§ 25) CBOBOJIHHE KAHOHWYECKUE [PEOBPA3SOBAHUS 151

nepeMenntix ). JeAcTBiTeNbHO, 3TO HEPABEHCTBO MOBBOJSET U3
nepeuix # ypasueunt (1) § 24 supasure OGOOMIEHARE WMITY/ThCH
Pt ... Pp uepes 2n—1 semmuna ¢, g;, §; (I==1, ..., n) B,
CNEI0BATENbHO, ITTO3BOMSET UPEACTBUTh JMOGYI0 (yHKUMIO OT
nepeMéHHHX f, ¢;, p; (=1, ..., n) B BUmEe (dyHKuM: OT nepe-
MEHHHX ¢, ¢;, §; (i==1, ..., n). B 3TOM ciyuyae MOXHO Cum-
TaTh, YTO MPOM3BOAAMAN Q)yHKumx NpPENCTaBACHAa B BHIE (YHK-
upun S 0T 3TUX TepeMEHHBIX:

F( g, p)=S q. §)

Torpa ocHOBHOE TOXAECTBO (9) mpexmgymero Haparpada
BAMMMIETCS TaK:

Zp,aq,_mt_c(z pidq; — H¥t)—38¢t, ¢, 7). ¥))

=1
IpupasumBas cnesa W cnpasa koadduuuentn npu 8¢g;, 37,
u ¥, noayunm caemyioumue GopMyss:
Js a8
5q—_0Pb 0,7 =—p; (=1,...,n), 3
as
H=cH+ 5. *)

Ypasuehus (3) onpedersiom paccHampusaemor KaroHl-
yecwoe npeobpasodanue. lIOkaweM, 4TO OHM MOFYT OHTh NpHu-
BeneHs K Buay (1) § 24.

Yacrueie npoH3BOLHBIE 30, {i=1, ..., 1), crosmme B se-

BHIX 4YacTAX MEPBHX 7 ypal;HeHuﬁ (3) Kak OYHKUNK BeanynH
41 ..., G, vesaBucumbl, noTOMy uTO B cuny dopmya (3) sasu-
cumMocCTh %) o
dS
Q(EE: LRk aq_n, Ji oves qn)_o

nepemyia 651 B PaBEHCTBO

(epty -ovy Py Qs iy ) =0,

B cryyae HeCBOGOIHOTO KaHOHMYECKOro MpeoGpasoBaHuA BemH-
uubel £, ¢y §; (i==1, ..., f) cBsi3afit HEKOTOPHMU 3JaBUCHMOCTAMA.

9 B 9Tofl 3aBHCHMOCTH . BeAHUMH gy ey §n PACCMATPHBANOICH
KaK [napaMeTpH,
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UTO BO3MOXHG JHUIL IpH QEO, TaK KaK KOOpHOWHATH TOYKH

(pa3oBOro npocCTpaHcIBa ¢;, p; (=1, ..., 7) — HE3aBHCHUMEE
~ oS

BeMAYHHHEL. V|3 HE3aBHCUMOCTH NPOU3BOAHEIX B0 (i=1, ..., n),
i

paccMaTpuBaeMHX Kak (DYHKUHH NEPEMEHHHX {4, ..., G, Cle-

LyeT, 4TO fAKOOMaH 3THX (YHKUMH He paBed TOXIECTBEHHO HYJIo.
Taxum oOpasom, mr1a npoussomsmedt Qynkiuu S cBoGogHOro
KaHOHMYECKOTO NPe0oBpasoBaHus NOMKEH OITh OTIHYEH OT HYJs
onpeseanTenb

. S

det ( 09,07

o #o. ®)

i1

Us wuepasenctsa (D) crepyer, uTo mepBe n ypasHeHutt (3)
MOXHO DAa3PEUINTE OTHOCUTENBRHO §; (I==1, ..., #) # Takum
00pasom Bce HOBHie (DasOBhle IlepeMeHHwe §; p; (I==1, ..., n)
BHIDa3UTh 4Yepes crapnie NepeMeHHsle ¢;, p; (i=1, ..., n).
Tonyuennoe Takum oGpasom npeoGpasosanue suna (1) Gymer obpa-
THMBIM, T..€. N1 Hero 08y ey Pr)

’ 0(q1y +ovs Pn)
nepasencrsa (8) nocaenHue £ paseHCTB (3) MOXHO DaspenidTh
OTHOCHTEJBHO ¢; M, CJEIOBAaTENbHO, BHIPA3WTh BCE ¢;, p; uepea
q» Py (=1, ..., n). Takum oGpasom, ypaswenus (3) onpe-
deanom c80600HOE KaHOHUYLECKOE npeolpasosanue ¢ 0au-
HOl npoussodswyel dynrynel S(t, q, 9;) u ¢ dannoii 8a-
aenmuocmeio ¢ Z£ 0. Popmyan xe (4) yCTaHABIHBAIOT IPOCTYIO

cBA3b Mexny (yHxuusmu ammasrona H u A

Ilepefupas pasiauunee mpoussogamue ¢Gyukuud S, VAOBJAE-
TBOpAIOMNE YCa0Buio (5), M pasauuHble BaJEHTHOCTH ¢ 7= 0, MBI
¢ moMowbw (GopMya (3) MOXKEM OXBATUTh BCE CBOGOIHBIE KaHO-
HuYeckue npeobpaszosannst).

s ynusaneHTHHX (c==1) cBOGOXHHX KaHOHAYECKHX OPeo-
pasosaun# dopmyan (3) u# (4) npunumanr Gosee NPOCTOH
BH

#% 0, Tak Kak B CHIy

as N ~ s -
O P =0 (=10 ©)
%4
~ S

1) Hns nHecBOGOMHEIX KAHOWHYECKMX MPeOGPa3oOBaHHi CYUECTRBYIOT
onpenesqgioiune GopMyisl, aHaloruybe (3). ITH PopMyast SYAYT ycra-
HOBIEHHI B § 29,
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HocnenHee PareHCTBO I[IOKA3BIBAET, YTO IMOCHAE MNPUMEHEHHS
OIHOTO ¥ TOTO Ke CBOOOAHOrO YHHBAJEHTHOr0 KaHOHMYECKOro
HPEOGPBSOBEHI/IH K pas/M4YHBIM TIaMuJbTOHOBHIM CHCTEMaM BO BCEX

ciayuasx passocTh Meway A u H Oyier ommod m ToH ke

( aBHOH _0_§)
P 3 ) )

M3 pasencrsa (4) crmenyer, uto H=cH TOria H TOJBLKO
TOrHa, KOrjaa 73?=0’ T. € Korga mnpomspoisuias ¢@yHkius S

HE B3aBHCHT #BHO oT f. B sTOM cayuae B cuay paeeHcts (3)
BpeMst { He OyleT BXOSUTb fBHO B OPMYJAb KaHOHHYECKOrO
npeoOpazopanud. Ilpy Takux KaHOHHYECKHX NpeolpasoBanusx
hyHKmus f/ CymECTBEHHO HE MEHFEeTCs, OHAa YMHOMKAeTCd TOJbKO
Ha Koucraury c. IlosToMy ecam Mbl xejaeM NOJAYYHTb HOBYIO
CUCTEMY C CyuIecTBEHHO Oosiee mpocroi dyskiued amuabToHa,
MBl 0033T€JIbHO JOMKHH B34Thb CBOGOAHOE KAHOHMYECKOE Mpe-
o6pasoBaHde, cojepiallee BpeMs f{ Kak napamerp.

Mpumepsn. L. Ha c1p. 147 611y paccMOTIpeHb! TPH KaHOHMYECKHX
npeo6pazoBaHUA:

1) gi==aq;, pi=pfps 2) §i=op; P;=0Bq;
3) y==p;tgt, Pi=gqictgt (=1, .., n)

TIpeo6pasoranus 2) u 3) apaswrcs ceobonsnvi, OHH HMEOT NpOm3-
n
BOjAHe (YHKUMM U BANEHTHOCTH cooTBeTCTBeHHO S=—8 3 ¢;f;

n
c=—aff; S=—clgt E 4G, ¢= — 1. llpeobpasoranne xe 1) me

==

aBmsierca cBoGomabiM. [lng Hero ¢ =af, F=0.
2. PaceMoTpum npoussoabHOe ad@uHHOE TNpeob6pa3oraHue (hazoBoi
NIOCKOCTH (g, p) (3aech n==1}):

7
8
PeagtBp (o — o 70) } ®)

[TopcraBum mpaebie YacTH paseHcTB (8) B OCHOBHoe ToxgecTBo (9)
Ha crp. 149, Tlockonpky MepemMeHHas ¢ He BXONUT B NpaBnie 4acTH (8),
Mul # F 6ynem wckaTh B BHIe (YHKUHHW, He 3aBHCAIlEH OT BpeMeBH [
asHO: F= F{g, p). Toria ocHOBHOE TO¥XAECTBO NPHMeET BHL

(249 + B:p) (@ 3g + B 3p) — cp 3g = —3F,
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RIH
(g mig® + 5 BR) + 0 8p 4 (o — ) p Oy = —OF

Jlesas vacts 3roro paBeHcTsa 6yAer NOAHLIM JuddepeHnyasoM
NpH YCJAOBHHM, YTO

c=afl, —a,f.

Takum o6pasom, npeoGpasoBanne (8) ABAAETCA KAHOHHYECKHM C BajeHT-
HOCTBIO ¢, PaBHOW OmpeleanTenio NpeoGpazoBaHUA, U C IPOU3BOALILEN
GyHxnuett

1 1
F= 5 aa,g* 4 5 B3P + a.f gp.

310 mpeobpazoBaHne GymeTr CBOGONHLIM, €CAH g£0.

3. IIpeoGpasosanne =) gqcos2p, p= 1V gsin 9p aBasercs CBO-
GOXHLIM YHUBaNeHTHHIM KaHOHHYECKHM IpeolpasoBaHHeM C NpOU3BO-
e dynxume )

-

1 q 1, —_—
S=_garccos—= — =G5V q—g
2 Y 2

Hlns natypanpho#l cuCTEMH KOODAMHATH ¢y, ... , ¢, Ompe-
AeNSIM  [OJOMEHHE CHCTEMBl, a COBMECTHO C  HMIYJ/bCaMHU
Pi» -+» » Pp OHH ONDEAENNAN COCTOSHUE CHCTEMB, T. €. T0JO-
JKeHue B CKopocTH ee Touek. Ilpu kaHoHmueckoM npeoGpasosa-
Hpp QOwero THpa 3Ta cneysdmKa KOOpAMHAT TepseTcsa. Benu-

YHHH Gy, ... , §, YK€ HE ONPENeNsIOT MOJONKEHHS CHCTEMB,
a4 TO/BKO BMECTE C Py, ... , p, ONPEAEASIOT COCTOSHUE CHCTEMSL.
IMepemennsie gy, ... , §, OYAYT MO-NPEXHEMY ONPEAENATH MOJIO-

XeHUE CHCTEMH JUMMIb B Y3CTHOM CJIyyae moveuno20 KaHOHHYe-
CKOro mpeoOpasoBauus, npu KOTOPOM OYHKUMH §; (¢, g, Pr)
(aKTHYECKH HE COAEPIKAT HMNYJbCOB:

L= g (=1, ..., "

3ametuM, yTO B janpHefleM npeoGpasoBanne IPOUSBOMbHON
cucteMsl TaMuabTOHa K cucreme ¢ dynkumeRr F npocroi CTpyK-
TYPH YJ3eTcs OCYWECTBHTh C NOMOIBIO CBOCOAHOTQ KAHOHUYE-
cKOro npeoBpasopanus. CBoGOLHOE ke KAaHOHMYECKOE mpeobpa-
SOBAHHE He sABAJETCA TouveuwsiM. Takum oGpasoM, HeTOUeuHHE
K@HOHWUECKHE TPeo6pasoBaHus WIPAT CYWECTBEHHYI0 pOJb
B TEOPUH raMUJbTOHGBBIX CHCTEM.
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§ 26. YpaBuenne IamwinTona — SlkoGn

Teopust KaHOHHUECKHWX NpeoOpa3oBaHHH NPHBOANT HAC HENO-
CPEACTBEHHO K ypaBHeHuw [amuipToHa — fkobu.

Ilycts jaHa roJIOHOMHas CHCTeMa, IBHXeHue Koropo#f nox-
YHHSETCH KAHOHHYECKUM ypaBHeHusM [amunbTona

dgg __OH dp;__ _OH . __
dt = op;’ dt — 0g; (=1, ..., n. 1)

IMocrapaemcs onpeneants Takoe CBOGOAHOE YHHBAJIEHTHOE
KaHOHMueckoe npeobpasoBanne, uToOb B mpeobpasbBaHHOM ra-
MUJIbTOHOBOH CHCTeMe

dg;__ 0H dp; oA _

% = d - og; C=heesm @

dyukuus f OHiia TOXACCTBEHHO paBHA HYJO:
H=o. 3)

Torfa cuctrema (2) unterpupyerca wernocpenctielHo

§i=9, pi="5s @
rae d; ¥ B; cyib 2n npousBoJABHBIX NOCTOAUHBIX, 3Has KdHOHHU-
yeckoe npeobpasoBanve, T.e. CBA3L MeXAY ¢; p; (I=1,...,n)
M g, p; i==1,..., n), Mbl BHIDasHUM BCE §; U p; KaK (yHKIuH
BpEMEHK ¢ U 211 NPOUSBOMbHAIX MOCTOSHHBIX ay, B, (R=1, ..., n),

T. €. NMOJHOCTbIO HafiffleM KOHEUHEe YpaBHEHH [IBUKEHHS [aH-
HOH TONOHOMHOH cucTeMH [Bce peuients cucremst (1)].

Kak e ompenenmuTs HyxkHoe Ham KAHOHUYECKOe Mpeobpaso-
sarue? Jlnsi storo B cuny  Qopmyisi (7) npeapayinero napa-
rpada HeoBxommMo # jgocrarouio, UroOwl fis npoumsdBoAsinedt
oyuxuun S(, ¢; §;) MCKOMOrO KAHOMHUYECKOro npeobpasosanus
BEIMOJIHAAOCh PAaBEHCTBO

as

ST HEG g p)=0. ®)
D10 B COUETAHHH C topmysamu (6) TOro me ndparpada paer

aS a8

A @ 5)=0. ©)

onyuenuoe ypasuenue B uactuix fipoudsonttix (6) Hocur
Haspanue ypasuenus Iamussmona— Srwobu. Takum obpasom,
npoussodsmas Qysxuus S(f, g;, §;) ¢ OCHOBHHMH NEPEMEHHLIMH



156 KAHOHWYECKHE MPEOBPA3BOBAHUS [TH. 1V

t n g; (§; paccMaTpMBAIOTCS 3[€Ch KaK NapaMerpsl) yAOBJIETBO-
PAET ypaBHEHWID B YACTHHX NPOM3BOJAHHIX I'aMmibroHa — HKo6u.
Ilpu sTOM, KpoMe ypaBHeHus ['amuabtona — §lko6wm, mas npowus-
Bojawel gyuxunu S(f, g §;) KOMKHO BHIIOIHATECA YCJAOBUE

S \n
det <_—_0qi0t7k)i,k=l £ 0, )

Kak ronvko mnpoussopamas dymxuus S(f, g;, §;) watinena,
(opmyan
08 aS ~ .
Tqi_pi’ E—_pi =1, ..., n

OnpenenaT MCKoMoe cBOGOJHOE KaHOHMUECKOe mpeobpasoBanne,
3amenus B 5TnX QopMysax §; Ha @; M J; Ha B;, MBI moayuuMm
YPaBHEHUs [BUKEHUS NAaHHOM TOIOHOMHOH CHCTEMBl B KOHEUHOM
Buae. Bech 3TOT mpouecc ynofuee omucars, €caM ¢ CaMoro
Havana B § 3aMeHuTh §; Ha o; (=1, ..., n).

Beenem onpenenenue. Pemenne S(f, ¢; o) ypasuenns
B YAaCTHHIX NpousBOAHHLX [I'amuibrona — $IkoGu, comepxamee n

HpOI/ISBOJIbeIX ITOCTOSHHBIX gy ooty an, HA3bLIBAETCA MHOAHBIM
unmezpa/tOM TOro ypaBHeHI/Iﬂ, €CJIN BHINIOJHACTCH YCHOBPIE
0:S \n
det(——- 0.
09g;0ay, [ih=1 #0. (8)

Tenepp Mbl MOKEM CQHOPMYJHPOBATh JOKA3AHHYIO TEOPEMY.

Teopema Axo6u. Ecan S(t, ¢; &;) — nexomopuii nos-
wpll  unmmezpan  ypaswenus Iamussmona — Sroou (6), mo
KOHeuHble YPABHEHUS OBUNCEHUST 20A0HOMHOE cUCHeEMbl ¢ DaH-
Kol pywxyueit H mozym Oome 3anucanst 8 sudel)

0S8 S
3g; —Pv aT,.:pi =1, ..., n), )

2de a; u B; — npoussoasnsie nocmosmuuse (=1, ..., n).
Takum 006pasoMm, 3HaHWE TOJHOTO WHTErpaja ypaBHEHHS
B UYACTHHIX npousBopubix (6) uabamiaset HAC OT HEOBXOAMMOCTH

1) 3gech MBl BMECTO MPOM3BOABLHEIX MOCTOAHHLIX —B; IHIIEM HPO-
cro f; B cuay ycmosua (8) nocnemnme n ypassebuf (9) MomHO pas-
peimiuTh OTHOCHTENLHO ¢; M BLIPAa3HThb gy, ..., §, B BHIe (QYHKUMH OT
{ # 2n NPOM3BOJABHBIX TIOCTOAHHBIX aj, fj
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MHTErpHPOBaTh CHCTEMY OOBIKHOBEHHBIX NR(D(EPEHINAIbHBIX YPaB-
nenuit (1). 3agaua vHTErpUPOBAHUS 3ITOH CHCTEMBI 3aMeHsETCA
SKBUBAJICHTHON 3amauell OTHICKAHHA IIOJHOTO MHTErpaja ypaBHe-
Hua amuiibToHa — $IKOOGH B YaCTHHIX NPOM3BOJHEIX.

