60.2. Pewenue ypasneruil 85F

dynkuun f B Touke (xy, f(x;)); Touka ee nepeceueHusi ¢ oenio Ox
obo3Hauaercst x; ¥ T. 1. (puc. 236).

Jlerko nosy4aioTcsl peKyppeHTHBIE (GOPMYJLI /ISl YKA3aHHBIX YH-
cen x,, n=1, 2, ... . YpaBHeHHe KacaTJbHOH#, MPOXOAdileil yepes
TOYKy (b, f(b)), umeer Bux

y=f"(0) (x—b)+[ (b).

"OG6o3HauuM ero npaBylo 4acTb uepe3 L (x), T. €. 3anmuuleM 5TO ypas-
HEHHE B BHJAE
y=Lx).

Haiinem afcumccy X; TOYKH NEpECeYeHHsl 3TOH KacaTeJbHOH C OChIO
Ox, 1. e. pewnM ypaBHenue L (x)=0; noay-
YHM i

f ()
X1= b — T I e
! HQ)
Touka x; MOXer Jexarb, BooOLIE rOBOpS, BHE g° Ty s
orpeska [a, b], T. e. BHe obsacTi onpejeseHHs oL
¢ynknun f. Opuako ecau [(b) omHoro 3Haka

c f', 10 x,&(a, b). Paccmorpam moppo6Ho, Prc. 236

KaK M 1JI MEeToAa XOpA, cJyyail, korja f' >0,

f">0 na [a, b]. B 3toM cayyae QyHkuus f CTPOro MOHOTOHHO
BO3pacTaeT, cJaefoBareqabto, f(b) >>0; kpome TOro, GyHKUHS [ BbINYK-
Ja BHH3 Ha (a, b), C/el0BaT/IbHO,

Lx)<f()
(em. 1. 14.3).
Ecma f(x) =0, a<<xy<<b, 10
L (%) <O,
1o L (b) =} (b) >0, crenosatenbHo,
Xo (< X1 <<b.

Ipu srom [ (x1) > L (x1)=0.
Tpumenss Te ke pacCyXIEHHs K oTpesky [a, xi], noayuuMm
TOYKY Xg, TAKYIO, HTO

x2=xl—-'§r%, Xo << Xg < Xy,

f ¢xn)

H, jaafee, A
xll+1=xll.—— fl (xn) [ xO <Xn+1<Xn. (60.15)

CJ1e/I0BaTe/bHO, TIOCTe0BATNIBLHOCTL {X,} MOHOTOHHA H OTDaHH-
_yena, a motomy cxomurcs. Ilyerb lim x,=c. Ilepexons kK mpezeay

‘B (60.15), moaysum f(c)=0, 1. e. %géone}xoaa're.nbﬁomb (60.15):¢xo-
“pnTcs X KopHio ypaBHenusi (60.9). :



552 § 60. Hexotopeie sonpocst npubaudcernsix 8olutiC Al

Korna |f' (x)|=m=0, a<<x<<bh, To TeM Xe crnocoloM, 4TO u
B CJIy4ae METOAA XOpA, MOJY4aeM OUEHKY

(xn
lxn_clgl_f_mi)_l'

n=1, 2, ....
TMopo6HEmM e 05pasoM pasBHpAIOTCA M OCTABLIMECS CayYau pas-

JHYHBIX KOMOMHAUMP 3HAKOB NepBOfi M BTOPOH IPOH3BOAHBIX
(puc. 237).

1 s
T TN P Lo \
F0, f% F£X0,7"<0

Puc. 237

Hanum euie OLHY OLCHKY CKOPOCTH CXOAUMOCTH MeToja Kaca-
TeJIbHBIX, M3 KOTOpPOH OYZET XOpOIO BHAHO AOCTOMHCTBO -ITOTO Me-
toga. Ilyers ans ¢ynkuuu [ Ha paccmarpHBaeMoM mnepsa.ne Bbi-
MOMHSIOTCST HepaBeHCTBA

(@) =m>0, [ffRI<M, a<x<b.

Pasnoxum QyHKIUIO [ B OKPECTHOCTH TOUKH X, Mo dopmyse Tek-
Jiopa, Hanpumep, C OCTaTOYHBIM 4jaeHoM B dopme Jlarpamka

FO)=F () -+ F (5) (6 — %)+ 5 (§) (5 — 5,

rie E=x,+0(x—x,), 0<<8<1. Ecmm f(c)=0, 70, mopcrasuss
X=C B HAIUCAHHYIO (QOPMYJy, HOJYYHM

DT (5 5+ 5 (B =5 =0,
Ozci07a

o fw)  P®
58O Gy T3 ey €T
wian B cuny Qopmyast (60.15)

< Xpi1— 2'5, 6 (C - )""l)2

CiieloBaTeNBHO, M
‘lxn+1—_‘0|<§n—[xn—c[2'
OTKY A2 :
M M 2
%.l_,xnﬂ_c!é(%lxn_cl) . n=1,23 ...
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Hpumeﬂsm nocseA0BaTS/IbHO 3TO HEPABEHCTBO, 6y,lI€M HMETh:

M M \2
§,;lxn"‘0|<<m[xn—1—cl) =

<[(§4{|xﬂ—2—c[)‘“’r<...<(§’% (b——c!)zn

Ecnu euiGpats nepBoHadasbhoe npubiuieHue b Tak, yrobbi g def

M

=§r~n—ib——c|<1, TO MOJYYHM

| Xn —c] < 7,
T. €. CKOPOCTb CXOJHMOCTH npn6.nmxeﬂnbrx peILeHHH X, K KOpHIO
X=C SHAYUTEJbHO MPEBHILIACT CKOPOCTb YOLIBAHHS T€OMETPHYECKOR
NPOrpeccHH €O 3HAMEHaTeJeM IO abCOJIOTHOH BeJIHYHHE MeHbLIHM
€I HHUIIBL.

Tlpumep. ITpumenum meton HeloToHa psisi npubJAHKEHHOTO BBHI-
YHCJEHUST KOpHS k-oif crenmeHH M3 uyHCaa a >0, k—nenoe NOJOKH-
TesqibHOE. ‘B 3TOM Cayuae peub wugeT O NpUOMIKEHHOM pelleHHH
ypasHenus x*—a=0, T. e. ¢opmyay (60.15) caenyer npuMeHUTH
K QyHkuuy f(x) =x*—a.

Hmeem [’ (x) =kx*1, u motoMy AJs NOC/IeNOBATENbEBIX [PHOIH-
MCHHBIX 3HAYEHHI X, KOPHS )/ X MMeeM DEKyppeHTHYW (opMy.y

xﬁ—a
Xl =Xp — 77
kxy

Xni1 ’-‘—"/l;[(k“ 1) %n +'X3ng.:‘{]~

HJIH

B cayuyae k=2 Mb Berpedaduch ¢ 3toit dopmynoit B m. 3.9.

69.3. AHTEPHOJLANAA OYHRIENA

Tlycts Ha oTpeske [a, b] 3anana QpyrKuHS f H NycTh PHKCHPOBAHBL
n--1 snadenuit aprymesTa x;, =1, 2, ..., n4-1:

a<x1<x‘3<...<xn+1<b. (6016)

Onsa u3 npocTeillinX HHTePHOAUHOHHBIX 3343y COCTOHT B OTbi-
CKaHHH MHorousiena P (x) He Bhllle HEKOTOpOH HJaHHOH CTeneHH m,
KOTOPHIl NpPH 3HAauUeHHAX aprymenTa x=x;, i=1, 2, ..., n-t+1,
Ha3biBAEMBIX Y3AQMU UKMEPROARYUL, TPHHUMAET Te K€ 3HaYeHus,
Y10 M JaHHAs QYHKUUS, T. €. UMEIT MECTO PaBeHCTBA

fGpy=P(x), i=1,2, ..., n41. (60.17)
Taxoti MHOrouYseH P (X) HA3LIBACTCS UHMEPROAAIUOHHLIM MHO20HAEHOM,
HHTEPTONMPYIOUHAM PYHKUNIO [ B NaHHBIX y3/aX HHTEPOJSUHH.
18 Kyapsenens JI O. 1. 2
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Jast Toro yto6bl HCCAENOBATL BOMPOC O CYIIECTBOBAHHH HHTEPMO-
JSILHOHHOTO MHOrouseHa P (x), yiosaerBopsitoero ycioBusam (60.17),
3alMIIeM ero ¢ HeolipefeleHHbIMHE Koddduinenramu a;, j=0, 1, ..., m;

Px)=ay+ax+ax®+...+ apx™

u nojctaBum ero B cucteMmy (60.17). Tloayuum cucremy us (n4-1)-ro
JUHEHHOTO YypaBHEeHHUS € mi-+ | HEHZBECTHBIMH @y, @1, ..., On'

a0+alx1+--~+amx;n:f(xl)
e e e (60.18)

Qo+ Xyt am-le—l—lzf(xnﬂ)-

. Onpepennresnb, COCTABJCHHBIA H3 KO3(DQHUHEHTOB 3TOH CHCTEMHI,
CTOAIUX B LEpBHIX R CTPOYKAX M NEpBBIX R croabuax, k=<<min {m-1.
n-+1} (uucao crpodek paBHO £+ 1, uncjo cToa6UOB M- 1), ABJAETCSA
TaK Ha3biBaeMbIM OomnpejesuTegeM BanHaepMOH 1a, H3BECTHLIM

U3 Kypca anre6phi:
k1

1X1...xl
1 xa... %571

W/(xl, veay Xk): i = ]__[ (Xj-—)Q).
I<igi<t
lxk,..xfi"1

B pannHOM ciydae 3TOT OnpejesuTeb HE paBeH Hy/mo, HGO Bce
V3JIl MHTCPNONALUK pasanynbl. [lostomMy paHr marTpuubt Kodddu-
HHEeHTOB cHCTeMmbl (60.18) paBeH HauMeHblleMy M3 ABYX udHcesa m--1
u n+1. Ecau a>m, 10 cucrema (6C.18), BooGie roBops, He umeeT
peumienust. Ecau n<<m, 10 pewenne cucrembl (60.18) Bcerpa cyuie-
CTByeT, NpHYeM B CJydYae 7= pelueHHe eJHHCTBEHHO, a MpH n<m
peinenuil 6GeckoHeyHo MHOro. TakuMm ob6pasoM, Kaxkue 0ol Hu 3a0amb
3Hauenus 6 (n-+1)-m yarax (60.16), eceeda. cywecmeyem u npumomn
COUHCMBEHHOILL MHOGOUNCH CMICHEHI HE 6blie Hem N, NPpUHUMArouul
8 IMUX Y31aX 3a0AHHbIE SHOMEHUA.

JIAs OTBICKAHUST HHTEPNOJALMOHHOTO MHOroujeHa P (x) MOXHO
peututs cucremy (60.18). Onnako MoxHO HallTH ero u npyrum, GoJjee
KOPOTKHM 1yTeM. paCCMOTpHM MHOYOY/JIEH

Pi (x)___ ((x*xx)---(x—*x:‘»—l) (X —Xi.9) - (X —Xn4y) i=1,92 ..., n41.

