1OJIy4uM, 4TO OKpecTHOCTH U (a, € ) m U (b, €) He nepecekaroTcs U B
KaKIOHW M3 HUX JOJDKHBI JIEXKATh BCE TOYKH JAHHOM NOCNEA0BATENb-
HOCTH, KPOME KOHEYHOTO HX MHOXECTBA, a 3TO HEBO3IMOXHO.

Bcsikoe noaMHOXECTBO METPUYECKOro IPOCTPAHCTBA SIBJISETCS
METPUYECKHM MNPOCTPAHCTBOM, TO3TOMY B HEM TAKKE HMEIOTCH
OTKPBITBIE M 3aMKHYTbIE OTHOCUTEIIbHO HEr0 MHOXeCTBa. CBs3b
MEXJly OTKPBITBIMH H 3aMKHYTBIMH MHOXECTBAMH BCErO NMPOCTPAH-
CTBa U OTKPBITBIMH M 3aMKHYTBIMH MHOXECTBAMH €ro NOAIPOCT-
PAHCTBA YCTAaHABIMBACTCA CJEAYIOLIHM TNPEIOKEHUEM.

Jlemma 1. Muoowcecmso 3amkymo (OmKpwuimo) 6 noonpocmpau-
crse MempuyecKo20 NpoCmpancingd moz2od U moabko moz2od, Ko2dd
OHO A8A9¢MCA  hepeceyeHuem HNOONPOCMPAHCIGA ¢ 3UMKHYWIbIM
(co0meemcmeeHHO OMKPIMbIM) MHONCECMBOM 8C€20 NPOCMPAHCMEA.

HoxaszaTtensctBo. I[lycte E£-—NmoaAnpocTpaHcTBO MPOCTPAH-

ctBa X ¥ F-—3aMKHYTO€ MOAMHOXECTBO npocTtpancTtBa X. IToka-
XeM, 4To Toraa nepecedenue £ (F 3amkHyTto B E. JleCTBHTENLHO,
KaXkJas ToYKa NPUKOCHOBEHUst MHoOXecTBa E()F, comepxainascs B
E, sBasercs M TOoukoM mpuxocHoBeHUs MHoxecTtBa F. [Tostomy (B
CHJIy 3aMKHYTOCTH F') OHa OJHOBpPEMEHHO colepxuics u B F, T. e,
COIEPXKHUTCS B mepecedeHnd £ (\F. DTo UM O3HAYAET 3aMKHYTOCTh
MHoxecTBa E(F B noampocrpaHcrBe E.
_ Haobopor, nycte Ec X u mHoxectBo Fc E 3aMknyTo B E. Ecnm
F —3aMblkaHne MHOXecTBa F BO BCEM NpOCTpaHcTBE X, TO F
ABJISIETCS 3aMKHYTBIM B X MHOXECTBOM, a repecedenne E(F
COCTOMT M3 TOYEK NPHKOCHOBEHHWS MHOXeECTBa F, coaepxaiuxcs B
E, xoTopoe, B CHJly 3aMKHYTOCTH F B E, COBNAJaeT C MHOXECTBOM
F, 1. e. F=E(\F.

Ecnu tenepe G -— OTKpbITOE B MPOCTPAHCTBE X MHOXECTBO, TO,
B cuny JemMmbl 6 m. 18.2, ero mgonosinenune F=X\G gaBnsgercs
3aMKHYTbIM, a Tak kak E\G=FE\(E(F), rae, COIJIACHO YyXe
JOKa3aHHOMY, nepecevenue E (\F 3aMkuyTo B E, TO, B CUJIy TOM Xke
NIeMMBI, €0 JONOJIHEHHE B MHOXecTBe E, T. e. nepecedenne E ()G,
ABJIIETC OTKPBITHIM B MNOANPOCTPAHCTBE E MHOXKECTBOM.

Hakonen, ecnma G — OTKPBITOE B NMOANPOCTPAHCTBE £ MHOXKECT-
BO, TO €ro gonojiHeHue F=FE\ G 3aMKHYTO B 3TOM MOJIIPOCTPAHCT-
BE€ W TIO3TOMY, COTJIACHO BBIIIE [gO0KazaHHOMY, F=FE(\F, Toraa
G=EN(X\ F), rae, Bce B CHJIy TOH Xe JIeMMbl, MHOXeCTBO X \F
SBJISIETCS. OTKPBITHIM B MNPOCTPAHCTBE X MHOXECTBOM. [

57.2. NNOJIHBIE NMPOCTPAHCTBA

Ha ™MeTpuueckne mpoctpaHcTBa 0000IHaeTcs mnoHstue ¢yHaa-
MEHTAJILHON TOC/E0BaTeNbHOCTH (CM. onpenesieaue 10 B n. 3.7).

Onpenenenne 4. ITocaedosameaviocms (X, } mMouek mMempuueckoo
npocmpancmea X Hazvieaemcs @HyHOAMeHMAAbHON (uAu NOCAe006a-
meapnocmvto Kowu), ecau 0aa arw6o2d uucia £>0 cywyecmeyem
MaKol HoMmep n,, YMO 044 8CeX HOMePO8 H>HN, U M > R, 8bINOAHACMCA
nepagencmso p(x,, x,)<Ee.
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Jlemma 2. Ecau nocaedosamenvnocms {x,} cxooumcs, mo ona
P yHOaMeHmMatbHAA.

HoxkaszatenbcTBo. Ilycts lim x,=x. Torma nns nroboro

n— oo

ygcsna £>0 CyuiecTByeT Takod HOMEp 7, 4TO JJI BCEX HOMEPOB

€
n>n, COpaBeJIUBO HEPABEHCTBO P (X, x,,)<§. CrenoBaTenbHO, €CIH

n>n, ¥ m>n, TO

p(w Xn) <P X)+p(x, X,) <St+i<e O

Onpeneaenne 5. Mempuueckoe npocmpancmeo HA3bIBAeMCA NoA-
HbiM, ecau 6cAKas PYHOAMEHMAIbHAA NOCALO08AMEALHOCb €20
MOYeK CXO00UMCA K e20 e MOuKe.

O4eBHAHO, 4YTO METPHYECKOE MNPOCTPAHCTBO, HU3OMETPUYHOE
TIOJIHOMY TMPOCTPAHCTBY, TAKXE SBJSETCS TMOJHBIM METPUYECKHM
HPOCTPAHCTBOM.

Ilpumepnl. 1. Merpudeckue NpPOCTPAaHCTBA JIEHCTBUTEIbHBIX H
KOMILICKCHBIX YHUCEJI SIBJIAIOTCS HPUMEPAMH MOJIHBIX METPUYECKHX
npocTpadcTs. [ToHBIM SABIASETCS M H-MEPHOE €BKJIMIAOBO MPOCTPAH-
ctBo R" (cM. 1. 18.1). PanuoHanbHble © yHMCHa [AIOT MPHMEP
HEMOJHOTO METPHYECKOTO NPOCTPAHCTBA.

2. PaccMOTpHM METPHYECKOE TNPOCTPAHCTBO (YHKIMH, onpee-
JICHHBIX W OTPaHMYCHHBIX HAa MHOXECTBEe FE, pacCTOSHHE MEXIY
KOTOpPbIMHM omnpenesieHo ¢opMmyioit (57.1). B 3rom mpoctpaHcTBe
NOC/IEAOBATEILHOCTL QYHKUMA ©,, n=1, 2, .., aBiaserca ¢yHaa-
MEHTAJIBHOM, €CliM /U1 JIFo00ro uucya € >0 cylecTBYeT Takoi HOMep
ng, 9TO ]Il BCEX HOMEPOB 7> 1, ¥ 1> M, BBINIOJIHIETCH HEPABEHCTBO

P(Om On)=sUp|Q,(x) =P, (x)| <&,

T. €. €CIH IOCJIE0BATENBHOCTE {Q,} YHOBJETBOPSET KPUTEPHIO
Komm paBHOMEpHOH CXOJMMOCTH TMOCICA@BATENBHOCTH Ha MHO-
xectBe E (cM. m. 36.2). B cuiy 3TOoro xputepus, mocienoBaTelb-
HOCTb {(,} PaBHOMEPHO Ha MHOXeCTBE E CXOMUTCH K HEKOTOPOH
byakuKn @, T. €.

nhfa'o Sup| @ (x) =@, (x)| =0. (57.7)

ITokaxeM, 4TO 3Ta QYHKIMA @ TaKXe OrpaHHYEHA M, CJEJIOBa-

TEJIBLHO, NPUHAJIEKUT pacCMaTpUBAEMOMY MPOCTPaHCTBY. JleiCTBH-

TeJbHO, B cuny (57.7), gns moboro uyucna €>0, B YACTHOCTH JUis

g=1, cymecTByeT Takoi HOMeEp n,, YTO IJist BCEX n>N, U BCeX x€E
BBINOJIHAETCA HEPABEHCTBO

lo(x)—@u(x)| <1
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03TOMY

Q) <T@ () =@p, 11 )+ 19py i ()| <T4sUD| @, L (X))

Tax kak QyHKUAS @, ,; OTPAHMYCHA, TO OTPAHUYCHA W BYHKIUS
®.

Mbl JoKa3any TeM CaMbIM, YTO PACCMAaTPHBAEMOE IPOCTPAHCT-
BO (QYHKUMH SBJISETCS IIOJIHBIM.

MoxXHO 1O0Ka3aTh, YTO METPHYECKOE MPOCTPAHCTBO (QyHKUHMIA,
PacCMOTPEHHBIX B NPHMEPE 5, HE SABIAETCS IOJIHBIM.

VYunpaxHenue 5. JlokazaTs, 4TO HNPOCTPAHCTBO HEMPEPBIBHBIX HA OTPE3KE
[a, b ]| pyuxiumit, paccTosiHHEe MEXY KOTOPBIMH onpenenseTcs 1o opmyne (57.2), ve
ABJIAETCA TOJHBIM.

3. JokaxeM TIOJHOTY TuiIbbepToBa mnpocTpaHcTBa /, (cM.
npumep 6 B m. 57.1).
Ilycth NOC/ENOBATENBHOCTh TOYEK

W=(x®, x® L ox® ) k=1, 2, .., (57.8)

sBisieTcsl HyHIAaMEHTaJbHOH MOCIeN0BATENLHOCTBIO NMPOCTPAHCTBA
[,. Torma u3 HEPaBEHCTBA

©
k+ k k+ k)2
pLet, x®)= | Y (xfrP—x®)?>
n=1
> XD ],
k=1, 2, .., p=0, 1, 2, .., n=1, 2, ..,

1 (yHIaMeHTaJbHOCTH mociefoBatenbHocTH (57.8) ciemyeT, 4TO
npH F060M (QUKCHPOBAHHOM 71 YHCJIOBAs TOCIEAOBATENBHOCTD X W,
k=1, 2, .., ynomuerBopsiecr kpurepumio Komu (cMm. n. 4.7) n,

cieqoBaTeabHo, cxoautes. Iycts lim xP=x,. B cuny dyHnamen-

K—+ 00
TAJILHOCTH TocyenoBatenbHocTu (57.8), mis moboro £>0 cymiecTt-
ByeT Takol HoMep k,, 4To mpu JioboM Homepe k>k, u oboM
HATYPAJbHOM p BBIIOJIHSETCS HEPAaBEHCTBO

p(x(k+p)’ x(k))<8a
T. €.

[e¢]
y (xE+P _x®)2 g

n=1
Otcroga s nob6oro (PUKCHPOBAHHOIO HATYPAJILHOTO YHC/a m U
TNIOJIaBHO

m
Z (x£|k+p)_x£1k))2<82-
n=1

[lepexoas 3mech K Npeaeay HpU p— o0, NOJYYUM
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m
Y (= xP)<e,

n=1
U TaK KaKk 3TO BepHO mpu Jobom m=1, 2, .., TO
€KX
Z (xp—xP)<e?, k>k,. (57.9)
n=1

Taxum obpaszom, touka y® =(x, —x®, .., x,—x®, ), k>k, npn-
HAJJIEXUT HPOCTPAHCTBY /,, HO TOra M TOYKA X=(X, ..., X, ...)=
=x® 4 )® Ttaxke npuHAAIEXHT MPOCTpPaHCTBY /,. B camom [erne,

«© fee)
2 xXn=] 2 [a=x)+xP 1<
=1

n=1

0 © 2
< /Y x=x®Y+ [ Y xP < +ow0, k>k,
ne1 =1 (57.9)

u6o Touka x™ npuHAMIERUT UPOCTPAHCTBY /, M, CJIEIOBATENBLHO,

g 2
Y xP < +o0.

n=1

Ycnosue (57.9) os3mauaer, 4to

lim x® =x,

K— 0
T. €. 4YTO TochenoBateabHOCTh (57.8) cxomurtcs. ClieoBaTENBHO,
pocTpancTBo /, monHoe. [

CornacHo omnpenaeieHuio, (yHIaMEHTaJbHAS [OCIE0BATEb-
HOCTb — 3TO TaKas IMOCJIEIOBATENbHOCT, Y KOTOPOH 4JIEHb HEOTpa-
HUYEHHO COJIMDKAIOTCS NMpH Bo3pacTaHuu ux HomepoB. C Takou
CUTyaHuel 4acTo HPUXOIMTCS BCTPEYaTbCA TIPU UYHCJICHHOM pellie-
HUM MaTeMaTHYeCKHX 3a/ad¥: [MOCIe0BATEIBHO MOJy4aronuecs
pellleHus1 BCe OoJibllie MPpUOMKAIOTCI APYr XK APYrY H, Kakoe Obl
TIOJIOKUTESILHOE YHCA0 HU ObLIO 3a/IaHO, HA JAOCTATOYHO OOJBIIOM
HIare Ux pasHOCTh craesaercs W OyJeT OCTaBaThCi MEHBIUE ITOTO
yucia. Ecim B DpOCTPaHCTBE, K KOTOPOMY NPUHAIJIEKAT paccMart-
pHUBacMbIe NPHOJIDKEHHbIC PEICHUS, OHH HAKAIUIMBAIOTCH OKOJIO
"HEKOTOPOH TOYKH ITOrO HPOCTPAHCTBA, UHAYE TOBOPS, MOCJIEA0BA-
TECJIBHOCTL JOTHUX pCHICHI/Iﬁ OKa3hbIiBACTCA HE TOJIBKO Q)yH}laMeHTa.ﬂb-
HOW, HO M CXOJSINEHCs, TO ee npeles, Kak NpaBujo, OKA3bIBACTCS
TOYHBIM PCILICHUEM 3aJaYu. OTHUM 06’bﬂCHﬁeTC$I, 4YTO IPOCTPAHCTBA,
B KOTOpBIX Kaxjas ¢yHAaMeHTasbHAS IMOCAEIOBATENLHOCTh CXO-
AUTCH, HUTPArOT 6OIII>I]ly}0 pojJb B MATEMATHKE. .

H.HSI TOrO 4YTOOBI NOoKa3artTh, YTO HE BCCraa (’by}IIIaMCHT‘d.H])HbIG
TMOCJIC/IOBATCIIBHOCTH CXOOATCA, pACCMOTPHM CHCAYIOLIYIO 3aaayvy.
Haiitu B mpocTpaHCTBe TJaIKMX KPUBBIX, JIEKAINHX Hd 3aJaHHOM
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IUIOCKOCTH U TIPOXOJSIINX 4Yepe3 ee TOUKH A,
B, C, ne nexariyie Ha OJHOM NPSAMOH, KPUBYIO
HauMeHbplied anuHbl (puc. 255). Hertpynno
BUJICTH, UTO 3Ta 3aJa4ya HE MMeEET pELICHUs,
XOTSl U MOXHO NOCTPOUTH (yHAAMEHTANLHYIO
NOCJAEAOBATEbHOCTD TJIAKUX KPHBBIX, AJIMHBI
KOTOPbIX CTPEMSITCSI K HWXKHEH TpaHH UIMH
BCEX TJIAJIKUX KPHBBIX, HNPOXOSIINX YeEpPE3
Toukn A, B, C. Jlng 3TOoro . JOCTATOYHO,

npubnwxaschy k BepmuHe B yriaa [ ABC, ¢
IJIaAK0 CKPYIJITH CTOPOHBlI yrja {CM. pHC.
255). Oanako mNOJYyYCHHAS TakuM o0pazoM Puc. 255

¢dhyHIaMeHTaJIbHAs [OCJIEIOBATEILHOCTL  HE
MMeeT Tfipelesia B MHOXECTBE TJIaIKUX KpH-
BbIX. DTO CBS3aHO C TeM OOCTOSATENILCTBOM, YTO B JAHHOM Cily4ae
KPUBOW HAaWMEHBILEH [UIMHBI ABJISETCS HE TJajKas ~KpuUBas, &
jJoMaHas ¢ BepimuHamu B Todkax A, B, C.

PaccMOTpuM HEKOTOpBIE CBOMCTBA MNOJIHBIX METPUYECKHX IIPO-
crpancTB. [lpexae Bcero sicHO, YTO KaXJ0€ 3aMKHYTO€ IIOAMHO-
KECTBO TMOJIHOTO METPUYECKOr0 IPOCTPAHCTBA TAaKXKe SABJISETCS
HOOJIHBIM TPOCTPAHCTBOM.

Jns onucaHuWsl CIEOYIOUIETO CBOWCTBA IIOJHBIX MPOCTPAHCTB
BBEAEM TOHATHSA JHaMETPa TOAMHOXECTBA METPHYECKOTO Mpo-
CTpaHCTBA M MNOCJIEHOBATENbHOCTH KOIIM €ro mOoIMHOXECTB.

Jnst mogMHOXecTBa E METPHUECKOTO NPOCTpaHCTBa X BEJIMYHHA

diam(E)¥ sup p(x, ») (57.10)
xek, yeE
HA3BIBAETCS €T0 OuUamempom.

MHoXkecTBO METPHUUYCCKOTO HPOCTPAHCTBA HA3bIBACTCHA O2paHu-
YeHHbIM, €CJIM €ro OuaMETp KOHCHYEH.

Vnpaxuenus 6. oxasaTs, uTo ectu E ecThb 3aMbIKaHue MHOXeCTBa E B
METPHUYECKOM TNPOCTPAHCTBE, TO

diam(E Y=diam(E).

7. lloxa3aﬂ,, YTO BCAKAA CXOOAAICH T[0CIeA0BATCAbHOCTE METPUYCCKOIO
NPOCTPAHCTBA OTpPAaHHAYCHA.

[MocinenoBatenbHocTh {E,} HEMYCTbIX MHOXECTB METPHYECKOIO
IIPOCTPAHCTBA HA3BIBAETCS HocaedosamessHocmbio Kowu, ecnm oHU
110CJEOBATEILHO COJAEPXAT APYr APYra ¥ HX JHMaMETPhl CTPEMSTCH
K HYJO.

TakuMm 06pa3oM, NMocieqoBaTebHOCTL MHOXECTB {E, } sBjseTcs
nocaeosarenbHocTeio  Komu, econ:

1) E, 0. (57.11)
2) E,.,cE, n=1, 2, .., (57.12)
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3) lim diam(E,)=0. (57.13)
n— o

Ecnu nocnenoBaTenbHOCTh {X, } TOYEK METPUYECKOTO MPOCTPaH-
cTBa sABAfETCS QYHAAMEHTANBLHOU NOCIENOBATENBHOCTLIO (TOCHEN0-
BatenabHocTh0 Kommwm) u E,={x,, X,.{ ..}, =1, 2, .., TO
NOCJIEIOBATENFHOCT MHOXECTB {E, } SBJISETCS IOC/Ie0BaTeIbHOC-
Thio Koimu.

Teopema 1. B noanom mempuueckom npocmparcmee 6CAKAA
nocaedogameavbrocms Kowiu 3amKHYMbIX MHOMCECM8 UMeem Henyc-
moe nepeceyenue, cocmoaujee U3 O00HOU MOYKU.

Cnencreue. Bcakaa nocaedosameavnocmv Kowu muomcecms
HOAHO20 MEMPUYeCKO20 NPOCMPAHCIGA UMeem, U NPUmom eouHcm-
BEHHYI0, MOUKY, ABAAIOWYIOCA MOUKOU HNPUKOCHOBEHUA O0AA B8CEX
MHOMCEC8 NOCAe008AMeAbHOCIU.

HoxazartenbcTBO TeopeMsl. Ilycrs {F,}-— nocaemosa-
TeabHOCTh KOIM 3aMKHYTBIX MHOXeECTB F, TIOJTHOTO METPHYECKOrO
npoctpanctBa X. BribpaB B kaxnomM MHOXeCTBe F, MO TOYKE X,
(3T0 BO3MOXHO B CUIly BbINOJHEHUs yciioBus (57.11)),

x,eF, n=1, 2, .., (57.14)

noJiyuuM (yHIAMEHTAJIbHYIO TNOCJeOBaTENBHOCTS {X,} B NpPOCT-
panctBe X. B camom nese, misg aroboro €>0, B CHITY BBINOJHEHHS
ycaosus (57.13), cyniecTByeT Takoi HOMeEp n,, YTO AJSl BCEX n>H,
BBINOJIHSIETCS HEPABEHCTBO

d(F,)<e.
IMostomMy ecnu n>n,, m>n, W, HaNpuMmep, n>m, TO X,EF,,

x,eF, < F,, a ciegoBaTeybHO,
(57.12)
P (X X,)<e.
B cuny nosHOTHI mpoctpaHcTBa X, MOCIEROBATENBHOCTDL { X, }
CXOOWTCS, T.€. CYLWIECTBYeT Touka x=lim x,. Hdus moboro n=1,
n—»o0

2, ..., B cuny BhimoJiHeHnd yciaoBuil (57.12) u (57.14), Bce uneHbI
TNOC/IEOBATENbHOCTH {X,, X, 4, ...} TIPHHAIJIEKAT MHOXeCTBY F,, a
TaKk KaKk 3Ta TOCJENOBATENBHOCThL CXOJMUTCS K TOYKE X H
F,—3aMkHyTbhle MHOXecTBa, TO x€F, npu moboMm n, T.e.

xe () F,

n=1
o
Ecim ye () F,, To nns xaxpgoro n=1, 2, ... OyaeM uMeTh
n=1
xeF,, yeF,
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H NO3TOMY
p(x, y)<diam(F,).

