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aapras sueprds II M HeNoTeHLHAJBHBIE CHAB (; HE BaBUCAT
ABHO OT BPEMEHH:

OD=Ti(g)) Q=0Qi(gp &) (=1,....,7. (2

B sTOoM cayyae Bpema ! He BXOJMT SBHO B ypapHeHus Jla-
rpaHxe, KOTopbie MOryr OuTbhb 3aluMCaHBl B CJAEAYIOINE@M BHAE
(paspelieHHOM OTHOCHTEJBHO 0006meHHX ycKkopenuit) (cm. § 7,
ctp. 96): '

17,~= Gi (qk’ ék) (i= L ..., 71). (3)

B paccMaTpuBaeMOM CJyuae MOJAHas sHeprus £ CKAepOHOM-
HOH CHCTEMBI HE COAGPHKAT SBHO BPEMEHHU:

E=E(Qw &) €]

Briuncass ee 110JIHY1I0 NPOU3BOAHYIO II0 BPEMEHH NIPH NBHKEHUN
CHCT@MBI, HaxoJuM:

n
dE (i)i) oE ’ .
7= lb;ﬁ qi"‘l"@“'q; Gi=E (qp 9x)- )]
==
TakaM 06pasoM, B KaxmO# TOYKE MPOCTPAHCTBA COCTOAHMH
(94 §») HE TOMBKO TOJHAS SHEPrusl, HO M €€ TOJHAs IPOH3-

BOJHAS MO BPEMEHU UMEIOT ONPEJE/ICHHBE 3HAYEHHUS.
Ecan cuin Q- (l=<1, ..., n) ABJAIOTCH AUCCHITaTHBHBIMH

(cm. § 8), TO mpu JIBIKEHHH CHCTEMBI %go, T. €. QyHKUUS

E'(gs §4) B paccmatpuBaemo#t 00/aCTH MPOCTPAHCTBA COCTOAHUH
[PHHEMAeT JIMINb HEMOJOXHTIEeAbHbE 3HAueHHS.

B ciayuas onpenesneNHO-TUCCANATHBHOH cucrtembl (c. § 8)
dE
dt
cTpaucTBa cocrosHuft (g, §;), rae Bee §;==0, {==1, ..., n
Byaem npeanonaraTth, YTO TOJOKEHHE PABHOBECHS CHCTEMBI
ABJAETCA UB0JAHPOBAHHBIM, T. €. B €r0 OKPECTHOCTH HeT IPYruX
nonoxeHui pasHosecua!), Torga uMeer Mecro

==FE'(q;, §;) 00pamaercs B Hyib TOABKO B TEX TOUKAX MPO-

1) Ha 910 06cToATeNbCTBO He GHINO O6pAaLI@HO BHHM3HNA B MEPBOM
H3JAHHH KHUTH, H TeopeMa 06 aCHMITOTHYECKOH ycToHuHMBOCTH B Tolt
dopme, Kak opa Onra TaM CQOPMYIHPOBIHA, HeBepHA (CM. Fanr-
maxep ¥. P, 3amevaune 1o kuure «JI¢xuud HO aHATUTHYECKOH
Mexanuke», Pusmatrns, Mocksa, 1960, IIprukaanHas MaTeMaTHKa H Me-
xanuxa, 1. 26, pmm. 2, 1962). '
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Teopema 006 aCUMNTOTHYECKOH YCTORUYHBOCTH,
Ecau nomenyuansnan suepaus Il cxaepoHosnoli onpedesenno-
OUCCUNAMUBHOL CUCMEMBL 8 HEKOMOPOM NOAONHCEHUN PABHO-
secuss umMeem CMpoUl MURUMYM U MO NOAONCEHUE paBHO-
secls ABASEMCS U30AUPOBAHHOLM, MO NOAONCEHUE PABHOBECUS
acumnmomutecku yemoiqugo.

HJokasateancrso. IlycTs cHOBA B HOJOXKEHHH pPaBHO-
Becus '

h=¢=...=q,—=0 n [I{0)=0.

Kaxk u npu noxasarenscrae Teopemu Jlarpamia, BeiGepeMm B mpo-
CTPaHCTBE COCTOSHUE €-OKPECTHOCTh Hauaia Koopauuat O,
B KOTOpOH sHeprus E nojoxn-

Te/bHa,
E(g, 4 >0, (6)
2 ) BO BCEX TOUKaX, Ortauuunx of O,
H B KOTOPO# HET COCTOSIHMH paBHO-
BecHs, OTIMYHNX oT 0.
Tak xax cormacHo Teopeme
Jlarpanka nonOXe€HHE paBHOBECHS
7/ 1= ... ==¢q, =0 ycroiiuuso, ps
mob6oro & >0 MOXKHO YyKasarb
8(s) >0 Taxoe, uro BCE HBHMEHHA
Puc. 45. MPOTEKAT BHYTPH &-OKPECTHOCTH
Toukn O, ecAM HavaJbHag TOUKa
Buibpanta B 3-okpecrHocTn (puc. 45). B xavectse 8;-oxpecTHO-
CTH BOBbMEM OKPECTHOCTH, B KOTOPOHN - BHIIOMHSETCS YCaOBHE
(8) § 33 (By<<d). Paccmorpum kakoe-nubo u3 xBMKEHUH, Ha-
YHHAOMMUXCS B 3y-OKPECTHOCTH. I1OCKONBKY 1Ipu HBHKEHHH 3IHEp-
ras £ yGuBaer, 1o l)

fa— £ —y

lim E (f) = Eo == 0,

{— o

npuyeM E (£) = E. (t ==1,). Honycrtaym cHayana, uto Eq, 4 0, 1. €.
Ex >0, n paccMoTpuM IOCACAOBATENBHOCTh 3HAYEHHN BpeMeHH
ty— 0O U MOCTENOBAaTENbHOCTH 3HauYeHHH (asOBHX KOOpHHHAT

=g, ) A=), =1 ..,

) 3ror npemen cymecrsyer B cuay roro, uto E (f)— Henpepus-
Haa MOHOTOHHO yﬁbmalom.aa HEeOTpHLATEeNAbHAA (pyﬂmma.
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Tax Kak BCA TpaeKTOpHA JICKHT B 8-OKDECTHOCTH, TO TPH BCEX
§ W { BHIOJHAIOTCA HEPaBEHCTBA

lg1<e, |4 |<e.
B cuny nemmul Boapilano — Belieprpacca us GecKOHEYHHX Orpa-
HUYEHHHIX nocaepoatenabHocTelt ¢f¥ u 9 moxuo BHOpaTh CXO-
Asmpecs noamocaenoparenpnocTn gtk mo giP, Ilycrs

lim gP=g} lm ¢P=¢, i=1,...,m ()
kE— 0 k=
npu 5TOM

lgf1<e, g8 |<e i=1,...,n

Ho Toraa, B cnay HenpepuisHOoCcTH E(f),
E(gt, gh= lm E (g, §{") = Fe >0.

ITo npennoaoxennio Touka (¢f, §f) He coBmajaer ¢ HavanoM
KoopauHar, rae E==0.

lpumem touky (¢f, ¢4), i==1, ..., n, 332 HauaJbHYIO TOUKY
npimkeHns npa f==7%, Taxk xax 5Ta TOUKa HE COBHNAmaeT C, TOU-
ko O, T. e mHe #BIIETCH NOJONMEHUEM pPaBHOBECHA, TO I[pPH
JBHXXEHUN CHCTEMH XOTd On ojgHa u3 O0O0OOIEHHHX CKOpOeTel

¢; Gyaer OT/MYHA OT HyJAt H JIOTOMY %?<0. Ho torma mnpm

HEKOTOpOM f==f; Oyder BHINOMHATbCS HepaBeHcTBO E < E,.
Pacemorpum, majee, ABIXKEHHE CHCTEMBl, HAYHHAIOMIEECS PH
t==ty ua touku (¢\*), ¢{¥). B cuny (7) auauewns ¢{¥ u g{¥ npu
gocrarouno Goapumx £ Gyayr ckoap yrogHo OiMsKe K sHaue-
uusM ¢f ® ¢F coorBercrBenHo. CJeHOBAaTENBHO, NPU AOCTATOYHO
Gonbmnx £ OyAyT CKoJb yroguo Oauskd u 3uHayéHus (HasOBHX
KOODAMHAT npu f=—=1f, V ABUKEHHH, HAUMHAOLWUXCA Npu f=—1,
M3 HavameHIX Touek (¢1®), ¢F) wm (¢f, ¢F) (pemenns cucrem
IudpepeHInaNbHEX YPaBHEHU SABJAIOTCS HENpPEpHIBHBIMH (gym(-
LHIMKM HAuaAbHHX JaHHsx). [losToMy Ans [swiKeHwud, Hauaplue-
rocs npu t==t, us TOukH (¢\¥, §f), npu f==t, Gymer BEmOJ-
HAThc nepaBencTso K (f) < Ew, TaK KaK nojHas sHeprus F
[PENCTaBIAeT COB0H HEeNpepHBHYI0 PYHKUMIO HasOBHX KOOPKUHAT.
Ho B cmay enuHCTBEHHOCTH DpemleHdd ypasHenu#l Jlarpamxka,
COCTOAHME B MOMEHT {=={; CHCTeMbl, BHIUCAUIEH NpH f=—1; u3
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HauameHOH TOuku (g¥), ¢{¥), i==1, ..., n, coBmanaer?) c co-
CTOSIHHEM B MOMEHT f,—}-#; cucrems, Bumenwed mpu f=f¢,
¥3 HavaubHOH TOuKM (g, ¢f*), i==1, ..., n; TOSTOMYy HHTe-
pecyiomiee Hac sHaueHue sHepruu E (f, 1 %) AOMKHO YyAOBJE-

TBOPATH HEPABEHCTBY
E(ty+1)<Ew

8 STO HEBO3MOXHO, TaK KaK E (f) == E, npu moboM ¢ >f,
Mrax, MH OpHIIIM K IPOTHBOPEUAIO, NONYCTHB, UTO Ey 7 0,
CEA0BATENBHO,
Ex=0 u lim E(t)=0. ®

f—

Taxk kak B cuny HepaBeHcTBa (6) paBeHctBO E==0 mnmeer
MEeCTO TOJBKO B TOuke O, TO u3 paBeHcTBa (8) BHITEKAaeT, HUTO
npn £— 00 TOuKa, u300paalomias CHCTEMYy B MPOCTPaHCTBE
COCTOAHUH, CTPEMUTCS K HAYa y KOODAUHAT, T. €. MMEIT MECTO
coorHowenns (1), Teopema moxasaua.

1 1

B npumepe 3 Ha crp. 191 E==~2—m)z”—{-7cx2 7

%? = mAR -+ exk ={mx 4 cx) X =— 2f%? <0,

NOCKOAbKY f> 0. Cucrema OTIpeREeIE€HHO-TUCCHTATHBHAA, H NTONOXEHHE
PaBHOBECHA ABJIACTCA H30AHPOBEHHBIM; YTO CIEAYET U3 YPaBHCHHA
JBUXEHUA HpPH IONCTAHOBKE pellesus X == const. B CHAY TeopeMnl
NOAOMEeHUe PAaBHOBECHA aCHMITOTHYECKH ycToliuuBo.

HccnenoBanue aBmKeHus CKJAEPOHOMHOH ONpeneneHHO-IuCCH-
NaTUBHOH CHCTEMB! B OKDECTHOCTH €€ aCHMITOTHYECKH yCToHuH-
BOTO MOJOXEHHs paBHOBecus Oymer naHo B § 46.

JlsnyHoB gmoKasaad rteopeMmy, Koropas o6o0maer TeopeMy
Jlarpamka. Ou oOparusn BHHMaHue Ha TO, uTO npu dokasa-
menscmee meopesms. Jlazpansca MoocHo 8mecmo Hepeuu E
83ame AOCYI0 HENPEPHLBHYI0 (C HENpepvleHbiMIL  4QCMHBLML
npou3eodns. MU 1tep8o2o nopadKa) Gyuxyuio V(g 4,), urmeowyno

1) Tak kax B ypaBHeHHs JBHXeHUA (3) BpeMsa ¢ ABHO He BXOIHT,
TO BHIGOp Hauana oTcueTa BpeMeRM He wurpaer poju. Ilostomy, ecrn

BMecTO ¢, ¢{ 3a HawatbHoe cocrosnue npunars ¢\, ¢F, i=1,..,n,

TO B RaibHeilIeM cucreMa 6yleT NPOXOAMTb Teé Xe COCTOAHHA, YTO
M B HCXOJAHOM ABHXEHHH, HO B MHblE MOMEHTHl BPeMEHH,
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6 COCHOSHUN PABHOBECUS CMPOU MUHUMYM U He B03-
pacmanwyio npu abon 08UNCEHUU cuCHeMbL.

Briunicaum npousBOAHYIO 1O BPEMEHH OT QYHKUMH V, UCHOIb=
S0BA@B NMpH STOM ypaBHEHHs ABxkeHus (3):

n
dVv ov . oV P 7
== 1 og; Ui +aa G (qe )=V (g» T¥)- 9

=

B uyactHocTH, 3 STOH (OPMYJH CHeAyeT, YTO B HayaJle KOOp-
auHar O DNPOCTPAaHCTBA CcOCTOAHMH ¢yHkuua V' o6pamwaercs
B Hyab, TaK Kak TOYKa O COOTBETCTBYET COCTOSHHIO PaBHOBECHH,
B Kotopom Bce §;=—0 u Bce §,—=(0;=0. Ecim dyuxuus V

He BO3pacTaeT MpH molOOM HBHNKEHHH, TO %:—_— V' (qr Gy)=0.

B stomM cayuyae dywxuus V' B cOCTOSHME paBHOBecns O umeer
MakcuMyM. Ecim ke 5TOT MaxkcuMyM CTPOTHH, TO B OKPECTHOCTH
touku O (33 uckmoueHuem camoit Touku O) V'< 0 u npu neu-
KEHHU CHCTEMH B IIpelenax 9SToH OkpecTHOCTH ¢yHxuus V
cTporo yOuiBaer.

Tenepe MOXHO NOYTH AOCJAOBHO NMOBTOPHTH AOKA3aTEJBCTBO
TeopeMmsl Jlarpanxa, ucnossaya Bmecto E dyukimio V. B cayuae
8CHMIITOTHYECKOR yCTORUMBOCTH (HampuMep, A ITUCCHNATHBHOH
cHCTEMB) JOKasaTenncTBO Oyner jaxe 6onee HPOCTHM, eciau

norpeboBarb, 4To0H NPOU3BOAHAS AME@Ja B I0JIOXEHHH PaB-

dt
HOBECHs CTDOTHH SKCTpeMyM MDOTHBOIOJOXHOIO THIIA MO OTHO-
HIEHUIO K 3KCTpeMyMy dysxuuu V 1)

3ameTuM emie, 4T0 npuy (GOPMYAUPOBKE KpUTEpHH YCTOHUH-
BOCTH MOXHO MNOMEHATb MeCTaMH CJOBa <«MHHUMYM» H <«MaKCH-
MyM», TAK K&K 3ameHa ¢pynkuum V Ha ¢yHxkumo — V' Bo3Bpa-
13T HAC K IpexHed (opMyIupoBKe.

Takum o0O0pasoM, MOXHO CYMTaTb JOKa3aHHOR CJEAYIOLLYIO
TEOpEMY:

Teopema. Ecan 0ano noA0KCEHUE PABHOSECUS CHAEPO-
HOMHOL cucmemst, Haxolauwelcs nod o0edcmsuesm cun, He
3Q8UCSUUN SABHO OM BPEMEHI, U CYWECHEYEN KEeNnpepulenas

1) TIpu NOKa3aTenbCTBE TEOPEMbI 08 YCTONUHMBOGTH AMCCHHATHBHOIN

CHCTEMBI MMPON3BOJHAA _tTt_ He MMEN& B II0/I0XKEeHHH paBHOBECHA CTPOroro
MaKCHMYMa, B cBfA3H ¢ 3THM HaM NpUILAOCh CIIERNAJBLHO OLOBOPHTD,

YTO MOJNOXKEHNE PaBHOBECHA ABAACTCA H30OTHPOBAHHBIM,
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SMeCHE C HACMHBLMI NPOUSBOIKBLMI NEPBO20 nOpRIKa @yHK-
yun V(qy ) uMeOUAR 8 0QHKOM COCMOSHUN pABHOSECUS
cmpozuill SKCMpeMyM, 8 mo spemsa kax npoussodnag V' om
V no epemenu (8unucacwnas 8 cuay ypasHenuf O08UNCENUS)
uUMeen 8 SMOM JCe COCHOAHUL SKCMPEMYM NPOMUBONONONC-
HO20 MUNQ, MO pPaAccMampusaemoe NOAONCERUE PABHOBECUS
yemoiinuso., Ecau npu smos sxcmpemy s npoussodnol marxoce
ABAREMCA CHIPOUM, MO ROAOHCEHUE PABHOBECUS ACUMNMO-
musecKu ycmoiuuso.

Oynkuuio V(gg, §,), 0 KOTOpOl HAeT peub B TEOpEMe, HpuU-
HATO HaswWBaTh @ywxyued Jlanywosa.