X Xq) oo (G — X ) (G — X 1) (N —Xp)
OueBuano, uro P;{(x) — MHOrOuYJeH CTENeHU n 1 4TO
Pi(x)=1, Pt(xj)ZO,
i=1,2 ...,n+1, j=12,...,i—1,i+1, ..., n-+1. (60.19)

TT03TOMY HCKOMBL HHTEPIIOJSILIHOHHbI MHOTOUJICH MOKET OLITh 3aNHCaH

B BHJE
n41

P (x) = 2 [ (%) Pi (). (69.20)

i=1
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JleficTBHTEIBHO, HAINHCAHHOE BLIPAMEHHE SBJACTCS MHOTOUJIEHOM CTS-
NeHH He Bbiie 1 U B cuay (60.19) ynosierBopsiet yenoBuam (60.17).
Hurtepnonsunonnbiil MHOrodeH, sanucanusiil B Buge (60.20), Haspl-
_BAETCH UHMEPHONAYUOHHBIM MHO204AeHOM Jlazpara.
Hcenenyem Tenepp pasHocTe MeXAy (OYHKUHEH U HHTepPIOJSIHOH-
HBIM MHOTOYJIEHOM

R(x)=f(x)—P(x),

‘Ha3LIBAEMYIO OCMAmOUHBIM  4AeHOM urmepnoiayuu. TIpennosoxum,
uyro ¢ynkuua [ n-+1 pas puddepenuupyema Ha orTpeske [a, D]
Torpa stum xe cBoiicTBOM 00JafaeT W OCTaToK R (x), mpuuem

R (x) = flib) (x), a=<x <D, (60.21)
uGo P71 (x) =0. IMosoxum '
o (X) = (X —x1) (¥ — X2) .. . (X — Xp11)»

sapuxcupyem x & [a, b] u paccCMOTPUM BCIIOMOTATENBbHYIO ‘(DYHKILHIO

e(O)=R(t) — XX o (t), a<t<b.

o ()

Oyukuusa ¢ (f), oueBngHo, Takxe n--1 pas nuddepenuupyema Ha
otpeske [a, b], nmpuuem u3 (60.21) u Toro, yro o™V (¢f)=(n-+1)!,
HMeeM .
. R (x)
QU (t) =0 () — (n+ 1)! (60.22)

o’

Hanee, ¢ynaxuus ¢ (f) obpamaercs B HOJMb B n-+-2 Toukax x, Xi,
X2, ..., Xpa1> TO3TOMY B CHJY Teopembl PoJisi ee mpousBoagHas oGpa-
IaeTCsl B HOJIb MO Kpaiiwelt Mepe B n--1 Touke orpeska [a, b],
BTOpasd NPOM3BOAHAsA —B 7 TOYKAaX M T. A. I[lo MHAYKIMH moOJIyduM,
urto (n-+ 1)-9 npousBojHas GyHKIKHN ¢ obpamaercs N0 KpaHHel Mepe
OLMH pa3 B HoJb BHYTPH otpeska [a, b]. Ilycts ¢ (5)=0, a<<
<<{<b, toraa u3 (60.22) nomyuum

R () =gy 1O

a4, roapodHee,

R(x)z(x—xl)(x-(;:f;)l.).!.(x—xnu) [0 ), a<<x<b, a<<{<b.

OTCIOjLa caefyeT OLEHKa OCTAaTOYHOIo 4JjaCHa

IR < Gy, Max | (6= ) (6= x3) .. (s = 5) | _sup |15 ().

L £

3ameTnM, uTO, BOOOIIEe TOBOpSI, Aa)Ke IJsI AaHAJAHTHYECKHX Ha
orpe3ke [a, b] QyHKUHA OCTaTOYHBIA YJCH HHTEPNOJSUHH HE CTpe-
MHTCH K HYJIO Ha oTpeske [a, b] npu n-»co, T. €. HHTEPHOJSLHOH-

“18*
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HHIZ TOJIMHOMBL HE CXOAATCH K camoil - ¢pynkuuu. [Tocrpoenne coot-
BETCTBYIOIHX NPEMEPOB JOCTATOYHO FPOMO3JKO, NIG3TOMY Mbl He OyxeM
Ha 3TOM GCTaHaBJHBATbCA.

60.4. KBATPATYPHBIE GOPMY.JIbI

PaccMOTpHUM Tenmepb EEKOTOPBIE CIIOCOOH! NPHOIXEHHOro HHTe-
rpHpoBaHus GyHiuHA. PopMmyasl aas npuOAMKEHHBIX 3HAuenHl
HHTETPANIOB HasblBAIOTCSH KBAOPAMYPHHIMU BOPMYIAMU.

Ilycte Ha orpeske [a, b] 3apana ¢yukuust f. Pa3oObem oTpesok
[a, b} na n paBHbix wacTeli Toukamu xz, k=1, 2, ..., n—1:

b—a
A=Xo<X1<..<Xp1<Xpn=0b;, Xp—Xp1= > k=1,2,..., n.

Kranparypsbie ¢opMyJabl, KOTOPBIE Mbl PAaCCMOTPHM, OYAYT OJMYYaThCH
NOCPeACTBOM 3aMeHbl NPH MHTErPHPOBAHHH (QVYHKUMM [ HA KamaoM
oTpeske [Xp—1, X,] HHTEpNOJALHOHHEIM MHOTOUJIRROM CTENeHH n. Mul
n3yunm cayuaun n=0, 1, 2. CoorBeTcTBylomue npHOJIHKEHHEE 3Ha-
ueHnsi MHTerpajda or Gyskuuu f GyaeM obo3Hauath cuMBOJOM L, (f),
n=20, 1, 2. B nepsom ciayuvae (npH n=20) COOTBCTCTBYIOLIAs1 KBax-
parypuast GopMyJ1a Ha3bIBACTCA OPMYIOL 11PAXOY20I6HLUK0E, BO BTO-
poM (npu n==1)— gopmyrod mpaneyuii, B TpeTheM (npu n=2)—
narafoauneckor gopmyrol wau, wawe, ¢gopmyacy Cumncona.

PopmMysa NPIMOYIONBHHKOB

Ias unTepnonsuuu GyHKUUH f Ha oTpe3ke [Xpq, Xp], k=1,2, ...
.e.y 1, MHOTOYJEHOM HYJIEBOHl CTeNeHM JOCTAaTOYHO 3aJaTh JHIUb:
oMH ysel. Bosbmem B Kauec-
TBE y3Ja CepeiHHy OTpe3Ka
[Xe-1, Xi]:

X1k
gk = 2 .

HHTepnonsuuOHHEEIM MHOTOUJIE-
HOM $IBNI€TCS] NOCTOAHHAs

|

|

|
[
I |
i i
B { _
&4 &, %, & % &, b7 Py (x) =1 (&), ‘
k=1, 2, ..., n.

Ilpn Taxcil MHTEPNOJSIHH Mbl

. aaMenseM JaHnyw ¢yHruuo f

«cTynenyaToll (yHKuHeil», ToyHee HabopoM GYHKUHI, MOCTOSAHHBIX Ha

KaXJOM OTpe3Ke [Xp-1, Xp] H PaBHLIX 3HaueHHwo QyHKUHM f B HEeHTpe
ip i

sToro otpeska (puc. 238). Bwmecro muTerpana S f(x) dx BO3BMEM

*p-1

Puc. 238
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X
k
HHTrpan SPk (x)dx, T. €. 3aMeHHM NJIOUIAfb KPUBOJIHHEIHOH
Ky
TPamellud NJIOUaJbI0 COOTBETCTBYIOWIEIO NPSIMOYTOJbHUKA. :
Hanumem Tenepp KBaApaTypHYO (OpPMyJay npAMOYTOJIBHUKOB:

Li- ¥ SPk(:odx— 2 Sf(:-.k)dx—” "Zf(ak). (60.23)

k——lxk1 —lxkl

HTaK, A
— 1o
= ) () o (2]
Popmyna Tpanemuu
Ha xaxzgom orpeske [xp_y, X:], k=1, 2, ..., n, Bo3bMeM HHTEp-

MOJISITMOHHBIR MHOTOUJIEH Py, (X) nepBo# CTENeHH, onpejeseMslll y3aamu
HHTepNONALUHUN X,y U X,. Ilonaras
y:i=f(x), i=0, 1, ..., n, noayuyum
(cm. (60.20))

P;,(x)—- x5 I 1+

k—l, 2, ...,

TakuM o0pa3oM, MBI 3aMeHseM AaH-
HyI0 OGYHKOHIO [ KYCOYHO-JMHEM-

X —Xp-1
xk—xk 1

Y

Y Y Yz 2] A

HOH (yHkuueit. Bmecro mHTerpana ~gz Z; z, Z b £
; :
k .
{ f(xydc BosbMem  muterpan Puc. 239
*pa
*r

S P, (x) dx, T. €. 3aMeHHM n.nom.anb KPUBOJIHHEAHON Tpanenyy

x

b1

COOTBETCTBYIOWIEH MJIOMAABI0 OGHIKHOBEHHOH Tpamenun (puc. 239).
3ameqast, 4TO

xk .
S Po()dr=2t8e 028 g 9, n,
*pa

MOJTyduM KBaapaTypHyio dopMysay Tpaneuud

Li[fl= 2 SPk(x)dx— — kglyk-ljyk, (60.24)

) k=1 Xp g
HJIH

L[l =252 | HOELO 4 f e o () (5]
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dopmyna CuMncoHa
Ha kaxaom otpeske [xp-1, xx}, k=1, 2, ..., n, BO3bMCM HHTEp-
NOJSIHOHHBIN MHOTOUJIEH Py, (X) BTOPOI#i CTeneHH, ONpeACAsAeMbiH Y3aaMu
Xp X
MHTEPRONALHH Xp-1, §k=—"’—‘—2—t—* H x,. Torza
x—Ep) (X —xp)
P, (x) = ——E—Ee Khe
k(%) (*r-1—Er) (o1 —X8) [ ) +

n (¥ —%p-1) (X —Xp) FE)+ (0 — %) (X —Er) f (xe)-

Er—%p-1) Er—xz) (Xp—%p-1) (X —Ep)

HenocpencTBeHHbIM BRIYHCJAEHHEM YGeXKAaeMcs, 4TO

*p
(x—Ep) (x—xz) S _lb—a

S (xk-1~§k)(xk-r—xk)dx— 6 (X — Xp-1) = 6 n °*
-1

*&

S (x—xp) (x—x8) 2, _2b—a

5 Er—*r-1) Ex—*r) dy="g (X% — Xp1) = 3
*pa

*&

S (x—Xp ) (x—E&s) . _lb—a
15’ (%2 —*p-1) (xp—Ee) de= 6 (X = 2pa) = 6 n °’

f103TOMY .

