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T. €. COBHajaer ¢ noayHopmo# (57.15), paccmorpenHoét B nmpumepe 8,
m. 57.4 npu p=2. Orciofa Cljejayer, YTO MOJIyCKaJsipHOE IpPOH3Be-
nenne (57.30) He dABJASeTCS CKaJSIPHBIM, TaK Kak B H. 57.4 Gbuio
yCTaHOBJIEHO, 4TO noJyHopMa (57.15) He siBaiseTcst HOPMO# NpHU BCex
p=1.

Onnako, B nmoanmpocrpancrse CLy[a, b] npocrpanctsa RL,[a, b},
COCTOSIIEM TOJIbKO M3 (YHKUMH, HENpephiBHBIX Ha oTpe3ke [a, b],
nosycKansipHoe npousseaeHue (57.30) sIBAACTCS yKe CKAJAPHEBIM,
160, Kak Oblo mokasaHo B mpuMepe 9, m. 57.4, B 3TOoM ciydae

1=V D> f=CLs[a, b]

ABJIAETCA HE TOJbKO IOJYHOPMOH, HO M HOPMOH.
i paccrosHusa MeXAy ABYMsI HeNpepuiBHBIMH (yHKUUAMU [ u g
B 3TOM NpPOCTPaHCTBE moJay4aeMm QopMmy.ay

b 1/2
o (f, g)=¥!f—gll={§[f(x)—g(x)]zdx} . (57.32)

Mpl yxe BCTPEYaNHCh €O CXOZUMOCTbIO (YHKIHH B CMBICJHE 3TOH
METPHUKH: CM., Hanpumep, CJeiCTBHE TeopeMul 12 B m. 55.9.

Bce ckasaHHOe eCTeCTBEHHBIM 06pas’oM paclpoCTpaHsieTcss H Ha
GyHKIHH, onpejeseHHbie Ha JTI060M GECKOHEUHOM MPOMeXYTKE, B 4acr-
HOCTH Ha BCeH OCH.

Yunpaxueunne 21. Ilycre X — nuHeliHoe TPOCTPAHCTBO € MOJYCKAMAPHBIM
npousse/ieHueM. AneMeHTsl ¥ & X U y Y Ha3bBaOTCHA SKBUBAACHMHBIMU, €CIR

lx—yr=(x—y, x—y)=0. OGosnauum uepes X MHONKECTBO, NEMEHTaMH KOTO*
POrO SIBJIIOTCS KJACCH SKBHBAJIGHTHHIX 3JeMeHToB mpocrpanctsa X, ITyers & < X,
JjeX,xexX, ysy, A u p—uncna. OnpenesuM AX-pJ Kak 3JeMEHT MHOMKe-

crBa X, cofepxamuii Ax-}-py, u nonoxuM (£, )=(x, y). Hokasath, uro 3TH
ompeje/eHHs KOPPEKTHbLI, T. €. He 3aBHCAT OT BHIOOpA SJEMEHTOB X = X H y & §,

u uyto X fAB/seTcs .JIHHEHHBIM IPOCTPAHCTBOM, a (X, J) —CKa/ApHBIM Ipou3Befie-
HHCM B HeM.

57.9. CBOMCTBA JHHEIHBIX ITPOCTPAHCTB CO CKAJAPHBIM
OPOU3BE/JAEHHUEM. T'IJIBBEPTOBBI NPOCTPAHCTBA

JIuHeiHOe NPOCTPAHCTBO € MHOJYCKAMSPHBIM HPOU3BEJEHHEM SIB-
nsiercst corqiacHo (57.27) U mosiyHOpMHpPOBaHHHIM. Ilostomy mas mero
ONpEeJEJIEHO MOHSTHE CXOAAMIEHCS IOCTEeJOBATeJLHOCTH, ee mpejea,
H HOHSTHE HenmpephiBHOH (yHKuuH (cM. 1. 57.5).

. Jlemma 11. [oayckaraproe npoussedenue (X, y) ssasemcsa Henpe-
posroil pyrkyued (cM. 1. 57.5) ceoux apeymeHmos X u Y HA MHONCEC-
se X X X, na xomopom orno 3adano: x= X, y= X.

HoxkasartenbcTBO. B camoM pene nns moGHX xo = X, yy = X,

x= X u y= X BHIOJHAETCS HEPABEHCTBO

| (X0, y0) — (%, y) |=|(xo—%, Yo)+ (%, Yo—y)|<
<[xo—x|lgl41x]ly —1ol, (57.33)
5%
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H3 KOTOPOTO Cpa3dy CJefyeT YKasaHHAs HENPEPHIBHOCTb HOJYCKaJssp-
Horo npoussesienus. JefictButennho, ecn x & U (x,, 8), y = U (y,, 9),
TO, 3aMeTHB, 4TO | x| <<|x — Xo |+ ] x0 | <<{xo|-+ 6, 83 (57.33) nosyuum

[ (*0, 90) = (¥, H)[<<8]yo]-+(j 0|+ )85

Orciopa crepyer, yTo IpH JOG0M PUKCHPOBaHHOM yucJe € > 0 Bceraa
MOXHO BHIOpaTh 6= § (¢) > 0 Tax, uro npu x = U (x, 8), y = U (1, )
BBIIIOJIHACTCH HEPABEHCTBO |{Xo, Yo) — (¥, y)|<<e; 4siA 3TOro Aocta-
TOYHO BbIGpaTh 6 >0 Tak, urobhl O]y, |-+ (%0 |-+ 6) 6 <<e; 3710, Oue-
BHJIHO, BCEerjJa BO3MOXHO. [ |

B npocrpanctBe X ¢ NOMYCKaJAsipPHBIM TIPOM3BENEHHEM MOXHO
TOBOPHTb O CXOAHMOCTH pPsJOB IO NOJYHOpME, MNOPOXKICHHOH IOJMY-

- ,

CKaJisipHBIM NPOU3BCACHHEM: PAJ Z Xny Xn & X, X = ], 2, ..+ HA3BI-
n=1
BacTCA cxoamqumcg, €CJIM TIOCJIEA0BATE/bHOCTE €ro YaCTHYHbIX CYMM
n

Sp= Y, X, CXONHTCA TI0 YKA3aHHOH TOJYHOPME K HEKOTOpOMY 3Je-

k=1
co

MeHTy s & X, KOTOphIl Ha3BIBAEeTCS CYMMOH psija: = ) X.
n=1
OrmeTuM, 4TO CymMMa psija B NPOCTPAHCTBE C IIOJYCKaJsiPHBIM
(e o)

NPpOU3BCACHUEM OlNpEAC/JCHA HEOAHO3HAYHO. O}IHaKO, €CaH §s= Z Xn

n=1
o0
H s*= Z Xpn, T. €. 8§ H s* CyTb CYMMBI OJIHOTO H TOTO Xe pﬁﬁa,

n=1
To |s* —s|=0 (cM. n. 57.5), u notomy ana moSoro aneMenTa a < X
HMEET MeCTO paBeHCTBO (s*, a)=/(s, a). Ile#icTBHTe/NBHO, B CHJIY
HepaBeHcTBa Komu —IIBapua gns nosyckansipHoro HpOH3BEeNEHHS
[(s*, ) — (s, @)[=](s* —s, a)|<|s* —s]|a]=0.

W3 HenpepeIBHOCTH HOJYCKaJsiPHOTO MPOH3BEJeHHs BO BCeM Mpo-
CTpaHCTBE CJeJyeT, HamnpuMmep, YTO PsAAbl B NPOCTPAHCTBE C NOJY-
CKaJNsIpHbIM TIPOM3BEJCHHEM MOXKHO YMHOXATb IOYJIEHHO HE TOJBKO
HA YHCJIOBbIE MHOXKHTEJNH, HO U HA 3JIEMEHTHI CaMOro NpPOCTPAHCTBA.
HoxaxeMm 370,

Jlemma 12. ITycmos ¢ npocmpancmee X ¢ NOAYCKALAPHLIM NPOU3-
eederuem 3a0an cxodauuiica pao

D xa=s, X, n=1,2, ...

n=1

Toeda 0r2 6cakoeo nremenma a & X uuca0eoll pad, noaytarowulics
U3 GAHHO20 NOUACHHOIM YMHONCENUEM €20 HQ @, MmaKwme CXo0umes u

Z (xm a):(st a)'

n=1
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o]
Wnaue rosops, maa cxondimerocst psiza Z X, u Jo6oro aJe-

n=1

i (xXn, a):( ZOV_“ Xn, a\y.

n=1 \n=1 /

MeHTa a = X CnpaBeayiiBO PaBE€HCTBO

HokasarteanctBo. I[Tockoabky

n
s=lim ] xg,

ey
T0
n
Z (%zy @)= lim Z (X, @)= lim(z Xt a>=
n=1 oo n—00 A g
n
=<Iim IS a):(s. a).
n—0o0 (=

ITpumep. Paccmorpum mpocrpanctso RLq[a, b] u3 npumepa 3

n. 57.8. Ilyers pan ) fa () dynkuuii f, < RL: [a, b] cxoxurcs B 310M
n=1

npocTparcTBe K ¢ynkuuu f e RLs[a, b}

ifn(t)=f(t)o tE[a, b],

T. €. NOCJAEA0BaATe/JIbHOCTE YACTHYHBIX CYMM

S, () = Z fe @

k=1

5TOrO PAZA CXOAUTCS K GYHKIHUH f B CMbIC/TE CPeiHEro KBaApaTHYHOrO:
b
lim {[f () —s. () dt =0.
n—» oo a
Torga nns smoGoi ¢yskunn ¢ (x) & RLy[a, b] coraacHo aemme 12

G D=3 G o)

n=1

[ o b
Sfe@de= 3 {f (Do (x)dx.

=1
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B wacthoctn, npu =1

fn (x) dx.

i

=M8 4
R ey O

b
§7 () dx=
a 1
Wnaue roeopsi,

b
Vo () .

3[3 I "5] dx= 2}

Wrak, ecau pad ¢ynxkyud ¢ unmezpupyemuim Keadpamosm Ha
ompesxe [a, b] cxo0umcsa wa Hem 6 cmbicae cpedHee0 KEAOPAMUUHO20
K HeKOmopoi (QYHKYuu makKie € UHMeSpUpYeMsim KEQOpamoxm Ha
[a, b]l, mo pad moscro nourenno unmeepupoeame.

Tlockoabky M3 paBHOMEPHO#l CXOAWMOCTH NOCJIENOBATeTbHOCTH
HEeNPepLIBHLIX (YHKUHH BHTEKaeT CXOAMMOETb 3TOH IOCJeL0BaTeb-
HOCTH K TOH K€ (QYHKUMH H B CMBIC/JIE CpeJHEr0 KBaApaTHYHOIO
(cm. m. 57.4), To M3 JOKa3aHHOrO 3[ECh YTBEPIKIEHHSI CJAEIyeT, YTO

ecaw pad HenpepuisHbIX (DYHKYUL CxO0UMes HQ ONMpesKe pagHo-
MEPHO, MO €20 MONCHO NOYNCHHO UHMEe2PUpPOBAaIs.

JT0T pe3yabTaT Obl MOJNYYEH HaMH{ DaHee APYFHM NyTeM B Ijabe
0 psnax (cM. Teopemy 9 B n. 36.4).

Onpenenenne 36. Jlea auneinorx npocmpancmea X u Y co cxa-
AAPHBIM  (NOAYCKAAAPHBIM) NpOU3ee0eHUEM HA3LIEAIONICS U30MOPPHbIMU,
€cau OHU USOMOPPHLL KAK AuKeliHbie npocmpancmea, u omcOpancerue [,
omobpasicaiowjee npocmpancmeo X Ha npocmparcmso Y u ocyuie-
CMeASiowiee  3Mom  U30MOPGU3M, COXPAHALM CKAAAPHOE NpPou3gedeHue
(noayckaraproe npoussedenue), m. e. 043 MobbiX 08YX HAEMERMOB
xe=X u ye X cunoinaemcs pagercmeo

¢ y)=(Fx), )

JlBa M30MOP(HBIX JIHHEHHBIX NPOCTPAHCTBA CO CKANSPHHIM (1OJY-
CKaJIIPHBIM) NPOH3BEJEHHEM MOTYT OTJIHYATHCS JHIUb NPUPOAOH CBOMX
3JIEMEHTOB, @ HE METPHYECKHMH CBOHCTBAaMH, MO3TOMY B JajbHeiiem
usoMopdubie JMHEHHBIE NPOCTPAHCTBA CO CKaJIA PHBIM (ROJIyCKansip-
HbIM) NPOH3BeJCHHEM 4YacTo He GyAyT pas3jHuaThLCs.

Iosicuum 310 Ha npumepe. ITycte X u Y* — nuneiinble npocTpas-
CTBa CO CKaJSPHBIM (NOJYCKAaJsAPHLIM) IPOM3BEJEHHEM M NYCTh f—
n3omopHoe oToOpa)keHHe IpocTpaHcTBa X HA MHOXKECTBO Y — Y'*,
Toraa, «OTOXAECTBJAAY 3JEMEHTH NMPOCTPaHCTBA X C COOTBETCTBYIO--
UMM MM 3JIEMEHTaMH MHOXECTBa Y, MOMKHO paccMaTpHBaTh Npo-
cTpaHctBo X Kak NOANPOCTPAHCTBO mnpocTpanctsa Y*. Ilox stum
NOHHMAETCA (CPABHHTE C COOTBETCTBYIOMIMMH KOHCTPYKUMAMH B 1. 57.1
u 1. 57.5) paccMoTpeHHe JuMHEHHOro mpocrTpadctsa X*, cocrosuiero
U3 2JIEMEHTOB NPOCTPAaHCTBa X M 3JeMEeHTOB MHOXecTBa Y*\ Y. Ilpu
3TOM B NpocTpancTBe X* onepallHy CJOXKEHHs 37IEMEHTOB M YMHO-
JKEHHSI HX HA YHCJIO BBORATCS TaK e, KaK 3To OHJO0 CIeJaHo Nocie
onpejeniendss 27 B n. 57.5, a cxaaspHoe (IOJEyCKa/ispHOE) NpOH3BE-
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genue (x, Y)x», x = X*, y & X* onpenensieTcs B NPOCTPAHCTBE Yepe3
CKaJsipHoe (MOJIyCKasIsIPHOE) TpOU3BeJieHWe B INPOCTPAHCTBE Y *
nocpeactsoM Ouexunn F: X*—Y*, sanasaemoe gopmysoir (57.19),

CIeAYIOMHUM 00pa3oM:
(x’ y)x*'__(F (X), F(y))r

rlie B IPaBoil YacTH CTOMT CKaJsipHOe (TOJIyCKa/sipHOE) INpOH3Beje-
HHe B mpocTpanctse Y*. Jlerko mpoBepHTh, YTO NPOCTpAaHCTBO X*
130MOpQHO mpocTpaHcTBy Y *.

Ynpaxunenns 22. Jloxa3arTb, UTO BCE n-MepHbe JHHEHHBIE IPOCTPaHCTBA
CO CKaJIIPHBIM NPOM3BEACHHEM H30MOP(MHBI MeXKAY COGOM. .

22. JloxasaTb, dTO BCSIKOE n-MepPHOe JHHeHHOe NMPOCTPAHCTBO CO CKAJSPHBIM
IIPOH3BEACHHEM IOJIHO B CMbIC/IC METPHKH, NIOPOXKACHBOMN CKaJ/IPHLIM IPOH3BEJCHHEM.

Onpenenenne 37. JTuneiinoe npocmpancmeo co CKaAAPHHIM npoussede-
HIEM, NOAHOE 8 CMbICAe MEemPUKL, NOPOKCOeHHOU 300AKHBIM CKAAAp-
HoM  npoussederuiem, Ha3vleaemcs 2urbbepmossim *)  npocmparcmson.

IIpocro ke JHHelHOe NPOCTPAHCTBO CO CKANSPHBIM ITPOH3BEje-
HHEM Ha3blBalOT TaKiKe npedeurbbepmossim NpOCMPAHCMEOM. D10 HaA3-
BaHue OMNpaBJbIBAETCSl CASAYIOIEH TeopeMoH.

Teopema 4. Bcakoe npedeursbepmoso npocmparcmeo X codepacumca
UL NAOMHO 8 HeKOmopom eusbbepmogom npocmparcmee X*.

Jdokaszartenbcrtso. Cormacuo teopeme 1 m. 57.1 u Teopeme 3
m. 57.6, JOCTaTo4YHO MOKasaTh, 4YTO Ha HonoJHenue X* JHHEHHOro
HOPMHDPOBAHHOTO TPOCTPAHCTBA X MOXKHO MPOJNOJUKUTH ¢ X CKasp-
HOe IpOH3BEJIeHHEe C COXpaHeHHeM CBOHCTB 1°—4°, D10 MOXHO cje-
JIaTh € IOMOIIBIO MPeJesbHOro nepexona. JeACTBHTENBHO, HOCKOJLKY
X=X*, 10 jaa moGoil mapel Touek x = X* u y = X* cymecTByOT
MOCJIEAOBATE/IBHOCTH TOUeK X, = X, yo.= X, n=1, 2, ..., Taxue,
4TO

lim x,=x, limy,=y.

n—oo n—oo

IToxaxewm, uro cymectsyer lim (x,, y,). B camom jgene, wus

n-—oo

Hepasencra (57.33) ciaeayer, 4TO A/l BCeX HATYpasIbHBIX m U N

| Kmy Ym) = @n Yn) | < X — X || Y | 1 X0 1| Yo — Yl

Tak KaK B CHJIY CXOAHMOCTH. NOCHAEJOBaTeNbHOCTH {x,} H {y,} orpa-
HUYEHBl [0 HOPME H SIBJSIOTCA (YHIAMEHTANbHBIMH, TO H3 3TOrO
HEpaBeHCTBa CJedyeT, YTO YHCJIOBAsS TOC/eA0BATEIbHOCTD {(Xpn, Yn)} —
Takke (yHIaMeHTaJbHasi H, CJEJOBATeJbHO, CXOIHUTCS.
IMosoxuM, 1o onpejenenuo, (x, y)= lim (x,, y,). Jlerko npo-
n—oo

BEDHTb, MCHOJbL3Ysl INPEAENBLHEI IIePexofl, 4YTO 3TO ONpejesieHHe He
3aBHCHT OT BbIOGpa nocjenoBatesbHocTedl {x,} u {y,}, Takux, uto

* I, TunnGept (1862 — 1943) — HeMelKuit MaTeMaTuK.



456 § 57. DynxyuonasvHbie NPOCTPAHCTEA

Xp—>X, Yp—>Y, B UTO AJisi TakuM ob6pasoM omnpejesieHHOH (yHxIuH
(x, y) BLIMOMHAIOTCH CBOMCTB2 1°—4° cKaJsgpHOro NpPoM3BeNeHHs. [ |
ITonyuenHOe THALGEPTOBO MPOCTPAHCTBO HA3BIBACTCSH NONOAHEHUCM
Ucxo0H020 npedeurbbepmosa npocmpaHcmed.
ITpumepoM ru/bGepTOBAa NPOCTPAHCTBA SABJAETCA N-MEPHOE €BKJIH-
ZOBO NPOCTPaHCTBO (cM. (57.8)). [pyrue npumepnl O6YAyT paccMorT-
peHBl Aanee.

Ynpaxueune 23. Jlokasarb, uTo npeiruas6epToBO NPOCTPAHCTBO, H30-
MopHOoe ruMbGepTOBY IPOCTPAHCTBY, CaMO SIBJASIETCS] THJLGEPTORBIM.

57.10. MIPOCTPAHCTBO L,

Hanomuum (cM. npumep 3 B n. 57.8), uTo JHHefiHOe NpPOCTPaH-
CTBO HENpepLIBHLIX Ha oTpeske [a, b] GYHKUHN CO CKAAAPHBIM NPOHU3-
BeJieHHeM, OINpelesieHHBIM 10  dopmyJe

Y (57.30) o6osnauaercs uepes CL,|a, b].
Hopma B mpoctpancTse CLo [a, b] on-
7+ peneasercs: (57.31).

Jlemma 13. [Tpocmpancmeo CLi[a, b]
He Aa6ademcs 2uAb6epmOBLIM.
> HokaszareancrBo. Urobs yoeuTh-

>
£ 1
~ -

=7 T
7 ! —hl—g % ca, uro BesAkoe mpocrpanctso CLy [a, b]
i [ He SBJISETCS MOJIHBIM, JOCTATOYHO pac-
! ' p cMoTpeTb npoctpanctso CL.[a, b} ans
HEKOTOPOro (PMKCHPOBAHHOI'O OTpe3Ka (Io-
uyemy?). Bo3bMeM aJisi onpejesieHHOCTH OT-
Puc. 225 v?) p

pesok [—1, 1] ¥ npuseaem npumep dysaa-
MeHTa/bHOR B npocrtpanctee CL, [—I1, 1]
NoCJIeflOBATENbHOCTH (GYHKUMI, HE CXOJfiledics B 3TOM IIPOCTPaH-
cTBE.

