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NPEAUCIJIOBHUE

B mnepsoil nmonosuHe TpeTbero toMa «Kypca Martematuuec-
KOTO aHajii3a» HU3JIAraeTcst TeOpHUs TPUTOHOMETPHYECKUX PSJIOB
Dyppe: cHavajJa U3y4aeTcss HMX [MOTOYEYHAS CXOJAUMOCTH M
CXOOWMOCTb B CpeiHeM, a 3aTeM KJACCHYecKasi Teopus npeobpa-
3o0BaHua Pypbe abcomoTHO MHTETpUpYeMbIX (yHKUMIt. M3n0xke-
Ha TAKXe€ TeOopus MHTErpajioB, 3aBUCAIIMX OT MHapaMmerpa
(cOoOCTBEHHBIX U HECOOCTBEHHBIX) W PACCMATPHBAETCH BOMPOC O
BBIYHC/JICHUN OINPEACTCHHBIX HMHTErpajioB € TMNOMOIIBID JTU}-
(hbepeHIMPOBAHHS M MHTETPUPOBAHUS MHTErPAJIOB MO MapaMerpy.

Bo BTOpO# NOJIOBUHE TPeTHETO TOMA M3Y4arOTCS HEKOTOpLIE
BOIPOCHl TEOPUM METPUYECKUX, HOPMUPOBAHHBIX, THJILOSPTOBLIX
NPOCTPAHCTB W NPOCTPAHCTB 0000MmIEHHBIX GYHKUMHA, UACHHO
CB3aHHBIE C 3aJla9YaMHM KJIACCHYECKOTO aHaIM3a. JTa 4acTh Kypca
CYLWIECTBEHHO PACHIMPEHA 10 CPaBHEHMIO C NEPBbIM H3JIAHHEM
«Kypca». B He#l, B uacTHOCTH, YCTAaHOBJICH pSJ CBOWCTB
OTOOPaXXEHUH METPUYECKMX TMPOCTPAHCTB, 00OOINAIOUINX CBO-
CTBa 4YUCJIOBBIX (yHKUMHA, nosydyeHa ¢opmyna Teinopa mis
OTOOpaXeHUH HOPMHUPOBAHHBIX NPOCTPAHCTB, U3JIOKEHBI OCHOBBI
TEOPUHM PA3JIOKEHUH JJIEMEHTOB THALOEPTOBBIX NPOCTPAHCTB B
psiapl Dypbe NO OPTOTOHAJNBHBIM CHCTEMaM M JldHA TeopHus
npeobpaszoBanus Pypbe 0OOOIIEHHBIX (QYHKIIMIA.

B xonue Ttoma umeercs «JlomosiHeHHe», B KOTOpPOM pac-
CMOTPEHBI HEKOTOpbIE BONPOCHl YHUCJIEHHBIX METOJOB aHAJIU3a
(puOJIMXKEHHOE BBIYMCJIEHWE 3HAYCHHH (YHKIMU, ee TPOM3BOJI-
HOM M MHTErpaja oT Hee, NpUOIDKEHHOe pEelleHHe YpaBHEHHN) W
TeopHus mpeaesia oTodpaxeHus no QUIBTPY, KOTOpPAsk BKJIFOYAET B
ce0sl Kak 4acTHBIA ciyyail npenenbi, usyvabinmecs B «Kypce»
paHee.

Hymepauus rnas, naparpaoB ¥ PHCYHKOB [IPOJOJIKAET
HyYMEpaluMIo NepBbIX ABYX TOMOB Kypca.



TJIABA VI
PSA/Ibl ®YPHBE. MHTEI'PAJI ®YPLE

§ 55. TPUTOHOMETPUYECKHE PiJbl ®YPBE

55.1. ONIPEAEJEHHUE PAJA ®YPDBE.
ITOCTAHOBKA OCHOBHBIX 3AJAY

Onpenenenne. 1. Pao suda

o0
a, .
7°+ Y. a,cosnx+b,sinnx (55.1)
n=1
HA3bIBAEMICA MPUOHOMEMPUYECKUM DAOOM.
Ero YacTW4Hble CyMMbl SBJISIOTCS JMHEHHBIMH KOMOMHALMAMU
QYHKIMH, BXOAAIMX B CHCTEMY

cosx, sinx, cos2x, sin2x, .., cosnx, sinnx... (55.2)

Onpenenenne 2. Mnoxcecmeo gyuxyuii (55.2) nazvisaemca mpu-
2OHOMEMPUHECKOU cucmemoil.

Jlemma 1. Tpuconomempuueckas cucmema (55.2) ob6aadaem
CACOYIOWYUMU  CBOTICMBAMU.

1) unmezpas no ompesky [—m, m] om npouseedenus 06yx
PA3AUYHBIX PYHKYUL, 6X00AWUX 6 Hee, paseH HYA0 (MO C8OUCME0
Hazvigaemca opmo2onasbhocmvio™  cucmemwt (55.2)), m. e.

n

| cosnx cosmx dx=0, n#m,
_} sin nx sinmx dx=0, n#m, (55.3)
j[! cos nx sinmx dx =0, m, n=0, 1, 2, ...,;
2) _I' cos?nx dx= } sinnx dx=n, n=1,2, ... (554)

HoxaszarenbcTBo. [lpu mo0biX 1EeAbIX HEOTPUIATEABHBIX M,
n, TAaKuX, YTO M #F#hn, UMEEM
l n
| sinnx sinmx dx=2 [ [cos(n—m)x—cos(n+m)x]dx=
~n

- R

n

sin (n+m) x|"
2(n+m)

_sinfn—m)x|"

- 2An—m) =0.

-n -_n

58*) [IpoucxoxneHue TepMUHA «OPTOFOHAJIBLHOCTB» OyIeT Pa3bsCHEHO B
m 58.1.
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AHaJIOTHYHO J/IOKA3BIBAIOTCA W JBa JPYrux paseHcTBa (55.3).
Hoxaxem teneps (55.4):

cos?nx dx=. 1+cos2nx)dx=m,
] 3

-7 -n

| sin®nx dx=% { (1—cos2nx)dx=n. O]

- -n

Teopema 1. Ilycmes

f(x)z%—i— Y a,cosnx+b,sinnx (55.5)

n=1

U pAao, cmoAwul 8 Npasoi uYAcmu >3MO20 PAEHCMEd, CXO0OUMCSA
pasnomepno na ompeske [—mn, n|. Tozda

n

ap=" | flx)dx,

T

aﬂ:% | f(x)cosnxdx, b,,=% | flx)sinnxdx, n=1, 2, ... (55.6)

- n

HoxazatenbcTBo. [lockosabky psa, cTosumid B mpaBo# Ya-
CTH paBeHCTBa (55.5), CXOAMTCS PaBHOMEPHO Ha OTPE3KE [p— m, 7], a
BCE €r0 4YJEHB! SBJISIOTCS HENPEPLIBHBIMU HAa 3TOM OTPE3Ke (yHK-
_UMSMH, TO H €ro cyMMa f(x) HenpepbiBHa Ha oTpeske [ —n, 7], a ¢am
pPAA MOXHO NOWIEHHO HHTErpupoBath (cM. 1. 36.4) or —7m g0 =

ff(x)dx= f <%+ 21 a,,cosnx+bnsinnx>dx=
R -n n=

n o n x
=%J"dx+ Y a, | cosnxdx+b, | sinnxdy=na,.

n=1 -n -n

Otcrona cnegyer nepsas u3 ¢opmyn (55.6).

Ecin psg (55.5) nowieHHO NOMHOXHTL Ha COSAX M Sinax
(n=1, 2, ...), TOo nomyueHHble PaAABI OYAyT TaKkxe pPABHOMEPHO
CXOIUThCS Ha orpeske [—m, m| (cm. cBodcTBO 2° B 1. 36.3)

WHTerpupys NOWIEHHO 3TH pAabl M MCHOJL3YsS CBOMCTBO
OPTOTOHAJNILHOCTH (55.3) TPUTOHOMETPHUYECKOH CHCTEMEBI W paBeEH-
ctBa (55.4), 6ymeM uMerth

kg T

| f(x)cosnxdx= | a,cos® nxdx=mna,,
4 -n

n n

| f(x)sinnxdx= [ b,sin* nxdx=nb,,
1

-n



M3 moJIlyYeHHbIX COOTHOIIECHUH HENOCPEICTBEHHO BBITEKAIOT
dopmymer (55.6). O _

Tenepb 3aMeTHM, 9TO HMHTerpajnl (55.6) HMEIOT CMbICT He
ToBKO JUIs (DYHKIMiA, HEMpPEpPbIBHBIX HA OTpe3ke [ —m, 7], a Takxe,
HATpUMep, M Ui (QYHKIUH, HHTErpajbl OT KOTOPHIX a0COJIOTHO
CXOMSTCA HAa 3TOM OTPE3KE.

HanoMmuuM, 9TO TMOHATHE abCOJIIOTHO CXOIAILETOCS HMHTErpalia
(kak M IIPOCTO CXOJAINErocs HHTerpasa) ObUIO BBEACHO [UIs
(GyHKIMIA, OMpe/ie/IeHHBIX HA HEKOTOPOM NPOMEXYTKE ¢ KOHLAMH a
U b, —o0<a<b<+ 00, s KOTOPBIX CYLLECTBYET TAKOE KOHEYHOE
MHOXeCTBO Touek x;, i=0, 1, .., k,

A< xy<X;<..<X<b,
yto (yHKUMs f uWHTerpupyema mno Pumany Ha mmobom oTpeske
[€, n], nexamem B 3a1aHHOM. MPOMEXYTKE U HE COJCPXKAIIEM HH

OJHOH M3 TOYEK X, X, ..., X4 LIPH ITOM €CIIM a@= —00, TO
Xo=—00, a el b=+, TO X;=+00.
Besikoe KOHEYHOE MHOXECTBO Touek x;. i=0, 1, .., k, obma-

Jarolliee  YKa3aHHBIMM BBINIE CBOWcTBaMu, Oy/leM Ha3blBaTh npa-
BUAbHLIM pa3buenuem TPOMEXYTKa HHTErPUPOBaHUS GyHKUMH f.
OuyeBHHO, YTO €CJIM K MPaBUIbHOMY pa3OMEHHIO paccMaTpHBae-
MOTO HpOMeXyTKa [A00aBHTH JiFOOOE KOHEYHOE MHOXECTBO TO-
yek, sIBJISIOILMXCA BHYTPEHHHMMH HJIM KOHLEBBIMH TOYK4MM 3TOrO
IPOMEXYTKa, W PAacClOJIOKHUTb TOUKH TOJYYHBUIETOCA MHOKECT-
Ba B NOPSIKE BO3pPACTAHWS, TO MOJYYHTCS CHOBA IIPAaBUIILHOE
paszbueHue.

J

1= b =
oy k, CXOHATCS, TO MOXHO OIPENEIUTh HHTErPal j f(x)dx. Om

x b
Ecnu Bce MHTErpaibl jo flx)dx, | f(x)dx,
a xk X

" fx)dx, i=1,2, ..
i—-1

ONpe/ieNAeTcss PABEHCTBOM
b Xq k X; b
[f(x)ax¥ [ f(x)dx+ Y, | flx)dx+ [ f(x)dx
a a i=1 x;_ X5

M Ha3bIBACTCA cxodﬂu;uMCﬂ unmezpaiom.
b

OTMeTuM, YTO 3HaueHWe WHTerpana |f(x)dx He 3aBHCHT OT
a

BHIOOpa NPaBHILHOTO paS6I/IeHI/gS{ NPOMEXYTKA UHTErPUPOBAHM.

Ecom cxommrest wmterpan | |f(x)|dx, to wmmrerpan [f(x)dx

a
TAaK)Xe CXOAUTCH M Ha3blBaeTcs abcomomuo cxodswumca (CM. I
33.5), a pyuxuus f— abcoaromno unmezpupyemoil Ha paccMaTpuBae-
MOM TIPOMEXYTKE.
OTMeTuM, 4TO ecad QYHKIHMS HHATerpupyema mno Pumany Ha
HEKOTOPOM OTpe3Ke, TO e¢ abCOMIOTHAas BEJUWYMHA TAKXKe HHTEr-
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pupyema no Pumany Ha HeM (cM. m 28.1) u, clenoBaTeBHO,
dbysKIMA, WHTETrpHpyemas no Pumany Ha oTpe3ke, abCONIOTHO
HHTErpupyeMa Ha HeM.

Eciu unTerpan ot ¢yHKuMu f abCOIOTHO CXOAMTCS Ha OTpe3Ke
[ —m, ], To ans Hee Bce mHTErpasl (55.6) Takke CXOAATCS, TaK Kak
OHHM NPEACTaBIAOT COOOH UHTETpalbl OT MPOU3BENeHUs aOCOFOTHO
MHTErpHpyeMoit GyHKumu f(x) Ha OrpaHHYeHHYIO (CHHYC WM
KOCMHYC), a TaKMe HHTErpaJibl A0COTFOTHO CXOAATCH (CM. JIeMMY 2 B
n. 33.5).

Onpenenenne 3. Ilycmv dyukyus f abcoaromno unmezpupyema Ha
ompeske | —m, n]. Tpueonomempuueckuii pao (55.1), koapguyuenmo
Komopo2o 3aoaromea gopmyaamu (55.6), nazvieaemea padom Pypee®
uau, boaee nodpobno, mpueoHomempuueckum padom Pypeve, a uucia
a, u b,—koagpgpuyuenmamu Dypve Pynkyuu f.

B stom ciydae nmmyt

flx)~ %%— Y. a,cosnx+b,sinnx.

n=1

YacTuuHbie CYMMBI TIOPSIKA 1 9TOTO psaa OyaeM 0003HaYaTh Yepes
S, (x, f) mim, xopoue, S, (x) u nassiBaTh cyMMamu @ypbe TOpSAKA 1
byskuuu .

[MoguepkHeM, 4YTO 3/ech 3HaK ~ OOO3HAa4YaeT He ACHMIITOTH-
YECKOE PABEHCTBO, @ NPOCTO COOTBETCTBHE: (DYHKLUMUHM CONOCTaBIIA-
etcsi ee pax Pypse. ‘

TeopeMy | B 9TUX TepMHUHAX MOXHO nepepasupoBaTh CIEAYIO-
M  00pasom: :

BCAKULL  DABHOMEPHO  CXOOAWULICA  MPULOHOMEMPUYECKUil  PAO
agasemea padom Dypee ceoeii CyMmbl.

Vnpaxuenud. 1. Ilycte ¢yHkuus f aGCcOMOTHO MHTErpUpyeMa Ha OTpe3Ke
[-n, =] u mycts

o
flx)~ 2+ Y a,cosnx+b,sinnx.

n=1

Torna ecnm ¢ynkuus f-—uerHas, to b,=0, n=1, 2, ..., ecin xe f— HeyeTHass
¢ynxuus, 10 a,=0, n=0, 1, 2, ... .

sin

= pagom dypee?

w0
2. SIBideTcs AW TPHrOHOMETPHYECKHH DAL Y. ——p

n=1
B sToM maparpade OyayT m3yyaThCcs niepHoddeckue GyHKUIUH f,
JUISL KaXA0M U3 KOTOPBIX cylnecTByeT uyucio 7>0 Takoe, 4TO NpH
BCEX X, IpHHWIexamux obsacty onpeneneHus ¢QyHkuum f,
3HaueHuss x4+ 7 u x—7T Taxxe TNPUHALIEKRAT 3TOH obnactu u
BBIMOJIHSETCST PABEHCTBO

flx+T)=f(x).

* K. Dypre (1768 — 1830) — dpanny3ckuit GU3MK ¥ MaTEMATHK.



Taxkue GYHKIUH Ha3bplBatOTCA T-NMEPHOIUYECKUMM,

[ycts f abBCOMOTHO WHTErpHpyeMa Ha OTpeske [ —m, n] wu,
CleAOBaTeNbHO, € MOXHO comoctaBuTh psin Pypee. Ecmu on
CXOAMTCS Ha HEKOTOPOM MHOXECTBE, TO CXOAUTCA K 2W-NEPHOMIH-
yeckoi (QYHKIMHM, TaK KaK BCE €ro WieHbl 2n-nepuoauunsl. [ToatoMy
ObIBaET yAOOHO M caMy (QYHKUUIO f «I€PHOAMYECKH IIPOIOJIKUTEY C
nepuofioM 2n. KaBbIYKH MOCTAaBJEHBI MOTOMY, YTO B JIEUCTBUTEJIb-
HOCTH QYHKIHMIO f MOXHO TNPOJOJKUTH NEPHOIMYECKH TOJBKO B
cnyqae, xorma f(—m)=f(n).

