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310 Ouddeperyuarvroe YpasHerue spawenus meepdozo mesa
80KpY2 HenpOBUICHOU Ocll,

{ﬂsoﬁﬂoﬁ mamemamudeckuli Masmuur, 08udxcywuiics 6 nao-
cxoemu (puc. 24). CocTaBuM BhIpaXKeHHe NXIA dME€MEHTapHOK paGoTH

8A =mg bz, + myg Bz,

rie 2, =1,co89,, 2,==1I,cos¢p 4 ;C05¢,.
Briyucuss 82, u 32, HaxonuM:

BA = — (my + my) g1, sin g, do, —mogl, sin o, dp,
H
Q== —(my+ my)glysing, Qy==—m,gl,sing,

C npyroifl CTOpOHH,

T =g myfi 3+

g ma L1148+ B+ 20l cosle, — ) bl =
= (g 10 1383+ Ml 005 (31— 9s) -+

1 LX)
T o melf 43

TlepBoe ypaBrenne Jlarpanxa

UMeeT BHI

d . .
at [(my—-ms) 13 $1 4 mali13%, cos (p1— 9] +
- maly 15§y sin (9 — g) =
=—(my + my) gl sing,. Puc. 24.

TIpenocTaBasieM YHTaTeNI0 COCTABUTL BTOPOE YpPAaBHEHHE, COOTBET-
CTBYIOILEE KOODIHHATE g,

3. Tpe6yerca onpenennuts Oudiepertjuansroie ypasHeHus O8usice-
Rusl c60000HOI MamepuaabHOll MOYKY @ cepudeckKux KOopOUHamax
(cm. mpumep 3 ma ctp. 43 u puc, 22). CKOPOCTb TOYKM DaBHA BEKTOp-
HOW cyMMe cxopocTeii: 1) pamanbuol; 2) BpamaTeabholl OT BpauleHHs
paguyca B NJIOCKOCTH MepHAMaHa M 3) BpaumlaTelbHOH OT BpauieHHs
NAOCKOCTH Mepunnana, CnaraeMbie CKOPOCTH NOMAPHO OPTOTCHANBHHI,
H NOTOMY

T=% mo® =~%~ m (r* 4 rig? 4+ r?sin% §9),

[Oas naxoxaenus oGoGLICHHON ~cuabl Q, TaiuM TOYKe HmepeMerie-

Hue BIOdb panuyca. Torma 8A,= F.dr, rie F, —npoexius UPAIOKeH-

HO! cuin F Ha HanpaBaenue paguyca, Orcoia Q,=F,.
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Temepsb faguM TOYKe sleMEHTapHOE MEPEMEULIEHHE [0 MEpULHaHy.
Torna 3A,= For¥, rme F,—upoexkuua cuasl F H& KacaTeabHYIo
K Mepunmany ). [Toatomy

Qp= For.
Ananornuno
Qy=Fyrsiny,

rae Fy—mpoexuns cuin F Ha KacaTeAbHY® K Napaiienn.
Ypasuenne Jlarpanxa Iis KOODIHHATEL I

aor_or_,
dat 3¢ or
HPHHAMAET BHUX L. .
m{r—re? —rsin®g?) = F,.
Jas K0OpPAMHAT ¢ H & HAaXOIMM ypaBHeHuA

m (r¢ -+ 2ro —r sin g cos g %) = F,,
m(rsing +2singr{+2rcosged)="F,

Mn nonyuymnn Tpu IuQQepeHUHatbHEX YPaBHEHHs NBMKEHHA CBOGOA-
HOH MarepHanbHOH TOYKH B CepHUYECKHX KOODAMHATAX.

§ 7. Viccrexosanne ypasuenuit Jlarpanwka

Ilna TOro 4TOGH CcOCTaBUTH ypaBHeHus Jlarpawika, HYXHO
NpefBapHTENIBHO HaliTU BHPAaXMEHHE I KUHETHUECKOH »Hepruu
B BuAE (YHKUMH OT BpeMeHd f, OGOGIEHHHX KOOPAMHAT ¢; U
o6obmennnx ckopocrelt §; (i=1, ..., n). Cueraem 510 B 06-
ILeM BuAe:

') Kacateabnble kX MEpuUAMany M Mapaniend HANPaBIAEM B CTOPOHY
BO3PACTAHHMA COOTBETCTBYIOUMX KOODAMHAT ¢ H ¢,
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3necs KO>DDHUMEHTH a;p, @j @y — QYHKUAR OT £, Gy ouvy @
OnpeenseMbHe paBeHCTBAMU

N
o §,, ory0r, — 1
a;k— A m‘)aqi aqk (i) k_ly L] ﬂ) )’ (2)
=
N
o= Y mI% (=1, .., 1 @3)
1= L g o s 1)
N
a=3 Y m Qr—“)g “)
L) Zl "(()t ‘

dopmysna (1) NMOKa3LIBAET, YTO KHHETHUECKAA SHEPrus ro.o-
HOMHOH CHCTEMBI NPEICTABJASET COGOM QYHKUMIO (MHOrOUIEH) BTO-
po#l cTeneHn OTHOCHTEIBPHO 000GmEeHRHX cxopocreﬁ

T=Ty-T,-}+T, )

n n

1 . .
=35 Z %1 Tl=20iqir hy=a. (6)

ih=1 i=1

rune

B cayuae cxnepoHoMHOH cucTeMsl, Kak ObIO BHACHEHO B § 1,
BpemMs ¢ 4BHO HE BXOIUT B 3aBUCHMOCTD MEWAY F, # ¢; H
HOTOMY

'—072 (V=1, seay AO.

Ho toraa, cornacHo pasencrsam (3) u (4),
=0, a;=0 ({=1,...,n)

n

1 . s
IT=Ty=3% 2 @29
Lhe=1

Takum 006pasoM, "Kuwemu4ecKas IHepaus CKACPOHOMHOL
cucmenmst npedcmasasemcss 8 8ude 00HOpoOHOE hyHKyUL
emopoii cimenenu (xgadpamuinold Gopmer) om o06o6uennbLy
cropocmell.

1) Vis qopuyn (2) vnauo, ut0 gy =ap; (Lk=1, ..., n).
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3aMeruM, yTO y NPOM3BOJAbHOK (CKAEDOHOMHOH HAM PEOHOM-
HO#) rosnonoMuoi cucreMnl (opma T, ABAsSETCH BCErAa HEBRIPO-
WAEHHOH, T. €. ONpeleluTeNb, COCTaBJICHHHK u3 e€e Ko3pou-
LHEHTOB, OTJHYEH OT HyJs:

det (a;5)i k=1 7~ 0. (M
JleficTBaTENBHO, NYCTH

Toraa cncreMa OJHODOZHBIX JUHEHHWIX YpaBHEHuMH
n -
Zaiklk=0 (izl, vee ﬂ) (8)
k=1

HMEET BEWECTBEHHOE HEHYJEROE DellieHue.
YMuoxas cucremy (8) mouneHHo Ha A, cymmmpya no i ot 1
OO n ¥ ucnoab3ys Gopmyas. (2), noxydaem:

(Z mg; g;k) Ay =
o \ or
Zzl (2 M Bq:)

i=1

n

k=1

ik=1 .,

O1crona

n
0!‘\,_ o
Z"i«?q‘,-_ =1, ..., N (9)

Ot N BEeKTOPHHX DaBEHCTB MOXHO 3aMeHuTb 3N CKalApHHMH:

n n
.;1 %);—: W= igl %

(v=1, ..., N).

n
0z, , ,
21 =0 @
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Papencraa (9') NOKasbBAIOT, HTO B IKOOHEBOH (PYHKUMOHAIL-
HOH Marpuue :

0%y oxy
dq,’ **" 0q,
0y1 oy
¢’ " g
9z, 92,
g
S (10)
0x 0x
g, "7 0q,
W Wy
0gq,° """’ 0qp
GZN‘ dZN
5‘1—1—’“' 0qp

CTOAOUN MMHEHHO BABHCHME, T. €. Daur p 5TOH QYHKUMOHAMBHOH
MaTpuik MeHbine f. Torga cpeau 3N dysxun#t Xy, yy, 2y ...
vovs Xpn Van Zp OT N aDTYMEHTOB ¢y, ..., g, (t paccmaTpu-
BAETCA KaK MapaMeTp) AMeeTcs p HE3aBHCHMELX, Yepe3 KOTOpHE
MOryT OHTb BHIpaXeHbl BCE OCTaIbHHE AEKAPTOBH KOOPAMHATH
TOYEK CHCTEMBL. MH NpUUIM K OPOTUBOPEYHIO, TAK KaK MUHH-
MaJBHOE UMCAO HE3aBUCHMHIX KOOPDIVMHAT CHCTEMH DAaBHO YUCHY
creneneit csoGoant n, a p<n. Hepasercrso (7) ycrauosieHo ').

CaoficTBo KoadduunentoB KsagpatuyHo#l (opmu T, BHpa-
KaeMoe HepaBeHCTBOM (7), OUeHb CymlecTBeHHO u OyaeT Hamd
HEOAHOKPATHO HCIOJNL30BATLCH B AajbHeHiieM, 3aMeruM, 4TO Mo-
CKOABKY Bcerga 7Ty=0 (Ty— KuHeTHYeCKas SHEPrHs NpH <3a-
MOPOKEHHHX> CBA34X!), TO M3 Hepasenctsa (7) CJAeAyeT, 4yTO

n :

1 O
KBajparnuHas ¢opma ngrg 2 a;,9:q, SBIASETCS IOJOWKU-
Lh=1
TEAbHO oOmnpeneneHHod, T. e. T,==0, npuuem To=0 TOIBKO
Toraa, Korjga Bce ¢; (i==1, ..., n) pasHm Hymo. [losromMy

1) Panr dynkumonaapHo#t MatpHust (10) MoweT GHITb Merbile #
B OTHENbHHIX (0COGHX) TOuKaX. B 3THX OCOGHIX TOUKaX BO3MOKHO pa-

sencto det(a,,)f,_ | =0. B naabHelimem Mu Takue ocofbe Momg-
HEHHUA CHCTEMB MCKAIOYAEM W3 DACCMOTPEHHH,



56 OHPPEPEHNHANILHBIE YPABHEHWA NBUXEHUA [ra 1

415 KO3(PuUUKEHTOB a;, HUMEWwT MECTO JeTepMUHAHTHBIE HepaBeH-
crea CuibBecrpa Y):

Qy Qg ... Ap
ay Qg Ay Qg ... Qg
ayy >0, >0,..., ™ ">0. (11)
Qy Qo e e e
Ant Qua ... Qg

Ioncrasus  BHpaxenne (1) A9 KUHETHUECKOH 3HEPruM
B ypasHeHus Jlarpamka

d oT o _
Gog "= @=1..n (12)

noayYuM
Doy FED=Q(t g ;) (=1 .., n (13)
E=1

3nech yepes (x*) o003HaUeHa CyMMa WUJEHOB, He COAEPKallUX
BTODHX INIPOHM3BOJHBIX OT KOODAMHAT HO Bpemedu. IIpaBhie uyactu
TaKXKE He COZEPXKAT BTODHIX IIPOMBBOAHBIX, TAK KaK MpeacTa-
BJIAIOT COOOH B oOweM cayyae QyHkuam OT Beanmuns ¢, g¢;, ¢
(=1, ..., n).

Tockomsky det (@;;)ix—1 7 0, T0 ypasneuns (13) MoxHO paa-
peniuTb OTHOCHTENbHO BTODHX NPOH3BOAHHIX M IPEACTaBUTh
B BHUJE

§;=G;(t, 9 n) (i=1, ..., n). (14)

Ho rorma, xaxk mssecTHO u3 Teopun IndpdepeHUnaIbHEIX YPag-
HEHHH, NPU HEKOTOPHX TNPENNOIOXKEHUAX OTHOCUTEIBHO IMPABHX
yactelt (;, KOTOpHE B MEXaHUKE BCErga NPEAnoJardioTcs BhI-
NOMHEHHHIMA %), CyIMeCTByer OZHO H TOABKO ONHO pelleHHe
ypasuenuii Jlarpamxka npm NPOUSBONBHEIX Halepen 3aNaHHBIX
HayanbHHIX JNaHHWIX ¢f, §f oas t=1, (i=1, ..., n). Takum
06pasoM, ABMKEHUE TOJOHOMHOH CHCTEMB OJHO3HAYHO Onpeie-
JIIETCA 3aflaHMEM HAYaJIbHOTQ NOJOXKEeHUS (¢]) ¥ HayaibHBIX CKO-
pocrett (§}).

) Cwm., nanpusmep, Nanrmaxep @. P, Teopus marpuu, M., 1953,
cTp. 248, .

