KOHCTpykumsMH B 1. 57.1 u 58.4) paccMoTpeHMe JTMHEHHOTO
NPOCTPAaHCTBA X *, COCTOAIIErO M3 3JEMEHTOB MpocTpaHcTBa X H
jIeMeHTOB MHOxecTBa Y *\Y. Tlpm stoMm B mnpocrpancree X *
ONepallii CJIOXEHWS JJIEMEHTOB W YMHOXEHUS MX Ha YHCIIO
BBOISITCA TaK ke, Kak 3T0 ObUIO CHeNaHo mocne omnpejeseHus 18 B
n. 58.4, a ckanspHoe (IOYTH CKaJsiPHOE) NMPOU3BEJICHHE (X, J)yx,
xeX*, yeX* onpenensercsi B NPOCTPAHCTBE Yepe3 CKAJIAPHOE
(MouTH cKansipHOE) NPOU3BEACHHE B MPOCTPAHCTBE Y * ¢ MOMOIIbIO
ouekuun F:X*- Y* 3anasaemoii dopmynoit (58.17), ciaemyrommm
obpazoM:

(X, }))X*Z(P‘(X), F(y))v
rac B HpaBOﬁ YaCTy CTOUT CKaAJIApHOC (HO‘ITI/I CKaﬂﬂpHOC) IPpOU3BEC-

JIeHWe B mpocTpaHcTBe Y *. Jlerko HpoOBEpHTH, YTO MPOCTPAHCTBO
X* u3soMopdHO mpocTpaHCTBY Y *.

VnpaxHeHns. 2. Jloka3aTb, 470 NpU (PUKCHPOBAHHOM 7 BCE ACHCTBUTENbHbBIC
n-MEpHbIE JIMHEHHBIE NPOCTPAHCTBA CO CKAJSPHBIM TIPOH3BEACHHEM H30MOPOhHBI!
Mexay coboit.

3. [loka3aThb, 4TO BCSKOE KOHEYHOMEPHOE JMHEHHOE NPOCTPAHCTBO CO CKAJAp-
HpIM TIDOM3BEACHHEM TOJHO B CMBICIS METPUKM, HOPOXKACHHOH CKAJIAPHBIM
NIPOU3BEACHHUEM.

Onpeaenenne 4. Jluneiinoe npocmpaHcmeo co CKAAAPHbIM HPOU3Be-
OeHueM, NOAHOE 6 CMbICAC MEMPUKU, NOPOHCOCHHOU 3A0AHHBIM
CKAAAPHBIM NPOU3BCOCHUEM, HA3BIBACMCA 2UAbOEPMOBBIM NPOCIPAH-
CMEOM.

IIpocmo xce auneliHoe NPOCMPAHCMBO CO CKAAAPHBIM NPOU3Bede-
HUeM HA3bIBAIOM MAKICE NPed2uibOepmosbiM NPOCMPAHCIMBOM.

DTO Ha3BaHUE ONPAB/BIBAETCH CIEAYIOIIEH TEOPEMOI.

Teopema 1. Bcakoe npedzuavbepmoso npocmparcmso X
cofep:»cumc,q, U NAOMHO; 8 HEKOMOPOM 2UAbOEPNIOBOM NPOCHPAHCMEe
X*. .

HoxazaTtenbctBo. CorsiacHo teopeme 4 1. 57.5 u teopeme 2
m. 58.5, MOCTAaTOYHO TOKA3aTh, YTO HA NONONHEHME X * JIMHEHHOro
HOPDMHUPOBAHHOTO MPOCTPAHCTBA X MOXHO HNPOJOTIKHUTL € X
CKaJIIpHOE TPOM3BEJCHHUE C COXpaHEeHHEM CBOHCTB 1°—4°. 3t0
MOXHO C/IeJIaTh C NOMOIIBIO NPENeNbHOro nepexosa. JleHcTBUTeNb-
HO, Tak kKak X=X* To s jroboi napel Todek xe X * u yeX'*
CyILIECTBYIOT MOCJIECNOBATEIBHOCTH Touek x,€X, y,eX, n=1, 2, ...,
Takue, 41O

lim x,=x, lm y,=y.

n—op n—oc

IMokaxem, uro cymecrsyer lim (x,, y,). B camom nene, n3

HepaBeHcTBa (59.14) crmenyer, ‘ITZ)_:;;JU[ BCEX HATYPAJIbHBIX M WU H
me ) = (X ¥u) 1 <N X=X 17 0 I Y=l
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Tak kak, B CHJIy CXOAMMOCTH, IOCHEAOBAaTENbHOCTH {X,} ® {y,}
OTpaHMYEHB! N0 HOpMe M SBJISAIOTCH (YHIaMEHTAaIbHBIMH, TO W3
ITOTO0 HEPABEHCTBA CJIEAYET, YTO 4MCJIOBas IOCIENOBATENBHOCTH
{(*p> yn)} TAKKE dyHIAMeHTAaNBHAS M, CNEJOBATENBHO, CXOIUTCH.

[Monoxum, mno onpeaenenno, (x, y)=lim (x,, p,). Jlerko
n—0o0

IIPOBEPHTH, HCHOJBL3YS NpPENENbHLI Iepexo], 4TO 3TO OIpele-
JIeHMe HE 3aBUCHT OT BBIOOpa mocnexoBaTenbHOCTEH {x,} # {y,}
TaKkHX, 4YTO X,—X, y,—y H 4YTO i1 TAaKUM 00pa3oM OIpEIeICHHON
dysxumm (x, y) BbIMONHAIOTCA cBoficTBa 1°—4° ckaisgpHOro mpo-
usBeneHus. [J

IMonyyenHOe TUILOEPTOBO MPOCTPAHCTBO HA3bIBAETCS HONOAHE-
HUeM UCXOO0H020 nped2uivbepmosa NpoCmpancmed.

IpumepoM ruABLOEPTOBAa NPOCTPAHCTBA SBISETCS H-MEPHOE
€BKJUAOBO TNpocTpaHcTBO (cM. 1. 18.4). Jlpyrue npumepst OyayT
paccMOTpEHbI Jajiee.

VYnpaxuenue 4. JlokazaTs, 4TO npeArnib6epTOBO NMPOCTPAHCTBO, H3OMODPY-
HOe THIAb6EPTOBY NPOCTPAHCTBY, CaMO SHBJSETCS THILOEPTOBBIM.

59.4. MPOCTPAHCTBO L,

Hanomuum (cM. npumep 3 B 1. 59.1), 4T0 JMHEiHOE NPOCTpPaHCT-
BO HENpEpHIBHbIX Ha OTpe3ke [a, b ]| GyHKuMA coO CKaJIsAPHBIM
MpousBecHueM, onpeneyieHHeM 1o dopmyie (59.11), obo3Hauaercs
yepes CL, [a, b].
(59 11{2())pma B npoctpadctBe CL, [a, b ] onpepensercs ¢opmyion

Jemma 5. ITIpocmpancmso CL, [a, b ]| ne agasemca euavbepmo-
8bIM. ,

HokazaTtenbctBo. YUroObl ybemuThCcs, 4YTO BCAKOE MPOC-
TtpadcTBo CL, [a, b ] He siBisieTCA NOJHBIM, AOCTATOYHO PacCMO-
TpeTh mpoctpancTBo CL, [a, b ] ans HexoToporo ¢UKCHpOBaH-
HOTO oTpe3ka (moyeMy?). Bo3bMeM Ui ONpenesICHHOCTH OTPE3OK
[—1, 1] v npuBenemM npumep (PyHAAMEHTAIBHOH B NPOCTPAHCTBE
CL, [—1,1] nocnenoBaTeIbHOCTH (YHKIHUMA, HE CXOAMIIEHCS B 3TOM

NIPOCTPaHCTBE.
IMonoxum
—1, ecmn —1<x< —1,
n
fu(x)= nx, ecnu —%<X<’]~1, n=1, 2, ...(59.15)
1, ecnu %<x$1,
(puc. 257). OueBunHO, 4TO PyHKUMH f,(X), n=1, 2, ... , HEIPEPHIBHLI

Ha otpe3ke [—1; 1]. 3ameuas manee, yto |f,(x)|<1, umeeMm mns
m>n
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X

llf;.—fm||2=jlf,.(X)—fm(X)IZdX= f o)~ () 2die<

| =

dx=

b

= 1%

i
R

1
< J [ GO+ 1fm ()] 12 dx<4

OTKY[a, OYEBUIHO, CJIeAyeT, HYTO IocieaoBaTeabHOCTh (59.15) —
dbynnamenrtansias B npoctpanctse CL, [a, b].
HdedcTBuTenbHO, eciu 3agaHo €>0, To, BbIOUpas n, Tak, 4TO

8
8/ny <€ I BCeX n>n, U Bcex m>n, OyaeM HUMETh [|f,,—fm||<;<

<3<€. IMockonbky
o
—1 mpn —1<x<0,
lim f, (x)= 0 npu x=0,
n—0 Il mpn O0<x<l,

TO €CTECTBEHHO OXHAAaTh, YTO €CJIM MOCJIEA0BATENLHOCTh {f, }
CXOOUTCS B CMBICNIE CPEQHETO KBaJPaTHYHOTO, TO OHA CXOJHUTCH K
TOi Xe (YyHKUMH, K KOTOpDOH OHa CXOMMTCS NMOTOYEYHO, T. €. K
¢byuknun (cM. puc. 258):

. —1 mpu —1<x<0,
f(x)¥ 0 npu x=0,
1 mpu O0<x<1.

Onuako sta (ywkums f paspeiBHa u 1nodtomy f¢CL, [0, 1]
CnenoBaTesibHO, €CTECTBEHHO OXHAATh, YTO TOCHENOBATENb-
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HocTs {f,} He wumeer mnpefena B npocrpanctse CL,[a, b ]
[lokaxeM 3TO.
Herpyauno ybGeauTscs, YTO MOCIEAOBAaTEIBHOCTL (59.15) cxommt-
ca Ha oTpeske [—1, 1] B cMbicne nmonyHOPMBI (59.12) x QyHKIMH f.
JleMcTBUTENBHO,
1 i/n

Nf=£ 2% = Jlf(X)—f,.(X)lzdx= J If(x)=f,(x) [P dx<
1/n - 1/”—1/'1

< J [1fC)+1f(x) P 1dx<4 de%—»o npH  1—> 0,
~1/n —1/n
n6o
feo) <, 1f,(x0)] <1, xe[-1, 1]. (59.16)

[Mpeaen mo mNoONyHOpME HE €AMHCTBEH YW MO3ITOMY BO3HHUKAET
BOIIPOC: HE CYIIECTBYET JIM eUle M HEenpepbiBHOW (QYHKLUM, KOTOpas
TaKXe SBJISETCS TPEAESOM MOCIeOBATENbHOCTH {f,} B cMbIcie
cpeaHero kBaapatuyHoro. I[TokaxeM, 4TO Takod (YHKUAM He
cymectByeT. [Jdomyctum mnpotuBHoe. IlycTe cCymecTByeT Takas
HenpepbiBHas Ha oTpeske [—1, 1] dymkums g(x), 4ro

lim ||g—£,||=0. (59.17)
Torma

I/ —gl=I{(f=£)+ (=N <=Ll + 1S =2l

rae oba ciaraempix npaBoi vactu, B cuuy (59.16) u (59.17),
CTpeMsTCsi K HYJIIO NpH n—00, a JieBag 4acThb HE 3aBUCHT OT A,
ClIeI0BATENIBHO, :

1 .
S —g@)Pdr=I1f~glP=0

TeM OoJiee
0 1
_fllf(X)—g(X)|2dX=0, glf(X)—g(X)lde=0- (59.18)

PaccMmoTpum, Hanpumep, cayvaid x>0. [Tockonbky dyHkumu f u
g HenpepbiBHBI Ha wuHTepBajne (0, 1), To, B cumy (59.18), onu
COBNAJAIOT HA 3TOM HMHTEpBajie (CM. CBOMCTBO 9° olpenesIeHHOro

*) Tak kak f—f, yXe He SBIACTCH HeNpephbIBHON (yHKLMed, TO 34eCh CHMBOI
l@] obo3nauaeT yxe nogayHopmy (52.12) GyHKIMH @. DTO clenyeT MMETh B BHAY U B
JajbHEMUIMX PACCMOTPEHUSAX.
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uaTerpana B m. 28.1). ITostomy
g(+0)= lim g(x)= lim f(x)=1.
x—+0 x—+0
AHanoruyHo M3 paccMorpenus ciaydas x<0 OymeM wumethb

g(=0)= lim f(X)’—
Xm0

T. €. g-—paspbiBHAasA (QYHKIHS.

[TonyyeHHOE TIPOTHBOpEUWE W JOKa3bIBaeT yTBepxkacHue. []

Wrak, muuedinoe mpocTtpanctBo CL, [a, b ] He monno. OmHako
MBI 3H2€M, YTO BCAKOE MNPEArHILOEPTOBO MPOCTPAHCTBO MOXHO
JOHOJIHUTE A0 TOJHOTO, B YaCTHOCTH 3TO MOXHO CHeJaTh H C
paccMaTpUBaeMbIM IIPOCTPAHCTBOM. MEI BEpHEMCS K 3TOMY BOIpO-
Cy HECKOJIbKO TO3XE, a ceifdac pacCMOTPHM €llle OAHO NPOCTPAHCT-
BO. :
ITonpobyem B3sThb Oosiee IUPOKMH Kkjaacc QYHKIHMHA, YeMm
HEMpEpHIBHBIE, @ HMMEHHO PAaCCMOTPHUM JIHHEHHOE TPOCTPAHCTBO
RL, [a, b] dysxkumii ¢ HHTErpHpyeMbIM HAa HEKOTODOM OTpE3Ke
[a, b] xBagpaToM (cM. mpumep 3 B 1. 59.2) ¢ MOYTH CKaJIAPHBIM
Mpou3BeieHHEM, 3anaBaeMbIM popmynoit (59.11), d ckoHCTpyHUpyeM
U3 3TOTO MPOCTPAHCTBA NPOCTPAHCTBO CO CKASIPHBIM MPOU3BEICHU-
eM.