Tlonoxum
—1, ecamn —léxé-—:;,
1 1
fa)=] nx, ecm —_<x=<_, (57.34)
1, ecam %gxgl
n=1, 2,

(puc. 225). OwueBuawo, uto Gynkuuu 'f,(x), n=1, 2, ..., uempe-
puiBHBl Ha oTpeske [—1; 1]. 3aMeuasa jpajee, uTO | f,, (x)} 1, umeem
AIst m=>n

1 n
n—fnlP= §|la @) —=fa@Pde=§ |fa(x)—falx)Pde<
-1

—1i/n
1/n 1/n

< { th@HL@pa<s § a=2,

—1/a —1/n
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OTKYJ2, OUYEBHIHO, CJEJYyeT, UTO MOC/eI0BaTeIbHOCTh (57.34) — dyH-
javeHnTanpHas B npoctpanctee ClLy[a, b].
JleiictBuTesIuHO, ecan 3apano € >0, To BHIOHpas ny Tak, YTO
8ng< e AN BCeX n==flp U BCeX m>n, OyieM umerh §f, — fni<<
8

< —= 3 <. ITockoabky
n ny

—1 mpn —1=<x<C0,
limf,(x)= 0 nmpu x=0,
e 1 mpn O0<x=1,
TO €CTECTBEHHO OXMJATh, YTO €C/IM MOCJAeAOBATeJbHOCTH {f,} cxO-

JMTCS B CMBICJIE CpPEeAHEero KBajpaTHYHOIO, TO OHA CXOAHTCA K TOM
ke (QYHKIMH, K KOTOPOM OHA CXORUTCH HOTO-

YeYyHo, T. €. K QyHKUHMH (cM. puc. 226): v

—1 mpu —1=Sx<<0, !

def -
f(x)= 0 mpn x=0, . ’
I mpu O<<x=<I. -1 [ 1z

Omuako 3ta (yHKuus [ pasphiBHa H 0OTOMY -1
f&£ CL,[0, 1]. CnenoBartesibHO, €CTECTBEHHO
0XHJaTh, UTO TOCJHeAOBATeNbHOCTL {f,} He
umeer npegesa B npocrpanctse CLsla, b]. Ilo- . Puc. 226

KaxeM 3TO.

HerpyzHo yGeiuthesi, 4To NOC/E0BATENLHOCT (57.34) CXOAMTCS
na orpeske [—1, 1] B cmpicae moayunopmbr (57.31) K ¢yHKuuu f.
JeficTBUTeIbHO,

i/n

1
1= FaB¥= § 1) —Fa ) Pdx={ () —Fa(x)Pdr<

-1
+1/n +1/n

—Y/n —/n

wéo |f(x)|<<1, |f.(x)<1, x=[—1, 1]. (57.35)

Tlpepen Do monyHOpME He EAMHCTBEHEH H MO3TOMY BO3HHUKAaeT
BONPOC: HE CYIIECTBYeT JIH €llle W HenpepuiBHOH (GYHKUHH, KOTOpas
TaKiKe fBJSETCS NPEJeJoOM INOC/e)0BaTebHOCTH {f,} B cMbIC/e cpex-
Hero KBajpartuyHoro. ITokakeM, 4To TakoH (yHKIHH HE CYLIECTBYET.
HonyctuM npotusHoe. IlycTh CylnecTByeT Takas HeNpephiBHas Ha
orpeske [—1, 1] dysxuua g(x), 4to

lim g — fa]=0. (57.36)
n—oo
*) HOCKO'H:KY f f,l ViKe He ABJAsIeTCH Henpepbmﬂou (byHKLU'ICH TO 3]eCh

cHMBOa f | oGo3Hauaer yxe noaynopmy (57.31) dymkuun ¢. 3to C'Iel},CT HMETb
B BH1Y H B ajbHellluX PacCMOTPEHHAX.
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Torga , _ :
iF—gl=1F~F)+T—I<If—F ]+ —gl,

rie oba ciaraempiX mnpaBoil wactH B cuay (57.35) m (57.36) crpe-
MATCA K HYJIO ODH n—-00, a Jepas 4acTb HE 3aBHCHT OT 7, CJie-
L0BaTeJILHO,

S]f(x) gx)Pdx=|f—gr=0;

TeM GoJee
0 1
Sl [f(x)—g () Pdx=0, §Jf(x)—g(x) Pdy=0. (57.37)

Pacemorpny, nanpumep, ciaydyai x=0. Ilockosmbky ¢ysruuu f
B g HenpepbiBHbB Ha uuTepBane (0, 1), To B cuay (57.37) omm cos-
MajaloT Ha 3TOM HUHTepBase (CM. CBOHCTBO 9 ompeaesieHHOro HHTEr-
pana B m. 28.1). Ilostomy

g(+0)=lim gx)= lim f(x)=1.
x—4-0 x—>40
AHanOTHYHO M3 pacCMOTpeHHs ciyuasi x<<0 OyneM HUMeTb
g(—0)= lim j(x)——

T. €. g — paspbiBHasl (yHKUHS.

ITonyyenHoe npoTHBOpEUHe H JOKA3hBACT yTBEPIKICHHE. J
_ Hrak, snuneitnoe npoctpanctBo CLy[a, b] ue mosno. OgHako Mek
3HaeM, YTO BCSIKOE MperuibOepTOBO NPOCTPAHCTBO MOXKHO JOMOJHHTH
JI0 TIOJIHOTO, B YaCTHOCTH 3TO MOXKHO CHeJaThb H C pacCMaTpPUBAEMbIM
NPOCTPAHCTBOM. Mbl BepHEMCS K 3TOMY BOIIPOCY HECKOJILKO MO32Ke,
a ceffyac paccMOTPHUM ellle OJHO MPOCTPAHCTBO.

[Monpo6yeM B3siTh GoJiee INMPOKMH KJaacc (YHKOHH, yeM Hempe-
pbiBHBIE, 2 UMEHHO pPaCCMOTPHM JHHEHHoe NpocTpancTso RL,[a, b]
(QYHKUHMH C HHTErpHUpyeMBbIM Ha HEKOTOpOM OTpeske [a, b] KBaxpaTom
(cm. mpumep 3 B m. 57.8) ¢ moayckaJsipHBIM IIPOM3BeJieHHEM, 3aja-
BaembiM opmyJoit (57.30), U CKOHCTPYHpPYEM H3 3TOrO MNPOCTPAHCTBA
MPOCTPAHCTBO CO CKAJISIPHBIM IPOM3BEJEHUEM.

Onpenenenne 38. [lee hynkyuu [ u g c unmezpupyemsirm Ha
ompeske [a, b] Keadpamom HA306eM IKEBUBANEHMHIMU, eCALL nonynopma :
(57.31) ux pasuwocrmu pasHa HYmMO:

: _ .
IF—gl= ]/S [f (*) — g (0] dx=0. (57.38)

OKBHBAJCHTHOCT (JYHKIHl B CMBIC/IE ITOTO ONpeAeNieHUs Gyiem
66634 89aTh CUMBOIOM
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YnotpeGnenue B 3TOM CJIyyae TOrO K€ CHMBOJIA, KOTODHIT YTioT-
pebsaCs 1A aCHMNTOTHYECKOTO paBeHcTBa (YHKIME, T. €. AJdA
0003HAYEHHs] MX SKBHBAJEHTHOCTH B CMBICJIe MOPAJKA MX H3MEHeHUS
(cM. ompenenierue 5 B n. 8.2), He NpPHBEJET K HEJOPA3YMEHHMIO, TaK
KaK Bcerja GyjieT siCHO, O KaKOH SKBHBAJICHTHOCTH QYHKUHH HACT peyb.

QTHomeHHe 3KBHBAJIEHTHOCTH (57.39) obsajiaer C/AeRyIOMUMH
CBOHCTBAMH:

19 f~TF

2°) ecmu f~g, T0 g~ ; ‘

3% ecou f~gu g~h, To f~h.

Pa3o0bem MHOXeCTBO BCeX (QYHKIHI ¢ HHTETPHPYEMBIM Ha OTpesKe
[a, b] xBangpartom, T. e. npocrpancTBo RL;[a, b] Ha KJacehl 3KBHBa-
JIEHTHHIX Me€XKAy o060 (yHKuui. DTH Kjaaccel OyJeM HasblBaTh Kjaac-
CaMH 3KBHBAJIEHTHOCTH H 0603HayaTh 3ar/JiaBHbIMH JIATHHCKHMH OYK-
Bamu F, G, H, ..., a ux coBokynHoctb —4epes §. Kaxaylo ¢yHk-
nuio f, NpuHajANeXallyl Kaaccy 3kBMBalenTHOCTH F, OyjaeM Hassl-
Bath ero mnpejacraButeseM. Kparko Bblpaxkas npouecc NocTpoeHds
MHOXECTBa {§, TOBOPAT, 4TO OHO IIOJNYYaeTCsl H3 MHOXKECTBA BeeX
GYHKIHR ¢ HHTErPHPYEMBIM KBAJPaTOM «OTOXKIECTBJIECHHEM» €r0 3KBH-
BaJIEHTHHIX 3/1eMeHTOB. MTak, Tenepb Kaxjoe MHOXKECTBO SKBHBAJEHT-
HLIX (YHKUMH pacCMaTpuBaeTCst KaK OJHH 3JIeMEHT MHQXKeCTBa §.

Hass gaxporo F e § v Kaxjioro AeHCTBHTRJBLHONO 4HCIa A 3Je-
MeHT AF omnpeje/serca creaylomuM obpaszoM. BribepeM Kakoro-inée
npencrasurens f e F, Toraa ¢yHkuus Af apiasercs Takke QyHKuuen
C HHTErpDHPYEeMBIM "Ha oTpeske [a, b] xBanpatoM H, C/enOBaTeIbHO,
NIPHHQ/IIEKAT HEKOTOPOMY KJIAaCCy SKBHBANEHTHOCTH, T. €. ABJSAETCH
npeaCTaBHTEJeM HEKOTOPOro 3JeMeHTa M3 §, KOTOPLIH W OmpejeseTcs
Kak 3JeMeHT AF. ‘

Urobel nokasaTk, YTO 3TO ONpeJeJieHHe KOPPEKTHO, Halo JOKa-
3aTh, 3TO 3JeMeHT AF He 3aBHCHT OT BhiGopa ¢yukumu feF. Hei-
CTBUTENbHO, ecni fF u fieF, 10 fi~[, 1. e. |fy—~[]|=0. Cae-
nosareasHto, |Afy—Af|=|A||fi—f]=0, a 310 o3nauaer, uro Afy~Af.
IMosromy ¢ynkuun Af; M Af npuHajgIe)RaT OXHOMY H TOMYy 3XKe
KJIaCCy SKBHBAJIEHTHOCTH, T. €. OIHOMY H TOMY XK€ 3JIEMEHTy MHO-
XKecTBa §. :

OnpenenuM Tenepb OMEPAUMIO CIOXKEHHS 3JEeMEHTOB MHOXKeCTBa §.
Ilyete F=§ v G=§. Bobepem kakue-mu6o ¢yskuun feF u
g=G. dnemenr F-+G onpenesuMm Kak KJace 3KBHBANEHTHOCTH,
coaepKamuil snmement f+4 g. J10 onpejeseHne 0JHO3HAYHO, Tak Kak
ecJH

feF, LeF, g=a, g;rleG
H, CJIeJIOBATe/bHO,
fi~f, g~g
TO A .
bi—F1=0, lgi—gl=0.
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[Tostomy
O<i(ht+g)—(F+l<Ih—Fl+lgi—gl=0,

T. €.

h+a~f+g

U, TakuM oOpasoMm, QYHKUUA f;+ gy NpUHAAMEKHUT TOMY IKe KJjaccy
3KBUBAJEHTHOCTH, 4TO H (QyHKuus - g.

Wrak, a1 Toro 4roGbl CJOKHTH 3JEMEHTHl M3 MHOXKECTBA § HJH
YMHOXHTb MX HA YHCJO, HaAo BHIGpaTh UX IpPEACTaBUTENeH H Ipo-
JejaTb Haj HHMH YKa3aHHYIO OMNepaluio; B pe3ynanbTare MOJYYUTCH
HeKkoTopass (QyHKUHMA; KJacC SKBHBAJEHTHOCTH, NPEACTABHTENEM KOTO-
poro sBJfAETC 3Ta (QYHKUHUA, U OyAeT pe3yJbTaTOM paccMaTpHBae-
MO# omnepanuu.

MHoxectBo § ¢ BBeneHHHIMH B HeMm omepaiusaMu AF u F4G
oOpasyeT JHHEHHOE NPOCTPAHCTBO. [leACTBHTENILHO, Mg 3THX Ofe-
pauuil BHINOJHATCA CBoHcTBa 1°, 2°, 3° onpemenenus 11 B m. 57.2.
[Tposepum, wampumep, uyro aast Jmobhix F&=F, G&§ u moboro
Yucaa A CUpPaBejINBO PABEHCTBO

A(F 4 G) = AF - G. (57.40)

Ecin feF n g <G, 10, COTMIACHO ONpeesIeHHI0 CIOXKEHHS dJIeMeH-
TOB W3 MHOXecTBa §, noayuum f4+geF+G, A(f+g) = A(F+G).
[TockonbKy f U g — 3/1€MEHTH! IMHEHHOTO MPOCTPAHCTBA, TO A (f4g) =
=MA-4+Ag. B cuny ke npaBusa yMHOXKEHHSI 3/EMEHTOB H3 § Ha
YHCJO U CJIOXEHHS 3THX 3/]EMEHTOB

MeAF, AgeAG, M4-AgeAF4AG.

Takum oOpasom, KJaccel 3KBUBaJeHTHOCTH A(F-4G) u AF 4+ AG
coaepxkar obmuii anement A (f+4-g) =Af+Ag u, caenoBatesbHO, COB-
najaior. Pasencrso (57.40) moxasano.

AHajioruuHo npoBepsieTcss W BHIMOJHEHHE OCTaJbHBIX CBOHCTB
JIMHEHHBIX NPOCTPAHCTB (CM. onpejedenue 11 B m. 57.2) npas onepa-
LUl CJIOKEHHS H YMHOXEHHS Ha YHCJO 3JEMEHTOB M3 MHOXKECTBAa §.

OtMeTHM, Y10 HyJIeM HOJYYeHHOro JIMHEHHOrO INPOCTPAHCTBA §F
AABJISIETCA KJIaCC 3KBUBAJNEHTHOCTH, coiepKailuil (yHKUMIO, TOXKIe-
CTBEHHO pDAaBHYIO HyJI0 Ha oTrpeske [a, b]. dror KAacc cocTout u3
TeX M TOJLKO TeX (GYHKHuH f, KOTOpbI2 3KBUBAMEHTHbl HYJIIO, HHAYe -
roBopsi, MU KOTOPHIX noayHopma (57.31) paBHa nyso: |fi=0, T. e.

b
{2 (x)dx=C.

a

OnpejenanM Tenepb B JHHEHHOM NPOCTPAHCTBE § CKATSAPHOE YMHO-
x)euue. Ilyere F=§, G=§, Bubepem u3 KiaaccoB F u G kakux-
qubo npeacrasureneit f& F u g = G 1 noa0xum

(F, OE(, g)- (57.41) -



57.10. Hpocrpancreo Ly 461

Takum o6pasom, assi TOro 4TOGbl CKaJMsipPHO MEPEMHOMHTH 3JEMEHTHI
IIPOCTPAHCTBA §, HafO BHIOpPAaTP HX MNpEACTABHTENEH H CKaJsAPHO
YMHOXHTb HX JIPYr Ha JApyra (B CMbIC/IE MOJYCKAJSPHOrO IPOH3BE-
renust (57.30)). Iomyuennsiit pesynbrat U GyAeT paBeH CKaJsApPHOMY
NPOH3BEIEHHIO PACCMATPUBAEMbIX 3JICMEHTOB H3 MHOMKECTBA §.

Onpenenenne (57.41) Takke He 3aBHCHT OT BhIGOpa (yHKIHi
H3 KJIaCCOB 3KBHBANEHTHOCTH. [leficTBHTeNBbHO, €can

fEFv flEFr gEG, gICGy
TO
i~ T, g1~g

1h—11=0, lg1—g[=0.
IostoMy, ucnonb3ys HepabeHcTBo Koum — IllBapua (57.28) mosyunm

0<<|(f», g)—(f, @ 1=I1(F1, 80—, g+, g)—(, @)=
<|(h—he) |+ &—g I<ih—TH&l+]illg—g]=0.

Taxum o6pasom (fy, g)=(f, g).
Oyuruua (57.41) yhoBneTBOpseT BCeM CBOACTBAM CKaJsPHOTO

ymMHOXKeHus. [lefictButesibHoO, nycTs feEF =, gl e, he H 8§,
A H p—uncaa, Torja

(AF 3G, Hy=(+pg, H=~r(, h)+p(g, H=A(F, H)+p(G, H),
(Fy G)—:(fv g):(g, f):(G: F):
F, F)=(, N=0.
Hakoneu, ecaun (F, F)=0, 10 3TO0 O3Hauyaer, 4rto AJas Jo6oii
¢yukuun f e F nmeem (f, fy=|f[FP=0, T. e. f~0, a 310, KaK oT™e-
YaJioch BBILE, H O3HAYaeT, YTO 3JeMeHT F SBJISETCA HYJEBBIM 3Je-

MEHTOM NpOCTPaHCTBa .
Onpenenenne 39. Jlunetlinoe npocmpancmeo § co CKAASPHbIM NpO-

ussedenuen (57.41) nasweaemcs npocmparcmeom RL,=RL,[a, b].
OTtmeruM, uTo HOpMa | F l5y ssementa F B mpocTpaHcTse RL,[a, b},

cornacio (57.27) u (57.41), onpenensierca uepe3 NOJYHOPMY |flreL,
bysxuun fe F no dgopmysne

H, CJeJ0oBaTeJIbHO,

b 12
VFlgr, =1Flge, = le“’ (%) dx} , EF, (57.42)

a
npuYyeM B CHJY JOKA3aHHOA OJHO3HAYHOCTH ONpEJieJIeHHs CKaJasipHOro
NpOH3BeieHUST 3TO ONpejesleHHe OAHO3HAYHO, T. €, HEe 3aBHCHT

oT BhIGOpa ¢yHKIuH [ F.

3aMeuanue 1. direMeHTaMH NPOCTPAHCTBA ﬁzz [a, b] aBasoTes
KJlacChl 3KBHBANEHTHBIX (DYHKUHH, OAHAKO B MaTeMaTHUYeCKOH JHTepa-
Type 4acTo BCTPEYaeTcs: BEIPAKEHHE «DYHKUHS U3 NPOCTPAHCTBA RLo».
OTo ycoBHOE BHIPAXKEHHE 03HAYaeT HPOCTO, YTO Peub HAET O (yHK-
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I{# C HHTErPHPYEMBIM KBaJpaToOM H, CJIef0BaTe/bHO, NMpHHAIeKaIeH
OZHOMY H3 paccCMaTPHUBaeMBIX KJIacCOB JKBUBAJNEHTHHIX (yHKUHiL,
T. €. ABJSIOUIEHCS €ro NpeACTaBUTeNeM. IDTO BbipaKeHHe YIOGHO,
TAaK KaK ONepalHsi CJOXKeHHS, YMHOXEHHs Ha YHCJIO M onepauus
CKaJIAPHOTO YMHOMKEHHUSI KJIacCOB SKBHUBAJCHTHBIX (PYHKUHH CBOAATCH
K COOTBETCTBYIOIeH oOmnepanud Haj HX NpeiCTaBUTENsSMH, IpHYEM
pe3y/IbTaT HE 3aBHCHT OT BHIGOPA YKa3aHHBIX NPeACTaBHTENed. ITo
06CTOAITEJIbCTBO B HM3BECTHOM CMBIC/e ONPABABIBAET TaKKE H 4acTo
YIOTpeOIAIONIeecs] YCJAOBHOE BHIDAXKEHHE <«IPOCTPaHCTBO RLs[a, b]
COCTOUT U3 (pyfr\{gmnﬁ C HHTErpUpPYEMBLIM KBajpaToM»; B 3TOM cJydae
npocrpanctBo RL, Hepeaxo oGo3HayaeTcsl mpocTo uepes RL,.

Kaxpaa wHempepniBHAas Ha otpeske [a, b] o¢yHkuusg, OyAyud
GyHKIEEH C HHTEIPUPYEMBIM KBaJPATOM Ha 3TOM OTPe3Ke, IPHHALICKHT
HEKOTOPOMY KJACCy SKBHBAJEHTHOCTH, T. €. HEKOTOPOMY 3JIEMEHTY
npoctpanctBa RL,[a, b]. Ilpu 310oM B yKa3aHHOM KJacce HeT APYrod
HelpepuBHOH (YHKUMH, HOO €CJH HenpephiBHbIE (YHKLUHH 3KBUBa-
JICHTHBI, TO OHH DaBHBL.

Hayuum orobpakeHue, CTaBfilee B COOTBETCTBHE KaXJI0i Herpe-
puienoit yuxunu f < CLy[a, b] xnace sxBuBanentnoctd F & RLy[a, b},
K KOTOpOMY OHa npunannexut: f & F. 9o oTobpaxkeHne Ha3bBaeTCs
ecrmecmeerHoim omobpanceruem CL,[a, b] B RL, [a, b]. B cuny camoro
onpénesieHUst olepaluil CIOXKEHHS 3/1eMEHTOB (SIBJSIOMMUXCSA KJaccaMu
9KBHBANIEHTHOCTH), YMHOXKEHHA MX Ha YHCJO H HX CKaJSIPHOTO Ipo-
U3BeJleHHs. B IPOCTPAHCTBE I?Z;[a, b], cBopsmuXCsi K TAKHM IKe
JeficTBUAM Haj HpPeACTAaBHTEJNSIMH KJAacCOB 3SKBUBAJICHTHOCTH, e€cTe-
CTBeHHOE OTOOpa’KeHHe SIBJSAETCS JIMHEHHBIM M COXPaHseT CKaJspHoe
npousBesenue., OHO ABJISETCS B3aHMHO ORHO3HAYHBLIM OTOOpaKEHHEM
(uwbexuueit) npocrpanctBa CLy[a, b] B npocrpanctso RL,[a, b],
TaK Kaxk ec/Ju Obl NPH 3TOM OTOOpaKEHHM JiBe HelpephiBHbIE (QYHKIHH
0T0GpasH/iCh B OZMH H TOT XKe 3Jement mpoctpanctsa RL,[a, b),
T. €. B OJMH H TOT XK€ KJacC 3KBHBAJIEHTHOCTH, TO OHH 00e npH-
Hajpexanu Obl 9ToMy Kaaccy. A 370, Kak OBLJIO OTMEUYEHO BHIILE,
BO3MOXKHO TOJbKO B CJydae, €CJH OHH SBJSIOTCA OJHOH U TOH Xe
HenpeprIBHON (pyHKIIHeH.