ITepeitnsg 3aech X mpeneny npu n— oo, B cuiy ycuous (57.13),
nosnyduM p(x, y)=0 u, chaegoBaTenbHO, X=y, T.e€. Nepeceyenne
oo

[} F, COCTOMT M3 eAMHCTBEHHON Touku x. [J]
n=1

Hoxa3zatenbcTBo cineactsus. Ecmm {E,} —nocienosa-
TebHOCTH KOLIM 110JIHOTO METPHYECKOT0 NPOCTPAHCTBA, TO HOCIE-
nosatensHocTy {E,} 3ambikanmit E, MHOXecTB E, sBIfeTCs
nocjaeaoBaTenbHOCThI0 Kol  3aMKHYTBIX MHOXecTB. COTJIaCHO
TeopeMe, CYLIECTBYET, H NPHUTOM eJMHCTBeHHasi, Touka xe E,, n=1,
, .
3amMeTuM, YTO B AOKa3aHHOW TeOpeMe YCJIOBHE O CTPEMIICHHH K
HYJIIO JMAMETPOB 3aMKHYTBIX MHOXECTB CYLIECTBEHHO: €CIHM 3TO
ycioBHe He 6y/IeT BBINOIHEHO, TO NEPECEYCHHE T10C/IeIOBATEIbHOCTH
HEMYCTHIX 3aMKHYTBIX MHOXECTB, MOCJEIOBATENbHO COIEPXKAIIUX
APYr Ipyra, MOXET OKa3aTbCs IYCThIM.

Hanpumep, mnocnenosateabHocTh Jaydeit F,={x : x>n} Ha
npsMoit R obpasyer nocsenoBaTeNbHOCTh MOCACAOBATENBHO BJIO-
XEHHbIX APYT B Apyra 3aMKHYTBIX MHOXECTB

FioF,>.oF>..,

o0
nepeceueHne KoTopeix mycro: () F,=.

n=1
57.3. OTOBPAXEHUA METPUYECKHNX INPOCTPAHCTB

Ilycts f: X— Y —oToOpa)xeHue METPUIECKOIO MPOCTpaHCTBA X
B METPHYECKOE MPOCTPAHCTBO Y.

Touka y,€ Y Ha3bIBaeTCs npedesom omobdpancenus f B TOUKE X,
eciu

lim p(f(x), yo)=0.
plx, %o)=0 -
B 5TOM ciyyae mUOIyT

lim f(x)=y,.

X=X

X—X,

Ecim lim f(x)=f(x,), To orobpaxenue [ Ha3bIBAETCS Henpepbis-

HbIM 8 MOUKe X,.
D10 omnpejesieHHe PABHOCUJILHO CJICAYIOIIEMY ONpENEsICHHIO,
dbopMysMpyeMOMYy B TEPMHHAX [OCJIEAOBATEIILHOCTEH.
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OTtobpaxeHue f . X— Y Ha3bIBACTCS HENPEPbIGHbIM 8 iMouke X eX,
ecnu 18 000N HocNieI0BaTEebHOCTH Touek X, €X, a=1, 2, ..,

Takod, uto lim x,=x, HMEeT MeCTO

n—o

dim f(x,)=f(x,).

n—x%

Kak oObluHO, BJIIETCS BEPHBIM M PaBHOCHJIBHOE ONPEIE/ICHUE
HENPEPBIBHOCTH B TEPMHHAX OKPECTHOCTEH.

Otobpaxenne f : X—Y Ha3biBacTCHd HenpepvliGHbIM 6 MOouKe
Xo€X, ecu ans Joboil okpecTHOCTH V TOuKH f(xo) cyluecTByet
Takask OKpecTHOCTh U TOYKM X,, 4YTO

f(U)ev.

Ha «d-g-s13bIKE» Onpe/ie/ieHHe HENPEPBIBHOCTH B TOYKE BBITJISAUT
chaenyromM obpazoMm. '

Otobpaxenne f : X—Y Ha3bIBA€TCS HENPEPBIBHBIM B TOUKE
Xo€ X, ecnum s Jnoboro £>0 cyuectByer Takoe 6>0, 4ro s
mobol ToukH Xx€X, s KoTopoit p(x, Xx,)<d, BbIMONHAETCSA
HEPABEHCTBO

p(f(x). flxo))<e.

Jloka3zaTeJbCTBO  IKBUBAJEHTHOCTH BCEX TIPHMBEICHHBIX BblIlIE
ONpeeseHUi HENPEPLIBHOCTH TPOBOAUTCS AHAJOTHYHO CJIy4aro
YUCNOBBIX (DYHKLMIA.

OtobOpaxenue [ : X— Y Ha3bIBAETCH HenpepvleHbim OMoOpudsce-
Huem npocmparcemed X B IPOCTPAHCTBO Y, €CJIM OHO HENPEPHLIBHO B
KaXJoi Touke xeX.

Ecan nis moboro £> 0 cymectByeT Takoe §>0, 4To st J1r00ObIX
Touek xeX, x'€X, mis koropeix p(x, X)<d, BhIlONHSETCS
HEPABEHCTBO

pUX) flx))<e,

TO orobOpaxkeHue f HA3BIBACTCH PUBHOMEPHO HENPEPLIGHbIM  1d
npocmpancmee X,

PaBHOMEPHO HenpepbiBHOE OTOOpaXeHHe METPUUYECKOTO IPOCT-
paHCTBA B JIPYroe METPHUYECKOE NPOCTPAHCTBO OUYEBUAHBIM 00pa3oM
HENpPEPBIBHO B KaXJI0M TOYKE,

[TocnenoBatenbHocTh  OTOOpaxeHuit f, : X—Y HasbiBaetcs
cxooawencds k omobpaxcenuio f o X—Y, ecnu s kaxaoro xe X
MocieI0BaTeNILHOCTb TOUEK { f,(x)} MeTpuueckoro npoctpancTba Y
cxoautest k touke f(x):

lim f, (x)=/(x).

EadER
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IMocnegoBaTenbHOCTh OTOOpaxkeHud f, : X—Y, cxopsmascs K
otTobpaxenuto f : X— Y, Ha3bIBAECTCSH PUBHOMEPHO CXO00AWENCs, ECIH
s oboro £>0 cylnecTByer Takoll HOMEpP n,, 4YTO IS BCEX
HOMEPOB N>N, U BCEX TOYEK X € X BBIMOJHSETCA HEPABEHCTBO

p(fu(x), flx))<e.

Ynpaxuenusn. 8 CoopMmymupoBaTs M [Joka3aTb kpurepuit Koum, sapis-
oLHiCs H€O6XOHMMBIM U JOCTAaTO4YHBIM YCJIOBHEM paBHOMepHOﬁ CXO/IMMOCTH
oToBpaKkeHH METPHYECKOrO NMPOCTPAHCTBA B MNOJHOC METPUYECKOE TIPOCTPAHCTBO.

9. [oxka3arb, 4TO TMpeaes paBHOMEPHO CXOAsflieica [MOCIEI0BATEIbHOCTH
HCTIPEPBIBHBIX OTOOpPAXEHUH OJHOTO METPHYECKOrO NPOCTPAHCTBA B APYroe TaKXKe
ABJISACTCA HENPEPBIBHLIM 0T06pa)KCHHCM.

ITpumep. PaccMOTpHM METPHYECKOE NMPOCTPAHCTBO OTrPAHNYEH-
HBIX M HEMpPEepbIBHBIX HA HEKOTOPOM METPHYECKOM TNpoOCT-
paHcTBe X GyHKUMIA f, pacCTOSHHE MEXIY KOTOPBIMM OIpeaehs-
ercs no dopmyne (57.1). Tak kak (QyHIAMEHTAJIBHOCTH TOCJIENO-
BaTeNibHOCTH {f,} B cmbicie metpuku (57.1) o3Hawaer, dTO
NOC/ENOBATENLHOCTD | f,} yHOoBsieTBOpsieT yciosuio Koum paBHO-
MEPHOM CXOJUMOCTH Ha MHOXecTBe X, TO BCsikas (DyHAAMEHTAsb-
Hasl 10C/IEOBATENLHOCTD HenpepbiBHbIX (QyHKIWMiA { f, | paBHOMEpHO
CXOJUTCA K HeKoTopoi dyukuuu f. I1a GyHKUMS f, KAK OTMEYaIoCh
BbIILIE, HEMPEPbIBHA W, KaK ObLIO [0Ka3aHO HECKOJbKO paHblUE B
ITOM MYHKTE, OrpaHM4YeHa Ha X, T. €. NPUHALNCKHT paccMaTpuBae-
MOMY MpPOCTPAHCTBY (QYHKLMHA.

TakuMm 00Opa3oM, HPOCMPAHCIMBO O02PUHUMCHHBIX U HENPEPbIEHbLX
na  mempuueckom npocmpancmee X @yHKyuii  A6AACMCA  NOAHbIM
wempuyeckum npocmpancmeom. OHo obosnavaetcs C(X)* n apiser-
C%, OYEBHUIHO, NOATPOCTPAHCTBOM BCEX OrpPAHMYEHHBIX HA HPOCT-
pancTBe X (QYHKIMHA C PpACCTOSHMEM, ONPEIEJIEHHBIM TOH JXKe
dopmynoit (57.1).

B toM cnydae, korga MNpocTpaHCTBO X SBJIAETCH OTPE3KOM
qnﬁ:nosoﬁ ocn: X=[a, b}]. Bmectro C([a, b]) Gynem nucats xopoue
Cla,

B 4YacTHOCTH, Tax Kak BcAkas (QYHKLMS, HeNpepbiBHas Ha
HEKOTOPOM KOMIMAakTe A, JexalleM B #A-MEPHOM €BKJIMIOBOM
npocrpancre R", orpanHudeHa (cM. 1. 19.4), To npoCTPaHCTBO
bYHKUMIA, HETPEphIBHLIX HA KOMIMAaKkTe A, C PACCTOSHHUEM, Olpejie-
JeHHsIM 110 dopmysie (57.1), sBasieTcs TOJHBIM. B ganbHelnem
OyAeT NMOKa3aHOo, YTO 3TO BEPHO IUIA JIIOOBIX KOMNAKTOB (CM. Jajee
onpeaesieane 10 B n. 57.6), a He o00s3aTeNbHO 18 JIEXKALLUX B
KOHEUHOMEPHOM TpocTpaHcTBe R :

Jlemma 3. Omobpaxncenue f : X—Y Mempuuecko2o npocm-
pancmea X 6 mempuueckoe npocmpancmeo Y uenpepvigHo mo2oa u
MOABKO M020d, K020d RPooOPA3 KAWCO020 OMKPLIMO20 MHONCOCMEd
npocmpancmed Y 4648emcesi OMKPLINbIM MHONCECMEOM RPOCIDUNCIN-
s6a X.

* (- -nepas OykBa JATHMHCKOTO CJIOBA continuum - - HEMPEPHIBHbINA.
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Joxa3zaTenbcTBoO MPOBOJMTCS AHATOTHAHO JOKA3ATENLCTBY JIEM-
Ml 2 n. 41.4. Tlycrs f . X—>Y HenpepbiBHOE 0TO6pd)KCHX/IC
¥V — OTKpBITOE TNOJMHOXECTBO npocrpanctea Y u U=f '(V )—
npoodbpaz ¥V mnpm otobpaxenun f. Torma ecimm xelU, 1O 1A
OKDECTHOCTH ¥ TOUKHM f(X), COTJIACHO ONpE/IEIICHHIO HENPEPhIBHOCTH
B TO4YKE, CyUIECTBYeT Takasi OKpecTHOCTb U,, uto f(Uy)cV u,
cinegoBarenbio, Uy, U. Takum obpa3oM, i Kaxaoil Touyku xeU
CYIIECTBYET e oOKpecTHOCTh U, cogepxamasca B U. 210 H
o3HayaeT, 4T0 U-— OTKPBITOE MHOXECTBO.

IMycts npu otobpaxenuun f : X—Y mnpoobpa3 Kaxaoro
OTKPBITOTO B ¥ MHOXeCTBa SIBJISETCS OTKPBITHIM B X MHOXECTBOM,
Torga s Jiroboi Toukd x€ X U jiro00# okpecTHOCTH V ToukH f (x)
npooGpaz U=f""(V) OTKpbITOro MHOXeCTBa J Takxe OTKDHIT,
T. €. ABJISICTCA OKPECTHOCTBIO TOYKH X. TakuM obpaszoM, s i1roboin
OKpecTHOCTH ¥V Toukd f(x) CylIecTByeT Takas OKpecTHOCThL U ToukH
x, uto f(U)=V. D10 1 03HaYaeT HENMPEPLIBHOCTH OTOOpaxeHus f B
Touke xe X, [J

Jemma 4. Omobpancenue [ : X— Y mempuueckozo npocmpancm-
s8a X & mempuueckoe npocmpancmso Y HenpepvlsHo moz0a u moabKo
mozoa, Koe0a npoodbpu3 KAMCA020 3AMKHYMO20 MHONCECMBA Npocm-
pancmea Y AGAAeMCA 3AMKHYMbIM MHONCECMBOM npocmparcmea X.

HokazartenbcTBO. Tak KaKk OTKPHITbIE M 3aMKHYTble MHO-
XKECTBA SBJISIFOTCS B3aUMHO JONOJHUTEIBHBIMU (CM. JieMMy 6 B
n. 18.2) u nmpoodpa3 AONOJIHEHUS MHOXECTBA SIBJISETCA AONOJIHEHU-
eM mnpoobpa3za MHOXECTBa, TO YCIOBUE, YTO Npoodpa3 XaxJgoro
3aMKHYTOTO MHOXECTBa SIBJISETCH 3aMKHYTBIM MHOXECTBOM, SIBJISI-
€TCS PAaBHOCHIJIBHBIM TOMY, 4YTO Npoodpa3 KaxIoro OTKPHITOrO
MHOXECTBA ABJISIETCS OTKPBITHIM. [loaTOMy sleMMma 4 cpa3sy cliieayer
u3 jemmbt 3. [

Teopema 2. Komnozuyus HenpepvleHbIX 0MOOpadCeHUtl Mempu-
YeCcKUX NPOCMPAHCIE ABAACMCA HENPEPbIGHbIM  OMOOpaMNceHUeM.

HoxazatenncrBo. Ecim X, Y u Z-—MeTpuyecKkue mnpoct-
paHcTBa, f:X—>Y u g : Y—>Z —HenpepbiBHbIE OTOOpAXEHUs, TO,
coryiacHo Jiemme 3, anst r000oro OTKpeITOro B Z MHOXeCTBa G
MHOXECTBO g"‘(G) SIBJISIETCS OTKPBITBLIM B Y MHOXECTBOM, a
(g ' (G))=(g°f) ' (G)— oTKpBITBIM B X MHOXECTBOM. Taknm
obpa3omM, npoobpa3 y0OOro OTKPLITOTO MHOXECTBA NPU KOMIIO-
3ULMM gof SIBISIETCS OTKPBITBIM MHOXECTBOM, YTO, B CHJIy TOM e
JEMMBI 3, W O3Ha4yaeT HENpEepPhIBHOCTh 3TOW Kommoszunuu. []

B nanbHeilieM HaM rMoHAOOMTCS €llle MOHSTHE HENPEPBIBHOCTH
orobpaxennst (byskumn) f=f(x, y), xeX, yeY, npoussencHus
X x Y MeTpuueckux npocTpaHcTB X U Y (B 4acTHOCTH, MOXKET OBbITh
X=1Y) B MeTpuuecKkoe INpOCTPaHCTBO Z.

ITpexxne Bcero 3amertum, uTo nMpousBeneHue X X Y MeTpUUECKUX
IpOCTpaHCcTB X M Y mnpeBpaiaercsi Takxke B METPUYECKOE MPOCT-
PaHCTBO, €clld B HEM BBECTH METPUKY p 10 Gopmye
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p(xs ») (o Y)E VP (X, x)+p2 (v, y) (5719

(AKCMOMBI METPUKH [JIS1 P JIETKO TPOBEPSIIOTCH).

Otobpaxenne f: XX Y—Z Ha3pIBACTCA HENPEPHLIBHBIM B TOYKE
(Xo» Yo)EX X Y, eclim OHO HENPEPHIBHO HA METPUYECKOM MPOCTPaH-
ctBe X x Y ¢ wmerpukoir (57.15), T.e. ecnu

im  f(x, g)=f(xo, ¥o).

p{(x, »), (%0, a)) >0
57.4. MIPUHLUIT CXUMAIOIUX OTOBPAXEHUM

JlokaxeM TeopeMy O CYUIECTBOBAHMM HEMOABHXXHOM TOYKH Y
OJHOTO KJlacca OTOOpaXeHHH METPUYECKMX INPOCTPAHCTB B Ced1.
DTa TeopeMa HMeEET MHOTO pa3sHOOOpa3HbIX MPHUMEHEHHH IIpH
NOKa3aTeIbCTBE CYHIECTBOBAHHS DPELIEHWA M HMX NPUOJIMKEHHOro
BBIUMCJICHUS U1l TeX MWJIM HHbIX YpaBHEHHH.

Onpenenenne 6. Omobpaxncenue [ : X—X mempuuecko2o npocm-
pancmea X 6 ce6A HA3bIBACMCA CHCUMAOWUM, eCAu Cyuwecmsyem
maxoe uucao q, 0<qg<l, umo 0aa awbbix mouek xeX, yeY
BbINOAHAEMCA HEPABEHCINEO

p(f(x), f¥)<gp(x, y). (57.16)

W3 BLINOJHEHUS ITOTO YCAOBHS CIIEAYET, YTO €CIH i Jioboro

€>0 B3saTh 0=¢g, TO Mg JMOOBIX JBYX Toyek xe€ X, yeX, ansa
KOTOPBIX p(x, y)<6, BBHITIOJIHSIETC HEPAaBEHCTBO

p(f(x), f(¥) < gplx, y)<gd<e,
(57.16)
T. €. CKMMalollee OTOOpaXKeHHe pABHOMEPHO HENpEepbIBHO, a
CJIEOBATEILHO, ¥ HETMPEPHIBHO B KAXIOM TOYKE X NPOCTPAaHCTBA X:

lim f(y)=/(x) (57.17)

Onpenenenne 7. Touxa x€X Ha3bl6AemMCA HENOOBUNCHOL MOUKOIL
omobpaxcenua f:X—X, ecau f(x)=x.

Teopema 3 (npunmun HenojBwxkmoii Touku Ilukapa-Banaxa®)).
Cocumarowjee omobpaxcenue NOAHO20 MeMPUUECK020 NPOCMPancmea
8 ceba umeem, u NPUMOM COUHCIGEHHYIO, HENOOBUNCHYIO MOYKY.

Bosee mozo, ecau [ : X—X— cocumarowee omobpaxncenue
nOAHO20 mempuueckoeo npocmparcmea X 6 ceba u a—eeo
nenodsuxcnas mouka. f(a)=a, mo Odaa moboii mouku XX
UMepPPAYUOHHAA NOCACO08AMEALHOCHb

* 1. 3. IMukap (1856—1941) —bpanuysckuit Matematux; C. Banax (1892—
1945) -— NoJbCKMIA MaTeMaTHK.
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Xor X =f(xo), X2=f(x1), «ry Xpi1=f(x,), ... (57.18)

CcX00uUmcA K MOuKe a, npuuem ecau omobpaxcenue f yoosiemsopsaem
yeaosuro (57.16), mo umeem mecmo caedyOWas OYeHKAa CX00UMOCHU
nocaedogameavrocmu (57.18):

n

p(x, a)<L qp(xo, £(x0)). (57.19)

i

HoxaszareascTBo. Ilycth pans - orobpaxenus [f:X—-X
TIOJIHOTO METPHUYECKOTO HpocTpaHcTBa X B ceOsl  BBIMONHSIETCS
yciaosue (57.16). BoibepeM HpOM3BOJBHO Xo€X M IIOKAXKEM,
YTO COOTBETCTBYIOLIAS HTEPPALMOHHAS TOCIEI0BATEIBHOCTL | X, }
(em. (57.18))

Xor 1 =f(x,), =0, 1, 2, ., (57.20)
siByIsieTcst  hyHIAMEHTAJIbHOM.
JlefiCTBUTENBHO,
p(xm xn+1)(5f20) p(f(xn—l)’ .f(xn))(siﬁ)qp('xn—l* X")(sfzm

qu(.f(xn—z)’ ,f(xn—3)) 7<1 qu(“\-n'Z’ xn—l) =

(57.16) (57.20)

=.. < q"p(xo, x1) .= q"p(xo. flx0)) (57.21)

(57.16) (57.20)
ITostomy

p(xm xn+m)\<~p(xns xn+1)'+p(xn+l' xn-f-2)+"‘

...+p(x,,+m_1, xn+m)(5§ l)(q"+qn+1+m+qn+m—1)p(x0’ f(xo)):

[ 8]

n+m n

:q”l—jq p(xo, f(x0))< lq_

qp(xo, S{x0))- (57.22)
Tax xak O<g<l1, TO

lim Lq p(xo f(¥o)=0

n— L -
H, CJICIOBATCIIBHO, HJid nrodoro £>0 CYHICCTBYET TAKOE h,, HTO IJis
BCEX >N,

n

q_q p(x0, flxo))<s, (57.23)

!
a TOTJa Uil BCeX n>n, M Bcex m=0 OyaeM wuMeThb

112



p(xn’ xn+m) < &
(733

T. €. IOCJIEZIOBATEIILHOCTD { X, | pyHIaMeHTaIbHASK. B cuily MOAHOTHI
npocTpaHcTBa X, OTCIOJA CIEAYET, YTO OHAa CXOJAUTCS, T. €. YTO
CYILIECTBYET

lim x,, ,=aeX.

n—»oG

[TosTOoMy, B CHY HENPEPLIBHOCTH OTOOPaKEHUS f,

a=1lim x mf(x,) .=_f(a)

= |k
now "T1(57.20) pnm (57.17)

Hraxk, j'(a)za, T. €. a— HEMOABIXHAS TO4YKa OTOOpakeHus f.
Iepeias x npeneny B HepaBeHCTBE (57.22) mpu m— 00, NOJYIUM

p (% a)<li_"; p(x0» /(Xo)).

Bce yTBepkjaeHMsi TeOpeMbl aokaszaHbl. [J

OTMeTHM, YTO JUIst MPUJIOKEHUHA CYIIECTBEHHBIM SIBJSIETCA TOT
baxkT, 4TO TPHHIMI CKHUMAIOUMX OTOOPaXEHHH JaeT BO3ZMOXKHOCTD
He TOJIbKO JOKa3aTh CYIIECTBOBAHWE pEIIEHUS YypPaBHEHMs, HO H
HaWTH ero ¢ JiroOOW TOYHOCTBIO NpPH TOMOLIM HTEPANMOHHOMN
nociaenosarensuoctd (57.18) u ouenku (57.19).

