpaeBasd 3ajaua IJad 6HPapMOHH‘{eCKOI‘O ypaBHeHUA
CTaBHUTCA CaeAylomHUM o6pasom:

HatiTu pyrkyuro u(x,4), HenpepolBry0 emecTe ¢ nepsoti npo-
u3800n0i 8 samkuyrol obaactu S -+ C, umeouyro npoudsodubie
00 4-20 nopsadra 8 S, ydosiergoparouyro ypasueruro (5) usu (5')
eryTpu S u epanudnoin ycrosuan va C

ule=g(s) G| =h0) (6)

20e g(s) u h(s)— nenpepoigrovie ynkyuu dyau s.
[Tpu pewmeHnn GOpMyJUPOBAHHOH Bhlme 3ajaun (2) — (4) c
HAYaJbHEIMH YCJIOBHAME METOJAOM pasie/leHHs [ePeMeHHbIX noa-

ramoT, KaK oObIUHO,
u(x, y, )y=uv(x, y) T (). (7)

TMoacrasnss 3T0 BhIpaXKeHHWe B ypaBHeHHe (2) u pasnensis nepe-
MeHHble, Mbl IPHXOAHM K 3afade 06 OTbLICKAHHHM COGCTBEHHBIX 3Ha-

YeHHH ypaBHEHHA
ANy —Au=0 ' (8)

NpH FPAHAYHBIX YCJIOBHAX

=0, av

-7 =0 na C. 9
1. EnuncreeHHocTs pewenusn. JlokaxeM, YTo bueapmonuyecKoe

ypasrerue
AAu =0
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npu epaHU4HbLX YCAOBUAX
o Jul __ ’
wle=g(s), ;| .=h0) (3"
,uMeeT e0uUHCTBeHHOe peulenue.
IlycTh cyilecTByeT nBa peme}mﬂ uy ¥ uy. Paccmorpum Hx pas-
HOCTb
U= — U,

@OyHRIHMSA U YAOBAETBOPSieT GUrapMOHHYeCKOMY ypaBheHnuio (5') H
OJIHOPOJHBIM T'PaHUUYHBIM YCJAOBHIM

dv

o e =0

U|C=0,

Tpumenss dopmyay I'puna
L)
[ o v—gands=[ (22 — ¢ 2)4s
G B
K GyHRuuAM @=v, P=Av, nosyuaem:

[ avpas=q,
[¢]
OTKyZa
Av=0.

IlpuHumass BO BHHMaHHE, uTO U |c =10, moayuaem
v=0 u u =u,.

CnenoBartenbHo, GurapMoHHMYecKasi (PYHKUHS OJHO3HAYHO oOmpeje-
JIgeTCsl rpaHUYHBIME yoioBuamu (37).

2. NpeacraBiaeHue GHrapMoOHHWYECKHX byHkuuil yepes rapmoHu-
yeckue GyHkuuu. [JokaxkeM cleqyiomylo TeOpemy:

ecau wy u Uy — 0se eapmMoHuveckue 8 Hekotopoi obaactu G
pynrkyuu, 10 GyHKyus u = xu; + u, b6uzapmonudna 8 obaacru G.

Jlas poka3aTenbCTBa BOCHOJb3YeMCS TOXKAECTBOM

09 o ad
A o) = oAb+ pAp+2(22 Lot (10)
Tlosaras ,
" (p':x) 11)=ul’
Haujaem:
A () =224, (11)

[Ipumenss ewe pas omepatop A, yuuTwbiBasi, yto AAup = 0, moay-

YHM:
AA (xul + uz) = 0.





