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Kaura 3HakoMuT uutaTeNs C METOAAMY aHAJHTHYECKOH
MEXaHHKH U HX MPHJIOXKEHHAMH B TEODHH YCTOHUYMBOCTH 11O
JlanyHory, B Teopur KoJeGaHH{i H B AMHAMHKE TBEpAOrO
teqa, Hapsimy ¢ KJIaccHueCKHMH MeTOLAMH TEOPHH KoJe-
GaHuii H3JaraloTcs ¥ OCHOBB COBPEMEHHBIX YaCTOTHBIX
MeTo40B. PaccMaTpuBaloTcsi. 3/ieKTpOMeXaHHYeCKHe aHasio-
FHH, MNO3BOJAIOIIHE PacHpOCTPAHKUTL MeTOJAH aHaJWTHYe-
CKOM MeXaHHKH Ha 3/eKTpPHUeCKHe N 3JeKTPOMeXaHHYeCKHe
CHCTEMHI.

«JIeKuH» AAIOT JOCTaTOYHO TYGOKHE OGyHAaMeHT Ansd
H3YYEHHSl CrenyatpHO TEOPUH OTHOCHTENbHOCTH, KBAHTO-
BOH MeXaHUKH M APYrHX Pasfie/ioB TeopeTuuecko#t (PH3HKH.
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o6pa3oBanus u ypaBHeHHe I aMmibToHa — SiKoOm.
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MPEJMCJIOBUE ABTOPA K IIEPBOMY WU3JIAHUIO

B Jamrteparype N0 MEXaHMKE HET €IUHOro OGLIENPUHSATOrO
TOJNKOBaHUA TEPMUHA «aHAJMTUYECKas MexaHuka». Hekoropre
aBTOPbl OTOXIECTBJIAIOT aHAJMTHYECKYIO MEXaHUKYy C TEOpeTH-
uecko# !). Jlpyrue CUMTaOT, UYTO ONPEAEAOUINAM [IPUSHAKOM
AQHAJUTHYECKOH MEXaHHMKM SIBAAETCA M3J0XEeHHE B OOOOIIEHHBIX
KoopanHatax. TpeTbsi TOUKa SpPeHUs, U3 KOTOPOH HCXOAUJA aBTOD
5TOH KHNTH, Ha3BaB ee «JIeKuusMH N0 aHAJIUTHYECKOH MEXaHHKE»,
COCTOMT B TOM, YTO aHAMUTHYECKas MEXaHWKa XapaKTepHu3yercs
KaK CHCTEMOH MSJOXEHHs, TaK M OMNPEACJEHHBIM KDYroM BONPO-
COB, B HEil paccMaTpuBaeMbIX.

XapakTepHBIM JJIST CHCTEMBl MBJIOMEHUS aHAJMTHYECKOH Mexa-
HUKU $BJASETCS TO, YTO B €€ OCHOBY KJaayTcs OOMue NPHUHUHUIIH
(nuddepennnanpHbple WM UHTETPAJbHBIE) U YK€ M3 STUX IIPHUH-
UUNOB aHAJMUTHYECKUM MYTEM MOJYy4aloTCsd OCHOBHHE auddepeH-
HHMaldbHbIE ypaBHEHUs ABuxeHus. Manoxenne oO6wiux mnpuHIUIOB
MEXaHuKM, BHIBOA M3 HUX OCHOBHHIX Jud{depeHInasbHbBIX ypas-
HEHU#W [OBHXEHUS, WCCACIOBAHUE CaMUX YpaBHEHUH U METOHOB
UX HMHTErpUPOBaHUS — BCE TO COCTAB/JSET OCHOBHOE COJEpIKaHUE
AHAIMTUYECKOH MEXaHUKHU.

AnanuTuyeckas MEXaHHKa BXOJAT KaK YacTb Kypca Teope-
TUYECKOH MEXaHUKHM B MPOrpaMMbl MEXaHHKO-MAaTEMaTHUYECKHUX,
(PUBMYECKUX U WHIKEHEPHO-(PU3NYECKUX (DaKyJAbTETOB YHUBEPCU-
TETOB W NEeJaroruyeckux MHCTUTYTOB. B TO ke Bpems oOuias
nporpaMma Io TEOPETHUYECKOH MeXaHMKe BO BTy3ax J1u00 COBCeM
HE CONEPMKUT AHAJIUTHUYECKOH MeXaHWKH, JuOO COAEPKUT TOJBKO
€e B3JEeMEeHTH. Mexay TeM CcoBpeMEeHHas TEXHHKa BbIIBHraeT
8aliayn, I/ pEeNIeHHs] KOTODPHIX HEJOCTaTOYHO OCHOB Kypca Teo-
PETHYECKON MEXaHMKH, U3/IaraéMbIX B €ro TPaAWLUOHHHIX pas-
Ienax «CTaTHKa», <«KUHEMAaTHKa» U «IHHAMHKa TOUKH M CHCTEMBI».
WHxenepui-uccaenopareny, paborawoumue B padHOOGpPasHBIX

!) Tak, Hampumep, H3BECTHble KYPChl TEOPETHYECKOH MEXaHUKH
I'. K. Cycnosa u HI. XK. Banne ITycceHa 6biau Ha3BaHBI aBTOPAMH KYD-
CaMH aHANMTHYECKON MeXaHHKH,



TMPEAUC/IOBHE ABTOPA K INEPBOMY W3JAHUIO 9

001aCTAX COBpPEMEHHOH TEXHWKHW, NO/NKHH BJANETh W OOMIMME
METOJaMH aHAMUTHYECKO# MEXaHHWKH, KOTOpDHE Hal0T YHHBEpCasb-
HBIH aHAJUTHYECKUH anmapar 1/ HCCIEJOBaHUS CIO0XKHBIX 3amad,
OTHOCSIIIMXCA HE TOJNBKO K YHCTO MEXAHMYECKHM, HO H K SJEKTpHU-
YECKUM M 3JEKTPOMEXAHUYECKUM ABJICHHUSM,

Hacrosman kHura e npeTeHAyeT Ha MOJAHOTY OXBaTa Mare-
puana 1o aHaquTHYeCKOH Mexanmke. Kuura BOsHHKJA M3 Kypca
JeKIAH, YUTEBIIKXCA 4BTOPOM Ha NPOTSKEHHN MOCAENHUX IHECTH
aeT Ha 4-M cemecTpe MOCKOBCKOro (PH3MKO-TEXHHUECKOTO WHCTH-
TyTa. DT0 OGCTOATENRCTBO ONpPENENWIO OTGOpP Marepuana u
XapaKTep €ro H3JIOXKEHHd.

Kypc anamutnyeckoff MexXaHuku sBagercd (YHZaMEHTOM, Ha
KOTOPHIH ONUpaercs H3Y4YEHHE TAKUX PpasAeNoOB TEOPETHYECKOH
(u3MKY, KAK KBAHTOBAs MEXaHHKA, ClenuajipHad u o6ias Teopus
oTHOCUTEAbHOCTH u nap. IlosToMy B KHure mnogpoGHO ocBe-
HIAI0TCA BapMallAOHHBIE MPUHIMNOLE ¥ UHTErpajdbHbie WHBAPUAHTHI
MEXaHWKH, KJAHOHHYECKWE INpeoOpasoBaHus, ypasHenue [aMuip-
TOHA — $IKOOH, CHCTEMBI € LMKJINYECKIMH KOODAMHATAMU (TJaBHL
I, I, IV » VH). Ciaenys unpesm A. Ilyasxkape u 3. Kapranua,
aBTOD KJaNeT B OCHOBY H3JI0XKEHHS MaTepuaja WHTErpaJbHHE
MHBAPUAHTE MEXAHMKH, KOTODHIE 3AECh SABJISIOTCS HE JEKOPATUB-
HBIM YKpalleHHeM Teopuw, a ee pabouyuM anmapaToM.

Texnnueckne NPUIOKEHHT CBA3AHHL C PaCCMOTPEHHWEM HECBO-
GoAHLIX CHCTEM. DTH cuCTeMB NOAPOGHO wu3yyawoTcs B raase I
B cneuuansHoM naparpade TOH IVaBBl, NMOCBAULEHHOM 3JEKTPO-
MEXaHMYECKUM aHaJOTUAM, BHIACHAETCA BOBMOXHOCTb PacHpOCTpa-
HeHHS aHANNTHYECKHX METONOB MEXaHHKM HAa SIEKTPUYECKDE H
DMIEKTPOMEXaHHUECKHe cucTeMbl. B raasax V u VI mausl npuano-
JKEHUS] aHaNUTHYECKOH MEXaHUKH K Teopum ycroHumpoctu Jlamy-
HOBA 1 Teopnu KoJaeGannd. Hapamy ¢ KaaccHueckuMn BOTMpPOCAME
TEOPUH JIMHEHHBIX KoaeOaHuif WM3/IaraoTCs W 3MEMEHTH COBPEMEH-
HHX YaCTOTHHIX METOHOB. 3ajaun W3 JRHAMHUKHA TBEPHOTO Teja
pasbupaloTcs B OTAENbHHIX NpPUMEpax.

Kunura mnpemnonaraer y vumTaTeNst 3HaKOMCIBO ¢ oO6mumn
OCHOBaMH TEOPETHYECKOH MEXaHUKH U BBHICIIEH MaremaTuku. Kuura
NpEfHasHa4yaeTca g CTYAEHTOB H aClMpaHTOB MEeXaHWUKO-MaTte-
MaTHYECKHUX, (PUSUUECKUX H HHKEHEPHO-(PU3HUECKUX (DaKyJ/LTETOB
YHUBEPCUTETOB, a TaKxKe AJ HHXKEHEePOB-UCCIAC.0BaTeneH n aApy-
TUX  CHENUaJdCTOB, KENAOIMUX pPACHIUPUTh H  YrayOUTh CBOH
3HaHuA B 00JaCTH MEXaHUKH.




NPEAUCIOBUE KO BTOPOMY U3JAHUIO

Bropoe usianve KHurm TNOATOTOBNGHO K IEYaTH YKe NOCHAE
cMepT# ee amtopa. Pafora nmo noiroToBKe 3TOrO usnanua Owlia
BHIOJIHEHA Kagenpo#t mexanukn MOCKOBCKOro (pM3uKo-Texnuyec-
KOr0o MHCTUTYT3, KOTOPOH B TEUEHHE MHOTHX JET PYKOBOAUI
®. P. 'aurmaxep. Béablias yacte ucnpasaenudl u  AONOJHEHHH,
CIENaHHHX B Mpouecce 3To# palboTH, OTPAXKaeT IOKENaHud #
BaMeyaHus, BHICKa3aHHBIE aBTOpDOM COTpynHHkaM Kadexps. He-
KOTOpBIE UCNDPJBJEHHS OOYCIOBJIEHH CTPEMACHUEM CAeNaTh TEKCT
Gosee ZOCTYMHBIM 1/ CTYAEHTOB. BHOCA 9TH yTouHenus, kaden-
pa CTpeMuJach MOJHOCTBIO COXPAHUTb creduduyeckue OCOOEH-
HOCTH KHUTH, B KOTODOH CTPOrOCTe BBIBOJIOB OCHOBHBIX I10JI0-
HEHUH aHAMNTHYECKOH MEXaHMKH M JIAKOHWYHOCTh TEKCTd YAUBU-
TEILHLIM 00DA30M COYETAIOTCA ¢ IPEASABHON SCHOCTBIO U3JI0MXEHUA.

M. A. Adsepman
Aszryct 1965 r.



FTABA 1

JU®PEPEHIWAIBHBIE YPABHEHUSI OBVXEHUS
MIPOU3BOJIbHON CUCTEMBI MATEPUAJIbHBIX TOYEK

§ 1. CeoGopHble U HecBOGOHHBIE CHCTEMbL.
Cea3n ¥ ux kaaccuduKanus

Mayuaerca apnxceHne CuCTEMB! MaTepHa/MbHHX Touek P, (v=—
=1, ..., N) OTHOCHTEIBHO HEKOTOpO# HHepHHaNLHOH (ranu-
neesoH) cucteMsl KoopJuHat. Ha monomeHus u ckopocTd TOuEK
CHCTEMB HAa/JOMEHBI OrPaHHYEHHS TeOMETPUYECKOr0 HIM KHHeMa-
THYECKOrO XapakTepa, HashslBaeMble c873a4u. CACTeMB ¢ TaKoro
pola CBA3AMH Ha3HBAIOTCH HECBO600HBIMI B OTINYME OT CBO-
000#blx CACTEM, ¥ KOTOPDHX NOAOOHHE CBS3H OTCYTCTBYIOT.

AHaJHTHYECKH CBA3b BHIPAKAETCA YDPAaBHEHUEM

f r, £)=0Y, O]
rIe B JEBYIO YacTb BXONAT BpEMa £, PamuyCH-BEKTOPH F,
cKopocTd ®,==pr, BCeXx Touek P, cucremn (v=1, ..., N).

1) Touka, mocraBaenHas Haj Oyxsoft, o6o3Hauaer muddepenyupo-
BaHHE COOTBETCTBYIOulell BeAHYMHBI MO BpeMeHH. Bce paluycCh-BeKTOpH
CTPOATCA M3 OJHOTO M TOLO Xe€ II0XI0ca, HENMONBHKHOIO B JNaHHOM
cucteMe KoopiuHaT. Haaee, f(¢, r,, F,) npencraBaser coGoit coKpa-
ueHHoe oG03HaueHHe A dYHKUUU f@ry oy Fi, <., Fp). Tlo-
KOOHOrO pOJa COKpalleHHble 0o603HaueHHsA OYRYT YNOTpe6AsAThcs Ha
npoTsaxkedud Bcett kuurd. Ecmmn x,, y,, 2, — NeKapTOBW KOOPIHHATHI

TOYKH P, B paccMaTpHBaeMol cucTeMe KoopamHar (v=1, ..., N), 1O
GYHKLUHIO f MOXHO cuuTath Gyrxumell or 6N -1 ckaxspubix apry-
MEHTOB ¢, X,, ¥, 2,, X, 9, 2,(v=1,..., N). OTHOCHTeAbHO (YHK-

uM# f, KaKk ¥ OTHOCHTENAbHO BCEX (YHKIHH, BCTPEUAOUIMXCA B Halb-
HefllleM TeKCTe, Npennojaraercd (NPH OTCYTCTBHM COOTBETCTBYIOM{HX
OFOBOPOK), YTO 3TH (QYHKIMM HeNpephBHH BMeCTe ¢ TeMH. CBOMMH
NPOU3BOAHBIMH, KOTOphe (QUIYPHPYT B COOTBETCTBYIOMIHX MeCTax
TEKCTa,



12 NMPGSEPEHIIMAIBHEIE YPABHEHUS ABHXKRHUA [t

B uacTHOM ciyyae, KOTA2 CKOPOCTH F, HE BXOAST B YpAaBHEHHE
cessu (1), CBASb HA3BHIBACTCHA KOHEUHOL WIN 2€0MempuiecKoll.
Ee ananuTudeckas 3alucb BHISINT Tax:

ft, r)=o. @

B ofmem xe caydae casb (1) HaswlBaeTcs dughghepenyians-
Holl wan Kunemamuyeckold. B nanpHedlieM Mbl  OrpaHHYMMCA
PacCMOTPEHHEM TOJMBKO TaKuX AWM (EpeHInalbHEX CBA3EH, B ypas-
HEHUA KOTOPBIX CKOPOCTH TOYEK BXOJAAT JIHHEHHO:

N

X 4h+D=0. @

v=1
3necb I, — CKandpHOe INpPOM3BENEHME BEKTOpPoB I, m f,
a BexTopH I, u cxanap D mpencTaBasioT co6ofi 3agaHHble (YHK-
win or ¢t u Beex r, (»,v=1, ..., N). Ilpu stom npeanona-
raerca, uyTo BEKTODH /, HE MOryT BCE OJHOBDEMEHHO ©006pa-
WATBCd B HYJb,