3amMmeuanue. Ecau HekoTOopasi CTeneHb OTOOpakeHUs MOJIHOTO
METPHYECKOTO TPOCTPAHCTBA B ce0si ABJISETCS CKMMAIOIUM OTOO-
paxeHueM, TO caMo OTOOpaXxeHHe UMEET, U NPUTOM €AMHCTBEHHYIO,
HEMOJBUKHYIO TOUKY.

B camom pesie, ecnu otobpaxenune f: X—X NMOJHOTO MeTpUye-
CKOro nmnpocTtpaHcTBa X B cebsl TakoBO, 4TO €ro n-sf CTeneHb

=f<fe...of, nZ=1, ABIKETCS CKUMAOLIAM OTOOPAXKEHUEM, TO y Hee
n pas

CYIIECTBYET HENMOABMXHas Touka xeX, T.e. f"(x)=x; Torma

S =/ () =1"(f(x)),

T. €. f(x)— Taxxke HeMOABIXHAst TouKa oroGpakenns f”. Ho Taxas
TOYKa, COTJACHO JIOK43aHHOW TeopeMe, eIMHCTBEHHAs, CJieJ0Ba-
TEJTHHO,

flx)=x.
IMpumep. PaccMoTpuM uHTerpasibHOe ypasHenue BonbTeppa®

* B. Bosbreppa (1860 — 1940)-—utainLsiHCKMH MaTeMaTHK.
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() =M K1, 5)x(s)ds+7 (), (57.24)

rae K(t, s) u f(¢)—3ananHble HenmpepbiBHBIE GYHKUMH: (GyHKIHS
Ha oTpeske [a, b, a dynkuns K Ha xBampate Q= [a, b|x[a, b],
A — HEKOTOpOE YHCJIO.

Onepatop A(x), ompexensemblii bopmynoit

ARV ER[K(, 5)x(s)ds+A(0), (57.25)

oToGpaxaeT MOJHOE IPOCTPAHCTBO HenpephiBHbIX GyHkuuit C[a, b
(cM. npumep B 1. 57.3) B cebs. B camom fesie, mycTh GyHKUHMS X (7
HempephiBHA Ha oTpeske [a, b]. Mmeem

[A(x)(t+At)—A(x)(¢)] <

(57.25)

<|X|;]K(I+At, s)=K(t, s)l|x(s)lds+|f(t+At)—f (1)<

<|Mo(K; |At) [sau;)] [x ()l (b—a)+1f(t+Ar)—f(1)l,

tela, b], t+Ate[a, b], (57.26)

rae o(K, |At])—monyns HenpepsiBHOCTH (yHKkumn K Ha KBaapate
Q. B cuny HenpepbiBHOCTH OyHKIHME x(s) Ha oTpeske [a, b ], oHa
OorpaHMyYeHa Ha HeM:

sup |x ()| < + oo, (57.27)
fa,b]
a B cuiy HenpepbiBHOCTH (yHKuuu K(f, s) ma kBajgpate (), oHa
PaBHOMEDHO HENpEPHIBHA HA HEM:

lim o (K; |At])=0. (57.28)

Ar—0

Haxonen, B cuny HenpepbIBHOCTH (DYHKUMH f,
lim [ f (14 At)—f(¢)]=0. (57.29)
At—0

[Toaromy

fim [4(x) (4 A1)~ 4 (x) (1)] =0,

T. €. ¢ynxuus A(x)(r) HenpepwiBHa Ha oTpeske [a, b].
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Taxum obpasom, neiicrButensio, ecmu xeCla, b], 10 H
A(xgeC[a, bﬁ).

LEHWM DAacCTOHHE Mexy obpazamMu JByX (QYHKUMH TIpH
otobpaxennu A. HanomMHMM, 4YTO pAaccTOSIHME B IIPOCTPAHCTBE
Cla, b] onpemensercs no ¢opmyse

plxy. xz)zr[na>](1x1(t)—x2(t)|, x;€Cla, b], x,eCla, b}
a, b

IMycTb
c=max | K(t, s)l, (57.30)
Q
TOorjga
| A(x1) (1) = A (x2) ()] = KafK(f, )} =x0]dr| <
<|Me(t—a)p(xy, x,). (57.31)

[TosTomy

(57.25)

A% (e ) (1) =47 (x2) ()]

AK(1, s)(A(x,)(s)—A(x;y)(s))ds

a

1
<|AJe fmax [ A(x;)(s)— A (x,)(s)l ds S
a [a,b] (
t

222 (r—a)?

<AZep(xy, .\';,_)J(.s‘—a)dt——"—z—p(,\’l, X3 )

a

a<st<b.
AHaJOTHYHO,
) . )\’nn —ay
A7) ()= A N Y p e ) <
<wp(,\'1,x2), n=1,2, ..

n!
BeibpaB #n Tak, uTOOBI

A (b —a)"

<1,
n!
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MOJIYYHM, 4TO JUIS 3TOrO n oToOpaxeHne A" OymeT CKUMAIOIIUM
oTobpaxenueM mpoctpanctBa Cla, b] B cebst, a mo3ITOMY
ypaBuenne Bombteppa (57.24) npu moboM A mMeeT, W TNPHUTOM
€IWHCTBEHHOE, HENPEPHIBHOE DelLlIeHHE.

Yupaxuenue 10. IlpuBectu npuMep Takoro oroOpaxeHus [ TOJHOrO

MCTPHYECKOTO TIPOCTPAHCTBA X B ces, Y KOTOPOro uis o0bIX ABYX TodYek x€X,
yeY somonnsercs yenoeue p(f(x), f(y))<p(x, y). HO HET HenoaBMXHON TOUKM.

57.5. NONOJHEHUE METPUYECKHUX NPOCTPAHCTB

ITonrble MeTpHYeckue MpocTpaHCTBA OJlaroaps HAJUYUIO y HUX
JOKa3aHHbIX BBbILIIE CBOMCTB WIPAaOT BAXHYIO POJIb B MAaTEMaTHKE.
IToaToMy BecbMa CyLUECTBEHHBIM $IBJSETCS TO OOCTOSTENILCTBO, YTO
BCSIKO€ METPHYECKOE IPOCTPAHCTBO COJAECPXKUTCH, Kak 3TO Oyner
CKa3aHO, B MOJIHOM METPHUYECKOM IPOCTPAHCTBE.

Onpenenenne 8. Mnoscecmeo A mempuueckoeo npocmpancmea X
Ha3b18aemcsa NAOMHBIM 8 npocmpancmee X, ecau 3amwvikanue A
mHOMcecmea A cosenadaem ¢ npocmpancmeom X:A=X.

Hanpumep, MHOXECTBO palUMOHAJBHBIX YHCEN IUIOTHO B MHO-
XECTBE [EHCTBUTEJILHBIX YHCEN.

OueBUAHO, YTO CBOMCTBO MHOXECTBa OBbITH IUIOTHBIM B APOCT-
PaHCTBE, COXPAHSAETCH MPH U3OMETPUUYECKUX OTOOPAXKEHHSAX ITOrO
NPOCTPAHCTRA.

Onpenenenne 9. IHoanoe mempuueckoe npocmpancmeo X* uasel-
gaemcs MNONOAHEHUEM Mempuuecko2o npocmpancmea X, ecau X
codeprcumca 6 X* u naomuo ¢ wnem:

XcX* X=X*

Hanpumep, MHOXECTBO JEHCTBUTENLHBIX YHUCEST ABJSETCS MOMOJI-
HEHHEM MHOXECTBA pPAalMOHAJIbHbIX YHCEJI.

OTMeTHM, YTO €CJIM METPHUYECKOE NPOCTPAHCTBO X' H3OMET-
puuHO mnpocTpaHcTBY X M X wuMeeT mnomnoJiHeHUe X*, TOo W
npoctpaHcTBo X' umeer nonosiHenue. YToObl yOeauThcss B 3TOM,
JOCTATOYHO TPOU3BECTH OTOXJECTBJAEHUE COOTBETCTBYIOUIUX TNPH
W30METPUYECKOM OTOOpaXEHHUH 3JIEMEHTOB TNpocTpaHcTB X' u X
(em. m. 57.1).

IToka’xkeM, uTO N BCSIKOTO HENOJIHOTO METPHUYECKOTO Mpo-
CTPAHCTBA CYIUECTBYET €TO TIONOJIHEHHE, T. €. TIOKAXeM, YTO BCAKOE
HEMOJIHOE METPHUUECKOE TIPOCTPAHCTBO SBASETCA IUIOTHBIM TOJI-
MHOXXECTBOM B HEKOTOPOM IIOJIHOM METPHYECKOM MPOCTPAHCTBE.

Teopema 4. [19 6cAK020 MeMPUUECKO20 APOCMPAHCIMBA CYWEC-
gyem e20 NONOAHeHue.

Jloka3zaTeabCcTBO.

I. KoHcTpykuus nonojHeHds X* 3aIaHHOTO MET-
puvYeckoro mnpocrtpancrsa X.

JBe nocnenosarensHocT {x,} u {y,} neMeHTOB nMpocTpaHCTBa
X Ha30BEM IKBUBAACHMIHBIMU, €CJIN
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lim p(x, y,)=0. (57.32)
n—aoc

DKBHBAJICHTHOCTL [IByX [oCjeqoBaTelbHOCTEH {x,} u {y,}
00o3Ha4aeTcs CUMBOJIOM {x,} ~ {y,}; oHa obynamaer cienyromIIMH
CBOUCTBAMH:

1°. Besikast 110C/IeI0BATENIBHOCTE {X,} 3KBHBAJIEHTHA caMa cebe:
(v (

1'\n} ~ 1xn}'

2°. Ecmu {x,} ~ {y,}, 10 {¥,} ~ {x,}.

o - 3 Il L

3 Boma {x,} ~ {y.}. a {3}~ {z.}, 10 {x,} ~{z,}.

Hac 6ynyt uHTEpecoBaTh TONBKO (pyHAAMEHTANLHBIE T10CIENO-
BaTEJILHOCTH npocTpaHcTBa X. UX MHOXecTBO pacnajaercs Ha
HETIEPECEKAIOLIHECS KJIACChI IKBHBAJECHTHBIX MEXIy coboil nocneno-
BaTesnbHOCTEH. O603HaUMM 3T Kjaaccwl wepe3 x*, y* z* ... a mx
COBOKYMHOCTb —4epe3 X*. Ecim ¢yHaaMeHTanbHAs TOCNENO0Ba-
TEABLHOCTH {X,} colepxurcs B Kjacce x*, To 6yaem, kak OOBIYHO,
JTO 3aNlKUCHLIBATL CleAylomUM obpasoM: {x,}  x*.

I[I. Onpenenenne paccrosuus p*(x* y*) B X*

Iycts {x,} u {y,} —mBe dyHaaMeHTabHBIE TOCNENOBATEND-
HOCTH MeTpHYeckoro mpoctpadctsa X. Torja uuciosas nocieqoba-
TENbHOCTh pP(X,, y,) Takxe GyHIameHTanbHA, T. €. YAOBIETBOPSET
yciosuto Ko (cM. m. 3.7). JIeHCTBUTENBHO, [UIsl IIOOBIX HOMEPOB
num

P(Xy V) <P(xn X))+ P (X i) + P )
OTKlea, B CPUIy CI/IMMCTpI/IH UHAOCKCOB n U m,
el v = (X V) <P X))+ P yw)  (57.33)

M3  ¢ynnaMedTaabHOCTH mocnenoBaTenbHocTed {x,} u {y,}
CHElYET, ¥TO s J060ro uncna & > 0 CylecTByeT Takoil HOMeD 7,
YTO AJIs BCEX HOMEPOB 1 > N, M m > 1, BHIIOJHAIOTCS HEPABEHCTBA

(X, xm)<§, (¥ ym)<§. (57.34)

U3 (57.33) u (57.34) anga n>n, 1 m>n, N0jay4aem

I p(xn' yn) - p(xnv ym)l <E&.

CrenoBatesbHO, 4HC0Bas MOCIENAOBATENBHOCTh  { p(x,, v,)}
ABJsETC (PyHIAMEHTAJIbHOW, T.e. ylOBJeTBOpsieT yciaoBuro Kouu,
MOITOMY CXOIUTCS.

Mycry {x,} € x* {y,} € y*. TonoxuM, 10 onpereneHuIo,

def
pr(x*, »¥)= limp(x, ). (57.35)

B cuny noxasanHoro, yxasaHHbIA nipenen cymectyeT. [Tokaxem,
4TO Tak onpefeneHHas QyHkuus p*(x*, y*) He 3aBHCUT OT BHIGOpa
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byHaaMeHTaIBHBIX NOCIEXOBATENBHOCTER {X,} = x* u {y,} = y* u
YAOBJETBOPSET aKCHOMAaM pacCTOSHHS.

Oycts {x,} € x*, {x,} €x* {y,} €y* {y.} =y* Torma
P(Xn ¥u) < P(Xs Xa) + P (Xn yu) + P i)
M TOTOMY
1P (X ¥a) = P(xn Pl < P60 xa) + P (3 3)-

B cumay OKBHUBAJEHTHOCTH TOC/EIOBaTenbHOCTEH {x,}, {x,} ©
COOTBETCTBEHHO {y,}, {y.}, monyunm (cm. (57.5))

lim p(x, x,) = lm(y, y.)=0

n—oC

W, CJIEAOBATEJILHO,

lim p(x,, y,) = lim p(x, y.)

n—»oC n—oaoc
IIl. [IlpoBepka akKCHOM paccCTOsHHsS mus p*(x* y¥).
HNycte {x,} € x*, {y,} € y* {z,} ez*
IIpexae Bcero Tak kak p(x,, y,) =0, n=1, 2, ..., To, nepeiins x
npejesy B 3TOM HEPABEHCTBE NPHU M — 00, COTJIACHO OIPE/IEJICHHIO

(57.35), noayunm p* (x*, y*) = 0.
Ecin p*(x*, »*) =0, To lim (x,, y,) =0, T. e. moceROBaTEND-

Hoctu {x,} ¥w {y,] OKBHBQJIEHTHBI, 4YTO O3HAYAET COBNAJCHUE
anemMeHTOB x* 1 p*:x* = p*. W3 paseHcrsa p(x,, ¥,) = p(Vn X,),
nepeiiis K mpejesy npd n—co, nouydum p*(x*, p¥) = p*(y*, x*), a
u3 HepaseHcTBa P(X,, ¥,) < p(x, z,)+ p(z, y,,) HOJTy9UM
* * * * - *
p*(x*, y¥) <p*(x*, )+ p*(e*, ).
Hrax, X* saBisercs METPHUYECKUM TNPOCTPAHCTBOM.

IV. [TocTpoenue NOONPOCTPAaHCTBA NPOCTPAHCTBA
X*, M30MEeTPMYHOrOo NPOCTpPAHCTBY X.

[Iycte x = X. CrauMoHapHas IOC/IEIOBATEILHOCTE X, = X,
n=1, 2, ..., oueBumHO, pyHmamentanabHasi. [locTaBUM B COOTBET-
CTBHE KaXIOMY X € X Touky x* & X* takyto, uro {x} € x*. Eciu
NpH YKa3aHHOM COOTBETCTBHM TOYKE X COOTBETCTBYET TOYKa x*, a
TOYKE py—TOYKa p*, TO, OYEBWAHO, NPU X # )y OyIeM HMeTb

x* # p*, upuueM p*(x*, y*) = lim p(x, y)=p(x, y), T. e. ykazanHoe

COOTBETCTBHE OCYIHECTBJISIET B3aUMHO O/JHO3HAYHOE H30MeETpHUeC-
KOE€ COOTBETCTBHE MEXJy NPOCTPAHCTBOM X M HEKOTOPbIM HOJ-
MHOXeCcTBOM X' mipocrpaHCTBa X*.

Touky x* npocrpaHcTBa X*, COOTBETCTBYIOIIYIO IIPH paccMart-
pPHUBAEMOM COOTBETCTBUM TOYKE X € X, MbI OyJeM IUIsi TPOCTOTHI
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00603HaYaTh TAKXe 4Yepe3 X, a NpocTpaHCcTBO X' — uepe3 X. Moxuo
CYHTATh, YTO Mbl MPOCTO OTOXAECTBHJIA COOTBETCTBYIOILME TOYKH
npocTpadcTB X 1 X' (CM. 3aMevaHHe Toc/e onpejesieHus 2). B atux
0003HAYECHUSAX HMEET H3OMETPHUHYECKOE BKJIFOUCHUE

X < X*.

V. loka3zatedbCcTBO MNJOTHOCTH X B X*

[Toxaxxem, 4TO Kaxkaash TOYKa x* mpocTpascTBa X * saBisercs
TOYKOH HNPHUKOCHOBEHHsT MHOxectBa X. [Ins 3TOro JocTratovyHo
nokasaTth, YTO IS 000U TOoukM x* & X* cyluecTByeT nocjeaosa-
TEJBHOCT X, X, n=1, 2, .., cxoasmascs K x*.

Mycts x* € X* u {x,} € x* x, <= X. Touky npocrpancta X*,
cofepxalnyro ¢yHIaMEHTAIbHYIO TOCIEA0BATEILHOCTh, BCE YJICHBI
KOTOpPOH paBHbI OJNHOK M TOH Xe€ Touke X,, OyJeM 00O03Ha4aTh,
COTJIACHO CACJTAaHHOMY BBIIIE COIJIALIEHHIO, TaKXKe 4Yepe3 X,
JlokaxeeM, 4TO MNOCIENOBATENLHOCTH {x,}, X, X* cxomutes X
Touke x* e X*.

B ¢dopmyne (57.35) paccrosiuust p* (x*, x,) BO3bMEM IJIsS TOYKH
X, € X* CTalHMOHApHYIO MOCNEAOBATENBHOCTD {X,, X,, ..., X,, ...}, @
JUIS TOYKH X* — NMaHHYIO MOC/EeN0BATENbHOCTD {X,}, B KOTOPOH s
ynobcTBa MHIEGKC 7 3aMEHHM Ha m: {x,} € x*. Torma

p* (x*, x,) = lim p(x,, x,).

Beibepem npoussosibHO € > (. M3 dyHOaMeHTaIBLHOCTH moOCIIe-
JIOBATEJILHOCTH {X,} CIIeyeT, YTO CYLIECTBYET TAKOH HOMEp #,, UTO
JUISL BCEX HOMEPOB 1 >n, U m > i, BBINOJHACTCS HEPABEHCTBO

p(x,, x,)< g

Ilepeiins B 3TOM HEPAaBEHCTBE K MNpEHENy NpPH M — o0, NOJYYHM

(¥, x)<:<e,

T. e. lim p* (x *, x,,)=0, 4YTO O3HAYaeT, 4YTo x* sBJIsieTCS TOUKOH

n—
IPUKOCHOBEHUS MHOXecTBa X. UHrtak, X = X*.
VI. loxa3aTeabCcTBO NOJHOTH mnpocTpaHctrBa X*.
IMycts {x}} — dyHmaMeHTaNbHAS 1OC/IENOBATENLHOCTL TOYEK
1
npocrpancTBa X*, x, e X u p*(x¥ x,)<- n=1, 2, .. . Takue
n

TOYKHM X, CYIIECTBYHOT B CHJIy IJioTHOoctTH X B X*.
IMocnenoBatensHocTs {Xx,} GyHAaMenranbHas. J{eHCTBUTENBHO,
3ameyasl, 4TO

P¥ (X, X,) < p*(x,. xF)+ p*(xE, xk)+ p*(xh x,) <
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1 % * £ 1
<; + P (x,,, Xm) + ;,

BbIOEpEM HOMeEp h, Tak, YTOOBI AJIsI BCEX HOMEPOB n > n, U m > A,
BBINOJIHSUIACh HEPAaBEHCTBA

- % € 1 e 1 €
z l<s <l
P (x"’ xm) < 3’ n 3 m 3
Torpa Ui YKasaHHBIX HOMEpPOB OyaeM HMeTh
g€ & ¢
P(Xn Xm) = P*(Xn Xp) < st3t3=% (57.36)

T. €. TOCIEeNOBATENbHOCTh {X,} — (QyHIaMeHTaIbHAS.
O003HauMM uepe3 x* KjlacC PKBUBAJICHTHBIX ITOCJIENOBATEILHOC-
Tel, KOTOPOMY TIPHHAJIEXHUT [OCIIEOBATENBHOCTD {X,}. OueBHAHO,

p*(x*, x¥) < p*(x*, x,) + p*(x, x¥)=p*(x* xn)+%.
Ho u3 (57.36) npu m—o0 U n>n, NOJIYYUM

p*(x*, x,)=lim p(x,. x,)<e.

n—aoc

CrenoBaTesIbHO,

lim p*(x*, x,)=0,

n—o0

Io3TOMYy H

lim p*(x*, x}¥)=0.
n—oo
Taxkum obpaszom, Mbl J10Ka3ajy, 4To JaHHas (yHOaMeHTajbHas
nOCJeI0BaTeNIbHOCTh  {x¥} cxomurcs B X*. IMonmora X* poka-
3ana. [J
3aMedaHHue. B nmpuMeHeHHHM K IPOCTPAHCTBY palMOHAIbHbLIX
yucen X'=( M0Ka3aTeJbCTBO TEOPeMbI 1 JaeT METOA TNOCTPOCHHUS
MHOXecTBa X*=R JeHCTBUTENLHBIX YHUCEN MCXOASl W3 MHOXECTBA
panMoOHAIBHBIX YHCEJL.

VYupaxuenue 11. [Joka3aTh, 4TO ¢ TOYHOCTBIO IO H3OMETPHYECKHX HPO-
CTPAHCTB MNONOJIHEHHE METPHUYECKOrO TIPOCTPAHCTBA €MHCTBEHHO.

57.6. KOMITAKTbI

I[lo amanmoruu co ciay4aeM EBKJIHUAOBBIX MNPOCTPAHCTB (CM.
onpeaeneuue 29 B n. 18.3) maaum clenyroiliee onpeAescHHUE.

Onpenenennte 10. Mruooecmso mempuueckozo RNPOCMPAHCcMEa
HA3bI8ACMCA KOMRAKIMOM, e€CAU U3 A060i ROCAed08AMEAbHOCHU €20
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MOYEK MONCHO 6blO€AUMb NOONOCACO08AMEALHOCHb, CXOOAWYIOCA K
e20 mouke.