*) Hanpumep, npn cyumecrBoBaHni HeNpephIBHAIX YACTHHIX NPOH3-
BOJHbIX [IEPBOro MOPskKa y ymkumi G; (i=1, ..., n).
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§ 8. Teopema 06 uameHeHMM NOJHON SHepPruu.
MoTenunannuple, rHUPOCKONNYECKHE H KUCCHUMATHBHBIE CHJIBI

Eciau o6oGinenuble Cusibl He 8aBucAT OT 000OIIEHHBIX CKOPO-
cretl

QizQi(ti i «v s qn) (l=l, --wn) (1)
u cymecrsyer ¢ynxiua IL (¢, ¢y, ..., ¢,) Taxas, uro
o1l
Qi—‘-—“--—ga; (=1, ..., n, ()]

TO CuAH  Q; HA3HBAOTCH HOMEHUUAABHBIMN, a (QYHKLES
II — nomenynason cus wnn nomenyuassnoil snepzieli. Paren-
cra (2), onpenensomue norenunan II, momno samucats Tax ')

n
3A= Y Q;3¢g;=—3IL )
i=1

PaccmorpuM Temepb ofuiufi cayuail, KOrga mOMHMO HOTEHIUAJb-
HEIX CHJI, onpejelseMsix noreHunansom II, na cucremy nefictayior
emje HemoTeHUWadbHble CHIIbI

G=0Qt g5 &) (=1 ..., n) @
Torga ,
o1 x
Q=— 9q; + )
K ypasHeHnd JlarpaHxa OPHHAMAOT BHX
d dT or o1l ~ s
G =g T& =La.m @

BeepeM B paccMoTpeHne MHoOJHYI0 SHepruio F, paBHYI0O cymme
KHHETHYECKOA U NOTEHUHAJNbHOH sHepruft

E=T-TI, Q)

'} Tlpm BblymcleHHH BHpTyalbHOro uddepennmana I Bpems f
n

npensapureabHo ¢Qukcupyerca, [Tostomy BdI= 2 g%l:%q;.
i

i=1
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dE
W BHYHCAHM NPOWSBOJHYIO —-. HOna sroro cHavala Halgem

n
ar or , oT . oT
37—.21 (Fq?qi—l—ﬁcj_,- ‘Ii)+‘52=
==

I

n n

d aT or d oT\ . oT
d"t‘.zlga"li‘l" ZK@Z*&;%)‘L‘{"& ®

i = =
3ameuas, uro T="Ty-} T+ 7T, ¥ wucnoissya ypapuesus Jla-
rpanka (6), moayuaen 1)

‘n

ar _ d or o ~\,
a9 ;,;(2T2+ Tl)‘i"ﬁ + izl(a;_ Qi) 9=

n
dT d or dil o ~
=2—ﬁ—~d—t(T1+2To)+§ 7 i 2 Qd

P=1

Orciona ¢ yueroMm paBeHCTBa (7) OKOHUATEMbHO HAXOLUM
n .
dE ~ % d o7 |, ol .
'{t:ZQiQi‘f“jﬁ(ﬂ‘f‘QTo)“(Tt‘i“a;- (10)
i=1

Crosmee B NpaBol 4acTu BHPaNKEHHe

n
Qidg; o
"Q._i;’q__a/\ i
‘ iqz'——r——gg, (1)

i==1

1) Ona onmoponuoft dyHRuMH f(x,, ..., X,) mM-H CTeNneHH HMeetr
n

Mecto dopmyna dfitepa 2 g—ixiz‘mﬁ lpumenas sty dopmyny
. 2

=
K nuHefiHO# dopme T, M KBagpaTMuHO# dopme Ta, HAXORUM:

\ N T
DG h=2m XS a=T.

i=1 i==1

CnpaBensuBocTh STHX TOMIECTS CHENYeT TAKKE HENOCPEICTBEHHO U3
Boipawenuit aa T, u T, NpHBENEHHHX Ha CTp. 53,
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roe 8A — sJeMeHTapHas paboTa HEMOTEHUMAaJNbHHX Ccul  Q;,
npencrasiser co6oit Momrocms HEMOTEHUMAMbHHX cwl Q; (I—

=1, ..., n). Craraemoe B npaBol uyacTu

d oT

d_t(Tl—{—?TO)‘_a—t (12)
OTJIMYHO OT HyJSl JHMIb JJS DEOHOMHOH CHCTEMH (I8 CKJEpO-

HOMHO# cuctembl 7;=Ty=0 u %:0) ITocnennee xe ciaa-
raeMoe OTJNMYHO OT HyAd TOJBKO TOr[d, KOrZa NOTEHHHaIbHas
sHeprus Il 3aBucuT BHO OT BpeMeHH.

Dopmuyaa (10) onpedessiem u3Menenue nOAHOE swHepauu
npu  08udICennlt npou3BOAbHOE 20A0HOMHONE cucmemsl. Pac-
CMOTDHM YacTHHE CJIyYamu.

a) Cucmenma cxaeponomnas. Torna

n

dE ~ o1t

=2 Qu+5. (13)
i=1

0) Cucmema CKACPOHOMHAS, U NOMEHUUAABHAS SHEp2Us
He 3asucum s6HO om 8pemenu. Toraa
dE N\
€G6 Z Q9. (14)
i=1
Ilns Taxo#t cucTeMml npou3eodnas om nOAHOW IHepauu no Bpe-
MEHU PABHQ MOUWHOCHMIU HENOMEHUNAABHHX ClA.

B) Cucmenma rowcepsamugnas, T. €. 1) cucrema CckJaepo-
HOMHAS; 2) BCe CHIB NOTEHLWMAAbHEIE M 3) NMOTEHUWaAbHAs BHEp-
ras I ne 3aBucur #BHO oOT Bpemend, lis KOHCepBaTHBHOH
CHCTEMH, COraacHo pasencrBy (10),

dE

7 =0 (15)
T. €. 0pd JI0O0M [BIKEHHH CHCTEMBI
E=const=*F. (16)

Iloanan snepeus KowucepsamusHol cucmemsl we usMe-
HAEMCSL npu 0BUNCEHUN CUCHLEMBL

Papeuctso (16), He conepxaniee §; u BKJIIOYAIOLIEE NPOHU3-
BOJIbHYIO MOCTOAHHYIO h, OnpelenseT MepBbH MHTErpajs ypabHe-
Hult gBrxenus. OHO HABLIBACTCA UHME2PANOM SHEpRUll,
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HenoteHinaspnsle  CUAB  Ha3BIBAIOTCA 2UPOCKORULECKUMU,
€Ay uX MOWHOCTh pPaBHa HYJ/IO!

Zl Qiqi =0, (1 7)
1=

U OuccunamusHuLMU, €CIA WX MOIIHOCTH !) oTpmUaTeNbHA WIH

paBHa HyJIO:
n
> Qg <0 (18)
iz

Ecan nortenuwmasbuas suepruad He 3aBUCHT SBHO 0T f, TO ©3

pasencts (14) u (17) caeayer b =0 u, TakuMm oOpasom, 041

d
dt
CIC./prOItO.MHOﬁ cucmemb, npu 2UPOCKONUHECKUX CUAAX MaAKIHe
umeem mecmo UHmMe2pan 3repaul

E == const.

1} B cayuae cxneponomnoﬁ CUCTeMBl
ZF dr,= ZQ, dg;,
v=1 P=1
OTKYyJa Nocie MOYJICHHOrO HKeleHus Ha df HaXxonuM
n
21 Fyo,= 121 Qigi- (%)
V= =

[TosTomy paBencTBo (17) BeIpaxaeT YCIOBHE IMPOCKOHHYHOCTH

N
E F,0,=0,

v==1

a paBeHCTBO (18)— ycnoBMe OUCCHNATUBHOCTH

N
> Fo,<0.

va==|
B cayvyae peoHoMHO#I cHCTeMbl DaBeHCIBO (%) MOXeT He HMeTh
rV
mecta. B 3toM cayvae Grv-—zdr,—T dt W ¥3 paBeHCTBa
N n
ZF\, o, = 2 Qi 3g; caenyer Z F, (v, oF ) 5’ Qid;.

v=1 i=l vl
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Ecan xe Ha TaKylo CHCTEMY lIeﬁCTBYIOT JAUCCUITATUBHBIEC CUJIbI,
TO TNIPHA ABHIKEHUN CUCTEMBI

dE
Ego,

T. € IOMHad SHeprus yOolBaeT BO Bpems npuxedus '). B stom

cJyyae caMy cHucTeMy Mbl OyJeM HaseBaTh duccunamiugroi.

B cootHomennsix (17) u (18) oboOuientne cunbl Q; B 06mem
cnyude 3aBuCAT OT 0GOOMEHHHX CKOpoctel. PaccMoTpuM BaskHbie
YaCTHHIE CTy4aH, B KOTOPHIX 5Ta 3aBHCUMOCTb JIWHEHHA 1 OLHOPOLHA.

1°, Ilycrs

Q~i= Z Tiede (=1, ..., 1) (19)

n Marpuia Ko3UHMENTOB T;, SBAAETCH KOCOCHMMETPUUYECKOM:
Tie =" Tri k=1 ..., 1% (20)

Torma cunsl (19) ABAAIOTCA THPOCKONMMYECKHMH,
IelicTBuTEbHO, B 2TOM Cilyuae

3 Qg

i=1

n

n 1,...,n
= Z Tind i = Z Yudi-+ Z (Yin—+ 7. 7:9,=0.
i k=1

i=1 i<<h

TMocneasee paseHCTBO TOKASBIBAET, YTO KOCOCHUMMETPHYHOCTh
MaTpulbl KO3(hULHEHTOB 7;, ABJISETCS HE TOJAbKO HOCTATOUHLIM,
HO 1 HGOﬁXO,ﬂ.HMbIM ycaoBueM JHjad TOro, yTOOH TNIPUJIOKEHHEIE
K CcKJepoHOMHOH cucteme cuianl (19) GbIM  rUPOCKONMYECKHMH.

Mpumepn. 1. Hopuoarucoss cuast unepyun O4st CKACPOHOMHOI
cucmeMsl  SIBASIOMCA  2upocKonudeckumu  cugamy. - HeicTsuTennyo,
KOPHOJIMCOBA CHJIa HMHEDIMH, NPUKIAfBIBaeMaas K TOYyKe P, CHCTEeMB,
onpelenseTca HopMynoiu

F\O=_2mv(ﬁ) X ‘uv)'

3nece m,— Macca ToukM P, ©,—ee CKOPOCTb B pPacCMaTpHBaeMOi
HeMHEpUMANbHOH cHUCTeMe OCe#l KOOpIHMHAT, a8 @ — YII0Bag CKOPOCTb

!) Ilpu AMCCHNATHBHLIX CHIAX NPOUCXONNT pacceHBaHme (DHCCHIIa-
unﬂ) sHepruu. OTCci0la U TePMUH «AMCCHIATHBHBIE CHIBI»,
¥ KOCOCHMMETpPHUECKOH# Matpumust | y;|| Bcerma 7;==0
(i=1, ..., n)
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BpaNleHHs 3TOH CHCTEMbl OTHOCHTENbHO HEKOTOPOii HMHEpPUMaabHOH CH-
cremsl kKoopaunatr (v=1, ..., N). Ho Torna

N
> Fo,=0.

V= l
2. Ilycts wa TBEpAOE TENO ¢ HenoisuxHoR Touxo#t O meHcTByIOT
CHIBI € FI2BHBHIM MOMEHTOM L,=/(@; X @,), rae /— ckansp, H 0ycTb

0 =, + @, — yraosaa cxopoctb Tena. TOrga MPHIONKEHHBIE K Texy
CHIB ABAAIOTCA MMPOCKONMYECKUMH, TaK KaK HX MOUIHOCTb PaBHa HYNIO:

L,o=0.
Ecnu tBeproe Teno oGnamaer mMHAMMUeCKOi cumMmerpuedt, /-— MOMEHT
MHEPUHH OTHOCHTENBHO OCH CHMMETPHH, @, — YIrIOBAasd CKOPOCTH <YH-

CTOTO BPAIlEHHs», HANPABICHHAA 110 OCH CHMMETDHH, 3 @, — yriaoBas
CKOPOCTh TIPENleCCHOHHOTO IBUMEHHS, TO MOMeHT L, =/(m; X @,)

Ha3biBaerca 2upockonuyeckum. Takum o6pa3oM, Ccuibl, CO3Ma0iHe
THPOCKONMMYECKUA MOMEHT, ABIAITCA THPOCKONAYECKHMH 1),

2°. Mycre
Q=— Dbty (=1, ...,n) (21
F=1

rae Matpuua Koshduuuentos b;, ABASETCS CHMMETPHYECKOH

bip=0by =1, ..., n) (21)
n

W MycTb KBagpatudunas Qopma ¥ b;¢;§, NOMOKHTEMbHE:
if=1

n
2 bi14i4r=0. (22)
k=1
Torpa AN CKJAEPOHOMHOH CHCTEMB MOUIHOCTH CHJ DPaBHA
n n
DV Qbi=— X bididr<<0 (23)
i=1 Cik=1

¥ Cuan Q; SABJSIOTCA NMCCHNATHBHBIMH.
B sTOM cayuae kBaaparuuHad ¢opma

LN, »
R=+5 X byl @4)

ik=1

Y) Orciona ¥ NDOMCXOXUEHHE TEPMMHA <IUPOCKONMYECKHE CHJBLY,
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HasmBaercs Juccunamusnoi Pyuxyueli Peaes. Jlerko BuieTs,
yTo 0600menHsle cuas (21) nMoayvanTcss W3 AUCCUNIATHBHOH
¢ynxuun Penes ¢ nomowpro gopmya

(=1, ..., n). (25)

Ecan cucrema CKJICPOHOMHA ¥ HOTEHIMAJbHAs SHEPIUA He 3aBH-
CHT 4BHO OT BpeMeHu, TO- B cuiy pasencts (14), (23) »n (25)

dE
dat

Q — 2R (26)

||M=

i

Iocaennss dopmyna ykassiBa€T HA (HU3HUECKUH CMBICA (DYHKIUHH
Penes: yosoennan yuxyun Penes pasna cropocmu y6s8a-
HUSL NOAHOL 3Hepaull.

Ecan dynkuna Penes (24) sBasercs NOJOKUTEALHO ONpe-
neJneHdolt  keazpatnuHoii opmoit oT 000OUIEHHHEIX - CKOPOCTEH,
TO TOBOPAT O noAxoll Ouccunayun sxepeun. B 3TOM clyyae
cucTeMy Mbl OyleM HashiBaTb OHpedeneHHO-0UCCUNAMUBHOLL.
Y Tako# cmcremsl, coryacHo Qopmyiae (26), noaxas sHeprus
crporo yOmiBaer.

B kauecrse npuMepa pacCMOTPHM NPUIAOXKEHHBIE K TOYKAM CHCTEMbl

CHILl CONPOTHBACHUA CpeAbl, NPONMOPHHOHAJbHHIE TMEPBLIM CTEIEeHAM
CKOpOCTe! TOYeK:

F,=—fo, =1, ..., N). 27
B stom cayuae
N
> Fo,=—2R, 28)
rae -
’ N
R=y8 Vo2 29)

§ 9. DnexTpomexaHu4yecKHe aHANOTMHA

B sTOM naparpade Mbl IOKaxeM, KakuM 06pa30M ypaBHEHUSA
8HAJUTHYECKOH MEXaHHKU MOr'yT OBITh IPHMEHEHEl HE TOJBKO K
MEXaHHYECKUM, HO B K SJEKTPHUECKHM H 3JIEKTDOMEXaHHUUECKHM
cucTeMam.

PaccMOTpAM  KOHTYP, B KOTODOM WHAYKTMBHOCTH L, OMH-
YECKOE conpoTuBaeHue K - M KOHAEHCATOP ¢ €eMKOoCThbio C
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COEANHEHH MOCAeA0BaTedbHO (puc. 26). [last aTUX 3/1€MEHTOB CBASb
MEXIy HANPAKEHHEM X (Pa3HOCTH MEXAY SHAUEHUAMH IOTEHLuana

, [, d
Ha KOHILAX 3JEMEHTa) M BeJMYHHOH ToKa i (Lza%, rjpe g — 3a-
paa) OymeT COOTBeTCTBEHHO paBHA

. 1
u__Ldt, == Ri, uzégidt. L)

Ecin B KOHTYpe UMeeTCs eme BHEWHMA HCTOYHHK 3. A. C.
e (), To, 3amUCHIBas, YTO BEAMYMHA 3. A. C. paBHa CyMMe Hamps-
MeHu# 9 OTIENbHHIX 9JeMEHTOB, Oyldem uMeTh

L%+Rz+clgzdt=e(t), @)
WY

LI+ RY+E=c . @®)

DT0 ypaBHEHWE fBJSETCS AHAJNOIOM ypaBHEHUS MEXAaHHYECKHX
KonebGaHuit

a P b% 4 cg= Q). @

[Ipm 5TOM WHAYKTMBHOCTH L OTBE4aeT WHEPUWOHHHH KO3(dHU-
nuedt (0006uieHHas Macca) @, OMHMYECKOMY CONPOTHBJICHHIO

nw’

eg\b £ u@) Y .