Jng u3ydenus ero jajpbHEHLIHX CBOHCTB NpeaBapUTE/IBLHO JOKAKEM
TPH JieMMbl 00 anmpokCHMauu GyHKUuH. B HuUX BMecTo |- gL, GyaeM
JJIt KPAaTKOCTH NIPOCTO mucarh |-|.

Jlemma 14. ITycmo keadpam pyuxyuu [ unmezpupyem Ho Konetdnom
Unt GeCKOHEHHOM NPOMENCYMEKe ¢ KOHYAMU a i b, —co<Ca<b=<--oo.
Toeda 0aa 06020 >0 cywecmeyem maxas QUHUMHAR Cmynexrdamas

pynxyus @ (cM. 0. 55.2), pasHas HYAO 6HE YKABAHHO20 NPOMENCYMKA,
4mo

IF—el<e.

RoxkaszareancTBo. [lpeanonoxum Ajisi MPOCTOTH, UTO (HYHK-
nus [ unterpupyemMa no Pumany Ha moGom orpeske [, 1], a<<E <<
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<n<b, T. €. YTO BHYTPH pPaACCMATPHBAEMOTO HPOMEKYTKA C KOH-
namM#H @ u b Her ocobbix Towek ¢yHkuuu [ {cm. m. 55.1). Ofmuit
cayuall Jerko CBOAMTCA K ITOMY.

Flycth sapano &€ >0. 3adukcupyem Tak & m ), 4robbl

3 ' b
\P@drt (P@a<y (57.43)
a 0

ITO BO3MOXKHO B CHJY TOro, 4TO mnerpa.n N0 OTPE3Ky [a b] or
¢oyukuun f2 cxoputes. @ynkuusa f, 6yAy4d uHTErpuUpyeMoii, no Pu-
Many, Ha orpeske [, m], orpannyeHa Ha -Hem:

T |<=M, E<x<n, (57.44)

M — nocrosannas.

Coraacio niemme 2 B 1. 55.2 nns nanHHoro &>0 cymecTByer
Taxkasi (MHHTHAA CTyNeHuYaras GYHKUMS @, YTO €€ HOCHTeJb Supp ¢
cojepxuTcst B orpeske [§, n], T. e. suppop <[, n],

leM <M, x<[E 1] (57.45)
(310 caenyer u3 dopmyan (65.9)) u

] |
S, 1F () — 9 (0)| dr <-op- (57.46)

IpuMennB nocnenoBatesbHO HePaABEHCTBA (57 43), (7. 44), (57.45)
u (57.46), noayun

t b
llf—(P!}2==_S [f () — @ (P dx = /2 (x) dx +§ /2 () dx -+
a n

a

7 ' ’ b} ' o
+ V@ —e@Fds=F+ 170 +em 1170 —p@ide<
3 13

n ; .
<5 +2M S ) —o @) |de<< E:—_g.zM {E:ga.
£

- Otciona creayer, uto [f—q@<<e. []

Jlemma 15. Ilycts @ — dunnTHAs crynenuatas QyHKUMs, paBHas
Hymo BHe oTpe3ka [a, b]; Torma ans moGoro €>0 cyuecTsyer
Takag (UHUTHAsi HeNmpepeiBHASI Ha Bcell 4HCJOBOH oCH (YyHKLuA g,
TaKe paBHas HYJ/O BHE YKa3aHHOrO OTpe3Ka, YTO

lg—9ol<<e.

HoxasatennbcTBo. ocraTouno paccmTpe'rb cayqall xapak-
TEpUCTHUECKOH GYHKIUMH NOJyHHTEpBata, MO0 BCAKas PUHHTHAA



464 § 57. PynkyuonasbHble NPOCTPANCTEA

crynieHyaras QyHKUHS 9BJSETCA KOHEuHOH JHHEHRHOH KOMOHHalHef
nopo0HeIX (yHKuM# (cM. m. 55.2). Hrak, nycrs 3anana QyHKuus

1 11 a<sSx<<b,
x(x)=

0 s x<<aux=b,
¥ 3agaHo &>0. Bosbmem kakoe-miGo 1 >0 TaK, 4YTOOBl BHINOJ-
HAJHCh HepaBEeHCTBa

e2 b—a
7] < _8‘ ’ Tl < T:
H paccMOTpUM yHKUMIO g(x), rpaduk KoTopoi uzobpaxken Ha puc. 227,

|y

o a ary - a-p- & 2
Puc, 227

ITpu kenaHuH ee MOXKHO aHAJMTHYECKH ONMHUCATh CISAYIOUAM 06pasoM
[ 0 gns x<<au x>0,

—— A a<<x<<a-+n,
g(= 1 s atn<x<b—n,

b;” s b—n<<x<b.

OueBuano, ut0 g () sBAsIETCH (PUHMTHOM HENPEPLIBHON HA BCed
yucaoBoi  ocu  ¢ymkumed. Ilockoibky |y (¥)|<<1, |g(x)|<1,
— o< x<l+4o0, TO

b a+-m
l—gP={x(®)—gmPdx= § [x()—g®PFdc+
a a
a+n

) —g@Pde< § [x()[4lg () Pdet
-—n a

b

{

b a--v b

bS (x@)|+lg@Pdr<4 § det4 | de<8y<el,

a b—n

+ o+

1. e [x—gl<e [] )
Jlemma 16. Ecnu [ aBagercs (yHKUHEH C HHTErPHPYEMBIM KBaj-

patom Ha orpe3ke [a, b], To OHa Ha 3TOM OTpe3Ke ABJAETCA Mpeje-
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JIOM B CMBIC/IE CPEJHEro KBAaJPaTHYHOIO HEKOTOPOH MNOC/Ief0BaTeb-
HOCTH HeNPEePHIBHHIX Ha BCEH YHCJOBOH ocH (GUHHTHHIX QYHKUHE [,
n=1, 2, ..., HOCHTe/Jd KOTOPHIX JeXKaT Ha orTpeske [a, b}

b

lim lifn~fii2=r}LH;S[fn () —F () dx=0. (57.47)

HokasartenbctBo. Kakoso Obl Hu Gbilo €>0, B cHIy
JevMbl 14 cyuiectByer Takas (HMHHTHas CTynendartass QyHKUHS @,
paBHas HyJO BHe oTpeska [a, b], urto

a B CHIy JeMMpl 15 maa 3Toff cTynenuatoil (yHKUHH @ Hafigetcs
Takasi (QYHKUHA g, HenpephiBHas

na Beeli uncaoBoil ocu u pasuas Y |
HYJI0 BHE oTpeska [a, b], uro

lo—gl<s,
H, cjaefoBateqapHo, (puc. 228)

II—gl<lf—ol+lo—gl<e. 0

Bribupasi Tenepb HEKOTOPYIO Y- Puc. 228
C/IOBYIO TIOC/IeNOBATE/IbHOCTD &, —>
—+0 nmpu n—>o0, n=1, 2, ..., u ob6o3Hauasg uepe3 f, COOTBET-
CTBYIOULYIO YHCJAY €, B CHJY YKa3aHHOH KOHCTPYKIHH, (YHKIHIO,
HenpephBHYIO Ha BCEH YHCJIOBOH OCH M PaBHYIO HYJIO BHe OTpe3ka
[a, b], noayYnM HCKOMYIO NIOC/IE0BATENBLHOCT {f,}, YIOBNETBOPSIOMYIO
ycJIoBHIO (57.47) (onpepesieHue mpezesa noc/eL0BaTeIbHOCTH QyHKIHH
B CMBIC/IE CPEJHEr0 KBajpaTHYHOro cM. B I. 57.5) H Takyio, 4To
supp f» <=[a, b] ais Beex n=1, 2, .... {]

Onpenenenne 40. [Todmnoxcecmso npocmpancmsa CLs[a, b} cocrmos-
wee uz pynxyui f, 06 payaoUUsCcs 8 KoL Ha KOKyax ompeska [a, b]:
f(@)=[(b)=0, nazwmsaemcs npocmparcmeom CL,[a, b].

OueBuaHo, uro JemMMma 16 osmauaer, 4TO JOOYI0 (PYHKUHIO C HH-
TErPUPYEMBIM Ha oTpe3Ke [a, b] KBafpaToM MOXHO CKOJIb YIOJHO
TOYHO B CMbIC/IE CPEJHEro KBaAPAaTHYHOTO NPHO/IH3UTL (YHKIHMAMH
u3 CLy[a, b]. Scuo, uro CLy[a, b] sABnAETCA JHHEHHBIM I PeArHIb-
GepTOBbIM MPOCTPAHCTBOM, H

CLy[a, b]=CLsy[a, b]. (57.48)

Bepuemca Temepb K ecTecTBeHHOMY oToOpaxkenmio CL.[a, b]—
>l
—RL.[a, b). N
Teopema 5. Ecmecmsgennoe omobpascenue CLy[a, bl—RLq[a, b],
m. e. omobpascenue, cmassuee 8 coomeemcmeue Kancdol HenpepsisHol
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Ha ompeske [a, b} Pynrkyuu raacc IK6UBAICHMHOCMY, K KOMOPOMY

OHQ NPUHAOACHCUM, BAACMCA USOMODGHBIM OMOGPANERLEM NPOCMPAH-
fand o

cmea Clyla, b] 8 RL,[a, b], npusem o6pa3 npocmpancmea CL,{a, b]

(a, credosamensro, 6 cury (57.48) u ececo npocmpancmea CLq[a, b])

naomer 6 R\lg [a, b].

HdokasarearcTBo TeopeMn 5. OGo3nauum uyepe3 @ ecre-
cTBeHHOe oToGpaxenne mnpocrpanciBa CLq|a, b] B npocTpancTBa
RL, [a, b], T. e. orofpaxkenue, cTapsiiee B COOTBETCTBHE KaxAoH
HenpepniBHOH Ha orpeske [a, b] dyHKIuH [ KJacC 3KBHBAJEHTHBIX
(GYHKUHH C HHTETPHPYSMBIM HA 3TOM OTpe3Ke KBalpaToM, KOTOPOMY
OHA NPHUHAMJIEKHT, HHAUe TFOBOPS, KJACC IKBIIBaJeHTHOCTH, NpejcTa-
BHTEJIEM KOTOPOTO OHAa siBjsercsl. Takum obpasoM, ecu

feCly[a, b] u feF e RLy[a, b],

to ®(f)=F.

ITycts F=@ (f)=0; Torna |F|=0, no f = F, nosromy u | f|=
Ilo cBoficTBy HOpMBI oTCiofa caeayer, uto f=0, T. e. g1po orobpa-
wennss @ CocTOHT TOJBKO H3 HYJNeBOro 3Jemenra. Ilockodabky ecte-
‘cTBeHHOe oToOpaxenne @ auHEHHO, TO OHO B33HMHO ORHO3HAYHO
oro6paxaer mnpocrpanctBo CLy[a, b] B npoctpancrBo Rl,{a, b}
(cM. JemMmy 2 B n. §7.2).

ITokaxeM, uyto obpa3 npocrpanctBa CLy[a, b] npu stoM orobpa-
JKEHHU $BJgeTcs IJIOTHBIM B npocTpaHcTse RLg[a, b] MHoxecTBOM.
Hycers F & RLy[a, b] v GyHRuuS [ sBAsieTcd npeAcTaBHTENEM 3Jje-
Mmenta F, T. e. [ F. llockonbky [ sBaisieTcss QyHKLHEH ¢ MHTErpH-
pyembiM Ha orTpeske [a, b] xBazpatoMm, TO, COIJIacHO JieMMe 3, OHa
SIBJSETCS] TIPEJEJOM B CMbICJIE CpefHero KBajpaTHYHOTO HEKOTOPOH
NOC/IE0BATeIbHOCTH HeNpepHIBHHIX Ha oOTpe3ke [a, b] ¢yHkumil f,,
o0pallalomuxcss B HOMb HA ero. KoHuax (cm. (57.47)), 1. e. [,
e CLyla, b, n=1,2,.... Ecau [, eff,‘ e RlL,[a, b], 10, coraacho
onpejesieHMI0 HOPMH B npoctpaHcTBe RL,[a, b}, noayuum

{Fr— ]IRL ”—]fn thL1

rie Cnpasa, -Kak o6utmo, crout moayHopma (57.31). ‘Orciona B CHle
'paBeHCTBa (87.47) noayuyaem

lim |F,—F|=0. ‘(57.49)

n— oo
TlockoanbKY KJacC 3KBUBAJEHTHOCTH F  9BJsJICA HPOH3BOJLHO
(DMKCHPOBAaHHLIM 3JIEMEHTOM npocTpaHctBa Rl.[a, b], a F,=® (f,),
rae f,— HenpepriBHas Ha oTpeske [a, b] dyHkuus, 06pamammaﬁca

B HOJb HAa €ro KoHUaxX, H, caegosateisuo, F,e ®CL,[a, b))
n=1,.2, ..., T0 pPaBEHCTBO (57.49) ¥ o3Hauaer .ILEOTHOLTbL -00Pa3a

mnoxectBa CL,[a, b] 8 npocrpanctse RLs[a, b] upu -orobpaennn @,
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i
Hns fokasatenbcTBa e IVIOTHOCTH o0pa3a MHOXecTBAa CLo [a, b]
~

MPH €ro eCTeCTBEHHOM OToOpamenun B npoctpanctBo Rls[a, b]
3aMETHM, YTO H3 BKJIOYeHHs (57.48) caexyer oueBHaHBIM 06pa3oM, UTO

@ (CLy[a, b]) = D (CLs[a, b]) = RLs[a, b].

A ecmu B KakoM-muGo MeTPHUYECKOM INpocTpaHcTBe X MJIOTHO MHO-
wectBo A, 1. e. A=X u A< Bc X, 10, KOHeUHo, MHOXeCTBO B
TakXKe MaotHo B X, n6o Ac B X utak kak A= X, To u B=X.

IlostoMy u3 mnaorHoctd MuoxectBa @ (CL;[a, b)) B mpocrpancrse

RL,[a, b] cregyer u nJOTHOCTH B HeM MHOMKECTBA O (CLy[a, b]. []
Ecau oTOXIeCTBHTD KaXKayI0 HenpeprBHYI0 OyHKIHO f& CLy [a, b]

C KJIAaCCOM 3KBMBANCHTHBIX ¢QyHKUuuA F & RL,[a, b], kotopomy ona
npuHapiexut: f &F, T. e. OTOXIECTBHTH [ C ee 06pasoM IpH ecTe-
CTBEHHOM oToOpaxenudn @, T0 nonyunm, yto CL, [a, b] sBAserca

NOAMHOXKECTBOM I1pOCTDaHCTBA 1?12 [a, b]:
| CLy[a, b] <= RLy[a, b]. (57.50)

310 BKIIOYCHHE HA3BIBACTCSH ECMECHBEHNbIM BAOJCCHUEM TIPOCTPaH-
crBa CL, B mpocrpancrso RL,.

Hrak, B cuny (57.48) u (57.50) cnpaBeyuBbl BKJIOYECHHS

CLs[a, b]<=CLs[a, b] = RL:[a, b],
npuYeM COrJacHO TeopeMe 5
CL:[a, b]=Rl,[a, b]

— muoxecTBO CLs[a, b], a caexoBatremsuo u CL,[a, b], nnoTHsl
B npocrpanctse RL,[a, b]. -

Moxno mnokasath, uto npocTpaHctBo RL[a, b] He sBasercs
[IOJIHBIM, T. €. HE SIBJISAeTCA THIbGEPTOBBIM MPOCTPAHCTBOM.

N YV
3agaua 37. Jokasate, uTo mpoctpaHcTBo RL, [a, a] He ABJASETCSA MOJMHLIM.

Beie Gbl10 moxasauo (cm. m. 57.9), uto BCsikoe mpeardan6epToBo
NPOCTPAHCTBO MOXKHO JONOJHHUTH J0 IOJHOTO, T. €. JO THAbGepToBa
npoctpaHcTBa. B wacTHOCTH, 3TO MOXHO ClesaTh H C NPOCTPAHCTBOM

RLs(a, b].

" Onpenenenne 41. Ilonoanenue npedaunrsbepmoea npocmpancmeq
RL,=RL, [a, b] naswsaemes npocmparcmeom L, = Li[a, b].

~ B cuny ompenesenuss nomoJiHeHHs ,

RL,[a, b]< Ls[a, b] (57.51)
H rI?'Lz [a, b] nnotHO B npoctpanctBe Lsfa, b], T. e.

RL, [a, b]=L.[a, b].



468 § 57. DyurxyuoHaIbHLIE NPOCTPAHCTEA

B cuay Brmouennii (57.48), (57.50) u (57.51) umewrt Mecrto
€CTeCTBEHHBIE BJIOXKEHHSA

CLy[a, b]= CLyfa, b= RLy[a, b= Ly[a, b).  (57.52)

OkaskiBaeTcs, 4TO He TOIbKO RL, NJOTHO B npocrpancree Lo,
#o ¥ CL, nnotHO B L.

Teopema 6. ITpocmpancmeo CLy[a, b] naomuo 6 npocmparcmse
L.[a, b}

Caencraue. [Ipocmpancmso CLy[a, b] naomuo ¢ npocmparcmee
L,[a, b].

HoxasaTtennctBo Teopemn 6. Ilyete [ = L,[a, b] u nycts
Npou3BoabHO GHKcHpoBaHo &>>0. [lag npocTOTH BCE 3JEMEHTHI
npocrpancTBa Ly[a, b] OyneM Takke 0003HauaThb CTPOUHBLIMH JIATHH-
CKHMH OyKBaMM, XOTSl OHH, BOOOLIE TOBOPS, M He SIBJASIOTCA (QYHK-
uuamH. TlockosbKy npocTpancTBo Lo[a, b] siBsieTcs MONOJIHEHHEM
NPOCTPAHCTBA RL, [a, b], TO CYLIECTBYET TaKOH 3JIeMEHT UERLg[a b],
4TO

V—gl, <%

Coranacno BKJIOUEHHIO (57.52) U TJIOTHOCTH MHOXKECTBA CL') [a, b]

B npoctpanucrse Rl [a, b], cymecTByer Takoi 3/eMeHT A eCLz[a, b,
YTO

lg—hl,<
INostomy

=A<V - gl +lg—hle, <5+ 5 =

OTo M 03HAYaeT, YyTo MHOXKECTBO CLg [a, b] njotHO B mpOCTpaH-
ctBe Lyfa, b]. []

CrlefcTBHE OYEBHAHBLIM 00pa3OM BHITEKAET M3 TEOPEMBI, TaK KakK
(kak 370 OBLIO IOKa3aHO INPH JOKAa3aTesJbCTBE TEOpeMb! D), €Cau
noAMHOXKecTBO A HeKoToporo MHoxecTBa B, A B, NJIOTHO B KAKOM-TO
MeTpuyecKoM mnpoctpaHctBe X D B, To M caMo MHOXeCTBO B TeM

Gonee niiotHo B X. B pannoM cayvae CL,[a, b] < CLy[a, b)) = Li[a, b]
u CLy[a, b] nnotro B L, [a, b]. Tlostomy CL.[a, b] Takxe NJOTHO
B L2 [a b]

VYnpaxunenue 24. Hokaszarb, 4yTo ecad X — MeTpPHUECKOe NPOCTPAHCIBO,
Ac Bc X, MHOKecTBO A NJOTHO B MHOXecTBe B, a MHOXKecTBO B miorso
B mpocTpaHcTBe X, TO H MHOKeCTBO A NJOTHO B NPOCTPAHCTBe X.

3amevyanue 2. Ecau paccmarpuate npoctpancrso L[a, b]

KaK TIPOCTPAHCTBO, MOJyYalomleecss U3 NPOCTPaHCTBA RL,[a, b] xom-
CTPYKI[HeHl HOMOJHEHHS IPOCTPAHCTB, ONHCaHHOH B reopemax 1, 3
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u 4 Hacrosmero mnaparpada, TO ero sjJeMeHTaMu OYAYT SBJIATHCA
KJaCChl 3KBHBAMCHTHHIX (YHIAMEHTAMbHLIX MOCJ/E0BATEIbHOCTEH,
COCTaBJIEHHblE H3 KJIACCOB 3KBUBAJCHTHHIX (YHKUHA C MHTETPHPY-
eMpIM KBajapartoM. Ecav npH 3TOM NpOU3BECTH OTOMKAECTBJEHHE NPO-
crpanctBa CL; u RL; ¢ ux obpasamu B L,, KaKk 3TO yKa3biBaJoCh
BBILIE, H TEM CaMbiM CYMTaTh, 4TO

CL, — ﬁg c L,,

TO OKa)KeTCsdl, YTO MPOCTPAHCTBO Ly COCTOMT H3 HENPepHIBHHIX (QYHK-
IHH, M3 KJaCCOB 3SKBHBAJCHTHHIX (DYHKIHHA C HHTErpUPYEMBIM KBajl-
paToM, HE COJAEpKallMX HelpepuiBHHIX QYHKUMH, U U3 «aOGCTPAKTHBIX
3JIEMEHTOB», MPEJCTaBIAIOMHX COOOH yKa3aHHBIE KJacchl ¢yHJaMeH-
TaJbHBIX TOCJTe/0BaTeNIbHOCTeH. MoXHO, Xajee, YCJIOBHO B CMBIC/E

3aMeuaHus 1 «3aMEHHTb» BCe 3JIeMEHTHl M3 NpocTpancTBa RL, QyHK-
HUSIMH — IPOHM3BOJIbHO BHIODAHHBIMH HX [peAcTaBure]smu. Torja
MPOCTPaHCTBO Ly OKaXKETCH COCTOAUMM H3 QYHKIHHA C HHTErPHPyeMbIM

KBaJpaToM U TeX e abCTPAKTHBIX 3/1EMEHTOB, HEOOGXOJUMO BO3HH-
[ d
KaoUMX INPH Mpolecce NONOJHEHHs] npocTpaHctBa KL, BBUAY ero

HETOJIHOTHL. JTa «yCJI0BHAS 3aMEHa» 3JIEMEHTOB IIPOCTPAHCTBA rI\?JLz[a, b]
HX TPeACTaBUTEJSAMH OTPa’kaeT TOYHOE YTBEpXKJAECHHE, YTO ONepalHH
HaJ K/1aCCaMH SKBHBAJICHTHBIX (QYHKUHUH CBOASITCS K COOTBETCTBYIOUIHM
onepaunMaM Haj MX NPEJCTABHTEJISMH B BbIIIEYKA3aHHOM CMEICTE.