SIcHO, YTO XOMIIAKT SBIAETCH 3aMKHYTHIM MHOXECTBOM B
Jr000M COAEpKAUIEM €ro METPUYeCKOM IpPOCTpaHct ke JlelcTBH-
TeJIbHO, ecnin Ec X, X — MeTpuueckoe NpOCTPAHCTBO, L KOMITAKT
U X— €ro TOYKA NPUKOCHOBEHHsI, TO CYIUCCTBYET TAKAS [OCIETOBA-

TeNBbHOCTh X, F, n=1, 2, ..., yro lim x,=x. CoryacHo omnpenee-

n—oG
HHUIO KOMIIAKTa, W3 3TOH I10CJIEJOBATEILHOCTH MOXHO BBIJICIUTD
CXOMMIYIOCS K HEKOTOPOM TOYKE KOMMakta E MOANOC/Ie 0BaTEb-
HOCTh. Tak kak 3TOH TOYKOH MOXET SABNATHCA TOJNBKO X, TO x= E.
OTO M O3Ha4aeT 3aMKHYTOCTh KoMmmakra E B mpocrpancrse X.
OueBHAHO TaKXke, YTO BCAKOE 3aMKHYTOE MOAMHOXECTBO KOM-
HaKTa SBIAETCS KOMHAKTOM.

Vupaxnenue 12. Jloka3aTe, 4TO [JBAa HENYCTHIX HENEPECEKAIOLIMXCH 3aMKHY-
THIX MHOXECTBA METPUYECKOTrO MPOCTPAHCTBA, U3 KOTOPHIX XOTH OBl OJHO ABNSETCH
KOMIIAKTOM, HAXOJATCA Ha TMOJIOKMTEIbHOM DACCTOSHMM (OMpeaesiuTe HOHATHE
PACCTOSAHMA MEXAY JBYMS MHOXECTBAMH METPHYECKOTO MPOCTPAHCTBA).

Onpenenenne 11. ITycme E-— noomuoscecmeo mempuuecko2o
npocmpancmea X u €>0. Muoxcecmeo A X naszvieaemca e-cemwvio
018 muoxmcecmsa E, ecau O0aa aioboi mouku xeE cywecmeyem
makaa mouka y<A, umo

p(x, y)<e.
Onpenenenne 12. Muoncecmeo E mempuueckozo npocmpancmea X
HA3bI6ACTNCS 6NOAHE 02PDAHUYEHHBIM, eCAU 044 He20 npu Aoom £>0 6
npocmpancmee X cyujecmeyem KOHEUHAA €-Cemb.

anamﬂeﬂue 13. Joka3ate, 4TO €Cj¥ MHOXECTBO BIIOJIHE OIrpaHuyCHO B
HECKOTOPOM METPHYCCKOM NMPOCTPAHCTBE, TO IJIA 3TOrO MHOXCCTBA IpH moboM £>0
CYIHECTBYCT KOHCYHAA €-CE€Th, COCTOSAUIAA TOJbKO H3 €ro Toyvek.

Jlerko yb6eanTbCs, 4TO BCSKOE BIOJIHE OTPAHWYEHHOE MHOXECTBO
ABJISETCS OTpaHMyYeHHbIM. [lelicTBHTENBHO, eciii E — BroJiHe orpa-
HMYCHHOE MHOXECTBO, TO JUIS HEro, HampuMmep npu e£=1, cyuie-
CTBYET KOHEYHas &-CeTb d,, d,, ..., d, I[l03TOMY, KakoBbl Obl HH

Obu TOYKM X, € E n x, = E, [UIsl HAX CyLIECTBYIOT TAKHE &, U a, ,
1 2
qT0

p(xy, a,)<l, p(x, a,)<l.
CrnenoBartesibHO,
p(x, V)<p(x, a,)+p (@, an)+p(a,, x;)<2+ , , Jnax np(a,-, a;)

u, TakuM obpasom, amamerp diam(E) muoxecrBa E He mpeBOCXO-

JUT KOHEYHOW Beywumubl 24+ max  p(a, a).
i,j=1, 2,..,n
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O6paTHOEC HEBEPHO: CYHIECTBYIOT OI'PAaHMYECHHBIE MHOXECTBA, He
SIBJISIFOLIIECS. BIIOJTHE OTpaHMYEHHBIMH.

IIpumep 1. PaccmoTpum muOX)ecTBO E Touek e,=(0, 0, ..., 0, 1,
0, ...) rubbepToBa npoctpaHcTBa /, (cM. mpumep 6 B 1. 57.1), T. e.

ox€x
TOUEK (X{, ..., X, ...), Y. Xa <+ 00, ¥ KOTOPBIX H-5l KOOPAMHATA PaBHA
n=1

CHUHULIC, 4 BCC OCTAJIbHBIC PABHBI HYJRO. O‘ICBI/II[HO,

plen em)=+/2, n#m, n, m=1, 2, .., (57.37)
U, TakuM obpasom, diam (E)=\/§ H, CJIEZIOBATENLHO, MHOXKECTBO E

OTpaHUYEHO.
BMmecte ¢ Tem u3 BeinoJiHeHus yciaoBus (57.37) ciaemyert, 4yTo s
MHOXeCTBA E HET KOHEYHON €-CeTHM HHM TIpH KAKOM E!

0<a<§. (57.38)

B camom fierte, ecim Obl HAILIACH TaKasi &-CeThb: A=1{dy, G,, ..., A},
TO Ui KaxJoro e, n=1, 2, .., Hamencss Obl TAKOH 3JIEMEHT q;

~ n
3TOH €-CeTH, 9YTO

plen, a;)<e.
Tax KaK YHCJIO JIEMEHTOB £-CETH A KOHEYHO, & YHCIIO 3IEMEHTOB MHO-
kecTBa E OGECKOHEYHO, TO HAWAETCS HOMED iy, U1 KOTOPOTO Cylle-
CTBYIOT TIO KPaiHeil Mepe 1Ba TAKMX PA3JIMUHBIX JIEMEHTA €, H €,,, YTO

plen a)<e, plem, a)<e.
[TosTomy

Plew em<plen ) +p(a, en)<2e < /2,

a 3TO NpPOTHUBOpPEUUT paBeHCTBY (57.37).

OTMeTHM, 4YTO M3 9JIEMEHTOB MHOXecTBa FE={e,} Hesub3s
COCTaBUTh HHUKAKOH (PyHIAMEHTANBLHON MOCNENOBATEILHOCTH, KPOME
CTAllMOHAPHBIX C HEKOTOPOro HOMepa. IDTO Cpa3y CleAyeT u3
BBINOJIHEHUS paBeHcTBa (57.37). TloaToMy mocnenoBatenbHOCTD {€,}
HE COAECPXKHUT CXOASHIMXCS TOANOCIeNOBaTeNbHOCTEH (Tak Kak
BCSIKAsl CXOMAMIIASCS MOCJEI0BATE/LHOCTh (yHIAMEHTasbHAS) W,
CJIEIOBATEJIbHO, MHOXECTBO E HE SBJISETCS KOMIAKTOM.

Bmecte ¢ TeM MHOXecTBO E TmpencTaBisieT co0OH 3aMKHYTOE
MHOXECTBO: €CJIM Obl HalllJIaCh KaKas-JIMOO TO4YKAa MPUKOCHOBEHUS X
MHOXecTBa £E, He comepkalascs B HEM, TO Halulach Obl
NOCJIEAOBATEABHOCTb, COCTOSIIAS U3 PA3JIMYHBIX TOYEK MHOXECTBA
E={e,} ¥ cxomsmascs K TOYKe x. OTa NOCIECAOBATEIBHOCTb OblLiIa
Obl (QyHAAMEHTAJILHOH, YTO NPOTHBOPEYMT CKA3aHHOMY BEIIIIE.

Wrak, MHOXecTBO E={e,} sIB/ISETCS OrPAaHMYCHHBIM 3aMKHYTBIM
MHOXECTBOM, KOTOPOE He €CTh KOMIIAKT. DTOT NMPUMEp MOKA3bIBAET,

122



YTO TEOpEMa O TOM, UYTO B KOHEYHOMEPHOM TMpOCTpaHcTe R”
CBOMCTBO MHOXECTBA OBLITH KOMIAKTOM PaBHOCWJILHO OTpaHUYCH-
HOCTH M 3aMKHYTOCTH MHOXecTBa (cM. Teopemy 3 B m. 18.3), He
pMeeT NpsIMOTO aHajiora B CJydyae MPOU3BOJBHBIX METPUUYECKUX
npoctpancTB. Kpome Toro, 3tor mpumep nokasbiBaeT, YTO THJib-
O6epTOBO MNPOCTPAHCTBO [/, HE H3OMETPUYHO HHMKAKOMY KOHEYHO-
MEPHOMY IMPOCTPAHCTBY, TaK KAaK B MOCJECAHEM U3 OTPAHMYCHHOCTH
U 3aMKHYTOCTH MHOXECTBA CJICAYET, YTO OHO SIBJISICTCS KOMMOAKTOM.

I[TpuMepoM BIOJIHE OrpaHUYEHHBIX MHOXECTB SBIISIFOTCS BCE
KOHEYHBbIC TIOAMHOXECTBA METPHYECKHMX NPOCTPAHCTB, a TAKXKE BCE
OTPaHUYEHHBIE MHOXECTBA B KOHEYHOMEPHBIX €BKJIMAOBBIX IpPO-
CTPAHCTBAX.

Vnpaxuenne 14. JlokasaTb, YTO BCAKOE OrpaHH4eHHOE B R" MHOXECTBO
ABJIAETCS W BIIOJIHE OTrPAHUYCHHBIM.

HeTpuBHabHBIM PUMEPOM BIIOJIHE OTPAHWICHHOTO MHOXECTBA
B OECKOHEYHOMEPHOM TMPOCTPAHCTBE SIBJIIETCA TAK HA3bIBAEMbIH
THJIBOEPTOB KHPIHY.

TIpumep 2. MuoxecTBo Q* TOYek X=(x,, ..., X,, ...) THIBOEPTOBA
NPOCTPaHCTBA /,, KOOPAMHATHl KOTOPBIX YIOBIETBOPSIOT YCJIOBHUIO

Ix, 1<) n=1, 2, ., (57.39)
n

Ha3bIBAETCS 2UAbOEPMOBLIM KUPRUUOM.

MNuorna runp6epTOBBIM KUPHUYOM HA3BIBAIOT MHOXECTBO TaKHX
TOYEK X=(X;, .., X,, ..)€/l,, Ul KOOPAMHAT KOTOPBIX BBIIOJI-
1
E;:
KMpNKYa JJIMHA B /1Ba pa3a OoJibllie HIMPHHEI, a IUHPHHA B [IBa pasa
OoJplle TOJMIIMHBL. Mbl OynemM mupuaepxkuBaTbes yciaosus (57.39).

HokaxeMm, uYTO TrwibbepToB Kupnud Q% SABJIAETCA BIIOJIHE
OTrpaHNYEHHBIM MHOXecTBOM. KakoBo 6b1 HH ObUIO €>0, BEIOEpEM M

TaK, 4YTOOLI
)
Z ;%% (57.40)

m=n+1

HSIOTCSl HEPAaBEHCTBA | X, |<=, n=1, 2, ..., IOCKOJbKY Y OOBIYHOIO

H 0003HaYUM uepe3 Q" N-MEpHBIH NapaieSIenune, SBAAIOUHHCS
npoekuuelt runpbeproBa xupnuya Q* B R”, wHave rosops, Q" — 310
MHOXECTBO TeX ToueK (', y KOTOPBIX BCE KOOP/JMHATHI HAYMHASA C
(n+1)-it paBubl Hymo: x=(x{, .., X, .., 0,.). MHoxecrBo Q"

€
OI'paHHYCHO B R" u MNO3TOMY Y HETO HMEETCA KOHCHHAas E-CeTbi

A={a,, a,, ..., a;}. BbiGepeM IPOU3BOIBHO TOUKY X =(Xy, ..., X,, 2‘6
€Q® u obo3HauuM uepe3 x™ ee NMpoeKUMIO B MPOCTPAaHCTBO R™:

123



XW=(xy, oy X, 0, ., 0, ) (57.41)
. (n) noT - ¢ -
Taxk kak x'"= Q" TO JJig Hee CYLIECTBYET TaKasd TOYKaA a; 5 ~ceTH
A, uto
p(x™, a)<:. (57.42)

a Torjaa

Y (X, ai)s p (X, x("))+ p (x(ﬂ)’ a) <

(57.41)
(57.42)
haa € o 1 €
< Z x,%, + ; < — + 5 < &,
m=n+1 <(57.39) Y m=n+1 M (57.40)

T. €. MHOXECTBO A SBJSIETCS €-CETHIO M Ul THIBOEPTOBA KUPNMYA.

Hetpynno ybOeauThcs, 4TO H3 TOFO, 4YTO TWILOEPTOB KHp-
MY 3aJaeTcd HecTporuMu HepaBeHcTBamu  (57.39), cuenyer,
4TO OH SIBJISETCH 3aMKHYTHIM MHOXECTBOM. TakuM oOpa3om,
OH TpENCTAaBJsieT COOOM 3aMKHYTOE€ BIIOJIHE OrPaHUYEHHOE MHO-
KECTBO.

Jlemma 5. Muoocecmeo enoane oepanuueno moz20a u moabKo
mo2oa, Ko20a Kaucoas ROCACO08AMEALHOCb IN020 MHOMCECBd
codepacum PYHOAMEHMAALHYIO ROONOCAeO08QIMEALHOCHIb.

HoxaszatenncTtBo. 1) Ilyctb E-—BrosHe OrpaHH4YEHHOE
NIOJIMHOXKECTBO METPHYECKOTO NpocTpaHcTBa X W 3a/aHa MOCJeao-
BaTeNIbHOCTL X, € E, n=1, 2, .... 3adbuxcupyeM npousBosibHO €>0;

€ .
JUlsl HETO CYNIECTBYET > -CeTh A={ay, .., a}, X, i=1, 2, .., k,

. &
mHoxectBa E. CorjiacHo ONpEeaCICHHIO E-CGTI/I, HMEET MECTO

BKJIFOYCHHEC

k £
EcJU(a;, 5).
i=1

“ € «

[losToMy HailimeTcs Takas TodYKa d;, B 5"OKPECTHOCTH  KOTOPOf

COEPXKUTCA GECKOHEYHO MHOTO 4JIEHOB MOCIENOBATENBHOCTH {X,},
&

TOT/Ia CYNIECTBYET M MOMMNOCHEAOBATENbHOCT X, < Ula;, ;), m=1,
m F4

2, ..., IS Hee

p(xn » Xp )<p(xn 4 ai)+p(ai' Xn )< +

my mz ny my

s
Mo
I
m
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T. €. JAAAMETPp MHOXECTBA 3HAYCHUH MOCJIeA0BATEJLHOCTH HE
NpEBBINIACT E.

Bo3bMmem TENEPhL e=1 WM U3 3aJaHHOW TNOCJEAOBATENLHOCTH
BBLIENIUM NOANOCIICA0BATCIILHOCTD

X1t X125 eoes Xim eves (57.43)

AMaMETP MHOXECTBA 3HAYCHHH KOTOPOH HE mpeBbiuaeT | (3mecnp
Xyp=X, B CMBbICJE NpEIbIAYLICH 3armcn) W3 nocnepopatensnocTH
(57.43) "BBIAENMM MONOCIEAOBATEbHOCTD

le, “YZZ’ ey me, caey
” " 1
AXaAMETP MHOXECTBa 3HAYCHHUU KOTOPOHW HH INPEBLILIACT 7 ﬂpo-

JoJikas 3TOT MpoLEecC, MOJYYHM MOC/IEAOBATENLHOCTD
Xp1s Xp2s s Xpmo v P=1, 2, .,

o o 1
ANAMETP MHOXCCTBA 3HAYCHHUHU KOTOPOM HE MNPEBBIMIACT —, U T. M.
r

CocTaBMM JMAaroHaJIbHYIO TIOCJIENOBATEIbHOCTD
Xits X325 ey Xppms oo - (57.44)

B cuny cBoero mnocrpoeHusi, OHa SBJSETCS MNOANOCIEIOBATEND-
HOCTBIO KaX[OH M3 NOCTPOEHHBIX BBIIIE TOCJIEI0BATENLHOCTEMH,
[TosToMy, kakoBo Obl HM OblIO € >0, BBIOpaB m, Tak, 4TOOBI

I
— < g, TIOJIYYHM, “lTO 1A JIOOBIX my>mgy U m, >m; BBINOJHACTCA
ng

HEPABEHCTBO

1
<— < €,

p(“\‘mlml' mzmz) m

T. €. J0CJeNOBaTeNbHOCTE (57.44) (byﬂnaMeHTaanaﬂ.

2) Ilycre MHOXecTBO E METPHYECKOTO MNpoCTpaHCTBa X HE
BIIOJIHE OrPAHMYEHO. DTO O3HAYAET, YTO CYIIECTBYET Takoe & >0,
4YTO ISt MHOXECTBA E B NpocTpaHCTBe X He CYIIECTBYET KOHEUHOM
e-ceTu. BeibepeM npousBosibhO TOUKY X, € E. [lo npeanoyioxenuo,
oHa He obpasyer mis MHoxectBa E g-cetu. [Tostomy cyuiecTByer
Takas Touka X, € E, 4ro p(x,, x,)> ¢. Ilycts B MHOXecTBe E yxe
BbIOPAHbI Taxne TOYKM X;, Xj, .., X, HTO p(x, )>s i#), i,

j=1,2, ..., n. Tax kKak MHOXECTBO 3THX TO4EK HE ABNISETCS £-CETHIO
;um MHOXECTBA E, To B HeM cymuecTByeT Takas TOuKa (0603HaUMM
ee X,.q), uTOo p(x;, x,.,)=>¢, i=1, 2, .., n. Ilponomkas 3ToT
npouecc, NoJay4YuMm ﬂOCJlCI[OBdTCJH;HOCTb TakKux Touek x, € F, n=1,
2, .., ut0 p(x, x,)=¢ n#m,n m=1, 2, ... SlcHo, uTO 3Ta
NOCJIEAOBATEILHOCTDh HE COAEPXKHUT (PYyHAAMEHTANLHOM NOANOCIENO-
BaTeabHOCTH, []

Jlemma 6. [loanoe enoane oepanuuennoe nNoOMHONCECEO Me-
MPUYECKO20 NPOCMPAHCINGA ABAACMCA KOMAAKMOM.
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HoxazarenncTBO. Ecnmu noaMHOXecTBO E  METPHYECKOTO
MPOCTPAHCTBA BMOJIHE OTPAHUYEHO U NOJHO (OYAYUd NOIMHOXKECT-
BOM METPHYECKOTO MPOCTPAHCTBA, OHO CAMO SIBJISIETCA METpPHYEC-
KHM MOPOCTPAHCTBOM, K KOTOPOMY 3/IeCh M NPUMEHSETCS TOHSATHE
MIOJTHOTBI, CM. onpenesienne 5 B n. 57.2), TO U3 BCSAKOM NMOCIET0BA-
TEJIBHOCTH €ro TOYEK, B CHIIy €r0 BIOJIHE OTPAHHYCHHOCTH, MOXHO
BBIIEJIUTE (DyHAAMEHTANbHYIO TIOMIIOCIEAOBATENBLHOCTE (JieMMa S),
a Bcsikas ero (pyHAaMeHTalbHas MOCIeAOBaTENbHOCTh, B CHJY €ro
HOJIHOTBI, CXOQUTCSl K HEKOTOPOH €ro TOYKE, T. €. MHOXKECTBO F
AIBJIIETC KOMIAKTOM. [

Teopema 5. Mempuueckoe npocmpancmeo A64AAeMCA KOMRAK-
mMoM mo20a U MoabKo mo2da, K020a OHO 6HOAHE 02PAHUUEHO U NOAHO.

CHCHCTBHC. Komnaxm seagemca O02PAHUYCHHBIM MHOMNCECCINBOM
8 M000M Ccodepiauiem €20 MEmPUYecKkoM NPOCIPAHCMEe.

JokazatenbcTBO. Ecnum MeTpuueckoe MNpPOCTPAHCTBO X
SBJASETCA KOMITAKTOM, TO, KakoBa Obl HM ObLIa QyHIaMEHTajbHas
TOCJIE/IOBATENBHOCTD {x} ero TOYeK, M3 Hee, KaKk u BOooOuE u3
BCSIKOM TOCJIEAOBATEILHOCTH KOMIIAKTA, MOXHO BBIICIHTHL CXOJs-
LIyrocst nojmocieaosareabuocts. K mpenesty 1ol noamnocienosa-
TEJILHOCTH OY/CT CXOMMTHCS U BCS MOCTE0BATENBHOCTD {X,} B cuity
cBoel ¢yngaMeHTaJpbHOCTH. Tem caMbiM JI0Ka3aHO, YTO B MpO-
crpancTBe X cxoautcst Jirodas (yHAAMEHTANbHAs MOCIEIOBATE/b-
HOCTb, T. €. YTO OHO SIBJISIETCS TOJIHBIM METPHYCCKUM TPOCTpaH-
CTBOM.

Janee, Tak Kak BCsAKasi IOCJIEJ0BATEILHOCTh TOUYEK KOMIAKTa X CO-
JEPKHT CXOISLIYIOCS, a CIEA0BATEILHO, H PYH/IAMEHTANBHYFO OO~
CJIE/IOBATENbHOCTD, TO, O JIEMME 5, KOMNAKT X BNOJIHE OTPAHUYEH.

OO6paTHOE yTBEpXAEHHE SIBJISIETCS YACTHBIM CIIy4aeM JIEMMBI 6,
KOrja MOJAMHOXECTBO METPHUYECKOTO TNPOCTPAHCTBA COBHANAET CO
BCEM MPOCTPAHCTBOM.

CrneacTBue BBITEKAET U3 TOTO, YTO BCSIKOE BIIOJIHE orpaHuquHoe
MHOXECTBO SIBJISIETCSI OTPAaHW4YEHHBIM.

Teopema 6. [i1a moeo umobbl NOOMHONCECMBO NOAHO20
MEMPUYCCKO20 NPOCMPAHCMEA  ObLA0 KOMRAKMOM, HeoOX00umMo u
00CMamouHo, Ymobsl OHO ObILAO 3AMKHYMBIM U 8ROAHE 02PAHUYEHHBIM.