Onpenenenne S. [Jee pynxyuu f u g c unmezpupyemvim Ha
ompeske [a, b] keadpamom Ha3z08eM IKEUBANCHMHbIMU, eCAU
noaynopma (59.12) ux pasnocmu paena mymo:

b
Ilf—gll=\/f [f(x)—g(x) ?dx=0. (59.19)

OKBHBAJIEHTHOCTh (PYHKUMI B CMBICJIE 3TOTO ompezesieHus Oyaem
0003Ha4YaTh CHMBOJIOM
f~g. (59.20)

Ynotpebnenne B 3TOM ciiy4ae TOrO e CHMBOJIA, YTO H IS
ACHMITTOTHYECKOTO PaBEHCTBA (YHKIHUMA, T. €. 11 00O03HAYeHHs HX
5KBHBAJIEHTHOCTH B CMBICJIE NMOPSAAKA MX M3MEHEHMs (CM. olpesee-
aue 3 B m. 8.2), He mpuBEeNeT K HeAOpPa3syMeEHHIO, TaK XKaK BCeraa
Oyzer SCHO, O Kakoi SKBHBAJICHTHOCTH (DYHKIMH HAET peyYb.

OTHOIIERRE IKBHBANEHTHOCTH (59. 20) obylanaer CraeoyOUIUMU
CBOMCTBaMHU:

1°) f~f;

2°) ecit f~g, 10 g~f;

3°) ecru f~g m g~h, TO f~h

Pa3oObeM MHOXeCTBO Bcex OGYHKIMH C HHTErpUpyeMbIM Ha
orpe3ke [a, b] kBagpatoMm, T. €. mnpocTpaHcTBOo RL, [a, b] Ha
KJIACCHI 3KBHBAJICHTHBIX MeXAy coboi ¢yHKumiA. DTH Kjaaccel OyaeM
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Ha3bIBaTh KJACCAMM 3KBHBAJICHTHOCTH M 0003HauaTb 3arjaBHBIMH
natuackumu OykBamu F, G, H, ..., a X COBOKYITHOCTb — 4Y€pE3 .
Kaxayro QyHKIMO f, TpAHAIIEKAIYI0 KJIacCy DKBUBAJIEHTHOCTH F,
OymeM Ha3wiBaTh e€ro npeacraButesneM. KpaTko Beipakas NpoLECC
NOCTPOEHHS MHOXECTBA &, TOBOPAT, YTO OHO TIOJyYaercs W3
MHOXECTBA BCeX (QYHKIHM ¢ UHTErPpHPYEMbIM KBAIPAaTOM «OTOXJE-
CTBJICHHEM» €T0O DKBUBAJICHTHBIX 3JIeMeHTOB. MTak, Tenepp Kaxaoe
MHOXECTBO JKBHBAJICHTHBIX (DYHKHHMH paccMaTpHBaeTCsl Kak OJMH
3JIEMEHT MHOXECTBa .

Jna xaxgoro Fe@ u Kaxaoro AeHCTBUTENBRHOTO 4YHCIA A
snemeHT AF onpexpensercs cieayrommmM obpasom. Bribepem kako-
ro-imbo mnpexacrasutess feF, torna QyHKHEs Af ABISETCA TaAKKE
GyHKIMEH ¢ WHTErpHpYEMBIM Ha oOTpe3ke [a, b] kBaapaToMm wm,
CJIEAOBATENBHO, MPUHAMIEKHUT HEKOTOPOMY KJIacCy 3KBHBAJIEHTHOC-
TH, T. €. ABJIAETCA MPEACTABUTEIEM HEKOTOPOro 3JeMeHTa u3 ,
KOTOPbIi W omnpeneiseTcss Kak dJIeMeHT AF.

Yr1oObl 1MOKA3aTh, YTO ITO ONpEeAe/IEHHE KOPPEKTHO, HaA0 AOKa-
3aThb, 4TO 2JeMeHT AF He 3aBUCHT OT BhIOOpa dynkiumu f€ F. JlelicTBH-
TeNbHO, ecin fe Fu fie F, 10 f; ~f, 1. e. || f; —fI|=0. CrenosarennHo,
IAfi—=Afll= M| —=fII=0, a 310 o3HawaeT, 4yTo Af; ~Af. [TosTOMy
byaxuun Af; m Af IpUHAMIEKAT ONHOMY M TOMY Xe KJaccy
SKBHBAJIEHTHOCTH, T. €. OJHOMY H TOMY € 3JIEMEHTY MHOXKECTBA §.

OnpenenuM Tenepb ONEPALMIO CIOXEHUS 3JIEMEHTOB MHOXECTBA
&. [ycts Fe® u Ge §. BribepeM xakne-ymubo Gynkunu fe Fu geC.
Onement F+ G oupeneniuM Kak KJacc dKBUBAJEHTHOCTH, COACPKA-
it ayleMeHT f+g. DTO ompefesieHUe OJHO3HAYHO, TaK KakK €ClH

feF, fieF, geq, geCG
W, CJeJOBaTENbHO,

,fl ~.f’ g1~g3
TO
I/i=/1=0, lig,—gll=0.
IToaromy
O<II(fi+g0)—(f+&N<If —fl+11g —glI=0,
T. ©

Sitgi~f+g

H, TakuM oOpaszoM, GyHKIHA f; + g, NPHHAAIEKUT TOMY XKe KJIAcCy
9KBUBAJIEHTHOCTH, 4YTO ¥ (yHKuus f+g.

Wrak, nj1s TOro 4ToObl CIOKHUTH 3JIEMEHTHI H3 MHOXECTBA & WU
YMHOXHTh WX Ha YHCJIO, HaAO BBIOpaTh WX MpeACTaBATENEH U
IIPOJENATh Hai HIMH YKa3aHHYIO OEPALIUIO; B Pe3yIbTATe MOJYIUTCS
HekoTopasi  (QYHKLHS; KJacC  OJKBMBAJEHTHOCTH, IPEACTABH-
TeJIeM KOTOPOro SBJISETCS 3Ta (QYHKuust, ¥ OyAeT pe3yibTaToM
paccMaTpUBAEMOH OTIEPaIVH.
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MHoXecTBO § ¢ BBEECHHHIMH B HeM omnepauusmu AF u F+G
obpa3syer JIMHEHHOE MPOCTPAHCTBO. JIeHCTBUTENBLHO, ISt 3THX
onepauuii BHINMONHSAIOTCA cBoiictBa 1°, 2°, 3° ompenenenus 1 B 1.
58.1. Tlposepum, HampuMmep, 4TO Lis obObix Feg, GeF u
moboro yMcia A CIOpaBe[SIMBO DPABEHCTBO

MF+G)=AF+)G. (59.21)

Ecm feF u geG, TO, COINAaCHO ONpPENENICHHIO CIIOXEHHS
3JIEMEHTOB u3 MHOXECTBA &, nonyyaM  f+geF+G,
AL(f+g)er(F+G). Tlockonbky f W g—3J€MEHThl JIMHEHHOTO
1poCTpancTBa, To A(f+g)=Af+Ag. B cuny xe npaBuia ymsHOXe-
HHs DJIEMEHTOB U3 § Ha YHCIO H CJOXKEHHS OTHX 3JIEMEHTOB,

MelF, AgelG, M+AgehF+AG.

Taxum obpasoM, kyaccel 3kBHBaJIEHTHOCTH A(F+G) u AF+AG
comepxaTt obmmii anemeHT A(f+g)=M+Ag H, crenoBaTeNLHO,
cosnajgator. Pasenctso (59.21) mokaszaHo.

AHaNOTUYHO TPOBEPSETCS W BHINIOJHEHME OCTaIbHBIX CBOMCTB
JMHEAHBIX TPOCTPAaHCTB (cM. ompenmesnerne 1 B n. 58.1) nmns
ONEepaldii CJIOXKEHNS H YMHOXEHHS Ha YHCJIO OJJEMEHTOB U3
MHOXECTBA §§.

OTMeTHM, YTO HyJIEM HOJIY4E€HHOTO JIMHEHHOTO NPOCTPAHCTBA &
ABJIICTCSA KJIACC JKBHBAJIEHTHOCTH, COJAEpXallUil (YHKUHIO, TOX-
JECTBEHHO PABHYIO HYJIIO Ha oTpe3ke [a, b]. DTOT Kjacc cocTOUT M3
TEX ¥ TOJBKO TeX (GyHKUMH f, KOTOpHIE 3KBUBAJICHTHBI HYJIIO, MHAYE
roBOpH, /U KOTOPBIX nojyHopMa (59.12) pasHa nymo: || f]]=0, T. e.

Eﬂ(x)dx=0.

Onpenennum Teneph B JMHEHHOM NPOCTPAHCTBE § CKaJISPHOE
ymuoxenue. Ilycte Fed, Geg; Bbibepem u3z xmacco F m G
KaKuX-1M00 npencraButenedt feF u geG U NOJOXKAM

(F. G)=(f, g). (59.22)

Taxum obpa3oMm, a8 TOro 4YTOOBI CKaJNSPHO TEPEMHOXHTD
9JIEMEHTBI NPOCTPAHCTBA §, HANO BBIOpPaTh MX NpEACTABUTENECH H
CKaJIIpHO YMHOXHTb HX JApYyr Ha Japyra (B CMBICHE TIOYTH
ckansgpHoro mnpoussenenus (59.11)). Ilonyuennsiit pe3ysbTaT H
OyneT paBeH CKaJSIPHOMY IPOU3BEICHHIO PACCMATPUBAEMBIX 3j€-
MEHTOB M3 MHOXECTBA .

Onpenenenye (59.22) Takxke He 3aBUCHT OT BbiOopa GyHKUMH U3
KJIaCCOB 3KBHMBAJICHTHOCTH. [leHCTBUTEILHO, eciH

feF, fieF, geG, g, =G,
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TO

fi~f g&i~8

1, CJIEXOBATEJILHO,

fi=/11=0, llg,—gli=0.

ITosTomy, ucriosn3ys HepaBeHcTBo Komm — IIBapua (59.1), nosmy-
YAM

0<|(f1: gx)'“(ﬁ g)!=|[(f1 81)_(f; g1)]+[(f’ gl)_(f’ g)]l<
<Wfi—f g+ go—g)I<Ilfi—AllgI+11A g, —gll=0.

Taxum obpaszom, (fy, g;)=(f. g).

Oyuxus (59.22) ya0BIETBOPAET BCEM CBONCTBAM CKaJISPHOTO
ymuoxenus. [lelicrBurenbho, nyctb fe Fe§, geGe g, he He g, A
U [L— 4ucia, Toraa

(AF+pG, H)=(M+pg, h)=A({f, h)+p(g, h)=A(F, H)+p(G, H),
(F, G)=(f g)=(g N)=(G. F),
(F. F)=(f. f)=0.

Hakonen, ecniu (F, F)=0, T0o 3T0 o3Hayaer, 4ro s JIroOOH
pyuxkmun feF umeem (f, f)=|f1?=0, 1. e. f~0, a 310, KaK
OTMEYAJIOCh BBIINE, ¥ O3HAYAET, YTO JIEMEHT F ABJISCTCS HYJEBbIM
3JIEMEHTOM MPOCTPAHCTBA .

Onpeesienne 6. Jluneiinoe npocmpancmeo & €O CKAAAPHbIM NPO-

~ ~
uzeedenuem (59.22) nasvisaemca npocmpancmsom RL,=RL, [a, b ].
OrmetruM, uto HOpMa || Fl| ~ oanmemeHTa F B HPOCTPAHCTBE
RL

R}:z [a, b], cormacao (59.2) u (59.22), onpepenserca 4epes

nosyHopmy ||f HRL2 dyskuun fe F no (bopM)fne

b
WE g =N 1re,= Lf/‘2 (x) dX] 2, feF, (59.23)

OpHYEM, B CHJIY JOKa3aHHO#H ONHO3HAYHOCTH ONPEHEICHUS CKaJIAp-
HOT'O NIPOHM3BE/IEHMUs, ITO OfpeJiesiecHNe OHO3HAYHO, T. €. HE 3aBHCHT
oT BbibOpa ¢yHKIME f< F.

