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JlokaxeMm HeOGXOAMMOCTh YycJoBuil Jemmbl. [Tycts G — oBnacTb
npoctpaHcTBa R™. PacemorpuM Ttoukn xe=G u y < G. Coraacuo
onpeneneHuio 061acTH, CyLleCTBYeT KpuBas y=i{r(f), a<<t<<b},
coeuusiowast B G TOUKH X H Y, T. . r(a)=x, r (b)=yur(t) =,
a<<t<<b. Kpusas vy mnpeicraBiseTr coGOH HenpepblBHHHA o0pas
oTpeska [a, b], sIB/ISIOLIErOCsS KOMIAKTOM M, NO3TOMY (CM. JieMMY 3),
cama Oyger KoMmakToMm. I[IOCKOABKY KOMIAakT 7§ He IIepeceKaercs
C 3aMKHYTBIM MHOXKeCTBOM R™\ @, TO pacCTOsTHHE MeK1y HUMH 60Jiblie
uHyast {(cM. Jjemmy 7 B m. 18.2). CrejoBaTe/ibHO, CYIIECTBYET TaKoe
yucao >0, uto p(y, R\ G)>n.

Orobpamxkenue r (f), a<<t=<b, orpeska [a, b], Gyayun Henpephi-
HBIM, SIBJISIETCSI H DAaBHOMEPHO HenpepbiBHBIM (cM. Jemmy 4). Ilo-
3TOMy CyllecTByeT Taxkoe O>0, urto Aias JOOGLIX ABYX ToueK t' &
ela, b] u t"=[a, b], ynoBaetopsomux ycnaosuw | —1"| <9,
BBINOJIHSAETCA HEPaABEHCTBO

p(r"), riENH<nm.

Orciona BEITEKAeT, 9TO A JnoGoro pasGueHus T_{t}ffﬁ oTpesxa
[a, b] meaxoctn O.< 8 Bce Touku JsomMaHOH Ay ¢ BepmuHamu 7 (f;),
i=0,1, ..., & 6}’,[1.}7’1‘ cojepxartocst B (. (nmouemy)? Caenobatelib-
HO, A, cG.

Hocxonbxy HAYyaJoOM H KOHIOM JIOMaHOH Ay SIBJSIIOTCA COOTBET-
CTBEHHO HAyaJo M KOHell KpHBOH ¥, T. €. NPOH3BOJLHO 3aJaHHbIE
TOUKH X U y u3 (G, TO HAMH AOKa3aHo, UTO JiOOble JBe TOYKH 00.Ja-
CTH MOTYT ObITb COeMHeHbl JOoMaHOH. [ |

[ycre Teneps E < Ry, D <Ry, y=[(x)— oTo6paxenne MHO-
xectBa E B K}, npuuem [(E)cD u z=g(y)— orobpaxeunune D
B RS 1.e. f:E~D, g:D—R. B 3ToM ciiyuae MMEET CMBICJ KOM-
nosuuusi g-f: E— RZ, oroGpaxalomas MHoxkectBo E < Ry B p-Mep-

noe mpocrpanctso RZ: (g-f) &g (f (x)), x = E.

OtMmeTuM, 4TO ec/au oroépamenne f(x) muoxecrBa E HenpepeiBHO
B Touke x® = FE, a g(y) onpereseHO B HEKOTOPOH OKPECTHOCTH
Touky Y% =f(x(%)), ToO BCcerjga CylIeCTByeT Takasi OKpecTHOCTb U,
Touky x'%, yto Ha MuomxecTBe E (U, MMeeT CMBICJ KOMIO3HIHS g - f.
IeiictButesibHo, nycts U, — oxkpectHocTs Touku y!®, Ha KoTopoit
onpenejeHo OToOpa)keHHe g (y); COrJIaCHO OIIPENeJeHHI0 3 /g Hee
cyiecTByeT Takasi oxpectiocts Uy, yto f(U,NE) < U,. OueBuaxo,
4yTo A/t BCeX Todek x &= U, E, ¥ HMeeT CMBICJ KOMIO3UUUA g-f.

Hanomuum eme, 4To, COrJacHO BBeACHHOH nast QYHKUHE TepMH-

Hojoruu (cM. m. 1.2%), 0T06pa>xe1mef E— R}, E < R} nassiBactcs
B3AUMHO OOHO3HQUMBIM, UM UNBeKyted, eCIH Da3HbIM TOYKAM MHO-
xectea E mpu 3TOM OTOGpa)KeHHH COOTBETCTBYIOT pasHble TOUKH.
B sToM cayuae roBopsT TakikKe, UTO MHOXKECTBO E B3aHMHO OJIHO-
3HAYHO OTOOPAXKAETCS IOCPEACTBOM 3ITOrO OTOGPAXKEHHsT HA MHOXNKe-
ctBO f(E), T. €. [: E—~[(E) saBasercsa Ouexuded. IIpH BrmosHeHUH
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3TOro ycJcBHsl Ha MHOKecTBe f(E) cylecTByeT oAHO3HAwHOe cCpaT-
Hoe oroGpakenne (oOpatHas ¢yHKUHs) f~1(y)=wx, I'le X TaKOBO, YTO
f(x)=y. Ilosromy [2[f(x)]=x, T. e. 3T0 moxOecmeenroe omocbpa-
dicette  (TOXXAECTBCHHBIM OTOOpa)KeHHeM MHOMkecTBa E nasbiBaetcs
oTcOpaXKeHHe, KOTOpOe KaxkAOH Touke X & E CTaBHT B COOTBETCTBHE
3Ty K€ TOYKY). ,

~ Onpenenenne 5. Ecau omobpancenue [ muomecmea E < Ry ¢ npo-

cmparemso Ry esaumno odnosnauno u nenpepusro na E, a o6pammoe
emy omobpaxcenue [~ Henpepowro na f(E), mo [ nasvieaemes eomeo-
MOpEHOIM OMOOPANCEHUEM, UAU 20MCOMOPDUIMOM, a MHONHecm60 [ (E)
HQ36160e1ICA 20MeOMOPPHbIM 06pasom mHowcecmea E, uauw, wmo mo e,
MHOMNCECMEOM, 20MCOMOPPHLM MHOMmecmey E.

_QOuesumno, uro ecanm f-—romeomopdusm Mmuoxecrsa E, To f1
aBagercss romMeomopdusmoMm MHoxkecrtBa f (E).

Ilpu romeomopduoM OTOOGpaxKeHHH OTKPHITOTO MHOMKECTBAa Ha
OTKpHITOE 00pasbl OTKPHITHIX NOAMHOMXKECTB TakiKe OTKpPHITH. Jledi-
CTBHTE/ILHO, €CJM [ — romeomopdHoe 0ToOpaXkeHHe OTKPHTOrO MHOXKeE-
crBa G Ha OTKpHITOE 3Xe MHOXKeCTBO I', V — OTKPBHITOE TIOAMHOKECTBO
mHoxectsa G, W=f(V), to V=f1(W), T. e. V sBasercs oGpasom
mMHOKecTBa W npH HenpepuiBHOM OTOGpaxKeHHH ! OTKPHITOrO MHO-
xeetsa T m, crepoBatesnbho, W sBasieTcss npeoGpasoM OTKPHITOTO
MHOXecTBa V npu 3TOM oroGpaxkeHuu. IloaToMmy cornacHo aemme 2
MHOXKeCTBO W OTKpHITO.

PaccMOTpUM Tenepb KOMNO3HIMIO HENPEPHIBHBIX OTOGPaXKeHHiA.

Jlemma 6. ITycme [: E—~R™, ECR", g: D— RS, D Sf(E). Ecau
omoGpasicenue f renpepowsro ¢ mouke x\°) <= E, a g Henpepviero
6 moure f(x\9), mo komnosuyus g-f maxmce Henpepeisna 6 mouxe x\°).

Jloka3sartesbCcTBO 3TOrO yTBEPXKAECHHS MOXKET ObIThb NPOBELEHO Me-
TOJIOM, aHAJIOTHYHBIM HCIOJb30BAHHOMY NPH JOKAa3aTeJbCTBE TEO-
pembl 2 n. 5.2 u Teopembl 2 m. 19.4, OCHOBAaHHOM HA ONpEeAENEHHH
HENPEPLIBHOCTH B TePMHHaX okpectHocteil. Jlas pasnooGpasus noka-
HKEM JIeMMY, HCXOAfl H3 ONpeJeNIeHHs HENpephIBHOCTH B TepMUHAX
LOCJIelIOBATENLHOCTH. ‘

Iycrs xW = E, k=1,2,..., 1 lim x® =x®_ Toraa f (x*) =D

k-0 N
H, B CUJIy HENpPEepHIBHOCTH OTOOpaxeHusi [ B Touke x'%, mmeem
lim f (x®) =f (x'9). (41.29)
k00

B cuny ke menpepbiBHOCTH oToGpaxennst ¢ B Touke f(x(9) nas
moGoit nocnepopatenbocTd Yy e D, k=1,2,..., lim yt¥) = f(x(9)

uyeer Mecto lim g (y'M) =g (f (x(¥)). B wacrrocru, B cuay (41.29)
k->co
npAu. y\k) :f (x(k)) »
’ lim g (F(x")) =g (f (V).
k— o0

9fo 1 o3HayaeT HeNpPEpPHBHOCTD KOMNO3WiMH g-f B Touke x(9. [7]
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Yopawuenwue 7. JlokasaTh, UTO HenmpephiBHOE B3aHMHO OJHO3HAYHOE
oTofpaXeHne KOMIaKTa IPOCTPAaHCTBA R” B HEKOTOpOe MPOCTPAHCTEO R™M sBJSETCH

rOMEOMOP({PHIMOM,

B 3ak/oueHHe 3TOrO MyHKTA ONpeAeNHM, YTo GyJeT MOHHMATHCH
moj 00pPa3soM KPHBOH TPH 3a1aHHOM HENPEpPLIBHOM OTOGPaKeHHH, H
JOKaxeM JeMMy O HEMPEPLIBHBIX oﬁpaaax JIHHEHHO CBA3HBIX MHOXECTB.

Iycte f— nenpepoiBHOe oTobpaxenue mHoxkectBa E < R B mpo-

crpanctBo Ry, m ' —KpuBas, uequxkom Jexamas BO muoxectse F,
T. €. 33[aH KJacC 3KBHBAJICHTHBIX OTOOpaxKeHHH OTPE3KOB BO MHO-
wectBo E (em. § 16).

ITycrs

x(t), a<t<b,

— onxo u3 npexcrasnenuii kpusoit I'. KpuBast B mpoctpancrse Ry,
npeJCTaB/eHUEM KOTOPOH fBJIAETCHA OTOOparkeHHe

flx®], a<t<b,

naseiBaetcs obpasom kpueod I' mpu oroGpamenuu [ u 06Go3HauaeTcs
uepes f(T). , , :

3To onpepeseHHe KODPEKTHO, TaK KaK NPH CHEJNAHHEIX MPEeImNo-
JoweHuAX [(x(f)), a=<t<<b, sABIAETCS HENPEPLIBHLIM OTOOPAKEHHEM
OTPe3Ka B MPOCTPAHCTBO H, CJIeJOBATeJbHO, ONpeesseT HEKOTOPYIo
KPUBYIO. :

Jlemma 7. ITycmo [: E— R™ nenpepoisroe omobpancenue AUHELHO-
ceasno20 muooecmea E < R™ ¢ npocmpancmso R™. Toeda mrooe-
cmeo f(E) makoce auretino cessHo.

Kopoue: HenpepoisHoul 06pas AUKEHO CEA3HO20 MHOKNCECNIBA AUHEHO
CBAH.

NoxasatenbcTBO. Ilycth E — nuueiiHo CBSA3HOE MHOMXKECTBO
n [ —ero HempepbiBHOe oTOoOpaxkeHue B R™. s Toro uroObl JOKa-
3aTh, 4TO MHOXKecTBO f(E) sBNsieTcs JMHEHHO CBSI3HLIM, HajlO HOKa-
3aTh, 4YTO ABe JIOOble €ro TOYKM MOXKHO coenunuts B f(E) menpe-
puiBtofl KpuBoil (cM. onpenenienne 25 B n. 18.2). Ilycts yV & f(E) u
Y &f (E); BotGepeM kakue-au60 Touku ¥V & f-1 (V) u x® e f-Y(y?).
Mockoapky Ve E, x¥=E u E JuHefiHO CBA3HO, TO CyLIECT-
ByeT Takaa KpuBas I', uTo ee Hayanom sBasieTcs Touka xiY), KoH-
uoM —Touka X{2) ¥ BCE ee TOYKH NpUHAAJeXAT MHOoxecTBy E.

Kpusas f(T') saBasiercst uckomoit. kpusoil. [leficrButesnbuo, ee
HAYaJIOM ABJAETCH Touka yV) = f (x(1), a KoHuoM — Touka y'® = f (x(2).
Bce we apyrue ee Touku npuHamiexar muoxectBy [(E). Taxum
o6pasom, f(E)— munefiHo CBA3HOE MHOXKECTBO. [ |

Yupakuenusna 8 Orobpaxenne f:R2— R? 3aano0 cjelyoiuM o6pasom:
{*, y)+—> (2x, 3y). Bo yTO OHO MepPeBOAHT OKPYHKHOCTb x> yr=1?

9. Hafitu obpa3 upsmoit x=2 nJockoctd Oxy npu otobpamenun [: R?— R?,
3aJaHHOM CuefylowdM oGpasoM: (X, y) —> (xy, ¥)- .

10. B muockoctn Oxy sagaHa npaMas x=c (c==const == 0). Hafirn ee ofpas
Tpr oroSpamenun f: R2+—> R? ¢ KoopaunatHbMi QYHKuuAME {¢* Cosy, €¥ sin y).
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41.5. BEKTOPHBIE OTOGPASKEHUA

Tpu usyuennu audpepeHNHpPYEMBIX OTOOpaKeHHH (MX onpezese-
HHe Oyjger jaHo Huxke, B m. 41.7) mpocrpancrteo R”, B KOTOPOM
JeXXHT O0TOOpaxkaeMoe MHOXECTBO, M IPOCTPaHCTBO R™, B KOTOpoe
IPOMCXOINT OToOpaxkeHHe, yjAo0Hee paccMaTpHBaTh KakK BEKTOpHbIE
€BKJHJO0BH InpocTpaHcTea (cM. m. 18.4). Jlas mnpocToThl n-MepHBIH
BeKTOp C KOOpJAWHATaMH (Xy, ..., X,) OyjAeM 0003HauaTh TeM XKe CHM-
BOJIOM X, KOTOPBIM MBI 0003HayajH TOYKY A-MEPHOrO TOYEYHOrO HPO-
CTPAHCTBA C TeMH Ke KOOpJAuHATaMH. ITO, KOHEYHO, He NpPUBEIeT
K HeJOpa3yMeHMsIM, TaK KaK M TOYKa £-MEPHOrO MPOCTPAHCTBA H
n-MepHBIE BEKTOP IPEICTABJISIOT COO0H ynopsjoueHHbl Habop n Aei-
CTBHUTENbHBIX YHCEJ.

Iycts Ec<R* u f: E—~R™, rae Tenepb OTOGpaXKeHHe f CTaBHT
B COOTBETCTBHE KaxAOMY BEKTOPY X e E HEKOTODHIH BEKTOp Y =
= f(x) & R™. Taxue orobpaxkeHHs1 OyJeM Has3blBaTb GeKMOPHbIMIL.

Eciu ey, ..., €,— KOOpAHHATHBIE BEKTOpPHl B HpOCTpaHcTBE R”

(cM. m. 18.4), €4, ..., €y — KOOPIHHATHBIE BEKTOPLI B IPOCTPAHCTBE R™,
h n m

X=Xty ovey Xa)= D) Xi€ty Y= (Y1, «+v» Ym)= D>, Y;& u y=[(x), 10
i=1 =1

Kaxnas Koopiusara y;, j=1, 2, ..., m, BeKTOpa Y TaKxKe siBJseTCs

¢yukuuer or BekTopa Xx & E M, CJelloBaTesNbHO, QYHKUMEH OT €ro
KOOPAHHAT X1, +.., Xpi

y=hL®=f0y, ..., %), j=1,2, ..., m.  (41.30)

Kak ¥ B cayyae Toyeysoro mpoctpancta (eM. (41.26)) dynxuun
(41.30) Ha3sBLIBAIOTCS KOOPOUHAMHLMU (PYHKYUAMU OmoOpasenus [ U
numeres f={(fy, ..., fa).

Hurtepnperauusi n-MepHbIX TOYEK (X1, ..., X,) Kak BEKTOpPOB
HE INPENsTCTBYET, KOHEYHO, PACCMOTPEHHIO TaKHX CBOKCTB OTOOpaKe-
HHMH KaK HMX HENPEPHIBHOCTL Y PaBHOMEPHAS HeNPePHBHOCTL. [Toatomy
BCE CKasaHHOe 00 OTOGpaxKEHHAX B IpeJbAyLIEM IIYHKTE OCTaeTCst
B CHJie H J1g BEKTOPHEIX oToOpaxkenuit. HanmomHum eme, uto ana
paccrosiuusa p (X, y) MEXAY BEKTOPAMH X M y clpaBeinuBa dopmyJsa
(cM. B n. 18.4 dopmyny (18.37)) p(x, y)=|x—y|. -

B kauecTBe npumepa OTMETHM, 9YTO AJHHA |Xx| BekTopa X & R"
aBJsiercss HenpephiBHOH ¢yHKuUMell B R”. DTo CcjefyeT M3 HepaBeH-

crBa (18.36): mockoabky AJa JOOHX X, & R" M x & R" cipaBejJIiBO
HepPaBeHCTBO

Hxl=]x[l=<|x—xl, T0

lim |x]= lim 0|x;=]x01.

XX jx—x4]—
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41.6. IVHEAHLIE OTOBPASKEHAA

PaccMOTpHUM crienManbHBIH KJace oTobpameHuit nmpocrpancrsa R*
B R™, HA3blBAEMBbIX AUHEIHbIMU.

Onpenenenne 6. Omo()'paofceﬂue f: R*— R™ Haseeaemcs AUHeliHOM
(nau, 60/zee NOAKO, AUHEIIHBIM OOHOPOOHBIM), ecau Oaf n0bbix O8YX
eexmopos x' = R, "< R* u mobox Osyx tucesa M R, V=R
GOLNOAHALMCA POABEHCME0

FOVX 1) = M)+ V().

M3 srtoro onpejeneHusa no HHAYKIUH CIEIyeT, YTO NMPH JHHEH-
HOM OToOpa:eHHH [ mo0asi KOHeuHast JHHeHHAss KOMOGHHALHS Bek-
topoB xY) &= R 0T06pa)KaeTC${ B TAKYIO Xe JHHeAHYI0O KOMOHHALHUIO
obpasoB f(x), j=1, 2, ..., k, 5THX BEKTODPOB 4

f( Zk }vx(i)> Z kf(x(f))
i=1

i=1

OBpiyno nMuHeHbIE OZHOPOXHEIE 0TOOpaxeHHsT Ha3LIBAIOTCS AuHel-
HoLMU  0nepamopamu. O nuueitnoM omepatope f: R*~R™ roBopsr,
yTo OH JelictByeT 3 R* B R™. .

U3 onpenesenHsa JiMHEHHOro oneparopa HENOCPEICTBEHHO C/IeLyeT,
YTO KOMMO3HUHMSL g-f JuHeHHBIX oneparopoB f:R"—>R™ u g:R™—
— R* TakXKe ABJITCS JIMHEHHbIM omepaTopoM g-f : R*— RS,

[Mycrs f: R*— R™ — yuneiineift oneparop. O6pas xaxIoro koop-

JMHATHOro BeKkTopa e, & R", j=1, 2, ..., n, npn oroGpaxkeHuu f
SIBJIIETCSI BESKTOPOM HPOCTPAHCTBA R™ M NO3TOMY PAaCKJIaABIBAETCS
0 KOOpAMHATHBIM BekTOpaM & & R™, i=1, 2, ..., m. O6o3HaunM

KO3(QHIIMEHTBl 3TOTO PA3JOMKEHHA uepe3 gy

f(e/) - Y a¢181-

[== 1

Myers y=f(x), x= Z Xi¢;

i=1
y= Z yie;. (41.31)
i=1

Torpa B cuny JuHelHOCTH OTOOpaXeHUst [ MOMydHM

n n

y=f(x)=f<‘2 x1@f>: 2yl () =

i=1 i=1

= Z 7 i a ij (Z ,;x,) g.  (41.32)
=1 i = - :



56 § 41. Hesenvle ¢ynkyut

CpaBuuB KO>QQUIMEHTH Pa3/IOXKEHHS BEKTOpa y NO KOODAHHAT-

HEIM BEKTOpaM &y, ..., &n B (41.31) n (41.32), moayynm
yr=an%i+...~ 01X,
(41.33)

Ym = Qm1%1 + v oot GunXn.

~Hao60poT, JETKO TPOBEPHTh, YTO BCAKOE OTOOpaeHHe f: R*—> R™,
KOOpABHATHEE (YHKUMM KoTOporo mmeloT Bua (41.33), aBasetcs
JHHEAHBIM ONEepaTopoM. .

Marpuna
Q1 ... Qip

e e (41.34)

aml e amn

HasHIBAeTCs Mampuyeil Auneiinozo onepamopa f.
OueBuano, uto ecan (41.34) siBasieTcss MaTpHUEH JTHHEHHOrO oOre-
i :

paropa f, T0 Ajas moGoro x= Z Xje; HMeeT MeECTO (CM. (41.32))
i=1

1= 3 [ 3 a) e (41.35)
i=1\=

passioxeHne

MNpuwmep. Tlyerb x; — onepatop NPOEKTHPOBAHHS HA i-YIO KOOP-
IMHATHYIO OCb, T. €.

T (.l/)=ﬂ; (77T ym)’:!/i (4136)
(i— ¢urcupopannoe uucao cpepn umcen 1, 2, ..., m). Torma mx;
SBJSETCA JUHEHHBIM ONepaToOpPOM C KBajJpaTHO MaTpulieit nopsaka m,

cocTosille W3 OJHHX JHIIb HyJIEH KpoMe i-rO 3J]eMeHTa IJIaBHOH
JMAaroHajy, PaBHOIO €JHHHIE:

..........