Ilpn nanuuun xoneuHoH cBaAsM BHAA (2) CHCTEMA HE MONKET
B KaXIpii JaHHBIE MOMEHT BDEMEHHM 3aHMMAaTb [POM3BOJLHOE
noaowenne B npocrpadcrse. Koweunas cB3b  HakJagwBaer
OrpAHUYEHNs HA BOSMOXHBIC MOJIOMEHHMA CHCTEMB B MOMEHT Bpe-
menu f. Ilpu Rasuuuu ke TOMbKO mudbdepeHnuasbHON  CBA3K
CHCTEMA B JIO6OH MOMEHT BPEMEHU ! MOXET UMETb HPOUSBOJBHOE
nosioxenue B npocrpanctBe. OQHAKO B 3TOM IOJOKEHUM CKO-
POCTH TOUEK CHUCTEMB YKE HE MOTYT OhiTh NpPOu3BOAbHLIMH. Hud-
(hepeHnuanbyas CBA3b HAKJaAbIBAET OTDAHUYEHHS HA 3TH CKOPOCTH,
Kaxnas xoneunas cBfish Buua (2) Bieyer 3a cOGOH Kak caen-
CTBUE IU(PeEpEHIUaTbHYI0  CBA3b, YPaBHEHUE KOTOpOH moJy-
YaeTCq MOUEHHBIM AA(EepeHIpOBaHueM paBeHcTBa (2):
O, o
o’ v+ =0 )
Y=

rae g—f-‘:gradvf (v=1, ..., N) ¥). Ho raxas muddepennuans-
v

Has CBA3k HE SKBHBAJNCHTHa KOHEUHOH cBwsu (2). Oua skemba-

) Ecm vy =x,i4 v,/ + 2,k tne i, j, k— B3aUMHO-OPTOrOHANL~
Hbleé OPTH KOOPIHHATHHIX OCell, TO
of _ of

. Of o —
E_Y{K,HFBEJJFTZ”k ~v=1, ..., N).
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JIEHTHA KOHEUHOH CBR3H
It r)y=c, (5)
rae ¢ —nponssoipHas nocroanHad. IlosTomy KoHeuHas CBA3b
(4) HasmBaeTC urme2pupyeMol.
3aMeTuM, 4TO B IPSIMOYTOJBHBIX AEKAPTOBHX KOOpAMHATAX
ypasuenusn csaseit (1) — (4) sanucHBAwICA TaK:

f(t’ xv’ y*)’ Z\v’ ’iv’ .)"w z-s)=0’ (1')
. Tty 2)=0, @)
M (A%, B9, Cz) -+ D=0, (39

v=1

N
Z( gk gt L)+ =0 @)

y==1
Koneunass cBase (2) umu (2') HasblBaeTcs CMayUoHapHoi,
— =0.
ot

B srom cayuae nesat uacts ypasedus audihepeHumnansHOd
cBasM (4) JnHeliHa M OZHOPOXHAZ OTHOCHTEAbHO CKopocted. ITo
aHajorua ¢ stuM andepeHnuansHas csisb (3) mau (3') HasH-
Baerca cmaguonaprol, ecim D=0 u BexTOpH I, B ypaBHe-
uun (3) [coorBercTBeHHO Kosdbduuuentst A,, B, C, B ypasHe-
nun (3')] me saBucAT ABHO OT f.

CucreMa MaTepHaNbHMIX TOYEK Ha3LIBACTCA  2040HOMHOL,
€C/14 Ha TOUKM 3TOH CHCTEMBl HE HAJOKeHH mnddepesuranbube
HeuHTerpupyeMeie cBsasd. TaxuMm o0OpasoM, TONOHOMHOH fBJAAETCA
BCsKag CBOOOAHAA CHCTEMA MaTepUaJbHBIX TOUYEK, a TaKkKe He-
cBoGOMHAT CUCTEMA € KOHEUHHIMU M AU(pEepEeHnnaanpHEIMH, HO
MHTETPUPYEMBIMH CBA3AMH., Y TOJOHOMHOH CHCTEMB BC€ CBA3H
MOryT OBITb 3aMUCAHB B KOHEUHOM BHAE.

Ipu vammuun nuddepeHnuatLHEX HEMHTEr PUPYEMHX  cBs3eH
CHCTEMA HA3BIBACTCA HE2040HOMAHOI ?),

Cucrema HasbIBAaeTC CKAEPOHOMHOI, €CIN HA HEE HANOKEHH
TOMBKO CTAllMOHAPHEE CBASK. B INPOTUBHOM CilydYae CHCTEMA
Ha3bIBAETCA PEOHOMHOH.

ec/au ¢ He BXONWT SBHO B YpPaBHEHHE CBHASH, T. €. €C/H

1 A, B,, C, (v=1, ..., N)— ckaaspusle GyHKUMH OT £, X;, ¥y,
211 vy xNv va zN

%) Yacro m camu auddepeHUMabHEe HEHHTETPHPYEMEIE CBA3H
HA3bLIBAIOTCA HEroJoHoMHbIMU. MHoTHa muddepennnanbHele HHTErpupye-
Mble CBA3H Ha3blBAOTCA N0AY2OAOHOMHLLMIL,
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MpuMmeps. 1. Mamepuarsras mouxa Mmozcem O8uzamocs
moasko no nosepxrocmu. Ilycib ypasHeHHe 39TOH HOBEPEHOCTH

3allaHO B BHIe
fin=0 (©)

fx 3, 2)=0. (€7

D70 KOHEYHAA CTalUOHAPHAsA CBA3b.
Ecny noBepxHOCTb NOABUXHASA HIY TedOpPMUPYIOLAACH, TO B ypaB-
HeHHe NOBEPXHOCTH ABHO BOHJET BpeMs f:

f n=0 (M
fi, x50y, zy=0. (7’)

B sroM cayvae cBASh KOHeYHas, HO HeCTalMOHapHas,
2. [se mamepuarbuvie MOYKU cOCOUHEHBL CMepHcHeM NOCHOSA-
Hoti Oaunei {. B aTOM cayuae ypaBHeHHe CBASH HMMeeT BHUI

(ri—ry —E=0 ®)

(03— X + (1= 32)" + (2 —2)) — P =0. ®)

DTO rOJIOHOMHAasl CKICPOHOMHASA CHCTEMA.

3ameTHM, YTO TBEpPAOE TEAO MOMHO PAacCMAaTPHBATH KaK CHCTEMY
MATePHANBHHIX TOYEK, HaXO[AUMXCA Ha HEH3MEHHOM DAacCTOAHMM JpPYT
OT [pPYyra, T. €. MONYHHEHHHIX CBA3aM Buda (8). C sToif TOYKH 3penHs
cBOGOJHOE TBEpHAOE TeNO ABIAETCA YACTHHIM CHy4YaeM HecBOGOIHOM
FONOHOMHOH CKIEPOHOMHOH CHCTEMbI MaTePHAJBHBIX TOYEK,

3. [lse mamepuasvrsie mMOYKiL cOeOUHEHb. CIMEPHCHEM NEPEMEHNOL
Ouunsl = f(t). YpaBHeHHe CBA3M 3ANMCHBAECTCA TaK:

(t—rP—Ft)=0 ©)
(xl—-(t's)2+(y1_3/'2)g+(z1—zz)s-fs (£} =0. ¥)

3710 roNOHOMHAA PEOHOMHAA CHCTeMa.

4. [lse mamepuarbrole MOYKU 8 NAOCKOCHMU cOCOUREHbL cHiepoic-
HeM nocmosHHOU Oaunst | u amo2ym Osuzamocs mMoabKO max, 4mobul
CKOpOCML cepedunbl cmepicnst Gbiae HANPABAeHA 80046 CMeEPI*CHS (0B~
JCeHUe KOHbKG N0 NAOCKOCMU), YpaBHeHHA CBA3eldl 3alHUCHIBAIOTCS
caenyiomum o6pasom:

HIn

HIn

7007 ]

nin

2, =0, 2,=0,

(1 —x)* + (y1— 3o — 8 =0, (10)
Bt i+
Xy — Xg Yi—y:

dTa cucTemMa HErOJNOHOMHAA, TaK Kak [MOCHeIHee K3 YpaBHeHHMH (10)
onpefenser aupdepeHUNaIbHYI0 HEHUHTErPHPYEMYIO CBA3Db,
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Hapsany co cessamu Buaa (1), xoTOpsie HA3HIBAIOTCA ydepocu-
8anWUMY, B MEXAHHKE DACCMATPUBAIOTCA TAKKE HEYIepousarn-
ujue CBS3H, KOTOPHIE 3aMUCHIBAIOTCA B BUAE HEPABEHCTBA

f@, r, #)=0. (11)

B xauectse npuMepa MOXHO PaCCMOTDETh ABE MaTEPUAaNbHEE
TOUKH, COHHEHHBE HUTHIO JVIMHOHA /. DTa ¢Bs13b BHPAKAETCH HEPaA-
BEHCTBOM

B—(ry,—r)=0. (12)

Ecau B ycnosum (11) mmeeT MecTO 3HaK paBeHCTBA, TO I'OBOPAT,
YTO CB536 HANPANCEHA.

JIBiDKEHNE CHCTEMB, Ha KOTOPYIO HajIOXeHa HeyldepkKUBaio-
3% CBH3b, MOXHO pasGuTb Ha YHACTKH TAKUM OOGPA3oM, uTOOH
Ha OOHMX YYacTKax CBA3b ObJIa HANpMKeHa W JIBHXKEHHE Mpo-
XOAuA0 TaK, Kak ecau Ob cBA3p OHlIa yAepXKuBaouieH, a Ha
IPYruxX yuyactKax cBs3b OHJA HE HanpsKeHa M JABIKEHUE INpPO-
XOAWIO TaK, Kak ecau Osl 310H CBA3m He Obino. Taxum oGpa-
30M, Ha OTIOEJABHBIX YUacTKax HeyJepxuBaomas CBasb Ju6o
3aMeHsieTcs yAepxunpaoniedt, ubo cocem orbpachiBaercs. Mcxoas
U3 STOrO, MM 8 OussHeilmer OY0eM PAccHMampreams UCKAOHL-
mensro yoepocusanuue c843.

§ 2. Bo3mowHbie U BHPTYaJbHble NepeMeleHHUS.
HpeannHBie CBA3M

Ilyctb Ha MarepUalbHYI0 CHCTEMY HAJONKEHH d KOHEYHHX

cBaaeht
fol, r)=0 (a=1, ..., d) (1)
u g mupdepennnanptoix b)
N .
leyfvv—{-Dﬁ:‘O ¢G=1 ..., 2. Q)

v=1

3aMEHNM KOHEUHHIE CBf3H BEITEKAIOMMMH W3 HUX auddepen-
LHANbHBIMH:

N
or, 0fs . —
E{Tv_q)v._{_ 0{‘ =0 (=1, ..., d). 3)

v=1

) B ypaBHeHHAX IAuM@pepeHUHaTbHNX cBA3eH Mbl BMeCTO F, M-
memM 9.
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Cuctemy BexTopos @, GyleM Ha3HIBATL B03MONCHBLMU CKHOPO-
CMAMU NS HEKOTOPOrO MOMEHTZ BPEMEHH f W s HEKOTOPOro
BOBMOXKHOIO B STOT MOMEHT TOJIOXEHHAS CHCTEMBI, €C/TH BEKTOPH D,
YAOBJIETBOPSWT d -} g JuHEHHHIM ypaBHeHusM (2) u (3).

Takum o6pasom, 8o3modcHbIE CKOpOCMU — MmO cKopocmu,
donycraemsie cEI3AMU. 1N KOKIOrO BO3MONKHOrO MOJONKEHUA
CHCTEMBI B MOMEHT BPEMEHH f CymecTByeT GECUMCIeHHOE MHOXKe-
CTBO CHCTEM BOBMOXHHX CKopocredl. ITpn nefictButennHOM nBu-
’KEHHH CHCTEMB B MOMEHT ! peanmudyerca O/JHa U3 5TUX CHCTEM
CKOpOCTER.

Cucremy GecKOHEUHO MaJnX HEpEMeleHuH

dr,=wo,dt (v=1, ..., N), €))

rae 0,(v=1, ..., N)—BO3MOXHHE CKOPOCTH, OyZEM HasH-
BaTh BO3MONCHBIMI OECKOHEUHO MANBIMU NEPeMEUeHUgMI NIl
ISt COKPAUIEHHS TIPOCTO BO3MONCHBLMU NepeMeu,eHusmu. Y Muo-
KUB ypaBHenus (2) n (3) mowJeHHO Ha df, MOAyYMM YpaBHEHms,
onpe.zxe.nmomue BO3MOXHEE NepeMelyeHns:

Zaf“ +%at—0 (=1, ..., a),

v=1 (5)
levdfv+DBdt=0 (ﬁ:l, R
v=1] )]

Bosbmem JBE CUCTEMB! BO3MOXHBIX Hepe\MemeHI/Iﬁ JJI9 OZHOTrO

U TOro XKE MOMECHTA BPEMEHHM U A1 OIHOTO W TOro e noJo-
HEHUSA CHCTCMBEL

drp=90dt n dr,=v'dt (v=1,...; N).
Kak dr,, 1ak u d'r, ynosnersopsior ypasuenusy (5), a passocra
¥, =dr,—dr, (=1, ..., N) (6)
YAOBJAETBOPAIOT OJHOPOLHHIM COOTHOLUIEHUSIM:
N
) gf; =0 (a=1, ...,

Ntdr,=0 @=1,..., g

v=l

]

> |
. l} @

J
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Pasuoctn dr,=d'r, — dr, Gynem uasbiBath supmyassuslMU
nepemeujenusmu. Beakas cucreMa BEKTOPOB dF,, YAOBJIETBO-
psronas ypasvennsM (7), NpencTaBaseT cOGOH CUCTEMY BUPTYalb-
HHX nepememennil. Ypasnenus (7) A BUPTyaJbHHX NEpeMelie-
HUH OTJAMYAIOTC OT yparHeHHH (5), ONpelIensiomuX BO3MOKHEHE

MEepPeMeNIeHNs,  OTCYTCTBHEM UWJIEHOB %—fﬂ‘dt " Dﬁdt. IMostomy

FOBOPAT, UTO BUPMYAALKBE NEPeMEULEHUST COBRAdAION ¢ B03-
MONCHELMU  NEPeMEUCHUS MU  NPU  <3AMOPOHCEHHBLX> CBAZAX.

JlelicTeuTeNEHO, NPH «3AMOPAXKHMBAHUM> BPEMs f, BXOAAUIEE
B YD2BHEHHA KOHEYHBIX CBs3eH, (HKCHDYETCH, T. €. CBA3b Kak Ol
3aCTBIBAET B TOH KOHQUrypauuH, KOTOPYIO OHA UMEAa B MOMEHT £,

Torma npu muddeperHnuposatuu GyHkuuit f, uneHs %%— dt ue

NoABJAAIOTCS W mepsele d ypasueHu# (5) COBmAZamT C COOTBET-
cTytomuMd  ypasHenusmu (7). Has naddepenunancHo#t cBsasu
«3aMOPAXKHBAHNE> O3HauaeT NPHIaHWE el CTAIMOHADHOTO Xapax-
Tepa, T. €. oTOpacwiBaHue D, B JIeBOH 4acTH ypasHeHHH CBsI3U
n GuKcupoBanue f, SBHO BXOASILEr0 B KO3((PHUIUEHTH l@“' ITocne
3TOTO ¥ TmochAeanve g ypasHenn#t (5) coBmamalor € COOTBET-
CIBYIOIUMH ypaBHeuusMu (7). ,

MoxHo eme cKasaTh, YTO BUPTYAJIbHEIE NEPEMENIEHUS HPEN-
CTaBJAIOT cOOOH nepeMelleHns TOYEK CHCTEMH H3  OJHOrO
BO3MOMXHOTO IIOJIOKEHHUS CHCTEMB
B MOMEHT { B apyroe GeCKOHEuHO
6/13K0€, BO3MOXHOE 047 Mo20 gice 2
€amo20 MoMeHma 8peMenu t TOo- J
JIOXKEHNE CHUCTEMEL. K

Tlpy  cmagnonapuslx €837 ~
BUDHLY QABHULE NEPEMEULCHUS CO8-
nadaiom ¢ B03MONCHBLMIL dr=vat

Mpumepw. 1. Toura dsusxcem-
€1 no HenoOdBUNCHOL nosepxHOocmu 17
(puc. 1). Prc. 1

B atom cayuae moGott sexrop 9, s
NOCTPOEHHHH M3 TOYKM P u Kaca-
TeALHHH K MOBEPXHOCTH B 3TOH TOUKe, GyHer mpencraBaaTb coboi
BOSMOXHYI cKopocTh. CoOOTBEICIBYIOIL[Ee BO3MOXHOE MepeMelneHne
dr =0 df Takke JeNUT B IAQCKOCTH, KacaTembHO# K NOBEPXHOCTH
B TOouke P, Pasuocth ¥ =d'¥-—dr 1OBYX KacaTeibHHX BEKTOPOB
B CBOIO Ovepelb NpefcTaBaAer co6oll BEKTOP, KacaoUIHIACA MOBEPXHOCTH
B TOM ke Touke. Takum o6pasoM, n0GOM BEKTOP, MOCTPOEHHHIH W3
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TOYkM P M newxainit B KacaTenabHOM MIOCKOCTH, MOXHO paccMarpuBaTh
KaK HeKoTopoe dr W XakK Hexkoropoe d¥r. B jgaHHoM npmMepe cBasb
CTALMOHAPHA W BHPTYalbHblE NEPEMEIIEHHA COBNANAIT C BO3MOXHBIMH,
2. Cesi3b TIpeNCTaBAfETICH NOBepPXHOCMbIO S, KOmMoOpas cama Osi-
gicemcss  (kak TBEpAOE 1€J10) C HEKOTOPOK CKOPOCTHIO & OTHOCH-
TEAbHO MCXOZHOM CHCTEMH KOOp-

IuHaT (pHC. 2).
T B 310M cayyae BosmoxHan
CKOPOCTh ¥ IIONYYaeTcs H3 Ipo-
HU3BOABLHOTO BEXTOPa ©;, Kaca-
TENbHOI0 K TMOBEPXHOCTH, NIpH-
GaBneHHEM K HeMY CKODOCTH i

9=9o,+u.
N ITosTomy

dr =9 dt = v, dt + u dt.