3ameuanne. OOmee pelleHHe YpaBHEHHS B YACTHBEIX
NPOV3BOAHBIX 3aBHCUT OT HECKOJBKHX MMPOWU3BOJLHBIX (bYHKIIPIﬂ.
[losromy noauni wuurerpan ypasHeHus [amuiabToHa — $Iko6u
OTHIOAb He sBasercss oOmwuM pelueHneM. ITondwl#t wmrterpan mo
CpaBHennio ¢ GOLUIMM pEeIIeHNHeM OXBAaTHIBAET TOJILKO HeGOJbIIYIO
«TrOpPCTKYy»> peliennfi. TeM He MEHEE NO HOJHOMY HHTErpany
MOXXHO BOCCTaHCBUTb HCXOAHOE ypaBHEHHE (OTCIONA M HaSBaHMe
«noJybllt wHTErpans). HMelctrurentHo, auddepennupys noass#
HHTErpaj, ICJyyaeMm

S
g—ql;=fi(t, e %) (=1, ..., n), (10)

B=ht g0 u). (11)

Ecan usBecTen moauwil unrerpan S (4, g, ¢,), TO USBECTHH U
dyukuan f; (¢, g5 %) (=0, 1, ..., n). U3 coornowenuii (10)
08
MOXHO BHIDa8HTh KaXIOE &, YEPe3 YaCTHHE HPOU3BOJHEE aq;°
1

t 1 q; MOCKOMBKY, B CHIy ycaosus (8),

O(fy, ooy fn) __ 028 \n
0(ag vy an)_det(aqidak)i,k.___1 # 0. (12)

TlomcTaBye NOJNYUEHHBIE BHIPAXKEHHS M8 o, B paBeHcTBO (11),
NOJYYHM HCXOJHOE YD4BHEHHE B YaCTHHX NPOMSBOJHHX (6)1).
B xauecTBe npuMmepa NOJHOrO MHTErpasta ypasHeuus [amuib-
TOHa — SIKOOM DPacCMOTPUM TaK Ha3HBAEMYIO 2/4QBHYIO (HyHK-
yuwo laxmussmona. Ias storo BepHeMca K dopmyste (7) na
ctp. 1156 u x puc. 33 na crp. 116. PaccMOTPHM TOMLKO YaCTHHH
cayua#t, xoraa fp(a)==const==¢, T. e. npumeM, uT0 KOHTYp C,
COCTOHT M3 HAYaJBHBIX COCTOSHUM cucTeMn npu f=1f,. Kpome
TOro, BMECTO #y, ¢}, pl, H, Gymem mnucare npocto f, 9, pi» H.
Torpa, eciu W — nefictBue BRoJb npsaMoro nytd (T. €. BOOMb

1) MoxHO CUNTaTh, YTO MOAHKI UHTerpaa S cofepxut ewe (n-- 1)-10
aIIHTUBHYI0 NPOM3BONBLHYIO TIOCTOAHHYIO 0,4, TAK KAK B ypaBHeHue (6)
BXOAAT TOABKO NPOM3BOAHBIE -OT S, a He cama (QyHKUMA S.
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obpasyiomet TpyOki) or HauaabHoH TOukM (I ==f)) N0 KOHeu-
HOH TOYKH, COOTBETCTBYWOIIEH JaHHOMY BHAYeHHIO f, TO

n n.
W= pdg, — Hdt — > pidgd (13)
i=1 i

i=1
Ecan HCNOJAb30BATh KOHEYHBIE ypaBHEHHﬂ JABUAKCHUSA

gi=9:(t gk PR) — (14
=9t gk PY (15)

U BMECTO ¢;(f) NMOACTaBUTH B BHIpAaxcEHWE MJd feHCTBUA

t
W={L1¢ g, )t

t

X sHauenus (14), 1o W craner dynxuner ot ¢, ¢}, pi(i==1,..., n).
IaMrABTOR NPEANOKUA, UCIONLSYSH KOHEUHBIE YDABHEHIS ABHREHHU
(14), pupasutn p; uepes f, ¢} 4 ¢; u Takum oOpasom TNpEX-
CTa8BUTb JielicTBue B BHIE

W=W( g, 4. (16)

Heticrene W, npenctaBiA€HHOE B Buae (16), . . B BuUje
QYHKUMH OT HayaJbHEIX KOODJAHMHAT, KOHEUHHX KOODHMHAT |
KOHEUHOr0 MOMEHT2 BDEMEHHW f, Ha3hIBAETCH 24a8HOW Pyrruyueil
TFamusremona. Cuurast, uro B pasenctse (13) W ecth raasuan
dyhtkuia [amuApTOHa, MB HA OCHOBAHUH 3ITOro PaseHCTBa MOJMy-
yaem

oW ow
aa—i_:pi’ aTI?:—pg (i=1, ..., n) (17)
44
ow
o =—HE g ) (18)

W3 papéncts (17) m (18) caenyer, yto raasmas ¢yHKuus
aMuabTOHa yZOBJIETBOPsSieT ypaBHeHuio [amuibToHd — SIKOOU

aw awy
T H(b @ g ) =0 (19)
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a cooTHowenus (17) mpencrasasoT cob0f KOHEYHBE YypaBHEHHS
KBUKEHHUA, CONEPIKAME 277 NPOU3BOJBHBIX NOCTOAHHHX ¢f, pf
(i=1,..., n)

Takum o6pazoM, [aMHJIbTOH MNOKa3ad, Kak 3aMUCHBAOTCA
KOHEYHHE YDaBHEHHs [BHKECHHS IIPH MOMOLIM MOJHQIO MHTErpana
ypasuenus (19). OgHaxo 5TOT noaHbiHl unrerpan y aMuabTona ne
Oul1 IPOMSBOABHHIM H B HEM HPOM3BOJALHHIME NOCTOSIHHBIME GBLIX
HauaAbHwe sHauewus ¢f u pi. Jloayuancs popounmi Kpyr:
LIl HaNMCaHHs KOHEYHHX ypaBHenu# gpmxeHus (17) wuyxwa
riasHas (pydxuda [aMHabTOHA, a I/ COCTaBJIEHHS STOR QyHK-
UMY, KaK BHIIE OHJIO MOKa3aHO, HYWHO 3HATh KOHMEYHHE ypaB-
HEHNA JBUKEHHs,

3acayra flxobu 3akaouaercs B TOM, YTO, IPOAG/KHE HCCTE-
Aosanus [aMuapTOHa, OH pasopBan 3TOT NMOPOYHHMH kpyr. On
0KasaJ, YTO KOHEUYHbe yPaBHEHHs! ABUKEHHS MOTYT ORITb Hanuca-
HH B Baje (9) 0PN TNOMOLM 7POU3BOAbHO20 TOJHOTO WHTEr-
pana S, gq; @;) ypasHenus I'amuabrona — $Jko6m.

Bepuemca x toxaecrsy (13) u comocTaBuM ero ¢ TOWLECT-
BOM (2) Ha cTp. 151. 8 conocrapaenns BunHo, uto opmyan (14)
u (18), npexcrasasomue co6oif KOHEUHHE YpPABHEHHS ABAXEHH
U BHPAKAIOUIRE FaMUJBTOHOBH KOODIOWHATH ¢;, P; COCTOSHHSA
CHCTEMBl B MOMEHT { UY€pEe3 HauaibHEIE KOODAMHATH ¢, ... , ph,
MOKHO DPaCCMaTpuBaTh Kak €BOOONHOE YHHBAaJEHTHOE KAHOHMYec-
Koe mnpeo6pasoBanne OT nepeMeHHHx ¢f, pf (i=1, ..., n) -
K NEPEMEHHHM ¢y, pp (kR==1, ..., n); mpomsBomsed ¢QyHk-
Hyei 3TOr0 KaHOHHMYECKOro npeoOpagoBaHus spasercs — W,
rae W —raasuan ¢yuxuus Tamuabtonal).

Taxum o0pasoM, npecbpascsanue a308020 npocmparcmsa,
OCYUECMBAEMOE ¢ HOMOUWLI0 08UMNCEHU AKWOO0L 2amMussmo-
HOBOH cucmemsl, ABAAEMCA KQHOHUXECKUM (Npu 3momM cgo-
OOOHBLM U YHUBAALHIHYIM),

Hpumep. Cocrapum dymxipno 'aMuabTOHA IN8 JBHXEHHA 110
HHEPIMH CBOGOJHON MaTepHaibHOM ToykH. B sToM caywae {(momaraem
,to=0)

=X+ At, Y=y, It, 2=z, 4t

!) dan 06pAaTHOTO KAaHOHMYECKOTO MpPeoBPas30BaHMs, B KOTOPOM
OCYMIECTBARETCA NEPEXON OT MEPEMEHHHX ¢, p; K NEPEMEHHHM gi, p}

npousBoAnuiel QyHKuneH Gyner raaBHas QyHkuua [aMuaIbToHa W,
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H noTOMY
¢

W=i’2’- S(x2+92—|—z'2:- dt =
0

=7 5 fai 49842 )-— 57 [(¥ — %0)" + (¥ — 90)* + (2 —20)°):
Ecnn wexoauth u3 HaltlewHOH raasHo# @ysxumu [aMHIbTOHA
W= g [(x — %o + (9— yo* + (2 —20)')

TO ypaBHEHMA NBMWeHHA moayvawrcs fno dgopuyaam (17), koTopse
B NaHHOM Cliyyae BBITIANAT TAK:

__‘_)_"<V_ X—Xp, . OW X — X,
=TT TR T g, T T T
_OW_y—Y. __ ,_OW__ y—3
_ow S et /S O_dLV___m z2—2,
~ 0z t pz—@zo_ ) t

Ilycte MB  #meeM  000GmIEHHO-KOHCEDBATHBHYIO  CHCTEMY
oH
(7[:-.“0). B osrom cayuae ypasuenne [amuiabrona — $Iko6u

HMeeT BUL
i 08

H ero MOoMHH# MHTErpal MOWHO HCKATh B BHAE
S=—ht-+ V(@ ..o » Gn; Oy ooy Oy, h), 2D

rae b n &y, ..., 8, (— IPOUSBOJLHHE MOCTOSHHHIE,
Tlogcrasaas ato Bepaxeuue mas § B ypaswenue (20), mul
noJiyyaeM s ONpeleseHus yHKumm V cAelyooulee ypaBHeHue:

(q,, ‘;;/) h. (22)

Halizg noawel# gmHTErpal STOr0 ypaBHEHUS, T. €. PEIUEHHE
Vigs a4 «voy Oy, B), LIS KOTOPOFO BHIMOJHSETCH HEPABEH-

CTBO

o2V -
de t(@q,@ak); Bl #0  (@,=h), (23)
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MH ¢ nomouibio dopmya (9) u (21) noayuum caexyomue KOHed-
HBIE yDaBHEHHA JBIXEHUS OOGOOIEHHO-KOHCEPBATHBHOR CHUCTEMEI:

v __

3a. —Pi (=1 ..., n) (29)
oV “ oV
G=f U=L..,n—1 G=tfy @)
rne o5 B; (j=1,..., n—1), h #n 7-—nNpousBOIBHHE NO-
CTOSHHHIE.

B cuny ycaoena (23) koopmuHarsl gy, ..., ¢, MOryT OuTh
onpejeneHs u3 ypasuenus (24”) kax ¢yHkuum oT £ M 271 mpo-
U3BOJBHHIX NOCTOSIHHHIX &j, B;, A u 7. [loacTaBasa noayyennsue
BHpaxueHUs B ypaBHeHus (24°), Hafliem aHaJOruYHBIE BBIDAMEHUA
s 060CWeHH X uMIyabcoB p; (=1, .... n) ).

B cayuyae 0600meHHO-KOHCEDBATHBHON CACTEMH MBI 3aMEHUH
ypaBuenne (6) ypasuennem (20), B KOTOPOM HUCIO HE3aBHCHMBIX
TIEPEMEHHEIX Ha €IMHULYY MEHbUIE. AHAJIOrMYHOE MOHMMEHHE YHCIa
HE3aBHCHMBIX IIeDEMEHHBIX B YPaBHEHHH B YACTHBIX INPOU3BOIHBIX
MOIKHO MPOU3BECTH ¥ B TOM CJAyYae, €CJAH OJHA M3 KOODJAUHAT M-
KJIMuecKas. ’

PaccMorpuM cpasy oGwmft cryua#t, KOraa HECKOABKO KOOp-
OVHAT (.4, ..., §, SBJASIOTCA LMKJARYECKMMH. B aTOM ciyuae
H=H{, q, ..., 9u P1» ... » Pp), U TOJHHH HHTErpan ypas-
Henns I'amuiabTOHZ — §lKO6U MOXKHO HCKaTh B BHAE

n

S= 3 0, +SE @ ors G W -ees %) (2D)

p=m-+41

Ias naxoxaenus QyHKUMM S, HOJMYyYaeM ypasHEHHE

oS 08 0S
—at—0+H(t, qdu sev sy 9 ‘W:’“.,ﬁﬂu:’ U-m+1’--"an)=0'
(26)
Eciu  KOOPAMHATH  Gpyq, <.y §, ABASIOTCS LAKIHYECKAMH

y 0GOOIEHHO-KOHCEPBATHBHOA CHCTEMH, TO (yHKHMIO S HmyT

1) s mepBux n—1 ypaBHen#i (24°) MOXHO BHpasuts 72—1
KOODIMHAT yepe3 OCTABIIYIOCA 7-10 KOOPAMHATY W 2n— 1 NPOHM3BOJb-
HHIX HOCTOAHHLIX. Torfia nonyyum ypaBHEHMs TPaeKTOpHii B KOODIH-
HaTHOM npocrpanctee. [locnegnee ypasHenue (247) ycraHaBaMBaer
CBA3b KOOPIHHAT C NepeMeHHOH BpeMeHH f,

6 @, P, Fanrmaxep
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B BUie
n
S=—ht—l— 2 U-p_ql_,,"l— Vo(qb ooy G %1y ouey Op,y h)’ (27)
w=m-+1_

rae dynkuust V, onpemenserca us ypasHeHus

oV, oV,
H(qi, vy Gy aq—:, ciey E‘iz, Lt sos s a,,)._—..h. (28)

§ 27. Merox pasnenenus nepemennnix. [Tpumepnt

Mbl nokasamM, yT0 MHTErpUPOBAHHE CHCTEMBl KAHOHUYECKHX
YpaBHEeHUR CBOAMTCH K HAXOXAEHUIO MOJHOTO WHTErpajna ypas-
Henus [amuabTOHa — $lKOGH. DTO NOJOKEHHE HMEET HE TOJbKO
Teopernueckull murepec. OKasanoch, YTO MHOTWE 33Aayd AWHA-
MHKH U B TOM UHCJE 3ajauy, INpeacTaBAsIOIHUE HHTEPEC ans
TEOPETUYECKOH (DM3MKH, MOJYYaloT Ha STOM NYTH CBOE YAoOHOe
NPaKTHYECKOE DEIleHue.

3meck MB TTO3HAKOMHM YATATENS C METOAOM PasiefeHus mnepe-
MEHHBIX JJ18 HaXOXJEHHS NOJHOI'O WHTErpana ypasHesus [aMusn-
TOHa — SIKOOK. 3TOT METOL NpUMEHsETCd B TEX Caydasx, KOrma
¢ynxkuns lamuasrona H 0606UMEHHO-KOHCEPBATHBHOM - CACTEME!
HMEET CHENHMAIBHYIO CTPYKTYpY.