& 36. Ycaoenas ycrojfiunsocts. O6mas nocTaHOBKA BOmpPOCA.
YcTOoUHBOCTD NBHMIKEHHS WJIH NPOM3BOJBLHOTLO Npomecca.
Teopema JlnmyHosa

B uepasencreax (1) m (2) ua crp. 190, onpenesapmux ycro-
YMBOCTb IOJIOXKEHUS DPAaBHOBECUs, (DUIYPHPOBanH 6ce OTKJOHE-
HEA ¢; U 6ce oOoOmeHHne ckopoctd §;. OnHako BO MHOrux
BOIIPOCAX MH BCTPEYAEMCHA € YCAOBHOL YCMORHUBOCMEI0, KOTAA
yKa3aHHBIE HEPaBEHCTBA BBHIMOJHAOTCA A HEKOTODPHX u3 2

BEMWYHH Gy, ... , G Gy ..., §, 0AH B Gonee o6miel NoCTaHOBKE
IS HEKOTOPHX yHKuui X3, ..., X, OT 3TUX BEIUUWH:
xizfi /. qk) (=1, ..., m. 1)

Tlpan stom npemnosaraercs, yTo Bce ynxumm (1) obpamarorcs
B HyJb IpH

=0, 4,=0 (k=1, ..., n), e £, ..., 0)==0,

W YHOBJAETBOPSIOT aBTOHOMHOH !) cucreme OGHIKHOBEHHBIX AMQ-
(hepeHLnanbHEIX YPABHEHHI NEPBOro mopsagka®)
dx;

F=Xi s X ) =1 ,m), (@)

1) Cm. npumeyanue k crp. 94,

%) Ipu HCCNEAOBAHHM YCHOBHOH YCTOHUMBOCTH CKAEDOHOMHBIX CH~
creM dyukunn X; (=1, ... , m) He 3aBucAT ABHO OT {. Mu BnHcamu
! B KauecTBe apryMeHTa B NMpPaBbIX YacTAX, WMes B BHLY HeCKaepo-
HOMHble CHCT€MH M JanbHefilune oGoluieHnus,
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rne X;(xy ..., X O (=1, ..., m)— uenpepuipunie Qyux-
uun B 0o6nactu

lx; | <<A, t=t ({=1,..., m) 3)

(ty — duRCcApOBAHHHN HAYABHBEIN MOMEHT BpEMEHH).

CocrosHmio paBHOBECHS OTBEUAeT HyJeBOE pelledne x;==0
(i=1, ..., m) cucremn auddepeHinanibHHX ypasneuult (2).
Ha/mune taxoro pemieHrs NpearnoJaraeT, YTo HPABLie YacTd ypas-
HEHHH (2) yIZOBJIETBOPSIOT YCJOBHUIO

X0, ..., 0,0=0 (i=1, ..., m). “)

C maremaTnuecKofi TOuk# speHust Dews uper o6 ycroftyn-
BOCTH HYJIEBOIO DpelleHns cHCTeMw IunddepeHinansubix ypasue-
Hu#t (2), mpHueM 3Ta YCTORYHBOCTH ONDENENsercs Tak: Aas meboro
e >0 cymecrsyer takoe §==8(c)} >0, yr0 npu mobom %>t

[t @®<e (=1, ..., m), ()
KOJb CKOPO

|2, () | <3 (=1, ..., m) (6)

Ilas reomerpuueckol mHTEpnperauny Hepaseucrs (5) u (6)
UCMOJB3YIOTCA &- H 3-OKpBCTHOCTH Hauyalla KOOPDAKHAT B mM-MEp-
HOM NIPOCTPAHCTBE (Xy, ..., X,). B Ciayuae acuMOToTHYecKo#
YCTOHUMBOCTH AONOJHUTENBHO TPEOYETCs CYIIECTBOBAHME TAKOro

% >0, uto

imx, (=0 (=1, ..., m), 0!
{00

- €¢I TOMBKO
|2, )| <% (=1, ..., m). ®)

Ecan wuccaenyercs ycroH4yuBOCTH IONGKEHUS PaBHOBECHS
(v€ ycaoBHagl), TO B KayecTBE Xy, ..., X,; MOXKHO B3fTb BEAH-
YHHBL Gty ouvs Gy Gy ooy Uy BIM Gy vuvy Gy Prseee s Ppe B HED-
BOM C/yyae ypasHenus (2) npencrasismnor coOoH ypaswenus Jla-
rpamKa, 3arcaiubie B BUAe CUCTEMsl 212 audpepesliaibHEX yPaB-
HeHH#l NEPBOro MOPAAKA C HEUIBECTHRIME (GYHKUAIME ¢y ... , G
Bo sropom cayuae ypasHeHmsMu (2) gBAAIOTCS KAHOHAYECKHE
ypasuenus Iamuabrona

dg; OH dp;,  OH

=g B=—51  a=L..mn @
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PaccmoTrpuM B2 BaKHBEIX 4aCTHRIX C/yuyast CHCTEMH ypaBHe-
Hu#t (2), KOTOPHE YaCTO BCTPEUAIOTCE B NPHICKEHHSK,
1°. CTauvoHapHHH# cayual, korga ¢ He BXOAAT SBHO
B Npasbie uactd X; ypaBHeHu#t (2), T. e. Koria
0X;
ot
2°. IlepuonuuecKkui caywyai, KOraa npassie uactn X;
HMEIOT MEPHOA T OTHOCHTEJLHO TEePEMEHHOH f:

Xi(Xty oves Xpp ) =X; (X5, eoo ) X B)  (i=1, ..., m).

B »THX CAyuasxX yCTOHUMBOCTb HYJEBOTO PEUIEHHS CHCTEMHl Hud-
(pepeHluanbHBIX ypaBHeHul (2) onpemensercs ¢ NOMOWIBIO Teo-
peMsl, fBJAIOUIEHCA HENOCPEACTBEHHHM 0606UIeHHEM TEopeMs,
npuseleHHo# B koHe § 35.

Teopema JianyuoBa Ecau 8 cmayuonapror uan
8 nepuoduiecKOM CAYLAE CYWECHIBYem HENPEPLIBHAS BMecme
€ YACMIHBLMU NpOU3BOOHBIMIL nepso20 nopsdxa 8 obiacmu (3)
dbyuxyus V(xy, ... . Xy t), Komopas npu awGom t, pac-
CHAMPUBAEMOM KAK nHaApaMemp, umeem 8 mMouiKe X;==,,.
v ==X, =0 cmpoaui swcmpemym, 8 mo 8peMsa Kax
8 moil gice mouxe cHosa Hpu /nodo,u t ee npoussodnas no

=0 (=1, ..., m)

spesmertt V'(xy, oo, X t)=2 —Jr— at wmeem SKcmpe-
P=1

MYM  HPOMUBONOAOJNCHO0 MUNQ, MO HYAEB0€ peuieHue cli-
cmemwt (2) ycmotituso. FEcan npu smom swempemys npous-
800KOh V' maxyce SBASEMCST CMPOUM, MO HYACBOE PelucHie
cucmemsl (2) acumnmomuuecku ycmolhiwuso, Ilpu smom nped-
noaazaemcs, 4Mo 8 CMAYUOHAPHOM cAyiae Gyxxyus V ue
3asucum s8HO om i, a 8 nepuoduiecKos IMa HYHKYUS nepuo-
duuna omnocumeasno t ¢ nepuodos t [t — nepuos NpaswX
yacreft ypasuenu#t (2)).

HokasaTeabcrBo 5Toff TEOPEMbHl [JOCTATOYHO HPOBECTH s
NIEPUOAMYECKOr0 CJayyas, TaKk KaK CT2UMOHAPHEIK Chayualt MOxHO
. paccMaTpuBaTb KAK YACTHBIM Cayuait meproguueckoro ¢ JGHM .
HoxasaTensCTBO COCTOMT B HOBTOPEHHH paccyxieHnt, npuBeneH-
HHIX paHee NpU MOKasaTeAsCTBE TeopeMul JlarpaHxa u TeOpeMw
006 acuMNTOTHYECKOH YCTOHUUBOCTH CO CAEAYIOLIMMH U3MEHEHUAMH:
BMECTO £ Teneps HCIOJAb3YeTcsi PasHOCTb

V(x,, vee s X t)"'— V(Or ves s 0: t):
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a BMecTo mpocTtpauctsa (q;, ¢;) Oeperca m-MEPHOE NPOCTpan-
CTBO (¥, ..., Xp). Besuuuny ¢, Bxomamyiwo B V, paccMarpusaem
KaK napamerp. B cuay nEpUONMYHOCTH STOT NapaMerp MOXKHO
MBMEHATh B KOHEYHOM WHTEpBane fy=f=;f)—}-+ Baaroxaps
5TOMY OGCTOSTENLCTBY Hajnuue B V mepeMenHolt f He BHISHIBAET
Kaxux-m60 OCNOXHEHHR NPH OKA3ATEALCTBE TEOPEMSL.

3ameruy, uTo B OOmEM (HECTAIMOHADHOM U HEN@PHOTUYECKOM)
cnyyae Ha ¢yHkuuo JIANyHOBa HYKHO HAJMOXKUTH GONEE KECTKHE
ycnopns ).

OrMeruM OAMH yaCTHHH Cayyalt TeopeMst JIanyuoBa, KOTOPHIHK
4aCTO HCIIONMB3YETCA B KaueCTBE KPHTEPHS MPOCTOH (HEACHMIITO-
THYeCKOH) yCToHIUBOCTH.

ycrs pyuxuusa V{xy, ..., X, {) 9BJA€TCA HHTErpanoM CH-
cTeMH muddepelnuanbHpX ypasuenutt (2), 1. e. gyuxuus V npu
MOACTAHOBKE B Hee J/I0OOro pelieHds CHCTEeMH (2) MpespaniaeTcs

av
B nmocrosHHYio. B atom ciayuae = Vixy ooy X HE=0
¥ MOXHO CudTalh, uTo DyHKUHT V' B TOUKE Xy=—.,, ==X, ==0

npa mo6oM ¢ HMEET MaKCUMYM H MHHUMYM (KOHEYHO, HeCTporuh).
TlosToMy HMeer MECTO TaxkOe C/eNCTBHE H3 TeopeMbr Jis-

NyHOB&: -
Canencreue Ecau cucmema odugpgepenyuarsusx ypas-
nenull (2) umeem unmezpar V(% ..., Xy, t) [ne 3a8ucsuuii

om t 8 CMAYUOHAPHOM CAYHGE W Hepuoduteckuli omuocu-
measHo t ¢ nepuodom < 8 nepuoduieckom cayiael u amom
uHme2pas 8 moyxke xi==...=Xx,==0 npu awbom dgurkcu-
POBAHHOM t umeem cmpoaull KCmpesMym, mo Hyacsoe peuie-
Hue cucmenmst (2) ycmolinuso.
3amernM, yTo TP AOKA3ATEJLCTBE TeopeMmsl Jlarpamxa 'mas
KOHCEPBATUBHOH CUCTEMBl WCIOJ/Ib3yeTcs HHTerpan sueprun E.
Paccmorpuym Teneps aBmkeHns uin GoJsee oGmHE NPOUECCH,
OTHUCHIBAEMBIE CUCTEMOM AupdepennnanbHelX ypaBHeHu#t MEPBOro
HOPAAKA: '
dz; N
E»:Z,‘(zi, vens o t) (l:‘]., crey m), (10)
T/ NPaBEe YaCTH — HeNPepHBHEIE QYHKIUA B HEKOTOPOH oBaacTu
UBMEHEHUA TIEPEMEHHHX 2y, ..., &, HOPH T >>=f), YIOBJETBODPAIO-

11[) Cwm,, Hanpumep, Yeraer H. I, Yc¢rofiumBocTe HBHXKeHM1,
Tl B
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7€ YCIAOBUSM CYHIECTBOBAHHMA M EIMHCTBEHHOCTH pelneHus Mo
3ajaHHbIM HauaJbHHIM HAHHHM 2;(ty) (i==1, ..., m).

Tycts 2;(f) (i==1, ..., m)-— penenne CHCTEMH YypaBHe-
uuit (10), onpemensomee Hekoropwit npouecc. s BHACHEHUA
ponpoca 06 yCTOHYMBOCTH 2TOTO NpONUECCa BBEIEM BMECTO HEH3-
BECTHHX (YHKUMH 24, ..., Z,, HOBHE HEU3BECTHHE QyHKHMA —
«OTKAOHEHUA»

x,--——:zi——.?i(t) (izl, ere s m). (11)

Torga B HOBHIX II@DEMEHHHIX CHCTeMa au(depeHlnasbHLX YPaB-
Henudt (10) samumieres B BHAE CcHcTeMH (2), rie

Xi=Z[%1+5 .., Lat Ol =X 2O, ..., Z,0]
(12)

Pemennio 2;=2,(t) (i==1, ..., m) cucreMn audepennnais-
HHX ypaBHeHu# (10) B HOBBIX NEPEMEHHEIX COOFBETCTRYET HYyJe-
BOE pElIeHNE Xj= ... =X, ==0 cucrems anpdepeHIna bHx
‘'ypasueHnit (2). 210 O6CTOATENLCIBO MNOSBOJMAET CBECTH BOMPOC
06 ycroiunoctn mponecca Z;(f) (i=1, ..., m) x u3yuenHomy
HaMy BOHPOCY 00 YCTOHYMBOCTH HYJEBOFO pPEMICHHT CHCTEMb
nuddepenunanbHux ypasuenu#t (2). JIpyrumn croBamm, pellenue
2;=2;(t) (I=1, ..., m) cucremn (10) wHasmBaerTca ycroHuu-
BHM (COOTBETCTBEHHO ACHMIITOTHYECKH YCTOHUHBEIM), €CM yCTOH-
y#BO (COOTBETCTBEHHO ACHMITOTHYECKH YCTOHYMBO) HyJEBOE
pemenne x; = ... ==Xx,=0 cucreMs ypasHeHu#t B OIKJOHE-
uusx (2) npu npasux uacrax, ompexgenzemsix dopmynamu (12).
Bce 3TO OTKpHBaeT MUPOKOE NoJie A NPUMEHEHHMHE NIDHBEREH-
HOM B 3TOM naparpade teopemmsl Jlanyuosa. JTa TEOpEMa MOKET
0BT MCNIOB30BAHA HE TOMBKOG I/ ONpENENeHHs YCTOHYHBOCTH
MONOXEHNS DABHOBECUS, HO K [Jf ONpeneneHds ycrofuusocT
ABmxenns v BooOuie moGoro NmMpoueccs, ONpeneaqeMoro CucTe-
MOH OOHIKHOBEHHHX AudrpepeHIHaNbHEX ypaBHEHRH.

Il pumep. PaccMoTpuM 8paujenue no uHepyui meepdozo meaa
umewueeo Henolsuscnyro mogky O. lunamMudeckHe ypaBHEHHA Dinepa
B 9TOM Ciyyae HMeIOT BHJI

dp dq _ ar o4
A=(B—C)qr, B=C—A)p, C=(A—B)pn.
(13y

3meck p, g, ¥ —IPOEKUMH YrIOBOA CKOPOCTH @ HAa IJaBHBIE OCH HHEp-

umny tena Of, Oy, O; A, B, C — MOMEHTH MHEPIHN OTHOCHTEHBHO 3THX
oceit,
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Ypasuenun (13) momyckamwr caenywuide TPY YACTHHX peLIeHAs,
onpelendlOUX NEPMaHeHTHIE BPALEHHA TeAa OTHOCUTENLHO [H2BHHX
ocei:

1° g==r=0, p=const==p,
2° r=p=0, g==const=g,;
8 p=g==0, r=const==r,

M orpanmuMmcs BGLIACHEHMEM YCTOMUHBOCTM Bpaulenus [°, mo-
ckoasky 2° y 3° moryr GuTh 3amHcaHB B BHIe 1° mpu gpyrom o6o03Ha-
uenuM oceit. Ilpn 3T0M yCTO#YMBOCTL pemlenus 1° ypasHeHmit Diinepa
(13) 6ynmer onpegeasTh YCIOBHYI0 YCTOHYHBOCTH BpaujeHHs 1° oTHocu-
TelbHO YrAOBOH CKOPOCTH @ 1).

CocT1aBuM ypaBHEHUA B OTKNOHEHUAX, HOMOXKHUB X == p — P, Xg={,

Xy =T
dx B—-C dx C—A
—Zit—l = XeX3 d—tﬂ = B—Xa (*1 4 po)y "
dx, _A—B

i Xz (x1 1+ po).

[yets Baoas ocH OF HccleAyeMOro HepMaHeHTHOro BPAmeHHA pac-
nonowxeda GOAbUIAA WAHM Malas OChb 3aaumcouna uxepuwmu. [lockoapky
Beavuunnl A, B u C o6paTHO TNPOMOPHMOHANbHB! KBAajgpaTaM oced 3i-
JUICOMIA HHEpLyH, 9T0 o3Hayaer, yT0 A << B, C umu A> B, C. Bo3b-
MeM B Kayectse (pyrkuun JlanyHoBa QyHKHMIO

V = (Ax}+ Bxi+ Cxj + 24p,x)* = [B (B — A) x3 + C (C— A) xi),

rie 3HaK «+> Geperca B cayyae A<<B, C, a 3HaK <«—» —B cayyae
A>B, C.