~/
3amevanune 1. DnemenTamn npocrpanctBa RL, [a, b ] sBis-
IOTCS KJIACCHI SKBHBAJNCHTHBIX (PYHKIMH, OHAKO B MaTEMAaTHYECKOM
JIITEPATYPE YaCTO BCTPEYAETCH BbIpaxeHUe «(yHKUUS H3 NPOC-
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TpaHcTBa RL,». DTO YCIOBHOE BLIPAXEHHUE O3HAYAET MPOCTO, YTO
peub HAET' 0 (QYHKUMH C WHTEIPUPYEMBIM KBaApaTOM M, CJEJOBa-
TeJbHO, NpPUHALJIEKALIEH OJHOMY M3 PacCMaTPUBAEMBIX KJIACCOB
SKBUBAJIEHTHBIX (DYHKIHH, T. €. SBJISIOIIEHCS ero IpeiCTaBUTEJIEM.
DTO BhIpaXeHHe yI0OHO, TaK KaK ONEpalUs CIOKEHHs, YMHOXEHUS
Ha YMCJIO W OMNEpalys CKaJSIPHOTO YMHOXEHHS KJIACCOB IKBHBA-
JEHTHBIX (QYHKIMM CBOAATCS K COOTBETCTBYIOUIEH ONEpanuy Hal HX
NpeICTABUTENAMH, IPHYEM pe3yIbTaT He 3aBUCUT OT BbIOOpA
YKA3aHHbIX ' MPEJCTaBUTENCH. DTO OOCTOSITELCTBO B HM3BECTHOM
CMBICJIE ONPABABIBAET TAKXKE U HacCTO YNOTPEOJSAIOLLEECS YCIOBHOE

7~
BBIPQXKEHHE «IPOCTPAHCTBO RL, [a, b] coctouT u3 QyHKUHH C
~
WUHTErPUPYEMBIM KBaJapaTOM»;, B ITOM CiIy4yae NpocTpaHCTBO RL,

Hepelko o0o3HavaeTcsi OpocTo uepes RL,.
Kaxmas - HenpepbiBHass Ha oOTpe3ke [a, b ]| QyHknms, Oymyum

byHKIMe#d ¢ WMHTErpEPYEeMBIM KBaJpaToM Ha O3TOM OTpE3Ke,

NPUHAIEKUT HEKOTOPOMY KJIAacCy 3KBMBAJICHTHOCTH, T. €. HEKOTO-

pOMY 3JIEMEHTY [IPOCTpaHCTBa RIZ [a, b ]. TIpu 3TOM B yKazaHHOM

KJlacce HET ApYro# HemnpepbiBHOW (yHKIMU, HOO €ClM HENnpepbIBHbIE
GYHKIMHM JKBUBAJCHTHBI, TO OHH PAaBHBIL

M3yuum oToOpaxeHnue, CTaBslllee B COOTBETCTBUE KaxIOH
HenpepbiBHOH Gyukmun feCL,[a, b] kmacc >KBHBAJEHTHOCTH

FeRi2 [a, b], x kxoTopoMy oHa TpHMHALIEKUT: feF. 210

OTOOpaXeHMEe  HA3BIBAETCA  CCIMECMBEHHbIM — OMOOpajceHuem
~
CL,[a, b] B RL,[a, b]. B cuiy camMoro OmpejiesicHus Omeparuii

CJIOXKECHUS JJICMCHTOB (ﬂBJIS!I*OU.lPIXCﬂ KJlaccaMu SKBPIBaJIeHTHOCTH),
YMHOXCHHST HX Ha 4YUCIO W HMX CKAJSAPHOTO TINPOU3BEACHHUA B

~
npoctpancTee RL, [a, b ], cBOAAIMXCS K TaKUM e JEUCTBUAM HA

IPEICTABUTENIIMH KJIACCOB HKBUBAJIEHTHOCTU, €CTECTBEHHOE OTOD-

paxkeHue SBAACTCH JMHEHHBLIM M COXpaHsET CKaJApHOE NpOHM3BEe-

gue. OHO sBJIAETCS B3aMMHO OJHO3HAYHBIM OTOOpaxeHnemM (MHbEK-
~/

uuedl) mpocrpanctea CL,[a, b] B npocrpanctso RL, [a, b ], Tak

KaK eciii Obl IpU 3TOM OTOOpAaXKEHUH JBe HENPEPbIBHbIE (PyHKIUH

. ~/
0TOOPa3uIMCh B OJUH U TOT XK€ 3JieMeHT nmpocTtpanctBa RL, [a, b ],

T. € B OIMH M TOT XK€ KJAacC OJKBHBAJCHTHOCTH, TO OHH
obe mpuHamnexamd Obl 3TOMYy Kjaccy. A 3T0, Kak ObLJIO OTMEYEHO
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BBIIIIE, BO3MOXHO TOJBKO B ClIy4ae, €CIM OHH SBIISIIOTCA OJHOM H
TOH € HempepbiBHOW (QyHKIHEH.

~
s u3yueHuss CBOMCTB MNpocTpaHcTBa RL, TNpeABapUTEILHO
JOKaXeM TpH JieMMbl 00 anmpokcuManuu QyHKIMA. B HHX BMECTO

IRz, 6ymeM [uis KpaTkOCTH OpOCTO NHCaTh |||

emMma 6. ITycmv keadpam Ppynkyuu [ unmecpupyem Ha
KOHEUHOM Ul 6GECKOHEeUHOM RNpOMeNCymKe ¢ Kouyamu a u b,
—wo<a<b<+w. Tozoa o0aa awboco £€>0 cywecmsyem maxkas
punumnas cmynenuaman gyukyus ¢ (cM. 1. 55.2), pashas Hyo 6He
YKA3AHHO20 NPOMENCYMKA, YMO

If—elli<e.

Jdoxa3aTenbcTBO. [IpeanosoxuM uist IPOCTOTH, YTO (yHK-
wug f uwHTErpupyeMa mo Pumany Ha mobom orpeske [§, n],
a<f<n<b (cMm. m 55.1). OOmmi ciay4add Jerko CBOAMTCA K
3TOMY.

Mycts 3amao £>0. 3aduxcupyeM Tak & # 1, 4TOOBI

i 12() dx+} 12 (%) dx<*22f. (59.24)

TO BO3MOXHO B CHJIy TOrO, YTO MHTerpan Ha otpeske [a, b] or
yukmuu f? cxomurcs. DyHxuus f, Oydydd HMHTErpHpyeMOH mo
Pumany Ha orpe3ke [§, mn], oOrpaHMYeHa Ha HeEM:
If(x)| <M, E<x<n, (59.25)

M — nocTosHHAas.

Cornacio nemme 2 B 1. 55.2, nna nmanHoro €>0 cymiecTByer
Takas (QUHUTHAs cTyneHyaTas QyHKLUHUS @, 4TO €€ HOCUTE/bL Supp ¢
cogepxutcs B orpeske [§, m], T. e. supp ¢c [, 7],

lp(x)I<M, xe[E n] (59.26)
(310 ciemyer w3 3amedanus | m. 55.2) u

n 2

F1Ax) - ()] dx<fﬂ. (59.27)

3

ITpuMenuB TOCIenOBaTENbHO HepaBeHCTBa (59.24), (59.25),
(59.26) u (59.27), noay4um

ILf—o Ilz=3‘:[f(x)—(p(x)]zdx=ij2 (x)a'x-ki,[f2 (x)dx+
J{‘[ f(x)—(p(x)]zdx<§2i+i[l F0l+10 ()] V() -0 (ldx <
<§+2Mz|f(x)—<p(x)|dx<?2_2+2Mf;7=a2.
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I
!
|
!
i
]
1

0 a a+y a-p & Z
Puc. 259

Orcroga caenyer, uto || f—oll<e. U

Jlemma 7. Iycmv @ — punumnas cmynenuaman @GyHKYus,
pasHasa Hyaw eHe ompeska la, b, mozda dasa mobozo £>0
Ccyujecmeyem makan (GuUHUMHAA HENpepuleHAA HA 8Cell HUCA080L OCU
PyHKYus g, MAKdMHce pPAsHAA HyAl0 BHe VKA3AHHO20 OMPE3Kd, YUMo

llg—oll<e.

HdoxaszaTtenrcTBo. JloOCTATOYHO paccCMOTpETh Clydall Xapak-
TEpPUCTUYECKOH (YHKIMM NOJyHHTepBasa, MO0 BCskas (UHHUTHAS
cTyneH4yaTas (YHKLHMS SBJSAETCS KOHEYHOM JIMHEHHOM kKoMOMHauueH
nogoOHbIX QyHkimiA (cM. 1. 55.2). Urax, nycts 3amana QyHKuus

{ 1 ang as<x<b,

x(x)= 0 nng x<a u x=b,

1 3anaHo €>0. BosbmeM kakoe-mub6o 1 >0 Tak, YToOBI BBIIOJHS-
JUCh HEPaBEHCTBA

<az <b—a

N 8"“ 27
U paccMoTpuMm yHKIMIO g(X), rpaduk KoTopoit H300pakeH Ha
puc. 259. Tlpu xenaHnm ee MOXHO aHANUTUYECKH ONHMCATH CIEAYIO-
umM 06pazoM

0 nng x<a u x>b,

X—a
st as<x<a+n,

g
p—
-
N’
I
Al

=

I gns a+m<x<b—n,

b—
X nas b—-n<x<bh.
n

.

OuesnziHO, 4TO g(x) ABseTCS GUHUTHOM HENpPEpHLIBHOX Ha BCeH
yncaoBod ocu  Qyukumed. I[lockosbky [y (x)I<1, |g(x)I<1,
—o0<Xx<+ 00, TO
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g 1= T2~ o) =" | ule)—g (e +

+b§n[x (xf—g(x)]zdx<ain[|x ()1 + g (I +
+¢§Dx&%ﬂg@ﬂ%ﬁ<4ﬁik+4i¢u<8n<g’

b-n

T.¢ |lx—gll<e. O

Jemma 8. Ecau [ nsasemca PyHryueil ¢ unmezpupyemvim
Keaopamom Ha ompeske [a, b |, mo ona na smom ompe3ske aeisemcs
npedeiom 6 cmbicae CpeoHe20 K8adpamuuHo20 HeKomopoti nociedo-
8AMEAbHOCMU  HENPePbIGHbIX HA 6celi  uuca080i ocu Purummusix
gynxyui f,, n=1, 2,..., Hocumeau KoOmopvlX aedcam Ha OmpesKe
la, b}

b
lim If,—fIF = lim [ £, (x)=/(x)Pdx=0.  (5928)

y HdoxazarensctBo. Kakoso
O6b1 HU ObUTO €>0, B CHIIY JIEMMBI
6, cymwecTByer Takas ()HHHUTHAA
cryneHyatas GyHKuus ¢, paBHas
HYJIIO BHe oTpe3ka [a, b ], 4tO

lr-oli<3,

a B CWIy JIEMMBl 7, s 3TOH

Puc. 260 cTyneH4aTod (yHKUMM @ Haimercs

Takas QYHKUHS g, HeIpepbIBHAas Ha

BCEil YMCIIOBOM OCH M paBHas HyJI0O BHe oTpe3ka [a, b, uTO

£
Hw—gH<5

u, cienoBaTesibHO (puc. 260),

If—gli<llf—oll+llp—gli<e.

BuiGupasi Tenepp HEKOTOPYIO YHCIOBYIO MOCIEAOBATEIbHOCTD
g,—+0 mpu n—oo, n=1, 2,.., u obo3Hayas uyepe3 f, COOTBETCT-
BYIOIYIO YHMCIIy €, B CHJIy YKa3aHHOH KOHCTPYKUHH, (yHKIHIO,
HETIPEPHIBHYIO Ha BCEH 4YHMCJIOBOH OCH M PpaBHYIO HYJIIO BHE OT-
peska [a, b], TONydMM HCKOMYIO MOCHENOBaTeNbHOCTH {f, },
yIOBJETBOpSIOLIyIo ycioButo (59.28) (ompeneneHue mnpenena IO-
CIIEJOBATENILHOCTH (PYHKIMA B CMBICJIE CpEJHEro KBaJpaTH4-
goro c¢cM. B 1. 58.4), u Ttaxywo, uro supp f,c{a, b] mns Bcex
n=1, 2,... . [
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Onpenenenne 7. Iloomuoxncecmso npocmpancmsa CL, [a, b],
cocmoAawee uz Gynxyuil f, odbpawyaroyuxca 6 Hyab HA KOHYAX OMpe3Ka

[a, b1 fla)=f(b)=0, nazeisaemca npocmpancmeom CL,[a, b].
OvueBnnno, uto sneMMa 16 o3Havaer, 4To MOOYIO GYHKUMIO C
MHTETPUPYEMBIM Ha OTpe3ke [a, b| KBagpaTOM MOXHO CKOJIb
YIOOHO TOYHO B CMBICIE CPEHETO KBAAPATMYHOIO MNPHOIM3UTE
bysxmuamu w3 CL,[a, b]. Scwo, uro CL,[a, b] sBasercs
JIMHEMHBIM TNIPEArUILOEPTOBLIM MPOCTPAHCTBOM K
CL,[a, b]<CL,[a, b]. (59.29)
BepHemcs Tenepb k ecTeCTBeHHOMY oToGpaxenmio CL,[a, b]—
—>RVL2 [a 5]
Teopema 2. Ecmecmgennoe  omobpamenue  CL,[a, b]—

—RL,[a, b], m.e. omobpancenue, cmasawyee ¢ coomeem-

cmeue  KkancOoii  Henpepuisnoll  Ha  ompeske [a, b]  @ynxyuu
KAaCcC — IKEUBAAEHMHOCMU, K  KOMOPOMY  OHA  NPUHAOAEHCUM,
Aaeasemcs uzomop@rolm omobpancenuem npocmpancmea CL,[a, b] ¢

RL,[a, b], npuuem obpas npocmpancmsa éLz [a, b] (a cae-

dosameavho, ¢ cury (59.29) u ecezo nmpocmpancmea CL,[a, b])
naomen ¢ RL,[a, b].

HokazatenbcTBo TeopeMbl 2. O6o3HauuMm uepe3 @
ecTecTBEHHOe oToOpaxenne mpocrpanctsa CL,[a, b] B mpocrpan-

ctBa RL,[a, b], T.e. oTOGpaxeHHue, CTaBsliee B COOTBETCTBHE

KaXIOH HENpEepLIBHOW Ha OTpe3Ke [a, b] bysxuuu  f  knacc
SKBUBAJICHTHBIX (QYHKIHMH C HHTEIPDHPYEMBIM Ha 3TOM OTpE3KE
KBAapaTOM, KOTOpOMY OHa INPHHANJICKHUT, HWHAYe TOBOpA, KJAcc
9KBHUBAJICHTHOCTH, NPEACTABUTEIIEM KOTOPOro OHA ABjseTcs. Takum
obpaszoM, eciu

feCLa, b] u feFeRL,[a b]

To ®(f)=F.

