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Ho Torga w MuHUMYMB W MakCAMHHEMYMBl 3THX OTHOIIEHUR
OyayT cBA3aHBl MexAay <OOOH TaKHM IKE HEpaBEHCTBOM, T. €.
u3 Hepaserctsa (16), B cuay dopmya (7), (11), (14) u (15),
CAENYET:

0,<<d; (=1,...,n a7n

Tlpr »TOM x0T OH B OJHOM M3 9THX COOTHOIUEHHH HMMEET
MECTO 3HaK <, €C/M TOJLKO HE BLIMOJHAETCS TOKAECTBO ')

Ci@g.9 _Cw 9 -
Alga) ™ A, q (18)

Mu npunviu ¥ Teopeme Penes?)

Ilpu yseaunenun xcecmrocmu Cucmems. UAU Y MEHbULEHUU
ee uHEpUull 2AQBHBLE HACHIONE YBeAU4LBAIOmcA "),

BrisicHuM, KaK BJAHSIET HAJIOKEHWE CBA3CH HAa BEJWYMHBI I713B-
HBIX YacTOT oy < Wy <...<< 0, KOHCEPBATHBHOH CHCTEMEL

Hanoxum Ha cuCTeMy $ HE33BHCHMMX JMHEHHHIX CBA3eH

Z1=0, ljg:o, aeey ZS—:O.

Ilycte nosiyuyeHHas TakuM 0Gpa3OM KOHCEPBaTHBHas CACTEMa
¢ n—§ cTeneHsMu CBOGOIB MMEET IABHBIE YACTOTH ®} <C w} <<
<<...<<of_g. Ilpu stom

s2__ . Clg, q)

=10 A, ) (19
=
f.=0

s

Conocrasnss dopmyny (19) ¢ copmynasa (7) u (11) (upm
h — 1=1s), HaxOOUM:

0y << Of S og. (20)

1) NeficreureabHo, cornacHo ¢opMyae (5), B cayuae wj=a)j’
(=1, ..., n) umeer mecro toxzaecrso (l8).

?) Dra rTeopeMa Guila yCTaHOBAEHA aHIAMACKHM ¢U3UKOM Pereem
B 1873 r. (Peneit Hx. B. Teopus smyka, M, 1955, 1. I, § 88).

?) B nepBoM ciyyae NO Pa3HOCTH Cq, q)—C(q, q), a B0 BTO-
poM — N0 pasHocTH A (g, q) — A (g, g) MOXHO OUEHHTb, HACKOALKO yBe-
AMYUBAIOTCH rAaBHble YacTOTH (CM. [ anTMaxepP.P.u Kpeiin M. T

OcuMINsUKONHEE MATPHIB M AAPa W Malble Kone$akHs MeXaHHYeCKHX
cucreM, u3gn, 2, 1950, ra. 3, § 10).
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Touno Tak xe npu moboMm hA<in-—s

o} = max min g—gq’—‘%. @1
Li=0,...,I,—0, *'P 9
B1=0,..., L, =0

3necw cemsn L, =0, ..., Zs=0 (huKCUPOBaHH, @ BaPBUPYIOTCH
cessu Ly =0, ..., L, ;==0. Conocrasass paseHcrsa (21) ¢ pa-
geHcTBamu (11) u ¢ dopmyaoi

2 . C(q,
Oh4s==max min TQ—EZ—%;,
1= !
Lpis 1 =0

B KOTOpo# BaprupywTcs BCE s—h — 1 cBagel, Gynem umeTs
o<, (h=1,..., n—ys) (22)

dopmyael (22) nNOKA3LIBAIOT, UTO MPU HAAONCEHUN S He-
3a8ucuMbx c8s3¢ll  KaKcoas U3 NepeuxX Nn—S 2AQBHHX
4ACMOMm Y BEAULUBAEMCS, He NPeBOCX00A NPl 3MOM CMapyio
2AQBHYI0 HQACHIOMY, HOMED Komopoll Ha § edunuy Ooasue
HoMepa OaHHOIL dacmomst.

1. B kavecTse «IpHIOXKEHHS MOCAEIHErO NPENIOXEHHA MOXHO
NoKazaTh, YTO KOPHH A <{hg=C...<CA, BEKOBOrO  YpaBHeHHs

A (M) =det (c;p —Aaz)] 5y =0 pasueanOTCA KOPHAMH M<..h¥
ypaBHEHHA

Ay ) =det (i —Aap)f 5L =009,
T. €.
MSMNSh,SM<.L<M <), (23)

Hleficrutenbno, ypasnedme A, (A)=0 sBIsEeTCA BEKOBHIM ypaBHe-
HMeM 15 KOHCEDBATUBHOH! CHCTEMBbl, HONYYalWeHCs M3 HCXOAHOH
HanoxeHueM OfHON CBs3U ¢, =0. [Tostomy, nonaraa A,=wj (k=1,..., n),

Af:mfﬂ (/=1, ..., n—1), mMu cpasy u3 HepaBeHcTB (22) monyuaem
HepaBeHCTBa (23) npu s=1.

) Ay (\) —raasEbi# mpHOp (7~ 1)-To mopAIKa B ompepesTHTene
A (A). Unorma rosopAr, 4r0 HepaBeHcTBa (23) BEpPAXA0T «Teopemy
pasieleHna» AuA KODHe# BeKOBOrO ypaBHeHusa. [Hepaencrsa (23)
MOPyT GHTh MCHOABb3OBZHH IVIA HAXONIEHHs HHMHHX M BEPXHWX rPAHHL
KODHeHl BEKOBOro ypasrenus (cum., HanpuMep, Ba6akos U. M., Teo-
pua koaeGaumid, I'ocrexmspar, 1958, crp. 106—107),
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2. YkaxeM eume HA OXHO MOGONBITHOE NPUMEHEHHE NPEIVION CHHA
00 H3MeHErHM YacTOT NPY HANOXEHMH CBA3elh. MasectHo, 4To HanuuMe
TPEUiMHbl B CTaKaHe ONpPeNeNsioT, NOCTYKMBAs O CrakaH NalbuaMy,
310 CBA3aBHO C TeM, YTO y CTakaHa Ge3 TpPEWHMHB MO CPABHEHHIO
CO CrakaHOM C TPemHHOH MMETICA IOMONHHTENLHBlE CBA3M MEWIY ero
yacraMy. Iloaromy y crakaHa Ge3 TpeulMHH YaCTOTH KoaeGaHui JOMKHE
GeiTh 6ollee BLICOKMMH. -

§ 44. Maavie KoneGaHufl YNPyrux CHCTeM

B kayecTBe BaXHOrO MPHMEpa MaNBIX KOTeGaHHi KOHCEPBATHBHOM
CHCTeMbl DacCMOTPUM 1 MacC My, Mg, ..., M, COCPENOTOUCHHBIX
B n toukax (1), (2), ..., (n) ynpyro#i cucremsl S (CTPYHH, CTepxHs,
MeMOpaHhl, MIACTHHLL ¥ T. J.), UMeoell KOHeYHble PasMepsl ¥ KAKHM-
an6o 06pa3oM 3aKpeniIeHHOW Ha Kpasx, '

Bynem npeamonarats, uTO mepememenna (MporuGul) vy, Vg, -.., Yn
Touek (1), (2), ..., (n) cuctemsl § ¥ JeficTBylOmMe HAa MacCH my,
my, ..., My, cAsl Fy, F,, ...,

F, napanienbHsl OJHOMY M

TOMY ke HalpaBIeHUO W HO- Vl F !;‘”
TOMY ONpPeNeNsioTCH CBOMMH

aare 6paHyecKUMH BETHYHHA- VY2 7
MH (puc. 50). TIporu6m y,, >

gy +e+ s Y MOKHO paccMarp- Puc. 50,

BaTh KaK HE3aBHCUMbIE KOOp-
IMHATH CHCTEMBI, a CHAB F,

Fy ... ..., Fy—xak cooTBercrBymoiue OGOGHIEHHBIE CHIBl, THK KaK
sleMeHTapHas pafoTa STHX CHI paBHa

n

Y Fidys

i=1
flpy wuccnenosaHuy CBOGONHHIX KoaeGaHu#t MBI B KayeCTBe cma F,
F,, ..., Fy Gepem ynpyrue cuanl F§, ..., F§, neHcTByiowHe Ha mMacchl
my, My, ..., M, €O CTOPOHE YIPYro#d CHCTEMH S NpPH HATHYHH TPO-
ru6oB ¥;, s, ..., V. PaccMaTpHBaeMas CHCTeMa 7 MaTepHalbHLIX

TOYeK, HaXONAWMXCA MO0J BO3LEHCTBHEM YNPYTLHX CHJI, HABIAETCH
KOHCEPBaTHBHOA ¥ MMeeT ONpeleleHHY0 [OTEHUHMANLHYI0 SHEPLHIo
I (¥4, Yoy ooy Yn). Pasnaras ¢ynxrwmo I (yy, y5 ..., ¥,) B CTENEHHOH
PAR M COXpaHAf B 3TOM PAAY TOAbKO KBaJpaTHyHble uneHH (CM, § 40),
nonyyaeMm jasa II BeipaskeHue

n

1 .
D= 2 ayiye  Cp=cm i k=1, ..., n). (1
k=1
on
Torma paa ynpyrux cua Ff=— ED (=1, ..., n) raxoanM
H

n
Fi*=— Zl CieVr (i=1, ceey ﬂ). (2)
b=
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Cunras monoxenne paBHOBECHA y; == ... =y, ==0 yCTONUMBEIM, npH-
HAMaeM, 4T0 Kkeéadpamuunasn @opma (1), evipascaowan nomeuyuans-
HYI0 3Hepeul0 KaK @yHKyuio npoz2ubos, ABAsemcs NOLONCUMEAbHO
onpede seHHOL:

n n .
> 1 cyiyr>0 (3 y1>0). 3
iL,kh= i=1
KnHeTHYeCKan 3HEPrHA CHCTeMBl HMeeT NPOCTOH BHI:

n
1 .
T= 5 2 miy%, “4)

B nouckax rapMOHMYeCKOTO KoxeGaHHA y;==u;sin (of }-a) (kax
9T0 MH Jenanu B § 40) NpUXOAMM K YPaBHEHHMIO YacTOT

€y~ My 13 Cin
Cor  Cop—mgh ... Con =0 (A=uw?) ©)
Cny Cng o Cpp— Mgk
U anreOpaHuecKuM YPaBHEHHAM LAA ONPENENEHHS aMIAATYH
n
Y (cp—hmdyp) =0 (i=1, .., n). (6)
k=1
CrcTeMa MMeeT 1 yacTor
0,0, L Ko, ()
H COOTBETCTBYIOUIME AMINHUTYIAHbIE CTONGUBI U, Wy, ..., #,; CBOGOAHEE
KONe6aHHA ONpelensiioTca GopMy ok
n
y= ¥ Cjmsin (ot + a)), ®)
j=1
rie C; v ay (j=1, ..., n) —NpoH3BOABHbIE NOCTOAHHHE, ONpeelse-
Mble U3 HaYalbHBRIX YCIOBHH.

Tlycth muemnde cuanl Fy, ..., F, BH3EIBAIOT CTaTHYeCKHe npo-
Tu6H y;, ..., ¥, Torma cumam F; ypaBHOBeMIMBAITCA YNPYTHMH CH-
mamu F¥ (Fj==— F}, i=1, ..., n), u IOTOMY, COrIaCHO PaBeHCTBaM (2),

n
Fi= 3 cuuyn =1 .., n. e
k=1

Tlpn wcCRENOBAHMHM YNPYTHX CHCTeM GOJbUIYIO POJb UrpPaeT MaTpHNa
G = g;|, oOparnasn ) nas Matpunm €= ¢;p ||?:
G=C".

) Martpuna € He sasaserca ocobesnoit (det € 7£0); Tak xak
KBajpaTHyHasd ¢opMa (3) ABIAETCA MNOAOKHTENBHO ONpejeleHHOH,
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C noMompio MaTpHubl & MOXHO pas3peifuTh CHCTEMY COSTHOIIe-
uuit (8) oTHOCHTeabHO MPOTrHGOB ¥, ..., ¥, B MPEACTABUTL €€ B BHEE

n
yi= E}gikpk (i=\1, ..., n. (10)
B =

Beauusna g;, pasHa nporn6y B Touke ({), BHI3BAHHOMY €XHHHYHOMN
BHEIIHEH Cuiof, MpuioXeHHOA B Touke (K), W maswBaeres KoadPu-
yuenmom esusinusi toukw (R) Ha Touky (i) (i, k=], ..., n). U3
CAMMETIPHYHOCTH Matpuubl € crelyer CHMMEeTPHYHOCTH o6paTHOH
MaTpuubs @G, cOCTaBIeHHON M3 KO3GOUIHEHTOB BIUSAHHA 1)

gir—8ri (l, k=1y ey n)v (11)

a U3 NOJOXUTeAbHOH onpeleneHHOCTH ©GOpMu (3) clelyeT M[ONOKH-
TenbHaA ONpeneNeHHOCTh KBaAPaTHYHOH (OPMH

n n
G(F, F)= :Z 1 €nFiFp>0 (izl F?>0), (12)
,k== =z

n
NOCKORBKY KBajpaTuuHas dopma Z ¢irYiVe Tepexomut B gopmy (12)
i,k=[
npu npeo6pazoBanun nepeMesHux (10):

n

n - n

1 1 1

M= Z cikyiyk:‘“fz Fyi=+ 2 &iFiFp.  (13)
fhe=1 Fma iE—=1

PaccMOTPUM AuHedHYI0 YOPYIYIO CHCIEMY S—CTpPYHY WaM crep-
WeHb NpH OGBIYHHX 3aKpenneHHAX KOHUOB. MOXHO mOKa3arth, YTO
B 9TOM CAayyae MmaTpuua kodddwuumentos Bauauna @ obrafaer cae-
NYOIMMHA. CBOHCTBAMHY,

1°. Bce muHOpH (He TONBKO raaBHel) mooro mopsagxa Marpulim G
HEOTPHUATENbHBL:

&1y giikp

e =0

Bigh, gipkp
O=sii<..<hp<snmi<k<..<k<n p=1, ..., n,

2% g >0npu |i—k|<<l ({, k=1, ..., n).
3°. Onpenenurens det G=|g;, | > 0.