AHanorvyHo »3A JAPYroro BO3-
MOXHOro nepeMenienus
17} dr=o,dt}udt

[7)
AJ 1 7

H BUPTYaAbHOE IepeMelLleHHe
Puc. 2. b =dr—dr=(o,—v,)dt

npencrapaser cobol, B OTAMYHE OT dr, BEKTOP, JeWauil B IOCKOCTH,
KacaresbHOH K NOBEPXHOCTH B Toyke P (puc. 3). Bexrop ¥ npencra-
BIAET COGOH BO3MOKHOE HEpEMe-
s dr mieHue AAA <OCTAHOBIEHHOM» MO~

) BEPXHOCTH S,

ér
B nexapToBHIX KOOpHH-
Hatax Bekrop dr, xapakre-
pHUBYETCH TPEMS -NPOEKUHUsSIMA
Ha ocu dx,, dy,, ¥z, (v==
=1, ..., N), n ypasdenus (7), onpereisiomiue BAPTyalbLHBIE
nepeMenieHns, MOryT OHThb 3alnCaHs B CIELYIOMEM BHAE:

Puc. 3.

N

a. fu afa 0fa —_— —
Z (Oxv 3%+ 5y Wt 5 32»)—-0 @=1, ..., d), |
I )

N
Z (A@,,Sx‘,—}—Bﬁvﬁyv—{—Cﬁv 82)=0 (B=1, ..., o).

v=]

Ecin stu d--g ypaBuewnii HesasucuMb, TO cpean 3N
BHPTyaAbHHX npupaulenudt  xoopmumar dx,, dy, Oz, Gyazer
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n=3N-—d—g He3aBucAMHX. MCIO 1 HASLIBAETC 4UCAOM
cmeneneli c80600p. NARHOH CHCTEMBI MaTePHaJbHHX TOYEK.
Ilycre B TOuKaXx P, CHCTEME IPHWIONKEHH COOTBETCTBEHHO
cunst F, (v==1, .., N) '), Eciu Gbl CBA3H OTCyTCTBOBAJH, TO,
COIJIACHO BTOPOMY 3aKOHY HploToHa, MEkAy MaccaMu mi,, YCKO-
penusiMu @, ¥ cunamu F, umemu 6K MECTO COOTHOWIEHHA 12, W ==FF,
(v=1, .., N). lpu Haauumu cesagedl yckopenus w,:E—F\,

v

MOT'YT OKa3athbCd (B JaHHHH MOMEHT BpEMEHH f, B HaHHOM NOJO-
HEHUM TOYEK CHCTEMH f, U IIPH BaJaHHHIX CKOPOCTAX 9,) HECOB-
MECTHMbIMU CO CBA3aME. [ledcTBuTENBHO, NpOAUd@EpeHIHpoBaB
noyenHo paseHcTBa (3) w (2) mo BpeMeHH, MH NOAYYHM aHa-
JIUTHYECKOE BHIPAXKEHHE I OTPaHMYeHuH, HAK/IaIHBAEMBIX CBf-
BIMH Ha YCKOPEHHs 70, TOYeK cucremu ?):

N N
0fa d 0fm ) d dffz —_— —
o "”v+21(am:)”v+7¢ Lo =0 (0=1, .., ),
Y= Y=

o X dl dD ®
N, + Do+ =0 =1, .., o

va=1 V=]

1 .
Yexkopenus 'w,,=;n——F, MOTYT HE YHOBJEIBODATh 9TUM COOT-
v

HowenusiM. TOra MaTepuanbHO OCyuUIeCTBICHHBE CBA3H JEHCTBYIOT
Ha MaTepHa/bHbIE TOYKH CHCTEMH P, ¢ HEKOTOpHMH JOMOJHM-
TeAbHBIME culaMA R, (v=1, ..., N); »TH cnas BO3ZmeilCTBUA
ces3efl R, HocCAT HassaHue peaxyuii cssnzeii®). Boasuuxaouue
peaKkiud TaKOBH, YTO YCKOPEHHH, ONpejeaseMble U3 ypaBHeHu#

myw":Fv—}-—Rv (V.—_li [, N), (9)

yxe HOMYCKATCS CBS3SAMU.
B omimune or peakmuu#t R, (v==1, ..., N) sapauee aanau-
npie cuanl F, (v=1, ..., N) HasblBaOTC QKMUBHHMU CUAQMIL

1Y Tlon F, ™Mbl mOHAMaeM PaBHOXEHCTBYIOMIYI0 BCEX CHJ, IPHIONKEH-
HBEIX HeIlOCPeJCTBEHHO K MarepuaibHOH TOuke P, (v=1, ..., N)

?) Jlesre yacTd B COOTHOMCHUAX (8) JIMHEHMHO 3aBUCAT OT yCKO-
peHHH @, JTH AEBBE YACTH, KAK NErKQ YCMOTPETh IIOCAE BHIIOIHEHHA
AnddepeHEPOBAHNA, 3aBUCAT euwle H OT £, ry, O, (v=1, ..., N). T

%) Npu Hasuynm Heckoabkux csaseit (d-+g>1) R, ectv pasHo-
RefCTRYOUIAA BCEX peakuuil ceaseit mas toukd P, (v=1, .., N).



20 IUSSEPEHLIMANLHEIE YPABHEHUS [BMKEBHUS [ra. 1

AxTHBHHE CHJIB OGHYHO 3aJalOTC KAK WM3BECTHHE QYHKIMHA OT
BPEMEHH, TOJOXKEHHs! 1 CKopocTedt Touex cucrems )

F,=F,t r,v) (=1,..,N) (10)

OcHoBHas 3ajlaya AMHAMUKHM HECBOGOJHOH CHCTEMBI COCTOHUT
B CACLYIOUIEM, ‘

3adann axmusnse curey F,=F (¢, r,, ©,), u daner  cos-
MECMUMbIE €O CBA3AMU HAAABHbIE NOACKHCEHUS T U HaA4aAs-
Hole cKopocmu Oy movex cucmens (y=1, ..., N). TpeGyemcs
onpedesums O8uvcerue cucmems. u peaxyuu c6azeii R,
=1, ..., N,

Ecan oTHOCHTENBHO XapakTepa CBa3eH HUYEro HEUssecTHO,
Kpome ompenensomnx ypasHenu#t (1) m (2), n, crenosarenbHo,
HHYErQ HEMSBECTHO OTHOCUTENBHO BHIBLIBAEMBIX STUMU  CBA3AMH
peakuu#t R, To choOpMyAnpOBaHHas BHINE 3a1auya #BAAETCH .HE-
ONPENENEHHOM, TAK KaK YuCI0 NOJJEXKAUINX ONPEJeNeHuio CKa-
JADHBIX BEMMUHH X, ¥, 2,, R,y R,y R,, Gonplune yucna umero-
IMXCA CKANSIPHBIX COOTHOIUEHHH — ypaBnenuit m, X, =F .- R,,,
my,=F,,+R,, mpZ=F,—+ R, u ypabuenuit csssefi (1)
n (2) [BN>3N-d gl :

Has Toro yroOs OCHOBHAs 3ajaua NMHAMUKH CTaja oOmpene-
JICHHOH, HEOGXOAMMO UMETb KaKUE-TO AONOJAHUTENbHbE B N-—(3N-|-
~-d-} g ==3N—d — g=n He3aBHCUMHX COOTHOWIEHMH MEXNY
MCKOMBIMH BEeIMYMHAMH. DTH COOTHOWIEHHS MBI IOJYYAM, €C/H
OTPaHUYMMCH BAXHBIM KJIaCCOM uOCaAbHbLX CB83€el.

Cea3n HasLIBAIOTCA UOEAALHBIMU, €CAU CYMMA pabom pea-
il smux ces3ell Ha AOOHX BUPMYQAAbHBLX NepeMeueHuUnX
8ce20a pasKa HyAl0, M. e. ecau

N
SRS, =0. (11)

v=|

9TO PaBeHCTBO MOMHO I[Iepenncarth ¥ B DasBEPHYTOM BHAE:

N
Z(vaax9+Rv)*8yv+Rv2829)=0' (1 1,).

v==]

!) B o6umem caywae mnpashie vyacTH B pasedcrsax (l0) samucar
NOMKMO ¢ OT BCEX r, U T, (n=1, ..., N)

) B cayyae cBOGOIHOH cHCTeMbl 3alaua ONpENENEHHA peaximi
OTNAJAET ¥ OCTAETCA TOMbKO 3ajaya ONPEAENEHHs JABHKEHHA CHCTEMBI.
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Cpean 3N pemnuun dx, Oy, 82, umeerca N HE3aBHCHMBIX
(n==3N —d — g — unciao crenene CBOGOAH HAHHOH CHCTEMHI).
ITosTomy B pasencrse (11°) MoxHO Brpasurh 3N — n BaBUCHMBIX |
npupawenutt 8x,, 8y, 32, uepes # HE3ABHCUMHIX MPUPALICHUH
U JIPUPEBHATb HYJIO KOS(OHUIUEHTH NPY STUX HE3aBUCHMBIX
npupamenuax. Toraa Mb NOJyYyuM HEZOCTAIOWIME 2 COOTHOLIE-
Huf, 61aroaps KOTOPHIM OCHOBHas 3a/auya AMHAMUKE HECBOGOA-
HOH CHCTEMS CTAHOBHTCA ONPENETIEHHOH,

EcTecTBEHHOCTD M NPAKTHYECKas BAaXKHOCTh BHAEJIEHHOTO HAMA
KJjacca CBs3€i CTaHYT ACHBIME IIOCJAE PAaCCMOTPEHMS CJAELYIONIMX
NpUMEPOB UJeaJbHBIX CBS3EH.

Mpamepn. 1. Marepranbhasa TOUYKa BEIHYXAEHAa XBHUraThCA MO
HenoO8udcHOl 2.a0K0i nosepxroecmu (puc. 4),

B atom cayuyae moGoe BO3MONKHOE NepemelieHHe dr, Kak 1 moGoe
BHUPTYaXbHOE Nepemeniehne dr, NEXHT B IIOCKOCTH, KacaTeabHol

AR

dr

gr

Puc. 4. Puc. 5.

K MOBEPXHOCTH B Touke P, a peakuHs riaaakoH HOBEPXHOCTH Hanpa-
BJI€HA IO HOpMaan K HOBEPXHOCTH B 3TOH TOyKe; nO3TOMY BCErHa

Rdr=0 wnm R =0.

2. MarepnanbHas TOUKA BHIHYXIEHA HBHCAThCA 10 NOOBUMNCHOI
uau Gedopmupyioueiica 2400100 nosepxrocmu (puc. 5).

B stom cayyae BO3MONXHam CKOPOCTb MaTepUalLHON TOYKH M, cle-
AoBaTelbHO, GECKOHEYHO Maloe MepeMelleHne dp = o df yxe He AeXUT
B KacaTeJbHO# IBOCKOCTH (CM. npumep 2 Ha crp. 18). BupryannHoe we
nepeMeulenye dr, KOTOpOe mpeicTaBafer coGOH GeCKOHEUHO Majace
BO3MOMHOE MEPEMEINEHAE A <OCTaHOBNEHHOH», HAN «3aMOPOXEHHOH>
NIOBePXHOCTH, JEWMT B KacaTeNbHOH naockoctn. Flockonsky peakuus M
B cllyuae MOABHXHOH MM JedopMupyloulelica TIIajkO# HOBEPXHOCTH
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HalIpaBieHa 110 HOPMaJH K IIOBePXHOCTH, TO Rb¥r==0 (B TO BpeMsa Kak
R dr =£0).

TakuM 0Gpa3oM, 2400KasL NOBEPXHOCML, KAK HENOOBUIICHAA, MaK
u nodsuxcras uan Oedopumupyowascs, npedcmasanem co6oid udeans-
HYI0 CB53b.

Ilpumep 2 HarAAKHO TNOACHAET, HOYEMY HPH ONpPELETEHUH
HECTALMOHAPHBIX WUEAAbHBIX CBAsel HeoOXOJMMO IIPUPABHUBATEH

Hymo paGoTy Ccua peakimi Ha

R: npoussosbHBIX BHPTYaABHHX, a
HE BOBMOXHEIX TE€pEMEleHUsAX,

B nanpHeHiuux npumepax Mul

p BCTPETHMCH YX€ TOJABKO CO CTa-

UHOHAPHBIMI  CBA3aMH 1),
re

3. JlBe MarepHaibHbIE TOYKH
Ry ri COCOUHEHBL  CMIEPICHEM HEUIMEH-
HOil OAUHBL ¢ npeHebpedcuro MaA0i
0 Maccoii (puc, 6).
) O6osnaunm uepes R, 4 R,
Puc. 6. peaxkiuy CBA3H, NPHIOXKEHHHE K Ma-
TEPUaIbHHIM ToykaM P, B P, Toraa
cornacHo TperbeMy B3axony HbioToma Ha crTepxeHb HeHCTBYIOT CHIM
Ni=—R, v Ny==—R, OGosHayad vyepes m M W MaccCy CTepKHA
¥ YCKODEHHE ero UeHTpa HWHEPHUM, a yepe3 [ ¥ ¢ — NeHTPaNnbHLIA MO~
MEHT MHEPUMH W YIAOBOE€ YCKODEHHE, 6YAeM HMEeTb:

mw=N,+ N, le==l,

rae L —cyvMapemifi MoMeHT cun N, U N, OTHOCHTEIbHO IIEHTPa HHep-

uue, Ho, no ycuaosuwo, m =0 u / =0. Caeposareabno, N, + N, =0 n

L==0%), V3 a1ux paseHcts cnepyer, wro cWisl N; u N, a 3maumr,

" Rlﬂ;n R; NpAMO NIPOTHBOMONOXHb, T, €., HAMPABJIEHH BIOAL CTEPKHA,
anee,

Rlaﬁ+R25rs=R1d"1+de"s=Rs(df2—dr1)=Rgd(r2“r1)-

) M3 onpeneneHus HiealbHEX CBA3eH BHTEKAeT, YTO HeECTALHO-
HapHas CBA3b ABAAETCA HIEaAbHOH, eCIH HACaNbHEIMH ABAAITCA BCE ee
KORQUrypaili B Pa3iMuBbie MOMEHTH BPEMeHH, PacCMaTpHBaeMble Kak
CTANHOHAPHHE CBs3H, . ,

%) Ecau xBMXeHHe CTepXHA He INIOCKONApAlieibHOE, TO CKaugsAp-

HOE PaBeHCTBO fe ==L 3aMeHAETCHA BEKTOPHHIM eq—(?m)=L, rie T—

TEH30D HHEDUMH, a @ — YrioBas ckopocth, Ma pasenctsa J=0 cuosa
cnenyer L=0.
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Myecrs Ry =c¢ (ry— r;). Torna
¢
R,y +R28"2=C(’2—“r1)d("2~—rl)=_2‘d(rs_rz)a—_-oy

HOCKOUbKY (g — 7y)% == const,

MoxHO cyHTaTh, YTO aGCOMIOTHO TBEPHOE TENO ABAAETCA CHCTEMOH
MaTepHasbHHX TOYEK, B KOTOPOH Ha MoGHe JBE TOYKH HalOKeHa CBA3b
paccmaTpuBaeMoro THma. IloI3TOMY TBepoe Ted0 MOKHO CYMTATh
CHCTEMOX MaTepHaNbHHIX TOYEK, MOMYHHEHHBIX HIeaNbHEIM CBA3aM, [lpu
OTCYTCTBUH NPYIMX CBAA3el, KpoMe CBH3eH, OCYMECTBAAOMHX KECTKOE
COeMHEHHE TOUEK Tela MeXAY co0ofl, TBEpAO® TeN0 HA3LIBAETCA C80-
0004bLM. .