[Tycte F=®(f)=0; Torna || F||=0, Ho f'& F, nostomy # || f||=0.
ITo cBoiictBy HOpMBI oOTcloAa ciepyer, 4to f=0, T.e. SApO
otobpaxeHuss ® COCTOUT TOJBKO W3 HYyNEBOro a3jemMeHTa. Ilo-
CKOJIbKY €CTecTBeHHOe oTobOpaxenne & nuHeilHO, TO OHO B3a-
MMHO OHO3HayHO oToOpaxaer mupocrpanctBo CL,[a, b] B

IIPOCTPAHCTBO R~L2 [a, b] (cM. memmy 1 B m. 58.1).
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o
IMokaxem, 4to obpa3 mnpocrpanctBa CL,[a, b] npun srom
OTOOpaKeHHH SBIAETCA TUIOTHBIM B TpocTpanctse RL,[a, b]

muoxecrBom. Ilyets Fe RL, [a, b] u dynkumst f sBusiercs

npeactaButeneMm sinemenTa F, 1.e. fe F. Ilockonsky [ sBasercs

byHKumel ¢ MHTErpHpyeMbIM Ha OTpeske [a, b] kBampatoM, TO,

COTJIACHO JIeMMe 8, OHA SBJAETCS NPEIEJIOM B CMBICJIE CPEIHETO

KBaJ[paTUYHOTO HEKOTOPOH TIOCJIENOBATENILHOCTH HENPEPHIBHBIX HA

orpeske [a, b| dyHKuMiA f,, oOpaIalOLEXCS B HOJIb HA €r0 KOHIAX
o}

(em. (59.28)), T1.e. f,eCLy[a, b], n=1,2, ... Ecim f,eF,e
e RL,[a, b], To, coracHo ONpe/IENeNHo NOJIYHOPMbI B TIPOCTPAH-

cree RL,[a, b], monymum

I Fo=Fll &z, = 1fu =Sl ke,

T7Ie clpaBa, Kak OOBIMHO, CTOMT mnoJiyiopMa (59.12). Otcroma, B
cuny paBeHcTBa (59.28), mosyuaem

lim ||F,— F||=0. (59.30)

n— oG
[TOCKOJIBKY KJIACC IKBHBAJIEHTHOCTH F SIBJISUICA IPOU3BOJILHO (HK-
N
CHPOBAHHBIM JIEMEHTOM npocTpancTBa RL,[a, b], a F,=®(f,), rae

f,— HenpepuiBHAs Ha oTpe3ke [a, b] bynkums, o6pallaroLascs B Hy b

Ha ero KOHUAX H, ciefoBaTenbho, F, &« ®(CL,[a, b]),n=1, 2, ..., 10
paBeHCTBO (59.30) ¥ oO3HAYaeT IUIOTHOCTHL oOOpaza MHOXeCTBA

éLz[a, b] B mpocrpancrse RL,[a, b] npu orobpaennu ®.

Jlns okasaTesbeTBa Xe MIOTHOCTH 06pasa muoxectsa CL, [a, b]

TIPH €r0 ECTECTBEHHOM OTOOPAXEHNH B IPOCTPaHCTBO RL, [a, b] 3a-
METHM, 49TO U3 BKJIFOUeHHs (59.29) ciieayeT oueBUHBIM 00pa3oM, 4TO

®(CL,[a, b]) = ®(CL,[a, b]) = RL,[a, b].

A ecim B KakOM-THOO METPUYECKOM NpocTpaHcTBe X MIOTHO
MHOX€ECTBO A, T.¢. A=Xu A < B< X, TO, KOHEYHO, MHOXECTBO B
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Takxke MIOTHO B X, u6o A « B< X u Tak kak A=X, To u B=X.
Ioatomy u3 wiorHoctu Muoxecrsa ®(CL ,[a, b]) B npocTpancTBe

RL,[a, b]cnemyer u nnoTHOCTS B Hem MHOXecTBa O (CL, [a, b]). O

Ecniu  OTOXIECTBUTH  KakxAyK  HENPEPBIBHYIO  (YHKIHIO

fe CL,[a, b] ¢ xnaccom sksusanentrnix dynxumit F < RL,[a, b],

KOTOPOMY OHAa MNpHHAIEXUT: f< F, T. €. OTOXIECTBUTL f C ee
obpa3oM mOpH ecTecTBEHHOM oTobOpaxenuu @, TO mnomyyum, 94TO

CL,[a, b] sBnsetcs momMHOXecTBOM mpoctpancTsa RL,[a, b]:

CL,[a, b] = RL,][a, b]. (59.31)
OTO BKIIIOYEHME HA3BIBACTCS €CMECHBEHHbIM 6A0MCCHUEM TIPO-
crpanctBa CL, B mpocrtpaHcTBO RL,.

Urax, B cuny (59.29) n (59.31), cnpaBennuBbl BKJIIOYEHUS
Z’Lz [a, b] = CL,[a, b] = RL,[a, b],
OpHUYeM, COrJJaCHO Teopeme 2,
CL,[a. b]= RL,[a. b]

o .
— MuoxectBo CL ,[a, b], a cnenoBatensho, u CL, [a, b], mioTHs!
B mpocrpancrse RL,[a, b]. '

fa
MOXHO 110Ka3aTh, YTO NMPOCTPAHCTBO RL,[a, b] He sBnsiercs

NOJIHBIM, T. €. HE ABJIACTCA rﬂﬂb6epTOB1>]M HpOCTpaHCTBOM’.
3anaua 40. [okazaTh, uTo mpocTpanctBo RL,[a, b] He sBIsSETCS TOMHBIM.

Boue Obuto mokazaHo (cM. m. 59.3), 4To BCSIKOE Npearuiaboep-
TOBO MPOCTPAHCTBO MOXHO JIOTOJHHUTH JO IIOJHOTO, T. €. 1O
ruib0epTOBa MPOCTPAHCTBA. B 4acTHOCTH, 3TO MOXHO CHEJNaTh M C

npoctparcteom RL, [a, b].
Onpenenense 8. [Tonoinenue npedzuibbepmosa HPOCMPAHCEA

RL,= RL, [a, b] naseisaemcs npocmpancmeom L,=L,[a, b].
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B CH1y Onpe€AC/ICHUsT NONOJTHCHHS,

RL,[a, b] = L,[a, b] (59.32)
u RL,[a, b] nnoteo B npocrpanctse L,[a, b], T.e.

RL,[a, b]=L:[a b].

B cuny skmrouennit (59.29), (59.31) m (59.32), uMeloT MecTo
€CTECTBEHHBIE BJIOXKEHUS

CL,[a. b] = CL,[a, 8] = RL,[a, 8] = L,[a, b]." (59.33)

Oxa3spIBaeTcs, YTO He TOJIBKO RL, NIOTHO B MPOCTpPaHCTBE L,,
o :

HO U CL, nmotHO B L,.

Teopema_3. Ilpocmpancmeo CL ,[a, b]| niomno ¢ npocmpan-
cmee L,[a, b]. :

Caencreme. Ilpocmpancmso CL,[a, b] niomno 6 npocmpan-
cmee L,[a, b]. ,

HoxazarenbcTBOo TeopeMnl 3. Ilycts f& L, [a, b] U IIyCTh
IIPOU3BOJILHO QuKchpoBaHo €> 0. /{15 IPOCTOTHI BCe 3JIeMEHTHI MPO-
crpanctsa L, [a, b] 6ynem Taxxke 0603Ha4aTh CTPOYHBIMH JIATHHCKH-
MH 6ykBaMH, XOTSl OHH, BOOOIlIe TOBODSI, ¥ HE ABJISIOTCA QYHKIHSIMH.
Tax xak mpocTpaHcTBO L, [a, b] sBasercs NONOJIHEHHEM NPOCTPAH-

crea RL,[a, b], To cymectnyer TaKo# 3JEMEHT g & RL,[a, b], uro
€
If=glle, <5

Cornacao Brirodenwto (59.33) ¥ MmIIOTHOCTH MHOXECTBA

CL,[a, b] » npocrpanctee RL, [a, b], cymectByer Takoit anement
he CL,[a, b], 410

| £
lg=hll,, <5

IToatomy
If=hll, <Uf=glle, +lig—hllL, <s+5=¢.
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Q
Jto u o3Hayaer, uyro MHOXectBo CL,[a, b] miotHo B

npocrpanctee L,[a, b]. O

Creactue oYeBHIHBIM 00pa30M BHITEKAET U3 TEOPEMBI, TaK Kak
(kax 3TO OBLIO MOKa3aHO NPH JIOKA3ATEILCTBE TEOPEMBI 5) €cid
NOAMHOXECTBO A HEKOTOpOoro MHoxectBa B, A < B, mNiIoTHO
B KakOM-TO METPHYECKOM IIpocTpaHcTBe X > B, To ® camo
MHOXECTBO B Ttem Oonee 1mIOTHO B X B nmamHOM ciyuae

CL2 [a, b]eCL,[a, b] = L,[a, b] ' CL2 [a, b] mnorHO B
L,[a, b]. Tlostomy CL,[a, b] Takxe miotHo B L,[a, b].

VnpaxHenue 5. Jlokazath, 4TO €ciaM X — METPHYECKOE IPOCTPAHCTBO,
Ac Bc X, MHOXeCTBO A IJIOTHO B MHOXECTBE B, a MHOXecTBO B miIoTHO B
MPOCTPAaHCTBE X, TO H MHOXECTBO A IUIOTHO B NpOCTPaHCTBE X.

3ameuanue 2. Ecnm paccmatpuBath npoctpanctBo L, [a, b]
1 oyl
KaK TpOCTPaHCTBO, NoJydaiolleecs W3 NpoctpancTsa RL,[a, b]

KOHCTPYKIMEH IMOINOJHCHUS NPOCTPAHCTB, ONUCAHHOW B Teopeme 1
HAcTOsMIEro mnaparpaga, TO €ro 3jgeMeHTamMu OyAyT sBIATbCA
KJIacChl JKBHBAJICHTHBIX (YHIAMEHTAJIbHBIX MOCJIEI0BATENLHOCTEH,
COCTaBJIGHHBbIE U3 KJIACCOB 3BHBAJICHTHBIX (YHKUHMI C HHTETPHPY-
eMbIM KkBajpaToM. Eciii mpu 3TOM DpOU3BECTH OTOXAECTBJICHHE
npoctpaictBa CL, u RL, ¢ ux ofbpazsamm B L,, Kak I3TO
yKa3blBaJIOCh BBIIIE, @ TEM CaMbIM CYUTATh, YTO

CL,c RL,< L,,

TO OKaXe€TCH, YTO NPOCTPAHCTBO L, COCTOMT M3 HENPEPBIBHBIX
GyHKIMH, W3 KJIACCOB IKBHBAJICHTHBIX (QYHKIMH C HHTETPUPYEMBIM
KBaJpaTOM, HE COJAEPXAalMX HENpepbiBHbIX (QYHKIMHA, U U3 «ab-
CTPAKTHBIX 3JIEMEHTOBY», NPEACTABIAIONINX COOOH yKa3zaHHbIE KJac-
cbl ¢QyHIAMEHTANbHBIX TMOCHefoBaTeJbHOCTEH. MoxHo, nanee,
YCJIOBHO B CMBICJIE 3aMe4aHusi | «3aMEHHTb» BCE 3JIEMEHTHl W3

npocrpancTBa RL, (yHKIMSMH — IPOM3BOJILHO BBHIOPAHHBIMH HX

npeacrasuTesisMid. Torxa mpocTpaHCTBO L, OKaXeTcs COCTOSLLUM
13 GYHKUMH C HHTETPUPYEMBIM KBAJpPaTOM U TeX Xe abCTpakTHBIX
3JIEMEHTOB, HEOOXOAUMO BO3HUKAIOIIMX IIPH MPOLECCE NOIOJHECHUS

nNpocTpaHcTBa RL, BBHIY €ro HEMOJHOTHI. JTa «yCJIOBHAs 3aMEHa»

aneMeHTOB npocrpanctBa RL,[a, b] nx npencraButensiMu oTpaxa-
€T TOYHOE YTBEPXKAEHHE, YTO ONEpailil HaJx KJIACCAMH 3KBHBAJICHT-
HBIX (QYHKUEE CBOAATCA K COOTBETCTBYIOIIMM ONEpanMsM Haj WX
OPENCTABATENISMA B BBHIIEYKAa3aHHOM CMBICIIE.

Oka3spIBaeTcsi, ¥ 3TO OYEHb MHTEPECHO W BaXXHO, YTO YKa3aHHbBIE
aOCTPaKkTHBIE 3JIEMEHTHI MOXXHO PpacCMaTPUBATh HE KaK KJIAcChl
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(dbyHaaMEHTaJIbHBIX MOCJIEAOBATENBHOCTEH KJIACCOB 9KBHBAJICHTHO-
CTH, a2 KaK HEKOTOpbie QYHKIUH, TOUHEE KAK KJIACCHl 3KBUBAJICHTHBIX
GyHKIMH B CMBICIE ONpE/IESIeHAsT S, MPUYEM CKaJISIpHOE NPOU3Be/Ie-
HHE JIs HHX Takxe onpeneisercs Gopmynamu (59.11) u (59.22),
TOJIBKO MHTErpaJ B 3THX (GopMysax CileayeT MOHMMATh HE B CMBICIIE
COOCTBEHHOrO HMNHM HECOOCTBEHHOro uHTerpajia Pumana, a B Oonee
ofIIeM CcMBICNIE, B CMBICIIC TaK Ha3biBaeMoOTo uHTerpajia Jlebera.
PaccMoTpeHre 3TOrO BOHpOCAa BBIXOAMT, OJIHAKO, 3a PaMKH
pacCMaTpHBAEMBIX METOAOB M IIO3TOMY He OyJeT HW3iarathcsl B
HAacTOsIEM Kypce. Ero u3nokeHHWe MOXHO HAWTH, HANIpUMeEp, B
3aMeqaTenbHoM yueOnmke: Huxoavckuii C. M. Kypc MaTeMaTuuec-
koro a”amu3za, T. I, II, 3-e u3nm., M., 1983.