Martpune, o6iagaiomue cpofictamu 1%, 2° u 3° HaswBaloTCA
OCYUANAGUOHHBIMU.

1) PamenctBo (11) BhpamaeT Tak Ha3HBAeMHH NpUBUMD 83auM-
nocmu Mawcgeanra: <nporu6 B Toyke (i) moj AelicTBHEM eNUHHYHOU
CHALl, NPUNOXKeHHON k Toyke (R), paBeH npormGy B TO¥Ke (k) mon
JeHCTBHEM ENHHHYHON CHAM, NPUIOKEHHOH B TOYke (i)».
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3aMeTHM, UTO 1AA BCAKOH MOJOKMTENbHO ONpesieneHHON MaTpuus G
BHITIONHAIOTCA CBONCTBO 3°, a Take HepaBeHCTBAa 1° A TIaBHHX
MHMHODOB M HEPaBeHCTBA 2° 1 NHArOHANBHLIX 91EMEHTOB g;; (i=l, ..., n).
OnHako HEOTPHUATENBHOCTb HErIaBHLIX MUHOPOB MOGOr0 Mopaixa rY
B TONOXUTEILHOCTb JEMEHTOB gyo, ... , €y 1, n NPEACTABIAIT COBOH
cnenndpuyeckne CBOHCTBA MaTPHIEl KOI(QOHIHMEHTOB BIHSHUA IHHeHHOH
YUpyroft CHCTEMH,

VI3 ocuMansnMOHHOCTH Marpuusl Ko3GQHMUMEHTOB BIHAHHA BHTe-
KaOT ClelYOIHe OCHOBHbBIE <OCUHINAUMOHHBEIEY CBOHCTBA YUPYIrHX
KoneGaHu#l JHHEHHOM CHCTeMB,

1°, Bce 4aCTOTH pasTHyRbE:

0 <oy < vl < 0,

2°..Bce aMITAMTYNBI Uy, Ugy, ..., Uy, B NEPBOM TIABHOM KoONeGa-
HHH (C YacTOTOH ©;) OTAHYHBL OT HYAA M MMEIOT OJMHAKOBbIE 3HAKH.
3. Cpemn ammmuryn uy;

{1 2 (n} Ugj, ..., Upj B j-M FJABHOM KoneGa-

] HHH (C 9acTOTOH ®;) MMeeTCH POBHO

t B J— 1 mepemen snaxa (f=1,2,..., 1)
puc. 3l1).

(j=1) Hccnemopanye  ocuuaasnyon-

HBIX MaTpHly 1 o6GocHOBaHHe ocuua-

(0@ (1) -1

0 o /% W
' (7=2)

Puc, 51. Puc. 52.

AALMOHHBIX CBOWCTB YNPYIHX Kone6aHu# BEIXOAUT 3@ PAMKM HacTosueH
KHUTH ),

I[Tpumep, PaccMoTpHM KHacCHYeCcKYl 3ajady o KoaeGaHunm
CTPYHBl KOHEYHOH [auHE [ C 3aKpenneHHEIMM KOHLAMH B Cayuae,
KOTZA BCSl Macca CTPYHHI COCPENOTOYeHAa B 72 PaBHOYNATEHHBIX (MEXAY
coGoit M OT KOHUOB) TOYKAX, NIPHYEM COCPeNOTOYEHHBIE MACChl PaBHEI
Mexay coGo#t (M paBHbl m) (puc. 52).

YaanHeHue i-ro yyacTka (MeXy TOYKaMu ¢ Nporubamu y; W yy,,)
BHIPA3UTCA (C TOYHOCTHIO N0 MaJHX YeTBEPTOrO MOPAAKA) CHEAYIOULAM

!} B 4acTHOCTH, HEOTPHUATENBHOCTh HENMATOHANBHHX SAEMEHTOB
Matpuisl G (gi, =0 npu i £ k).

%) Untarens mafiieT STOT MaTepuan B kHure: CaHTMaxep . P.
u Kpeiin M. T, OcuuagninuoHsele MATPHUBL ¥ AAPA B Majble KOde-
GaHnsa MeXaHHYeCKHX CHCTeM, mal. 2, M, 1850,
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o6pasom:

V(n+1) + Wi —y)* — n—l}—I =

a7 (V 1+ B st —1) ~ 2 =0

Cqmaa HaTAXe¢HHe CprHhI g MOCTOSHHBIM !), NHOMyuYaeM BBIPANKE-
HHE JIAA TOTEHHUAJbHOH DHEPrHH:

n
¢ a(n41
=35 Z Wi — ) (yo =Ypy =0 ¢ =—(‘-‘;‘u) . (19
i=0
Kunernyeckas aHeprus umeer mPOCTON BHL

T=2 Y 5 (1)

JLas HaXOWAEHAS rAaBHHIX YaCTOT M COOTBEICTBYIOUIMX aMIUIMTYH-
HHIX BeKTOPOB H3bepeM KOCBeHHH OyTh ®). Hanumem ypasnenus (6)
Aasi aMILATYHA, ucnons3ysn seipawenua (14) u (15) nas ¥ u 7. Kaxmoe
U3 Moxy4yeHHuX ypaBHeHui#t (6) pasfenuM I[IOYTEHHO Ha ¢ U BBejeM
COKpauleHHOe 0003HayeHHe:

LR
1 3¢ @ cosf, (16)

rie 0-— pcmomorarenbuaa Beauyuna, Torga ypasmenus (6) Ans ammiu-
TYA ODPUMYT CHERYOmul BUM:

Uy —2upcos b+ up, =0 k=1, ..., n), {amn
rhe
Uy =ity =0, (18)
AunrefpauyeckuM ypaBHeHHaM (6) MOXHO YHOBIETBOPHTBb, IOJO-
WHB 3)
up=sin kb (=0, 1, ..., n-1). (19)

[pn sToM nepsoe M3 «rpadHHudbiX» Yycuosuit (I8) ymosumeTBOpsercs
8BTOMAaTHUECKM, a BTOPOE JaeT YCIOBHEe XIS ONpefeNeHHA HCKOMBIX

YJacTOT:
sin (n +1) 8 =0. (20)

1) 310 nmpeanonoxeHWe ONPaBIAHO TeM, YTO PacCMATPHUBAIOTCA
TONbKO Malhle MPOrubs! y,, Yoy vony Yoo

%) Cm. Kpelin M. Maremamqecxnﬁ c6opruk, T. 40, 1933,
crp. 455—466,

%) [lpn noxcrasosxe Berpaxenus (19) B ypasHenua (17) moayyaem
TPUIOHOMETPHYECKHE TOXIECTBA

sin(Bk—1)6-—2sinklcosb+sin(k+1)§=0 (k=0 1, ..., n).
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Ortciona 0j=£—1— (j==1, ..., n) u, cIeloOBareibHO, COraacHoO pa-
BescTBy (16),

.__ 2¢ 1 9

oj=—-(1—cost),

c . 6 ¢ . Jjm
a)j.--—"‘Q “/H Eited —21 =2 I/Esmz——m
; S el K
( —-1, [P (M C—-———l——>,

T, @,

@)

M5t HaX 0k AEHNA AMIIATY L j-TO NABHOTO KONEGAHUS Uy, Usy v,y Unj
nonaraeM 8 pasencrsax (19) 8=0;

kjn
n+1

[lpoussoabnoe cBoGonmHOe koaeBaume CHCTEMb onpefnensercs op-
MY IOl

tipj==sin kf; == sin R, j=1, ..., n. (22)

n
V= 2 Cjukj sin (mjt -+ aj) =
=1

n

: . kjm . Jn ¢

== 21 stm;l—_}_—lsm (2 Slﬂm‘ ]/;t +<1j)_ (23)
Jj=

Us dopmyn (21) u (22) cpasy BuAHO, 4TO BOAyYeHHBle TAABHhIE
KodeGaHHs 00JajaioT OCUUINALNOEHEIME CBORCTRBAMH [° — 3°,

Jlarpanx noxasan, Kak M3 HalileHRLIX GOPMYJ] IPeNedbHEIM Hepe-
XOIOM MOMHO [OJYYHTH CBOGOJHbIE KONEGAHMA OAHODOAHOH CTPYEH
(c sakpenseHHLIMY KOHIAMH), Macca KOTOPOH YXe He CKOHLEHTPHPO-
BaHA B 12 TOUK2X, a PAaClpefie/ieHa PABHOMEPHO BIOIb CTPYHH, EMEIOM(EH
MIOTHOCTE p.

l
[Monaras B paccMoTpennofl sanmaue m=PT, HaxXOAuM JIUCKPEeTHHYU

aHajgor xas Ol[HOpORHOﬁ CTPYHBI C [J3BHbIMH YaCTOTaM¥
m_21/ % 1) sin— I - 94
oy ; V-p n(n+})mﬂ2(n+l) =1, ..,n. 24

B npexeae upm n— co moayumm JaA 4acToT ©; OJHOPOJHOA Bakpe-
NJ€HHON CTPYHBI M3BECTHHIE BBIPAaXKEHHA:

wj=jF ]/; (J=1,.., n) (25)

‘D1 GOpMyNsl BHIPAKAIOT 3aKOH MepceHHa, COrmacHo KOTOpoOMY 8ce
HACIMOMbL ABASAIGMER HEeARMU KPAMHMU 4ACHOMBN OCHOSHOZ0 mMOHA
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n T
o= ]/-? L KaxcOas 03 4acmom npAMO NPOROPYUOHAALHA

KOPHIO KB8AOPAMHOMY U3 HAMSANCEHUS U OGpPAmMHO NpONOPYUOHAAbHA
OnuNe U KOPHIO K6AOPGMHOMY U3 NAOMAOCHIL.
[IpencraBaM j-e rapMonddeckoe KarteGaHHe ONHOPORHOH CTDYHHI

B BHIE
yj (e, ) =u;€x) sin (o)t +-a) O<x<l), ©26)

rie uj(xy— aMmIuTyIHI# MPOru6 B 3TOM KonxeGaHHH.
C’wran, uTO aMUIAMTYIHBI 1porub u;(x) Moxer OHTb MOJYueH
u3 BeauuuH (22) MpeneabHHIM MePeXOROM
uj(x)=lim 1y,
kI
n-t{
Jrx

uj(x)=sin—l =12, ..).

npuH 1 —CO # - —» X, MBl H3 opMyan (22) wafineM:

Torna €s0oG0EROe KoXeGaHHe OAHODOIHOK CTPYHBI, KOTOPOE [OXAY-
yaeTcs IMHeHHOM cymepmosuuuel riaapHubix xoneGannl (26), BeipasuTcs
dopmy o :

(v o]
y(x, )= Z Cysin =% sin (ot + a),
i=1

rie C; u o; (j==1, 2, ...)— NpOU3BONbHbIE MOCTOARHLIE.

§ 45. Manbie Kone6auus CKJICPOHOMHOMA CHCTEeMBbI
nox HeficTEMeM CHJ, He 3aBHCAMHAX SBHO OT BpeMeHH

Hanmmem ypasuenus Jlarpamxa Jis CRJICPOHOMHOH cHCTEMH
B ciayuae, korga oOoOuieHHHE CHAR Q; 3aBHCAT TOJLKO OT KO-
OpPAMHAT H CKOPOCTEl: :

G = W G=L...m O

IlycTh Hayano KOOPAMHAT SBJAETCA NOJOXEHHEM PaBHOBECUS.
Toraa (cM. § 40) KMHETHUECKas SHEPrus ¢ TOYHOCTHIO O YJICHOB
TPEThEro NOPsAKa MaJOCTA OTHOCHTENBHQ ¢; B §; (i==1, ..., n)
MOXeT OHTh NPEeNCTaBJeHa KBaapaTuuHO# ¢OpMOH € NOCTOHH- -

HHMH KO3(duuuenTamu
n

1 \ . o
T=+ Z ;x99 @
k=1

THe @y =@y (b k=1,..., n).
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Pasnoxum Teneps o6obmennnie cuibl Q; (g, ¢,) B CTENEHHHE
pAIB OTHOCHTENBHO ¢, U G :

A=t Y[, 0+ (@] +eo o
k=1

Tax Kaxk Hayano KOODAHHAT SBAIETCS MOJOKEHHEM PaBHOBE-
Cusl, TO NpPH HYJNEBHIX KOOPAMHATAX H CKOPOCTAX BCe 06obmeH-
HBE CHJIB JOJIKHBL PaBHATBCA HYJMIO, T. €.

Qi0=0 (l=1, ves y n). (4)
Beenem caemyromue o6Go3HaueHHs:

=i =, @rmtn

Tlocne atoro, or6pacsiBas B passiowennd (3) BCE UJNEHH BTO-
poro u Gosee BHICOKOTO NOPSAKOB MaJOCTH, OyNEM HMETh:

Q=— Zl biede+cngw) (=1, ..., n). (6)
B oame

IlopcraBmas B ypasuenus Jlarpawxka (1) Bepawenns (2)
u (6) mna KMHETHYECKOH SHEPruM W I/ OGOGLIEHHBIX CHJ, MOJIy-
UM JuHEHHbE AudQepeHiatbHEe YPABHEHUS [IBUKCHUS AJd
ManeX KoJeOaHu# CKACPOHOMHOM cUCTEMHB

n :
E @irGr + birde+cng) =0 (=1, ..., 0. ()
k=1 -
OGosuaunv uepes A, B, C KBaapaTHwe MaTpuum !)
A=|ay|, B=|byl; C=|cul

a uepes g — CcToJ0eW U3 ¢y, ..., g, Torma cucrema audoepen-
upanbHLIX ypasHenu# (7) B wMaTpuuHoM sanucm Oyger BhIras-

IETh TAK:
| A+ B+ Cq=o0. ®)
Byaem uckarh pemenue cucrems (8) Buma

g=ue", ©)

f) Bamerum, ut0 A — NONOMUTEALHO ONpEAEIEHHAT CHMMETpHUE-
CKas MaTpHUa (3T0 OGCTOATEABCTBO 31€Ch HE MCNOMb3YEICs).
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rae @& —cronbel, ¢ MOCTOAHHBIME  DJEMEHTAMH Ny, ... , U
a p— uucJo.