*k

y b— 1 2 1

§ Pul) =222 [ F e+ 57 @)+ T )],
*r-1 :

Tenepb HeTPYAHO HamHCATh KBaAParypHyw ¢opmyny CuMicoxa:

n n
Lifl= Y | Pa@ar="22 3 [/ 000+ 57 @+ )]s

k= 1.\¢k_l k=1

(60.25)
HJH

L= R @A G20 () A )] H AL @) T (E-

60.5. HOI'PENTHOCTDb KBAJIPATYPHBIX ®OPMY.JI *}

Mui BujesH, 9TO BCeX TPEX PACCMOTPEHHHIX HaMH CJY4asiX KBaj-
paryphbe gopmyJael (cM. (60.23), (60.24), (60.25)) umeror BHA

L= Z LD, \ (60.26)

k=1

* B 3ToM NyHKTe Mbl clleflyeM BAesM, PasBETHIM B roHorpaduu C. M. Huxobs
cuoro «KBajparypunie gopmyani». M., 1974.
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rae

L(h="=% Y pif &), (60.27)

i=0
'Xk__légkiQXk, k—_—l, 2, ...,n, i=0,1, ..., m,

a p; — HEeKOTOpBIe YHCJa.
B cayuae GopMyJibl NPAMOYTOJbHHKOB Mbl HMEJH

Xpa-tXe .
2

mzoy pOZl) Ek(): ’
B cjyuae GopMysbl Tpanenuht

. 1 . .
m=1, po=p = PR Ero=Xp1, Emi=Xns

B cayuae gopmyssl Cumncona

1 2 Xp_1-FX%
m=2, P():Pzzgy Pr=r3 Ero = Xp-1, Emz%—is Ere = X,

k=1, 2, ..., n.

Ilycrp Tenepb 3ananbl Kakue-nu6o 4HCIa p;, HasblBaeMble ecamu,
U nyctb Ha orpe3ske [0, 1] sagaHa kakad-iubo cucrema TOUeK §;,
i=0, 1, ..., m, Ha3bBaeMbIxX y3samy. I1ycTh, Kak U paHbille, OTPE3OK
[a, b] paspenen TouKamu xg, k=0, 1, ..., n, HA n paBHHIX OTpes-
KOB [Xp-1, X¢], k=1, 2, ..., n, ¥ NycTb TOUKH &;; NOJYJAIOTCS H3
y3J0B E; npu JuHeliHom ortoOpaxkenun otpeska [0, 1] Ha oTpesok
[X£-1, X&], TIPH KOTOpOM TOYKa HOJb HEPEXOAUT B TOYKY Xp-y, T. €.
[IPH OTOOPaXKEeHMH X = (X — Xp—1) I+ Xp1, O0<E<< L.

dopmyaa (60.26) B sToM caydae HasblBaercs KBaApaTypHOH (op-
MyJI0#, COOTBeTCTBYIOmeH y3jaMm §; u Becam p;, i=0, 1, ..., m.

Bcsikast  kBajparypHas ¢Qopmysaa (60.26) obaanaer cBolcTBOM
JHHEAHOCTH: I/l JHOOBIX JBYX (yHKHUE [ H g, onpejesieHHBIX Ha
orpeske [a, b], U AN MOOBIX ABYX YHcCea A M p, OYeBHJHO, Crpa-

BE/VIMBO PaBEHCTBO
L (Af+ pg) = AL () + uL (g)-

n
Onpegencuune. Popuyra L ()= ) I, (f) Haswieaemes mounoii drs
: K=1
MHO204NEH08 CMenery T, ecau 041 amob020 mHozoureHa P (x) cmenenu
He 6biute Hem r, 0as ai0b6o20 ompeska [a, b] u Oaa awboeo uucra n
- (m. e. 0aa moboeo pasbuenus ompeska [a, b] Ha pasweie ompesxu)
Cnpasedauso pa3eHCmso
b
L(P (x))={ P (x) dx.
a

Vnpaxuenue, Jokasate, yro, Zaa Toro 4roGbl KBajparypHaz dopMyia
L [f], cootsercrByomas yanam §; u Becam p;, i=0, 1, ..., m, Oblia TOYHOH Aid
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MHOro4JIEHOB CTENEHH 7, HEOOXOAMMO M JOCTATOYHO, UTOOH AN AicCOro MioreuacHa
P (x) creneHHn He Bhlwe 7 OblJI0 CHPEBEAJIHBO PaBEHCTS0

i=0 .

1 m
§P(de= 3 niP &)
0

TMocKONBKY HHTCPNOJSHHOHHBI MHOTOUJICH NOPfAJKa r COBHARAET
JJIsi MHOTOWJIEHA CTCAEHH 7 € CaMHEM MHOTOWICHOM, TO KBaapaTypEbie
GOpPMYJBl  NPSIMOYTOJIBHHKCB, Tpamenyui u
CumncoHa TOYHE! COOTBSTCTBEHHG AJISI MHOTO-
YJICHOB HYJIEBOH, MepBOH H BTOPOH CTencHH.

Onnako, 6oJee Toro, KBagparypuas ¢op-
MyJa ORSMOYTOJBHHKCB TOUHA JJIS MEOTO-
‘YJI2HOB neprofl cremenu, a ¢opmyna Cumn-
COHAa — /19 MHOTOYJIEHOB TPEeTbeH CTeNEHH.
Joraxem 3t0. [leficTBHTeNBHO, B . Cayuae

Ty Tpq*T; I; (opMyJIBI IPAMOYTrONbHHKCB (M. (69.23) u
Z (60.27))
Puc. 240 lk (f) = f ({___k—l; xb) (xk - Xk_.])-

IlpocTtoit moxcuer paer, 4To Aast JnoGod JiMHeiHoH (yHKUHH cnpa-
BeJINBO PaBEKCTBO -
*r
L (Ax+B)= | (Ax+B)dx. (69.28)
) Fr-1
D10 HATASANHO BHAHO M Ha puc. 240. Cymmupys pasesctsa (60.28)

no k or 1 o n, noayuum
b

Ly(Ax+B)={ (Ax+ B) dx,

a

YTO H 03HAYaeT TOYHOCTb KBajApaTypHOH GOpMYJhl NPAMOYrOJLHUKOB
I/15 MHOI'OYJIEHOB NEPBOH CTeneHH.
B cayuae ¢opMyast Cumncona (cM. (60.25) n (60.27))

(=" 5 7 )+ 5 F(2E) - F )] (69.29)

n
HocTaTouno nokasatb, YTO RJs JIO0OT0 MHOIOYJEHA TPETHEH CTENSHU
P (x) B 3T0M Cayuaz

I, (P (x)) = SkP(x) de, k=1,2, ..., n. (62.30)
Y .

B caMoM jieJie, €CJH 3TH PaBEHCTBAa GYAYT JOKa3aHHl, TO, CyMMHPYS

ux no k or 1 jo n, nNoaydum
b

Lo (P (x)) = P (x) dx,

a
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T. €. yto dopmysa CuMicoHa TOYHA JJs1 MHOTOYJICHOB TPETheH CTe-
NEHH.

ITycrs P (x) = Ax®+ Bx®+Cx -+ D. Ionoxum Q (x)=Bx*+4 Cx-+D,
torga P (x)= Ax3-}-Q (x). Ilostomy

I (P (x))= Al (x3) -+ 1, (Q (x)),
g *p Xp
{ Pydx=A4 § xdx+ { Qx)dx, k=1, 2, ..., n. (60.31)
*pa *pa *py
B cuay Toro, yrto ¢opmysa CUMICOHA TOYHA AJsT MHOT'CYJICHOB BTC-
poH CTeneHH, HMeeMm
g
LQE)= § Qdx, k=1,2 .., n
Xpy
C npyroil CTOpOHBI, HENCCPEJCTBEHHBIM BEIYMCJCHHEM yGexaaemcs,
970
*p

x4 —xt
Sx3dx= B Xk—1 ,
4
*p1 -
. xi_ 2 /x,  +x,7\3 x Coxp—xt
lk(x3)=(xk—xk—l)[T+‘§< - 12 k) + 5 :J——-f——-]--

dro ¥ joKasbiBaeT paseHcTBo (60.30).

INopsiok nOrpemwHOCTH KBaApaTypHbiX (GOpPMyJ OKa3bIBAETCS CBA-
3aH €O CTENEHbI0 MHOTOYJICHOB, OTHOCHTEJIbBHO KOTOPHIX TOYHA pac-
cMarpHBaeMasi KBaaparypHas ¢opmy.a.

Teopema. Ilycmo pyukyus f r pas nenpepwisno dupghepenyupyena
ra ompeske [a, b] u nycmo uucio M >0 maxoso, 4mo

[ <M, ass<x<b.

Ecau keadpamypnas gopmyra (60.26) mouna 013 mHO2041€HO08 Cie-
newu r—1 (r=1, 2, ..), mo cywecmsyem nocmosnnas ¢,>0, xe
sasucswan om gynxyuu f, maxas, 4mo

b
{i@d—L()

< e (60.32)

HokasarteabctBo. IlpeactaBum dynkumo [ na KaxjoMm
oTpe3ke [Xg-1, X}, cornacHo Qopmyae Teisopa, B BHIE
FX)=Pr(x)+r,(x), k=1,2, ..., n,
rje

r—1

Pity= 320 (v

i=o
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— MHoroysieH TelJopa cTeneHu r — 1, U, CIRROBATRABHO, 7y (X) — OCTa-
TOyHbIH YseH ¢opMmyanl TeHJjopa, KoTopelil MBI 3amHilieM B ¢opme
JlarpaHnxa:

ro (X) = o [xk-r?-% (x—xp19)] (% — %51, (60.33)
0<b,<<1, k=1,2, ..., m
TOr A
b - on
\f()de—L (f)—kZl S [(x)dx— Z (=
= zl { P, <x>dx—-zk(Pk<x»]
k=1 Xp 1

+ Z[ Skre () dx— L, (re (x))}. (60.34)

k=11x,

B cuny Toro, uyro jaHHas KBajpartypuas ¢opMmysaa TouHa A
MHOTOYJIEHOB CTENEHH 7 — 1, CIpaBemJIMBO PaBeHCTBO

{ Pe()dx—1,(Pr(x))=0, k=1,2,..., n%,
*r-1
INostomy us (60.34) crenyer, uro

b
S f (x) dx — L (f)
Hanee, us (60.33) umeeM

@< (52, k=1, 2,

. h

n

< Sk!rk(x)ldx+é]1|z,,<rk(x))|. (60.35)

k=1xp, 4

[puMeHsis 3TO HEPABEHCTBO, HOJYYHM

*p
* M (b— M (b —a)*%
{irueo ax<M0=2 Sd Rt
*p-1 *p-1 .
[lonaras p=  max lpi] (cM. (60.27)), umeem