3ameuanue 3. Onpenenenne npocrpanctBa L,[a, b] ecrect-
BEHHBIM 00pa3oM oboOIaercst U Ha Ciiydyali GECKOHEYHOTO MpoMe-
XyTka. PaccMOTpUM ISt ONpeAENICHHOCTH BCIO YHCJIOBYIO OCh. [Ijisi
JBYX HETNpPEpBbIBHBIX HHTETPUPYEMBIX B KBaJpaTe Ha BCel JCHCTBH-
TEJIbHOW OcH yHKIUH ¢ ¥  CKaJsipHOE MPOM3BEJCHHE ONPENEHM
no ¢opmyiie:

+

(@, V)= J ¢ ()Y (x)dx. (59.34)

—

OTo onpeneseHHe KOPPEKTHO, WOO HHTErpaj, CTOSIIUI
cnpaBa, INPH CAEJHAHHbIX OTHOCHTENbHO (yHKIMHA ¢ H { mpen-
HOJIOXKEHUAX CXOOUTCS, U Aaxe abCoFOTHO. DTO cpa3y CleayeT u3
HEepaBeHCTBa

2 2
9 (0 Wy | <TEEED,

CaoiicTBa cKalIpHOro npomusseneHus s (59.34) sierko npose-
pAroTCa. MOXHO MOKa3aTh aHAJOTMYHO CJIYYar0 KOHEYHOIO MpoMe-
XYTKa, 4TO TOJYYUBIIEECS NMPH 3TOM METPHUYECKOE INMPOCTPAHCTBO
HENPEPLIBHBLIX UHTETPUPYEMBIX B kBajpaTe QyHKIUHH, Tak e KakK U
NpearuabOepTOBO NMPOCTPAHCTBO, MOJIYYAROIIEECs «OTOXIECTBIICHH-
€M» 3KBUBAJICHTHBIX (DYHKLMH ¢ HHTEIPUPYEMBIM HA BCEHl YHCIIOBOM
OCH KBaJIpaTOM, HE SIBJSIETCS IIOJHBIM B METPHKE, TOPOXICHHOM
CKaJIIpHbIM IpousBegeHueM (59.34). IMonoJiHeHHs 3TUX IPOCTPAHCTB
COBNAAAIOT ¢ TOYHOCTBIO A0 M3OMOpdHU3Ma U 0003HAYAIOTCA depe3
L,(—o0, +00).

Vnpaxuenud. 6. Jokazath, uro ¢ynxuus f(x) =% Ha orpeske [0, 1] ne
X

SBJISIETCS TPEAETIOM B CMBICIC CPEAHEro KBaAPATHYHOIO IOCIEAOBATEIBHOCTH
HEMPEPHLIBHBIX (YHKIMH.

7. Jloka3aTb HEIKBUBAJICHTHOCTh MOHATHH CXOAWMOCTH B CPEAHEM B CMbICE L,
M B cMbicie L, JUIsi NOCIEAOBATEIbHOCTH (YHKUHIA.
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8. JIoka3aTh, YTO €CIM MOC/ENOBATEILHOCTD HHTETPHPYEMBIX HA HEKOTOPOM
oTpe3ke (YHKUMH PaBHOMEPHO Ha 3TOM OTPE3KE CXOAMTCA K HEKOTOPOH HMHTETPH-
pyeMoi Ha HeM (YHKLMH, TO yKa3aHHAs IIOCJEAOBATESILHOCTb CXOAMTCS B TOM Xe
GyHkunKM Ha paccMaTpUBAEMOM OTPE3KC M B CPeHEM KaK B CMbIcie L, Tak u B
cMbIce L,.

9. IMocTpouTh NpUMEP TOCIEAOBATEILHOCTH HENPEPHIBHBIX HA HEKOTOPOM
oTpeske (QyHKUUH, cXoasilelics Ha HEM X HEKOTOPOH HenpepulBHOM (GyHKuHM B
CpelHeM B CMbICIC L,, HO He CXOmsUlelicss paBHOMEPHO HAa 3TOM OTpE3Ke.

10. ITocTponTb npHMEpP NMOCIEAOBATEILHOCTH HEOTPHLATENbHBIX HENPEPBIBHBIX
Ha OTpe3Ke (yHKUMH, CXONAILEHCS HA HEM B CPEJHEM, HO HE CXOSALIEHCS B CMBICIE
CPEJHETO KBAAPATHYHOrO. :

3amaua 41. JJokasatk, yto Ans modoro p, 1<p< + 00, 1 MoOOro IPOMEKYTKA
C KORIIAaM# B TOYKaXx ¢ M b, —oo <a<b< 400, MHOXECTBO HENPEPHIBHBIX HA HEM.

dysxumii miotHo B mpoctpanctse RL,(a, b).

Mpb! onucanu pa3iM4yHbIE THIBI TIPOCTPAHCTB. B aHanmze B
OCHOBHOM H3Y4YalOTCH MNPOCTPAHCTBA, 3JIEMEHTAMH KOTOPBIX $B-
nsaroTest GyHkuuu. Takve npocTpaHCcTBa HA3BIBAIOTCS (ByHKYUOHAAb-
HbIMU.

U1 mpoCTOTHI B NpUMeEpax paccMaTpUBAIUChL (GYHKIHUM OJHOTO
nepemeHHoro. IlonoOHbiM ke o00pa3QM, ecid B3sATb JIMHEHHOE
NPOCTPAHCTBO (PYHKIMH, HENPEPHIBHBIX HA 3aMBIKAHMHM HEKOTOPOTO
usmepumoro no Kopaany MHoxecTBa G R", BBECTH CKaJIspHOE

npousBefeHue 1o dopmyse (o, \11)=jq)\j/dG A TOIOJHUTDL IOJy-

YUBLIEECS] POCTPAHCTBO, TO HOJYYHM THUJILOEPTOBO MPOCTPAHCTBO,
koTopoe obo3Hauvaercs L, (G).

ITpu 3TOM MOXHO 110Ka3aTh, YTO BCE TaKUM OOpPa3oOM IOJIydeH-
Hble MpoctpaHcTBa L, (G) OyayT cenapabesbHbIMU OECKOHEYHOMEP-
HBIMH THIABOEPTOBBLIMH TIPOCTPAHCTBAMH.

beckoHeuHOMEpHOCTh npocTpancTBa L, [a, b| Gymer ycraHoB-
neHa B 1. 60.2, a ero cenapabenbHOCTh — B H. 60.3 (Teopema 2).

B nanpneiimeM (cMm. m. 60.5, teopemy 10) Oymer moxaszaHo, 4TO
Bce OEeCKOHEMHOMEpHbIE cemnapabeibHble FHIbOePTOBBI IPOCTPAHCTBA
H30MOpP(DHBI MeXy coboif. Takum 06pa3om, U3y4UB ONpEIEICHHbIE
CBOWCTBa (GYHKIMH OMHOW WM MHOTHX NEPEMEHHBIX, YAaeTCs W3
HEKOTOPBIX MX MHOXECTB 00OpazoBarhb npocrpanctBa L,. OnmHako,
NPEBPATUBIINCE B TOYKH 3TOTO TPOCTPAHCTBA, (QYHKIUH yTpayu-
BAlOT MHOTME CBOHM HHJUBHIyaJbHbIe CBOWCTBA. B wacTHOCTH,
HIPOCTPAHCTBA L, HEOTJIMYMMBI IPYr OT APYra MO YHUCIY NepeMeH-
HbIX, OT KOTOPBIX 3aBUCAT (PYHKIIHH, U3 KOTOPBIX 00PAa30BaHBI 3TH
DPOCTPAHCTBA. DTO, KOHEYHO, HHCKOJBKO HE MeEIaeT MPHUMEHSTH
(GYHKIIMOHAJIbHBIE NPOCTPAHCTBA ¢ OOJBIIMM YCIIEXOM KaK B YHCTO
TEOPETHUYECKUX BOINPOCAX, TaK W B MPHJIOKEHHAX MATEMATUKH.

Beenennble B § 57, 58 um 59 MHOTOYMCIEHHBIE OIpEAEICHUS
OyHyT NpUMEHSITECA B AaNbHEHINEM s ONMUCAHMUS OIPEICIICHHBIX
CBOWCTB pa3/IMYHBIX KJACCOB ()YHKUMA B TPHUBBLIYHBIX M HATTISAHBIX
reOMETPHYECKMX TEPMHHAX (IIPOCTPAHCTBO, TOYKA, PACCTOSIHUE,
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BEKTOp, 0a3uc M T.1.); OHM NOMOIYT YCTAHOBHTH AHAJIOTHH,
UMEOIMECT MEXIY OOBIYHBIMH A-MEPHBIMH TNPOCTPAHCTBAMH H
NPOCTPAHCTBAMH (QYHKLHUH, W BBISCHATH CrneuuHyYecKkue CBOMCTBA
OECKOHEYHOMEPHBIX (YHKIMOHAJIBHBIX NPOCTPAHCTB.

§60. OPTOHOPMUPOBAHHBIE BA3MCHI
U PA3JIOKEHHUA 110 HUM

60.1. OPTOHOPMHUPOBAHHBIE CUCTEMbI

Onpenenenne 1. ITycmoe X — aunetinoe npocmpancmeo ¢ noumu
CKAAApHBIM npousgedenuem. Daemenmel x € X u y € X Hazwigaromes
opmozonanvhbimu, ecau (x, y)=0, 6 3mom cayyae numemcsa maxkice
x1ly.

Onpenenenne 2. Cucmema saemenmos {x,, o WU} (W — nexo-
mopoe MHOMCECME0 UHOEKCO8) AuHelinozo npocmparcmea X ¢ noumu
CKQAAPHbIM NPOU3GEOCHUEM HA3bIBAEHICA OPMO2OHAABHOU, eCAU KaHc-
Oble ee 0sa dnemenma opmozoHaavHul. Ecau, kpome mozo, nopma ee
1106020 Inemenma pagna eduruye, m.e. || x,||=1, a e WA, mo ona
HA3b16aeMCA  OPMOHOP MUPOBAHHOU. v

OueBuaHo, ecim cucrema x, o< A, oproroHanbHa # x,70
ans Beex oW, TO ee MOXHO «HOPMHPOBaThH». JleHCTBH-
TEJIbHO, TONEIMB KaX/Ibld 3J1EMEHT Ha €ro HOPMY, T. €. YMHO-
XHB x, Ha 4Yucno 1/|jx,|, NOJyduM OpPTOHOPMHPOBAHHYK) CH-

cTeMy
%,ae%.
[l |l

HanomuuMm, 4TO €cinu X — NPOCTPAHCTBO CO CKAJISPHBIM MPOU3-
BEJEHMEM, TO yciioBMe |[x||#0 paBHOCHIBHO TOMy, ¥TO Xx#0.

Jlemma 1. Ecau  cucmema {x,, a e A} ossemenmos aumeii-
H020 npocmpancmea X ¢ ROYMU CKAAAPHYIM NPOU3BEOCHUEM OpPIO-
eonaavna U || x,|[|#0 04a ecex o= U, mo omna auneilno nezagu-
cuma.

Hokxa3zaTtenbcTBO. IIycTh M1 HEKOTOPBIX 3JIEMEHTOB

Xog oW, k=1,2, .., n
nMeeM
MXoy +AgXgy 4.+ XXy, =0.

YMHOXHUM CKaJIApHO 00€ YacTH 3TOrO PaBeHCTBA HA X, k — Quk-
cupoBaHo (k=1, 2, ..., n), noayyum

)‘k (xak; xak) = 07
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u60 B CHJIy OPTOrOHAJILHOCTH CHCTEMBI (X; i Xg)=0, j#k. 3ameuas
Hanee, YTO, MO TMPEANOJIOKEHHIO, X, #0 H, CleIoBaTeNbHO,
(Xay, X)) #0, monmywmm A,=0, k=1, 2, ..., n.
JluneiHas HE3aBUCHMOCTb CHCTEeMBI X,, o € U, mokaszana. [J
JlokaxxeM ellie OfHY JIEMMY, BbIPaXarollyl0 KPUTEPHHA JTHHEHHOM
HE3aBUCMMOCTH (YHKUMH 4epe3 CKaJspHbIE NPOU3BEACHMS.
Jemma 2. Ecau 0aa cucmembvl 31eMeHMO8 X, ..., X, HPOCMpPAaH-~
cméa X CO CKaAApHbIM NpOu3gedeHuem onpedeaumens

(g, xp) (xg, x3) oo (x4, X,)
G(xl, . x")= (xz’ xl) (xz’ xZ) (x2 xn)

K X1) (X X3) oo (s X)

PABEH HYAI0, MO CUCMeMAa AUHEUHO 3A8UCUMA.

Onpenemurens  G(x,, .., X,) Ha3bIBaeTCa  onpedesumenem
I'pama® [DaHHOW CHCTEMBI.

HoxaszaTenbcTBO. PaccMOTpHM cHCTEMY n JIMHEHWHBIX ypas-
HEHMH C n HEU3BECTHBIMH A;, i=1, 2, .., n:

(Ayxy+..+Ax,, x)=0, i=1,2, ., n (60.1)
HJTH
A (xg, X))+ o+, (x, x)=0, i=1, 2, .., n

OmnpenenureneM 3TOH CHCTEMBI SBJISETCS TPAaHCIOHUPOBAHHBIN
onpeJeauTeab I'paMa, KOTOPbIH 1O YCIIOBHIO JIEMMBI PaBeH HYIIIO.
CnenoBatenbHo, cucteMa (60.1) MMeET HETPHBHAJILHOE DeELICHHE
A, ..., A, (T. €. Takoe, 4TO He BCe A, i=1, 2, ..., n, paBHBI HYJIO).
YMuOxHM paBeHCTBO (60.1) Ha A; 1 mpocyMMupyeM 110  OT 1 10 n:

()\«l Xl + ee + )b"x”, )lel + ver +)»,,x,,) =0.
Orcroma Ayx;+..+A,x,=0, 4YTO O3HAYaeT JIHHEHHYIO 3aBUCH-

MOCTb CHCTEMBI Xi, ..., X,.

VYnpaxnenus 1. JlokasaTs, 4TO €C/IM KOHEYHAss CHCTEMA JJIEMEHTOB MpE-
runb0epToBa NPOCTPAHCTBA JHHEHHO 3aBHCHMA, TO €¢ ONpeaeauTe]b I'paMa paseH
HYJIIO.