®yuxnus V obpamaderca B HYIb IPH X, ==X, = X, =0 ¥ IONOXH-
TeAbHa B OKPECTHOCTH 9TOH TOUKH, T. €. QyHkuua V umeer B sTOH
Toyke crporuit mMuHumym, C Apyroft CTIOpOHH, KAaK IlerKo NPOBEpPUTh,
_dT':O B cuay ypasHenu#i (14), T. e. GyHknuMa V aBiderca HHTerpa-
joM cucteMunl auddepesnuanbunix ypasHennit (14). Ilostomy, cormacso
CISACTBHIO H3 TeopeMbl JIANyHOBA, NEpMAHEHMHOE BPGULEHUE OHIHO-
CltmeAbHO GOAbILOU Uaw MAAOL OCU BA2UNCOUGE UHEPLUL YemOE4Uso.

Mox#o 6bii0 6w NOKa3aTh, YTO NEPMAHEHTHOE BPAILEHHE OTHOCH-
TeAbHO CpelNHel OCH DINMACOMAA VHEPUUH HEeYCTOHYMBO, HO IAA 9TOro
c1en0Ban0 Gel BOCHONB30BAaTHCA KpUTepHeM HeycrofiuusBocTH Yeraesa %),

1) YcToMuNBOCTh OTHOCHTENbHO @ O3HAYAET, YTO Malioe M3MeHeHHe
HayalbHOH YraoBO# CKOPOCTH @, BIEYET MATOE H3MEHeHHe BEKTOPZ ®
BO BCE BPeMs JBIMeHHA, [pPYrHMH CIOBAMH, 9TO YCTOHYHBOCTH OTHO-
CHTENbLHO OTKAOHeHHl X, ==p-—p,, Xy==(, Xy==r. Pasymeercd, yran
Diliepa PN STOM HeHpephLBHO PACTYT.

27‘{ eraes H, T, ¥Ycrofiumocrs peuwmends, usg 3, 1965,
cTp. 37.-
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2. PaccMOTpUM B KayecTBe mpuMepa 3aayy o6 yCTOMYMBOCTH Bpa-
1aTeJbHOro JBHMEHHA CHapaja !).

[IpumeM 1as yNpolleHHA 3aRauM, YTO LEHTp TAXECTH cHapsja C
ABHKETCA IPAMOJMHEHHO BIOIL TOPUBOHTANLHOH OCH X € NOCTOAH-
HOR .ckopocTbio v=const, Tlyctb Cxy—BepTHKaJbHAA INIOCKOCTDb
crpenanbu. [lonoxenne ocu cHapaga (ocH IMHAMUYECKOH CHMMETpPHH)
Ct onpenensercd JBYMA YrUaMH: YraoM o, OGPa3’OBAHHWM INPOEK-
uueit Cx, ocu CE Ha mnockoctb Cxy ¢ ochlo Cx, ¥ yraoMm B Mexnuy
Cx, u Ct (puc. 46). IlocrenopaTeJbHHIMU 10BOPOTAMH HA YLOM a M Ha

yroa B Tpusap ocelt Cxyz nepe-

7 xoput B Tpudap Ciyl. Homonnn-

TeIbHHH NOBOPOT HA yron ¢

BOKpYr ocn C§ nepeBOAMT TpH-

ofp Ctnl B TpH3mp oOceii, HEH3-

MEHHO CBA33HHBIX €0 CHapANOM.

[TosToMy yrioBas cKOpoOCTh CHa-

PAld @ COCTOHT M3 TPEX COCTaB-
AAOUIHX:

0 =0, + 0; + @y

rpe o, ==a, ‘°2=B7 “’3=5.°' HpO-
€KHHH YriIoBOH CKOPOCTH Ha
raaBHee ocy uHepuuu CE, Cy, CL
onpeneadwrca HopMyraMu

p=¢%-asinf,
Puc. 46. g=—28, r=acosf.

O6o3nauas yepes A axcuaabHbiéi, a yepe3 B 3kBaTOpHaabHbiH
MOMEHT WHEepHHH CHapaja, noayyaeM Jis KHHETHYECKOH SHEPruy Bbi-
paxenue

T [AP°+ B g Pl = [A G & sin B+ B (§* -+ S%cost B,

Byzem cumraTh, YTO IOMHMO CHIBl TAXECTH K CHapAAy NPHIONKEHA
B Touke D Ha ocM cHapsajda (B «IleHTpe JaBIeHHA») cHxa 1060BOro
CONPOTHBIEHHA BO3AyXa R, MOCTOAHHAA NO BeaMyuHe ®) B HampasieH-
Hafl B CTOPOHY, IPOTHBOMOJIOXHYIO CKOPOCTH ¥, T, €. B OTPHUATENbHOM
HanpaBienuu ocu x. Ilyers I==CD, a y—yron wmexjay ocamH Cx
H (E Torma MomeRT cuinl R orHocHTenbHo (I paseH Rlsin7y, a sae-
meHrapHas pafora cuaml R 6ynet

A== R siny ¥y ==—38 (Rl cosy),

1) Peuienue sTo# 3ajgaum 6erro mano H. I, YeraessiM u ony@am-
xopano B «[Ipuknannoil mMaTeMaTHke W MexaHuke», T. X, BN 1, 1946,

) Beanynna R ectb QyHKuua 0T v, R=f(v), nosromy us v=
= const cmexyeT R==const,
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NOSTOMY B KayeCTBE MOTEHIHANa CHI MOXKHO NPUHATH QyHKuUuDO )
== Rl cosy == RI cos « cosf.

KoneGanus ocu cHapAlA XapaKTepH3YOTCA H3MEHeHUEM YIWOB a
u 8. Jlas ompenenennss YCTOHYHBOCTH BpAaIlaTeNbHOrO MABHMEHHA CHa-
pana GyIeM MCXOAMTh M3 TPeX WHTerpaioB HBHIKCHHA: '

1) T+ 0 ==const; 2) Gy==const; 3) Gy= Ap==const,

[NepBhit uHTEerpan npejcTasiaser coboift muTerpan sueprum; Gy u
G — npoekuMN KuHeTHYeCKOro Momenta Gp Ha ocu Cx u CE. Iloctoan-

¢80 G, NPH NBHXEHHH CUCTEMBl CIENYeT U3 TOrO, YTO MOMEHT CHAMW R
otHocHTeapHO ocH Cx paseH Hymo. Tperuii HuTerpaa BeIpamaer Mo-
CTOAHCTBO OGOGUIEHHOrO HMIYAbca Ap, COOTBETCTBYIOIErO HHKIHYE-
CKOH KoOpIHHATe ¢. 3aMeTHM, uT0 (CM. puc. 46)

G = Gy cos (x) + Gy cos (xn) + Gy cos (x8) =
= Ap cos (xE} + Bg cos (xv) -+ Br cos (x§) =
= Ap cosacosB -+ B (Bsine —2cosa cosfsinf) 2.
KoMGuEMpys TepBble OBa MHTErpana ¢ TPeThbHM W HCTONb3YA MOAYYeH-

Hue Boipaxesna s T, I, Gy, naxogpm caeliyouiue JBa MHTe-
rpaia xemxkesns W, u, W, obpamanmuecs B Byar npp a==f==&=

=f3=0
v, =%B (&2cos*p +f°) + RI (cosa cos B — 1)==const,
W, =B (§ sina — & cos a cos 8 sin §) - Ap (cos « cos B — 1) == const.

Bynem Hckartp 3HaK001‘1}geneneHHylo IfHe#HY10 KOMOHHALHIO WHTeE-
rpanos meuxkenuna W; — AW, Tlpensapureasto onpeneaum 8 Wy n W,

yieHs! HAaHHM3IMEH CTelleHH OTHOCHTENbHO MalbiX BeJHYHH «, B, &, @
. : 1
Wy =g B+ — o R 6+

Wy=B (o — i) — 5 Ap (& +8) + ..

1y yrn a, B, y Ha chepe c neHTpoM B C 06pa3yior NPAMOYroib-
HHHA cdepHyecKHH TPEeYroAbHHK C «KAaTeTaMH» a, 5 H «HIOTEHY30H» 7.
[aa TAaKOro TpeyroabHHKa uMeeT MecTo GopMmyra couzcosacosg.
CnpaBellTHBOCTh (QOPMY/bl ClefyeT M3 3J@MEHTAPHBLIX reoMeTPHYeCcKHX
coobpaxennit.,

%) Oyru a, —2“——}—3 u (1) o6pasyioT MpAMOYroJbHHR cheprueckuii

i
TPEYroJAbHAK € «KaTeTaMu» a W 7-{—@, T03TOMY

cos (x€) == cos a cos (% + B) =—cos a sin f.
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Torja
Wy — AW, = o [Bi + 280 + (Aph — RI) B+

-}——é—[Bﬁ‘-—ZB?\ﬁa—l— (Aph — RD o] + ...

Has Toro uTOGH Kak[0e H3 BLIpaWKeHMil B KBaJpaTHHX CKOOKax
6LIIO MONOXHTEAHO OHPENENEHHBIM, NOCTATOYHO, UTOOM BHITOTHALOCH

HepaBeBCTBO
B*2 << B (Ap\ — RI).
Coxpainas Ha B u npe06pasyﬂ, nofyyaem

B\*— Aph -+ Rl <.

Jas Toro 4TOGH NOCAeZHEe HEPABEHCTBO UMEIO MeCTO HPH Hexo-
TOPOM BEIIECTBEHHOM A, HYKHO, YTOGH KBaAPATHLI TPeXYAeH B IeBOf
YaCTH STOr0 HEPAaBEHCTBA WMEN BENIeCTBEHHbIe KODHH, T. €. HOAXKHO
HMETb MECTO HepaseHCIBO

A*p* > 4BRI,

9710 ¥ ecTb ycuoBue, 06eClHeyMBAIOLIEe YCTOHYHBOCTE Bpamiarenhb-

HOTO JIBHXCHHA CHapsama (IPM <OTKIOHeHHAX» a, f, @, B), TaK Kak Ipu
BHIIOJHEHHM 3TOr0 YCIOBHSA MOMKHO IN0Z0o6paTh BemieCTBeHHOe B3Haye-
Hue A, mpyu xoTopoM MHTerpax W; —AW, Oymzer umers npu a==f=

=&=f=0 cTporu#i MEHMMYM, PaBHHH Hy.JIO.

§ 37. YcrofiunBocTh AuHEHHBIX CHCTEM

B npepppymem maparpage OblJIO IIOK43aHO, YTO HCCHENOBA-
HHe ycToluuBocTu Jaw6oro mpouecca, ONpPEJeNseMOro CHCTEMOH
oOmKHOBEHHHX  auddepeHnuanbHHX  ypaBHenu# !), cmomurcs
K HCCENOBAHNI0 YCTOHUMBOCTH HYJEBOrO DELISHHS CHCTEMH ypas-
HEHUll B OTKJAOHEHUAX.

[ycte puddepeHunanbHpe YpaBHEHns B OTKAOHEHUAX JUHeHE
M MMEKT NOCTOSHHHE XK03hQuinenTH

n

dx;
= Z apx, (=1, ..., n. )
E=1
ByaeM HCKaTh 4YacCTHOE pelieHne ITOH CHCTEMH B BHIE
n
X, =ue™ (i::l, Y |ui|“‘>0). )
i=1

) Kak u3BecTHO, OGHLIYHO TaKasm CHCTeMa MOXer OHTh 3anMcaHa
B BHIE CHCTeME nHddepeHIMaNbHHX YpPAaBHEHHH NEPBOrO MNOPAMKA,
pa3spelIeHHbIX OTHOCMTENbHO ODOM3BOAHBIX. Jlad CHCIEMBl ypaBHeHHM
Jlarpanxa Takas sanuch BO3MOXHA Bcersa (cM. § 7).
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Ioncrapnsa Bupaxenna (2) B ypasmwenns (1) u  coxpamas
Ha eM, moayuaeM COOTHOIIEHHS, CBA3HIBAIONIME WCKOMBIE BeJH-

UPHEL #; U A

n
Z aikuk=)\u,- =1, ..., n), 3
k=1
18 V7]

Zl(ailz—mik) u,=0 (=1, ..., n), 4)

roe d;, — cumBost Kponekepa
(Bik:'— ]. HpI/I i:k, Bikzo np[/] i # k)'

Tak Kak B MCKOMOM pemeHun (2), no kpaHuelt Mepe, omna
M3 NOCTOAHHHIX #; JO/MkHA OBITB OTAMYHA OT HYJA, TO Olpeae-
JANTENb CHCTEMH OAHOPORHHIX ypasHeHu# (4) ZOMKeH PaBHATHLCA
HY 0.
au*—)\ ajg ‘oo am

Qg Qgg — ) . a‘ln =0. (5)

Ay Qug oo Qup—A

Taknm 06pasoM, Ais ONpPEmeNeHus A Mol NOJYYRad aareGpan-
YECKOE YPaBHEHHE r-H CTENEHH OTHOCHTEIBHO A.

Vpasuenve (5) nasuiBaerTcs Xxapaxmepucmuueckus Wil 8e-
KOBWAM YpOSHEHUe M NI MATPUIH KO3((ULUEHTOB

A Qg ... @y

A: a‘“ dm e [l‘m

Amt Qpg <o Qpy

KopHn xXapakTepuCTHYECKOTO YpaBHEHHS HasHIBAIOTCH xapaxme-
pucmudeckKuMu YACIAMA MaTpule A.

BasB B KauecTBe A Kak0e-THGO XapaKTePUCTHYECKOE UUCIIO
Marputid A, Mu HafiieM COOTBETCTBYIOMHE STOMY ducay Io-
CTOSIHHHIE 1; U3 cucTemsl Judefubx ypasuenuft (4).

Jaa  maiapHedfitero wnam ya0GHO GyHeT BBECTH MATPUUHYIO
samich Kak nmas ncxopuoft emcremn (1), tdk u aAmm  cucTem
cootHomeHu# (2) u (3).
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Beegem B paccMoTpeHne BeKTOpbl-CTOJlﬁﬂ.BI

Xy 12}
Xa 123
Xx=" , 0= .
xﬂ, Hﬂ
Torma Bmecto pasexcts (1) — (3) u (5) moxHO Hamucarh !)
dx 1
x=ue", @)
An=iu (#+#£0), 3)
det (A — AE)==0. ")

3neck E=[3;,|7 p=1 — ennuuynas Marpuua.

CroaGelt # 5% 0, yAOBJIETBOPSIOIKA BMECTE C YUCAOM A COOT-
HOIeHNIo (3'), HABHBACTCA COOCMBEHHUM BEKMOPOM MATPHLN A,
COOTBETCTBYIOIHM XapakTepuctuueckomy umcay A. Takum oGpa-
30M, B KawxmoM pemenun cucremst (1°), umeomem Bug (2,
- A — XapaKTepHCTHYECKOE UMCAO0 Matpuust A, a # — COOTBET-
CTByIOMMHl COOCTBEHHREI BEKTOP.