=0, 1, ...,

Ilk(rk(x))l< b—a 2 Ipt‘lrk("ékl,<(m+l)(b—a)r+lp]w

r nr-t—l

* JIefiCTBHTEIBHO, 3TO CJeAyeT M3 onpefle/ieBHst TOYHOCTH KBaApaTypHOH ¢op-
MyJIbl OTHOCHTEJbHO MHOTOYIEHOB J[aHHOM CTeNmeHH, NpPHBEAEHHOrO Ha CTp. 559,
€CIM B STOM OMpefe/IeHHH B KauecTBe OTpesKa [a, b] B3ATb OTPesOK [Xp_3, xz] H
MOJIOKHTE n==1.
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lMoacraBass 3th oueHku B (60.35) u BBeAss 0003HAUEHHE

I+(m+-Hp

Cr= rl

?
MBI H TIOJyYyuM Hepaserctso (60.32). []

N3 dopmyner (60.32) caepyer, B 4aCTHOCTH, YTO NPH BBIYHC/ICHHH
MHTErpasioB C IOMOULbI0 KBafpaTypHbIX (OPMYJ MNPSIMOYTOJbHHKOB
H Tpaneiui (OHH, KaK Mbl 3HaeM, TOYHBI I/ MHOTOUYJEHOB MEPBOI'O
NOpsiiKa, ¥ NOTOMY AJS HHX MOXKHO B3sTb r=2) owubKa HMeeT

1
nopsJIoK O<’12> a TmpH BBIYUCJICHMM HHTETPAJOB C MOMOLLbIO dop-

MyJibl CHMIICOHA (OHA TOYHA YXKe€ M/l MHOTOYJICHOB TPETHErO MOPSKa
H MOXHO B3Th r=—=4) omHOKa COCTaBJSeT YK€ BCEro JHiLb BeJi-

1
YHHY O(F)'
OTMeTHM, Y4TO NpU NPHUBEJEHHOM MOJCYETE MOCTOSIHHBIX C, MBI HE

NOJIYUHJIH AJIE HHX MHHHMAaJIbHbIX 3HaYeHHH. ITOro MOKHO JOCTHYD,
YCOBECPUICHCTBOBAB METOABI HX MOACYHETA.

3apaua 43. [okasarp, uTo Rast GopMyJbl  NIPSMOYFONBHHKOB MOXHO B3STh

C. ! Jis1 (1)0 MYyJbl Tpaneuuit ¢ =, a4 Aasf CpO Myast CuMmcona c —L
2= 247 Pt pMYJ P 2= S pMy 4""2880'

- 12 L
60.6. IPUBJNKEHHOE BbIYNCJEHIE HPOU3BO/HBIX

TIpubauzkeHHOe BLIYHCJICHHE IPOU3BOJHBIX TPOU3BOAHTCS Ha OCHOBE
dopmyJI, KOTOPBIMH OHH onpegesstorcs. Hanpumep, mockoabKy

}c' (X) llmf(x+h f(x),

TO TAaK Ha3biBa€MO€ pAa3HOCTHOE OTHOLUCHWE

f(x+hl)1— f (%) . (60.36)

JaeT npub/nKeHHoe 3Hauenue npowusBopHoil. Ilpu 3TOoM 3Ta dopmyaa
HO3BOJISIET BbIYHCAHTE NPOH3BOIHYIO C JHOOOH CTEHeHbld TOYHOCTH
3a CYet BHIOOpPA COOTBETCTBYIOIIETO A — 3TO CJAENYET M3 OfnpeesieHUs
npejena.

OueHuM DOPSAOK TNPHONHKEHHS T POHW3BOJAHOH, BHIMUCASEMOH
no ¢opmyde (60.36), orHocuteasHo fi. [lpensionoxum, uro pyukuns f
MMEET B OKDECTHOCTH TOYKH X OTPAHHYEHHYIO BTOPYIO NPOH3BOAHYIO.
Torpa no ¢opmyne Tefinopa

Fn) =F () 7 (h+ 2 (eon), 0<o<l;
OTCr04a
TEADZTED _p )+ 5 17 (e ko), 0<0<1,
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TEIDI® _p ()40 (), h—0.[]

OueBuHO, YTO €CJIH B TOUKE X CYWECTBYeT IIPOH3BOAHAS, TO
PO N € o) ot Ut ) N
Lm}) N = [’ (x).

OkasbiBaeTcst, 4T0 NpPUGMHKEHHOS BLIYMCICHUE IPOU3BOJAHOM
B TOY4Ke NO NpuHOJHKEHHOH QopMmyJie

o%ecrnieunBaer GoJiee BLICOKHH NOPSAOK MAJOCTH MOTPEMHOCTH OTHO-
cuteabEo h. Mokaxkem 3to. Ilycts dyHkuus f uMeeT B OKpeCTHOCTH
TOYKH X TPETbIO OrpaHHYECHHYK NPOH3BOAHYyIO. Toraa no ¢opmyJe
Teitnopa

FOhy=F @)+ F @ h+ 5 [ () h2 44 7 (x+-0:m) B2, 0<0, <1,
Fr—) =) —F (D h+5 [ (=" (e8RS, 0 <8< 1.
BoiuuTasi BTOpOE PaBeHCTBO M3 MepBOro M Jeds Ha 2h, nOJyduM:

f(x+h);hf(x—h) F )+ I (e O 7 (x - 05h)] A2 =
=f (n+0h), h—0.

Taxum o6pa3oM, pasHocTHoe oTHowerHe (60.37) annpokCHMHpYeT
MPOU3BOZHYIO Ha mopsaok Jaydwe yem (60.36).
st npub/uKEeHHOTo BEIYMC/IEHHSt BTOPOH MPOH3BOJHOH B TOUKE X
MOXKHO MOCTYIHTh CJACAYIOWLUM 06pa3oM: HPUO/HIKEHHO BbIYMCANTD
nepByl0 NPOU3BOAHYKD B TOYKax X W x-+h, Hanpumep, mo ¢opmy-
nam (60.36):
fr (X)N f(x—{—h}:—f(X) fl (x—{—h)m f(x+2h)—f(x+h);

TOTAA

et —F &)  TC+2—20 (+h+Fx)
h h? .

Pa3nocrHoe OTHOILIEHHEe, CTosilee B NPaBOR YacTH no.nyqenﬂoﬁ ¢op-
MyJbl H TIPHHEMAeTCsl 3a NpHO/IHMKEHHOE 3HAYeHHE BTOPO#l [pOU3-
BOLHOH B TOUKE X.

B cayuae, koraa y (bym(mm f B OKpeCTHOCTH TOUKH X CYIile-
CTBYeT TPeTbsl OrpaHiyeHHas MPOU3BOAHASA, TO PAaCcKJAaAbIBaf UHC/H-
Teab no Qopmyne Tefinopa, nosyuum

f(x‘f—Qh)“‘?’I;(x‘l“h)‘f‘f(x) =f" (X)+O(h), h_,,O (60.38)
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ABajOryyHO CJyYaw nNEpBOfl NPOM3BOJHOH MOXKHO MNOKasaTh
(B mpeanoJOXKEHUM OrPAHHYEHHOCTH YeTBEPTOH NPOM3BOAHON B OK-
PECTHOCTH TOYKH X), YTO

f(x+h)—2fl(2«:)jl~f(X—h) =" (x)+0 (h?), h—0, (60.39)

T. ..y npubsuxenHoll ¢opmyan (60.39) s BhiuHCIeHHS BTOpOi
IIPOH3BOJHOH NOTPEIIHOCTh HA NOPAJOK Jydylle, ueM y gopmydsl (60.38).

AnxanoryysbiM o6pa3oM BHYHCASIOTCS NPOH3BOJAHKEIE GoJlee BEICOKMX
NOPALKOB H YACTHLHIE IIPOH3BOAHBIE (DYHKUHMHE MHOTHX N€peMEeHHHIX.

§ 61. PASBMEHHE MHO)XECTBA HA KJIACCBHI
3KBHMBAJIEHTHDBIX 3JIEMEHTOB

Mroro pas B HallleM KypcCe MBI CTaJKHBAJHCb C MOHSTHEM 3KBH-
BAJICHTHOCTH: 3KBHBAaJICHTHEIE GECKOHEYHO MaJjibie H 6eCKOHEeYHO GOJIb-
mue QyHKIuM (1. 8.3), SKBUBaJeHTHBIE 0TOOpaXeHHs oTpe3ka (1. 16.2)
u obaacru (m. 50.1), skBuBaseHTHBlE (yHAaMeHTaJbHbIe HOCJELOBa-
TeJLHOCTH METPHYECKHX MpOCTpPaHCTB (n. 57.1), SKBHBaJIEHTHBHIE

(GYHKUMH HpH HOCTPOEHHHM mnpocTpanctBa RL, (nm. 57.10) u 1. 1.
Bo Bcex 3THX c/yyasX OTHOLIEHHC SKBHBAJEHTHOCTH 00J21aJjo clie-
LYIOIIHMH TpeMs CBOHCTBAMH: €CJH 3JEMEHThl PaccMaTpPHBAEMOTO
MHOXKE€CTBAa 0003HaunTh OYyKBaMH X, Y, 2, ..., @ SKBHBAJICHTHBHIE
3JIeMeHTbl X U Y OGO3HAYHTL CHMBOJIOM X ~ Y, TO:

1. Kaxapiii 3/1€MEHT paccMaTpiBaeMoOro MHOXKECTBA YKBHBAJEHTEH
caMmoMy ceGe: x ~ x (peQJIeKCHBHOCTb).

2. Econ x~y, 10 Yy~ X (CHMMETPHYHOCTD).

3. Ecoiu x~y u y~2, T0 X~ 2 (TPAH3UTHBHOCTD).

Bcerga npeanonarasnoch caMo co60H pasyMelOmMMCs, YTO MHOKe-
CTBO T€X WJH MHBIX 3JIEMEHTOB, B KOTODOM BBEACHO INOHATHE 3KBH-
B2JIeHTHOCTH, 06Jajiaionee CBOACTBOM pPeJIEKCHBHOCTH, CHMMETPHY-
HOCTH H TPAH3HTHUBHOCTH, pPacnajaercs Ha HenepeceKalolIHECs KJacChl
SKBHBAJEHTHLIX 3JIEMEHTOB. B JiefCTBHTENBHOCTH Tak H ectb. Cdop-
MYJUDYEM H JOKaXeM ITO YTBepajcHHEe B OOWEM caydae.

Ilycte 3agano MHOxkecTBO A={X, y, 2, ...} H HEKOTOpOE mNOJA-
MHOJKECTBO MHOXKECTBA €TI0 YNOPAAOYCHHBIX nap, obsajalolee ciaeayio-
LIMMH CBOHRCTBAMH: €CJIH N1apa (X, ) NPHHAJJICKHT STOMY NOAMEOXKECTBY,
TO SJEMEHTHl X M j HAa3bIBAIOTCS 3KBHBAJEHTHBIMH H ITHLIETCS X~ Y,
NpH STOM BBINOJHSIOTCS YCJIOBHSI PEJIEKCHBHOCTH, CHMMETPHUHOCTH
¥ TPaHSHTHBHOCTH. B 3TOM cJyyae roBopHTCs, YTO B MHOKecTBe A
3alaH0 OTHOIEHHE 3KBHBAJEHTHOCTH.