OkasbiBaeTcst, M 3T0 OYeHb HHTEPECHO H Ba)KHO, YTO YKA3aHHEIE
abCTpaKTHbIE 3JIEMEHThI MOXKHO pacCMaTPHBATh He KaK KJacchl ¢yH-
JAMEHTaJbHbIX  IOCJEOBATEJbHOCTeH  KJIAaCCOB  SKBMBAJIEHTHOCTH,
a Kak HEKOTOphble (PYHKUHH, TOUHee KaK KJacChi 3KBHBAJIEHTHBLIX
GyHKOUH B CMBICTIE onpejeneHus 38, NPHYEM CKaJsipHOE NpOH3Beje-
HHEe IJs HHUX Takxke onpeneqasercs copmynaamu (57.30) u (57.41),
TOJILKO HHTErpas B 3THX (opmyJax C/IepyeT NOHHMAaTh HE B CMBICJE
COOCTBEHHOTO MM HecoOCTBeHHOTO HHTerpaja Pumana, a B Gosee
obuieM CMBIC/E, B CMBbICJe TaK HasbiBaeMoro HHrerpaga JleGera. Pac-
CMOTpPEHHe 3TOF0 BOIPOCA BLIXORHT, OJHAKO, 3a DPAMKH paccMarpH-
BaeMLIX METOJOB M MNO3TOMY He OyJaeT H3JjarathCs B HaCTOSIEM
kKypce. Ero usnoxkeHue MOXKHO HaHTH, Hampumep, B 3aMeYaTeJLHOM
yuebHuke C. M. Hukosnbckoro «Kypc maremMaTHueckoro aHazinsay,
1. I, I, 2-e u3a., M., 1975.

3ameyanue 3. Onpenenenne npocrpancrea Ly[a, b] ectecten-
HbIM 00pa3oM 00600IIaeTCST H Ha cayudaidl OGeCKOHeYHOro NpOMEXYyTKa.
PaccMoTpum it OMpeiesieHHOCTH BCIO YHCJAOBYI0O ock. s aByx
HENPepLIBELIX HHTETPHPYEMBIX B KBajpaTe Ha BCell NeHCTBHTENbHON
ocH QYHKUHI ¢ W ¢ CKaJApHOE MpPOH3BeACHHE onpelejauM no ¢op-
MyJe

-} oo

@ Y= | o) dr. (57.53)

—
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dto onpeneieHue KOPpekTHO, uGo uHTErpaj, CTofuMi Crpasa,
NpH CHAEJIAHHBIX OTHOCHUTENBHO (YHKHMH @ H Y NPERNOJIOKEHHAX
CXOJHTCS, M Jaxke aOCOMOTHO. JTO Ccpas3y cJaejyeT M3 HepaBehciBa

[ (x) ¥ (x) |<cﬁ(_x)iziz_(x_>.

CeojicTBa CKaJsipHOro mnpoussenenus jpas (57.53) Jierko npose-
pawoTcesi. MoXHO TNoOKasaTh aHaJOTHYHO CJy4al0 KOHEYHOro npoMe-
KYTKa, YTO IOJYyYHBHIEECS NPU 3TOM METPHYECKOE NPOCTPAHCTBO
HeNpephIBHBIX HHTETPHPYEMbIX B KBajipare OYHKUMH, TaK XKe Kak
H NpeAruap0epTOBO NPOCTPAHCTBO, MOJYYAOUIeeCs: «OTOXK/IECTBICHHEM?
- 9KBUBAJIEHTHHIX (YHKLUHHA C MHTETpUPYEMbIM Ha BCell YHCIOBOH OCH
KBaipaToOM, He SBJISeTCS TOJHLIM B METPHKE, NMOPOXKICHHOH CKajsp-
HbiM npousseneHueM (57.53). IlonoJsHeHUst 3THX NPOCTPAHCTB COBHA-
AQIOT C TOYHOCTBIO J0 H3oMopdu3Ma H 06o3HayaloTcs vepes Ly (—co,

-} 00).

Ynpaxuenus. 25 Jlokasarb, uro dyuguus f(x)= Ha orpeske [0, 1]

1
Vx
He ABJASETCS pPeNesioM B CMBIC/E CPeAHero KBajpaTHYHOIO NOCJeJOBaTeJbHOCTH
HenpepuIBHBIX (GYHKIHI.

26. HoxasaTh HEeIKBHBAJIERTHOCTb MOHSTHH CXOJUMOCTH B CPellHeM B CMBICHE
L, u B cMBICHe Ly AJIs mOCJER0BATENBHOCTH QYHKUMIE.

27. HlokasaTtb, 4YTO €CJNH NOCJCHOBATENbHOCTh HHTETPHPYEMHIX HA HEKOTOpOM
oTpe3ke (GYHKUHII PaBHOMEPHO Ha 3TOM OTPe3KE CXOIHTCA K HEKOTOPOR HHTErpH-
pyemMoii Ha HeM (YHKIMH, TO YKa3aHHasi MOCJENOBATeJIbHOCTb CXOIHMTCST B TOH XKe:
(YHKILHM Ha paccMaTpPHBaeMoM OTpe3Ke. H B. CPeflHeM KaK B cMbicje Ly, Tak u
B cMeicaie Ly,

28. TlocTpoTh npuMep NOCJEXOBATENHHOCTH HeNpPePHLIBHHIX HA HEKOTOPGM
orpe3ke OGYHKUWHE, CXoAsmlefics Ha HEM K HEKOTOPOH HenpepHBHOR (YHKIAH
B CpeflHeM B CMHICJe L,, HO He cXoifileficsi PaBHOMEDHO Ha 3TOM OTpesKe.

29. TTocTpOHTh NPHMeP TNOCJENOBATEJbLHOCTH HEOTPHLATEJNbHBIX HelpPephiBHbIX
Ha oTpe3Re (YHKIHH, CXOAfielCs Ha HeM B CPefjHEM, HO He CXOAaeHCs. B CMhCe
CPeJHEro KBajpaTHYHOro.

3apaua 38. Iokasatb, uto Aas JioGoro p, 1=<< p<<-4-oco, w J06oro mnpome-
KYTKa C KOHIAMH B TOYKAaX @ B b, —o0=ca<{b =00, MHONKECTBO HENpCpHB-

HEIX Ha HeM (yHKDHH MNJIOTHO B NIPOCTPaHCTBE RL (a, b)

Msul onucasau pastqure THNBI NPOCTPAHCTB. B ananuse B ocHoB-
HOM H3YYaIOTCst IPOCTPAHCTBA, JIEMEHTaMH KOTODLIX ABJMIIOTCH QYHK-
nuyu. Takue NpOCTPAHCTBA HA3LIBAIOTCA (PYHKYUOHAAbHOIMU.

- Jlas ppocToTHL B NpHMEpax paccMaTpHBaNHCh @yHKUHH OLHOTO
nepemenHoro. IlopoGHeIM ke o6pa3oM, €cau B3fATh JIMHEHHOE WpPO-
CTpaHCcTBO (YHKUHHA, HENPepLIBHHIX HAa 3aMBIKAHHH HEKOTOPOLO H3Me-.
pumoro no )Kopaany muoxectsa G < R", BBECTH CKaJapHOE NPOH3-

BelieHHe 1o dopmyse (o, 1]))=S(P1]7 dG ¥ NONOJHUTL MOAYYHBIICECH
APOCTPAHCTBO, TO HOJYYHM THJALOEPTOBO MPOCTPAHCTBO, KOTOpOe
obospavaerca L, (G).

[Ipy 3TOM MOMKHO IOKa3aTh, YTO-BCE TAKHM -06pa30M NOJyUeHHbIE
mpoctpancTsa L, (G) 6yayr- »cenapaéemmmmu ‘GeCKOHEYHOMEPHEIMU
rHILOEPTOBLIMH NIPOCTPAHCTBAMH.
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BeckoneynomeprnocTs npoctpancTBa Li[a, b] Oyuer ycraHoBaena
B 0. 58.2, a ero cenapabesbHoCTh —B 1. 58.3 (Teopema 2).

B nanbmeitmem (cm. m. 58.5, Teopemy 10) Gyzmer mokasamno, 4to
Bce GeCKOHEYHOMEPHBIE cernapabeJsbHble THJGEPTOBHl IIPOCTPAHCTBA
n3oMopHEl Mexay coboii. Takum o6pas3oM, M3YUHB OnpejeJieHHbIE
ceofictBa (YHKIMH OAHOH MJH MHOTHX MEPEeMeHHBIX, VAaeTCs H3
HEKOTOPBIX HX MHOXecTB o0pasoBaTb IpocTpanctBa L,. Ojmako,
NPEeBPaTHBILHCh B TOYKH 3TOTO IPOCTPAHCTBA, (PYHKUHH YTPauMBAIOT
MHOTHE CBOM MHJHBHAyaJbHBIE CBOHCTBA. B yacTHOCTH, nmpoCTpaHCTBA
L., HEOT/MYuMBl JAPYT OT ApPyra IO YHCJY NepeMeHHBIX, OT KOTOPBIX
3aBUCAT (YHKUHH, H3 KOTOPHIX 00pa3oBaHBI 3TH HpPOCTPaHCTBA. 310,
KOHEYHO, HHCKOJIbKO He MeIlaeT NPHMeHsITh (QYHKIHOHAJbHbIE Npo-
CTPaHCTBa ¢ GOJIBLIMM YCIEXOM KaK B YHCTO TEOPETHYECKUX BOINpPOCAX,
TaK ¥ B NPUJIOKEHHAX MaTeMaTHKH.

Beenennbie B 3ToM naparpade MHOTOUHCJIEHHBIE OIpEIeJIeHHs
GyIyT NPUMEHSITbCST B HaJbHEHIIEM JJIs ONHCAHHS OIlpe/eseHHbIX
CBOUCTB pAa3JMYHBIX KJAcCOB (YHKUHH B NPUBBIYHBIX M HAarJIAJHBIX
reoMeTpU4ECKUX TepMHHaxX (IPOCTPAHCTBO, TOYKA, PAcCTOSIHUE, BEKTOP,
Gasuc U T. 0.) H MOMOT'YT YCTaHOBUTh aHAJOI'MH, WMEIOLIHECS MEXIY
OGBIYHBIMH 71-MEPHBIMH BEKTOPHBLIMH IIPOCTPAHCTBAMH H IPOCTPAHCTBA-
MH (YHKUHIT, H BBISICHATH CleHH(pHUeCKHe CBOHCTBA GECKOHEYHOMEPHBIX
(YHK{{HOHAIBHBIX IIPOCTPAHCTB.

§ 58. OPTOHOPMIPOBAHHBIE BA3NCBHI
1 PA3JOREHHUA 110 HUM

58.1, OPTOHOPMUPOBAHHBIE CHCTEMBI

Onpenenenue 1. [Tycmo X — auneiinoe npocmpancmeo ¢ nOAYcka-
aapuoin  npoussedenuem. aemenmor x =X u ye= X naswsaomes
opmoeoxareHoimy, ecau (x, y)=~0, 6 amom cayuae nuwemecs MmMaxice
x1y. .

Onpenenenne 2. Cucmema daemenmos X, o< A, (U — Hexomopoe
MHOXCECBO UHOCKCO8) AUMeliHo20 npocmparcmea X ¢ NOAYCKAAAPHbIM
NpouscedeHUeM HA36I6ACMCS  OPIMOZOHAALHOU, eCal Kaneoble ee 06a
anemenma opmozonarbHel. Ecau, kpome moeo, Hopma ee 1106020 ane-
MeHma pasHa eduruye, m. e. |xq|=1, a =N, mo ona Hasbleaemcs
OPMOHOPMUPOBARHOL. )

. OueBHIHO, €CJIH CHCTeMa X,, o & ¥, opToronanbHa H X 70 mas
Bcex o= ¥, TO €e MOXKHO «HOPMHPOBATb». JIeHCTBHTENbHO, NMOAENHB
KaXKIBll 9JEMEHT HA €ro HOPMY, T. €. YMHOXHE X, Ha 4ncjao 1/[xqf,
HOJIyYHM OPTOHOPMHDOBAHHYIO CHCTEMY -

X,
{_0(. , L= %[}-
[ %al
Hanomuum, uto ecad X — NPOCTPAHCTBO CO cxanﬂprIMOnponsse-
IeHEeM, TO ycjioBue |x {750 paBHOCHJIBLHO TOMY, HTO x#‘ .
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Jlemma 1. Ecau cucmema {x,, o U} szremenmos npocmparcmea
X ¢ noayckaarapHem npoussedeHuem oprmocoHassHa U |xgll=0 014
scex o= A, Mo OHA AUHELHO He3A8uCUMA.

HoxasateabcTpo. IlycTh 15 HEKOTOPBIX 3JIEMEHTOB

Xopr r =AU, k=1, 2, ..., n,

HAeEM
7.1xal + )ugxaz + ces "I" ;\/nxan =0.

YMHOKHM CKaJApHO 0o0e 4YacTH 3TOr0 paBeHCTBA HA Xo,, k— QuK-
cuporano (k=1, 2, ..., n), noayunm

}"k (xfj.kv xak) = 0)

HOO B CHJIY OPTOrOHAJIBHOCTH CHCTEMBI (xaj, x%)zO, j=k. 3ame-
yas jajee, 4To, NO INPEANOJIONKEHHIO, Xu, 7=0 H, C/€J0BaTENLHO
(xak, xak)z,ﬁo noayunm A, =0, k=1, 2, ..., n.

Jlunejinasi He3aBHCHMOCTb CHCTEMBI X,, o < U, nokasana. [ |

JoxkaxeM elie OLHY JIeMMY, BRIP@XXaIOULYl0 KPUTEPUH JIMHeHHOMH
HE3aBHCHMOCTH (YHKIHH uepe3 CKaJsIDHBIE NPOM3BEIEHIS.

Jlemma 2. Ecau Oan cucmemot 3AEMEHMO8 Xy, ..., X, NPOCMPAHCMEQ
X 0 cKaaapHuim npoussederuem onpedesumens

(X1, X1) (X1, Xo) ... (X3, Xn)
G (x1s ...y x5)=| &2 X2) (2 22). (s 2)

D S N T R T S SR

(Xns X1) (Xy X2) oo (Xny X4)

paser Hyao, Mo CUCMCMA AUHELNO 3a8UCUMA.

Onpegenutens G (xy, ..., X,) HasbBaetcs onpedeaumeiem I'pamna*)
JAHHOH CHCTEMBI.

JokaszarteabcTBoO. PaCCMOTpHM cucmmy n JHHEHHBIX ypas-
HEHHH C 1 HEH3BEeCTHRIMM A;,y (=1, 2, n:

(Aaxys ..o A, x)=0, i=1, 2, ..., n, (58.1)
HJH
Ay(xy, )4 A(x, x)=0, i=1,2, ..., n

OnpenenurteseM 5TOH CHCTeMbI SBJAETCS TPaHCHOHMPOBAHHBIA,
onpenesntenb I'pama, KOTODPHIA [O YCJOBHIO JieMMbl PaBEH HYJHOs
CnepoBaresbHo, cHcreMa (58.1) uMeeT HeTpUBHAJILHOE pelIeHHE
Ai..., A, (T. €. TakKoe, 4to He Bce A;, i=1, 2, ..., PaBHHI HYJIO).
Y».momm PaBeHCTBO (58 1) Ha ,; u npocyMMpreu no { or 1 non:

(Mxr .o A, Mxi. G Ax) =0

* K. Tpanm (1850 — 1916) — gaTtcknil MareMaTHk.
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Orcrona Mxy4...4+Anx, =0, uT0 O3HAYaeT JHHEHHYIO 32BHCH-
MOCTb CHCTEMBL Xy, ..., Xn. ||

YnpaxHenus 1. Jlorasate, YTO €C/IH KOHEUHAs CHCTEMa 3;12MSHTOB Npejl-
ruab0epToBa NPOCTPanCTBa JIHHEHHO 34BUCHMa, TO ee onpefeanTedr [pava pasen
HYJIEO.

2. JlokasaTp, 4TO0 e€CaH {W®q}-—OPTOHOPMHPOBAHHASA CHCTEMA, TO A4 JOGHX
EBYX €€ 3JIEMEHTOB ©, K (),, HMEET MECTO PaBeHCTBO

Jop—0, =V, o +a,

3. Hoxkasats, yro O¢yHkuuu sinx, sin 3x, sinb5x, sin 7%, sin 9x — JnHeiino
HE3aBHCHMBI.

IIpumepw 1. Tpuronomerpuueckas cucreMa GyHKIHiA
1, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx, ... (58.2)
OpTOroHaJbHA B NpOCTpaHcTBe L,[ —m, m] (eMm. m. 57.10). 310 GHNO
Jlokasano B Jemme 1 m. 55.1.
HUs ¢opmya (55.4) caenyer, uto |sin nx|=1)m, Jcosnx]=}"m,
n=1, 2, ..., NOSTOMY OpPTOHOPMHDOBAHHAs CHCTEMA, COOTBETCT«
Bylomas cucteMe (58.2), uMeeT BHA

V_fll_r? Vlfzzcosx, i}—isinx, ceey 1715—cosnx, ﬁsinnx....
2. MHOrouneHst
Po)=1, Pa() =5 T2 1,9, .., (58.3)
Ha3bBaOTC noauxnomamu Jexandpa. U3 dopmyant (58.3) Bano, uto
P, (x) sIBNSeTCS MHOTrOYJIEHOM CTENeHH n:

— 1N
P, (X)=(2nTl)x"+....

ok axewm, uro cucrema (58.3) opToronassbna B npocrpancree La[—1, 1].
Jas atoro nokaxem Gosee oOmiee yTBEPKAEHHE, a HMEHHO, — §TO
nonunom Jlexanapa P,(x) OpPTOroHajJeH X JHOGOMY MHOTOUJEHY
Qn (x) crenenn m<<n. 3aMeTHB NIPeABapPHTEJBHO, YTO BhHIpAXKEeHHE
dk (x2—1)n
dxk

npu k=0, 1, 2, ..., n—1, obpamaercs B HOJb B TOYKAX X = —
H x=1, uMeeM, HHTEIPHUPYs M0 YaACTAM:

1

1
SQm(x)w%;ﬂdx———Qm(x)w
gl

dxn—1 —1
: dn-1 (x2—1) l d 1
, n-1(x2_-1)n p. n-m (x2 _ 1)n
~ ngm(x>——m—dx=-..=<— D" | T g~
- —1

= (— 1" (n T T

-

—1
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Tagum o6pasom,

1
§ Qn(0)Ps(x)dx=0, m<m;

B YacTHOCTH,
1
S Po(x)P,(x)dx=0, m=£n.
-1
Tloacuuraem Tenepp HOpMY mHOJHHOMOB Jlexauapa. 3aMeTHB, UTO
(2n—1)
P, (%)= X"+ Qpa (%)
rae Q.-; (¥) —MHOrOUJEeH CTeleHH He BeIUe 71— 1, M HCIOJb30BAB

OpPTOTOHANBHOCTh P, (¥) KO BCeM MHOTOUJIEHAM MEHbIIeH CTeleHH,
nonyan'

S P (x)dx = S P,(x )[(2’1 D”x"—l—Q,H (x)] dx =

(@@=t n . _ (n—DU dﬂ(xz——l)
= SPn(x)x dx = AT @ 3 7 X" dx.