A
Puc. 25. Puc. 26.

1
R — nuccunatuBnbil KoaduuueHt b, kosbduuuenty o rme

C — eMKOCTb, OTBEYaeT npuseieHHBH KO3PPuUUEHT yupyro#
CHAB ¢, 3apAl ¢ COOTBeTCTByeT oO6oGuieHHOHl KOOpAMHATE g,
3. I. C. e(tf)— oBobuienHoft cune Q (7).

C agpyro#t cTopons, B KOHType, usoGpaxkeHHOM Ha puc. 26,
CKJAA[bIBAIOTCA TOKH, HNPOXOJMAILUE Yepe3 MHAYKTHBHBIA B3JEMeHT,
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CONIPOTHBAGHNE ¥ KOHAEHCATOP, HO3TOMY

R+L Xzzdt—l—cdt_z(t) ©)

[Nounenno auddepenuupys, nosyuaes:
1 du

d*u _
CaTr dt+"

3hech MH uMeeM JPYryl0 CHCTEMY aHajoruf, B KOTOPOH

KOOpAHHATE ¢ COOTBETCTBYET HAIPSXKEHUE U U MEXaHHWUeCKHe

11
Ko duuueHTH g, b, ¢ 3amensiorcs Ha C, - AA 0006u1erHoH

di
cane Q(f) 3mech OTBEUAET BEAMYUHA PR

ee saexmpunecxue cucmemv, uMeowue OOUHAKOBHE
(¢ Tounoctnio J0 oO6osHaueHml) ypasHenus, npeacmasﬂﬂ}om
coboif dse pasneie saexmpuieckue modeau oanou u moil sce
MEXARULECKOU CUCEMbL.

Kunernuecko#i u moTenNuanbHOM oHeprusM, ¢yHkuun Peses,
o0o0uteHHOH Cu/le ¥ MEXaHHUECKOH CHCTEMA C OFHOY CTeNeHbIo
cBOBOAH

T=aaf®, R=v b, H=qc¢, Q=0Q(
B [IepBOH CHCTEMe aHAJOrMH COOTBETCTBYKOT BE/IWYHHBI
Ll p_1pam 1 a —
T——qu, R—-—2-R‘I, H'—'2—cq: e—e(t),
a BO BTOpOH

D S (TS . 1
T—?C"’ R=gsp i, M=qpu, 5.
Takum 06pasoM, CHCTEMB 3JEKTPOMEXAHHYECKHX 3HAJIOrui onpe-
aeasiorca caepywowelt Tabmuuel:

1 = 1 1
Mezx.: b — 2 . 29 2
ex.:q | a e | QT o 0 | R=5bg® =5 g
- 1 1., 1 1
l-g an.:q| L] R o e §Lq2 | 5 R o P
’ < 1 1 di 1 . 1, 1
2-q9 sm:ul C Tl z 7Cu2 2Ru2 5T u?

3 ®. P, Taurmaxep
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Paccmotpum B kauectBe Gonee C0KHOTO NpuMepa 3JEKTpH-
YECKyIo Lenb, uso0paxkeHHyl0 Ha puc. 27.

% &
A o 7 s
€ G\D T s Los b
L\AWW
L, #,
Puc. 27.

Cocrasum ypaeuenns JlarpaHxa, MNPHAEPKUBAACH MePBOH
CACTEMB aHANOPMH; NPENBAPUTEJBHO BEIYUC/HM

1 .o 1 . N
T=§ L} +—2- Loy (73 — ¢a)%
RS RPN U S
R=5Ri{i+ 5 Refi + 5 Redi,
M= L 3L g — g
=g, BT, — 9

Kpome Toro, e;=e3;==~0. IToaoxum
;=24 sin Q¢.

Teneps BhnuLIEM ypaBHeme' Jlarpamka
o N i 1 . .
LG+ Ry —f—ﬁ— @1 — o= 9o =A sin t,
12 12
v . . | 1
LesGs — Lys 3+ Ragy -+ ol n= 0,
N .. ‘ 1
Los§s — Logqs -+ Rals T, B= 0.

Otn ypasHennsa u GYLYT ypaBHEHHAMM SJIEKTPHUYECKOH wueny,
uso0paxenHo#t Ha puc. 27.
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§ 10. ¥YpapHeuus Anmenss A HEroJOHOMHLIX CHCTeM.
IlceBrokOOpRHHATH

B sToM maparpade mbl BHBegeM ypaBHeHHs Anneas, onpe-
IOeNAIye ABMKEHUE HErOJOHOMHOH chcTeMH. IlycTsh Ha Herono-
HOMHYI0 CHCTEMY HaAOXeHh d KOHEUHHX W g nuddepeHunann-
HEX cBaselt (cm. § 1). McmoabsoBaB cHaua/ia TOJBKO d KOHEYHKIX
cBsizedl, MB BHIPA3UM PANMYyCH-BEKTOPH TOUEK CHCTEMH uepes

m==3N — d He3aBNCHMHIX KOODAMHAT ¢y, ..., §,, W Bpema f:
Ay=r,t q, ..., qgn) (=1, ..., N). 1)
Orcioaa
\ or
= Dot S o=bem @
u
m
2 "Bq, (ov=1, ..., N). ()
Omnaxo r, n ¥, (v=1, ..., N) ynosiersopsior eme nudde-
peHUMaIBHEIM CBA3AM )
er—}—D =0 @B=1 ..., g (3)
v=1
rae Iy, u DB aBasioTcs QyHKUMsME or £ mr, (v=1, ..., N).

Moacrasus Beipaxcedud (1) u (2) ansr, u #, B ypaBHeHus
cBsizeit (3), MBI MPEJACTABUM 3TH YDaBHEHHA B BUAE

ZIABiql+AB=O (lex -"’.g)' . (4)

rae KospumueHTs A‘3 npu §; u ceoGonnbie yJIeHH A ABASIOTCA
QYHKUMAMYE OT £ B G4, ooty Gp

Taxum oOpa3oM, A1d HETOJOHOMHOH CHUCTEMB KOOPAHHATHI
Qts +-+» Gm MOTYT NPHHUMATb IIPOHZBOJIBHHIE BHAUEHHS, HO NpU
5TOM 0606mIeHHbE CKOPOCTH §y, ..., §;, YHKE He MOryT OuiTh

1) dyskuuy (1), Gynytm MOACTABAEHH B YPABHEHHUA KOHEYHBIX CBfA-
3eff, o6pamaT HX B TOXAECTBAa. [103TOMy npH HCHOJL3IOBAHHM npef-
craBaedds (1) HyEHO YYHTEIBaTH TOAbKO JH(GepeRuUHaNbHBIE CBH3M.

3.
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NPOU3BOJILHLIMU; OHM CB$I3aHB MeXAy c0060H COOTHOWEHMAMYU (4).
Cunras g cBs3elt (4) He3aBHCHMBIMYU, ML MOXEM W3 ypaBHEHu# (4)
BHIPa3uTh g OOOGHIEHHBIX CKOPOCTEH, HanpuMep ...+, dpm
uepe3 ocTagbHbe ¢y, ..., §, (n=m—g=3N—d—g—
uyncao creneneil cpoGombt cucremsr; oM. crp. 19). CkopoctaM
&4y «.., @, MOXHO N3BATH IPOM3BOJLHEIE SHAUEHHS, U TOCJA YXKE
ONpPEeNeNATCA 3HAYEHHS OCTAbHHX CKOPOCTEH.

Ognako mp nofigem no Gosee ofuemMy nyTH H B Kadyecrse
HE33aBHCHMHIX BEAUYHH BO3BMEM He 1 (7 — YACJO CTeneHe# cBo-
6oasl) OCOOIMIEHHNX CKOPOCTEH, @ HEKOTOpHE £ HE3aBHCHMBIX
JUHEHHHX KoMOuHamui aTux cxopocred!)

m
*szzfsiqi (=1, ..., n) ®)
i=1
rre fg— GyHKUEA OT ¢ U ¢y, vvy Gpe
Ha auneltnbie dopumbl (5) HYXHO HaJOXHUTb JUUIL OJHO YCJO-
BUE. TH 72 JUHEHHEIX (OpM BMECTE C g JmHeHHnM# Qopmamu

m

Z Aﬂit},- BE=1,..., 9

i==l
IDOMKHE 00pasoBaTh NOJHYID CHCTEMY W3 m=—f—} g JHMHEHHO
HE3aBHCHMBEIX (GOPM, T. €. ONPEAENUTENb, COCTABJACHHBIH M3 KO3(-
(uiueHToB 3THX M HOPM, AOMKeH OmTh OTJMYeH OF Hyas. Toraa
BENHUUHH g (=1, ..., #) CMOryT NpPHHHUMATh NPOU3BOJBHHIE
3HAYEHNs, TAK KaK npn JMoOHX BHAYEHHAX ITHX BEJNMYHH MBI
patiiem coorBercIBylomue ¢; (I==1, ..., m), paspewas cucremy
aunelneix ypasHenutt (4) n (6). Ilpu stom nmoayuum

n
qi—__—-.. Z hisﬁshl_hi (l=1: ey m)’ (6)
s=1

rae h; 0 h; — dyHKUUR OT £ ¥ ¢y, ..., G

Beanunuel %, SBIAOLIMECS JUHEHHBIME (opMaMmE 0T 0606-
UIEHHBIX CKOpOCTEH, OyaeM HA3LIBATB NCEBOOCKOPOCMAMU, & CUM-
BONM T, — Heegdoroopdunamanmu (s==1, ..., n). B vacrHocry,
&, MOTYT COBNafaThb ¢ HEKOTOPHMA OOOGUWEHHBIME CKOPOCTAMA.

) Ham yxoGuo o6osHauaTh inneHHHE KOMOMHaumm (5) vepes &,
XOTA CaM CHMBOJ Ty MOXeT He MMeTh CMBICA3, TAK Kak MpaBas yacTh
paseHcTBa (D) MOXET He GRITh HOAHOH NPOH3BOJHOMH,
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B ofwem xe cayyae m - n BeMMUUH &g B §; CBA3aHH 3aBUCU-
mocTama (9) u (6).

Ins toro yroOs HalTH oOrpaHuueHud, HanaraeMsie Kude-
pEHIlHaTbHEIMY CBA3SMU Ha BAPTYaJbHHIE NIEPEMEIUEHHs 8g;, HYKHO
(cM. § 2) B ypasueHusx (4) orOpocuTb CBOGOAHHIE UJEHH Ap

¥ saMenuTb ¢; Ha 3¢; (I=1,..., n). Torga Mb noayuum
m
igl Agd=0 (=1, ..., g) “)
B coomercr;nn ¢ pasencrsamu (B) sBoguM ofosnauenus !)
m
= Z Fid  (s=1, ..., n). )

i=1
Tlo npemnonoxeumo dopmsr (4') u (5') nuneHHo HesaBUCHMEL.
[Toatomy &m; MOryT NpHHUMATH NMPOMUSBOJBHHIE BHAYEHHS, & CO-
OTBETCTBYIOLINE 8g; ONPENENATCH M3 CUCTEMBI ypasHeHuH (4)

u (8%
7
= 3 v, (=1, ..., m) 6)
s=1
Buipaxenne gas paGoTH 3JEMEHTAPHHX CHJA HA BUPTYa/bHEIX
TIIEPEMEUIEHHUAX MOXKHO npe,ucmnmb B BRIE

8A= 2 Q; 3, U]

i=1

TAg, KaK B naa FOJIOHOMHOP! CACTEMHI,

or, _
2 Fge @=L ... m

Teneps, nOACTaBHB B paBeHcTBo (7) BMecro &g BHPAXCHHS (6"),

Haltzem .
=3 o Z iy by 3 (2 h,sQ,) o,
T. & = !
A= il II, 8ry, ®
Py

‘) B cxyyae cxaepoHOMHOfi cHCTeMBt 8g;==dq;==§;df ¥ mOTOMY,
coraacno gopmynam (5) u (8'), dwy= i dt.
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rne

m m N
‘ 0
M= Z his Q= 2 Z h,-sa%F, (s=1,...,n. (9

i=1 ie=1lv=l

Bemuunust II; OyneM HasbiBaTb o000GuweHHBMIL CHAQMI, COOM~
sememay s ncesdoxoopounamarn v, (s==1, ..., n).

C apyro#fl CcTOPOHH, NOACTaBAAs B PaBeHCTBA (2) Bhlpaxe-
uus (6) Zas §; MB moayuaem

n

=Y e %, +e (v=1,..., N), (10)

s==1

rne e, ne (v=1,..., Ny s=1,.,,, n)— HekoTophie BeK-
TOP-QYHKUHK OT £ M ¢y, ..., §p
Us pasencrs (10) uaxomum 1)

n .
br, = Z evsa‘-”'s (=1,..., N) (11)

s=1

[
I\ =

= ! evs*s—{"-.. (V:——'—ll avey M, (12)
i

S

npu STOM B NMPaBHX 4acTax Qopmya (12) BLAETEHH JHIUL YACHEL,
copepxamue ncesdoycropenus %, (s==1, ..., n).
C nomomsio pasexcrs (8) u (11) sannmem obuiee ypasue-
HUe AMHAMUKH
AY
3A— 3 m,F,r,=0 (13)
y =1
B TaKOM BHJE:
n N

Z (Hs — Z m‘,?“e@ dm, =0. (14)

s==1 v =1

) Beanuunkl F,, #5 M §; CBA3AHM cooTHOWeHuamu (2), (4) u (5).
VICK7I0UHB M3 3THX cooTHOmieHHll BEJHYMHW §;, MB NOAYYHM dop-
Myan (10). Beauymnm ¥, Bx; M ¥g; YZOBNETBOPAIT OJHOPOAHLIM
cooTHonleHHAM (2), (4') ¥ (§'), KOTOpme OTAHYawICA OT COOTHOmIE-
Huit (2), (4) B (5) ToaBKO OTCYTCTBHeM CBOGOAHMX uieHos, [losTomy
u gopmyas (11), apasomnecs pe3yIbTaTOM HCKAOYEHHA Bg; U3 COOT-
Howenwit (2'), (4) u (8'), noayualorcs u3 gopmya (10) sameno#t 7, Ha
br,, %ig Ha dng B oTGpachiBaHMeM CBOGOAHMBIX UAEHOB e,.
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Tak Kak 37  — COBEPIUIEHHO MPOUBBOJBHEE MHOKHTENH, TO OT-
CIOfia caenyer:

Zm =0, (s=1,..., n) (15)
ve==]
BeegeM B pacCMOTpeHHe <3HEPrHI0 yCKOpeHnH»
i N
U=5 Y mB=UC g, %, &) (16)
V=1

3aMeuasr, yTOo Ha OCHOBaHHA (opmya (12)

-—ar —— i ———
e E‘? G=1,..., N s—l,...,n), ¢¥))

Ml ypasuenus (15) MoxeMm 3amucaTh Tak:
-5.—:2-‘1-[ (s=1, ..., n) (18)

Ypasuenus (18) Oniin BREpBbie nosayueist -AnmneseM ¥ HOCAT
HaseaHumne ypasweruil Anness.