Ecny 3TO YCJIOBHE HE BBINOJIHEHO, TO npodoaxcenuem Pyuxyuu f
HA30BEM 2\-NIEPUOJNYECKYIO (YHKLHUIO f, KOTOPYH IOJIy4HM,
fojlarass g OO0 TOYKH Xxe| —m, n), B KOTOpOH oOllpenesieHa
GyHKIMs f (HAMOMHUM, YTO, B CUJIy aOCOMIOTHOM HHTErPHUPYEMOCTH
¢yukumu f Ha oTpe3ke [—m, m|, OHa ompeneseHa BO BCEX €rO
TOYKaX, KpoMe, ObITh MOXET, KOHEYHOTO HX MHOXECTBA);

f(x+2nk)=f(x), k=0, £1, 2,

Takoe NpofoKeHHe B ciydae, xorga f(—m)# f(n), npuBOIMT K
HecoBmafeHuro 3HaveHuid ¢ynxkuuin f w f npu x=mn. OpnHako,
nockoyibky kodpduunenTsl Pypbe QYHKIMH ONPENENAIOTCS  C
MOMOIIbI0 HHTETPANOB (55.6), 3TO He NPUBEAET K UX U3MCHEHHIO H,
CNIEAOBATENBHO, Psmbl Bypbe MaHHON GYHKIMH f M IPOJOJDKEHHOH f
COBNAJAIOT.

OTMETHM, 4YTO TNPpH YKa3aHHOM MNEPUOJNYECKOM IPOJOJDKEHHH
bynkuus f MoxeT He OBITH HeNpepbIBHOHM B Toukax 2nk, k=0, *1,
+2, ..., maxe ecau (QYHKUUS [ HeNpepbiBHA IPU X= —T U X=T.
[pomoykennas Gpyuxuus f OyAeT HENpepbIBHOW B To4Kax 27k, eciu
f HempepbiBHa B x=—7 ¥ x=7, npuuem f(—mn)=f(n). HenpepsI-
HOCTb B JpPYIrMX TOYKax TNPpU NEPUOJUYECKOM  TPOJOJKEHUH
COXpAaHSeTCs: ecilM f HeNpepbiBHA B TOYKE X€(—T, T), TO
"HempepbiBHA B Jr00O# Touke x-+2km, k=0, +1, +2,

Yacto npojospkeHHylo QyHknuro f OymeM 0003HAYaTh TEM Xe
CUMBOJIOM [, YTO H NPOAOCJIKAEMYHO.

Ecnin  dyukimus f 2n-mepuoauvHa, TO TPH  BBIYMCICHHH €€
k03hdunuenToB Pypbe (cM. (55.6)) UHTErpUPOBAHUE MOXHO BBITIOJ-
HSITh MO MO60OMY OTPE3KY [JIMHBI 27T, HAMPUMEP 1O OTpe3ky [0, 27 ]:

2n
1
o=~ Jf(x)dx,
0
2n

2n
1 1 . .
a,=- | f(x)cosnxdx, b,=- |f(x)sinnxdx.
n i
0 0]
JelcTBUTEIbHO, ecnil kakag-Jinbo (yHKIuS ¢ HMMEET MNEPHOL,
paBHBIt 7T, W JJI8 HEKOTOPOro 4YHMCJIa a€ R uHTerpupyeMa Ha
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orpeske [a, a+ T |, To npu no6oM BhiGope he R 0Ha MHTETpHUpyeMa
M Ha otpeske [b, b+T]. npuuem
b+T a+T

{ o (x)dx= { ¢ (x)dx,

a+T
T.e. uHTerpan | @(x)dx He 3aBmcuT oT BmIGOpa uMcna acR.

a

B § 60 Mbl 0000HIMM TNOHATHE TPUTOHOMETPHUYECKOTO paaa
®dypre, a HMEHHO: oOmpefeauM U U3yuuM psasl  Dypne 10
NPOM3BOJIHOH OPTOTOHAJIBLHOW cUcTeMe PyHKIm. B HacTosmeM xe
naparpage OyneM H3y4aTh JULIL TPUTOHOMETpHUECKHE psiabl Pypbe
abCOJIIOTHO HMHTErpupyeMbix GyHKuuit (cMm. Takxke n. 60.6).

[Tpexnae Bcero OyaeT paccMaTpuBaTbhCs BONPOC 00 YCIOBHSX,
rapaHTUPYIOUIMX cXxoguMocTh psga Pypbe. B cnywae xe cxomm-
mocti psaga Pypre namHoN ¢ymkuuu f(x) npH  OnpeaeaeHHbIX
YCIIOBHSX Mbl BBISCHUM, Y€MY paBHa ero cymma S(x), B 4aCTHOCTH,
KOrjia oHa coBnajaer ¢ dyukumedt f(x). Bymer um3ywarncs «cko-
pOCTh» CXOAMUMOCTHU psfoB Pypbe M yCIOBHS, OT KOTODHIX OHa
3aBHCHT. byjer nokasaHo, 4To M B TOM chyuae, korma psia ®ypbe
HENPEPLIBHON (YHKUMM PACXOOUTCS B HEKOTOPBIX TOYKax (IpH-
MEpbl TAKUX PSAOB CYLUECTBYIOT), HO HEMY MOXHO BOCCTAHO-
BUTb caMy OGYHKUMIO BO BCEX Toukax. MBI YBHAMM, HAKOHeL,
YTO C ONpPECJICHHOW TOYKH 3PEHHMsl CXOIMMOCTL psigoB Pypbe
€CTECTBEHHO pPAaCCMaTPHUBaThb HE TOJBKO B OOBIYHOM CMbiclie (Kak
CXOJMMOCTb TOCHEAOBATENbHOCTH YACTUYHBIX CYMM B TOYKE MWJIH
PABHOMEPHYIO CXOAMMOCTb), HO H COBEPUIEHHO MNO-APyroMmy, a
UMEHHO, B CMBICJE CpeAHero kmaapaTtmuHoro (cMm. m. 55.7, 55.8
u 55.9).

55.2. CTPEMJIEHUE KO2®OULIMEHTOB ®YPLE K HVYJIO

Bosbiyro pojib B TEOPUM TPUTOHOMETPHYECKUX PSIOB UIrpaeT
TOT (akT, 4To K0dIpduumenTsr Pypbe aGCONOTHO MHTETPUPYEMOH
GyHKUMH  cTpeMsTcs K HYJIr0 npd n—oo. OH  BbITEKAET U3
JIOKa3bIBAEMOTO HMXKE HECKOJIbKO 0oJice OOILIEro yTBEPXACHHUS,
4YacTO NPHUMEHSEMOrO B WCCIECTOBAHUAX, OTHOCAILUXCA K pAgaM
dypbe U CMEXHBIM BOIPOCAM.

Teopema 2 (Teopema Pumama). Ecau gynxyusa f abdcomromno
unmezpupyema Hu npomexcymee (a, b), koneunom wiu Geckoneunom,
mo

b b
lim {f(x)cosvxdx=1lim [ f(x)sinvxdx=0.

CaenctBue. Koapguyuenmor @ypoe (55.6) abcomommo unmees-
PUpYyemoll  PyHKyuu cmpemamca K HYAl0 Hpu n—> o0,

11
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1 ]
s - [t N

I
- gl ‘{_1
1 I
7 a ) | !
Puc. 246 Puc. 247

[Mpex e 1eM NOKa3bIBATH 3T YTBEPKACHUS, BBEJIEM Psi/ OHATHIHA,
KOTOpble OYAYT HEOAHOKPATHO HCIOJIb30BATbLCA B JaJIbHEHIIEM.

Onpeaenenne 4. /19 ecsarxoti gyuxyuu f, onpedeieHHoi Ha ecell
YUCA060TI OCU, 3AMBIKAHUE MHONCECMEA MOUEK, 8 KOMOpPbIX [ x):,é(),
Ha3bl8aeMcA ee Hocumedem u 0003nauaemcs uepes suppf ™.

Omnpenenenne 5. Pyurkyus f, onpedeaennan Ha ceil wUCA080U OCl,
HA3bIBACCA (PUHUMHOMU, €CAU €€ HOCUMEAb COOePHCUMCA 6 HEeKOMO-
POM KOHEUHOM Ompe3sKe.

Onpenenenne 6. [Jaa scaxoeo muoncecmsa E, aemcaweco na
YUCA080U NPAMOU, PYHKYUSA

1, ecau xekE,

x(x)=elx)= 0, ecau x¢E

HA3bI6ACHICA  XAPAKMEPUCMUYecKod  (ynkyueti muoxncecmsa E.

Ha puc. 246 nzobpaxeHa xapakTepucTtuueckass (yHKUMS [OJIy-
uHTEpBana- BHmA [a, b).

Onpepnenenne 7. @yukyus f, onpedesennas nHa 6ceil Yuci0801 ocu,
HA3b16AEMCA HUHUMHOU CIYNeHYamoil ByHKYuel, ecau ona seasiem-
CA AUMCUHOU KOMOUMAYUel KOHCUHO2O HUCAQ XAPAKMEPUCMUYCCKUX
PYHKYULL NONAPHO He NepeceKkalowuxca NoAyuHmepealos fai, b;), i=1,

s s M, M. €. eCAuU OHA NPeOCMasuma € Guoe
m
i=1
(puc. 247), eode y;(x)— xapaxmepucmuueckas @ynkyua unmepseaida
[a;, b)), a X, i=1, .., my—Hexomopsle deiicmeumevibie uucaa.
HerpyaHo y6GeauThesi, ¥TO ecnu He TpeboBaThb, YTOOBI MOJIyHH-
TepBaJibl [a,-, b,.), i=1, 2, ..., m, NONapHO HE rlepecekaInchb, TO

NOJIYYUTCS PaBHOCHJILHOE OMNpejiesieHHe. ITO CIAEAYEeT U3 TOro, 4TO

nepeceyeHre KOHEYHOTO HHMCJa PACCMATPUBAEMBIX Or pPAHHYEHHBIX

NOJYUHTEPBAJIOB SIBJISETCA TAKXKe NMOJYHMHTEPBAJIOM TOTO XK€ BHJA.
OueBunHo, Beskass yukums Buaa (55.7) dunurtHa.

* Ot nar. supportus — onopa.



QuuuTHas cTyneHyatas QyHKUMA f WHTErpupyeMa Ha Bceil
YUCJIOBOH OCH, NPH 3TOM €CJIM OHA 3amaHa dopmynoi (55.7), To

iff(x)dxz 'i A iff xi(x) dx= i A dx= i Ai(b;i—a;).

VYupaxuenue 3. [loka3aTe, 4TO BCAKAs HENPEPbIBHAS Ha OTpe3ke (ByHKUMS
ABJIIETCA  TIPENEJOM DAaBHOMEPHO CXOAAILECHCS TOCHEAOBATENBHOCTH (MHATHBIX
CTYNEHYATHIX (DYHKIMHA, HOCHTEIM KOTOPBIX NPMHAMICKAT TOMY XK€ OTPE3KY.

JJemma 2. Jlaa woboit ¢pyukyuu f, abcoaromno unmepupyemoi
HA KOHEYHOM UAU OCCKOHEUHOM NPOMENCYMKe ¢ Komyamu a u b,
—o<a<bhb< + 0, cywecmeyem nocaedo8ameabHoCms Mmaxkux du-
HUMHBIX CIYNEHYaAmblX @GYHKyuil ©,, n=1, 2, .., umo:

1) supp@,<=(a, b),
2°) lim [|f(x)—@,(x)| dx=0.

n—=>% 4

HoxazatenbctBo. Ilycte dynkuus [ abconroTHo MH-
TErpupyeMa Ha MNOpPOMEXYTKE ¢ KOHUaMH a U b, [onyctum
IUI  OTIPEJIESIEHHOCTH, 4TO OHAa MHTErpupyemMa Ha JroOOM OT-
pe3ke

[6, n], —o<a<t<n<b<+w

(o6mmit ciyyait abCoMFOTHO UHTErpupyeMoi GyHKUuH, cM. n. 55.1,
JIETKO CBOAMTCH K 3TOMY). Tornma, coriacso omnpeesieHuto HecoOCT-
BCHHOTO MHTerpana, s Jiroboro ¢ukcupoBanHoro uucia £>0
CYWIECTBYIOT TakMe Yucia & W 1, 4TO

¢ b
Jl.f’(/\’)l dx + J Lf(x)] dx<§. (55.8)

Gynkuus [ wuurerpupyema no Pumamy mHa orpeske [, n]
U, CJIe[IOBATEIbHO, €Cid OOO3HAYUTL Yepe3 S, HHXKHIOK CyM-
My Jlapby QyHKUMHM f, COOTBETCTBYIOUIYIO pa3OMeHMIO T OTpe3Ka

[€, n], 1o

lim s, ={ f(x)dx,

[ti-0

rae |t| — MenkocTh pa3dbuenus 1. [lodtomy cymectByeT pa3bue-
HUe To={v;};Z{ oTpeska [& n] Takoe, uTo ecau s, — HIKHAS
cymMa  JlapOy a1 (QyHKIMH f, COOTBETCTBYIOLIAS pPa30OHEHMIO
Tg, T. €.
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0<Jf(x)dx—s,0<§,
g

rae € — (UKCHPOBAHHOE BBIIIE YHCIIO.
ITonoxum

(55.9)

m;, eclu Xx;_ <x<Xx; i=1,2,.,k,
¢ (x)=

0, ecm x<& wm x>=mn.

OueBugHo @ (x)— dunnTHAS CTyneHYaTas QyHKUHS,

n k
suppec (&, njc(a, b) u [@(x)dx=7 mAx,=s,.
3

i=1

CnenosartesbHO,
f[f(x)—w(x)]dxsz(x)dx J(p J/‘ (x)dx s, <2, (55.10)
3 3 13

IPH 3TOM TNOCKONMBKY @ (x)<f(x), E<x<m, TO
)=1

fx)=o(x)=1f(x)=¢(x)>0.

W3 uepasenct (55.8) m (55.10) umeem
b

1) (s = )+ ) o )] o) <.

a

1
[Monaras, Hanpumep, €¢=- 1 o6o03HaYasi COOTBETCTBYIOLIUE (DUHMT-
n

Hble CTyneHdatble (yHKUMH @ 4epes ©,, n=1, 2, ..., NOJyYUM
NIOCIEA0BATEIBHOCTL (UHUTHBIX CTYNEHYAThIX (YHKUMR @, AId
KOTOPOH BBIMOJHAETCS YTBEPXKIACHHE JieMMbI. [

3ameuanue 1. 3aMeTHM, YTO U3 ONpEIE/ICHHs CTYHEHYATON
byHKUMM @, TIOCTPOEHHOH TpPH J0KA3aTeNbCTBE TeopeMbl 2 (CM.
(55.9)), cmemyer, 4TO ecnm s BCex xe[&, n] BBIMOJIHSETCS
HEPABEHCTBO

Lf(x)I<e,



TO BBINIOJIHACTCA W HEPABCHCTBO

lo(x)i<c

E]eﬁcmmeﬂbﬂo, ectn —c<f(x)<c, TO Mt moGOH TOUKM
X€

Xiops X o i=1, 2, ., iy, uMeeM

—e<m;= inf f(x)<c.