Teopema. Ecau 6 HeKomopom mromcecmee 3a0aHO OMHOUICHUE FKEU-
6QACHMNOCMLL, MO MO0~ MHOHCECBO REAACMCS CYMMOL C80UX NONAPHO
He NepeceK@IoUyXCs NOOMHOJMCECE  SKBUBANCHMHbIX —Mexcdy coboik
3ACMEHIMOB.

HokasateabctBo. Ilyeth A={x, y, 2z, ...} —MROXKECTEO,
B KOTOPOM 3aJ2HO OTHOII€HHE 3KBHBANCHTHOCTH. Jlns Kaxzoro
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sneMenTa x & A uepes A, 0603HAYUM MHOMKECTBO BCEX 3JEMEHTOB
MHOXKECTBA A, 3KBUBAJEHTHBIX 3JeMeHTy x. [loKaxeM, yTo

A= |] 4. (61.1)

x& A

H 4UTO 3TO MpeACTaBJeHHe MHOXKecTBa A B BHJE CYMMBI [OJMHO-
®,ectB A, SBAJETCA HUCKOMBIM, T. €. 4TO cJjaraembie A, momapro
HE [IePeCceKaroTCs.

Ilpexne Bcero B cHAy pPeJICKCHBHOCTH OTHOMICHUS 3KBHBAJICHT-
HOCTH JUIA Kaxkaoro x = A umeeM x ~x W, cJaefoBatesbHo, x & A,,
T. €. Kax/blll JEMeHT MHOXKecTBa A NpHHALIEXKHT HEKOTOpoMy Ay,
HO3TOMY

Ac |J A (61.2)

A

C npyrofi CTOpOHBI, Ka)JbIH 3JeMEHT MHOxectTBa A, B CHJIy CaMoH
KOHCTPYKUHH sIBJSETCA  3JieMeHTOM MuoxkectBa A. CriejoBaTesibHO,
A, A u noromy

U 4= 4. : (61.3)

xEA

Mz sxumouenuit (61.2) u (61.3) suitekaer pasenctBo (61.1).

Hoxamem Tteneppb, uTO moCble [Ba 3/eMEHTa KaXaOTO H3 MHO-
wecTB A, 5KBHBaJeHTHB MexAy co6Goll. B camom mene, nyctb y & A,,
ze A,; 370 03HAYaeT, 4TO Yy~ X H 2~ X. B CUNY CHUMMETPHYHOCTH
OTHOUIGHUS SKBHBAJIEHTHOCTU OTCIOfA CJELYyeT, HYTO xrvz, OTKYyJa
COTJIaCHO TPAH3UTHBHOCTH — Y ~ 2.

[MokaxeM, HAaKOHEL, 4YTO CJaraemble B NpaBO YaCTH pPaBeHCTBa
(61.1) nonapxo e nepecekaioTcss. MimenHo, nokaxeM, YTO st JoObIX
JBYX 3JieMeHTOB X' M x" MHOxkectBa A,y 0 A, anGo COBMAzalor, JuGO
. He nepecekaiorTcsi. B camoMm gene, nycth y MmuoxectBa Ay H A
Haitgercsl XoTsa Obl OfMH OOWHi saeMeHT: ye< Ay(1Ax W nycTsh
z2e Ay, Tlockoabky GBIIO IOKA3aHO, YTO AJST KaXkAOLO MHOXKECTB2 A,
moéue ABA €ro 3JIEMEHTA 3KBHBAMEHTHH, TO 2~ Y, Yy~ X" H, CIAeNO0-
BaTeybHO, 2~ X", T. €. 2 & Ay, DJEMEHT Z*ABAMJICA HPOH3BOJBHBIM
3JIeMEHTOM M3 MHOXKecTBa A,, mostomy

Ay c Ay (61.4)
aHaJOTrH4YHO
Ay = A (61.5)
Us (61.4) u (61.5) caeayer, uto '
Ay = Ay

Takum ofpasom, eciu y MHomectB Ay H A, uMeercss XoTs Gbl
OHMH OOIMI 3JIEMEHT, TO OHH COBIIAJIAIOT; €CJIH Xeé TaKCBOI'O 3JEMEHTa
HeT, TO 5TH MHOMKECTBa, OUYEBHJHO, HE NEPECEKarTCs.

Hrak, npexacrapnenne (61.2) geficTBuresbHO 00A3BRa€T BCeMH
ChOpMYJIHPOBAHHBIME B Teopeme CBOHCTBaMH. [ |
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§ 62. IPEAEJ MO ®HJbTPY

Tlpu wu3yuyeHHM Kypca aHaJu3a HaM BCTPETHJAHCh JBa MOHATHS
npejesa: mnpeaes (GYHKUHH, YacCTHBHIM CJydaeM KOTOPOTO SIBJsieTes
Apefed FOCHeJ0BATEe/bHOCTH, U Npelesl HHTerpasbHeiXx cyMM. Oxasbl-
BaeTCsA, YTO CylHEecTByeT 0osee 0oOmee MOHSTHE MPEefesia, HasbiBaeMoe
npenesioM no (HUABTPY, KOTOPOE COXEP:XKUT B ceGe o00a yKa3aHHLE
NOHATUS Opefeja Kak 4dYacrHble ciyyau. CymecTBOBaHHE TAKOrQ
TIOHSITHA JROCTaBAsCT, O0e3yC/AOBHO, 3ICTETHYECKOE YAOBJCTBOPEHHE,
MO3TOMY B HacTosiueM naparpage Oyger AaHO €ro OnpeleHcHHE.
Onnako a5 H3yUEHU# MarTeMaTHYeCKoTo aHalHs3a BBeJeHHe 3Toro
MOHSITHSI HE JlaeT MO CYIIECTBY HHKAKUX HDEHMYUIECTB, YeM H 06bsic-
HSETCSI, YTO OHO IIOMELEHO B KOHIE Kypca.

62.1. TOMOJJOI'TYECKHUE IMPOCTPAHCTBA

Onpepenenne 1. [Tycme X — nekomopoe mHoxcecmeo U 8 Hem 3adana
cucmema Q =[G} nodmuoxcecms, yoosremeopsiowux CALOYOUUM YCA0-
suaAM:.

1°. flepecederue KOHEHHO20 HUCAQ MHOXCeCmE cucmemst Q npuxad-
AEHCUI MO CUcmeme.

2°, OGwedunenue no60l COOKYAROCU MHONECHS Ccucmemot €
npuradaexcum 3motl cucmene.

. XesQ, Qo=

Toz0a mHoxcecmso X HAB6IBREMCA MONOAOCULCCKUM RPOCHLDAHEHIBOLL,
cucmema Q —ee0 moroaOzuUCE, @ MHONCECMBA  cucmemor 2 — eeo
OMKPOUTBIMU ROOMHONCECMBAMU.

Jan moboii mouku x & X Kancdoe codepacaujee ee  MHONECHGO
G = Q Hasweaemcs ee OKPeCInHOChbIo.

Ecau y mobeix 08Yyx mouex mONOAOSUHECK020 NPOCMPAHCMEA CYuie-
CIBYION  HENEPECERarOuyUecs OKPECTNHOCITL, IO NPOCHIPAHCING0 Ha3ol-
saemcs xaycoopgossim *7.

IMpumepou xaycnopdoBa TONOJOMHUECKOTO TPOCTPAHCTBA AB/IACTCE
BCAKO® METPHYECKOS MPOCTPAHCTBO, TAK KaK. ero OTKPhITHIE MHOXKECTBA
- 06pasyloT CHCTeMY, YAOBJETBOpsOMY0 yciaosusam 1°, 2°, 3° ompene-
aends 1 (cM. m. 57.1). CywiecTBy1OT M TaK Ha3HIBaSMbie HEMETpH3Yye-
MBIE TOTIOJIOTHYeCKHE npocTpaHcTBa (cM. o6 stom B kuure I[1. C. Anex-
cannpoB «BBeneHye B TEOPHIO MHOXKECTB M 0fulyl0 TomoJgormon. M.,
1977).

Ona moGofi Toukun x < X BCAIKasg ee OKPECTHOCTh 3aBEROMO
HE SIBJISIETCS NYCTHIM MHOMRCTBOM, TAK KaK OHA COJNEPKUT N0 Kpaw-
HEH Mepe OJHH 3/eMEeHT — CaMy TOYKY' X.

Onpenenenne 2. Beaxas nodcucmema B cucmemsr Q@ omrpoimorx
MHOXMCECMS  MONOA02UYECKO20 NPOCMPARCIEa Ha3bieaemcs 6a3ol moao-

* @, Xaycpopd (1868 —1942) —neMeuruii MareMaTHK.
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A02UY FMO20 NPOCMPAHCINGA, eCAl MOB02 HenYycmo2 OMmKpbinioe MHONCe-
CIM30 NPOCMPAHCMBa (M. e. Henycmoe MHOXecmso u3 cucmems: S2)
ABAAeMCcA  00BeOUHEHNUEM — HEKOMOPOLU  COBOKYNHOCMU — MHOJMCECMA
usz B.

Taxk, B MeTPHUECKOM MpoOCTpaHCTBe 0a30il TOMOJOTHH SIBJSLTCA
MHOXKECTBO B BCEX &-OKPECTHOCTeH BCEX TOYK 3TOrO MPOCTPAHCTBA.
HefictauTesIbHO, KaKOBO Obl HH OBIJIO HEMYCTOS OTKPBITOS MHOXKeCTBO G
AAHHOrO METPHYECKOTrO MPOCTPAHCTBA, /s KaXKAOH ero Touku x =G
cyilectsyer Tako2 & >0, 4YTO €2 e-OKP2CTHOCTb cojepxKutcst B G
U(x, e) = G. Buib2pem u 3aduxcupyeM aast Kakjaoit Todkd x < G
OfHY H3 TAKHX OKpPECTHOCTe{f, TOrja MHoK2cTBO G o4eBUIHO OyjeT
AIBJISATHC HX OODBEJUHEHHEM: ’

G= | U, #).

xe6

Ynpaxuenne 1. [Jlokazars, yro B8 MoGOM METPUUECKOM IPOCTPAHCTR
MHOXECTBO BCEX €-OKPECTHOCTeH ¢ PAUMOHMANbHBLIM & BCEX TOYEK ITOTO MPOCTPAH-
crea oGpasyeT ero 0a3y TOMOJIOTHH.