0 000 0
0 010 0
0 000 0

0...000...0

C TNOMOIIBIO ONepaTopoB NpOEKTHpOBaHHA ;, i=1, 2, ..., n,
JIETKO YCTaHABJMBAETCsi CBA3b MeXAy NPOH3BONEHBIM BEKTOPHEIM
orobpaxenneMm f:E—R™, ECR" u ero KOOPAUHAaTHEIMH QyHK-
waamy f; (e (41.30)):

fi=mf, . (41.37)
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T. €. Ka@xJAas KoopauHaTtHas ¢ywkuusg f;, i=1, 2, ..., m, sBagercs
KOMIIO3HUHeH OTOOpaXKeHHs [ ¢ omepaTopoM HPOEKTHPOBaHMS ;.
Ecin m=1, T. e. junelinnit' oneparop f:R»— R orobpaxaer
NPOCTPAHCTBO R™ BO MHOXKECTBO BCeX AEHCTBUTEJNBbHHIX YHCEN, TO OH
HAa3BIBAeTCA OOBIYHO AUHCLIHOIM (DYHKYUOHAAOM.
B cuy (41.33) Besikuil suHeMHbIH (DYHKIHOHAJA MMEET BHJ

y=ax;+...+ a,x,, (41.38)
TIe @, ..., @, —HEKOTOpHIe [eHCTBUTEJbHBIE YHCHA. o
OGo3naulB yepe3 a BEKTOP C KOOpAHHATaMH (ay, ..., @), BOJY-

UHM, YTO BCSKHH JHHeHHbH QYHKUHOHAA f:R"—> R HMeeT BHA
f(JC) = (a,, x),

The uepe3 (a, X) 06O3HAYEHO CKalsPHOE NpPOH3BEJeHHE BEKTOPOB @
n x. OueBHaHO U oOpaTHOoe: Kaxjaoe OToOpaKeHHe BUAA X+ (Q, X)
sBJseTcd JuHelHbM GYyHKIHOHAMOM f: R”— R.

Ynpaxuenne 11. YcTaHOBHTb, KaKHe H3 CJELYIOIIHX OToGpakenuil JmBedHH:

a) f: R3— R2, npunueM [ (x, y, 2)=(x, 2);

6) f: R4~ R4, npuueM [ (x)=— X, rje x—Npou3BoJIbHLIA BexTOp B RY;

B) [: R3— R3, npuuem f(x)-—x—{-(o —1, 0), rae x—mo6oii BexTop B R3
f:R2—R?, mpmuen [ (, y)=(2x+y, y);

1) f: R?— R?, npuuem | (x, y)=(2x, y—x);
f: R®— R?, npuueM [ (x, y)=(y, X);

X) f: R2— R, npuueM [ (x, y)=uxy.

HanomHuM onpeneieHHsi HEKOTOPhIX oOnNepalluid ¢ MaTpHIaMK
(usBecTHpix M3 anrebpu). Ecin A=(ay) u B=(by)— npamoyroin-
Hble MaTpHIlbl C OAMHAKOBBIM UHCJIOM CTPOK H CTOAGLOB, i=1,2, ...
ey m, j=1, 2, ...y N, TO HX CYMMAQ ONPENENAETCH KaK MaTpuiia,
3JIEMEHT €;; KOTOPOil SIBJIAETCA CyMMOii coome*rc-raylom;nx 3JIEMEHTOB
MaTpHIL AuB, e

def . .
c,,—a,,—i—b,-,—, i=1,2,...,m j=1,2,.., n

Iipoussedenuem mampuyor A Ha yuCHO A HA3HIBAaETCHs MaTpuua,
BCE 3JIEMEHTH! C;; KOTOPOH IOJNYYaloTCs H3 COOTBETCTBYIOUIMX 3JEMEH-
TOB MaTpHipl A yYMHOXKeHUEM HX Ha A

def . .
cj=hay, i=1,2,...,m j=1,2, ..., n
Ecan uyncno croabnos Matpuusl A==(a;) paBHO HHCTy CTPOK
marpunbl B=(b;), i=1, 2, ..., m, j=1,2,...,n, k=1,2,...,5,
TO npouseederue AB wmarpun, A n B onpenensercs Kak Martpuua,
COCTOSIIAS M3 3JIEMEHTOB (i, KOTOpblE ONpElesIAloTCsa o dopmynam:

c‘k—Zajbjk, i=1, 2,..., m, kZl, 2,

=1

CrmeTyM LBa HYXKHBIX HaMm AJsi AadbHeiiwero CBOWCTBA JINHEH-
HHIX ONEPaTOPOB.
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10, Ecau f u g— auneinoe onepamopet, f: R*— R™, g:R*— R™,
a A u p—npoussorsHoe HUcAY, mo Af - ug— maxouce aumnedinoul one-
pamop, dedcmeyrowuti u3 R™ 6 R™, npuem, ecau A u B cyme mampuypl
aunelinox onepamopos f u g, mo AA-+pB ssasemcs mampuyeil one-
pamopa Af 4 pg.

IloKa3aTe/IbCTBO 3TOTO YTBEPKJECHHS NPOH3BONUTCA NyTEM €r0
HEeNOCPeICTBEHHOH NpPOBEPKH: eCJH

n

yi= > ayx, i=1,2,...,m

i=1
— KoOopJuHaTHee GYHKINH oToOpaxeHHs f, a

n
z,-=2b,-j-x/, i=1, 2,...,m
i=1

— KOOpAUHATHbIE (YHKUHH OTOOpaxeHHs g, T0 JJIS KOOPAMHATHBHIX
GbyHRUHE oToOpaxkeHua Af--pg Oylem HMeTb (IIpH CJOMKEHHH H YMHO-
JeHHH Ha YHCJIa BEKTOPOB WX KOOPAMHATHI CKJIAJbiBAIOTCSI H YMHO-
JKATCA Ha Te Ke YHCaa)

Ay -+ pzi = A Zl QX+ P El biyxy= 3} (hay+npby) %,
i= = i=1

T. €., BO-NEPBBIX, KOOpJAMHATHbIE (YHKUMH oTOGpaxenus Af-ug
SIBASIOTCS JIHHEHHBIMH (QYHKUHAMH, a, BO-BTOPHIX, 3JEMEHTaMH Cy
MaTpPHUB OTOOpaxkeHust Af-t-pg sBJAIOTCA UYHCAA Cy = Aay 4 pby,
T. e. 3/eMenTbl MaTpuubl AA 4-pB, rae A=(a;), B=(by). t]

20, Ecau f u g— auneiineie onepamopet, f: R*— R™, g: R™— RS,
Mo ux KOMNOBUYUA g-f makowe A81emci AUHElHbIM ONepamopom
R"— R, a ee mampuya pagna npoudeedenuro mampuy, omobpascerut; g
uf. ,
fCHOBa BBIIIOJIHEM HENOCPEJCTBEHHYIO IPOBEPKY YTBepkAeHus. Ecau

n
yizza[jxjv i=1’ 2”-“) m,
i=1
— KOOpAHHATHRIE (YHKIUKN oToOpaxkeHud f, a
m
2= Z bkiyis k=1, 2, veey S
i=1
— KOOpJUHATHEIE QYHKUMN OTOOpaxeHUs g, TO
m m n n m
2y = Z briyi = Z bri Z QjXy = E (Z bkiaij\) Xis
i=1 =1 j=1 =1 \i=1

T. €., BO-TIePBHIX, KOOpAHHATHBIE (YHKUUM KOMIO3KLUUH g-f cyThb
auneiinsie QyHKUHH, &, BO-BTOPLIX, 3JEMEHTHI Cpy €€ MATPHLLI MOJy-



41.6. Jlunelinsle oTobpancenus 59

YaICTCSl M3 3JIEMEHTOB MaTPHIL @;; H by; ONepaTopoB f U g IO NpaeuIy

Cpy = Z bk,‘ai]’. (4139)

i=1

Kak ObuIO CKasaHo, TaKas MaTpHUA (Cr) H HasblBaeTCss NpoHM3Bele-
HueM matpui (by;) u (ay). [

3ameTHM, YTO KaxKIB JMHEHHBI onepartop f:R"—» R™ gpasercs
HENPEPLIBHBIM OTOOpaXKeHHeM NPOCTpPAaHCTBa R, HGO BCe €ro Koop-
JunatHoie ¢yHKuuu (41.33), OyayuH JMUHEHHBIMH, HEpepLIBHBI.

InuHa BeKTOpa X & R”*, Kak 3TO OTMeyalsoch B II. 41.5, apasercs
HENpepbIBHOK B mpocTpaHcTBe R* dynknueii. Ilostomy, ecin f: R*—
—- R™ — nuHeHHHH omeparop, To QyHKuus |f(X)|, KaK KoOMNosHuus
JBYX HENpPEpHIBHBIX QyHKIMH, OyleT Takxe HeNpepuBHOH B R”.

ITockonpky envHuuHB map Q"={x = R":|x|<<1} sasasercs
KOMIIAKTOM, TO Il BCAKOro JHHEHHOro omeparopa f: R®— R™ cyxe-
Hue HenpephiBHON QynkuuM |f|:R*—R Ha map Q" T. e. QyHKIUSA
|f]:Q*— R, orpaHuueHo: - :

Sup. [ (x)| <+ o0. (41.40)

Onpenenenne 7. Zlasn aunetinoeo onepamopa (8 dacmruocmu — 0
AUReIIR020 ynKkyuonara, npu m=1) f:R"—>R™ qucro sup |f(x)]

EIES
Hagowaemes e2o Hopmot *) u o6osnanaemcs Hepes | f|: :
L1 sup |F(x)]. (41.41)

<1

B cuny nepasencrsa (41.40) Hopma JmoGoro JuMHEHHOro omepaTopa
KOHeYHa. ‘

Ouennm aJuny ofpasa BekTopa X & R” yepe3 HOpMy omepatopa f
U AJIMHY X caMoro BekTopa. [laa mo6Goro x40, x e R*, BEKTOp
§=l—§!— HMeeT jnny 1 :1&1:]%[ =T)171[xl: 1. Tlostomy, wuCHOJB-
30BaB JIMHEHHOCTb oneparopa f, cpoiictBo (18.34) ajmHH BeKTOpa H
onpenenenue (41.41), monyuyum '

Fel=[r (11 5) | = [t ) | =17 ()
<|x| Sup, [FE@[=]x]IF1,

=

T. €, :
[T <IFl]x] (41.42)

W3 storo HepaBeHCTBa credyeT, 4uTo npu |x|<<1 cnpasennnso
nepapeHcTBO |f(x)|<<[f|. BcrnoMmHuM, 4TO HenpephlBHAs Ha KOMIIAKTe
QynKUHs JOCTHIaeT HA HeM CBOErO HAHOOJIbILEro 3HAYeHH:A (CM. T€O-

*) O6uee onpefieieRye HOPMHL GyJAeT JaHo B m, 57.3,
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pemy 3 B m. 19.5). Ilosromy ynxums |f{:Q*— R, Gyayuu mempe-
PHIBHON Ha Komname Q", IOCTHraeT Ha HeM CBOCIO HAUGOJIBILEro
SHQ*IEHHH

Ifi= sup, [[(x)]= gcnixllf(x) l»

a nockodbky npu [x|<C1 mumeer mecro HepaseHctso |f(x)|<<ifi,
TO YKa3aHHBIl MaKCHMYM JOCTHTaeTcst npH |x{=1, T. e. Ha emuHmHy-
Hoit cepe S 1={x:|x|=1}. Takum oGpasom,

I71= max |} (3. (41.43)

OtmeTuM elle OAHO NOJE3HOE BLIPAMKEHHE LA HOPMBI JIHHEHHOTO
oneparopa

F@1

[x]

Ifl= sup

xR, x£0

(41.44)

Hoxaxem ero. Hcnoapsys cuoa cBoiictBo AuHbl (18.34) Bek-
TOpa, JuHeHHOCTs oToOpaxeuusi [ u ¢opmyny (41.41), nmonyunm

TACI AT R —_ XV =
ixl inf’}l.px;tO !x[ f(x)[ xes'tl.pxio [f (]xl>
= sup [[(§)[=|F}
[gi=1
Herpyauno ouenuts Hopmy {f| smumeiinoro oneparopa [ uepes sJe-
MeHTb! ero Matpuubl (41.34). 3ameuast, yTo KBajpaT [JIUHEL BEKTOpa

paBeH CyMMe KBaADaTOB €r0 KOOPAMHAT, MPHMEHsIs cpopmv.ny (41.35)
u ‘Hepasencrso Koum-Ilsapua (18.2), Gyaem umets

F P = ;Z ( 3 afjx,)ai
L =55 5-

[_l =1

sup
*=R", x#£0

==

Orciona ana xaxporo x %0, x € R™

lf(x)i<‘/2 a»z

Tlostomy B cuay (41.44)

fﬂ'—‘: sup [F() |

xER", x#£0 R

> ay. (41.45)
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Tem cambiv elle pas, HO yke «anrebpandeckHM IyTeM» JOKa3ano
HepageHCTEO (41.40).

41.7. TROOEPEHIIUPYEMDBIE OTOBPAREHHA

TlepeiinemM Teneph K onpenejeHHI0 auddepeHIHPYyEMbX BEKTOPHHIX
oroOpaykeHni. IlpenBapute/lbHO HANOMHHM, YTO (PYHKIMA 7 NEpemMeH-
ubix f: E-»R, EcC R"*), onpeaeieHHasi B OKPECTHOCTH TOYKH X = (X1, ... .
.., X,) € E wnasmBaercs Ougpgepernyupyemoi B 3TOH TCuKe, €CJH
CYIIECTBYIOT TakHe IOCTOSIHHEE @y, ..., G, (OHH SIBJSIOTCA YaCTHBIMH

o (%)), uro

IPOH3BOAHBIMA QYHKUMH [ B 3TOH TOUKE &;=— -
(3

f()élv“khla ceey Axn"l"hn)_f(xlv cesy .xn): ’
=ah+...+ah, ‘o), h—0, (41.46)

rie h=(hy, ..., h,). Jas oroGpaxenuii H3 n-MepHOro NpOCTPaHCTBA
B mM-MEpHOE «0 MaJjoe» onpeeasieTcss caexywomum obpasom: nycts U —
CKPECTHOCTb TOUKH X, & E, o : U — R™; 6yJeM roBopuTh, 4T0 & =0 (X)
NPH X Xo, €CTH |a|=0(]x]), x— X, T. €. €CJH CYLIECTBYET TaKas
¢yuruus &:U—~R, yro
e (x)] =2 ()] x], (41.47)
xeU u lim g (x)=0.
X—Xp

Camo coGoit pasymeercs, yTo | (X)| sIBAsieTCSl AJMHHOH BEKTOpa B IPO-:
cTpaHctBeé R™, a |x|— nymHOf BeKTopa B npocTpanctee K™ s,
EblpaKEHHH BHIa 0 (x), SBJSIONIHXCS BEKTOPaMH, COXPaHAIOTCH
OoCBIUHBIE DpaBHJa JeHCTBHI € CHMBOJOM <0 MaJoe€s, Hanpumep,
0(x)+o(x)=o0(x) npu x—>x, H T. I

Jlnneiinoe oroGpaxenue (uHeAHblii dyHKIHOHAN) (fy, ..., h,)+—
— oy ... a.h, B dopmyse (41.46) nasviBaetcs ‘dughdepenyuaion
¢ynkyun f B Touke x. O6o3nauuB ero ycpes D (x), noayunm

D (x)(h)=a1+...}+ ah,.

Taxkum obpasom, onpeneienne anddepennupyemoctn (41.46) moxuo
TIpEJCT2BHTb B BHJE

fx+h)=Ff(x)+D(x)(h)-+oh), h—>0.
AnanoruyHo onpejaessercss H IHddepeHIHpYyeMOCTh OTOOpaKeHHs
B 00lEeM cayyae.
Onpeneaenne 8. Ilycmo U — oxpecmuocms, 6 npocmparcmee R*,
mouku x & Rr. Omo6paycenue [:U—R™ naswsaemcs Ougcheperiyu-

LYCMBIM 8 MOYKE X, CCALL CHUWECINBYem maKoe AUHeIIHoe GmoebpajieHue
(auncdnui onepamop) 1: R*— R™, umo

feth)y=f(x)+1()+0(h), k>0, heRn, (41.48)

*) Uepes R, Kar Bceriia, o6c3HaYaeTCsi MROKECTBO BCEX ReACTBHTELHLIX WiCel,
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Junetinoui onepamop | rasweaemes Ougpdepenyuarom omobpasce-
Hua f 6 mouke x u o6osnauaemes uepes D (x) uau 6oree nodpobHo,
uepes Dy (x).

Hcnonpsys 310 0G03HayeHue, onpefesnenue nuddepeHrpyeMOCTH
(41.48) voxHO mepenucats B BHJE

Fle+h)=F()+D;(x) () +o(®), h—0.  (41.49)

Mampuya duppepenyuara Dy (x) (cm. (41.34)) nasesaemes npo-
ussodnoil omobpascenus f ¢ mouke x u obosnadaemcs 4epes [ (x).

Ormetum, uto w3 ¢opmyast (41.48) cpasy caepyer, uto oTOOpa-
wenue, nuddepeHuHpyemMoe B TOUKe X, HENPepHBHO B Hell:

fim f (v-+h) = (x).
h—0

Teopema 3. Ecau omobpascenue f:E->Rm, E < R, OJugepen-
yupyemo 6 mouke x < E, mo eeo dughgpepenyyuan 6 amoil mouke onpe-
deasemcea OOHO3ZHAUHO.

Caencreue. JJudepenyuar auneiinoeo omobpaxcerus cosnadaem
C.CaMUM OMOOPANCeHUEM.

HokasaTteabcTtBo TeopeMn. Ilycrr Hapsafly ¢ paBeHCTBOM
(41.48) poinonHsieTcs Takke PABEHCTBO

fx+n=Fx+uLMm+or), h—0, (41.50)

rae Iy: R"— R™, [, — nunelinslii onepaTtop. BbluuTas OZHO H3 3THX
pPaBeHCTB U3 JPYroro, noJy4yum

L(h)y—1I,(h)y=o0(h) mpu h—0,

T. €. Cyumecrsyer Takas Qyuxuus e (h), onpeneseHHas Ha HEKOTOPOi
okpectrecty V nyna npocrpanctsa R, T. e.e: V—R, uro lim e (h)=0
b0

H Aad -BCeX he V umeer mecto ’
(L) — L (h) | =2 () | A ]. (41.51)

BoabmeM Temepph npousBosibHOE k& R", TOrja JAns BCeX JOCTa-
TOYHO MaJbiX ¢ Oyjem umerb tk < V. [lostomy B (41.51) mis Takux ¢
MOXKHO B3ATb A = tk:

[1(th) — 1y (iR) | =e (tR) |tk ).

IMockoneky |[tk|=|¢||k| u orobpaxkenus [ W [; JuHelHsl, Gyuem

HMETb
1(th) — 1y (th) =1 [1 (8) — Ly (k)),
a moTomy
[1(R) — 1y (k)| =¢ (tk)| k]. (41.52)
Ho Ein; tk=0, cnefoBaTesbHO, B CHJy CBOHCTBA (YHKIHH &, HMeeM

takxke lime (tk)=0. Ilepexoxs x mpemeny npu ¢{—0 B (41.52),
t—0
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TOMTYYHM [L(k) =1 (k)|=0, T. e. nas moGoro ke R*
L(k)=1, (k).

910 4 o3HayaeT, yto [=1/. []
JloxasaTenbCcTBO cnencTBHUs. [Tyers f: R*—> R™ — Juneii-
HHI .onepaTtop. Torma B cusny JauHefiHOCTH AJA JoOHX X< R" H

heR®
' fx+h)=Fx)+FH),

7. €. paBeHcTBo (41.48) Bumoansercs npu [=f u o(h)=0. B cuay
efuHCTBeHHOCTH Auddepennnana Dy (x)=f. ] o

Teopema 4 (audeiinocte auddepenunana). Ecau omobpancerus
f:E—~Rm™u g:E—~Rm™, E c R*, Oupdepenyupyemor 6 mouxe x < E,
mo npu moboix ducaax h u p auneilnas kombunayus A -+ng maxoe
Ougpeperyupyema 6 mouxke x u

Dt 4 g (x) = AD; (x) + pDy (x).

HNokasateabcTBo. B cuay nuddpenunpyeMocty orobpaxe-
Huii f H g B Touke x umeeM (cM. (41.49)):

f(e+h)=F()+D; () ()0 (), >0,
g(x+h)=g(x) + Dg(x) () +0(h), h—>0;
oTCloaa

N (x+h)+pg(x+h)=
=[N (x) + g ()] +[ADy (x) +nDg (x)] (1) -+ 0 (h), h->0.