[loncrasassa Bupaxenne (9) B marpuuHoe ypasHeHne (8) u
coxpamias Ha e, mosnyuaem:

(A + Bp+C =0, (10)

WM B PaspepHyTOH B3amucm

ny

D@ FbypFc)u,=0 (=1, ..., n). (10)
k=1

Jlna toro utobm cuctema (10) wam (10°) nmvena HEHy.IeBOE
pewieHue #, HeoOXOAMMO M JOCTAaTOYHO, YTOOH ONPENS/H TEMb
aTOH cHUCTEMBl OB paBeH HYJIO:

A (p) = det (Ap* - Bp + C) =0, an
WM B Pa3sBEPHYTOM BHIE
g F ooy o @t b -4
Aw=| =0 an
i+ bpp - Cny vee At bpal - Cun

Ypasrenne (11) Ha3wBaeTCHd BEK0BbIM YpABHEHUeM LA MaH-
HOM cucreMbl. 1o aarefpanyecKoe ypaBHEHUE CTENEHu 24 OTHO-
CUTENBHO (s

OrpannyuMcs  paccMOTpeHHEM TOJbKO OCHOBHOTO — CJAydas,
KOr'Za BCE KOPHH BEKOBOTO YPaBHEHUS Wy, ..., Wy, DAa3JAUYHH
Mexay coGofi. KawaoMy KODHIO ., COOTBEICTBYET HEKOTOpOE
HEHYJIEBOE DpelleHue M, == (i, ..., U,,) CHCTEMH OJHOPOMHHIX
anre6pamyeckux ypasnwennfi (10) m, ciemoBaTeNnHO, YacTHOE

peuenue uhe“ht cucreMH  juddepeHnnanbubx - ypasHenui  (8)
(h=1, ..., 2n). Obmee pemenue >ToOH cucreMs mudpdepen-
OUaNbHHIX - YPAaBHEHMH TOJYUHTCH KAk JuHeHHasd KoMOHHanws
(¢ MPOK3BOJBLHLIMH NOCTOSHHBIME KO3 (ULUEHTaMI) STUX YACTHHIX

peueHni:
2n

g= ) Cuuet. (12)
h=1

Oco60 BaWHBIM SBAAETCH TOT CAyU&H, KOPMa BCE BEUIECTBEH-
HBHIE 4aCTH KODHE# ., OTPUILATEIbHEL

Rep, <0 (h=1, ..., 2n).
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B stoM cayuae NONOXKEHNE PABHOEECHSI CHCTEME! SBJISIETCS ACHMITO-
THYECKY YCTOHYMBHIM HE TOJBKO IS JIMHEAPU3MPOBAHHOH CH-
ctemsl (8), HO M IR MCXOAHOH HeauHENHOH CKJIEPOHOMHOH cu-
creMB ¢ Audepenunanbupma ypasHenuamu (1) (cm. § 38).

B sakmouyeHME OTMETHM, YTO I/t KOHCEPBATHBHOH CHCTEMBI
B=|b;,|?=0, a- A=|a,|* n C=]c; [P — cummerpnueckue
NOJIOXKUTENbHO  ONpENENEeHHsIE  MaTpuukl. Bexosoe ypaBhe-
uue det (Ap® 4~ C) =0 nepexoaur B ypashenne det(C — AA)=0
uz § 40, ecau nonoxuts p==i J'A (i=]/— 1). Ho, xak 6nia0
nokasano B § 40, ypaenesue det(C —AA)=—0 wuMeeT TOIBLKO
.TIOJIOXMHUTENIbHEIE U BellecTBenHbe KopHu. [ToaToMy ypaBHenue (11)
B C/yYa€ KOHCEPBaTUBHOH CHCTEMH HMEeT YHCTO MHHUMBIE KODHH.

§ 46. Juccunatnsnag dyuxkuus Penes.
Bausinue MaJblXx AUCCHOATHBHBIX CHUJA
Ha KONe0aHUA KOHCEePBATHBHOMH CHCTEMbI

OrMetuM Baxup#l uacTHHH cayuall, KOrza acUMITOTHYECKast
YCTORUMBOCTD IIOJIOKEHHS PAaBHOBECHH MpefoNpeleNeHa U Her
HeoOX0JuMOCTH INpuberaTe K KpPUTEPUSIM YCTOHUMBOCTH, WSJO-
#eHHsiM B § 39.

Iycts B BRIpaxeHnax nas 0606WeHHHX cii [cM. paBeHCTBO (6)
Ha cTp. 260] '

Q=— ) budr— Zl Cindr (=L...,n @
= =

cocTaBiennsie 43  Koaddmunentos mampuys B=|b,[* wu
C=|cul? normiomesn cummempuneckumu u nososcumensro
onpeoeAeHHbLMIL

Torga, BBOAA B DACCMOTPEHME MNOTEHUMaJbHYO suepruno II
n puccunatuBHylo ¢yexkumo Penesn R (cm. § 8), kortopue
3a[AI0TCS NOJIOKATENBHO ONPEENEHHBIMY KBaAPATHYHEIMA GPOPMaMH

n n
1 1 .
]‘[:-_7 Z Ciediqr >0, R=—2' bixQ:9, >0
iy i k=1 )

(Zar>o. Su>o)

i=1 i=1
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Mel popmyan (1) nepernuiieM Tak:

on oR
;TS e e l=1,..., - 3
@ 07; 04y ( ") @)

. on .,
Ha cucremy, noMuMo HOTEHLMALHHEX CHI — e (f=1,..., n),

HEeHCTBYIOT eme JUCCHIIaTHBHEE CHAN — onpeaeasemsic

04g;’
¢yukuue Penes. B § 8 Oniio BHACHEHO, Z‘To B 3TOM cayuae
CHCTEMa fABJAETCA ONpeleseHHO-AuccunaTHBaol. Tak Kak, coraac-
HO nepso#t u3 Gopmya (2), NOTECHUUANbHAS SHEPrHs B MOJOXeE-
HHM DPaBHOBECHS MMEET CTPOrui MUHHMYM M NOJIOXEHHE DaBHOBE-
cusl ABJASETCH HW30JUPOBAHHBIM, TO (CM. Teopemy Ha crp. 202)
NOJCKEHHE DAaBHOBECHS HBJACTCH ACHMITOTHYECKH YCTOHUMBEIM.

Taknm 00pa3oM, AUCCUNATHBHBIE CHUJH, onpenesseMbie (QYHK-
nueft Penes, He TOJNBKO HE HapyMAKT yCTORUMBOCTH IOJIOKEHHAS
paBHOBECHS KOHCEPBATHBHON CHCTEMBI, HO U JIeNnaoT (B HEKOTO-
PHX CAYYasX) 9TO NOJOKEHHE ACHMITOTRYECKH YCTOHUMBLIM.

B paccMaTpuBaeMOM ChAyYae MOMXHO YCTAHOBHTH NPOCTHE
dopMynsl AJf  OLEHKM KOpHeH BEKOBOro ypasHeHus. DBynem
CHOBa ucKaTh pemienue Buma ue™. Ilas onpenenenus croabua i
no/jyyaeM ypaBHeHue [cM. crIp. 261]

(Ap*+ Bp 4 C)u=0, )
uid B pasBeEpPHYTOR 3ammucH

Zl(aikp'g + bigh + i) 11, =0 (=1, .., n &)
E—

Ymuoxas o6e uactu i-ro ypapuenus (4) wa @; (#; — BeAnuuHa,
KOMIJIEKCHO CONPSDKEHHAd C #;) ¥ CyMMHDYd 1O i, HaXOAWM

p? é @l - p i by, - 2"] Copil gty =0,
1 r=1 =1 1, 5=1
WIH B COKPAaUIEHHHMX OBO03HaueHHAX
A(w, B)p*+ B, Bp—+C(n, #)=0, ()
rze A(s, 8)>0, B(#, @)>0 u C(a, @) >0,

1) Cm. 5° Ha crp. 235, .
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Takum o6pasoM, moGOH Kopewb (= BEKOBOrO ypaBHEHHS
YIOOBJIETBOPSET KBAAPaTHOMY ypaBHeHuo (B) ¢ I0A0XKATENbHBIMH
Kosdduuuenramn. Otciona cpasy crenyer, uro Rep < 0.

Eciu mekosoe ypaBHeHme ¥MEET KOMIJEKCHHHE KODEHb
p==7-18, TO 5TO Ke ypaBHEHUE HMEET M KOMIJIEKCHO COTpPA-
MEHHHHA Kopeub fi==v7—i8, Yucaa p ¥ § — KOPHH KBaAPATHOrO
ypasuennss (5). Ilostomy, monmaras a=9v-+iw, Gf=v—iw
(9, W — BemecTBeHHHE BEKTOPHI-CTONOIE), MOMXHO HAamucaTh l):

_ ~__ B mw _ B v)4Bw w
Rep=p-P=—zq D= " A A @ )<

| IE_.__ .____C(ll, ﬁ)_C(’U, v)+C(w, w) (6)
M= Te A 0t A, 0)°

KoMIIeKcHO CONpPAXEHHBIM KODHSM v M [i COOTBETCTBYIOT KOMII-

JIEKCHO CONpsiKeHHsle KoaeGanust uet! u gedd. Cymmy cooTser-
CTBYIONIMX WIEHOB B BHpaxeHuu An1 g [cM. dopmyxay (12) ua
CTp. 261] MOMHO NPUBECTH K BEILECTBEHHOMY BHAY NPH KOM-
NIEKCHO  CONPAKEHHHIX BHAUEHMAX  IIPOW3BOJBHHX  IIOCTOSH-

HuX C=(F+i0), C=-4(F—iG)
Ce¥ - e = 1 (F - i0) (@ - lw) 107 |-

e (F— 1G) (0 — i) 1700 =
=Re {[Fo — Gw | i (Fw - Gv)] " (cos ¥ -} i sin 3¢)} =

= ¢" [(Fv — Gw) cos 8 — (Fw - Gu) sin ¥]. (7)

Ecan Mbl nMeem ABa BEIUECCTBCHHBIX KOPHA W H P" u CoOoT-
BETCTBYIOUIME UM CTONOUB 0003HAYUM yepe3 # W &', TO, YMHOMKas
06e wuactu i-r0 ypasHewus (4') Ha u; (BMeCTO &@;), MOJyyaeM
BMECTO PAaBEHCTBa (D) CJGAYIOIiEe PABEHCTBO:

A, w2+ B, w')p+ C(u, w)=0. ®)

1) Cum. dopmyay (20) Ha crp. 235,



§ 46] NUCCUMATUBHASL dYHKLIUS PRJES 265

Menss poasMu BEKTOPH # W B/, 3aK/MIOYaEM, uTO UACAO
TaKKE YROBJIETBOpAET ypasuenmio (8). ITosTomy

r__ B w r__Clu n)
b= A’ " TA@ ) ®

[locMoTpuM Temepb, KaK M3MEHAIOTCS [VaBHBIE KONeGaHHA KOHCep-
BATHBHHX CHCTeM "[OJ JNeHCTBHEM M aJ b X JNCCHHATHBHBIX cHJIY),

Beenem HOpmanbhbie xoopameate 8y, ..., 0,. B 3THx kKoopmHHatax
n n
T—= 1 62 o= 1 202
=5 i m=y5 Yoy, (10)
i=l i=
n n
LI AT . b
R=723i Ty Z Bir®i by, (11)
i=1 i, k=1
(I Fk)
rie o; (i=1, ..., n)—rnaBHBle YaCTOTH KOHCEPBATHBHOH CHCTEMH,
a  kos(ouumentel B Bupakennd (11) nmaa dynxumm  Pexen 8, B
(, k=1, ..., m Bip==0¢; npu iz£AEk) manm (KkBagpaTaMm ¥ NpPOH3Be-

NeHHAMH STHX BENIWYMH MOXHO mnpeHeGperatsh). V3 mnomommreanuoft
OmpeleleHHOCTH KBaxpatuuHofi Qopmm (l11) caeayer, uro B;>0
i=1, ..., n.

Cocrasum ypasnenua Jlarpanxka

n
b4 B+ o+ ) Bale=0  (=1,..,m. (12
k=1
(k1)
[MopcraBasa coga
8; = ;o0 (i=1,..,n (13)
M COKpawas Ha e, roayuaeM CHCTEMY JHHEHHBIX YpaBHeHH
n
@Bt odute X Bwn=0 (=1 .,n (4
k=1
(k£
[IpupaBnvBas HYAIO0 ONpeNeNuTeNb 3TOH CHCTEMhl, HalIeM BEeKOBOe
ypasnenge

P'2+B1P‘+“’f . Bratt P Biptr
UL s S N ST
Bripe Brat - plbBan el

1) Cu. Yurrexep E T, Apanuruueckas aunamuxa, M, —JI,
1937, § 94.



266 MAJILIE KONEBAHUS TN, vi

Packpeisas 3T0T ompemenuTenb ¥ OTGPAcHBasA UAEHB, COAEPKAIIHE
MPOU3BENeHHA Mannx KosdduumentoB B B;p, HPENCTABHM BeKOBOE
ypaBHeHHe B ClefylolleM BHIE:

n
11 @+ Ban+ op)=0. (16)
=1
Kopuu BexoBOro ypasHenus 8 NepBoM NPHOGIHKEHHH HMET BHI
Be o - '
e~ — + loy k=1, ..., n). {17
Hafinem aMmiuTyZsl x;, %g, ..., %, LIf P-=}h=-%+i‘°1-

Tloxcrasus 310 3Hayenue g B KO3QOHUMCHTH NOCIeAHMX n— 1 ypas-
nenutt (14) ¥ pasgeaus meBble YAaCTH YDaBHEHHH Ha |1;, MOAYUHM:

pars - (= b+ ) =, |

e e e e e e e e e e e - (18)
o} —of
Bra*s -+ Bpaxe 4+ +(3n— :A +'Tl)*n= g
s aroit cucreMsl onpenensieM OTHONIEHHE o (=2, ..., n), or6pa-
*

1
CHIBasl YJI€HB BTOPOTrO M Gonee BHICOKOro NOpAZKOB MAalOCTH (OTHOCPI-

TeapHo B, Bip):

% __, Brio
=ie, Ek=_w‘i—f1—;“f (k=2 ...,m. (19

dopmynst (19) MOKA3HIBAWT, YTO &5 — Maldble BEUIECTBEHHHBIE BelH-
yuas (B=2, ..., n). KopHio yl=—%~+iwl COOTBETCTBYET <KOM-~-
nIeKcHoe KoleGanne» (monaraeMm x, = Aei% A > 0):

_bB i YO x
61=’x.leplt=Ae 2 tei(w‘t+u), ﬂk=EkAe 2 et (‘”1 et 2)

k=2, ..., n).