JdoxazatenbcTBO. [JleHCTBUTEILHO, 3aMKHYTOE MOIMHOXE-
CTBO MOJIHOIO NPOCTPAHCTBA TAKXKE SBJISETCH IMOJHBLIM MeTpude-
CKMM NpoCcTpaHCTBOM. Il03TOMYy [AOCTaTOYHOCTH VCJAOBHS 3aMK-
HYTOCTH W BHOJIHE OTPAHHYCHHOCTH MOJAMHOXECTBA IOJIHOTO
METPUYECKOTO INPOCTPAHCTBA [JIs TOFO, 4YTOOBI OHO SBJISJIOCH
KOMINAKTOM, cpa3y CJeIyeT H3 TeopeMbl 3.

HaobopoT, eciin moAMHOXECTBO IOJHOTO METPHUYECKOrO IIpo-
CTPAaHCTBA SBJISIETCS KOMMNAKTOM, TO OHO 3aMKHYTO B 3TOM
IPOCTPAHCTBE, TaKk KakK (3TO ObLIO MOKAa3aHO BHIIE, CPa3y MOCIE
onpenenenuss 10) oHO 3aMKHYTO B JIOOOM COMEpXallleM €ro
METPUYECKOM TpocTpaHCTBe. Kpome Toro, U3 Toit Ke TeopeMbl 5
ClleQyeT, YTO OHO M BIIOJIHE OrpaHuyveHo. [
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Teopema 6 sBnsercs oboOmmeHuem TeopeMbl 3 u3 1. 18.3: B
KPUTEPUH KOMIAKTHOCTH MOAMHOMXECTBA HPOU3BOJILHOTO MOJIHOTO
METPHUYECKOTO YCIOBHE OrPAHHYEHHOCTH 3TOr0 MOJAMHOXECTBA,
MMeBIlleE MeCTO IpH X =R", 3aMEHSCTCA YCJIOBHEM BIOJIHE
OTpaHUYEHHOCTH.

ITpumep 3. I'unwpbeproB kupnuu Q* (cM. mpumep 2) sBisieTCs
KOMIAakToOM. [[eWCTBUTENILHO, THIBOEPTOBO NMPOCTPAHCTBO [/, SABJISA-
€TCs HOJIHBIM (CM. TpuMep B 1. 57.2), a Bbillle OBLIO NOKA3aHO, YTO
MHOX€ECTBO ()% BIIOJIHE OrPAHUYEHO U 3aMKHYTO (CM. mIpumep 2),
TO3TOMY TO, 4TO OHO SBJISIETCS KOMIIAKTOM, Cpasy CleAyeTr u3
TEOpeMbI 6.

Onpenenenne 13. Mempuueckoe npocmpancmeo wazvigaemcs
cenapabeabHbiM, ecAu OHO COOePHCUM CUemHoe RAomHoe 6 cebe
MHONCECHEBO.

Teopema 7. Komnakm seasemca cenapabeabHolm mempuuecKum
nPOCMPAnCMEoM.

. 1
HoxazartenbcTBo. [lycTth 4, < X sBsIeTCS KOHEYHOM —-CETBIO
‘ n

koMmmakta X, n=1, 2, .., u
A=) A4,. (57.45)

Torga MHOXECTBO A Kak CYeTHAss CyMMa KOHEYHBIX MHOXECTB
SIBJISICTCSt CYETHBIM MHOXECTBOM. OueBUIHO A TIpeACTABIISET COOOM H
BCIOAY ILUIOTHOE B X MHOXeCTBO. B caMoM feJie, kakosa Obl HH Obla

1
TOYKa X € X ¥ 4yMCo € >0, BeIOpaB 7 Tak, YTOOB - <&, H TOUKY a< A,
n
1
Tak, 4T00bl p(x, a)<- (BOSMOXHOCTh TaKOTro BIGOpA ClEAYET H3
n

]
onpeseseHns ;-cem), nonyunm p(x, a)<e, rae asA. O

Ecau  E—noommnoncecmso Hekomopozo muoxcecmeéa X, mo
écaxkaa cucmema mroxcecmg E,c X, o € W (A — nexomopoe muo-
HCECMB0 UHOEKCO8 O) makas, umo

Ec U E,
asA
Hasvieaemca nokpvimuem mHoxncecmsa E.

Ecin nokpeitue {E,} MHOXecTBa X COCTOMT W3 KOHEYHO-
ro, COOTBETCTBEHHO CYETHOIO, MHOXECTBAa MHOXecTB E,, TO
OHO HA3LIBAETCH KOHEUHbIM, COOTBETCTBEHHO CUCHMHBIM, HNO-
Kpbimuem. '

Jlemma 7. H3 ecaxozo nokpeimus cenapabevhozo mempuyec-
K020 NPOCMPAHCIMEA OMKPLIMBIMU MHONCECMBAMU MONCHO 8blOCAUNTD
CYemHoe HNoKpbimue.
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HokaszartensctBo. Ilycts {G,} — nokpeITHE cenapaberbHOTO
METPUYECKOTO MpOCTpaHCTBA X OTKPBITBIMA MHOXecTBamMu G,
aeN, {a,} —cueTHOE BCIOAY IUIOTHOE B NMPOCTPAHCTBE X MHOXe-
CTBO ¥ {r,}—KakuM-1ub0 0Opa3oM 3aHyMEPOBAHHOE MHOXECTBO
BCEX panMOHANbHBIX duced. Tak kak {G,} — NOKpbITHE NPOCTpaH-
ctBa X, TO 1A Jr0OOM TOYKHM x& X CYHIECTBYET COAEpXKAIIEE €
MHOXecTBO G,={G,}:xeG, W3 orkpeiToctn MHOXecTBa G, Cle-
JIyeT CyllecTBOBaHHE Takoro o6>0, 4To

U(x, 8)<G, (57.46)

B cmty miloTHOCTH MHOXeCTBa {a,} B POCTpaHCTBe X, HaimeTcs
Takoe H, HTO

)
p(x, a,,)<§.

Boibepem kakxoe-nmubo palMoHaIBLHOE YHCIO F, TakK, 4YTOOBI

p(x. a,,)<rm<g, (57.47)
TOr/a
Ula, rm<G,
B camom nene, eciau
yeU(a, 1) (57.48)
TO
ply, x)<ply, a)+pla, x) < r,+r, < 8§,
g;ig (57.47)
T. €

yelU(x, 8) = G,
(47.46)
TakuM 00pa3oM, Kaxaoll Touke x&X U Kak/JOMy TaKOMy
MHOXeCTBY G, {G,}, 4T0 x=G,, COOTBETCTBYET Napa HATYPAIbHBIX
apcen (m, n), IS KOTOPOI

x e Ula, r,)<G, (57.49)
(57.47)

BoiGepem Juist Kax ol u3 ykasaHHbIX okpectHocteit U(a,, r,,) 1o
OOHOMY CoOAepXkalneMy ee MHoxecTBy G, W obozHauum ero G,
(cpenu MHOXecTB G, C pa3sHbBIMH MHJIEKCAMH MOIYT OKa3aThbCs
MHOXecTBa G, C OJAMHAKOBBLIMHM MHJIGKCAMH, B TaKOM cCiy4dae
BbIOepeM omHo u3 Hux). Cucrema {G,,! cueTHas, sBiseTCs
MOJCHCTEMOM JaHHOW cHcTeMbl {G,} M, B CWIy COOTHOILCHHS
(57.49), ob6pazyer mokpeiTHe mpocTpancTsa X. [

Jiemma 8. B xomnaxkme a1006asa nociedo8ameAbHOCHb HeNycmulx
3AMKHYMBIX MHOMCECME, NOCACOO8AMEABHO 8A0MCEHHBIX OpYe 6 Opyeaa,
umeem Henycmoe nepecedeHue.
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HokasarenbctBo. Ilyctb X—komnaktr u {F,} — rakas
TIOCNIEIOBATENBHOCTD €0 3aMKHYTBIX MHOXECTB, 4TO

FioF,o.oF>.. (57.50)
Boibepem B kaxaom F, MO TOUKE X,:
x,eF,. (57.51)

N3 Toro, 4to X — KOMMAKT, CIEAYET, YTO MOCIEHOBATENBHOCTD
{X,} COmEPXHT CXOMfLIYIOCS NOANOCNEAOBATENBHOCTE {X,, }:

lim x, =x.
k
k—w

Hna moboro k=1, 2, ..., B cuiy ycnosui (57.50) u (57.51), Bee
YJIEHBl T0CJIC/IOBATEIbHOCTH {xnk, Xny s o ..} TIPHHAJJIEXAT MHOXeE-
CTBY F,,k, a TAaK KaK 3Ta NOCJEeJOBATENBHOCTb CXOAUTCH K X H
F, —3aMKHYTO€ MHOXECTBO, TO xeF,,k npu JoboM n, T. €.

"k
o
= .
* kD1F"k
Ho, B cuny ycuosus (57.50), UMeeT MeCTO PaBEHCTBO

kol Fn,= nQI Foe

e o]
u, cnegoparesbHo, x< (| F,. O
n=1}

Jlemma 9. ITycmv X — mempuueckoe npocmpancmso u (G},

n=1, 2, ...,—e20 cuemnoe NOKpvlmue OMKPbINbIMU MHONCECBAMU.
X=JG, (57.52)
© on=1
Honoxncum
def p
Gr= UG (57.53)
k=1
F,=X\G%, (57.54)
moz2oa {G*¥} Gyoem omkpeimvim noKpeimuem npocmpancmed X:
X=1) G, (57.55)
n=1

MHOMcecmea G¥ 0yoym  nOCAe008AMEAbHO CO0CPHCAnbCA  Opye 6
opyee:

G¥cG¥c...cG¥fcG}, ..., (57.56)

F, 0y0ym 3amMKHYMbIMU MHONCECMEAMU, ROCACOOBAMEABHO BAOMNCCH-
HbIMU Opye 6 opyea:

F oF,o.oF,oF,,,>.., (57.57)
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npudem ux nepecedexue nycmo:
(\F.=3. (57.58)
n=1

CanenctBue 1. Ecau 6 mempuueckom npocmparcmee nepece-
yeHue M0OOU NOCAEO06AMEALHOCU HENYCMbIX 3AMKHYMbIX MHO-
acecme, HOCACO0BAMEALHO BAONCEHHBIX Opy2 8 Opy2a, He Nycmo, mo
U3 06020 CUEMHO020 NOKPLINMUA IMO20 NPOCMPAHCIMEA OMKDPbIMbIMU
MHONCECINBAMU MOJMCHO 8bIOCAUMb KOHEYHOe NOKpbimue.

Cnencreue 2. Eciu 8 cenapabeibHom Mempuueckom npo-
cmpancmee  nepeceueHue  AO0U  NOCAeO08AMEABHOCMU  HENYCMblX
3AMKHYMBIX MHONCECME, NOCACO08AMEAbHO 8AONCEHHBIX OpY2 6 Opyea,
He HNycmo, mo u3 Al06020 NOKPLIMUA IMO20 NPOCMPAHCIMEA
OMKDbIMbIMU MHOHCECINEAMU MONCHO 8bIOEAUMb KOHEYHOE ROKPbImue.

HoxaszatenbcTBo. MHOXecTBa G (cM. (57.53)) sBisirorcs
OTKPBITBIMH MHOXECTBAMH, Tak Kak OHHM MPeACTaBlIsiioT coOoi
CYMMY KOHEUHOW COBOKYMHOCTH OTKPBITBIX MHOXecTB G, G,, ...

, G,. IlosTromy u3 dopmyanl (57.54) cienyer, yro MHOxecTBa F,
SBJISIFOTCS  3aMKHYTBIMU. M3  dopmyn (57.53) cuemyror Taxxke
COOTHOIIEHHE

Cs

ét - U Ue

n=1 (5§57.53) n=1 k=1 n

G, = X
1 (57.52)

(310 O3Hauaer, YTo chUcTeMa {G%} o6pa3yeT MOKPHITHE TMPOCTPaH-
crBa X) u Bkmouenus (57.56). U3 onpenenenuss MHOXecTB F, (cM.

(57.54)) u BJ‘IO)KCHI/IH (57 56) cneny}or BrJroueHus (57.57). HaKOHeu,

(\F, = ﬂ(X\G*) X\ U Gy = X\X=g. O
n=1 (57.54) n=1 n=1  (57.55)
HoxaszarenbctBo cueacrBus 1. Ecm {G,} —cuerHoe
NOKPBITHE MPOCTPAaHCTBA X OTKPBITHIMM MHOXECTBAMHU H TIepeceye-
HUe JII00OH MOCHEeI0BATENBHOCTH HEMYCThIX 3aMKHYTBIX MHOXECTB,
NOCJIETOBATENbHO BJIOXKEHHBIX [JPyr B JApyra, HE MYycTo, TO
paBeHcTBO (57.58) BO3MOXHO TOJBKO B TOM Cliy4ae, €CIH Cylue-
CTByeT TAKOH HOMEp n=n , 4YTO MHOXECTBO F, sBiseTCS HYCTbIM
=f. B cuny dopmyn (57 54) at10 03HaqaeT yto X=GJ} ",

'-ITO

X= U G,

TaxuMm obpa3om, Jiroboe cyeTHOE MOKpBITHE {G,} NPOCTPAHCTBA
X comepxut xoneunoe {G,, G,, .., G,

HdoxazaTtenbcTBO ciueacTBUs 2. Eciu MeTpuyeckoe mpo-
CTPAaHCTBO cenapabesibHO, TO U3 JIFOOOro ero HOKPHITHS OTKPbITHIMA
MHOXECTBAMH MOXHO, COIJIACHO JieMMe 7, BBLACIHTH CYETHOE
HOKPBITHE, 4 W3 HEro Mo CJeACTBUIO | -— KOoHeuHOe. [
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Teopema 8. [Jisa moeo umodbl mempuyeckoe npoCmpaHcmeo
ObLIO KOMRAKMOM, HEOOX00UMO U 0OCHAMOYHO, YIODbL U3 4100020
€20 NOKPbIMUA OMKDOIMBIMU MHONCOCBAMU MONCHO ObLIO 6bl0€AUNTb
KOHCYHOE HNOKpbimue.

HoxaszaTtensctBo. HeobxomumMocTh cpaly cleiyer U3 Teo-
peMbl 7, neMMbl 8§ W caeactBus 2 JeMmmbl 9. JlokaxkeMm HocTaTou-
HOCTb.

[lycts u3 m000ro HOKpPBITHS METPUYECKOTO HPOCTPAaHCTBa X
OTKPBITBIMU MHOXECTBAMH MOXHO BbIICIMTL KOHEUHOE I1IOKPBITHE.
HonyctuMm, uto X He SIBISETCS KOMIAKTOM, T. €. 4YTO CYLIECTBYET
NocieIoBaTeNbHOCT X, €X, n=1, 2, .., U3 KOTOpPOH HEIb3H
BBLIEJHTDh CXOASILYIOCS IMOANOCAe0BATENbHOCTE. Ce10BaTeNbLHO,
KakoBa Obl HM OblJa TOYKA X&JX, OHa HE SIBJIIETCS YAaCTHUYHBIM
Npe/iesioM TIOC/IeI0BAaTeIbHOCTH {X,}. [lo3TOMy y KXakaol ToUKH
xe X Hailpetcs okpecTHOCTh (00o03HauuM ee uepe3 G, ), comepxa-
ulas JiMlb KOHEYHOE MHOXECTBO 3JIEMEHTOB [OCJIEAOBATENILHOCTH
{x,}. Takum obpa3oM, kaxaast Toyka x € X NPHHAUIEKUAT COOTBET-
CTBYIOILIEMY OTKpBITOMY MHOXecTBY G,, & 3TO O3Ha4aer, UTO
cucTteMa Bcex MHOXecTB G, 00pa3yeT HOKpbITHE NMPOCTPaHCTBA X:

U G.=x.
xeX

CornacHo NpeanoyioKEHUI0, U3 ITOTO NMOKPHITHSE MOXHO BblIE-
JUTH KOHEYHOE NOoKpbITUE npocTpaHcTBa X. IlycTh ero oOpasyror
MHOXECTBa

G., G., .., G,. (57.59)
1 2 n

Kaxioe MHOXECTBO 3TOH CHUCTEMBI COIOEPXHUT JHUIL KOHEYHOE
MHOXECTBO UJICHOB [0CJIE/IOBATENILHOCTH {x,}. Ciie/IoBATENIBHO, H
BCE MHOXECTBA 3TOM CHUCTEMBl COJEPXKAT TOJBKO KOHEYHOE MHOXKe-
CTBO 4YJICHOB PACCMAaTPHBAEMOM I1OCJIEOBATEILHOCTH, DTO, OJIHAKO,
HEBO3MOXHO, TaK KakK, NHOKpbiBasg INPOCTPAHCTBO X, MHOXECTBa
(57.59) mospKHBI COAEPXaThb BCE 3JEMEHTBbI TMOC/EAOBATEIbHOCTH
{x,}, KOTOpBIX OeckOHeYHO MHOro. IloJIydeHHOE MPOTHBOpPEYNE
JI0Ka3bIBAET, YTO MHOXECTBO X sBJisieTCs KommakTtoMm. [J

3aMeTuM, 4TO Tak Kak JJIs BCAKOrO IIOJIMHOXECTBA X MeTpHue-
CKOTO IpoctpaHcTBa Y MHOXecTBO G <X OTKpbITO B X TOr/a M
TOJNBKO TOTAa, KOI'/la OHO SIBJISIETCH TNEPECEUEHUEM C X OTKPLITOrO B
Y MHOXecCTBa, TO B JleMMe 7 ¥ B Te€OpeMe 8 pacCMATpPUBAEMbIE TaM
METPHUUYECKUE NPOCTPAHCTBA X MOTYT SBJIATHCS MOANPOCTPAHCTBAMU
JPYTAX METPHUYECKHX MPOCTPAHCTB Y U 3J1eMeHThl MOKpbiTHH {G,}
npoctpaictB X' MOryr ObITh OTKPBITHIMH B Y (a He B X)
MHOXECTBAMH.

Teopema 9. [Jaa moco umobsl cenapabeavhoe mempuyeckoe
NPOCMPAHCMBO  ObIA0  KOMHNAKIOM, Heo0X00UMO U  OO0CIAMOUHO,
Ymodsl  A00aA  HOCACOOBUMEALHOCHb €20 HENYCMbIX  3AMKHYINBIX
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MHONCECME, NOCACO0BAMEABHO BAONCEHHBIX Opy2 6 Opyed, umead
Henycmoe nepeceueHue.

Jdoka3zaTtenbctBo. HeoOXoMMMOCTh BbIMOJHEHHUS YCIOBHIA,
chOpMYIHPOBAHHBIX B TEOPEMeE, JUIS KOMIIAKTOB COCTABJSET CO-
JIEp)XaHUE JIEMMBI &, a JIOCTATOYHOCTh BLITEKAET W3 CJIECACTBUS 2
JeMMmbl 9 U Teopembr 8. [

57.7 HEINPEPBIBHBIE OTOBPAXEHHSI MHOXECTB

Teopema 10. Henpepoignsiii 06paz Komnakma AGAACmMcA KOM-
nakmom.

Caenacreue. Ilpu HenpepvisHOM 0moOOpaAMCEHUU KOMHAKMA
00pa3 Kax1coo20 €20 3aMKHYMO20 NOOMHONCECBA AGAAEMCHA 3AMK-
HYMbIM  MHOXMCECMBOM.

HoxaszarteabcrTBo. Ilycts f: X— Y — HenpepbiBHOe oTOOpa-
KEHHE KOMINakTa X B METpHueckoe mpocTpanctBo Y u {V,} —no-
kpeiTHe obpasa f(X) mpocTpancTBa X OTKPBITBIME B Y MHOXECT-
Bamu V,, a=U. Torma ans moboro ae WA muoxecrso U,=f"Y(V,),
COrIaCHO JIEeMMe 3, OTKpHITO, a Tak Kak {V,}— nokpbitue
muoxecTBa f(X), To {U,} sBasercs nokpsitTuem kommakta X. B
CHIly TeopeMbl 8, U3 MOKpbITHA {U,} MOXHO BBIACIHTbH KOHEYHOE
nokpertue U, U,, .., U, a torma wmuoxecrsa V,=f(U,),
Vo=f(U,), ..., V,=f(U,) 6yayT o6pa3oBbBaTh KOHEYHOE TOKPBITHE
mHOXecTBa f(X). Takum 06pa3oM, u3 JOGOr0 NOKPHITHS MHOXeE-
ctBa f(X) OTKpBITHIMH MHOXECTBAMH MOXHO BBIIEIMTH KOHEYHOE
TMOKPBITHE, & 3TO O3HAuaeT (CM. TeopeMy 8), ¥to MHOXecTBO f(X)
ABJISIETCSE KOMNAakToM. [

CieacTBie BBITEKae€T M3 TOrO, YTO BCAKOE 3aMKHYTOE MOIAMHO-
KECTBO KOMMAKTa SIBJISIETCS KOMIAKTOM M M3 TOrO, YTO KOMIAKT
BCErJa sBJIAETCH 3aMKHYTBIM MHOXECTBOM.

Teopema 11. Henpepvignoe omobpancenue xomnakma pasHo-
MEDHO HenpepuvieHO. :

OTa Teopema JOKa3bIBAETCS JOCIOBHO TaK Xe, KAk paBHOMEpHas
HENPEPBIBHOCTb HEMPEPLIBHOI'O OTOOPaKEHHS KOMIIAKTA, JEXKAIIEro
B KOHEYHOMEPHOM MPOCTPAaHCTBEe (cM. JieMMmy 4 B n. 41.4).

AHaJIOTHYHO KOHEYHOMEPHOMY CJIYYal0 B3aWMHO OJIHO3HAYHOE
HENPEPLIBHOE OTOOPaXXeHUE OJTHOTO METPHYECKOrO IMPOCTPAHCTBA HA
APYroe Ha3bIBacTCid -20Meomopdusmom (CM. OIpeeeHde 5 B
1. 41.4), ecim oOpaTHOe OTOOpaXCHHE TaKKE HENPEPBLIBHO.

Teopema 12. Bzaumno 00HO3HauHOe u HenpepvisHoe omobpa-
HCEeHUE KOMRAKMA AGAAEMCA 20MEeOMOPPUIMOM.