Otn n=3N—d — g nuddepeHunabHHX YyPaBHEHHH COB-
MECTHO C £ YpaBHEHHAMU CBASEH

m
3 A+ A4=0 @¢=1...9 (19)
i=1
H ¢ n JaddepeHuna bHEIME COOTHOLIEHHAMA
Z fnqi (20

i=1

o0pasyioT cucremy muddepeHInaJbHEX ypaBHEHHH, ONpexeso-
MAX JBHKEHHE HErOJIOHOMHOH CHCTEMBI.

3anup:eM ypaBsHeHnd Amnmess B pasBepHYTOM BHAE, AAd" Y€ro
B (opmyay (18) noacrasum Bmecto F, BeipaxeHns (12). Toraa
1o ayunm

Zlnpsﬁs—{—(ﬂ):HP =1, ..., n), @1
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rae

N
szné(tx qn %), U ==Upq t 9= 2 me,s€y, (22)

va=l

(e, s=1, ..., n).

Uepes (#+) B ypasHenusx (21) oGosHaueHn uaeHH, HE COAEp-

Kaulue NCeBaoycKopenuit % (s==1, ..., n). )
MOXHO [OKa3aTh, uYTO ONpeieauTeNb, COCTABAEHHBIA U3

KO3(QUILHEHTOB U5, HE PABEH TOXKAECTBEHHO HYJIO!

det (t1,5)p, 51 7 0 ). (23)

Torpa ypaewenus (21) MOXHO pa3peIINTh OTHOCHTEALHO
NICeBAOYCKOPEHHH

:f:s:Hs(t’ g ﬁp) (S=l, seey Il). (24)

C apyroti cropoun, coorHowenns (19) u (20) Takie MOKHO
NpeACTaBUTH B BHIE, Da3pelieHHOM OTHOCHTeABHO §; (I=1,...,m)
[em. dopmyan (6)]

TaxuM 00pasoM, IBUIKEHHE HETOJOHOMHOH CHCTEMBl OIpene-
aserca cucremo#t 71—+ m audiepeHUnaNbHIX YPABHEHNH TIEPBOro
NOpsAjKa OTHOCHTENbHO HEU3BECTHHX (PYHKUAH ¢y, ..., Gm

®y, .iv, T, OPAUEM STH YDABHEHAS DPAasPEMEHH OTHOCHTEAbHO
npousBoiHnx. Torja Bajanne HAYaAbHBIX HAHHBIX ¢Y, ..., gm
T, ..., Ty ONHOSHAyHO omlpeneaser nsmxeuue cucrems. Ho ¢ no-

MOUIbIO 3THX HaYaJbHHX HaHHEX (opmyaamu (1) u (6) sanaiorcs
COBMECTHMBIE CO CBSI3AMH IPOU3BOJBHOE HayaJbHOE IOJOKEHUe
¥ [pOU3BOJIbHLIE HayaieHHE ckopoctd, Ilosrtomy 3adawnue na-
YOAbHO20 MNOAONCEHUSA CUCMEeMb. 1 HAYAABHBLX CKopocmel,
Ke Npomusopeiauux KOHeHHuM U OugbgdeperuyaisHoLM €8S~
38M, OOHO3HA#HO onpedeasiem OBUNCEHUE HE20AOHOMHOL Cl-
cnemel.

3ameuanne 1. Ecau B uacTHOM cayyae B Kauecrse
MCEBAOCKOPOCTEH B3ATH # HE3aBHCHUMBIX OGOOWEHHNX CKOPOCTEH,
Hanpumep 4y, ..., ¢, TO JIS ONPEAENEHHs COOTBETCTBYIOLIAX

1) B orfefpHHX TOUKAX STOT ONpelelHTedb MOXKET PaBHATHCA
Hymo. ITH ocobble TOUKYW HCKIIOUAlOTCA H3 paccMoTpenua. O6ocHo-
Bayue HepaBeHCTBA (23) aHag1orMyHO OOCOCHOBAHHIO HEepPaBEHCTBA

det (@;,)7 g=1 #0 Ha cTp. 5455,
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obobmennnx cun Qf, ..., QF uyxuno B paseucrse (7) BHpa-
3UTh 8¢5 <., 0G,, HEPE3 Bgy, ..., Bg,

A= ZQi Bg; = Z Qs g, (25)

i=1 $==1

B atoM cayuae sHeEpruio yckopenn#i {J MONHO NPeACTaBUTDH

B Buge QyHkuun B(f Gy ooy Qmy G ooos G G1 oees §4)
U ypaBHeHud ANNeas NPUHHEMAIOT BUA

%:Q;“ (s=1, ..., n). (26)

3ameuvauune 2. Ypapuenus ANMeAs MOXKHO, B YaCTHOCTH,
NPUMEHUTh H K FOJIOHOMHOH cucreme. B 3TOM caywae Bce CkKo-
poctr §; Gynyr nesasucumbimy, Q; = Qf (I==1, ..., n) u ypas-
ueHus (26) npencrasasior coGo#t APYryI0 8amuch ypaBHEHHH
Jlarpamxa sroporo poxal).

MMpnwmeps. 1. [Ipn momomu ypasHe- 4.‘/
uufi Annexs onpelelMM ABHXKEHHE CH-
cTeMbl, ONMHCaHHOH B npumepe § 3 (oM.
ctp. 28)., DTO NO3BONMT YHTATENO CONO-
CTABUTH ABa METONA OTHICKAHMA IBHMCHHA
HErOJOHOMHOH  CHCTEMBl — € TTOMOWIbIO
mHOXUTenelr Jlarpanxka ¥ ¢ noMompbw
ypagHeHH# Ammens —n y6emuThca B Ipe-
UMyIecTBax BToporo, Beesiem B KauecTse
HE3aBUCHMBIX ~ KOODAMHAaT KOOPJHHATH
HeHTpa CTePXHA X, ¥ U yrox ¢, ofpaso-
panHbl orpeskoM M;M, ¢ ropH3oHTaRb-
Ho#t ocbio x (puc. 28). Torxa

1
Xy ==X 5 008 9, x2=x—|-§lcos'p,
Puc. 28,

l . - L.
Y=y —gsing, yy=y- 5sing.

YpasHenue mugdepenunaibioll CB43M B HOBHIX KOOPAHHATAX NpPTHH-
MaeT BHAL
Y

gosp ~ sing

1) Onpnako ypasHeHMA Annead B NCEBIOKOOPIHHATAX NPHMEHH-
TeJbHO K TOJOHOMHOH CHCTEME YXe JalT HHbie (QOpPMBl yDaBHEHUH
N BHKEHUA,
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dueprua ycxkopenmit U, Kak Jerko npoBepuTb, BHPAZHICH CAEIYIOWHM
o6pa3oM:

1 “ - 1 g |
U=ag BN+ 2 I =8+ + £ F +3.
BeesieM NCeBIOCKOPOCTh %, NONaras

X=mcosy, Yy=mnsing
TOrla :

U=ﬁ‘+%l’<‘,&’+...,

[Jle HeBHIIHCAHHBIE YIeHH He colepkar yckopenm#i, OnpenenuM 0606-
1eHHple cuanl, Jlaa 3Toro Hauumem
3A =18 | ® ¥¢p==—2g ¥y == — 2g sin ¢ ox.

OT1cona
I=-—2gsing, ®=0,

CocraBuM ypaBHenusa Ammenas

oU ou
0—;-:— —H, -E?— =(D.

B nausom ciyvae 3TH YPABHEHWA He CONEpKar KOOpAHHAT X, y H
UMET BHI
f=—gsing, $=0,

Unrerpupys, noayyaem

¢==at 4§,
Z:=La*='—%simp, ﬁ=§cos<p+7.
Hattnem x u y:
_‘%_—_%x=é&cos?=ff-,,cos’cp+%coscp,
%:i_y;#%-&simp-—:% Cosvcpsinn?-i—%sin?.

Orciona
r=gfrot (L oE5 cose) sing 43,

y=~(% —{-2% cos:p) cos¢ +-e,
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IMoacraasia af ;-8B BMeCTO @, NOAYYaeM KOHEUHBIE YPaBHEHHA ABMXe-
HHA, colepxamue NaTh NPON3BOABHHIX MOCTOAHHMX: «, 8, 1, 3 H &

5= o Gt B4 [ Lo oy con(at 4 [sn et +8) -3,
y=—[L+Ercosat+B]cos @t +0 45, g=at+s

2. TokaxeM, KakuM 06pa3oM H3 YpaBHeHMH Amneias MOryr GuiTh
NIONyYeHsl JHHAMHYECKHe YpaBHeHHs DHuepa A1s TBEPHOrc Tela ¢ 3a-
KpemneHHo# touko# O.

[Tycts p, g, r —npoexunu yraoBoft CKOPOCTH @ Ha riaBHbE OCH.
nnepnuy 0%, On, Of. OHH, Kax H3BECTHO, ApencTaBIALT cofoft anHe-

Hple KOMOWHAUMH 0GOGLEHHbX CKopocTelt ¢, b, :'g, rie Y, 0, ¢ — yram
Ditnepa ' (cM. cTp. 42—43)1). [lo3TOMYy MhI MOXEM NpPHHATH P, ¢, r 3a
TPH NCEBAOCKOPOCTH. BIUHCIHM SHePruo yckopeHu# ) o

2U=gwﬂdm-:S(zxr—kmxw*dm:
=§(a><r)’dm-{—2S(sxr)(mx‘z:)dm—}—...;—.

=S(e><r)’dm+2e S'[rx(mxv)]dm—{—...—_—.

=S(a><r)2dm+2e[mxerodm]+... @7)
do e b d 3
3aMeTuM, uTO a_—d?——gt——i-m X 0= 3xech rarTy

03HaYa0T COOTBETCTBEHHO AM(depeHUNpPOBaHNe B HEMOABHMIHON CHCTEMe
oceit m B cacTeMe ocel, HeM3MeHHO cBA3aBHMX c TeaoM ?). [losromy ps

q, r —NpOEeXUNH YIIOBOro yckopeHHs & Ha ocu Of, Oy, OF.
Torma mo aManorHH c BhIPAKeHHWEM JIS KHMHETHYecKo} 9Hepruu *)

QT"S (@ X r) dm = Ap* -+ Bg* + Cr*

') BoipaxteHuss ;A p, ¢, r MBl NONYYaeM, HPOEKTHPYA MOYAECHHO
Ha OCH KOOPAMHAT BEKTOPHOE DABEHCTBO @ ==0)y + 0§ -1 @, rie
oy=={, og=10, o, =g
%) Mb 3jcch HCMOMB3YeM M3BECTHOE TOXIECTBO
rx@XxoteoxX@Xrntox{rXo =0

nociefiHee claraeMoe B JeBOH YACTH PaBHO HYMIO, TdK K&K P==a X r.
HeBbinncannsie yieHol B Qopmyiae (27) He COXepXaT yriaoBOro ycko-
eHHA 8.
d %) Cwm., Hampumep, Jlofinancku#t JLT.u Jiyps e A WU, Kype
TeopeTHyeckolt Mexanmku, 1954, 1. I, § 73.

Y Cum. Cycaor I. K, Teoperuyeckaa wMexanmka, M,—J1,
1944, § 259.
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(A, B u C-— MOMEeHTH HHEpUWM OTHOCHTEILHO TJaBHHX OCeH HHep-
unn 0%, Oy 1 O0) Mu MOXeM HanucaTh

S (& X ) dm = Ap* + B§* + Ci®

C npyroft cTOPOHB, KHHETHYeCKHH MOMEHT G_-.—.S r-X vdm umeer

xomnonentst Ap, Bq, Cr. MosTomy oxonyarenbHo moiyuaeM clefyio-
mee Bepamenve mas 2U%

QU= Ap* + B§* + C#* -2 ((C—B) grp +
+(A—C) rpj + (B— A) pgt] + ..

C npyroft cTOpOHH, A1a 3NeMERTapHON PaloTHl BHEINHHX CHI HMEEM

IloatoMy ypaBHeHHS Angens HemoCpeACTBEHHO AT ypaBHeHus Jilaepa
A% L c—Bygr=1L,
dt
dg
B +@a—0mp=1,

dar.
c ¥ +(B— A)pg=L,.