IMockombky ADj (x)+pD, (x) sBAsieTcst JHHEHHBIM OTOOpaKeHHEM
(cm. m. 41.6), To, B cuay ompejesenust 8, nuHeiiHOe OTOOpaXKeHHE
AD; (x) 4 uDg (x) siBnserca nuddepeniuanom orobpaxkenus Af 4-pg. ]

Teopema 5. ITyemv Ec—R*, DcR™, f:E—D, g:D—>RS,
npudem omobpancerue [ Ougpgepernyupyemo ¢ mouke x=E, a g—
6 mouxe f(x). Toe0a xomnosuyus g-f Ougpeperyupyema ¢ mouxe x
1 ee Quppepenyuan 8 3moii mouxke paser Komnosuyliu Ougghepertjuaros
omobpascenuil [ u g:

Dy.; () =Dy (f (x)) - Dy (x). (41.53)

Caencteue. Ecau 6binoaxerHor Ycaosus meopemst, mo npousecoHas
KOMNO3uyul, omobpasceRull pasHa npou3sederuio npouseooHsLx:

(g-h )=g TNF (). (41.54)

Kax BuJHO M3 npHBeJeHHBIX GopMYyJ, 61arogapst yiauHoMy BHIGOPY
onpejesieHHH H CHMBOJHKH, B (POPMYJHpPOBKax TEOpeM HMeEeT MeCTo
MoJIHasl aHaJ/IorHs ¢ OJHOMEPHBIM CJyyaeM.
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IlokaszateabcTBo. B cuay nuddepentiunpyeMocTy . 0TOGpaxe-
Hus [ HMeeM

@) (c+h) =g (f(x+h)=

=g (f (04D, (x) () Fo(h), h—0. (41.55)
Taxum 06pasom, apryMeHT GyHKIHM g B TOUKE Y= f (x) moayuun

npHpameHne _
k= Df(x)(h)—{—o(h). (41.56)
IMostomy u3 (41.55) B cuay mudpdepenunpyeMocTH GyHKUHH g HMeeM
@ NEx+h=gy+k=g)+D, () (k)+o(k), k—0. (41.57)
IMockombky (cM. Hepapenctso (41.42)) o
[Ds () (M| <<{Ds (x) {[ A1, - (41.58)

rre Hopma |Dy;(x)} smmeiinoro omepatopa Dy (x) ssngercs _HeoTpu-
HATENBHBIM YHUCJAOM, TO JJd GyHKuHH &k =k (h), onpeje/eHHoH paBeH-
crBom (41.56) mosmyuum

lim k=0. | (41.59)

h—0
BoJsiee TOrO, CrpaBeAMBa OUEHKA
|k|<ID; (0}l h]+lo(B)], h—>0,
a Tak KaK NOPH JOCTaTOYHO MaJbiX A HMEeT MeCTO HepaBeHCTBO
lo()| <<|h|, To Ans TakuX h cnpaseisuBa H OLSHKA
|k < (D i+ 1)[Al. (41.60)
Ianee, u3 onpenenexust o (k) (cm. (41.47)) sBcrayer, 4To CyIe-
creyer Takad yHKUHsA € (k), yTe
lim e (k)=0 (41.61)
k0
n-lb(k)!:e(k){kl. IMTostoMy B cmiy (41.60) ans ykasaHHBIX JOCTa-
TOYHO MAJbIX A BBIMOJHSIETCA HEPaBEHCTBO
| lo(®)=e (R k]<<e®(AD; N+ DAl (4169
A. nockonsky us (41.59) m .(41.61) BbiTexaer, |TO lin;e(k)x()
B CACHOBATENbHO, "
e(R Dj(x)g—l—l)[h]—-o(h) nupu h—>0,
to u3 (41.62) umeem |o (k) <<o(h), h—0, orkyaa
o(k)y=o0(h) npu h—>0.
3o osmauaer, uto dopmyay (41.57) MoxkHO mepenucath B BHIS.
(g-h) x+h) =g W)+ D () () +o(h), h—0, (41.63)
viie & sagaerca no ¢opmyne (41.56).
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. PaccMoTpum Tenephb cpejHee cJlaraemMoe B I1PaBOH YacTH PaBeHCTBa
(41.63). B cuny smneiinoctu otoGpaxenua Dg (y) umeeM

D¢ () (k) = Dy (4) (Dy (x) () +o (W) =
=D, (y) (Dy (x) (h)) + Dg () 0 (), h—0. (41.64)

Benepcrsne  nepasenctsa  (41.42) Gymem umers |[Dg(y)o(h)] <<
<||Dg (gl o ()], a mosTomy

Dy (y)o(h) =0 (h), h—0;
crepoBatenbHo, u3 (41.64) momyuum:

Dy (y) (k)= Dg (y) (Ds (x) () +0 () =
= (D, (y) > Dy (x)) (h) +-0(h), h—0.

IMoncrasnaa noaydennoe ans D, (y) suipaxenue B (41.63) u npuuu-
Mas BO BHHMaHHe, YTO Y= f(x), GyzeM OKOHUYATeNbHO HUMeThb

(g-h) (x+1) =g () +Dg (f () Dy (x)) ()) +0 (1), h—>0.

TTocKoMbKY KOMNO3HILHS JIHHEHHEIX OIepaTOpOB ABJSAETCS JIMHEHHBIM
onepaTopoM, TO B CHJY eJMHCTBEHHOCTH AuddepeHunyaa oneparop
Dy (f(x))+ Dy (x) sBAsieTcss AucpepeHUHANOM KOMIO3HUHMH f-g, T. €.
cpopmy.na (41.53) nokasana.

dopmyJsia (41.54) cpasy caeayer u3 Hee, MOCKOJBKY NPH KOMIIO-
3HIMH JHHEHHbIX ONepaTopoB HX MATPHLLI mepeMHOXKaloTcs. [ ]

" Teopema 6. Omobpascenue f=(fy, ..., fn): E—~>R™, E < R*, Jug-
eperyupyemo 6 mouke x e E € mom u moabko mom caydae, Ko20a
ece ezo ic00p<7uuamubze ¢yukyuu f;: E—~R, i=1, 2, ..., m, Jugpgpe-
peryupyemst 6 amou mouxe. B stoM cayuae SJIeMenTH ay mampuysl
Ougppeperyuara Dy (x) ssasomea  coomsemcmsyrouumis “acmAoLmiL
nPOU3BOOHLLMU KOOPOUHAMHbLX YHKUULL:

Qyy = a‘x_ ’ l=1, 2, veey m, ]:l, 2, ceey N
Huaue rosopsi, npousBonHas [’ (x) sBasercs Marpuuei SIkoOu
cucremel ¢yuxunu f; (cm. ompenenenve 2 mn. 41.3),
oh(x) Oh(x

0%, 0x,
=] ««.oo... (41.65)
Ofm (x) . Ofm (%)
dx, T ox,

M HasblBaeTcd Takke mampuyeld fxobu omobpanenus [ B Touke x.

* HoxasarteancTBo. |. KOOplIHHaTHbIe dyHkuun  fi=m;-f

(cm. (41.37)) sBasioTcs koMmosuiHeH JABYX AubdepeHIHpyeMbIX

OToOpaxkeHHH: oToOpamkenus f, KoTopoe AnGGDEPEHIHPYEMO B TOUKE X

no ycJaoBHi0, M npoekuuu m; {(cM. (41.36)), koropas, kKak BCAKHil

JuHeiiHLit omepatop R™— R nuddepennupyemMa Ha BceM NPOCTpaH-
3 Kynppasues JI 1. 1. 2
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crBe R™. CnefoBaTe/bHO, COLJacHO TeopeMe 5, ¢dyHknum f;, i=
=1, 2, ..., m, nuddepeHuypyemMsl B TOYKE X.

2. nyCTb BCE KOOpJMHATHble GYHKIHH f;=1;-f omépax&emm
nubdepenuupyembl B Touke x. B cuay (41.46) sTo 03Hauaer, uToO
CYHIECTBYIOT TakKHe NOCTOsIHHEIE ay, i==1, 2, ..., m, j=1,2, ..., n,
uTO :

fi(x+h)=fi (0)Fanh ... Faihn -0 (R),
hes0, i=1, 2, ..., m. (41.66)

Orciona, kak usBectHo (cM. 20.2), cjoenyer, uto. KO3(bUIHEHTH @y
NpU TNPHPAEHHMAX h; apryMeHTOB X; fBJIAIOTCA COOTBETCTBYMOIMMHU
YaCTHBIMH NPOU3BOJHBIMH GYHKIMH [

af; .
ay=T i=1,2, .., m j=1,2 ., 0 (416])

O6o3nauum yepes [ : R*— R™ nuHelHbI onepaTop ¢ MaTpHuel (a;;).
INockosasky (o (h), ..., o(h))=o0(h)*), To paBeneTrBa (41.66) mOxHO
3anucaTb B BHIE

fx+hm=Fx)+1H)+oh), h—0.

dro u o3HauaeT AUpdepeRLHPYEMOCTb OTOOpaxkeHus f, npuyeM H3
(41.67) caenyet cnpaBemuBOCTh dopmysl (41.65).

3ameuwanue 1. B cuay dopmyn (41.54) n (41.65), caeacrsue
U3 TeopeMbl 5 O3HauaeT, YTO Marpula SIKOOH KOMIIO3HLHH OTOOpa-
JXeHu# f 1 g paBHA NPOM3BeJeHUIO MaTpHl SJKOGH 3THX OTOOpa:KeHHH.

1o, BHpoOYEM, HeOCPENICTBEHHO CJIeLYeT H U3 tdopmyas audre-
PEHUUPOBAHUA CJOXKHOH (QYHKUMH: €COH 2,=g (Y1, «.., Ym), R =
=12, ...,8 a y, =fi (%1, evey Xa)y, i=1, 2, ..., m, TO (CM. (20 26))

5_25 = azk ayz
0x; y; 0x;’

1._.

k=1: 2;.'-" S, j=1’ 2, veey 1y

YTO COrJIACHO NPaBHJY YMHOXKEHHMs MaTpuu (cMm. n. 41.6) u osmauaer,
0z 0z Ay;\

YyTO0 MaTrpuua <a—x"> IBJISIETCA NPOUSBEJEHHEM MaTpHIL <—k> H (5%‘),
i i

0y;
‘?ﬁ’i _[02,,\ [9y;
(axj> - (_d‘h) (axj>
Onpepneaenue 9. B cayuae m=n onpedesumenb
det (%42)
i

*) Bannew (0 (h), ..., o (h))=o0 (h) 03HaYaeT, 4TO BEKTOP, KOOPAMHATHI KOTOPOTO
SABASIOTCS GECKOHEUHO MATLIMA GOJCe BHICOKOTO nopsiika, 4YeMm h, caM sBJisieTcst
GecKOHeuHO MaJofi Gosiee BBHICOKOIO NOpAAKa, YeM A npu i — 0. CosnalleHPle B 1aHHOM
cnyyae o0o3HayeHHIi BEKTOpa M €ro KOOPJIMHAT CBSI3aHO C TeM, YTO MBI, YTOOLI HE
‘YCJAOKHSITH CHMBOJIMKHM, BHIGPa/H IJsi 7-MEPHOIO BeKTOpa 0603HaueHNe X, B KOTOPOM
_He OTpaxeHa ero pasMmepHoctb. OHa JleslaeTcsi 5CHOI, TOJBKO €CJIM OH 3anHCaH
€ TIOMOIbI0 KOOPAHHAT X= (X1, ..., Xz).
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mampuyer  SIkobu (41.65) nasmeaemcs onpedesumenem Skobu uru
arobuanom omodbpascerus f: E—Rr, E = R", ¢ mouke x = E u 060-
sraqaemes (cM. m. 41.3)

a(f, Tesy fn,) D(f! 4 fll)
I A L Yo m Y

3ameuyanue 2. M3 anreGpsl H3BECTHO, UTO NPH YMHOMEHHH
KBaJPAaTHBIX MATPUN KX ONPENENHTEeJH [EePEMHONKATCA; MO3TOMY
[pu BBINOJHEHHU YCJIOBHH Teopembl b B C/Iydyae =1 =S SIKOOHAH

KOMIO3HIIMY OTOOpaxKeHHH f H g paBeH NPOM3BEJACHHIO SKOOHAHOB
oro0paxkenuil f u g

021, ..., 2,) _6(21, ey 20) 0 (Y1s ony Yp)

X1y ooy X)) OWU1, ooy Y) O (X1 oons %) (41.68)
HedcTBUTENBHO,
Az, ..y 2) 02\ _ . dzp\ (0y;\
ey = det () = et (5 (52) = N y )
_ % (Ly, _ 21y eeey Zn) Y1y vovy Yn
= det (ayi> det (ax,) T OW ey Yn) O Ky e X))

3amevanue 3. Ilyete E < R™ u 1d: E - E — ToXIeCTBeHHOE
orobpaxenne MHoxecTBa E Ha cebsi. B koopauHaTHOH ¢opme OHO
3anMChIBAETCA B BHJe YCJOBHA PaBeHCTBA KOOPAMHAT ToueK obpasa
1 npooOpasa NPH 5TOM OTOGPaXeHHH, T. €. KOOpJAUHATHLIe (YHKIUH
HMEIOT BHJ,

fi@)=x;, i=1,2, ..., n, (%3, ..., xp)=E.

Ecin x(® — BHYTpeHHsisi TOUKA MHOXKeCTBA E, TO 3TH QYHKIIUH MOXKHO
. 0x; . .
nughepeHIHPOBATL B 3TOH TOYKE, H MOCKOJBKY a_’x; =0 npu is~ju
Ox;
5 =1, T0 Matpuua SIKoGH TOXJECTBEHHOTO OTOGpaeHUs ABIAETCH
t3

eIUHHYHOH MaTpuile :

' 1...0
E=( " )

0...1

Mycrs Teneps U= R?, V< R* u [:U—V —B3auMHO OfHO3HAY-
Hoe (MHBeKTHBHOE) orobpaxkenue, a [1:f(U)—>U —obparHoe emy.
Torga ana Joboi Touku x = U umeem f1(f(x))=x, T. e. KoMmmo-
suuus ftof ABAAETCSH TOXAECTBEHHBIM OTOOPaXKEHHEM.

[lycts oToGpamenue f nuddepennnpyemo B Touke Xo & U (cneno-
BaTe/IbHO, Xo— BHYTPEHHss TouKa MHOxecTBa U, HOO TOJBKO AMs
TAKUX TOYEK OINpPeJeJIeHO TIOHsATHE NudepeHIupyeMocTH), a obparHoe
oroGpakenue f-1 quddepenuupyeMo B Touke f (xp). [ockoabky f«f—
TOXIECTBEHHOE OTOOpamenue, T0 B CHay ¢opmy/sl (41.54) mmeem

Y =1 =(dy=E. (41.69)
3#
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Hepeiins or 3TOro paBeHCTBAa MaTpHll K WX sKOGHaHaM, MOJNYYHM

. det (f-1) detf' =1, - (41.70)
n6o det E=1.

Ecan otoGpaxenue [ 3ajaHo KOOpAMHATHBIME QyHKIMsMu (41.30),
To dopmysy (41.70) MoKHO mepenHcaTtb B BHIE

O Ct ooy 50 (o ) _
IwAt [ hakh (41.71)

U3 3T0ii dopmyanl caefyer, YTO NpPH CACJAHHBIX IPEANOJOKEHHSIX
Kak sKoOuaH oToOpaxeHMsi [ B TOUKe X, TaK M fAKoOHaH o6paTHOro
orofpaxenns f! B Touke f(x) He o6pamialOTCs B HOJb.

Tlepenuiem ¢opmyay (41.71) eme B BuIe

O(Xy, -y Xn) 1 41.79
a(ylt ey yn) B a(yl, seny y,l_). ( bl )
O(xl, feey x’l)
3ra gopMmyJa ABASETCS OUEBUAHEIM 0GoGimienneM QOPMYJIbL AJIsi TPOU3-
BOHON 00paTHOH (YHKIMH OZHOTO MEepeMeHHOro: d—’; = 2113'
dx

B 3akJiouenue copMmyaHpyeM [Ba MOJIE3HBIX ONpeNeJEHHS.

Onpenenenne 10. Omobpascenue f:E-—R™, E CR", dupdepen-
yupyemoe 8 kaxcOol mouke x e E Haswsaemes Ougipeperyupyemon
omodpancenuem mroxcecmea E.

OueBnaHo, ecau otoGpaxenue auddepenunpyeMo Ha MHOXKecTse E,
To KakoBa Obl HH Oblia TouKa x e E, corjacHO ompejeneHHio 8
oToGpaxkeHHe [ onpejeseHO B HEKOTOPOH ee OKPeCTHOCTH, T. e. E—
OTKPBITOE MHOXKECTBO. :

CoraacHo Teopeme 6 orobpawkenue f=(f;, ..., [.) nnddepenun-
pyeMo Ha MHOXectBe E Torja H TOJbKO TOrja, KOrja Ha 95TOM
MHOXKecTBe JAdddepeHUHpYyeMbl BCe €ro KOOpAHHATHBIE (YHKIHH
fiy ...y fn. Ecan Bce KoopauHaTHble QYHKIUH HENpephiBHO AupdepeH-
nupyemsl Ha E, T. e. BCe HX NepBBIE YACTHbie NMPOH3BOJHbBIE HEnpe-
puiBHE Ha E, TO oToOpaxeHue [ Ha3biBaeICs HenpepolsHo Ougpgpepen-
yupyemoim omobpasceruem muoxcecmsa E. :

Onpenenenue 11.  Tomeomopguoe omobpancenue f:G— D, ade
G u D—omxpoumoie mHOMecmsa npocmpancmea R™  Hasvieaemcs
Qugppeomopprom  omobpacertiesm uru Ougpgeomoppusmon, ecau Kax
OHO camo, max u oOpamnoe emy omobpaxmenue f1:D — G, dugpge-
peryupyemol.

41.8. OTOBPAJKEHUSA C HEPABHBIM HYJIIO AKOBHUAHOM,
OPAHOUI COXPAHEHUA OBJIACTH

* Tlpexzie BCEro paccMOTpHM BOIIPOC O CYIECTBOBAHHH OTOGPaXKeHH I,
obpatHore naHHoMy. Kak mbl 3HaeM, B cayyae n=1 LI HEnpepuLBHO
AndxpepeHLHPyeMOl Ha HEKOTOpOM OTpe3Ke (YHKIHH YCJOBHE HEoOpa-
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jeHnsi B HONb ee MPOU3BOAHOHA (KOTOpoe BJeyeT 3a Co0Oik ee CTROTYIO-
MOHOTOHHOCTDB) SIBJISIETCSI JOCTATOYHBIM JJIs1 CYLIeCTBCBaHUS OOpaTHOH
eii’ OZHO3HAYHOR HempepwiBHO NudbepeHuupyemoit QyHKUNH. B cayuae
3Ke TPOH3BOJBHOIO 7 €710 CYLIECTBEHHO OCJIOXKHAETCA: COOTBETCTBYIO-
[He TOYeyHble YCJIOBHS, Haslaraemble Ha AuddepeHUHanbHBIE CBOHCTBA
oToGpaXKeHHsl MO3BOJSIOT YTBEPXKAATh JHLIb YTO JIOKAJNbHO, T. €.
B OKPECTHOCTH TOYKH, CYiecTByeT ofpaTHoe oToOpaxenue. DBouee
TOYHO, CHpaBe]JiNBa CJERyOIasd Teopema.
Teopema 7. ITycmo
( ‘ Bi=Fhx, ..., %), _
Yy=Ffx)=1 - ... (41.73)

Yn=[n(X1, ...1 Xn)

— HenpepoisHo  Oughpeperyupyemoe 0mobpaicertie OMKPLIMO20 MHOKce-
c¢cmea G <R" ¢ npocmpancmeo R*. Ecau axobuawn 3mozo omobpancenus
ne obpawacmca 6 woab 6 mouke x\0 e G, mo cywecmeyrom maxte
okpecmrocmu U, u U, coomsemcmeenno mouex x9 u yl® =f(x(0),
umo f(x), x Uy, asagemes 630UMHO O0HOHAUHOIM OMOOPAICEHUEMH
oxpecmuocmu U, na oxpecmuocme U, a obpamroe emy omobpasicerue
Henpepbisro Ougppepenyupyemo Ha mroscecmse U,
' Cnencteiae. Ilycmo [ — Henpepoiero Ougpeperyupyemoe omobpa-
aenue omxpbimozo muoxcecmsa G — R* 6 npocmparcmeo R™. Ecat
akobuan omobpaserus | He pasen nyao na G, mo obpas mrosicecmsa G
npu 3Mom OmoGPANCEHUL MAKNCE SEAALMCS OMKPLIMbIM MHOJCECHIBOM.
HoxasarteanbcTBo. PaccMorpuM QyHKUKMH

Fi(xv y)=fi(x1v ey xn)“‘yiy i=1, 2, A (B

Onu onpeneneHsl A1 BeexX Y= (Y1, ..., Ya) E R, U BCEX X =(Xy, ...
.evy X)) &G < R;. C ux noMoupio cucrema pasenctB (41.73), sana-
ouux oTo6paxkenue f, NepenHiercss B BHJE

Fi(x, y)=0, i=1,2, ..., n. (41.74)

Ilpu stom ¢yukuuu F; (x, y) onpemeseHsl U HenpepblBHO AuddepeH-
LHpyeMbl B HEKOTOPOIl OKpecTHOCTH ToukH (x(0, y(9) (3a Takyio

OKPEeCTHOCTb MOXKHO B3sThb, Hanpumep, G XRy),

Fi(x(®, y®)=0 u 9(Fy, ..., Fr) = 90y -oes fn) o 0.

a(xh ey xn) (x(O), !lm))—‘ a(xh eeny xn) X

Takum o6pasom, BBHINOJIHEHBl BCE YCJIOBHS TeOpeMbl 2 HACTOSUIErC
naparpacda O pa3peiluMOCTH CHCTEMbl YpPaBHEHHH.

cuay 5Tol Teopembl ypaBHeHusi (41.74), uwiu, 4ro TO XKe,
cuctema (41.73), moryr ObITh paspellieHbl, H MPUTOM €AHHCTBSHHBIM
00pasoM, OTHOCHTEJNbHO NEPEMEeHHBIX X, ..., X, B HEKOTOpOil OKpe-
CTHOCTH ToukH (x(®, y). Bosee noxpobHO 3TO.O03HAUAET, YTO Cyuie:,
cTByloT Takue okpectHoctd Ui u Uy, cooTBerctBenHo Touek x(¥ i 49,
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x0 eUi, y'9 U, u Takoe eIUHCTBeHHOE OTOGpaKeHHE

x1=g1(y1, ceey yn)r
X=gW) =4 .« ... (41.75)

Xn=2_§n (9‘1, ey .‘/n)y

oTofpaxaoniee okpectHocTe Uy, B okpectnocTs U%, 4TO0 AJs BCeX
y = U, nueeT MECTO TOXKJIECTBO

flg1=y.