1°, Tlyctp

H=G[fl (ql’ pl)’ sy fn(qn! pn)] (1)

B sToM cayuae B BHpaxenun s yuxuun H nepemMeHHse
pasfeneHs: B KaXAyo (QyHKUmo f; BXOAUT TOJABKO OfHa Inapa
CONPSKEHHBIX TEPEMEHHHX ¢;, P;

Ypaeuenue (22) npenmaymero naparpada Temeps SamuILeT-

e TaK:

(o L)oo tlen = @
IMonoxum ‘

fi (qir %‘gé)=% (=1, ..., n), 3)

rae oy, ..., %,-— NPOH3BOJBHKE NocTosuubie. Torma, cor/aacHo
topmyne (1), mocrosHHylo h MOMKHO BHIPa3HTb Yepe3 MOCTOSH-
HBIE &, ..., O, CACAyOmHM oOpasoMm:

h==G(oy, ..., %) “
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Paspemus paseuctsa (3) OTHOCHTENLHO QK, Haligen 1)

ov aqi
—aq—.zFi(qv i) (i=1,-.. Il),

V—' S Fi (qv l) dqi (5)
i=1

1

S=— 0@ oo )+ Y A odds.  ©
i=1
B stoM ciayuae

S ___gﬁ 0:S
0q;0a; — Oz;’ 0g;0ay
B OCHOBHO€ YCJOBHE

=0 nmnpu izk i k=1,..., n

0°S \»
et (G a1 70 @
CBOJUTCS K HEDaBEHCTBY
n
oF;
Al TI; # O.
ITockoabky cooTHOUIEHHE
fi(gs p)=0, ®
9KBHBAJIEHTHO YPaBHEHHIO
pi=F; (g5 a3, ©)]
TO oy
aFi__ i\ ;.
3«7_<E) £0 (=1, 1), (10)

u ycaosue (7) Bcerga smmosneno. ITosromy dopmyaa (6) onpe-
neaseT NOJHHH HHTerpan ypasHeHust IamuiabToHa — $lkoOu.
KoneuHsle ypaBHeHH IBMKEHUS

08 oS
a'q",':pi’ aal_pt (=1 ..., n (11)

1) Mo npeanonaraeM, yto kKawmas dbynxuua f;(q; p;) dbaxrHyecku

CONEPXUT HMNYILC p;, T. €, UYTO -—;—;ﬁO. B atom cnyuae ypaBHeHHS (3)
i
MoryT 6LITE pa3pelmenbl OTHOCHTEILHO p,_ﬁq—; Kaxnas Gysxnus F;
ABIAETCA (YHKUMEHd OT XBYX NEepeMEHHMX g; H a; I=1, ..., n.
6‘
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B ,uaHHOM cayuae sanuumyrcs rtakl);

dq —
aa, +S (af,) =P l 19)
Opi)Pi=Fila;. o) (=1,..., n. ! (
pi=F;(q; &) )

Takum 00pasoMm, HAaXOXIAEHHE KOHEUHHX ypaBHeHHH ABHIKe-
HHSl OCYLLECTBJASIETCA C MOMOMIBIO KBapaTyp.

IIpumep 1. PaccMOTPAM OCUMANATOD ¢ OAHOH CTENEHBIO CBOGOILL,
B stom cayuae

L
H_2m + 2
H, TakuM 0Gpa3oM,
c
f(ps 4)'— Ve q
a ypasHedHe (2) uMeeT BHI
1 1dV\® | eg®
7w (ag) + 5=
Moxoxwnm k=g, TOrna
S=—at}+ S V 2ma—meq® dg,

M H3 KOHEYHHIX ypaBHeHHH jsuwenus (11) HaxoluM BHIpaXeHHe Ius
HMIyabca

p=YV 2ma—meq*® , (13)
a COBCTBEHHO ypaBHERHE mamxemm BalHMIeTcs TaK:

dq
— = 14
£t S e =h (14)
rHe
A 2a wlee £
¢ m°’
3aMevyas, uto muTerpan B dopmyxe (14) pasen arc sin l, nonyyaem
YDaBHEHHE JBHMEHHA B CIEIYIOUIEM BUIE:
g=Asino(t1+8). (15)
1) B dopmynax (5) u (6) Mu moj HuTErpanoM SF,- (g, 2;)dg; 6y-
9
JleM NORMMaTh HHTerpan S F;(gs o) dg;, Tae mnocrosmHas y; ¢ukcn-
Ti

poBaHa H He 3aBHCHT OT 3HAYEHHH NPOH3BONbHLIX MOCTOAHHKIX ag; TOI'AA

n
g 9 OF
a?i kzls Fk\ (qk’ ak) qu= 5a—i S‘\Fi (qii "i) dqi = S aa_iidqi'

3areM MH ¥cmoabayem coorHouwtetiue (10),
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2° Ilycts
H=g,{... ;s{&@algi(qv P 90 B} @5 Ps} .. Gu P2} (16)
Torpa ypaBhedue A1 onpepeieHus V sanuimiercs Tak:
ov oV ov (i1%
&n { ga{gs[gl (% Ef,)’ T2 (Tq;]’ 93 O_q,,} coe G 0_¢1,,}=h'

Bsenem npousBoibHEE NOCTOAHHMWE &, ..., O, 3 H G,==h
A [OJIOKUM TIOCHEN0BAaTEABHO

av
& (Qn E) =y,
oV) .
gﬂ (ab qﬂ: a_q; = Oy, { (17)
oV
&n (a'n—l’ 9n: E)zan'
Onpenenss oTClofa YaCTHHE NPOU3BOAHBIE, Hatmem 1)
av
E = Gl (‘11: al)’
ov
aa=09 (92> @1, @),
aE =G, 4w &y 15 a'n)‘
Orcona
v= 3§ 6@ @ 2 dg,?) (8)
i=1
H n
S=—uat+ 2 S G; (9> %1, %) dyg; (19)
i=1
3nech
*S oG, S

‘)Qio“i_dei’ oqid_¢k=0 npu l<k (i, k=1, vees n).

1) Mul npexpnonaraeM, uTo %;&0, T. €. YT0 p; HeHCTBUTeNbHO

BxonMT B QyHKIMIO £;(q; pi). .

%) 3pece m xanee B 3TOM naparpade MoJ HEONpEAeNeHHHIM HHTer-
panoM noxHuMaeM (Kak ¥ B . 1°) onmpeleneHHH! HHTerpal ¢ NepeMeH-
HbIM BEPXHHM NpelesoM U QUKCHPOBAHHBIM, HE 3aBHCALIUM OT &, ..., Gy
NOCTOAHHAIM HHXHUM IIPEJenoM,
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[loatoMy ycaosue (7) CBOZWTCA K HEpPaBEHCTBY
11 OGi
o 7

KOTOpOe BCerja BHIIONHAETCH, HOCKOJAbKY YypaBHEHUE

8 (s 9 PI=1 (20)
9KBHBA/IEHTHO YPaBHEHUIO
Pi=G;(qi %1, %), (21)
# NOTOMY
0G; (dg;\—1
0 i=1, ..., n). (22
0'11 (dpi)l’i-'-‘oi (q,-. LAY "i) # ( ) ( )

Ing panpuefilnero HaMm noHagoO0ATCA BBIpaXeHUs IJad Npo-

#3BOJHBIX ;zﬁ, KOTOpHE HAXOAATCA U3 ypasHeHu# (20) u (21),
—~1

a HMEHHO:

( 0g;

0G; | Oy 23

0:1,-_1 - aﬁi . ( )
v Opy /P=0ylap oy, )

Iloacrapass B KOHeuHHe ypaBHeHus asrmkeHusa (11) Beipaxe-
Hue (19) u yunthHiBas cdopmyan (22) m (23), noiydaem OKoOHua-
TEJBLHO:

dqi .
(),
0p;lp;=0; @0 2_p0 %)
( 08141
0(1,-
0gi11
OPiss 7 Pipr™=%1 Wy % 230)
i=1, ..., n—1)

B
§4

n =% (I %n_y %) J

dqi+1 == Bi

e

=G (% %1 %) (=1, ..., n) (25)
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3pech nepsHe n-— 1 ypaBHeuu# (24) ABAAOTCS ypaBHEHUAMU
IJIsi ceMeiicTBa TPAaEKTOPUMHA B KOOPAMHATHOM MPOCTPAHCTBE, 3TH
YpaBHeHHs COAEPKAaT 2r— 1 [POUBBOJMBHHEX  MNOCTOSHHBIX
Ggy «eey Op Brs ..., Bpae Tlocaennee ypasuenue (24) comepxur
HOBYI0 NPOM3BOJbHYIO MOCTOSHHYI §, U YCTaHABIMBAET CBs3b
KOOpAMHAT ¢; C nepeMeHHOH BpemeHu f.

YpaBaenus (25) mnocne MONCTAHOBKM B HuX  QYHKuuH
g: (¢, o, Bp) (=1, ..., n), Haltgeunux u3 ypaBHeuuit (24),
onpeneasT HMIOyAbCH p; (i==1, ..., n) Kax ¢QyHxuua or ¢
U BCeX NMPOM3BOJMBHHX NOCTOSHHHX oy B; (=1, ..., n).

[Tpumep. 2. PaccMOTpHNM KennepoBO IBUmEHME, NPH KOTOPOM
MaTepuaibHas TOYKA MACCH m NMPUTATUBAeTCA K LEHTPY C CHAOH, 06-
PaTHO TPONOPUHMOHANBHON KBAaApaTy PACCTOAHMS JO LEHTpa.

B sToM cayyae B cepuuecKHMX KOOpIMHATAX

T——(r’ +rfedrisnteds), n=—X (>0,

H_—( 2+r“’+r"’smzﬂ)_%

W yYpaBHEHWE IJa onpeleacHus V uMeeT BUJI

S B A )+ a3 -5

[Monoxnm
1 g 1
E1=Epy=0y L= PO‘l‘smee—am &=4, P,-‘l' '—T:“a:h
Torna, cornacho dopmyaaM (24), Haxomum:
db .
b—a —— =, (262)
sin® B ag— sinlg 5

1

dr
5 =f,, (2606)
m o
V sm20 1/ 2ma, 2T %

—t+ 28 =8 (268)
V 2may +— mY ﬁ'

Mut OONYyYHIH, KOHEYHBI€ YDaBHCHHA JIJIA KENaepoBa ABHKEHHA,
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ITpy HCCHENOBaHMM STOrO IBMXEHHA 6e3 HapyWeHHA OGLHOCTH
MOXHO CYHTaTh, YTO HayalbHasd CKOPOCTh JEXWT B INIOCKOCTH MepH-

d
Imana ¢ =const. Toria B HauaspHEH MOMEHT t—ﬁ=0 H, crefoBa-

TeJbHO, cornacHo dopmyne (26a),
0, =0 @7

n ¢ =8, =const, 1. e. gBMmxenne miockoe, [loyneHHo nuddepeHnupys
paBeHcTBa (266) u (26B), moayyaeM, 4TO CeKTOpUAAbHad CKOPOCTS !)

pasHa _
1 r,d_@ . Y o

2° dt~ 2m

T. e, JBHKeHHe B MNJOCKOCTH ¢ = const NPOHUCXOZUT B COOTBETCTBUM
C 32KOHOM muomajges,

= const,

1
HakoHen, 1aa onpeneseHus TPaeKTOPHH [oAaraeM Pt
tdopmyan (266) ¢ yueroM pasencTBa (27) HaXOAUM

__dx
SVc—i—Qkx—x’ - ’
rae
c=20 p="1 oy, (28)
2 2

Bolyncaus mHTErpal, HONYYMM

arccos—X—F_ ¢ —B
e

x=k-4 VR ccos(d —B).

H, CIeN0BaTEIbLHO,

1
HakoHeu, BcIOMHMB, uTO X =, TONYYMM sl TPAEKTOPUH ypan-

HCHNE KOHHMYECKOro ceyeHusd, B OOHOM H3 (bOKyCOB KOTOpOro pacmonao-
WEH LEHTDP NPHUTAXKCHHUAL ’

— 4
i e g @9

rite mapaMeTp M 9KCLEHTPHCHTET KOHHMYECKOTO CEYEHHA ONpeRensiorca
U3 paBeHCTB

._.l_f_’l . c_ 2a,a,
r=p=n =V itp=) 1424 @

[TycTb Toyka OMHCHIBAET 3AMKHYTYI0 OpGHTY (NBMKEHHE MIaHeTH,
nputarueaeMoit Coanuem). Torma sra op6ura — sanunc, B OJHOM W3
({OKYCOB KOTOPOr0 HaxXoAMTCA UEHTp npuraxenus (Coanue).

1) To ecTh NpPOW3BORHAA MO BPEMEHH OT NJOWANHM, ONMCHIBAEMOR
PainyCOM-BEKTOPOM, NPOBEACHHBIM H3 LEHTpa,
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OGo3Hayus yepes Fu a, b (¢>b) II0WManb W NOAYOCH 3MIHNCA,
Haligem (ﬂOCKO:ley, KaK H3BECTHO, p=—r

2 2,252
F?_ n%a®h —
2 pD p-

’ 2mF
IMycts t— nepuol (BpeMA oGpaiieHus), ©= . Toria Ha ocHOBaRKH
f!

paseHcTB (30)

4 2 ay a® ag T 1

QY]

1 ,tﬂ mB FS nimﬂp —@ 1:2 ( _l)
- 14 == mi?

The, COrNaCHO 3akOWYy mpuTskeHnsa HbloToHa, BeluyMHa ¥, B3aBHCHT
TOABKO OT WHEHTPa NpPUTAXEHHA. Mb monyyHiM Tpu 3axkoHa Kenxepa
Inns pgeuxenus naader Bokpyr Connna: 1) maaHeTh! ZBHXYTCA C NO-
CTOARHOH CEKTOPHANLHOH CKOPOCTHIO 0 MIOCKUM OpGHTaM; 2) 3THMH Op-
6uTaMu ABIAKTCA JJIMNCH, B OJNHOM M3 (DOKYCOB KOTOPHIX HAXONUTCA
Counnile; 3) oTHOmEHHe KBaApaToB BpeMeH OGpalleHHs K Ky6am 60Oib-
IUX ocell Op6WT IS BCeX MIaHeT ONMHAKOBO,

3°. PaccMoTpum eme B KayecTBe MNpHMepa NpHMEHEHHA MeToja
pasjiefeHHs NepEMeHHHIX cayvall, korna

__Ji(qs py) + s+ 70 Gns PR)
H—gx (91 P) -+ 81 (qn) P)° (32)

Torna ocHoBroe auddepeHnnansHOe ypaBHEHHe
[ ov ovy
H (qn serm G e E)—h

MOXeT OHITH 3aMUCaHO B caenymiuiem .Bﬂlle:

[7:(90 7)1 (a0 52)] =0 @)
1

3

Tlonoxnm
v v - |
fi (qh '(E) —hg; (qiy o‘—qi)=ai (i=1, .., n), (34)

rfie @y, ..., Op_; —OPOU3BOJLHLIE MOCTOAHHBIC, a MOCTOAHHAA ap,
B CHIY ypaBHeHud (33)  paBeHCTB (34), BHIpamaeTcA Yepes &g, ..., a,_;,
a MMEHHO:

Up=— & — .. —Upy_;. (35
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av
Paspemnm ypaBHeHHA (34) OTHOCHTEIbHO TNPOH3BOMAHBIX =—:

0g;
oV
Eq'—_—F i (g a3 h) (=1 ..., n) (36)
Pemenve ypaBHeHus (33) Gepem B BHAE
V— S Fi(g: o h)dg;. (37)
i=1

[TosToMy moaub#l uHTerpan ypaBHeHMs [amuasToHa — SIko6u umeer
BUA

Se—=— ht + 2 S Fi(qs o 1) dq. 38)

i=1

Torna koHeunHble ypaBHeHHa ABMxenua (11) momyuawTca ¢ moMompio
KBaupaTyp

oF; OF, , L
§olaa—{ Grdan=t) =1 n—),

n

OF;
Y\ S dai=t+8, L (@9)
i=1

pi=Filgn 2y ) (=1, ..., n)
(@ ag ...+ ay=0). ‘

Paspeman ypaBHeHue 5 (q,, pi)—hgi(q; p;)==o; OTHOCHTENBLHO

p,, monyvaeM p;=F;(g; o; h) (i==1, ..., n). [lpeanonaraercs, yro

BHINOJHAETCA YCIOBHE DPa3pelHMOCTH 5];—'—-h (3g1; #0. B »stom cay-
H

yae IPOM3BOJHBIE HEABHOA QYRKUMH F; paBHHI

2o
0Oa; op; op; p;=F(a;. »; h)7

] 0y 0
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Ypasnenua (39) B oxoHuaTeabHOH (OpPMe HMEOT BHL

S [O_g al_lf]pj—l’ i@ % h)

Ofn Og,,]
Hn dg, =R;
S [0pn W lo,=Fo(ap ap i) " &

(=1, ..., n—1),

EIS {[‘%l:— —3%%]—1&. @ pi)}pi=ﬁi (@5 h)d4i=f-|—ﬁ,,,

(40)

pi=Fi (g o h) (i=1, ..., n)
@tagtota=0. |

Kax vactemi#t ciywali moayyaem teopemy Jluysmaas:
Ecau runemudeckas u NOMEHGUGALHAS IHEPUW CUCHEMbL UMe-
wom gud

T:—l(z Ai) 2 By, H=ij1 ’ ¢#1)

20e A;, B; u II; — dynryun om 00Hoil nepemenroi q; (i==1, ..., n),
mo KoHedHbie ypaauemm 08UICeHUsT cucmeMb MO2YMm Goutmb IlO/I,y-
HeHbL ¢ NOMOWBIO K8adpamyp.