HJoxkasatenbcTBo. Ecnu f:X— Y —HenpepbiBHOE B3aMMHO
OJHO3HAYHOE OTOOpaxXeHHe KoMmakta X B METPHYECKOE MpOCTpaH-
CcTBO Y, TO Aasf moboro 3aMkHyTOro MHOXecTBa Fc X ero obpas,
f(F), 1. e. npoobpa3 F npu o6paTHOM OTOOpaxceHuH [ !, sBaseTcs
KOMNakToM (Teopema 10) u, CleqOBATENbHO, 3aMKHYTHIM MHOXe-
crBoM. Takum obpa3zom, npu obpatHoM oTobGpaxenun f 1

132



npoobpa3 KaxXJI0oro 3aMKHYTOTO MHOXECTBA €CTh 3aMKHYTOE
MHOXECTBO, @ I[03TOMY, COTJacHo semme 4, orobpaxenne [ !
HenpepbiBHO. [

Teopema 13. Ecau f:X— R— nenpepvienasa oOeiicmseumenbHo-
3HQUHAA PYHKYUs, onpedesenHas Ha Komnakme X, mo oHa 02paHu-
wena Ha X U NpuUHUMAem HA HeM HAuGoJAbwee U HAUMEHbUEe
3HAYCHUA.

HokaszateabctBo. HelicrBurenbHo, 00pazoM kKoMmakTa X
npu oTo0paxeHHH f ABJsSETCS KOMMAKT f(X), JIexaluid HA YUCI0BOM
ocu. Kak u BCSKMI KOMIIAKT, OH SIBJISI€TCS, BO-NEPBBIX, OrpaHHYCH-
HbIM MHOXECTBOM, a BO-BTODBIX, 3aMKHYTHIM. B cuiiy mocieasero,
€ro BEpXHAs U HUXKHHUE IpaHu, Oyyud ero TOYKaMu NPUKOCHOBEHHS,
npuHagiiexatr emy. (]

57.8. CBA3HBIE MHOXECTBA

BBeAaeM Teneph NOHATHE CBA3HOCTH B METPUYECKHX MPOCTPaH-
CTBax.

Onpeneaenue 14. Mempuueckoe  npocmpancmeo — Haszvlieaemcs
C6A3ZHBIM, €CAU €20 Heb3s Npedchmagums 6 8ude 00beOUHeHUs 08YX
HENYCMbIX HENepeceKarowuxcsa 3aMKHYMbIX MHONCeCms.

Ecim npoctpancTtBo X HecBsi3HO, T. €. X=A{JB, roe A\B=(,
A#, B# 5, Au B—3aMKHyTble MHOXECTBA, TO TaK Kak A =X\ Bu
B=X\A, To A ¥ B OIHOBPEMEHHO W OTKPBITbIE MHOXECTBA.

ITpuMepoM CBS3HOIO MHOXECTBA SBISETCS JIFOOOH MPOMEXYTOK
KOHEYHbIH MM OECKOHEYHbIH 4nCiIOBOH ocu. [IpumMepoM HecBsi3HOTO
MHOXECTBA SIBJISETCS OOBEAMHEHUE [IBYX HEMEPECEKAIOIIUXCS OTpeE3-
KOB.

VnpaxHenus 15, JlokasaTh, 4YTO BCIKOE JMHEHHO CBA3HOE MHOXECTBO
SB/ISCTCA CBA3HBIM.

16. [loka3ath, 4T0 OOBEAMHEHHE [BYX CBSA3HBIX [IE€PECEKAIOLUIMXCS MHOXECTB
ABJISETCH CBA3HBIM MHOXECTBOM.

17. [loxa3aTh, 4TO €t MHOXECTBO E METPHYECKOrO NPOCTPAHCTBA CBA3HO U
EcE cE, 10 MHOXEcTBO E| Takke CBSI3HO.

18. Cps3HbIH HEMyCTOH KOMNAKT HA3BIBACTCA KOHTHHyyMoM. J[loka3aTh, 4TO
NEePECEYEHHUE NOCIe10BATENLHOCTH KOHTHHYYMOB, NOCJICA0BATEIBHO BIOXKCHHBIX APYr
B IpYyFa, fABJISETCS KOHTHHYYMOM.

Teopema 14. Henpepuisrnvili 00pas c6A3H020 MHONCECMEA C6A-
3€H.

JdoxazatennctBo. [lycts f— HenpepbiBHOE OTOOpaxeHHe
CBA3HOTO METPUYECKOTO0 MNPOCTPAaHCTBA X Ha METPHYECKOE IIPO-
crpaHcTBO Y W myctb Y=A{B, rae A u B— Henepecekarouecs
3aMKHYTble MHOXecTBa. Torma X=f"'(A)Uf '(B), rae f 1(4A) u
/71 (B) Takke HemepeceKaroIMecs 3AMKHYThIE MHOXECTBA (CM. JIEM-
My 4). Tak xak X — CBS3HOE MHOXECTBO, TO 3TO BO3MOXHO TOJIbKO
B TOM cliyyae, Koraa oaHo u3 MHoxecTB f ! (A4) unu £~ ! (B) nmycro,
a TOrja IyCTO M OJHO M3 MHOXecTB A wid B. DTo M o3Hauaer
CBSA3HOCTH mpocrpancrBa Y. [J
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57.9. KPUTEPHIA APLIEJIA KOMITAKTHOCTU CUCTEM
®YHKHUA

Ecam  3aMbIKaHME MHOXKECTBA METPHUECKOTO MPOCTPAHCTBA
SIBJISETCSI KOMITAKTOM, TO €aMO MHOXECTBO HA3bIBAETCH HPeOKOM-
RAKHBIM.

[TpeAKOMIIAKTHOCTh MHOXECTBa O3HA4a€T, YTO M3 BCAKOH €ro
NOCJEAOBATEIBbHOCTH TOYEK MOXHO BbLICAUTh CXOSLIYIOCS MOATOC-
JIENOBATENbHOCTD, HO, OBITHL MOXET, HE K TOYKE CAMOI'0 MHOXECTBA.

OueBHAHO, YTO, B CHJIY TEOPEMBI 5, I TOrO YTOOBI MHOXECTBO,
JIeKATee B IOJHOM METPHYECKOM HPOCTpaHCTBe, OblIO Iipen-
KOMIIAKTHBIM, HEOOXOAUMO U JOCTATOYHO, YTOOBI OHO OBINO BIIOJIHE
OTPAHUYEHO.

3aga4a O BBIICHEHHM [PEAKOMIAKTHOCTH TOTO WJIM HWHOTO
MHOXECTBA, JIEXAIIEr0 B HEKOTOPOM 33aJaHHOM METPHYECKOM
NPOCTPAHCTBE, YacTO BCTPEYAETCS B MATEMATHYECKOM aAHAJIA3E.
IMosToMy ©0JIBIIOW HHTEPEC NPEACTABIIAIOT KPUTEPHH KOMIIAKTHO-
CTH WJIH MPEIKOMIAKTHOCTH MHOXECTB [UISl Pa3JHYHBIX KOHKPETHBIX
METPHUECKUX TMPOCTPAHCTB. PaccMOTpUM BONPOC O NPEIAKOMITAKT-
HOCTHM MHOXECTB ISl OJIHOTO M3 BaXKHEeHIIuX npocTpaHcTB C [u, b],

COCTOSILIETO M3 HENpepbIBHBIX Ha OTpe3ke [a, b] Oynkumi, mns
KOTOpBIX BBEJECHA METpPHKa

pU =max |[/(x)=g)l.  f=Cla b]  g=Cla ]
(57.60)
(em. mpumep 4 B 1. 57.1 uw npumep B 1. 57.3).
Onpenenenne 15. Cemeiicmeo S={f} @ynkyuii f, npunadiexca-
wux npocmpancmsy Cla, b], nasvieaemcs pasnomepno ozpanuen-

HbIM, ecau cyujecmayem makas nocmoannas ¢ >0, umo 0411 ecex fe S
u ecex xela, b| evinoansemes nepasencmeso

f()l<e. (57.61)
CornacHo onpenesenndto (57.60), 3T0 paBHOCHJILHO TOMY, YTO
p(f, O)<ce,  feS§,

4TO, B CBOK OYEPEAb, PABHOCHIBHO TOMY, YTO MHOXECTBO S
orpanuyeHo B MeTpuueckom mpoctpancree Cla, b].
Onpeneaenne 16. Cemeiicmeo S={f} gynukyuir f€S[a, b] nasei-
8ACMCH  PUBHOCHIENCHIIO HENPepbigibIM, ecau 048 Kaxwcooeo €>0
cywecmeyem maxoe 3>0, umo 044 scex feS u ecex x,<[a, b],
x,ela, b, 041 xomopeix |x,—x,|<d, ebinoansemca nepasencmeo

[fe)—flxl<e. (57.62)
Teopema 15 (teopema Apuena®). [Jaa mozo umobvr cemeli-

* Y Apuena (1847--1912) — utanbsHCKM# MaTCMAaTHK.



cTBO S={f} Henpepbignvix Ha ompeske |a, b; PyHKyuti  6via0
npeoxomnaxmuo 6 npocmpancmee Cla, b], neo6xodumo u docmamoy-
HO, 4moObl MO CeMelicmeo OblA0 PABHOMEPHO O02PAHUYEHHBIM U
PABHOCIMENEeHHO HEeNnpPepPbleHbIM.

HoxasartenscTtBo. Heob6xoaumocTs. Ecim mHOXecTBO
ScC[a, b] NPEJKOMNAKTHO, TO €ro 3aMBIKaHHE S sBJSETCH
KOMIAKTOM, a CJIe[OBATENbHO, OTPAaHWYCHHBIM MHOXECTBOM (CM.
cnexcreue TeopeMmbl 5). [loaToMy oOrpaHHYeHHBIM MHOXECTBOM
SBJIAIETCA M €aMO MHOXECTBO S, WMHa4e TIOBOps, ceMelcTBo S
PaBHOMEPHO OrpaHUYEHO. _

Kpome toro, tak kak 3aMbikaHue S MHOXeCTBa S sBISETCS
KOMIIAKTOM, TO OHO BIIOJIHE OTPAHHYEHO; CJEIOBATENLHO, BIIOJIHE
OrPaHHYECHO M CAMO MHOXECTBO S, 4 3TO 03HAYAET, YTO JJIs JIHoOOro
€>0 B npoctpanctee C[a, b| Ans HErO CyUIECTBYET KOHEUHAs

€
- -C€Th.
3

Ilycte ee obpasyrorT ¢yHkuun

J1(X), oy fulX). (57.63)

Kaxnas w3 Hux, OyIyun HenpepbIBHOH Ha oTpeske [a, b], sBisercs

Ha HEM M PaBHOMEDHO HENpephIBHOW, M Tak kak (pyHkumii (57.63)
JMIIb KOHEYHOE MHOXECTBO, TO CYIIECTBYET Takoe 6>0, 4To s
Becex xe[a, b, x'e[a, b], mna xoropeix |x'—x|<§, m Beex
i=1, 2, ..., n BBINOJHAETCS HEPABEHCTBO

TACORIACIESS (57.64)

B cuny onpenenenus g-cem, I8 moboi  ¢QyHkumm feS
CYLIECTBYeT Takas QyHKuus f; (x), 410
PU i) 70y MAX (=i ()] <5 (57.65)
[TosToMy ecnu [x'—x| <90, To mns Jiroboit Pynkuun fe S umeeM
)= SIf ) =fiy D iy &) —=Fig G T+ 1f, () —f () [ <
<2 max |f ) =13 ) [+1fiy () =13, (O] o ;<g "
OTO U 03HAYAET, YTO CEMEHWCTBO S PaBHOCTENECHHO HENPEPBIBHO.

HocraTtounocTs. [lycts cemeiicTBo ¢yHKUME S paBHOMEPHO
OTPaHMYEHO W PABHOCTENEHHO HempephiBHO. Ilpocrpanctso Cla, b

MOJIHOE, TO3TOMY, IJIsi TOTO, YTOOBI JOKa3aThb, YTO CEMEHCTBO S
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MPeJAKOMITAKTHO, JOCTaTOYHO NOK43aTh, YTO OHO BIIOJIHE OrpaHH-
4eHO, T. €. uTO i MHoxectBa S B npocrpancrse C[a, bf npu
mobom £>0 cymecTByeT koHeuHast e-ceTh. [TocTponm ee. TlycTs Bee
Gbynkuun fe.S yAOBIETBOPSIOT YCIOBHIO - (57.61), W jaug npous-
BOJILHO (PMKCHPOBAHHOTO € >0 BBIOpaHO 8 >0 Tak, 4TO s JHOObIX
Touek x&[a, b, x'€[a, b], nns KOTOPBIX | X' — x| <3, BHIIONHIETCS
HEPaBEHCTBO

HCORICIESS (57.66)

BosbmeM kakoe-nubo pasduenne {x;

2% otpeska [a, b] wmen-
KOCTH, MeHbIeH 8, u pa3zbuenne |

Efi'é’ orpeska [—c, c]

. &
MEJIKOCTH, MECHLUICH gi

A=Xg<X{<.<X;<..<X,=b, x;—x;-1<0, i=1,2, .., n;
. . € .
—Ce=po <y <. <Y< <P = yj——yj,1<g, j=1 2, ..., m.
(57.67)
Yepes touxu (x;, 0), i=0, I, .., n MPOBEAEM MpAMBIE, Napai-
nenvHble ocu Oy, a uepe3 toukd (0, y;), j=0, 1, ..., m,— npsmsie,

napajuienbibie ocu Ox. Torma mnosaydyurcs pa3OumeHde T NpAMOY-
ronbRuka {(x, y).a<x<b, —¢<y<c}, B KOTOPOM jexat rpaduku
BCex (QyHKUMH ceMelcTBa S, Ha NPAMOYTOJBLHHUKM C UIHHAMHU
CTOPOH, NapajieNbHsMU ocH OX, MEHBINAMH O, M NapaJlieIbHbIMU

€
ocu Oy, MEHBIUMMHU 5

PaccMOTpHUM MHOXECTBO A BCEX HENPEPBIBHbIX HA OTpE3Ke
[a, b] dynximit, rpaduKkaMyu KOTOPBIX ABASIOTCS JIOMAHBIE, BEPIUU-
Hbl KOTOPBIX J1€XKaT B BepWMHaX (X; ;) NOPAMOYTOJbHHKOB
pa3zouenus T. MHOXecTBO A4, OYEBHJHO, KOHEYHOE, TaK KaK KOHeEU-
HBIM SIBJISETCS MHOXECTBO BCex BepuwH (x;, y;), i=0, 1, .., n,
j=0, 1, .., m.

JlokaxeM, 4YTO MHOXECTBO A SBJIAETCS €-CETBIO JUISL MHO-
xecTBa S. '

BuiGepeM npoussoabHo Gyukuui feS. [dns sroi QyHxkuuu u
aas xaxgporo x;, (=0, 1, .., n, obo3Hauum uepe3 (x; ;)
OypkaMiyto K Touke (X;, f(x;)) Touky BMma (X;, y;), JeXaulyro Ha
npsMoil v =Xx;; TOTAad

)=y 1<z | (57.68)

ConoctaBuM  (yHKUMH [ HenpepwlBHYt0 (QyHKUUIO [fo A4,
rpaukoM KOTOPOH SBJSETCA JioMaHas, NMPOXOASAILAs 4Yepe3 Bep-
WHHBL (Xo, ¥;0 ), (Xy, 3 ) Xy yii)’ o (x,, yj”), T. €. (puc. 256)
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Jo(x)=y;, (57.69)
OueHnM Pa3HOCTDh 3HAYCHUH (byHKU,I/II/I fO ,ZUIH COCEIHUX Bepmm{

I./o (x)—=fo(xi- )<
SUo () =f () [+ 1f () —f i - )+ (- —fo (Xi- )| <

(57.66), (57.68).

(57.69)
S £ £ 3
Sl o=Z¢. 57.70
5T5t5Ts (57.70)
B cuny guHEHHOCTH GYHKIMH y
fo Ha oTpeske [X;_;. X;|, Ans )
aro6oit Toukn xe&[x;_q, x;] ume-  cf- . :
eT MECTO HEepaBEHCTBO y t:j‘::*—f———“ 1
/] =7 7
. . . . b.__4__..___‘... o — e —
X)—fo(x;- 1)< X)) —
o (0=fo (- | <Ufg () S,
—foien] < Ze(st7) O 1] %
(57.70) 5 ==t
=t o =
Tenepp ouenum paccrosinie | _ T N A
p(f. fo) ™Mexay QyRKUUsAMH

n f, B upocTpauctee C|a, bl.
Nnst Kaxmoil Toukum xela, Puc. 256
HaWJeTCsl cojepxauiui ee oTpe-
30K [xi-q, x;], a s KaXJIOH TOUKH JTOrO OTpe3Ka HUMeeM
LFCO~Fo (IO =i D (i ) —fo (i D+
e & 3
+[fo (xi—1)~fo ()] < Tt tcE=¢E.
(57.66) 555
(57.68), (57.69)
(57.71)

Orcroga

U o) 570, MK (00—, ()] <

T. €. JNeHCTBUTEJBHO MHOXeCTBO A sBjseTcs e-ceTbro i S. [
Teopema Apuesia 0600uIaeTCs Ha ciiydaid 0TOOPaKEeHHUS KOMITAK-
TOB B METPHYECKHE TPOCTPAHCTBA.

§ 58. IMHEMHBIE HOPMUWUPOBAHHBIE
U NMNOJYHOPMUPOBAHHBIE TNMMPOCTPAHCTBA

58.1. IMHEHAHBIE TNMPOCTPAHCTBA

Onpenenenne 1. Muowcecmeo X=1{x, y, z, ..} nasweacmecs ocii-
CINBUME.TbHBIM  TUHCIHbIM  NPOCINPAHCMEOM (1Al - 8eKINOPHBIM  NPO-
CHIPAHCINGOM 11A0 NOAeM  0etCmEUMeAbHbIX YUCe), ecau:
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Kancooil ynopsadouennoi nape (x, y) asemenmos x€X u yeX
ROCMABACH 8 COOMBEMCMEUE eOUHCINBEHHDIN INeMEHI NPOCMPAHCMEA
X, Hasvigaemwlii cymmoti X u y u obo3Hauaemvlil X+Y;

Kaxcoomy saemeHmy XX u Kancoomy OeticrneumetbHoMy YUCAy
A nocmagaen ¢ coomeemcmeue eOUHCMBEHHbIIL 1€ MEHM NPOCMPAHCI-
s6a X, Hazvigaemvlii npouzeedenuem A\ Ha X u 0003HAUAEMbBIE AX.

Ilpu smom 8bINOAHAIOMCA CACOVIOWUE 2PYNNBI AKCUOM:

1. a) x+y=y+x 018 mobeix xeX u yeX;

0) x+(y+z)=(x+y)+z 048 mobuix xeX, yeX u zeX;

B) 8 X cywecmeyem 23AeMeHM, HA3bIBAEMbII HYACBHIM U
obosnauaemuiti 0, makoii, umo x+0=x odaa moboco x=X,

T) 048 Kancdozo x € X cywecmeyem 34emenm MHoxcecmea X,
HA3b18AeMbIl NPOMUBONOAONCHBIM INEMEHMY X, 0D03HAUAeMblil uepes3
—X u maxoil, umo x+(—x)=0.

2. a) Ix=x 0aa moboz0o x < X;

0) Mux)=(p) x 01a wob6o20 x € X u arbuix deiicmeumenn-
HbIX uuceas A u W

B) A+p)x= Ax+ ux oaa mobo2o x € X u mobvix Oeiicmeu-
MeAbHbIX uuces A U |,

r) AMx+y)= 7»x+7xy ora mobbix xeX, yeY u awbo2o
OeticmeumeabHO20 HUCAaQ

JU1st ka0l napsl 2jIeMEHTOB x&X U y< Y aneMeHT x+(—p)
Ha3bIBAETCSL PA3HOCMbIO d4eMeHmo8 X U y M obo3ravaercs yepe3
xX—y.

Ecnu B nmpuBeieHHOM ONpEAENCHUH NEHCTBUTENBHOTO JIMHEHHOrO
INPOCTPAHCTBA BCIOJIY 3aMEHUTH HEHCTBUTE/IBHBIE YUC/Aa KOMILIEKC-
HbIMU: A, p& C, TO TOJIYYUTCS ONPENIeSIeHHE KOMNACKCHO20 AUHETHO-
20 npocmpancmea

Ilpumepni. 1. MHOXeCTBO BceXx JeHCTBHTEIBHBIX (KOMHJICI(CHBIX)
yucesi obpa3yer AeHCTBHTENIbHOE (KOMILIEKCHOE) JIMHEHHOE IIpo-
CTPaHCTBO.

2. Ilycts E—Hekotopoe MHOXecTBO. CoBOKynHOCTh F(F) BCex
¢ynxkmuit  ffE—R (coorBerctBeHHo f'E—C) npH eCTECTBEHHOM
ONpENCNEHNN WX CJIOXEHUS WM YMHOXEHUS Ha JIeHCTBHTEILHOE
(KOMILJIEKCHOE) YHCIIO:

Fitf) (0 ELO+6K), (W) ® E AFW),
fieF(E), f,eF(E), [feF(E), LeR W reC

ABJISETCA JOEHCTBUTENBHLIM (KOMIUIEKCHBIM) JIMHEHHBIM NPOCTpPAH-
CTBOM.

3. MHOXECTBO BCEX MHOTOWJIEHOB OT OIHOM TepeMeHHOH ¢
JIEACTBUTENBHBIMHI  (KOMIUIEKCHBIMU) KO3(DPHIHUEHTAMH  SBJISETCSA
JINHEHHBIM JICHCTBUTENIbHBIM (KOMILIEKCHBIM) TPOCTPAHCTBOM.

4. MHOXECTBO BCEX MHOTOYJICHOB CTENCHE#, He MpPeBLINAOUINX
3aIaHHOTO HATYpaJbHOTO 4YHUCJI4 K, OT ONHON NEepeMEHHOH C
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JICACTBUTETLHBIMI  (KOMIUJIEKCHBIMHU) KO3 QuLimeHTAMU  BASETCS
JIEHCTBUTENILHLIM (KOMIUIEKCHBIM) JIMHEHHBIM TPOCTPAHCTBOM.

5. I1poCTpaHCTBO BCEBO3MOXHBIX YHCIOBBIX MOCIIE/I0BaTENIHHO-
crei {x,S, x,eR (wm x,=C), ne N, 1pA ecTeCTBEHHOM OINpe/eie-
HUM ONEpalyil UX CIOXEHUS W YMHOXEHMsS Ha uucio (cMm. 1. 4.8)
TakXe SBISACTCSA JIMHEHHBIM IPOCTPAHCTBOM.