4. [lBa TBepHbIX TeNA WAPHUPHO coeduners. 8 modke A (puc. 7).
[IpeneSperan maccoll n pa3MepaMH WIAPHHPA, MOXHO YTBEpKIaTh (KaK
U B IpejbiaymeM npumepe), yto R, 4+ Ry, =0. Ho Ttorma

Ry dr -+ Ry or = (R, + Ry) br =0.

5, Ilpa TBepHHIX Tena NPH IBHXEHHU CONPUKACAIONMCA UOLAAbHO
24a0kumu nogsepxuocmany. (Tpennem npeseGperaeml) (puc. 8). B stom
cayuae cHoBa R; 4 Ry;=20. Ilpu srom R, ¥ R, HanmpasieHw 0o 06-
me#i Hopmanu k nosepxHoctaM. C Apyrof CTOpOHBl, OTHOCHTENbHadA

Puc. 8.

CKOPOCTE 3THX T€l B MECTe CONPHKOCHOBEHHA ¥y — ©;, a 3HAYHUT, H pas-
HOCTb BO3MOXHMHIX HepeMeumlenMit dry, — dr, = (v, — 9,) df nexar 8 06-
uied KacatenpHOH MuockoctH. ITosTomy

Ry ¥+ Rybry =R, dry+ Ry dry =R, (drs— dr,) =0.

6. Jisa TBepabix Tena NP IBMKEHUH CORpuKacaonics udeassso
uepoxosamelmy  nosepxrocmamu («3yGuatoe saunennenuer). B srom
Clyvae OTHOCHTENbHAA CKOPOCTh CKONbKEHHH PaBHa ¥y — ¥, =20, Che-
JOBaTeAbHO, U dfy — df, = (2, — @) dt =0, [losTomy u 3gecn

R, ¥ry -+ Ry ¥y = Ry (dry — dry) =0.

Chroxubifl  MEXaHU3M MONHO pAaCCMATPHBATBL KaK CHCTEMY
TBEPABIX TEJ, KOTOPHE NONAPHO AHO0 COSAMHEHH MEXAY COOOH
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MECTKO WM IWAapHUPHO, NGO CONPHKACAOTCS CBOUMH HOBEPX-
HOCTAMA. ECJ[PI CYUTATh BCE KECTKUE  COENMHEHUst abCoJIOTHO
HECTKHMH, BCE INADHHUDH — WAEAJbHBIMH, BCE CONPUKACAIOIIHECS
IJIOCKOCTH — HIEAAbHO TIAAKUMHM HJIH KIEAJbHO ILEPOXOBATHIMH,
TO 21060 CAOJCHBIE MeXAHUIM MONCHO MPAKMOSAME KaK
cucmemy Mamepua/tbﬂbzx mo4ex, NOO4UHEHHYI) UOEQALHBLM
CBAZAM.

3ameTnM, YTO BO MHOT'MX CAy4asX NOAOGHAas uWIeaansauus
HE #BJseTCs AonycruMo#d. Tak, Hanmpumep, npeHeGpexenne cu-
MaMH TPEHUS MOXET HHOTJA CYUIECTBEHHBIM 00pasoM HCKasHTh
$USHYECKYIO KapTUHY #Baenui. B sToM cayyae yciaoBue mieasnb-
HOCTH CB#3eH caeayeT OTGpOCATb M BMECTO HEro B3ATh JApyrue
yCIOBHs, BHITEKAIOILME M3 XapakTepa CBsseH ¥ 3aKOHOB TpPEHUS,

OznHako MOXKHO NOCTYynuTh WHaue. MOKHO u B 5TUX Cay-
Yagx CYWTATh CBSI3M HUIAEANBHLIMH, YYHTHBAY IPH 3TOM TOJBKO
HODMa/IbHbIE COCTARJSIOUIAE DEAKUMii HErJaiKuX NOBEpXHOTTEH
¥ DPACCMATPHBas CHJbl TPEHHS KAK HEW3BECTHHIE AKTHBHHE CHJHL
IosBaeHHE HOBHX HEW3BECTHHIX KOMIEHCHDYETCH AONOAHUTENb-
HBHIMH COQTHOLIEHUAMY, NOJYYaEMBIMH U3 3IKCNEPUMEHTATbHBIX
3aKOHOB TPEHHUA.

Ilpr rako#t TpakTOBKE NOHATHA MEEATBHHIX caszeft npuMeHn-
MOCTb 3TOrO MOHATHHA CTAHOBHTCS NDPaKTHYECKH YHHUBEPCAALHOMH.

B dansnelimenm 8cezda npednosazaemcs, 4mo 8ce c8A3u,
HAAONHCCHHBLE HQ CUCIEMY, ABAAIOMCT UOCANLHBLMIL

§ 3. O6mee ypaBHeHHe AMHAMHUKH. Ypasuenus Jlarpamwxa
Nepeoro poxa

19 MaTepuaJbHBIX TOYEK HECBOGONHON CHCTEMEl HMEIOT MECTO
ypaBHEHHst

mw,=F,+R, (v=1,..., N), )

ruge m,— Macca v-fi TOUKH, @,—ee yckopehwe, a F, 1 R, —
COOTBETCTBEHHO DaBHOAEHCTBYONMIAS aKTABHHIX CWI M paBHOAeH-
CTBYIOWIast CHI PeaKiluil, NeHCTBYIOIMX Ha 3Ty TOUKY (v=1,..., N).
ITockoneky cB#SW MACAABHH, TO B JIOG0M MONOMEHHH CHCTEMb

npu JoOHX BUPTYaJbHHX IEpPEeMereHusx

N
Y R, br,=0. @

y=1]
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Iloacrapass ciona BMECTO peakmuit R, uX BBIPaMEHHs U3 Ypas-
Heruit (1) u ymuoxas ofe yacTw NOAYYEHHOrO pPABEHCTBA Ha
— 1, noayuaem

N A
2 (F,— m,w,) dr,=0. 3)

v=1

PasencTBo (3) HasHBaeTCs OOWUM YpPasHeHUEM OUHAMUKH.
DTO PABEHCTBO YTBEPKJAET, YTO NPH JBHKEHAU CHCTEMBI B JI0GOH
MOMEHT BPEMEHH cyMMa Pabom AKMmMUSBHUX CUA U CUA UHep-
guu Ha  A00BX  BUDMYAABHBLX — NEPEMEU,eHUSX — PASHQ
HY 210,

Taxkum oOpasom, ofiuee ypaBHEHHE AMHAMHAKH BCErJa BHIIOJ-
HEETCH JJIe JIoO0r0 COBMECTUMOTO CO CBS3SIMH JBMKEHHMS, COOT-
BETCTBYIONIErO 3aJaHHBIM aKTuBHEM cuaam F, (v=1, ..., N).

Ilycre Ttenmeps, Hao00OpOT, JaHO HEKOTOPOE COBMECTHMOE
CO CBA3AMH [BWDKEHHE CHCTEMBI, [ KOTOPOrO BBHIUIOJHAGTCH
obmiee ypasHenne auHamukd (3): Toraa, nomaras

R=mmw,—F, (v=1,..., N),

Oynem wumerh paseHctBa (1) u (2). Taxum oGpasoM, B A0GOH
MOMEHT BDEMEHH MOXHO I0J00paTh Takue peaknuu R,, KOTOpHE
B CHUy paBeHcTBa (2) ObliM Obl HONYCTUMBIMH Il HAHHBIX CBSi-
3eift U NP KOTODHX HMMEIT MECTO MOJYUEHHHE M3 BTOPOrO
3akoHa Helorona ypaswenus (1). Mbl cudraem, yTo 3TH peax-
nuu R, B IEHCTBUTENBHOCTH peanua3yloTcs («rumoresa o pea-
AU3aLUN  JONYCTHMBIX peaxkuuity) ¥ uTO, C/AEAO0BATEIbHO, pac-
CMATPUBAEMOE ABIKEHME COOTBETCTBYET  HAHHEIM AKTHBHBIM
cuiam F, (¢, r, ©) (v==1, ..., N). Takum oOpasom, obGuee
Ypa8rexue OUHAMUKU Bupadcaem HeoOxodumoe u docmamot-
Hoe ycaosue 04sg moz20, Hmols. OBUNCEHUE, COBMECMUMOE
€O CBA3AMU, COOMBEMCIMBOBANO 3A0QHHOL cuUCmeMe QKNLUE-
wux cua F, (v=1,..., N)}.

Hailzem Bmpamenus Ans peakuuit R, ¢ NOMOUIBIO TaK Hasbl-
BaEMBIX HEONMpeNeaeHHBX MHOXuTeNe# Jlarpanka., Bunumem co-
OTHOLUGHHS, ONPELE/AIHE BAPTYaJIbHbHE NEPEMEIIEHHA TOYEK

1) Ilpn 3toM He cregyeT 3a6mBath, yTo oOO6WEe YpaBHeHHE IMHa-
MHUKH (3) npencTasnAeT co60if, MO CYyulecTBY, He ORHO YpaBHeEHHe,
a CHUCTEMY YPaBHEHMH, MOCKONBKY AAR MOGOr0 MOMEHTd BpeMeHH #
B ypaBhenme (3) Bmecto 8r, (v==1, ..., N) MOXHO nOCTaBsuTL NPOU3-
80/bHble BUDTYalbHbie TIepeMeuleHus,
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cacremsl (cm. § 2):
N

"fu 3, =0  (a=1, ..., d), 4)
v=1
}_‘,11 3r,=0 (B=1...,9). (5)

YmHOMad NOUJNEHHO paseHCTBA (4) W (5) Ha NPOU3BOJIBHLIE CKa-
JAADHBE MHOXKHTENM — A, B — {L, M CKJAABIBad IOYIEHHO HOJIY-
UEHHBIE paBeHcha € papeHCTBOM (2), moJaydaem:

2 2 X, %’f — Z pl, | or,=0. (6)

v=1

B paSBépHy’I‘OM BHIE€ 3TO COOTHOLUCHME 3alHIIETCa Tax:

g
2 o Zxaax 2,‘”"‘4““ 3,4 by, +{zhdz,=0.(6)
f=

vo=1 o=l

3neco mu uepes {y}, u {z}, cOKpaumeHHO OGO3HauM/IH BHpaNKE-
HUS, KOTOPHE OTAMYAITCd OT BHAUCAHHOrO B (opmyne (6') ko-
s¢¢uunenta npu dx, samenoli 6ykB x, A Ha y, B uin Ha z, C
COOTBETCTBEHHO. ’

Coornowenus (7') § 2 nossonsdior supasuts d-}-g us 3N
BEPTyanbHHX npapawmenui dx, By, Bz, wuepes ocraibhme
n=3N — d — g npupamenunit. [Ipn stoM onpesenurejsp J, co-
CTaBACHHEIN H3 KOaHIMEHTOB MDA <3aBHCUMBIX» TPHDALIEHHAX
B ypaehenusx (7°) § 2, oramueH or HyAad.

Tlonbepem d-- g muoxuTenefi A, u p, Tak, yToGbl B paBeH-
cree (6") xoaduimentst npu d - g «3aBUCHMBIX> NPHPAILEHUAX
0o0paTHauCh B HyJb., DTO MOXHO CHENaTh, U NPUTOM ENMHCTBEH-
HelM oGpasoM, u6o onpenenurend J us Koddpduuuestos npu of-
pexensieMbIX BesuynHax A, g, He pasen Wymo. Ilocae srtoro B
paBencrse (6') ocraoTca 'rom,xo cnaraeMble C HE3aBHCUMBIMY
npupamenuama 3x,, 8y, 8z, Ho Torma n kostbdumumenrss npu
9THX HE3aBUCHMBIX NPUPAWCHAAX TakKkKe AOMKHB OBITh DPaBHE
HYJTI0,

Vraue rosops, ‘HeonpeseleHHEE MHONKHIENH A, M B, MOTYT
OuTs nomoOpann Tak, uroGB BCE CKaJAAPHBE KO3(PUIUEHTH
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B pasencrse (6) u, CA€N0BaTE€NbHO, BCE BEKTOPHHIE KO3IPHH-
muenTs B paseHcTse (6) oGpamanuce B Hyas. Ho Torma

d g
0f, ,
em 3ot S mm o

w==1

Mbl nmosyumnan obmee BupaXeHUe N1 PEaKud# HMACAIbHHIX
cBa3ell uepes HEONpENENECHHBIE MHOXUTEmM Jlarpauxa A, p.B
(=1, ..., d; B=1, ..., 2.

IMoacrasnasa seipaxenns (7) ant R, B ypasuenue (1), Mul
NOJYYMM TaK HashBaeMmue ypasnenusn Jlazpansica nepsozo podal).

a=1

d £
0fs
mvwv = Fv —i— Z )\u afv + 321 p'Blﬁv (V = 1’ tree A[). (8)

K oruM ypasuennaMm cresyer eme npuGaBuTb ypasHeHms CBsiself: -

N
Fae)=0, Y lh+4D,=0(@=1, ..., d B=1, ..., 2. (9)

ve=1

3amensiss KaxIoe BEKTODHOE Y[PaBHEHHE TPeMs CKaagpHEIMH,
MBI MOXXEM CHHTATh, UTO ypasHenud (8) u (9) cOCTaBIAWT CHCTEMY
us 3N--d--g cxanapubix ypasueswii ¢ 3N -} d-}- g neus-
BECTHHMH CKaNAPDHHEIME BENMYHHAME X, ¥, 2, A, By ‘WUnrerpn-
pya 3Ty CHCTEMY, MBI HOJyyaeM KOHEUHbIE YDaBHEHHA OBHKEHHs
U OJHOBPEMEHHO M3 PaBEHCTB (7)-— BEJHUMHBI pEAKNUH CBsseH.
OaHaKo MHTErpPHPOBaHHE TAaKOH CHCTEMB OOBIYHO BEChbMa 3aTpya-
HEHO u3-3a OojpuIOro uucia ypasHenud. ITostomy ypaBuenus
Jlarpan:a mepBoro poma MPAKTUNECKH Maja0 NMPHMEHSIOTCA.

B § 6 n'§ 10 mp1 nonyunm ypasHenus Jlarpanxa BTOpPOro popa
111 TOJOHOMHOR CHCTEMB B yDaBHEHHS Anneas A1s HeroJOHOM-
HOHl CHCTEMDbI; B 3THX yPaBHEHMSX YUC/IO HEUBBECTHHIX CKaJfiPHBIX
BEJHYHH (M, CNEAOBATEABHO, UNCIO ypasHenu#t) pasHo 3N — d,
T. € Ha 2d-}-g eluHuI MeHblle, YEM B CHCTEME YDaBHEHuH

(8) u (9).

1) Bty ypasHenya Gmam noayueHe PaHNY3CKAM MaTeMaTHKOM H
mexanukom XK, JlarpamikeM B €ro 3HAMEHHTOM TpaKTaTe «AHANHTH-
yeckas MexXaHuKa», ony6inkosanHoM B 1788 r. (pycckult nepesom 1. I
Boimea 8 1938 r., 1. I— 8 1950 r.). B sToM TpakTate BmepBme OhLIM
M3J0XEHD OCHOBH AHANMTHYECKOH MEXaHHKH,
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[Tpumep. [IBe BecoMue MaTepHanbHble TOUKH M, ¥ M,y ¢ oxu-
HaKOBOH Maccoit m =1 coeguHeHH CTepKHEM HEH3MEeHHOH RIMHm [
¢ npenefpexuMo Mamo#t Maccoft, CHcreMa MOMeT HBHraTbCAd TOALKO
B BEPTHKaAbHOH MIOCKOCTH M TONBKO TaK, YTO CKOPOCTh CepeXHHb
CTEpPHHA HanpaBiaeHa BROAb crepikHA, OnpeleluTh ABMKeHHe Tovex M,
u M.