ITostoMy (cM. (55.9)) suist Bcex x€[x;_;, X;) BBINOJHSETCS
HEPABEHCTBO —c< P (x)<c, T. €. |@(x)|<c Ha Bcex MOJyHHTEpBaIax
[x;—y, x;). a cremoBaTenbHO, ¥ Ha otpeske [&, M| (3ameTum, 4TO
¢(n)=0). ,
ameuanue 2. OTMerum, uro u3 ycnoBust suppfc(a, b)

ciaeayer, 4To (GyHKUMs [ paBHa HYJKO B HEKOTOPBIX OKPECTHOCTSX
TO4eK a U h. JIeWCTBUTENIBHO, HOCUTEND Supp f QyHKUMU [ ABSETCH,
COTJIACHO OTIPEJIE/IEHNIO, 3aMKHYTBIM MHOXECTBOM, H TaK KaK TOYKH
a 1 b eMy He NpHHALIEXAT, TO OHH HE SABJIAIOTCA €r0 TOYKAMM
MPUKOCHOBEHHUS. ' [103TOMY Y HHX CYIIECTBYIOT OKPECTHOCTH, HE
coliepkalllie TOYEK MHOXECTBa Suppf, ¥ BO BCEX TOYKAX ITHX
okpecTHOCTeH ¢yHKLHS f paBHA, OYEBUAHO, HYJIIO,

HoxazatenbcTBO TeopeMbl. IlycTs 1 (x)— xapakrepucr-
yeckass (ymkuus mnosnymHrepBama [§, m). Torma ans sroGoro
untepsana (a, h)>[E, n] Oyzem umers

b

lim Jx(x) sin vx dx = lim fsin vxdx=lim Cﬁvg’:cﬂ-——o,

a 3

vV—C V—xC

160

cos v —cos vn
v

<]cosv?,l+|cosvn|

s —0, v—oo0.

vl

Tak kax mobas QuHUTHAs cTyneH4YaTass QYHKUHS SBJASETCS
IUHeHHOM KOoMOMHAIMel KOHEYHOTO 4YHCa XapaKTepUCTHYECKUX
GyHKUMH NOJIyMHTEPBAJIOB PACCMOTPEHHOTO BHJA, TO YTBEPXKICHHE
TEOPEMbl CHPABEJIMBO U Ui Jit0OOW (UHHUTHOM CTyneH4yaTowu

vl

byHKIMH.
Ecnu tenepps dyHkuus f gapnsercs aOCOMIOTHO HHTErpupyeMoi
Ha NPOMEXYTKE ¢ KOHHAMHM ¢ M b, —oo<a<b<+o0, TO ans

moboro uucna £>0, COrJacHO JEMME CYIIECTBYET (PHHHUTHASA
cTynenvartas (GyHKuus (p, Taxas, 4TO

f[f x)la’\‘<5



Hnst sroit crymenyaroil QyHKUHMM (IOCKOJIBKY MJIsl CTYNEHYATBIX
GbyHKUMI TeopeMa yxke JOKa3aHa) CYLIECTBYET TaKOE V,, YTO IpH
V>V,

b

f(p (x) sinvxdx

[TosToMy, HCTONB3Ys Tgxc,ueCTBo f(x)=[f(x)—e(x)]+¢(x), mpn
|vi>v, noayyum ‘

3
<=.
2

b

[ [f(x)—o(x)] sinvxdx

a

< +

if(x) sin vx dx

b
{o(x)sinvxdx

a

b

+ <“f(x)—(P(x)labc+’J‘(p(x)sinvxdx <§+%=g,

a

a
b
Drto o3nauaer, yro lim [f(x)sinvxdx=0.

V—»I-a

AHAaJIOTUYHO JAOKa3bIBA€TCA, 4YTO

b
lim [ f(x)cosvxdx=0. []

Vo g

55.3. UHTEI'PAJI AUPUXJIE. NPUHLMIT JIOKAJIM3ALIMN

IycTs dynkums f(x) abCOMOTHO HHTErpUpPYeMa HA OTpe3ke [ —T,
n]. HaiizemM ynoGHOe nns MCCNENOBAHUH BBIPAKEHHE YACTHIHOM
cymmbl S, (x; f) psna Pypbe GyHKIEH f, HA3BIBAEMO#H Takxke TPOCTO
cymmoii Dypve n-2o nopaokan=0,1,2, ..., smoti gynkyuu. Ilogcrasus B
S,(x; f) Boipaxenns mns xoddduumentoB dypue (55.6), momyunm

S, (x; f)=%9+k; a,cos kx+ b, sinkx =

= Jf(f)dt+ i % Jf(t)(cosktcoskx+sinktsinkx)dt=

f(t)[%-i— i cosk(t—x)]dt. (55.11)

k



IToJsioxum
D,(t)=3+ Y. coskt, n=0, 1, 2, ..; (55.12)
k=1

torga ¢opmyna (55.11) nepenmiuercs B BHIE

n

f D, (t—x)f(t) dt. (55.13)

—n

S.(x: f)=

DyHKIUSA D,,(t) Ha3uiBaeTCA A0po.t Jupuxae, a UHTErpas, CTOSIIANA
B npaBo#l uyacTu paBeHCTBa (55.13),— unmmezpasom [lupuxae.
Jemma 3. Aopo Hupuxae:
1) uemmnas Henpepvignan 2T-nepuodudeckas @YHKYus, npudem

1-
Dn(0)=n+5’

2) yooesemeopsem ycAO8UIO

%fD,,(t)dtzl; | (55.14)
3) npu t#2nk, k=0, +1, +2, ...
sin<n+5>t
D,,(t)=—————t——, n=0, 1, 2, ... (55.15)
2sin§

HdoxkazaTenbcTBO. HenpephlBHOCTb, YETHOCTb U CYHIECTBO-
BaHWe TepHoaa, paBHoro 2m, mns sapa Hupuxie D, (t) Henocpenct-
BEHHO CJIE[lyeT W3 €ro omnpedesieHus, T. €. u3 dopmynst (55.12). U3
9TOM ke QopMyJibl CleayeT # paBeHCTBO (55.14): 4Tobnl ero
TOJIY4UTh, JOCTATOYHO NMPOUHTETPUPOBATH 10 OTPe3Ky [ —m, m | obe
yactu paseHcTBa (55.12):

JD,,(t)a’ =% J‘dt—i— Y Jcosktdzzn,
k=1

- - -n

woo mpu k=1, 2, ... [ cosktdr=0.



Hoxkaxem Tteneps ¢opmyny (55.15). Umeem

D,(t ) Z cos kt= I<siné+ Y 2sin%coskt>=

=1 2sin - k=1
2

2k+1 . 2k—1
I:sm +Z<sm sin : t>]=

2sin—
2

sm(n-l—i)
= [#27‘[1{, k=0, il’ iza

2sin—
2

ITo cymiectBy, 3ra ¢opMmyna Oblla HaMH Yyxe JdoKa3aHa (CM.
dopmysy (34.89) B mepBoM TOMe). MbI BOCHpPOM3BESH 37€ECh
JIOKa3aTeJbCTBO JIMIUL I yaobctBa uurtatensi. OTMETHM, 4TO, B
CHJIy 4eTHOoCcTH snapa Hupuxue,

J D,(0)di={ D, (1) d

-n

1103TOMY
| D,(t)dt=2[D,(t)dt
- 0

Orcioma u u3 csoiictBa 2° sapa Jlupuxje ciedyeT, 4To
Efp,,(t)dz=1. (55.16)

3amMeTHM eme, 4TO NpaBas 4YacTh paseHcTBa (55.15) umeer
CMbICHT JMIIb npu t#2mk, k-—uenoe. Ho Tax kak

Sln<n+2> 1
lim ——~= lim D,,(t)=n+§,

12 kn zsiné 1—2kn

sin <n+~> t
TO (yHKIHIO ————"— MOXHO NOONPE/IEUTH NpU t=2nk, k=0,
2Si1’1§

+1, +£2, ..., cunTas ee 3HAYEHHE B KaXIAOM M3 ITHUX TOUYEK IO



1
ONPEACJICHUIO pPAaBHBIM I’1+§. HOOHpCI{CHCHH&H YKa3aHHbIM CHOCO-

OoM GyHKIMS HeNpepblBHA TpH (=2mk AJs Bcex LENbIX K.
BepHeMcsl X pacCMOTPEHHIO (YHKIMH f, aOCOJNIIOTHO HMHTETPH-
pyemoit na orpeske [ —m,n]. Hac 6yaer unTepecoBaTh, B 4aCTHOCTH,
npefeN TOCNe0BATEIbHOCTH YaCTHUHBIX CymMM S, (x; f) ee psama
®ypbe. 3aMeTUM, YTO HEMOCPEACTBEHHO NEPEHTH K MPEJIENY HPH 71— 0O
B IIpaBOM 9acTH paBeHCTBa (55.13), T. €. MEpETH K npeaey IO/ 3HAKOM
UHTErpaja, Helb3s, Tak Kak npenen sapa dupuxnie mpu n—oo He
cymecrByer. IIpomomkum dyHkumo f ¢ mosyuHTepBana [ —m, m) B
2n-nepuoanyeckyro QyHkumro u 0003HAYMM ee Takxke uepe3 f
(mogpobHee © TNEpHOAMYECKOM MPOJOJDKEHMH cM. B 1. 55.1).
Tlepuoanueckyto ¢ nepuogoM 21t GyHKINIO, aBCOTFOTHO HHTETPH-
pyemyto Ha orpeske [ —m, m], Gymem Ha3bBaTh sl KPaTKOCTH 27-
TIEPUOANYECKO aBCOJIFOTHO UHTETpUpYyeMOl (Ha nepuoje) GyHKuuen.
HokaxeM CIe/ylomyro JIeMMy.
Jemma 4. [aa vacmuynoii Cymmbl Pypve S, (x; f) 2n-nepuoduye-
CKOill abcoaomHo uHmeepupyeMou Pynxyuu anaeed/tuebt dopmyav

S, (x: f):E j D, (1) f(x+1)dt (55.17)

S.(x: f)=

. J D, () [f(x+1) +f(x—1)] dr. (55.18)
0

Caeacrteune. Jaa mobuix 8€(0, m), xe[—-n n] YacmuyHan
cymma S, (x; f) pada @ypve 2n-nepuoduueckoii abconomno unmezpu-

pyemoti gbymcuuu f obaadaem caedyromum acumnmomuueckum uHme-
2PaAALHBIM npedcmag/teﬁucw

S, (x; f)=% JD,,({) [flx+1) +f(x—1)]dt+0o(1), n>00.(55.19)
0
JoxazaTenabcTBO JieMMbl. BoinosinuM B uHTerpasie Jupuxie

(55.13) 3aMeHy mnepeMEHHOW WHTETrPUPOBAHMS uU=1—X

n n—X

S, (x; 1‘)=% JD,,(t—x)/'(t) (/Iz% J D, (u) f(x+u) du=
=~7‘; J D, (1) f (x+u) du. (55.20)

-n
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Mgl CHOBa BOCHOJIb30BAJHCh 3/€Chb TeM OOCTOSTEJILCTBOM, 4YTO
HHTErpaj OT MEPHUOAUYECKON (PYHKLMU MO OTPE3KY, JUIMHA KOTOPOTo
paBHA e¢ NEPHOAy, HE 3aBHCUT OT TIOJOXKEHHS 3TOr0 OTpe3ka Ha
JneicTBUTEIBHON ocu (cM. m. 55.1), U OpUMEHWIM 3TO CBOWUCTBO K
2n-nepuomudeckoit no u ¢dyuxkmmn D, (u) f(x+u). Utak, dopmyna
(55.17) noxaszana.

HAns mokaszatensctBa (opmynasl (55.18) npeactaBuM mnpaByro
yacTh paBeHcTBa (55.20) B BUAE CYMMBbI [BYX MHTETPajioB C
IPOMEXYTKaMH uHTerpupoBanns [ —m, 0] u EO, n]; B nepBom
WHTErpaJie BBIIOJIHUM 3aMEHY TIEPEMEHHOM U= —{ W BOCIOJIb3YyEMCS
YEeTHOCTBIO sifpa Jdupuxie:

D, (~1)=D, 1

(cM. nemmy 3). B pesynbTaTe 6ydemM HMeTh

S, (x; f)=~rl? JD,, (u)f(x+u) du=% JD,, () f(x+u) du+
+ %J‘D" () f(xx+u) duz%J‘D"(t)f(x—t) dt+ %J‘Dn (u)f (x+u) du=

n

S X[V P

0

Popmyna (55.18) rtaxxke nmokaszana. [

HokxaszarenbcTBO cinenctBus. 3adukcupyeM uucio 0O,
0<d<m, ¥ npeACTaBUM MpaBylo 4acTh (55.18) B BHIE CyMMBbI JIBYX
MUHTErPAJIOB CJeIYIOIMM 00pa3oM:

8 n
2 |
0 d
IMockonbky yHkuus % HenpepbiBHAa, a CJe0BaTeIbHO, U

2sin—
2
OrpaHMueHa Ha oTpe3ke [3, 1] <HM€HHO, ans Beex (e8]
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P - ), a pynxius f(x+1) +f(x—1) npu mobom Qukcu-

2sin- 2sin~
2 2

poBaHHOM X €[ —7, 1] 2n-nepuoanyHa no ¢ ¥ abCOJFOTHO MHTETrPH-
pyema Ha otpeske [ —m, 1], To Ha [3, 1] aGcosroTHO MHTETpHpYeMO

flx+0) +f(x—=1)
¥ WX npoussemenme —— 7  [loaTOMy, COrjacHo Teope-

2si !
2sin ¢
2

0<

Me Pumana (cMm. teopemy 2 B n. 55.2), BTOpo#l HHTerpan B mpa-
BOM vacTd paBeHcTBa (55.21) cTpemMurcs K Hy/II0 HpuH 11— 00,
T. €.

n

ij\w_ﬁ)s]n(”.{_ %) [d[:()(l),' n—00.

n 25
0 Slni

[Toacrasnsis 310 BBIpaxkeHue B (55.21), nonyuum dopmyny
(55.19). O

U3 dopmynsr (55.19) cieayer omHO BaxHOE CBOWCTBO PS/IOB
dypbe, Ha3biBaEMOE NPUHLUMNOM Jokanu3auun. Chopmyupyem ero
B BH/E TEOPEMBL.

Teopema 3 (npunuun soxamsammu). Eciu f— 2n-nepuoouuye-
CKad d0COMOMHO UHMe2pupyemas GyHKYus, 1IN0 Cyuecmeosanie u
3HAUeHUEe npe()e A NOCAC008AME.IbHOCMU ee HACMUYHbIX cymm Dypve
S, (x5 f) 6 a06oit mouxe x,€ R 3a6ucum moavko om cyujecmeosanus
U 3HaueHusd npeodeaa Npu N— o0 UHMe2paid

8

%JD,,(t) [f(xo+1) +7{(x0—z)] dt,

0

20e 0 — CKOAb Y200HO MAA0e NOAOHCUMEABHOE UUCIO.

[TonuepkHeM, YTO B TOJBIHTErPAILHOE BBIPAXKEHUE ydeaHHoro
WHTETpajla BXOAAT JIMIIL 3HaueHuss OGYHKIMH [ Ha OTpe3kKe
[Xo—8, X,+8] M TeM caMbIM CylIECTBOBaHME M 3HA¥EHME Mpe/ea
YaCTUYHBIX CYMM psfa Dypbe (GYHKUUH f 3aBUCHT TOJBKO OT €€
CBOICTB B OKPECTHOCTH TOHYKHM X, WIH, Kak TOBOPST, OT €€
JIOKAJIbHBIX CBOMCTB BOJM3M TOYKH X,.

W3 npuHuMna jokanu3aumu CJAEAYeT, UTO €C/M B JIIOOOM, CKOJIb
YIrOJHO MaJIOl OKPECTHOCTH TOYKH X, QYHKUMH f M g COBNAJaloT,

To mpeneast  lim S, (xq; f) # 11m S,(Xo; € ONHOBpEMEHHO Cy-
n—oc
LIECTBYIOT WJIM HET, NIPUYEM ecnn 3m Tpejieibl CYIECTBYIOT, TO OHH
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paBHBL. DTO TeM OoJjiee HUHTEPECHO, UTO psiabl Dypbe Taxux
GyHKIMA, BoOOINE TOBOPS, pa3ju4YHBl, WOO B GOPMYIBI IS
kodpduunenToB  Pypbe BXOIST 3HAYeHHS (QYHKIMM 10 BCEMY
orpe3ky [—m, n].