VIHTerpupys nociefoBaTesbHO IO 4acTaM, GyAeM HMeThb

SiPi(x)dx:‘...:(——-l)”-lg'(lz%)}l)!—':lxd(xz—l)”=
= § (32— 1yt d =
PRSI _§ 1yt
= (— 1)n- 1gz_i>;; § P )-2xtdr=.. ——S;c2"dx—2n_2t_1

Takuv o6pasom,

122 1= g

Cucrema mNOJMHOMOB Jlexkaujpa, Kak H BCAKAas OPTOrOHaAbHAsA
CHCTEMAa HEHYJeBLIX 3JIEMEHTOB, JIMHEHHO He3aBuCHMA (CM. Jemmy 1)
B npoctpancise L, [— 1, 1]. IlockoJbky B AaHHOM Ciy4ae paccMar-
puBaemasi cHcTeMa GYHKIHA COCTOMT M3 MHOrOYJIEHOB, TO H3 HX .
JIMHeAHOH HEe3aBHCHMOCTH HAa KAaKOM-TO OTpE3ke (B maHHOM Cjaydae
na orpeske [—1, 1]) cneayer M HMX JHHeAHAS HE3aBHCHMOCTb HA
moGoM ZpyToM OTPe3sKe.
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HehcTBUTENILHO, €CAH KaKue-To MHOToWwIeHsl - Qy (x), ..., @»{x)
JUHEAHO HE3aBHCHMBI Ha oTpe3ke [a, b], To oHH, OYEBHIHO, JHHERHO
HEe3aBHCHUMHI M HA BCell UHCJOBOH OCH (BCsKas CHCTeMa (yHKUHMH,
JMHEeHHO HE3aBHCHMasi Ha HEKOTOPOM MHOXKeCTBE, JHHEHHO He3aBH-
€HMa M Ha BCAKOM OGOJIbllIed. MHOMKECTBE, Ha KOTOPOM OIIpefesieHb!
pce (yHKHHM paccmatpuBaeMolt cucTeMmsr). - Ecim Ol MHOTOWJICHB!
Qi (x), ..., Qu(x) oxkasanncy Obl JAHHEAHO 3aBHCHMBI HA HEKOTOPOM
orpeske [e, B], T. e. HamaMch Gbl TakWe YHCJIA Ay, ..., Ay, HE Bee
paBHBIe HYJHO, 4TO M BCex x & [a, P] BemOMHAJOCH PaBEHCTBO
MQy (0)+. . .+XQr (x)=0, To 310 03HauasO OB, YTO BCE KOFNPPHIHEHTHI
muorousnena AQ; (x)+. ..+ AxQr (¥) paBHBI HYJMIO (MHOTOYJIEH C HEPaB-
HEIMH HYJIO KO3((HIHEHTAMH MOMXKET HMETh JIMILb KOHEYHOE YHCJIO
HyJef). D10 o03Hayaer, YTO MHorouneHwr Qi (x), ..., Qp(x) smuefino
3aBHCHMBI Ha Bcell uyucaoBoii ocu. IlosyuenHoe mpPOTHBOpeYHe AOKa-
3bIBaeT HX JIHHEHHYI HEe3aBHCHMOCTb Ha oTpeske [a, B].

W3 nunefinof He3aBHCHMOCTH MOJHHOMOB JlexkaHnapa cjeayer, 4To
JoGoi MHOrouJieH creneH#, He 6oJbluell n, gBASETCA JHHEHHOH KOM-
O6unanueli noauHoMoB Jlexanppa Po(x), Pi(x), ..., P, (x). Hefier-
BHTEJbHO, B (1} 1)-MepHOM IIPOCTPAHCTBE MHOTOWICHOB CTENeHeH,
He TpeBLHIUAIOMUX 7, Jobas cucreMa n-1 JHREHHO He3aBHEMMBIX
MHOTOYJIEHOB, B YaCTHOCTH YKa3aHHas cucTeMa nosuHoMmoB Jlexanzapa,
obpasyer 6asuc. Iloatomy BCAKHA MHOTOYJIEH paccMaTpHBaeMoH cre-
NeHH, sABJAsAETCA JHHeHHOH KOMOHHAUHeR 3JeMeHTOB yKa3aHHOH
CHCTEMBL. :

3. Cucrema ¢yukumnit {¢"*}, n==0, =1, &2, ..., oprorosanbsa
Ha oTpe3ke [—m, m]. '

B camom nexe,

k11 . st
S einxegimx dy — S el \n-my x gy

—= —n

Orciona, BcnoMuHas, 4to nepuoj GyHKuuu e@ pasen 2mi (cM. 1m. 37.6),
OPH 7 == M IORYYHM:

4]

S einxeimx dx = ! ei (n-m) x Ii =0,
i(n— m) 7

—%

Ynonpaxuenue 4. Joxasarp, 4YTO TNOCJEI0BATeNbHOCTh . QYHKUMHA

sin (2n—1) —;—, n==1,2, ..., o6pa3yeT OpTOTOHAJbHYIO CHCTEMY Ha oTpeske [0, nt].

58.2. OPTOTOHAJIH3ANIA

Ilycts cuoBa X — npeiruJb6epToBO INPOCTpaHCTBO. PaccMoTpuM
caenyomyo 3apady. Ilycte pana JMHEEHO HE3aBHCHMAas CYeTHas
cucreMa 3Je€MeHTOB Xx,, n=1, 2, ..., npocrpancrBa X. Tpebyerca
C MOMOUIHI0 KOHEUHBIX JHHEHHBIX KOMOHHAIHIA [OJYY4HTHL U3  Hee
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opToroHanpHylo cuctemy. Oka3piBaercsl, 3Ta 3ajaya BCerAa HMeer
pelleHHue.
Teopema 1. ITycme

Xp n=1,2, ..., (58.4)

— AUHELHO  HE3QBUCUMAA  CUCmeMa saemenmos npocmparcmsa X.
Toraa cywecmeyem OpMOZOHAALHAR CUCIMEMA IACMEHMO8 Yy, Y, 70,
n=1, 2, ..., 3moe0 npocmpaxcmsa, maKas, 4mo Kaxcooill ee dNeMEeHmM
Y, n=1, 2, ..., 2821emcs AuHeliHol KombOunayued nepsotx n 3ae-
menmoe cucmemot (58.4):

Yn = Olp, 1X1+ O, oXa . . . -0y, n ¥ (58.5)

TMoctpoenne opToronasibHOH cHCTeMBI {Y,} BHAA (68.5) u3 JmHHEliHO
HE3aBHCUMOl CHCTeMbl {X,} Ha3bIBaeTCs OOLIYHO NPOYECCOM OPIMO20-
HOAU3QUUL CUCTEMBL {Xp}.

HoxasateabctBo. [lonoxum yi=ux;. IlockoJabKy cucTemMa
(58.4) nmuuefino He3aBHCHMa, TO y; =0 (mouemy?).

[Tycts CyuIeCTBYIOT MOMApPHO OPTOTOHANBHBIE 3JEMEHTH Y, 7= 0,

n=1, 2, ..., k, k=1, ynorersopsomue ycaosuio (58.5). Byaem
HCKaTh 3JEMEHT Ypi1, OPTOTOHANBHBIA KO BCEM Yy, ..., Yr, B BUAE
Yrs1 = Brer, 1+ . 4 Brsa, e — X1 (58.6)
K3 ycroBuit 0pTOrOHaJIBHOCTH

(Y1 Yer1) =...= Uty Y1) =0 (58.7)

noJy4aeM
(Y1 Y1) Bern1=1 Xk1)s -oos (Jor Yi) Brrr, = (Urs Xew1)- (58.8)
Orciofa 0JHO3HAYHO onpeaensiorcss KoIPOUUHeHTH Priy,iy (=1,
2, ..., k. DnemeHT Y1, 3afaBaeMbifl npexactaBnenueM (58.6) ¢ Haid-
JEHHBIMH K03(hduUHEeHTaMH ﬁk+1,., i=1, 2,..., k, yJoBJeTBOPSET

yenosusaM (58.7).
IMoncrasum B (58.6) BbIpaxkeHus mJjis y,, n=1, 2, ..., k, 3anu-
canubie B BHje (58.5); nocne npuBeneHUs I]OllOﬁHbIX YJIEHOB NOJIYYUM

Yrer = g1, 1 X1+ o o Opry, w1 Xk — Xpiae (68.9)

Orcioga caenyer, 410 Yps1 =0, 6O B NPOTHBHOM CJydae 3JEMEHTHI
X1, ..., Xgy1 OKA3aJUCh OBl JIHHEHHO 3aBHCHMBIMH. [ | ,

3ameuanue. OTMeTHM, YTO €CJH Kakaf-J1u060 OpPTOrOHAJbHAs
CHCTEMA 3JEMEHTOB 2,, 2, %0, n=1, 2, ..., npoctpanctBa X TaxkoBa,
UTO KaXKABIH 3SJIEMEHT 2, TaKKe SBJSEeTcs JUHEHHOH KoMOWHaiued
nepBLIX £ 3JEMEHTOB cHCTeMbl (58.4):

Zn="n,1%1F ...+ Vn, nXn, n=1, 2, ..., (5810)

TO 3JIEMEHT 2, OT/JHYAeTCs OT 3JEMEHTa Y, JHIb HEKOTOPbIM YHCJIO-
BLIM MHOXKHTEJeM A, =~ 0:

Zn="hnln, n=1,2,....
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Hoxaxem sto. Ofosnaunm uepes L (4y, ..., U,) JUHEHHYIO 060-
JIOUKY CHCTEMBI 3JEMEHTOB Ui, ..., U, (CM. m. 57.2); L (x1, ..., Xa)
ABJIAACTCS N-MEPHBIM NPOCTPAKCTBOM, B KOTOPOM 3JIEMEHTHI Xi, ..., Xp
obpasylor 6a3uc (cM. n. 57.2). dnementw y;, i=1,2, ..., n (cooTBET-
CTBEHHO 2;, i=1, 2, ..., n), JMHEHHO HE3aBHCHMBI H COJAEpKaTCs
B L= (%1, ..., X,); CJeJ0OBaTe/IbHO, JJEMEHTH Y;, (=1, 2, ..., n H
BJIEMEHTBI 2;, i=1, 2, ..., n, Takxe o6pasyior 6a3nc B NPOCTPaH-
ctBe L (X1, ..., X,). Takum obpasoM, L (X1, ..., Xa) =L (Y1, ..., Yu) =
=L(21, ...y 22), n=1, 2, ....

OnemedT yYy,eL(%y, ..., X,) OPTOrOHaJeH MONIPOCTPAHCTBY
L(y1, ...y Yo-1)=L (X1, ..., Xp_y), T. €. OPTOTOHAJCH KAMKIOMY 3Je-
MEHTY 3TOr0 MOANPOCTPAHCTBA. JEMEHT ke 2z, L (X1, ..., X,)
OpPTOroHaNeH MNOANPOCTPAHCTBY L (21, ..., Zp1)=L (x1, ..., Xu-1)-
Hrak, snemeHTH Y, H 2, n-MepHOro npocTpancTBa L (X1, ..., X.)
OPTOroHaJIbHbI OFHOMY H TOMY ke (n— 1)-MepHOMY NOANPOCTPAHCTRY
L(x1, ..., Xnp-1) M, CJEHOBATEJbHO, NPONOPLHOHANBHBE 2, = AyYyn,
Ar==0, n=1, 2, ... (nouemy?).

OtMmeTHM eine, YTO H3

Lxy, ..., %)=L (Yyy ..., Yn)y n=1,2, ..

BBITCKAE€T COBNaAcHHE JHHEHHBIX 000JoYeKk 6ec KOHEYHHB X CHCTEM
(58.4) u (58.5).
paCCMOTpHM Tenepb CHCTEMY CcTeneHed x:

1, x, x%, ..., X%, ... (58.11)

Sra cucreMa JHHEHHO HE3aBHCHMA Ha JMOGOM NPOMEXYTKE (KOHEYHOM
nan Geckoneynom). JleACTBHTENbHO, €CH

Aot Ax 4. FAxr=0, (58.12)
10, AuGbepeHuHpys 3TO TOXKAECTBO 7 pas, MOJYYHM
nli, =0,

T. € A=0.

Ecan yxe J0Ka3aHo, UTO Apyy =...=A, =0, To ToXKzAeCTBO (58.12)
npumeT BHJ

' Mot Ax 4. Ak =0,
Huddepentinpya ero k pas, nonyuum A, =0. Urax, 4, =...=1,=0,
4YTO M O3HayaeT JIHHEHHYI0 He3aBHCHMOCTb OyHKuUM#H 1, x, ..., xo

3aMeTHM, YTO NOCKOJBbKY ¢yHKHHHM cuctembl (58.11), paccmarpu-
BaeMbie Ha HEKOTOPOM oTpeske [a, b], npHHazjexKaT NPOCTpaHCTBaM
Cla, b] (cm. nmpumep 7 B n. 57.4), Clsfa, b] u Lsfa, b] (cMm.
n. 57.10), To B 3THX NPOCTPAHCTBAX HMMEIOTCA GECKOHEUHLIC JIHHEHHO
He3aBucHMbie cicrembl. CJleloBaTeNIbHO, YKa3aHHbBIE MPOCTPAHCTBA
GecKoHEeUHOMEPHHI, T. €. 32BeJIOMO He HMEIOT 0a3HCa, COCTOSILEro H3
KOHEYHOTO YHCJIa SJIEMEHTOB.



478 § 58. Opronopmuposantsie 6a3ucel 1 pasroiceHuss no HUM

Ecnu cucremy (58.11) B3sth Ha oTpeske [—1, 1] B Kauectse
MCXOJHOH CHCTeMBI (58.4) H NMPHMEHHTh K HEH NpOLECC OPTOrOHAJH-
sauuu (cM. (58.5)) B mpoctpancte Lo[— 1, 1], To moayuuM moce-
JOBaTe/IbHOCTh OPTOFOHAJIbHHIX MHOTOWJIEHOB COOTBETCTBEHHO CTele-
Hedd 0, 1, 2, .... V3 caenannoro Brire saMeyanusi CJAEAYeET, UTO 3TH
MHOTOY/IEHEl MOTYT OTJIHYaThCsi OT MHOrouseHoB Jlexanapa (58.3),
KOTOpBIe TaKXe OPTOTOHAJbHEI, JIMIIb MOCTOSHHBIM MHOMKHTEJEM.

58.3. IIOJIHBIE CHCTEMbBI. IOJHOTA TPUT'OHOMETPHUYECKON
CUCTEMBI M1 CHCTEMbI IIOJIMHOMOB JIEXXAHJIPA

Hanomuum (cM. 1. 57.6), uto crcrema 37eMeHTOB Q = {x,}, a = ¥,
Ha3bIBAETCA MOAHOL 6 NOAYHOPMUpPOBAHHOM npocmpaxcmse X, ecyd
MHOXKECTBO BCEX KOHEUHBIX JIMHEHHHIX KOMOHHALHH ee 3JIeMEeHTOB
_IJIOTHO B NpoCTpanCTBe X B CMBIC/E 337aHHOH B HEM IHOJIYHODMEL.
Huaue roBopst, cuctema NOJHA, €CJH I Kakaoro x < X u moGoro
>0 CymeCcTBYIOT TaKHE IJEMEHTH Xo, & Q H uHcIa Ay k=1,
2, ..., m, 4tO

<&.

l]x — D) Mixe,

k=1

Onpenenenne 3. IToayrnopmuposannoe npocmparcmeo X HA3618AEMCA
BAOJCCHHBIM 8 NOAYHOPMUPOBAHHOE npocmparcmeo Y, ecau

1°) X<V, ,

2°) cywecmsyem maxaa nocmoanuas ¢ >0, 4mo 08 4106020 x
e X umeem mecmo HepaseHCcmeo

Ixly <c|xlx. o

TTocrosinnas ¢ >0 Ha3BIBAETCA KOHCMAHMOU 610%eHus. Bioxe-

HHE npocTpaHCTBA X B IPOCTPAHCTBO Y 0003HAyaeTcss CHMBOJIOM
XeY.

Jlerko mnpoBeputh, uTo et X &Y u Y&Z, 10 X&Z. Us

Jemmbl 3, 1. 57.4 craepyer, uTo Aas JoOOTO OTPe3Ka HMEIOT . MEeCTOo
BJIOKEHHU

RL,[a, bl RLi[a, b],
RL,[a, b]NS[a, bJ&=RLy[a, b], 1==p<<Hoo.

3Mecb BO BTOPOM BJIOKEHHH NpocTpanctso RL,[a, b]1N S[a, b] -pac-
cMartpuBaercda ¢ HopMmo# ||, T. €. ¢ HOpMo# npoctpaHnctea S|a, b].
Ecau orpaHuYuTHCS TOJBKO OJHHMH HEINPEPHLIBHBIMH (DYHKLHSIMH, TO
W3 BTOPOTO BJIOXEHHSI CJELYeT BJIOKEHHE

Cla, bleCLy[a, b, 1<p<+oo. (58.13)

Orcioga, BcOoMHHAs, 4YTO NpH p =2 npocrpauctse Cl.fa, b] w30-
METPUYECKH BKJIajbiBaeTcss B Npoctpanctso L.fa, b]. (cu. (57.52)
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no.nyqaem €le BJAQKECHUHE .
Cla, ble Ly[a, b]. (58.14)

OO0paTtuM BHMMaHHE Ha TO, UTO BO BJOXeHusX (58.13) u (58.14)
BKJIaibIBa€Mpl€ MPOCTPAHCTBA TJIOTHHl B MPOCTPAHCTBAX, B KOTOPhIE
OHH BKJajbiBaioTCA: B caydae (58.13) ato caepyer npocto H3 TOrO,
YTO MHOXECTBA TOYEK OOOHX IPOCTPAHCTB COBMNAJAIOT, a B CJyuae
(68.14) sto cienyer u3 Teopemn 6 m. 57.10.

Jlemma 3. Ecau cucmema Q ={x4}, a =¥, noina e noaynopmu-
posanrom npocmparcmee X, npocmpdicmseo X 6103eH0 6 noaynop-
MUPOBAHHOE NPOCMPANCmEo Y w MHOxcecmso X niomHo € npocmpam-
cmee Y N0 noAyHopme 3mo20 RPOCHPAHCMSA, MO cucmema Q noina
6 npocmparcmese Y. :

HoxkasarenbcTBo. Bo3bMeM NPOH3BOMLHLIA 3JEeMEHT ye Y
u moboe &€ >0. B cuny naotHocTH MHOXectBa X B mpoctpanctse X
HafjeTCcs Takol 3zemeHT x & X, urto

ly—xly <.

Tlockoapbky cucrema  noJiHa B npocTpaHcTBe X, TO CYLIECTBYET
KOHEYHOE MHOXKECTBO TaKHX 3JIEMEHTOB Xo, & L H uncea A, k=

=1, 2, ..., m, 4TO
m
&
x— Y hxg,| <z
k=1 X

rae ¢>>0-—koncranta Bioskennsa X €Y. B cully 310ro BlOXKeHHs
(em. enpefenenue 3)

m m
: &
X — 2 Akxak <c|x — 2 ank <—2«.
] k=1 Y k=1 X )

HostoMy ans1 mepBoHauanbHO BHIOPAHHOTO HaMH 3JIEMEHTA Y
NOJIYYUM

iy—— D M| <ly—xl+x— 3 hure,| <5+5=¢.
k=1 Y

k=1 Y

DTO ¥ 03HAyaeT IJIOTHOCTH CHCTeMbl Q B mpoctpauctse Y. [}
“‘TIpumepnu. L. Cucrema creneneii. s

Lox, 2% ., %% o (58.15)

noana B npocrpanerBax Cla, b], CL,[a, b], 1 <<p<<-+oo u Ly[a, b]
aas moboro orpes3ka [a, b]. IelictBuTeadbHO, B cusy TeopeMbl-Besiep-
wrpacca {(cM. Teopemy 8’ B n. 55.8) ykasannas cucrema crenesei
nossa B npocrpaserse Cla, b], Koropoe coraacso (58.14) Bhexkeno
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B mpoctpaHcTBo L.[a, b] u mniorHo B Hem. Ilostomy mo semme 3
3TOro nNyHKTa cHcTeMa cremenefi (58.15) nossa B mpoCTpaHCTBE
L:[a, b]. Tlo Toit e JjemMMe 3Ta CHCTeMa II0JIHA H B IIPOCTPAHCTBe
CL,{a, b] npu moGom p=1, ubo C(a, b] Broxeno B CLp{a, b] u
JIOTHO B HeM (cM. (58.13)). v

O6patnM BHHMaHHE Ha TO, YTO BCSIKHH 06asuc B JIMHEHHOM HCp-
MHDOBAHHOM MPOCTPAHCTBE SIBJISETCS, OUEBHAHO, MNOJHOH JIMHEHHO
nesaBucHMOi cucremoii. OOparHoe HepepHo. Hanpumep, cucrema
creneneit (58.15) xoTa W oOpasyeTr NOJHYIO JHHEHHO HE3aBHCHMYIO
cucreMy B OanaxoBoM npocrpaHctBe Cla, b], ogHaKo He ABJAETCS
B HeMm GasucoM: ecau B npocrpanctee C[a, b} Hexotopas ¢yHKuus f

[e 0]

pacK/JajeIBaeTCsA No cucTeMe creneneit (58.15), T. e. f(x)= D) a,x",
’ n=0
TO 3TO O3HAYAET, YTO HAMHCAHHEBIA CTENEHHOH psAJ CXOAHTCS paBHO-
mMepHO Ha otpeske [a, b], M, ciepoBaTenbHO, QYHKUHMSA [ aHaJHTH-
yeckasd Ha wuurtepBaje (a, b). Ilostomy 3aBenomo JmoGasi HEmpephiB-
Haa Ha otpeske [a, b] ¢GyHKUuA He MoxeT ObITb NpPeACTAaBJEHA
B YKa3aHHOM BHJE. '
2. Cuctema nosmHoMoB Jlexauapa
1 dr(x2—1)n
Po (x) = 1., Pﬂ (x) 2_—2’%‘ ——[R"—- (58.3)
nonmsa B npoctpaHctBax Cfla, b], CL,[a, 0], 1=p<<Ho0, u
Ly[a, b] mna moGoro otpeska [a, b]. Iro cpasy caepyer U3 TOro,
uto JMoboil MHorowleH Q (x) ABJAALTCS JHHEHHOH KOMOWHALHEH MOJH-
HoMoB Jlexanapa (cM. 1. 58.1):

Q)= D} MPr(x). (58.16)
k=0
TMostoMy, ecin B KaKOM-TO IOJYHOPMHPOBAaHHOM mpocTpaHcTBe X
noJiHa cucrema creneneit (58.15), T. e. aas JoGoro sgaementa fe X
u mo6oro € > 0 cyulecTByeT Takol MHorousneH Q =Q (x), uro |f— Q| <<
<&, 10 B cuay (58.16)

<e.

f— 32 MPs
K=

Ato U O3HauaeT NOJHOTY CHCTeMbl TOJHHOMOB Jlexkaujapa B mpocT-
paHctee X. : :

3. O6osnauum uepe3 C*[— z, n] NOANPOCTPAHCTBO NPOCTPAHCTB2
HenpepuBHBIX GyHkuuit C[—m, m], cocrosuee u3 (yHKUHH, npH-
HUMAIOLHX HAa KOHIAX OTpe3xa [— 7, 7] 0AuHAKOBbIE 3HAYEHHS:

f(—n)=[(m). (58.17)
TpuroHoMeTpHYeCKasl CHCTEMa :
1, cosx, sinx, ..., cOsnx, sinnx, ..., (58.2)
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nojia B npoctpanctBax C*[—um, o] u Ly[— m, n]. [Mosnnora Tpu-
FOHOMETPHYECKOH cHCTeMbl B mpocrpanctse C* [—m, m] Obia noka-
3aHa paHbwe: cM. TeopeMy 7' B m. 55.8.