Iyctb Xy, ¥4 ¥ Xy, yo— KOOpHWHaThl TOYek M, m M, 3anuumem
YpaBHEHHA CBA3eH:

—;_ [(e — %) + (s — 3,)° — 2] =0, }
(s — X} (P -+ 31) — (% +2,) (yg— y,) = 0.

Ypapuenus Jlarpanka ¢ HeonpejeleHHBIMH MHOXHTENAMH A M N
HMeT BHJ

(10)

Ry=m—A (Xg—x) —p (Y2 —3), "

h=—g—2(:—y)tpla—x) } (an
"

Xy = (g —x)—p(¥2— ),

Jom—g 4N (ys—y) + o (£ — 5y, } 12)

V3 ypasHennit (11) ¢ yuerom nepsoro ypasHenus (10) onpeneanm A u

1 o s
= — & 30— (5 — %) &+ (32 — 30 Bl
| » (13)
P=% (xg—x)— 7 [(y2a— ) & — (xg — xy) §{l. J
3aumeruu, uro ypasuenus (12) noaysaorca w3 ypasuenn#t (11), ecan

B MNOCHEIHMX 3aMeHHTb A Ha —A w £, §, —Ha £y, P, [Toaromy,
onpeflenss A u p u3 ypasHenuii (12), Haxogum

N= B (a9 (s — 50) B F (Vo —9) Fil,
. | (14)
b= (g — xy)— o [(ye— 1) Xy — (xg— x,) Po].

IlpnpasssB Memny co6oli COOTBETCTBYIOHME BHPAMEHHA IR 1 M A
B dopmyrax (13) u (14), nocne sneMenTapHLIX NPEOGPA3CBARUA HOAYYHM

(32_-21)(.1’2—1’1)_(552’“5;1) (xXg— Xx4) =0, 15)
(s + £0 (65 — 50 + Fa + J0) (s — 9+ 22 (e — y) ==0. [

BpefeM coxpalneHHbie 0603HaYeHUA:

B=Xg—Xy U=y, —y, P=x+%, Q=3+ (16
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Torma ypaswenus (10) m (15) nepenumyrtcsa Tax:

2+ ot =P,
fiv — ud =0, an
Pv— Qu =0, (18)
Pu- Qv+ 2g0=0. (19)

Papencrea (17) noxaswiBalOT, YTO B NJAOCKOCTH (i, ¥) TOYKa
C KOOpPAMHATAMM &, U JABIXETCA IO Kpyry paiuyvca { C HEHTPOM
B Hayane KOODAMHAT, NPHYEM Ce YCKOPEHHe BCE BpEMs HaIpPaBJeHO
K uentpy. Ho rtorna memieene 31O TOYKHM 6yJZer pPaBHOMEpHBIM,
Tostomy

u=1Icosg, v=Ising, $=a=const, ¢=nat- B (20)
Cornacto paseHctBy (18) mowHoO TIONOKHTD

P=§m Q=§u 1)

Ioncrasnaa 3TH BhpaxkeHua B paseHcTBO (19) m yuuTeiBas paBeH-
crea (17) u (20), HafieM

f+—z—-v=0, T. € f=~—2gsir1<p.
Toraa
2z . 2
£ f= g

1 .
=—f=—-"sing u cos ¢ 2y.

%

CnenoBareabHo, B cuxy paseHcTB (20) u (21), nmeem
P=2<7+-§—COS?)COS?, Q_2(1—|-~coszg)sin<p. (22)
Vinrerpupya, Haxommum

m+%=SPm=%SP@=

2
=—g— sine+ 5 smzpcos:p-{- o+, } (@)

yl-i-y2=-———2% cos ¢ — —‘cos"’ ¢ 2.
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V3 pasencts (16), (20) u (23) oxonuaTeabuo non'y‘mM

x}=%—sin<g+2%singocos¢+§%<p——2£— cose43,
yl,_-:—la coscp——z—gg—co;scp—— —é—sincp—}-e,
x2=%sincp+2—§§sincpcos<p+§§;cp+~% coso 43, @4)
y2=—Z—COS<p—§§—2 cos?oq - %Sincp—}-e,

p=qaf 4§ ]

(2, B, 7, 8, £ — NPOU3BOALHBIE MOCTOSHHLIE),

§ 4. NMpusuun BYPTYaIbHBIX NepeMelleHH .
Ipunoun JanamGepa

Iososcenuen pasrogecuss HaA3HIBAETCI TaKoe MNOJIOKEHUE
CUCTEMB], B KOTOPOM cucTeMa OyAeT HaXOIMTBCA BCE BpEMH,
€CIM B HayaibHbIf MOMEHT BPEMEHH OHa HaxX0QuJaChb B 3TOM
MOJTOXKEHAH U CKOPOCTH BCEX €€ TOueK Obl/M PABHEL HYJIO.

IMonowenue cucremsl ry (v=1, ..., N) Gyzer HOJIOKEHHEM
paBHOBECHS B TOM H TOJIBKO B TOM Clyyae, KOTJa <IBHKEHHE»
r.)=r) (v==1, ..., N) yaosnersopsier OGUEMY YPaBHEHHUIO

JUHaMuKy, T. €. KOrjga B 2TOM IOJOXKCHHH CUCTEMbI

N
3 F3r,=0. (D

v=1

Papenicreo (1) smpaxaer coboH mpunyun supmyassHbLyx
nepemewerull.

ass mozo tmobs. nexomopoe (COBMECMUMOE €O CBA3AMU)
nosodicerue cucmemb. ObA0 NOAOICEHUEM PABHOBECUS, HEO0G-
X00UMO U OOCMQMOYHO, 4IMO0LL 8 IMOM NOAONCEHUU CYMMa
paom QKmMuHbLX CUA HQ A00bLX BUPMYAABHULX NEpeMele-
HUSX CUCHLeMb. DABHAAACH KYAIO.

OGRYHO DPHHUMII BUPTYaAbHHX I€pEMElIeHH# TPAMEHAIOT
K CTalMOHaDHHIM CBA3AM. ECJu CBA3HM CTaUMOHAPHH, TO TEPMEH
«COBMECTHMOE CO CBS3IMH» O3HayaeT, 4YTO NOJOKEHHE CHUCTEMH
VIOBIETBOPSAET KOHEYHHIM CBsssaM. [{nddepeHumnanbHee ke CB3H,
Oyayun JMHEHHBIMH ¥ OJHODOJAHBIMH OTHOCHTE/NBHO CKOpoCTel,
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aBTOMATHYECKH YHOBJETBODSIOTCS, IOCKOJNBKY MB  IIOJAraem
9,=0 (v=1, ..., N). ‘

Ecau cBa3M HECTALUOHAPHbL, TO TEPMUH «COBMECTHMOE CO CBS-
3SMHM» O3HAYaeT, YTO OHM YIOBAETBODAIOTCS Npi AW000M t, ecin
B HUX NOJOXHTE Fy=1py U €,=0 (v=1, ..., N). 3amerum,
4TO B 3TOM CJyd4ae NPH PasJH4HBIX { MOryT OHTb pa3/AXYHBIMA
¥ BUPTyaJbHHE nepememenus 7, (v=1, ..., N).

B o6men cayuae cansl F, sagucar ot ¢, 1, 0, (p==1,..., N):
F,=F,(¢ r,, 9) (v==1,..., N). Toraa npeamonaraercs, 410
paseHcTBO (1) uMeer MecTo npu moGOM 3HaueHud f, ecad
B Bupaxenud Aas F, noaoxutb BCe fy==r, U Bce ¥, ==0.

B rnpocrefiinx YacTHWX CAyYasX NPHHIHN BUPTYaJbHHX NepeMe-
uieHu#t (MAH Kak €ro HHOrJ&a Ha3biBAIOT B NPHMEHEHMH K CKIEPOHOM-
HEIM CHCTEMAaM, MNDPHHUMI BO3MOXHBIX MNepemeu(endil) 6nll u3secred
eme BO Bpemena [aannes NOX Ha3BaHHMeM ¢3010TOr0 TNPaBHNA
MeXaHHKH» 1), '

[IycTh Ha KOHIbl HEBECOMOI'O PLIYAra, HaXONAUIErOCs B PABHOBECHH,
BekcTBYOT cuan Fy u F,. Toria, o6o3Havas uepes F; u F, xacatens-
Hbie€ (K BOBMOXHBIM TPACKTOPHSAM) COCTaBJSIOIIME 3THX CHA, a yepes
8!y 1 8/, — BEAMYMHH COOTBETCTBYICIIMX ST€MEHTAaPHBIX BO3MOKHHX flepe-
MeueHn#, Mol B cuay paBencTsa (1) ¢ TOuHOCTLIO O 3Haka GYAeM MMeTb:

Fi 3, = Fjl,,
T. €,
M _F
8, F

(suuzpbiis 8 cuse KOMNERCUPYEMCsS RPOUPOLIUEM 6 nepeMeujenuy u
HaOO0POM — «3010TOE NMPABUIO MEXaHHKH»).

[punnpn BupryaAbHHX nepeMerieHuti npexcrasiaser CcoB6oH
caMbifi OOGMMA OpUHOMI aHAJHTHYECKOH craruki. M3 Hero MoxHO
MOAYYUTh YCIAOBUA PaBHOBECUS MOGOH KOHKPETHOH MeXaHuuecKoR
CHCTEMBL.

Iipumepr, 1. BoBenem u3 pasenctsa (1) ycaoBusa pasHOBecHs
CBOGOIHOrO TBEPNOrO Tend, OGLIYHO MONYYaeMbie B KYPCAX MEXaHHKH
U3 cOOGpaXeHHil reoMerpryeckoit craruku, OGo3Hayas uepes ¥, cKoO-
pocTh KakoH-an60 TOYKM TBEPXOro Teia, Uepe3 @ — YrA0BYIO CKOPOCTh
1eaa, yepes F u L, —riaBHuit BeKTOp M IJaBHbIi MOMEHT OTHOCHTEIb-
Ho nmomwoca Q us CHCTeMb! BHEIIHMX CHJA, NeHCTBYIOIUMX Ha TBEploe

1) Tamunett mpunuceiBan 0GOCHOBaHMEe <«30M0TOrO OpABMAA MeExa-
HBK¥>» Apuctotenw. B ofutell QopMysMpoBKe NPHHUMI BHPTYaAbHBIX
nepeMelleHni BecTpevaerca suepsbie y Moranna Bepnymmm B 1717 1,
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T€J0, MH ITpPUPAaBHHBAEM HYNO BHpaxeHne ') 1A dIeMEHTapHOH
paGoTE!l CHI, NPHIOMEHHLIX K TBEPIOMY Teay Ha IIPOH3BOJILHOM Gec-
KOHEUHO MajlOM NEpPEeMEIeHHUH 3TOr0 Tena:

A == (Fo, -+ Low) dt =0. )

B cuny npousBombHOCTH BEKTOPOB ¥, M @ DaBeHCTBO (2) Moxer
HMETb MECTO TOrXa M TOJNBKO TOFf3, KOrja

F=0, L,=0. 3)

O1¥ PaBEHCTBA NPENCTABIAT coBoH Heobxodumee u Oocmamouxsie
YCA08UA pagHOBecust C80600H020 meaa.

AHanOrMYHO TMONYYAIOTCH YCHOBUA pPABHOBECHA HecBOGOXHOIO
tBeproro rena. flycrs, naupumep, touka O sakpennena. Torma v, =0
1 paBeHCTBO (2) umeeT BUN 3A = L,® df =0, OTKyXa, B CHIy NPOH3-
BOJILHOCTH BEKTOpa @, NOAYYaeM HCKOMOe YCIOBHe paBHOBeCHs: L, =0.

Ecnm 1e10 MoXeT TONBKO BPAATBCA BOKPYL HEUOIBHIKHON OCH U
(c oprom e), To pasencTsa (2) mpuHAMawT Gopmy B8A =L, we df=0,"
OTKYH4, B CUAY IIPOM3BOJLHOCTH BEIHYMHH ®, CAEAYET YCIOBHE DPaBHO-
Becua L, =0; anece L, = L,e —rnaBHsil MOMEHT BHEWIHHX CHI OTHO-
CUTENBHO OCH U. '

2. BuBefieM YCHOBHA DPABHOBECHS INPOU3BOABLHOA HECBOGOLHOH
cucmemo. meepobix mea, HaxoOsuuxcs nod Odelicmeuem cuavl gecd.
O6osHaunm yepes M cymMMy Macc BCEX Tel U yepe3d 2, — BEPTHKANb-
HYI0 KOODAHHATY LEeHTPa TAMECTH CHCTEMbI Tel (CYHTAaeM Och 2 Ha-
OpaBieHHOM BepTUKanbHO BHU3). TorAa, cornacHo paseHctsy (1), moayunm:

BA=Mg bz, =0,

H, CIeNOBATEILHO, YCIOBHA DABHOBECHS CMCTEMbl HMEIOT BUI
8z, =0, 4

Takum 06pa3oM, MONOXKEHHAMU PABHOBECUA CUCTEMBI THNKENBX Tel
6yIYT NOJNOXEHHs, B KOTOPHIX WLEHTD TAXKECTH 3aHHMaeT HaWUHH3LIee,

1} PaBenctB0 3A = (Fo, + L,w) df MOoMeT 6HTb NONYUEHO CAENYIO-
mAM o6pasoM. O6o3Haukm yepes F; CHIH, NeHCTBYOMIHE HAa TOYKH TBep-
IOro Tela, yepes r; ¥ 9; — PATUYCH-BEKTOPLL (IpOBeleHHbIE U3 TOUYKH O
Tena) M CKOPOCTH TOUEK npunoxeHus cun F;(I=1, 2,...) cooreer-
creenHo. Torpga, o6o3Hayas 3HAKOM X BEKTOPHOE YMHOXKeHHe, HaljeM

aA=‘$i_}Fiari = iZszidt=lZ”i(”o+‘° X1y di=
=[(2 F,-) ‘00+0)ZriXFi]dt
i 14

(3amena dr; Ha dr;=v;df 3aKOHHa B CHIy TOrO, 4YTO TBEPAOE Te.o
ABIAETCA CKIEPOHOMHOH cucremoit; cM. c1p. 14). Ho B cuay 1pethero
3akona HboTOBa raBHEI BEKTOD H TIaBHHIN MOMEHT BHYTPEHHHX CHI

B TBEPAOM Tejle paBHbl Hymo. [loaTomy EF;:F H Z ry X Fy=1Ly.
i i
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HauBhLICHIEE MAM KaKoe-InGo Ipyroe <«CTAaLMOHAPHOE» [I0NOXEHHE MO
Bepruxany («npuHuun Toppuuennu»).

© 3. @opma pasHosecuss msvxceaoii OOHOPOOHOU yentu, 3aKpeniex-
HOll 8 déyx mo4kax. PaccMaTpuBas TAXKeIYI0 OXHOPONHYIO lelb Kak
CHCTEMY TBEPALIX TeN (3BEHbEB), MOXKHO HanucaTh COOTHOMEHHE (4).
Ho (cM. puc. 9, rne Oxz— BepTHKaNbHasA IJIOCKOCTh, 2 -— BEPTHKAIb)

2 ds 4
Sds ! A (X3, 22)

Zp=

U NOCKOABKY AJMHA ONHOPOINHOH Henu
NpH NepeMenleHUAX He MeHAeICH, TO
ycioBue (4) DpuHMMaeT BUX

3{zas=o0. 5)
310 COOTHOIEHHE MOXHO  3alIlNcaTh
M TakK: A, (J:Iz Zl)
2'2 —3 -
aszv/H%EQ‘”=Q@° g z
dz
Pr Puc, 9.