2. Jlokasatb, 4TO ecnu {®,} — OPTOHOPMHPOBaHHAsS CHCTEMa, TO AN JMHOGBIX
IBYyX €€ JJIEMEHTOB ®, M ®, HMEET MECTO PaBEHCTBO

lo, —oll=y2,  o#a,
3. Hokaszate, uto ¢yukumm sinx, sin3x, sinS5x, sin7x, sin9x nuHeiHO

HE3aBHCUMEBI.

* W. I'pam (1850—1916) — narckuif MaTeMaTHK.
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Tlpumepbi. 1. TpuronomMeTpuueckast cHUCTeMa QYHKUHUH
1, cosx, sinx, cos2x, sin2x, ..., cosnx, sinax, ... (60.2)

opToroHaibHa B npocrparctee L, [ —n,. n] (em. n. 57.10). D70 6bi-
JI0 JgokasaHo B JjiemMme 1 . 55.1.

Vs opmyn (55.4) ceayer, uto |[sinnx||=./n, ||cosnx||=/,
n=1, 2, ..., 103TOMY OPTOHOPMUPOBAHHAS CHCTEMA, COOTBETCTBYO-
masi CUCTEME (60.2), HMEET BUJ

1 1 1 .
—=COS X, smx wee, —=COSNX, —=SINANX,

ﬁt f Jr R CJn
2. Paccmotrpum monumHOMB! Jlexanapa (cm. n. 58.1)

1 d"(x*—1)

Po(x)=1, P,(x)= 2! dx"

o om=1,2, ... (60.3)

HoxameM, yTo cucremMa (60.3) oproronajgbHa B TNPOCTPAHCTBE
L,[—1, 1]. dna storo nokaxem Oojee obliee yTBEpKIEHHE, a
UMEHHO 4TO mnojuaoM Jlexanxapa P,(x) oproronajeH modomy
MHOTOWIeHy (,, (x) creneHu m<n. 3aMeTuB NpeABAPUTEIIBHO, YTO
BbIPaXXEHHE

d* (2 —1)y
dx*
opu k=0, 1, 2, ..., n—1, obpamgaerca B HyJb B TOYKax x=—1 u
x=1, UMeeM, NOCIECAOBATEILHO MHTErPUPYS MO HacTsIM,
1

mem e Qm(x)~——“—“—)"

=1

-1
1

JQM( YT e = (— 1) 0 (%)

dnl

dar- m(’( -1y _
d'l m d

-1

dn—m—l(xz__ I)n

=(—1)'"Qi:.">(x)—dx;,-,ﬁ~|_l=o.

Taxum obpasom,
1

J'Qm(x)Pn(x)dxz(); m<n;
-1
B YaCTHOCTH,
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1
j P, (x)P,(x)dx=0, m#n.
-1

IToacuuTaeM Tenepb HOPMY NOJHHOMOB JlexaHapa. 3aMETHB, YTO

xn+ Qn— 1 (X),

2n—1)!
P, (=20

rae Q,-(X)— MHOTOWIEH CTENEHH HE BBINE #7— 1, M UCIOJIL30BAB
OPTOrOHAJIBHOCTH P,(X) KO BCEM MHOTOYJICHAM MEHBILEH CTENeHH,

HOJIyYHM
+1

TP,?(X)dxz Jpn(x)[@xug_l(x)]dx:

-1
1 1

_@n-pnt J P,(x)x" ax=2- 1 Jd"(xz_l)nx" dx.

n!(2n)!t dx"

-1
HHTCFpHpX{I noCJIEAOBATCIIBHO 110 '-laCTHMl, GYIICM AMCTh

J P,Z,(x)dx=...=(~1)”‘1(2(';)1”)” J x d(x?—1)'=

-1

-1

Sy [t =
1 ’ 1
2

. _ "—1(271_1)"1 2 1\-2 .4 _ - 2 _
== G J(x 1~ 2xtdx=..= fx dr=3"—.
-1 -1

1RLN= [5

CucreMa nosMHOMOB JlexaHapa, kKak M BCAKAas OPTOTOHAJIbHAs
CHCTEMA HEHYJNIEBBIX 3JIEMEHTOB, JIMHEHHO He3aBUCHMA (CM. JIEeMMY
1) B npoctpanctee L,[—1, lj.

Taxum obpazom,
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BrnipoueM, kak 370 OBUIO MOKAa3aHO paHBIIE, OHH JIMHEHHO
HE3aBUCHMBI W BOOOINE Ha JIIOOOM IPOMEXYTKE YHUCIOBOH OCH, HE
BBIDOXKIAIOIIEMCSE B TOUKY (cm. n. 58.1).

W3 nunHeiHON He3aBWcHMocTH noJuHOMOB Jlexanjpa CJ'ICLIyCT,
41O 000N MHOTOYIEH CTEIeHH, He OOJIbIICH 1, IBNSETCS JIHHEHHOMN
xombunanueit noymaomos Jlexanapa Po(x), Py(x)..., P(x). deicr-
BUTEJIBHO, B (71+ l)-MEPHOM MPOCTPAHCTBE MHOIOYICHOB CTEICHEH,
HE INpEBBIIIAIOIINX #, JE00as cucreMa n+ | JHHEHHO HE3aBHCHMBIX
MHOTOYJIEHOB, B YaCTHOCTH YKa3aHHasl CHCTeMa MNOJMHOMOB Jle-
xaHapa, obpasyer 6asuc. [ToaToMy BCSKMII MHOTOUYJIEH paccMaTpH-
BAacMOH CTENECHM SIBJSIETCS JIMHEHHOW KOMOWHALMEHd 3JIEMEHTOB
YK43aHHOM CHCTEMBI.

3. Cucrema dymxumii {¢"*}, n=0, +1, +2,..., OpTOroHaibHa Ha
orpe3ke [—m, w

B camom nene

emx eimx dX — ei(n‘ m)x dx.
-n -n

Orcrofa, BcnoMuHas, 4To nepuol (QyHKIMH € paBeH 2mi (M. 1.
37.6), opu n#m NOJYIUM

n
n

einx emdx: : ] _ei(n—m)x :0.
i(n—m) o
-n

: ) X
YnpaxHeHue 4. Jlokasarh, YTO MOC/IEA0BATEILHOCTH (DYHKIMIA sin (2;7—1)5,
n=1, 2,.., obpa3yeT OpTOroHaJbHYI CHCTeMY Ha oTpeske [0, w].

60.2. OPTOIOHAJIM3ALINA

ITyctb cHoBa X — npenrmnnbepToBo npocTpancTBo. PaccMoTpum
cieqyrolnyto 3ajgaqy. Ilycte qana nuHeHHO He3aBUCHMAs CYeTHAS CH-
cTeMa 2JIEMEHTOB X, n=1, 2,..., npoctpancTtea X. Tpebyercs ¢ nomo-
I{bIO KOHEYHBIX JIMHEHHBIX KOMOMHAIMH ITOJTYYUTH U3 HEE OPTOTOHAJIb-
Hyto cucteMmy. OxasbpIBaercs, 3Ta 3ajavya BCErjla UMEET pelleHHUE.

Teopema 1. Ilycme

x,, =1, 2, .. (60.4)
— AUHETIHO He3a8UCUMAA CUCMEeMA IAeMeHmo8 npocmpancmed X.
Toe0a cywecmeyem 0pmMo2OHANbHAA CUCHEMA IACMEHMOE V,, V,#0,
n=1, 2, ..., 3020 NPOCMPAHCMEA MAKAA, YMO KANCOBLIL ee IAeMEeHM
Yo n=1, 2, . asasemca auneiinoii rombumayuel nepevix n
daemenmos cucmemol (60.4):

n
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V=0 1 X+ 0, X5+ 0, X (60.5)

IMocrpoenne OpTOTOHANBHON cHCTeMBl {y,} BEma (60.5) u3
JIMHEWHO HE3aBHCMMOM CHCTeMbl {X,} Ha3bIBaeTCi OOBIYHO npoyec-
COM ODMO2OHAAU3AYUU CcUcmeMbl {X,, }.

HoxaszartenabctBo. -[lonoxum y,=x,. Tak kak cucrema
(60.4) nuHelHO -He3aBUCHUMA, TO y, #0 (moyemy?).

[lycTh CyHIECTBYIOT MONAPHO OPTOTOHAJIbHBIE IEeMEHTHl y,#0,

n=1, 2, .., k, k=1, ynosnerBopsronme yciosuto (60.5). Byaem
WCKAaTh 3JEMEHT Jy,,, OPTOTOHAJbHBIA BCEM ), ..., ), B BHAE
J’k+1=Bk+1,1)’1+---+Bk+1,k}’k_xk+1~ (60.6)
W3 ycioBuii OpTOTOHAJIBHOCTH .
(J’1a yk+1)=“'=(yk’ J’k+1)=0 (60.7)
noJiyyaeM

(ylvyl)Bk+1,1=(y17xk+1)7 e (yk’ Yk)BkH,k:(J’k» xk+1)' (60.8)

Otcrozia 0IHO3HAYHO ONpPEIEsrOTCS KOIPOULIMEHTBE By 4 ( 4, i=1,2, ...
..., k. DnemeHT y,,,, 3amaBaeMmbii upejactasieHueM (60.6) ¢

HaiileHHbIMUM  Ko3bduumentamu By, ;, i=1, 2, .., k, T.e.
£ (.Vi» xk+l)
)’k+1:i§1 ey X+ 10

yaoBaeTBopsier ycioBusaM (60.7).

[MoxcraBuM B (60.6) BbIpaxenuss s vy, n=1, 2, .., Kk,
3anucaHHbie B Buae (60.5); mociie TpUBEACHUS MOJOOHBIX 4JICHOB
HOJIYYUM

Vit 1= O 11Xy o F 0 g o X5 ™ X g (60.9)

OTcroa cienyer, 4To Y, ; #0, HOO B NPOTHUBHOM Clly4ae 3JIEMEHTBI
Xy, -, Xg4; OKa3aJUCh Obl JIMHEHHO 3aBHCHMBbIMH. [

3amevanue. OTMETUM, 4TO €CJIM Kakas-JMOO OPTOroOHAJILHAS
CHCTEMA 3JIEMEHTOB z,, z,#0, n=1, 2, ..., npocrpancTBa X Taxosa,
YTO KaX/bli 3JIEMEHT z, TAKXKE SBJISCTCS JIMHEHHON KoMOuHalmei
HEPBLIX K 3JIEMEHTOB cucTeMbl (60.4):

Zy =Yy 1 Xy F et VX n=1, 2, ., (60.10)

TO DJJIEMEHT Zz, OTJHYAETCH OT 3JIEMEHTa Yy, JHIIb HEKOTOPBIM
YHCJIOBBIM MHOXHTeNeM A, #0:

Z,=ANY,, n=1, 2,

Jlokaxem 3to. O6Gosmaunm uepe3 L(uy, .., u,) JMHEHHYIO
0BONIOUKY CHCTEMBI JIEMEHTOB Uy, ..., U, (CM. 1. 58.1); L(xy, ..., X,)
SBJIAETCSA A-MEPHBIM NMPOCTPAHCTBOM, B KOTOPOM 3JIEMEHTHI X, ...,X,
obpaszyror 6Gasuc (cM. m. 58.1). Duementnt y;, i=1, 2, .., n
(cooTBeTCcTBEHHO z;, i=1, 2, .., n), JAUHEHHO HE3ABHCUMBI MU
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comepxatcst B L(xy, ..., X,); CICIOBATENBHO, IEMEHTSI y;, i=1, 2,
.., M, W JJIEMEHTHl z;, =1, 2, ..., n, Takke 00pa3yloT Oa3uc B
npoctpasctBe L(x;, .., X,). Takum obpazom, L(x;, .., X,)=
=L(y1, - Vo)=Llzys -y z,), n=1, 2,

Onement y,eL(x;, .., X,) OpTOroHajeH MNOMIPOCTPAHCTBY
L(yy, - Vn—1)=L{xy, .., X,_y), T.€. OpPTOrOHAJICH Ka>K)10My
3JIEMEHTY 3TOr0 MOJNPOCTPAHCTBA. DNeMeHT xe z,€ L(x,,
OpPTOTOHAJIEH MOANPOCTPAHCTBY L(zy, ..., z, ;)= L(x, . ,,_1')
WTak, 570€MEHTBl y, M 2z, N-MEPHOro mpocTpaHcTBa L(x;, .., X,)
OPTOTOHAJIbHBI OJJHOMY H TOMY e (n— 1)-MEpHOMY NOIIPOCTPAHCT-
By L(x,, ..., X,_{) H, CIEXOBATENbHO, HPONOPUHUOHANBHBL Z,=A,},,
A#0, n=1, 2, ... (nouemy?)

OrMeruM elne, 4YTO M3

!
L(xy, woo X,)=L(yy, oy ¥,), n=1, 2, ..,

BBITEKAET COBIIAJCHHE JIMHEHMHBIX 000JI0YeEK OECKOHEYHBIX CHC-
TeM (60.4) m (60.5).
PaccMmoTpiM Tenepr cucTeMy CTerneHed x:

L x, X% o, X" ... (60.11)

B n 58.1 6mbulo mnokazano, 4TO 9Ta CHCTEMa JIMHEHHO
HE3aBHCHMMa Ha JIOOOM NPOMEXYTKE HYHCIOBON OCH, HEe BBIPOXK/a-
IOEeMCs B TOYKY, M TaK Kak BXOJsIIHE B _Hee (YHKUMH,
paccMaTpuBaeMble Ha HEKOTOpOM oOTpeske [a, b |, mpuHajiexar
npocrpancteam C(a, b) (cm. mpumep 6 B n. 58.3), CL,[a, b] u
Ly[a, b] (em. m 594), to B 3TEX npocrpaHCTBax HUMEFOTCS
OECKOHEYHbIC JIMHEHHO HE3aBUCHMble CHCTEMBbI. CJIe0BATENBHO,
YKa3aHHBIE TIPOCTPAHCTBA OECKOHEYHOMEPHBI, T. €. 3aBEJOMO HE
UMEIOT 0a3uca, COCTOSAIIETO K3 KOHEYHOI'0 HYHCHIA 3JIEMEHTOB.