FTABA II
YPABHEHHUSI IBMXKEHHUS B NNOTEHLUHUAJBHOM NOJE

§ 11, YpaBHenns Jlarpanka B cayyae NOTEHIHAJLHBIX CHJL
. O606menHeIl moTeHuuayn HeHaTypaabHble CHCTEMBI

Ilycte oO60OGumienHsle Ccuasl Q; ABJAAIOTCA HOTEHUHANBHBIMHU,
T. @, MyCTh CYyILeCTBYeT NOTEHUUaX CuJ (NOTEHIHaJbHas SHEPTUS)
HN=H( q,) (cm. § 8) m

oIl

Q=—7g, (=10 )
Torna ypaeuenns Jlarpanxa
d oT 9T __ ol .
@ og g og =L
3aMuCHIBAIOTCA B Buiel)
d oL oL
EEB—qT‘—"a-q—l: (l:1, sv ey ﬂ), (2)
rae
L=T—1L 3)

Oyukuus L naseiBaercs @ymrxyued Jlaepawsca unv Kuue-
mutecKumM nomeHuuaioM. . ‘

Kunernuecku#i mnortennuan [, Tak ke Kak M KUHETHYeCKas
speprus T, mnpencraBiseT . co60fl (yHKUMIO BTOPOH CTENeHH
OTHOCHTENBHO 00O0O0LIEHHBIX CKOPOCTeH:

L=1ILy-}+ L+ L, )

1) TockoabKy moTeHuManbHas SHeprug II He 3aBUCHT OT ofo6iieH-
oT oL oT on

03 T og; ' 0q; T 0qi  0q;

HHX ckopocTedl, a L=T—1I, 1o
(=1, ..., n). ‘
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rae
n

n
1 . . ] ,
L9=§ Z Cirdi9p L1=Z ¢y Ly=c, (4)
ik=1

i=1

3pec KOPPOUUUEHTH C;p, ¢; €, SABAAOTCS (GYHKHHAME OT

KOOpIAWHAT ¢y,..., ¢, W Bpemenu f (I, k==1,..., n). Comno-
crasieHne gopmyns (3) ¢ dopmyaot (5) ma crp. 53 maer
Lyi=T, Li=T, Ly=T,—IL (5)

3aMeTHM, 4YTO B ciyuae, KOrAa ReHCTBYIOiIHE Ha Mareﬁuanbnue
TOYKM aKTHBHHIe cunbl F, =X+ Y j+Z,k (v=1, ..., HMeT
norenunan Il (¢, x,,y,,2,) B JNeKapTOBEIX KOOPAMHATaX X, ¥,, 2,
=1, ..., N), T. e

ol o ol

Xv=_ axv , Y\v=_ oyv )

Z"=—?ZT (V——l, eey N),

9TH CHIH H B HE3aBHCHMBIX KOOpAMHAaTax g;(l=1, ..., n) uMepr no-
TeHuHan (o6patHoe yTBepxJcHHe B O6IeM CAyvae HeBepPHO!) H STHM
HOTEHUHANOM ABIAETCA TOT K€ NoTeHuuan II, HO TONbKO BHPAMEHHEIN

yepes KOOPAMHATH ¢y, ..., , W Bpems ¢, JleHCTRHTEAbHO,

n N n ol

2 Qi dg;= 2(Xvaxv+Yvayv_l—zvazv):'—anr‘_“ a“']—‘ aqi1
H

imml va=xl i=1
OTKyZJa ¥ crefyoT paBeHcra (1).

PaccmoTpuM Teneps TOT cCayuaH, KOrma BMECTO OGHYHOrO
norenumana I (£, q,) cyumecTsyer oboGuennnii nomenyuan
V({ qw 9;), 4epes xoTophiit 0600LieHHbE CHAN Q; BHPAXAOTCH
€ MoMOuIbI0 GopMyI ’

U= a5 a5 (=L .cn) (6)

Torna ypasnenus Jlarpanixka

dor_or _d v _ov .
F g = a0 o (=Leon)

* CHOBAa 3anuCHIBalOTCA B Buje (2), rie Ttenepb

L=T—V. (7
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Hs dopmya (6) caenyer:

Q aqioqk .qk_l—(**) (l=]9 cey n), (8)

roe (#+) oOO3HauaeT CyMMy 4UJEHOB, He copepxamux 0606-
IEHHWX ycKopenuR §, (=1, ..., n).

TTocKONBKY B MeXaHUKE M DPacCMaTPUBAEM TOJBKO TOT CJIy-
yalf, korza oOoOuieHnble CuAR (; He 3aBUCAT ABHO OT 0606-
IEHHHX YCKOpeHutl, a 3aBHCAT JUIIBL OT BPEMEHH, KOOPIHHAT
A 00600IeHHHX CKOpocTeH

Q=Qt 9» 9 (=1,...,n), ®

T0, cormacHo dqopmyiam (8), B 3TOM cayyae BCE HaCTHHE MPOU3-
BOJHEIE BTOPOro nopsaka OT V no OO6OGIIEHHEIM CKOPOCTAM
JOMKHH OBITh TOMIOCCTBEHHO DAaBHH HYMO, T. €. 000OWeHHbIT
nomenyuas V auneiino 3a8ucum ont o600WeHHbNX CKOpOCMell:

V=.-§1 0Lg+T=W+10, (10

rme II; (=1, ..., nj n I — GyHKuMM OT KOOPANHAT ¢y, ..., ¢,
] BpEMEHPI t. Ho rtoraa, cornacHo paseuctBy (7), L cuosa 6ynet
KBapaTHyHo# (YHKUMEN OTHOCUTENBHO CKOPOCTEH §; W BMECTO
paseucrs (5) Gyzem umers ')

Lg———- Tg, L1= Tl— ‘/1, L9= To——r.[ (11)

Moacrasnas Buopawenue (10) mia V B dopmyay (6), moxy-
yaem

n
dn a s

=—a Z G- e+ a2

1y KoapduuvenTs B BhpaskeHusx aaa L um T cBA3aHH MeXAy
coboit. JleHicrBuTenbHO, NPpH OGHYHOM MOTEHNHUaNe ¢;==4a;, a NpY 0606-
meHHOM NoTeHuuame ¢;=a;—1II; (i=1, ..., n). B ofoux cayuaax
cir=ay, (i, k=1, ey n), ¢y=a,—II ¥ Ly=T; — NONOKHTEALHO

ArmaAamAwaIran RaTnamaaran dnnuaa
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®opmyan (12) MOKasHBAOT, YTO B CAyYae, KOFAa JnHeRHas
yacTh V; 0GOOWIEHHOrO NOTEHHWala He 3aBHCHT SBHO OT Bpe-

MeHu ¢ [ a;i" =0 (=1, ..., n)]; 0600uennse cuan Q; craa-
0bLBAIOMCS U3 HOMLEHUUAAGHBX CUA — gg (=1, ..., ) u
2upocKonutecKux cun '
o n
Q=3 Tuls (=1, ..., n) (13)
=1
rae
J— —(?I_I_l ank i —— 4
Tie = 10 = g G, (G, k=1, ..., n. (13)

Baxuocte paccmoTpenus oGOGLIEHHOrO NOTEHUuana HOXTBEp-
KAAETCH CACAYIOMUM [PUMEPOM.

Npusmep. Ha Toueunsiit snextpuuecknif 3apay B IAeKTPoMaryur-
HOM Toae neilicTByeT cusa Jlopenya

F=e[£+%xﬁ], (14)

rpe o —CHOPOCTb TOWKH, €-—3apsall, ¢—BEIMYMHA CKOPOCTH CBeTa,
a E u H— HanpameHHOCTH 3IEKTPUYECKOrO ¥ MATHHTHOro noael. Bek-
topel £ n M BHpaka0TCa uepe3 CKaNAPHHI MOTeHHUAN ¢ U BEKTOP-
Hoii A ¢ noMouipo GopMyn t)

E=—gradcp—lc%‘—:, H=rot A. (15)

Haiinem o6o6mennnit motenunan V mus cuan Jlopenna F,
W3 ¢dopmyxn (14) u (15) Haxomum

F= —egrad ep—%%/}—l—%('vx rot A)=
=-—e¢grad cp—% %‘} —}—%—[(‘vv)A*}—ﬂ X rot Al=
e dA e
= —egrad = +~c—grad(‘0A), (16)

'} Cm., naupumep, Jlangay J I, u Jupmun E. M, Teopus
nons, M.-J1,, 1948, ctp. 55,



g 11} YPABHEHHS JATPAHKA 81

IJ1e cKopocTs ¥ B BHpamenun grad (v4) cuutaerca BEKTOpOM, He 3a-
BUCAIHM OT TOYKH Toas !),

Orcrona, BH6Hpan B KayecTBE HE3aBHCHMBIX KOODIMHAT ACKapTOBH
KOOPAMHATH TOYKH X, ¥, Z H Hojaras

V=ey — < (04), (an

e .. .
V=g — ra (A 494, + 24,),
BMeEeM:
edd, OV_d v ov
¢ dt  dx  dt 0%  ox°
AHanornunbie  GopMyat uMeioT Mecrto gas Fy n F.. Takum oGpa-

30M, 0000wennvll nomenguan cuavt Jlopenya™ (14) onpedeasemces
dopmyaoi (17). N dynkunn Jlarpanka L uMeem BsipameHde

L—_—T—V:—;— mv’—ecp+ic(m). (18)

Knaccnyeckne CHCTEMB, B KOTOPHIX CHJB UMEIOT OOHuUHHH
noresuman Il (4, g;) wmm obGobmennnl noremundn V(& g, ¢;),
Ml OyldeM HashHBaTh wamypassueiMu. ns Takux cucreM QyHK-
uug Jlarpanka L gBasercd dyskiue#i BTopoH cteneHu ot 0606-
HICHHHX CKOPOCTEH, T. €. NPEACTABIAETCA BHpaxeHueM (4), rae
Ly — MONOXKHTENTbHO ONpejeNeHHas KBagparuudas ¢opMa OTHO-
cuTenbHo 0BCOMEHHEX CKOPOCTEH.

B xayecrse npuMepa HeHaTypalbHOH CHCTEMBI MOXHO PacCMOTpPETh
IBHXKEHNE MaTEpHaﬂbHOﬁ TOYKH B pEJIHTIfIBHCTCKOﬁ TEOpUH MpU OTCYT-

CTBHH CHJIOBOrO noia. B 3ToMm cryyae nNBHIKeHMe TOUKH OIpefeasercs
ypasHeHusamu JlarpaHia, B KOTOPHIX

21\1
L=— mc® (1 -—%) /2,
A dA 04
1 = —_— ——— i)
) 3xeck ans  Bupawenus (vy) A==7, o% + vy 3 v, 3

UCnonbk3yeTcsi uaBectHas GopMyna BEeKTOPHOIO aHaJiN3ad
(vy) A 0 X rot A= grad (vA),

B KOTODOil © paccMaTpHBaeTcsi KaK MOCTOAHHHI BekTOp. B cmpasen-
ANBOCTH 9TOH (GopMYIs Jerko yGemAaeMmcs, cpaBHUBaf MeWIy cofoft
NpoeKUMH Ha OCH X, ¥, 2z /eBOil W TpPaBoil Yacteil paseHcrsa. [eit-
CTBUTENBHO, ANA OCH X

0A 0A
Ux dxx o 5y

0A, 0Ay  9A,
dy +02 oz +’vy(a—— 3 )—

9
0A,  dA,\ 04, dAy 04, 0
B e R O L

Apanorvunbie QOpMYNE HMEIOT MeCTO JIfA NPOEKUHUE Ha ocH ¥ W 2.
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rae v?=x*-} §* -} 42, a ¢ —BenuyMHa cKopocTH cBeTa. 3mecb L yxe
He sBAseTCA (YHKUWeN BTOPOH CTEHEeHH OTHOCHTENBHO CKOpocTed
X9 2 .

v? \/s
Ecan B Bhipamenun 1aa gpyHxoud L pasnoxuTb (1_7 B paj

v
MmO CTEeNEHAM i 4] 0T6p0CHTb Y/M€HBl BTOPOro H Gonee BHICOKOro MNO-

v? 1/2’_\’1 1 o®
, T. €. TIONOXHTD I_F ~l—a 5, 10
IONYYUTCA <KIACCHYecKoe» BhipaxkeHWe QYHKuHM Jlarpanxa Aas uso-
TAPOBAHHON MaTepHaNbHON TOYKH, a2 HMEHHO:

v
pAlKa OTHOCUTEAbHO ?

L= % mwv? -} const.

B aroft u caenywouiel raBax Mu Gynem BeCTH USJOXKeEHWE IS
ciucrem ofmero Ttunal), mBUNKEHHE KOTOPHX ONPENENAETCH YpPaB-
nennamu Jlarpauxa (2) ¢ nponssoasHo#t dynkumedt L= L (t, ¢;, §;).
Mmu 6ygem Jjuiubs MPEnoNararth, YTO reccHaH (yHKuunm L OTHO-
cuTeIbHO OOGOGLIEHHBIX CKOpOCTEl HE pPaBeH TOMOECTBEHHO
uymo %)

n

0L
et (35,375 ip 70 a9)

Vpasuenusa (2) B passepHyroM Buae MOryT ObTb 3amuca-
Hbl TaK:

Y sire Gt (s =0, (20)

rae uepes (s#) MbH OOO3HAUW/IM CYMMy 4WIEHOB, He cojepia-
mux o6o6menHnnx yckopewu#i §; (=1, ..., n). Tlockoabky
OnpeneanuTeNs CACTEMBl JNHEHHHIX (OTHOCHTENBHO §,) ypaBHe-
uat (20) orauueH ot Hyas [cM. HepasenctBo (19)], TO cCm-
creMy (20) MOXHO paspelluTb OTHOCHTENbHO OGOOLIEHHHX YCKO-
penu#t ¥ 3anucaTh B BHAG

qiz(}i (t’ s é[k) (i=1’ veey n)-

1) Te nonosxenns, KOTOPLIE CNPAaBEIIMBH TOMBKO NIA HATYPATbLHMX
cucTeM, GYAYT CeLHalbHO OFOBOPEHHI,
eL T o G, k
0d; 0, ~_0g; 0g, ~ ¢
=1,..., 1) U NOTOMYy To MHokasauHoMy B § 7 (crp. 54—55) Hepasen-
¢T80 (19) BHImOMHAETCA,

%) Inn HaTypanbHBIX CHUCTEM
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TlosToMy cpenanun# B § 7 BHBOAL 00 OJHO3HAYHOM onpenene-
HUH JBHXCHUS CHCTEMBl IIyTeM 33aJaHA8 HAaYaJbHBIX JAHHHX g%
g (=1, ..., n) cnpaBefJMB He TOJBKO [J HATYPAAbHBIX
CHCTEM, HO W JJA PACCMAaTpuUBaEMHX 3IECh cucrem GoJsee obiiero
THMna.

§ 12. Kanonuueckue ypaBHeuus [amuibToHa

Jlarpanx¢ mokasa/N, Kak BHIMCHBAIOTCA Auddepenidaibine
YDaBHEHHA IBUKEHHA CHCTEMBI, €CIH M3BECTEH KHHEeTHYeCKu# mo-
teHuwman (dysxuus Jlarpamwa) L=L(t, ¢; 4,)

Byxem nasuBath nepemesusie ¢, ¢;, ¢; (I==1, ..., n), uepes
KOTOpHE BHpamaercs ¢yuxuusa JlarpaHxka, nepe/ueuubmzz Ja-
epansca. CucreMa 3HayeHMH 3THX NEPEMEHHHX XapaKTepH3yeT
MOMEHT BPEMEeHH M COOTBETCTBYIOIIEE COCTOSHHE CHCTEMBI, T. €.
MOJIOKEHHE CHCTEMB U CKOpOcTH ee touek. Kak yxe Onli0 OTMe-
YeHO B KOHUE mpegwayulero naparpada, sagavue ¢yuknnu Jla-
rpaHxa ¥ HaYaJLHOFO COCTOfHHA OMHO3HAYHO OnpenesseT OBH-
HEHUE CHCTEMBL

[CaMuABTOH INpEeJJOXHA B KauecTBe OCHOBHBIX MEPEMEHHHX,
XapaKTepUsyIOIUX COCTOSHHE CHUCTEMBI, B3Th BEJHUYMHH f, ¢, P;
(i=1, ..., n), ree p; (I==1, ..., n)— obobuennsie un-
nyAscsl, ONPENENSEMBE PaBeHCTBAMYU

oL .
pzz'a?i (=1, ..., n) (1

Iepemennnie ¥, ¢;, p; (I==1, ..., n) Oydem HaswBaTh nepe-
MernbiMu [asursmona.