554. CXOAUMOCTDb PAAOB ®YPbLE B TOUYKE

Hanee nonamoOuTCs cienyromas NpocTas JieMMa.
Jemma 5. [[aa 2n-nepuoduueckoti adcoaomuo uHmezpupyemoil
Ha ompe3ke OauHbl 2T @yukyuu f unmeepaivt

n

)

LA dr, 0<8<m, u JM dt (55.22)
! 2§n£

0 0 2

CX00AMCA UM PACXO0AMCA 00HO8PEMEHHO.
HoxazaTtenbcTBO. JehcTBuTenbHo, aus awoboro 6, 0<d<m,

1

bysxuus ——— HCNPEPBIBHA, A TOSTOMY W MHTETpHpyema Mo

2sin -

2
Pumany Ha orpeske [3, m]. ®ynkuus xe f(¢) aGCoMOTHO HHTErpH-

(1

pyeMa Ha 3TOM OTpE3Ke, CJIEJIOBATEIbHO, M UX NIPOU3BEICHHE S0
2sin =
2

abCcoIOTHO MHTErpupyeMo Ha oTpeske [J, n], T. e. npu mobom 3§,
0<d<m, wuHTErpal

n

' J g (55.23)

5 2 SinE
cxoautes (cMm. memMmy 2 B m. 33.5).
Beibepem Teneps 6>0 Tak, 4TOOBI CYLIECTBOBAJIO MPABUILHOE
a3buenne (cM. 1. 55.1) orpeska [0, n], mis xoToporo orpesok
EO, 8] HE cojepxkaj Obi HU OJHON TOYKH 3TOrO pa3OHeHusi, KpoMe,
BITb MOXET, TOYKU ?=0. BO3MOXHOCTb 3TOr0 CJAEAYET U3 CAMOTO
onpeaesenus abCoFOTHOM MHTErpUpyeMOoCcTH (GYHKIHK f HA OTpe3Ke
(eM. m. 55.1). B atom cnyvae mnst noboro € takoro, uro 0<e<9,
dynkuus f Gymer mHTerpupyema no Pumany Ha orpeske [, 8], a
CIENOBATENIbHO, WUHTETPHPYEMBbI 1O PHMaHy Ha 3TOM OTpe3ke Hu

¢ t
byHxuMH '&[), —f()—t Kpome Toro, 3t (yHKIMH 3KBUBAJICHTHBI

2sin -
2
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npu t—0, TaKk Kak

MO3TOMY MO TPU3HAKY CXOJUMOCTH HHTETPAJIOB, Ha3bIBAEMOMY
NPU3HAKOM CpaBHEHHUs (CM. ClIeAcTBHE M3 TeopeMbl 1 B m. 33.3),
OPUMEHEHHOMY K aOCOJIFOTHBIM BeJIMYMHAM PacCMAaTPHBAEMBIX
GyHKUMH, HHTEI pajbl

3 3

f VN g, J 0,
! b 2 sin%

0

ONHOBPEMEHHO CXOHATCS WM pacxolsarcs. B cumiy cxoaumoc-
TH HHTerpana (55.23), oTcroma cpady cieAyeT, 4TO HHTerpa-
abl (55.22) Taxke OyAyT OIHOBPEMEHHO CXOMUTBCS HIJIH Pacxo-
autbes. [

B nmanpuedimieM B 3TOM IyHKTE OyayT paccMaTpuBaThCA
2n-nepuouyeckue abCoONIOTHO UHTETPUPYEMBIE HA OTPE3KE JJIMHEI
2n ¢QyHKUMM, KOTOpblE HMEIOT TOJBKO TOYKM pa3pbiBa IMEPBOTO
pona, BCJIEOCTBME 4Yero B KaxJoH TOYKE X, YHCJIOBOH OCH
CYIIECTBYIOT OJHOCTOPOHHME TPEIEIb:

Hm f(xo+h)=/(xo+0), lim f(xo—h)=f(xo—0).
h—+0 h—+0

Onpenenenne 8 (JleGer). Touka x, Haszvieaemcsa pezyiapHoll
moukoti @yukyuu f, ecau

f(xo) =f(xo +0) ‘zf”f(xo —0)

OueBUIHO, KaX/as TOYKA HENPEPLIBHOCTH (DYHKIUM SBISETCS ee
peryJIsipHOM TOYKOIA.

Ecim x,— TouKa paspsiBa 1epBOro poAa GYHKUMH f, TO TOA ee
OJIHOCTOPOHHHMH TIpOM3BOAHBIME [ +(x) u f —(x) Oymem 31ech
MOHMMAThL HPENEITBI

f+(x)= lim f(x-l—h);f(x+0)’
h—+0

f=(x)= tim f=A=x=0)
h-+0

B toM caydae, koraa ¢yHKuMs HeENpephIBHA B TOYKE X M,
cnenosatensho, f(x+0)=f(x—0)=f(x), chopmynupoBannoe omnpe-
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JIEICHHE OAHOCTOPOHHHMX [POU3BOJHBIX COBHNAJaeT C AaHHBIM
paHbine (cM. m. 9.1).

Jnsa ymobcrBa GOPMYIHPOBKH TEOPEMBI O CXOOUMOCTH psla
®ypbe BBereM 00O3HauYeHUE

fx()

def

= f(x+1) +f(x—1) =f(x+0) —f(x—0). (55.24)
OueBnaHO, 4TO B PEryJIsApHON TOUKe X GyHKUUS f ¥ (t) HUMEET BUJ
FE@O)=f(x+1) +f(x—1) =2f(x).

SIcHO Taxke, 4TO eciii QyHKIMA f 27n-nepHOAUYHA ¥ abeosHOTHO
MHTeTpHpyeMa Ha mepuone, To U dynkuus [ (7) (x ¢dukcuposa
TaKXe SBJSETCS 2M-NEepHONYECKOd M abCOJIIOTHO HMHTETPUpPYEMOi
byHKUIMEH.

3ameTuM, yTo eci GQyHKOUSA [ 2M-IEpUOAMYHA H 5a6con}0THo

LA ()

UHTETpUpyeMa Ha TIEpHO/Jie, TO CXOAUMOCTh MHTErpaja jT dt ipu

0
HEKOTOpoM O>0 paBHOCWJIBHA €ro CXOOUMOCTH IpH JiroOOM
KOHeYHOM 0>(, Tak Kak, B CWJIy HEPUOAMYHOCTH H aOCOJIIOTHOMN
HHTETPAPYEMOCTH ¢ynkuuu f Ha mepuoze, npu Jiobom o, >0

UHTETpa J@ dt, 0<8,<9, cxomuTcs.

B
Teopenlla 4 (npusmak [duum). [Tycme f— 2m-nepuoduuec-
Kaa GyHKyus, abcoMoOmHO UHMeZpUpyeMds HA ompesKe  O0Au-
Hbl 2T ‘ -
Toeda ecau X AGAAeMCA MOUKOU HENPEPbIBHOCMU UAU PIOYKOLL
paspeisa nepgozo poda gynxkyuu f u npu nHexomopom 6, 0<d<m,
uHmezpa

8

JM dt (55.25)

t
0

cxooumces, mo pad Dypve Gyuxyuu f cxooumca 6 mouke X K
SHAUEHUIO
flx+0) +£(x—0)
S

CunencrBeue 1. Ecau ycaosus meopemvl GolNOAHCHbI, MO 8
moboil pezyaapnoti mouke @ynkyuu f (6 uacmmocmu, 60 6cex ee

24
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moukax nenpepwignocmu) pad Dypve Mot GyHKyuu cxo0umcs K ee
SHAUEHUIO 8 PACCMAMPUBAEMOT MOUKe.

Caeacreue 2. Ecau f[—2m-nepuoouueckas @ynkyus, ao-
COMOMHO UHMe2pupyemas Ha ompeske Oaunbl 2T, U 8 Mou-
ke x cywyecmeyiom f(x+0), f(x=0), f4(x) u f-(x), mo psaod
Dypve Pyuxyuu cxooumcs 8 3moil mouxe K 3Hauenuro (55.26).

Caencteue 3. Pad Dypve xycouno ougppepenyupyemoii Ha
ompeske | —mn, ] @yukyuu [ cxodumes 6 Kancdoii mouke unmepeaia
—m, t) Kk 3nauvenuro (55.26), a 6 moukax xX=—M U X=T—K
SHAYEHUIO

font0) +/(=0) (55.27)
2

Caencreue 4. Pao Dypve nenpepwigoil Kycouno ougpgepenyu-
pyemoil na ompeske [ —m, n] @yukyuu cxooumca ¢ moboit mouke
unmepeaia (—m, T) K 3HAYeHUI0 PYHKYUU 6 IMO MouKe, a 8 MOUKaX
X=—n u x=n—kK 3Hauenuro (55.27).

HokxazaTeabCcTBO TeopeMbl. Mcnons3ys Gopmynst (55.18)
u (55.16), Oymem uMeTh

b (x— 1 .
5, (x; f) = XHOH B0 ;JD,, (O[S (x+1) +f(x—1)] di—

0

_ /M;f_(i‘i_ou)z JDn(t) cﬁr:ljm sin <n+ %) tdt. (55.28)
K Y T o 25in%

IMycts unTerpan (55.25) cxomuTcs npd HekoTopoMm &>0; Toraa
OH OYEBHIHO CXOOHUTCS M NPH HEKOTOPOM O TakoM, 4Tto 0<d<m;
TOTA4, COTJIACHO JieMMe 5, npHMeHeHHOH K ¢yHkuun f¥ (cm.
(55.24)), cxomuTcs W HMHTErpan

T

J 1 (rz| "

b 25m§

f()

2 sin—
2

WHaYe TroBOps, (QyHKUUA abCoOJIIOTHO ~ HMHTErpupyeMa

Ha oTpeske [0, n]. [Mosromy, corjmacHo Teopeme Pumana (cM.
n. 55.2),
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fim ljff(’) sin<n+1>zdz=o,
I t 2
n—oC °

2sin—
2

cilemoBaTeNibHO, B cmiy (55.28),

lim sn(x;f)=’ﬁ93ﬂﬂ. 0

CnenctBue 1 HEMOCPENCTBEHHO BBITEKAET W3 TEOPEMBI B CHITY
ONpeEsICHUS PETYJISPHOH TOYKH (hyHKIHH.

Jlokaxem ciencrare 2. CornacHo Teopeme 4, 10CTaTOYHO MOKA3aTh,
4YTO €CIIM CYLIECTBYFOT npeaessl f(x +0), f éx —0) ¥ OIHOCTOPOHHKE NPO-
u3BozHbIe [} (x), f2 (x), To maTErpan (55.25) cxomMTCA NpH HEKOTOPOM
6>0. Ilpexne Bcero, B CHiy CyIIECTBOBAHHS KOHEYHOIrO MNpeAcia

lim Jl(’)= lim ‘:f(x+t) —f(x+0) _+_f(x—t) —f(-‘f‘o):lzﬂr (x) —f (x)’

t—+0 ! t—>+0 ! !

(e .
¢dbyHK1IHS th(—) orpaHpyeHa B HEKOTOPOHM OKPECTHOCTH TOYKH t=0.

[lostoMy cymecryer Ttakoe O, 0<d<m, 4ro Ha orpeske [0, 3]

fx()

byHKIHISA ~== OTpaHWYCHA W, CIIEIOBATENBHO, OHA MHTErpUpyeMa 1o

Pumany Ha sToM oTpeske (cM. m. 33.1, a Taxxe 3amevyanue 4 B 1.
44.7). dyukuus, uaTerpupyemas no Pumany, aGCOIOTHO UHTErpH-
pyema, noaroMmy wunrerpain (55.25) xoneuen. [l

Jns gokasaTesibCcTBa CAEACTBUS 3 QYHKUMIO f, 3alaHHYIO Ha
oTpeske | —T, 1], MPOZOIKMM MEPHOJAMYECKH C TNEPHOXOM 2T C

NOJyHHTEpBAJNa | —T, T) Ha BCIO WYHCJIOBYIO OCh M 00O3HAYMM
noJiyueHHyro (QyHkouio uepe3d f. B cuiy onpeneneHus KycouHOH
muddepernmpyemoct (cM. onpenesienne | B m. 30.2) ¢yHkumms f
YIOBJIETBOPSIET YCIOBHAM ciieicTBUS 2. COrJIacHO 3TOMY CJIEJICTBHIO
pan ®ypbe QyHKUMH f, O¥eBHIHO coBHagarommid c¢ psgoMm Dypbe
Ut f, CXOOMTCA B KaXJOM TOYKE X K

j_”(x +0) +]'(x —-0) .

2
Ecmu  xe(—m, m), TO /_’(x +0)=/(x+0) u, caenoBarenbHO,
f(x+0) ;rf (x=0) _f(x+0) ;‘/ =0 Ipn x=—7n yKkasaHHBIA  PsI

CXOONTCA K

f(_THO);/(_n_O), a IpH X=T—K 3HAYCHUIO
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f(r+0) +£(n—0) .
2

f(=n—=0)=f(n—0)=f(n—0), f(n+0)=f(—n+0)=f(—n+0).

[Tosromy i i i
=m40) +/ (=7 —0) _f(m+0) +/(n=0) _f(=n+0) +/(x-0)
2 2 2 '

Crnencreue 4 HENOCPEACTBEHHO BHITEKAET W3 CHAEACTBHMMA | u 3.

3ameTuM, 4TO B popmyax (55.26) u (55.27) cymma psana Oypwe Pyn-
KIMH f BRIpAXKeHa Yepe3 caMy QYHKIHUIO f, 3aJaHHYIO Ha OTpE3ke | —T,
1], a He yepe3 ee NepHOAMYECKOE IPOJOIDKEHHE f Ha BCIO YHCIIOBYIO OCh.

Eciiu QyHKus f yIOBJETBOpSIET YCJIOBHSIM CIIEACTBHSA 4, T. €.
HeNpepbIBHA U KycouHO-muddepeHnupyemMa Ha oTpeske [ —m, T] H,
KpoMe Toro, f(— 1) =f (1) (T. €. ee IepHOIUYECKOE IPOAOIIKEHHE HA BCIO
YHCJIOBYIO OCh COBIA/IAET C Heil BCEOY Ha [ — 1, 7}, BKJIFOUasi KOHIIBI), TO
Ha BceM oTpeske [ —m, 1] dynkuus f paBHa cymme cBoero psia Pyphe:

o

B cuily NEPHOAMYHOCTH (YHKLHH f,

_f'(x)=a—£’ + Y a,cosnx+b,sinnx.
n=1

[MosToMy Takas (yHKUMS B KaXx[oi TO4Ke oTpeska [—m, 1]
MOXET ObITh TIPEACTaBJIEHA C JIIOOOH CTEeNeHbIO TOYHOCTH YACTHY-
HO#M cyMMolt ee psaa Pypee, T. €. IMHEHHOW KOMOWHAIMEH CHHYCOB
U KOCHHYCOB KPaTHBIX YT (TOBOPAT TAKXKE, YTO yKa3aHHAst QYHKIMS
aNpPOKCUMHUPYETCS CYMMOM TIpocThix rapmonuk*). To, 4to B
paccMaTpUBAEMOM CJiyyae NMEPHOJ PaBeH UMEHHO 2T HE CYIECTBCH-
HO: CnyYyad TNpOW3BOJIbHOTO mnepuojga 7>0 JIerko CBOJUTCS K
PacCMOTPEHHOMY TpPOCTOH 3aMeHoi mnepeMeHHoro (cM. m. 55.12).
[Tpyn npakTH4eCKOM pa3JiokeHHH GYHKUUH B psaa Pypbe moje3Ho
UMETh B BHIY, 4YTO eciu abCOJIFOTHO HHTerpupyemas (QyHKIUS
f——vernas, 1O QyHkmms f(x)cosnx Takxke dueTHas, a QYHKIHS

/() sin nx — HeyerHasi, NOITOMy B 3TOM Cllydae

w=gy [ 1091 [

—-n 0
n

a, ! Jf(x) cos nx dx =2 Jf(x) cos nx dx,
n s
0

n

Jf(x) sin nx dx =0,

n=17 25 LRI

* TIpocToli TapMOHUKOM Ha3bIBalOT (PCMMYLIECTBCHHO B (PM3HKE) BbipaXKeHHE
Buma A cos nx-+Bsinnx, rnie A 1 B—TNOCTOAHHBIC.
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H, CJIEIOBATENBHO, AJI YETHOH QyHKiMK f ee paag Dypbe uMeeT BU
A€

ay+ Y, a,cosnx.

n=1

Ecin ¢dyskuus f-— HeueTHas, TO f(Xx)cosnx Takke HedeTHas
dynkumst, a f(x)sin nx — vyeTHass, NOITOMY
hid

dg =% Jf(\) dx=0,

an:% ff(x) cosnx dx=0,

b, :% jf(v) sin nx dx =% Jf(x) sin nx dx,

n=1,2, ...