JelicTBUTENRAO, AAA CHCTeMH JInyBHaIs

3 (g

it (42)

HO 9TO HacTHHE cayuya#t opmyawt (32).
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§ 28. Ilpamenenne KaHOHHYECKHX npeoGpasoBanuii
B TEOpHH BO3MYmeHU

[TycTs M3BECTHH NBUMEHHS' CHCTEMH C JdaHHOW QyHkumedl H,
T. €. pemeHuas
gi=9:(t qb PR, Pi=%: (6 gk PR) }
[gi=0y Pi=0)y i=1 ..., 1]
cucreMs anddepeHnuaNbHEX ypaBHEHHH

dop OH dpi___ OH G,y o, @)

(1)

dt — Op;’ dt  oq;
u nycrsh Tpebyerca ONpeAeTuTh [BHKEHHE <BO3MYLIEHHOH» Cu-
CTeMB C raMunbTOHOBOH (yHkuwe#t H- H,, T. e. ompeneiutsb
pelteHus cucteMsl AudPepeHinaibHbEX ypaBHeHuh

dgy _ O0(H+H) dpi___ OH+H) ..
= dt‘_. o0, i=1,....,m (3
Ecmu B dopmynax (1) paccmatpusate ¢i w pi (B=1, ..., n)

KaK HOBHIE NEPEMEHHHe, TO, KaK OHJIO BHISICHEHO Ha CTp. 159,
dopmysn (1) onpenensior cBOGOAHOE YHUBANEHTHOE KAHOHMuE-
ckoe mpeobpasosaHne. DTO npeofpasoBaHue NEPEeBOXUT FaMEJb-
TOHOBY CHCTEMY (2) B raMHJILTOHOBY cucteMmy ¢ gynkunedt H==0
[cM. dopmyany (13) wa crp. 158]

ai_,

a7 dt
a raMHAbTOHOBY cucTeMy (3) — B raMHAbTOHOBY CHCTEMY C (PyHK-
uvedl H, xotopas OymeT pasna ')

dqf OH, dp} 0H,

9 —opy’ at — oqf

0 (k=1,...,n), )

(k=1, ..., n). (5)

Takum o06pa3oM, HOBEle NepeMeHHHe g% H ph o6jagaor cae-
AYIOLUMM 33MEYATENbHBIM CBOMCTBOM: [/ HEBO3MYLIEHHOrO .BH-

1) 310 cnexyer M3 COOTHOUIEHHUS ﬁ—(H+H1)=O—H. Jleasn
W NpaBas uAaCTH 9TOTO PABEHCTBA PABHM ., [Ie S — nponsBoasuman

(yHKUHA paccMaTPUBAEMOr0 CBOGOAHOrO YHMBAJEHTHOIO KAHOHHYECKOro
npeoGpasoBanus (cMm, c1p. 152),
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XEHU OHM COXPAHAIOT MOCTOSIHHEIE S8HAYEHUA, PaBHHIE HAYATBHEIM
BHAYEHUAM; HJI7 BOMYLIEHHOrO KE IBUKEHHS OHA NMPEACTABJAIOT
coGoft PYyHKUMH OT BPEMEHA M HaYaJbHBIX 3HAYECHWH:

gt 9% P PIC 4% P) (k=1 ..., n), (6)

onpeneiseMbie Kak oOuiee peleHne raMuJbTOHOBOH cucreMnl (5),
B KoTOopoH ¢yukume#t [aMuapTOHa SBASETCH <«3HEPrus BO3MY-
meHusi» ;. KoHeuHwle ypaBHEHHS AJS BOSMYINEHHOIO JBHKEHHS
B HCXOJHBIX KOOpAuWHaTax ¢; p; ({=1, ..., n) noayyaiorcsa
npu nopcranoke GyHkur# (6) B popMysasl Za9 HEBO3MYLIEHHOrO
aBmxkenus (1) BMECTO NOCTOSHHHIX g} W pi.

Ham ypanoce, ucnoan3ys TeOpHIO KaHOHHYECKUX mpeobpa-
30BaHul, 3aMEHHUTb UHTErDUPOBAHUE TaMuJIbLTOHOBOR cucTeMml (3)
MHTErPUPOBAHUEM T'aMUJIBTOHOBHX cucteM (2) u (8); u3 olbmux
pemenuit (1) u (6) 3TMX cucTeM cymepnosunuell moayyaeM 06-
mee peureHue cucrems (3)

=t ¢¢ 0 1) PG 9% P
pi=4; [t ‘15?] @ qg’ p_(})r p%)] @ qg-: P?)] M
i=1...., n.

Mu (axTHyecKu MOKasad, 4TO <BO3MYLIEHHE B SHEPruu»
CHCTEMbl SKBHBAJIEHTHO <«BO3MYDIEHHIO HAYaJbHHX  JAHHHIX>.
IIpomwmocTpupyeM 3T0 Ha it
puc. 40.

B pacminpenHom ¢asoBoM
NMpPOCTPaHcTBE B  runepvo-
ckoctH £ = 0 Bo3bMeM (PUKCH-
pPOBaHHYI0 TOUKY M, u npo-
BEJIEM U3 HEee HEBOSMYLIEHHBII
npaMol myTh, T. €. HpaMoH
nytb (1) ans cactemn (2). Ha
puc. 40 srtor myts usobpa-

KeH KupHOH suHmel MyN,.
B runepniockocry £ =10 cmMe-
IEHNE, HaYaJbHOH TOUKH, 3aza- [
paemoe dyHkuuamu (6), wuso-
GpasuM TOHKOH JuHuelt MM
W3 Touxm My 92T10H KpuBOM  npoBeeM  HEBO3MYIICHHHIH
npaMoit nyte My Ny, (Ha puc. 40 oH wn300paxeH NYHKTUPHOH
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aunuett). Ha sToM nmyTi Bo3pMeM TOUKy P ¢ LaHHBIM 3HAYEHHEM KO-
OpAuHAaTH BpeMeHu f. DTO W OyHeT NOJOXEHHWE CHCTEMbl B BO3-
MYLIEHHOM [BMXXEHMH B MOMEHT Bpemend f. IIpu HeBo3aMyiieHHOM
JBIDKEHAN CHCTEMa B MOMEHT f 3auumana noJdoxenue Q. Takum
o6pa3oM, BO3MyIEHHE CKasaJocs B «capure> QP. IIpsMo# nyts
B BO3MYLICHHOM [BIKEHHM H300pameH XUPHOH JuHued M,P.
Takum 06pazoM, BOBMYILEHHOE ABWKEHHE MOXKHO DACCMAaTPHBATSH
KaK «CJAOKHOE> JABHXKEHHE B (Ja30BOM INPOCTPAHCTBE: TOUKA
IBHKETCA [0 HEBO3MYILEHHOMY MpAMOMY MNyTH, HO CaM 3TOT
nyTe cMemaerca (B obuiem caydae neQOpMUpYfCh) u3-3a <BO3-
MYIIEHUA» HAauyaJbHBIX JAHHEIX.

§ 29. CTpyKTypa npoH3BOJBHOTO KAHOHHYECKOro
npeoOpa3oBaHus

B stoM u B caepyiomux maparpadax 3To# riaasst Mbl MpH-
BENIEM HEKOTODHE JOMOJHHTEJNLHBIE CBENEHNS O KAHOHHYECKUX
npeoOpa3oBaHUax.

Il nponsBOJBHOTO KAHOHHUECKOTO NpeoGpaszoBaHus MOMKHO
yCTaHOBUTb  (DODMYJAH, ONpefeidiomue 3TO npeoOpasoBaHue
C MOMOIIbIO NPOHU3BOAAMEHR (YHKUHH H BaJIEHTHOCTH ¢, n0LoGHO
TOMy KaK 3TO Onuo cpexano B § 25 mm cno6o,uuoro KaHOHH-
yecKoro npeobpasoBaHms.

Ilyctb, nanpumep, u3 4n BeAHYHH

9 Pi G i (=1,..., n) (¢9)

CBA3AHHEIX MEKIY CcOGOH KaHOHMYECKMM NpeoGpasoBaHuem

=9t g Pr)r Pi=0:(t, 9 PR @
1=t QozB )

0(q1 +ee s Pn)

MOKHO B KauelTBe 271 HE3aBHCHUMBIX B3STh BEIUYHHH

iy ooy 9p pl+l’ cers Dpo ‘71’ ceey qm; ﬁm.{.l: sray ﬁn
O/, m<n). 3)
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Torga ¢ moMOLILIO TOXKAECTB

n n n
S Pede=3( X gpe)— D e
g=1I1+1 g=1+1 g=i+1

n n n
Z P 3%:8( Z ?hﬁh)‘— Z Gy 3py
h=m-41 h=m+41 h=m+1

MOXHO OCHOBHOE onpegensouee paseHcTBo (9) Ha cTp. 149
3aMUCaTh B BUME

m n
2P — X U, — Hit=
j=1 he=m+41

1 n

=c( D pd— X g, — H¥)—3U, (4)
i=1 g=1I1+1

rune

n n
U=F+ E dwbp—c Z Gelg (5)
h=m--1 g=1+1 )

IMockoneky Bce 4n BeauunH (1) BRHPAWAOTCA Yepes 271 BEMUUMH
(3), TO MBI MOXeM cuuTaTh, uTo {J ecms ynxyus om 8eau-
yun (3). Toeda uz moodecmsa (4) aeeko maxooum

.@L].—c ﬂ——_c ﬂj_-—-_". ﬂl_—q (6)
dg; = Pr g e oy = P G,

=1, ..., 4 g=Ii+1,..., n
=1 ..., m; h=m-1, ..., n).

dopmyant (6) sxBuBaneHTHH GopMmyaam (2) M onpeaeasloT
paccMarpuBaeMoe KAHOHWYECKOE mnpeoOpasoBaHue € NOMOMIbIO
BAJIEHTHOCTH ¢ u TpousBomdAimle# ¢yHKUMM U OT HE3aBUCHMHIX
Beauyud (3).

Huxe MBI HDOK2aXeM MaTEMaTHUECKYIO JEMMY, COFJJACHO KOTO-
poit u3 4n Beamun (1), cBASaHHHX NpeoGpazoBanueM (2), Bceraa
MOXKHO BHOpaTh 271 HE3aBHCUMBIX TaK, 4TOOH cpemu BHODAHHHX
BeMHYMH He OHJO HM OJHOM NapH CONPAKEHHHX ¢, p; WM
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Gy p;Y). Torna npn HamzexameHd nepenymepaunu KOOPAMHAT ¢,
@, (i, k=1, ..., n) W COOTBETCTBEHHOH INEPEHYMEPALUU MM~
nyascoB py, fp, (I, k=1, ..., n) BubpanHse 27 HE3aBUCUMEIX
BE/IMYHH ‘MOXHO npencrasurs B Buge (3). Ilostomy dss npous-
B0ABHO20 KAHOHUXECKO20 NPEOCPAIOBAHUR UMEION MeCmo
hopmyan,, womopsie wmoym omaudamscs om popuya (6)
auws wysepagueil seautun (1) %).

Tlopo6uo ToMy Kak 310 OBLIO cnenano B § 25 mas ceoGon-
HOI'0 KaHOHWYECKOro npeoOpa3oBaHud, MOXKHO IOKasath, uTO
¥ 171 NPOM3BOJIBHOrO KZHOHHMYECKOrO npeoGpa3oBaHus onpene-
JUTENb NMOPAAKA 7, COCTABJACHHHIH U3 CMEMAHHHX MPOUSBOLHAIX
BTOPOrO mnopsaka oT mpoussomdmed ¢yukuun (J, oTaAnueH OT
Hyas 8). Tlostomy mepsue 7 ypasuenu# (6) Moryr GOHTh pas-
pELIEHE OTHOCHTEJIBHO BEINYRH T],, by =1, ..., m; h=
=m-1, ..., n). Ilocje NOACTAHOBKM NOJYUEHHHIX BHPAKCHUN
B nocjesune n ypasHenu#t (6) Mbl IpeicTaBuM ypaBHEHUS KaHO-
Huueckoro npeoGpasosanms (6) B Buge (2).

ChopMyanpyeM M IOKameM JeMMY, HAa KOTODYIO MBI ONHDATHCh
NPH NOAYYEHHUHN CTPYKTYPHHX ¢dopmyan (6) Anq NPOU3BOABLHOTO KAHOHH-
YecKOro mpeo6GpasoBaHys.

JTemma. Ecan Oanw 2n nedasucumolx Gyukgul §y, ..., Gn
Diy ooy Pn OM 21 He3aBUCUMBLX 8AUUR (4, ..., Gpy Piy +oey Pny, MO
u3 An eeautun qp, p;, G; Py (=1, ..., n) 8ceeda MoxcHO suibOpams
2n He3agucumulX max, 4moOs cpedu HUX He OuA0 HU 00HOU napul
conpacennsix (q,, p,) uau (q,, B,).

) B xnure lomncrefima” (Tonmcreiin I, Knaccuyeckan wexa-
Huka, M., 1957, crp. 262) yrBepknaercs, 4TO NPH NPOU3BONBHOM KaHO-
HHYECKOM NPeo6pa3oBaHHM B KauyecTBe CHCTeMbl 272 HE3aBHCHMMIX BelH-
YHH BCErJa MOXKeET ObiThb B3ATa ONHA M3 YeTHPeX CHCTEM: §; U {;
Q¥ Py pin G ppm P (i=1, ..., n). OmnGoyHocTb 9TOTO yTBEp-
WIEHHA MOXHO YCMOTPETh M3 NPOCTOrO MpUMepa KaHOHMYECKOTO mpe-
06pasosatna §,=—py, Pr=q:, G;="_j B;=p; (=2 --., n).

%) Bro nonoxkenwe NPUBEIEHO liapareonopu B ero xuure (Cara-
théodory C, Variationsrechnung und partielle Differentialgleichun-
gen erstes Ordnung, 2 Aufl, B. I, 1956, § 96), onsako nemma, Ha KoTo-
pofi OCHOBAHO Hamie NOKA3aTeNbCTBO (CM. HHXe), ycraHoeaeHa Kapa-
TEOJIOPH JUIA YAaCTHOTO €Ny9Yasl, KOIJa Nepexoll OT NepeMeHHHX ¢;, p;

K nepeMeHnuM G, P; (i=1, ..., n) ABAALTCA KAHOHHUYECKHM Npeobpa-
S0BaHKeM,
“0*U \n
8) 1o ycrosue MOxHO 3anucaTh Tak: det (—;——) %0
Ori0Fs Jik =1 ’
ecnu 4epes ry, ..., 'y, ¥y, ..., 7p 0603HAUUTL COOTBETCTBEHHO BelH-

uuHE (3) B TOM NOPANKE, B KAKOM OHH GHIAM BLIIHCAHB Bhiue (cM. (3)).
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doxaszatenbcTBO. JJONYCTHM MPOTHBHOE, T. €. AONYCTHM, YTO
aobuie 21 U3 paccMaTPHBaeMBIX BEJHYHH, CPEIH KOTOPHX HET HH OIHON
napsl COMPAMEHHBbIX, BCeria 3aBucuMbl. Torma suepem 7 - d HesaBu-
CHMbIX W3 NaHHHIX 47 BENTHYHH TaKMM o06pa3oM, YTOOH NepEHe n He
HMenH 3HAYKa ~, a NOocHefHUe d UMerH 3TOT 3HAYOK, NpHYEM BhSepeM
3TH n -} d BeAHYMH TaK, YTOGH CpPEIM HHX He GbiIO CONDPAMEHHBHIX M
uToGH WHCI0 d HMMeno HanGoJbmiee M3 BCEX BO3MOMNHBLIX BHAYEHHH.
CornacHo ‘monywenuo d <<n,

Hockonbky, He H3MeHAA HM YCUNOBMA, HM YTBEPXICHHA NCMMBE,
MOXHO TOMEHATh pPONSMH JBE CONpSKEHHblE BEAHYHHH ¢; M p; HIH
Jim p; a Takxe CHemarb MPOH3BOABHYIO TEPECTAHOBKY HHIEKCOB
1, ..., n XaK Y BEJNMYMH ¢y, p;, TaK M Yy BENHUMH §; J; TO MOXHO
CYMTaTh, YTO BHIOPAHHBIMH ABIAIOTCA CAeAyiOwMe 7 -}-d BEIMYHH:

Gy ooy Gny ?u ey g (d<ﬂ) (7)

Pax seawuun (7) HasoBeM MaKcumaabHolm Oa3ucom. OueBUIHO,
yTo

?j=f(41, vy Guy @15 vevy ),

“ (=d+1, ..., n), (8)
ﬁ]'——:f(qlv vy Gy Guooee s o)

rie f—3Hak OYHKUMOHANLHON 3aBHCHMOCTH l').
He napymas o6mHOCTH, MOXHO CYUMTATh, YTO M3 BETHYHH
P1y 220y Pns ﬁl) sery ﬁd:
He BXoAAmux B GopMyas (8), BeNUYHHE
P1y sevy Pay pl! "°7ﬁb (aénr béd) (9)
ABNATCA (QYHKIHMAMM OT GAa3UCHHX BeAWuMH (7), a KaxAad M3 BEAHUMH
Patty «++ 5 Pny Boyn +ooy Pa (10)

HE3aBHCHMA NO OTHONIEHM© K Gasucy. Takum oGpasowm,

Pi"—-‘f(fh- vy Gy ‘71: teey qd) (‘=11 eney a)v }

o . It
=S s G T s 4 G=1, 0, 8.5 D

[ToxaxeM Tenepb, YTO BETHYMHB §qpi, «ve s Gny Jbpty «ov s ds CO-
NpsKeHHBIE <HE3aBHCHMHIM» BeanuuHaM (10), daxTmueckH He BXOAAT

!) B pasnnx QopMyaax omHoH u Tol we GYyKkBoi f 0603HAayawICA
pasanyHble QYHKIHOHANBHLIE 3aBHCHMOCTH, '
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B IpaBeie vactw dopmya (8)., [lelicTBUTeNbHO, MYCTb, HampuMep,
¢, (A > a) GaxkTHYeCKN BXONUT B BHIpa}XeHHE AAS HEKOTOPOTO gy (j>d)

qj=f(-.. , q)‘, ...).