BafiB nunefiHy0 KOMGHHALMIO M3 NaHHOTO M KOMIIEKCHO COMPAXEHHOrO
Koae6aHug, MOAYYMM «[1dBHOE» KONeGaHMe, COOTBETCTBYIOLLEE KOpHAM

(20)

P1="“%+i“’1 n I~—’:1=*62—1‘—i‘°13

b, 2y

Gy=Ae ? sin(of+ta), Op=code 2
k=2, ..., n).

sin (wlt +a+ —72:—) 1)
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AHaJIOI‘H‘{HbIE BBIDAXKEHUA Mbl [OAYYMM H 444 JIPYrax riaBHBIX
KenebaHuil,

Taxum ofpasom, 8 nepsom npubauscenuu: 1) masve Ouccunamus-
Hble cUabl He UBMEHSIOM 4acmom KOHCep8amusHoil cutmemol; 2) npu
IMUX curax KOaebanus 3samyxaiom npi t—co; 3) 8 j-M 2A08HOM
KOae0aHuu 8ce KOOpOUHAmMB. MaAbl NO CPAsHeHnwo ¢ j-ii KoopOu-
Hamod u omauwcwomes om Hee nQ (Paze Ha demeepmp ne-
puoda (j=1, ..., n).

§ 47. Bruanue BHemHell CHJbI, 3aBUCAmENd OT BpemeHH,
Ha Majabie KoXeGaHWA CKJIEPOHOMHON CHCTEMBI
AMIIHTYIHO-Pa30Bas XxapakTepuCcTHKA

ITycTe AOMOMHUTENBHO K TEM CHJIaM, O KOTOPHIX IIJA peub
B § 45, Ha CKJEPOHOMHYIO CHCTEMY HEHCTBYIOT €mie CHJBI Q; (?)
({=1, ..., n). Torga ypaeuenns Jlarpamxa A9 MamsX KOJe-
Ganuit cncrembnl OymyT OTIMuaThCs OT ypasHeHu# (7) Ha crp. 260
TOMBKO HaJHYMEM HEHYJEBHX NPABHX yacreh

kzl(aik Te+ binde + cingr) = Q: () (=1, ..., n. (1)

Ofuee petleHue 5TOH HEOTHOPOAHOM CHCTEMH auddepen-
HUAJbHLEIX yDaBHEHHH NPECTaBJIIETCA B BHIE
2n

q= Z[ Chitye"t’ 4 g*, @)
h=

rie IepBoe CJaraemMoe NpeacTaBaser coGo#t obmee pemeune
COOTBETCTByIOmeH OXHOPOAHOH cucTeMH, a @* — nekoTopoe
4aCcTHOE pewenue cucremst (1).

Mp npeanonaraeM, 4TO NOJOKEHHE CHCTEMH @ =—.,.=—
=¢,==0 fBIAETCS aCHMNTOTHYECKHM YCTOHYHBHIM IOJOXEHUEM
pasHoBecud, T. e ut0 Rep,<0-(h=1, ..., 2n). Torna nepsoe
ciaraeMoe CTPEMUTCA K Hymo npu f—ool) u npu mocratouso
Gonbuinx ¢ obmee peleHue g HEOZHOPOXHOH CHCTEMBI MPAKTHU-
ueckn cosnanaer ¢ g*. Tlostomy Me B manbHedtem Gymem
MHTEPECOBATBCS TOABKO «BBIHYMIEHHHIMH KoJeGaHusMus ¢*, KOTo-
puie Oynem 000sHAauaTh NPOCTO uepes g.

) Eciu BekoBOe ypaBHeHHe HMEET KpaTHble KODHH, TO B cymMe,
cToflled B NpPaBOH YacTH DABEHCTBA (2), MOryT NMOABHTHCA BeKOBLIE

usenst Buna C, (8, 1, + wjt? 4 ...) e*%*. Onnaxo u B atom cayyae
CyMMa CTPEMHICA K Hyamo np# £ — oo, ecad Bce Rep, <0,
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Tockoabky cucrema auddepesnuanbuux ypasHenuft (1)
JuHeflHa, To oOwul cayuyal OTHICKAaHMs BHIHYMIEHHHX KoJeGaHuH
CBOAMTCH (33 CYET JMHEHHOR Cymeprosuuud 4YacTHRIX pelleHnit)
K TOMy Clyuaio, KOTAa TOJBKO oAHa u3 0600weHHnX cua Q; (f)
OT/NUHA OT HyJd. '

Hycts, nanpumep, Q () #0, a Q;(#)=0 (=2, ..., n).
Kpome Ttoro, momycruMm cHauazaa,  uro @ (f)— rapmonnueckas

cuaa, T. €.
Q ()= Aciet, 3)

Torma puddepenuuanbubie ypapHeHns (1) 3amumyTcs Tak:

Z (@129, - b1xdr - c129:) = A'¥,
Fe1

n )
2@l +bidetcing) =0 (J=2, ..., n.
E=1
Bynem nckaTh BhIHYXKIEHHHE KoJAeOaHus B BAje
qk=BkeiQt (k=1, ceny n)- (5)
ToncraBnas 3T BhipaweHws Aast ¢, (kR=1, ..., n) B aude-

peHuMaabHple ypaBHeHus (4) 4 cokpamas Ha ei%f, mosyuaeMm Has
onpeneneHus BeJuyuH B, cucTeMy anreGpauyecKux ypasHEHuM:
n
Z (2, (I9)? —+ by, (i?) + el By=4,
E=1
n (6)
2[4, (12 4 bjp, (12) +- ¢j] B =0.
=1 '
(=2 ..., n).

Pemwas a1y cucremy anre6pawyecKnMX ypaBHEHuH, HAXOJUM /A
k=1, ..., m

By=Wy (19) A ™
rue . .
Wy, (19) =L ®

— npaBu/bHag ApOGHO-paluoHaAbHAY ¢yHKuMsS oT I2 ¢ Beuwe-
CTBEHHBIMH KO3(duunentamu; rogorpad 310 GYHKUHH B KOMII-
JEKCHOH IJIOCKOCTH, 2 HHOrAa W caMa (YHKUHUs, HOCAT Ha3BaHue
yacmomnoli RN aMnAumyOdHo-gpa3060l  xapaxmepicmur.
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Toraa <OTKIMK» KOOPAMHATH ¢, Ha BHEIIHEe BO3/IeH-
creue Q, == Aet®f no/yuaeTcs YMHOXKEHHEM 5TOrO BO3AEHCTBHA Ha
YacToTHyIo xapaktepuctuky W;, (I2):

» g, =Wy, (iR) Ae'®. )

ITonaras )

Wi () =R (@™ [R,(@>0]  (10)
[Rip (R) — annsumyonan, Wy, () — dazosasn xapaxkrepuctukal,
nepennuieM dopmyay (9) caeayiomwum obpasom:
P21, Q)] —
qk=R1k (Q)Ae 1k (k—-l, asey Il). (11)
[Iycte Teneps
Q= Asin @f, (12)
T. €.

A, .
Ql — 57 (ezgt — th).
Cooreercraytouuit oTkauk Gyner !)

l )
gh =5 Rip(@) A 1T @) _ i, @y

9= Ru, () Asin [2f 4- T, ()] (13)

Hpyramun  cnoBamu, npu nepexode om cunycoudassnod
cuant (12) K coomsemcmeyomemy OMEMUKY, M. €. CUHY-
COUOQNBHOMY  BHLHYIICOSHHOMY
rworeOanuo (13), amnaumyda Im Wy
cuns - YMHONCAEMCA HA QM-

RAUMYORYI0  XAPAKMEPUCIUKY / \
R, (), a cuewmenne gasn

onpedeanemces Pa3osol xapak- C,;, ilf,,(’(sz e
mepucmurol Wy, (R), sasmoi e
04 mozo mce 3HaweHus 2. Winlc$2)

Ha puc. 53 usoGpamena am-
NAYTyIHO-(pa3oBasg  XapaKTepH-
craka Wi, (12) (0 <2 < oo). Prc. 53.

Ecan aas pamsoro € coorser-
cryiomee Ry, (R) oueHp Majo, TO aMnauTyAa OTKJAHKA BEChMa
Maja [0 CPaBHEHHI0 C aMIJNTYmIOH <«BO3OywaeHus» Asin Qf

) Tag wkax W,, (iQ) n W; (— iQ) — KOMIIEKCHO CONpSIKEHHBIE
uHCI, T0 Ry (— =R (Q) 1 Vi (— Q) =— Ty, Q).

9 &@. P, Tant™axep
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mauuo#t uacrotet Q. HaoGopor, eciu npu mamnom 2 coorser-
creyromtee Ry, (2) oueHp BEMHKO, TO aMILIMTY[a OTKAMKA BEJWUKA
N0 CPaBHEHMIO C aMOaATyAo# obGoOwensod cuan Q. Taxum
00pagoMm, noabupas CUCTeMy C HaIJEXKAWMMH AMILTATYAHBIMA
XapaKTePUCTHKAMH, MH MOXeM raCuTh KOJeGaHHMs Ha OLHUX
IuanasoHax uacTOT H YBETMYHBATh AMIUIMTYIb 3TUX KoJaeOaHuft
Ha APYTUX YaCTOTAX. 3TO W €CTb NPHHUMI yCTPOHCTBA ghussmpos.

Tak xak W (IQ) — npasnipnas 1po6HO-PaLUOHATEHAS PYHKIUS
u noromy W(i2)— 0 mpa & — oo, 10 mobas cucTeMa npakTi-
YECKH NPONYCKAaeT TOJIBKO KOHEYHHH Aualla3sOH 4YacToT.

Ilycte Teneps Q (f) — npousBo/ibHast nepuopuuecKas QyHK-
uud, sajgasaemas psgom Pypee

Q()=>D] 4, sin (mQf -1 v,). (14)
m==0

Ckanagmpas OTKIMKM Ha OTAETbHBIE TaPMOHUKHM 3TOFO pAAa,
HOJyYaeM

xQ
g == Z Ry (mR) A, sin [mRt +- ¢, 4 Ty, (mQ)]  (15)

m=0

(=1, ..., n).

ITycrs Tenepb Qi () — Npou3BOILHAA HEMEPHOANYECKAT (DYHK-
uug f(f) or f, KOTOPYIO MOXKHO MPENCTaBATh B BHAE HHTE-
rpana dypoel)

1 -+oo -+ o0
foy=g \ a2 roe""a (16)
Tlonaras - -
+-0 )
FR= | f)e at, (17)
OyaeM UMEThb
1
Q=ft)=o S F(Q)ei® ¢9Q. (18)

1) Cu,, Hanpmlep, Punxrenroasn I, M, OcHoBH Maremartu-
yeckoro aHanusa, M, 1956, r, 2, ra, 24, § 3,
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Gyuxuua  F (2) HasHBAETCA KOMHAECKCHOLM CHEKMPOM (PYyHK-

wan Q=7 (?).

BosaeiicTeue
1 ief

BBI3OBET OTKJANK

= Wy, (1) F () d2 ™™,

ITosTOoMy, OCHOBBIBASCh Ha MPHUHUMIE JHHEHHOH Cyneprosniiud
OTKJIMKOB, Haligem:

40
=5y \ Wi (i F@) ™ a2 (19)
k=1, ..., n),

T. € KOMILIeKCHEH cnmektp Wi, (i) F () mas xoopauuars g,
MOJy4aeTcs YMHOXEHHEM  KOMIJIEKCHOTO  CIIeKTpa  BO3AeH-
crBus Q(f) Ha COOTBETCIBYIOIIYIO YACTOTHYIO XapaKTEPHCTHKY
cucremsl Wy, (iQ).

Hycrs mpun £< 0 cucreMa HaXoAuTCs B IIOKOE W [BHKE-
HHE CHCTEMBl MPH HYJEeBBIX HAUaJbHBIX YCJIOBHAX BBHI3BAHO TOJBKO
BHewHnM BosmeHcTBueM Q () =20 npu t > 0. Ilpencrasiss KoM-
IJIEKCHBIH CNEKTP OTK/IMKA B BHAE

F (9) Wy, (19) = G(Q) +1H (@), (20)

cornacuo Qopmyae (19) Oynem umersb

Lt
== S [G(R) -} LH (Q)] [cos Q¢ - i sin Qf] dQ =

— 00

—+c0
S [6(Q) cos ¢ — /(@) sin 21] 42 +-

— o

1

=
%

+ 57 \ [0(@) sin @ 4 H(@) cos 21 a2

b’l‘v
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Tak xak g, (f) — BemwecrBennas (YHKIMA, TO BTOPOE CJaraemoe

B NIPaBOH YacTu paBHO Hymo!) u mosromy
-+e0
Gh=oe S [G(R) cos & — H (L) sin 9¢] d2. @1

—0

[pennonoxam Teneps, YTo

QG (®)=0, }
npu £ < 0; 22
7 ()=0 k=1, ..., n) < 22)
TOr I3
n
°=2T=S [G(Q) cos O — H(Q) sin Q4142  (upu £<0).
3amenuM 3Jech £ HA — L
L
o-_—gg [G(Q) cos O -+ H(Q) sin Q] dQ  (mpu £>>0). (23)
— o0
CxnanbiBas mouwseHHo pasencrsa (21) u (23), Haxoaum
“+c0
qkz%g G(Q) cos Q£dQ  (upm £>>0). (24)

MoxHo mokasath, uTO BHIpaxeHne (24) onpememser obuiee
pelienne yCTOHUMBOH cuCTEMH A1 KOODIOUHATH g, OpH yCaI0-
BusX (22) ¥ npu HyJEBLIX HAYaAbLHHIX JaHHEIX ). Oynkiua Wi, (R)
CTPOUTCSL HEMOCPEACTREHHO N0 KO3(MIUUeHTaM @;p, by u ¢y, CO-
JepxampMmcs B ypasHeHusx (1), a ¢pynxuus F (Q) onpenensercs B-
paxennem (17). Ilocae srtoro 3samaua o0 ompemefeHud ABUMKE-
HUSl, OMWCHIBAEMOro ypaeHeHusmd (1), CBOZUTCS C MOMOMIBIO
BhlpaxeHna (24) Kk OAHOH Kmaaparype.