CuiestoBaTenbHO, Ui HeueTHOH GyHkuum f ee psag Pypbe nmeer
BUJ

XK
Y b,sinnx.

n=1

Fpamepor. 1. Haiinem psan ®ypbe ¢ynkuum chx, —n<x<n.
Beraucium ee koadppuuuentsr Pypoe. Koadduuuenr a, Haxonurcs
JIETKO:

L
I sh v
a0=mjchxd =21
n s

-n

n 2shn

s s

KospduuueHTs! ¢, HaXoaATCS MHTETPUPOBAHUEM 110 HACTAM (CM. I
26.4):

n

a =lJ‘ ch xcos nxdx=(—1)" 2shr

m, n=1, 2, cen »

" on
-
M3 yetHocTn GyHKUMM chx crexyer, 4to s Hee b,=0,
n=1,2,... ®ynkuus chx HenpepsiBHO muddepeHuupyeMa M,
CJIEIOBATENBHO, YAOBJIETBOPSAET YCIOBUSIM CICACTBUA 4 U3 TEOPEMBI
4; KpoMe TOTO, OH4 TIPMHUMAET OJUHAKOBLIE 3HAYECHHUA HA KOHLAX
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oTpe3ka [ —T, nt], moaromy ee psia Pypbe BO BCeX TOYKAX OTpE3Ka
[—m, n] cxomutcs x camoit ¢dyHkuuu

ch xzsh_"<l +2 Z (—1)"1:7cosnx>.
n=1

n

OTOT P CXOOUTCS PABHOMEPHO, YTO CHEIYET U3 €ro CPABHEHUS CO
GO

CXO/ISLIMMCS YUCJIOBBIM DSLIOM Y

n=0

I'padukn dysxumn chx u cymmsr S(x) ero psma Pypse
n3obpaxeHst Ha puc. 248.

14+n?’

Puc. 248

2. Haitnem psan ®ypee ¢ynxuun shx,—n<x<n.
B cuny ee HeueTHOCTH, HMeeM

a,=0, n=0,1, 2, ...;
najee,

n

_! . (-1 2nshn _
bn—nfshx31nnxdx (=1 —n(l+n2),n 1,2, ...

- n
Oyukuys sh x HenpepbiBHO auddepeHIupyeMa U yI0BISTBOPSET
YCJIOBHSIM CeACTBHA 4 3 Teopembl 4, HO sh(—m)#sh 1; noaromy
BO BCEX TOYKax HHTepBaja F—n, n) psn Pypee ¢ynkuum shx
CXOOUTCS K caMOd (YHKIUHH:

ol

th=2shn Z (——1)”_1

T

sinnx, —T<x<T,

2
ne1 1+n

sh(—n) +shm
: =

Psan ®ypre yakumu sh x yxe He CXOOUTCH PABHOMEPHO K Hei
Ha BCEM OTpeske | — 1, 1| (ZeHCTBUTEIBLHO, B IPOTHBHOM CIIYYae €ro

a4 B TOYKAX X=—N H X=T-—K 3HAYCHUIO 0.

29



y cymMmMma pojpkHa Obuta OBl OBITH
! | py=saz HENPEPLIBHOM Ha oTpeske [ —m, 7],
i | st 4 OHAa MMEET pa3pbiBBI HA €ro
""""""" y S /777 romuax). I'paguxkn dynkumit shx
| u cymmbl S(x) ee psaga Dypoe
. IUIsl CPABHEHHUS M300paXeHbl Ha
Pz I I o) (o 249.
/ 3. Paznoxum B psang Dypee
' (bYyHKLHIO

i | i f(x)=n—2‘ 0<x<2n.

XoTrs ¢yHKUMS [ BBIJISLOAT He-
CKOJIKO HCKYCCTBEHHO, €€ psif
®ypbe HMMEET OYEHb NPOCTOM BHA U TMO3BOJISET IOJYYUTH P
MHTEPECHBIX (OpMYJIL.

IMponomxuM ¢yHKIMIO [ 2R-NEPUOJMYECKH C TMOJyHHTEpBaia
[0, 21) Ha BCrO UMCIIOBYIO OCH M NIEPEONIPE/IEIHM €€ 3HAYEHUS B TOYKAX
X =2 kT,TOJIOXKUB UX paBHBIME HYJIIO, k=0, +1, +2,... B pe3ynbTarte
NOJIyYHTCS He4yeTHas (GYHKIHMS, B CHJTY 4Yero Bce ee KodduImMeHTsI
®ypbe a, Oyayr paBHbIMH Hym0: a,=0, n=0,1, 2,

Boryucnum xo3dhduuuenTst b,. UHTErpupys no 4actsM, noJy4uM
2n

2n ] 1
-5 cos nx dx=—.

0 2nm n

Puc. 249

1 —-Xx . I )
b,,=~J‘n—xsmnx dx= — —(n—x)cos”
T 2, 2n

n

0
Hrak,

moxysinen (55.29)

B cuny cnencreus 4 Teopembl 4 s 0<x<2m HMEET MECTO
PaBEHCTBO

Z sin nx (55.30)

IIpy x=0 3TO pPaBEHCTBO, OYEBUAHO, HECIPABE/UIMBO, TaK Kak

CyMMa TMoJiydMBIIerocs psga npu x=0 paBHa HyT0, a f (0)960.
I'padux cymmel psina (55.29) uzo-

Opaxen Ha puc. 250. 3ameTum, 4TO

3TOT PsiJ 3aB€IOMO HE CXOUTCS pa-

BHOMepHO Ha oTpeske [0, 27|, Tak N

KaK €ro CyMMa He ABJISETCS Ha HeM W47 - ” 7’\,{” Jf'f\/f x

HENpepbIBHOH (yHKUHMeH (pasHO-

MEpHasi CXOIUMOCTh psna (55.29)

Obl1a uccregoBaHa B M. 36.3).

Puc. 250
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3amenuB B (55.30) x uepe3 2x u ;enst 00e YaCTH HOJIYHUBILETOCH
paBeHCTBA Ha 2, TOJY4YHUM

Toi=Y S‘“zi’”, 0O<x<m. (55.31)
k=1
BeiuteM 3TO paBeHcTtBo u3 (55.30)
L Z i"_‘l' 0O<x<m. (55.32)

I
IloacTaBuB MOJIyYUBILICECS BBIPAXEHUE IS 7B (55.31), moxy-

YuMm

x=2 Y (—1prin (55.33)
n=1

n

OTo PaBEHCTBO BEPHO yke W Npu x=0, a B CHJly HEYETHOCTH 06enx
q?)]:Teﬁ paBeHCTBA M IpH — <X <0, T. €. Ha BceM UHTepBase (—T, T),
HO|, KOHEYHO, HE Ha €r0 KOHIAX, B KOTOPBIX CyMMa psifia PaBHA HYJIIO.

T
Ot™MeruM emlle, 4TO, MOJIOXHUB B (55.32) x=—, NoJyuyuM Tak
2

Ha3plBaeMblll psaa JleOHuua

n [
7 1 T t3 7 + s
KOTOpBIA HaM YXe BCTpevasics panblie (cMm. m. 37.7, npumep 2).
4. PaznoxuM B psa Pypbe NepHOAMYECKYHO TNepuoma 27
byskumio f, ecnu _/'(xg=x npu |x|<m.
3anaHHasi GYHKLHS HEYEeTHasi, Mo3ToMy ee koadduimentsr Pypbe
NpU KOCHHYCaX pPaBHBI HYJIFO, a Ui KO3()OULHEHTOB NMpU CHHYCax
nMeeM

‘ et
bn:gJ\XSinndez_£J‘Xdcosnx=_cosnn=( 1) 3n=l, 23 cee
on n n n
Y 0
IToaromy
_ - - nt 1 SIDNX
f)=2 Y (-1 ==, Ix|<nm (55.34)

n=1
(BeimIe, cM. (55.33), 3TO pa3joxeHHE OBbLIO MOJYYEHO KOCBEHHBIM
nyTeMm).
5. Pazjioxum B psii Oypbe HEOTPAHMUYESHHYHO [IEPHOAWYECKYEO
GYHKLHIO
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2cos—

f(x)=In

Ora ¢ynknus uetHas, nodtomy b,=0, n=1, 2,

ao——;Jln<2cos ;I;Jz 2cos dx+ Jln<2cos§>dx
0

0

, x#(2m+1)n, m=0, +1, +2,.

R

X o~
(Tak xak cosi>0 npu 0<x<m, TO 3HaKk aOCOIOTHOH BEIUYHHBI

X
COS? MOXHO HC HHC&TL).

CrenaB BO BTOPOM HHTErpajie 3aMeHy HEPEMEHHOIO X=T—1,
ybenumes, 4to ay,=0.

Jns BbluucineHdss KosppuuumeHtos a,, n=1, 2, ... , IpoU3BEIEM
UHTETPUPOBAHME MO YacTsM M CIEJIAeM .3aMEHY IEPEMEHHOro
X=m—1

n

a,,zzfln <2 cos x) coS nx dvc*—ln <2c s r)Smi
n 2 2 n

0

L X L X
| smnxsm—2— smnxcos—z—
+— —dxz(—l)"'lj—dx.
X
sin —

nm X .
0 cos 5 0 2

T

0+

[MpeacTaBuB TOABIHTErpaibHYIO (QYHKIMIO B BHIAE CYMMBbI

. X . n 1 in 1
smnxcosz_sm n 3 x+sx n-=

.X . X .oX
sin — 2sin — 2sin -—
2 2 2

U MCOOJIB30BAB IS BHIYMCICHUSA MHTErpajia OT KaxJoro cjiaraeMoro
toxaecTsa (cMm. ToxiaectBo (55.15) B m. 55.3)

1 1
sin(n—*—E)x 1 n sin(n—z)x 1 n—1
— Y =+ Y coskx, ——“L =_+ ) coskx,
LX 2 P . 2 K=
2sin — 1 2 sin—
2 2

OyaeM HMETh
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4, TakuM obpazom,

In (2 cos §>= Y (=1t (55.35)

n=1 n

Meton Haxoxaenus psga Pyppe 3aaHHONW (YHKIHMH HEMOCpPE-
CTBEHHBIM BBIYUCJIEHHEM €ro KO3pQUIMEHTOB NPHBOJUT HWHOT/A K
HEOOXOAMMOCTH NpOBeAeHHS OOJIBIIOr0 00bEMA CIIOKHBIX BBIYHCIIE-
guil. Muorpa ymaercs oOOHTH 3TH 3aTpyAHEHHSs, CBeds 3aJaqy o
pasjoxenny ¢yHkuud B psa Oypre QyHKUME K 33/1a9e Pa3JIOXKEHUS
GyHKIIMH B CTENEHHOW pAJ, ¥ BOCHOJB30BATHCA ISt 3TOrO
pa3paboTaHHON B TEOpUM CTENEHHBIX PSJIOB TEXHUKOM.

B ocHOBe 3TOro JeXUT TO OOCTOSTENBCTBO, YTO CTENEHHON psij

e8]
Z a,z"
n=0

Ha OKpyxHoctH |z}=1 cBomutcd x psagamM QPypbe cBOEH AECHCTBU-
TEJIbHOM W MHUMOHM uactu. [leficTBUTENBHO, NpH |z|=1 umeeM
z=e"® z"=e¢™=cosnp-+isinng, U ecm a,=b,+ic,

TO
oCc o0 o)
Y a,z"=Y (b,+ic,){cosne+isinng)= ) (b,cosnx—c,sinng)+
n=0 n=0 n=0
[eo]

+i ) (c,cos ng+b,sinng).
n=0
6. Paznoxum B psag Pypbe nepuoamueckyro (GyHKUHMIO

fl)=—t 22 <1 (55.36)

T 14+2rcosx+r

Drta (ynkuus HenpepbiBHa npu mobom re(—1, 1), Tak kak ee
3HaMeHaTeJb He ofpaiaercss B HYyJIb:

[+2rcosx+r2z1=2|r||cosx| +r2=1=2|r| +r*=
=(1—r})*>o0. (55.37)
CnenaB B (55.36) MOACTAHOBKY

e e i 241
COSXZT:-

rae
t=e™, (55.38)
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OyneM HMeETh
r+cos x 242r1+1 te+r)+ (1 +rs) 1( t 1 )

1+2rcosx+r? 2[rt + (1+r )t+r] 2040 +rt)  2\I+rt  1+r
(55.39)
Tax xak |f| = |e™|=1, a |r|<]1, To no QopMyse a5 CyMMbI

(55.38)
OeckoHeyHO yOBIBAIOLIECH TI'€OMETPHYECKONW MPOrPecCHH MOJIYYUM

;zi_L:lng (=1~ Y(rey,

H, CJICIOBATCIIbHO,

r+cos x - L(Z (—1)"_1r—+ Y (_l)n—lrntn>=
1

14+2rcosx+r?ss32r\,S " =

% g (=1t e } g (—1)""* r"cos nx. (55.40)

2 (55. 38)
ITosyueHHbIH P pAaBHOMEPHO CXOAUTCS, HAIIPUMED, NO NPH3HA-
[s ¢}

Ky Beifepmrpacca, u6o |(—1)"“r‘"cosnxi<|r|", a pax Y Irl",
n=1
Ir|<1, cxomurca. CnenoBartennho, psn (55.40) sBasercs psamom
®ypbe samannoit dynkumm f (cM. Teopemy | B m. 55.1).
7. PaznoxuMm B psan Pypbe NepHOANYECKYIO (DYHKUHIO

f(x)= rsin x r<1.

I+2rcosx+r?’

ChHoBa ucnosib3oBaB GopMysbl Diliepa, CAENAeM NOACTAHOBKY:

eix+e—ix—12+1 Sinx_eix_e—ix—IZ_l

Cos x= - =
2¢ 0 : 2 24

rae t=e™. Paccyxaas aHAaJIOTHYHO npeabmymemy MpHMEPY, MOJy-
qUM

rsin x _or?=) (= (r+r)
1+2rcosx+r? 2i(t+r)(14+re)  2i(t+r)(1+r2)

“sli )= Z, () - 5 )=
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=Y (—1p e Y (<1 tsinax, (55.41)
n=1 n=1

29
8. Pazjioxum B psag Pypbe nepuoarveckyro (GYHKIHIO

. rsin x
f(A)—drctgHrcosx, 1<r<l,
mpuYeM NpH r=1 BBINOJHSETCS HEPABEHCTBO X#(2m+1)m, m=0,
+1, +2, ...
OyHKuUs f HeyeTHas, CleoBaTesbHo, ee ko3ddunueHTel Pypbe
IIpY KOCHHYCAX PaBHBI HYJIHO. Bbluncaum ee ko3ddunmenTrl Pypoe npu
CHHycaxX B ciy4ae, korja |r|<1. MaTerpupys no dacrsm, nonyquMm

n

2 rsin x . 2 cos nx rsinx [m
b,=— ||arctg————|sinnxdx= — arctg +
n l+rcosx nm 1+rcosx |0

0

n

2r r+cos x
+ = | ———coshxdx =
nm ) 1+2rcosx+r (55.40)

=2 Y (=1)"'r¥cos kx cos nxdx=

n

=2 Y(=1pt r"“‘coskxcosnxdx:(_l%r”.

L=
0
Takum obpaszom, ecnu [r|<1, TO
. o0 .
rsimx - SiInax

arctg ————= —I)y = 55.42
g l+rcosx n; ( ) n ( )

Ecim ke r=1, Ho x#(2m+1)n, m=0, +1, +2, .., 1O
rsimmxy sin x X X —1 SInax
arctg ——— =arct =arctgtg=—== = Iy ==
gH—rcosx,:1 & cosx gle 2 (ss.34) = ) n’

T. €. pasyioxeHue (55.42) ocraercs BepHBIM U npu r=1.

55.5*. CXOAUMOCTb PAAOB ®YPLE /I ®VHKLIUMHA,
YIAOBJETBOPSIOINUX YCJOBUIO IEjbIEPA

B 3TOM nyHkTe MBI YKaxeM OoJice cnaboe JOCTaTOYHOE YCIIOBHE,
‘4eM YCJIOBHE OQHOCTOpOHHeH muddepeRuupyeMocTd (CM. ClEA-
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cTBre 2 TeopeMbl 4 B 1. 55.4), Takke 0oOeCHEeUNBAIOILIEE CXOAUMOCTh
unterpana (55.25) mu, cinenoBaTesiibHO, CXOOMUMOCTHL psiga Dypbe
2n-nepuoau4ecKkod abCONIFOTHO HHTETPUPYEMON HA OTPE3KE [JIMHBI,
paBHOM nepuony, ¢yHKuUMH f K 3HaveHHro (55.26).