Torna cucrema BeAMYMH gy, ..oy Gh_g, Dagpy coos Grs G1y cony Gy gy
arsusasenmna 6asucy (7):

(¢Iu ver s Bty ity vov s Iy oy veoy gy qj)w
w(qh seey Gy 171» reey 7«1): (12)

T. €. KQW/Jasd U3 BEIHUYWH, BXONSIINX B OAHY M3 ABYX CHCTEM, BHpa-
HaeTcs yepe3 BEJHYHHH JpPyrod u Haoboporl). IMostomy n--d--1
BeINYMH

Gy saey Tr-1y P)\, q1+1! seey Qny (71, seey qd: 171

HE33aBHCHMBI, YTO MPOTHBOPEYMT <MaKCHMaJbHOCTH» Gasuca (7).
Taxum oGpasom, ¢popMyast (8) MOryT GHTh 3aNHCAHB TAK:

‘?j=f(qh vee s 9oy Gy e do)s ﬁ;=f(q11 oy Gay Giy oov s p) (13)
(G=d41, ..., n).

O6o3nayum yepes gy, ..., Qap T1» -ovv Ty, (a;<<a, b;<<b) BCe
BEJIHUHHBI, maxmqecxu BXOJ4IIHEe XOTA OHl B OJIHY W3 NPaBhHIX gacre
dopmya (13); Torna

qj=f(qb weey qal’ / PITN qbl)’ ﬁ]=f(q11 ey qal’ Gy veny ¢bl) (14)
(j=d+1, ..., n.

TMokaxem Teneps, YTO BEIHUHHB ¢, Gp.(A>a, p>0b) dakru-
HeCKH He BXOXAT B Te dopmyan (11), rme i<<a,, k<Cbh,. Honycrum
npotnsHoe. IlycTh, Hanpumep, ¢, (A > a) hakTHYECKH BXOAMT B BHIpa-
wenne (11) nas Dy The i <Cay,

Py, =Sy @ ) (i<a, A>a).

Ho Beauunna 9 (aKTHYeCKH BXONUT B ONHO W3 BLpameHuit (14);
AyCTb, HANPUMEP, OHA BXOJMT B BHIpaxeHHe AAA §; (j> d):

G=FCors Gip ) (<0, j>d).
Torza

(G «ees qzl—lv pilv qi1+l) veo s Doty Dty con s Gy Juy ooy oy %)w
w(qlt vees Quy G1y ooey qd) (15)

) Ecam ¢, ¢akTuveCKH BXOAMT B Kakyo-mM6o (yHKUHOHATBHYIO
82BHUCHMOCTD, TO STy 3aBHCHMOCTb MOMHO PaspeIiHTh OTHOCHTENRHO 4.
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H, CIeXOBaTeabHO, n+ d 4+ 1 Beanumn
qiy eeny l],-,_n pil.’ q11+1’ oy Dty P Dty voo s Iny 1y eves qdr qj

HE3aBHCHMEI, YTO MPOTHBOPEYNT <MAaKCHMAaIbHOCTH» Gasuca (7).
Takum oGpasom,

pil =f(qh very Gay J1y von s qb)» ﬁk1=f(q1y ey Gay J1y eeey qb) (16)
(i1=1) reny Oy k1=1’ ey bl)
O6o3naynM uyepes Gapt1r oo v Qagr Gp o4ty oo Jp, T€ H3 BEMUYHH g,

gy ({>a,, k>b;), KOTOpHEe (AKTUYECKH BXONAT B MHPABHE YaCTH
dopmyn (16). Torma

P,‘I =f(q11 (AL ] qaz) ‘71) res Qbs) (i1=17 seey al; al<a2éa)! (17)
ﬁklzf(qlr cavy qagy‘ iy =ev s Qb2) (k1=lr ey bi; bl ébséb)

Tenepb noxaxes, uTo BeaHUHHnl ¢y, 4, (A > a, p > b) daxravecku
HE BXOMAT B Boipaxenusa (11) mns p;, pp, rie i<<a,, R<< b, JedcrBu-
TenbHO, NYCTh, HampuMep, g; (A > a) dakTHUeCKH BXOIMT B BHIpaxe-
HHe 1A p;, (8 <iy << @)

Pig =f(.., Grr ++) (al<i2<a2, l>a)

Ho Beanynna qiz daKTHYECKHM BXOJMT B OTHO H3 soipaxkenus (17), Ha-
NpUMEp B BhIpawenne Wa p; . Torxa Beanynna ¢; (akTHYECKH BXOAMT
B 0fHO ¥3 BhipaweHui (14), Hanpumep B Boipawenue nis §; (j> d)

P, =Sy Gy ) <o <iy<ay),
G=for Qo) G<ay, j>a).
B 3TOM cyyae HMeeT MeCTO 9KBUBANEHTHOCTh MeX/Y CHCTEMOR BeaIHYyHH
Gy oo s 910 Py Ditty voo s Gia—t5 Pigr Digrts oooy a1y
Dy voe s Gy Guy oy day 3 (18)
n 6asucoMm (7). [Tostomy BenmuuHa p, HesaBHCHMa OT BeauyuH (18),
[pubapaaa p, x seanunHam (18), moryuum Gasuc u3 n-+d -1 Bean-

YHH, YTO HEBO3MOKHO.
TakuM o6pa3oM,

piz =f(ql! veoy Gay 171, vee y qb)’ ﬁk2=f(q11 ey Gay qll ey Qb) (19)
(s=ai41, o, a3 ks=0b+1, ., b3)
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OGOo3HaYMM YePe3 Gy, 4 1, «ovy Gy Jpy 4 1» -+ Jpy, T€ 3 BEAMYUH

Gi» Gr (i> a,, k> b,), xoTOphie daxTHyecKH BxOAT B (QopMyast (19).
Pasencrpa (19) sanuwem rtax:

Py, =f (G +er s VPR Gis =ee s qba)

(=a,+1, ..., a5 0,<a,<a,<<a),
ﬁk2=f(‘h» ey qa31 Gy vee s qba)

(Ra=b,-}+1, ..., by by< by << By <b).

(20)

ITOT Mpouecc MOXHO MPOJNOMKATH JO TEX MNOP, MOKA OJHOBPEMEHHO
He OyAYT NOCTHTHYTH DaBEHCTBA @;=dg,,, bs=1bs,,; TOrZ2

Pig=F Wy e Gagp Tu ooy Giy)

(s=as_1F1, ..., a5 a; < ...<a; < a),
Pry=r @y -« s dap 1y - » dog)

(hs=hs1+1, ..., bs b, <<...<<Bh: <)),

@1)

Bumecro dopmyn (14), (17), (20), ..., (21) moxkHO Hanucarth

§i=F @y vees Gag Ty -+ s doy)
Pi=F(qu «ovy Gag 15 e g)
Pi=f(qy oy Gag Gu - » Jo) (=1, ..., ay), 23)
Pr=f Gy e, Gagy Qu ++- s dsg) (k=1, ..., by). 249

G=d+1, .., n, ()

IMycte temepp ag;> b, Torma wu3 dopmyan (23) MOWHO HCKIIOUHThH
Gpy ooy Jpg M MONYYHTb 3ABUCHMOCTH MEMRY ¢, P, YTO HPOTHBOPEYHT
YCIOBHIO IEMMHL.

Ecan a;<<b;, 10 ag<<bs+ 1. Torma w3 dopmys (22) u (24)
MOXHO HCKIIOYHTH BCE ¢; W MOAYYHTb 3aBHCHMOCTb MEXAY §p, Pp, YTO
ONATH POTHBOPEYHT YCIOBHIO.

Takum o6pasoM, NonymeHue O CyUleCTBOBAHHM MAaKCHMalbHOIo
6asuca (7), B KotopoM d <7, IpHBENO HAc K nporusopeunm. Jlemma
JoKa3aHa,

§ 30. KpuTtepuii KaHOHHYHOCTHM NPeoGpa3oBaHH.
Cko6ku Jlarpanxa
YcraHoBHM HeKOTOpHE KPHTEPHH KAHOHHMYHOCTH, T. €, HeOGXONHMELE
H ROCTATOYHbIE YCNOBHs, KOTOPBIM JOMKHBL YAOBAETBOPATH 2n uHesasm-
CAMbIX (yHKUME [OTHOCHTEAbHO gy, pp (R=1, ..., n)]

Gi=9i ¢ g Pr)y Pi=Vi(, qro Py (i=1, ...y 1) L
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Ui TOro, 4TOGH onpenensieMoe STHMH (QYHRUMAMH TpeoGpasoBaHue
GBIN0 KAHOHHYECKHM,

[Tycts npeo6Gpasoeanue (1) sABAseTcas KAHOHMYECKAM. Boimumem
A Hero ompejeisiomee TOXIECTBO

n
'21 pidg—Hdt=c (_le’i bq;—H ¥) —3F (&, q;, ). ()
= i=

BosbMeM TDOM3BOABHOE (YUKCHDOBAaHHOE 3HAaueHHe f=¢, Toraa ua
ToxaecTBa (2) HaxOmuM:

ﬁ 8 =¢c Z p,ﬁq,-—BF(l’ giy Do) @

nM=

Ho pasenctso (3) ecTb onpenmeasiomee TOXIECTBO i MpeoGpa3oBa-
HUfl, HC COLEPWAULEro SBHO BPEMEHH,

i=9i (6 g P)y Bi=¥i(t, qn p) (=1, ..., 0. (@

CaenoBatensno, dopMmyast (4) onpeneasioT KaHOHHYeCKOe mpeobpaso-
BaHHMEe C BAaNeHTHOCTbIO ¢, He 3aBHCAmeHl OT BHIOPAHHOrO 3HayeHHA
f=1t.

Mlycte Tenmeps, HaoGopoT, NaHO, YTO BCE MpPe0ODPA3OBaHHA, MOAY-
yajoiiecs u3 npeofpasosanus (1) nocie 3aMeHB! NepeMeHHOR f pas-
JAWYHBIMM (QUKCHPOBAHHEIMH 3HAYEHHAMH £, ABAAIOTCA KAHOHMYECKHMH,
M NPUTOM C OJIHOH M TOH Xe BaaeHTHOCTbIO ¢, Torpa, ompenenss PyHK-

10%8.0] 1:1 PaBCHCTBOM

n
A=eti+ L+ Y 5%, ®

MB U3 paBeHCTB (3) u (5) moayuaeM paBeHCTBO (2), T. €, NPHXOIUM
K TOMY, YTO 3a2BHCAmee OT BpeMeHM ¢ mpeo6Gpasosanne (1) sBasercs
KaHOHMYECKHM.

" Takum obpasoM, d.s moz20 4mobn 3asucsiujee OmM BPeMERU npe-
obpa3osadue (1) Ovlao KaHOHUYeckum, HeOOXO0UMO U OOCMAMOYHO,
4mMoOs OulAll KGHORUYECKUMU, U NPUmMoM ¢ OOHOL u moil sce 6areHm-
HOCMbIO C, 6Ce He 3asucsiwue om 8pemeru t npeobpa3osanus, noay-
Yaiowuecs 13 npeobpa3osanus (1) 3amenoii t npoussoabHuM 3Hade-
Huem t-

IlosToMy mpH yCTaHOBNEHMH KPHUTEPUEB KAHOHHYHOCTH MOXHO
OrpaHMYHTBCA KZHOHMYECKMMH NIPeoGpa30BaHMAMH, He COLEPKAIHMY
ABHO NepeMeHHOH BpeMeHH f:

M;&o).

§i=9:(qn, Pr)y Pi=Yi@r PR (i=l’ T TGy eee s Po) P
)
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Jns xanonmyeckoro npeo6pasosanus (6) onpegeasmouiee Toxfe-
CTBO (2) 3amUCHIBAeTCA TakK:

n n
Z} Prd¥fr=c lek g, — 3K (g, Pr)- )
k= R= .

Beipazum sgec 37, uepes 3g; m 3¥p; ¢ noMompo dopmya (1),
Toraa pasencrso (7) npumer BRA

_Zl (P 3q; + Wi 3p;) =— 3K (qp, py)s ®)

rme

n n
07 0 ,
‘I’i=k21ﬁk —,%’?—Cpi, ‘Fi=k21 ﬁka—q;:- (i=1, ..., n). (8)

)

Ocraerca 3anmcath YCIOBHA TOro, yTo JeBas 4acTh paBeHcTBa (8)
ABJACTCA MONHHIM HU(B(epeHUranom, H ME NOTyyaeM KPHTepuil KaHo-
HUYHOCTH B BHJE PaBeHCTB

00; _ 00, 0¥; 0¥, 0% _ 0¥,
— ==t t="-r ! "% i, k=1, ..., n).
905~ 04 Opp Opi” I Ogp n. @

_ Iloncrasasa cona supaxenna (8), Mocie 31EMEHTapHHIX mpe-
06pa3oBaHuil HaxoouM

n
2 <‘l’7lﬂéf_o~_f@1)=o
~ 0q; 09,  0g, Oq;)
n
0§; 0p;_ 0§; 0p;
095 9p;_ 94; =0,
]zl ( Op; Op,  Opy dpl) (10)
n
04; 0p; _ 0§ 0131') 3
i A of RS ¥ BN o B Y 1 i, k=1, ..., n),
j;l<5¢h dpr  Opp Oq; ) ik & e 1)

rme b;,—cumpon Kponekepa: 3;,=0 npm £k ¥p=—1 nupn
i=*k (i, k=1, ..., n).

Ycaoeua (10) MOXKHO 3anucaTh B KOMIAKTHOHM diopMme, eCiu BBECTH
TaK HasblBaeMmble ck0o0ku Jlazpansca, KOTOpHE ONPENeNsIOTCH Nas
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salannbix 21 GyHxuui ¢, ¢; (=1, ..., n) OT ABYX NepeMeHHHWX ¢
4 p CIeRyoumHuM o6pa3oMm i)

_ N (98 9 09 4\ _ WO 4)
lg ”]—]Zl(aq op~ op Bq) P an

Vicmonn3oBaB 311 0603HaYeHHA M B3fB B KaueCTBe g;, ¢; dyHKuuM
gi, P; (i=1, ..., n), onpenensemoie dopmysamu (6), Msl MOXKEM 3anu-
cars ycaosusa (10) rak:

[9; 9:1=0, I[p; Prl= 0, (g: Pk] == by, @ k=1, .., n); (12)

3/leCh ¢ — BaAEHTHOCTb KAaHOHMYECKOro mpeoGpasoBaHns,

Pasencrea (12) BhIpamaoT Heo6XONMMEIE M NOCTATOYHBIE YCIOBHA
T0ro, yroGer npeobpasosanne (6) GblIO KaHOHMYeCKHM. B caywae npe-
06pa3oBaHyA, 3aBHCAMEr0 OT BpeMeHH f, ycaoeus (12) coxpansorcd,
TONbKO OHHM JOMXHB BHITIONHATLCA HPH NI0GOM 3HaueHHu f,

§ 31. CoamnaexkTHuHOoCTh fIKOGHEROll MaTpUIH
KaHOHUTECKOro mpeoGpasoBanus

PaccMoTpriM AKOGHMEBY MarpHily KaHOHHYECKOro NpeoGpasoBaHHA

0q, *" 04, Op, op
Otn O On  O1n| /9% O
M| T %n Opx U Opn| [ Oq Op

- s o =1 ax ax e 1
o, o o o |\ o) @
0q, 0q, Op, ' dpg dg op
Pn OPn 0pn  OPn
0q, 09, Op, 0pn
3nechb S—Z—ﬂxoduesa MaTpuua n-ro  nopaixa g%“ Ananornyno
oupenensioTca AKOOHEBb MATPUIE N-TO NOPAAKa %4 " 9p

dp’ og = Ip

) Oycto yurateab Cpasrut ckoGku Jlarpanxka co ckoGkamm Ilyac-
cona, BeefiensbiMu B § 15. Tam Gnuam 3apane mBe dynxuud ¢, ¢ or 2n
NEepPeMEeRHbX ¢;, p; W CkoOkm [lyaccoHa paBHANHCHL CyMMe AKOGHAaHOB

a—o—(%ﬁ—%)—) 3necb we MaHel 21 (QYHKUMA OT ABYX apryMEHTOB M CKOGKH
Jlarfayau;xa paBHbl cymme axoSHaHoB (11).
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BsesieM B pacCMOTpeHHe CHElMadbHYO MaTpPHUy Hopsixa 2n
fjo0...0 —1.. ©

@

rie E—enmHuyBas MaTpHua n-ro mopanka, PaccMatpmBas  Hapaay
¢ matpuued M TpaHCHOHHPOBaRHYIO MaTpuuy M’, COCTaBHM MpoOM3-
sefiesve M'JM n nokaxem, yTo B cuny CooTHomerui (12) mpemsiny-
uero maparpaga TO NPOM3BENEHHE TOXNECTBEHHO paBHO c¢J:

MIM=cJ, ®

rie ¢ — BaJeHTHOCTh KAHOHHYECKOr0 MpeoGpa3oBaHud,
JeiicrBurenbHO 1),

e (%)’ (g%) (0 -—E)__ (g_z)' _(o_;>'
=\ rogv ropy INE 0)=| samv gy |
o) (5p) &) —(5)
| G0 (@2-Y2
B (QE)’ @L(eﬁ)’c’z (@t)'a_a_- (czz)'ﬂ_”
Ho op/ og \op/ og \dp) op p/ op
(%) 5 — (%) o=
n . n
=\ DT _T i all=0.
j=1 i h=1

MMpoBens ananoruyHele BEIYMCIEHHA IJA OCTAALHHX TpeX GIOKOB,
noTyuuM
0 —cE

M'JM=( cE 0

)=

4yTo H TpCﬁOBaJIOCb JA0Ka3arTh.