Tonosnoruio MOXKHO 33aBaTh € roMoulblo 6asbt Tonooruu. Muenno,
ecmt B={A}—06aza ronosorun Q npocrpaHcTBa X, TO COr/IacHO
onpegesicHuI0 2 Q ABJseTCS CHCTEMOH BCeX MOAMHOXECTB IpPOCTPaH-
crBa X, Kaxjoe H3 KOTOpHIX JHGO SIBJASASTCS OObeJUHEHHEM HEeKOTO-
poil COBOKYNHOCTH MHOKEeCTB H3 B, subo nycro.

Onpenenenne 3. Cucmema B (x) okpecmuocmeil mo4KL X mMONoAo-
euecko20 npocmpancmea X HQ3b180eMCcst A0KAA6HOE 6a30i monoaozuu
8 amoil mouke, ecau KaxKosa Ob. Hu Obtaa oxpecmuocnio Vo mouru x
6 npocmparcmse X, mo cywecmsyem makasn okpecmuocmes U & B (x), umo

UcV.

OueBHAHO, YTO COBOKYMHOCTH BCEX OKPECTHOCTEH JAHHOH TOYKM
ofpa3syeT ee JIOKaJbHYI0 0asy Tonojoruu. Aas 000H TOYKH METpH-
YeCKOr0 MNpPOCTPAHCTBA €e JOKalbHyl0 0a3y TOMOJIOTHH 06pasyior

. 1
TaKke, HapuMep, BCe ee 8-OKPECTHOCTH PAfHYCOB &==- -, M =1,2,..

OO6bepiHeHHe JOKAaJbHEIX 0a3 TOHOJOrHM BO BCeX TOYKax obpa-
3yeT Ga3y TONOJIOTHH BCerO MPOCTPAHCTBA, HOO KaXaoe Hemycroe
OTKPHITO® MHOXKECTBO MOMKHO NPEJCTABHTb, KaK OOBEAHHEHHE BXOAA-
UHX B HEr0 OKPECTHOCTEH €ero TOYRK, I'ie YKa3aHHBIE OKPECTHOCTH
GepyTca H3 paccMaTpPHBAeMbIX JNOKaJbHBIX 6a3 TomoJsorun. Tem cambim
TOMOJIOTRIO BO MHOXKECTBE MOXKHO 33/]aBaTh, ONPEAE/Isist JIOKAJbHBIE
fa3pl TOMOJIOTHH B Ka)KJOH H3 ero TOYeK.

C OnoMOmpi0 MOHSITHS OKPECTHOCTH AJIsl TOMOJIOTHYECKHX [pO-
CTPAHCTB JIOC/OBHO TakK K€, KaK [Js MeTpHYeCKHX (cM. m. 57.1 wu
. 18.2) BBOASITCS NOHSATHSI TOYCK MPHKOCHOBEHHS, MPERL/ILHBIX U
H30JIHPOBAHHbIX, @ TAKXKe MNOHATHE 3aMKHYTOTO MHOMXECTBA.
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62.2. GNJIbTPBI

B janpueiivem uepes P (X) Oyaem 00603HAUATH MHOKECTBO BCEX
NOJMHOXKECTB MHOXecTBa X

Onpenenenne 4. ITycms X —uenycmob muoxcecmso.  Muoscecmso
§ <P (X) naswsaemcs puasmpom (uau, noopobuee, ursmpom Ha
muoxcecmsz X), ecau:

1°. das aoboix A' =§ u A" = § cywecmsyem maxoe A = §, umo

Ac A'nA".

. B eEF, FEO.

U3 cBoilcts 1° u 2° BhITeKaeT, 4TO nepeceueHHe moOOro KOHeu-
HOTO YHCJIa MHOXKECTB, NMPHHAJIeRKAWUX GUABTPY, HENYCTO.

Mpumepsn. 1. [Tyets X== (D, X D Ay . Toraa MHOKeCTBO
F={A: A=Y (X)} sBnserca ¢uabTpom Ha X. JlefCTBHTENBHO,
ouesuaHo, 410 Ay=F, accmn A/ =Fu A" =§, 10 A'NA" D Ay#Q,
T. e. o6a ycnoBus 1° u 2° onpenesieHust 4 BBIIOJIHEHBI.

2. INyers x = X. Toraa muoxkectBo §={4: x= A= P (X)} ectp
¢unpTp Ha X. ID10T QUALTP SIBJISETCH YacTHBIM cayyaeM ¢uJbTpa,
paccCMOTPEHHOr0 B NPEABAYILEM [pHMEpe, KOTAa MHOXeCTBO A,
COCTOHUT W3 OJHOH TOYKH X.

3. ITycrs X = N — MHOXKECTBO HAaTypaJsIbHBIX YHCeJ H

A,={m: meN, m>n}, neN. 62.1)

Tornga MHOXecTBO BCeX A, oGpasyer ¢uabTp, oGosnavaembifi Fy={4,}
U Ha3bIBAEMBIH ' HAMYPANLHOIM UILMPOM.

ITpoBepum, uto Fy— dunprp. HefictBureanno, N e Fy, H caero-
BatesibHO Fys£ (D, Bce A, (O, a ecma m<<n, 10 Ay An=A,Fn.

4. Tlyctb cHoBa X =N. CHCTeMa TIOJMHOKECTB 8N MHoxKecTBa N,
Ka)/0€ H3 KOTOPLIX fIBJSETCH JNONOJHEHHEM K KOHEYHOMY MOAMHO-
WecTBy MHOXKecTBa N Takxke 06pa3yer ¢uapTp Ha N, HaspBaeMbii
¢urempon Dpewe u co,mep)xamnﬂ B cefe HaTypanbHblll (HuALTp Fa.

[TokaxeM, 4to Fn AelicTBHTEbHO QUILTP. Eciau A=y B=§n,
TO 0603HaYuM 4epes n e N HauboJbiIee H3 YHCeJ, BXOASILHX B MHO-
xectBo (NN A) U (N\B). Takoe 4uC/IO CYIMECTBYET, TaK KaK YKa3aHHOe
MHOXKECTBO B CHJIy ONpejeteHHsl §ny COCTOMT JIMIIL H3 KOHEUHOro
MHCIKECTBa unces. Torga MHOxecTBO A, & Fy (cM. (62.1)) conepxuTcst
B A B. [lanee, NOCKONIbKY MHOXKECTBO HAaTYPaJbHBIX YHCe NV CYETHO,
a N\ A, rae A3y, 10 OnpejesieHHI0 MHOXECTBA Jy KOHEUHO, TO
A== (. Hagoneu, Ne§ny H, cregoBatesbho, Fyz= (@O. Takum
ofpasoM Fn — puanTp.

5. ITycte X — TonmoJioruueckoe npocTpancTso H x < X. JlokaapHas
6a3a - TonoJjiorun - B (x) obpasyer ¢uasTp. efictBuTenpHO, npexnie
BCEro, OYEBHAHO, 4YTO s Kaxnoi oxpectHoctH U e B(x) umeem
xeU n notomy U 5= (. Hanee, anst mobux U= B(x) u V = B (x)
nepeceuenne UV aBasgeTcss OTKPHITBIM MHOMECTBOM, COMEpKaluM’
TOYKY X, MO3TOMY MO ONpeleaeHHI0 JIOKaJbHOH 6a3nl TONOJAOTHH
cyIecTsyer Takasi okpectHocts W 8B (x), uto W U V.
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6. Ilycrb X — TonoJiorHYecKOe TPOCTPAHCTBO, X — NpeeJbHast
TOUKA IPOCTPAHCTBA X, B (x) —mokanpnas 6a3a TOIOJOTHH B 3TOH

Touke H B (X) MHOKECTBO BCex «IIPOKOJIOTBIX OKpecTHOCTei» 3TOH
JOKAJbHOH 6a3bl TOTOJOTHH, T. €. B (¥) COCTOMT H3 MHOMKECTB

Ux) €U o \x}, Ux) =B (x).

Torza B(x) obpasyer ¢duaprp. B camom zere, ecaH Ue$ ),
TO NOCKOJLKY TOYKA X sBJIS€TCA NpejiebHOil A% mpocrpancTBa X,
TO CYHIECTBYET TOYKa yEU u, caefosareabho, U =4 @. Hanee, aas
JHOGBIX Ue?(x) n VeB(x) umeeM CcOrmacHO HX ONPELENEHHIO:
U=U\Jx}, V=V\{r}, U=B(x), V=B (x). Tlepeceuenne UNV
SABJAETCS OKPECTHOCTBIO TOYKH X, MOITOMY CYLIECTBYET TaKas OKpecT-
rocte W &B(x), uro W UMV u noromy W = W\{x}cUﬂV
Hrak, B(x) neficTBUTENBHO rpm}brp.

Onpeaenense 5. Pusvmp §, ={A} na mnodxcecmee X nasvieaemes
(purempom, Komopesi ciineree Quasmpa 52_{8} HQ mMom e MHONCe-
cmee, ecau 045 amo6o20 muoxcecmea B & §, cywecmsyem maxoe A & §,,
umo AcB, ,

Onpene.neﬂne 6. Ecau gpuastmp §, cuavree guarompa §,yy a §y Clisb-
Hee §,, mo uaempot F, U F, HA6BAIOMCA IKGUBANCHITIHLIMU.

Mpuwmep 7. Ilycrb B (x)— aoKaAbHAs 0a3a TORONOTHH TOUKH X
METPHYECKOrO NMPOCTPAHCTBA, COCTOALIAS U3 BCeX ee & - OKPeCTHOCTeH,
a By(x) — ee JokaibHas 6a3a TOROJOTHH, COAEPKAIAA TOALKO OKpPeCT-

HOCTH paamyca &= -,li, n=12,.... Puabtpsl B (x) u By (x) sKBUBA-

JICHTHBI.

Vnpaxuenune 2. [loRasath, uto (GuibTpsl B mpuMepax 3 H 4 3KBHBa-
JICHTHEE.

Onpepenenue 7. Pusomp F, nasesaenica noodurbmpomn Gurempa
Fo, cEM KON FMCMEHM BUAGMPA Ty ACLACMES U INEMEHIMOM (PUNb-
mpa §,, m. €. ecau Fy, < Fs.

OgeBupo, 4TO (GHALTP CHJAbHee BCSKOTO CBOEro NOAQUALTpA.

Onpepenenne 8. Kanooiit nodpusomp pusompa, KBUBAACHMHBIT
camomy Gusbmpy, Haseieaemcs eeo 6a304.

Haupumep, B npumepe 7 duabtp B, (x) siBrgercs 6a3ofi ¢uabTpa
B (x), a narypansapit ¢uabTp Fy — 6aszoft dunstpa ®pemwe Fn, no-
CTPOEHHOIO B RpuMepe 4.

Huorpa ObiBaer yno6HO paccmMatpuBaTb OWJIbTPH, YAOBJIETBOpSA-
IOHIYE eme OJHOMY IOROJMHUTEHHOMY YCJOBHO.