Itns npuGamkenHOro onpenesieHus NBUKEHUS TNPUTOLEH [O0-
s1OMy. MoGoHi MeTOnx MPUOMHIKEHHOrO HHTErpUpOBAHUL. MoxHo,

1) Peasbnas CHCTEMa He MOXeET HMeTb YaCTOTHYH Xapakre-
PHETHKY, He YJIOBJETBOPSAIOILYI0 STOMY YCIOBHIO.

%) 910 caepyer us Toro (axra, uTo Bupamenme (20) onpemelnser
npeo6pa3oBanue Pypbe pemieHHA NPH HYJIEBbIX HAaYalbHHIX JAHHBIX, a
BhIpaxenne (24)-— ofpamesne npeoGpasosanus Pypbe (CM., Hanpumep,
Attzepman M. A, Jleknuu 1o T€OPHH aBTOMATHYECKOTO peryiaupo-
BanusA, u3n. 2, Puamatrus, 1958).



§ 47) 8IHSIHUE CHJIB, BABHCAMIEN OT BPEMEHM 273

HanpuMep, nocrpouts rpadux dyukuun G(2), 3aMeHHTb €r0 JO-
MaHO#i JmMHHMEl ¥ depe3 TOUKM H3/A0MAa NPOBECTH [OPUBOHTAJb-
HBIE AUHKM 10 ocu opaunar, Torga dyuxuns G (L) mpubmuxenHo

G

sameHsieTcs cyMMmol dynxumi g; (Q), rpadux xaxmod u3 ko-
TOPHX MNPEACTaBAdeT CcOOOH Tpamenuo (B YacTHOM clyyae Tpe-
yroJIbHEK), KaK MOKa3aHo Ha puc. 54.

Hlns opsol Takolt pynkunu g; (Q) & (|

unterpan (24) moxer ObTh BBHIUUC- |

aen 1) I
L !

qjp=— — S g](Q)COSQtd9= P
T 14 14;
__Aj sinQpt sinAg e
. Qep Ag Puc. 55.

rae @jc, u A; noxasawm Ha puc. 55,2 A;-— nnowans Tpanenun.
IToatomy

1 sin Qj.pf sin At
qk%_E A, S8 Zjepl SIA,E
® ] J Qjcp A}t

rae CYMMHDOBAHHE BENETCA MO BCeM TpamellusaM, NOJYYEHHHM
npu annpokcumauna G(2) somanoit aunueft.
IIpn uCnOAB30BaHMA TaKOH ANNPOKCUMANHH [ ITOCTPOEHUs
sin z
IBHKEHNUS MOTYT ObiTh WUCHOMB30BaHH TAGAUIE (PYHKIUH S

!) Cm. crp. 280—282 kHury, yKasanuol B npuMedanuu 2 ga crp. 272,



FJTABA VI
CUCTEMBI C HMKJIUYECKUMHA KOOPJUHATAMU

§ 48. NlpuBenennan cucrema. IoTenuuan Payca.
CxpoiToie aBukenus. Konuemuus Tepua
O KHHETHYECKOM MNpPOHUCXOXKIEHHH NOTEHHHAJbLHON 2HEpruu

B nacroaue#t raase ofuiue mosoxeHud, USAONKEHHHE B ri. [
¥ B IV, UCNOJB3YIOTCH AJ HCCIELOBAHUS ABMXKEHUS TOJOHOM-
HOM CKJIEPOHOMHOH CHCTEMBl € LHKJINYECKUMH KOODAMHATAMH
g, (@a=m -1, ..., n). Kuneruueckas sSHeprus TaKOH CUCTEMBHI

HMEECT BUJ
n

1 . .
T=§ 2 Q. ((]1, ey qm) 9,95 (1)

r, s=1

Haiinem BripaxeHme 1/ KMHETMUECKOH SHEprMM B Mepe-

meunnx Payca ¢;, ¢, p, (=1, ..., m; a=m-1, ..., n).
Ilng sroro Bripasum Bce ¢, uepes p, (a=m-}+1, ..., n),
UCIIONB3Ys UCXOLHBIE COOTHOLICHHS
o N \
b= Oq'a = Zaaiqi —I_ Z aaﬁqg (a=m+ 1’ LR ﬂ). (2)
i=1 pem 1

TMockoasky onpemeantens D = det (aap);"g:m_l_l #0Y, 1o
B3 COOTHOWEHMH (2) HaXOANM

n m
quz Z b“ﬁ(pﬁ_— Zapii]i) (d:m_][_l,‘..’ n), (3)
Ba=m 1 i=1
rae | &, |m41—o6pathas marpuua nga  marpumer | | e

“ bap U= “ au@ n e (4)

1} Cm. npumeyanme k crp. 91,
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[Nonaras
n
Tm‘= Z baai (i=1,..., m; m:m—f—h ey n)) (5)
pre
B=m-1
sanuiieM cooTHomienus (3) B cregywmeM Buae:

n

fo= X bﬂgpp_é]‘raiqi e=m-1, ..., 0. (6

p=m-t1
3aech baﬁ U 7, — QyHKUUH OT HEUMKIMYECKHMX (W4, KaK HX
WHOIJld HA3BIBAIOT, MO3UYNUOMHbLX) KoopauHaT ¢; (I==1, ..., m).

IToncraasa Beipaxenns (6) maa ¢, B dopmyay (1), noaydaem
BRIpaXeHue 7 M9 KUHETHYECKOH SHeprud B nepeMeHHux Payca:

m n m n
= 1 L, 1 . .
T=5 Yatdid;+5 Y aipact), Y ahdpe O
i,J=1 a,ﬁ:m«{—l i=1 a=m+l

3aMeuaTe/bHHIM ABASETCA TO OOCTOSTENbCTBO (HAa Hero o6paTua
BHuManne eme Payc), uro B 3rto#t ¢popmyre Bce af, =0, T. e.

BuIpaxeHne T eCTb CyMMa KBaApaTHYHOR QOpMBI OTHOCHTENBHO

NO3UIIAOHHKIX CKOpocred ¢y, ..., §, ¥ KBaipaTHUHOH dopmu
OTHOCHTEJNEHO OOOOUIEHHHX HMIYIBCOB ity +vxy Ppl)
HeticTBuTeNBHO,
&7 o/ N o 9 0\

— ) — —
a?a—-—-.—=—.< 2 5 >—"’-“ 2 b 14 '_0’
dq; o, oqg; a4, 0, d grop

Gi %o 04\ & 04 Op, 9 b= |
(®
n
TaK Kak ﬁ=Zm+1b%pﬁ 38BHCAT TOJLKO OT MNEPEMEHHHIX ¢; U P,

KOTOpHIE pacCMATPUBAIOTCA KakK HE3aBUCHMBIE 110 OTHOLIEHHUIO
K ¢ (i=1,..., m f=m-+1, ..., n)

1) Mcnonp3oBanHoe 31ech npeofpasoBaHHe NEePEMEHHBIX, COOTBET-
CTBYIOii€E NEPEXONy OT NEPEMEeHHbIX §;, ¢, K NepeMeHHHIM {§;, p,, NpH-
MeHAETCA OOLIYHO B TEOPHH KBaAPAaTHYHHIX (OPM JUisl [pUBENeHHA
(no wmeromy Jlarpanma) KBaapaTHYHOM ¢OpMB K CyMMe KBaIpaToB,
JeACTBUTENLHO, NPHMEHHB HECKONbKO Pa3 MoJo0Hbie Npeobpa3oBaHwus,
Mbl [OpPEACTaBUM KBajaparuyHyw QopMy oOT n MNepeMeHHHX B BUIe
CYMMBl 72 KBaJpaTHYHHIX (OpPM, Kaumdaa U3 KOTOPHIX 3aBHCHT TOALKO
OT OfIHOH NepeMenHON, T. e. paBHA NPOM3BENeHHIO KBadpara 3Toil nepe-
MEHHOH HAa HEKOTOPHIH BeuleCTBEHHBIH KO3GQHUMEHT,
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Bruncaum Teneps KO3MQUIMEHTH a5

—_ n
e T 3 oroq,_
O = Do Oy pa 2 7 Uy 2 bypr=b4
1T==m-+ ‘{ m--1
(o, f=m-+1, ..., n). )
Awanorsuno Hatinem xosdduuments afy?)
T T 94
- x —
%= 33,07, «wl[aq, T Z N aq,] B
mﬁ_[il] -2 Z . __3_[1_] -
04 L0 Jge = . 0f; 4 VP0G, |95 fou =T
a=m+l
n
&#T PT84y __
= 9g; Oq,+ 2 Oq, o3, o4, W 2 Taiay-
a=m+l
Ucnoapsys pasexcrsa (5), mosayuyaem
afj=a;; — Z baﬁaa,aﬂl ( j=1, ..., m). (10)
& f=m-1
Ho wna ocHoBanun paBeHCTBa “ baﬁ_‘_g—’ roe ABG——anre-

6pangeckee AOMNOJHEHHE 9JieMeHTa @, B-onpeneautene D. Vcnoas-

o
Bys 3T0 0OCTOSTENBCTBO, MOXKHO BMﬁeCIO ¢dopmyas (10) nanucarts:
aij i, mi1 %in
atjm | St S| =1, )
Gj T ome e Gnm (10)

Taxum obpasom, dopmyna (7) umeer BHI

m n
= 1 P i
T=§ 2 ai*quq]—’—‘i* Z bad)“pﬁ. (11)
i, j=1 w, f=m+1
1) 3mecy’ M B panbHeimeM ¢, ==... 03HAYAET, YTO B BHIPAWKEHHH,

CTOALlEM B KBaIPaTHBIX CKOOKax, BCE ¢, 3aMEHAIOTCA HX BhIpANKE-
uwuaAMu (6),
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3nece koapdunmeHT ajy u buﬁ ONpenensioTcs paseHcTeamu (4)
u (10).

Ilycro cuapl, mpuioKeHHNE K CKAEPOHOMHOH CHCTEME, HMEIOT
noredttuan M=1I(¢, ¢;). Torma L= T — II. Buuucaum ¢ynk-
nuo. Payca (cm. § 13):

R=R(t’ T Ql’ pu)= 2 pa.qrz_L:

a=m-}1
n n m
= Z pa( 2 haﬁpp_ZTaiéi)_T_f"H:
emmA1  Spmmt] i=1
Ly 1N
=—y Z afi9:9;+ 5 2 bapuly +
i,j=1 a,@—.:m-}—l
m n
+H-—2( Z Tuipa).qi‘ (12)
i=1 a.=m+l

Paccmorpum  dynknmo IIT# (t, g, P,), KOTODYIO HasoBeM

nomenguason Payca )
n

1
M* =T+ 2 by (13)
a, f=m+1
TTone3ysice TeM, uTO
b — i‘ﬁ_z
dﬁ D *

rae A,, — aare0panyeckoe [LONOJHEHHE 3/eMeHTa @ B onpe-
neaurene [), MOXHO 3amuCaTh BBIPAXEHUE /IS MOTEHIMasa Payca
eme B CACAYIOUIEM BUIE:

0 Pmir oo Pn
1 Pmi Amitamst v iy, n i
W=0—g : L. a®)
Pn An,myr oo Qpp

!) Routh E. G, The advanced part of a Treatise on the dyna-
mics of a system of rigid bodies, 5th ed., 1892, § 99,



278 CHUCTEMH C LIMKNHUYECKMMH KOOPIMHATAMHU [T/ VI

Kpome Toro, Beemem o6osuauenne

m
rr=y Y atiid;. (14)
ij=1
Toraa, coraacuo pasenctBy (12), dyskuus — R, XoTopas
AJ15 NO3ALMOHHBIX KOOPAWHAT mrpaer poJs (ynkuum Jlarpawxa,
paBHa
T*—V, (15)

rae  V— oGo0menHp MOTEHIHAN, ONpeaenseMbli PaBEeHCTBOM

m n
VZ“Z( py Taipa) ¢;-F1* (¢, 9 p,)- (16)
i=l1\a=m-1
PaccmorpuM Tenepb Kakoe-au6Go JsuxKeHUE UCXOAHOH CUCTEMBL.
B 3TOM ngBrxeHun

p,=const=c, (a=m-11,...,n), an

M U3MCHEHHE MO3WLUMOHHBIX KOOpAWHAT ¢;==¢;(f) (i==1, ..., m)
MOXeT ObiTh onpeneneHo us muddepeHunassHex ypasHenn#t (8)
Ha cTp. 95, B KOTOPHX BCIOAY p, CIELYeT 3aMEHUTb Ha ¢, (@ =
=m-~1, ..., n). Ho aTn ypaBHeHus SBAMIOTCA ypaBHEHHAMHU
Jlarpanxka (¢ dynxuuett Jlarpanwa —R=T* — V) nas uexoro-
po#i  BCIOMOraTeNbHOH  HATYypaJbHOH CKJIEDOHOMHOH CUCTEMB
C m creneHaMH CcBOGOMIEI, WMEIOMEH KUHETHUECKYID SHEPruio
m
T*_—__-;— Z ai5¢;4; w 0G6oOweHHBH CHAOBOH  MOTEHIMAN
i,j=1

m n
V=— 2 ( Z Tdica) g;-+1*(¢, ¢, c,) Tlotenumansuolt
i=] ‘a=m-+1
sHeprue#l sTol cucremm ssaserca norenuman Payca II* (£, g, c ).
Ws dopmyan (11) — (13) crenyer, uro
T-+M=T*41I* (18)
Toayuennyio BCIOMOraTe/bHYI CHCTEMY OymeM Ha3eBaTth
npugedennoll cucmemoll.
Takum 00pasoM, wu3MeHeHUEZ HOUGUOHHBLX roopdunam
g «-.5 Gm ONpEQeasem O08UNCEHNE NPUBEOCHHON CUCHEMB
(c m cimenenamu c860600u) ¢ Kunemuneckoli snepaueii T* u 0600-
ujennsm  nomenyuasor V=V, 1I*, 20e II* — pomenyuan
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Payca. [Ipu coomsemcm8yOmux OBUNMERNAX UCXO00HOD U
NPUBEOEHHON CUCMEMbl NOAHBLE SHEPRUU SMUX CUCMEM PABHbL
Mescy coboil.