PaccMoTpuM CHauana TOT Cayvalf, KOrjga XapaKTePHCTHYECKoe
ypaenenne (5) mmeer n pasaAMuHBIX Kopueh A, (=1, ..., n).
KaxnoMy XapakTepuCTHUECKOMY WYHCAY A, COOTBETCTBYIOT COG-
CTBEHHBIH BEKTOD &, M uacTHOe peuienne cucremsi (1) Buga @, e,
Jlunelinag xoMOuHaUMA 3THX pelleHud ¢ HIPOU3BOILHHIMU MOCTOAH~
HEIMH KOo3dduuueHTamn

n
x=Y Cpu,e™ (6)
=1
cHopa Oyner peueHuem cucremu (1)
Ing toro yroOw moKasatk, urc dQopmynta (6) oxBaThHBaer
BCe pemenns cuctemsl (1), INPEIBAPUTEABHO MOKAXKEM, YTO

1) Ilpn ymHOMeHUN KBaipaTHON MaTpuunl A Ha cToaBel X MH 3ie-
MEHTBI i-d CTPOKM MaTpHIB A yYMHOX8eM Ha COOTBETCTBYWOLIME 3je-
MeHT cToa6la X K BCe 3TH NPOW3BefeHHs CKIajnBaeM. lloayuedHas
TaKHUM CIIOCO6OM cyMMa ABNAETCA i-M SJeMEHTOM CToaGua-npon3Bele-

dx
nua Ax. Tlpoussoinas o1 croaGua Jg Toayuaercsa JuddepeHnuposa-
HHEM KaxJIoro sneMmeHTa cToafHa X,
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BEKTOPH-CTONOUN &y, Uy, ..., U, COOTBEICTBYIOILUE Da3IUUHBIM
XaPaKTOPHCTUYECKUM YHCAAM Aq, Ag, ..., A,, JHHEHHO HE3ABUCHMEL.
ITycts
n
E Ckuk=0. (7)
=1

Yuuowum obe uacti pasercrsa (7) caema Ha marpuny A. Torza,
HCIO/NBL3YS DPABEHCTBA

Aukzlkuk (uk;éo, knl, cary n)’
HaxXOoauM:

n
Z )\kckuk =0. (8)
k=1

Hckaounm us cootnowenutt (7) n (8) mocrosunyo ¢

- n
E ()\,-—)\l)cjujzzzo. (9)
j=2

DTO PaBEHCTBO ONSTh YMHOXHM C/eBa Ha A W UCHOJAB3YEM IO-

JYUEHHOE PaBEHCTBO COBMECTHO C (9) AJs HCK/IOUCHHS ¢ B T. L
B xoHue KOHUOB ROJAyuuM:

G —20) (g — D).+ (o — Ay y) €ptty =0, (10)

orkyna c¢,=—0. Tak xax B paseuctse (7) Bce C/laraeMble paBHO-
NpasHH, TO

T. €. HuKakofi sasucumoctn Bupma (7) Mexay cOOCTBEHHHIMH Bek-
TOpaMH @y, Mo, ..., #, HE CYMECTBYET W STU BEKTOPH JUHERHO
HE3aBHCHIMBL

Honoxus B dopmyne (6) t=0, uaftaem:

n
xXo= Y, Gy (11)

R=1

TTpon3BOJBLHO 3a4aBILUCh HAYAJbHBIM BEKTOPOM X), MBl M3 PaBeH-
cra (11), B cuay JuHeHHOH HE3aBUCHMOCTH BEKTODOB Wy, ..., U,
oaHosHayHo onpegesuM C, (A==1, ..., n). Takum oGpasom,
dopmyua (6) oxsaThiBaer peiueHus cucremsl (1), yAOBJETBOpSIO-
ue MoOuM HauaJbHBIM YCI0BAAM X (0)==X), T. €. OXBaThBaeT
BCe peweHns cucremn (1)
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B kypcax no teopmu AudPepeHuna’ibHBIX YpPaBHEHMH KOKa-
3LIBAGTCH, YTO B CAYYAE KPATHHXK KopueH (opmyaa (6) HeCKOAbKO
ycroxusierca. B sToit dbopMyse MOryt mosBATHCS TAK HaseBae-
MBI€ <«BEKOBHIE WJEHBI», CONEPKALUIME BMECTO MOCTOAHHOIO BEK-
TOPa I, NMOJMHOM OTHOCHTENbHO ¢ u,-}-uit—-.... B obmen
CIy4ae [NpOM3BOJIBHOE peEllleHHe CcHcTeMbl AuddepeHinalbHeX
ypasuenuit (1) onpemeaserca dopmynou

X= Zn] Cp (4wt .. ) ™. (12)
s

Ws dopmyr (6) n (12) nenocpeincTBEHHO [OJYYAIOTCA BANKHEIE
CJIEACTBUSL.
1° Ecau 8ce xapaxmepucmudeckue 4ucaa mampuygsl A
UMEIOM OMPULYAMENsHBE BLIECMBEHRNE HaAcmU, M. e.
max Re)\k_—_——a.<0,

I<k=<n

mo lim Xx(t)=0 u nyasesoe pemenue cucmenms. duggheper-

ft—
yuarenox ypasuennd (1) acumnmomunecwu ycmoiuugo ).

Ilycts temeps Redl, >0 xors 6m gas opsoro k. Torza
cuctema (1) umeer HeHyiesoe pemwensne X ==C,u,e"¥, xoropoe
CTPEMHUTCS K OECKOHEYHOCTH NpH £ — ©0. B TO e Bpema Haya/b-
Hoe sHauenne (npu f==0) xy==Cy#;, MOKET OHTb CKOJIb YrOAHO
MaJbIM, NOCKOIbKY O, — NpousBoAbHas NOCTOsHHad. B sTom cay-
yae pemenne x=—0 HeycroHumso. Taxkum 0OpasoM, umeer MecTO
IpeNJIoKeHHe:

2° Ecan xoms Os O00HO Xapaxmepucmuieckoe 4“ucao X,
Mampuysl A umeem: NOAOHCUMEABHYIO BEULECHLBEHHYIO 4ACIMb
(Re X, >0), mo nyaesoe pewenue cucmenms ougbpgepenyuars-
nox ypasnewui (1) neycmoiinuso ®).

Mpuwmep. Ilonowenne paBHOBECHA AUHENHOZ0 OCHUARAMOPE
B CPEle ¢ cOnpomusLenues, NPONOPUHOHAALHEIM NepBON CTeneHH CKo-
pocTH, 6yNeT aCHMITOTHYECKH YCTOHYHBEIM. [efcTBHTENbHO (CM. MpH-
Mep 3 Ha crp. 191), nmuddepeHunassHOE ypasHeHHe ABHXEHHA

Y) Upeno o> 0 vHOrNa Ha3LIBAGTCA CHEneHbiO0 ycmofiyusocmu,

%) Ecan Bee Redpy<K0 (k=1, ..., 2) 1 x014 5yu B OJHOM H3 9THX
COOTHOUIGHNH MMEET MECTO 3HaK DPaseHCTBa, TO pemenne x=0 6yuer
yCTORYMBHM, ecan B @opmyse (12) Bo Bcex cuaraeMux, rae Rel,=0,
Gynyr OTCYTCTBOBATh BEKOBbe YiaeHEH, B npoTuBHOM cayuae pele-
Hue x=0 6yner HeycTOHYHBLIM, v
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mi4-2fx = cx=0 (m, ¢, f>0) MoxeT OuTbL 3amUCaHO B BUAE CH-
creMbl IRYX iudepenuuaibHBX YPaBHEHH NEpBOro NOpAAKa, €CAH
NOJOXKUTh Xy==X, Xz= X!

dx, dxy, ¢ f

T G T T m T

Xapaxrepucmqecxoe ypaBHeHne

—A 1
f c
= %2 A Ry
e o f =it t=o
m m

HMEET KOpHH C OTpHuaTe.ﬂbHOﬁ BelleCTBEHHON YacThio ——%—, 1o #

ofecrneynBaeT aCHMITOTHYECKYHO yCTOﬁ‘-IIleOCTb NoAOXEeHUs PABHOBECHA.

§ 38. YcroiiumBocTs 1O JAHHEHHOMY NPHOIUMKEHHIO

B cucreme nudipepeHiiuaapHpIX ypasuenult (Heaurelupx!)

dx; .
H?E:‘Xi(xl’---s Xp 1) (i=1, ..., n (1)
pas/ioxum IipaBHE YacTu B pAgH 10 CTeHeHS’!M OTKJOHEHUHR

Xis eees Xyt
n

at 2 ap - fi (=1, ..., n), oy

k=1

rae f; — cyMma BCEX UYIGHOB Das/OXEHHs X;, HAUMHAA C YIEHOB
BTOPOr0 NOPAAKA OTHOCUTENBHO X4, ..., X, (I==1, ..., n).

B crannoHapHOM Cly4ae @;, — NOCTOSHHBE KO3({uuueHTs,
a Qyuxuwen f; BaBHCAT OT Xy, ..., X, M He B3aBucar orf 1.
B nepuomnueckoMm ciayyae a;, — nepuoinueckue GyHKIMH OT ¢
C NepuonoM T, a HeanHehuue uiaeHnl fi==f;(xy, ..., X, ©)
TaKke NEPHOAUYHH OTHOCHUTE]bHO f € NEPHOIOM T.

Ecau B ypasuennax (1’) ot6Gpocuth BCe HeAUHEHHBIE u/eHH f;,
TO NOJYuuM JuHelHylo cucTemy AnddepeHnnanbHBX YypaBHEHNH,
KOTOpAsl HA3KIBAETCA AUHEIHLLM NPUOAUICEHIeM IJA HelnHed-
Hol cucTemn (1).

B kohue npouuioro Beka B ucénepopaiix Ilyankape wu
Jlanynosd 6mUIO ycTanoBjeHo, 4fO K4K B CTalAOHAPHOM, Tak M
B HEPUOJAUYECKOM ciyyae o6 ycroHumBOCTH HYJEBOrO peIleHHs
HeadHeHuo# cucremst (1) MOXHO CyAuTb IO JAuHeHHOMY IpnG.in-
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EHHI0, a VMEHHO U3 QCUMNIMOMuLecKoll yCmogHusocmu nyse-
8020 peuienus AUHENHO20 NpuCAUNCEHUs CAe0yem acuMHmOo-
MuLecKas Ycmofiugocms HyAe8020 peuleHus HeAlHeliroll cu-
cmemp'). DTO NOJNONKEHHE HAXOAWT IUIMPOKHE IPAMEHEeHHd,
MIOCKOJABKY HCCAEAOBaHUE JMUHEHHBIX CHCTEM S8HAUMTENBHO IPOINE,
yeM HCCACJOBAHHE HEJHHEHHBIX CHCTEM.

“ Mpl orpaHMuMMcA PacCMOTpEHMEM CTALMOHAPHOrO Cayuas u
B 3TOM CJyyae AJs AOKasaTeJbCTBAa BHICKA3AHHOrO .yTBEPMACHUS
samuweM cucremy (1) B maTpuunom Buge:

dx .
7= Ax - f(%). "
3nech A==||a;;, ||f k=1 — KBalipaTHad MaTpPULa C MOCTOSHHBIMU
saementamu, a f(x) — croaben c snementamu f;(xy, ..., X,)
(i==1, ..., n). IIoCKO/MBKY 1O NpPEANONOKEHUIO HYNEBOE DPElIE-

HAE JMHEHHOro npHO/IMKEeHUs AacHMOTOTUMECKH YCTOWUHBO, TO
(cM. § 37) BCe XapaKTEPUCTHUECKNE YHCHA Ay, ..., A, MATPHULIE A
HMEIOT OTPHIIATe/IbHbIE BEIECTREHHBIE HaCTH
max Red,=—a<{0. 2)
I=<k=<n
Yeaosumcs uepes | 2| 0603HaYaTh «IJIMHY>» BEKTOPa-CTOA0MA 2

C KOMIOHEHTAMH 2p, ..., 2,
1

n /2
l2]=( 3] lzf) . @3)

TMockoaeky Kawauh saement croabua fF(x) Hayuuaerca c
9JIeHOB BTOPOro usMepeHus, 1O

If(x)|<<elx), 4)

rae NocTosHHOE 4ueno € >0 MoxeT GHTh BHOPAHO CKOJb YrOMHO
MajiBIM, €C/AM OrPAHHUNThL U3MEHEHHE MEPEMeHHHX Xi, ..., X,
BOCTAaTOUHO Majo#t okpectHoCThio | x| <A

1) Tlpn 370M Npeanonaranoch, 4T0 NPaBbie YaCTH Xj (Xy, ... , Xp, £) —
HenpepeiBHble OYHKUMH. B HacTosmee BpeMs BHIACHEHO, uTO cAedyeT
HOHWUMaTh [OX JHHEHHBIM NpPUOIWKEHHEM NPH PA3PHIBHBIX NPABHIX
yacTAX Xj; M YCTAaHOBIEH COOTBETCTBYIOUHII KPUTEPHA YCTOHYHBOCTH
10 IHHEHHOMY NUPHOIMKEHHI0 KaK B HepPHOJANUECKOM CIyYae, Tak M
B HEKOTOPHX HellepyojMyeckux cayyaax. Cm. Afizepman M, A . n
lautmaxep @. P, [pukrainan MaTeMaTuka M Mexanuka, T, 21,
BHIL 5, 1955 u Jlusaprosckuit W B, ram xe, 1. 23, Bun. 3, 1959,
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HokxasaredibcTBo ') yreepxaenus Ilyankape u Jlany-
HOBZ MOXHO TOCTPOHTH, ONHPASACh HA CJICAYIOILYIO JEMMY.
NMewmwma. Junednas cucmema ougpdepenyuanrsuotx ypasg-

. d. " .
HeHull ‘%:Ax € NOMOWBI0 AUHEUH020 HEOCOCeHHO20 hpeol-
PQIOBAHUS NEpeMEHHBLX

x=Uy (detUs£0) (5)

Mogcem Gvims npusedena K <mpey0isHOMY> 810y %)

d

“"j‘%:}\lyl—{_bl‘-’y‘l_*—"' b],,}/n, '

d

__t-jv.tg — )\2)"2 '—{_‘ - + b‘Znyn’ (6)
d

Dt Ayn, |

20e Ay, ..., h,— Xaparmepucmuveckue wucaa mampuys A,
a MO0yl <HEOUA20HANGHBLX» Kosduynenmos by, (i< k)
Mo2ym Oblms cOenrarbl CKOA& Y200HO MaALMIL 3a cqemr Had-
aexcauezo gubopa npeodpadosants (3)°).

ITpeoGpasosanue (5) npumesuM X HenuHeHHol cucreme (17).
B unoBeix mepemenHsix cucrema (1”) samumercs Tak:

dy,

w7 =M bnye A byya & (),
dy . .
b&_;z )\iy".‘]l".-._“-bﬂﬂyn_{._gl(.v): , (7)
p ' ‘
‘g—tn: }‘nyn'“l_gn(y)’
rae croaben g(y) c¢ saemenramy g (¥) ..., £,(y) oupeme-
JSETCA PaBEHCTBOM ,
g)=U"f(Uy) ®

1) Cu. Croxep [, Heannelinoie xonebanns B MEXaHHUECKUX
¥ 9MEeKTPHUECKUX cHcreMax, M,, 1952

%) B peaynpraTe npeo6pasosaHus (3) Marpuua kosddHuuentos A
3ameHsAeTcs Marpuueit 7! AU, xoTopas uMeeT TPEYrOAbHYK (opuy,

*) HMoxasaTenbcTso neMMbl NPHBOJMICA Jalee Ha Crp. 223—224,
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M YIOBJETBOPSAET HepaBeHCTBY 1)
e | <alyl ©

rae 9ncao 7 (KaK U 4uc/o &) MOMKeT GHTb CHEIdHO CKOMb YIOIHO
MajLHM 8a CueT BHOOPa NOCTAaTOUHO Majoh okpectHocrn | x| < A
(u cootserctaenHo |y | < Ay).

Torpa B cooTBercTBunM ¢ ypasueHussMid (7) 4 HEPABEHCTBAMHE
(2) u (9) maitnem ?);

i=1 i=1

n
_ T 1 _ _
+7 Oy Fi - bikJ’kJ’i)‘I—?E @i+ 8y)<
> 1 =1

<(—a+3-tplyp (= X 16wl

T. €.
d
W< —atstalyl
OTKyAa
lyI<lyo e O (g (ty)). (10)
') Ecau onpemenuts Hopmy wMartpuubr A =| Bt H;‘.k=, paseHcr-

n /s
BOM HAH_—_( 2 | a;z {2) y TO TErKo NpoBepseTcs CHpaBefiuBOCTD
=1

HepaBeHCTBA
[Ax|<|Allx|

ITosromy us HepamencTsa (4) u pasencrBa (8) caefyét, uro
lg N I<|UPIfUn <O U]y,
4, TakuM o6pasoM, B Hépaaeﬂcme (9) MoXHO mONOXHMTH
1={U| U]

f) Uepes 3, Mo 0f03HaYaeM 4ACHO, KOMILIEKEHO COIPAKEHHOE
C W (k=1, veey n).
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Brifepem fosoxurenbupe uMcaAa & w v Tax, wroOs! BHIOA-
HIMCh HepaseHctBa o — 8 >0 m n< a—38; Torma us-Hepa-
sencTBa (10) creayer, uro

yl<izl = limy@=0, (1)

T. €. pemienne y==0 cucremsr (7) acCUMIOTOTHYECKH YCTOHYHBO.
Ho BexTopsl X ¥ y CBA3EHH Mexay cofoi JjuHeHHsiM npeobpa-
sopanvem (B); nmostomy u pemesune ¥ =0 cucremn (1) acamm-
TOTHYECKH YCTOHUMBO Y).

JokasarteanrcTso nemumbl, [lokaxkeM cHayama, y1o ¢ mo-
Moaibl0 Npeofpaszosanua X={U'" 2 BuAa (5) MOXHO MDHBECTH CHCTEMY
AuddepeHnuaibHLX ypasHeHui

== Ax 12
7 (12)
K BHLY, B KoTopom: 1) mepBasa nepeMeHHas 2z, He BXOIMT B IIpaBble
YacTH BCeX yPaBHeHHH, HayHWHas CO BTOPOLO, H 2) B NEPBOM ypaBHe-
auE  KO3G@UUHMEHT NpH 2, pPaBeH XAPAKTEPUCTHYECKOMY YHCAY A,
MaTpuue A, T. €. K CIEAYIOILEMY BMAY:

dz,

7[ =7\1z1 + b£222 + vee + b{,,zm
dz , /
7#—2: byoZs 4o Don2ps
f 13)
dzp_ Bty Bz
at )

Jas 2TOrO JOCTATOYHO B KayecTse NMEpBOro cToabua Marpuuw U
B3ATb COGCTBEHHLI{l BEKTOP H;, COOTBEICTBYIOUIHH XapaKTePHCTHYECKOMY
uncay A, (Au, =1A;u,, #,70), a ocTazbHble CTOAGLUL MATPHLb #;, ..., U,
BHIGpaTh Tak, 4YTO0H BMeCTe C I, OHHM ObIIM JIHHEHHO HE3aBHUCHMBbI
(toraa det UM £0).