OGosnauum uepes C[—m, ®] MOANPOCTPAHCTBO MPOCTPAHCTBA
C*[— m, z], cocrosmee u3 TaKHX (QYHKUMH f, KOTOpHIE NPUHEMAIOT
Ha KOHIAX OTpe3ka [—m, m] 3HaueHus, paBHBIE HYMO: f(— m) =
= f(n)=0. Cornacno Teopeme 6, n. 57.10 MHO:kectBO C[— m, m],

a cJejoBateJbHO, M NpoctpaHcTBo C* [— m, 1] © C[— =, n], naotHo
B mpoctpancTBe L,[— m, nt]. TTosTomy B cuay Bioxkenus (cm. 58.14))

C*[—n, n]l€Ls[—m, 7]

U JleMMbl 3 9TOro NYHKTa TPHIOHOMeTpHYeckasi cucreMa (58.2) nosna
B npocrtpaHcTBe Lp,[— m, =]

Ormernm, 4T0 mocKombKy ycnoBue (58.17) coxpausiercs npu pas-
HOMEDHOH CXOAMMOCTH, H KaX[plfi TPHUTOHOMETPHUECKHH MHOrOYJIeH
€My YHOBJETBOpsIET, TO TPHTOHOMETPHYECKas CHCTEMa 3aBefOMO He
nonHa B mpocrpanctBe C[— m, m], Tak Kak B HEM 3aBeJOMO eCTb
¢GyHKIHY, HE yHOBJETBOpSIOHe ycloBHIO (58.17). _

M3 paccMOTpeHHBIX NpPHMEPOB KakK MpPOCTOE CJEACTBHE BBITEKaeT
clefylollee yTBepKIeHMUE.

Teopema 2. banaxoso npocmpancmso Cla, b} u eursbepmogo npo-
cmpancmeo Ly[a, b) sasasomes cenapabeavroimu npocmpancmseamu.

. leficTBuTe/IBHO, CemapabesbHOCTh NPOCTPAHCTBA O3HA4aeT (cM.
onpezesende 31 B n. 57.6) Ha/qHuHe B HEM CUETHOH MOJIHON CHCTEMEL.
B ykasaHHBIX NpOCTPAHCTBAX TaKOBOH CHCTEMOH SIBJSIeTCS, HAIPH-
Mep, cucremMa (58.15) meJBIX HEOTPHLATENbHEIX CTeneHell mepeMeH-
HOH x.

58.4. PANBI ®YPBLE

ITyeth, kak H panbme, X — npeArHabGEPTOBO MPOCTPAHCTBO.
Paccemorpum cnenyrouryio 3anauy. Ilycrh sagana cucrema n JMEeRHO
HE3aBHCHMBIX BEKTODOB ey, €3, ..., &, NpocTpaHcTBa X u pUKCHpO-
BaH HeKOTOpHIA BeKTOop x & X. TpeGyerca HaliTn JuHefiHyl0 KoMmGH-
HaLKIO BHJA '

ey ...+ anen, (58.18)

KoTopas [JaeT HauJyuyiuee npuG/IMKEeHHe B TNpPOCTpaHcTBE X 3Je-
MEHTa X, T. €. OCYILeCTBJISIET MHHUMYM BbIPaXKEHHS

ilx— (a1e1+. . .—l—a,,e,,) “, (58.19)
HJH, 4YTO TO Ke, MHHHUMYM (I)yHKqu

n
X — 2 Qiép

k=1

n

2=<x— ﬁ] Gpery X— D) akek) (58.20)

k=1 k=1

OT [EPEMEHHBIX Qy, ..., Q.
/3 16 Kyapseues J, 1. T, 2
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leomeTpHuecKH 5TO 03HayaeT, 4TO B N-MEPHOM I[IPOCTPAHCTBE
Rr=%(ey, ..., €p), HaTAHYTOM Ha BEKTODHI ageX, ...,epneX
HIIETCS 3JIEMEHT, HanMeHee YAAJIeHHBIH OT 3aJaHHOTrO 3JieMeHTa X &

e X.
Ecau npoctpaHcTBO X — n-MepHoe H, CJeI0BaTeJbHO, BEKTOPH

e, ..., &, 06pa3yloT 6asuc, TO BCerjga MOXKHO NoRobparTh TakHe Ko3g-
¢uuMenTH ap, k=1, 2, ..., n, uTo OyneT BHIIOJHATLCA DaBEHCTBO
x=we1+...ae, (58.21)

H, CJIe/loBaTeNbHO, Bhipaxenne (568.19) ob6parutcs B Hoalb. Ecam xe X
HE KOHEYHOMEPHO, HJIH KOHEYHOMEDHO, HO HMeeT Pa3MepHOCTb, 60Jib-

_ myio, 4eM n, To paBeHctBO (58.21), BO-
| A ofllle roBOps, OCYIIECTBHTb HEBO3MOXKHO

Z (L~ W Sajaua COCTOHT B OTHICKAHHMH JHHEHHOH
1L KoMmOunaiun (58.18), nalomel MHHHMAalb-
X - Hoe 3HayeHue Buipaxenuio (58.19).
o

Mur nokaxem, 4TO COpPMyJIHpPOBaHHAR
sajaya BCerja MMeeT M NPHTOM EXHHCT-
7 ’ BEHHOE DelleHHe Xo, KPOME TOTO, BLIICHHM

HEKOTOpHIe CBOHCTBA STOFO peIlleHHs (CM.
Prc. 229 pHc, 229, Ha KOTOPOM CXeMaTHuecKH H306-
paxeHa. paccMmaTpuBaeMas 3ajava). [lpu-
MeHfisl, €CJI HaZo, Mpolecc OpToroHasusanHd (cM. n. 58.2), cucremy
€iy ...y €n BCETJa MOXKHO 3aMEHHTb OPTOrOHAJILHOH CHCTEMOH He paB-
HBHIX HYJIO BEKTOPOB. Hoa'romy OyneM mpeanoJsaratb, 4To e, =0,
(ex, ¢)=0, k~j, j, k=1, 2, ..., n. [loabsysacb ycjoBuem opToro-
HAJBHOCTH, npeoGpasyeM cbym(umo (58.20) caeayiowum o6pasoM:

Hx- Za,,e,,He (x- 3 awer, x— 2 a,e,)-(x, x)+

k=1 k==l =1

+ 3 S en o)—2 Za,,(x ex) =

k=}j==1

=]x i+ Zakllek -2 2 0 (%, €)=

k=1

" 2
2+ 2 (a;,]ek! %, ek)) - i’hﬁ‘%— (58.22)
k=1

leg |

Orciona caepyer *), uro muHumyM Beipaxenus (58.19) pocturaercs,
Korza

akﬂe,,ﬂ—-i’l‘l-’é-fﬁ’l—o k=1, 2,..., n,

*) OueBHIHO, YTO 9TO PacCyXIeHHe fBJAAETCA HENOCPELCTBEHHEIM o6obImeHneM
JoKasaTeabcTBa TeopeMbl 11 B3 m. 55.9.



58.4. Padu dypoe 483

T. €. KOrja
a, = ﬁf;kgg’ X (58.23)
Yucra ay, onpedeseunsie no ¢opmyare (58.23), naswisaromesn Koapgpu-
yuenma iu Dypve siemenma X AO CUCTEME ey, ..., €.
Ecan cucrema ey, ..., e, OpPTOHOpPMHpOBaHHas, TO GopMysl (58.23)
npuobperaior 6oJiee MPOCTOH BHI:
ap = (x, ek). (5824)

B cay4ae n-MepHOro NpoCTPaHCTBA, KOTJa B KauecTBe BEKTOPOB
e1, ..., €, BoiOpan 6asuc npocTpancta, KoddpduuueHntor Pypne Bek-
TOpa X ABJSIOTCS ero Ko3hduiuueHTaMH pasJIOKeHHs MO YKa3aHHOMY
6asucy, T. €. KOODAMHATaMH 3JIEeMEHTa X OTHOCHTeJbHO 3TOro Gasuca.
B 3TOM Jerko yGeAHTHCH, YMHOXMB CKaJsipHO paBeHctBo (58.21) Ha
er, k=1, 2, ..., n: B pesyabrarte noayuurcsa (58.23).

Bepuemcsi Tenepp k Bmipaxenuio (58.22). Ecan B HeM B KagecTBe
@y .., Gn B3ATb KOpduunentnt Pypoe (58.23), To nmoayunm

n n 2
1xp— 3 af !len’=“x — Nae| =0, (88.25)
k=1 k=1
OTKyZa _
DaileP<|xP (58.26)
k=1
Wrak, pokasaHa cjepywoinas Teopema.
Teopema 3. Mycmo e, e, 0, k=1, 2, ..., n—opmozonarsrasn
cucmema eexmopos npedeursbepmosa npocmpancmsa X. Haurywuee

npubaunxcenue e npocmpancmee X eekmopa x & X Auneinoimu Kombu-
n

Hayusmu euda ) oue, OCyugecmesemen, Kozoa oy, k=1, 2, ..., n,
. k=1
cymo Koapuyuenmor Pypve: o, =a. IIpu smom

n
x— Zakekir =

k=1

inf
Gy wee s @y

r =|x?— Dl aile,2=0.
k=1

n
X = D axe,
k=]

n

ChenctHe 1. dnemenm xo= )| Oy€; ABAACMCS SACMEHMOM HAUAYH-

. j=1 .
wieeo npubausicenus snemenma x & X 6 nodnpocmpancmee £ (ey, ..., €n)
moeda u moabko moz0a, K020a IAEMEHM X —X, OpPMO2OHANH K
L(ey, ..., €n), T. € X—%o L L (1, ..., €n).

JlelicTBHTE/IBHO, YCJOBHE X-—Xo | ZL(ey, ..., €,) PABHOCHJBHO
YCJIOBHIO: AJIA Beex k=1, 2, ..., n HMeET MECTO PaBEHCTBO (X — Xo,
ex) =0. 10, B CBOIO OUepe/ib, SKBHBAJICHTHO YCJIOBHIO (X, ex) = (X0, €r)

/g 16*



484 § 58. Opronopmuposannsie 6a3uce. & PASAONEHUS NO HUM

WJIH, TOCKOJbKY
n

(%o, €r)= (Z aye;, ek) =0ty (€r, €r)s

=1
YCHOBHIO (X, ep)==0y (ez, €:). Takum oOpasoM, yCJOBHSA

(x’ ek)
(ers ep)

paBHocusbHEL. Ho BTOpoe yc/oBHe 03HAuaeT, 4TO HHC/IA & SIBJISIOTCH
Koappunuentamu Pypbe sneMeHTa Xg, T. €. UTO X SIBJIAETCS 3JIEMEH-
TOM HauJyullero npub/vKeHus. [ |

ITyctb Teneps 3a7aHa nocseOBaTeNbHOCTD (2 HE KOHEUHAs CHCTEMA,
KaK BBIIIE) JEMEHTOB

Xx—xo L ZL(e1, ..., €n) M Cp=

en(en%=0), n=1, 2, ..., (58.27)
o6pasyiomux OpTOroHaJbHYI0 cHcTeMy B mpocrpanctBe X. Umncaa ay,
k=1, 2, ..., onpepensiempie no dopmyne (58.23), u B 3TOM Ciy4ae

HasBHIBAIOTCA K0a(hpuyuenmamu Dypve snementa y no cucreme (58.27).
Onpenenenne 4. Psd

ntns (58.28)
1

b8

20e a,, n=1, 2, ...— xoapduyuenmot dypve (58.23) sremenma x no
cucmeme (58.27), naswisaemcs padom Pypee sremenma x no amod cu-
cmeme. Ecnmn pap (58.28) sBnserca psigom Pypbe sjneMeHTa X, TO
MHLIETCS

[oe)

X Y Qnen

ne=1

Onpenenenine 5. ITycme 3adana opmozonarvras cucmema (58.27)
u snemenm x & X. Haurywwuum npubrusicenuesm 3MemMenma x ¢ nOMOUbI0
n

Aunednox KomMGunayul euda Y, oxer (1 — PUKCUPOBANO) Ha3bBaeMCs
k=1
yucao E, (x), onpedessemoe pasercmsom

n
x— Y oue
al, oo s Gn

k=1

,n=1,2,...,

20e HUINCHAR 2paHb Oepemcs no  6CeBOSMONCHOLM  KOS(Ppuyuenmam
Oy oy Op, UAU, MO MO e, NO BCEBO3MONCHLIM AUNELHBIM KOMOUHA-

n
yuam euda ) ouey.
k=1 .
TTockoNbKY Besikas JHueHHasi KOMOHHANHUSA SJIEMEHTOB €1, ..., €,
MOXET TaKXKe paccMaTpUBaThbCAd H KaK JuHeliHas KOMGHHALHS 3Je-
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MEHTOB €y, ..., €,, €311, TO, OUEBHJHO,
En+1 (X) = En (X) (58-29)

W3 reopemut 3 cjenyeT, 4TO paccMaipupBaeMas HHIKHSS FPaHb HOCTH-
raercs,, ecid B KayeCTBe KO3pQHUHEHTOB «; B3STb KO3(pHILHEHTH
®dypre, U 4TO

E”(X)za inf  fx— > e, =

n | n
E f’fegzl/tx;F—Z Gkl ei?s
k=1

k
(xv ela)
Q=" k=1, 2,.... 58.3C
k (efh ep) ! ( )
Tlonyuennstit pesyastar copMyaupyeM B BHAE CASACTBHS 2 H3
TeopeMsl 3.
Caencreue 2. Yacmuunpie cymms

pada Dypoe anemenma x & X ocywecmenrsom Hauydiee 8 nPOCMpPan-
cmee X npubnudwenue snemenma x & X ¢ noMOUbIo AUNELINbIX KOMOLL-
Hayuil euda oye;--...-+a.e,.

OrveTHM eine HECKOJIbKO CJIEACTBHI Teopembl 3.

Caeacteue 3. Ecau s, —uacmuunan cymma pada dypee remenma
x e X, mo uucaosas nocredosamervHocms | x — s, | yoosaem:

jx—Spa]<<lx—s,!, n=1, 2, ... (58.31)
B camom pene, coraacuo (58.30)
|x—s,|=E,(x), n=1, 2, ...

IMosromy nepaBencto (58.31) sBasieTcs HepasencteoM (58.29), sanu-
CaHHBIM B APYTuX 06G03HAYEHHAX.

Caencrene 4. [ra Kopgpuyuenmos Dypee a,, n=1, 2,
Kancdoeo saemenma x & X Cnpasedauso HepaseHcmeo

i azle. 2 <<[x? (58.32)

n=1

Hasvieaemoe Hepaserncmeom Beccens.
Hepasencrso (58.32) HenocpeaCTBeHHO CJeiyeT H3 HepapeHCTBA
(58.26) npu n—»oco (cp. ¢ HepasencteoM (55.49) B 1. 55.9).
Cnencraue 5. Ecau cyuecmeyem nocmoanuas ¢>>0 maxasa, 4mo
terl=c npu n=1, 2, ..., 6 uacmunocmu, ecau cucmema (58.27)
OpHIOHOPMUPOSAHHAS (e MOM CAYHAE MONHCHO 63ams ¢ = 1), mo KO3ppu-

16 Kyapasues JL. O. 1. 2
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- yuenmor Dypoe 1106020 remenma x & X CMpepUNCa K HY0 Ap 1—>00
lim a,=0. g (58.33)‘

n—»o

A10 caefyeT U3 CXOAHMOCTH psja
o0

© : . ’ :
1 xi2
Ea’,’,g—C;E ale,t << e

n=1 n==1

n6o obuHil 4JeH CXOAAWIECrocsl psAua CTPEeMHTCS K HYJIO.
EcTeCTBEHHO BO3HHKAET BONPOC: NPU Kakux ycaoBHAX paj Pypee
3JieMeHTa X CXOJMTCS?
Teopema 4. Ecau npocmpancmeo X 2usobepmoeo (m. e. noaHo), mo
pad dypee (58.28) aoboeo ssemenma x & X no 41060Li 0pMOZOHALLHOL
cucmene (58.27) cxodumcs 6 npocmpancmee X. Ecxzu Xo €20 cymma:

Xo= Z nns (5834)

n=1

MO 34E6MEHM X — Xo OPMO20HAANCH KO 6CeM a/zemeumam cucmemot (58.27).
ﬂ,OKaBaTeJIbCTBO Ilycib s, = Zakek, n=1,2..., —uacTuy-

HbIe cymMbl psga Dypoe (58.28) snemema x nio cucreme (58.27); Torna

, n+p- 2 / a+tp n-+p
[Sup—SalP=| D awen =\ > men, akek>=
k=n-1 k=n+1 k=n-1
‘n+tp .
= Z inellll) n=lr 2’ ey p=1, 2, “ees (58-35) ’
k=n+1

B cuny nepasenctBa Beccens (58 32) psan

> ailen?

n=1

' CXO}IHTCﬂ, M, CJEAOBATEeNBHO, B CHJAY KPUTEPpUS Koum 019 CXOQRMOCTH
YHCJIOBOTO psija Ild KaxXJoro yucna 8>0 CyIReCTByeT Tako# ‘HOMEp
g, YTO NpH nNn=ng H p>0 BBITOJIHAETCH HEepaBeHCTBO
n+p :
D ailer<<e?,
k=n+1

[IO3TOMY, COLJIaCHO HepaBeHCTBY (58.35) npu n=n, u p >0, nmMeeM
" Sntp—Sn u <&,

“T. €. NOCJeNOBATENbHOCTD {S,} sBAsETCS (QyHAaMEHTANbHOH B npocr-
panctse X 1 BCJEACTBHE TOJHOTHL NOCJEAHETO CXOAHTCS.
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B ycnoBnsax Teopembl TNOCAEAOBATENLROCTb S, CXOLMTCSH, BOOGLIE
TOBOpS, HE K anemenTy X. IlycTb ee mpepesiom sB/IAETCS 3JIEMEHT Xo,

T. €. Xp= Za,,e,,, TOFAa, HCIOMb3YS HENPEPLIBHOCTh CKANSAPHOIO

nponasezxeﬂm (cM. m. 57.9) u (popMnyy (58.23), monyuum
(X — Xo, €r) = (x, €x) — (%0, €)=

N o0

= (x, ek)—< S] ey, ek)=(x, ex)— D) y(en, €)=

n=1 n=1

=(x, ex) —arle.|?=0, k=1,2,...]

Yrto xe KacaeTcst yC/MOBHS CXOAMMOCTH psifa Pyphe HEKOTO-
pPOTO OTAENbHOTO 3JEMEHTA K CaMOMy 3TOMY 3JIeMEHTYy, TO
ero MOXHO ChOPMYJIMpOBATb B CJEAYIOUIEM BHAE.

Teopema 5. Pad Pypoe (58.28) .anemenma x npedeunrsbepmosa npo-
CMPAHCMBA CXO00UMCa K 3MOMY ssemenmy mozda u moavko mozoa,

K020a 0L HE20 B6INOAHALICA PABEHCIMEO

[x[2= D ailenf?, (58.36)
n=1 .

ede a, — Kosppuyuenmor Pypve saremenma x no cucmeme (58.27).
Pasenctso (08.36) HaswiBaetcst pasencmsom Ilapcesass.
B cayuae, Korma cucrema (58. 27) OPTOHOPDMHPOBAHA, PaBEHCTBO
IMapceBasns npnnumaeT 6osiee mpoOCTOM BHA:

x“2 Zaﬂo an—"(xv en)v n—l 2, sy

M npeacraBasier coboit obobuwenue teopembt ITugaropa Ha Geckoned-

HOMEpPHbIE POCTPAHCTBA.
HokasateabctBo TeopeMb 5. Mer umenu (cM. (58.25))

“x—Zakek =[xP— > aifecl?.
k=1

epexona 3aech X 0 e,ue.n NpH 11— 00, IOJAYYHM 3KBHBAJCHT-
Y Y

HOCTb YCJIOBHS
1 n .
lim hx — Dl aes

=0 (58.37)

n—oo k=1

M YCJOBUS

11m< i k"ekhz\:()y

n—o k= /
T. €. YCHOBHS

&= lim Z aklef®. [ _ (58.38)

n—>o k=1

16+
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HanoMuuM Tenepb NOHsTHE TOJHOM CHCTEMBI (CM. 1. 57.6) mpume-
BHMTEJIBHO TOJIKO K CJy4Yal0 CYeTHhiX cHcremM. CuHCTeMa 3JIeMEHTOB
e,=X, n=1, 2, ..., Ha3bIBaeTCs MOJHOH, €CJIU MHOXKECTBO KOHEUHBIX
JMHEHHBIX KOMOMHAUKH 3/MEHTOB 3TOH CHCTEMBI IJIOTHO B MPOCTPAH-
crBe X. JT0 03HAUaeT, YTO JJISl KAKJIOro JeMeHTa X & X U KaxkAoro
yhgcsaa € >0 cymecTBYIOT TakoH HoMep n=n(g, X) H Takue yHCJIAA

A1, ..., Ay, UTO BBINOJNHSIETCS HEPABEHCTBO
[x— (Jer ...+ Aen) | <e. (58.39)

ToaHoTa OPTOHOPMHPOBAHHOK CHCTEMBI SIBJISIETCS  YCJIOBHEM,
obecneyuBamoiiuM cxoauMocTb psfa dypbe nw060ro anemeHTa
npocTpaHcTBa K camoMy 3toMy 3zemeHTy. Chopmyanpyem 3To yeaoBue
B BHJIe TEOpEeMBI.