Korma ¢ynxunmn ¢, =¢; () ({=1, ..., m), onpenerswomme
JBUKEHAE MPUBEACHHOH CuUCTEMBI, HallleHbl, TO H3MEHEHUE CO
BPEMEHEM HUKJIMYECKUX KOOPAUHAT q,==¢,(t) (a=m +1,..., n)
mMoxer ObiTb onpeneneHo u3 Qopmya (9) Ha crp. 95, KoTOpHIE
cefiuac MoryT OBITh HamUCaHbl TaK:

quzg[m__& 2@((];) q,:,dt—|-0z (19)
@=m+hnuﬁ

Paccmotpum vacTHH#  cayuyalt, KOrJa BHIDAXKEHUE KHHETHYE-
CKOM SHEPruH KCXOMHOH CHCTEMH (1) HE COAEPKUT NpousBeAcHUH
IO3UUMOHHEIX CKOPOCTeH §; Ha LMKJIMYECKHE CKOpOCTH §,, T. €.
cayuat, xorpa Bee @;,==0 (i==1, ..., m; a==m -1, ..., n).
B srom cayuae kuHeruueckas aueprus T pacramaercd Ha aBe
KB3aAPAaTHIHEIE (POPMBI, B3 KOTOPBEIX OJHA COLEPXKUT TOJNBLKO MO3H-
LMOHHBIE CKOPOCTH §;, @ BTOPas — TOJBKO LMKJIAYECKHE CKOPO-
cTH ¢, Takas CuCTEMa HASHIBAETCA 2UPOCKONULECKN HeCBAIAHHOI.
Jlns rUpOCKONMYECKH HECBI3aHHOM CUCTEMH, COrlacHo (opmy-
nmam (B), Bce 7,,=0 wu, cremosatrespuo, Vy==0 u V=II%,
Takum oOpasom, ecau ucxodnas cucmera SBAAEMCS 2UPOCKO-
nuMecKlU HeC8A3QHHOI, MO NPUBCOEHHAS CUCMEMA UMeem
obuuneii nomenyuas I* 1),

Kpome TOro, us pasenciB (10) criefyeT, 4TO HJi% THPOCKOIH-
UECKM HECBASAHHOH cucremn afj—=a;; (i,j=1, ..., m), T. e.

1 m
. )
=5 Y adi; (20)
ij=1
B stom caydae uCxonHad CACTEMa uUMEET KHHETHUYCCKYIO 3HEPruio
m n

1 . 1
Tzf 2 aijqiqf—{_i Z baﬁcacp

i,j=1 af=m--1

!) Ha npusenmennyio cucTeMy HNeHCTBYIOT NOTEHNMATbHBIE CHIBI

oIr*

0q; )
B cayyae rupockonuuecky necsBasaHHol cucteMbl V=0 i rupockonu-
yeckye CHAbl QTCYTCTBYIOT,

H THUPOCKONUYECKHE CHIBL, onpefeiseMble MOTEHUHATOM Vl'
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1 noresunanphyio II=IL(¢, ¢,), a npuseneHHas — KUHETHYECKYIO
n

sHepruio 1% ==~;— Z @;;4;4; ¥ NMOTEHIMAMLHYIO
ij=m41
1 n
o . —_—
I*=1I (t’ 91) + 2 2 bzgcch

af=m-1

Mbl BUIUM, YTO 4acmeé  KUHEMUMeCKOl SHepauul 1cxXodHOH
n

1

cucmemoL (7 2 bapcacq) nepewina 8 NOMEHHUANBHYIO
o, f=m-}1

BHEP2UI0 npusedenHol cucmemsl.

Bce (kasaHHO® O CKJIEPOHOMHHWX CHCTEMAX CIPaBEIJNBO,
OII
B YaCTHOCTH, AJ% KOHCEPBATHBHBIX CHCTEM, § KOTOPHX —s—=0,

T. € Il =1I(g;). Ilpucenennas cucrema s mpocxonuqecxu He-
CBA3aHHOH KOHCEPBATUBHOH cucTeMBl OyJeT CHOBa KOHCepPBATHBHOM.

Ilycre Tenepr pmaHa NPOW3BOJIbHAS KOHCEPBATHBHAS  CH-
creMa ¢ m creneamu cBoOOJB, € KUHETHYECKOMH aHepruel
p— \ .

__7‘2 (41 o> Gm) §;9; ¥ NOTEHUNAABHOH 3Hepruel

i,j=1

II* =1I* (¢;). PaccMOTPUM KOHCEPBATHBHYIO CHCTEMY, Y KOTOPOH
yncao creneHed csoComsl paBHO m -1 UM KOTOpas uMeeT m
NO3UIHOHITBIX  KOODAUHAT ¢y, ...y ¢, W ONHY LHUKJIHYECKYIO
KOODAUNATY .1

Iycrs y noeo#t cucremn II==0, a xuHeTuueckas sueprus
HMEET BUL

i k .
T= T*—}—TW%%M (k=COHSt).
Torna

kR,
Pmas == 1pw gy Ims

1
= T"+ 5, I*(9)) Py
Ho rorpa npu pm+,=cm+‘=]/2k

G o .
o W9 P = 1% (g)).
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Takum 06pg3oM, y ZaHHOR KOHCEPBATHBHOH CACTEMH KHHETH-
TeCKas” U noTeHumaabHas sHepruu 7% n II* =1I* (¢;), a y HOBOH
<pacwmpennofiy cucremnl 7= 7% - 1I¥(¢;) u II=0.

Tlomenynassnas snepaus O0aHHOU CUCHIEMb. NOAYHUAACH
30 C4em KUHEMUMECKON SHEp2UU <KPACWUPEHHOE> cucHemsl,
umerowell Géasviuiee “CAO cmeneHell c806006L.

JlBukennst, Npu KOTOPHX H3MEHSIOTCS TOMbKO ILUK/INIECKHE
(CKpHITHE) KOODAMHATHL, WHOTAA HA3BIBAOTCH CKPHTHIMU JIBHNKE-
Husmu 1),

Briule MB BHICAW, UTO [OMEHYUAALHAS IHEPUSL  KOH-
cepsamugnoll cucmemv. 8cexfa mogcem Ovms paccuampu-
8aeMa KAK KUHCMUMeCKas SHep2Us CKpumolx O08uMCeHl.

Sr1a KOHUEMIHA O KUHETUUECKOM NPOUCXOXKAEHHH
NOTEHIMaNLHOM SHEPray M, CAEOOBATEABHO, O KHHE-
THYECKOM TNPOUCXCKAECHUU CHJ, TPHAOKEHHHX K Te-
J1aM, OCYWIECTBJSIOIAM sBHBE (HECKDHITHIE) JIBUXKE-
Hug, Onsa wmpoxko paseura epuem B ero <«IIpuu-
unnax mexanuxu»> (1894 r.)?%).

ITpumep. PaccMOTpHM JBUMEHHE TBEPAOTO Tela C 3a-
KpenaeHHOH Toyko#t O B cayuwae Jlarpanxa, Korja Ha Teno
IeHcTByeT cuia Beca Mg, cymecTByer oCh AHHaMUYyecKoi
CAMMETPHHA MU IEHTP TAXECTH D pacnonoxeH Ha 3TON OCH.

lonoxenne Tema GyldeM 3ajaBaTh € TIOMOUbK Tpex
yraos Ditnepa 6, ¢, ¢, rie yroa myranum § — yroa Mexny
BepTHKaﬂbHOﬁ ocblo Oz H 0OCbIO IUHAMUYCCKON CUMMeT-
pun OC (puc. 56), & —yron mnpeueccHs, a ©— yrou
yucroro Bpantenua. Ilyete [=0D, a A u C— skmato-
pPHanbHBIA M aKCHadbHBIH _ MOMEHTH HMHEpPUHH COOTBeT- 0
creerHo. Torma

Puc, 56,
2T=A(p* 4 ¢¥ -} Cr?, = Mgl cos ¥,
rie p, ¢, r—OpOEKiMM YIIOBOH CKOPOCTH @ HA IJaBHble OCH HMHED-
uun 0§, Oy, O Ho
PP q? =042 sin20, r=o ¥ cos .
lﬂoaromy OKOHYATeJbHO
2T=A (8 4 {* sin20) + C (¢ -+ ¢ cos0)?, T =Mglcosf.  (21)

1) flpkuM DpPUMEPOM [POSBAEHHA CKPHITBIX JEMKEHHH ABIAIOTCA
CHCTEMBI, COJepPXKaiKMe BHYTPU CeGf UPOCKOMEL 3a CYET «CKPBITHLIX»
ABHXEHHH T'MPOCKONOB - IBUXEHNE TaKUX CHCTEM Pe3KO OTIUYAeTCA OT
JBHXEHHA CUCTeM 6e3 I'MpOCKONOB,

H Tepu I, TpHauunbs MeXaHHKH, W3NOKEHHHE B HOBOH CBA3H,
M, 1959; cm. Takxxke Thomson W. and Tait P. Treatise on natu-
ral philosophy, Part 1, § 319 u A. BeScrep, Mexanuka matepuann-
HEIX TOYEeK, TBEPALIX, YNPYrHX H Xuixux tea, M., 1933, ra. V,
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Hafizem spipaxeHus Ri1a o0606lieHHBHIX HMIYIbCOB Py Py, C€OOT-
BEeTCTBYIOMINX HUKAHUECKHM KOOpPJMHaTaM ¢, ¢:

Py ={(Asin®6 + C cos?8) { 4 C cos 0 , } @)
p¢=Ccosﬁ¢+C:§.
Paspenius 5T COOTHOWEHAS OTHOCHTENbHO § U , MONYUHM
. Py — oS 8 py
v= Asin?f ©3)
— Ccoslp, 4 (Asin®*6 - Ccos® ) p,

(:p:

ACsin® b

Koadduuvents: npu Py M p, B MPaBHIX HACTAX DaBeHCTB (23) #
NpeiCTaBIAIOT COGOH BeaMyHHbI bo3. BuipaweHue Iis KHHETHYECKOH
Heprun B nepeMeHHmx Payca 6, 0, Py Pp UOTYuaeM, TOACTaBIAA
Bhpaxenua (23) n1a ¢ ¥ ¢ B Beipamenue (21) mua 27 uau cpasy no
tdopmyne (11)1):
Cpy—2C cos 8 pyp, + (Asin® 8 - C cos® 6) p;
AC sin® b ‘

[Tpu xBMMeHHH CHCTEMb UMIIYALCH P, H p, COXDaHAIOT NOCTOSH-
HBlE 3HaYeHHH

2T = Abe | (24)

p(,‘; =a, Pq; =b. (25)

Hyranuonnoe nBHienwe onpefenseTcs MPHBEIEHHON CHCTEMOH,
1A KOTopoH
1 —bcosbB)2 B2

. - Ap2 —_ _(f___— Yy
T# = AP, II*=Mglcosb 4 dsos T (26)

Vamenenne yrna syraunmn 0 =10 (f) Haxommrca H3 COOTBEICTBYIO-
HIero. FHTerpansa 3Heprau

% Ab® 4 Mgl cos 0 4

(a — bcos B)?

mnge— =const = 4. (27)

BregeM BCOMOraTeapHyIo nepemenmnyio u=—cosf. Ymuomas obe

yacTi paseHcrsa (27) Ha % (1 —u)y= —i— sin? 0, RaxomuM

(%) =rw, @

!) B nawHoM cnyvae TBepioe Telno npencraBiaser co6o#t THpo-
CKONAYeCKH HEeCBA3aHHYI cuctemy. B strom cayyae B dopmyae (11)

aij =aij (L,j=1, ..., m).
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rie f(u)— MHOrouieH TPETbeH CTeNeHH OTHOCHTENbHO I
Fu)= % (h— Mglu) (1 — u2)— —%2- (a— bu), (29)

[Tonaras B stom BepasweHnd u===1u u =1, = cosf, < |, Haxomum?!)

FED<0, su=(-2) >0 ret1<o

Torna mHorouneH f(u) uMeeT TPM BEWIECTBEHHLIX KOPHA #; = cos f,,
u,=cosf, u u"
— <y <p,<l<u,

¥ [MOCKOIBKY f (- co) =-} co] rpadmx MHOroudena f(i) UMeeT TaKoH
BUJ, KaK [OKa3aHO Ha puc. 57

flu)
5'93
G=6
U U . U \
- + u
Puc. 57. Puc. 88.
Tak kax npu pemmenun Tema — l<<u=cosl<<+1 w f(u)=

du\?
= 77 =0, To BemMyMHa u=Ccos 0 [OMKHA W3MEHATLCA B WHTEp-
Balde U, =<<uU=<ily, T. e 0;=0=10, VYraosam ckopocTb mpeneccuy
ompelenseTca U3 nepeoit dpopmyan (23):

a— bcosh

b ="Fsimrg @0)

a
Eciv OTHOWIeHMe ;- HAaXOAWICA BHe HHTEPRANa Uy << # < U, TO CKO-

b

POCTh [MpeneccHy ¢ COXpaHsieT NOCTOAHHWU 3HaK M IPENeCCHOHHOE
IBHMXEHHE MPOMCXONHMT BCE BPEMsi B OJHOM HampasieHHH, B 3TOM ciy-
yae chefll, oCTaBleHHHA ocblo Of Ha HeMONBMXKHOH cdepe € IEHTPOM
B O, ONHCLIBaeT KPHBYI, H306DaXMEeHRYO Ha pHC, 58,

!) Myl 3pech mpemnofaraeM, 410 @ 7= == b. Ocobrie cryyan a === 5
GynyT paccMoTpensl Huke, Kpome toro, HavanpHoe 3navenme 0, Bh-

6mpaem Tak, ¥T00u §,5£0 n, crexosatenbHo, (_—‘Z: )0—_}_/-0
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a
Ecmm xe #y <5 <y TO CKOPOCTb NpENECCHH MEHAET 3HAK NpH

a
cos 6*=7 ¥ Clel NMHAMHYECKOH OCH ONMHCHIBaeT Ha chepe KPUBYIO,
noKasaHHy10 Ha puc. 59.

a
b
obpamtaercs B Hyab, Ha BepxHeH mapannens §==98, (puc. 60) 1),

Ecnu = Uy, TO CKOpPOCTb IIpeiecCHH @He MeHsIeT 3HaKa, HO

=0, 6=0;

5-6; 6=01

Puc. 59. ‘Puc. 60.