Kaxk ycraHmasinBaeTc B BapHaUMOHHOM WCYHCIEHWH, B KJjacce
‘KPUBHX X = f(2), NpPOXONAUMX uepe3 3ajaHHLlE JBe TOUKH, KpHUBad,

coofmanuas uHTerpany
2Z3
dx
S F (Z, X, —'E) dz
z

SKCTpeMatbHOE (TOYHee, CTAallHOHAapHOE) 3HayeHHe, UL KOTOPOraQ

23
3§ Faz=0,
[$3
RHOMEHA YAOBIETROPATL JuddeperHa TbHOMY YpasHeHuwo 1)
d OF oF . dx
ww—w=  (v="%) ©)

. — rdx\d
B mamtem cayvae F=z ]/1—}-(%) . Tlostomy ypasuenue (6)

DPUHAMaeT BHL
dx

al,
i AT
Vi+(%)

1) 910 ypasmenue 6nno moayyeHo eute Anepom. OTHOCHTENBHO
ero BuBoaa cM. cTp. 105 m 3ameuanue Ha crp. 107, '

2 &, P. Taurmaxep

=0, )
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Orcpona
dx
dz
2 ————:d~—2—‘ =
X
+ ()
u .
dx [4
e ®

rjie ¢ — Npou3BoiAbHas nocroaHHas. Mnterpupys, noayuaeMm ypasHenue
LeNHOH JHUHUU:
X—a

z=_§_[e(x—u)/c+e—(x——a)/cl=cch — ©)

e 3RaYeHHA MPOU3BOMALHBIX MOCTOAHHLIX ¢ M ¢ ONPENeNA0TCA H3 YClo-
BHI 3aKpenfeHua KoHUoB. Takum oGpasom, gopma pasHosecuss 00xo-
pooHOl  msdcenoll  yenu
ppedcinagasiem  co6od  yen-
HY10 AuHuo b,

4. Heuamennasn raockas
guzypa Moocem ckOab3UMb
O0syMsi ceoumit modiamu A
t B no wenodsusicnsim wpu-
8vlM, nexcawyuM 8 moil e
naockocmu. BeisicHuUM, noa
JeHCTBUEM Kakol cuim F
(uUrypa MOXKer HaXOAUTLCA B

pasHOBecnu (puc, 10).
% TIOMUMO aKTHBHOH CHJIbI
F na durypy neficteyior eme
Pruc. 10. IBe PeaxklnH, HANpPaBIEHHbIE
HO HOPMAalAAM ¥ KpPHBHIM, H
JHHKMH - AeHCTBUS 9THX Tpex
CHJI JOMKHMN Nepecekarbecs B OAHOH Touke. [IpDYrMMH CHOBaMM, JWHHA
ReHcTBHA CHAB F TOMKHA NPOXOINTh Yepe3 TOYKY NepeceyeHus Hop-
Mazed K KPHBLIM B Toukax A W B, T. e. aunua OQeicmsus cuast F
00.22CHG NPOXOOUMD Hepe3 MZHOBEHHUIL YeHmpP BOIMONCHOLY CKOPO-

emeil C gudypw ?).

K 9TOMy e BhIBOAY MOXKHO NPHUATH, HCXOIA U3 NPHBHHIA BO3MON-
HBIX nepemeulesnii. [ledcTsutenbHo, o6o3uaunM uepes O Kakywo-iu6o
TOUKY Ha IURWY LekicTeHa cHinl F. Torma ua ycnosus 8A = Fo, dt =0
3aKJI0YaeM, YTO U, | F, OTKyAa M cCleNyeT, YTO MIHOBEHHWH UeHTp
BO3MOXHBIX CKOPOCTeH QUrypel PacioNOXeH Ha JMHAM AeHCTBHA CHan F.

5. Hexoropuie zeomempuueckie npuroscenus. Haunem ¢ mpexsa-
pUTEIbHOro 3ameyanus, [lycTh B MIOCKOCTH HaHL HeKOTOpas Kpmeas C

1) Tannne#t cumran, 4to TakoH (QopMoll pABHOBECHS fABIsIETCH
napa6ora. Omnbka Uanuges Gpira Hcnpasaena [iofirencom.

?) Tlps sToM BeaMyHHa ¥ Hanpasaenne cuasl F MOIYT GbiTh mpous-
BOJNbHLIMH.



§ 4 MPUHLIHI BUPTYAJIBHHX MEPEMEINEHUH 35

n Touka P (B yacTHOM cayyae KpuBas C MOXeT BLIPOLHTLCA B TOYKY).
Mposenem u3 Toukn P Hopmaab K KpuBoH C M 00603HayuM vyepes r
paccrosHne no Hopmanu oT kpuBoft C no Toukm P, TakuM o6pasowm,
r=P,P (puc. 11). Illpusoxnm k Toyke P HekoTopyw cuay F, Ha-
NpaBlEHHYIO BJOAb Hopmaan PyP, u OyaeM cyutath F>0, ecid
HanupaBieRHe cuapl F cosmanaeT ¢ HanpasleHWeM oT P, 1o P, u
F<0—B nporuBHOM cayuae. DaementapHas pa6ora cuasl F paBHa
8A=F (dr,—- dr). Ho dr ckmapsiBaeTcA M3 IBYX 9MeMEHTaPHBIX mepe-
MEIIeHUN: U3 NepeMellenua oAb npaMoil PyP (BelHyyHa 3TOro mepe-
MeUleHHA paBHA dr) W nNepeMelieHHs TOYKM P, BHI3BaHHOTO NOBOPOTOM

| F
)
r
~—% 4
0
r
0 ¢
g
Puc. 11, Puc. 12.

npamolt PyP. Tlocaennee mepeMciienne, kak u dr,, NePHEHINKYAAPHO
K npamoli PyP, 1. e. x musuM Neficteua cunsl F. [lostomy !),

3A=Fdr. (10)
[TycTs B onHOM M TOHt e IIOCKOCTH DAaCHOLOMEHH 72 KPUBBIX
Cy, Cs ..., C, u Touka P. OGosnaunm yepes ry, s, ..., ', DaccTof-

nuA (o HopMaiaaMm) oT Touku P po stux xpusnix®) (puc. 12 coorser-
CTBYeT cayyaio n=—2), PaccMoTpuM B T0#i Xe IMIOCKOCTH KpHBY©O D,
3aJlaBaeMyIo ypaBHeHHeM )

f(rlv rﬂr ey rn)=0' (11)

1) B cayuae, xoria kpuBasa C BLIpORKIAeTCA B TOUKY, hopmyaa (10)
llaeT BhIpaxeHHWe JiA PabOTHl LEHTPaAbHON CH.LL

%) Hekoropsie (uam Bce) kpussie C,, C,, ..., C, MOTYT BEHIPOIUTHCH
B TOYKH.
%) Kawnas M3 BeNHUHH Iy, Py, ..., I, fABAAeTCR (iyHKIMeN! OT ABYX

NneKapToBHX KoopmuHaT Toukn P. Ilostomy ypasHenue (11) aBasercs
YpaBHEHHEM HEKOTOpo#i KPUBOH B IIOCKOCTH.

2.
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Tlokawem, Kak 1o ypasHenuio (11) nocmpoums HOpmaas k Kpu-
goii D 8 mouke P.

TIpn nwo6om OeckOHEYHO MalOM NepeMeuleHHH ToukH P Bioisb
KpuBoii D noayyum

n
2 -ﬁl dr;=0. (12)
of \
Teneps npuaoxmM ¥ Touke P cunisl F,-=W_, HanpaBleHHHIE BIOJb
HopMmanelt r; (i=1, ..., n). Torza pasencrao (f2) 3aMUIIETCA TaK:
n
>\ Fydry=0,

i==1

4 9TO COTJACHO OpPEIBAPUTENbHOMY 3aMEYaHHIO O3HAyaeT, 4TO CYMMa
paGor cua Fy, F,, ..., F, IpA NPOU3BOALHOM NepeMeu{eHUn TOYKH P
BlOAb XpuBod [ pasHa Hymo, Ho rtoria mecBoGonHaa TouYKa, KOTopas
MOXET TepeMellaThes BIOAb TIafikoll KpuBoit D, GyleT B PaBHOBECHH
nox jedcrBuem cun Fy, F,, ..., F,. Ilostomy pasnodeiicmeyowas
cun Fy, F,, ..., F, Hanpasaena no nopmasu x kpugoi D

Mpl moxyynam oyeHb NPOCTOH CMOCOG I'eOMETPUYECKOro NMocTpoe-
HHS HOpDMaiu K Kpupo# D, sajaBaemol
ypasuenuem (11).

PaccMOTPUM YacTHHIE CAyYam:

a) D—osamune. B stom cayuae
C; n C;—roukn (doKych 3aiHICa),

Puc. 13. Puc. 14.

ypaBuenue (11) mmeer Bup r,-+r,—2ea=0, F;=1, Fo=1 u uop-
Manb K 3nAuncy fsasemcs Ouccexmpicoii yeaa Meofcdy cﬁorca/zbubmu
paduycamu-sexmopamu (puc. 13).

6) D—runepGona. YpasHenue runeponn: r;—r,—2a=070,
Fy=1, Fy=—1, n w3 nocTpoeHns nerko ycMorperb (puc. 14), uto
KacamenvbHas K& 2unepfoae ecnp Buccexmplica yeaa mencly gokdnp-
HolMu  paduycamu-gexmopamu (a HopMalb SBIAAETCA GHCCEKTPHCOM
CMEXHOro yria).
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B) D — napa6oua (puc. 15), C; — npsamas (nupextprca), a C, — TouKa
(boxyc). Ypasmenme napaboan: ry—r,=0. Kax u B cayyae rumep-
60JIBl, H3 NOCTPOCHUS CIENYET, UTO KacameabHasi K napabo.e ABASEmCca
buccexmpucoii yzae Menc0y POKAAbHOM pPAdUYCOM-8eKMOPOM T'y U
NePREHOUKYARPOM Ty, ONYULCHHBIM .
Ha Oupermpucy.

Ypasuenue (1) aas nDpuH-
1IUNa BUPTYaJAbHHX NEepeMenienni
npeAcTapaser cobo#t  YacTHHIH
cryyalt o0miero ypasHeHuss AuHa-
MuKM [cM. ypasHenve (3) Ha
crp. 28], Opnako obwee ypas-
HeHHEe JMHAMHKH MOXHO paccma-
TPABATb KaK YPaBHEHUE, BHpa-
Kalollee TPUHUKI BAPTYadbHBIX
nepeMenieHui # XapaKTepH3yio-
niee IOJOKEHUE DABHOBECHS CUCTEMBI, KOTOPOE HONYHAETCA €Cu
K aKTUBHHIM cuaam F, NOTMOJHATENbHO NPUYUCTHTh (DUKTHBHHE
cuast unepunn —maw, (v=1, ..., N). Takum oGpazom, Mu
npuxoaum K npuHipny [lasamGepa.

IMMpuuunn Janambepa. [lpu odsuscenun cucmexmst
11000€ ee HOAOJCERUE MONCHO pPACCMAMPUBAME KAK HOAONCE-
HUue PaBHOBECUS, E€CAU I QKHUUBHbLM CUAQM, OCUCHEYIOUUM
HQ cucmemy 8 3MOM NOAONCEHUN, npubasums GuKMUBHbLE
cubL uUHepyuu.

[punuan Janambepa nosposiseT NEpPeHECTH IPHEMB H METOMH
pelleHns CTaTHYeCKMX 3a/au Ha 3aJaul JuHaMukd. B uactsocty,
OH NO3BOJIET CTATHYECKNMH MeTOaaMu OlIpezeaaTk JHNHaMAYECKHe
peaxuyy. JleHCTBUTENBHO, B NOMOMXEHAN DPAaBHOBECHA peakiun R,
OTIHYAITCA TOJBKO Hampas/ienueMm oT F, —m o,

F,—mw ——R, Gv=1, ..., M)
Ho Torana

mw,=F,+ R, Gv=1, ..., N),

'T. €. OlpeleleHHbe ¢ noMourelo mnpunumia ManamGepa peax-
unn R, ABJAIOTCA UCKOMBMH JMHEMHYECKUMHA peakiusmu. [Tostomy
NpUBEIEHHYI0 Bhile (GopMyIMpOBKY npuHuuna Jasambepa MOXHO
JONOMHATE CJIEAYIONINM NOM0KEHAEM:

Paccmampusasn cuasee unepyguu 8 xasecmee (ONOAHUNIENb-
HbLX QKIMUBHbLX CUA, NPUACIHCERHBLX K MOUKAM clcme-
Mbl, Mbl 3amenserm O0QHHYIO OUHaMuteckylo 3adaty HO§Ol
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cmamuveckoll 3adaveli. Cmamuseckue peaxyuu 6 HOBOE 3adaie
Co8nadanm ¢ UCKOMBIMU PEAKUUAMU 8 UCXO00HOE OUHaMuYye-
cxoil 3adave.

IIpuMeHeHHE CTaTUUECKHX METOJOB K DPELIEHWIO 33a1ad /JuHa-
MHKH MPOWJMOCTPHPYEM Ha CACAYIOLIMX NpUMEpax.

Mpuvepn. 1. Tendep ¢ 8000l O8uscemcst ¢ yekopeuuesm w.
Tpebyemcs onpedeaums @GopMy 4 NOAGKHCEHUE NOBEPXHOCHIL BOOHL.

Ilpn OTCYICTBHH YCKODEHUs NOBEPXHOCTb BOJXK —— FOPH30HTANbHAR
nnockocTh, JlahHas NJI0CKOCTb B KAaWAOH CBOeli Touke meprneHnu-
KY1ApHA K HanpaBieHHIO o6beMHBLIX CHJI Beca, NMPHIOMEHHBIX K BOIE.
JTO cTaTHYECKOEe INOJOMEHMe MOXeT GBITh NpHMeHeHO ¥ K Cayuaio
YCKOPEHHOro IBHXEHHA TeHIepa, eCTu K KakAOMY 3TeMEHTY MaccH dm
OPHAOXUTL AOMOJHUTENbHO GHUKTUBHYIO CHAY HHepunH dJ=—-— dmw.
ToBepxHOCTb BOAW OYyHeT NIOCKOCTbIO, NEPNEeHINKYISPHOH K paBHO-
IeficTByWed NBYX O6heMHBIX CHI: BEPTHKANbHOM CHIB Beca dmg
TOPUBOHTANLHON CHAb MHepuuH — dmw (puc. 16). TloBepxHoCcTs Boau

w
6yNeT HaklIOHeHa K ICPU3OHTY MOX YrioM ¢, rie tge=— —,

2. HanumeM Oudepenyuarsnoe ypasnenue spawenus mgepdozo
meaa omuocumerbro Henodsuxcrod ocu u (puc. 17). K kawnomy ase-
MEHTy Macch dm npUIOKMM (HKTHBHYIO CHAY MHepUuH — dmw.

Puc. 16. ' Puc. 17.
BEIYHCIHM TAABHEIH MOMEHT CHI MHEPUMH OTHOCHTENbHO OCH BPAaLleHHA

—§ dmpe =—§ {ptam=— 1,3,

rae Iu=Sp’dm-'—MoueHT HHEPUMH Tela OTHOCHTEIBHO OCH Bpaine-
uua y, OGosHayuy uepes L, rAapHeH MOMEHT BHEUIHHX CHI, UPHAO-
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HEHHBIX K Teny, OTHOCHTeNbHO ock u')., Torma coraacHo npUHUMDY
HanamGepa Teno MOMXeT HaXOAWTBCA B PABHOBECHH NOX JHeficTBHEM
cymMapHoro momerra L, —/,%. TlostoMy (cm. crp. 32) 3T0T cymMMapHnift
MOMEHT JoJ/xeR paBHATLCS Hymo. [lonyuaem:

Lg=1L,.

3. Topusonmaibuoili 0OHOPOOHBIL 844 paSHOMEPHO 8pawaemcs
¢ y22080il ckopocmbo .. [1epnenduKysfapHo K Ocu 8asa HA PABHBLX
PAcCMOARUAX Ol  NOOUURHUKOS HG 844 IKCUEHMPUUHO HACANHCEH
00HOpOOHbE Ouck. TpeGyemes
onpedeaumb OagaeHus Ha noo-
WUNKUKL NpU 8palieruu 8d.aa.

PaccMOTpHM  CHJEI HHEPUMH
dme®r, CcOQTBeTCTBYIOILHE OT-

NeJbHBIM 3NeMeHTaM dm JIHCKa & g« - —%
(puc. 18). 1o cxomsAUMecs CHAR, 7 0

HaNpapieHHbHE OT OCH. Baja. ¢
PaBHopeHcTBYIOMAas 9THX CHA ¢

paBHa J=«? S r dm=M,o’r,
rie M;--Macca aucka, ar;=

= 0C (O — To4Ka nepeceyeHns
IIOCKOCTH JHCKAa C OCbI0 Bala,
a C —reoMeTpHUECKHH LEHTP
zucka), [IlpumensieM npuauun
JlanaM6epa u onpenenseM craTH- Puc. 18.

yeckHe HNaBJAEHHA Ha NOLIIHKIN-

HUKY, CYHTAad, YTO K OCH Bala MPHAOMEHH TPHM CHani ?): 1) cuna Beca
Bana Mg; 2) cuna Beca nucka M,g u 3) cuna J=Merc.