Huaue rosops, aas kaxuoi Touku y = U, cymecTByeT U NPHTOM
eIMHCTBEHHAS TouKa X =g (y) & U%, nepexonsmas npu oro6pakenun f
B Touky y. Tem cambim x & [~ (y) N U%, g(y) siBasieTcs: oToOpaKeHHEM,
OJIHO3HAYHBIM, HeNpepLBHO AudpepennupyeMbM H oOpaTHBIM K [ Ha
Uy g=f"

Tonoxum U,=UiNf1U,). Torna U,— OTKpbITOE MHOMKECTBO,
160 OHO ABJIAETCS NepeceyeHneM IBYX OTKPBIThiX MHOxecTB U u f~1(U,)
(otkpuiTocTh MHOXECTBA [~ (U,) clefyer W3 Toro, YTO OHO SIBJSi€TCS
npoo6pasoM OTKPHITOro MHoxectsa U, npu HenpephHBHOM OTOGpaXe-
nuu f, cmM. Jevmy 2 B m. 41.4). OueBugmo, uro U, oroGpaxaercs
B3auMHO OfHO3HauHo Ha U, a nockosbky ¥ e Us u f(x9) =y O U,
T0 X9 € U,, T. e. U,—uckomass okpecTHOCTb ToukH X0, []

3ameuanne 1. Okpecrnoctn U, u U, Qurypupyromue B ycJo-
BHSIX TeopeMbl 4, 006/afaloT elle TeM JONOJHHTEIbHBIM CBOHCTBOM,
uto sikoOuaH oToOpaxenns [ okpectHoctn U, Ha okpectHocTs U,
He obpamaerca B HOJMb Ha OkpectHocTH Uy, a siko6uan 0GpaTtHOroO
otoOpaxkenus [~ He obpamaercs B HyJb Ha okpectroctu U,. dre
cpagy cjaepyer us ¢opmyant (41.71). eficTBuTeNIbHO, B CHJY TOTO
uTO OTOOpakeHHE [ B3aUMHO OJHO3HAYHO MEPEBOJAMT OKPECTHOCTb U,
B OKpecTHOCTb Uy u Toro, uto f 1 f~! HenpepriBHO AnddepeHIHpyeMbl,
MOXKHO HPUMEHHTH YKasarHyio (opMyay K oToGpaxkenuio f, paccmar-
puBaeMomy Ha MHOx)ecTBe U,. CorsiacHo 3Toi GopMyJie, mpoH3BeieHHe
fKOOUuaHOB oToGpaxenuil f u f~' paBHO eMHHIE M, CJeJOBaTeJbHO,
KaX/Jblil 13 HHX HE paBeH HYJIO.

HoxasarenbcTBo caenctBus. Ilyers y=f(x)— nenpe-
pbiBHO Ju(pepeHUHpyeMoe OTOGpaKEHHE OTKPHITOr0 MHOMKecTBa G
B npocTpancTBo R”, a y'® — mpousBoJpHas TOYKa MHoxkectBa f(G).
BriGepem Kakyio-iu60 Touky x(°) B npoobpase Toukn y(0: x(0) e f-1(y(0),
CefoBatTeNIbHO, f(x(®)=y9, B cuiy TeopeMbl 4 CyHWIeCTBYIOT Takue
okpectnocth U, =G u U, coorBeTcTBeHHO Touek x(9 u y(9, yro
U.)=U,. CrepoBatesmro, U, f(G). Unaue roBopsi, afsi BCSKOI
ToukH Y% & [ (G) cymecTByeT ee OKPECTHOCTb, COAEPIKAILAsCS BO
mHOKectBe f(G). Takum oGpasom, moGasi Touka MHoxkectsa [ (G)
ABJISICTCS BHYTPEHHeH JJIsi 5TOrO MHOMKECTBA, YTO H O3HAYAET, UTO
f(G) — oTKprITO® MHOKECTBO. [ ] :

3ameuanne 2. Ecau IpH HEKOTOPOM OTOOpamkeHHH [ puis
Touek X0 u Y9 =J(x(9) CyweCTBYIOT COOTBETCTBEHHO OKDECTHOCTH
Uy u Uy, B3aiMHO OJHO3HAYHO OTOGPAXKAIOMHMECH UM APYI Ha apyra,
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TO TOBOPSIT, ' UTO OmMoOpascerue [ 1A0KQAR6HO 63QAUMHO  OJHGIHAUHO
g mouxe x{9),

Ecau npu 3toM oro0paxkenue f menpepoisao ua Uy, a f-! menpe-
puiBio Ha Uy, TO [ HA3bIBAETCS A0K@AGHO 20MeOMOPPHOIM B Touke x'0)
OMODPANCEHUEeM WA  AOKAALHOIM 20Meomoppusmom. Ecimu, Hakowerr,
yKa3aHHBIA JIOKAJbHBIA roMeoMopdusMm siBasgercs auddeoMophu3moM,
TO paccMarpuBacMoe oToOpaxeHHe Ha3bIBAETCS A0KAALHO Jughpeomopgh-
HoM B JAHHOM TOouKe (ompefesieHHss roMeoMopdusMa u audpeomop-
¢usma cm. B n. 41.4 u n. 41.7).

Ynorpebiasast 3Ty TePMHHOJIOIHIO, MOXKHO CKas3aTh, YTO OTOGpaxke-
uue f, paccMaTpuBaeMoe B Teopeme 4, B KaxJ0H Touke, B KOTODOH
ero AKOOMaH He paBeH HYJIO, SIBJSETCH JOKaJbHO AH(pPeoMOpdHbM
0TOGpaKEHHEM.

Teopema 8 (npuHuun coxpauenuss obaactu). 06pa3 n-mepHoil
obracmu 6 MN-MepHOM NPOCMPAHCmBe NPU HenpepsisHo Ouggeperiyi-
pyemosm omobpanceHuu ¢ AKOOUAHOM, He O0PAUAIOUUMCS 8 HYab,
aeaaemes 004acmoio.

Hokasarteanncrtno. Ilycte G —ob6aacts, G R” u y={(x)—
oToGpaxenne G B R", yJI0BJIETBOPSIOLIEE YCAOBUSAM TeopeMbl. COrIacHo
CHIe/ICTBHIO TeopeMsl 4, MHOxKeCTBO f((G) OTKpHITO, a No Jemme 7 m. 41.4
JuHeiHHo ¢BsisHO. Ilosromy, ecin G —oBnacTb, TO NPU BHIIOJHEHHH
YCJIOBHH TeOpeMbl MHOKeCTBO f(G) Takke siBasieTcss oGJacteio. [ ]

Ynpaxuenue 12, Iloctpouts npuMep HenpepwiBHO Au(dpepeHUmpyeMore
0TOGpaKeHHs HEKOTOPOH NJAOCKOH 06JacTH, AKOGHAH KOTOPOTO HHMTJe He obpawia-
€TCst B HYJIb H KOTOpOE ‘He B3aMMHO OJHO3HAYHO,

41.9. HEABHBIE ®YHKONH, ONPEIEIAEMBIE YPABHEUHEM,
B KOTOPOM HAPYIIAIOTCA YCAOBUA ENWHCTBEHHOCTH.
OCOBBIE TOYKH IJOCKHX KPHUBBIX

Mot yxe 3HaeM, YTO €C/IM KOODAMHATHl HEKOTOpOH Touku x(®) =
=(x{", ..., %) yroB/IeTBOPSIOT ypaBHeHHIO

F(Xy, vy %) =0 (41.76)

o oF
H B 3TOUH TOUKE MPOHM3BOAHAA e He paBHa HYJIO, TO HpH
i

COOTBETCTBYIOMMX YCJOBHSIX, HaJaraeMblX Ha HENPEPHIBHOCTH CaMOi
¢dyukupn F w yKasauHo#l npousBoiHoft, ypaBHenHe (41.76) paspe-
HIIMO B HEKOTOPOH OKPEeCTHOCTH Touku x(®) OTHOCHTeNBHO X; U pe-
IieHHe SBJIAETCA HenpepbiBHO AuddepeHnupyeMoil QyHKIHeH OCTaAb-
HBIX KOOpJIHHAT.

EcrecTBeHHO, BO3HHMKaeT BOmpoC: a 4To OyJeT B C/ayyae, KOrjia
B Touke x(° yacTHble NMpPOM3BOAHbIE IO BCEM aprymMeHTaMm ofpama-
I0TCSL B HYJb — ONpeNe/sieT B 3TOM Cayuae ypabHenue (41.76) xa-
Kuc-1u60 (yHRuuH wad HeT? OcTaHOBHMCSL Ha 3TOM BOMNpOCe, Of-
HAaKO BBHJY €ro CJOXHOCTH OFPaHMUMMCH PAacCMOTPEHHEM HBYMep-
HOrO cJy4ad. ; o
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Hrak, 6yzeM paccMarpuBaTh ypaBHEHHe
F(x, 4)=0, (41.77)

rae Gynkuns F onpenenena m HempepbiBHO audrpepeHInpyeMa B He-
KOTOPOHl OKPECTHOCTH TOYKH (X, Yp), TAKOH, 4TO

B F (xo, 40)=0. (41.78)
Ilycrs
F(xo, yo)=Fy(x0, yo)=0. (41.79)

Tlokaxkem, UTO H NpH BHINOJHEHWH 3THX YCJOBHH ypaBHeHme (41.77)
HHOTJla MOXKeT ObiThb pa3peiieHO B OKPECTHOCTH TOYKH (Xo, Yo) OTHO-
CHTEJIbHO ORHOH H3 INepeMeHHBIX, TaK 4YTO MOJYYHTCS HelpepLiBHO
andupepenuupyemMas GyHKUHS; OJHAKO 3TO MOXKHO CleJiath, Booliie
ropopsi, He eJHHCTBeHHbIM oOGpasoM. Takum obpasoM, ycJoBue

F2 (%o, o)+ F2 (xo, 5) 50, (41.80)

KoTopoe B HameMm caydae (cM. (41.79)) He BLINOJHAETCS H KOTOpOE
f103BOJISIET TNPHMEHHTh TeopeMy 1 O HesBHBIX QYHKUHAX K OJHOMY
U3 TepeMEeHHbIX, eCTeCTBEHHO Ha3BaTh YCJIOBHEM OJHO3HAYHOH pas-
pelMOCTH ypaBHenus (41.77). ‘

Onpepenenne 12. Touxa (X, Yo), K0OpOuHamer komopoil yoogrem-
sopsuom  ycaosuam (41.78) u (41.79), rasweaemca ocoboii mouxod
ypasrenusn (41.77).

Ocobas mouxka Ha3vi8aemcs U30AUPOBAHKOE, ecal Ccyuecmasyem
ee  OKPeCmHOCmb, 6 KOMOPOL OHA A6AAemcs eOUHCMBeHHOL 0C060t
mouKoLl.

T'eoMeTpHYUECKH 3TO O3HAuaeT, uTo ecau ypaBHenue (41.77) aBas-
©TCst HEesBHbIM NpPEeJCTaBJCHUEM KakOH-JuG0 KpUBOH, TO B OKpecCT-
HOCTH OCOGBIX TOYeK 3TOro ypaBHeHHS KpHBasi, BooOile TOBOPs, He
ABJSISTCS TPapUKOM HEKOTOPOH IJIaikoil OXHO3HAuHOH GYHKIHMH (Kak
3T0 HMeeT MeCTO HpH BbimoJiHeHHH ycaoBust (41.80)); 3aech BO3-
MOXHBI pasHble OCOGSHHOCTH, KOTOpble Mbl CeHyac H pacCMOTPHM.

BBegeM 1151 KPATKOCTH 3aMHCH O003HAYSHHSA

Fxx (xOv yO) ZF;x, ny (xO, yo) = F?cys Fyy (xOs yo) = F?/y-

Teopema 9. [Tycme ¢ynxyus F (x, y) onpederena u Osancdo we-
npepolero  Ouppeperyupyema 8 HeKOMOPOL OKpPeCMHOCMU - U30ALPOBAN-
HOd 0c000il mouku (X9, Yo) ypastenus (41.77) u nycmeo

F3.Fyy — Fiy==0.
Tez20a, ecau
Fi.Fy,— Fiy >0, (41.81)

mo (Xo. Yo) ABAAEMC UI0AUPOBAHHLIM Pelierues YPasHeHUR (41.77),
m. e. cyuecmsyein OKPeCHHOCHb MOYKU (X0, Yo) HUKAKAL MOYKA KO-
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mopoti, xpose (Xo, Yo), He ydogremsopsem ypasHenwio (41.77); ecau
e
' Fyy — Fy <0, (41.82)

mo ypoetenue (41.77) paspewitimo 8 HEKOMOPOL OKPeCMHOCHLL MOYKYL
(Xo, Yo), HO He OOMO3HQUHO: umelomcs 0ge pasauunbie Ougeperyupy-
envle  (yukyuu, yoogremeopsioujue ypaexenuo (41.77). Tlosmomy
(X0, Yo) Ha3b6aemcs 8 smom Cay4ae OBOLHOUL MOUKOL.

Hanpuwmep, ecau

Fy, 0, (41.83)

TO CYWeCTBYIOT JjBe auddepennupyemole GYyHKUHH fi(x) u fa(x),
ONpesieJeHHbBIE B HEKOTOPOH OKPECTHOCTH TOYKH X H TaKue, uTo B
stoit  oxpectrocTH F(x, f1 (x))=0, F(x, [,(x))=0, npnuem f; (xo)=
==fy (Xo)= Yy, @ TPOH3BOJHBIE GYHKLMH f,(X) U fa(X) B Touke xo
SIBJASIOTCA PasJiYHBIMH KOPHSIMH ypaBHEeHHS

Fio+2F Sk + Fj, k2 =0%), (41.84)

IlokasaTtennbctBo. Ilycte BhMoaHeHO ycaoBue (41.81),
Buecre ¢ (41.79) OHO 1OCTaTOYHO AJs1 HaJHYHS CTPOTOrO 3KCTpe-
myma ¢yHRUnH F (X, y) B TOUKe (Xp, Yo) (cM. Teopemy 3 B m. 40.2).
ITostomy cyulectByeT okpecTHecTh U TOSKH (X9, Yo), TaKasi, YTO NpH
(x, yeU n (5, §)7(x, yo) 6o Beerza F(x, y)>F (to, 4o),
ap6o Beerpa F(x, y)<<F(xp, Yo), ¥ Tak Kak F (X, Y)=0, TO
F(x, y)#0 aan Beex (x, y) U, (x, y)F (%, %), T. €. (Xo, Yo)
SIBNSIETCST H3CIHPOBAHHBIM pelllenneM ypaBhenus (41.77)%%),

Ilyctb Tenmepb Bhinosneno ycaosue (41.82). PasnoxuMm ¢yHruMIO
F{(x, y) no ¢opmyne Teifinopa B OKpeCTHOCTH TOYKH (Xq, Yo) AO Cha-
raeMblXx BTOpOro MNOpsfKa; TOrjAa, NPHHAB BO BHHUMaHHE YCJIOBHS
(41.78) u (41.79), noayuum:

F(x, y)=
Lrpa go. 0
= 5 [Fhe (£ — %02+ 2F2% (x — %) (4 — o) -+ Fyy (9 — 90)?]+ 0 (r3),
(41.85)
rae r=V (x— X0+ (¥ — 4o)>. TIONOKEM x—xo=rCOSQ, §— Yo=
=rsing. OueBuaHo, (r, ¢)— NOJApHLIE KOOPAMHATHL TOYKH (X, y),

npHyeM B KayecTBE Hayasa NOJISPHOH CHCTeMB KOOPAMHAT NPHHATA
Touka (xo, Yo)-

. *! KopHH STOTO yP2BHEHHA BEUICCTBEHHE! H PassHuHBl B CHJY ycaopuii (41.82)
n (41.83).

##1. B J0Ka3aTeJbCTBE 3TOrO YTBEPHKJEHHS HCIONB3YeTCs He TO, uTo (X, Y}
ABETC HM30MMPOBaHHOH  ocofoil TOUKCH, a Juwb TO, YTO OHa sIBASETCS NPOCTO
oc¢oGofi TouKoll, B KOTOpOi BHnNoJHseTcs ycaosue (41.81).
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B atux koopamnarax
2
F(x, y) =5 (Fix cOS?@+ 2F%, cos @ sin ¢ 4 Fy, sin? g) 40 (r2) =

=D P(@+o(?), (41.8)
rpe

P (9)=Fiycos? @+ 2F%, cos @ sin @ - F, sin® g, - (41.87)

nan mpu @ %= 5 (2k-1), k=0, =1, 2, ...,
P (@) = cos® ¢ (Fii+ Fa, tg o + Fy 18” ). (41.88)
TIpeAnoIoRHUM Tenepb, YTO BHIIOJHEHO Takke H ycjosue (41.83).

Ilycte k; M ky—xopuu ypaBHeHus (41.84) u nycte ¢, =arctgk, u
¢y =arctg ky. Torna

o ~=Fa2, @£, (41.89)

u u3 (41.88) caeayer, uto
P (@) =cos’ ¢ (tg o —tg ¢1) (tg ¢ — tg gz). (41.90)
s dopmyner (41.90) Bugno, uro ¢yukuua P (¢) npu ¢==
'#%(2/@4—1), k=0, &=1, =2, |,. obpawaercsi B HOJb TOMbKO HAJs
Q=0;+kn U Q=q@,+kn, k=0, =1, =2, ..., npuuem npu ne-

pexoje aprymMeHTa 4epe3 3TH 3HAYEHHs OHA MeHseT 3Hak. Ham Oy-
JieT yHOOGHO HHTeprpeTHpoBaTh P (¢) Kak (QYHKUHIO TOYKH OKPYHK-
Hoctt C C LEHTPOM B TOYKe (X, Yo) M pajmuyca, paBHoro | (Taxoit
pazuyc BHIOHpaeTCss AJIsi NPOCTOTHI, 4TOOBI JJIMHBI AYr COBHAAAJIH
C yraamu ¢).

Ilycts €>0. OGosnaunm uepes U,=U,(e) oTxkpbiThli yros,
ONpeAeNsieMBIl HEPABEHCTBOM §; —& << @ <<@;-}-¢€, T. e.

Ui={(r, 9):p1—e<<o<<qi+e},
COOTBETCTBEHHO MOJOKUM

Up={(r, 9): 2 —<<@<<@ate};

npu 3Tom BoiGepeM € >0 cronb MaaeM, uToGn U; u U, He mepe-
CeKaJHCh M He Ccofiepkand B cele [OJYOCH OpAHHAT, a 3HAYHT, M
BOOOHIE BEPTUKAJbHBIX MOJYNPAMBIX (IOC/eHee BCerja MOXKHO Bbi-
[IOJIHUTL BCJEICTBHE ycjoBHH (41.89)).

Iycte Uf u Ujf—yrabl, LeHTpanbHO cummerpuuHbie ¢ Uy u U,
OTHOCHTEJIBHO TOUKH (Xo, Yo):

Ut={(r, ¢): 1+ —e<o <@ +7n+e},
Us = {(r, Q) Patn—e<<o <<t me}
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B cnay BuiGopa wncna & muHoxecrsa Uy, U,, Uf u U HNONAapHO He
nepecekaroTcs (puc.154).

Pacemorpum Tenepn P (@) Kak (YHKUHIO TOUKH BHIIEYKA3aHHOH

okpyxHocTH C. Touky okpyxuoctd C, KOTOPOH COOTBETCIBYeT IO-
JISPHBII yroJ @, OyemM 1S IPOCTOTH TaKkKe 0603HauaTh yepes ¢. ¥ aa-
JIIM H3 YKa3aHHOH OKDY’KHOCTH HHTePBaJbl C IEHTPAMH B TOYKAX @y, g,
Q17 1 @y + K AAHHB 28%);
B cHJy BbIGOpa &>0 3TH y
MHTEPBa/Ibl HE HMEIOT OGIKX
Touek. OcraBiieecst MHOXKe-
CTBO, KOTOPOZ 0603HAUHM Ye-
pe3 B, ABJseTcs orpaHuueH-
"HBIM H 3aMKHYTHIM, a CJI€L0-
BaTeJbHO, KoMnakToM. Ha B
¢yukuus P (¢) HempephiBHa
¥ He ofpamiaercs B HYyJb,
a NesToMy

inf | P (¢) [=p>0.
psB
(41.91)
OGosnauum uepes K,
3aMKHYTBHIH KPYT € LEHTPOM
B TOYKE (Xg, Yo) H paguy-
COM p: ’ Puc, 154
Ko={(r, 9):0=<r<p},
a yepe3 L, 0003HAYHNM MHOMECTBO, KOTOPOE MOJy4aeTCsl BEIUMTAHHEM

(B TEOPETHKO-MHOMXKECTBEHHOM CMbicJe, cM. 1. 1.1) MHOXKeCTB
Uy, Uy, Ut n Uf u3 xpyra K,. OgeBugto, uto B cuay (41.91)

inf | P(g)|=p>0.
Y

r,oeL

Tenepb, 3ameuast, uto u3 (41.86) caenyer
F(x, )= [P (@+a(, o) (41.92)

rae lima(r, ¢)=0, BuiGepem p >0 Tak, YTOOb HPH r << BHIIOJ-
r—0

HAJN0Ch HEPABEHCTBO
Jo(r, @) | <p. (41.93)

Torga u3 (41.92) camenyer, uro A4 BCeX Touek (7, ¢) & L, BuIpa-
JeHHe, cTosiliee B mpaBoil wactu dopmyasl (41.92), umeer TOoT Xe
anak, 4ro H P (9).