HeltcTBuTeabHO, npeofpasoBanue X =—U"'z Moxer GHTb 3aMUCaHO

H Tak:
X=uz, + o2+ ...+ 2, (19

rge 2y, ..., Zp~— KOOPAMHATH BEKTOPa X B 0asuCe Wy, U, ..., ¥y,
Cucrema (12) umeer peumenme

x=ueM. (15)

1) B coOTBeTCTBHH ¢ npuMeuaHneM | Ha mpeRpifyuielt cTpaBMme H3
paBeHcTBa (5) BHITEKAET HEPaBEHCTBO

l*I<|Ully|<U]13|<|UN U] | %]
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[TosTomy npeoGpazoBaHHas cucreMa nuddepesUMaIbHEX ypPaBHeHnUMH

n
dZi ' .
T= oz, (=1, m), (16)
k=1
cornacto paseHCTBY (14), umeer peumienne
z,== M, zye= .. ==z, =0, (15
YTO BO3MOXHO aMmb TOrAa, Korga by ==Xt n bjy=...=b, =0,

7. e. Korfa cucreMa (16) umeer sux (13).

Tax xax npu auHeifiHoM HeocoGeHHOM MpeoGpa3oBaHMH XapakTepu-
CTHYECKOe ypaBHeHWe MaTpuubl A He M3MeHAercs '), T0 MaTpaua by [l
HMEeT CBOMMH XapakTepHUCTHYECKHMMH YHCIaMH OCraibHbie n— | xapak-
TEPUCTHUECKHX uHcen (Ay, ..., A,) MaTpHUH A,

[IpuMenAs aHanornyHoe npeo6pa3oBaHue K cUCTEMe MOCIETHUX ri—I]
ypasHeHuit (13) 4 T. &, Mbi B KOHLE KOHIOB C [IOMOLLLI0 HEOCOGEHHOr O
aunefiHOro npeo6pascBaHUA IPUBENEM HCXOINHYIO cHCTeMY AuddepeH-
HHANbHBX YpaBHEHHH X BHLY

dz , '
—(itl_: 2t bia2a o A bz
dz,
= = | 2
avt .z- _} + bEﬂzﬂv (17)
dz
it = hnp

Hakouen, cflelaeM nociejiHee nNpeo6pa3oBanne nepeMeHHBIX
Zkzl"'kyk (p'>0: k=1) seey !l).
Torpa cucrema (17) samenutcs cucremoit (6), B KOTOpo#l HeaHarosans-
Hble Koo(duunenTsl by, = phih;, (i <Ck) MOryr GuTb CHEJAHH CKOJb

YrOgHO ManbIMM [0 MONYHio, eciH BbIGparTh muciao m> 0 jgocraroyHo
Mmanbiv, JlemMa DoKasaHa,

§ 39. Kputepuu acumnroTuveckolf ycrolunBocTH
JUHeflHBIX cucTeM

B npegwayndx asyx mnaparpadax OHJIO YCTaHOBJEHO, 4TO
B CT4lHOHADHOM CAy4Yae HYJNEBOE pellleHHe MPOHSBOJIBHOH

1) Xagamepncmqecxue ypaBHeuna marpuu A u U'AU (cm. mpm-
mevanmne 2 x c1p. 221) coBmajfaloT, TaK Kak
Ut (A—LAEYU=U"1AU—\E,
W TOSTOMY
det (U*AU — \E) == det U~ det (4 —AE) det U = det (A — AE)

(E — enuBuyYHaA MaTpuua),
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(HesnuelHol) cucreMnl pudQepennalbHbIX YPABHEHUH B OTKIOHE-
HUAX aCUMITOTHYECKN YCTOHYHBO, €CAW BCE KODHH XapaKTepHCTH-
YECKOr0 YPaBHEHMH, COCTABJEHHOrO IJIst MATPHIL Ko3dduiiueHTOR
JUHEHHOTO NPuOMIKEHNs, UMEIOT OTPHIATE/JIBHHE BEIECTBEHHHE
yacru. [loaTomy npro6peraoT 60JIBLIYIO NPAKTHYECKYIO 3HAYNMOCTD
#HeoOxodumpe u 00CMAMOUHbLEe YCAOBUA OASL Hozo, 4mobbk
8ce KOphit aa2e0pautecK020 YPABHEHUSL ¢ BEULECNLBEHHBLMU
xosgbuygnenmanu

FM=a)*+al" ... 4a, Ata,=0 (x>0 (1)

LMEA OMPUYANEAbHBLE BEU,ECHLEBERHOE HaACMU.
OGosnaunm wepes A, (=1, ..., g) BewleCTBEHHHE, a Yepes

o (s n—g
ry3is; (]:1, e T )——Kommxexcuue KOpHM  ypaBHe-

ang (1) ¥ NPEeRNONOKMM, YTO B KOMINIEKCHOH IIIOCKOCTH BCe
5TH KODHH JIEXK4T CJeBa OT MHAMOH ocm, T. e. 4TO

b <0, ;<0 (k=1,---’g;j=1»-'-’nz;g); @

TOr;ma
n—g

¥4 2
FR)=ay D (A —1p) Hl(k—r,-—is,-)(k—r,-—l—isj)z
E=1 R
s

F 4 2
=a [[0—W J] * =22 +4-r5+). 3
k=1

j=1

Tak Kkax, corsacHO HepaBeHCTBaM (2), KaXIblH MHOXHTENb
B MOCJeAHel yacTA paBeHCTBa (3) MMEET IOJOXKHUTEAbHHE KO3¢-
(uUHEHTH, TO W B ypaBHeHEH (1) Bce KO3(HUUUEHTH MOJOXKA-
TEAbHH. [JoA0XHCUMENbHOCINE BCEX KOIPPHUUUCHMOB — HEOOX0-
dumoe (npu ay >0), Ho omwiods He Odocmamounoe ycaosue
045 mozo, 4mobs, 8ce Kopuu ypasHenus (1) Owan pacroso-
HCEHBL CAEBA OM MHUMOL OCIL

B 1875 r. yxe usBeCTHHM YWTaTenO aHrAUACKAR MeXaHHUK
Payc man aaropmT™, ¢ NOMOIlkI0 KOTOPOro MO Koagduuumentam
MHorouseHa f(A) MOMXHO y3HATh, SABASETCA JH OH <YCTOHHMBEIM»,
T. € WMEIOT JM BCE €ro KOPHU OTPHUATENBHHE BEMIECTBEHHHE
yacta. B 1895 r. nemenkni martemarux 'ypeuai, HesaBucuMo oT

1,7 @, P, Tautmaxep
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Payca ycraHoBuA TOT € KpHTepu#i B BHIOHM3MEHEHHOH dopme
¢ oMok onpeneaurenefl («onpexeantenett 'ypsuuax)

e a; as..... .
Ay @y Q4. .. .. .
_la a 0 a ay......

A=ga, bJ= ay ay}> "t A, =] o QG Gyovvvw [T €))
......... . g

(3nmecy BClONY caemyeT MONOKHTL d,==0 npua p >n.)

Ycnosue Payca—Typsuual). Jaz mozo wmobs
sce ropuu ypasuenus (1) umesu ompuyamenrsnvie 8euecmser-
Hbie 4acmil, HeoGX00UMO U DOCMAMO1HO, 4MOGs UMEAN MECHLO
Hepaserncmsa

A0, A >0, ..., A, >0 ®

Ecin  xospuuventn ypaBHeHns (1) 3amaHel Kak uHCla,
T0 ycaosus (5) Jnerko mpomepsiorca. FEcam ke Ko3(ODULHECHTH
ypaBuenus (1) comepwar OyKBeHHble NapaMeTpH, TO BHEIYUCAEC-
wne onpemenntenel A, mpm GoabmioM % yxe BHISHBaeT 3aTpya-
HeHue.

MosToMy NpeACTaBAAIOT MHTEpeC IApyrue ycJaOBUs, YCTaHOR-
nennsie B 1914 r. (pannysckumu MaTeMaTHKamu JlbeHapom u
Munapom. B 3THX YCJAOBHSX 9ACAO AETEPMHHAHTHBIX| HEDABEHCTB
APEMEPHO BABOE MeHblue, yeM B ycaoBuix (8) Payca — [ypsuua.

Ycaosusa Jivenapa—UWMlunapa [as moz0 umobet
anozosen f(N)=a\*+ a\*14...4-a, A +-a, npu a, >0
WMen 8Ce KODHU € OMPULAMENSHWMU BEUECHIBEHHHMU 4a-
cmaMu, HEOOXO00UMO 1 0OCIMAMOUNO, 4MOOH

1) sce wosgpgpunyuenmor muozodsena f(R) Owan nosoxcu-

mensHy
a >0, a; >0, ..., a, >0 6)
2) umean Mecmo GemepMURAHMEbLE REPABEHCIBA
A, 10, A, 3>0, ... (M

1) OTHOCHTENBHO BRIBOAa ycaoBuii Payca — ['ypsuna cm., Hanpumep,
Tantmaxep P. P, Teopus marpny, ra. XV, § 6; Afizepman M A,
Jlexiuys 0O TeOPUH aBTOMAaTHYECKOro PeryiaHpoBaHud, mn. 2, ra. Iil, § L.
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(30ecs, xax n panee, A, oGosnataem onpedeaumens Iypsuya
k-20 nopaoxal)).

Tenepb Mb IIO3HAKOMUMCH C 220MEMPULECKUM KpUmepuest
ycmotd4usocmu.

3amenum B pasencrse ?)

Fly=a, [T —1p)

k=1

L Ha lo un OyZeM uBMeHSTL ®w OT — CO A0 -}oo. Brumc-
JIUM COOTBETCTBYIOIEE MPUpAlIeHHe yria
8 =arg f(io):

n 9

AEZ0 (@)= 3 AT arg (fo — 1) «“

k=1

Tenmepsb samerum, uto?) (puc. 47)
N Ly

AT arg (fo — A) =

. =, ecar Rel, <0,
| —m ecmn Rer, >0,

ITostomy, oGo3Havad vuepe3 [ H r 4ucaIO Puc. 47.
KOpHEH, JeXamux CJAeBA W  COOTBET-
CTBEHHO Cnpasa Of MuuMOH ocm (/--r==n), Oymem umeThH:
ATZ8(w)=(— )=

PaccmoTpuM KpuBywo, onmchiBaemyo adwpuxcom ¥) kommiexc-
Horo uncaa f (iw) NpA MBMEHEHUH ® OT — CO JIO -} co. Bra xpu-
Bag pacnajdercd Ha [BE BETBM: Ha onHOH o >0, Ha Apyro#
< 0. OxgHa BeTBb IOMYYAETCA U3 APYrof 3epKaJbHBEIM 0TOOGpaNe-
HHEM OTHOCHTEJbHO BEMIECTBEHHOH ocH, NOcKoaAbKy f(lw) u
f (— lw) — xommnzexcHO conpskeHHble yncaa. I10aTomy, 0603nauns
uepes A§’ npupameHne npa w3MeHenmd @ ot 0 DO ©O, HOAYYHM

A?ﬂ(m):%Ai'zﬂ(w)z(l—r)—;—. (8)

') Buson ycnosuil Jlnenapa w Illunapa, a Takxe HekoTOpHe IpY-
THE BaPHAHTH 3THX YCAOBHH MOXHO HAaHTH B IUTHPOBAHHOH KHHIe
«Teopus Marpmu», rx. XV, § 3.

%) 3pech n xopreft MHOrowreHa f(X) 0603HAYEHH 2epe3 Ay, ..., A,

%) Mu npennoxaraeM 37ecb, YTO HH OfHH M3 KOPHEH A, He JTeXMT
HAa MHHMOH OCH. :

*) APGUKCOM KOMIIEKCHOTO YHCIA Z Ha3HBAIOT COOTBETCTBYIOWYID
TOYKY KOMIINEKCHOH 2-NJAOCKOCTH.

7
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Orcroga BUIHO, YTO BCE KODHM OYAYT PacrOJIOKEHBI CJIEBa OT
MHUMOH ocu ({==n, r=0) Torga u TOJbKO TOrZa, KOraa

AT (@) =n. &)

Feomerpuuecku#t Kpurepu#h ycrohuumsoctn')
Jan mozo wmobss mrozouner f(X) Oota yemotinussm, m. e, umobmn
BCe €20 KOPHU OHAl PACNOAONCEHL. CA€8Q OML MHUMOL ocl,

HEOOX00UMO 1 QOCHLANIO%HO:
: 14 1) umo6eL 20002padh f (iw)

T npu usmenenuu o om 0 do
-+ oo He npoxodus uepes
nyaesyo mouxy?) u

2) umobw das smozo
/- \ 20doz2padpa

17 AP =rn—r

’

206 n— cmenens  MHO20-
yaena f(N) (cm. puc. 48
maa n==06).
Puc. 48. 3ameTuM, 4TO A9 YCTOH-
YMBOrO MHOrouseHa®) apry-
MeHT 0 usmeHsercs #mowomonno npu usmeHenuu © or 0 Ko oo.
3ro caezyer us GoOpMyJIB

B0)= Y arg (o — \),
k=1

TNOCKOMBKY /1 TaKOr0 MHOIOWIEHA KaXIOE CNaraeMoe B mpaBoft
4acTu ABJAAETCA MOHOTOHHO BO3pacTaiomed ¢pyHKuuelt ot .

[Tpumep. Ilyeth f(A)==2A%- 5A* - 1003 + 11a%2 - 7h +-2. Tor-
Ia f(io)=U(w)+iV(e), rae

U(e) =50t —1le* 2, V(s)=0(0?—I100?-}7).

1) dror kpurepu#t Bnepenie Goui npumenes A. B. MuxaitnossiM mus
VCCIENOBANUA CACTEM aBTOMaTMUECKOTO peryampoBaHus. [losTomy
B TEXHUYECKOH AMTEpaType reoMeTpHUYecKM#t KpUTepuit yCTOHYHBOCTH
4acTo HaswBaeTca xpumepuex Muxaiisrosa.

%) Ycaosue 1) osHauaer, YTo f (L) He HMEET YHCTO MHUMBIX KOpHEit.

%) YcToityMBHI#i  MHOIOYIEH HA3HIBAIOT  TAKKE MHO201ICHOM
Lypsuya.
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Odaa nocrpoenna roxorpada f(iw) 3amevaem, utro U(0)=2 u V(v)
o6painaeTcs B Hyib NPH w=0 K NPH 0o==0,;, 0 =0, (0 < o; << 0y);
KBaApaThl ©f W ©f ONpelelsloTCd M3 KB3aJAPaTHOrO ypaBHEHHA:

mg____s__‘/—ﬁ%oﬂﬁ; mg—-_-s—’— VT§=§:9,24

Hetpynno y6emurbea B ToM, uto U(e) <0, U(wg) > 0. Kpome roro,
V0)y=7>0.

Takum o6pasoM, roxorpad npyu o ==0 HauHHAETCA HA NONOXHTEIb-
HOl BelleCTBEHHOH OCH, MIeT CHauaja BBepX, NepeceKaeT MOJNOKHUTENb-
HYI0 MHHMYIO OCb, 32T€M OTPHILATENbHYIO BEIeCTBEHHYI0-0Ch (DY © == w,),
OTPHIATENbRYI0 MHHMYIO OCb M, HAKOHe:l, CHOBA MOJIOXHTEALHYIO Belle-
CTBEHHYIO OCb (MPH == ,). [Ipn © > «, rogorpad He nepecexaer oceit
KOOPIHHAT M YXOAHT B O€CKOHEUHOCTb B mNATOM KBampaure (U>0,
V> 0), rak kak n=>5. IIpu stom tgﬂ=Z—$§—4+oo opH © — -} co,
Taxum oGpasom

T. e. f(\) — ycTofiyusbili MHOrouueH,
K stomy e BHBOXY MOXHO Gbino Gbl MPHATH, HCXONA U3 KPHUTEpHA

Jlbenapa — lllunapa, nockonpky B f(A) BCe KOIPOHUHEHTH NONOKH-
TelbHE H )
51 20
5 11 1 10 70
b= 1ol>°’ A=l 5 2 [>0
0 1 10 7

1,8 @. P, Tanrmaxep



FrMABA Vi
MAJIBIE KOJIEBAHUS

§ 40. Maabie KoneGaHHA KOHCEPBATHBHON CHCTEMbI

Ec/iu B HauanbHBIH MOMEHT BPEMEHH MNOJIOXKEHHE CKJAEpOHOM-
HO#f cucreMbl BHIOpAaHO [AOCTaTOYHO OJMM3KHM K [OJOXEHHIO
yCTOHUHBOrO DaBHOBECHS H HAYaJbHLIE CKOPOCTH MO aGCOMOTHOH
BEJHUMHE JOCTATOYHO Majbl, TO Ha MPOTAXEHUH BCETO ABHKEHHS
GyIyT ManbiMH N0 a6COMOTHOM BeNMYMHE KaK CAMH OTKJIOHEHHS
OT [OJIOXEHHA paBHOBecHd, Tak # 000O0LIEeHHBHIE CKOpPOCTH. DTO
06CTOATEAbCTBO  NIO3BOJIAET COXPaHUTh B  IuddepeHUrnasbHbIX
YPaBHEHUSX HBHXEHUS TOJBKO JHHEHHBIE UYJEeHbl OTHOCHTENBHO
OTKJIOHEHHH H cKopocTeH, a ujeHn OoJjiee BBICOKOrO MNOpPsAKa
Manoctd or6épocuts. Toraa nuddepeHunuanbHole ypaBHEHUsS ABH-
WEHUS CTAHOBATCA JWHEHHHIMH, T. € 33faYa <«JIHHEaPUBYETCH>.
B sToM mnaparpade paccMaTpmBaercs JuHeapu3alus ypaBHEHUH
JBUXKEHHS JJs C/Ayuad KOHCEPBATUBHOH CHCTEMEI.