Teopema 6. Pad dypee no opmoeonarsrodi cucmene (58.27) ao6o20
aaemenma npedeunrobepmosa nPOCMPAHCMEA CXOOUMC K CaMOMY 3MOMY
aaemenmy moeda u moavko mozda, kozda cucmema (58.27) seasemca
noaxotl.

Caexcreue. [as mozo umobor opmozonarbHas cucmema (58.27)
npedeuavbepmosa npocmparcmsa X Ooura noanod e npocmpancmee X,
neobxodumo u docmamouno, wmobel 0as m06o2o 3daemenma x e X
sotnoansaoce paserncmeo Iapcesars (58.36).

JdorkasarteabcTBo TeopeMmmu 6. [Tycte X — npearnasbeproso
NPOCTPAHCTBO U cucrema (58.27) sBJsieTcss OPTOroHaNbHOH cHCTEMOH
storo mnpocrpadctBa. Ecau pna moboro x & X ero psa Pypee no
cucreme (58.27) CXOHMTCH K X, T. €.

x=Y ae, Tae a="h‘—e"’—-zl n=1,2 ..., (58.40)
n=1
TO

u,
x— Y aes

k=1

Iiml

n—o0

=0. (58.41)

CaenoBaresibHo, A Kax0ro 4ucaa & >0 CywecTsyeT Takas yacTHy-
n

Has CyMMa S, = Y, aze, paga Oypbe (58.28), uto
k=1

fx—s.l<e, ' (58.42)

T. €. BHNOJIHAETCs ycioBue (58.39).

O6patHo, ecau ycaoBue (58.39) BHIONHSETCA NPH  KAKHX-TO
xosbdunuentax Ay, ..., A;, TO OHO 3aBEJOMO BHIIOJHSIETCH COrJIACHO
Teopeme 3 U B CJIyyae, €CJH B3SiTb Ay=ay, ..., Ap=0a,, T. €. B 3TOM
cayyae s 3anaHHoro €>0 BoinosHaeTcs ycnaoue (58.42) npu
HEKOTODOM 1, a 3HA4YuT, H Opu BCeX m>n (cm. (58.31)), a 310
paBHOCHJILHO BhINOJIHERHIO ycaoBus (58.41). []

CnencTBue HEMOCPEJCTBEHHO BLITEKaeT H3 TeopeM 5 H 6.
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Brisicnum TEMNEepb BONPOC O €IHHCTBEHHCCTH 3JIeMEHTa, HMeIOILro
oo

JaHHBI PAL Y ¢ye, CBOHM psiiom Dypoe.
n==1

Teopema 7. Ecau opmozonarsnas cucmena (58.27) npedeursbepimosa
npocmparcmea X noanas, mo asemenm x = X, y Komopoeo éce K0agp-
puyuenmor Pypve no cucmeme (58.27) pasnvt My, cam pageH HYmo.

Cnencrsue. M3 pasencmsea ecex xoapgpuyuenmos Pypve y Osyx
aaemenmog npocmpancmea X no noaoti opmoeoraroroil cucmeme (58.27)
BOLMEKALIN. PRBEHCINBO COMUX IACMEHIMOB.

JokasateancTBo Teopemu 7. Ecmu cucrema (58.27) —
NoJIHAsl,” TO COrJIaCHO Teopeme 6 M00of 3JemeHT X & X fABJSETCH

[es)
cyMMO#Rt cBoero psga Pypoe: x= Z a.e,. Ilostomy, ecnn a,=0,
N== r=
n=1, 2,..., 01 x=0.
HlokasdrteapctBo caepcteuda. Eom e X, xo = X 1ux
Ko3(pdunuentsr Pypbe paBHBE MEXKAY COOOMH:

(xl, en) _ (x2$ eﬂ) — 3
T T I

TO JJISL 3JIEMEHTA X = X1 — X, Bce KO3pbHUHeHTH Pypbe paBHBI HYJIO:

x, € Xy — Xo, € Xy, € Xa, ©
(‘ ‘fyl) — ( l‘ 2‘2 n) — (“1 éz) —_ (;2 g) =0, fl=l, 2’ ey
fen i [en i i €n b €n i

H, CJeJ0BaTeJIbHO, COTJacHO Teopeme, x =10, T. e. X=X [ |

3ameyanune. Ciepyer OTMETHTb, YTO €CJH B NpeirHbL0epTOBOM
npoctpancTBe X 3ajaHa HEKOTOpas OPTOrOHaNbHAs CHCTeMa {e,},
en5=0, H AN HEKOTOpPOro X & X CyuICCTBYeT €ro npejCTaB/ICHHE
B BuJe

o0
X =) Xnen,
n=1

TO OHO €QUHCTBEHHO H KO3h(UUHEHTH X,, n=1, 2, ..., gBAdIOTCA
kosuunentamun Pypbe. B camom neJe, ecnn yKasaeHOe TpeACTAB-
JleHHe CyLecTByer, T0 angd moboro m=1, 2, ... B CHJY OPpTOrOHAJ/b-
HOCTH CHCTeMBI {e,} mosyuum:

o o
(x, em) =< Z Xn€n, em>= Z‘xn (em em) =Xm (ems em)9
n=1\ n=1
OTKYyJa
— (%, em)
©m» em) ’

T. €. KO3bHUNeHTH X,, m=1, 2, ... onpelensioTcs OLHO3HAYHO H
coBnajalT ¢ Kospduuuentamu Pypoe.

Wrak, ecan B npeArunsGepTOBOM NPOCTPAHCTBE HMEETCHA IOJHAs
OpPTOrOHaJbHAsL CHCTEMA, TO BCAKHH 3JEMEHT 3TOro. MPOCTPaHCTBA

Xm
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pacKJajpiBaeTCss B PSAL IO - 3T0f cHcteme (Teopema 6) M mpuTOM
eIMHCTBEHHEIM 00pa3oM COIJIaCHO CcaesiaHHOMY 3ameuanuio. Huaue
roeops, (cMm. onpepenenue 33 B N. 57.6) 6cAxas nOAHAR OpMO20HANL~
nas cucmema {e,}, e,#0,n=1, 2, ..., ¢ wacmunocmu, 6CAKaA NOAHAR
OpMOHOPMUPOBAHHAR CUCmeMa, nped2ursbepmosa nPoCMpPAnCINGd A6As-
emcs e20 0asucom. _

Hanpumep, corsacHo pesyapratam n. 58.3 nosunomer Jlexaunppa
(568.3) obpasyior 6asuc B rHabOepTOoBoM npoctpancTBe Lo[—1, 1],
a TpuroHoMerpuueckasi cucrema (58.2) —6asuc B rusb06epToBOM TpO-
crpancise Lo[—m, =]

Tenepb AajuM emle OAMH NOAXOZA K NOHSITHIO IIOJIHOTEI OPTOrOHa/Ib-
HOM CHCTEMH B TOJIHOM IPOCTPaHCTBE.

.Onpepenenne 6. Opmoconarsran cucmema (58.27) Hasvi6aemes 30MK-
HYmot, ecau 6 npocmparcmee X He cyuwjecmsyem anemMenma, OmMAULHo20
OM HYAS U OPMOOHANLHO20 K KAXO0MY U3 d1emermos cucmemot (58.27).

Teopema 8. Ecau npocmpancmso X noanoe, mo OPmo2OHANbHOS
cucmema (58.27) noana mozda u moasko moz2da, Ko20a OHA 3aMKHYMA.

HokasaTteabcTBo. Ecau cucrema (58.27) noanas, xe X nx
OPTOTOHAMEH KO BCEM 3JIeMEHTaM cHCTeMH (58.27), To Bce ero Kosg-
¢uunenter Pypre no cucreme (58.27) papubl Hymo (cm. (58.23)),
cJefioBatTenbHo (Teopema 7), x=0. '

OGparno, nyctb cucrema (58.27) 3zavkuyrasg, x&X H X~

o ,

~ 3 aqe,. Cornacuo Teopeme 4, psig Dypbe sjeMEHTa X CXOAUTCH,
n:l,

(o]
H €CNH Xo= Zanen, TO X—Xo 1 ey, n=1, 2, .... IlosTOMYy B cuay
n=1
o0

3aMKHYTOCTH CHCTeMBI (58.27) x —xo=0, T. €. X=Xo U X= ) Gnln.

n=1
INockosbKy X — MPOM3BOJIBHEIA 3/EMEHT mpocTpaHcTBa X, TO OTCIOAA
B CHJy TeopeMmbl 6 H caeayer moJiHoTa cucreMsl (58.27). []

3apaua 39. BuigcHHTb, 3KBHBAJICHTHLI HJIH HeT NOUATHE TOJHON OPTOTOBANLHON
CHCTeMBl H NOHSTHE 3aMKHYTOH OpPTOTOHaNbHOH CHCTEMH BO BCAKOM NPEATHJAbGep-
TOBOM IPOCTPaHCTBe.

58.5. CYINECTBOBAHHE BA3HNICA B CEIIAPABEJIBHHX_I“I/IJIBBEPTOBLI‘X
HPOCTPAHCTBAX. U30MOP®U3M CENAPABEJIPHBIX
I'MJIBSEPTOBBIX NTPOCTPAHCTB

Teopema 9. Bo ecaxkom cenapabenrsnom aunedinom npocmparicmee X
CO CKAAAPHbIM N POU3BEOEHUEM CYWECMBYem ODMOHOPMUPOSANHbIL Gasuc
e, n=1, 2,.... ’

IloxasarteabcTBO. B cayuae, econ npocrpancTBo X n-MepHoe,
TeopemMa oueBHAHA (cM. m. 18.4 n 57.2), nostomy OyneM paccMatpH-
BaTh TOJIBKO cJyyaH, KOrja npocTpancTBo X OCCKOHEYHOMEPHO,.
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[Mockonbky npocrpancteo X cenapaGesbHO, TO B HEM CYIIECTBYeT
IOC/IRJOBATeNbHOCTD 3/IEMEHTOB

Pns n=1, 2,...,

oGpasyomux nosnyio cucreMy. OtOpachiBast MOC/AENOBATENLHO T2 H3
3J1e:SHTOB, KOTOPbie SBJSIOTCA JIHHeHAHOH KOMOMHAUMeH OCTaJbHLIX,
NOJTY4HM  MOCJIeA0BATEILHOCTD JIEMEHTOB

Yoy n=1,2, ...,

HMEIOMMX Ty JKe JHHeHHYI0 00O0JI04KY, UTO M HCXoAHasl cucteMa {@,}
H JIHHeHHO He3aBHCHMBIX (1104eMy?). TIpuMeHHB K NOJy4eHHOR cHCTeMe
MPOLECC OPTOroHau3aluH (cM. 1. 58.2) u HopMupoBaHus (cM. 1. 58.1),
HOJIYYHM OPTOHOPMHDPOBAHHYIO CHCTEMY

Cpy “ek“:‘I’ kzlv 27'“1

HMEIOULYI0 Ty e JIMHEeHHYI0 06O0JIOYKY, 4TO M CHCTeMa {{,}, a 3HAUHT,
Ty Xe, 4T0 H cucteMa {@,}. IIOCKOJbKY B CHAY TNOJHOTH CHCTEMBI
{9.} 3Ta suHefinas obonouka nuaotHa B X, To cucrema {e,} mojHas.
B npeaeiymieM ke NyHKTe (CM. 3aMeyaHHe IOCJe TeopeMbl 7) OblIO
NOKa3aHo, YTO BCSKAasl MOJHAas OPTOHOPMHPOBAHHASI CHCTeMa 3JeMeH-
TOB NPeArHALGEPTOBa NMPOCTPAHCTBA sABJIAeTcs ero GasucoM. [ _

Teopema 10. Bce cenapabensroe beckonedromeproe 2urbbepmosst
npocmpancmea U30MOpPHsL meody cobot *).

IpenpaputenpHo JokaxeM e JemMmbl. IlepBas u3 Hux oGoOumiaer
pasenctso [lapceBansa (58.36).

Jlemma 4. [Tycmo X — npedeunobepmoso npocmpancmeo, e, (e, #0),
n=1, 2, ..., —noaxas opmoeoraroras cucmena 6 X, x X, y= X,
u nycmo

o o0
X~ Z Anny Y~ Z bnens

n=1 ne=1

mozoa
o0

(5, )= D] asbale.?, ' (58.43)

n=1

8 uacmuocmu, ecau OONOAHUMEALRO NPednonoxcums, 4mo le.]=1,
n=1, 2,..., 10 ' .
[ee]

*, y) =) aubn

n=1

dopmyaa (58.43) obobuiaer, OueBHAHO, GOPMYJY AMIA CKAMAPHOTO
NPOH3BE/ieHHsT B KOHEYHOMEDHOM mnpocTpanctse (cM. m. 18.4).

- #"Onpejesieline GeCKOHeIHOMEDHOCTH TPOCTPAHCTBA CM. B II. 57.2, a u3oMop-
¢usma npocTpamcte—B 1. 57.9 (onpefesienne 36).
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Hoxasatearsctro. Ilo onpenenennio xospduunentos Pypoe,

— (JC, ek) . (ys eb) .

] 2 k= T
il ek xiz lier uz ’

ar
[103TOMY HMeeM

n n \ - n
(x— > e Y— X, bkek)=(x, y)— D) be(x, ex)—
k=1 k=1 k=1

- Z ap (Y, exr)+ Z abr @rr €)= (%, Y)— D) apbples:  (58.44)
=1

k=1 k=1
U3 [CJHOTBL CHCTEMBI €,, n=1, 2, ..., UMEEM
n \ n \
lim {x— )] akek) =0, lim (y—- > bkek/=0,
n—oo k=1 i a - k=1

II03TOMY B CHJIy HEIIPePLIBHOCTH CKaJsPHOTO NPOU3BELEHHS HPH N ~> 00
JeBas yactb paBeHcTBa (58.44) CTpeMHTCH K HYJMO, CJELOBATENbHO,
3TO HMEEeT MECTO W JIJIsi HPAaBOH 4actH, T. €.

n

lim ) abele?=(x, v).

n—-w0p_1i

310 paBHOCHJbLHO paBeHCTBY (58.43). []
Jlemma 5. ITycme X —eunrsbepmoso npocmpancmso, ep, k=
=1, 2,...—opmonopmuposanroui 6asuc 8 X u ap, k=1, 2, ... —
[ee] .
1noce008aMEAbHOCITL HUCEA MAKUX, Ym0 psad Z a} cxodumca. Toeda
. k=1

o0 oo
pad ) awe, cxodumcs & npocmpancmee X, u ecau X == > axer
k=1 ' k=1
mo a, k=1, 2, ... —Kkoappuyuenmor Pypoe s1emerma x.
n .
JlokaszaTeabcTBO. Ecanm s,= D) aue, T0
k=1
ntp n+tp ‘\
nsp+,,-sn1;2=( Y men D @lk=
k=n+1 k=n+1 /
nt+p
= > a, ‘n=1,2,..., p=12,....
k=n+1
0

M B CHJY CXOJMMOCTA psifa >, @i OH YIOBJETBOPSET KPHTEPHIO
n=1

Komm nasi cxoadmuxcs psajos. OTCiOAa CIeyeT, YTO NOCJAeJ0BaTeb-

HOCTb {S,} siBAIseTCA (yHAaMEHTa/JbHOH B NPOCTPAHCTBE X u, caeno-

BaTeJbHO, CXOAUTCS.
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Ilycre

o]

x=1im s, T. e x= D) @,

n— oo Il=l_

TOTJla B CHJY €IHHCTBEHHOCTH DPAa3JIOXEHHs 3JeMEHTa NPOCTPaHCTBA
no Gasucy (CM. 3ameyaHHe K Teopeme 7)

(JC, en):am n=1, 2»”':

T. €. a, Ko3ppuuyentsr Pypoe snementa x. [
JHokasartenbcTBo Teopemb 10. Ilyere X u Y — 1pa cena-
pabesbHbIX GECKOHEYHOMEPHEIX FHJIbOEpTOBLIX NpoCTpaHCTRa. COrnacHo
Teopeme 9, B HHUX CYILIECTBYIOT OPTOHOPMHPOBaHHEIE 6a3HCHI, COOTBET-
CTBEHHO €, n=1, 2, ..., u f,, n=1, 2
(o]

Iyctb x= X 1 x= Z (x8n, TOTAA @, — K03hduuHeHTH Pypre

n=1

g e

o0
SJIeMEeHTa X H, CJeJoBaTesibHO, NO papeHctBy Ilapcepans psia ) a3

n=1
o

cxoautcsi. [losoxum y= Z a,fn. Corsacuo Jemme 5, 3T0 umeer
n=1

CMBICJI. ’

OroGpaxenne mnpoctpaHctBa X B OpPOCTpaHcTso Y, crabsuee
B COOTBETCTBHE KAXKJIOMY 3JeMeHTY x & X yKas3aHHbIH 3JeMeHT yeY,
H OCYILIECTBJSET H30MOP(DH3M ITHX NpocTpancTs. [leHCTBUTENEHO, IpH
3TOM COOTBETCTBHH B CHJY €AHHCTBEHHOCTH DPAa3JIOXKE€HHS 3/IEMEHTA IO
6a3ucy pasHbIM 3JEMEHTaM {IPOCTPaHCTBAa X COOTBETCTBYIOT pasHbie
3J1eMeHTBl npocTpancTBa Y. Jlanee, BCAKHH 3/eMEHT mpocTpaHcTBa Y
[IOCTaBJEH B COOTBETCTBHE HEKOTOPOMY 3JIEMEHTY npocTpaHcTBa X
(. e. yKasanHoe OTOOpaxKeHHe SIBJSI€TCS OTOOPa’KEHHEM Ha NPOCTPaH-
ctBo Y); B camoM jene, ecau ye< Y, TO, pasnoxkuB ero B Y no
6asHcy, NMoay4yum

o]
y= 2. bfn
n=1
. o0
Tyers x= )] b,e, (TakOH 3JMeMEHT CYWeCTBYET, CM. Jemmy b).
n=1
OuyeBHJHO, YTO 3J€MEHTY X H COOTBETCTBYET IIPH YCTAHOBJICHHOM
COOTBETCTBHH 3JeMeHT y. IlokaxeM, HaKOHeW, YTO NPH 3TOM COOTBET-
CTBHH COXpaHsSieTCHd CKaAspHOe NPOH3BeJeHHe. DT0 cpasy CJjeiyeT H3
JeMMmbl 4. JleficTBHTENIbHO, €CaH

[oo]

X = Z Q,Cn, x = Z bnem Y= Z anfm y’: Z bnfm
n=1

n=1 n=1 n=1
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TO B CHJY YKAa3aHHOH JIEMMBI

(x, x)y= Z anbnz(yv ¥)- D

n=1

B xavectse Mozenn cenapabesbHOrO OeCKOHEYHOMEPHOro THIIbOep-
TOBA MPOCTPAHCTBA MONKHO B3ATH NPOCTPAHCTBO, S/IEMEHTAMH KOTOPOTO
SIBJISIOTCS - NOCJICZIOBATENBHOCTH AEHCTBUTENbHBIX YHCEJ

X= (X1, Xay cvuy Xny -2 2),
. [o 8]
AJiA- KOTOPBIX DR Z X; CXOIHUTCH, T. €. MPOCTPaHcTBo I (cM. mpH-
=1
mep 5 B m. 57.4). CKaJmpHoe NPOU3BEJECHHE B 3TOM [POCTPaHCTBE
BBOZAHUTCA N0 CJEAYIOLIEMY NPaBHJY:

et X==(X1, «voy Xny o) U Y=(Y1y «o+y Yny ...), MO
[ee]
* 9= D, Xl
k=1
A o
310 onpefesieHHe HMeET CMbICH, HGO H3 CXOMMMOCTH PSIOB Y Xi
k=1
. 0o <] ’
W )} yi BHTEKaeT H CXOMHMOCTb psijia D) XiYp. D10, mampumep,

k=1 k=1
caepyer u3 HepaBeHcTBa [€abjepa i psiioB npH p=2 (OHO B 3TOM
cjly4ae 4acTo HasbiBaeTCsi HepaBeHCTBOM Komm — IIIBapua), HO MOXeT
ObiTh NOJMYYEHO H U3 3/EMEHTapHOTO HepPaBeHCTBA

xp+Y
Xl << —5—-

Hopma B mpocrpascTBe [, onpejensiercs -COTJIacHO ofieMy npa-
BuAy 1o opmyJie

—
=1 X 4.
k=1

Teopema 11. Ilpocmpancmeo I, ssisemca cenapaberbHoim 2unbe
Gepmossim  NPOCHLPAHCMBOM.