TNockoasky sxkoOnaH npaBmx uacTed pasencrs (1) mo mepe-
MEHHBIM §; SBJSIETCA OTJIMYHHIM OT HYJS reCCHaHOM QYHKUuu L
[eM. ycnosue (19) na crp. 82], To ypasuenus (1) moryr. OHTB
paspeiuess OTHOCHTeMvHO ¢; (I=1, ..., n):

ql‘:q)i(t’ qk’ pk) (i=1, ey ﬂ). (2)

Taxum oOpasoM, nepemennse Iamursmona mozym Osims
suipanicenst wepe3 nepemennvie Jlazpawsca u naobopom u co-
CTOSHAE CHCTEMbl MOXHO XapaKTepu3oBaThb KaK CHCTEMOH 3Haue-
HUH NepeMeHHBIX Jlarpamxa, TaK YU CUCTEMON 3Hauenult nepemen-
HbHX 'aMu/abTOHA.
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B cayuyae uarypanpHOH cucreMm L — KBafpaTHyHAi (YHK-
nua (cM. crp. 77-—T79) oTHOcuTENbHO 060OLIEHHBIX CKOpOCTEH o,
cornacHo pasencrBaM (1), 00O6mIEHHEIE MMIY/IbCH JHHEHHO BHI-
paxawTca yepes 0600OmIeHHEIE CKODOCTH:

n

pi= > andp+c;  (I=1, ..., n). &)

k=1

Pewas sty cucremy JuHeHHBIX ypaBHEeHHH OTHOCHTENBHO §, 1),
noNy4aeM AJs §; CHOBA JMHEHHHE BHIPAXEHHA

éiz Z bikpk+bi (i::l: 2 ) n‘)) (4)
E=1

rae by, w b;— pynxumu ot £, ¢y, ..., g,

Ecau B natypanpholt cucreme cuanl Q; (=1, ..., n) umeior
obbiynnti notenunan II(f ¢;), 10 us pasescrBa L= T—1I
caepyer %)

oT
=, 5
Pi= g ®)

3ametuM, uro mobas QyHKuMs OT nNepeMmenHsix Jlarpamia
F=F( g, ¢

nocje MOACTaHOBKH B Hee BMECTO 000GMEHHHX CKOpOCTel §; BHI-
paxennit (2) umam (4) npespamaercs B HEKOTOPYIO (YHKLMIO

F(, g, p;) or nepevennnx amumbrona. dyuxumo F (¢, g P
GyzieM HasLIBATh CON03KBLM 8bipasicenuenm 1as Ppynkuun F (¢, g;, §;).
[Mpuwmep. Ilaa ceofonHoit MaTepHanbHOH TOUKH JEKaPTOBb KOOp-

IUHATH X, ¥, 2 ABAAIOTCA HE3aBUCHMHIMH M B HNOTEHUMANbHOM [oOle
M=Ti(, x, y, 2) ¢yukuua Jlarpanxka nmeer BHI

L=%m (-?22"“'.).’2"‘—2.2)'_‘1—[ (tr Xy W Z).

') Kax Guino ycranosaeno 8 § 7, det(a;,)}, _ | #0.
*) Tlpu cunax, umewnmx ofoGuleHHMA noTeHuwan, dopmyan (5)
HeBepHul. B sTom cayuae [cM. pasencrsa (7) m (10) Ha crp, 78—79]
or

Di= ()E’——H, (i=1, ves ﬂ).
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ﬂexaproaum KOOPIHHATAM COQTBETCIBYIOT HMAOYIbChl
oL . .
Px=(z =M%, py=my, p;=mi. (6

Ecan Mu orciona onpeleldM X, $, 2 H NOIYUeHHbe BLIpaXeHHA NOI-
cTaBUM B L, TO NOJyyMM cOI03HOe BHIpaxeHue nag L

- 1 .
L= g% +py+p)—11{K x, 3, 2). M
Ecau smecro I (¢, x, y, 2) HMeeM 0GOGIEHHBIN NOTEHUHAA
V=1, + 11,9+ 112 41,
rae 1N, I,, I, II —dynxkupn or £, x, ¥, 2, TO H3 paBeHCTBa
L—.—_% (e gt 8N T8 — 9 — M,z — 1
Hax0AuM
oL ,
px=-5}—=m,\?——-nl, pyzmﬁ—ﬂg, pr==mi—Tl, 6)
H COW3HOE BHDANEHUHE L MMeeT BHA
=~ 1 1
[= o 4P+ p)—5- M+ M)~ (7)

FaMuabTOH BBEX B paccMorpeHue dynxumo F (L, g; p),
ONPEAENIEMYIO DABEHCTBOM

n
H= ZPiEIi — L ®

i=1

W TI0Kasan, 4ro ¢ MNOMOmLI 3TOH  QYHKIAH  ypaBHeHusa
ABUXKEHNT MOTryT OhiTh Banmpcaunl B Byae CJIEI[ytO[Ileﬁ CHCTEMBL
2n oObKHOBEHHHX  JAu(depeHunaJbHHX YPaBHEHHH NepBOro
HopsaiKa:

dg; _ OH  dp;i____OH =
i R bt (i=1, ..., n\. ©)



86 YPABHEHHSA NBHKBHUSA B rTOTEHUMANILHOM TMOJE [ra

OTH ypaBHEHHS HEBHIBAIOTCA KANOKUHECKUMU YPaBHEHHAMH MM
ypasneuusMun [amussmonal). ®yuxuns H(t, ¢ p;), onpene-
asemas paBeHCTBOM (8), HasmiBaercs goywxyueldl Iamussmona.
BriBoa KaHOHHuecKWX ypaBHeHuH IamuabroHa Oyner omu-
paThCa Ha C/IEAYIOUIYI0 MAaTEMaTHYECKYId TEOPEMY.
Teopema loukuua?). flyems dana nexomopas ywx-
gua X (X, ..., X,), 2eccuah Komopold omAuien om Hyis:

#X \n
det (Wx—[)i.k=1 £ 0, (10)

U RYcmb UMeemcs npeobpalosarie NepeMenKb X, «nopojcdae-
moe> Pyrxguens X (xy, ..., Xp)

yi—_—(-;’% (=1, ..., n). (11
Toz20a cywecmsyem npeobpasosanue, o0pamHoe Hnpeobpa3osa-
Huto (11), Komopoe makdce noposcdaemcs Heromopoi @ yHk-
yued Y (Y1 oov s Vo)

Xy==-— (=1, ..., nj (12)
npu smox nopoxcoawan @Gyukyus Y obpamuo20 npeobpa-
308anus csf3aHa ¢ nopoxcOawwel gyrnxgued X npaimozo
npeobpasosanus gopsyaoii %)

n

Y=Y xy;,— X (13)
i==1
Ecau yurgun X codepocum napamempwt ay, ..., o,
m.e. X=X(X1, ..., Xp; Oy ..., &), mo Y marowe codep-
acum smu napasempel, m. €. Y=Y (Y1, ..., Ypi % «.u, &) U
aY 0X ,
*(}Tj'z’—?; (j_—-"—l, sen s Iﬂ). (14)

IHokasareabcrBo. [Ieccuan ¢yukuma X coBmajaer
¢ axo6uanoM mpasuix uacred B ypasnenusx (11). [Tosromy ycio-
sue (10) nokassiBaer, uto u3 ypasHeHu#d (11) MOXKHO BHpa3uTHL

!) Brepsnie 3TH ypaBHeHHs B 06LieM BHie GHIIA MOAYYeHB! AHMIHii-
CKUM MatematHkoM Y. [amuabtoHoM B 1834 r.

?) Philosoph, Trans., 1854, Ilepexon OT mepeMeHHBIX X; K INepe-
MeHHHIM y; (i==1, ..., n), 0 KOTOPOM HIeT peys B TeopeMe JloHKHHa,
YacTO Ha3HBalOT npeobpasosanuer JleacgHopa.

%) IMpeamonaraercs, yTo B aeBod yacTy Qopmyns (13) Bce x; Bhi-
paxeHnl yepe3 y; T. €. 410 Y=Y (¥;, ... , Yu)r
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NEPEMEHHBIE Xy, ... , X, UYEPE3 V4, ouv ) Yui
5= iy oo s 9 G=1,..., 1) (15)

Iycrs dynxuns Y (yy, ..., y,) onpenenserca gopmyol (13),
B KOTOpOM nepeMeHHblE X; 3aMEHEHB! BHIPAXEHHAMH (15). Toraa

n
R X TRy} 13

Ho, corsacno pasencrBam (11), aBe CyMMEIl, CTOsilMe B RpaBoft
YaCcTH 5TOTO PAaBEHCTBA, B3aHMHO YHHUTOXAIOTCI M, CAENOBa-
TEJbHO, uMeloT MecTo Qopmyan (12).

Iycrs Tenmeps X COXEPKUT MOMUMO NEPEMEHHHX Xi, o.. , Xp
eule mapamerpsl oy, ..., O, 1OrKa 9TH mnapamerpw Qurypun-
‘pylor B npsamoM npeoOpasosaHun (11), a chAenoBatenbHO, U
B obparHoM:

xi=f,-(yi,...,y,,; “b---:“m) (l=1,...,n).
dyukuus Y onpenemaserca pasescTsoM (13), B KOTOpOM x; 3aMe-
HeHH HA fi (V1 ooy Yui @b «vu , @) TOSTOMYY)
0‘1; 01 (2] i )
[
n
_ 0x; 0Xdx; o0X__ X .,
= ,W"‘. ki Ul R
== 1=

Teopema JloHKHMHA [OKa3aHa NOJHOCTHIO.

Hcnoarayem teopemy IIOHKHHA A/ NEPEXOAa OT NEPEMEHHEIX
Jlarpanxa K nepeMeHHsiM ['aMu/bTOHA, 3aMeHAs B TeopeMe QyHK-
uuio X Ha L, nepeMeHHHe Xy, ... , X,—Ha §y, ... , §, Napa-
METPH &1, +..) %y —HA Q1,..0y Gy T, IEPEMEHHBIE ¥y, ..., Yy —
Ha Py, «.. , Pp W, HAKOHEN (C yueTOM mpuMeyaHus 3 Ha cTp. 86),

n n

dyskumo V=Y xy;— X—ua H= Y pg,—L  Torna
i=1 Coi=1

oY
1) Ipu BLIUKCHEHWH NPOM3BOIHOMH o BEAHYHHB Y1, +eo 4 Yy pac-
: 7 _
CMaTPHBAIOTCA KaK IOCTOAHHHIE,
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no Tteopeme Jlonkuna (reccHan Qyukunn L OTHOCHTENbHO
g; (i==1, ..., n) ve pased nymo!) n3 dopmya (1) crenyer:

g0 oL ___ oH

op;’ Oq;  dq;

oL oH
. T a7

(i:l, ey n), (16)

Papencrsa (16) m (17) npencrabaswoT co6oH TOXKAECTBa,
ABJIMIOINNECH CACACTBHEM CBsA3K (1) Mexay oGoGmeHHMME CKO-
pocraMu u oboOmenHsiMu umnyancamu. Ho ypasnenus Jlarpanxa
Moryr OuiTh, B cutay (1), sanucaHh rak:

dp; oL :
%25717 (=1, ..., n. (18)

JTH ypaBHEHHs COBMECTHO ¢ papencrBamu (16) u npmsoast mac
K KadOHHYeCKuM ypasuenusMm [amuaprona

dq; __OH dp; _ _9H L
it —op;r @t — og;, G=DbL...m (19

Ilomumo ypasrenut NamunsTona Mpl oAyunaA Toxaectso (17),
KoTopoe OylerT HCHOJB30BaHO B AajbHedeM.
Ws ypasuenntt (19) caeayer tomaecTso

n
dH __ OH dg; | OH dp;\ | OH __oH
=2 G T = @

i=1

Hasosem cucreMy o6o0ueHno-KORCepsamusHol, ecnn PyHK-
nug FaMuabrona A He 3aBHUCHT 8BHO OT £, T. € €CJM

H=H(gi, p»)-
) oH 1
B stom cayuae —07.—_0) U, CJEJOBaTeNbHO, B CHJIY TOMe-
ctBa (20), %1; =0, 1. e. npu JsuMNceHuu cucmemol

H(q;, p;) ==const=nh, 21)

1) Ua pasenctsa (17) creayer, uTo Ia8 06OGIEHHO-KOHCEPBATHB-
HOH CUCTEMBL U E:::O, T. € ¢ He BXOAWT ABHO u B ¢QyHkuuw Jla-
rpanxa L,
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rae h— npousso/abHas nocroaHuad. ®yekimwo [ OydeM Hashl-
BaTh ofobujeHnoli NoAHoli 3nepeueli, a cooTHoweHue (21), He
COfepxKallee § WM P B BKAIOYAOlee MNPOUBBOJBHYIO MNOCTOAH-
HYI©O N, — 0GOCUEHHbLM UHMEZPAAOM SHEP2LL.

Ing toro uroOB MOSCHATL STY TEPMHHOJOIMIO, DPACCMOTPUM
HaTypaibHylo cucreMy. Toraa L sBJASETCA KBaapaTHUHOH (yHK-
uue#t {cm. pasencrso (4), § 11]

L=LQ+L1+L0

g
i:%;— + X -t

n
oLy . 1 oL, .
2 5“ q;== o¢l qz Ll' (22)
i=1 i==1
TosTomMy OKOHUATENBHO A4S MPOHSBOJLHOH HATYDAALHOH CHCTEMB
H=T,— L, (23)

Iycte T= Ty-+ Ty -+ Ty Bcam cuiapl uMeoT OGHYHBIA TOTEH-
unan H=1II(¢, ¢;) mm o6oGwenuni#t norenuman V=V;-|1II,
10 Ly= Ty, Ly== Ty— I, u nosromy

H=T,— T,+1L (24)
Ecau cucrema ciaeposomua, 10 T=7T,, T¢=0, u noromy
H=T-1L (25)

Taxnm oOpasoM, 048 CKAEPOHOMHOL HAMYPAALHONE CuCcmeMbl
dyuyua  lamuaemona H npedcmasasem co6od  noanyw
aHepzuio?), Bulpascennylo  4epe3 nepemennme [amMuismoxa.