Onpenenente 9. Oyuxyus f, onpedesennas na unmepgaae (x,, b),
Hazeiaemesa Pyuxyuel, yoosiemeopsoweis cnpasa ycaosuio I'éavoepa
CMICHeHU O 8 MOYKE X, eCAU CYUECIEYIOM KOHeUMbIll NPUBOCIMOPOHHUL
npede f(xo+0) u makue nocmoannsie M >0 u >0, umo .44 106020 h,
yoosaemsopsawwe2o ycaosuro 0<h<9, blNOAHACICA HEPUGCHCMBO

L (Xo+h) —f(x0+0)[ < Mh ™. (55.43)

Dyuxyus f, onpedesennas Ha unmepsaie (a, X,), Hazvleaemcs
@yukyueil, yoosaiemeoparoweti caesa yciosuro I'éavdepa cmenenu o 6
IMOYKe X, €CAU CYWECMBYIOM KOHEUHbll Ae80CMOPOHHULI NPeoe.l
fgxo—O) u maxue nocmosunvle M>0 u >0, umo 0as wwovoeo h,
yoosaemeopawweeo ycaosurw Q<h<9d, @binoaHgemcs HepaseHcmgo

1f(xo—h) —f(xo—0)l < Mh™. (55.44)

Dynkyua f, ydosiemeopawwas 6 mouke X, ycaosuro I'éavoepa
IeKOMOpO  cmenewu KAk cnpaeda, mak u cAeed, HA3bI6aemcs
pyukyueit, yoosaemeopstoweti ycaosuo ['éavoepa dannoil cmenenu 6
PACCMAMPUBAEMOL  MOUKE.

@QyHKUMSA, ONpENeseHHAs HA HEKOTOPOM OTPE3KE, HA3bIBAETCS
GyHkuMeR, yIOBAETBOPSIOIEH YCI0BHIO [€baepa NaHHON CTeneHxu
Hd 9TOM OTpe3Ke, eCM B KaxIO#i ero TOYke OHAa YIOBJIETBOPSET
ycaoBuro I'€nbaepa yka3aHHOHM CTENEHH, NPUYEM B KAX/IOW BHYTpPEH-
HEH TOuKe OTpe3ka KaK CIOpaBa, TaK M CJIEBA: B JIEBOM KOHILE
OTpe3Ka —CIlpaBa, a B IPABOM — CJIEBA. '

OtMmeTuM, 4TO TaK HA3BIBAEMOE KjaaccHyeckoe ycinosue I'énbaepa
JAHHOW CTeTeHH COCTOMT B cieayroueM. PyHkuus f Has3bIBaeTCs
Yoos.1emeopsioueii B TOUKE X KJACCHYECKOMY yciosuto [énbaepa
creneny >0, ecnu cymecTByroT Takue 8>0 u M >0, yTo a1s Bcex
h, |h| <3, BBINOJIHAETCS HEPABEHCTBO

[f(x+h) —f(x)<MhI
OueBnaHO, 4TO B 3TOM ciiyyae Guarogaps ycjaoBuro o >0 QynKkuus /

BCEr/la HEMpephiBHA B TOYke x: w3 lim A=0 u a>0 cieayer, 4T0
h-0

lim f(x+h)=f{(x).

-

AHasioruuHo onpeneﬂg}o(%Cﬂ OJTHOCTOPOHHHUE KJIACCHYECKHE YCIIO-
BUs [énbnepa.

Taxum obpasoM, oTiuume paccmaTpuBaeMoro yciosus I'éabie-
pa OT KJACCHYECKOrO COCTOMT, B YACTHOCTH, B TOM, YTO, COTJIACHO
HAIlIEMY ONpe/esieHnto, (YHKUHMS, YAOBJETBOPSAIOUIANA  YCIOBHIO
['€nbaepa B HEKOTOpO# TOuKe, MOXET ObITh pa3PLIBHON B HEid.
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Ycnosue Fenbnepa CTENEHH eauHWua OOBLIYHO HAa3bIBAECTCS
veaosuem  Jlunwuya® .

Vupaxueuuns 4. Jlokasars, uTo eciu (QYHKUUsS YAOBICTBOPSET B HEKOTOPOIl
Toyke yciaoBuio [Enbaepa cTeneHW o, TO npu 0<f<a OHA yAOBJIETBOPSCT B ITOH
Touke W yciosurwo [énbiepa cremenn f.

5. JlokasaTb, 4TO eCAd (YHKUUS MMEET Ha OTPE3KE OrPaHUUCHHYIO TMPOU3BOI-
HYIO, TO OHa Y/IOBJISTBOPSET Ha HeM YycjoBHio Jlumummua ¢ oaHOH H TOM e
MOCTOSHHOU M.

6. Jokazatb, 4TO eciiu GYHKUMA YAOBIETBOPSET HA HEKOTOPOM OTpe3ke
K.1accudeckoMy yeiioBuro TEnbjepa CTemeHH o>1, TO OHA TOCTOSHHA Ha JTOM
OTpe3Ke.

7. Jokasatb, 4to byHkuus f(x)=x% x20, 0<o<1. yI0BICTBOpPAET B TOUKE
x=0 ycaosuto ['€nbnepa cremesy % U HE YAOBJCTBOPSACT B HEH HMKAKOMY YCJIOBHIO
[Eabaepa crenenn B>a.

Teopema 5. Ilycmb pynkyua [ abcoaromuo unmeepupyema Ha

ompeske [ —mn, ). Ecau ona ydosiemeopsiem 6 mouxe xe(—mn, m)
yeaosuro T é'/tbdepa cmenenu o, o.>0, mo ee pid Pypve cxodumca 6
IMOL MOUKe U e20 CyMMd pagHa

fx+0) +/(x~0)

~ »

“~

8 YUCMHOCMU, eCAu PYHKYUS, KpoMe MO0, HenpepuiéHa 6 MOUKe
xe(—mn, m), mo ee pad Pypve cX00UMCA K 3HAUCHUIO PYHKYUU 6 IMOU

mouke: . .
lim S, (x; f)=/(x).
n=>A

Ecau @ynxyus f yoosaemeopaem ycaoguro I'éavdepa cnpasa 6
mouke X=—T U c1e6a 6 mouke X=m, mo e¢ pi0 Pypve cxooumcs 6
IMUX MOUKAX U €20 CYMMA 6 HUX pasHd

f(=m) +/(r)
—

HoxazaTtenbcTBO. Beibepem 8, 0<d<m, Tak, 4ToOBI BO-
nepebix, Ha moGoM otpeske [E, 8], 0<E<J, dymkuma fi(1), a
£

r

O3TOMY M ObUIM MHTErPHpPYEMbI 1O PUMaHy, a BO-BTODBIX,

4yToObI NpH BceX A, |h|<d, dyHKuus f yHOBIETBOpSIA YCIOBHSAM
[énbaepa (55.43) u 55.443)3 Touke x. Torma, B cainy (GopMyIsl
t

(55.24), mns byskuuu f¥(f) GyaeM uMeTh
‘_/'_’:(t) <’ [+ =f(x+0)| | flx—n) =f(x=0)|  _  2M
14

+ — - "
i 33:43) 1

t

o>0, CXOJMTCS, TO B CHJYy TIpH3HaKa

—y
111

o
dt
Tak xak WHTErpaj
0

* P JNIunmuy (1832 — 1903) — - HeMEUKUIH MATCMATHK.



CpaBHEHHs CXOJMTCH B HallleM ciiydae u uHterpan (55.25). IToatomy
TeopeMa 5 cneayet M3 Teopembl 4. [

B 3axmoueHHE 3aMETHM, YTO €CJIH QYHKUHS [ B TOYKE X HMeeT
IIPaBOCTOPOHHIOK TPOM3BOJHYKO f'y, TO f yIOBJETBOPSET B 3TOM
TOYKe crpasa ycyioBuro [€npnepa creneru 1. B camom nene, us
CYIHECTBOBAHHS KOHEYHOrO TMpejena

. (x+h) —f(x+0
lim [+ —/x+0) )hf( )=f’+ (x)
h—0
cienyeT, uTo Haijaercs takoe 6>0, yro mng Bcex h, |h|<d, Gynaer
CHPABEAIMBLIM HEPABEHCTBO
flx+h) —f(x+0

B ) —fl+ (x) < 1,
def, .,
oTkyaa, nonoxuB M = |f’; (x)| +1, moayunm

Slx+h) —f(x+0)
h

—-M< <M,

CJICAOBATCIIBHO,
|/ (x+h) —f(x+O) <M r], |h|<8.

AHalOTHYHOE YTBEPXKICHHE CNpPABEJIMBO, KOHEYHO, W JUIs
NE€BOCTOPOHHUX TIPOU3BOIHBIX.

3amaua 36. dynkuus f, onpejesncHHas Ha oTpeske [a, bl, Ha3bIBAETCH PyHKyue
kaacca T'éavdepa H* (M) Ha 3TOM OTpe3ske, €CIIM [UIsS KQXKAOW HMApbl TOYEK X M X+A
3T0ro otpeska, xela, b], x+he[a, b], BHINONHAETCS HEPABEHCTBO

fx+m—f()I<Mhl",

MHAYe roBOps, €ciii (QyHKUMS f YHOBNETBOPACT KJaccHyeckoMy yciosuio [énbaepa
O/IHOM W TOH e CTEMEeHH O M ¢ OAHOM M TOH Xe NMOCTOSAHHOM M BO BCeX TOYKAX
orpeska [a, b].

Joka3zate, 4TO ecii 27n-nepHoanyeckas abCONOTHO HHTEIpUpyeMas Ha OTpe3ke
JIMHBE 210 GYHKIMS NPHHAAICKHT HA HEKOTOpPOM oTpeske [a, b] kaaccy Ténbaepa
H*(M), 0<a<1, M>0, To Ha Bcsikom otpeske [@, b'], conepxailieMcs B uHTepBae
(@, b): O<a<d <b' <b<2n--pag Pypbe QyHKLUMM f CXOAMTCH K HEH PABHOMEPHO.

55.6. CYMMHUPOBAHHUE PAJOB ®YPbE METOAOM
CPEAHUX APUOMETUYECKUX

IMycte QyHkuus [ aOCOMIOTHO HHTErpUpPyEMa HA OTpe3Ke
[—m, n] u ynoBierBopser ycnoBuio f(—n)=f(r), a Cle0BATEbHO,
2M-NepHOIMYECKM TIPOJOJDKAEMa Ha BCHO BEINECTBEHHYIO oCh. ITycTh
S, (x)—ee cymmbr dypswe, a D, (x)— sapa Jupuxne, n=0, 1, 2, ...
(cM. (55.11) m (55.12)).

PaccMoTpuM cpenHue apudpMeTHYeCKHE:
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So (X)+S, () +...+S,(x)
n+1

0" (x) =

E}

Dy(x)+ D, (x)+...+ D, (x)

()= n+1

. on=0;, 1,2, ... (5545)

Cymma o,(x) HaseBaercs cymmoi @eiepa® n-ro mopsjaka
¢byuxkmuu f, a ®,(x) — sdpom Deitepa n-ro NoOpsIKa.
M3 dopmyst

n

S, ()= f D, (u) f(x+ ) du

-n

(eM. (55.17)) nonywaem

1

G,(x) =5 J O, (u) f(x+u)du. (55.46)

-n

ByneM wuccnemoBath noBedeHHE CYMM G, (X) mpH n—co, T. €.
paccMOTpUM CyMMHpoBaHHe psifa Pypbe METOJIOM CpPEeJHHUX
apupmeruuyeckux (cm. m 34.15).

Usyuum npexnae Bcero cpoicrBa saapa Peifepa.

Jlemma 6. SAopa Deitepa umerom caedyowyue c8oucmea:

1°. Onu asasiomca  HenpepvleHbimu, UYemHblmu, 2T-nepuooudec-
Kumu @GyHKyuamu u

<1>,,(0)=%. (55.47)
2°.
% J O, (1) dr="2 j @, (1)di=1. (55.48)
—-n 0
23 Ipu t#2mm, m=0, +1, +2, ..., cnpascdausea ¢hopmyaia
sngt »
o, (= > . (55.49)
2(n+l)sin3é

Cneagcreue 1. Hopo Deiiepa Heompuyameavho npu  40060M
teR:

®,(1)=0. (55.50)
* JI. ®eitep (1880 — 1959) — BeHrepCKHH MATEMATHK.
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Cnenctsue 2, IIpu aobom O, 0<d<m, umeem mecmo pa-
8EHCIMBO

lim max @,(r)=0. (55.51)

n—x 8|t <n

HokazateanbcTBO neMMbl. ColictBa 1° BBITEKAT U3
COOTBETCTBYIOIIUX CBOWCTB SAEp I[npnxne, HANpUMED

0,0 = -1 ¥ p,0= (k+§>=

(55.45yn+1 =5 (n +1)k o

1 n(n+1)+rij—_l _n+l
T (n+1) 2 2 | 2

CBOMCTBO 2° Taxke BLITEKAET U3 COOTBETCTBYIOLIETO CBOMCTBA
saapa [dupuxie:

7

3

1 & 1 o
Q,(t —_ D d_——
J (1) dt st KJ () dr=— Z

- -n

Bropoe pasenctBo (55.48) cpa3sy cienyer u3 yetHoctH siaep Peifepa.
Hoxaxem csoiictBo 3°. Ilycrs t#2am, m=0, +1, +2, ... ; Torma

0,0= 3 o = S sl

5.15) 041
(5 ) =0 2sm;

n 2sm§ Sm(k-i—i)t | n
Z = Y [coskt—cos(k+1)1]=

1
n+1 f !
4sin? 4 1)sin?= k=0
sin 5 (n+ 1)sin 5

R
sin“——1
_t—cos(n+1)1 2

gt ot
4{n+l)sm2§ 2(n+1)smzi

Cneacteue | BbiTekaer u3 dopmyn (55.47) u (55.49).
Hoxaxem cneacteue 2. [lpu mobom &, 0<d<n umMceM

2 1

0 €< max @,(t) = max
(55.50) <1 <n (55.49) 8<|t|<n

N

t t
2(n+ l)sinzi 2(n+ l)sinzi
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Otcroma nipu 1n— cocpasy cie- gy
ayet (55.51). O

[l pumepHbIii BUI rpaduka -
pa ®eitepa u300paxeH Ha pHC.
251. O6pazno rosops, sapa Peii-
epa TIPEICTaBJSIOT CODOW Takue
HEeOTpHILATENIbHbIE PYHKIIUH, «Cy- !
IIIECTBEHHBIC 3HAUEHHS» KOTOPBIX [
pv BO3pACTaHHM n Bce OOJbBIIE o g 00 2 I
COCPEAOTOUYNUBAIOTC B OKpPECT- ntl o+ A+ n+
HOCTH HYJISI B TOM CMBICJIE, YTO
npu  mobom J, 0<d<m, wux
3HAYEHUS BHE O-OKPECTHOCTH PaBHOMEPHO CTPEMSTCH K HYJIO (CM.
(55.51)), a wmHTerpaibl OT ITUX (QYHKIHMHA BCE BPEMS COXPAHSIOT
MOCTOSHHOE 3HayeHue (cM. (55.48) ), kK KOTOPOMY CTPEMHUTCS HHTET P
no &-okpecTHOCTH HyJs upu 6—0.

FToo6HbIe NOCNETOBATEILHOCTH (PYHKLME HA3BIBAIOTCS d-MOCIIe-
JIOBATEJbHOCTSIMH, U Mbl BCTPETUMCS ellle ¢ HHUMH B naparpade
«O@o0mmennable GyHKUMM» NpU W3yweHnd O-GpyHkumu Jupaxa.