KuHeTnueckass © [OTEHIWANbHAS SHEPrUUM KOHCEPBATHUBHOM
CHCTEMHl C 7 CTENEHSAMH CBOOOMB BHIPAXAWOTCI Yepe3 HE3dBHCH-
Mble KOOPAHMHATH ¢; u o0obuieHHsle ckopoctu §; (i==1, ..., n)
crenyiouuM obpasom:

n

1 . s
T=7 2 aik(ql’ vy qn)qiqk’ H’:H(ql, veoy f],.)- (1)

i, k=1

Kak ®» B mpemmnywell riase, NPHAMEM, YTO Hayalo KOODAH-

HaT ¢y=...==¢,==0 dBJI9ETCA -MONOKEHNEM pPABHOBECHI M
qro B 3ToM ke noaoxenun II=0. Pasnoxum KoadduuneHTs
a;, (9 . .» ;) B PANH 10 CTENEHAM KOOPIMHAT:

aik(ql’ [ERE] qn)=aik+-'- (i: k"_"l; reey ”): (2)
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rae a;=a; (0, ..., 0) (a,=a,; k=1, ..., n)— nocro-
anneie. Iloacrasassg até BHIPameHus Mg Koadduuuentos B Qop-
My1y (1) Bas KuHETMUECKOH SHEprum, Hoayvaem

n
T=+ 2 250195+ (54 3
=1
rae uepes (¥+) MB 0003HAYM/IM CYMMy 4JeHOB Tpersero u Gouee
BEICOKHMX MOPSAKOB OTHOCHTENRHO ¢; U §; (i=1, ..., n).
Paa3noxuM TaKkke M MOTEHLUHAJBbHYIO SHEprulo B psf IO CTe-
MeHsAM KOOpJAUHAT:

D=1, igl(g%>o 9;+ % 2 (‘——agqu )0 99 1 (%%).

iLE=1

Mo ycmouto Iy==0. Kpome TOro, B mONOKEHMH DaBHOBECHS
06OGIIEHHBIE CUAIBl PABHH HYJIO

. oﬂ> 0
=] = i=1, ..., n)
Q& (oqi 0 ( n)
TTosToMy, BBEJd 0603HauUEHHSA
011
n=(sma)y  Co=cw bE=1..m @

MBbl M NOTE€HUIHAJbHYIO 3HEPru0 NpeacTtaBuM B BHIE

n

H=% 2 Cingir -+ (¥%). ®)

fE=1

Ot6pacnipas B Qopmyaax (3) u (5) wienn Tperbero u Goaee
BBICOKOIO MHOPSAKOB MAJOCTH OTHOCHTENABHO ¢; M §y, MH Ipes-
CTaBAM KHUHETHUYECKYIO U NOTEHUMAJbHYIO SHEPIHMd B BHAE KBaj-
paTHuHbIX (POPM C MOCTOSHHHKIMH KO3(pduuuedtamu

1 n 1 n
T=-+ 2 @ir9i90 M=+ Z Cirdi9m ()
ik=1 k=1

rie Q=0 ch=cy (I, k=1, ..., n).
W3 ¢usuueckoro CMbICIa KHHETHYECKOH SHEPrHM fCHO, 4TO
Bcernga T==0. IlockoAbKy MH npeanoaaraeM, 4TO IMOJOMKEHHEe

1/28t
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paBHOBecus He sBiserca ocofoli Touko# !), To Bcerna 7>0,
ecau TOJBKO HE Bce 060OILEHHBIe CKOPOCTH PABHH OIXHOBPEMEHHO
n

HymO, T. & KBaApaTWuHas dopma >, @;§;q,=2T asasercs
' i k=1
MOJIOXKUTEIBHO ONpPeNeCHHOM:
n n
X g3 >0 (Z q?>0). )
i, k=1 i=1
DNanee, pna Toro uyroOsl oGecneudTs YCTOHYHBOCTH NAHHOI'O
NoJIOXeHuss paBHoBecHd, norpebyeM, uToOH (B COOTBETCTBHU
¢ Teopemo#t Jlarpahixa) B MOJIOKEHHM PABHOBECHS MOTEHIUAILHAK
sHeprus umena crporuéi munumyM. ITockomky I =0, T0 3TO
03HAuaer, YTO B HEKOTOPOH OKPECTHOCTH Hayaja KOOpPAUHAT

n n
> Cingige >0 (Z q?>0>- (8)
k=1 i=1
Ho kBapparmunas cdopma (8) mpexacrasiser coGoli 0JHOPOAHYIO
(YHKUMIO BTOPOM CTENeHd OTHOCUTENbHO KoopauHat. Iloatomy
HEPaBEHCTBO (8) MMEET MECTO BO BCEM NPOCTPAHCTBE, 33 HUCKJIO-
IEHHEM HauaJa KOOPAWHAT, IIE 9Ta (GopMa OOPAIaeTca B HYJb.
JpyrumMu Cc/A0BaMH, HOTCHIUAJbHAS SHEPrus TAKKe MPEACTaBJEHA
B BUAE IOJOXKHTEABHO OINpPENEJEHHO! KBaJAPaTUYHOH (QOPMH
OTHOCHTENBHO KoopauHar %).

Cocrapum ypaBHenus Jlarpanxa, HUCXOms U3 BhmipaweHu# (6)
ams T n It

> @ud e+ cugn =0 t=1..., n. )]

k=1

Bynem uCKaTh YacTHOE PELUEHHWE ITOH CUCTEMBl JUHEHHBIX Hu-
¢epeHLaIbHEX YPABHEHUH B BHIE

q;==u;sin(of +-a) (=1, ..., n) (10)
1) CM. npumeuanse K crp. b5,
?) KoneyHo,  BO3MOXHEI Cnyyad, korfa dywxnua (g, ..., ¢,) 1o

oT6pachHiBan¥A YIEHOB (#%) MMeeT B Hayajle KOODIHHAT CTPOrui
MHUHHMYM, a nocie OTGPaCHIBaHHMA 3STHX WYIEHOB KMeeT B STOH ke
TOYKe HeCTporu#i MHHHUMYM (Hanpumep, I=c®(q;+ ... +¢q,)*+
+d*(gi+ ... +4q4), ¢>0, d>0). Ho raxme cayuam Mm 6yaem
CyMTaTh OCOGHIMH M MCKAIOYMM W3 PacCMOTpeHHa. B 3Tmx oco6uix cay-
yaAxX OTEpacChiBaHWE YAEHOB (#%) B BoIpawenud Jas II He ompaspaHo.
OHO MOXET Pe3KO HUCKAa3UTh KapPTHHY JBHXEHHA.



§ 40] KOJIESAHUS KOHCEPBATHUBHOM CHUCTEMH 233

T. €& B BHJE rapMoHuyecknx KojebaHu#t ¢ oOZHOH B TOH e
YacTOTOH ®© ¥ C OXHOM W TOH € NOCTOAHHOH & AJA BCEX KO-
OpIUMHAT.

Iloncranas soipaxenns (10) nas ¢; B auddepeHunanbHHIX
ypaBHenusx (9) u moJjaras

A=0 (11)

MOJyyaeM IOC/e COKPaleHus Ha sin(of -~ a) ClAeAyomyo cucTeMy
anreOpanueckux ypaBHeHuH, JuHEHHHIX OTHOCHTENLHO aMILIA-
Ty u; ).

n

kZ.l (¢ — M) u, =0 (=1, ..., n. (12)

Tak Kak BCE aMIVIMTYAH 4; HCKOMOIO KOJeOaHHA He NOJIKHEL
o6pamaTeCsi B HYJb, TO ONpENENUTENb CHCTEMHl OZHODOIHBHIX
ypasuenu#i (12) posnked ObiTh paBeH HYJoO:

cp—hay Cia— Ay oo Cp—Ray,
€y — Ay Cge— Mgy ... Cop—Rdgy

e e e e ce e |=0. (13)
s — 2y Cay— hap, Can —hpp

ITocne pacKpeITAS OnpenenuTen]s MH IIOJYYMM B JIEBOH 4acTH
MHOrou/eH p-# cremeHu oTHocuteabHo A. Taxkum oGpasom, Ksa-
IpPAaT 4YaCTOTH A==wo? HCKOMOro rapmonuueckoro peurenua (10)
JO/XEH YAOBJETBODATh ajire0panyeckoMy ypaBHEHMIO n-H cre-
nenn (13). Ypasuenue (13) Ha3HBAETCH 8EKOBHM YPABHEHUEHM
WU YPasHEeKueMm “acinom.

Kaxpomy xophio A ypasherus (13) cCOOTBETCTBYET HacCTHOE
pemenre (10) (mpu NMPOM3BOJBHOM MOCTOSHHOM o) CHCTEMH Zud-
depenuuansupx ypapueunti (9). B stom pemennn o=} A

3anuiieM NpuBeNeHHHE BHIIE QOPMYJABI B MaTPUYHOH popMme.
BBeZleM B pacCMOTpEHHH [IBE CHMMETPHYECKHE MOJOKHUTEAbHO

1) BeanuvHy u; MBl Ha3piBaeM AMIUIHTYIOA rapMOHHYECKOrO Kole-
Ganua (10) KOOpEHHAaTH ¢; XOTR (AKTHUECKH aMILIMTYROH ABHSETCs
aGcoNoTHAaA BelTHYMHA [u,-?; HayanabHO# (asoil (mpm £=0) rapmonnye-
ckux konebamuii (10) aBasgerca aubo BemmynHa « (npH 4; > 0), auto
BeaMyHHa —a (Npu u; < ().

8 @. P. lantmaxep
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onpepeneHHne MaTpuLH )

dyy .os Qgp ey ¢
A=“aih“= ..... <y C:nciknz; ...... (14)
Qny o« Ban fn1+++ Cnn
H BEKTOPH-CTOJOIEL
U uy
q= . , o == : (15)
In l;,,

(# — ammmryaus BexkTop). Torma cucrema AuddepeHunalbHbIX
ypasHenuft (9) sanuierca B BuAe

Ag -+ Cqg=0. (16)
YactHoe peurenne (10) Oyaer BHIJSZETh Tak:
q = usin(of -+ a), an

a pesyJbTaT MOACTaHOBKM pemenud (17) B ypaeuenme (16), 1. e.
cucreMa asnreOpaudeckux ypasuesntt (12), umeer Buxm

C—AA)a=0 (=0 (18)
YPaBHeHHe YacTOT 3anuuIeTrcda Tak:
det(C—rA)=0  (A==0?). (19)

Ias tOoro urofn BHACHUTH, YTO KOPHH A BEKOBOTO ypas-
nenua (19) Bcerna BElECTBEHHH M NOJOWUTEABHBL, PaCCMOTPHM
npenpapaTeNbHO  HEKOTOPHIE  CBOHCTBA  KBaJPAaTHUHWX  opM

€ BEMIECTBEHHBIMU KO3(pULUEHTAMH.
n
Kaxaod KpampaTuunod ¢opMe 3 '@;u;1, COOTBETCTBYET
k=1
n
HeKOTOpast OuimneHHas Gopma D QU &I KOTOPOH
k=1

) Cummerpuueckas marpuua A =|a;,||! HaswmBaercs nomoxu-
TeNbHO oONpeleneHHOH, eCrId COOTBETCTBYIOIIAA eH KBajgpaTwyHas
n

hopMa ¥ @jgigs ABAAETCA NOTOKMTENLHO ONpeleleHHOH.
=1
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BBEIEM COKpauleHHoe o0o3HaueHue

n
A, 0)= ) a;1,04
k=1

TOrjga KBaapaTtuyHas cbopma 3anMuIIETCS Tak:

n
Aw, ;= Y, apuu,
L=t

JIerko npoBepsioTCa CAEAyIONAe CBORCTBA OuuneHHON GOPMEL: -
19 A(ny+ tty, 0)==A (1, 0) -+ A (23, 0).
2°. AQu, v)=AA(u, v) (A — cKamsp).
3% A(m, 0)=A( n)).
IMoxaxem eme, 4TO A9 MOGOrC KOMIIEKCHOTO BEKTOPA #
4°. A (&, w)-— BewecrsenHoe uncio ?).

IleicTBuTenbHO, Monaras #=—9 -+ iw (¢ U w — Bewecrsex-
HBl€ BEKTODH-CTONOLE), B cuay 1°— 3°, maiinem:

A, B)=A@-}iw, v— iw)=
=A@, v)—iA(@ W) +iA(w, v)+ A, w)=
=A@ )+ A(w w). (20)
TTocaennee BEIDAXEHHUE ABHO BCUICCTBECHHO.
W3 pasencrsa (20) caemyer raxxke

5°% Ecim A (#, 1) — N0J0XUTENLHO ONpefeneHHas KBaipaTny-
Has ¢opma, a @ 7~ 0 — Npou3BOMLHEIE KOMIIEKCHEIH BEKTOD, TO

A(m, >0  (w£0) (1)

B camom gene, noaaras #=—v- lw, umeem A(v, 9)=0,
A(w, w)=0. B oxsoM u3 5TUX COOTHOIUCHUH HMEET MECTO
3HaK >, TaK Kak u3 # 7% 0 caegyer, o Kpaiinel mepe, oxHO
u3 Hepasencrs ¥ £ 0, w0, Torma us pasenctsa (20) caenyer
paBeHcTBo (21). '

1) B ornuune ot pasencts |° u 2° paBeHcrso 3° CIpaBeNlIHBO
TONLKO Insi GHAMHEHHOW (OPMH C CHMMETPUYECKOH MaTpHueH Kosd-
(GHIMEHTOB,

%) Uepro#i ™sl oTMewaeM Nepexol K KOMILIEKCHO CONDHMEHHBIM
seapuunaM. CROACTBO 4° COpaBelIMBD TOABKO IUIA CHMMETPHYECKOH
MaTPHIbI C BEU(ECTBEHHEIMH 9JEMEHTaMH,

80
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Iokaxem Tenepnb
6°. Ecin A — kopenr Bekosoro ypasuenns det (C — 1 A4)==0,
a M — COOTBETCTBYWIIHA €My aMmuTyAHsi# BekTop [cwm. (18)]

Cu=)\Au (£ 0), (22)
TO 1npu moboM BEKTOpe @
C(u, v)y=»\A(u, v). (23)

JleficTBATENBHO, B CKaAfPHOM 3amucu paBeHcTBO (22) mpwuHH-
MaeT BHI

n n
Z Cipllp =N D) Gyl i=1, ..., n). (22)
k=1 k=1

Ymuoxns o0e uactu i-ro ypasHenus (22') Ha v; ¥ IPOCYMMHpO-
BaB IO I, MOJy4YnM:

n n
Z Cikfvi"k:)‘ Z Q;p0; Uy,
i k=1 i, k=1

T. €. paseHcTBO (23).

Tlokamem Tenepn, uto 048 A066X 08YX AMNAUMYOHBLX
8eKmopo8 W U W, cOOMBEMCMEYIOUUX PASAULHBMM KOPHAM
8erosoz2o ypasuenus A u N (A £XN), senosusemcs coommuo-
wenue )

A(n, u)=0. 24)

JlecTBATENMBHO, COrJacHO 6°, HMEIT MeCcTO IBa PaBEHCTBA;
Cu, Yy=»)\A(e, w), C, t)=NA(u, ). (25)

Ho & 5= ). ITosTomy us paBeHcTs (25) crenyer cootHolenne (24) ),

1) Ecan BBECTH B 7n-MEPHOM HpOCTPaHCTBe A-METPHKY, T. €, MoK
KBAaApaTOM [JHHbH BEKTOPa ¥ MNOHHMATb BEIMYHHY KBaIPaTHUHOM
dopMh

n
A(ll, u)= E Qipliillp,
i, k=1

10 A (#, #')— «CKanApHOE NPOU3BENEHHE> BEKTOPOB # W #' B ITOH
metpuke. [lostomy pasencrso (3) BoipaxaeT co6ofl cienywolLiee CBOH-
CTBO aMNIHTYAHBIX BEKTOPOB: AMNAUMIOHBE BEKMOpH, COOMBEM-~
cmeyoue pasAUYHBLM KOPHSIM 8€K08020 YPABHEHUs, 8ce20d Opmo-
20HaabHbL MeowOy coloii 8 A-mempure.