Ecnn X — nuueitnoe npoctpanctBo u x, X, k=1, 2, , ..., n, TO
BCSKHIl 3feMeHT BUAA A,X,+..+A.X, TAe A, — NCHCTBUTEbHbIE
4{cia B cllydae JIEHCTBUTENBHOTO TIPOCTPAHCTBA W KOMILIEKCHBIE —
B CJly4ae KOMIUIEKCHOTO TIPOCTPAHCTBA, HA3BIBAETCS AUHELIHOIL
KoMmOunayueil 31eMEeHMO8 X, ..., X,.

Onpenenense 2. Muoocecmso X', codeprucaujeecs 6 AuneiHom
npocmpancmee X (0eiicmeumesbHOM UAU KOMRACKCHOM), HA3bIGAEMCA
ROONPOCMPAHCIBOM D020 RPOCMPAHCIEA, eCAU  6Ce  AUHCHIbIe
KOMOUHayuu daemenmos mnoxcecmaa X' codepywcamcs 6 Hem.

Muave roBopsi, MHOXECTBO X < X SBJSETCS NMOANPOCTPAHCTBOM
npocTpaHcTBa X, ecnu Jyist Jro0blX ABYX wieMeHTOB xe X', ye X' u
mobbix uucen AR, peR (coorBerctBeHHO A=, pe C) uMmeer
MECTO BKJIFOUYCHUE

Ax+puyeX.

Ou4eBHIHO, YTO MOANPOCTPAHCTBO X' JMHEWHOrO NPOCTPAHCTBA
X, B CBOIO Ouepelb, SBJSICTCS JIMHEHHBIM npocrpaHcTBOM. Ecsm
X — nuHeilHoe NpPOCTPaHCTBO U X& X, TO COBOKYHHOCTb BCEX
3JIEMEHTOB INpPOCTPaHCTBa X BUAA AX, € A — BCEBO3MOXHbIE
Y{Cia, CIIYXKHT HPHMEPOM TMOMNPOCTPAHCTBA NPOCTPAHCTBA X.

MHoxecTBo QyHKIMH, 1eHCTBUTEILHOZHAYHBIX U HENTPEPLIBHBIX HA
HEKOTOpPOM MHOXecTBe Ec R", aBAsSETCS MOANPOCTPAHCTBOM TPO-
CTPaHCTBA BCEX AEUCTBUTEIbHO3HAYHBIX QYHKLIMI, OTIpe/ieIeHHBIX Ha E.

DIeMEHTB! JIMHEHHBIX MPOCTPAHCTB OOBIYHO HA3BIBAKOTCH HOU-
Kamu WIN GeKmopamu.

Onpenenennte 3. Koneunasi cucmema 6eKmopos Xy, .., X,
Auneiiinoeo npocmpancmea X (Oeticmeume 1bHoo uau KOMRIEKCHO20) HA-
3bIBAEMCS AUHETIHO 3AGUCUMOTL, €CAU CYIYECMBYIOM MAKUEe YUCAd Ny, ...

v Xy, (coomsememeenno deticmeume.bitble UAU KOMRACKCIbLE), Tte BCe
pasHble HYAI0, 4MO

Ax(+ ... +A,x,=0. (58.1)
B npoTtuBHOM ciiyuae, m. e. koeoa u3 pasencmsa (58.1) c.aedyem, umo
8Ce HUCAA Ay, Ay, ..., N, PUGHBI HYAIO, CUCIEMA 6EKIMOPOE Xy, ..., X,

HA3BIBACHICA  AUHETIO HEe3AGUCUMOIL.

Onpegenenne 4. Cucmema eexmopos x, oW (W-—nexomopoe
MHONCCCMBO  UHOEKCO8)  AUNelin020 Hpocmpancmed X 1A36I6ACHICA
AUNCTIHO HE3ABUCUMOTL, €CAU AH00UA €C KOHEUHAL NOOCUCINEMA Xy , Xy ..
e Xy, AUHEINO  He3a8UCUMA,

Ynpaxueuus 1. JokasaTb, 4T ecin cucteMa X,, oW, TMHCHHO HE3aBHCH-
Ma, TO X,#0 a3 Beex aedl
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2. JlokasaTb, 470, Ul TOTO 4YTOOBI KOHEYHas CHCTEMa BEKTOPOB Obliia JMHEHHO
3aBHCHMOM, HEOOXOAUMO H JOCTATOYHO, 4TOOBI MO KpaiiHedl Mepe OAMH H3 HUX
ABJISUICA JIMHEHHONH KOMOHHauuell OCTalbHBIX.

Onpenenense 5. Co80KYNHOCHb BCEBOIMONCHBIX AUHEHHBIX KOM-
OuHayuii  IAeMEHMOB8, NPUHAOACHCAWUX HEKOMOPOMY  3A0AHHOMY
MHOMCECBY, HA3BIBAEMCA AUHEUHOU 00040YKOU IMO20 MHOMNCECEA.

Onpepenenne 6. IIpocmpancmeo (Oeiicmeumensioe UAU KOMH-
AEKCHOE ), 8 KOMODOM UMEEeMCA CUCMEeMAd N AUHEHHO He3A8UCUMBIX
8EKMOPOB, AUHENHOU 000.404YKOt KOMOPbIX OHO ABAAEMCS, HA3bIEA-
emca n-MepHbIM.

Beakaa ynopsadouennas cucmema Rn-AUHEUHO HE3ABUCUMBIX BEK-
mopog, AUHEtiHOU 00040UKOl KOMOPbIX AGAAEMCA H-MEPHOe Npo-
CMpANCMEO, HA3bIGAEINCA €20 DA3UCOM.

Wuaye roBopsi, BEKTOpHl €, €;, ..., €, OOPa3ylOT OA3UC n-Mep-
HOTO TNPOCTPAaHCTBA X, €CI:
1) BexTOpHI ey, €,, ..., e, JIMHEHHO HE3aBHCHUMBI,
2) ans KaxAoro x< R" CyLECTBYIOT TaKHe YHCIA A, Ay, ..., A,
4TO
x=he,+re,+...+he, (58.2)

Jaemenmoi n-MePHO20 NPOCHPAHCIBA HA3BIBAIOMCA  H-MEPHbIMU
geKmopamu  ( COOMBEeMCMEEHHO OeliCIEUMEAbHBIMU  UAU  KOMAACKC-
HbIMU).

Kamcooe n-meproe npocmpancmeo nasvisaemcs KOH?UHOM@[)H()I M.

Vinpaxnenuns 3. Jloka3ath, 4TO B n-MEPHOM NIPOCTPAHCTBE KaXIasi CHCTeMa
JIMHEHHO HE3aBUCUMBIX BEKTOPOB, JIMHEHHOH O00OJ0YKOH KOTOPBIX SMBIAETCH BCC
NPOCTPAHCTBO, COCTOUT M3 N BEKTOPOB.

4. Jloka3aTb, 4TO KaXAas CHCTEMa M3 7 JIMHEHHO HE3ABUCHMMBIX BEKTOPOB B
n-MEPHOM IPOCTPAHCTBE ABANETCS €ro Da3HCOM.

IMpuMepoM  n-MepHOTO  NEHCTBUTENBHOTO  MPOCTPAHCTBA
ABJIAETCS N-MEPHOE apHdMETHYeCKOe BEKTOPHOE TPOCTPAHCTBO
(cm. m. 18.4).

AHajJOTHYHO 3TOMY MNPOCTPAHCTBY MOXET OBITh TOCTpPOE-
HO KOMIUJIEKCHOE  apudMeTHUYECKOe n-MEpPHOE  IPOCTPAHCTBO
C". Ero TOYKaMM Ha3bIBAIOTCH YIOPSJAOYEHHBIE CHCTEMBI 1

KOMIUIEKCHBIX YHMCE: X=(X;, ..., X,), x;€C, j=1, 2, ..., n. Ilpu
stoM ecm xe C", Ae(, 1o

f

= (AXy, .., AX,)
moang x=(xy, ..., x,)eC" un y=0,, .. y)eC"

def
X+y = (X;+P1 s Xyt P

bazucom B 3T1O0M NPOCTPAHCTBE SIBJISIOTCA BEKTOPBI ¢ =184, ..., 8L},
rae 6’ — Tak Has3biBaeMbIil cumeosr Kponexepa™® ;

* JI. Kponekep (1823 — 1891) — HeMellkmii MaTeMaTHK.
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1, ecim i=j,

0, ecim i#j.

n
OueBHaHO, 4TO X=(X{, .., X,)= Y X, T.€. BBITOJHSICTCS

ycnoBue (58.2).

JApyruM mpuMepoM KOHEYHOMEPHOTO JIMHEHHOTO MPOCTPAHCTBA
SBJISICTCSA TMPOCTPAHCTBO # " MHOT'OWJICHOB, HMEIOIIMX JIEHCTBUTENb-
Hble KO3DOUIMEHTHI W CTENEHW, HE IPEBBHIAIONIME HEKOTOPOTO
HATYpaJNIbHOTO M, K KOTOPHIM J00aBjieH HYJIeBOH MHorounes. s
KpaTKoCcTU OyleM Ha3biBaTh NPOCTPAHCTBO Z" MPOCTO npocmpan-
CIMBOM OCUCIMBUMEAbHBIX MHO20UAEHO8 CIMeNnetell, He NPesbIUAoWUX N.
IMokaxeMm, uto oHO sBiusercs (n-+ 1)-mMepHBIM.

Kaxapiii ero 3JeMeHT HMeEeT BUJ

p(X)=ay+a,x+..+ax",

T. €. IBJsiETCS JIMHEHHOH KoMOuHalMel n+ 1 creneneit nepeMeHHOH X,
T. ¢. Qynxumin x°=1, x, x?, ..., x". JlokaxeMm, 4TO 3TH QYHKUHH
obpa3sytoT 6a3ic B ipocTpancTBe 2 ". [ns 3T0ro Hano yoeauThes, 410
OHM JiMHeHHO He3aBuUcHMBI. IlycTh B mpocTpanctBe #" HekoTOpas
JMHeHHas kKoMOMHanMs paccMaTpHBAaeMbIX CTeneHed paBHA HYJIO:

ag+a;x+...+a,x"=0, (58.3)

T. €. MHOTOWIEH p(X)=ay+a;X+...+a,x" TOXIECTBEHHO paBeH
HYJTFO U, CJIENOBATENIbHO, BO BCEX TOYKAX YHCJIOBOM OCH NMPHHUMAET
Te XK€ 3HAYEHHs, 4YTO M HYJEBOH MHOTOYJIEH:

Po(x)=0+0x+...4+0x",

a B 9TOM ciayuae (cMm. m. 13.2) xodpduieHTsl 3THX MHOTOYJIEHOB
paBHbI, T. €.
a,=0, a, =0, .., a,=0, (58.4)

YTO W O3HAYaeT AMHEHHYIO HE3aBUCHMOCTH cTemeHed 1, x, x2, ..., x".

OTMeTHM, YTO M3 TOTO, YTO [BA MHOTOWIECHA, NPHHUMAIOIIUX
O/IMHAKOBbIC 3HAYEHWUs HA KaKOM-HHOYIb MHTEpBaJie YMCJIOBOW OCH,
UMEIOT OJWHAKOBBIE KOo3GhdmumenTtsl (cM. 1. 13.2), cnemyer, 4TO
crenend 1, x, x?, .., X" JMHeHHO He3aBUCUMbI Ha JIHOOOM
MPOMEXYTKE YHCJIOBOH OCH, HE BBIPOXJAIOIIEMCS B TOYKY.

BrpoueM, To, 4TO U3 BhinoJiHeHUs yciosus (58.3) Ha HEKOTOpOM
TIPOMEXYTKE YHCJIOBOH OCH, HE BBIPOXIAIOINEMCS B TOYKY, CJIEAYIOT
paBeHCcTBa (58.4), Nerko moxasath W HEMOCPEACTBeHHO. st 3TOTO
MOXHO, Hanpumep, npoauddepeHimpoBaTh ToxnecTso (58.3) n pas;
TOra MOJYYUM
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nla,=0,

otkyna a,=0.
Ecnu yxe jgoxazano, 4uro s Hekotoporo k, 0<k<n mmeroT
MECTO PaBEHCTBA Uy, =...=a,=0, To ToxaecTBo (58.3) mpumMeT BUI

ag+a,x+...+ax*=0.

[Mpomuddeperuuposae ero k pas, nonyuum a,=0. Takum obpazom,
BBIIIOJIHSIIOTCSL BCe paBeHCTBa (58.4).

ByaeM TOBOPUTH, 4TO BEKTOPB! V,, ..., ¥, JIMHEHHOro MpoCT-
paHcTBa X BBIpaXaroTcs uepe3 BEKTOPHl X;, .., X, TOTO Xe
IIPOCTPAHCTBA C MOMOLIBIO MaTpuusl (a;;), i=1, 2, .., n, j=1,2, ..
.., H, €CIN

ij)s

Vi=ay X+ Fa,x, =1, 2, ., n

Ecim Bektopel Xx;, ..., X, 0o0pa3yloT 0a3Wc NpOCTPAaHCTBA H
matpuna (a;;) HeBbIpOXAeHHAs, T. €. det(a;;)#0, TO BeKTOPHI yy, ...
.» Y, Takxe obpazytrorT Oasuc.

B camom gene, eciu

Ayt +HAy,=0,
TO
Mlay xy+.apx,)+ .+ A (@ x +.. +a,x,)=0,

(Ayag 4o ha ) X+ (A ay,+ o ha,,) X, =0;

OTCIO/Ia, B CUJTy JIMHEWHOH HE3aBUCHMOCTH BEKTOPOB X, ..., X,,
clletyeT, 4To

Magy ..+ hyd,y =0,
Nygy+ oot Ayl =0,

onpenesiuTe/lb ITOW OJHOPOAHOM CHCTEMBbl JIMHENMHBIX YPaBHEHHH

OTHOCHTEJIbHO HEM3BECTHBIX A, ..., A, MO YCIOBUIO HE PABEH HYJIO:
det(a;;)#0. CaenoBarenbHO, 3Ta CHCTEMA MMeEET €IMHCTBERHOE
petieHne A, =h,=..=Xi,=0, 4TO O3HAYaeT JMHEHHYIO HE3ABUCH-
MOCTb BEKTOPOB )y, ..., V, lloaTomMy ouHu sBidroTCA 6aszucom
paccMaTpUBAEMOIO ITPOCTPAHCTBA.

B yactHOCTH, €cjli BEKTOPH! ¥y, ..., V, BBIpAXKAIOTCs vepe3 Oa3uc
Niy -y X, C TIOMOILBIO TPEYTOJIBHONW MATPHIBI, T. €. MaTPULBI (a;;)
BUIA

a, 0 o 0
dy; Gy ... 0 (58.5)
Uy dyy oy,

142



(ecit j>1i, T0 @;;=0) ¢ TMaTOHAILHBIMU 3NEMEHTAMH d, , ..., dy,, HE
PaBHBIMHM HYJIO, TO BEKTODHI Jy, ..., J, TaKXe SIBJIAIOTCH Ga3sucoM,
nbo B 3TOM Cilyuyae

det(a;;)=ay a5, ... a,, #0.

B xauecTBe mpumepa paccMoTpuM (n+ 1)-MepHOE IIPOCTPAHCTBO
#" MHOTOYJICHOB CTEINEHEH, HE TIPEBLIIIAIOIINX HATYpaNILHOTO YHCITa
n. Kax Obu1o Bbinie nmokasauo, crenenu 1, x, x2, ..., x" obpasyroT
6azuc 3TOro NPOCTPAHCTBA. PaCCMOTpHM ﬂpOI/I3BOJTbHy}O CHCTEMY
MHOT O'WJICHOB

pxX)=ap+agx+.. +agxte?", k=0, 1, .., n,

Ile MHOTOWIEH p, (x) UMeeT TOUHO CTemeHb k: a, #0, k=0, 1, n.
Torna OUYEBUJIHO, YTO 3TH MHOTOUINEHBI BHID2XAIOTCS MEPE3 CTENCHH
1, x, x% .., x" ¢ NOMOWBIO TpeyronbHOM MaTpuubl (58.5),
Imarorlanbnme WIEMEHTHl @, KOTOPOH He paBHbI HyJo. [losTomy
KaX/las yka3aHHash CHCTEMa MHOTOYJICHOB JIMHEHHO HE3aBHCHMAa H
obpa3zyer 0asuc B mpocrpaHcTee 2"

OrmMeTuM, emie, 4TO Tak Kak JMHEHHAs 3aBUCUMOCTb MHOTOYJIE-
HOB O3HA4YaeT HaJW4YHE COOTBETCTBYIOINUX JIMHEHHBIX COOTHOLICHHMH
MeXIy UX KoapduureHTamMu, To OHa HE 3@BUCUT OT TOTO, Ha KaKOM
TPOMEXYTKE (HE BBIPOXKAAIOWIEMCSI B TOYKY) YUCJIOBOH OCH MEHS-
IOTCS apryMEHTbl 3THX MHOrounenoB. [lodTomy suHeiHHas 3aBUCH-
MOCTb MHOTOYJIEHOB B IPOCTPAHCTBE #" PaBHOCH/IbHA MX JIMHEHHON
3aBHCUMOCTUM Ha JI0OOOM U3 YKa3aHHBIX MPOMEXYTKOB.

B xauecTBe KOHKDETHBIX NPHUMEPOB pPACCMOTPHM HEKOTODBIE
YaCTO BCTPEUAIOLIMECS B aHAJU3€ CHENHaNbHbIE MHOTOYJICHBI.

IMpumepnt.- 6. MHorouIeHBI

1 d"(x*—1)
Po(x)=1’ P"(x)=2nn!__(7x_n~_)_

Ha3pIBalOTCSl MHorowieHamu JlexaHmpa.
Jlerko yOemutnesi, 4TO

1 [dn Cn—1)n
Pn(x)—ﬁ<w+>——x + ..

, h=1, 2, ..,

n!

rjie MHOTOTO4YHE 0003HAYaET 4iIeHbl HoJlee HU3KOTO, YeM A, NOpsIKa
mHorodnena P,(x). Caenosarenbho, nosmuoM Jlexanapa P,(x)
MMeEET CTeNeHb A, M0ITOMY TosmHOMbI Jlexanapa Pq(x), Py (x),

, Py(x) 06pa3y}oT 6a3uc B MpoCTpaHCTBe 2". DT0, B YACTHOCTH,
03nadaeT, 4TO BCAKMA MHOFOUNEH CTENEHH, He MpeBHINAIoMed 7,
ABJISETCA HMX JIMHEHHOM KOMOMHaLMEH.

7. MHorounens

n

(ﬂ:%cos(narccosx), n=1, 2, ..,

Ha3bIBaKOTCS NoNMHHOMaMu YeObiena.
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Mpexne Bcero yGeaumces, uto T,(x) sIB/ISETCS MHOTOUJIEHOM
CTEeNneHu .
M3 dopmyasr Myaspa (cm. n. 23.1) ciemyer, 410

cosn@+isinng=(cos @ +ising)"=
=cos"@+iClcos" tosing+i2C2cos" 2@sin*@o+
+i3C3cos" Psin®@+i*Cicos" *osin*o+...
[IpupaBHsSeM NEHCTBUTENLHBIE YACTH TIOJYYMBINETOCS PABEHCTBA
cosnp=cos" ¢ —C2cos" 2@sin*@+Cycos" *@sin*o—...; (58.6)

B 3aBHCHMOCTH OT YETHOCTH /1 MOCJEAHHM cllaraeMbiM Oyjer smbo
sin" @ (ecam n uetnHoe), Mubo C" ™ 'cos@sin® ! @ (ecnm n HeveTHOE).

3aMeTuM, YTO B NpaBylO 4acTh paBeHCTBa (58.6) BXOAAT TOJIBKO
CHHYCHI B YETHBIX CTENlEHSX M MOSTOMY, NMPHMEHHB IOJICTAHOBKY

sin? @ =1—cos? ¢ A8 KaXA0ro cJ1araeMoro npaBoi YacTH, MOJTy4uM
CZcos" *@sin** @=C2cos" *¢(l —cos’ @)=
=(—1)*Ccos"9+...,

rA€ MHOrOTOYHE O3HAYAE€T, YTO B OCTAJBbHBIX CJIATa€MBIX COS @
MMeeT MEHBILIYIO, 4YeM H, CTENEHb.
B pesynsrate u3 (58.6) OGymemM uMeTh

cosn@=(14+Ci+Cr+..)cos"@+...=2"""cos"p+...,  (58.7)

[JIe CrpaBa MHOTOTOYME O3HAYAeT JIMHEHHYI0O KOMOHHAUMIO CTere-
Heil kocunycoB cos" ! @, cos" 2@, ..., | (Mbl BOCIOJIB30OBAIACH TEM,
4TO CyMMa 6HHOMHaanbrx Koacb(buunemoa CTOSIIIUX Ha YETHBIX
mectax, paBHa 2"~ '). Tlosoxus B pasercrse (58.7) ¢ =arccos X, a
ClIeIOBATENBHO, COS @ =X U pa3jenuB obe 4acTH paBeHCTBa Ha 2" ',

1
MOJTy4uM Fcosnarccosx=Tn(x), rae, B CUJIy [OOKa3aHHOTO, B

MPAaBOM 4YaCTH CTOMT MHOTOWIEH CTENeHH n ¢ K03(hhHUUEHTOM,
paBHbIM 1, npu x". Utak, T,(x)— mHorouseH crenenn n. [Toaromy.
COr/IacHO /[OKa3aHHOMY Bbilie, MHorounensl YeOsimesa T, (x),
T,(x), ..., T,(x) obpasyror Gasuc B mpocrpanctee #".

¢l Y M Z— nogMHOXeCTBa JIMHEHHOTO NpocTpaHcTBa X, TO
yepe3s Y+ Z obo3HayaeTcsi MHOXECTBO BCEX 3JIEMEHTOB X IIPOCT-
paHCTBa X, TpPEACTaBUMBIX B BUAE X=y+z, yeY, zeZ.

MuoxectBo Y-+ Z HaswiBaetcs (anredpauyeckou) cymmou wmHO-
aceeme Y u Z.