) B cryvae, Korma SAEMEHTAMH MAaTDHULL SBISIOTCA MATDPHI(H-
6nOKH, YMHOXKeHHEe BHIOJHAETCA MO TeM Xe NPABHIAM, KaK ecid 6ol
31€MEHTAMH MaTpHL ObIIM YMCAa, T. €. CTPOKH MepBOH MaTPUULI-COMHO-
KHTEJA YMHOKAITCA Ha CTOXGUB BTOPOH MATDHUB-COMHOXHTENs (CM.,
Hanpumep, "antmaxep . P, Teopus marpuy, § 5).
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Jlna yHUBAaZeHTHOro KAHOHHYECKOrO NPeoGpasoBaHMA PaBEHCTBO (3)
3aNMHCHIBAETCH TaK:
MIM=J. 4)

Marpuubr M, a1 KOTODHX CHOPaBENIMBO paBeHCTBO (4), Ha3H-
BalOTCA cumnaexmudeckumy. Ilockoapky det J=1, a onpezenurens
OpOU3BENEHHA MaTpPHIlL PaBeH NPOM3BEAEHHIO ONpejeadTenecii MaTpHU-
COMHOXUTeneH, TO U3 (4) HaXOAUM

detM=21,

TakuM 06pa3oM, CHMIIEKTHYECKHE MaTPUUH ABAAIOTCA HeOCOGeH-
HBIMHU *),

Marpriy M, yIOBIETBODPALOMYIO COOTHOIEHHAM (3), GyleM Hasbi-
BaTb 0000ueRHO-cuMnieKmueckol (C BaIeHTHOCTBIO ¢) 2).

Tak kak coortHomesna (12) npeapmmymiero naparpaga Cseauch
K yCnoBHI0 060OMEeHHOH CHMOJEKTHYHOCTH AKOGHeBOH MaTpuusl M, To
KPHTepHH KAHOHHMYHOCTH npeoGpa3oBaHus MOKeET GHITH CHop-
MYJHpPOBaH Tak:

s moz2o 4mobu rexomopoe npeobpazosanue §;=14§; (¢, qn, pi)
Pi=Pi({t, qp pp) (=1, ..., n) Ona0 KaHOHUMECKUM, He00X00UMO
u GocmamodHo, 4mobo. cOOMBEMCMBYIOUA 3MOMY npe0lpa3osaniio
arobuesa mampuga M 6viaa 0000ueHHO-cUMRACKMUYECKOT ¢ ROCMOSIH-
HOll 8asenmuocmbio ¢. (B cayvae yHusanenmH020 npeobpasosanust
mampuga M ssasemcss OObKHOBERHOU cumniaexmudeckoil) [Tpu amom
yeaosue cumnaexmudnocmit (3) O0AHCHO BULNOAKAMbBCE MOHCOLCMBEHHO
OMHOCUMENLHO 8ceXx nepeMeHHux t, q;, p; (i=1, ..., n).

B § 26 6b10 yCTaHOBHNEHO, YTO JBMKEHHE J1060H raMHILTOHOBON
CHCTEMBl MOXET pacCMarpHBaThCA KaK CBOGOAHOE YHUBAlEHTHOE KaHO-
HHyecKkoe npeobpasoBande. CrelloBaTenbHo, ero AkOGHeBa MaTpULA
CUMINEKTHYHA U ee onpejeautens [ (cM. crp. 142—143) pasen 1.

[Mockoabky B BauaabHbifi MoMeHT /(0)=+-1, To /=-1 B0 BCe
nocaejyionue MOMEHTH BPEMCHH, HO HMEHHO STOT ONpefeluTelb Cay-

1) Kak nerko npoBepHTh, NMpOM3BENeHHe IBYX CHMIEKTHYECKHX
MaTpHN, o6paTHas MaTpHUA AAs JMIOGOH CHMIIEKTHYECKON M eNHMHHYHAA
MaTpHUa SBJAIOTCA CHOBA CHMIIEKTHYECKHMH MartpHuamy, Ilostomy
CHMINIEKTHYECKME MATPUUBl 06pasyioT IPYNIY — CUMNACKMUYECKYIO
epynny.

CHMIIEKTHYECKHE MATPHMIGI XAPAKTEPH3YIOTCA CHELYIOMUM CBOfi-

n

creoM. B Gmaumefinodt '(popme f= Z (x;y; — ¥;X;) NOIBEPrHeM 2n
i=1

NepeMeHHHX X; y; W 27 NepeMeHHHX X;, ¥; ONHOMY H TOMY Xe aH-

HeHHOMY Npeo6pa3oBaHHIO ¢ CUMIJEKTHYECKON MaTpHuel Kosdduuuen-
1o M. Torna B HOBHIX mepemenfwx x¥F, y# u x}, y} dopma f coxpa-

n
HHT cBOH BHI: f= Z (xFy¥ — yExF),
i=1
) Bce 0606GuIEHHO-CHMITIEKTHYECKIE MATPHUM (IpH Bcex ¢£0)

Takxe o6pasyior rpynny. Ecam M — 0600uieHHO-CHMIIERTHYECKAA Ma-
TpHUa, TO det M==_c”,
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WUT MONBIHTErpanbHOl QyHKUHeR B BhpaxeHuH Las $Ha3oBoro o6nema
B 2n-mepHoM npocrparcTee (hopmyaa (3) § 23).

70 3aMeyaHHe MOXET DACCMAaTPHBAaTbCA KAK OTIHYHOE OT IPOBe-
IenHoro B § 23 nokasarenbCTBO Teopemb! JIMYBHAAA.

§ 32. MuBapHauTHOCTL cKoGok Hyaccoma
NpH KaHOHHYECKOM Npeo6Gpa3oBaHHH

[IpencraBuM ycnoBHe KaHOHHMHOCTH MPeo6pa3oBaHHUsA, 3aMHCAHHOE
B (opme paseHcta (3) npexbayuiero maparpada, B HeCKONLKO M3Me-
HeHHOH (opMe. YMHOXMM 06e yacTH STOrO paBeHCTBa caeBa Ha (M),
a cnpasa — Ha ML Tlonyyum: .

(MM =—J (1)

BosbmeM o6GpaTHpie MaTpuubl OT OGeHMX YaCTell 3TOrO paBeHCTBa, 3aMe-
yag, yro Ji= —J1i):

MIM =cJ. @

Papenctso MJM' = ¢J nonyuaerca u3 pasencrsa M'JM —cJ myTeMm
3aMeHbl AKOOHeBOH MaTpHubl M TpaHCIOHHpOBaHHOW Matpmuedl M,
Ho a3ta ::.?ameﬂa o[CM. ¢dopmyny (1) § 31] ceomurcs k 3ameHe npous-

s % Op: | Of:
BOJIHBIX _q_,_' —q—‘, ﬁ, 9P COOTBETCTBEHHO Ha INPOM3BOMAHAHIE
- 09" Opr’ 04y’ Opy
07r  OPr  Ox 9P
3q; ' 0¢; " Op;’ Op; T. €. B KaXAOH NPOM3BOJAHOK MEHSAIOTCA Me-
i i i i
cTaM GYKBH M MHIEKCH, CTOAmHe BBepXy ¥ BHH3Y ?), [lostomy, ecan
pasencTB0 M'JM = c¢J GBIIO 9KBMBANEHTHO CHCTEME DAaBEHCTB

(9: ) =0, [pi p]=0, lg; pel=0c¥y, (i, k=1, ..., ), (3)
TO PaBeHCTBO (2) GYleT SKBMBATEHTHO CHCTEME DABIHCTB
(g qk]*=0, [pi pel* =0, [ql pk]*=6ik @ k=1, ..., n), “)

roe 3HAYOK # YKasbiBaeT, YTO BHYTpH CKOGkM Jlarpamka caenyer
OPOM3BECTH YKA3aHHYIO BhILE 3aMeHY npoussoauerx. Ho tormxa ckobku
Jlarpanka nepexonar B ckofku Ilyaccona. JeHcTBHTeNBHO,

l9; 9:I*= [i (@—oﬁ—’ —%; %)r

=1

I

dg; Op; o, qu— = (G Gr)

=1

1) Mu noaeayemcs 3feCt CIENYOWHM MPaBRAOM: 06paTHAA Mart-
pHUA TNPOM3BEJeHUA MATPUIL DABHA NpPuHM3BEJEHHIO OGPATHBIX MaTpHIl
B obparHoM  mopsagke: (ABC) '=C7'B7'A~. Kpome Toro,

0 —E\ (0 —E E O "
7=z 7o) (e To)=—(¢ £)=—u
T. e. Ji=—J.
%) 3HayoK ~ MmO-IIPEXHEMY OCTAaeTCAA BBEPXY,
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rne (§; §,)—ckobku IlyaccoHa mia QyHKuME §; M §p OTHOCHTEUBHO
He3aBUCUMBIX MEePEMEHHBIX gy, D5y ++vy Jry Pp- COBEpPUICHHO AHANOTHYHO

(i pal* =B1 Br)s [qs pal* = (i ).

MostoMy ycaosun kanoHuynocmu npeobpasosanus (4) mozym Gsims
3anucadsl ¢ nomowpo cxobox ITyaccona 8 caedyoujenm gude:

@ =0, (@i PD=0, @ Py=0cd (G, k=1, .., n). ©)

PaccmoTpuM Temepb nBe GYHKUME ¢ H ¢ OT BENUUMH ¢; p; (i =
=1,.., 0 u t Bupamaﬂ B 9THX dyHKIUAX ¢; p; (=1, ..., n)
yepe3 Gg, Pr (k=1, ..., n}) € noMOWmbI OGpPATHOrO KAHOHHYECKOIO
npeo6pa3oBaHuA, MBI ‘MOxeM paCCManI/IBaTb 3TH Ke QYHKUHM Kak
GYHKUMM INepeMeHHMX §p, Pp (R=1, ..., n). CoOTBETCTBEHHO CKOGKH
Iyaccona oF @, & MOXHO BBIYMCAHTDH 'Kak 110 OTHOMICHHIO K nepeMeH-
HBEIM g; p; [0o603HaueHne { ¢)], Tax ¥ MO OTHOIIEHHIO K MEepPeMEeHHEIM
g Di toéosnaqeune (o ) T

JloxkaxeM cnpaBefIMBOCTh TOXIECTBA

(¢ Y)=c(o §)". (6)

JlokasaTenbCrBO 3TOr0 TOXNECTBA ONHMPAETCA HA H3BECTHOE BHIpa-
Menue AKOGHAHA OT CHCTEMH CIOXHHIX (YyHKOUA

@ _ 2 ['a«p, $) 0@ndn . @Y 0 bk)]
9, P 0@ §r) 0(qppp = OBy Pr) 0(g p))

<k

+ 2 O(CF, 41) a(qiy Pr) (=1, "_,n).

- 0 (G5, Dr) 0(g; 1)

ﬂpocyMMﬂpOBaB NOYJI€HHO 3TH TOXAECTBA, MONYYUM

_ Y [269) 2 )
(W)_,;:l[a@' D @ 10+ sy B 20|+

i<k
n .
0(p, 4) (o
+ X S @
ih=1
CoraacHo paseHcTBaM (5) OTCIOa HaXOIHM

@ 9=c 3 Fpr = 0~ U
j-
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Cnpasenauso u o6paTHoe yTBepxkienue, EcaM p1s A06mx 1Byx
Gynxuni ¢ u ¢ BuNOAHAETCA TOXAecTBO (7) HpH ONHON M TOH Ke
HOCTOAHHOW ¢ =40, TO mepexoJ OT 2n mepeMeHHHX ¢;, p; K 21 nepe-
MEHHWM §;, p; OCymecTBIseTca KaHOHHYECKMM IpeoGpasoBaHueM
C BaNeHTHOCTBIO ¢ 1),

Jns yHMBAaNEHTHOTO KaHOHMYECKOro INpeoGpasoBaHua c=1, H

noToMy
ed)=@6H".

Hpyrumu cnosamu, cxobxt [Tyaccona UHBAPUAHMHKLL OMHOCUMEALHO
VHUBGACHMHBLX KGHOHUYECKUX npeobpa30sanuii. D10 CBOHCTBO yHH-
BANEHTHRIX KAaHOHHYECKHX mpeo6pa3oBaHuil BhIgeasieT 9TH NpeoGpaso-
BaHMA CPEIH BCEX BO3MOXHHIX MpecGpasoBaHuil (Pa30BOro HPOCTPAaHCTBA,

1) HefictBuTenbHO, 3 paBenctBa (7) BHTEKAET, YTO
Gi G)=c@: G0~ =0, @B Pr)=c(@; Pr)” =0,
(@i Pr)=c (G; Pr)™ = Bjp.



FrTABA V

YCTOAYMBOCTb PABHOBECHS
U JBHXEHHS CUCTEMBI

§ 33. Teopema Jlarpamxa 06 ycTOHYHBOCTH
NOJNO¥(eHNs PABHOBECHS

HauneMm ¢ onpeneneHus ycTOHUHBOIO INOJIONKEHHS PABHOBECHS.

HpenpaputensHo HanomMHEM 1), uTO mONONEHRME CHCTEMBI
HA3HIBAETCA IOJIOKECHHEM PABHOBECHs, €CAd CHCTEM3, Haxofd-
HIAACS B HAYATbHBIE MOMEHT B STOM. NOJOXEHHH OPH HYJEBHX
CKOPOCTHX, BCE BPEMSl OCTAeTCs B STOM IIOJIOXKEHHHU.

ITycTh NOMOMEHNE FOJOHOMHOM CUCTEMH ONpPENENsIercss C Io-
MOHIBIO HE3aBHCHMBIX KOODAMHAT qy, ..., ¢, (B — YHCAO cTEmeHel
csoBoam cucremer). Kak Onao BeACHEHO B § 5, B nosoxeHuu
pasHOBecHs (B TONBKO B 9TOM NOJOXKEHHH) BCe 0G0GHIEHHKIE
cuasl papue wymo: Q;=0 (i==1, ..., n) ?). Bes mapyweuns
OGIIHOCTA MOMEM CYHTaTb, YTO PACCMATDPHBAEMOE MOJOIKEHHE
CACTEMH HAXOAWTCA B HayaJe KOOPAMHAT ¢ =...=g¢,=0.
Torna xoopauHaTe mo6Oro JpPYroro IOMOXKEHHS CHCTEMH
Gty «++» G XaPAKTEPUBYIOT OTKJIOHEHHE 3ITOr0 MOJOKEHHS OT
NOJOKEHNST PAaBHOBECHA W IIOTOMY CaMU HA3HBAIOTCA OMKAOHE-
HUAMU CHCTEMHL,

ITo/I0:KEHHE PABHOBECHS ¢y == ... =@, =0 (WM COCTOSIHHE
paBHoBECH ¢y= ... =¢,=0, ¢;=...=¢,=0) Hash-
BAETCA YCMOHG4UBHM, €CIN NPH JOCTATOYHO MJIBLIX HAYaJbHHX

1) Cum. § 4.
%) Ecan o6o6mennsie cuasl Q 3aBHCAT He TOABKO OT KOOPAMHAT gy,
HO K OT 0606IeHHHX CKopocTelt g, (R=1, ..., n), 10 paBenctsa Q; =0

IOMXHB BLHIONHATLCA TOTAA, KOUAa BXOLSUIME B Bupaxernde maa Q; Ko-
OpIHHATH ¢, 3AMEHAIOTCA KOOPIMHATAMM MONOWEHAA pPaBHOBECHA, a
0G06ieHnbie CKOPOCTH HONAraioTCA PABHLIMU HYNO,
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OTKJIOHEHHAX ¢} M [OCTATOUHO MAaJblX HAYaJIBHBIX CKOPOCTAX
g? (I==1, ..., n) cucrema BO BCE BpeMA JIBUXEHHS HE BRIXOIUT
U3 NpefesNoB CKOJb YroAHO ManoH (Hanepen 3amaHHol!) okpecrt-
HOCTH TIOJIOXEHHS DABHOBECHS, MM IPH 3TOM CKOAb YrOXHO
Maisie ckopocTd §; (i==1, ..., n), T. €. echu 042 2106020 ¢ >0
MogicHo  yrasame maxoe 3=38(s) >0, umo dan gcex t=*t,
BHINOAHAIOMCS HEPABEHCMEA

g 01<e 16:0]<e  (=1,..., n), )
KOAb CKOPO 8 HAYAABHELE MOMeHmM =1,
g 1<<3, | #1<d (=1, ..., n). )

Hepagenctea (1) u (2) yaoOHO reoMeTpUYeCKH HHTEPIPETUPO-
BaTb B 2/1-MEPHOM IIPOCTPaHCTBE coctosuui (g; ¢;). Ha puc. 41
(mns cayuas n=1) B nuockoctu (g, §) usoGpaxeHs ABe OKpecT-
HOCTH Hauala KoopauHaT (O, COOTBETCTBYIOINHE HepaBeHCTBaM (1)
. n (2). Ecmn wnavano xoopau-
q Hat O — ycTofluuBoe COCTOAHME
et & o]

paBHOBECHS W I  3aJAHHOrO

— ¢ >0 nmomxupiM o6pasoM nomo-
7 6pano 3 >0, T0 mo6oe xBUMKE-

z HHE, HAYWHAIOUIEECs B MOMEHT f,

b . BHYTpM KBazgpaTra C HEHTPOM

0] g B O u cropono#t 23, 6ymer npo-

XOMUTh BCE BPEMA BHYTPH TAKOro
| e Kpaapara ¢€O CTOpPOHOH 2e.