# IutepBasioM MJIHHH 28 Ha OKPYXHOCTH C LEHTPOM B TOUKe, NOASPHBIA
Yoo KOTOpOil paBeH (g, Ha3HBAETCA MHOKECTBO ee TOueK, MOJMSPHEE YIH @ KO-
TOPLIX YJOBJETBOPSIOT HEPABEHCTBY Qg—& < @ << g €.
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MuoxkectBo L, COCTOHT H3 4eTbipeX 3aMKHYTHIX CEKTOPOB (€M

puc. 154), Ha KaXIOM H3 KOTOPHIX, 33 BBIYETOM MX lIeHTPa, (QYHK-
s P (@), a 3HauuT, B cusy BoiGopa p, u Qymkuus F(x, y) npu-
HUMAlOT 3H4YEHHs ONHOr0 H TOrO K€ 3HaKa, a HA COCEJHHUX
€eKTOpax — pasHbIX.
. Pacemotpum tenepe yron U;=U, (g). TlycTs aas onpeps/a2HHO-
cru O <<@, <<m/2. Tl:peceuennz sambikauusa U; yraa U, ¢ Beptu-
KaJbHOH ApaMOA X =x%, Xo < x* << xy+p cOS (@, +-¢€), npeacrapaser
COBOH OTPe30X, Ha B2PXHSM H HUMKH2M KOHLUAEX KOTOPOro (yHKUHS
F{(x*, y) upyHnaMaeT 3HA4cHHS PasHOro 3Haka. ®yukuus F(x*, y),
paccMaTpuBaeMas Kak (QYHKUMSA OZHOrO MEPEMEHHOro Y Npu (PUKCH-
poBanuoM x*, Oyly4H Hemp2pLIBHOH HA YKAa3aHHOM OTpes3ke, ofpa-
HlaeTcsk B HEKOTOPOH ero Touke y* B HyJb, T. €. I Kakjoro x*}
rie xo << x* << xo-+pcos (¢, -€), cywecrByer no Kpaiineil Mepe ojua
TOYKa y*, Takas, 4To

Fx*, y*)=0, (x*, y*)=U,(e)NK,. (41.949)
Onpenenum y=/f,(x) Kak QyHKUHO, CTABAMYI B COOTBETCTBHE
gueay x¥ uyucsao y*:
f1 (%) =y*, xo<<x* <<xo+pcos(@.+e).

[Tokaxem, 4TO npH JAOCTATOYHO MalbIX & M P (QYHKuus f, onpeje-
JISHA OJHO3HAYHO, T. €. CymecTBYIOT Takue ¢ >0 u p>0, yro
npu 3ajaHHoM x* ycaoas (41.94) onHosnaynHo oupepensoT y*.
Houyctum npotusHoe. Bospmem nociefoBaTenbHOCTH €,—>0 H p,—-0
npu n—-oo. Torga cCymecTBYWOT ABe NOCAeJOBATENBHOCTH TOUEK
€ OJUHAKOBbIMH abCUHCCAMH X, H Da3HbIMH ODAUHATAMH Y, U Y,
TaKHue, yTo ’

(ny 43) EUr(e) N Ko, F (600 4)=0,
(%n, Yn) = U (el N Kp,,s F (xn, yn)=0.

Torpa B cuny Teopembt Posns na otpeske [y;, yn] npamoit x=x,
HafieTCA TOYKA Y,, Takas, 4To

Fy (% yu)=0, (41.95)
OPpH  3TOM OUEBHIHO, (X,, Y.) =U () NK, ony TO YCIOBHIO (CM.
(41.79)) mbl umesn emwie

F, (%o, 40)=0. | (41.96)

Mo dopmyne KomeuwslX NPUPAUIEHU, NPUMEHEHHO K (QyHKUHH

F(x, y) ‘
Eg (&'m Yn) — Fy (0, Yo) = Fyx (En» M) (%0~ X0) + Fyy Grs M) (Y —fyo),

. (Em nn) = Ul (8,,) ﬂ Kp,ly
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oTKyZa B cuay (41.95) u (41.96) :
Fuy Gnr M) +Fyy By Ma) 2= =0, (41.97)

Hyers (X4, Yn)=1(rn, P.). OueBnpHo, [P, — ;]| <&, a NOITOMY
u3 yc.nomm e,—0 caenyer, uT0 Y,—¢; IPH N—>0O, H TAK KaK
—Y% '

e == ™ -
lim 22— —tg g, =ky. (41.98)

n—oc R

Iepexonss K mnpeieny B pasenctBe (41.97) mpn n-—>-co, B mﬂy
(41.98) nmeem
Fe
F?cy’{“Fzykl:O, T. €. kl.;__Fzy;
4

NOJACTaB/ISI 3TO 3HaueHHe KopHs B ypaBueHue (41.84), nomyuum
2
ngFzy“F;yzo»
YTO NPOTHBOPEUUT ycJoBuio (41.82).
Wrak, ¢yskons y=f,(x) AefiCTBHTEJbHO OJHO3HAYHO ONpEnes-
€ICsi NpH JOCTAaTOYHO MaJjbix & M p. B panbHefinieM Oynem mpejio-
Jararb, YTO € H 0 BHIOpAHBl HMEHHO TaKHM 06pa3oM.

JoonpeaeuM (QyHKUHIO f; B TOUKE Xg,- NOJOXKHB Yo = f; (Xo).
QueBHaHO, TI0 caMOMy onpejeneHnio GyHKnuH f, (x) HMeeM

F(x, 1(x))=0, xo=<<x<<Xo-+pcos(py+€).

TloxaxkeM, 4TO B TOYKe X, y OYHKUHH fy(x) CywiecTByeT npaBoCTO-
pOHHSIS1 INPOH3BOJAHASE M 4YTO OHa paBHa k. IlycTb npowusBoJbHO
¢ukcHpoBano &>0. M3 BBIIEH3NOKEHHOrO CleAyeT CYIeCTBOBAHHE
TaKkoro p=p (g) >0, uro COOTBeTCTByIOLLlaﬁ yacTh rpapuka QpyHKUHMH
f1(x) uennkom nexut B U; ()N K,

o [y U ()N Ky, Xo<<x<<Xo+pcos (@ ¢). (41.99)

BosbMeM 8=p cOs(p;--€) # NycThb X TakoBO, 4TO 0 <Tx — X9 << ¥,

y=fHx) u (x, y)=(@, ¢). B cuny (41.99) nmeeMm | —aq,|<e.
Jro o3gauaer, yTo lim @ =¢; u nosromy lim {goe=tge¢,. Ilo-

x—>x0+0 x—>x9+0

cKoJbKYy tg o= )y‘ _f:“, TO W3 JOKA3aHHOro CJeflyeT, uTo
—Xo
lim fl(x)z:il(xo) = lim z:ilco = tg ¢y,
x->xo40. 0 x> x6+0 0

T. €. y GYyHKUHY f;(X) CyulecTBYeT NpPOH3BOAHAs CIIPABa B TOUKE X,
pasuasi tg @y=~R,;.

Ilono6ubIM ke 0GpasoM M3 PAacCMOTPEHHS MNOBEAEHHs ¢ynmum
F(x, y) B yrae U} gpoxaseiBaercsi, yto npu Hekoropom & >0 na
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otpeske [xo—&', xo] cymecrByer dyHkKuusa f;(x) Taxas, 4YTO IpH
Xo— 8" << x =< Xy

F(x, [y(x))=0, (x,f1(x)) Ui, [i(xo) = ky (nop npoussopHofi, ec-
TECTBEHHO, B JAHHOM CJy4ae IOHHMAeTCs JIEBOCTOPOHHSIST NpPOH3BOJ-
Has1). -

Ecnn uuesno p B3ATh CTOJb MaJbM, 9TOOBl B KPYroBOH OKpecT-
HOCTH pajuyca O TOUKH (Xo, o) HE COJAEpHKaaoCh APYIHX 0COOBIX
Toyek ypabHenus (41.77), kpome (Xo, Yo), TO (yHKHHS f; (X) OyneT
JudpdepeHnMpyeMOl W BO BCeX TOYKAX X & Xg OITO Cpasy CJjaefyeT
U3 JOKa3aHHOH BbIIE TeOPeMBEl O HeSBHBIX (YHKIHUSIX (CM. Teopemy
1 B n. 41.1). B pesyabTaTe MB M HOJyYHJIH QYHKILHIO fy(X), onpe-
JICJIEHHYI0O B HEKOTOPOH OKPEeCTHOCTH TOYKH Xo M OGJIANAIOLLYIO BCEMH
TpeOyeMbIMU CBOHCTBAMH.

Ananorn4Ho JOKa3bIBAaeTCS CYIEeCTBOBaHHE QYHKIMH f, (X), Takxke
ABJNAIOLIEHCS pemneHueM ypasHeHHs (41.77) u ynoBseTBopsiolieit
YCJIOBHSIM TeopeMbl, mpuuyeM rpabdHK 3Toi (QYHKUUH [POXOJUT B
yraax U, u U§ u yepe3 Touky (X, Yo)- 4

- Ecmn Fy, =0, a Fi,5~0, T0O BCe paccMOTpPeHHs MPOBOAATCS aHa-
JIOTHYHBIM 00pasoM; CJeAyeT TOJbKO IIOMEHATh MECTaMH POJb OcCei
Ox u Oy, Tak uTO B pe3yJbTaTe MOJYYHM pelIeHHs ypaBHEHHS
(41.77) B BHpe Qyukuuit oT nepemeHHOR y:f;(y) H fo(y).

Ecnu, wnakonen, Fi,=F),=0 wu, 3nauur, F}, =<0, 10 mpoue:
BCEr0 BBLIMOJNHHTh 3aMEHY IEpPEeMEHHHIX: x=E-+}1, y=E§—n (nosep-
HYTb OocH KoopauHar Ha yroa m/4). Torma (kak Jerko ybegutbcs
HEMOCPEACTBEHHO AuddepeHIHpOBaHHEM)

Fig =—Fqn=2F3, 50, F§y =0,

T. €. B HOBO! KOODAHHATHOH CHCTEME MOJNYYHM yKe U3YUeHHBIH Cay-
uait. B uacrnoctu, ypasnenue (41.84) past yrioBbiX KosdduuueHTOB
KacaTeJMbHBIX B 0CO0O# TOYKe B KOODAHHATHOH cHcTeMe &, 1) MMeeT BHJ

k2 —1=0,

M, 3HauMT, k;,=1. Muaue rosops, GHCCEKTPUCHl  KOOD AMHATHBIX
yrioB, ABJSHOIUIHECH KOOPAMHATHEIMH OCSIMH B CTApOH CHCTEME KOOpJH-
HaT X, Y, CyTb KacaTe/bHble K rpajukam ABYX (YHKIHIH, KOTOpbie
ONpeseNsioTcss ypaBHeHHeM (41.77) B HEKOTOPOH OKPECTHOCTH paccMat-
puBaemoii 0co6oit ToukH. [_]

Ecmu ypasuenne F (x, y)=0 SBJseTcS HEABHBIM NPEICTABJICHHEM
KaKOH-JIHOO KPHBO#, TO B 0COGOH TOUKE (X, o) STOTO YpPaBHEHHA .
KpHBasi MOXKeT (XOTA M He 00si3aHa) UMETb KaKHe-Ju6o 0COGEHHOCTH,
T. €. B OKPECTHOCTH OCOGO¥ TOUKH STOrO ypaBHEHHS KPHBasi, BOOGIIE
roBopsi, He fABJseTCS IPapUKOM HEKOTOPOR Tr/IaaKoH OJHO3HAUHON
¢yHRIMN. ‘ .

- Crienyer HanmOMHHTBL Takxke, YTO MHOMKECTBO TOYEK, KOOPXHHATHI
KOTOPHIX  YIIOBJIETBOPAIOT ypaBHeHHI0 (41.77), BooGwe roBops, He
ABNACTCA BCErJa KPHBOA B CMBIC/IE JAHHOTO paHee OmpefeleHHs
kpuBo#l (cM. m. 16.2%), sanaBaemoii mapamerpmuecku.
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Hpumepn. 1. Tlycrte Kano ypasuenue y2 (x2+ 4?4 1) =0. 3necsp
F, )=y (x2-4-y*+1), a nostomy F,=2xy?, F,=2xy+4y*+2y.
Yenous majguuds ocobod Touku (41.78) u (41.79) paior B 3TOM
caydae

Yo = O) Yo= 0.

TakuMm ofpasom, ocoboil Touxkoii ssasercs (0, 0). Opnako B 7ol
TOUKE KpHBas, ONpelesseMas ypaBHEHHEM, HE HMeET OCOOEHHOCTH,
TaK Kak OHO (MHOXuTeNb X2 y*-1 Hurle He oOpawiaercs B HYJib)
paBHOCHJBHO ypaBHeHHIO y =0 u paccMaTrpHBaemas KpHBas fABJgeTCS
rpagukoM sBHOM ¢QyHKUHH y=f(x)==0. OTMETHM, YTO, K&K JIETKO
yGeautbesi, B oTOM ciaydae B Touke (0, 0)

F o oFyy—Fiy=0. (41.100)
2. Ilna ypasHenus
4+ (®+y*—1)=0. (41.101)
yenosus (41.79) npespaumiaiotcst B CJIEAYIOWYIO CHCTEMY ypaBHeHﬁﬁ:
2x34-2xy? — x =0,
213+ 252y — y=0.
CnoxuB M BHIYTS 9TH YPaBHEHHS, NOJYYHM CHCTEMY

(x+y) @2 +242—-1)=0
(x—y)(2x2+2y>—1)=0.
Orcioga mufo x =y =0, mbo 2x2 - 242 — 1 =0, oguako Touka (x, y),
KOOPAMHATBl KOTOPOH YAOBJETBOPSIOT IOCJEJHEMY COOTHOLIEHHIO, HE
ABAseTcsl KopHeMm ypashenns (41.101) ( Anst Hee x*+y?=--, M, 3Ha-
N A
UuT, HH OAMH U3 coMHOxuTenell nepoil uactu (41.101) He o6pamaercs
B H'OJlb).

Takum 06pa3oM, exuHCTBEHHOH o0coGo#l Toukoit sBaserca (0, 0).
Jlerko mpoBepHThb, UTO 34€ch BhilosNHAercs ycaosue (41.81), u, sma-
unt, Ttouka (0, 0) sBAAeTCA H30JUPOBAHHEIM KODHEM ypaBHEHHS
(41.101). TeomeTpuuecku, Kax 3TO Cpa3y BUAHO, ypaBHeHue (41.101)
sajiaeT eAUHHUYHYIO OKpyxKHocTh M ee uentp (0, 0) (310 MHOKeCTBO,
OYEBHJIHO, He fABJIsIETCA HOCHTENEM HHKAaKOil KPHBOH, 3a1aHBOH mapa-
MeTpHyecKH B cMblcyle 1. 16.2%).

3. HOnaa ypaBHenus
x84 1y3—3axy=0 (41.102)

yeaosus (41.79) Hannyus 0co60il TOUKH NPUBOJAT K CHCTEME ypaBHEHHI

x2—ay=0,
yr—ax=0,
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oTKyna Jubo x=y=0, u 3Ta Touka yIOBJETBOPSET YDPABHEHHIO
(41.102), 6o x=a, y=a, HO KOOPAHHATH 3TOH TOUKH HE SBJSIOTCH
peurennem ypapHenus (41.102). CnoBa spmecs (0, 0) — equHcTBEHHAR
ocobana Touxka. Herpyano yGemutbes, 4TO npH 3TOM BBIIOJIHSIOTCA
yeaosus (41.82), u, snauur, (0, 0) aBasiercs ABOAHOH TOUKOIL.
T'eomeTpHYeCKH A/ KPHBOH, HEsBHBIM TPEACTABJECHHEM KOTOPOi
aBasercs ypapHenne (41.102) (oHa na3biBaercst 1€KapTOB JIMCT, H MBI
c Heil yxe BcTpeyasuch B m. 14.5); rtouka (0, 0) siBAsieTcs TOUKOi
camonepecesenusn (cMm. puc. 61 B nepsom TOME). ;
4. [Ina ypaBHeHus e
y—x3=0 (41.103)

(0, 0) sBasieTcsi ocoGoii TOUKO; B Hell BHIIOJHSETCS YIKE YCJAOBHE
(41.100), u Tem camMbiM B 3TOM CJyyae He BBHIUIOJHSIOTCH YCJIOBHS
Teopembt 6. ['eoMerpuueckn Kpubasi, Bbipakaemasi ypaprennem (41.103)
H HasbiBaeMas NoJaykyOHueckoit napabomoft y= -t x3/2, umeer B
touke (0, 0) KacaTesJbHYIO H PacHOJIOXKEHA B OKPECTHOCTH 3TOH TOYKH
[0 OJHy CTOPOHY OT HOPMaJH.

4

S|
&

it

Puc. 155 Puc. 156

TOYKH TAKOrO THTA HA3bIBAIOTCH mowkami: gosspama (puc. -155).
5. Jlna ypaBHeHHus
yr—xt=0 (41.104)

(0, 0) Takxke sBAAeTCA 0cOOO# TOUKOH, M CHOBA 3/leChb BBHIMOIHACTCA
yeaosue (41.100). Ypapuenne (41.104), oueBuaHo, pacnajaercs Ha
ABA YpaBHEHHs: y=1x> H y=—x?%, KOTOpHe 3ajalOT JBe NapaGo/si,
nmeroune B Touke (0, 0) obmyro KacaresbHyIo.

Oco0ble TOYKHM, B HEKOTOPOH OKPeCTHOCTH KOTOPBIX YpaBHEHHE
(41.77) 3anaer JBe HernpepuBHO Au(pepeHilpyeMble KPHBBIE, HMelouike
B TOUKE (Xg, Yo) OOULYI0 KacaTelbHYIO, Ha3bIBAIOTCH MOYKAMU CaMO-
npuxoctogenus (puc. 156) 3THX AByX KPHBBIX. ' ‘

MoxeT cayuuTsCs, YTo nmpu BeinosHedHd ycsoBus (41.100) ocobas
TOYKA OKaKeTCsl H3OJMPOBAHHBIM pewenxeM ypaBHenust (41.77), una
ero ABOMHOH TOUKOM.



41.9. Ocobste Touku 81.

B 3ak/moyeHHe AaqHM HEKOTOpbIe NMOSICHEHHs K ypaBHeHHIo (41.84).
Ecau (%, Yo) —oOcoGafA Touxka ypasHenus (41.77), To nocne napan-
Jle/IbHOTO [IEPEHOCA Hauyala KOOPAMHAT B TOUKY (X¢, Yo) vpaBHeHHe
(41.77) npumer Bux

Foux? 4+ 2Fxy +Foyy®+o(x2+ 4y =0, (41.105)

(3mech uepes x M y 00O3HAueHbl KOODAMHATH TOUKH B HOBOH CHCTEMe
KoopAHHaT, a uHiekcoM 0 HaBepxy 0003HaYeHB 3HAYCHUS YaCTHBIX
npou3BoaHbx B Todke (0, 0) 3TOfi cHCTeMmbl), OTKyJa C TOYHOCTHIO
10 GecKOHEYHO MaJblXx OoJiee BBICOKOTO MNOPsAAKA HAaille ypaBHeHHE
MOKHO 3aMHCaTh CJeyHIIHM oOpasoM:

Fox® 4 2Fyxy + Fyuy? =0. (41.106)

B CJlyyae BEINONHEHHS yCJIOBHS (41.82) nesas vactb ypaBHEHHS
(41.106) pacnapaercss Ha aBa AeHCTBUTEJbHBIX MHOKHTEJNS, KamIbif
M3 KOTOPHIX, NpPHPABHEHHBIH HYJMO, M JaeT KacaTe/JbHble K JBYM
BeTBsM KpHBO# B Touke (0, 0) (cM. (41.84)). B cayuae e BHINOJHEHHSA
ycnopusi (41.81) neas uacts ypasuenus (41.106) pacnagaercs Ha npa-
KOMIIVIEKCHBIX MHOXKHTeJSI: «KacarteJbHble MHHMBIY, DTO €CTECTBEHHO,
TaK Kak 3[ech TOBOPHTb O KacareJpHOH He HMEET cMbic)ia, HOO B 3TOM
caydyae ocofas TOYKa fIBASETCH H30JHPOBAHHOM.

10 3ameyaHHe OCOOEHHO YAOGHO HCHOJIb30BATh JJIA ONpeeseHHst
XapakTepa oco6ofi TOUKH B cayyae anreCpapyeckoil KpPHBOH, T. e.
KPHBOH, 3aJaHHOH ypaBHeHHEM

P(x, y) =0, - (41.107)

rze P (%, Y)—MHOTOUJIeH OT ABYX MIePEMEHHBIX X H 4. Ecui (0, 0)—ocobasn
TOYKA 3TOrO0 ypaBHeHHs, To M3 ycjosuit (41.78) u (41.79) caenyer,
YTO 5TOT MHOTOUYJIEH HEe COJEPXKHT HH CBOOOJHOrO UJeHa, HH YJICHOB
nepBoro mopsifka, T. €. ypaBHeHue (41.107) umeer Buj

ax?+2bxy +cy’+Q (x, y)=0,

rae Q(x, y) —MHOroudeH, BCe WIeHH KOTOPOrO 110 Kpaiiueil Mepe
TPeTbero nopsiika. XapaxkTep NMOBeJeHHs PelleHHH 3TOro ypaBHEHHS
onpejeJsieTcs €ro raaBHOH 4acTblo, T. €. ypaBHCHHEM

ax? 4 2bxy - cy? =0
KoTopoe spasiercst ypasuenueM (41.106) ans mannoro cayyas ubo,
KaK JIeTKO BHIETh, 37eCh
a=F;;, b=F, u c=F,.
Ecmu ke Touka (0, 0) ynoBnerBopsieT ypaBHenmio (41. 107), HO
He sBasgercss ocoboit, To (41.107) umeer BuA
Ax+By-+-R(x, y) =0, A*+B*>0,

rae R{x, y) — MHOrOuY/JeH, BCE WYJIEHBI KOTOPOrO HMEIOT NOpPSJOK He
HIKe BTOporo. M3 TeopeMbl O HEesIBHBIX (QYHKUHAX (cM. Teopemy ‘1
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B n. 41.1) caenyer, uto ypaBHeHHe
Ax+By=0

SIBJISIETCS] B 3TOM CJyyYae ypaBHeHHEM KacaTeabHoit B Touke (0, 0)
K rpaduKy peweHus ypaBHenus (41.107).

Ynpaxuenus. Hcerenosars IoselieHHe KakIoll H3 CAeAYIOMIHX KPHBBEX
B OKPECTHOCTH ee oCoOBIX TOYEeK; HalTH KacareJbHbie B 0C000il TOuKe.