AHaTNTHYECKH W3MEHEHHE Yria HYTAlWH Ompefeserca w3 gopmya

du
A=\ ———=1¢-+const, B=arccosu. 31)
S V7w

3neco 3mak «-+4-»> Geperca npu uameHenud 0 oT aHavenmn 8, g0
BHaveHus 0, ¥ 3HAK <« —>» — IIpU W3MeHeHWW B B O6paTHOM Hampasie-
mud. OuesnnHo, u3MeHeHne yraa 8 Bo BpeMeHM GyNeT NepHOIHYECKON
pynxuueln 8§ (¢) c nepuomom

¢ du
T= 2 —_—. 32
S Vi@ )

flocne Toro Kax maMenenHe yraa HyTanuu 0 =0 (f) matizeno, uamene-
HHA YrioB ¢ W ¢ onpelensoTca no dopmynam (23).

PaccMoTpuM Temepn ABHXEHHE TBEDIOro Tena, NPOXOAAMIEE uepes
cocoboe» nonoxenne 8=0, B 9Tolt TOUKe xHHeTHyecKas SHEePrus
3a,na%Tc;10iszpom1eHHoﬂ KBAJApPATHUHOH (opmolt [cM. BBIpawenne (21)
npu 8=

2T =AP+C (I + 92 (33)

') MoxHO NOKa3aTh, YTO § He MOKEI 06pamarThCs B HYIb Ha
HUXHEH napaanean,



§ 49] YCTORYUBOCTb CTALIMOHAPHEIX 1BHXEHUIY 285

CornacHo dopmyaam (22) B oco3oit Touke 0 =0 1oaxHO HMETH
MCCTO PABEHCTBO Py =p,, T. €

a=b. (34

[pennonaras, uTO NPOM3BOABHBIE MOCTOAHHLIE @ M b CBA33HH COOT-
Homenuem (34), MBI BErKOo paCKphBaeM HEONpeleNeHHOCTh B BHpaxe-
BuY (26) nas noreHunasa Paycal):

1—cosf

a2
H*:Mglcosﬂ—-}—xm_

Hocae 3Toro HYTaUMOHHOE JBHKEHHEe CHOBa oOmNpejensierca Wu3
uHTerpana sHeprun T* - II* = const,

Ecau  gsuwenne npoxoinT yeped <ocoGoe» monoxedde § ==, 10
BMECTO (34) UMeeM COOTHOLIEHHE

a=—5b

1 BHIDAXEHHE NJAA NOTeHilHana Payca NPHHAMaET BHUI

a® 1+-cosf

H*:MglCOSO—I—A m.

B paccMOTpeHHHIX IBYX <OCOGbIX» CHYYasX BEPXHAA MIH COOTBET-
CTBEHHO HMX(H:AA Napannelb Ha puc. 58—60 BreIpoxmaerca B TOUKY.

§ 49. YcToliuneocTh CTAUMOHAPHLIX JNBHKEHUH

PaccMOTpuM KOHCEPBATUBHYIO CHCTEMY, MOJOMKEHWE KOTOPOH
3aMa€TC OpY NOMOULH #2 MO3UINOHHLIX KOODAMHAT ¢; U H— m
WAKIMYECKUX KoopauHar g, (=1, ..., m; a=m -1, ..., n).
Ismkende Tako#f CHCTEMB OMPERENAETCH KAaHOHUYECKHMH YpPaB-
HEHUAMM: '

dq, __0H dp, __ OH

‘-(Tt—-—apr, 72 o—qr (r=13 ey n)7 (1)

rie noinas sHeprus cucremsl H=— H{(q;, p;, p,) BMeer Bun

n

H:% 2 Crs(ql’ ceuy qm)prps—}-n(lﬁ, seey qu)! (2)

r,s=1

1) B Bripamenun Jua I1* M or6paceiBaeM [OCTOAHHOE charae-
2. .

Moe .
B



286 CUCTEMB! C LIUKJIHYRCKHMU KOOPAUHATAMH [TV, VI

npuuem KpaiaparduHas (opma, CcToAmas B MPaBOH YaCTH 3TOro
PABEHCTBa, ABJAAETCA MOMOKHTENbHO onpenenennoit!). Ipu asu-
KEHUK CuCTeMbl yHKUMs H un o6oOLIeHHBE WUMIYJAbCH p, (@ =
=m-1, ..., n) HE HBMEHAIOT CBOHX 3HaueHu#, T. e 3TH
BEJIMYMHB SB/AIOTCH MHTErpajaMi JABWXEHU:

H(g:, pi P)=H(q}, p}, p2), }

pa.—_-:pg (a::m—l——l, ey ﬂ). (3)

JiBixeHue CHCTEMB Ha3BIBACTCH CMIQUUOHAPHBLM, €CITH MPH

5TOM [BMXEHWH BCE TMO3NLUOHHEIE KOOPAWHATH COXPAHAIOT I10-
CTOSIHHBIE 3HaueHus ¢;=const=¢} (i=1, ..., m).

IIpu crauuoHapHOM [IBHKEHWH BCE MOBHIMOHHBIE CKOPOCTH

PaBHH HYMO H IIOTOMY, COrJacHO ypaBueunsM (1) ® paseH-

c1By (2),

m n
Gr=J ca @+ D) cu(ghpi=0 ((==1, ..., m). (4
k=1 a=m-+1

W3 stux cootHowenn# caenyer?), 4TO NpH CTAaMOHAPHOM
JBHAKECHUN HMCIOT HNOCTOAHHBIE BEAWYUHBI KW BCE I[O3NIUOHHBIE

MMIYyAsCH p; == const ==p}. [Tockombky ¢, =p; =0 (i==1,...,m),
TO U3 ypasHeHnH (1) BEITEKaeT,uyTO NPW CTAINHOHAPHOM ABWNKEHHH
oH oH ,
——=0, w—=0 i=1, ..., m). 5
0g; op; ( ) ®)

Vpasuenns (5) npeacraeiasior coGofl HeoGXOAMMEE W AOCTa-
TOYHHIE YCAOBHH, KOTODBIM HOJKHB YHOBJIETBOPAThH HAYAJIbLHEIE
sHauenna ¢, p?, po (I=1, ..., m; a=m--1, ..., n) s
TOro, 4TOOGH [BHXEHHE, ONMpEleaseEMOe STHMU HayaJbHBIMA HaH-
HBHIMH, OBIJIO CTALMOHADHBIM.

') Ira ksagparHuHan (opMa MPeACTABAAET COGOH KMHETHUECKYIO
SHEPIU0 CUCTeMbl, BHIPAXEHHYI0 yepe3 OGOGLIEHHBIE HMIYAbCHL.
?) CootHomeEHHA (4) MOTYT GHITb pa3pelieHHl OTHOCHTEAbHO MO3H~

d n"
LHOHHHIX HMMNYIbCOB pp, TAK KAaK ONpeJendTeldb et[cik(qf)]ik=l
n

OTIMYEH ©OT Hyd, MOCKONbKY KBajpatauhas ¢opma 3| ¢,sp.Ps
7, s=1
ABAAETCA NONOKUTENbHO ONpEZeIeHHOR,



§ 491 YCTOMUYHUBOCTh CTALIMOHAPHBIX NBIXEHUHM 287

3aMeTuM eie, 4TO HpPH CTAMWOMAPHOM JBWKEHHH HMEIOT
MOCTOAHHHE BEJMUYMHB M IHUKIMYECKHE CKOPOCTH ¢, (a=
=m-+1, ..., n), Tak Kak B coorsercrsun ¢ (1)

n
. __OH 0
qa=ap_=2cm(qo)ps=const =m--1, ..., 1. (6)
o Py
ITosromy
=0t —t)+q (@=m--1, ..., n). 7

Hauanbuele nUKARYECKUE KOOPAHHATHL ¢y SIBJISIOTCH [MPOH3BOJb-
HBIMA IIOCTOAHHHIME U B YCJIOBHS (5) HE BXOMISAT.

Taxum oOpasoM, npu cmayguonapHoM O8UNCEHUE ROSM-
YUOHHBLE KOOPOUHAMSE, COXPAHFIOM NOCHOSHHbLE 3BHAYEHIS,
a yurAudecKie Koopouxame. UIMEHSIOMCA N0 AUHGEHOMY
3aK0RY.

TIpumep. Pezyasipuan npegeccus MANCEA020 CUMMEMPUIHOZO
2upockona npeicTaBiseT co6oil CTaUHOHAPHOE JBHKEHHE.

JleHCTBUTENBHO, PeryTApHas IPEUeCcCHs XapaKkTepHU3yeTcd paBeH-
CTBAMH

.

8 =const==0, {=const, ¢=—const,

rje yrox MNpeuneccHd ¢ K yrox YHCTOrO BpAIIeHHS ¢ — UHUKIHYECKHe
KOODIHHATRL, @ Yrox HyTauu# 8 — yron, o5pasoBaHHsIl OCbI0 rEPOCKONA
C BEPTHKANbIO, — NO3HIHOHHAA KOOPAMHATa 1),

3aMeTuM, 4TO COTJIACHO COOTHOLIEHUAM (6) HeGosbiOe wu3Me-
HEHWE HAYaJbHBIX BEJNHYHH ¢f, pi, Py JaeT HeGOJbIIoE H3Me-
HEHHME Haua/bHBIX LUKIMYECKUX CKOpocTeld ¢, (a=m—1,..., n).
Onuako HeOO/MbINOE M3MEHEHHE BEJIMYHH {5, COMIACHO QOpMY-
AaM (7), maeT c TeyeHHEM BPEMEHH CKOJb Yromio GoJblIoe
M3MEHEHHE CaMHMX UMKJIMUYECKHX Koopauuat. Ilostomy no omso-
WEHUI0 K YURKANYECKUM KOOPOUHAMAM CMAyUOHapHOe 08U~
JeHue He Moocem Obims YCHMOEHUBBLM.

B nanbueRiuem 101 yCTOWYABOCTBIO CTALMOHAPHOTO ABHKEHHS
Me OyaeM TNOHAMAaTh YCTOMUMBOCTE 0O OTHOIUEHHIO KO BCEM

') Us ¢opmyan (21) npexwinymero maparpaba BHIHO, YTO KOOp-
JAUHATHl 9 M ¢ He BXOIAT SIBHO B BHIPAXEHHA IAA KMHETHYECKOH M
NOTeHHUAAbHOH 3Hepruil,
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MMIIYABCAM P; U p, U MO3AIMOHHBIM KOOpARHATAM §; (I=1, ...,m;
a=m--1,..., n)Y).

Torma umeer Mecro CAeAyWHE KpuTepuh ycrohuu-
BOCTY CTALMOHAPHHX JABUXKEHHH,

Hsuscenue ¢ navarsusmu Oannamn g, pf, pa(i=1, ..., m;
a=m-+1, ..., n) 6ydem ycmolinusnn CMAYUOHAPRUM  08U-
acenuenr, ecan Gyuxyus H{qi, pi, pu) 6 moure q; =gy,
pi=pi (i=1, ..., m) umeem cmpozuii sxcmpemys.

JlefictBuTeNbHO, paccMaTpuBaeMoe HABIKEHHe O6yaeT CTamuo-
HapHHIM, MOCKOJBKY M3 CYMIECTBOBAHMS IKCTPEMyMa (YHKIHH
H(gi, pi, pz) caemyer, uro semuunns ¢f, p} (i=1, ..., m)
CCBMECTHO C BeMMuMHaMH p; (a=m 1, ..., 7) YICBIETBOPAIOT
ypasuerusM (5). BeezeMm oTk/IOHeHHH

S =qi—ql, Ww=pi —p}, Nu=p.— P

Torna, ucnonssya wunterpan asmxenns H(g}-&, p!-+m, pd)
B KayecTBe (yHKmuM JIAMyHOBA, MOKHO CHE/NATH 3aK/IOUEHHE (CM.
crp. 209) 06 ycrofiuuBoctn nyaesoro peuwenns £, =0, v,=0
(T. €. YCTOHUMBOCTH CTAaLMOHAPHOIO JIBIKEHUS) B NPENOJIOKEHNH,
YTO HMKJIAYECKHE UMITYJIbCEl p, HE UCIILITHBAIOT BO3MYyIEHUH (T. €.
UTO" STH BEJHYHMHB /15 BO3MYIIEHHOIO [BIMKCHUS HMEIOT T€ Ke
3HAUEHHR Py, UTO W JJ1 HEBOSMYILIEHHOI0?)),

Onsako cHOPMyAMpOBAaHHBIH BHIUE KPATEPUH YCTOHUYUBOCTH
COXDAHSET CBOK CHaAy U B ofuieMm cayuae, KOTAA - JIA BOSMY-
IEHHOTO JBINKEHHS BEIMUUHH To==p, —Pa(a=m-1, ..., n)
MOryT ObiTh OTJAHYHBIMU OT HyA4?). ILas Toro urobu yGemurTbes
B 3TOM, IOCTaTOYHO HCNOAB30BAaTh CJAEACTBHE M3 TEOopeMbl Jls-
mynosa (cTp. 209), B3sB B Kayecrse dyukund Jlsnyuosa dyurmmio

[H(q¢ &, pf -+ "]lv pa) — H(qi, pi, p)* -+ Z Nz

a=m -1

D1a dyHKUMA ABJASETCA AHTETPAOM JBUKEHHS W uMeeT rmpu §; =0,
7, =0, 7,=0 (i=1, ..., m; a=m-1, ..., n) crporu#t
MUHHMYM, DaBHBIH HYJIO,

-~

) Vm, uto 10 ke, yCTOMYMBOCTD OTHOCHTENBHO BEJHYHH

g ql,p, (z_l ..,m,a_nz—|—1 , ).
%) MmenHo Takoro poua ycroﬁquaocrb paccMarpusaa Payc.
) Nowmapuuxnit I'. K, llpngnagsas marematnka M Mexanuka,

T. 22, B, 2, 1958,
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YCTaHOBHM aHAJIOMHI0 MEXIY YCTOHYMBOCTBIO COCTOSHHUS DaBHO-
BECHA W YCTOHuMBOCTRIO CTallMOHApHOro apmxeHnd. [aa sroro
paccCMOTpHM NPUBEACHHYIO CHCTEMY € /7 HEZaBUCHMBIMHM KOODAH-
HaTAMU ¢y, ..., ¢, M C OOTEHUHAABHOH 3HEpruedd, pasHOH

noresnuany Payca:
n

I ) =L@ +5 3 ba@rir O

o, B==m--1
(cm. npeasinyiutt naparpad). Ha nprseseHHyio cucreMy momMumo
£

* .
NOTEHUHANBHBIX cmx——w (i==1,..., m) nelictsylor eme ru-
; _

pockonuueckne Cuabl, Tak KaK CTAHUOHADHOMY ABUMNEHHIO UCKOM-
HOH cucteMn ¢;=¢i, pa=p. (i=1, ..., m;o=m--1,..., n)
COOTBETCTBYET IOJONKEHHE DaBHOBECHS IPHUBEACHHOH CHUCTEMBI, TO
BEAUUAHH ¢f, p, HOJDKHBI YAOBJAETBODPATh YPaBHEHHAM

BH*(qi’ pg)_

0g;

D10 HeoOxodumsie 1 00CIMAMOUHLE YCAOBUS CYUECMBOBARIA

cmayuonaprozo  Jdugicenus. OHU, OYEBHIHO, SKBUBATECHTHE

ycaoBaaM (5) M MOJNYyYalOTCHd W3 MOCACIHHX WCKJIIOUCHHEM BeIu-

yu p; (I==1, ..., m). Ilpumenss teopemy Jlarpamxa K M0.JO-

KEHUIO DABHOBECUA ¢; =—=¢f MPUBEAEHHOH CHCTEMBI, MOAyuaeM

Kputepuil yCcTOHYHBOCTH CTAIlMOHADHOTO [BUXKEHUA B CAEHyOLIESH
dopme.