Eciu cncremy (60.11) B3ars Ha otpeske [—1, 1] B kauectse
HCXOMHOH cucTeMbI (60.4) M MPUMEHUTD K HEH MPOLECC OpTOTOHATIH-
samun (cMm. (60.5)) B mpocrpanctee L,[—1, 1], To momyunm
NOCJIeI0BATEILHOCTD opTomHaanmx MHOTOYJIEHOB COOTBETCTBEH-
HO crenenedt 0, 1, 2, ... I3 cnenaHHOroO BbIIE 3aMeYaHUs CIIEIYET,
4TO ITH MHOTOMW/IEHEI MoryT OTJIH4ATbCS OT MHOTOWIEHOB Jlexana-
pa (60.3), koTopble TaKXe OPTOrOHAJbHBLI, JHUIIbL TOCTOSHHBIM
MHOXHTEJIEM.

60.3. IOJIHBIE CUCTEMbI. MOJHOTA TPUIOHOMETPUYECKOM
CUCTEMBI U CHUCTEMBI [MOJMHOMOB JEXAHJAPA

Hamomuum (cm. n. 58.5), uTo cucrema asemeHTOB Q=(x,},
o€ U, HA3BIBACTCA HOAHOU 6 NOAYHOPMUPOBAHHOM NPOCMPANCIIGE X
€CIIM  MHOXECTBO BCEX KOHEYHBIX JIMHEHHBIX KOMOMHAIMH ee
JIEMEHTOB IJIOTHO B NpPOCTpaHCcTBe X B CMBIC/E 3aJAHHON B HEM
nojyHopMbl. M Hade roBops, cucTeMa MOJIHA, €C/M JUIS KaXHOro
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x€ X u moboro >0 CyIIECTBYIOT TaKWe DJIEMEHTHI X, €} M YHCI
M k=1, 2, ..., m, 4TO

<E.

m
X — kaak
k=1

Onpenenenne 3. IHoaynopmupogannoe npocmpancmeo X Ha3vi-
8aemca 6AOMNCCHHbLIM & NOAYHOPMUPOGaHHOe npocmparcmeo Y, ecau:

1°) XY,

2°) cywecmeyem maxas nocmosaunasn ¢ >0, umo daa awb6o20 xe X
umeem Mecmo HepageHCmeo

lxlly<clixlly. (60.12)

TMocTtosHHag ¢>0 HA3BIBACTCH KOHCMAHMOU eaoxceHuA. Bioxe-
HHME TPOCTPAHCTBa X B IPOCTPAHCTBO Y OOO3HAYAETCs CUMBOJIOM

XeY.

Jlerko mpoBeputh, uTO ecam XC€Y m YEZ, 10 XC€Z. U3
neMMbl 3, 1. 58.3 cremyer, uTo Ans JIFOOOTO OTpe3ka UMEHT MECTO
BJIOXKEHUS

RL,[a, b]€RL,[a, b],
RL,[a, b](\B[a, b]€RL,[a, b], I<p<+o0.

3jeck BO BTOpOM BIIOXeHHH mpocTpanctBo RL,[a, b](\B[a, b]
paccMaTpuBaeTcs ¢ HOpPMOH ||*||,, T. € € HOPMOH NPOCTPAHCTBA
B[a, b|. Ecinu oOrpaHMYMTBCS TOJIBKO OJHMMH HENPEPLIBHBIMHA
(GYHKIUAMH, TO M3 BTOPOTO BJIOXKEHHs CJEIYET BJIOXKCHHE

Cla, b]eCL,[a, b], 1<p<+c. (60.13)

Otciona, BCIOMHMHAs, 4TO npu p=2 mpoctpancrBo CL,[a, b]

W30METPUYECKH BKJIA/bIBAETCA B NPOCTPAaHCTBO L,[a, b] (cm.
(59.33)), nosyyaem ellle BJIOXEHHE

Cla, bleL,[a, b]. (60.14)

O6paTuM BHMMaHHWE HA TO, YTO BO BioxeHusx (60.13) u (60.14)
BKJIaJIbIBA€MEbIe POCTPAHCTBA ILIOTHBI B IPOCTPAHCTBAX, B KOTOPBIE
OHM BKJajibIBatoTCA: B ciaydae (60.13) 310 cienyeT mpocTo U3 TOro,
YTO MHOXECTBA TOYEK OOOMX MPOCTPAHCTB COBMAJAIOT, a4 B CIyYae
(60.14) sto cnemyeT u3 TeopeMbl 3 m. 59.4.

Jlemma 3. Ecau cucmema Q={x,}, a€U, noana 6 noaynopmu-
posannom npocmparcmee X, npocmpancmeo X 840%CeH0 8 NOAYHOD-
MUposannoe npocmpancmeo Y u muoncecmeo X NAOMHO 8 Npocm-
pancmee Y no noayHopme smoz2o npocmpancmea, mo cucmema €
noana 6 npocmpancmee Y.

JHoka3zaTeabcTBO. Bo3bMeM NPOU3BOJIBHBIN 3JIeMEHT y€ Y U
Jro60e £€>0. B cuty miiotHOCTH MHOXecTBa X B NPOCTPAHCTBE Y,
HaMgeTcs TakoM 3J1eMeHT x€X, 4TO
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€

— Xy <
Ily ly 3

ITockonbky cuctemMa  MOJHA B MPOCTPAHCTBE X, TO CYUIECTBYET
KOHEYHOE MHOXECTBO TAKHX JJIEMEHTOB X, €€} U uncen Ay, k=1, 2, ...
.., M, UYTO

€

< —
2¢

m
X= p, MXy,
k=1

rae ¢>0-—KOHCTaHTa BJIOXeHMS XE€Y. B cuiy 310ro BJIOXKEHHS
(cM. omnpepeneHune 3),

m
x—= Y MX, < ¢
k=1

&
<=
y (60.12) 2

m
) MXq,
k=1

X

IToaroMy i mepBOHAYaJLHO BLIOPAHHOTO HAaMU 3JIEMEHTA )
MOJIyYUM

m m
Y= 2 MX, xX—= Y X,
k=1 k=1

DTOo YU O03HA4YaeT IUIOTHOCTHL cucTeMbl B mpocrpascTBe Y. [
Ilpumepnt. 1. Cucrema creneHeit

1, x, x% .., x", .. (60.15)

nonHa B npoctpanctBax Cla, b], CL,[a, b], 1<p<+oou L,[a, b]
st moboro orpeska [a, b].” JIeHCTBHTENBHO, B CHIY TEOPEMBI
Bei#tepmutpacca (cM. Teopemy 8 B 1. 55.8), yka3anHas cucteMa creneHei
nosHa B npocrpancTse C[a, b |, koTopoe, cornacHo (60.14), Bi1oxeHO B
npocrpancTBo L,[a, b] n nnotao B Hem. ITosromy no nemme 3
3TOro MNyHKTa cucteMa creneHedt (60.15) monHa B HpOCTpaHCTBE
L,[a, b]. Tlo Toif xe neMMe 3Ta CHCTEMa IOJHA U B HpPO-
crpacree CL,[a, b] npu mobom p>1, u6o Cla, b] sio-
eno B CL,[a, b] # mnotHo B Hem (cM. (60.13)).

O6paTuM BHHMAaHHE HA TO, YTO BCSKHMH 0a3uc B JIMHEHHOM
HOPMHUPOBAHHOM MPOCTPAHCTBE SIBJISETCS, OYEBMIHO, IOJHOHK JIH-
HEHHO He3aBHCHMOM cucremoii. OOpatHoe HeBepHOo. Hanpumep,
cucrema crteneHell (60.15) xorda u oOpa3yeT NOJHYIWO JHHEHRHO
HE3aBHCHMYIO CHCTeMy B OanaxoBoM mupocrpauctee Cla, b],
OJIHAKO HE sABJISETCH B HeM GasucoM: eciu B mpocrpanctse Cla, b ]

HekoTopas QyHKUMS f packiajgbIBaeTCa NO CHcTeMe cTeneHeit (58.15),
o0

€, €
<lly—xlly+ <-+-=¢&.
Y ¥ 2 2

T.€ f (x)= Z a,x", TO 3TO O3HAYaeT, YTO HANMCAHHBLIA CTETICHHOM
n=0

PSI1 CXOZMTCS PaBHOMEPHO Ha oTpe3ke [a, b], u, ciemoBaTenbHo,

bysKUys f aHanMTHYECKas Ha MHTepBaie [a, b ]. [TosTomy 3aBesoMo
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nrobasi HempepbIBHAS HA OTpeske [a, b | dyHkums He MoxeT CbiTh
NPE/ICTaBJICHA B YKa3aHHOM BHIE.
2. Cucrema momuromoB Jlexannpa (cm. (60.3))

1 a(x2=1)
x)=1, P,(x)=r ———+=
PO( ) ? 'l( ) 2"n! dx"
nonHa B mpocrpaHctax C|a, b;, CLp[d, b], 1<p<+o0, n
L,[a, b] nns aroboro orpeska [a, b]. 310 cpasy cnenyer u3 Toro,
4TO J0OOH MHOrowieH Q(x) sBisiercs JMHEHHON KOMOMHaumMe
nonuHoMoB Jlexanmpa (cM. m. 58.1):

Q(x)= k‘_:jo APy (). (60.16)

[ToaToMy, eciad B KaKOM-TO NOJYHOPMHPOBaHHOM HpOCTpaHCTBe X
nonHa cucrema creneHeit (60.15), T.e. ans nroboro asneMenta feX
u moboro &>0 cymecrByer Tako MHorowien Q=Q(x), 4ro
|f—0ll<e, 10 B cuy (60.16),

f—' Z )\'kPk
k=0

DTO ¥ O3HAYaeT TOJHOTY CHCTEMBI monuHoMoB Jlexanapa B
npocrpancree X.

3. O6o3naunm 4epe3 C* [ —m, 1] NOANPOCTPAHCTBO IIPOCTPAHCT-
Ba HenpepbiBHbIX OyHkuuit C[—m, =], cocrosmee u3 dyHKimii,
NPUHAMAIOIINX Ha KOHIAX OTPe3Ka [»n, 7] OAMHAKOBbIEC 3HAYCHUS:

f(=m)=/(x). (60.17)

Tpuronomerpuueckas cucrema (60.2)

<E.

1, cosx, sinx, .., cosmx, sinnx, ...,

mosHa B mpocrpanctBax C*[—mw, n] n L,[—n, =n]. IonHota
TPHTOHOMETPHYECKOl cucTembl B mpocCrpancTse C*[—m, m| Gblia
JIOKa3aHa paHblle: cM. Teopemy 7' B m. 55.8.

O6o3nauum depe3 C [ —m, ®| MOAUPOCTPAHCTBO MPOCTPAHCTBA
C*[—m, n], cocrostuee u3 Takux GyHKUMH f, KOTOPbIC IPHHUMAFOT
Ha KOHIAX OTpe3ka [—m, 7| 3HauyeHWs, paBHble HyIIO: f(—7)=
=f(n)=0. Cornacto Teopeme 3, n. 59.4 muoxectso C [—m, 1], a
clieoBaTeNbHO, U mpoctpanctBo C*[—n, n]>C [—n, =], mior-
Ho B npocrpaucree L,[—n, n]. Ilostomy, B cuiy BlOXeHHs
(cm. (60.14))

C*[—mn, n]eL,[—m, =],

U JIEMMBI 3 3TOTO INYHKTAa TpPHrOHOMETpHueckas cucreMa (60.2)
nonHa B mpocrpakctee L,[—m, m].
OTmeTHM, 4TO MNOCKOJBKY ycnosue (60.17) coxpamsercs mpH
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PaBHOMEPHOH CXONMMOCTH, M KAXJBIA TPUTOHOMETPHYECKHIH MHO-
TOWIEH €My Y/IOBJIETBOPSET, TO TPUTOHOMETPHUYECKAs CHCTEMA
3aBeZIOMO He nosiHa B mpoctparctse C[ —, n]j, Tak KaKk B HEM
3aBEOMO eCTh (YHKIUH, HE YJAOBJIETBOPSIONME yciaoBuio (60.17).

N3 paccMOTpEHHBIX NPUMEPOB KaK NPOCTOE CCACTBUEC BBITEKACT
CJIEyIOLLEE yTBEPXKACHHE.

Teopema 2. Banaxoso npocmpancmeo Cla, b u zuivbepmoso
npocmpancmeo L, [a, b seasomces cenapabeavhviiau npocmpancm-
8aMu.

HelicTBUTENbHO, cenapabeIbHOCTh NPOCTPAHCTBA O3HAYAET (CM.
onpexenenue 22 B m. 58.5) HanMuMe B HEM CYETHOH TMOJIHOM
CHCTeMBl. B yka3aHHBIX MPOCTPAHCTBAX TAKOBOW CHCTEMOH sBIISET-
cs1, HanpuMmep, cuctema (60.15) uenbix HEOTPUUATEIbHLIX CTEHeHE
NIEPEMEHHON X,

60.4. PAJAbl ®YPBE

Ilycte, xax W panplie, X -— NpearuabO0epTOBO HPOCTPAHCTBO.
PaccmoTpuMm  cnepyromuyro 3amauy. [lycte 3amaHa cHCTeMa n
JUHEAHO HE3aBHCUMBIX BEKTOPOB €, €,, ..., €, IpOocTpaHcTBa X U
(bukcHpoBaH HEKOTOPLIH BekTOp x€ X. TpebyeTcst HAllTH JIMHEHHYIO
KOMOUWHAIMIO BHIA

ae +..+a,e,, (60.18)

KOTOpasi JaeT Hawiydliee mnpuOMmkeHHe B NPOCTpaHCTBE X
JJIEMEHTA X, T. €. OCYIIECTBJIIET MHHHMYM BBIPAXKEHHS

“x_(ale1+‘“+anen)”a (6019)
WIH, YTO TO X€, MHHAMYM (byHKI_[I/II/I

n 2 n n ’
x—Y ae, =(x-— e, x— Y akek> (60.20)
- E

k= =1 k=1

OT NEPEMEHHBIX dj, ..., d,.