13. y2=x2-x3, 18. ¥y (y—2)2=x2.
M. yPr=x2—x3, 19. 4y2==x5 4 5xd,
15, y2=x%— x4, 20. (2 —y?) y=x4,
16. (x2—9) y2=x1, 21, (y—x2)2=x8,

17. y2=x(x—3)2,
41.10. 3BAMEHA NNEPEMEHHBIX

Yacto B pa3iMyHLIX BONPOCAX MaTeMaTHYECKOTO aHAJH3a H B €T0
APHJIOKEHHAX NIPU M3yYeHHH TOH WM uHOH GopmydH, copepxameH
KaKkHe-nu00 (YHKIUH H X NPOH3BOJHBle (OOLIKHOBEHHBIE HJIHM YacT-
HbI€), OKa3blBAeTCsA 1eNeCO00pasHbIM NepeldTH K APYTHM HEe3aBHCHMBIM
NIepEMEHHBIM, 4 MHOrJA H K APYrHM (YHKUHAM, KOTOpLIE CBS3aHBI
¢ QYHKUUAMH, BXOJSIIMMH B pacCMaTPHUBaEMYyIO (GOPMYJy, ONpeAeseH-
HBIMH COOTHOIIeHMAMH. Bce 3Tu npeobpasoBaHus JeJaloTcsi Ha OCHO-
BaHHU NpaBHJ AUQGPEPEHIUPOBAHUSA CJIOKHLIX H HESBHBIX (QPyHKUHI,
PaccmMoTpuM HECKOJIBKO MpPUMEpPOB.

Hycts u=u(x, y). IIpeobpasyeM BblpaKeHHS

ou \2 dul\2 0% ?u
(5 + (5 n 5+ 5
K. HOJSIPHLIM KOOpAuHaTaM r M ¢. IlepBoe u3 3THX BHpaXKeHH
SIBJISIETCS KBAAPaTOM JJIHHBL rpaguenta Vu QyHKLUHM u, T. €, paBHO
| Vu?, a Bropoe uMeer crelnuajpbHoe o6o3HaueHue Au: ‘

du\e | [d : ’
|Vu[2=<5;—> +(5’;—)2, (41.108)
Ay et 2 +~§y“- (41.109)

CumBon A, ykaspiBalommii Ha IpuMeHeHHe K (GYHKIMH & OTepamnuy
(41.109), HaswiBaercsi onepamopom Jlanaaca ™).
M3 ¢opmyn, cBsisbiBaloluX AeKapPTOBLIE KOOPANHATHL C [I0JIAPHLIMIT,

X=rcos ¢, y=rsing, (41.110)
HAXOLHUM:
ox ox . dy . a
T =Cos @, g = rsing, 5-=sing, »(%:rcoup. (41.111)

* J1. JTannxac (1749—1827) — dpannysckuii Mexanuk H MaTeMaTHK.
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Tipumenum dopmyas! audbdepeHINPOBAHUSA CI0XKHOA QyHKIHH:
ou _ Ou Ox du dy ou

or T 9x or + 5y By or T ox COS(p+ sm P
ou ou dx du Oy ou . du
—6@ Br 0@+6J56——Wr51n¢+*0?/—rcosq).
Pa3peumM 3TH paBeHCTBA OTHOCHTEJIbHO -g% H %;t—
au _du du sinp Ou __ au i Gu cos @
=5 COS@— G0~ o = o Q+ 50— (41.112)

H TOACTABHM MOJYYMBLIHECS BBIPAKEHUS B (41.108):
IVuIZ—(i—COS(p—a—g S]l:cp) +<au sin +6u COS(p),_‘
Ou \2 1 [0u\2
= (&) + =G

Tenepn mepefiieM K Boiuucaenuto Beipaxenus (41.109). Ilpoaud-
GepernupyeM dopmyast (41.110) cHavana mo x, 3areMm no y:

1=c03(pgﬁ’-rsin(p%ql, 0=coscpg—;—rsin(p%ql

O._smcp —l—rcosq)a : 1=sincp%rg~+rcosq>%;’
PaspeluuM NOMYYHBHIMECS CHCTEMb! OTHOCHTENBHO %, —g%, g—; " %—::
S —cosq, O o=sing, 0= M %;R =0 41113)

4 I'[ponuqxbepeuunpyem tenepb ¢opmysnt (41.72) no x u y; Toraa,
ucrionb3obas (41.113), moayuum

u __ 9 (du du sin @ du __ Ou sin(p) 9 _
W‘?(a—rws@—s‘@*—, )ax+a@<af COSP—%¢ —7 ) ox
0%u 2 2cospsing O%u sin? @ 02u
—WCOS ¢ r or 09 +— et

sin2 @ @_ 2cospsing du
+ r or + r? dp’

Pu _ 0 [Ou ou cos @ ou du costp) 99
= o <6r sing + 5. ) o T aq><af Sin@ 450~ y =

r
2cospsin g 02u cos? ¢ 62u
r or 0 + 2 Op? +
cost du  2cos@sing du
r or r? g’

i;i— sm2cp+
+

[Moncrapus monyuusmHecs: BuipaxeHust B (41.109), 6yaem umern

d%u 1 0% 1 ou
Au:bﬁ_l_. TE og? +7
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B cayuae, xorpa B npeoGpasyeMoe BbipaxkeHHE BXOIUT HE OJIHA,
a HECKOJIbKO NMPOH3BOAHBIX AAHHOTO NOPAAKA, YAOOHO APHMEHSTb METOJ
BLIMHCJEHHS HE NPOH3BOIMEIX, @ Au(pepenunanos. Hanpumep, cuntas
He3aBHCHMBbIMH TEPEMEHHBIMH X H Y, HaliJleM BhpaXeHHA Jna audde-
pennnanoB dr n de. Y3 dopmya (41.110) nmeem

dx=cosq@dr—rsingdy, dy=sinodr4rcospde,
oTCIO/1a

dr = cos o dx4-singdy, do=— Sirr”pdx—}—fgfi)dy (41.114)

(omverum, uro n3 stux (dopMyJs Takxke cpasy NoaydaloTcss GopMyJibl
(41.113)). '
Has ¢yHKOHN u=u (X, y) HMeeM

du—~—d —l— au

0 a
= <%" COScp——»(% sm(p)d +< sing —‘ra:; Cofq))dy. (41.115)

B Bolpaxenuu nisa auddepennuana du kodbduuuentl dx u dy
5% U 55—, nostomy u3 (41.115) cpasy nosy-
yajotcs o6e ¢opmysnt (41.112), Hafinem nanee Bropuie auddepen-
uuanel d?r u d?@ us (41.114):

SIBJAIOTCA TPOH3BOAHBIMU

d?r =—sin@d @ dx - cos @ dp dy =
— sin? ¢ dx2— 2 cos @ sin ¢ dx dy +-cos® @ dy? ,
r
20 [COSQ sin @ [sing , cos<p —
A2 = (-T de 4202 dy)d(p+\———r2 dx — &8 dy) dr
__ 2cos @ sin @ dx®—2 (cos? ¢ — sin3 (p) dxdy—2cos¢ smq>dy3
= , 3

Tenepb 1«13'(41.115) A d?u monyunm

du=2% g9 T drd+ dq>+——-d2+i’£d2<p=

6 2u 2cos<p sing 0% sin2 ¢ 6~u
— 2,98
= (COS P52 r Or g + rZ og% +
sin2 ¢ Ju 2cospsing Ou
UL XL ___g;__i L) dnr 2. ) dedy (. ) dy.
2

Orcrioia M nOMYHalOTCs BHIpAXKEHHS IJs1 BTOPHIX DPOH3BOAHBIX 271:,
a2u d*u . 2
Bx_a—y W 57 KaK COOTBETCTBEHHO Ko3pdunnentst npu dx?, 2dxdy n
dy®.

AHanOTHUHble METOJBl NPUMEHUMEl, KOHEYHO, H B CJIyyae, Korja
NPOH3BOJANTCSA KaKkas-anbo jApyrasi 3ameHa NepeMeHHBIX X=X (u, v),
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y==1y (¢, v), KOraa HMeTCA NPOH3BONHBIE BHICIUKX MOPAIKOB, @ TAKK2
homa peub HaeT o GYHKUHAX GoJbliero yicaa MePeMeHHbIX.

YupaxHenune 22 [Mpeabpasosats BuiparceEre | Vu 2, rle u_u(x 4),
K ‘OPTOrOHAJIbHBIM KOOPAHHATAM §, W, T. €. TaKhM Koopm’ua’rau 9710

Oxdx | %oy _
0Eon ' dEon
. 23. TIpeoGpasoBarh ypasHenue y” — xy’>+e¥y'3=0, TPUHSB Y 33 HOBYIO He3a-
BUCHAMYIO TMSPEMEHHYI0, a8 X —33 QYHKIUIO OT Y.
'24. B ypaBuenun ?z_ —azi
ox* 0y
u= J»+y, v=X—y. - )
- 1 2z 1 0% 1 7/1 9232 1 0z\2
25. N B nblp;)xexma 72 (xz e +!—/—2- W) + 5 [\k— 07/) -+ <_y_ 0y> }_.
il, K ! —E) nepeliTd K [ePeMeHHBIM &, U, W=w (i, V), ecld u=—x=2,

O*w | 02
v=1y2, w=22 gomse'r ;,*‘aa?)

3agaqa 27. n-MepHOM npocrpaHcTBe npeobpascsats ehpaxenue | Vu 2, rge
u=u(x,, ..., X,), K opToronaisHeiM Koopiuuatam ;, ..., §,,, T. €. TaKHM Koop-
AMHaTAM, 410 NpH i 5=k BBHIOJHAETCA PaBEHCTBO

=( nepeu'm K h()"b(‘d I'BSBBH“HMH'\I nepememtbm

§ 42. 3ABUCHMOCTh ®YHKIOUN

2.1, IOHATHE 3ABHCHMOCTH ®YHKIHH. HEOBXOJAHMOE YCJIOBHE
3ABHCYMOCTH OYHRIHH

‘Onpenenenne 1. ITycms na omxpeimom muoxcecmse G < R* sadanst
Kenpepowsro Oudpeperyupyemoe QyrKyuL

=), i=1,2,...,m x=(x,...,x)s(G. (42.1)

Ecau cywecmeyom omxpemoe MHoscecmso D e  npocmpancmse
Ry u wenpepoeno Ouddepenyupyemas Ha D dynxyus

*Yma
Dy ovy Ym1), makue, umo e awbol mouke x & G GLINOAHAOMCA
yenoeus (91(x)y ooy Pma (X)) ED 4 ©(@1(%), ..., Pru-1(X)) = Pm (%),
M0 (PYHKYUR Qp HA361600MCA 3ABUCUMOL HA ﬁ,mowcecnwe G om ¢Qyuk-
Lgmi Py o-vs Prm-1-

.Onpenenenne 2. Ecau cpedu pynxyull cucmems (42.1) ecme ymsi-
YUA, 3QBUCUMAR OM OCMAAbHbIY HO MHOxcecmse G, mo sma cucmema
Hagvisaemen 3a8ucumoil Ha muoxcecmse G. \

Ecau tiu o0na ¢pyuxyua cucmemor (42.1) we 3asucum om ocmars-
HeX na muoogecmse G, MO IMA CUCMCMA HASGGALICE He 3aeucu,no,z
ra G. - : » :
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WHorza pasi KpaTKOCTH BMECTO BHIDa)KeHHSI «3aBHCHMasi (He3aBH-
cHMas) cucreMa (QyHKIHi» GyeM IPOCTO FOBOPUTDL «3aBHCHMbiE (COOT-
BETCTBEHHO He3aBUCHMBIE) QyHKUMM»,

B Bompoce 3aBHCHMOCTH cHcTeMbl ¢yHKuuit (42.1) ¢ynnaventanb-
HYIO poJib Mrpaet Marpuua $JKoOu 3TOH CHCTEMBI

3y
ax]-

L i=1,2, ..., m j=1,2..,n (42.2)

i — HOMEp CTpOUKH, j— HOMep cTos0LA.

Teopema 1 (neoGxomumoe ycioBue 3apHcumoctd bynxuui). [Tycmo
m==n u cucmema Qyuxyui (42.1) sasucuma HQ OMKPLIMOM MHOKCE-
cmee G. Toeda 6 a060L MOUKe MO0 MHONCECTBA paHe Mamputibt
Sxobu (42.2) *) amoii cucmemer meHotie m.

HoxasarteabcTBo. [lo ycaoBuio, cucrema byHkuuit (42.1)
saBucuMa na G, T. e. N0 KpafiHeHl Mepe onHa U3 ITHX (QYHKIUH
3aBHCHT OT OCTa/JbHBIX. IIyCTb AJ151 OmpejieseHHOCTH @, 3aBHCHT OT
D1y cevy Pp-al

Pm (JC) =® (@1 (.’C), vy Pp-1 (X)), xeG,

rae @ — nenpepeiBHo auddepennupyemas ¢pynknus ot (m—1) apry-
MEHTOB Y1, ..., Ym-1. OTCIOZA

m—1 .
a!/m_ @ayi s
7l 10yi(§; ans Beex j=1,2,..., n
=

Sra ¢GopMyaa NOKa3bIBaeT, YTO m-A CTPOKA MaTpuubl SIxo6u (42.2)
B KaXJOH TOYKe x¥ & G sBJsercs JAuHENHOH KoMOHHALHeH OCTaJbHbLIX
CTPOK 3TOH MATpPHIBI, W, 3HAUUT, PAHT MaTpuubl SIKoOH (42.2) MeHble
m B Kaxjoh Touke x = G. ] "

Caeacreue 1. [lycme m=n u cucmema gyuxyuii (42.1) sasucumsa

9 (Y1 -ve s
na G. Toeda ee sxobuan H Pasex HYA10 60 60X MOUKAX MNO-
1y veey n
acecmsa G.

- CnmepcreMe 2 (ROCTATOYHBIE YCNOBHS HE3aBHCHMOCTH (yHKUMIA).
ITycme m=<n u nycmo pawe mampuyst fxobu (42.2) xome 6 00Hol
moure omxpoimozo muomecmea G pagen m. Toz0a cucmema (42.1)
Heaasucuma Ha mroxcecmee G. )

Cnencreue 1 nosyyaercs cpasy u3 JOK2a3aHHOH TeopeMbl IipH
m=n,

CrencTBue 2 Jerko JoKasbiBaeTcd OT NPOTHBHOTO. ;

Iockonbky crpokn Matpuubl SIkoGH (42.2) ABASIOTCS KOODIMHA-
TaMmH rpaguentoB gynkunit (42.1), 10 Teopemy 1 MoxHO nepedpasu-
pOBaTh CJEAYIOUUM 0Gpa3oM.

* HanoMHMM, YTO DaHPOM MATPHIB HAa3LIBAaeTCSi MAKCHMAJbHOE YHCJO ee
AMHE/HO HEe3aBHCHMBIX CTPOK. OTO WHC/IO COBNAjgaeT ¢ MaKCHMAAbHEIM TIOP5AKOM
MKIHOpa 3TOH MaTpHIb, Be PaBHOrO HY.JIO,
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Ecau cucmema ¢ynuxyui (42.1) sasucuma ¢ o6aacmu G, mo epa-
OQuermot V@1, ..., VQu IMUX QYHKYUL AUHEHHO 3a8UCUMbL 8 KOXCOOH
mouse G.

42,2, TOCTATOYHBIE YCJIOBMSI 3ABUCUMOCTH @YHRIIFK

- B 3rom nyuxTe coxpanuMm OGO3HAUCHHS IPEBIAYINETO NYHKTA H
6yfeM, Kak H paHblle, npexmnonararb, 4To ¢yHkuun (42.1) mempe-
phiBHO JuddepeHnupyemMsl Ha OTKPHITOM MHOXecTBe G — R”.

Teopema 2 (HocTaTouHblie YCJHOBHA 3aBUCHMOCTH GyHKRUMI). [lycme
pane mampuyst  Skoou (42.2) cucmemer pyuxywii (42.1) 6 xaxcdod
mouxe omkpeimoeo mroxcecmse G He npesvuuaem wucra r, r < ms=<n,
a 6 nexomopoii mouke x© &G pasen r, uHate 2080pA, cyuleCMBYIOM

MAKUE NePEMERHBIE Xy s ...y Xj, U GQynxyuu Ui, = @iy (X)s oy Yi, =i, (%),
umo
0 (Yirr +++» Yiy)
T 0. 42.3
G(xl-l, ""Ufr) x(OJ9e ( )

Toe0a ece r pynxyuii, exodaujux 6 ycaosue (42.3), Hezasucums HA
muoxcecmee G u cywecmsyem okpecmuocmo mouku x, makas, 4mo
2100a8 U3 OCMABUILXCS M — 1 (QYHKYUL 3a8UCUM HA 3MOL OKPeCmHOCTU
Om YKas3aHHelx r QyHKyULL.
JdokaszartenbctBO. IlycTs a/a OpPOCTOTHL 3amHCH  YCJIOBHE
(42.3) umeer BuA
a(ylv ey yl') :9&0 (42‘4)

G(X1y veny X7) @ 7

(3T0r0 BCETZAa MOXKHO JOOHTBCS, MepeHyMepoBaB B CJydyae HCOOXO-
JIUMOCTH (JYHKUMH H apryMeHTHl cucteMbl (42.1) B HYyXKHOM nopsijxe).
CoryiacHo caeacTsuio 2 u3 TeopeMsl 1 m. 42.1., ¢yHkuuH Yy, ..., Y,
He3aBHCUMH! B G.

IMokaxem, 4YTO KaKaas W3 OCTaJbHBIX 3aBHCHT OT HHX B HEKO-
TOpO#i okpecTHOCTH Toukn x(0 = (x{", ..., x7"). Ilycts yi” = @; (x'%),
i=1, 2, ..., m. PaccmMoTpuM cucTeMy nepBHIX r (QYHKUHH CHCTeMb
(42.1):

Y1=01(X1, ...y Xz)
e e e e (42.5)

Yr =9, (xlv ey xn)'

IMpexkne Bcero BuiGepeM Takoe 1y, 4TOOLI BCAKAA TOUKA X = (X1, ..., X,),
NIPUHAMEKAMAS 1)o-KyOHUECKOHA OKPEeCTHOCTH TOUKH x(%, T. e. BCsikas
TOuka X, AJS KoTopoil |x;—x”|<<mo, i=1, 2, ..., n, npunagme-
KaJjia MHOXKecTBY G : x & (. 10 BCeria BO3MOXKHO B CHJY €TI0 OTKpB
TOCTH,

Hanee, B cuany yciaosust (42.4) v TeopeMbl 0 HesBHBIX (DYHKIHAX
(em. m, 41.3) cucrema (42.5) paspemnMa OTHOCHTE/LHO MepeMEHHBIX
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Xiy ..., X, B HEKOTOpPOH OKpecTHOCTH TouxH (x\9, ytO):
xl_il (!/1, ooy Yry Xrp1y <o vy xﬂ)'
. (42.6)
“‘fr(./lv ey yn Xrily +oes xn)-
Ilpu stoM ¢yukunn fy, ..., f, onpenenens HenpepLIBHO aupdepen-
LHPYeMbi B HEKOTOPOil OKPEeCTHOCTH TOUKH (41, ..., ¥/, X1, .. x){”).

-Bogee noppobHo (ecm B KauecTBe OKpecTHOCTefi GpaTh Kyonqe-
CKHe OKPECTHOCTH) 3TO 03HauaeT CJeAyIOllee: MOXKHO BbIOpaTh TakHe
upcaa 6 >0 u n >0, npruem 415 yA0GCTBA B34Th HX MEHBIUHMH Tg!
§<<mo, <<mg, 4TO €can yepes U 0603HauHTb KyOHUECKYIO OKpECT-

Hoctb TOouku (Y1, ..., ¥, X4, ..., Xi'), 3alaBaeMyl0 HepaBeH-
CTBaMH n
lyi—y | <8, i=1,2,...,r, |X -—x,"’l<6 j=r+1, ..., n,
TO '

1) Ha oxrpectHoctn U Qyuruuu fp, k=1, 2, ..., r onpenenenst
H HenpepuBHO An(depeRiupyeMbl;

2) nost BeeX TOYEK (Y1, «ovy Yry Xri1s ooy X,) €U cnpapepines
HepaBeHCTBA :

e <oy Ur Xrvay ooy %) =20 [<<m,  k=1,2,.., 1,
3) Ha okpecthocTH U BHINOJHAIOTCH paBeHCTBA
(Pi(fl, ey frv Xr+1y ---s_xn):yiv i'“:‘l$ 29 ey Ty

rae nox fn, k=1, ..., r, NOHUMAIOTCA NpaBbie 4acTH paBeHCTB (42.6).

PaccmotpuM  KoMnosultiio  GyHkuuii (42.6) M @ (X1 -..s Xa)

e. (pyHKIHIO

Yria=Qrn (fl, ey fr) Xryly ovvs x'l)9 (42°7)

rae fr=[e Wy o s Yry Xri1y .oy %), k=1, ..., r. D1a cnoxnas

GYHKUMS 3aBeOMO ONpeje/ieHa W HenpepbiBHO aupdepennupyema
Ha YKasaHHOH Bhllle KyOuyeckofl okpecTHOCTH U TOYKH

(J’O) crey y(rm9 x;‘oil—lv sy x(O) B
TlokaxeM, uyTo Ha camoM Jene ¢ydxuus (42.7) B 3TOH OKpecT-

Boctn U He 3aBHCHT OT NEPEMEHHBIX X,41, ..., Xp, T. €. HE MEHSETCS
OpH MX HU3MEHEHWH, H TEM CaMblM ABJAETCS GaKTHYECKH JIHUIb (PYHK-
uMell nepeMeHHLIX Yy, ..., Y,. JlIA ITOro AOCTaTOUHO NOKa3aTb, YTQ
g pyHkiun (42.7) Ha okpecrHocTH U BHINOJHSETCS PaBEHCTBO

0, ;

—g-g%:o, j=r+1,...,n (42.8)

(cm. n. 204 wmu (pop\ayny KOHEUHbIX npupawenuit Jlarpanxa
B 0. 39.2, u3 KOTOpoii cpasy CJefyeT JOCTATOYHOCTb yCJoBHs (42.8)
AJISl HE3aBHCHMOCTH GYHKUHH OT MEPeMeHHBIX X,43, ..., X, B BBbIIYK-
Joi 06JacTH, a CH2ACBATILHO, H B KYGHYECKOH OKpPEeCTHOCTH).
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Has nokasatenbcTBa paBeHCTBa (42.8) 3adukcnpyeMm oIHO H3 |
(j=r+1,...,n)n KOOplmHaTbl X C HHAEKCaMH R, HpHHHMa!OU],HMH
3HaueHus r-+1, , i—1, j+1, ..., n, ofo3nauns ux uepes xji,
_npHYeM BblﬁepeM xk TaK YTOOb! ka ""]<6 k=r+1, ..., j—1,

j+1,

Paccwo"rpnw omﬁpa;xenue

!/1“—‘-!/1,
Yr=2"Yr

_ * : » 5% % +
yr+1—(Pr+1(fl, R f,i:’ x:—{»lr seey x)'—l: xisxi+ls ceny xn)s

'] ) ¥ * 3
rae fi=fa(thy --os Yy Gty ooy Xfony Xy X[p1, ..., X3), KyOH-
ueckoit okpectnoctn U touku (yy”, ..., ¥, X;*'), 3anaBaemMoil Hepa-
BEHCTBaMH

[ Ye—yr' | <8, k=1,2, ..., 71, |x—x|<<8.