Mpumeps. 1. Tsoeavd wa-
puK xoscem Osuzambcs no 0600y,
umeowemy HopMy OKpYAHCHOCMU
Il PACNOAONHCEHHOMY 8 BepmuKanb-

Puc. 41. HOli maocxocmu.” ViMewoTcs nBa

: TNOJOXENNs1 PABHOBECHA: HAMHHU3IIAA

H HaMBLICIIAA TOUKH OKPYXKHOCTH. V3 HHX nepBas npeiacraBaseT coboit
ycToitumBoe, a BTOpas — HeyCTOHUHBOE TOXONEHME DaBHOBECHA,

2. Jluneiinoii ocyunnamop. TlomoxeHne paBHOBECHS YCTOHYHBO,

llettctBuTenbHo, M1 AunelHoro ocumnasropa T =—;- mg®, = —;- cq®

(m>0,c> 0) n uddepeHunarbtoe ypaBHeHHe ABHKERHS mY - cq =0
HMeeT ofuiee pelleHHe

g =, Cos m(t—to)-i—%sinm(t._to) (wzé%).
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Mostomy

l4O1<] g0+~

pl<e, [7@OI<el]+d]<e

. 20 2
3. Mamepuaasnas modxa macce m movcem Osuzamscs 83oab
ocu x nod Qeficmeuer 08yx cunr: B0CCMAHABAUBANOUWEN CUABL, NPO-
NOPYUORANLHOL OMKAOHEHNIO — CX, I CUAB COMPOMUBACHUS cpedu,
NPONOPUUOHANGHOT nepsoll cmeneny ckopocmi —2f% (¢ >0, f> 0).
Toyka x=0 6ymer yYCTOAUMBLIM NONOXEHHEM paBHOBecHH. Pac-
CMOTpUM CHayana ciyya#t, KOrJa KOI(GQHUUHEHT CHABI CONPOTHUBIECHHA

Man: 0 <<f<<}'mc. B stoM caywae aud@epeHumMainHOe ypapHeHHe
nenxenus mi +2f% 4 cx =0 umeer obumee pemenne

ec1n TOIBKO | gy | <<, | §o| <3, rae, Hanpumep, d= min ( : —“35)

—m ) d . d
xX=eg ™ [Cl cosz(t—to)—l—Csst(t—to)],
rie .
d=V mc—f, C,=x,, Cz=7 (fxo + mxy).

Orciofa npu 11060M 3HaYeHUH ¢

xO1<ICI+ICI<(14+5) 1 0l 4+ 21 4] <
u

120l<g(1+Z)1cl+ian<

g"if(1+§)8|x0]+(1+§)lxol<e.

ecan |x, | <3, | &, | <<, rue Hanpumep,

. Tde me
d=min| &, ——— |,
[2’" 24 (1+%)2J4

Ecnn ke f== ) me, 10 obulee pemenne nuddepeRIHAILHOIO ypas-
HeHMa gBHXeHMA mk 4 2fxX + cx =0 nmeeT BHA

x=Ce— "1~ + Ce— "2t —1a),
rne

e >0, ‘C1=V2xo+x'o
m Vg Vg

—_ c __ViXg+ %,
Yy = ' 2—_—‘—'v
t — Vg
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O1ciona mpu A1060M 3HAuEHHH ¢

[x@|<|Ci |+ |Cl< (s Vo) [ X |2 [ %0 ] _FlXo | Fm] 2! <

[ve—v] V FF—me
H
lx(t>|<v,lc,1+v3lcgléz“‘”"""{““ﬁ“s)""’°‘=
Vg—V;
_ elxo | F ]
STV

ecau | x, | <<¥ | A, | <<B, rae

NV P—me VF—me Vf"—mc)
B_mm< oF g, 5 g, o el .

B npumepax 2 u 3 ycTOHYHBOCTb IOJIOKEHUS PaBHOBECHS yCTa-
HaBJMBa/Jach C MOMOLIBIO . KOHEYHHX YPaBHEHUH, MOJMYYEHHHIX
nytem unTerpuposanus AuddepeHunasbHX ypaBHEHUH JBUKEHUA
CHCTEMBl. DTH KOHEUHBIE yDaBHEHWsi ABUKEHWd HABAJH HaM 3aBH-
CHAMOCTB OTKJIOHEHHH ¢; H OBOOGLUIEHHBIX CKOpOCTeH §; OT BpemeHd ¢
M HauaJbHHX JaHHmX ¢f, ¢f (i=1, ..., n). B Gonee caox-
HHX (B 4YaCTHOCTH, HEJUHEHHHX) 3ajauax ONPeNeNEeHHE 3STHX
KOHEYHHX YpaBHEHHM [ABIKEHUS M WX HMCCIEJOBAHME BECbMa 3a-
TPYAHUTENbHO. TI09TOMY NpencTaBJAIOT HHTEPEC KPUTEPHU YCTOH-
YUBOCTA [MOJIOXKEHHA paBHOBecHs, HE Tpebylomue npeaBapuTesb-
HOr0 HMHTErpupoBaHMs AU PepeHinalbHHX YPABHEHUH JIBIKEHHA
CHCTEMBL.

Eme Toppuuemm (1644 r.) OmIo H3BECTHO, UTO IOJONKE-
HHE CHCTEMBl TEJ, HAXOIAIUMXCA MOA ACHCTBHEM CHJ TAXKECTH,
OyIeT YCTOMUMBHIM, €CAM LEHTP TAKECTH STOH CHCTEMH TEA
33HAMAET HAMHM3IIEE U3 BO3MOXHHX HoJOxeHuH. Jlarpamx
0600wy 3T0T mpuHUun Toppuuenns Ha Ciaydail MPOWSBOJBHBIX
NOTEHUNAAbHEIX CHJI H YCTAHOBHJ CJAEAylomMH KpuTepul ycro#-
YABOCTH I0JOXEHWS DABHOBECHT KOHCEPBATHBHOM CHCTEMBI:

Teopema Jlarpauxa!'). Ecau 8 newomoporm nosooie-
HUll KOHCEepBAMUBHOH  cucmeMmsl NOMEHYUANGHAR SHEp2Us
umeem cmpoull MURUMYM, MO B30 NOACHCEHUE SHBAREMCS
NOAOJCEHUEM YCIMOULINB020 PABHOBECUS CUCMEMYL.

1) 3ra treopeMa MMeercs B «AHanMTHYeCKofi Mexanuke» Jlarpamma
(1-e u3ganue 1788 r.), HO CTporoe JOKa3aTeAbCTBO TEOPEMHl Jax Bhep-
Bue Jlexen [dupuxae. [losTomy 9TY TeopeMy yacTo Ha3biBaOT Teope-
Mmo#t Jlexena [Jupuxae, :
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Hokasarenncrso. He napywas oGumoctd, Gynem cuu-
TaTh, YTO B pPaCCMATPUBAEMOM MNOJOKCHHU BCE KQOpPInHAaThI
Gi» +++» G, ¥ mnoTeHnuansHas aueprus Il(qy, ..., ¢,) pasuu
Hymo, T. € ¢=...=¢,=0 u II(0, ..., 0)==01%). Tak
KdaK B JaHHOM IMOJOXEHHH CHCTEMH (I)YHKLU’]H II umeer MAHHUMYM,
TO B 9TOM MNOJIOKEHHH OGOCHIEHHBIE CHJIBI PABHHL HYJIO

le—0?=0 ’ (l:l,...,ﬂ),

H

T. €& TOYKA ¢ == ...==q,==0 aBJTeTCH MNOJOXKEHUEM DaBHO-
secus cucremsl. anee, w3 roro, uro 3uavenne IL(0, ..., 0)==0

eCTh CTPOrdit MHUHMMYM, CAEAYET, UTO B HEKOTOpPO# A-oKpect-
HOCTH INOJIOXEHHSI PaBHOBECHH

lq;| <A (=1 ..., n 3
VMEET MeCTO CTPOro€ HEPABEHCTBO
H(Ql»'--’ qn)>H(0’---)0)=O’ (4)

€CM¥ TOJIbKO BCC KOOPIAMHATHEI ¢; HE PABHHI OJHOBPEMCHHO HYJIO.
Cocrasum BHIPaXXEHUE JIJis MOJHOH SHEPrU¥ CHCTEMBL

EQy coor 9 Q15 oovs ¢)=T+ M=

n

1 * L)
=2 2 @G(@o oor 90 4%+ o g0 (B)

i, k=1

Vs nepasesctsa (4) u us Toro, uro 7 >0, ecan xora 6w
onxa w3 060OmEHHRIX CKOpOCTeH §; Be paBHa Hymo %), caemyer,
YTO NPHW BHIIOJHEHUH HEPABEHCTB (§ BCerja

E>0,
ecjl TOMbKO Bce 2n Beqmund ¢y ¢, (=1, ..., n) He pan-
HEl OIHOBPEMEHHO HYyMoO, T. € foanas axepaus E(g;, 4§,),

1) IloTewnnaabnast sHeprua 1[I ompefensercs € TOYHOCTBHIO JO
IPOU3BONLHOA ANAUTHBHOK IOCTOAHHOH, ITYy DOCTOSHHYI0 HOAGHpaeMm
Tak, yTo6W 3Hauenwe Il B MOJOMEHWH DPABHOBECHS ObIIO PABHO HYIW.

%) Dro chpaBenauBO, ecam A-OKPECTHOCTh Hayala KoOpmuHaT O
B KOODPAHHATHOM IPOCTPAHCTBE HE COLEPMUT 0COOBIX ToYek (CM. mpuMe-
yauue Ha crp. 83). Mui mpenmonaraeM, uyto Touyka O, B KOTopod QyHK-
uua Il pAMeeT MunuMMyM, He sBIAeTcs ocoGoft. Ho Torma m HexoTopas
Ao-oxg)ecmocrb ToukM (O He CONePKUT 0COOHX TOYek, MEl BbIGHpaem
A <A,

7 ®, P, Tanurmaxep
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ofpawsasice 8 Hyrs 8 Hadase xoopdunam O 2n-mepHo20
HPOCMPAHCMBA COCMORRUL, umeem 6 SMoli mouxe cmpo-
2uli Munumyu (pasHsi Hya).

Buifepem Teneph NpOUSBOJBHO UYKMCJIO €, HOAYUHUB €r0 JAHIUL
orpanruenuio 0<Ce <A, U paccMoTpuM B3HauYeHHs NOJHOH dHEpP-
rau E Ha rpaHulle e-OKPECTHOCTH, ONpele/seMON HepaseHcTBaMu

lal<ls |¢1<<e (i=-’1,---:ﬂ) (6)

(puc. 42). TlockoabKy ®Ta rpaHuiia OpeicTasiseT coOof 3aMK-
HyTO€ MHOXECTBO TOUEK, TO HempepuBHas ¢yukuua E poctu-
raer Ha 5TOH rpanuue ceoero MuHumyMa E*. Tak Kak Ha rpa-

HHIE e-OKPEeCTHOCTH Bce 3Hauenns E no-

£3£" JOKNTENbHEL, TO TOJOKHTENEH U MUHUMYM E*,

= TaknM 006pasoM, Ha rpaHuile &-OKPECT=
HOCTH

E=E*>0. o)

C Ipyro#t CIopoOH:, MOCKOJBKY HENpe-
puiBHas QyHkous £ ofpamaercs B Hy/b
B Hauane Koopaunar O, TO BCerja Cyuecr-
ByeT Takas 3-OKpecTHocTh Touku O1), B ko-
TOpOH
Puc. 42. E < E¥, ®)

IMostoMy ecam HauansHBIE KOOPAMHATH U HayaJbHLIE CKOPOCTA
YAOBJETBOPSIOT HEPABEHCTBAM (2), TO HauasbHas sueprus E, < E¥.
Ho npu [ABMXKEHMM KOHCEPBATHBHOH CHCTEMBL €€ HOJHas Hep-
THsl COXPaHseT CBOIO HaualbHylo BeMMuudy E, W, C/ei0BaTesibHO,
BO BCe BpeMs ABHXECHUA E<E*. TTosToMy npH [BHUXEHWH CH-
CTEMBl TOYKAa, H300pamaonlas STC [BUKEHHE B IPOCTPAHCTBE
COCTORHUH, HE MONKET [OCTHFHYTh TPaHUUB &-OKPECTHOCTH,
Ha xoropol E = E*, © HaxoQuIcsi BCe BPeMd BHYTPH B5TO#
OKPECTHOCTH.

Teopema aokasaHa.

K noxasannolt TeopemMe MH cjesaeM JBa 3aMeuyaHus.

3amevanue 1. Teopema Jlazpansca ocmaeemcs cnpa-
80411801, O HEKOHCEPBAMUBHOL CUCHMEMB, KOMOpPas noiy-
4aemcs U3 KOHcepsamusnoli 006asienuem 2UPpOCKORUYECKUX

1) TlockoabKy B B-OKPeCTHOCTH BLINOJHAETCA HEPABEHCTBO (8),
T0 d=Ce.
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u Ouccunamusnpx cus. JeRCTBUTENbHO, 3aMETUM MPEXIE BCETO,
YTO MOJIOKEHHE DABHOBECHS COXPAHHUTCH, €CAH K CHCTEME JOMOJ-
HHUTEJBHO TPUJIOKATh THPOCKOMHUECKHE WM JUCCHIIATHBHHE CHJN

Qv(qk: @p). Ina stux cux

n
D Q@ 40 4.<<0, | <A | ] <A
ve=1
BrifepeM, Kak n paHee, 8a HAuaJd0 KOODPAMHAT IPOCTPAHCTBA
COCTOAHUH MOJIOXEHHE DABHOBECHS H NPENNOJOKHM, YTO CPEIH

bynruah @v ectb xota O ogHa @, Takasd, 4TO Q,(0)¢0.
Torna mo wenmpepmBHOCTH Q; 7 0 m B A-OKpecTHOCTH Hauana

koopxunat. Ho HOCKOABKY ¢, W ¢, HE3aBUCUMH, HX B3HAUCHHS
B ITOH OKPECTHOCTH BCErja MOXHO BHOparTh Tax, 4TO

n

> Qg 4w 4,0,

ye=1
a 3TO MNPOTHBOPEUAT YCAOBHIO AUCCUNATUBHOCTA HIH THPOCKO-
nuysocta  cua. ITosroMy npeanosioxeH#e ©  CYHIECTBOBaHHU

@,(0)#0 NpUBOJWT K NPOTHBOpEumio, T. € Bce Q,(0)==0,
v=1, ..., 7, a 970 U CBUIAETEJBLCTBYET O TOM, UTO NOGaBJCHHE
THPOCKONHMYECKUX M JUCCUNIATHBHEIX CHJ He HapyIIaeT paBHO-
BECHs.

I'upocKonuueckne cujsl He HAPYMAIOT B3aKOHZ COXPAHEHUA
nonno# sueprum (cM. § 8), u moToMy BCce JIOKasaTeNbCTBO TEO-
pembt Jlarpanxa ocraercqd 6e3 USMEHEHHs H NPH HAAWYMH TUPO-
CKONMUYECKHX CUul. an JAUCCHIIATUBHHIX CHJaX MOJHAd HEPrug
E=T7T--1I yGupaer npi ABHKEHHN CHCTEMH, H, C/IELOBATE/NLHO,
BO BpEMA [BIKEHHS BMECTO pabeHCrss E==F, uMeer Mecto me-
pasedcteo E<CE,. Ho orcioma raKwie Ciaeayer, 4To BO BCe
spema mpumxenun E<{E¥, ecin E,<E*. Ilostomy u 3nech
¢ 3TuM HEOO/BIUUM HBMCHCHHEM AOKa3aTe/lbCTBO TEOPEMB CO-
XpaHsercy.

Bameuanne 2. [losoxeHue paBHOBEecHS KOHCEPBATHBHOR cH-
CTEMH 6y11eT yCTOﬁ‘JHBblM U B TOM Cllyyae; KOria B 9TOM HONOXEHHH

noreHuugabuas sueprus II umeer Hecmpoauil MHHMMYM, HO B 11060/
£-OKD@CTHOCTH [ONOMEHHA DPABHOBECHA CYIeCTBYET BAMKHYTasA runep-

[IOBEPXHOCTE
f(qlt "':qﬁ)=01 (9)

cojfiepxalnas MOl0XeHHe PABHOBECHA BHYTPH ce6a M obnagamomas Tem
CBOMACTBOM, HTO HA 9TO{ rHUEPNOBEPXHOCTH 3HAYEHHMA NMOTEHUHANLHOU

7.
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SHePrud CTporo Goablie, yeMm 3sHayenue II B MOJOMEHHH PAaBHOBECHS.