PaccmMoTpum Teneps KOHCEPBAaTUBHYIO CHCIEMY, T. €. HATy-
PajbHYI0 CKJIEPOHOMHYIO TIOJIOHOMHYIO CHCTEMY C HE 3aBHCAILUM
ABHO OT BpeMeHM OOBIYHBIM IOTEHIUANOM CHIL

1) Cm. npumeuahue Ha crp, 58.
%) Tlpn naauyun oGoGuienHoro notenuuana V=V, 40 Mun no-
npexseMy Ha3biBaem NOJHOH 9neprueli semmuyuny I'+ 11, a e T4 V.
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B sroM cayuae Bpemsa ¢ He BXOAMT ABHO B BEIpaxeHue (25)
Ana nonxok sHeprum /1 W notoMy, corjacHo paBeHCTBY (21),
HMEET MeCTO BaKOH COXpPAHEHHs SHepruu

T+M=nh (26)

Koucepratusnas cucremMa sBJseTca yacTHHIM Ciyuaem 0606-
IEHHO-KOHCEPBATHBHOH, ¥ B 3TOM YaCTHOM Cayvae 0GoOuieHHEIH
UHTErPaJ SHEPruM NEePEeXONBT B OGHuYHbIL

Ecau cucrema cxjepoHoMHa ® cuanl EMeOT 060GUIEHHBIH
noresunan V=V,-}-1II, B xoropom Il ue s3aBucHT SBHO OT

of
BpeMeHH ¢ (d—t= ), TO CHOBa (yHKuua [ onpepesaserca
tdopmynoit (258) u He saBuCHT sBHO OT f. IlosToMy # B 3TOM
cryyae cucreMa ABAAeTCH O6OOUIEHHO-KOHCEPBATABHOH M HMEET
MeCTo uHTerpaj sHeprum (26) ).

[Ipumep. Popusontanbuas pefika BpamiaeTca OKONO BEPTHKATbe
HOIt OCH, a BjIONb pelikd HBHXeTcA Ipy3 MaccH m. Cuaa, neicTBypomasn
Ha rpys, uMeer norenuman II(r), rae r — paccrosune rpysa Ao OCH
Bpalienus.

OGo3naynun yepes ¢ yroa moBOpOTa peiikd, a vepe3 /== md®— ee
MOMEHT HHEPURH OTHOCHTENbRO BEePTHKAAbHOH ocd Bpaiienxsa. Torna
r U ¢-— He3aBHCHMble KOOPAMHATH CHCTEMH H

1

T I+ m (P P = o m [P () 37

Orciona

__aT_.. _i]:__ 2 2) &
pr=rgp=mt, p,= 3 =m (r* + d¥)$,

nOCKOHhKy CUCTEMA KOHCEPBATHBHA, TO
1 . r;
H=T+41=, <p;+—r—2——_}f—tﬂ>+ﬂ(r).

2m
KaHonuueckue JypaBHeHHA B NaHHOM Ciyyae HMeIoT BHMI

ar _pr 89 _ Py
ET M U T mEL )
rs
ap, _ Pe —1IT (r), gﬂ?_=()’

dt  m(r*F @@
a MHTErpan SHEPruH 3anUCHBaeTCA Tak:

p’8'+7g_~’.;_td_. +2mﬂ (r)=h‘ (h1=2mh).

dt

) Cm. npumeuanne 2 Ha crp. 89,
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§ 13. Ypaeuenus Payca

Payc TNPpeanoXKua B3ATb B Kauy€CTBE€ OCHOBHHX NepEMEHHRIX,
XapaKTepU3yIONX COCTOAHWE CHCTEMBI B MOMEHT BDEMEHH t,
4acTb MNEPEMEHHBIX JIarpamxa H 4acTb NCPEMEHHBIX I'amuiabTOHA.
Hepe.ueuubtﬂu Payca ABJNAIOTCA BEJAWUYHHB

t, 95 Go Gi P (=1 .., ma=m1, ..., n) (1)

(3mecb m — npousBO/bHOE (PMKCHPOBAHHOE YHCIO, MEHbIIEE f1).

Ilns Toro uto6m OT mepeMeHHHX Jlarpamxa nepeHTn K 3THM
NEPEMEHHBIM, HYXHO BCe ¢, BHPA3NTh Yepe3 BEJHYUHH p,
(@=m -1, ..., n), ucnonb3ys Ana 5TOH UEMH COOTHOLIEHHS

Pa= g;; (a=m+1, cee s H) )

HNonycram, uto reccnan ¢pysxund L otHOCHTENbHO 0606mieH-
HHX CKOpOCTeH §, («MaJblfi reccuan») oTaMueH OT HyJsl):

/i o3L )n

det K dtjudq'a af=m-1

# 0. 3)

Toraa, npumesuB HOKasaHHyl0 B NpeALAYWIEM Naparpage
Teopemy [lonkuna, moxyuum npeo6pasosatiue, oGpaTHoe npeobpa-
30Bauu0 (2), a HMEHHO

.0
qa=£ (e=m—+1, ..., n), )

) B ofwiem ciyyae 3TO HEPAaBEHCTBO He CHENYeT M3 HepaBeH-
ctBa (19) ma crp. 82, a aABAAETCA HOMOMHHUTEILHBIM ycaoBueM. Jlna
HaTypanbHO# Xe CHCTeMbl HepaBeHCTBO (3) BHIT€KaeT M3 TOro, YTO

n

1 . ,
L,=~2— 2 @,5q,§s— NMONOXMTENLHO oONpeleseHHad KBaJpaTHYHAs

r,s =\
¢opma. B 3T0M cayyae rnaBHBIH MHHOD, COCTaBIEHHH! 3 K03 u-
UMEHTOB KBaipaTHYHoH dopmbi:
0:L \n
det (2L et )
“ 04,945 o3 = m +1 det (Cdeg —m+ 10

HOMKEeH ObTh NOAOXHTEAEH,
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rae R=R({ 9» 9o 95 P — Pyuryus Payca, onpepense-
Mas paBeHCTBOM

R= Y pd—1 ()
a==m-~1
31€Ch 3HaK ~ O3HAUAeT, YTO BCE §, BHIPAKEHH UEPE3 p,.

Tlpu »31OoM nepemeHunie £, ¢; g, §; (@E=1,..., m
a=m-1, ..., n) pacCMaTPHBAIOTCA KaK NapaMeTpsl U IOTOMY,
B cuay 1ol xe reopemn JloHKHHa,

oR oL oR oL ;
== Pl i=1, ..., m) 6
9g; dg;’  04; 04 ( ) ©)
R _ oL e
a—q—;-—— aqa (G.-—m—rl, vee n), (7)
oR oL
= ®

Vpasuenunsn Jlarpamka pud KOOPAUHAT ¢; B COOTBETCTBUM
¢ paseHctBamu (6) nepemumyTcs Tax:

(=1, ..., m. (9)

‘Ypasuenus Jlarpamxa Ans KOOpAMHAT ¢,

dp, __ OL —
Tt-——-aqa (U-—m"*—l, e ,n)
COBMECTHO C dopmynamn (4) v (7) nawor
dg, __OR dp,__ __ OR —
it op Aoy, (@=m-1, ..., n. (10)
Ypapdenuns (9) u (10)
ddR J0R __ _
E?a?;_ﬁ—o (l“—'l, Y m), (11)
dqa_dR dpa—___a_‘g —_—
it —0p @ — o, C=mtL...n

o6pa3yioT cucremy ypasrexuii Payca. Ona cocrour us m mud-
(hepeHuuanbHEX ypaBHEHult BTOpOro nopsagka tuna Jlarpawmxa n
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2(n-—m) nnddepeHInaNbHEX  YpaBHEHAH NEPBOro NOPSIKa
tana [amuabrona, mpuueM ¢yokuus Payca B nepshix ypasHe-
HUAX Urpaer poas Qynxuuu Jlarpawxka, a BO BTOPHX — QYHK-
unr amuasrona?). '

§ 14. Hukanyeckne KOOPXMHATEHI

Koopmunata ¢, uaswBaercs yumAntecxol, €CIA OHA HE BXO-
oL
IOUT ABHO B ¢yuknuio Jlarpanxka L, T. e. ecau 5{;—:0.
o
[lpn BuBOsE ypasuenu#t [amMuiabTOH2 W ypasueHu#t Payca
OblAH YCTaHOBJEHH DPAaBEHCTBA

oL _0H _ 0R

—_— e T 1

09, 9q,  0g, M

oL

HUs stux paBEHCTB cneﬂyer, YTO YacCTHBIE IIPOU3BONHBIE a—q—,

&

% n g% MOFyT oépamamca B HY/Jb TOABKO OHAHOBPEMEHHO.
o o

IlosToMy muKMuecKas KOOpOMHATa MOxeT OBITb TaKe ompene-
JEH2 KaK KOOPAMHATA, He BXOAAWAS SBHO B (pyuxnuic [amuis-
ToHa / wim B ¢yskumio Payca R. Bce aTé onpegenenus sxBu-
BAJICHTHBL
O0CoOusernbiii uMnyA6C, COOMBEMCMBYIOWNE BUKAULECKOL
KoopOuname q,, 80 6pems OBUNCCHUA COXPAHem MNOCHIONH-
Hoe 3Hauenue. [leACTBUTE/BHO, M3 KAHOHUUECKHUX YPaBHEHHH
CHEnyer:
ap, __ _ 9H __,
dt —  oq,

T. & p,==const==c,.

Jlonyctam remeps, 4TO HMMEETCA 7 ==H — m LHUKIAYECKUX
KOOpAMHaT ¢, (a=m -}~ 1, ..., n). llukauyeckne Koopauuarw ¢,
HE BXOIAT fABHO B FJ, a COOTBETCTBYIOLIME 3THM KOOPAMHATAM

1) Eciv My XOTHM COXpaHHTh CBA3b MeXIY OGOBLIEHHHIMH HM-
myibcaMu W QyHxumed JlarpaHxa, To Ciefyer CYHTATb, YTO B NMEPBHIX
ypastewuax (I11) ponrs dyskuum Jlarpamwxa wrpaer ¢ynkuma —R, no-
CKONBKY, CornacHo dopmyaam (6):

= 9L _0(=R) | —
p"—dq';"'__dq'; (i=1, e m),
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HMIIYABCH P, MOT'YT ObITh 3aMeHeHH nocrosuHmMu ¢, Torma!)

H=H(, q; pi» ¢.) &)

BunuiieM KaHOHHUECKHE YpaBHEHMS JA9  HEIHKJIAUYECKUX
KOOpIHHAT

d__0H dp; ____O0H

Uy @ ag L= bLoe.m) 6)
Us crpykrypsl (2) ¢yukuuu H caepyer, uto ypasHeHus (3)
NPEACTaBAAOT cobofl cucreMy us 2m auddepeHiuaIpHHIX ypas-
HEHUH NMEePBOro MOpsAKa C 2m HEWSBECTHHIMH (QyHKUHAME ¢;, p;
(f==1, ..., m). IlpounTerpupoBas 3Ty CHCTEMy, HaHuem

g;i=9;(t, ¢y i CO)
pi=:(t co <y €)

rae ¢;, ¢; (i=1, ..., m)—HOBHE 2/ NPOUIBOJBHHX MOCTOSH-
Hbix. Tlocse nojcranoBku BepaxeHubi (4) B/ Mb MOxeM omnpe-
IeNUTh ¢, U3 ypaBHEHHH

dq, _ oH

(i=1, ... m), } “)

U a1, ) ®)
npu noMmouily KBajparyp
oH ,
q,= Edt—{—cu_ e=m41, ..., n. (6)

Takum o6pasom, Mo cymecrBy BCE€ CBEJOCh K MHTErpHPOBa-
HEIO CHCTEMH (3), mopsafok KoTopo# 2m MeHbIIe NOpsAKa
HCXOZHOH CHCTEMBl 272 Ha 2r ejuHML, TJE 7==H — M — YHCJO
UHKIHYECKAX KOQODIHMHAT, T. € NAAUYUE I QUKAULECKUX KOOp-
duHam 0aa0 BO3MOJNCHOCMS NOKUIUME NOPAOOK  ClUCHEeMbl
Ha 2r edunuy.

Cucrema ypaeHemutt (3) rammabToHoBa. Ilokaxem, Kak
OpH NOMOWIKM ypaBHeHu# Payca MOXHO IOJYYHTh aBTOHOM-
Hywo cucremy®) u3 m auddQepesinalbHEX ypaBHeHuH BTOPOro

1) Unnekc i npoGeraer 3HaveHHs |, ..., m, a MHIEKC o« —3Haye-
R m-+1, ..., n

) ABTOHOMHOH cucCTeMOfi MH 3JeChb Ha3hHBAEM CHCTEMY XHddepen-
UMATbHEIX YPaBHEHHMI!, HE CONEDKAIRYI0 <IHIIHHX> HEU3BECTHBIX (YHK-
uuit, KOTOpse AOMKHE! Oblmu On OHTL ONpeleneHH NpeABapUTeNbHO
0 HMHTErDHPOBAHMA JIaHHOH CHCTEMH YpaBHEHHH,
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nopsaka Tuma ypasueumit Jlarpamxa. JlelcTBUTENBHO, B3aMeHHB
OGOOLIEHHBIE HMIY/bCH  p,, COOTBETCTBYIOMME  HUKJHYECKUM
KOOpANHATAM ¢, uYepe3 MOCTOfHHWE ¢, (a=m -1, ..., n),
MH QyHkumio Payca sanuiiem B Buie QyHKuuu OT ¢, g;, §; 4 C,
(=1 .., maoa=m-1, ..., n)

R=R (t, 9 éia Cg)- (7)
Torpa ypasnenns Payca IS HEWUMKAMYECKHX KOOPIMHAT
d0R OR o
—‘Ea—q.,—a“q';—-—o (l-—l, LIRS m) (8)

006pasyloT HCKOMYIO aBTOHOMHYIO CHCTEMYy, a LHMKJIHYECKHE KOOp-
OUHATH ¢, OINPENEJAOTC U3  COOTBETCTBYIOIIMX  ypaBHEHuH
Payea (11) npemwipymero naparpada ¢ noMoumbio KBaapatyp

o ’
9= S a_f;dt—"'ca- ®

(i) .
Ilpn sTOM npensapuresbHO B OTR BCE ¢; W §; B3AMEHAIOTCH

o
byuxkuusma or 2m -1 aprymeHtoB f, ¢; u ¢; (i==1, ..., m),
N0AyYaeMbIMH B DE3Y/bTaTe HHTErPUPOBaHUs cucTeMnl (8).