Cumpoanyecks, ytoObl NOAYEPKHYTh, KaKHE HMEHHO NEpeMeHHbie
MEHAIOTC, H300pasuM oToOpaxkenue (42.9) B Buge

(ylp cenry yrv xj) - (1/1, ey yr’ yr+l)-
210 0TOOpaXKeHHe HenpepbiBHO Auddepenunpyemo na U7 ero marpuua
S1ko0H uMeeT BHJ
‘ 1 0 0 0
0 1 0 0

0101 Ori1 0Yryy
Oyy Oy oy, 0x; |

H notTomy

Yy, s Ury -’/H;l) — ri1 10
a(yl, wvey Ypy x,) axi ’ (42. ,

T. €. iKOOHaH paccMaTpUBaeMOro OTOGpaKeHHs! paBeH HHTEepecylouie
Hac NPOH3BOJHOM.

Ha oxkpecthoctn U() 310 oOTOGpakenne MOXKHO NPeACTABHTD
B BHJE KOMNO3HUHH JBYX OTOOpaXkeHHH: HenmpepbiBHO nH(dbepeniy-
pyeMoro oTo0pakeHust

5 ; *
x1=f1(y1, cees Yry x;f—}h evey xfk—h xj' xi-l-l, aeey xfl)’

e o s e s e e s o« % e e @ + o e e o 2 e s s e s "o e o

X =fr Uty «evs Yrs xr+1, cees Xj— 1y Xjy X4 1y eees X5)s

X=X
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okpecrnoctd U') u HenpepwiBHO jubepeHuHpyeMoro 0ToOpaKeHHUs

Pr=01(X1, ooy Xy XP ity oy Xty Xpy XFgty vees XB)y
Yr=0r (X1 ooy Xy X410 oy Xty Xy Xty o, X,
yr+1=(Pr+1(xly cees Xpy x;k+1’ ey x}e—ly xj» x;?-l—l’ caey xlj;')
okpecTHocTH ToukHm (x{”, ..., %/, x/’), 3anaBaeMoH HepaBeHCTBAMH
lx,———x{-"’l<’r], l=17 2,,,.,f, ,xj_x}ml<8'

B cuay BbiGopa umces § H 1) KOMOO3HUHS 3THX OTOGpakeHuit,
KOTOPYIO JJI1 HarJIAAHOCTH MOMKHO CHMBOJIMUECKH H300pasuTh B BHIE

(yly vey yra xj)—*(xl, ooy Xy xj)"*(glf teey yr’ yr+1))

onpejeseHa M HenpepuBHO auddepennupyema Ha okpectHoctH U,
Ilepsoe u3 3THX OTOOpameHHH HenpephiBHO AutdepeHIHpyeMo
B okpectHoctd UV) Touku (41, ..., ¥, x{”), a BTOpOe HENPEPHIBHO
JupdepeHUNPYEeMO B COOTBETCTBYIOUIEHl OKPECTHOCTH TOUKH (xi”, ...

voey X2, x7"). Tlostomy u3 (42.10) u U3 cBOHCTB AKOOHAHOB OTOGpA-
XKeHuil (cm. m. 41.7) umeem

ayl'+l — a(ylv oy Ypy !/r+1) _____a(yl! ey Yry yr—i—l)a(xh saey x,-, x]) (4;) lI)
0x; O (Y1) «vvs Yrr X)) O(X1y «vvy Xpy %) O (Yy, coos Yry X;) =

B cuny ycnoBus Teopembl paHr MaTpHIbBI IKOOH HA MHOXecTBe G
MEHbLUE H/IH pPaBeH r, CJeJ0BaTeJbHO,

a(ylv ey Ypy yl‘+1)=0

O (X1, «vy Xpy X))
Bciony Ha G. Ilostomy u3 (42.11) cpasy caenyer, uto aas JioGoit
TOUKA (Y1, «..y Yry %) =UU) u, crefoBatesbHO, A5 JOOCOH TOUKH
(yl’ ooy Yns x;‘—{—l’ ceey xé;—l, Xy x’;.{_], seny xﬁ)EU

crpaBesuBo  paBeHCTBO (42.8). TlockosbKY KOOpAMHATHL Xi OblaM
(HKCHPOBAHBL NPOW3BOJIBHBIM 06pasoM, JHmb Obl | xf—xi | <<§;
k=r4+1, ..., j—1, j+1, ..., n, TO 3T0 O3HAYaET, YTO PABEHCTBO
(42.8) cnpaseyuBo Ha Bcell okpectHoctn U.

Takum o6pasom, ¢yHkuus (42.7) 3aBHCHT TOJIBKO OT HEPEMEHHHIX
Yo +o.y Yy O603HauuB ee cumsosoM @, mosydnm

(Pr+1(f1; vy fr: Xrxly voes xn)'—_‘q)(yli cees Yo)

BhiGepen Terepb Tak 8, 8o <<8 U 8 << 1}, uro6Hl 1pn | x; — £ | <<
<&, i=1, 2, ..., n, BHNOJHAIMCD Obl HEPABEHCTBA

lyi—yi” | <8, j=1,2,...,r

D10 BO3MONKHO B CHJY HENPepLIBHOCTH (PYHKUHH Yy = @; (X1, «v.y Xu),
j=1, 2, ..., r, cuctemsl (42.5) B TOuke X0,
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‘B cuny pokasaunoro s Jo6ofl TOUKH x 8p-KyOHYECKO! OKpecT-

HOCTH TOUKH X9, T. e. Jis /moGOH Tako#i Toukd ¥ = (X1, ..., Xn), UTO
Ixi—x£0)l<60: i“__ly_2a---a n,
6YVIeT CIPaBeIUBO TOXKIECTBO
P () =@ (@1 (%), -..» @ (X)),

T. €. B YKa3aHHOH OKPeCcTHOCTH TOUKH x(®) GYHKUHH @1, ..., @y, Prix
3aBHCHMB.

AHaJIOrMuHO JOKAa3hIBAeTCS M 3aBHCHMOCTb KaXKJOH H3 (QyHKUMH
Qri2s +ovs @Pm OT @1, ..., @, B HEKOTOPOIl OKpPeCTHOCTH Touku x(%). [T]

AnanoruyHo Heo6X0JUMOMY YCJOBHIO 3aBHCHMOCTH (YHKIHUHA JOCTa-
TOYHBIE YCJIOBUS TaKKe MOXHO cQOpPMy/aHMpOBaTh B TEPMHHAX rpa-
JUeHTOB. JIJIl MPOCTOTH OrpaHHYuMCs caydaeMm r=m — 1.

Ecau epaduenmor V@i, «.., V@u AUHEUHO 308UCUMbL 80 6CCX MOY-

xax obaacmu G, mo kaxkoea Ger Hu boira mouka x < G, 8 Komopot
m—1 u3 yKasauHeIX 2padueHmos AUHEUHO He3aBUCUMbL, CYuyecmeyem
€e OKpecmHocmo, 8 KOMOpol @QYHKUuu @1, ..., @ 3asucumst. Ilpu
amom, ecau, Hanpumep, epaduenmot V@i, ..., VQu-1 AUHEIHO He3q-
BUCUMBL 8 PACCMAMPUBAeMOL motKe, U, credosamesvro, epaduesm Vo,
8 5MOLL MouKe SIBASLMCA UX AUHelHOU KombuHayued, mo 6 YKa3saHKOU
oKpecmuocmu PYRKYUL Qp 3agUcUm om QyHKYUL Q1 ooy Qpmoq.
- Cuaepyer oOpaTuThb BHEMaHHME Ha TO, YTO JAOCTATOYHHIE YCJOBHSA
3aBHCHMOCTH (pyHKIUH, YCTAHOBJEHHEIE B 9TOM HYHKTE, HMEIOT JIOKaJIb-
HBIH XapakTep B OTJMYHE OT Pe3yJbTaToB IPeLIeCTBYIOUIETO NYHKTa,
UMEIOIUX TJIOGANbHBIH XapakTep. DTO O3HAYaeT ChAeAyIOmiee: eCJH
cucreMa m HenpepblBHO auddeperuupyemelx ¢yukuuit (42.1) 3asu-
CHMa Ha OTKpHLITOM MHOXKectBe G < R”, To corjacHo Teopeme 1
n,.42.1 B xaX10H TOYKE ITOrO MHOXKECTBA PaHr MaTpuus SIKo6u
9TOH CHCTEMBI MeHblle m (COOTBETCTBEHHO €CJH XOTs1 Gbl B OXHOM
TOYKe MHOXKecTBa ( paHr paccMaTpuBaeMoil MaTpPHIBI paBeH m, TO
CUCTeMa He3aBHCHMa Ha BceM MHOxkectBe (). UTo Ke Kacaercs
TEOpeMbl 2 HACTOSWIErO IYHKTA, TO OHA YTBEPKAAET JHIlb, YTO €CJH
B Kakod-10 Touke x(¥ &G BHIMOJHAIOTCS YCJAOBHMSA 3TOH TEOPEMH,
TO TOJBKO HA HEKOTOPOH OKPECTHOCTH 3TOH TOUKH (a He Ha
BceM MHoxecTBe () JaHHasi cucTeMa (DYHKIME SIBJISIETCSl 3aBHCHMOMN
cucreMoii. Takum o6pasoMm, AeiICTBUTEIbHON, YTBEPXKAEHHE TCOpPEeMBl 2
UMeeT JIOKaJbHBIA Xapakrep.

JloGaBuM eme, 4TO €Cau B K aX JoH Touke x(°) OTKPHITOro MHO-
)KecTBa ( BBIIOJNHAIOTCS YCJOBHSL TEOPEMBI 2, TO, KOHEYHO, B 3TOM
cJlyyae B HEKOTOPOH OKPECTHOCTH KaXKAOH TOUKH paccMaTpuBaeMast
ciucteMa (yHkuui Oyger 3aBucumoii. OpHako Teopema 2 He rapan-
THPYET, YTO 3Ta 3aBHCUMOCTb OYJeT OAHOH M TOH e BO BCex yKa-
3aHHBEIX OKPECTHOCTAX, T. €. H3 TEOPEMBI 2 He CJEAYET, YTO B Pa3HBIX
TOUKAaX OJHM M Te Xe (YHKUHH OyAyT 3aBHCHMBIMH OT APYTHX H
uro ¢GyurnuH @, «OCYHIECTBASIOMIHE 3aBHCHMOCTH OAHHX H TeX e
yHKnHHA, paccMaTPUBAEMBIX HA DAa3HBIX OKPECTHOCTSX, GyayT COBNa-
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JaTh B TOYKAX MEpEeceyeHHsi 3THX okpectHocteil. C/enoBaTesbHoO,
H3 TeopeMbl 2 He CleAyeT, YTO CUCTeMa (PyHKUHA, YAOBJETBOPSIONLAS
yCJIOBHSIM 3TOH TeopeMbl BO BCeX Toukax x!® mHoxecrBa (, Oyzer
3aBHCHMOH HAa BCEM MHOxecTBe (I B HesoM, B €AMHOM CMBICTE, T. €..
B cMmbic/Jie onpeneiesus 1. 1o u osHayaet, yTo TeopeMa 2 He HMeer
rn00aJbHOrO XapakTepa.

3aMeriM, 4TO CYIIeCTBYET HECKO/IbKO 60.1ee OBLIMil MOAXOX K NOH-
THIO 3aBHCUMOCTH (YHKIHH, . MO3BOSIOMUA [OCTPOUTH TJI00aIbHYI.
TEOPHIO 3TOr'0 BONPOCA, OAHAKO MBI He 6yieM Ha 3TOM OCTaHaBJ/IHBATHCA.

[Mpumep. Paccmorpum cucremy $yHKIHMH

u=sin (x-+y),
v=cos (x4 y). (42.12)

$IkoOuan 3Toifl CHCTeMBbl paBeH HYJIO HA BCEH NJOCKOCTH ‘
cos (x+y) cos (x+y)
—sin(x+y) —sin(x+y)

H, KaK JIeTKO BHAETb, paHr MaTpuubl $IxoOu 3TOH CHCTeMbl paBeH
eIMHHIIE BO BCEX TOYKAX ILJIOCKOCTH.

CorsacHo Teopeme 2, pyHkuuu (42.12) 3aBHCHMBI B OKpPECTHOCTH
Ka:KJOfl TOYKYM NJAOCKOCTH. B JaHHOM cAydae 3aBHCHMOCTDL DyHKuUHH
JIErKO HaXOJHUTCsS B SIBHOM BHJE, HallpuMep Ha OTKDPBHITOM MHOXECTBE
TOYeK (¥, Y), AJA KOTOpPBIX co0s(x -+ y) >0, oHa MOXKeT ObTb 3ajJaHa
dopmynoit v =} 1 —uZ.

Yunpaxuenus 1, Iycts u=x24y2--22 v=xytyz-42x, w=x+4y-2.
Jokasats, 4T0 GYHKUMH &, v, @ 3dBHCHMBl H HalTH ypPaBHEHHE, BhIpaKaiolee KX
3aBHCHMOCTS,

2. Hccnepoares Bonpoc o 3asucuMoctd ¢yuxuuit =84+ 4-13, v=En,
w=E--n2+-L? z=En+ni-+LE.

3apgaya 28. DyHKuUHA u=u (X, y) Ha3bBAEeTC TapPMOHHYECKOH B NJOCKOH
0621aCTH, eCAM BO BCeX TOYKax 3Toit 06JAacTH OHAa YHOBJETBOPAET YpaBHEHHO
Au=90 (cM. (41.109)). Moxasatb, 4To NBe TapMOHWUECKHE (YHKUMH 33aBHCHMLI
B MJIOCKO# 06/1aCTH TOFAA M TOJIbKO TOI'AA, KOTZA OHH JIHHEHHO 3aBHCHMbL

’

§ 43. YCJIOBHBII 9KCTPEMYM

43.1. IOHATHE YCJIOBHOr0O 9KCTPEMYMA

ITycts Ha oTKpuITOM MHOKecTBe G < R" 3amanbl QyHKIHH

=fi(x) l=1’ 27 ooy M, (43’1)
x=(xy, ..., X) &G. OGosnauuM yepes E MHOKECTBO TOYEK xeG
B KOTOprh Bce (yHKUHMH [;, i=1, 2, ..., m, oOpama0TCsi B HOJIb:

E={x:fi(x)=0, i=1, ..., m, x& G} (43.2)
Yparuenus ; o
fi(x)=0, i=1, 2, ..., m, (43.3)

OyaeM HA3biBaTb YPAGHEHUAMU CESBU.
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Onpenenenne 1. [Tycmo na G sadana ¢ynxyus y=f,(x). Touxa
x'% & E Hasvisaemcs mouKoil Yci08HO20 SKCIMpPEMyMa *) punkyuu fo (x)
OIMHOCUMENbHO (WAL npu 66inOAHeRuw) Ypasreruil ces3u (43.3), ecau
CHQ " ABAReMCA MOYKOL 0061H020 dKempemyma smoli pynkyuu, pac-
CHAMPUEALMOLT MOA6KO Ha mroxcecmse E (cM. m. 40.1).

Vinaue roeops, 3jiech sHaueHHe GYHKUMH fo(X) B Touke x(©
CDaBHMBAETCSI He €O BCEMH €€ 3HauyeHHSAMH B JOCTaTOYHO MajIoi
CGKPECTHOCTH 3TOH TOYKH, a TOJbKO CO 3HAUYEHHSIMH B TOUYKax, NpH-
HapJeXaKx OJHOBPeMEHHO YKAa3aHHOM JOCTaTOYHO MaJofl OKpecT-
BOCTH H MHOXecTBYy E. Kak M B cayyae OObIYHBIX 3KCTPEMYMOB,
MOKHO, €CTeCTBEHHO, paccMaTpH- s
BaTb TOYKH IIPOCTO YCJOBHOTO
3KCTPEMyMa H TOYKH CTPOro yc- Z=x2+y2
JIOBHOT'O 3KCTpeMyMa.

IIpuMepn. 1. Paccmotpum
CYHKILHIO

[, yy=x*+y* (43.4)
U ypaBHEHHE CBsA3H
X4y—1=0. (43.5)

l
HaﬁueM VCJAOBHLIH  3KCTPEMYM “Ilm
¢yHKuud (43.4) npH BBINOJHEHHH =0 (2 ’2
ypaBHeHHs cBaAsn (43.5). Hs

(43.5) umeem y=1—x, oTKyaa

fx, 1—x)=2x2—2x+1. Puc. 157

Taxkum o06pa3oM, NpH BHINOJHEHHH YCJOBHS CBS3H cpymmnﬂ (43.4)
siBAseTCsl QYHKUKEH onHOro nepemensoro. Ee 3KcTpemMyMm HaXOHTCH
3JIEMEHTAaPHO: TNpPHDPABHHBAsS HYJO €€ IPOM3BOAHYIO (HEOGXOAUMOe

yCJoBHE 3KCTpeMyma), noayunm 2x—1=0, otkyzua x=-. B ar0i1

TOYKe paccMaTpuBaemast (QYHKIMSA, OYEeBHJHO, HMEeT MHHHMYM (OHa
SIBJISIETCS MHOTOUJIEHOM BTODOH CTeNeHH C MOJOXHTENbHBIM Koxbdu-

1
LHERTOM TIPH CTapiieM uJsieHe). 3HAUEHHIO X = -, COJA4CHO ypaBHe-

HHIO CBSI3H (43.5); COOTBETCTBYET Y= &

" CnenoBatesbho, B Touke (1/2, 1/2) dbymxums (43.4) nocruraer
MHHHMYyMa OTHOCHTeJILHO YPaBHEHHSI CBs3H (43 5). TeomeTpnuecku
9TO O3HAYAET, 4TO TOuKa Mapabosouaa z = x*--y?, NPOEKTHPYIOLLasiCs
B TOYKY (1/2 1/2), sBasercs caMoll HH3KOH M3 BCEX €ro TOYEK,
Jexamux Haj npsmoll (43.5) (puc. 157). dror npuMep ToOKasLIBaeT,
YTO TOYKA, B KOTOPOii (YHKUMS HOCTHraeT YCJOBHOTO S3KCTPEMyMA,
He sBagercst, BoOOUIe TOBOPS, TOYKOH 3KCTpeMyMma TOH (GYHKUHH.

*) TIpHHST TakKe TEDMHH COTHOCHTEJbHBI 3KCTPEMyMs.
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2. PaccmorpuM @yHKuMIO (X, y)=y*—x* u ypaBHEHHE CBSI3H
y=2x. 3 A

Hmeem f(x, 2x)=3x%, T. e. IPH BLINOJHEHHH YPaBHEHHH CBSSH
paccMatpuBaeMas GYHKUHs TaKke siBjsercs (YHKLHeH OQHOro nepe-
MEHHOT'O U, OUeBHAHO, JOCTHraeT Munumyma npu x=0 (puc. 158).
3uayenuio x =0, COrJacHO YpaBHEHHIO CBSi3H, COOTBETCTBYeT 3Haue-
mue y=0, a nosromy dynknus f(x, y) =y*— x* umeer B Touxe (0, 0)
YCJIOBHBI MHHHMYM OTHOCHTEJBHO YypaBHeHHs CBSI3H y = 2x.

b4

Puc, 158

CnejlyeT 3aMeTHTb, 4TO B 3TOM cJayuyae cama GyHKuus f(x, )
He HMeeT HH MaKCHMyMa, HH MHHHMYMa HH B KaKOH TOYKE MJOCKO-
cti. Tagkum oOpa3oM, pacCMOTPEHHBIH INpuMep NOKasblBaeT, YTO
byHKIHS MOXKET He UMeTh 3KCTpeMyMa, HO IIpH ONpelesNeHHBIX
YPaBHEHUAX CBA3H MOXET HMeTb YCJOBHBIA 3KCTPEMYM.

B panpueiiuiem OymeM fpeanojarath, 4TO

1) Bce ¢yuxuuu fo, fi, ..., fm HempepbiBHO nudpepeHuHpyeMbL
B ‘OTKPHITOM MHOMKecTBe G; .