JleAcTBUTENbHO, MYyCTh TO-APEXHEMY B IIONOXEHHH PABHOBECHA
g1= ... =(q,==0 u I[(0, ..., 0)=0. KpoMe TOro, nycTb ypaBHeHue
renepnoBepxHocTd (9) BuGpaHo Tak, YTOGH [AA TOYEK, PacHOOKeH-
HBIX BHYTPH 3aMKHYTOH rumepnoBepXHOCTH (9), BBINOIHANOCH Hepa-

BE€HCTBO
f(qlr sery qll)>0' (10)
Torna 3TO HEPABEHCTBO BMECTE C HEPaBEHCTBAMH
1del<er O<er<e k=1, ..., n) (11)

onpenenser B 2n-MepHOM DPOCTPAHCTBE COCTOAHME o6xacTh (KOHey-
HHA «rHNepuuanHapr) G, pacnoJoXeHHYI0 BHYTpH e-okpecTHocTH (6).
Ha rpasmue oSnacty G aubo f=0 (rorma I >0, T==0), tu6o xota
6b Npu OXHOM R HUMeEeT Mecro
paBeHcTBO | g, |=c¢, (rOrNa
I'>0, I1==0). Tloaromy Ha
rpanune obaactw G Bcerxa BbI-
HOAHACTCA CTPOroe HEpaBeHCTBO
E=T-+10>0.
g=c B paccmarpusaeMoM cayyae
MHHHMYM ¢ysknud E Ha rpa-
HHLE &-OKpecTHOCTH (6) MOXer
a g PasHAThCA  HymIo. Torpa npwu

IoKasaTenbCTBe TeopeMn Jla-

rpaH¥a HYXHO BMECTO e-OKpecCT-
g=-c HOCTH B3fiTb  PACIONQKEHHYIO
BEYTpH Hee oGaactb G. Ha rpa-
nuile o6racty G MHHHMYM NOA-
noi sueprun  E¥ > 0. . Tlocae
3TOr0 OCTaNbHAasA YacTe XOKa3a-

Puc. 43. TeALCTBA OcTaeTcA 6e3 HaMeHeHus,

Ilpu n=1 3amkHyTas ru-

NepIOBEePXHOCTL (9) BHIpOXAaeTCH

B COBOKYIIHOCTb IBYX TOYEK HZ OCH ¢, PACTONOMEHHBIX IO PAasHble

CTOPOHH OT Hayata (), a o6aacTe G— B NPAMOYLOILHUK, PACTIOLOMKEH-
HBIA BHYTpH s-OKpecTHOCTH ToukH O (puc. 43).

Msnoxennbie B 3aMeyaHHd 2 COOGDAKEHMA COXPAHAKT CBOIO CHIY
W TOrla, KOrIa K CHCTeMe JNONOIHHTENbHO NPHIOKEHH MHPOCKONMYe-
CKHe M JHCCHNATHBHBIE CHABl (CM. 3aMeyaHue 1)

Ecau Ttouky, B KoToppix oynkuun II useer mmuumym II==0, 3a-
NOAHAIOT CINICLIHYI KPUBYIO, MCXOJAILYI0 M3 NOAGKEHHS PaBHOBECHs,
TO 9TO MNOJNOKEHHE DABHOBECHS MOXeT OhITh M HeycTOHuMBbLIM. B ka-
YyeCTBE COOTBETCTBYIOMEro IIPUMEPa MOXHO B3ATh NBHIKERHE CBOGOJ-
HOlI MarepuanbHOR TOYKM C [OTEHLWaNbHO# 3HeprHel, He conepkaineit
ongodl ®3 KoopauHat, HanpuMep x: HI=II(y, 2), npuuem I (0, 0)==0
H II(y, 2)>0 nmpu y*4 22> 0. B 3toM npuMepe TOYKHA MHUHMMYMa
3amonHnlT ock X. llomomenue paBHOBeCHA Xa=y=2z=0 HeyCTOl-
YYBO, TaK K4aK NP CKOAb YrofHO Maioff 110 BeINYHMHE HAYaTBHOH
CKOPOCTH, H&NPaBIEHHON BIONb OCH X, TOYKa GyleT cOBepLIATh PaBHO-
MEPHOE IBHXKEHHEe BIOJIb OCH X,

i

)
le— £ —aa
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B npusenennbix na crp. 190 npuMepax 1 u 2 paccMarpuBaeTca KOH-
cepBaTHBHAA CHCTeMa, a B nmpumepe 3 (crp. 191) Ha Toyky gefictByer
U AHCCHNaTHBHAA cuaa. TloTeHUManbHaA 9HEPrHs MMeeT CTPorull MMHH-
MyM B npEMepe 1 B.HaHHH3IIEH TOYKE OKPYWHOCTH, 8 B npumepax 2
H 3 npu x =0. IToaromMy 3TH NOAOXKEHHUA PABHOBECHUS ABNAPTCA yCToh-
YHBLIMH.

[Tpumep 4. Kouncepsamusnan cucmema ¢ 0OHOi cmeneHvw c80-

s gl
6006 umeem nomenyuasbuyio sHep2uo Il = g* sin® — [IONOAHUTEALHO

onpeneasem: II(0)==0]. B cooTBeTcTBHM C 3aMeuaHHeM 2 NOAOXKeHHE
q=0—ycTo#iuuBOe NOJOMEHHE PABHOBECH.

§ 34. IlpusHaku HeyCTOHYHMBOCTH NONOKEHUS DPABHOBECHS,
Teopemnl JlanyHoea u Yeraema

Eme B 1892 r. A. M. Jlanynos B cBOeit 3HaMEHMTOHA RMcCEpTAUMM
«O6mwan 3afaya 06 yCTOMUMBOCTH NBMKEHHA» MOCTaBHA BONPAC 06
ofpatenun Teopems Jlarpamka. Dror BOMpOC 10 CHX IOP MOAHOCTHIO
He pemed. YacTHynoe pemienHe 3TOr0 BONPOCA [40T JBe TEOPEMB
Jlanynosa. m teopema YeTaeBa, B KOTOPHIX YCTaHAaBAMBAKOTCA HEKOTO-
puie JOCTAaTOYHBIE YCHOBHA IS HEYCTOHUHBOCTH MONOXEHHA pPaBHO-
BECHSH.

TlycTh mo-npexHeMy B IONOXKEHWH DPABHOBECHA ¢y == ... =g, ==0
u IO, ..., 0)=0. Hanumem paszoxenne MNOTEHUUATLHOH IHEPrud
B PAX IO CTeNEHAM KOODIMHAT (<OTKIQHEHHID>):

O=Hu (g ooy D+ Mg (Gu ooy g2)+ -oe
W gy -y 9a) EQ, m =2}, )

rae I (qy, ..., gp)—OAHOpORHAA Qyukuua k-# crenenn (k=m,
m-+1, ...), a HAUHH3aA H3 cTemeHeil YTeHOB, (AKTHYECKUM BIORALLMX

o . I
B paslOXeHHe, M = 2, TaK KaK B NONOXKEHHH DPABHOBECHS BCE <tﬁ- =0,
ilo

Teopema Jianyuosa [. Ecan nomenyuaassHas = 3uepeus
IL(qy, .-« s gn) KOHCEPBAMUBHOM cucmemMb. 8 NONONCEHUL paABHOGECUS
He uMeeml MUHUMYMA U MO OOCMOSLMENbCMBO MOJNCHO YCMOmpems
u3 42eH08 8mopoil cmenenu X, (q,, ..., q,) 6 pasaoscenun (1)1), mo
QaHROE NOAQJNCEHIle PasHOBLCUST HEYCMOUYUBO.

HoxasartensrcTBO. B BHpamenun 1ua KHHETHYECKOH SHEPIHH

n
1
T= > %udidr PA3NOKHM KOIGDHUMENTH &g (4 ..., gp) B PAX
i,k=

no cTeneHaM KOOpAMHAT H 0603Hau#M vyepe3 @}, CBOOOJHBIE YIeHH!

1) To ectv m=2 u II,—kBagpaTuuHas ¢OpMa, NpPHHAMALO-
jas OTpHUATeNbHBE 3HAYEHHA (OHTb MOXeT, HapALly C HOTOXH-
TeAbHbIMH),
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(1. e. 3Havuenus QYHKUMA @ (g, ..., gn) TPH § = ... =g, =0).
n

1 v
Torxa, nonaras To—_—? 2 ayd;4,, OyneMm HMETH
LE=1

T=Ty+ (%), M=I,+ (+)

3lecb ¥ Janee yepes (%) o603HayaeM cyMMy UYlI€HOB, UMeoOWUX Gonee
BBICOKHH MOPANOK MaXoCTH OTHOCHTENbHO KOODAHHAT M CKOpOcTeH, uem
BHIIHCAHHbE paHee uleHH. Tak Kak T, -— NOXOMUTENLHO ONpPEJeIeHHas
KBagpaTHyHasd (opMa ¢ TOCTOAHHHIMH KOI(QHLUHEHTaMM, TO IpPH Io-
MOIIHM HEOCOGEHHOI0 JHHEHHOro npeoGpasoBaHMA TepeMEHHHIX MOXHO
OJHOBPEMEHHO TIDHBECTH JBe KBajgpaTuyHole GopMm 7, u I, K cymme
KBajparos, MOCAe 4ero pasnoxenue i I' u II B HOBHIX HEePEMEHHBIX
By ..., 0, OpuMer BHA!)
n

n
T=%_ 2 82 + (#), n=% Z 2,03+ (%) )

=1 k=1

TMockonsky kBanparuyHas dopma II; npHinmael HekoTopHe OTpHila-
TenbHBle SHaYeHMs, TO; fI0 KpatiHel Mepe, OfHO A, << 0.
B xoopnuuarax 0 ypasuenus Jlarpahxa sanuuyrcs rax:

=M+ (=1, ..., n). ®)
PacemMoTpHM BcroMoraTelbHYI0 KBagpaTHYHYI (opmy

V=—o 2 ak[(xz+xk+“2—2)az+u(1—xk>ﬂkbk+

k=1
2,
+Hi+ntg)u), o
rme ep=1 npu A,=0 u eg=—1 npu A<<0 (k=1, ..., n),
a wucito p>0.

HemocpencTeenro npoBepsercs, 4ro B culy ypaBHenui (3) u pa-
. BeHCTBA (4) NpH ABUXEHHHM CHCTeMB

gern=cvlu ¥ o+ )G +tht @] ©
k=1

He mapymas oGmmuocTd, 6yneM cuurarb, 4To A, <C0 M uTO X, —
pavbonbinee yHcdo M3 OTPHUUATENbHBIX . ﬁOHOX(HTe.fIbHOB YUCIO H.
spifepeM Tak, yTOOH ONHOBPEMEHHO BBIMOJHANHCL HepaBeHCTEa

X L 0 A -FA B 0
1'|’_4<1 1+1+2>' (6)

1) Koopyunater 0y, ..., 0, HOeAT Ha3BAHHE HOPMAABHHX WIH 2406~
HblX KOOpiuHaT. Bonee nmoppoGHO ORM 6YIYT paccMOTpeHH B § 41,
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Vs nepsoro mepaBemcTBa caelyeT, yTo cyMMa B npaso#i yacth
paBeHcTBa (5) npeicTaBasgeT COGOH NONOXHTEALHO OfpeledeHHYI0 KBa-
Ipatuynye @opmy. Ho Torma mpu pocrarouno mannx (no a6comeTHOH
pennuune) 8, u b,

[8el<<4, |8,]<A (=1, ..., 1) y)

npasas yacTh paseHcIBa (5) GymeT Bcerfa MOJOXHIENbHA, T. €,

d
a’z (B_p't V) > 0)

OTKYJNa
eV > ey,

Hiyg
V> Vet t—5), ®)

[ToroxuM Bce HauagbHBE BSHAYEHHA 0%, 8% (B=1, ..., n) pap-

HEIMH HyMO, 32 MCKIOYeHHeM B9, KOTOpOe BO3bMEM HO MOLYNIO MeHb-
wumM A, Torma, wcnomesys Beipaxenue (4) 1 Bropoe HepaseHcTtso (6),
naxomum V,>0. Ho npu stom psuienve o6s3atensHo Boiiier 3a npe-
nesnl okpecTHocTd (7), kak Obl Max hu 6un | 00| Tak Kak B npoTHB-
HOM cayuae u3 HepasedHcrBa (8) caepoBato 6H, HTO tlim V=co,
- 00

a xBagparmynaa dopma V B oxpectHocTd (7) orpanmyesa.

Teopema mokasana,

B cuyyae, korma B pasaowenun (1) m>2, MOXHO ApUMERATh
Crelyoliue IBe TEOpeMb, KOTOpHe MNpUBeNeM 6e3 AoKasaTeabcTsa i),

Teopema Jlanynosa Il. Ecan nomenyuaasras snepeus II
KOHcep8amusHoll ctucmemv, npu q,= ... =q,=0 umeem empozuil
MAKCUMYM B ImO 00CcmOSAMeAbemso Modicem Osimb Onpede.neHo, uc-
X008 43 uueH08 Haunusued cmenedu M, (qy, ..., g,) (M =2) 8 pas-
aoscenun (1)2%), mo noaoswcenne gq,= ... =g,=0 ssasemca Hey-
CHIOIYUBHM ROAONCEHUEM PGOHOBECUS CUCMEMBL

Teopema Yeraesa Ecau nomenguaasuas uepzus I Kou-
CeRBAMUBHOL cucmeMvl sigasiemcs OOHOPOOHOR @yuiyued omx.aoHe-
Ui gy, .., gn U 8 NOAONCEHHU PABHOBECUA §p== ... ==q,=0 He
UMEEM MUKUMYMA, MO 3MO NOAONCEHLE PABHOBECUS HEYCMONYUGO.

lIpumepua. 1. Tycrs O=A(l—cosaq); n=1. Pynxuua I

™
B TOUKAX gy ==—_— HMECT CTPOrHE MHHHMYMb, a B TOYKAX gop s ==

=(2k— D=

= — crporue Makcumymsl (k=0, =1, x+2,...). Ilpu srom

') HokasaTenbCIpa wUMTATENb MOXET HaliTh B CHENYIOINHX KHHTAX:
Jdanynos A M, O6uasn sagaya o6 ycrolumsocTH ABH:enus, 1935,
§ 16 u 25, Yeraes H. T, Ycro#ivusocts apmmenun, 1965, § 17;
Maaxud W, T, Teopua ycroifumsoctu msuwenus, 1952, § 14 u 17.

®) To ecTb B HexOTOPO! OKPECTHOCTH Hayaja KOOPAHHAT {MCKIIO-
4as camo Havaxo) Bcerfia Iy (g4, +ony Gn) <<O. DTO BO3MOKHO TONBKO
IpU YeTHOM 11,
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nocaeaHee 06CTOATENbCTBO CIeiyeT H3 BHId YJleHa HausH3lWero no-
pAAKa B Da3iiOKEHHU TIO CTENEHAM OTKAOHEHHH

U (g qup s + -

Torna, coraacno Tteopemam Jlarpanwka M JIAyHOBA, TOUKAM g4, COOT-
BEeTCTBYIOT YCTOHUMBHIG, & TOYKAM ¢, — HEYCTOHUMBLIE NOJOWEHHSR
P4BHOBECHA.

2. I==Aq ... gn. VI3 Teopemur Yeraesa cielnyer, 4T0 IOAOHEHHE
gi==...==gp==0 ABIACTCA HEYCTOUYHBHIM MOIOXEHUEM DPBHOBECHA,

§ 85. AcumMnTOoTHUeCKAA YCTOWYHBOCThL HOJIOWKEHHI
paBHOBecHA. JlHccHumaTuBHBIE CHCTEMBI

Beenem Tenepb IoHsiTHE 00 acUMIOTOTHYECKH YCTOHYHBOM
nojoxeHud pasHoBecus. [losnoxeunne paBHOBeCUs Ha3bIBAGTCH
acuMnmomutecku ycmolidussia, ecan oHO YCTOHYMBO M €CHH,
KpOME& TOro, NpH AOCTATOUHO MaJblX NO abCoNMOTHOHR BEaHunHe
HAYa/bHHIX OTKJCHEHHAX M HAU&NbHBIX CKOPOCTAX BCE OTKIOHe-
HHUS ¥ CKOPOCTH NpPH HEOIrPaHMUEHHOM BOBPACTAHMH BpEMEeHH f
CTPEMSITCA K HYJIO, T. €. €CJI Cyiyecmayem maxoe wucao 8y >0,
Ymo

lim ¢;(£)==0, lm §;({f)==0 (=1,...,n (@
t— 00 t— oo

seaxuil pas, Ko20a y008ACMBOPSIOMCS HEPABEHCIBA
gl 1 <Bo [ 47]<3 (=1, ..., n) (1)

ITpu reomerpuvecko#i wunTepnperauuu (puc. 44) »t0 o03Hauvaer,
yT0 ‘B IIPOCTPAHCIBE COCTOSHMH (g,, §;) BCE TPAEKTOPHH, Hayu-
HaoWKecs B 8y-OKPECTHGCTA  HAaua/ja
Koopauxar (), ACHMIITOTHUYECKH IIpu-

1 7z Ommxarorcas  (npu £ — o0) K Touke O.
2 0! B paccMmoTpennbix Ha crp. 190—192
(] npuMepax !, 2 u 3 Toapko B mpuMepe 3
YyCTOHMKMBOE I1010XKEHHEe pPABHOBECHA HB-~

{ AAETCA ACHMITOTHYCCKH YCTOHYMBBIM,

Mpl Bynem paccMaTpuBaTh CKAGPO-

c. 44,
Puc. 4 HOMHBIC CHCTEMBbI, HAEXOAAIUECT TIOoA

on
BO3OEHUCTBHEM IOTEHUHANbHBIX CHJI — —aq— ¥ HENOTCHUHHBAJTbHBIX
i

cHA Q,- (=1, ..., n), u 6yaem MpPeANOC/araTh, 4TO MNOTEHUHN-~