Onpenenenste 9. @uromp § na mroogecnge X HAZbLBACITICR MOAHbIM,
eca U3 Ycaostll

A=, BB (X) u Ac<B

credyem, wmo
Beg.
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B Briume paccmorpenubix npumepax 1, 2 U 4 QUIBTPH ABJAINCH
noanenvy. Hanpumep, B npumepe 4 (dusstp Ppeine) 570 BHITEKaer
M3 TOro, uTo ecyil A & Fn H, CJIe0BATENbHO, €ro0 JONOJHEHHE B MHO-
KEeCTBE HaTypaJbHHIX 4YuceJ N KOHEYHO, TO JI060€ MOAMHOXKECTBO
HaTypanbHLIX daced B, Kotopoe comepxkuT A, TaKKe HMeeT KOHEYHOe
pononuenue B N, w60, ecmu Acc B N, 1o NN\ Bc N\ 4.

QuabTpHl XKe, PacCMOTPEHHbIE B npuMepax 3, 5 H 6, yxe He
ABJAIOTCS NOJHBIMH. B npumepe 3 HatypadbHbiil ¢uabTp Fny He
ABJAETCA TOJIHBIM, IIOCKOJIBKY He BCSKOe HOAMHOXKecTBo A
MHOXECTBA HATYpPaJbHMIX UHCeN, cOoJepKailee MHOKECTBO BHAa A,
(em. (62.1)), camo mmeer Tako#l BHA, T. €. NPHHAMJIEKMT HATYpasb-
HOMY GuibTPY Fy. PHABTPH, paccMOTpeHHHIE B mpumepax 5 u 6,
He ABJAIOTCH NOJHBIMH, TaK KdK He BCSKOE MHOMKECTBO, cOJepiKallee
OTKPBITOE MHOKECTBO, $IBJISIETCH 00S3aTeIbHO CaMO OTKPITHIM.

Huorpa B matemMaTiuecKoil JIHTepaType MOJHEI GUIBTP Ha3bIBaeTCs
NPOCTO PUILTPOM, a (GHABTP B CMbIC]e onpeReneHusi 4 Ga3ucoM (Hau
6asol) (uybTpa. D10 ONPABAAHO TEM, YTO CHPABEAIHBO CJjeAyioulee
yTBEpKIEHHE.

Jlemma 1. Beskuii guaemp sseasemes 6a30u HEKOMOpo20 NOAH020
Gurempa.

HokasareabctBo. Ilycts § = {A} — duabTp na Muokectse X.
OnpenenuM MHOXKeCTBO (B, KAK MHOMKECTBO BCEX TAKHX MOAMHOMKECTB
B mHOXectBa X, YTO KaXKAO€ H3 HHX HMeeT B KayecTBE CBOEro Ioj-
MHOXKECTBA HEKOTOPLIH 3JjeMeHT (uabtpa F. Kopoue, B (& Torma
H TOMbKO TOTIa, Korjia cymectsyer takoe A, uwro A B.
IfokaxeM, 4to & sBJsiercss NOVIHBIM (QUILTPOM, a GHIBTP § — ero
6asoii.

Ecmn B’ =®, B & ®, to cyuectByior Takue A’ =§n A" 3,
yto A" < B’, A" < B”'. TIocKONBKY § — QUILTP, TO HAKJETCS TAKOe
Ae§, uto A= A NA". 3amerus, uto A’ A”’<=B’'(\ B", noaydnm
A B’y B'' u, ciepoBare/ibHO, COIMIAaCHO OnpeeseHno & MHOKECTBO
B’ B’ sBnsercs ero anementoM: B’ 1B’ & . TeMm cambIM BBIHOJHS-
erca ycaoBue 1° onpenenenns 4.

Ecan 6b1 () &®, T0 cHOBa, COIJIaCHO onpene.neﬂmo ®, nauuioch
6b Takoe A<=§, uro A= @, Ho Toraa A= (), T. €. Hycroe MHO-
JKECTBO OKAa3ajA0Ch Obl 3ACMEHTOM §, YTO IPOTHBOPEYUNO GBI TOMY,
uto § —uaptp. CaepoBaressno, () & &. Kpome TOro, Tak Kak
Ac A, 10 Kaxpoe MHORecTBO A e § sBasercs M svemeaToM 8,
T. €, %c &), a BOCKOABKY §, Kak ‘BCSKUH GUIBTp, He nycT: &=~ O,
T0 He nycto u MHOXeCTBO &: &=~ (). Tarum obpasom & ymesserso-
PS€T BCEM YCJOBHAM ONDERETEHHA 4, T. €. sBJAETCH (UILTPOM.
Ero nonHora Toxe cpasy BbITEKaeT W3 €ro onpejeseHus. B camom
nene, ecad B =@, 10 CYWECTBYLT TaKoe Ae§, uro A < B. Tostomy
AJIS KQXWAOTO MHOXKeeTBa B’, Takoro, uto B < B’ < X, Takke cnpaBef-
AuBO BrJowenne A — B’, Koropoe H o3Hazaer, yro B' = G.

Haxkosen, § apaserca 63301‘»’1 noJsxoro ¢puiasTpa &. HelcrBuTesnHO,
C OfHOH CTOPOHH, KaK OO0 mnokasauo, § =@, T. e ¢uabTp §
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apasercs noaduapTpoM (3; a BhIlle OTMEYaJIOCh, YTO BCAKHH (GHJIDBTD
cuJbHee JoGoro cBoero noaguabTpa. C Apyroii CTOpOHH, ONpeeneHne
¢unbTpa & Kak pas u o3Hauaer, 410 QuabTp § cuabHee duabtpa &:
KakoBo Obl iu Obwio B & cymecrsyer takoe Ae§, uro A B
(cm. onpegesenne 5). Urtak, duabTpt § u (& 3KBHBaJeHTHEL [ |

Jlemma 2. ITycme ‘{fl—¢pu/zbmp Ha MmHoocecmee Xy, §a— fuabiinp
HQ MHOscecmee Xo U

BEC: C=AXB, A=§, B (62.2)

moeda § asrsemca uibmpom Ha npouseeJeHuu X1 X Xy mHOxMCECTIS
X] u X2

Ouaptp §, onpeneneﬂubm pasenctsom (62.2), HasbiBaeTcs npous-
eederuem uarompos F; U Fp. Ecau § aBaserca npoH3BeleHHEM
¢uabTpOoB Fi U Fo, TO mumeTCH F=F; X {a.

HoxaszareabctBo. Ilyets C, = §; u C, & §,, TOMAA, COrNACHO
onpejenentio  (62.3) cymectByioT Takne A, =%, A: = § v By € §o,
B, =5, uro Ci=A;1xB;, a Cpo= Ay xXB,. TIockoNMbKy § ¥ o2 —
GuabTpH, TO HaliayTcsa TakHe A =F u B = §,, uro

ACVAI n Ag, B CBI D Bz. (623)

B cuay toro ke onpenenenns (62.2): AXB & §, npuuem u3 (62.3)
CNELYET, YTO

AXB < (4% By) N (AsXBy),

u6o, ecin (x, yy = AXB, 0o x= A, y = B. CnezopatesbHO B CHIY
(62.3) xe= A1 N A, & JEB[ N B, nostomy (x, y) & Ay X By n (x, y)
EAgXBz, T. €.

(x, ) = (A1>< B]_) (AzXBQ).

Hakonen, xaxmoe C=AXxB=+*Q@®, A=f, Besf, ubo
B cuay onpeaenenusi ¢uibtpa A = O, B = (. U3 Toro, uro &1 5= O
H &% @, cnenyer, 4r0 N § =F1 XF # Q.

-Takum  obpazoM F=F:1XF2 yAOBAETBOPSET - OHpPEJENEHHUIO
duabtpa. [

Jlemma 3. ITycme X u Y — ne/comopbze muomecmea, f: X —Y —
omobpascenue X ¢ Y u §={A}—puromp na mnonecmee X. Toz0a
cosokynrocme ecex 06pasos f(A) mroxcecme u3 ¢u/zbmpa § ssasemes
gursmpom na mroxecmge Y.

Oumbtp {f(A)}, A=, HasbiBaercs o06pasom dm/tbmpa § npu
omobpaxceruu [ u 0603HaYaeTCs Hepes

[@={f(A} A8 (62.4)

Hoxaxem, uto [(F) LEHCTBUTENBHO SIBJAETCS (HIBTPOM. r‘yCTb
f(A) @), f(B) ef(%) A=j, Be=§. Toraa cyuectsyer Takon
snemeHT C ¢uaptpa F:C =F, uro C < A ) B. Tlockoabry f(C) =
/(AN B cf(A) Nf(B), u no onpeiesenno cucTeMel f () HmeeM
f(C) = (§), To nepsoe ycioBue onpejeenus ¢nibTpa (CM. onpeje-
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JieHde 4) BeinoJHeHo. BTopoe ycioBHe Takke BBHIOJHEHO, NMOCKOJBKY
[ (&) cocroutr Tonbko H3 3jemeHTOB BuAA [(A), rne A =§. Cneno-
BaTeabHO, f(A4)=s= (>, nockoabky A= (. Hakoneu, H3 Toro, uro

8% Q, cnenyer, uro u f(B) 5= O. []
62.3. IPEAE] ®UJIBTPA

Onpenenenne 10. [Tycmo X — monoaoeuyeckoe npocmparncmso, x & X
u §—uaomp na X. Toura x Haseieaemcs npedesom gurbmpa §, uiu
e2o npedesbHoli moukoil, ecau gurbmp § cusvree purompa B (x), 2625-
ouje2ocs A0KAAbHOU 6a30d monoaozuu 8 Mol mouke.

Ecau mouxa x seasemca npedeaom usvmpa §, mo nuuemcs

x=lim §.

MMpumepnt. 1. Ilyete X =N — MHOXKECTBO HATypasbHBIX YHCET,
paccMarprBaeMoe, Kak OOBIUHO, C JHCKPETHOH TONOJIOrHe: Kaxjaas
TouKka n & N CuuTaercst OTKPHITHIM MHOXKECTBOM (HHaue FOBOPs, Kax-
Jasi Touka SABJAsIeTCA H30JHPCBAHHOH TOYKOH), TOrAa HAaTypaJbHBIHA
¢unabtp Fn (cM. mpumep 3 B n. 62.2) He umeer mpenena B N.

JeHhcTBHTENILHO, HHKAKOE YHCIO ne& N He SBJAETCS INpelesioM
buaptpa Fy, u60 y soboro yucia ny = N CyuwecTByeT JIOKaJbHas
0as3a TONOJIOTHH, COCTOSIASI TOJIbKO H3 3TOrO YHCJA Ny H HE CYIIECT-
Byer A e Fy, coaepxaulerocs B OIHOTOYEYHOM MHOXKECTBE {M,},
nockonbky Jmo6oe A & Fy coaepXUT GECKOHEUHO MHOTO 3JIEMEHTOB.
TakuM obpasoM, ¢uiapTp Fy HE CHJbHEE JIOKAJIBbHOH Gasbl TOMOJOTHH
moboro uucna ny, < N.