Nasrerne N Ha KaxIulft MOMUKHIHUK ONpeRenseTcH GopMynol

1 1
N=gM+M)g+5 More,
Cuna N nmeer MakCHMagbHYI0 BEeIHYHHY
1 1
Npay = g5 M+M)g+ 5 M,0*0C

B TOM MOJOWEHWH JUCKA, KOrJa reoMeTpHyeckuii uenrp mucka C pac-
nonoxeH nojg Toukod Q.

!) TnaBHbt MOMERT BHYTPEHHHX CHA paBeH HYI. )
*) PabHozieficTBY 0mlas 3AEMEHTAPHEIX CHA VHEepUMH AJiA Baja pasHa
HYi10 ¥ NO3TOMY He YUHThIBaeICd,
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§ 5. T'onoHoMHBIe cucTembl. He3apucHMmble KOOPAMHATHIL
OGoGmennnbie cuabl

nyc’l‘b JaHa roJoHoMHas cucrema us N MaTE€PUaIbHBX
TOueK P, c paamycamm-Bektopamu r,=xi-+y,j+ 2,k")

(v=1, ..., N), noguuHeHHas KOHEYHHIM CBA3AM
@t r)=0 (a=1, ..., d), (1)
nin (B 9KBMBAJICHTHOH 3amucn)
fulty Xy yy 2)==0 (@=1, ..., d). (1)
Mu Oyaem npegnonarars, uto d ¢ysxun#t f, or 3N apry-
MEHTOB X,, y,, 2, (v=1, ..., N) nesasucumn ?);, ¢ 3xecs pac-

CM8TpHBaeTCH Kak mapamerp. ITostoMy ME MOXeM u3 ypaBHe-
auft (17) Boipa3uTe d KoopanHar Kak gynkunun 3N — d. ocTanbHLIX
W BpeMeHH f U paccMarpuBath 3td 3N — d KOOpDAMHAT Kak
HE3aBHCHMblE BEJWUUHB, ONpEJENAilMe NOJAOKEHHE CHCTEMBI
B MOMEHT BpeMeHu f. :

Opuaxo He 0O6s3aTE€MbHO B KauecTBE TAKMX HE3ABHCHAMBEIX
KoopauHaT OGpats JAeKapTOBH KoopAunat. MoxHo Bce 3N
JNeKAPTOBBIX KOOPAHHAT BHPA3UTh B BUAE GyHKUMH ot n=3N -—d
HE33aBHCHUMBIX TIapAMETPOB @y, ..., ¢, ¥ OT £

xvzﬁo«o(t! Jis aues qn)» J’v=%(ts /S TR l]n), } (2)
z"zx‘i(t’ ql’ LR qn) (V:l, e N)‘

Iti pynxuuy, Oyayus nOACTABJEHH B ypaBHeHus cBsazet (1),
ofpaumiaioT nocaeaHue B ToxaecTsa. Kpome Toro, Mm Gydem
IPEANONararTh, 4T0 J/MoGO€ NOJOMEHHE CHCTEMH, COBMECTMMOE
CO CBA3AMU B JaHHbI MOMEHT BPEMEHH, MOXET OHITb IOJYUEHO
U3 DABEHCTB (2) TMPH HEKOTOPEIX 3HAYEHUAX BEIHUHMH Gy, ...; Gy

PasencrBa (2) axBMBa/IeHTHH BEKTOPHBIM DaBEHCTBAM

f\):f‘,(t,- qu -5 Gn) (=1, ..., N). @)

1 1, j, B—oprt oceit Ox, Oy, Oz uHePUMAALHOH CHCTEMBI KO-
OplMHaT,
%) B npoTHMBHOM cilyuyae, NPH HAaIMUUK, HampuMep, 3aBHCHMOCTH

BHIA )
Ja=2 (1 +ey fao1s ),

oxHa W3 cBAsell (B NaHHOM cayuae fy==0) 1ubo ApoTMBOpeuHna Gul
ocraapamiM [npn- 2(0, ..., 0, £)==0], au6o Omiaa O caAeAcTBHEM
ocraabHex [npu 2(0, ..., 0, £)=0] '
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Cxanmsipunie dyskmmu (2), a CJI€IOBATENbHO, ¥ BEKTOPHHE
¢Gyuxkuun (2') npeanonaramTCs HENpEePHIBHEIME K AuddepeHun-
PYEMBIMH,

Munumanbioe 4HMCAO BEAMYHH ¢;, C TNOMOLLBI0 KOTOPHIX
tdopMymamn (2) MOMKHO OXBATHTb BCE BO3MOXHBIE IOJOKEHUS
FOJIOHOMHOM CHCTeMHl, COBIAJaeT C YUCJAOM CTeneHel cBo6oamn
3ToH cucreMsl n==3N—d (cM. crp. 19).

Beauuuun ¢y, ..., g, B popmyrax (2) nan (2) (# — uucao
creneHell CBOOOAB) HABBIBAIOTCA HE3QBUCUMBIMUI O6O0U,eHHbBLMIL
KOOpPOUHAIMAMY CHCTEMBI.

Hasa  kaXmoro MOMeHTa BpeMEHH ¢ MexIy BOSMOMNHBIMH
NOJIOKEHHAMH CHCTEMBI 1 TOUKAaMH HeKOTOpo# o6aactu B n-Mep-
HOM KOODJHHATHOM MNPOCTPAHCTBE (g, ..., §,) YCTAHABAUBAETCS
B3aUMHO-O/IHO3HAYHOE COOTRETCTBHE. KamioMy uHOMOMEHHIO CH-
CTEMHl B MOMEHT BpEMEHu ! COOTBETCTBYET TOUKA B MOpPOCTpaH-
ct8e (¢, ..., g,), u300paxaionias 5TO MOJOKEHHE CHCTEMBL.
Lsusicenuio  cucmems coomeemcemnsyem J8UNCEHUE MOYKIL
8 KoopOunamroM npocmparncmse (qi, ..., 4,)

Ecnv BCce cBA3M CTaUMOHApHE (CKJIEpOHOMHas cucremal),
TO BpeMs ! He BXOAuT #BHO B ypasHeuus (1'). Torpa Bcerga
MOXHO BHIOpPaTh TaK KOODAWHATH ¢y, ..., Gy
yToObl M B ypaBheuus (2) Bpema f He BXOZuJO,
B  pmambHefinieM npeanonaraeTrcd, 4ro  Aas
CKJACPOHOMHOMR CHCTEMBl HE3aBHCHMEIE KOODAHU-
HATH ¢y, ..., §, BHIODAaHH HMEHHO TakuM oO0pa-
som. Torga Aas CKJepOHOMHOHM cucreMs ¢op-
myas! (2) v (2') npUHEManT BUX

Xy =Py (qi)’ Yy = ‘1"» (qi)’ Zy= Ly (qi)
G=1, ..., N), 3)

R
r,="r,(9) G=1,..,N). @

Mpuwmeps. L. ZJsodnoi maamuur (puc. 19),
NBHAYIAACA B IIOCKOCTH, IMEET JIBe CTeNeHH CBO- Puc. 19
Gomel. B kKauecTBe HE3ABHCHMBIX KOODIMHAT ¢, U g4 o
MOXKHO B3ATb YT ¢ H .

2. Ceobo0noe maepOoe menro uMEeT THecTh CTeneHed cBOBOJLI.
B xayecTse He3aBHCHMbIX KOODAMHAT MOXHO B3ATb TPH KOODIHUHATHI
X, ¥a» 24 Kakol-nubo TOuKH A Tena M 1pM yraa Ditmepa ¢, 0 u ¢,
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onpefenfOIHe NOBOPOT cUCTeMb ocell Afql, HEH3IMEHHO CBA3AHHOU
C TelOM, OTHOCHTEIbHO HEMONBMIHON CHCTeMB! ocell koopamuat Oxyz,

Yraw Dfirepa omnpepensiotcs chaepywomuM o6pasom  (puc, 20).
Mposomum yepes Touky A ocu Axy, ‘Ay,, Az,, napanieapHsle ¥ OfuHA-
KOBO HanpasieHHme ¢ ocaMu Ox, Oy, Oz. Jlunus AN nepeceyerus
nrockocre#t Ax;y; u Afy raasiBaercs muumed ysnos '), Torna § — «yroxn
HYTalBH» — Yroi Mexay ocamu Az, u Al &— «yron nupenecenu» —
yroi Mexny ocaMd Ax; M AN, ¢ — «yron uyMcroro BpaleHus», oGpa-
30BaHHbIH O0cAMH AN n At

Tpems napaanenbHBIMR CABUraMHM — BIoab oceit Ox, Oy, Oz — co-
OTBETCTBEHHO HA X 4, Y4, 2, TPUIAD ocelt Qxyz mepexomut B HoMOMKe-
Az aue Ax,y.z,. Tpema no-

cIenoBATENLHRIMY TOBOPO-
TaMB —Ha yroa % BOKpYT
ocu Az, Ha yrox 9 Bokpyr
och AN uw Ha yrom ¢
BOKpYT ocu AL — rpHazp
Axyy,2, TepeBOIMTCA B
nonoxerue Agql.

Takum o6pasom, Bean-
YHHBl X5, YAy 24, l‘l"y 8, N4
ONPEJeNAnT  HOJOXeHHe
TpusIpa oceit A8y orHo-
curensHo Tpusnpa Oxyz,
T. €, ONpejelsaioT MoJI0Ke-
HHEe JIaHHOTO  TBEPIOro
T€Ad OTHOCATEJBHO HCXOJ-
HOH cHCTeMBl OCeH Koop-
JIMHAT.

Bo3bmeM npou3Boab-
HYIO TOUKY TBEPIOTO Tefa,

Puc. 20, OHa onpepeasiercs 3aga-

HHeM ee KoopauHart §, v, L.

Torma xoopmunatel X, ¥, z 3TOH TOYKH MOryr ObiTe HNPENCTABIEHH
KaK OQYHKUHE BEAUUHH X4, ¥,, 24, ¢, B, ¢ Tax, Hanpmmep, u3

puc, 20 nerko ycMoTpers, uTo

2=2z4 - £sin ¢sin 6 4 ycos¢sinfd 4 ¢ cos O,

Ananoruunbie, HeckOAbKO G0JEe CAOKHbE DOPMYILI UMEOT MEecTo
ana X U y?). ITH QOPMyas NpPeNCTaBAA0T coBOH YaCTHBIH cryyait
Gopyya (2). Omu me comepxar ssuo . Cs0600#0e msepdoe meio
ABARCHICS CINEPOHOSHOL cucme Mo,

') Oce AN HanupaBaseM Tak, 4T06sl HOBOPOT BOKDPYT 3T0H OCH
ot ocu Az, Xo AL no HamMeHblIEMY YUy COBEDPUMIAICA TPOTUB YACOBOH
CTpeJKH.

*) Cm., waupumep, Cycuos T, K, Teopernueckan MEXaHHKA,
M, —JL, 1944, crp. 77 u 83, ’ '



& 5| TONOHOMHBIE CHCTEMB 43

3aMeTHM, UTO NPH HBUIKEHHM TBEPHOrO TENAa BEMHUHHH X g4, Vgu,
24, ¥, B, v MeHsIOTCS M NPHUBEJEHHOE BhIUIE DA3noOKeHMe [epexofa

or Oxyz x Afn{ Ha TpW nmapanielbHbIX CABHIa M TPH NOBOPOTa JaeT
NpejcTaBIeHie NPON3BOJLHOTO NBHUXEHHA TBEDAOrO TEJa B BHAE CIOXK-
HOrO {COCTaBHOIO) ABUMKEHHA, COCTOAULEr0 H3 WIECTH MHPOCTHIX HBUKE-
Hud: Tpex mocTynmarteabHex (Bmoas oceit Ox, Oy, Oz) H Tpex YUCTO
BpamatencHsix (BOKpyr oceit Aez;, AN n AL). Ilockoabky yruosas
CKOPOCTb B C/OXKHOM IBHKEHHH PaBHa BEKTOPHOH CyMMe ClaraeMhx
YrIoBBEIX CKOPOCTEH, TO

0= oy, + o+ o, “)

TIe @y, ©f ©, HaNPaBIeHH COOTBETCTBEHHO BRoAb ocelt Az, AN,
AL, npuyem oy =1{, vg=18, vy,=4¢

3. Ceofodnas mamepuasbHas moyka M HMeeT TpHU CTeNeHH
cBOGONbl. B KauecTBe HE3aBUCHMBIX KOODIHHAT MOKHO B3ATh XeKap-
TOBH HAM Kakue-1u60 JIpyrue KOOpAMHAaTH TOYKW. B. cayvae, Korfa

iz

<Y

<f

Puc, 21. Puc. 22,

B KauecTBe ¢y, ¢y, ¢; 6epyTca UMAHHIPHYECKHE KOOPAMHaTH r, ¢, 2,
dopMyanl (2) BuIraamar Tak (puc. 21):

x=rcos¢y, y=rsing, z=z, (5)

B cayyae cdepuueckHx KOODIHMHAT I, 9, ¢ (puc. 22) BMecTo dop-
Myt (5) umeem

x=rcosysing, y=rsin{sing, z=rcosy. 6)

4. Hecso600Has mamepuasvnas mosxka M Haxodumcsa Ha no-
Osudictoli cepe

(x—atp+(y—bty 4 (z—ct)=r?
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Torna =2 u B KauecTBe He3ABUCHMBIX KOOPAMHAT MOXHO HCIIOib-
30BaTh «IOArCTY» M «IUMpPOTY» Ha cdepe (puc. 23):

X ==at - r cos g, cos g5, y="0bt4-rsingq, cos g,, z==ct | rsing,.

Kaxpo#t xoopauHaTe g¢; COOTBETICTBYET CROS O0COWEHHAS
cura Q; (I==1, ..., n). OOCOGWEHHHE CHAN ONPENENTIOTCA
caenyomum oOpasoM. PaccmoTpuM anemenrtapHyilo paboTy aKTHB-
HBIX CHJI HAa BUPTYAJIbHBIX Iiepe-

4 MeLIeHusX

N
A= Z F,br, 0]
v=1

Ho BHApTyanbHEIME mepemene-
M HUAMH 3F, SIBJSIOTCA BUPTYaJbHHE
mubgepennmans 1. e. angde-
peHinansl npv (QUKCHPOBAHHOM
X Afat, b, ct) («3aMOpOxKeRHOM» ) ] OT pyHKIMM

r, (t’ ql) 1):

Puc. 23, (v=1, ..., N). 8)

Honcrasum suipawenua (8) B npaeyio yacts popmyas (7)
¥ BHIDa3UM 3/JEMEHTApHYI0 PabOTy aKTHUBHBIX CHJI HA BUPTYa/b-
HBIX NEPEMEINEHHAX YEPes MPOUSBOJBHEIE DJIEMEHTApHHE npupa-

I) Meicreutensno, ¢ymxuman r, (¢, g5 (v=1, ..., N), Gymyun
MOJICTABIEHN B ypaBHeHua cBasedt f, (¢, r,)=0 (e=1, ..., d), o6pa-
H210T "STH YpaBHEHMA B TOXJZecTBa. [IpodubdepeHuupyeMm noynesHo
nolyYeHHbe TOXAECTBA, penBapHTedbHO 3aduxcuposas £, Halnem:

N
2 Uerp, =0 (a=1, ..., d, )

or,

v=1l

rae ¥, (v==1, ..., N)—supryaseune nuddepennnanst. Ho ypasme-
HUA (¥) COBHAJalT C nepBboiMM d ypaBHenusam# (7) Ha cIp. 16, KoTO-
DHIMH OpEAeIANACh BAPTYalbHBE MEPEMeIeHHus IONOHOMHON CHCTEMBI.
CaenoBarenbto, supmyasouvie Oufgepenyuas paduycos-sexmopos
ABAAIOMCS  BUPINYAAGHUMU  NEPEMEUEHUAMU  MOYeK  20A0HOMHOL
cucmeMu,
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wenna 8¢, wesaBucHMBIX KoopamHar ¢; (=1, ..., n).
N n 3 n N 4 n
rv r\‘
A= ZFn Z 0_%891'2 2 (sz 0~l]z> 3‘]1':2 Q: 3¢, (9)
v=l =1 =1 v=1 i=1
rae Koshduuuent npu dg; — «0600IEeHHREe cuabl Q;» — OIpe-
HeJSI0TC PABEHCTBAMH

d 0
"
Q= ZFE (=1, ..., n). (10)
v=1
3aMETHM, YTO HA NPAKTHKE IPH HAXOMCIEHHH BEIUUMHB Q; Nanexo
He BCeraa noassyiores Qopmynoft (10); BMecTo 3TOrO cucreme
HAlOT TAaKOE 3JEMEHTIPHOE BUPTYAJIbHOE IepeMenleHue, Ipu
KOTOPOM TOJBKO I-fi KOOpAHHATA ¢; IOJyYdaeT HEKOTOPOe MpH-
pawenue, a OCTaJbHHE HE3aBUCHMEIE KOOpDIAWHATH HE H3Me-
umoTcd. Ilocae sToro BHuMCHgIOT PaboOTy aKTHBHHIX cua 3A;
Ha TaKOM CreuuansHo BelOpanHom nepememennd. Toraa 34;=
L == Qi qu u
Q=
oYt

IIpumepn. 5 Teepdoe meao Moxmcem O08uzamscst MOALKO NO-
cmynamenvho 800ap ocy x. Torma n=1 u B KayecTse He3aBHCHMOH
KOODHMHATEL MOMHO B3ATE alcuHcCy X Kakof-im6o Toyky Tena A.