[Tpumep. B npumepe, paccmoTpenHoM B koHue § 12,
L=T— H=% m [ (rf 4 a8 — I {r),
¢— LMKIHYECcKas KOOpAuHAaTa W
po==m(r’ - d*) $= const =c,,

Cocraeum ¢yskumo Payca:

(P @) P T ()=

2| =
3

!
b

R=P¢‘?—Z=

1 P
==t gt 0=

L % 1
="t g s U
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Onpenenenne IBMXeHHA CBOIUTCA K MUHTEIPUPOBAHHI ONHOrO Iud-
(hepeHUNanbHOr0 YPABHEHHA BTOPOrO NOpPANKA

KOTOpO€ B DPA3BEPHYTOM BHJE BLIIMAAHT Tak:

2
‘s

mi::E'(——ré—_‘_Lde—-H'(r)-

3aMeTuM, 4TO 5TO YpaBHEHMe OTHOCHTEAbHOrO HBHXEHHA TIPY3a
BROAb peHKH, NOCKCALKY B NpaBOH YacTH CTOMT HeHTpofexHas CHIa

‘fo r )
CEGET S A

Huxanyeckne KOOPAMHATH MHOTAA Ha3HIBAIOT U2HOPUPYEMbLMU
I CKpoLmbt MU KOODIHHATaMU. DTO HazBaHUe OGBACHSETCHA TeM,
YTO IPH HHTErPUPOBAaHHM CHCTEMB YpaBHeHult (3) umm (8) Mu
Kak Obl 3a0biBaeM O CYLIECTBOBAHHMHM LMKJANYECKHX KOODJUHAT,
CupTas p, NOCTOSHHBIMH IIAPAMETPAMH,

B paso0paHHOM mpuMepe HrHOPMPOBaHUE LUKJIHYECKOH Koop-
JVHATH NpPHBEJO K HCHODHPOBAHWIO BDPAILATEIBHOrO ABMIKEHHS
peixn u MM noayumaz AuddepeHunasbHOEC  ypaBHeHue  Aas
OTHOCUTEAbHOIO IBHKEHHS BIOJb pefiku.

Cam0 HasBaHME <«UHMKJIHYECKas KOODAMHATA» CBA3AHO C TEM,
YTO BO MHOIMX 3ajadaXx MEXaHHKM Yroj ¢, Xapakrepusyouui
IBHXEHME MO 3aMKHYTHIM TPAaeKTOPUAM (LLUKJIAM), HE BXOIHT
IBHO B BBIPAXKEHHE AJ9 L ¥ NOTOMY $BJSETCA DHUKJINYECKOH
KOOpAUHATON.

OTMETUM HEKOTODYIO aHaJOMHMI0 MEXAY TIOJIOHOMHOH cucTe-
MOH, uMeromed UUKAMYECKYI0 KOODAMHATY, ¥ O000O0IIEHHO-KOH-

oH
cepBaTHBHOH cucremoit. Jlaa nepeoff cucremsl EZO' aas

o

%’;:0. Jlng nepBo#t mMeeT MecTO mHTerpa’ p,== coust,
15 BTOPOH CHCTEMH MMEET MeCTO uHrerpan /= const. Kopuu
oroff anajorunm OyayT OCHApYXEHH B HaJbHEHIEM NP PACCMOT-
PEHHE OCHOBHOTO WHTErpa/jbHOrO MHBAPWAHTA MEXaHUKH.

B sakmouenne sameruM, uTo OoJjee rayGoxoe uCCAeIOBaHUE
JOBIDKEHHUS CUCTEM C LUK/HUECKUMMH KoOpauuaTamu OyJer npose-
nedo B ra. VIL

BTODO#
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§ 15. Cxo6ku Ilyaccona

B stom maparpade OyayT pacCMOTpEHEI HEKOTOpHE CBOHCTBA
UHTErPAJIOB raMUJbTOHOBOH CUCTEMH YDABHEHHH JBYKEHHS.

Hexotopas ¢ynxuus f (£, ¢; p;) HasmBaerca unmezparon
YPaBHEHUH JBUKEHHS

dg; _ 0H ap; oH

= : _—— i=1, ...

it =y @ o =bL.on ®
ecmm ana mo6oro JABMKEHHA JAHHOH CHCTeMBI 3Ta  (yHKuUus
COXpaHsieT NOCTOSHHOE 3HaueHue ¢ !):

f(t: i pi)=c' (2)

VlHoraa wHTerpajoM HashBAaT CaMO cooTHOIIeHHe (2).

Hast 0GOOMEHHO-KOHCEPBATUBHOA  CHCTEMBI  WHTEr PaJoM
apaserca dyukuus fI(q;, p;). Ecmu ¢, — nuxianueckue xoopau-
HaTH, TO MATErPAJOM OYAET p,.

Ouesnnno, uyto ecanm QyHxkumu fi, ..., f, SBAAIOTCH uHTe-
rpajaMy ypaBHEHUH [BUXKEHHsS, TO MPOU2BOJLHAS (YHKUUS OT
STUX HHTErpaJjioB

F(fo ooon £

Gymer Taxxe wuurerpanom. [losroMmy B mdaseHeHinem nac Oyayt
MHTEPECOBATh TOJNLKO HE3aBHCUMBIE WHTET PaJbl.
Ecm usBeCtTHa «MNOJHAst» CUCTEMa MHTErPajoB, COCTOSILAs

U3 271 HE3aBUCHMBIX WHTErpanoB fy, ..., fy, (n— uucno crene-
Hell cBOGOAB CHCTEMEI), TO, paspelas COOTHOMIEHHS
fk(t’ /I pi)zck (k=—'1, “euy 2”) ) (3)

OTHOCHTEJBHO ¢; H p;, TOJyuydeM KOHEUHBE YDaBHEHHA [BH-
WEHUs

qi=9; (¢ €15 vty Cap)s pi=1Y; @ Cis «ous c‘ln)r €]

cojepxamue 27 MPOM3BOJABLHHX NOCTOSHHEIX €, ..., Cyp

Taxkum o00pasoM, ecau U3BECTHbl 271 HE3ABUCHMHIX WHTErpa-
JOB, TO H3BECTHH Brce ABuKeHust cucreMbl. Eciu Ham ussecTHn /
HE3aBUCHMBIX MHTErpanoB fi, ..., f, rme /< 2n, 10 MH uMeeM
JHIIb YaCTHYHOE - NPEJCTABJCHHE O NBHKEHWAX CHCTEMBl, H YEM
~6ompmie /, Tem GOJee NOJMHBIM SBJSETCS S5TO IPEACTABJECHHE.

1) Dr1o. 3HauenMe ¢ MOXET MEHSATHCs, KOrJd Ml NEPEXOJdAM OT
OJIHOTO JIBMXEHHA CHCTEMBl K IPYromy.

4 &. P. TauTmaxep
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TTosToMy Mbl BCerza 3aHHTEPECOBaHH B HAXOMAEHHH BO3MOXHO
60abIIero ync/ia HE3aBUCHMBIX KHTErpaJios.

Myl nosHakOMUMCS BJ€Ch € METOAOM HAXOXAEHMs HMHTErpa-
JIOB ypaBHEHUH ABHKEHuR, mpemsoxeHHsM IlyacconoM m flkolum.

Ilycre f(¢, 9, p;) — nurerpan ypasuenuit (1). Toraa npu
IIOACTAHOBKE BMECTO ¢;, p;- (i==1, ..., n) mo6oro pemenus
FaMHIbTOHOBOH cucremnl (1) (pymcunﬂ f npespawaercs B 1no-
CTOAHHYIO ¢, T. €, COTrJacHO ypasHeHusM (1)

_I____i_z(i’iifi_ﬁ!io_]i) 0. (5)

I[lyaccon BBen cnenuambHoe o6osnaueHue — cxobru [Tyac-
COHQ — It CAEAYIOUIETO BHIPaXEHNS, COCTABJEHHOrO M3 HaCTHHIX
NPOMSBOAHHIX [BYX MNPOHSBOJBHEMX dyHkuulk ¢ (¢, ¢, p;) u

q"(t qi P;)
dp 0U  Op O
0= (R ). ©

Ilpn nomomu cxo6ok Ilyaccona pasencrso (5) — Heo6xomu-
MO€ ¥ JIOCTATOYHOE YCJIOBME Aas TOro, urobu dynxuua f (¢, ¢;, p;)
Orisia MHTErpajsoM ypasHeHnii (1) — 3aNUCHIBAETCH TaK:

Y+ Hy=0. ™

OtmernM caenytouiue cBoltcTBa ckoGoxk Ilyaccona:
ILna mobuix pyuxuntt ¢ (¢ g P, Y& g P X G PO
1% (e P)=—( o)
2°. (cp ¢)=r¢c(¢Y) (¢ — nocrosHHas);
3 (49 P=@+
4°. ((W)x)—l—((ﬁl»)c)?)-!—((;i?) $)==0;
5 g o=(F¢)+(¢ 5

TowpectBa 1°, 29, 3°, 5° nonyqaxoTca HEMOCPeACTBEHHO U3
onpenenenus (6) cxobok Ilyaccona.

ToxnecTso 4° KOTOPOE HASHBAIT MONCIECHLBOM [lyaccona,
YCTaHaB/MBAETCA INpPH MOMOINM  CHENHAJbHHX  COOOpaxeHui,
Ifyere X ®w Y — nuddepednuassHbe  OnepaTopsl  NEpsoro

.0
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nopsaxa wan cdyukuned f(x1, ..., Xp)

m m
— 9 — of
Xf=YXigr V= JVasl, ®
k=1 k=1
rne X Y, (k=1, ..., m)—dyHKkuan OT mNepeMEHHHX

X1y vees Xppe TOrna «koMmyraTop» Z==XY — YX rakxe Gyner
OIepaToOpPOM MEpBOro nopsaxal)

Y=X¥H—YXN = JXVD— YX4L. @
=1

BepHemcst x ckoGkam [lyaccona (¢ f). DT¥ CKOGKH MOXHO
pacCMaTpUBaTh KaK pe3y/abTaT IPUMEHEeHHs JHHEHHOro onepa-
ropa © Buma (8) x ¢ymkuum f OT mNepeMeHHHX ¢; p;
(=1, ..., n):

n
Op Of | O¢ Of
q) == p——y ._._.(f_____ —
=(/) Z( Op; aqi+04i dPi)' (10)

=1

Dror anddepeHnaabHEIt OnepaTop MEPBEOro MOPSAKE BIOJHE
onpeneasercs Gyuxnuett ¢. Avansoruunsie oneparopu ¥, X ompe-
JeasioTcs QyHKuuaMu ¢ u oy,

IlepetinemM Tenepp HENOCPEACTBEHHO K YCTAHOBJECHHIO TOXIE-
crBa ITyaccona 4°. Tlocne pacKpHITHA CJAONKHHX CKOGOK mo6ok
yseH B JesoH uacta 4° Gyzer comepwarb B KAYECTBE MHOMKHTENS
YaCTHYI0 TNPOU3BOAHY!0 BTOPOrO MNOPSIAKA OT OAHOH U3 (yHK-
unit ¢, ¢, x. Ho ((¢ $)y) He comepxHT YaCTHHX NPOUSBOAHBIX
BTOPOrO NOPAAKAa OT ¥, a cymMma

@0 D+ UDD=C (1) — (¢ @)= (TP — DY)y

npencrasaser cobo#t  anddepenHnuajbubil  ONEPaTOp MEPBOrO
nopsjika OTHOCHTeNbHO 7. Takum oO6pasoM, B JeByio 4acThb
toxnectea IlyaccoHa He BXOMAT yacTHHIE NMPOU3BOAHBIE BTOPOrQ
nopsgka OT ¥, a S3Hauyur, B CHJAY CHMMETDHH, OTCYTCTBYIOT R
YacTHelE NPOM3BOAHEIE BTOPOro mnopsaaxa or ¢ u ¢. Ipyruma
CIOBaMH, BCE uJeHHl B JieBOH vacTi 4° B3aUMHO YHHUTOXKAIIOTCH,
4yT0 u TpeGOBaJOCh AOKA3aTh.

1) HenocpencTeennbie BBIYMCIEHHS [MOKa3biBaloT, YTO B INPaBo#
yacTH paBencTBa (9) BCE UYJeHbl COZEPXALIHE YaCTHBIE NPOH3BOAHbLIE
BTOPOrd Nopsika 0T (yHKIHH f, B3aUMHO YHHUYTOKAIOTCA,

4.
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Hlokaxem Temeph OCHOBHYIO TEOPEMY.

Teopema HK06H~Hyacc0Ha Ecau f u g— un-
me2pasb.  ypasHexnil asuolceuuﬂ, mo (fg)— marxce unme-
2pan ImMuUxX YpasHenui.

HokasareabctBO. Tpebyercs mokasaTb, 4TO RAs (PyHK-
uuu (f g) Bumoansercs coortHowenue (7):

209 4 (f o) Hy=0, (11

KOrjla Taxoe K€ COOTHONIEHHE UMEET MeCTO naas Kaxaoi us
Pysxunit f, g

i) 0,
Y pry=0, %Ef@gm=u. 2
[eitcTBUTEABHO, COraacHo 5°

209=Ze+ [ E)=—C1o—( @)=
=(HN &+ (& H) )

IMosTomy, ucnoaesys ToxaecTso Ilyaccona, moayuaem

W) 1 (fo H)=((F &) H) + (& H) )+ (tHf) =0,

41O B TPeboBaJOCh I0KA3aTh.

Jlokasanuas TeopeMa fnaeT aBTOMATHUECKOE MPABUJO, MO3BO-
asiomlee us AByx wumterpasos f(t, ¢;, p;), g(t g, p;) npm
nomomu aarebpanueckux onepauu#t u onepauun auddepennu-
pOBAHMA HOJYyYUTb TPETUH MHTErpaiL

n
— V(¥ % 9 o
Vo= .Zl(dqi i Opi 0qi)‘

Bass ckoOku Ilyaccoma, wanpumep, ot f u (fg), M cHOBa
nonyunm wuurerpan u T. J. OnHako ue caeayer 3aBBBaTh, 4TO
HOBBIH MHTErpas MOXET OKAasaTbCs MM TOXKIECTBEHHO PaBHAIM
Hymo wi (yHKOUe# OT NpeHsAyIHX USBECTHRIX HAM HHTe-
rpanos. Takum o00pasoM, TOJbKO NpPH CNEUnalbHOM BHOOpE
" HE3aBUCHMBIX HHTerpaaos fy, ..., f; (/< 2n) moxHo Guith yBe-
peHHBM, yTo mpu noMoumu ckoOok IlyaccoHa MOMHO MOyuHTh
HegoCTaomue (40 MOJHOH CUCTEMB) HHTErpais fj, ..., fo,