‘Hokasartennbctso. Ilpocrpanctso /, cenapabesbro, 60 noc.e-
JIOBATEJILHOCTH €, k=1, 2, ..., Y KOTOPBIX Ha BCEX MeCTax CTOAT
HYJIH, KpOMe k-ro, Te CTOHUT euHula, OOpasyioT OPTOHOPMHPOBAH-
Hblif 0asuc H, CJEOBATeJbHO, MX KOHEYHBIE JIMHEHHbie KOMOHHAUHH
¢ panHoHaJbHBIMM KO3(GDHLHEHTaMH OOpasyloT CYeTHOE IIJIOTHOE
B NpocTpaHcTse [, MHOXKECTBO (MOYeMy?). ' :

[Tonnora mnpoctpancTBa I, JOKa3biBaeTC HECKOJBLKO CJIOXKHee.
[lycts nocsiefioBaTeIbHOCID

BB = (o, 20, .., X0, ), k=1,2,...,  (58.45)
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ABAACTCS] (yHRAMEHTAJIBLHOR HOCJe0BATebHOCIbIO NPOCTPAHCTBa [;.
Torjza u3 HepaBéHCTBa

JxtBep) — x (k) = Z (x<k+ p) _xm)z - lx<k+ P — xb R

a=1

k=1,2, ..., p=0,1,2,..., n=1,2,

H ('YHJAMEHTaJbHOCTH NOC/IEeN0BATeNbHOCTH (58.45) caepyeT, yTo npu

moBOM (PHKCHPOBAHHOM 7 YMCJIOBAS TOCAEJOBATENBLHOCT: Xy K=
=1; 2, ..., yropaersopsier kputepuio Komwm (eM. n. 3.7) u, caepo-
BaTeJleO, cxoamc;x Ilycts 11m ¥¥) =x . B cany (pynp,amemaﬂbﬂocm

nocJaegosarespHocTH (58. 45) Jmﬂ JoGoro £>0 CyliecTByeT TaKOH
HOMED R, 4TO NpH Mo6oM HOMepe kR =k, H moGoM HaTypaerHom D
BLINOJIHAETCsSE HEPaBeHCTBO

Hx(k+l7) — x (k) | <e,
T. €.

‘/ i (x2k+ P xff))e <e.

n=1
OTCIO}la AJie moboro (I)HKCHPOBQHHOFO HATYpaabHOro 4uncaa n U HORaBHO

m

3 (s -y <o

n=1
nepexonﬂ 31eCb K npeneay npH p— co, nNoJyyuMm

m

2 (AP <e,

n=1
H TaK KaK 3T0 BEpHO mpu Jobom m=1, 2, ..., TO
. .
Z (x,— x}l”)) g2, R=k,. (58.46)
n=1
TakuMm 06pasom, Touka y¥) = (x, =P, X, —xB, ) k= ke,
NPHHALJEXUT NPOCTPAHCTBY 5, HO TOTAA H TOYKA X == (Xy, ..., X, ...) =

= x‘®) |- yk) TakKe NPHHALEKHT NPOCTPAHCTBY [y, A YCIOBHE (58 46)
O3HAYaeT, HTO

lim x® =x
R— o0

Wrtak, Mbl JOKasamu, 4TO NocjeloBaTesibHOCTE (58.46) cxommtes.
CnepoBarenbHo, l» NOJHOE MPOCTPAHCTBO. [ |

~ B cuay Teopemer 10 npocTpanctBo I, H30MOPGHO KamKmomy cena-
pabeabHOMY . THJABGEPTOBY NPOCTPAHCTBY.
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B n. 58.3 6psio nokasano, uto mnpoctpaHctBo Ls[a, b] cenapa-
6eabHO (cM. Tam Teopemy 2) Aas JmoOoro oTpeska [a, b], coreposa-
TeJbHO, OHO TaK¥Xe H30MOPGHO MpPOCTPAHCTBY [l.. MoxkKHO nokasarts,
YTO ¥ MPOCTPAHCTBO Lo (G), rae G — u3aMepuMoOe NMOJIOKHTENbHONH Meph
MHOKECTBO 71-MEDPHOTO NPOCTPAHCTBA, TaK¥kKe cenapalesbHO M, CJeao-
BateJbHO, H30MOPHHO [,. Takum, oOpasoM, Bce THJIbOEPTOBBL MpO-
CTPAHCTBA HMHTETPHPYEMBIX B KBaApaTe QYHKUHHA HE3aBHCHMO OT YHCNA

NEePEMEHHBbIX, OT KOTOPBIX 3aBHCAT 3TH (QYHKLIHH, H30MOPGHBLI MEXAY
co0oil. v

58.6. PA3JIOKEHUE @YHKIURK C HHTETPAPYEMbBIM
KBAIPATOM B PAX $YPBE

B § 55 usyuamuch kaaccuyeckue psinel Pypwe, T. e. psaal Pypoe
MO TPUTOHOMETPHUECKOH cHCTeMe (pyHKLuH, AJst aGCOMOTHO HHTETpH-
pyeMmeix GyHknuid. B 3TOM nyHkTe OyaeT HoJaydYeH psii CAEACTBHI
u3 obweil Teopun paioB DPypbe B I'H/Ib6EpTOBHIX NPOCTPAHCTBAX H
U3 CBOHCTBA MOJHOTHl CHCTeMBI TPHIOHOMETPHUYECKHX (YHKUHI B NPO-
cTpancTee Lo[—m, =] Ansg TpuroHometphueckux psigoB @ypne Gosee
Y3KOro Kjacca (pyHKUHH, yeM aGCOJIOTHO HHTErpHpYeMble, a HMEHHO
ANt YHKIHA C HHTerPHPYeMbIM Ha OTpe3ke [— &, 7] KBalpatoM,
T. €. g ¢yHkuuil npocrpanctsa RL,[—m, m} (cM. npumep 3
B 1. 57.8).

Ilpexkae Bcero 3ameTHM, uTO €CJH B THJBGEPTOBOM NPOCTPAHCTBE
Ly[— 7, m] 3a opToroHa/NbHYI0 CHCTEMY B3sTh TPHTOHOMETPHUECKYIO
CHCTEMY

l, cosx, sinx, ..., cosnx, sinnx, ..., (58.2)

T0 KO3ppuuuentet Pypoe anementa f < Ly[—n, ] mo 3710il cucreme
OyayT onpejeaaTscsi corJacHo (58.23) no ¢opmysiam

t=o- (s 1)y au=1(f cosnx), by=2L(i sinrix), (58.47)
—1, 92, ...

u6o 1), =1 2xn, Jcosnxj,—=jsinnxj, =} n (cm. n. 58.1).

Ecnu  f—HenpepbiBHasi Ha oTpe3ke [—m, n] ¢yHKuus, TO
feCLy[—n, n]c Ly[—m, n]. CpasuuBas dopmyssl (58.47) nast
Ko3(duunentoB Pypoe dynkuuu f ¢ popmyaamu (55.6) (ckanspuoe
npousBejieHNe, KakK OObIYHO, 3ajaeTcsa opmynamu (57.30)) Buiaum,
4TO BCE OHH COBIAJAlOT, KpoMme (opMyJsl Ajas KoadduuueHta ap,
Kotopasi B (58.47) oranyaercs ot gopmyJsl B (55.6) MHOXKHTeeM 1/2.
OrnaBas maub Tpaguuuu GyAeM B JaJibHEHLIEM NpHiePHKHUBaThCs GHOp-
Myabl (55.6) aas a,, T. €. GyJerT CUHTaTh, UTO

a=L( 1) (568.48)
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M 3anHChIBaTbhb TPHIOHOMETpHUYECKHH pax Pypne B Buie

o0
a, .
24 a, €os nx 4 b, sin nx.
2

n=1

TIpumensisi reopemy 6 K TpHrOHOMETPHUECKOH cHcTeMe (58.2) B CHay
NOJIHOTBL 3TOH CHCTeMbl B npocTpaHctBe L.[— m, n] (eM. npumep 3
B 1. 58.3) noJay4HM CJAEAYIOULYI0 Teopemy.

Teopema 12. Kamooui asemenm [ Ly[—m, 1] packaadesaemen
6 amom npocmparcmse 8 pad Dypee N0 MPULOHOMEMPUHCCKOLL CUCIEME

=%+ 2 @, c0s nx - b, sin nx, (58.49)

n=190

npuses cnpasedauso pasencmso Ilapcesars

=5+ Y atos.

n=1

Caencteue 1. Kawmoas ¢ynxyus f(x) ¢ unmezpupyemoim Ha ompesxe
[— =, n} xeadpamon :

1) ssasemcs npedeiom 8 CMbicae  CpedHE20  K8aOpamuuHoeo
(cm. n. 57.5) ceoux wacmuunorx cymm Dypee S,(x) no mpueono-
MEMpPUUECKOL cucmeme PYHKYul npu n—»oo, m. e.

. 11
lim § [f()— S, ()P dx=0; (58.50)
n—00 _ n
2) u 0aa nee cnpasedauso pasencmeo Ilapcesaasn
11 [o]
+{Pea=F+ 3 aton (58.51)
-7 n=1

Cnencreue 2. Ecau ¢yuxyus [ ¢ unmespupyemoist Ha ompeske
[—m, ©] xeadpamom u ece ee Kosgppuyuenmsr Pypve no mpuzoro-
mempuueckoti cucmenme (58.2) pasHuL HYA0, MO OHA IKBUBANEHMHA HYAKO.

3nech Besjie Koapduuuento Pypore npu n=1, 2, ... onpegeasiorcs
no gopMynam (58.47), a kKospdunueHT ay 10 Gopmyne (58.48).

Tlocko/mbKy cama TeopeMa 12 BHITEKaeT M3 TeopeMbl 6, TO HYXK-
JAlOTCST B JIOKA3aTeJIbCTBE TOJILKO €€ CJIe/ICTBHUS.

Hrak, nyctp ¢yHKHHA [(x) ecTb (YHKOHA € HHTErpHPYEMEIM
KBajpaToM Ha orpeske [—x, n], T. e. f(x) = RL;[—x, n] (cm. mpu-
mep 8 B n. 57.4 u npumep 3 B n. 57.8). Ilpexxme Bcero samerum,
yro JiobGast el 3KBHBajJeHTHass (yHKUHA g(x) (cM. onpepesenune 38
B 1. 57.10) umeer te ke Ko3pduuHeHTH! Pypne H, ClefOBaTENbHO,
ToT Xe psjg Pyppe. 10 CJeAyeT H3 TOTO, YTO MOJYCKaJsPHOE NpPOo-
H3BejieHHe B InpocTpanctBe RL.[—m, m] He MeHsercsa, ecau ero
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COMHOMUTEJH 3aMEHHMTh MM 3KBHBaJCHTHBIMH (cM. dopmyay (57.41),
u roToMy, ecid f~g, To

ao=-}; (f, Dre,= ;l; (@ Drey
ek, cosmime— (g cosnes

1 L 1 i
b= T (f: sin nX)RL, = s (g’ sin HX)RL,’
n = 1, 2, cee *

CrnepoBatesibHo, ecan yepes F 0603HAUHTh KJIAacC KBHBAJICHTHBLIX
dynxumui, cofepxamuii Gyrknuio f, To B cuay onpeaenehus (57.41)
CKaJISIPHOrO TNIPOH3BENEHHST KJIACCOB sxnusaneamux ¢dyukuuit, T. €.

CKAJIIPHOTO IIPOU3BEACHUS B HpOCTpaHCTBeRLg [— =, @] (cM. 1. 57.10)
OyzeM HMeThb

1 .
Qy= —;C— (Fy, DRLy @n=_(F, cOSNX)RLy, bn= % (F, sinnx)rz,,
n=1, 2,...,
T. e. pax Pypoe snementa F RL, [— m, n] < L, {— =, n] coBuapaer

c pagom Pypoe kaxaoih ¢yHkuun feF. Cornacuo Teopeme 12
B 1IpocTpancTBe L,[-— m, m] uMeer mecto pasioxenue

= %‘ -+ 2 a, Cos nx-}- b, sin nx, (58.52)
n=1 .

u pasencrBo IlapceBans

HFE=%+ Y aton. (58.53)
n=1’
Ecmu S, (x)= 5 % 4 Z ay, c0s kx - by, sin kx — yacTuuHass cymma

paaa Oypwe (58.52), To cxolmmocn 3TOr0 psAjga B npOCTpchme
Lyf—n, n] x snementy F o3snadaer, yto

lim |F -8, (®)|c,=0. -~ (58.54)
Ecmi, Teneps, féF, 10 (cM. (57.42))

IF — Su(@le. =1 () — Su (%) ire, = 1/ | /00— Su(oPdr,  (38.55)

*' HHfeKe y CKaJapHBIX H MOJYCKAJSPHBIX NPOH3BENEHHKI ykasuiBaer, s KaKnm‘
npocTpancTBax GepyTcA paccMaTpHBaeMble NPOH3BENSHHS,
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rie |f(x) — Sn(x) |z, — nonynopma dynxunyu f(x) —S,(x) B npo-
crpanctBe RL,[—m, n], 4ro umeer cmmica, H60 f(x)—S, ()&
eF—S§,(x). U3 (68.54) u (58.55) caenyer, urto

9

Tim § 1 () —S. (0P dxz'}ingo 17 (x) = Sa (%) IrL, =0,

T. e. pasedctBo (58.50) nokasaHo.
Jlanee, nockogeKy B cuiy Tof ke Gopmydsl (57.42) uMeror Mecro

paBeHCTBA
nFi:h:nfnRL,:\/ { 2(x)dx

¥ NOCKOMBKY Kodbduuuentol ®ypbe y F u f oaunakoBh, T0 (58.51)
caenyer HemocpeacTBeHHO 3 (58.53). )
Ins noxkasatesapCTBa CJAGACTBHS 2 3aMETHM, YTO €CJH BCE KO-
$upentel Pypre Pynrunu f e RL,[— m, 7] no TpuroHoMeTpHYeCKoil
cHuCTeMe paBHbI 11YJI0, TO U3 paBeHcTBa IlapceBans (58.51) caenyer, uro

n

e, =72 () dx =0,

a 3TO0 corjacHo onpejenendio 38 u3s n. 57.10 3KBHBaJeHTHHX
$yHKilMA ¥ O3HAuaeT, yToO

f~0.

Wrak, obpatHM BHHMaHHe HA TO, YTO €ClH Yy (PYHKUHH C HHTET-
PHPYEMBIM KBaJpaTOM Bce Koadpuuuentsl @yppe paBHH HYJO, TO OHA
He 00513aTeJIbHO SBJAETCS TOXKIAECTBEHHbIM HYJIEM, a TOJLKO SKBHBa-
JICHTHA eMY. ‘

O6a chexcTsus JOKa3aHHI.

Hs papencrBa IlapceBans (58.51) eme pa3 (He3aBHCHMO OT Teo-
pemu 2 n. 55.2) caenyer, uto KosdpuuueHTs Pypbe GyHKUMH [ (x)
cTpemsiTcs K HyJmo (6o ofuiuil uieH cxoadmerocs: pafa (568.51) sceraa
CTpeMHTCS1 K HYyJIO), OAHAKO JHIb AJs (YHKIHH C HHTErpHPYEMbIM
Ha orpe3ke [—xn, m] kBagpatoM. Ilockospky Besikas ¢yHKuud,
HempepniBHAs Ha oTpe3ke [—m, m] sABJAsAETCS H (YyHKuueH ¢ HHTer-
pPUPYEMBIM KBaJpaToM, TO JJf Hee TakXKe CNpaBelJIHBO yTBEPKACHHE
NepBoOro CJeACTBHA Teopembl 12: oHa packaaipiBaercss B paf Pypoe,
CXOIAMMACS K Hell B CMBIC/IE CpelHero KBaJApaTHIHOIO, H JAJAs Hee
cnpasesinBo paseHcTBo IlapceBans (58.51).

Bropoe xe cieAcTBHE Ads HENpephIBHBIX (GYHKINH MOMeT OblThb
cylecTBeHHO ycuaeHo. CHopMyTHPYEM €ro B BHAE OTACIbHOR TEOPEMBI.

Teopema 13. Ecau ece xoagpuyuenmor Dypse HenpepoisHO HQ
ompeske [— m, n} pynKyuL pasHer HYAO, MO COMA IMA PYHKYUA MOC-
OECmEeHHO PASHA HYAr0. :
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- Crenctue (TeopeMa eNHMHCTBEHHOCTH pPa3JiOKeHHsi HeNpPepbIBHOM
dynkuud B pan Pypee). Ecau dee uenpepwignwie yrkyuu umeom
oduraroesie Kospuyuenmor Pypoe, mo oHu mONOECMEEHHO DABHEL.

HokasarteabctBo. Ecan ¢yuxkuust f(x) HempepniBHa Ha
orpeske [—m, n] u Bce ee Kosdduuuents: ypbe paBHBl HYJIO, TO
u3 pasencrsa Ilapcesana (58.51) umeem |ffzrr,=0. Ho noanymopma
npocTpaucTBa RL.[—m, 7] Ha MHOMecTRe HenpepHBHBIX (YHKUMH
ABJIAETCSA HOPMO# (cM. npumep 9 B 0. 57.4), nostomy [ (x) =0 A/ BCex
xe[—mn, al.

CaepcTBie BBHITEKa€T M3 TOro, YTO pasHOCTh ABYX (YHKuui, y
KOTOPHIX OfiMHaKOBble KO3(puuuenTbl Dypne, uMeeT KoapHIHEHTHI
@ypbe, paBHble HY/IO H NIOTOMY SIBJAETCA TOMICCTBEHHBIM HyJeM. [ |

3ameyanune 1. Teopemnl 12 u 13 6puu cdopmysnpoBansl
NPUMEHHTEILHO K TPUTOHOMETPHYecKo# cucteMe ¢yHruui. [TopoGusie
YTBEPIKAEHHS CNIPABEAJHBLI, KOHEYHO, AJs JOGOH moJHo#i opToro-
HaJIbHOM cucTeMbl QYHKUUH, T. €. CHCTeMB, 00pasyiolleil OpTOroHaMbHBIA
Oasuc B npocrpancTee Lq[a, b]. B wactHocTH, anasoruynbie yTBEpK-
JAE€HHS COPaBefJIUBBI IJIs1 PasJoKeHWH ¢yHKUMA 10 NOJHHOMAaM
Jlexaunapa (cm. upumep 2 s m. 58.3) B npoctpanctse Lo [— 1, 1].
Hanpumep, ecsiu Bce Kosapdunuentsl Pypsre HenpepbiBHO# Ha OTpe3Ke
[—1, 1] ¢pynxkuuu mo cucreme nojuHoMoB JlexkaHnapa paBHbl HY.JIO,
TO 3Ta (QYyHKHHA paBHA HYJIO BO BCeX Toykax oTpeska [— 1, 1]
Iloka3arenbcTBa NMOAOOHBIX YTBEPXKACHHH MOTYT ObiTh NMPOBEAEHBI 110
TOH Xe cXeme, YTO U BBILIE.

3ameuanue 2. OCHOBHBIM M CYUIECTBEHHBIM (PAKTOM, MO3BO-
JIUBUIMM JOKa3aTbh TeopeMy 12, fBaseTCS NOJHOTA TPHTOHOMETPHYECKOH
CHCTEMBI B IPOCTPaHCTBE Ly [— 7, @], KOTOpasi B CBOIO OYEPEfb OCHOBHI-
BaeTcsl Ha BO3MOXHOCTH CKOJb . YFOJHO TOYHO B CMBIC/TIE CpEJHEro
KBAJPaTHYHOTO TMPHOJU3HTE HA OTPe3Ke [— m, ] BCAKYIO (YHKUHIO
C HHTETPUPYEMbIM Ha 3TOM OTpPe3Ke KBaJpaTOM HENpEpLIBHOH, NepH-
ona 2m, pynkuuesi (cm. jemmy 16 u3 n. 57.10). Hcnoaw3oBanue xe
obliell TeOPHH O Pa3JIOKEHHH 10 OPTOTOHAJBHBLIM CHCTEMaM B T'HJIb-
0epTOBOM MPOCTPAHCTBE HOCHJO MO CYIIECTBY JHIUIb TEPMUHOJOIH-
YeCKHH XapakTep H NO3BOJIHJO 60Jee KPAaTKO M HArJsAHO MPOBOAHTH
M 3aNMHCBIBaTh paccyxjAeHHA. B KauectBe npumepa NOHATHS, KOTO-
poe BecbMa yA00HO NPH pacCMOTPEHHH H3YYaeMbIX BOMPOCOB, OTMETHM
npexie BCErO MOHATHE JIMHEHHOTO HOPMHPOBAHHOIO HPOCTPAHCTBA
(8 "acTHOCTH, NpeArHJLOEpTOBA NPOCTPAHCTBA), a 3HAYHT, U NOHATHE
HOPMHI. BBezieHHE 3THX NMOHATHI MO3BOJINJIO H3JIOXKHTb TEOPHIO Pa3Jio-
XEeHHH INI0 OPTOHOPMHPOBAHHHIM CHCTEMaM BHE 3aBHCHMOCTH OT HX
KOHKPETHOro BHAA. DT NOHATHS HMEIOT Pa3sHoOGpasHoe NpHMEHEHHE
H B PasNUYHBIX APYrHX pasfleslaX MaTeMaTHKH.

B 3akmouenne, HCHOJb3Ysi NOMydYEHHBIE Pe3yJbTaThl, JOKaXKEM
ele OJHY TeopeMy.

Teopema 14. [Iycmv ¢ynkyua [ nenpepoisna na ompeske [— v, m}.
Ecau ee pad Pypee cxo0umca pasHOMEpHO Ha ompeske [— m, m], mo
€20 cymma pasHa pyskyuu f. ‘