IIpn stom

rie X— cyMMa TpoeKUMit Ha OCb X BCEX aKTHBHBIX CHI, AEHCTBYIOMMX
Ha reno, Ouesnano, yTo X H ectb 06061enHas CHaa IAA KOOPIHHATEL X:

Q=X (12)
6. Teepdoe mea0 Modicem moAsKO 8paw,ambest 8OKPY2 HEKOMOPOL

HenoO8uscnod ocu y. COOTBETCTBYIOIUM yroi MOBOPOTA ¢ MOMKET OLITh
B3AT B KaYyeCTBE HE3aBUCHMON koopauHathl. Torna

8A =L, b, (18)
rpe Lu—CyMMaprIﬁ MOMEHT BCe€X AdaKTHUBHBIX CHI OTHOCHUTEIBHO OCH
Bpal{eHHus U

Q=1L, (14)

1. Ca060010e msepdoe meso. B kavecTBe He3aBUCHMHX KOODIHHAT
BO3bMEM TPU KOOPAMHATH X4, ¥,, #4 KaKOH-1M60 TOuxH A Teda ¥ TpH
yraa OD#irepa ¢, 8, ¢ (cM. npumep 2 ma crp. 41—42). Torma, co-
raacHo paBencTBy (9),

BA= Qubx + Qyly + Qo0 + Q4+ Q¥ +Qple.  (15)
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Nas onpenenenna Q, coobmuM Teay >JeMeHTapHOE IepeMemlleHHe
BRonb ock x. Torma By,=3z,=0 n 3 =30=0%=0. Tlostomy

34 =Q,dx,. Conocrapaenne ¢ paBencrsoM (11) maer
Qx=X-

Ananormyno Qy =Y, Q,=2Z. 3pecv X, ¥, Z—mnpoekuun Ha He-
HONBHXHHIE OCH X, ¥, 2 T'NABHOrO BeKTOpPa BCEX aKTHBHMWX  CHI,
NeHCTBYIOINMX Ha Teno,

Jannm Temeph HamreMy Tely Taxoe sNeMeHTapHOE NepeMeuleHHe,
IIPM KOTOPOM H3MEHHETCs TOABKO Yrod ¢, a BeSHUMEH X4, ¥a, 24, 0

H ¢ OCTAIOTCA HEN3MCHHBLIMH. Torna
BA=Q, 3.

C npyroft cTOPOHLI, pacCMaTpHBAaEeMOE SJACMCHTAPHOE IepeMellenHe
Tena IpejcTaBnser coGoii mosopor Bokpyr ocH Az, Ilosromy B co-
oTBETCTBHH ¢ dopmyanoil (13)

Q¢=L4n
rae L,-—cyMMapHEI{ MOMEHT BCEX 4aKTUBHHX CHJ OTHOCHTIBHO
ocu Az;, BOKDYr KOTOpDO} cOBepmaeTcA HOBOPOT Ha yrod ¢,

CoBepmerHo aHanoruyuo Qg==Lg n Qy=0Ly, roe Ly u L, —cym-
MapHEI€ MOMEHTH AKTHBHBIX CHJ OTHOCHTEIbHO ocell AN M Ag.

K Tem e BopawenusM Iia OGOGUIEHHBIX CHI MOXKHO TUPHATH,
€CIH BOCMONb30BATbCA BhIPameHHeM [Js 3MeMeHTapHOH paGoThl akTHB-
HBIX CHJ, OPHIOKEHHEIX K TBEpIOMy Teay (cM. cTp. 32) 1)

3nech R u L4 —ruaBHEH BEKTOD M rIaBHLIA MOMEHT CHCTEMB CHI OTHO-
CHTEABHO NOM0CA A HOCK.()ﬂbe [em. dopmyay (4)] @ = oy + 0y 4 0,
rae mq)=q), og=1, ®,==¢, U NpoeKunH BekTOpa L, Ha Hampavaenud
BEKTOPOB @y, (g, (p DPABHH COOTBETCTBEHHO Lqﬂ Ly, L(P, 3 op-
myanu (16) Haxommm )

3A=Xbx, + Yy, + szA—}—Lq,&p -+ Lgd8 4 LB, ar

Conocrasnenne Beipawenu#t (17) u (15) maer Ham BopamenHa 1A
06OGILIEHHbIX CHI.

ITycte Temeps HEKOTOPOE IIOJNOKEHME CHUCTEMHl SHBJIAETCS MO-
noxennem pasHoBecus. COraacHO MpUHIUIY BUPTYaIbHHIX nepe-
MemeHu# 3TO BO3MOXHO TOrAa M TOJBKO TOTJa, KOraa

34=Y Q,3¢,=0. (18)

i=1

1) Tak kak MH 3]eCb HMeeM JeI0 €O CKIepPOHOMHO! CHCTeMof,
TO BMECTO 3Haka 3 MOXHO nHcaTh 3nak d, u HaoGopor, ITostomy

drg="%r, n ¥ =ay="{qdt, 0 ="0at n ¥p=qdt,
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Ho npupamenns B3g; HE3aBACHMBIX KOODAMHAT ¢; MOryT OHITh
COBEpINEHHO mpousBoabHEIMU. [losTOomy pasencrBo (18) sksusa-
JIGHTHO CHCTeME PpaBEHCTB

Q;=0 (i=1, ..., n). (19)

Takum 06DPA3OM, NOAOIHCERUE 20L0HO MHOLL CUCMEMEL SIBATEMCS
HOAOJCEHUEM DPABHOBECUS 8 MOM U MOABKO 8 mMOM cAyHae,
K020 8 3MOM NOAOHCEHUL 8Ce O600UeHHbe ClLAbL PABHBL HY AL,

Opumeps. 8 B coorBerctBuu ¢ pasencrBaMu (19) ycnosus
paBHOBeCHs CBOGORHOTO TBEpJOrO TejMa BAMMIIYTCA Tak:

X=YV=7=0, L¢=L9=L(F=O (20)

(cm, npenuimywuit mpuMep). 3xech” X, Y, Z— IpOeKUME HA OCH KOOP-
IMHAT [JaBHOrO BeKTOpa R BHEWIHHMX CHN, AeHCTBYHOIUX Ha Teno, a L,
Ly, L,— mpoekuun riaBHOro MOMeHTa L, 9THX CHI HAa TPH HEKOMIIa-

HapHbiX HampaBiaenud. I[TosatoMy ckaaspehie pasencTBa (20) oxBuBa-
JA€HTHbl IBYM BEKTOPHBIM:

R=0, LA=O'

JT0 HeoGXOoIUMble M ROCTATOYHBIE YCIOBHA PABHOBECHA CBOGOXHOrQ
TBEPIOrO TeJa, KOTOPHE yke GblIM yCTAHOBIEHH Ha cTp. 32,

§ 6. Ypasuenusn Jlarpanxa sTOporo poxa
B He3aRMCHMBIX KOOpPIHMHATAX

IIpucrynass K BHBOAYy JudepeHuuanpbHbpix ypaBHEHHH ABH-
»eunsd TOJIOHOMHOH CHCTEMB B HE3aBUCHMBIX KOODIMHATAX g, ...
very G MH OyIeM HCXOZHTE 13 OOIIEro ypaBHEHHS AMHAMHKH

N
Z(Fv_—mvwv)arv:()‘ (1)

v=l

BcenoMHnM MOJyYeHHOE B NpeabayiieM naparpade suipameHne
oA 3neMedTapHo#l paboThl aKTHBHHIX CHJ

N n
3A= > F,¥r,= > Q g, )

y=1 i=1
rae

dr\, __
ZFv o (=1, ..., n) 3)
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COBEpUIEHHO aHANOFMYHO MOXHO TNPEACTaBuTh 3 JEMEHTapHYIO
pabory cun mHepuumn —mw, (v==1, ..., N)

N n
SA.I:'_— vawvar\,:—“zzt'aqiy (4)

v=1 i=1

rje N0 aHaJOruu C BHpaxeHuem (3)

N .
or, dr,or,
Z; —Emw“dq Zl »dt 0g;

V==

N
. . dor, .
th m¥ vaq Zm,r,;ﬁa}; i=1, ..., n. ®)

ve=1 v=1

Ho ckopocth

: ory* or,
"V—Zlgq—k%—f-ﬁ (6)
k=
nvHeliHo 3aBucut or §, (k==1, ..., n). V3 sTO#t dopmyan
HaXOOUM .
or, _or .
A= i=1, ..., m v=1, ..., N) 7
= v NG

C npyro# CTOPOHH, M3 TOro e paseHcrBa (6) moayuyaem

__dor,

. n
or, or, . or,
R T 0q.0¢  dt oq; ®)

571;_—k=10¢]i04kq
(i=1, ..., 3, v=1, ...; N).

ITostomy Bmpa)erne (8) mast Z; MoxeT OHTb 3aMHCAHO H TaK:

N .
< Ofy
dethr Z M g =
v=1 ya=1
d oT 0T ,
=g, "op (=L.om O
rae T — KHUHETHYECKas SHEPrus CUCTEMBH
| N
ﬂ‘ -
T=g Z mprs. (10)
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O6mee ypaBHeHnue nuuamuxia (1) Ham paer
8A+8A,=0, (11)

uad, B cuiy paeeHcTB (2) u (4),

D(Qi— Z)dg;=0 (=1, ..., n. 12)

i=1

Tak Kark ¢; — HE3aBUCHMBIE KOOPAMHATHL U HOITOMY d¢g; —
COBEPIUEHHO NPOU3BOJILHHIE NIPUPAMEHUs KoopauHar (i==1,..., n),
TO paseHCTBO (12) MOXET MMeTb MeCTO TOrIa M TOJBKO TOT a4,
Korga Bce KosddumueHts nmpu dg; B ypasHenuu (12) pasHsl
Hymo, TlosTomy oOmee ypasuenue guHamuxu (12) 2KBHBAJEHTHO
cucTeME ypaBHEHuH

Z;=Q  (=1,...,n), (13)

KOTOpHIE, COrnacHO cootHomeHnaM (9), mMoryr OwTh 3anucavsl
B CJACIYIOUIEM Buie:

d oT oT
T o i=1, ..., n) 14

Ypaenenna (14) nocar wassauue ypaswenuii Jlaepawowca smo-
pozo poda wm ypasnerull Jlazpanyca 8 He3ABUCUMBLY KGCOI-
ounamax.

Bemuunnut §; (i==1, ..., 7) Ha3LIBAIOTCSH GOOOUEHHHMU CKO-
pocmaxmu. C(CKODOCTH TOYEK CHCTEMB ©,==F, BHPAKAOTCH
uepes 0O60OIIEHHBIE CKOPOCTH (2 TaKiKe uepes He3aBHUCHMHIE
KOOpAWHATEL M Bpemst) c nomompio dopmyn (6). Bemnuuns
§; (=1, ..., n) HasHBAOTCI 0OOCUEHHHMI YCKOPEHUAMY,

B nesbie yactn ypasuenuii Jlarpamxa (14) mocae BHINOJHEHUS

onepauun BXOZAT Bpema ¢, 0000uIeHHHE KOOPAUHATH ¢;, 0606-

at
ILEHHBIE CKOPOCTH §; u 0600mennsie yekopenus §; (I=1,..., n).
O6o6mennne cust Q; (=1, ..., n), CcTOMmMME B IpPABHX
YacTaX ypasHedu# Jlarpamxa, oGBHIYHO 3ajal0TCA') Kak QyHK-

nua ot t, g, 7, (k=1 ..., n)
Qi=Q: 9r 9¢) (=1, ..., n). (15)

1) CM, dopmynn (3) u (6) atoro maparpada, a raxxe dgopmyay (10)
Ha cTp. 20 w dopmyny (2') Ha crp. 40.
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Vpasuenns Jlarpamxka (14) oGpasyror cucreMy H3 72 OGHIKHO-
BeHHHX JuddepeHnyansHEX YpaBHEHHt BTOPOre MNOpsjaka c n
HEMSBECTHHIMH (PYHKUMAMH ¢; OT HE3aBHUCHMOrO IMEPEMEHHOro f.
[Topapox 3ToH cucTeMsl paBeH 27, 3aMeruM, yTO CHCTEMa Jud-
(epeHLIMaNLHEX YpaBHEHHH, ONpelensiomas ABUKEHUE TOJNCHOM-
HOM CHCTEMBl C 7 CTENEHAMH CBOOGOABI, HE MOXKET UMETh NOPSIOK,
MeHpIIu# 2p, TaK KaK B CHJy IPOMSBOJBHOCTH HAua/JbHBIX 3HA-
ueHuit BeMuuuH ¢; M §; (i=1, ..., n) pelueune cuCTEMB ROJ-
WHO CONEpKaThb, MO KpaHueR mepe, 27 NpOM3BOJBHHX NOCTOSH-
unX. Taxam oOpasom, cucmema ypaswenull Jlazpanica 8 He-
3QBUCUMBLX KOOPOUHAMAX UMEECH HAUMEHbLULUE BO3MONCHBLE
HOPSIOOK.

B cayuae HecBoOOmHO#i cuCTEMBH NOLJEKAT ONpPENEIECHHIO
eme peaxuuu R, (v=1, ..., N). Peakuun He BXOZAT B ypas-
HeHmst JlarpaHwa. 3TO CyHmIECTBEHHOE NPENMYILECTBO ypaBHeHuH
Jlarpanwxa. Ilocme TOro Kak ypaBHenus JlarpaHxka npousrerpu-
poBanbl M Halimens ¢yskumd ¢; () (=1, ..., n), onpeneasoT
[momcranoBko#t sTHX dymxun#t B Qopmyam (2) Ha crp. 40]

r,==r,(t) M, CICNOBATeNBbHO, V,==r, W,=r, u F (, r, r)

(v=1, ..., N). Ilocie »TOro HeusBeCTHHE peaKUWu OHpene-
JHITCA U3 GopMya
R,=mmw,—F, Gv=1, ..., N). (16)

B cayuae cBOGONHOH CUCTEMBl MAaTE€DUaJbHBIX TOYEK ypaBHe-
uus Jlarpamka TNpecTaBlsMioT cOGOH KOMMAKTHYIO 3anuCh ypaB-
HEHUH M[BMXEHWsS B NPOMBBOJLHOH CHCTEME KOODIMHAT.

[Ipumepsn. 1. Teepdoe meno, spawjaioneecs 80Kpy2 Henoosuoic-
HOlf ocut u. B xayecTBe He3aBUCHUMOH KOODIMHATH BepeM yroa HoBOpOTa 9,
CoorsercTByloman oGobmenHas cuaa  (cM, mpuMep 6 ma cTp. 4§)

paBHa Bpamamomemy momenty L, C npyro# croponn, T=— 5 W55, rae

I,;— MOMEHT WHEpIHH Tela OTHOCUTEILHO OCH BPAlLeHHH,
Ypasnenue Jlarpanxa
dor_or_,
atop oo
nocie MOACTaHOBKH
oT . aT
0—5; =1y b;‘ =0, =1L,

npunuMaer BHI