B sToM nyHkTe GyIeM paccMaTpuBaTh TOJILKO HENPEPBIBHbIE HA
oTpe3ke [—n, n| GyHKUMHK f, MTPHHAMAIOLINE HA €ro KOHLUAX paBHBIE
3HaueHwns: f(—n)=f(n). OueBUAHO, KAKOYIO TAKyI0 QYHKLUHIO MOXHO
NPOJOKUTL  2M-NEPHONMYECKH C OTpe3ka |[—m, 7| Ha BCHO
yuci10BY10 och R. Tlojyuennas QiyBkums, KOTOpyto 0603HaAUNM Hepes f,

OymeT HempepbiBHA Ha Bcel ocu R,

Hcxonnas ¢ysakumst f, kak BCSKas HeNnpephiBHAS HAa OTpPE3Ke
(byHKLUHMS, OTPAHHYEHA, T. €. CYIIECTBYET MOCTOSHHAst M > 0 Takas. 4To
f(x)|<M, xe[—n, n]. Scno, uro Torma

-

Puc. 251

f(x)|<M. xeR.

T. €. GyHkuus f orpanuveHa Ha Bced ocu R.

Kpome toro, ¢pyHKuMs [ paBHOMEPHO HENpephiBHA Ha BCEH OCH

R. B camom gene, Oyay4dm HenpepbIBHOW Ha Jir0OOM KOHEYHOM
oTpe3ke, Haupumep. Ha [0, 4], oHa paBHOMEPHO HeTpepbiBHA Ha
HeM (cM. teopemy S B 1. 19.6). D10 o3HavaeT, 4To WA Arobdoro £>0
cymecTByer Ttakoe 9, 0<d<2m, uwro s Beex x, <0, 4n],
x,€[0, 4n], jx,—x,|<8, BBHITONHSETCS HEPABEHCTBO

. If (x))—f (x))I<e.
Ho 1ist Ipou3BONBHBIX X H X, TAKMX, 4TO | X5 — Xy | <8, HaiaeTcs
\ N
1eJ10e 9Mcao n, s kotoporo x, ¥ x| —2nne[0, 4n], x, ¥ x, —2nne

[0, 4n] n nosromy |x,—x,|=|x,—x}[ <8, a NOCKONBKY B CHIy
2rn-nepuoanaHOCTH f(x)=/(x}), f(xy)=f(x%), TO
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L (x2) =/ ) =11 () —f () | <e.

3TO W O3HAYAET PAaBHOMEPHYIO HENPEPHIBHOCTL GYHKIMM f Ha BCeH

yucnoBoil ocu R.

B maneHeiiimem OyeM NEPHOMMYECKH TNPOIODKEHHYIO (DYHKLHIO
0003HayaTh TEM JX€ CHMBOJIOM f, YTO H NPOHOJIKAEMYIO.

Teopema 6 (teopema Peiiepa). Ecau ¢ynkyus Henpepviena Ha
ompeske [ —T, T| u npunumaem na e20 KOHYAx pasHvle 3HAUEHUS, MO
nocaedogameabHocmes ee cymm Deliepa cXO0UMCA PAGHOMEPHO. HA
IMomM ompeske K camoli PyHKyuu. _ v

Cnencreue 1. Ecau pad Dypve Henpepvignoii Ha ompe3sxe
[—m, n] dynkyuu, npunumaroweii na ezo Kowyax pasmvie 3HaueHus,
CX00UMCA 6 HeKOMOpOoi Mouke, MO OH CXO0UMCA K 3HAYEHUIO
Pyuxyuu 6 >moti Mmouxe.

Cnencrsue 2. Ecau ace xoagpdpuyuenmor Dypve  @yHxkyuu,
HenpepbigHOIl Ha ompeske [ —m, T| u npunumaroweii na ezo Konyax
00UHAKOBble 3HAUEHUA, PABHBI HYAIO, MO CamMa BYHKYUA MONCOeCmBeH-
HO pAagHa HYAI0 HA IMOM OMpe3sKe.

HoxaszateabcTBo. [1ycTh dhyHKUHUS f HENPEPBLIBHA HA OTPE3KE
[—7, n] u f(—n)=f(n). [IpogomxuM ee 2M-NIEPHONUECKH HA BCIO
qucioByto ock R. OueHuM pasHocts f(x)— o, (x) Mexay ¢yukuuei f
n ee cymMon Qeliepa G,, UCNIOJIL3YS TIPEACTABICHHE CyMMbI Deltepa
B BuAe (55.46) u cpoiictBa siapa Peltepa, noka3aHHBIE B JeMMe 6 H
€e CIEICTBHU.

3aduxcupyem ToOuky xe&[—m, m] M 3aJaIMM TIPOH3BOJBHOE
e>0. Umeem

n

1) j D, (0) dt—Tl[ J O, (1) f(x+1)dt

lf(x)—o,(x)|= =

b

- r -n
n

f @, (1) [f(x)=f(x+1)]dt

o ] d o n
;JQJ#J, (55.52)
n 1 T
- -8 &

rae >0 BeIOpaHO Tak, 4TO 3HAYEHHE MOJYJis HENPEPHIBHOCTH
®(d; f) dbyuxuum f ymaoBieTBOpseT HepPaBEHCTBY

o (J; f)<§.

3TO0 BO3MOXHO, HOO (QyHKuUHS f paBHOMEPHO HENpEPLIBHA HAa BCeH
qucyioBoil ocu R. Tlostomy ans moboro xeR:

II

]
T

< f , (1) 1f(x)~f (x+1) | di =
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8

3
J‘Dn(t) ) —f Gt oy [ dr< &) J‘Dn(t)dts

LY
s -3
n

€ ; €
Sg JCD,, (0 dt—-g. (55.53)

-n

1
T

OcraBuimecss ABa UHTErpaja OLEHHUBAFOTCS OJHWHAKOBBIM CIOCO-
O6om: ¢yHKOus f orpaHMYeHa Ha BCEH 4YHCIOBOH MPSAMOH, T. €.
CYIIECTBYET Takas nocrosHHas M >0, yto mist Bcex x< R umeer
MECTO HEPaBEHCTBO

If) <M.
CnenoBaTeJibHO, 1ns Jiroboro xeR:
. Jcbn () 1) ~f G+l de < Jcbn O [ +1f e+ dr<
3 ]

n
dst<n
8 8

=2MEZD) max @, () <2M max @, ().

T d<t<n d<t<n

<2_:1 <1>,,(z)dz<3nﬂ max ®, (1) fdt=

CornacHo CHeACTBHIO M3 JIEeMMBbI 6, MpaBasi 4acTh MOJIYYEHHOTO
HEPABEHCTBA CTPEMHUTCA K HYJIIO MPH 71— 00, MOITOMY CYLIECTBYET
TAKOE My, YTO NPH BCEX N>H, BBLINOJHAETCS HEPABEHCTBO

% faw) |fG)=f(x+0)ldr <. (55.54)
8
Ananornyso, mig moboro xeR U Bcex n>ng:
-8
;lE J (1) 1f(x)—f(x+1)|dr <t (55.55)
M3 (55.52), (55.53), (55.54) n (55.55) nns npousBosibHOTO xR H
BCEX N>H, HMEEM

lf(x)—o, (x)l<§+§+§=a ,
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M TaK Kak BbIOOp HOMEpa n, HEe 3aBUCHT OT BLIOOpA TOUKH
ye[—-mn, n], TOo mocnemoBarenbHOCTL {O,} CXOAMTCA pAaBHO-
MEpHO Ha Bced uuciioBoil ocH R x dysxumm [ [
JdoxaszaTtenscrBo cneactBus 1. Beskuit cxoasmiics psn
CYMMHPYETCS METOAOM CpeIHHX apH(PMETHYECKHX K CBOEH CymMMme
cM. 1. 34.15). Tlosromy ecimm pag Dypbe HENpEpPLIBHOM HA OTpE3Ke
i—n, n] GyHKUWHK, TPHHMMAIONIEH Ha €ro KOHIAX OIMHAKOBBIE
3HAYEHHS, CXOJUTCS B HEKOTOPOM TOUYKE K KaKOMY-TO uuciay A, To
npeaen NOCAeI0BaTENbHOCTH CPE/HUX apHPMETHUECKMX YACTHUYHBIX

cymm. T. €. cymm Deiiepa, Takxke paBeH A eciau lim S, (x,, f)=A4,

n—o

to lim o,(x))=A4. Ho, cornacHo goka3aHHOW  TeopeMe,

lim o,(x,)=/(x,); caemoBateabno, u lim S,(xq: f)=f(x,). O

IMToguepkneMm, uto psia Dypbe OGyHKUMM, HENPEPbIBHOM Ha
OTpe3ke [p—rc, n] M npUHEMAlOLIEH HA €ro KOHUAX O/MHAKOBbIE
3IAYEHUS, MOXET PACXOJUTBHCH B psae Touek. OAHAKO, COTNACHO
JIOKA3aHHOMY, €CJIM OH CXOAMTCSI B HEKOTOPOH TOUKe, TO 0obs3aTeNb-
HO K 3HAYEeHWIO caMOW (YHKIMH B 3TOH TOUKE.

HoxazartenbctBo ciaenctsus 2. Ecnmm ¢ynkuus f Hempe-
pbiBHA Ha OTpe3ke [ —m, 7|, MPHHEMaeT ONMHAKOBBIE 3HAYEHHMS HA
€ro KOHLAxXx M Bce ee KodpPuuueHtol Oypbe paBHbLI HYJIIO, TO U €€
cyMMbl Pypbe BCeX MOPSAKOB TOXJIECTBEHHO PaBHbI HYJIIO, a4 TOTAA
TOXJIECTBEHHO PaBHbI HYJHO U Bce cymMMmbl Deltepa dyHkumu f. D1H
GyHKUMY PABHOMEPHO CXOHATCS K f, MO3TOMY M caMa ¢yHKuus [
TOXAECTBEHHO paBHa HyJr0. [ :

B 3akaroveHue 3aMeTUM, 4YTO U1 HENPEPBHIBHOM Ha OTpe3kKe
GYHKUMM, NPUHUMAIOWICH H4a €ro KOHUAX OJMHAKOBBIE 3HAYEHVH,
psaa ®ypbe, HE3ABHCUMO OT €ro CXOAMMOCTH HJIH PACXOJMMOCTH B
OTAEJIbHbIX TOYKaX, NMO3BOJIAET OJHO3HAYHO BOCCTAHOBMTH YKAa3aH-
HYIO QYHKIUMIO: OCTATOYHO OOpa30BaTh M3 €ro YaCTUYHBIX CYMM
cymmbl Pefiepa - NX NOCIEAOBATENLHOCTE YXKE CXOIUTCS, U IPUTOM
paBHOMEpPHO, K camoi ¢yHxumu. TakuM o6pa3oM, Aaxe H3yUeHHE
pacXoAsIIerocst psga MOXET OKa3aThCsi TOJIE3HBIM,

55.7. IPUBJIVKEHUE HEMPEPBIBHBIX ®YHKLIMA MHOIOWIEHAMU
Onpenenenne 10. Pyuxyuu euda

%—i— Y A,coskx+Bsinkx, A2+ B:>0,
k=1

HAZBIBAIOMCA MPULOHOMEMPUHECKUMU MHO20YACHAMU ( NOAUHOMAMU )
cmenenu n, n=0, 1, 2,... %,

* 3neck cunrtaercs, uto By=0.
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Teopema 7 (Teopema Beilepmitpacca). Ecau ¢ynxyua [ nenpe-
peigua na ompeske [ —m, ] u f(=m)=f(n), mo 04q kaxcdozo uucia
e>0 cyyecmeyem maxoit mpuzonomempuueckuit mioeousen T (x),
Ymo

()T (x)| <, —n<x <.

JdoxkaszartenbcTBO. OUeBUIHO, UYTO BCE YACTHBIE CYMMBbI
Dypoe, a cienoBaTebHO, ¥ cymMbl deitepa abCOMOTHO HHTErpH-
pyembix Ha oTpeske [ —m, 7] QYHKUMIA SBISAIOTCA TPUTOHOMETPUYEC-
KUMHU MHOTrouneHaMu. [1o3ToMy B KauecTBe HCKOMOTO TPUIOHOMET-
pUuecKoro noJIMHoMa 7 (x) MOXHO B3siTh, HalpHMeEp, COOTBETCT-
Byromyro cymmy Peitepa o, (x), SBISIOULYIOCS, OYEBUIHO, TPUTOHO-
METPHUYECKUM [IOJIMHOMOM TOpsJKa He Bbillie #. []

Teopema 8 (veopema Beitepmitpacca). Ecau ¢yuxyua [ ne-
npepoisna na ompeske [a, b]. mo 0as kawcooco €>0 cywyecmeyem
a.reeopaudeckuit mnocouqen P (x) maxoii, umo

|f(x)—P(x)]<e, a<x<bh.
HokazatenbcTBo. Orobpasum otpesok [0, m] nuueiino Ha
oTpe3ok [a, b]:

h—ua

x=a+ t 0<r<m, as<x<h,

U 1yCTh ‘f'*(t)=f<a+h~_—at>. Gynkuua  f*  onpenenena 3Toi
T

OpMYJIOH Ha [0, n]. ITpofoskuM ee yeTHBIM 06Pa3OM Ha OTPE3OK
—mn, 0], T. e. mojoxum

fX(=f*(=1, ecm te[-mn 0]

[Mosyuennas Takum obpasom dyHKuus f* HenpepbiBHA Ha [—7, 7]
(nouemy?) u f* (—m)=f*(—mn). [Toatomy, cornacuo Teopeme 7, a3
moboro uucnaa €>0 CyleCTBYeT TPHIOHOMETPUYECKUH TMOJIMHOM
T(t) Takoi, uTo

L (=T)|<s .

Kak Mbl 3Haem, coskt u sinkt, k=1, 2, .., a 1osTomy,
W TPHUTOHOMETPHUECKMH nonuHOM T (f) ABISIOTCS aHAJIUTHUEC-
KUMH  (QYHKUMSMH M TIOITOMY pa3JlaraloTcsi B CTENEHHbIE po-
Abl, CXOASLMECs Ha BCed MEHCTBUTENILHOW UPSAMON U, CleHo-
BaTEJILHO, PABHOMEPHO CXOSIUMECS HA KaXJOM KOHEYHOM OTpE3Ke
(em. § 37):

T()=> cut*
k=0
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Ecnu P,(f) cyTb 4acTU4YHbIE CYMMbI 3TOTO psfia, TO, B CHIY €rO
PaBHOMEpPHOM CXOMMOCTH Ha OTpe3Ke [ —T, T, CyLIeCTBYeT TaKoW
HOMED H,, 4TO TIpPH H>H,
. €

ITO=P,(0OI<},  —m<e<n

Bepst nns onpenenenHoct# n=n,+1 u monaras P()=P, . (1),
nMeeM

Lf*=POISIf*(O=TOI+I T(0)~P()] <z +5<e.

-~ . X—a
BO3Bp’dHIaSICb K NMEPEMEHHOM X, T. €. Nojaras l=7Ib

)

X—a
rac P<TC b——> — OYEBUJHO, MHOro4jieH. []
—da

, TOJIy4UM
—da

<g, a<x<h,

b—

‘f(x)—P(n "‘Z

3ameuanue. Ilycte ¢yHkuus f HenmpepbiBHA Ha OTpe3ke
[a, b]. Bo3sMeM kakyro-mMbo mnocnefoBaTeNbHOCTL uncen g,>0,

1
n=1, 2, .., CTpeMslIylocs K HYyJO | Hanpumep, €,=-); TOrma,
n

corjacHo Teopeme 8, s kaxmoro n=1, 2, .. CyLIECTBYET
MHOrouned P,(x) (3mecb n NOPSAKOBBIA HOMEp, a He CTeleHb
MHOTOUYJIeHa) TakKoH, H4TO

[f()=P,(x)I<e,,  a<x<b. (55.56)

OvueByuzHo, Tpu n—oo umeeM P,(x)3f(x) Ha orpeske [a, b].

Urax, Bcakas HenpepblBHAsS Ha OTpe3ke (QYHKLMS SBJSETCS
IpeiesioM PaBHOMEPHO CXOMASILIEHCS Ha 3TOM OTpe3Ke MOCIenoBa-
TEJLHOCTA MHOTOWIeHOB. OOpaTHOE, T. €. 4YTO BCAKas (QYHKIMS,
SIBJIAFOINASICS NPENIEJIOM PaBHOMEPHO CXOISAIIECHCH Ha HEKOTOPOM
OTpE3Ke MOCJIENOBATEILHOCTH MHOTOWIEHOB (M, 60Jice TOTO, NOCJe-
JIOBATEJLHOCTH JIOOBIX HENpepbIBHBIX (GYHKUUI), HeNpepbiBHA Ha
3TOM OTpe3Ke, yxe Aoka3aHo (cM. Teopemy 8 B m. 36.4).