2} B cuay paBeHCTB (23) OJHOBDEMEHHO C paBeHCTBOM A (&, #')=0
uMeeT mecro u pasenctso C(u#, u)=0. '
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Jlokaxem Teneps, uTO U3 cumMempuinocmu Mampuy A
u C u u3 nososcumessHoil onpedesewnocmu mampuysi A
caedyem, 4mo sexogoe ypasuenue (13) [wam (19)] umeem
MOABKO BelecmBeHHbE KODHIL.

JlefictBuTensHo, MycTb A —— KOMILIEKCHEHH KOpDEHb BEKOBOrO
ypaBrenns (A £1) M €My COOTBETCTBYET KOMIIIEKCHHH BeK-
Top #%0. Torma X Tawke KODEHb BEKOBOrO YpPaBHEHUSA
¢ amMmmTyaHmM BekTopoM H. Ilockoasky A £ A, To, no moka-
sandomy, A(#, #)==0, uto mnpoTUBOpEeunMT HepaBeHCTBY (21).

Ecan A BewecrseHHO, TO W COOTBETCTBYIOWMH €My aMiLid-
TYOHBIH BeKTOp # % 0 MOXeT OHTb BHOpaH BEIECTBEHHBIM.
Torna, monaras B (23) v==# u 3amecuad, uto A(#, u) >0,
HaXO0auM
C(u, u

)\=A(u, a) "

(26)
n
Ho B Hamew cayuae ksagparuunas gopma C(u, n) = Z Copllilty,
k=1
TAKKE FABJIACTCH MOJOKUTEABHO onpeneneHHoﬁ. Torna HE TOJBKO
A(m, 8) >0, o u C(u, u) >0. CrexosateasHo, A > 0.
Taumm o6pasoM, BekoBoe ypasHenue (13) umeer n noxoxku-
TE€JbHBIX KOpHEﬂ )‘j’ KOTOPHM €OOTBETCTBYIOT BEIICCTBECHHHIC
MOJOKHUTE/IBHHE YaCTOTH ©; ==}/ A; U BElEeCTBEHHEIE aMIIIATY AHHE
BexTOpH &; (j=1, ..., n).
PaccMoTpum cHauasa cayuait, Korga BCe KODHH BEKOBOrO
ypaBHeHHs pasiuuHbl. KaxaomMy A; COOTBETCTByeT uacTHOE pe-
ILCHHE

g =u;sin(o,t 4 a,) (0, =V'X) 27
¢ aMIUIMTYAHBIM BEKTOPOM #;, KOOPIMHATH KOTOPOrO- Uy ooy Uy;
JIO/DKHB YAOBJETBOPATHL CUCTEME JNUMHERHBIX ypaBHeHul

n
Z (C,-k—-—)\aik) ukf=0 (l=1, cesy n), (28)
k=1

WAl B MaTpUYHOH samucu
(C—2A)u;=0. (29)
TaK KaK chcTeMa auddepeniranbHbx ypasHenutt (9) [aam (16)]

anHe#Ha, TO JHHEHHAas KOMOWHALlMA C MOCTOSHHBIMU KO3(hdHu-
nventamu pemennt (27) ecTb CHOBa peliedde 3TOH CHUCTEMHL.
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ITostomy
n
g= ) Cu;sin(ojt+a)  (0;=Vh; j=1, ..., n) (30)
j=1
Npy NMPONIBOJBHBIX NMOCTOSHHKX Cj, a; (=1, ..., n) apasercs

pemenneM cuctems (9) nm (16). M moxaxkewm, uto popuyra
(30) oxsameisaem @ce OBUNCEHUR CUCHLEMbL.

HoxaxeM NpeaBapHTE/bHO, uTO 7 AMIIATYAHBX BEKTOPOB
u; (j=1,..., n) nneeiino HesasucuMu '). [leficTBHTEABHO,
nycTsb

n
' ;i ==0.

—

j=
Torpe npum mobom ¢urcuposauvHoM & (1 <<k << n)
n n
0=A(uk, Z lelj)z Z CjA (uk, uj). (31)
j=1 j=t1 .
Ho A(m,, u;))=0 npu k#j n A(m, #;) >0 npr k=j.
TlostoMy m3 paBewcrs (31) crenyer:
Ck=0 (kzl, ey ﬂ),
T. € MEXAy BEKTODaMd #y, ..., U, He MOWKET OHTh JUHEHHOMH
3aBUCHMOCTH.
IMonGepem Ttenepe B dopmyne (30) 3HAYCHHS HPOHBBOMBHHIX

noctosHuHX Cj, @; TaK, uTOOB YAOBAETBOPAIUCH IPOH3BOJBHEIE
Hamepen 3aJaHHbie HauyajJbHHE YCJAOBHA

7:(0)=2¢ip §:(0)= G4 (=1L ...m (32
WAd B MaTpHUHOH 3anucu
g0)=q, ¢(0)=4g, (33)
Wz dopmya (30) naxomum
q,= 2 Cjsina; u;,

=1 (34)

n

q,— Z O)_IC] cos 2 uj.
=

1y Nas yacTHoro cayyas, Korja A — eQHHHYHAA MaTpHUa, 370
npefnoXeHHe ObI0 HokasaHo B § 37.
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B cuny smueflnod nesasucumocts BekrTopoB #; (=1, ..., n)
OTCIOfa OJHOBHAYKO ONPENEAWOTCA npousseaends Cjsino; u
w;C; cOs @; W, CHAENOBATENbHO, MOCKOMBKY ;7% 0, OXHO3HAUHO
ONpPENE/SIOTCA SHAUEHHMs MPOU3BOJBHHIX NOCTOAHHHX C; u o
=1, ..., m").

Takum o6pasom, NIPW OTCYICTBHH y BEKOBOTO YPaBHEHUH
KpatHuXY KopHe# dopMyaa (30) oxBarmBaer Bce KoaeGanus
cucremn %), :

Ecan ke ypaBHEHHE 9YaCTOT HMEET KPaTHHE KODHH, TO MOXKHO
YTBEDKIATh, YTO pelleHu#t Bupa &sin(of -|-a) Gyder Bo BCIKOM
cayyae m, TAE mM-—YACAO pPaBAWYHEX KOPHEH A; Bexomoro
" ypaBHeHus.

Jlarpamx cuuTal, YyTO B CJAyYae KPaTHHX 4acToT  obmee
pewenue cuctem (9) yxe ue mpepcrasiasercs B dopme (30) u
4yTO0 B OpaBo# uyactu (30) MOABAMOTCA TaK HASHIBAEMEIE BEKOBHIE
yJIeHsl BHAA

(B+wtu't - .. )sin(ot -+ a).

Onnako Jlarpamxk omubea. Kak moxasaa nosxe Betiepmrpace,
Ka¥JA0My KOpHIO A p-# KDaTHOCTA COOTBETCTBYET DOBHO p
nAuHe#HO HE3aBUCHMBIX DEIICHHH CHCTEMHl JIMHEHHBIX ypaBue-
Huit (12), 1. e naa Kamaoro Kopsa A; p-H KParHOCTH MOXHO
HallTh p AHKHEHRO HE3aBHCUMBIX AMILIUTYAHHIX BEKTOPOB. Takum
o6pasoM, M B CJyya€ KPaTHBIX 4YacTOT CYIIEETBYET N JM-
HEHHO HE3aBHCUMEIX AMIJIMTYAHHX BEKTOPOB M  COCTaBJCHHas
¢ ux nomouibio dopmyna (30) maer oblilee peuieHHe ¥ B 3TOM
clyyae.

Konebanus

q:Cjujsin(mjt~—|—aj) (]=1: sve Il), (35)

U3 KOTODHX CKAa[AKBAEICA MPOH3BOJbHOE KoJeGaHHE €UCTEMH,
HasHBAIOTCA 24QBHHMU KOACGAHUAMU CUCTEMBL,

Crpornft BeeOA dopmyast (30) B o6mem cayuae (T. e u
OpY HaJMYMA KPaTHBHIX Y4CTOT) C MOMOINBI0O TaK HA3LIBAEMBIX

DT OnpeledaoIca ¢ TOYHOCThIO N0 CraraemMoro, KpatHoro 2%,
2) 4 aMIIUTYAHBIX BEKTOPOB ﬂj BBINIONHAOTCA COOTHOUIEHUA

n

Awy uy)= E aiplijipnp =0 U#m k=1, .., n)

iLk=1
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<HOPMalbHHIX» KoOpAuHaT Oymer AaH B CHELYIOUIEM naparpade.
Ilpu sTOM BHIBOJE CJHyualh KPaTrHHX KOpHE# BEKOBOrO ypaBHEHHd
He BeIAEaseTCR: 0c000.

Mpusmep. Cenzannve masmuurxu. Touxw nogseca NBYX OAUHaE-
KOBBIX MaTeMaTHYeCKMX MasATHUKOB C Maccoil m ¥ ANAHOH [ pacmouno-
WEHH Ha ONHOH rOpPH3OHTambHOH HpAMOf. TOUKM 9THX MAATHHKOB,
OTCTOsAIIME OT TOYex moxBeca Ha paccroaunn h (0 < h=<l), coenunenn
Mexny CoO0OH NpYyXUHOW XECTKOCTH Y; NPyXMHE HaXONHTCA B Hepacra-
HYTOM COCTOAHMH, KOrJla MaATHHKY 3aHHMAIOT BepTHKAAbHOE NONOXKEHHUE,
TpeégeTca onpenesuTh KoreGaHMe CHCTEMB! B BePTHKAAbHOH MIOCKOCTH,

K4YeCTBE He3aBHCUMBIX KOODJIMHAT BOBbMEM YIIH ¢; H ¢4, 06pa-
30BaHHbIE MAATHUKAMH C BepTHKaleio (puc. 49). B nonoxesnu pasro-
BecHd ¢, ==¢y==0, C TOYHOCTBI0 0 MalIhX BEJAMYUH BRICIIErO NOPAAKA
yAAuHeHWe NPYXHHB PaBHO i |sin @y —sing, [~=h|¢— ¢, | [TosToMy
B JaHHOM caydae

1
T=— ml* (3] + &)
H=mgl (1 -cos?,)+mgl(1—cos¢2)+ﬂf&;ﬂ+ s =
= 5 mgl (o1 +#8) + 5 1 (b4t oo

Coxpanssa B II ToxbKO KBaApaTHYHEE UNEHH, OKOHYaTeIbHO OyleM
uMerhb

T=g a3+,

1
M=o (o1 + ¢8) — bguay

rne
a=ml?, e¢=mgl-+yh?,
b==1h*.
Hanumem ypasHesue yactor
c—ha —b
=0 A=aw?
Puc. 49. —b c¢—ha ( )

M OfHO W3 J[BYX YpaBHeHHH# JIaA omnpefiefeHHA aMIMUTYX B IHABHEIX
KoneGaHuax (3TH IBa ypPaBHEHUA 3aBHCUMBI)

(c—kaju, —bu,=0, T e 2 c—la
Vs ypaBHeHHS 4acCTOT HaxOIUM
c—b g c+b h?
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CoOTBETCTBEHHO INs MePBOrO IMaBHOrO KoneSaHua u, == u,—=C, #
o, ==C, sin (o, 4 %), 9p=Cysin(o,f +a7) (p;=1,),
a Jas BTOPOro uy=—=—1u,=0C, u
91 ==Cy sin (0t +ag), ¢3=—Cysitl (0,f 4 a5) (9, ==-—y).

B nepsom raasHoM koneGaHMM o6a MaATHHKA BCe BPeMsl HAXOMATCA
B OJHOU ¢ase, MpyxWHA He pPACTAHYTA M MAATHHKY He OKAa3bBAIOT
HUKAKOTO BIHAHUA Ipyr Ha JApyra., Bo BTOpPOM riaBHOM KoneGaHMH
MaATHHKA HaxXORATCS BCE BpeMs B NPOTHBOMOJOXHEIX (hasax,

TlpousBombHOe KoneGanme MONY4aeTCs HaAOXKeHHeM IBYX IRABHHIX

KoaeGaHMit:
9y == Cy sin (0, + ;) - Cy sin (0gf - a5),
9g == C sin (@,f - 2,) — C, sin (0zf + ag),
§ 41. HopmannHble KOOPAUHATHI

Ilre kBagparuyHsie HOpMH

n n
Ag, @)= Z 299, ¥ C(gq, @)= Z cudigr (1)
t =1 i, k=1

N3 KOTOPHIX XOTA On ojHa, Hanpumep A(g, @), aBaserca noso-
HTEJbHO ONpelNeseHHOH, BCerjla MOKHO OIHHM H TEM .Xe
(neocoOeHHEM) NpeoCpasoBaHUEM MNEPEMEHHBIX

n
=Y u;b (=1, ..., m det(u)i;=1#0 (2)
j=1
NPUBECTH K <«CyMMe KBajaparos» )
n n
Ag, @)= X6, C(g, @)== Y, A0 3)
j=1

j=1

ITpn stom Bce A; >0, tak kak (cm. § 40) popma C(q, q)
TAKKE SBAAETCA IQJONKHTEIBHO ONpeneseHHOH,

TTockoasky oBoOuienHbe CKOpOCTH ¢; W 0; CBA3aHB MEXLY
CoB0# TAaKWMHA XK€ COOTHOIICHWSMH, KAKAMHM' CBs3aHbl ¢; M 0

n
= mfy =1 .., n,
S j=1

) Cm., Hampumep, HMTHPOBaBHYI0 Ha Crp. 226 kmury «Teopus
marpun», 1. X, § 6. :
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TO B nepeoM M3 PaBeHCTB (3) MOXHO 3aMeHntTh ¢; n B, Ha ¢; u b,
nocse uero AJis KHUHETW4eCKOH W IMOTEHIHaJbHOH sHepruit mouy-
yaeM CJCAYIOUIHe BHPaXKEHHs:

n

T*—*% 2 aikq'iqkzé_.ie.sf’ l

L b=1 j=1
n n O
1 3
M= 2 Cinfifr == 2 A3
i, k=1 J=]
ITepemennnie 0, ..., 6, HA3HIBAOTCA HOPMAABHELMU WA

2AasrbLmu KOOpAuHaTamu. PopMyns nepexoja (2) or npows-
BOJIbHBIX KOODIMHAT K HOPMAadbHEIM B <«BEKTOPHOH» 3amucu
MOryT OBITE NPENCTABACHH TAK:

n
q = Z ﬂjuj, (5)
=1
rjge
q: ”1]]
q: . . Itj: . (i=1, emey n)-
dn Up;

Tak kak npeoGpasoBaune KOOpAUHAT (2) ABJAETCH HEOCOGEHHBIM,
TO COOTBETCTBYIOWMH ONpENEINTENb OTJWYEH OT HYJIS:

det (uij):!:j= 1 7& Q:

T. € BEKTODH My, ..., U, NUHEHHO HE3ABMCHMEL
Hcnoassys npocreie Bripase:mns (4) gas T u II B HopMans-
HHX KOOpAMHATAX, COCTAaBUM ypasHeHns Jlarpamixa B 3THX KOOD-

AUHarax:
Hj+)\]6j=0 (i=1, raey ﬂ). (6)

Kaxcaoe w3 aTnx ypasHenu#t COZep:HT TONBKO OJHY HEHSBECTHYIO
yskumo. OOumue pemenus ypaenenn#t (6), Kak M3BECTHO, Ompe-
Nenf0T FapMOHuuecKue KoaeGanus

8, =C;sin(w;t | a) =1, ..., n, )]
rae C; u o; — NPOU3BOJIbHEIE NIOCTOSIHHBIE (i=1, ..., n). Ioa-

CTaBjsist 5TH BHpaxenus B dopmyay (5), moayuaem obmyio dop-
Myay pas KoaeGaruit :

Q== 2 lelj sin(wjt—{— G.i). (8)
=1
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Takum o6pasom, CTpOro YyCTaHOBJEHO, 4YTO 3Ta (OpMysa
B camom oOmIeM cJyuyae OXBATHIBAET BCE Majke KoaeGanusa KOH-
CEPBATHBHOH cucTeMul ).

Ilosaras B Qopmyae (8) BCe NPOUBBOMLHHE NOCTOSHHHE,
kpome C; u a;, PaBHLIMA HYJ/IO, NOJYYHM j-€ <I'JaBHOE» rapMo-
HHYECKOE Ko ebanne

q=Cu;sin(0f 4 a;). 9
(B HOpMaibHBIX KOOpAWHATaX 3TO KOJeGaHUE OCYyulecTBIAETCH,
Koraa sce 6;==0 npu { 7 j n U3MEHsIETCA TOJALKO KOOPIHHATA 6;)
B npemsimymem maparpage OBJIO yCTaHOBJEHO, 4TO KBajpaT
YaCcTOTH A;==w®}] yNOBJETBOPAET ypaBHEHHIO uacTOT. Tak Kak
ApPYrux rapMoHuueckux koJebauw# supa (9), Kpome TeX, KOTOPhE
BXOJAT Kak ciaraembie B obmyo dopmyay (8), naa g ue cyue-
cTByer, T0 Aj=w} (f=1, ..., n)— 8ce KOPHH BEKOBOrO ypaB-
Henus. Kpome Toro, ecim Kaxoi-mu60 KOpeHb MOBTOpSETCH
8IEeCb p pas, TO €My COOTBETCTBYIOT p JIMHEHHO HE33aBUCHMBIX
dMIVIATYAHBIX BEKTOPOB X, ONPENEJAEMBIX M3 CHCTEMbl JTUHEHHHIX
ypasHenu#t (28) uam (29) npensimymero naparpada.