Heuoicenue ¢ navaasnwmu  dannnmu  qf, ¢} =0, py
(i=1,..., m; a=m—1,..., n) Oydem ycmoliwusun cma-
yuonapuo i 08ugicenuem, ecau nomenyuai Payca II* (g;, pz)
umeem cmpoaui munumym npu q;=q3 (=1,..., m).

Ipumenan Tteopemy Jlarpamma K INpUBENEHHOH CHCTEME,
MBl (DHKCHPOBaJM MOCTOSHHBIE BHAUEHHUS WAKAHYECKHX HMIY/Ab-
€oB po==p; (a=m-}1, ..., n). OgHak0 Kkputepu#f COXpaHAET
CBOIO CHJIy © IpH BapbUPOBaHWM uMnyiascos p, [as toro
yTOOH ‘yCT@HOBMTb 9TO, MOCTATOYHO B Kauecrse ¢yHkuun Jlamy-
HOBAa B3Tb MHTErpan ABHXKEHHA

[E* (@5 &0 PO—E* (@5 0, pOF+ 3 % (1)

a=m-+1

0 (i=1,...,m (10)

rae E* = T* - II* — noaunasn sHeprus NpuseIeHHON cucreMsl [oHa
COBMAJIAET C MOJIHOH BHEprued HCXOAHOH CHUCTEMH, BHIPAXKECHHOA
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B nepemenusix Payca g, ¢, p, (cm. § 48)], a & =q;, —gqi,
g1 Me=p.—p ((=1,..., m; a=m--1, ..., n)— orkao-
HEHHS BO3MYULEHHOrO [BWWKEHHA (OT [AHHOrO CTAalMOHAPHOrO
apmkenns). Pyaxuns (11) umeer CTporall MAHEMYM (PaBHBIH HYJI0)
npu §;=0, §;=0, 4,=0 (i=1,..., m; a=m-1, ..., n).

Ilpusenennsit 3xecs kpureput YCTORUUBOCTY CTaLIHOHAPHOTO
ABMXKEHMA B HECKOJBKO uHOH ¢opme Oma ycranosaeH Paycou
B 1884 r.

Npusmep Onpenesurp ycrofiuussie CraufkOHApHHEE IBUKEHHA
HEOJHOPOJHOIO BECOMOTO Iapa Ha rAafKo#l FOPH3OHTAILHON MIOCKOCTH,
€CNH UEHTD TAMECTH Wapa [ OTCTOMT OT TeOMETPHUYECKOro neHtpa O

Z

AL

Puc. 61.

Ha pacCTosHmM d, MacCa imapa paBHa M, MOMEHT HHEpLMHM OTHOCH-
teabno ocu OD pasen C,a 1Ba APYCHX TABHBLIX LEHTPAaJbHHX MOMEHTA
MHEPLHMA DaBHH MeXny co6oit, A =B (puc. 61)1),

B kayecTse HE3aBHCHMBIX KOODAMHAT BO3bMEM [BE TOPH3OHTAIbHLIE
KOODAMHATH HEHTPA TAXECTH Xp, ¥ W TPH yraa Ditxepa ¢, ¢, 6. TTpu
3TOM YTOX ¢ SIBAAETCA YUIOM CUMCTOTO BDAILEHHSA>» BOKPYr OCH IHHa-
muueckoft cummerpun Of, npoxogsute#t yepes Touku D u O; mampasie-
nue ocu OU cosnajmaeT ¢ HanpasiendeM BekTopa DQ. Hanumewm

!} PaccMatpupaeMoe B 3TOH Bajaye TBEPIOE TENO MpEACTABASET
co60il pu3MUeCKHH MaATHHK, Y KOTOPOrO OCh MOJBECA ABAAETCA OCHIO
ANHAMUYECKON CHMMETDHHM, a TOYKa onopsl O MONET CBOSONHO CKOIb-
3HTb (Ge3 TpPeHHA) BIOAbL OPUIOHTANBHOM MIOCKOCTH.
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BLIpAXEHUA N1A KHHETHYECKOH M NMOTeHUHaAbHOH SHepruu:
=A@ +¢")+Cr' + M35+ 9 +23), T =Mez,

3nech p, q, r — IpoeKUMM YIAOBOH CKODOCTH @ HA LEHTPAaAbHHE OCH
unepunn. Ho

p? g2 =024 {2 sin20, r=;p-|—chosﬂ, zp=—d cos.
[Tostomy
2T = (A 4 Ma® sin® 8)8% + A{? sin® 8 4 Cr® ++ M (¥} + 5),
= — Mgd cos 0.

KoopnuHatht X p, yp, ¢ ¥ ¢ ABIALTICA UHKIMYeckuMH. Bo Bpems

JABYXEHHA COOTBETCTBYOIHE HMNYALCEH COXPAHAIT NOCTOAHHHIE 3Haye-
HHUA, a HMEHHO:

Px=Mip =0, Py=M_f’D=p’ pq,=Cr=7,} (12)

pq,=AZpsin20+Crcos0=B.
Kpome Toro,
Py = (A + Md? sin? ) b,

Hanumes Bupaxehue fAna QyHKuuH [aMHIBTOHZ B NepeMEHHHIX
b, pe=a, yzﬁl Py Po=" Pq;=3:

ri 1 (3—~ycosh\2
fi= 2 (A Ma®sin® 0) ‘I"z“,q“(Tine—) — Mg d cos® 4
2
a? +§7 P,
T = AT M T (19
rre
1 /8—7cosh\? 2y g2
W= g (F ) —Medess+ S

— noTeHuuan Payca !),
Ycmosua CYIeCTBOBAHHMA CIALMOHApPHOro [NBHXEHHA (3) 3Xech
HMEIOT BHI
ol

—%-—:0, P0=0-

1) Mol uckmoyaem H3 pPacCMOTPeHHd OCOGHE 3HayeHHa O ==10
i 6 =m=. llosTomy sin 6 £ 0, "
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Yenosne  yCTONYMBOCTH — Ha@dyue CTPOroOro 3SKCTpeMyma (YHK-
uun H npu pp=0 B HeKOTOPOM HCKOMOM 3HayeHHH 8 — 6yner BHINOI-
HeHO, ecin UPH 9ToM 3Havennl 0 ¢ynkuua II* uMeeT CTPOruil MHHEMYM,
Jlna HaxoxmeHHA 3TOro 3HaveHus 0 =0, nomomum u=cosf u

Fu)= ATI* =_; (—’;:__lu‘;ﬁ —Ku+const (K= AMgd),

Haiinem:

gy e WO (-8 g — B
f(u)— (1——”2)2 —Ky

2 52
7 @)= (1 — B3 — ),
rae )
-
P

HonyctuM, uto ypasHemne f'(u)==0 uMeeT KOpeHb u Takol,
uto | 12| <<l. JToMy 3HaueBn0 |u|==cosf W COOTBETCTBYeT crauuo-
HapHOe [BMXEHWE 113apa, TpPH KOTOPOM HEHTP miapa mHepememaercs
PaBHOMEDHO M NPAMOJMHEHHO, & Yrabl ¢ M ¢ HU3MEHATCA N0 JHHeH-
HOMY 3aKOHY.

Jusa BLIACHEeHWA YCTOHYHMBOCTH CTaUMOHADHOTO NBHMEHUA HOKaMKeM
NpeABAPHTEAbHO, uTo f"(u)>0 mpu |u|<<l. [leilcTBuTenbHo, ecam
6u f ()=0 mpu |z]|<C1, To U3 Bupaxenus fas f” (1) BuTERaNO Gbi,

1+ 3u®

Y10 B =m- Orciona nerko ycmorpeTs, uTo |p|> 1 npu ju| < 1,

3
YTO HEBO3MOXHO, MOCKOIbKY ='Y—22‘}T. CaenosateabHo, f” (1) £ 0
mpu |u| <1, 1. e. f”(u) coxpanserT 3HaK B uHTepBaie (— 1, 4 1),
Ho f" (0) =¢* 4- 8> 0. CaenoBaressuo, f () >0 nput | u| < 1.
Tockonbxy
d*n=

A db*

=f" (1)) sin® 0 — f* (1) cos B = £ (u) sin? § > 0,

TO npu paccMarpusaemom 3navenud 0 dywxuma ¥ nmeer crporni
MHHHMYM, T. €. COOTBETCTBYIONICE CTAUHOHAPHOE ABHXEHHE YCTOHYHMBO.
Yeaopre CYMeCTBOBaHHA CTalMOHADHOTO  IBH¥cHMA f (1) =10

MOXHO NpeoGpa3oBaTh, MONOKHB B = yu -} AzL (1 —u?).

) 1® 48>0, raK kak npu { =3==0 @ynkuns II* = — Mg d cos 9
UMeeT CTPOruif MHHHUMYM fpH 6 =0,
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Ecay saTeMm B noayyeHHoe paBeHCTBO HONCTaBUTb 7=Cr =
=C (9~} ¢ cosB), To 3710 ycaoBHe HPHHUMAET OKOHYATEABLHH BHA

Cod - (C— A) {2 cosb + Mg d =0, (15)

370 XOPOMIO H3BECTHOE YCIOBHE CYLIECTEROBAHUA PErYNAPHOM MpeneccHH
non BoajgeficTBueM BHemHero Momertra Mg dsin (mMoMeHT BepTH-
KanpHOW peaknuu N = Mg orHocuteabHo moaswca D).

PaccMOTpuM OTHENLHO TPH Cayyad,

1°. Ecou

IMgd+Cop|>1A—C17

To ycaosue (15) He BHINOAHAETCA HA NPH OZHOM BEILECTBEHHOM 3HA-
yenun § ¥ He CYWleCTBYeT CTAUHOHAPHOrO IBHXEHHS C TAKHMH YIrio-
BEIMH CKOPOCTAMM.

2°, Ecn [Mgd—+Cobl <<|A—C|{® u Bemuunun Mg d 4 Col
n A— C ¥Me0T ONMHAKOBHE 3HAKH; TO MDY TAKUX YIIOBHIX CKOPOCTAX -
CymecTBYeT cTauMoBapHOe nsMikeHHe ¢ cos 0> 0, )

3°. Ecmr we [Mgd-Col|<<|A—C|{? a semuunm Mgd-4
—}—anuf: a A— C uMeoT pasHble 3HaKH, TO NPH CTAUMOHADHOM JBUKE-
nun cos 0 <C0. B stom cayuae cywecmsyem ycmoiinugoe cmayuonap-
HOe 08udicenue maxoe, npu KOMOPOM LEHMp MANCECMI PACNOAONHCEH
8biuie 20MEMPUUECKO20 UEHMPA WApA.

PaccmoTpum Teneph ocofble cayyam,

a) 8,==0. Torna u3 Qopmyn (12) cienyer, uro y==2% [lostomy

;N 72
f ku) —_— -(—l—-—i-:—u—)g-__ K,
4 (d_cli-lﬂi)e=0= F (1) (— sin B,) =0,
( 2

Al )6___0=f'(u) (—cosﬂo)z(l__lj_iy+[<>0_

CrauuoHaproe IBMMEHHE BCErha YCTOMUMBO.
6) 8y ==. M3 dopmyn (12) naxonum: y==—3. [loaTomy

,Yﬂ
f'(u)=(T:—u—)2—Ky

A (G =7 @ (—sinty =0,

db
d2I1% . . 1y s
A( PiL )0.‘=ﬂ = f' () (— cos By) = (—1_‘_—”‘0—2“1(— 5 —K
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CranuonapHoe jpBHxkenue . GyfeT YCTOHYMBHIM UPH BHIOIHEHHH
ycnoBua
78
i =K

KOTOpoe B NMONPOGHOfi 3aNHCH BHITAAKHT TaK:
Cr*>4AMgd. (16)

Ecaym nepaBencrso- (16) HMeeT mecCTo, TO, XOTH B DPAacCMaTPUBAEMOM
cayyae HEHTP TAMECTH DacHONOXEH Hall reoMeTPUYeCKHM UEHTPOM
mapa, BpalieHHe BOKPYI BepPTHKaAbHOH OCH GyLer YCTOHUHBEIM CTa-
LUHOHAPHLIM JBHXEHHEM.
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