Taxum obpazom, TeopeMa BelepiniTpacca ycraHaBiIMBaeT Xapax-
TEPUCTUYECKOE CBOWCTBO HENPEPHIBHBIX M TOJBKO HEIPEPBHIBHBIX
byHKHYIL.

Becbma 1HOOONBITHO OTMETHUTH, YTO MNEPBOHAYAIBHO TOHSATHE
HENpepbIBHOCTH (GYHKUMH ObLIO BBEEHO HaMH B abCTpakTHOM
obuieid popmMe, OHO HHKaK He OBLIO CBS3aHO C KOHKPETHBHIMH
KJIACCAMH 3JIEMEHTAPHBIX (PYHKIMHA, B YaCTHOCTH —C MHOTOYJIe-
HaMH, 1 TEM CaMbIM HH C KaKMMM aHAJIMTHYECKMMH IIpeICTaBJICHH-
IMA  QYHKLIMH 4Yepe3 MHOTOYJIEHBI.
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Teopema BeliepmiTpacca mnOKa3bIBAET, YTO BBEACHHLIM TaKuUM
0o0pa3oM KJacC HETIPEPBIBHBLIX (YHKIMH B W3BECTHOM CMBICIE HE
oveHb JaJiek OT Kjlacca MHorousieHoB! MMeHHoO, xakoBa Obl HU Obljia
HenpepbIBHAS Ha oTpe3ke ¢GyHKNHS [ M Kak Mano Obl HH ObLIO
3apaHee 3ajaHHoe uucno £>(, Bceraa CylUIeCTBYET MHOTOYJIEH,
OTJIMYAIOUIUICS Ha BCEM OTpe3ke OT ¢GYHKUUHU f He 00Jiee UYeM Ha &,
T. €. aNnpOKCUMUPYIOWNH (pudiamkatonyit) ee ¢ aodoil, Hanepen
3aJIAHHOM cTeneHbo ToyHOoCTH! HeTpyaHo nosiyduTh U aHaJUTHYec-
KO€ TPEACTABJICHUE B BUJE PSa MHOTOWIEHOB I HENIPEPBHIBHOM HA
oTpeske ¢dynkuun. M3 (55.56) umeem

fx)=lim P,(x), a<x<b, (55.57)

n—x

HJIH

SO =P 0+ Y [Posi ()= Py ()] (55.58)

n=1

(P, (x) — MHOTOUJIEHBI), IPHUEM CTpeMJIEHHE K npeneny B (55.57) u
CXOUMOCThL pana (55.58) npoucxonsitT paBHOMEPHO Ha OTpe3ke
[a, b]. Hpu otoMm, kak cymecrBoBanue npegena (55.57), tak u
CYLIECTBOBAHME pa3yiokeHust (55.58) sBAAOTCS HEOOXOAUMbBIM U
JIOCTATOYHBIM YCJIOBUEM HENIPEPHIBHOCTH (DYyHKUMM f Ha paccMaTp-
BAEMOM OTPE3KE. DTO ONPABALIBAET MHTYHTHBHOE NPE/ICTABJICHHE O
¢dbyHKuAM Kak 00 aHATUTUYECKOM BBIPAXEHWH, COCTABJICHHOM W3
HEe3aBUCUMOH NEPEMEHHON M NOCTOSHHBIX MOCPEICTBOM ajredpau-
YeCKUX U AHAJMTHYECKUX ONepaluil.

AHaJIOTUYHbIE 3aMEUaHUsI MOXHO CJIeJaTh U TO TOBOJY NEPBOM
TeopeMbl BeliepinTpacca (reopema 7).

55.8. MOJIHOTA TPUTOHOMETPUYECKOW CUCTEMbDI
N CUCTEMbI HEOTPUUATEJBLHBIX LEJBIX CTENEHEN x
B NMPOCTPAHCTBE HENPEPBIBHBIX ®YHKLHWH

B 3TOoM nyHKTE MBI NepedpasupyeM JT0Ka3aHHBIC BbIllle TEOPEMBI
¥ BBIBEJIEM M3 HHX HEKOTOPBIE TMPOCThIE CJIEACTBHUS.

Onpenenenne 11. ITycmiv X — jtekomopoe MHOMNCeCMB0 (hYHKYUIL,
onpedenennvix Ha ompeske |a, b]. Cucmema @yuxyuii

Oy Q2 s Py e (55.59)

Hazvleaemca NOANON 049 Mmuoxcecmea X 6 CMbICAC PABHOMEPHOO
npUb AUNCCHUA, eCAU, Kakosa 0bl 1u Ovlia @ynukyud fe X, 044 Kancdo2o
£>0 cywecmeyen makoe KOHCUHOE YUCAO PYHKYULL Py, Prnyr ooy Py U3
cucmemuvl (55.46) u makue wuucia hy, hy, ..., A, umo

|.f(x) - [7\‘1 (pnl (X) + )\'2(an (,\') + +)\'k(pnk (X):l | <&
019 scex xela, b].
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Wuave rosops, cucrema ¢yukuuii (55.46) obpaszyer nosmHyro
CHUCTEMY JUIS MHOXecTBa X, eciau mobyio GyHkumo U3 X MOXHO
CKOJIb YTOJHO TOYHO MPHUOJM3UTH KOHEYHBIMH JIMHEHHBIMH KOMOH-
HarusaMu  GyHKUMR cuctembr (55.59).

Ucnones3ys mNOHSATHE HONHOTBHI CHCTEMbI, TEOpPeMHl 7 u 8
npedplaIyniero naparpaga MOXHO Hepedpa3upoBaTh COOTBETCTBEH-
HO CJIEAYIOIMM 00pa3oM.

Teopema 7. Cucmema mpuconomempuueckux @ynxyuii (55.2)
NOAHA, @ CMBICAC PABHOMEPHO20 NPUDAUNCEHUS, OAA MHOHNCECMEd
HeRPePbIBHbIX HA ompesKe [ —T, 1| @yukyuil, npunumarowux na e2o
KOHYAX pasHble 3HAYEHUA.

Teopema 8. Cucmema yeavix nHeompuyameabHblX cmenchei X,
m. e. cucmema '

I, x, x*, ..., x", ..., (55.60)

NOAHA 8 CMbICAC DAEHOMEPHO2O NPUOAUNCEHUA OAf MHONCCCMBA 8CEX
HENPepviBHbIX HA AH000M 3a0aHHOM ompesKke GYHKYUIL.

Onpenenenne 12. ITycmo ¢ynkyuu f u g onpedeservi-na ompesxe

[a, b]. Yucao

b
\/I[f(X)—g(X)]zdx

Ha3bI6aeMcs  CPeOHUM KBAOPAMUUHBIM OMKJAOHEHUeM HA OmpesKe
[a, b] dymcyuu [ om Gyuxyuu g*.

Onpenenenne 13. Cucmema @yuxyuii (55.59) Hazvieaemcea noanoii
6 cMbic/Ae CPeOHeO K8AOPAMUYHO2O0 NPUOAUNCEHUS OAL_HEKOMOpPO20
mHowcecmea X yuxyuit, onpedeaennvix na ompeske [a, b], ecau,
kakosa Obl Hu 6viaa Gyukyua fe X, 04 kancdozo £>0 cywyecmsyem
MAKasa KOHEYHAA AUHEHHAA KomOuHayus @yuxyuil cucmemol (55.59),
umo ee cpedree Keaopamuunoe omrionenue Ha ompeske [a, b] om
dyukyuu f menvuwe €.

Teopema 9. Cucmema mpueonomempuueckux @yuxyuii (55.2)
NOAHA 6 CcMbicAe CPeoHezo KBAOPUMUYHOZO HPUOAUNCCHUA 60 MHO-
ocecmee HenpepyigHbIX Ha ompeske [ —m, 1| @ymKkyuil, npunumarouux
8 MOYKAx T u —T O00HO U MO Hce 3HA4eHue.

HoxaszaTtenbcTBo. Ilycrs f— HenpepwiBHAS Ha OTpe3Ke
[—n, n] dynkuus, npuuem f(n)=f(—n). Cornacuo Teopeme 7', mis
Jr000ro £>0 CyHIeCTBYET TAaKOM TPUTOHOMETPHYECKMH TIOJIMHOM
T(x), €ro

' €
(%)= T(x)| < —=-n<x<m
V2n
* MOXHO CKa3aTh M «OTKJIOHEHHE GYHKIMM g OT GYHKUHH /», MOCKOIbKY

PacCMATPUBAEMOC BbIPDAXKCHHUE HE MCHAECT CBOEro 3HAYEHHUA, €CIH f n g HNOMCHHATH
MECTAMH.
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OTcromga 11l CpelHEro KBaJPAaTHYHOTO OTKJIOHEHHS JTOTO MOJIH-
HOMa OT GyHKIMKH [ uMeeM

J =T Pde<— [ dv=s D

VAT N —n

B manpHedmeM wmbl yBUIUM (CM. 1. 58.6), 4TO OrpaHHYEHHE
f(n)=f(—m), Mcnob30BaHHOE HAMY TIPM J10KA3ATEILCTBE TEOPEMBI 9
(TOBKO B 3TOM CJly4ae MOXHO OBIJIO COCNATBECS Ha Teopemy 7'), He
SBJIIETCA CYLLECTBEHHBIM. VMEHHO, TPHUTOHOMETPHUYECKAS CUCTEMA
(55.2) mnomHa B CMBICIE CpEAHETO KBAAPATHYHOTO BO BCEM
MHOX€ECTBE HENpPEepBIBHBIX Ha OTpe3ke | —m, m| dyHkumii u, 6onee
TOTO, MOXHO TMO0Ka3aTh, 4YTO OHA IOJIHA B CMBICIE CPEIHETO
KBAJpaTUYHOTO ¥ BO MHOXECTBE BCeX (GYHKIUH C MHTETPUPYEMBIM
Ha OTpeske [—m, m] KBaapaTom.

3aMeTHM, YTO TpUTOHOMeTpHUeckas cucrtemMa (55.2) 3apenoMo He
NOJTHA BO MHOXECTBE BCEX HENPEPHIBHBIX Ha OTpeske [ — 1, 7| hyHKumiA
B CMBICJIE PABHOMEPHOTO NPUOJIMKEHUS, T. €. B CMbICJIE ONpCAETIEHUs
1. dedicrBUTeNbHO, ecid (QyHKUHA f TakOBa, 4YTO IS Jr0boro £>0
CYIIECTBYET TAKOM TPUTOHOMETpHYECKHl monmHoM T, 4TO

If(x)—T.(x)]<e, —n<x<m,

T0 M3 yenosus T, (n)=T,(—n) npu £~0 caeayer, 4yro f(n)=/f(—n).

[Ipn npubxenun QyHKLIHMHA B CMbIC/E CPEHETO KBAAPATHYHOTO
TPUTOHOMETPUUYECKMMHU TIOJIHHOMAMHU 0COOYI0 POJIb UTPAKOT YaCTHY-
Hbie CyMMbl psna Pypee npubsmxkaemon byHkimu. B cinegyroiem
TyHKTE OyJET NMOKa3aHO, YTO YaCTHYHASN CYMMa H-TO NOPSAKa UMEET
HaMMEHBIIEE CPeIHEE KBAJAPATHUYHOE OTKJIOHEHHE OT HAaHHOH (ByHK-
LMK 10 CPABHEHHIO C JIFOOBIM TPUTOHOMETPHYECKHM TOJMHOMOM
CTENeHu 7.

Haxounenu, MoXHO moKa3aTh, 4To eciv ¢(yHkuus f obaamaer
WHTETPUPYEMBIM KBaJIpaTOM Ha OTpes3ke [ —m, 1], TO OTKJIOHeHHe
OT Hee B CMBIC/JE CPEIHEr0 KBAJAPATHYHOrO €€ YaCTHYHBIX CYMM
dypee S, (X) CTPEeMHUTCs K HyJIIO, KOTJA 7—>00, Wi, KaK TOBOPST,
DYHKLIMS f ¢ HHTErpHUPYEeMBbIM KBaJIPAaTOM SBJISAETCS NpENEIOM B
CMBICJIE CPEJHETO KBAJPATUYHOTO CBOMX YaCTHYHBIX CYMM ®ypbe
(cM. 06 aToM B 1. 58.6). Bce aTH 06CTOATENLCTBA TOBOPAT B MOJB3Y
V3YYeHHs] TNpuOMKeHust (GyHKUMA B CMBICIIE CPENHErO KBajpa-
THYHOTO OTKJIOHEHHS.

ABanors4Ho TeopeMe 9 [oKa3bIBAETCSA ClEAyIOllas TeopeMa.

Teopema 10. Cucmema neompuyamevnvix yeavix cmeneneii x,
m. e. cucmema (55.47), noana & cmvicie cpednezo Keadpamuuro2o
NPUOAUNCEHUS 80 MHONCCCHIBE HENPEPHIGHHIX HA A0HOM  3A0AHHOM
ompesKke yHxyuil.

HoxaszaTtenbctBo. [lycth dyHKUMS f HenpepblBHA HA HEKO-
TopoMm orpeske [a, b]. Torma ans kaxaoro £>0, COrIacHO Teopeme
8, CylecTBYeT TaKOW MNOJMHOM P, 4TO
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€

\/b—a’

a<x<h,

|f(x)—P ()<

OTKY/ia

\/;[f(x)—P(x)]z dx <e. [

55.9. MUHUMAJIBHOE CBONCTBO KO2®®UUMEHTOB ®YPLE.
HEPABEHCTBO BECCEJA U PABEHCTBO ITAPCEBAJIA

B sToM nyHKTE MBI paccMOTpuM psiabl Pypbe 1 UHTETpUpYeE-
MBIX (YHKUMH, KBaJApaT KOTOPBIX TaKXe HHTErpupyeMm (31ech
HHTErPUPYEMOCTh TIOHUMAETCsl, BOOOIE TOBOPsl, B HECOOCTBEHHOM
cMbiciie) Ha orpeske [—m, m]. CyIIeCTBEHHO 3aMETHTh, 4TO €CIIH
GyHKIHMs f TAaKOBa, YTO JUIS HEE CyHIECTBYET NpaBHJIbHOE pa3buenue
otpe3ka | —m, m] (cM. m. 55.1), u ee KBajgpaT f? MHTErpUpyeM Ha
oTpe3ke | —m, M|, TO U3 HEpaBEHCTBA

1+ /17
2

WARS

ciaenyer, 4ro GyHKUMSA |f| WHTErpupyeMa Ha 3TOM OTpeE3Ke.
Ob6paTtHoe, BooO1Ie TOBOpS, HeBepHO. CyIIECTBYIOT NOJIOXKUTEIbHBIE

¢hyakuyn (Hanpumep, QyHKUMS ﬁ), UHTETPUPYEMBIE HA OTpE3KE
’ X

[—m, n], kBagpaT KOTOPBIX, OJTHAKO, YK€ HE MHTETPUPYEM Ha HEM.

Takum obOpa3zoM, yka3aHHOE MHOXECTBO (YHKUMHA C MHTErpuUpye-
MbIM Ha OTpe3ke [—T, T] KBaApaTOM COCTaBJsieT COOCTBEHHOE
TIOJIMHOXECTBO MHOXECTBA BCEX aOCOJIIOTHO HMHTErpHpyeMbIX Ha
orpe3ke [—m, m] yHKUUH.

3aMeTuM, YTO AaHAJIOTHYHO BBOJUTCH MNOHsATHE (YHKIUH C
HHTETPUPYEMBIM KBaJAPATOM M i JIIOOOTO KOHEYHOrO NpOMe-
KyTKa. ‘

Teopema 11. Ilycmv kéadpam Gyukyuu [ unmezpupyem Ha
ompeske [—m, n]. Tozoa ecau S, (x)~ee cymma Dypve nopadka n,
mo ,

i

§ [f(x)=S,(x)]* dx=min f [f(x)=T,(x))?dx,  (55.61)

- T,(x) —=n

20e MUHUMYM 6 NpAaeoti uacmu paseHcmea Oepemcsa. NO  8cem
mpu2oHomempuueckum muo2oudenam T, cmenenu He @viuie N.

- Ecau ay, a,, b,, n=1, 2, ..., cymv kosgpuyuenmer Dypove PynKkyuu
f, mo cnpasedaueo HepaseHcmeo
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