Eciiu MHoxectBa Y u Z SBJASIOTCA TOANPOCTPAHCTBAMHU
npocTpaHcTBa X, TO MHOXECTBO Y+ Z Takxe sBIsSeTCs TOA-
NPOCTPAHCTBOM MpocTpaHcTBa X. JlelCTBHTENBHO, MyTh X, € Y+ Z,
x,e¥Y+Z w A, A, —uucna. COIJaCHO ONpPEACJECHHIO CyMMbI
MHOXECTB, IJEMEHTBI X; U X, TPEACTABUMbI B BUAE X, =), +z, "
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X,=Y,+25 1, V2€ Y, 2, 2,€ Z. TToaToMy hyx  +hyx, =L (v, +2, )+
+ Ay (y2+22) =My +Ayp;)+H(hyz, +2,2,). Tak xak Z u Y —noa-
IPOCTPAHCTBA, TO Ay, + A1, €Y, Az, +X,z,€Z. B cuiy onpenene-
HHSI CYMMBL Y+ Z, OTCIOfIa CIEAYET, 94T0 A X, +A, X, e Y+Z. D10 M
03HAYaeT, 4YTO MHOXKECTBO Y+ Z SBJISETCS MOMNPOCTPAHCTBOM.
—. CyMMy JIByX NOJNPOCTPAHCTB Y U Z HA3BIBAIOT NMPSAMOUN ¥ MAIIYT

Y®Z,

eciy nepeceyeHue Y()Z noanpocTpaHcTB Y U Z COCTOUT TOIBKO U3
HYJIEBOTO 3jieMeHTa. [{ns 3TOoro HeoOX0AMMO M JOCTATOYHO, YTOOBI
KaXIbIH 2j1eMeHT X€ Y+ Z Oblil eqWHCTBEHHBIM 00pa3oM IpelcTa-
BUM B BUJe X=y-+z, yeY, zeZ.

B camom nere, eCJmYﬂZ={O} U y,+z,=y,+2,, Tae y,,
v,€Y, zy, z,€Z, 10 y,—y,=z,—z;. Tak xax Y u Z-—noampo-
CTPaHCTBA, TO y,—),€Y, z,—2,€Z, T. €. HTEMEHT V1i—=V2=Zy—12,
MPUHAMIICHKUT ONHOBPEMEHHO K Y M K Z M IO3TOMY: paBeH HYIJIFO:
yi—y,=z,—z;=0. Otcrona cnenyer, 410 y,=y,, z;=2,.

C npyro#t cropossl, eciu xe€ Y()Z, x#0, to x=x+0=0+x,
T. €. DJEMEHT X MMeEeT He €JMHCTBEHHOE MPEJICTaBJCHUE B BUJIC
x=y+4z, toe velt, zeZ. ‘

Onpenenenne 7. Omobpasncenue f auneitnoco npocmpancmea X 6
AuHetiHoe npocmpancmeo Y HA3bI8AeMCA AUMEHLIM OMobpanceHuem
(uau, umo mo xce, AUHENHbBIM ONEPAMOPOM), eCAu .0AA AOBbIX 08YX
anemenmos X€ X, y€ X u aio0vix uuces h u | cnpagediuso pasencmso

Fx+pp)=2f (x)+pf(»).

MHoxecTBO NMHEHHBIX omepaTopoB [f:X—Y, orobpaxaroimx
JIMHEHHOE TMPOCTPAHCTBO X B JUHEHHOE NMPOCTpaHCcTBO Y, 0003Ha-
qaeTcss depe3 L(X, V). Jlerko HemocpeiCTBEHHO IPOBEPUTH, YTO
MHOXeCTBO £ (X, Y) npH eCTECTBEHHOM ONpE/ieIeHUN CIOXKEHHS €ro
2JIEMEHTOB W YMHOXEHHUS HX HA YHCIIO, T. €. IPH ONPEICTCHUN ITHX
onepanuii no dopmyiam

(fi+12) ()€ fi (x)+f2(x), fre(X, Y), f,eL(X, Y),
(W) (x) LA (f(x), feL(X. Y), LeR wm reC, xeX

obpa3yeT Taxke JUHEHHOE NPOCTPAHCTBO (JIEHCTBUTEILHOE, €CHU
npocTpancTBa X U Y ObLiM AEHCTBUTENBHBIMH JIMHEHHBIMH IPOCT-
PAHCTBAMHU, M KOMIUJIEKCHOE, €CJIK OHM ObLIM KOMIJIEKCHBIMH).

Onpenenensne 8. Ecxzu f:X>Y, X u Y— auneiinole npocmpan-
cmea, mo muoxncecmeo {x: f(x )=0} < X naswieaemca adpom omoépa-
ocenua f u obosnauaemcs uepe3 kerf®:

ker /¥ {x: f(x)=0}.

*) Ot anra. kernel--- sapo.
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OTMeTHM, 4TO -HYJb BCerAa BXOMUT B SAPO  JIMHEHHOro
otobpaxeHus. /ledcrBurenpHo, ecnu f : X— Y — nuueiinoe ot1o0-
paxeHue, TO HYyJIb T@pocTpancTBa X oTOOpaxaercs B HYJb
NpocTpancTea Y:

f(0)=7(0-0)=01(0)=
T. . Ockerf. '

Jemma 1. [Jaa mozo umobwl auneiinoe omotpaxcenue f:X—Y
AuHetinoeo npocmpancmea X 6 aumeiimoe npocmpancmgeo Y 60bvLio
83AUMHO 00HO3HAUHBIM omobpaxcetuem X ¢ Y, m. e. Ovi10 uHvekyuet,
He0OX00UMO U 00CMAMOYHO, YMODbl €20 AOPO COCMOAAO MOALKO U3
HY1e6020 J4eMeHma: '

kerf=0. (58.8)

HJoxazatensrcTBO HeoOxogumMocTHu. Benue Obuto moka-
3dHO, 4YTO JF000i JIMHEHHBIH omnepaTop f NEPEBOAUT ‘HYJIL B HYJIb.
IMosToMy ecnu f— UHBEKIUSA, TO HE cymeCTByeT x#0 Taxoro, 4To
f(x)=0. 910 u o3nauaer, 4ro kerf=0

JdoxazaTeascTBO aocraTquocrn ITycTs BbINOIHSIETCS
yenosue (58.8) u f(x)=f }y Torna B CHJIy JIMHEHHOCTH OTOOpaxe-
Hus f, umeeM f(x— y f(y)=0, 1.e. x—yekerf, u Tak Kax
kerf=0, To x—y= CJIe)IOBaTeJILHO xX=y. 9TO ¥ O3HAYAET, YTO
f—wunbexnus. [J

[TprMepoM JIMHEHHBIX B3aUMHO OJIHO3HAYHBIX OTOOpPaKeHHiA
ABJIAIOTCS NpsMoe M obpaTHoe mpeobpasoBaHus Pypbe B COOT-
BETCTBYIOIIMX JIMHEHHBIX MpOCTpaHCTBax (QyHKUH#E (CM. JIEeMMEBI 3 B
4 B m 56.5).

Jlemma 2. f0po ecakozo AuHeiinozo omobpancenus 00H020
AUHETIHO20 npocmpancmea 6 0py2oe ABAAEMCA NOONPOCMPAHCINEOM
omobpaNcaemozo npocmMpancmea.

JMoxaszarenbcTBO. Eciim f— nuneitnoe 0T06pa>KeHue JIMHEH-
HOTO NPOCTPAHCTBAa X B HEKOTOPOE ApYyroe JMHEHHOe MpOCTpaHCT-
BO, TO sl JIIOOBIX 37EMEHTOB X, € kerf, x,ekerf u ymobbix uucen
)»1, A, umeem

S+, ) =0 f(x)+ 1,/ (x,) =

H, CIIJIOBATENbHO, A X;+A,X,€kerf, a 310 U o3HaYaer, 4TO AAPO
ker f sABASETCA TOANPOCTPAHCTBOM MpOCTPaHCTBA X. O

Ornpenenenme 9. Ilycmve X u Y — quneiinvie npocmparncmea.
Jlunetinoe. 83aumMHo 00HO3HAUHOe omobpaxcenue npocmpancmeéa X Ha
npocmparcmeo Y Haszvlieaemca u3omopPuuim  omobpaxcenuem uau
U30MOPPUIMOM  AUHETIHBIX NPOCPAHCIE.

Ecau 0as aumetineix npocmpanucmse X u Y cywecmeyem uso-
Mmopiproe omobpancenue X Ha Y, Mo onu Hasvieaiomcs u3omopg-
HbIMU.

- JIBa u30MOpOHBIX MPOCTPAHCTBA MOTYT OTJMYATLCA JIMIIb
NPUPOAOH CBOMX JJIEMEHTOB, 4 HE CBOMCTBAMH JIMHEHHOTO MPOCT-
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paHcTBa KaK TAKOBOTO, TMOJITOMY B JaJibHEHWIIEM 4YacTO Mbl He
OyneM pa3iaMuath H30MOpQHbIE JIMHEHHBIE NPOCTPAHCTEA.

Ynpaxuenue 5. [lokazaTh, 4TO BCE A-MCPHbIC JTUHCHHBIC NEHCTBUTE/IbHBIE
MNpPOCTPAHCTBA W30MOPGHB MEX/IY C0BOoi.

Onpenenenne 10. Jlunueiiioe npocmpancmso, He A8AAlOWeeca
KOHEUHOMEDHbIM, HA3bIBACCHA DECKOHEUHOMEPHBIM.

OueBUIHO, YTO JIMHEHHOE TIPOCTPAHCTBO ABJSETCS OECKOHEYHO-
MEPHBIM TOTrJ@ M TOJILKO TOTJd, KOrAd OHO HE MMEET KOHEYHOTO
basuca.

IlpumepoM OeCKOHEUHOMEPHOTO TNPOCTPAHCTBA SIBJISETCH JIH-
HEWHOE NPOCTPAHCTBO BCEX MHOTOHYJIEHOB OT OJIHOM NEPEMEHHOM.
HelcTBUTENBHO, 3TO TIPOCTPAHCTBO 3aBEJIOMO HE MMEET KOHEYHOIO
Oa3uca: mobas suHelHas KOMOMHAUMS 3aJaHHOM KOHEUHOM cucTe-
Mbl MHOIOWIEHOB SABJSETCS MHOTOYIEHOM CTENEHW HE BbIllE
CTENEeHH CTAPLIEr0 MHOIOWIEHA U3 YKA3aHHOM CHCTEMBI, U NOITOMY
MHOTOUJIEHBI OOJBIIMX CTENeHe He MOTYT OBITh MOJYYEHBI
YK4a3aHHBIM CNOCOOOM.

ITonpiTka 0606IWUTL HOHATHE Ga3uca B ciiydae OeckoHeYHOMep-
HBIX AOPOCTPAHCTB TPUBOJUT K OECKOHEUHBIM CyMMaM, T. €. psigam

X

Buma ) A,e, Jis TOro 4TOOBI MMENO CMBICI TOBOPHTH 06 HX
n=1

CyMME B TMpocTpaHcTBE X, B HEM [OJDKHO ObITb OINPEHEIEHO

HNOHATHE CXOAUMOCTH TOCJIEeAOBaTEebHOCTEH. PaccMoTpeHn0 oaHO-

ro Takoro BHJA MNPOCTPAHCTB MOCBsIEH m. 58.2.

Onpenenenne 11. Ilpouszeedenuem Z=XxY auneiinvix npocm-
parcms X u Y naszvieaemes AuHetnoe npocmpancmeo Z, e meHmamu
KOMOPO20 ABAAIOMCA DAeMeHmbl Z=(X, y) Meopemuko-MHoOMCeCmEeH-
1020 npousgedenua mHoxcecms X u Y (m.e. MHOMCECMBO 6CeB03-
moxcnvix nap (x, y), ede xeX, yeY (em. m. 1.2), daa xomo-
pyixX onpedesena auneiinai onepayusi hizy+A,z,, z,=(x,, y,)€Z,
7, =(x,, }Z)EZ Ay M Ay, —yucaa (()eucmsumeabuble UAU KOMNACKC-
Hble), RO c/)op,uy,ae

Mz gz E (A x + A, Ayi+hay,).

BbIMOAHUMOCTL 4AKCHOM JIMHEMHOIO NPOCTPAHCTBA NPH TAKOM
ONpEAC/IEHNH JINHEHHON ONepaliMM JIETKO YCTAHABJIMBAETCS HEMOC-
PEACTBEHHOM NPOBEPKOM.

AHajniOTUYHO TNOHSATUIO NPOMU3BENCHHUS JBYX JIMHEHHBIX TNPOCT-
PAHCTB ONPEACIISIETCS MOHATHE NMPOU3BEACHHSA 1 JIMHEHHBIX TPOCT-
paHCcTB Ui Jr060ro HatypajibHOro 1.

OTt™MeTuM ere onuH HYXHBIA Ul danbHeiero Tin orobpa-
KEHHUHA TPOU3BECHUN JIMHEHHBIX TNPOCTPAHCTB.

Onpenenenne 12. Omodpancenue z=f(x, y), xeX, ye¥, zeZ,
npouseedenus X X Y auneiinvix npocmpancme X u Y 6 aunetinoe
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npocmpancmeo Z Hasvleaemca OUAUHelHbIM, ecau npu UuKCcuposanuu
OOHOUi U3 NEPeMEHHbIX X, V OHO AUHEHHO OMHOCUMEAbHO OpY20il
nepemMeHHoU.

Taxum obpa3soM, ecmu z=f(x, y)— OuimHeliHOE 0TOGpaXeHue,
TO Uit JIOOBIX YHMCEN A, U A,, NEHCTBUTEIbHBIX WJIH KOMILJIEKCHBIX,
HMEIOT MECTO paBEHCTBA

fhyxi+hox,, p)=hif(x;, )+, (x5 »), x€X, x,€X, ye?,
f(X, 7‘1)’14‘7‘2)’2)27“11{(35, y1)+7‘2f(xa ,Vz)’ xeX, y,e¥Y, y,e?.

Otcrona cnemyer, 4To Juis JMIOOBIX 9HCEN Ay, A, WUy, U,
Fpxy +2,x,, H1y1+U2)’2)=7“1111f(x1ay1)+
+7‘«2P-1f(x2’ Y1 )+7»1uzf(x1,y2)+?»zuzf(x2,yz) (58.9)

Tlpumeprr. 8. CkanspHoe mnpousseneHue (X, y) B n-MEPHOM
. JIMHEMHOM INpOCTpaHCTBE R” sBisercs OMIMHEHHBIM OTOOpaXeHHeM
‘R"XR" B R
9. BexTtopHOE mnpoM3BEeAECHME TPEXMEPHBIX BEKTOPOB SBISETCS
OwmMHeRHbBIM oTOGpaxenneM R3 x R® B R3.
n

10. Bumumeitnas gopma A(x, y)= Y, ayxy, x=(x;, .., x,),
i,j=1

y=(y1, --» Yu), ABIsICTCS OMIMHEHHBIM OTOOpaxenneM R"x R" B R.

WIIMHEHHbIE OTOOpaxeHuss f:Xx Y—Z o0pa3yloT nuHeiHOE
NPOCTPAHCTBO MPH €CTECTBEHHOM ONPEAEICHUN JIMHCHHBIX Onepauuii
HaJ 3THMH OTOOpaxeHusMU: ecid f: XX Y->Z u f,: XX Y>Z—
ABa OMIMHEHHBIX OTOOpaxkeHHs, TO ajus JoObix xeX, yeY u
mobbix uncen A,, A, OunuHeiliHoe oTOOpaxenue A, f,+A,f,
OINpeNeNIieTCs PaBEHCTBOM

(K1f1+7“2f2)(xa }’) déf}ufl (x, J’)‘H\zfz(xs )’),

T. €. COTJIACHO OOLIEMYy TNpaBWIy apHbMETHYECKHX AeHCTBHM Han

byHKIASAMY.

Nlo amanormm c¢ OunuHEHHBIMM OTOOpaXeHHSMHM BBOIMTCS
HOHATHE MYJIbTHIMHEHHBIX oTOOpaxenuit: ecnu X, X,, ..., X,, ¥—
JMHERHBIE MPOCTPAHCTBA, TO oTobpaxenue f(x;, X,, ..., X,), x€X,
i=1, 2, .., n, mpousBegenuss X, x X, x..xX, B Y Ha3bBaeTcs

MYyAbMUAUHEIHBIM, €CTA  OHO JIMHEHHO OTHOCHMTEILHO KaXJaOH
NEPEMEHHON X;, KOTAa OCTajbHble #n— | TepeMeHHbIX (PUKCHPOBAHEI.

58.2. HOPMA H NOJIYHOPMA

Onpenenenne 13. Jluneiinoe npocmpancmeo X (Oeticmeumenviioe
UAU KOMNAEKCHOE) HA3bIBACMCA NOAYHOPMUPOBAHHBIM, €CAU HA MHO-
ocecmee e20 MoueKk onpedenena OelicmsumevHaa @yHKyus, Hazviéae-
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Masi TIOJIYHOpMO#, obo3Havaemas || x|y, uau ||x|l, xe X, u umerowas
caedyromue cgoticmaa.

1° (neotpunatenbnocTh). Jua ecex xe€X egvinoansemcs
nepagercmeo || x}|=0.

2° (omsopomHOCTL). Jasa 6cex xeX u gcex uucen h umeem
mecmo  pasencmeo ||Ax||=|Al| x|

3° (HepaBeHCTBO TpeyronbHuka). Jag ecex xeX u yeY
svinoansaemca Hepagencmso || x+y|I<||x]l+]|y |l

W3 coiictea 2° nonynopmsl cienyer, uto ||0]| =0 (3aech B neBoit
YaCTH PaBEHCTBA CTOMUT HYJb NPOCTPAaHCTBa X, a B OpaBOM — HYJb
MHOXECTBA [OEHCTBUTENBHBIX 4Yuces). B camom gene, ¢ukcupys
NIPOU3BOJILHO JJIEMEHT X€ X, MONYYUM

0l =110-x} = Offx||=0.

ITonyHopMa, ynoBiETBOpSIOMIASE YCIOBHUIO:

4° (meBbipoXxaeHHOCTH) ecau || x||=0, mo x=0, nazvieaem-
¢ HOPMOU.

JIuneiHOE MPOCTPaHCTBO, B KOTOPOM 3aJaHa HOPMa, Ha3bIBa€T-
CSl HOPMUPOBAHHBIM.

CormacHo onpenenenuro 13, Hopma saBAsieTCs W TOJNYHOP-
MOM.

U3 csoiictBa 3° nosiyHOpMBI JIETKO CEAyeT, 4TO AJs JTOObIX
IIBYX 3JIEMEHTOB X U y JIMHEHHOTO NOJIYHOPMHPOBAHHOTO MpPOCT-
PAHCTBA BBINOJHAECTCS HEPABEHCTBO

Hxli =Nyl <llx—yl. (58.10)
B camom Jere,

lxli=ll(x=y)+yl S =yl

TI03TOMY
Ixli=lyliI<llx=»]l.
AHaNOTHYHO,

Iy i=lixli<ily —xli=llx=pil.

U3 nocnenHux NBYX HEpaBeHCTB M cieayeT HepaBeHCTBO (58.10).

OTMeTHM, YTO BCAKOE MOAMHOXKECTBO JIHHEHHOrO IOJYHOPMH-
POBAaHHOTO (B YacCTHOCTH, HOPMHMPOBAHHOI'0) NPOCTPAHCTBA, SBJIS-
Iolleecsi NOMIIPOCTPAHCTBOM JIMHEHHOTO TPOCTPAHCTBAZ, B CBOXO
ovepenb, ABJACTCS JITHEHHBIM NIOJIYHOPMHPOBAHHBIM (COOTBETCTBEH-
HO HOPMHPOBAHHBIM) MPOCTPAHCTBOM.

b
Vupaxuenue 6. Beisicruts, 6yayT am suipaxenus sup |f(7)l, {1 (¢)dt

astI<h

HOPMOH; NOJNIYHOPMO#; IS Xakux QYHKUMH; JUis Kakux 7.

149



58.3. HPUMEPbl HOPMUPOBAHHbLIX
N MOJYHOPMUPOBAHHBIX TMPOCTPAHCTB

1. MHOXeCTBO NEHCTBUTEILHBIX YHCE] U MHOXECTBO KOMILIIEKC-
HBIX YHCEJ, €C/Id B HHMX 33 HOPMY B35Th a0COJIIOTHYIO BEJUYUHY
qyces, oOpa3yroT JIMHEHHbIE HOPMHPOBAaHHBIE NPOCTPAHCTBA.

2. Ecnn B pedcTBUTENBHOM apU(METHYECKOM H-MEPHOM MpOCT-
paHcTBE R" HOpMY BekTOpa Xx=(X{, ..., X,)€ R" OnpenenuTs KaK ero
JumHy (cMm. 1. 18.4)

x| x| =/X7+ ..+ x2,

To R" Oyaer nvHENHBIM HOPMHPOBAHHBIM IPOCTPAHCTBOM.
3. Kommiekchoe apumeruueckoe n-MepHoe npocrpascrso C”
(eMm. m. 57.2) OymeT HOPMHPOBAHHBIM, €CIAM TONOXHUTH

Xl lx P+ x5 x=(xy .y X,)EC™

4. B 1eHCTBUTENTBHOM apH(PMETHUYECKOM A-MEPHOM NPOCTPAHCT-
Be R" MOXHO BBECTH HE TOJBKO HOPMY, COBINAJAXOLIYIO C JJIMHON
|x| ero amementoB x=(x,, .., x,)eR". Hanpumep, nonoxum

xll, & (1xg P4+ x,07) 7, 1<p< 400,

lxlle= max [x;].

=12 ..n

OyeBHaHO, JJIMHA BEKTOpa cOBHAAaeT ¢ HopMoi || x||,. [Tposepum
BBINIOJIHEHUE AaKCHOM HOpM 14 || x||,, 1<r<+o0. Ilpu r=1 no
CBOMCTBY aOCOJIIOTHOW BEJIMYUHBI HHCEJI

n n

lx+plli=2 Ixt+pl< ) Ixl+ 3 yd=lIxll+ipl

i=1 i=1 i=1

Mpu l<p<+o0 nNpUMEHUM HEPABEHCTBO MHMHKOBCKOTO (CM.
n. 35.8%):

n i/p n 1/p n 1/p
lx+yil,={ 2 lxi+yil”> << > Ixil”) +< D lyil") =
i=1 i=1 i=1
=|lx|l,+tyll,

Hnst |ix]|, uMeem

Fxtyll= max fxyl< max (Lxl+iyl)<

P i

i=

S max x|+ max [y=[lxll, iyl
=12 ...n

i=1.2,...n
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