2) B paccMatpuBaemoii Touke x(®) BekTOpH Vfy, ...y Vf, nHHEHHO
He3aBUCHMBI, T. €. paHr MaTpuuel SIKOGH

i\ . .
<a_x]:>7 ]=19 2: ey M, l,=1, 2; veay N,

paBeH M —4YUCAy ee CTPOK (CTPOKM MaTpuilpl $IKOGH ABJAIOTCS
KOMIIOHEHTAMH TPajueHToB Vfy, ..., Vfn). :
CorylacHO pesyJbTatam NpeAplfywiero naparpada 3TO O3Hayaer,:
uyTo QYHKUHH CHCTeMB! (43.1) He3aBHCHUMEI B HEKOTOPON OKDPECTHOCTH
touku x{®, ITOCKOJBbKY B n-MEpHOM NpPOCTPAHCTBE HE MOXKET ObiTh
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Gosbliile YeM 7 JIMHEHHO He3aBHCHMBIX BEKTODOB H paHl MaTpuibl
ne MoOxeT ObiTb GoJiblie uucaa CToJOLOB, TO H3 yCJOBUSL 2) CleAyer,
YTO M << 1.
CorslacHo. ycaoBuio 2) B Touke x(® xoTs Obl OZuH u3 ONpejesiH-
TeNeld BHJA
s s fm)

a(xil, veey xim)
oTuiHYeH oT Hyas. IlycTb Asist omnpejesieHHOCTH B Touke x(9
a(fh eey fm)
CICT (43.6)

Torna, B CHJILY TEOPEMBI O HesIBHBIX byukuuax (cm. 1. 41.3), cucremy

ypaBHenuil (43.3) B HEKOTOPOI OKPECTHOCTH TOYKH x'* = (x1", ..., X5’
MOKHO paspelldTb OTHOCHTC/bHO MEPEMEHHBIX Xj, vuvy Xp'
1= Q1 (Xmt1y «ovs Xn)
(43.7)
Xn = QPm (xm+1) ey xn)-
TloacTaBuB 3HaueHust Xy, ..., Xn, AaBaeMble Qopmynamu (43.7)
B y=/fo(x), T. €. pacCMOTPeB KOMMO3ULMIO QYHKUMH fo H @1, ..., P
HoJay4yuM (QyHKLIHIO
def
y= fo (pl(xm+1, ooy xn): eory Pm (xm+1’ covy xrz)’ X1y ooy xn)
def
g (Xmrts ooer X2)  (43.8)
OT 7 —/m TePEMEHHBIX Xpi1, «.., Xn, ONPENCJCHHYIO M HENPEPHIBHO

IuddepeHIHpyeMyio B HeKOTOPOH OKPeCTHOCTH TOUKH X = (X' 1, .0s
«..y X3)) B (n— m)-MepHOM IpPOCTpPaHCTBe R* ™,

ITockonbKy, coOrylacHO TeopeMe O HesBHHIX (YHKHIHAX, YCJIOBHS
(43.3) u (43.7) paBHOCHJIbHBI, TO CNPaBEJJHBO CJEAYIOLIEE YTBEpPK-
Jienue.

Touika x0 sgasemea moukold (cmpoeoeo) YCA08HO20 SKCIMPEMYMA
048 ynkyuu fo(X) OMHOCUMEA6HO YpasHeHUti c6A3U (43 3) & mom
U moabko 8 mom caydae, Kozda X\%) Agasemcs mo4Kol  00bK020
(cmpoz020) axcmpemyma pynxyuu (43.8).

Ecm X9 —Toyka OGBIYHOTO SKCTpeMyMa GyHRIME g, TO ona
SIBJIAETCS CTAIMOHAPHOH TOYKOH aTOH QyHKumM (oM. m. 40.1):

dg (%19) = 0. (43.9)

Hanomuuy, uto auddepeninalt — JuHeinas 0AHOPOAHAS & yHRIUS
¥ €ro pPABEHCTBO HYJIO O3HAYACT RABEHCTBO HYyJ/IO 3TOH (yHKumH
npu - moGpiXx 3HAUEHUSIX €€ apryMeHToB, B JaHHOM CJyuae — IpH
MoObIX  dXpy1, dXpisy ..., dX,. DTO BO3MOXKHO, OYEBHJHO, B TOM
¥ TOJbKO B TOM CJydae, Korja Bce KO3QQUIMEHTH IpH 3THX apry-

. a(,
MEHTax, T. €. IPOH3BOAHBIE —-=— = k=1, 2, ..., h—m obpamanrcs
: Xm
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B 'HOMb B Touke x(9, ¥Ycnosue (43.9) HeoOXxoAuMO JJS1 YCIAOBHOIO
skcTpemMyma B Touke x(0),

Taxum 0GDA30M, METOJ, OCHOBaHHBIA HA pelIeHUH CHCTeMbl ypas-
genuit (43.3), MO3BOJIACT CBeCTH BONPOC O HAXOXKIEHHMH YCJIOBHOIO
IKCTPEMyMa K YikKe H3y4eHHOMY BOMPOCYy 00 OObIHOM 3KCTPEeMyMe.
Hwenno takuM o0f6pasoM Mbl H MNOCTYNaJd B PAaCCMOTPEHHBIX BSIUIS
npumepax. OgHako BHIPa3HTh pellieHHe cucrembl (43.3) uepes 3.e-
MeHTapHbe GYHKIHA YacTo HEBO3MOXKHO HJIM BECbMa 3aTPYAHHTENbHO;
NO3TOMY KeJIaTebHO pacnojaraTb MeTOJOM, MO3BOJSAIOUMM HaHTH
YCAOBHBIH 3KCTpeMyM He pewasi cucrembl (43.3). Takoit cnocoS n3no-
KEH HHHKE,

43.2. METOX MHOXUTEJEN JATPAHKA [IJIA HAXOAEHUA
TOYER YCJIOBHOI0O 3RCTPEMYMA

B sToM nyHkte Oyger mpexnosarateCsi, 4r0 Bce GYHKUHU [,
Fio -.., [ HenpepoiBHO nuddpepeHunupyeMst B OTKPHITOM MHOXKecTse (.

Teopema 1. Ilycmo x\° — mouka Yyca0sHo20 3IKCIMPEMYMA QYHKL L
fo npu evtnosrnenuu ypaswenuii ceasu (43.3). Tozda e amod moure
epaduenmer Vo, Vi1, ..., Vi, auneiino sasucumsr, m. e. cyujecmsyion
makue, He 6Ce PABHBIL HYMO, HUCAA Ay, Ay, ..., Apm, 4MO

2o Vot M V4. A Vi =0. (43.10)

Caepcrane. Ecau ¢ mouke x'9 ycaosnoeo akcmpemyma Qyuryu
fo omnocumensno ypasnenuii ceasu (43.3) epaduenmor Vfy, ..., Vin
- AUHEUHO He3asucumol, m. e. pane mampuyst S1KoOu

(%>, i=1,2 ...,mi=1,2 ..., n,

dx,
pasen m, mo cywecmsyrom maxue Ay, ..., Ay, 4mo 8 amoil mouxe
m
Vio+ X} & Vi;=0, (43.11)
=1
‘. e. Vfy asagemesn aunetinodl Komounayued 2paduenmog Vfy, ..., V-

B koopauHatHOH dopmMe 3TO YCJHOBHE HUMeer BHA: AAA J060ro
i=1, 2, ..., n B Touke x'®

o, N O
ot P hy Lo (43.12)
i=1
O yuruus .
FEhw+ 2 My (), (43.13)
i=1 ‘
rie 4ucaa Ay, ..., A, yAoBJMeTBOpsmOT ycnosHio (43.12), masuiBaetcéa

-(pynkyuelt Jlazpansca paccmatpuBaeMoil 3ajauH, - a CaMH 4Yucaa
Ay very A — Mroxcumeanmu Jlaepansca.
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Ycnosue (43.12) o3navaer, uto ecap x(® ABAAETCH TOYKOU
YCJIOBHOTO 3KCTpeMyMa (YHKIHH fo OTHOCHTEJBHO yPaBHEHHH CBA3M
(43.3), To oHa gBJAsETCA CTallMOHapHOH Touko#t A5l QyHKUHH Jlar- -
paHxka, T. €.

OF (x()
().Xi

=0, i=1,2 ..., n (43.14)

TIpexne ueM 1OKa3aTh TeOpeMY, PasbsiCHHM €€ CMBICJ ¢ HOKaMeM,
KaK ee HCMOJIb30BaTh JJIs1 HaXOMXK/JIEHHS TOUSK YCJIOBHOTO 3KCTPEMyMA.
Tlpexne Bcero oOpaTuM BHHMaHHE Ha TO, 4TO Yy GYHKIHM BHOA
(43.13) mpu DpPOUSBOJBLHBIX HUCHAAX Ay, ..., Ay, KaXKjas TOUKa ee
YCJIOBHOT'O 3KCTpeMyMa SBJSIETCA H TOYKOH YCJOBHOrO 3KCTpeMyMa
HCXONHOH (QYHKUHH fo, H HaoOopoT. Mul BhiOHpaeM Takue 3HauYeHHst
Ay, ..., Ap, uTOOBE BhiNOMHAAUCE YCJIOBHSL (43.12);, T. e. uToOBl HaH-
Hasl TOYKA YCJOBHOrO 3KCTpeMyMa 0Kas3aJjach H CTALlHOHAPHOH TOUYKOH
¢yukuun (43.11).

JIJsi OTHICKQHHSI TOYEK YCJIOBHOTO 3KCTpeMyMa CJefyeT paccMoT-
perb cucreMy n-m ypasHennit (43.3) u (43.10) oTHOCHTeNBHO
HeusBeCTHHX xi”, ..., X', Ay, ..., Ay M pEIIHTh €e (ecJH 3TO OKa-
¥eTCcsi BO3MOXKHBIM), Haias xY', ..., X; W N0 BO3MOXXHOCTH HCKJIIOYUB
Ay ...y Ay ChopmynupoBanHasi TeopeMa yTBEP:KIaeT, UTO BCe TOYKH
YCJIOBHOTO 3KCTpeMyMa OyayT HAXOAMThCS CPead HaHJeHHBIX TaKHM
obpazom ToueK (xV', ..., xj'). Bompoc o TOM, KaKuHe Xe H3 HHX
(daxkTHYeCKH GYAYT TOYKAMH YCJIOBHOTO IKCTpemyma, TpebyeT Aolo.-
HHUTEJLHOrO HCCNeJ0BaHHs; cooOpaxeHnnsi 06 3ToM OYAyT BHICKa3aHbI
B nyHKTe 43.5 %,

HdoxasateancTBoO TeopeMmsul JlokaxkeM yTBepKeHHe, PaBHO-

cuspbHOEe TeopeMe: ecax B Touke x'=(x{’, ..., x3'), YHNOB/eTBO-
psiouled ypaBHEHHSM CBS3H
fe(x) =0, k=1, 2, ..., m, (43.15)

rpanuentsl-Vfy, Vfy, ..., Vf, auxeiiHo He3aBucumbl, To x(% He sBJIsi-
€TCSl TOYKOH YCJIOBHOIO 3KCTPEMYMA.

Uraxk, nycrs Vfy, Vi, ..., Vi, JUHEHO He3aBUCHMBI H, CJIeJO-
o\ . o
BaTeJIbHO, paHT MaTpHUBL SIKOGH (%), ji=0,1,...,m,i=1,2,...
(3

..., n, pasei m-1. Torza B 3Toit MaTpuue CYLIECTBYET MUHOD
nopsiaka m--1 He paBmwiét mymo. [lia onpeneneHnocTH OyjeM
cyuTaTh, 4TO OH oOpasoBaH mepswMu m-1 croabuamu, T. e.

60()(:{0,’ )2,' ,’xi,”:)l) lx=xt0) #0. (43' 16)
MHO}KecTBO G — OTKPBHITO, a MO3TOMY cyulecTByeT Takoe 0o >0,
yto npu Bcex 8§, 0<CO <<y, KYO
Q={x:|x:i—x"|<8, i=1, 2, ..., n}
gexkuT B G H, CJAeAOBaTeNbHO, HA HEM onpene/eHnl Bce (yHKUUH

for f1o oovs fme

4 Kyapasnes JI. M. 1. 2
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3adUKCHPYEM Xmiz =Xm+2, ..., X=X U BBeJAeM 0003HAUEHHS

x*:(xh ey xm-ﬂ)
Q?_’_l:{x*:lxi'— 20)]<6’ l:1, 2;-0-1 m+1}'
OueBypno, QYHKIHH fi (X1, ..., Xme1, Xip 2y -0y X2), j=0, 1, ..., m,

onpesesieHsl ¥ HenpepuiBHO Aubdepenmupyemsr Bcogy B Qp+!. Pac-
cMOTpuM otoOpaxenne @ :Qr+!— R™1, sanapaeMoe QopMynamu

Yr=fo(X1, «ory Xmi1s Ximg2y oy X5
y2=f1(xly ooy Xl x;rg)+2a crey JC}?)) (4317)
Ymir=[mn %1y «ovy Xmaa x;rg)—i—?, cees X3)

B cuny (43.16) nna touku x*0=(x{, ..., Xy 1) uMeeM

a(ylv sevy .’/m+1) — a(f(h fl» seey fm)

O (X1y oovs Xy [xb=x@ O (X, Xgy oony Xppyy) Jr=rx0

a B cuay (43.15) @ (x*@)=(f, (), 0, ..., 0). ITosromy (cM. Teo-
pemy 7 B 1. 41.8 o J0KaJbHOH OOPATHMOCTH HeENpepHBHO jue-

: peHIHpyeMoro orobpaxe-
HHSl B TOYKE, B KOTOPOH
€ro siIkoOMaH He paBeH
HYJIIO) CYIIECTBYET TaKoe
€ >0, 4To Ha OKPECTHOCTH

V = {y= (yl’ ey ym—}-l):
o= (x| <e,
yfl<8’i=2, 3}- . -,m+1}

(puc. 159) onpeneseno
ofpatnoe Kk @ oTobpaxe-
_ﬂz"”’}f‘g HHE, H, CJIe/10BaTeJILHO,
/s y B MoOyi0 TOYKY 3TOH OK-
/z % PECTHOCTH OTOOpaxkaeTcs
/ ‘ KaKas-T0 Touka H3 Q!
% B wuwacrmocrn, moe-
Puc. 159 KOJIBKY npu JoGoM 1,
- 0<<n<<e, uMeeT MecTo
exmoyense (f(x(W)Fn, 0, ..., 0)=V, 1o B kKy6e QP! HafinyTca
TOYKH X' = (X{, ..., Xpmpy) 0 X"F =(x],..., Xmt1), OTOOpaKaOIKecs
npu orobpaxennu @ B ykasaHdble TOYKH OKpecTHOCTH V : :
O&"*)=( (= +n, 0, ..., 0), O E"™*)=(f(x9)—n, 0, ..., 0).
Ecan nonoxum ans Kpatkocrn x'=(xj, ..., Xindly Xmt2y ovvy X9

M oX"=(X{, ...y Xmi1, Xim42, .oy X¥'), TO B KOODAMHATHOM 3amHCH
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(cM. (43.17)) nmomyuum
fo (x") =Fo (x@) - > F (x(9),

fr(x)=0, k=1,2 ..., m *x=Q

. fo (") ={o (x9) —n <[ (x(9),
fe (=0, k=1,2,...,m x <Q.

B cuny mpoussosbHocTH § >0, 0<<8<C§,, 5T0 M 03HayaeT, 4TO x(?
HE SBJIAETCA TOYKOM YCAOBHOro 3kcrpemyma. [ |

HokasaTeabcTBO ciaeACTBHUSA. Ecau BekTopH Vfy, ..., Vfn
JUHEHHO He3aBMCHMbI, TO B paBeHcTBe (43.10) umeem Ay==0, Tak
KaK B Clydae Ay=0 yxasanusle BexTOpH B cuay (43.10) oxkasanucek
Obl JiMHeHHO 3aBHCHMbIMH. Pasnesnns obe wactu (43.10) Ha Ay, moay-
yuM paBeHCTBO Buja (43.11). []

43.3*. TEOMETPUYECKASA MHTEPIIPETAIINA METOZA JIAI'PAHKA

HanguMm Tenepb HEKOTOpPHIE TEOMETPUUECKUE MOSCHEHUSI K Teo-
peme 1. PaccMoTpuM AJs mpoCTOTHl CJAy4all yCIOBHOTO 3KCTpeMyMa
(YHKHHH ABYX NEPEMEeHHBIX 2= f(X, y) IpH BBLINOJHEHHH ypaBHEHHUS
cBssH @ (x, y)=0.

- Ilycts ¢yHkuuu f U @ HenmpepulBHO jJuddepeHUHpyeMBl B OKPecT-
HOCTH TOWKH (Yo, gy VO (xo, yo) =("LLEIN, HCe W )g g
@ (%o, Yo)=0. B cuny ycaosusa Ve (xy, yo) 0, COrnacHo Teopeme
0 HesaBHHIX (YHKIHUAX, ypaBHeHHE ¢ (¥, y)=0 B OKPECTHOCTH TOUKH
(%0, Yo) 3aJla€T HEKOTOPYIO TJIAAKYI0 KPHBYIO, 00/1aJalOUIYI0 SBHBIM
npejicTaseHueM aH6o BHAA Y =y (x), MO0 BUAA X =X (y). [IocKOMBKY
HAC HHTEPEeCYIOT TOJbKO HOCTaTouHo OJH3KHe K (X, Yo) TOUKH, TO
YKa3aHHYI0O KpHByIO OyjJeM HasbiBaTb INPOCTO Kpusoll ¢ (¥, y)=0
(T. e. monpocTy roBops, BCIOAY B JajbHeliineM 6yneM paccMaTpuBaTth
cy:keHne GYHKIMH [ H @ Ha YKa3aHHYIO OKPECTHOCTh TOUKH (Xg, Yo))-

Cpapuent Ve (X, o) SBIAAETCS HOPMAJbI0O K KpuBOH ¢ (X, y)=0
‘B TOUKE (X9, Yo) (. 20.6). OBo3HaunM uepe3 T eJUHHUHBIH KacaTeJb-
HBIH “BEKTOD K KPHBOH ¢ (X, y) B TOuke (Xy, Yo). IlycTb A5t ompene-
JICHHOCTH paccMaTpuBaeMasi KpUBasl 3aJaeTCs ypaBHEHUEM Yy =y (x).
Ecnmu (xq, yo) —TOUKA YCNOBHOTO 3KCTPEMyMa, 'ro xo ABJAsAETCA TOY-

KOif' " 0OBIYHOTO ‘SKCTpemyMa na1 ¢yukmun g (x) &L f(x, g(x) (cm.
. 43.1) u nostomy g’ (x)=0, T. e. npoH3BOAHAs (’pyHKuHufB TOYKE
(*e, yo) B HampaBJeHUH KpHBoﬁ ¢ (x, y)=0, um, uro TO XKE (CM
. 20.7), B HampaB/IeHH U BEKTOPA T, PaBHA HYJIO,

Ll ) (Y (xa, g0), T =0
4%
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3IT0 O3HAUaeT OPTOIrGH2JbHOCTL TpajguenTta Vf (XO, y()) H KacCcaTeJbHOro
BE€KTOpa T, YTO PABHOCHJABHO KOJJJIHHEAPHOCTH BEKTOPOB Vf(xO, yg)
u Vo (xo, Yo):

Vf(x07 !/o)=7LV(P (x01 !Jo)a

T. €. BblIOJHseTca ycjaoBue (43.11). Bumossenne srtoro ycsoBug
B TOYKE YCJOBHOTO 3KCTPEMYyMa MOXKHO TIOSICHUTb M JADYTHM HYTEM.

Iyers [ (%o, yo)i%’fc. Ecan B Touke (xy, yo) HE BHINOJHSAETCA YCJO-
Bue (43.11), T. e. rpapuentel Vf H V¢ He KOJJIMHEApHH, TO 3TO
O3Hayaer, 410 B 3T0H Touke Vf==0 u JnHuS ypoBHA [(x, y)=c H
KpHBas ¢ (¥, y) = 0 B 370l TOUKe mepeceKaloTcsi MOJ HEKOTOPHIM YIJIOM
a, orandnbiv oT O M 7 (puc. 160). ITostromy B 060 J0CTaTOUHO MO
OKPECTHOCTH TOYKH (Xo, Yo) HYacTb KpHBOH ¢ (x, y)=0 oKaxercs
pacnoJioxenHo#l B obnactd f<c (B «o6JaCTH MEHbIIMX 3HAUEHHED),
a yactb —B 00acTH f>c¢ (B «06sacTH GoJblIMX 3HAueHHD»). TO
€3Hayaer, 4YTo B TOYKE (Xg, Yo) HET PACCMATPHBAEMOrO YCJOBHOTO
3KCTpeMyMa.

f>¢

:jLC

Puc. 160 Puc. 161 Puc. 162

B cayuae xe, xorja BekTopbl Vf u Vo kommmneapub, Vf=AAg
yacTb KPUBOH @ (x, y)=0 MOXeT NPHHAAIEKATh HEKOTOPOH OKpPeCT-
HOCTH TOYKH (Xo, Yo), IEJIHKOM JekKauled B 00JaCTH MEHbLIHX 3Ha-
ueHni f<<c (puc. 161) man B o6nactH Goabliux 3HadeHuil f>c.
B stoM ciyuae B TOUKE (¥, Yo) HAOCTHraeTCsi YCJIOBHBIA SKCTPEMyM.

Onnako B cayyae KOJIMHEAPHOCTH BekTopoB Vf u Vo Kpupas
¢ (x, y)=0 TaKkke MOXKET O0KasaThCsi PaCHOJNOKEHHOH B JMOGOH J0-
CTaTOYHO MaJOH OKPECTHOCTH TOYKH (Xg, Y) YACTHYHO B 00JaCTH
MEHBUIHX, 2 YacTHYHO B 06JacTH OGOJbIIMX 3HauYeHUH OQyHKUHH f
(puc. 162) —Torna B TOUKE (Xo, Yo) CHOBA-HE OYHET YCAOBHOIO 3KCT-,
peMyMa. [IlopoOnas cuTyauus BO3HHMKaeT, HanpuMmep, KOTrAa KpPHBbHIe
f(x, Y)=c u @ (x, y)y=0 nmeor B TouKe (X, Yo) OBILYIO KacaTesb-
HYIO, NpUYeM KpuBas f(x, y)=cC pacno/iokeHa B JOCTATOYHO MaJoi
OKPECTHOCTH TOYKH (Xo, Yo) IO OJHY CTOPOHY OT 3TOH KacaTeJibHOM,
a KpuBast @(x, y)=0 umeeT B 3Toll TOYKe mneperud, NepPexoas;
€ OJHOH CTOPOHBI KacaTeJbHOH Ha APYryio. :

Ckasannoe nosicusier T0 obcToaTtennctso, uyrto (43.10) aBasercs
HeOOGXOAHMBM, HO HE€ AOCTATOYHHIM YCJAOBHEM JJs
YCJIOBHOTO 3KCTpeMyMa.

IpuBeseHHbIE reOMETPHUECKHE PAcCMOTPEHHA BONpPOCA 00 YCJIOB-
HOM 3KCTPEMyMEe paCIpOCTPAHAIOTCA H Ha MHOTOMEDHHI CJyvail.