Taxum 00pasom, Mbl CHOBA HOKa3aJH, 4TO BCE KOPHH A; BEKO-
BOTO YPABHEHHS BEMIECTBEHHH M IOJOXKHTEJLHH M YCTAHOBHJI,
4TO 7 4acTOTaM (!)jd:!:—l/-}\j COOTBETCTBYIOT A JUHEHHO HE3aBHCH-
MBIX aMIIMTYAHHIX BEKTODOB H; (=1, ..., n).

Hoxacrasus B dopmyny A (g, g) sMecro g ero supaxenue (5),
10 1yYnM; '

n n n
A(g, lI)=A(Z 0m; ) Ghuh)= > Amy w88, (10)
=1 Py ir=1

C mpyro#i CTOpOHH,

n
Alg 9)= )] 8 (11

j=1
Conocrasaas pasencrsa (10) u (11), noayyaem oad aMIITHTYIHBX
BEKTOpPOB #; (j=1, ..., n), ¢ mOMOmMBIO KOTOPHX N0 ¢op-

Myse (5) OCyWecTBJSETCd NEepexoi K HOPMaibHHM KOODAWHATAM,
cootHoleHus %);
{ , =],
0, i),
!) B npepwinymem maparpade sTa Qopmyaa Gara ycTaHOBIeHa
AL AA8 CIydasa, xorja BegoBoe YpaBHeHME HE UMeeT KPaTHBIX KOpHEﬁ.

%) IpyraMy CIoBaMH, BEKTOPH #4; (j=1, ..., n) opTroHOPMHDO-
Banbl B A-MeTpuke (cM, mpuMevande 1 Ha crp. 236),

Ay, u)=3;; = Gj=1, ..., n. (12)
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§ 42. BausHne mepHOMM4ECKUX BHEMHHX CHJ
Ha KoneGaHMA KOHCepBATHBHONH CHCTEMBI

on
HYCTB IIOMHMO MNOTCHLUUAJbHBIX CHJ — 35 Ha CHCTEMY Oeh-

1
CTBYIOT HEKOTOpHE cuanl Q;=Q;(f) (i=1, ..., n). Tlepeinen
K HOPMaJbHBIM KOOPAMHATAM C NOMOIbi0 (QopMya

n
q;== Z wh; (=1, ..., n det(u;)j=1 #Z0) 4))]

j=1
Cuiam Q; B xoopauHatax ¢; (=1, ..., #) COOTBETCTBYIOT
cur ©; B koopamHatax 8; (j=1, ..., n). YcraHoBUM CBA3b

mexay Q; m O, HuCX0Ad M3 paBeHCTBAa BHIpaweHuH A3 37€-
MeHTapHO# paGoTh cuJ:

Z Qidg; = Z 8, %;. @

i=1 i=1

3amevas, uto B cuay dopmya (1)
n
aql= Z Ui 80, (i=1, ceey n), (3)
=1

M NOJCTaBAAA 5TH BHPAaXEHHA AJs dg; B PABEHCTBO (2), NoJyuaem
n n n
j=1i=1 j=1

Orclona, npupashnBas KO(PUUUEHTH NPR HE3AaBUCHMHIX NpH-
pameHusx HOPMaJbHHX KoopauHar 36;, HaxomuMm

Zl 1;Q (=1, ..., n) (5)

Takum 06pazoMm, €CHd <CTapHe» KOOPAMHATH ¢; BHPAKAIOTCS
uepes «HoBhie» 0; npm nomomu marpuust U=|u;;|

= uue1 ~+uyaly 4. . -0,
ql = uﬂlel + uQZOQ + + uin n (q — UB, det U # 0)’ (6)

= unle + "n‘leﬂ —l- +
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TO <«HOBHE» 06oOuieHHbie Cuibl ©; BHpPaNaOTCs Yepes «cra-
puie» 060OWeHHbE Ccuabl ; NPH NOMOWH TPAHCHIOHUPOBAHHCH
Matpuus U

0 =u,,Q + 115, Q, + + U Qs
92 = "12Q1 - 110 Qs + ‘1— anQm

= Uanl ’J“ HﬂﬂQ‘l “{" "I" llann.

Conocrapas marpuunbie dopMyas ¢=U8 n Q =(U)"8,
MBHl BWAUM, YTO NIPH NEPEXOAE OT KOODAMHAT K CHJAaM Marpalla
npeo6pasopanus U samensercs ') marpuuest (U')L.

910 06CTOATENLCTBO BHIPAWAIOT CAOBAMH: OOOOULEHHbBLE CLiAbL
npeobpasywmcs KORMPABAPUAHIMHO 1O OHIHOULEHIID K Koop-
ounaman?).

[Tocre TOrO Kak M HayunIuCh onpeneasts @, mo sajan-
HBIM @, HamAwieM ypaBuewus Jlarpamxa B HOPMAIbHHIX KOOp-
AuHatax, ucnoassys ajad T u Il Beipamenus (4) u3 npemsayuiero

naparpada:

O=U0Q. (O

0, 4-0;=6,0) (=1, ..., n). ®)

O6osnaunm uepes 6F (f=1, ..., 7) npoussoJsHOE uacTHOE
pemenne ypasuenns (8). Torga obmee pemenne ypasnenus (8)

Oyner
bj=C;sin (0t -fa)-+0F (=1, ..., n). )]

ITycrs O, (t)—nepnonmecxaﬂ Cujia ¥ IPUTOM CHHYCONJa/b-
Had ¢ qacmroﬂ Q:

0, (t)=A4, sin Q1. (10)
Torja, KaK HETPYJHO BHIETb, B KauectBe 0% MoxHO B34Th
A -
0% =m_j%_j—g2 sin Q£ (11)
Ecmn  Q;(f) (i=1, ..., n), a cnegosateasHo, u ©,(f)

(=1, ..., n)— NpoOU3BOMbLHLIE NEPHOLVYECKHE CHIB C NEPHUO-

1) Bcan U=/ u;;|» —oproronansnas matpuua, 10 (Uy'=U n
CHIB MPeofpa3yTCa Tak Xe, KaK ¥ KOODIUHATSI,

%) B o6wmeM ciyuyae, KOrga npeoGpasoBaHune KQOPAMHAT HEAUHEHHO,
06o0LienHbe Calbl NPeofpasylnTCA KOHTPABADHAHTHO 0O OTHOLUEHHIO
K aMddepeHuranaM KOOpAMUHAT,
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2
JOM T U uyacToTOoH Q=T", T0 6, () MONKHO Pa3NOKUTL B DPAR

dypre
=1, ..., n. (12)

m=0

Torpa, B cuny amneinocT® ypasuenu# (8),

b = 2 e sin (m@t +¢p) (=1, ..., n). (13)

Ecan mnekotopoe mQ2 coBnmagaeT ¢ w; U COOTBETCTBYIOLLEE
Ajpm 7 0,70 115 KOOpaMHATH §; umeer MecTo ABAEHNE pe3oHanca.

Tloacrapass BrpaxeHns (9) ana 6; B popmyny

n
q= Z ejujy
j=1
MOy 4aem:
9=9-q% (14)
rae
n
2 e sin (0t 4 a;) (15)
— c80000HbLE moneo’amw, a
n
j=1
~— BBIHYXCOCHHbIE KOACOAHUA CUCTEMBL, #; — AMIINTYAHBIH BEK-
veey Hpy (i=1, . n).

TOp € KOODIAUHATAMU U,;, Uyj,

§ 43. dKcTpemaabHbIE CBOUCTBA 4ACTOT
KoncepeaTuBHO# cucremsl. Teopema Peuxes
00 u3MeHeHRH HYACTOT C H3MEHEHHEM VHepuuu
K KECTKOCTU cHCTembl. Hanowenue ceaseil

B § 41 mu paccmatpusanu amnefiHoe neocoGentoe npeobpaso-

BaHHE KOOPAMHAT
n
ey

q= Z Ojuj)
j=1
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WAM B CKaTIpHOH BanHCH

gi= X ub; (=1, ..., n det(w)l;j=1 #0), (1)
=1

OCYWIECTBAAIOMEE NEPEXON K  HOPMAJNbHEM  KOOPAUHATAM
8, ..., 0,, B KOTOPHX KBagpaTuynsie popms )

n n

Alg, = D} augige C@ = Y, cuqiqr (@)

k=1 ih=1

HMEIT NpocTOH («KaHoHuuecKui») BHA:

n

n
Alg, 9= X8 Clg 9=, v} @)
j=1 j=1

B nanvuettiiuem ©Oyaem mnpennoJsaraTh, YTO TAaBHHE KoJebauus
3aHYMEPOBAaHGL TaK, 4YTO HMX 4YacCTOTH MAYT B BOSPaCTAOIIEM
nopsake

Oy =, .Sy, @

PaccMoTpuM OTHOLIEHNE KBagpaTHUHHX ¢opm (3)

C(q, q) _ ©1% 038 ... 30
Alq, 9" GBrer.. 1o

()

npy moboM ¢4 0 mam, YTO' TO Ke, NpH JMoOHKX 3HAYEHHAX
6, ..., 0,, He DaBHHX OJHOBDEMEHHO HyMO. 3aMeHSA B HHCIH-
Tene npo6u (5) Bce ®] HA MeHbIUEE WM PABHOE HM YHCAO of,
HalimeM
C@9
A, 9

= 0f. ®

C npyro#i cTopoHm, u3 (GopMmyan (B) HEMOCPEACTBEHHO BHAHO,

HOCTUraer
Alg, q)

yro npu G=...=0,=0 orHOMmEHHE

Y C(q, q) — yrBoeHHaa MOTeHNMaIbHAA 3HeprHud, a A(qg, q) nouy-
yaeTCA M3 BMpPAaMeEnus [i8 YNBOEHHOH KHMHETHYeCKol IHeprud A (g, q)
3aMeHOH B HeM § Ha g,
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sHauenus ;. Ciaegosatenso ?),

o] =min %% . M

Hanoxum Tenepo Ha CHCTEMY JuHEHHYO OZHOPOLHYIO CBA3b %)

hnthtat o Fhga=0 (X 4>0).  ®)

i=1

Buipaxas 31€Ch ¢y, G, ..., g, UEPES HOPMAJbHHE KOODAU-
HaTH C moMmoulsio npeoOpasoBanud (1), MBI B HOPMaJbHBIX KOOP-
AuHAaTax cHoBa OyXeM HMETh JMHEHHYIO OXHOPOIHYIO CBS3b

0o+ G+ .. -4 =0 .ZI 5*>0). (8)
7=

Cassb (8) unn (8') GyneMm cokpauieHHO 0003HAYaTh TaK:
L=0.

Bcerma Moxuo mafitm Taxkue sHauenus 0 u 0y, KOTOphLle BMECTe
¢ =...=10,=0 ynosnerBopawT ypaBHeHH©O cBA3u (8').
Ilns cOOTBETCTBYOIIErO g, coraacHo dopmyie (b),

Clg, g _ olitois_
A, 9 Bre =

1) Ecim Mbl HAa YHCIOBON OCH OTAOXUM TOYKH of, o} ..., 0l n
COCPefiOTOUHM B 9THMX TOYKax Maccsl m, =03, my=062, ..., m, =02
C, q

10, cormacHo dopmyne (5), BerHyHHA 6yneT KOOPIMHATOH

Alg, q)
nentpa 3tHx Macc. Otciona cpasy cienyior cootHomenus (6) u (7),
IIOCKONbKY LEHTP MACC BCeria pPaclofoxeH MeXIy KpalHMMH MacCamp
W COBNajaeT ¢ OJXHOH M3 KpPalHHX MacC TOrjJa, KOria BCe OCTalbHble
MacCHl PaBHBEL HYIIO.

2) Eciy pmana HenmHefiHas CBA3b ¥ MOIOXEHUE PABHOBECUA Y0~
BAETBOPAET YPaBHEHMIO 3TOH CBA3W, TO B Da3NOXeHHH JeBOH YacTH
YP4BHEHMA CBASH B CTEMEHHOH paAn

n
Loyt bge+ oo Hlndn+ D) lindigs+...=0

ik=1
ner ceoGonnoro wiena. Kpome Toro, MM mnpepnoanaraeM, 4T0 THHeHHHE
n

YneHsl JeHCTBUTENBHO MUMETCA, T. €. YTO Z 3> 0. Torpa, or6pacriBas
i=1

YnenH BTOPOro ¥ 6olee RLICOKOrO IOPAJAKQB MalOCTH, Mbl NPEACTaBAAEM

ypaBHeHHE CBA3H B BHJE (8).
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IMostomy u?l)
€@ 9 _ . (9)

== Wg.

min
L1=0 44, 9

Bynem Tenepe BapeupoBaTh ¢BA3b L=—=0. Torma sesas yacthb
B HepameHcTBe (9) Oyner U3MEHATBCSA, OCTaBasChb BCe BpeMs
meHblled wid  paBHo#H ;. Ho mpm cBasu 0;=0 (3zecw
Ca 9
Alg, q)

Clg, g __ %+t o
A9 ) 04+
u noromy [no avanorunm ¢ gopmyraamu (5) u (7)]

. Clg, 9
min ———
61=0 A (q! q)

Takum oOpa3om, cpenn Bcex cBase#t Buma L =0 Beanuusa

. Clg, 9)
=0 4(g, 9

L=1, =...=1/,=0) orHOmweEHNE 3ajaerca Qop-

MyJaoh

—_ 2
= wj.

IOCTHraeT CBOEro HaMGOJBILEro 3HAYEHMS oi nps cBsusu 0, =0,
CnenoBaTebHo,

. C(q,
mame=1r(1J 2;8’—3; = w}. (10)

Bmecro oano#t cBisM L==0 MOXHO HAKAGAHBATH Ha CHCTEMY
Heckoapko cBssedt L;==0, ..., L,  ==0. AmanoruuHo Ttowmy,
KaK 3TO OBLIO CHEAaHO B YaCTHOM CJy4ae OXHOH CBA3H, MOXKHO
NIOK4a3aTh, UTO

s C(g. q)
= in —r 7~ h=2, ..., n).
o} = max Ln::no X ( 1) 1

Lp =0
®opmysnl (7) m (11) BHpaxaOT SKCTPEMANBHHIE CBOHCTBA
YaCTOT KOHCEPBAaTMBHON CHCTEMHl, 2TH CBOHCTBA MHOTIA HasH-
BAIOTCA MK CUMUHUMAABHBL M,

1) CumBOn, cTOAilHlI B JEeBOH yacTH BepaserctBa (9), o6o3Hauaer
Ca, q)

Alg, q)
TOXBKO BEKTOPH ¢ 7 0, yHOBIETBOPAIOULME YPABHEHUIO CBA3M (8).

MHHHMYM OTHOIUEHHA npy yCI0BHH, 4YTO PACCMATPHUBAIOTCA



250 MAJILIE KOJIEBAHHS 1. vi

Bmecto dopmyn (7) u (11) serko monryuuts ananoruuHsie GoOpMysIn:

C(g, 9 1

5"'_—.1‘1’13 1 7

R Y @
. Cq, .

éfl_h=m1nLr?i)(0 H (h=1, ..., n—1). (1r)
L,=0"

3xcTpeManbHbe CBOHCTBA [HABHBIX YaCTOT, BHIPAXKAEMBIE PABEHCTBAMH
(7Y m (11’), nBOria Ha3LIBAIOT MUHUMAKCUMAABHBMU L),

Hapagy ¢ panHo# cucTeMOR paccMOTpUM elle OXHY KOHCep-
BATHBHYI0 CHCTEMY C KHHETHYECKOH H HOTEHUWAJbHOH SHEPrusMm

n T

1~ . . 1 T B 1 ~

$A@ D=5 X @it 5C@ O=5 ) fuggs (12)
ihk=1 ik=1

B <y =<...<< B, (13)
Jaa sTo#t cHCTEMH
& = min %%%, (14)
~ . ~C(q g
& = max min ~ 2L (h=2, ..., n) 15
g =0 A(q, q) ) (1%)
'L’;_'l'—_-'o

[lycts Hosasm cucmena umeem GOAbIYIO IHCECRKOCMY NP
moil sce unepyuu, T. € npm mobom g

A, 9=A4@ 9), C(q 9=C(q q),
HUIA Meﬂbwylo lIHEpl{lUO ﬂpll moit aice- scecmrocmu
A <A@ 9. C@ 9=C(q @)

B oboux cayyasx npu moboM g% 0

Ca, 9 _Cgq
Alg, q) éﬁ(q, 9’

(16)

1) JrcTpeManbHele CBOMCTBA YaCTOT GbIIM YCTAHOBIEHH HeMell-
kumy MareMarukaMM E. Pumepom [Monatshefte fiir Math, und Phys,,
16 (1905), 234—249) u P. KypantoMm [Zeitschrift fiir angew. Math. und
Mech,, 2 (1922), 278—285].