2. Mlyete X =N | {+ oo}, T. e. mHOXKecTBO X mnoJyyeHo no6aB-
JIEHHeM K MHOXEeCTBY HarypaJbHbIX uuceq N «GECKOHEYHO YAaJieH-
HOH TOYKH» —{- 00, NpHYEeM JOKajabHad 6asa TtonoJoruu B (4 oo)
COCTOUT H3 BCEBO3MOXKHBIX MHOXecTB A, (cMm. (61.1)), a JokanbHbie
6asbl B (n), n < N, no-npexxunemy u3 ofHO# ToukH n. Basa tonosorun
B X onpenensercss Kax ofbeJuHeHHe JOKaJbHBIX 6a3 BCeX €ro TOoYek.

B ‘npocrpancrtee N {J {+{ oo} Harypanbubiit ¢uabTp Fy uMeer
cBouM mpejenoM -f-co. JelicTBHTeNbHO, ANA JIOOOH OKPECTHOCTH
A, =3B (+0c0) B kavectBe 3aeMenta A e Fy Takoro, uto A < 4,
(cm. onpeneserne 10), moxHO B3sTh camo A,, n6o A, < Fa.

3apava 4. [oxaszams, umo 0an mozo 4mobvt aw0fol Guabmp monoao2u4ecKo20
npocmpancmea umen He 6Goaee 00HO20 npedeaa, Heobxodumo u AocmamouHo, 4mobbe
npocmparcmeo 0bino xaycooppossim.

Teopema 1. [an moeo umobvt mouka x A6A8AAC6 npedeaom ¢urbmpa
& monoaoeuseckoeo npocmpancmsa X, HeoOxo0uMmo, 4mobor 3ma movKa
aeaanace npedesom Kaxdod ezo 6asbl, U OOCMAMOUHO, 4mobbl OHA 56-
a3aac6 npederom no Kpaired mepe o00Hob e20 6a3vi.

IlokasateabcTBO HeoO6xoxuMocTH. Ilycte noapuabtp F,
Apsasercs 6asoit duabtpa § npocrpanctea X H

x=1im§,
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T. €. QuJbTp § CHiIbHEE JAOKaJbHO# Oa3pl TonoJoruH B (x) B TOUKe X.
Ato o3nauaer, 4yto A8 J060# okpectHocTH U & B (x) cyimecrsyer
takoe A = §, uto A < U. Tlockonbry §, apasercs 6asofi puastpa §,
To A yKasanHoro A e § naiizercs takoe B & §,y, uto BC A m,
crenoBarensio, B < U, T. e. NOAPUIBTP §, TAaKKE CHJbHEE JIOKAJb-
HO# Gaspt Tononoruu B (x), H noromy x=1im §,.

JIokKa3aTenbCTBO AOCTAaTOUYHOCTH. [lycrs noaduastp &,
bunstpa § saBasercs ero Oazoff m x=1imE, T. € T, cuibnee
JoKanbHOM Gaspl Tomosoruu B (x), Torma cam ¢uaLTp §F Tem Gongee
cusbHee B (x), u60 KaxkAHH 3MeMEHT MOAPHJALTPA ABJAETCA H 3Jj€-
MentoM ¢uabtpa. Creposareabno x=1im§. ]

62.4. IPEJEJ OTOBPAKEHUA O ®UJIBTPY

OGutee nousiTee npefiena Aaetcsi CJEAYIOUUM ONpeleeHueM.

Onpenenenne 11. [Tycme X — nexomopoe mroxcecmeo, Y — monoao-
euueckoe npocmparcmeo, f: X —Y —omobpancenue X ¢ Y, f— gpusromp
ra X.

Touaxa b Y naspigaemca npedesom omobpascerus | no gurompy §
u nuwmemcs

limg f (x) =,

ecau gpuabmp () umeem ceoun npedesom ¢ npocmparcmee Y mouxy b.
Takum o6pasom

limg f (x) €lim f (§). (62.5)

Mpumepsn. 1. Ilycrb X = N — MHOXeCTBO HaTYPaJbHLIX YHCEJ,
Y — ronosorryeckoe mnpoctpaHcTso, f:N—Y, y, fn), neN, u
nycts Fy— RarypanaoHblit GuibTp, nocTpoenuslii B npumepe 3, n. 62.2,
T. €. Fy cocrout u3 muoxects (62.1). Torza npenen oto6paxenus f
no ¢uabTpy Fn coBrajaer ¢ OOLMHBIM MpPENEe/IOM NOCIeAOBATEbHOCTH -
{yo4 B Y. [edicreurenvno, ycnosme limg, f(n)=>b paBHOCH/BHO,
cornacHo (62.5), yeaosuto lim f (Fn) = b, tae f(Fn) = {f (4.)}, [ (4n) =
= {ym : m > n}. PaBenctBo npeznena ¢umabtpa f(Fn) TOuRe b o3Hauaer, -
yro A ao6oi okpectHoctH U < B (b), rae B (b) — nokanbuas 6asa
TOTIOJIOTHH B TOUKE b, cymiectByer coaepxkaumiicsa B U anement f(Aq,)
duavtpa [(Fa):f(An) = U. Tlockoabky 1nipH n>>n, BHIOJHAETCA
BKJIOUeHHe 1 & A,, a CIe[0BAaTeNbHO, W BKJIGUEHHE Y,=[(n) &

e f(An), TO NpH n>>n, HUMEET MeCTO BK/OweHHe y, = U. Iro u
o3Haygaer, 4to lim y,=2b.

7 — Q0
2. Ilyerb X =NXN, Fy-—mnarypanbubiii ¢uantp, §=FnyXFy
(cM. (62.2)), Y — Tomosornyeckoe . mpocTpaHcTBo, [:NXN-—>Y,
£ . .
Yan E F(m, n), me N, n< N; Toraa npexen lim® f(m, n) copnagaer
¢ OOCBbIYHBIM [pefesioM ABOMHOA NOCJEHOBATENLHOCTH {lmn}: TOUKA b
HaspiBaetca npenenoM lim Y, BOCHEXOBATENBHOCTH {Ymn}, €CTH

{rr1, n) —c0
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A1s moboil ogpectHocTd U TOUKH b CyWECTBYIOT TaKHe Hiy H fl,, UTO
npu m>>n, H NH>>1ly BBHIIOJHIEICS BKJIOYEHHE U,, = U. Taxkum
06pason,

limyf(m, n)= 1lim ypp.

(m, n) >

3. Nyers E —usvepumoe no Kopaany MHOXeCTBO B R7, T—
Kakoe-1u60 ero pasbuenue: T={E}i=k L =K, i=1,2,..., k.
IlycTb 3/1eMeHTaMH MHO:kecTBa X SIBJSIOTCS B CBOK OUepelb BCEBO3-
MOXKHBIE MHOXKECTBAa BH/A

x={t, &, ..., B} (62.6)

Ilast moBoro >0 oGosnaunm uepe3 A, NOAMHOKECTBO MHOKECTBA
X, cocrosiiiee M3 BCEX TaKHX 3JEMEHTOB X, Y KOTOPHIX MeEJKOCTH
§;, BXOJAWYUX B HUX pa3OueHHH T MeHbIIe 1), T. €. Oy <<1.
Cucrema §={Ay} aBaserca ¢uantpom Ha X.
Beakas neiicrButenibHasg QyHkuusa f: E-—> R nopoxjaer ortofpa-
xeuue ¢;: X— R no Qopmyne

ef k
o )= S E)uEn x=11 &, ..., G-

i=l1

Taxum oOpasom, @y (x) ABiseTCA 3HAYEHHEM COOTBETCTBYIOUIEH HHTe-
rpajpHoil cymmbl Pumana ¢yHRUMH f.

ITpenen oroGpaxenns @ X — R no uabrpy §={A} cosnagaer
C OOLIYHBIM NpefesoM HHTerpaibHbiXx cymm Pumana ¢ysknun f npu
YC/IOBHH, HYTO MEJKOCTH- pacCMaTpuBaeMbiX pasOueHHH CTpeMsTCs
K HYJIO:

k
limz g, (v) =alriTo >} f(&)pE:.

i=1

4. Tlyetb X u Y ronosoruueckue mpocrpancrsa, [: X—Y,
a= X u §—rTakodl ¢ouabtp mHa X, uro limF=a (1. e. puaptp §
CHJIbHEE HEeKOTOPOH JIoKaJbHOH Gasnl TomnoJiordd B (a) B TOUKE Q).

Ilpegen limgf(x) B naHHOM Ciaydae HaspiBaercs npederom omobpa-

aenus f no gurempy § 6 mouke a.

IIpu cooTBercTByOMUX BHIGOpax GubTpoB §F OyayT MOMYy4aTLCHA
B YACTHCCTH IIpefesbl B Ja@HHOH TOYKe MO pa3/JHYHBIM MHOXECTBaM.
Hanpumep, ecau ¢uabTp § COCTOMT M3 OKPECTHOCTEH HEKOTOPOH
JIOKa 16H0# 6aspl Tonosorud B (@) TOYKH @, TO CYyLIECTBOBAHHE Npe-
nena limg f(x) B Toyke @ no TakoMy QHJIBTPY O3HaAuYaeT HenpephiB-

HOCTL OTOOpaxenus f B Touke a, npudeMm limgf(x) =1limf (x) =f (a).

Fcau Touka a sBJAsercss MNpefesbHOHl TOUKOH MHOXKecTBa X,
a GUILTP § COCTOUT M3 MPOKOJIOTHIX OKPECTHOCTEN HEKOTOPO# JIOKasb-
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HOH 6asbl TOMOJIOTHMH B 3TOH TOuke (CM. mpumep 6 B m. 62.2), TO
npefiea limg f(x) coBnagaer ¢ oObuHBIM npefenoM lim f (x).
X—a

3ameruM, YTO paHbllle CHMBOJI X—>a He HMeJ JJIS HAC CaMo-
CTOSITEILHOrO CMBICHA: OBLIO OIpeleseHO JHillb Bce 06o3HayeHue
lim f(x) B nenom. Tenepp, B KoHile Kypca Mbl BHAUM, HTO CHMBOJ
XxX—a o .
X—>-@ MOXKHO paccmarpHBaTbh Kak o6osHauenue ¢uaptpa B(a) nau
¢usaetpa B (a), no Koropomy Gepercs npefies otobpakenus (B nepBOM
cayyae€ TOJYYHTCS OOBIYHOE OIpefiesieHHe Ipenesa  OTOGpaKenus
B_TOYKE @, BO BTOPOM — ONpeZe/IeHHE ero HEeNMpepLBHOCTH B 3TOMH
TOYKE).

HMrax, neficTBHTeNbHO BCE BCTPETHBIUMECS HaM paHbllleé [OHATHS
npeaena sABAAIOTCA YaCTHBIM CjydaeM Iipefiesia OTOOpaXkKeHHs! @O

¢uapTpy.
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