IeOMETPHYECKH 3TO O3HAYAET, YTO B A-MEPHOM IIPOCTPAHCTBE
R"=L(ey, ..., e,), HATAHYTOM Ha BEKTOpPHI ¢, € X, ..., ¢, X, mimeTcs
3JIEMEHT, HauMeHee YAAJIeHHbIH OT 3aJaHHOTO JJeMEHTa xe€ X.

Ecnu npoctpaHcTBo X — n-MepHOE H, CNEAOBATENHLHO, BEKTOPHI

ey, ..., e, obpasyror 06a3uc, TO Bcerja MOXHO 10A00paTh TAKHE
koohouuuentsl a,, k=1, 2, .., n, 410 OYHET BBLINOJHATHCS
PaBEHCTBO

x=a,e;+...+a,e, (60.21)

H, ClIeOBAaTEIbHO, Bblpaxenue (60.19) oOparurcsa B Hynan. Eciam xe
X He KOHEYHOMEDHO, WJIM KOHEYHOMEPHO, HO HMEET Pa3sMEPHOCTD,
60sbuIyIO, YeM 1, TO paBeHCTBO (60.21), BoOGuIE roBops, OCylIeCT-
BUTh HEBO3MOXHO M 3a/Javya COCTOUT B OTBICKAHHH JIMHEHHOMH
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koMmOunammu (60.18), paromein MuHH-
MaJjibHOe 3HayeHHe BheIpaxkeHuro (60.19). | o)
MEl mokaxeM, 4to chOpMyNMHpPOBaH- % . LL\A""

Hasi 3aJaua BCErJa HMeEEeT M IPHTOM ’
€TMHCTBEHHOE pElIeHHe X,, KpOMeE TOro, X
BBIACHHM HEKOTOpbIe CBOWCTBA 3TOTO
pelieus (CM. puc. 261, Ha XOoTOpOM
CXeMaTHYeCKH W300paxeHa paccMaTpH-
BaeMas 3ajnava). [IpumeHss|, ecid HaJo,
npoiecc oproroHanmsamuu (cM. n. 60.2),
CHCTEMY €, ..., €, BCErJa MOXHO 3aMe-
HUTH OPTOTOHAJbHOM CHCTEMOH HE paBHBIX HYJIIO BEKTOPOB.
[osTomy GyseM npeanonarats, 4to e,#0, (e, €;)=0, k#j, j, k=1,
2, .., n. llonp3ysch ycnoBUeEM OPTOrOHAJIBHOCTH, npeo6pa3yeM
dyukuuro (60.20) ciepyromuMm obpasom:

x—lélakek
+é z afee €)=2 Y alx, ¢)=

=|lx|I*+ Z ailled? =2 Y alx, ¢)=
k=1 k=1

Puc. 261

—llxlP+ z <ak|| |- %) e*))z— y Bl (6

llexll k= lledl?

Otcroaa crneayet ®, uto munuMyM Beipaxerus (60.19) mocruraercs,
Korjaa .

a lle -5 "ﬁ) 0. k=1, 2, .., n,

T. €. Korjaa
a =), | (60.23)
el
Yucaa a,, onpedesennvie no @opmyse (60.23), nasviearomca
koagppuyuenmamu Pypve 3semeHma X TO CUCTEME €y, ..., €,.
Ecou cuctema ey, .., e, OPTOHOPMHMpOBaHHas, TO (OPMybk
(60.23) mpuHHMaroT OoJiee NPOCTOH BHI:
a,=(x, ). (60.24)

B ciydae n-MepHOro MPOCTPAHCTBA, KOTJAA B KA4€CTBE BEKTOPOB

*) QueBHAHO, YTO 3TO PACCYXACHHME ABISAETCH HEMOCPEACTBEHHBIM 0000LIEHHEM
JokazaTeabcTBa Teopemsl 11 w3 m. 55.9.
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€y, ..., €, BbiOpaH 0a3uc npocrpancTBa, kodbduumentslr Dypbe
BEKTOpa X SBJISIOTCA ero kodduuueHTamMu pasioxeHus 10
yKa3aHHOMYy 0asucy, T. €. KOOpJAWHATAMHM 3JIEMEHTa X OTHOCHTEJIbLHO
sroro Oasuca. B 3TOoM Jerko yOeauMThCs, YMHOXHB CKAJSIPHO
pasenctBo (60.21) Ha ¢, k=1, 2, ..., n; B pe3yjbraTe MOJYYHTCS
(60.23).

Bepuemcs renieps x Bbipaxkenuto (60.22). Ecna B HeM B KauecTBe
ay, ..., a, B34Tb K03(p¢uuueHTH Pypre (60.23), TO, 3aMETUB, 4TO

ety )2

el el = _aillel?,

(60.23)

OyaeM HMeEThb

n n 2

P= 2 aillell’=||x—} ae| >0, (60.25)

k=1 k=1

X

OTKyaAa, B YaCTHOCTH, CIEAYCT, 4YTO

n

Y atllel*<|ixl> (60.26)

k=1

Wrtax, ngokaszaHa cieqyromas TeopeMa.

Teopema 3. Ilycmy e, ¢,#0, k=1, 2, ..., n,— opmozonasvnas
cucmema 6ekmopos npedzuivbepmosa npocmpancmea X. Hauayuwee
npubauncenue 6 npocmpancmee X eekmopa X€X . AuHeUHbIMU

n

KOMOUHAYUAMYU 6UOA Y, 04e, OCYWecmeasemcs, ko2da oy, k=1,2,
k=1
., N, cymb Kodpduyuenmol (Dypbe:
(9MO CEOUCMBO HAZBIBAEMCS MUHUMAILHBIM CEOUCMBOM K03¢g5uuuen-
mos Dypve).

Ipu smom

n 2 n 2 n
inf lx— ) oye |l =[lx— ) el =Ixl?P— 3 atllel*=>0
Aoy, k=1 k=1 k=1

n

Caencrsue 1. Daemenm xy= Z o;€e; ABAACMCA IACMEHMOM
j=1

HauaAyuuez0 NpudauMncenuss sqemenma xe€X 6 Rnoonpocmpancmee

Lley, .., e,) mozda u moabko moz20a, Ko20a dAemMeHmM X— X,

opmozonasen Lle,, ..., e,), m.e. x—xoLL(ey, ..., €,).
NeiicTBuTenbHo, ycnoBue x—xoLL{e;, .., e,) paBHOCHIb-

HO YCNOBMIO: UIsi Bcex k=1, 2, .., n uMeeT MeCTO paBeHCTBO

X—Xq €)=0. DT0, B CBOIO OUepe/]b, OKBUBAJEHTHO YCIOBHIO
X, ek(S:(xO, ;) WIH, TOCKOJbKY
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n
(xo, ek)=< Z xj€js ek):uk(ek, e )s

i=1
ycaosuio (x, e )=o(e, ¢). Takum oGpas3om, ycrosus

(x, e
(e e

x—xoLlL(ey, ..., €,) U o=

paBHOCU/IBHEL. HO BTOpoe ycrnoBHe O3Hayaer, d9T0 YHCHA O
apistoTcs  kosddumuentamu Dypbe syieMeHTa X, T. €. UTO X,
ABISETCA JAEMEHTOM HaWjyuniero npubjmkenus. [

IIycTes Temepp 3amaHa MOCIEAOBATENBHOCTh (a4 HE KOHEYHas
CHCTEMa, KakK BBIIE) 3JIEMEHTOB

e, (e, #20), n=1, 2, .., (60.27)
00pa3yIoIMX OPTOTOHAJBHYIO CHCTEMY B npocTpancTse X. Yucna a,
k=1, 2, ..., onpegenseMbie o dopmyie (60.23), 1 B 3TOM ciyuae

Ha3bIBAIOTCA K0P guyuenmamu Pypve 3nemenTa y no cucreme (60.27).
Onpeneaenne 4. Pso

Y a.e, (60.28)

20e a,, n=1, 2, ....—koagpuyuenmor Pypove (60.23) snremenma x no
cucmeme’ (60.27), nasvigaemca padom Dypve d1emenma X no 3Moil
cucmeme. .

Ecmu psan (60.28) sBasercs psaom PDypbe 3leMeHTa X, TO
NHILETCS

oc
x~ 3 ae,
n=1
Onpenenenne 5. ITycmy 3adana opmozonaashas cucmema (60.27)
u aaemenm xeX. Hauayuwum npubauxcenuem s4emenma X ¢
n

nomowbio  aunetinbix Kombunayuii euda Y. oye,(n— Pukcuposano)
=1
Hasvisaemea uucao E,(x), onpedeasemoe pasencmeom
n
E,(x)=inf |x— ) opell, n=1, 2, ..,
Ayyeeey &y k=1
20€ HUNCHAS 2PaHb BEPemc s N0 8CeB03MONCHBIM KOIPHUYUSHMAM Xy, ...
, O, WAL, YO MO HCe, NO 6CCEOIMONCHBIM AUHEUHBIM KOMOUHAYUAM
n

6udd Y. 0e.
k=1
IMockosbKy BCsikas NMHEHHas KOMOMHALMS JJIEMEHTOB €4, ..., €,
MOXET .TaKX€ pacCMaTpUBaThCd M Kak JIMHEHHAs KoMOMHAIMs
3JIEMEHTOB €y, ..., €,, €,+1, TO, OYEBUIHO,

233



Ey (¥)<E(x). (6029)

U3 Teopembr 3 crienyer, YyTo paccMaTpHBaeMasi HHKHSS TI'paHb
JIOCTHTAETCS, €CNIH B KaYeCTBE KOS(beI/ILII/IeHTOB o, B3ATh Ko3bhduuu-
enTel Pypbe, U 4TO

E, (x)= inf x— Z 0,8,
xX—= Z ey \/”X”2 ak ||€k|]2
k=1
g =% k_1 2, .. (60.30)

(ees "k)

ITony4enuslii pe3yibTaT chHOPMYJIMPYEM B BUAE CJIENCTBUS 2 U3
TeOopeMBl 3.
Canencrsue 2. Yacmuunvie cymmol

n
Sp= Z a4y
k=1

paca Pypve daemenma x€ X ocywecmeasrom Hauiyuuiee 8 NPOCM-
paucmee X npubauxncenue daemenma X€X ¢ NOMOWDIO AUHELIHbLX
KOMOUHayuii 6uda o eq+...+a,e,.
OTMETHM ellle HECKOJbKO CIIEACTBHIA TeOpeMbl 3.
Caenctsue 3. Ecau s,—uacmuunaa cymma paca Dypve
aaemenma xeX, mo uucaosas nociedogameavHocms || x—s, || y6bz-
saem:

lx—s, ¢ I<x—=s,ll, n=1, 2, ... (60.31)
B camom pene, cormacuo (60.30),
”X‘—S,,“:E,I(X), n=13 2a

[TostoMy mnepaBencrBo (60.31) sBnsercs HepaBeHCTBOM (60.29),
3alMCaHHBIM B JPYrux OO0O3HAYEHUSX.

Canencrsue 4. [aa rxosgpguyuenmos ®ypve a,, n=1, 2,
Kaxncoo2o saemenma x€X cnpagedauso HepageHcmeo

o0

Y arlle P <ixi?, (60.32)

n=1

Ha3zvigaemoe Hepagsencmeom becceas.
HepasencrBo (60.32) HenmocpeacTBEHHO CielyeT M3 HEepaBeHCTBA
(60.26) npu n—oo (cp. ¢ mHepaBeHcTBoM (55.49) B m. 55.9)).
Cuaencrsue 5. Ecau cywecmeyem nocmoaunana c¢>0 makxas,
umo |le,[|=c npu n=1, 2, ..., 6 wacmnocmu, ecau cucmema (60.27)
OPMOHOPMUPOBAHHAA (8 JMOM CcAyude MOXNCHO 63amb ¢=1), mo
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ko3 puyuenmol @ypve 1106020 ItemeHma x € X cCMpemMamca K HyAio
npu n— o0

lim a,=0. (60.33)

n—o

3T10 CIIEAYCT U3 CXOAUMOCTH psa

el 0

1 llx1?
Zar%g? Zar%”enuz< 3

2
n=1 n=1 ¢

ubo OOIMHA ujieH CXOAAIIErocs psAa CTPEMHUTCS K HYJIO.

EcrecTBeHHO BO3HHKAET BOMPOC: IPH KAKHX YCJIOBUSX Psil
dypbe 3EMEHTA X CXOJHUTCSH?

Teopema 4. Ecau npocmparcmso X euavbepmosgo (m. e. noano),
mo pad Dypve (60.28) .mo06020 snemenma xe€X no 060l
opmozonaerou cucmeme (60.27) cxodumca 6 npocmpancmese X. Ecau
Xy €20 cymma:

Xo= Y a.e, (60.34)

n=1
mo JS4emMeHm X—Xg OPpMO2OHAAeH KO 6CeM IAeMeHmam CUCmemanl
(58.27).

HoxaszarenscrBo. [lycts s,= Z ae, n=1, 2..—uacrnu-
k=1
Hble cyMMbl psaa Dypee (60.28) snementa x mo cucreme (60.27);

TOTJa
2 n+p n+p
= 2 4y, Z aey | =

k=n+1 k=n+1

n

n+p

Z a;ey

k=n+1

l|sn+p_sn”2=

nt+p

= Y atlel? n=1, 2, .., p=1, 2,.. (60.35)

k=n+1

B cuny mepamenctBa beccens (5.32) pan

0

Y axllel?

n=1

CXONWTCS, M, CIEAOBaTENbHO, B cuiay Kputepus Komm s
CXOAUMOCTH YHMCJIOBOTO Psfia, I KaxAaoro yucia £>( cymiecTByeT
Taxoi HOMEp #,, YTO NpH n>n, U p>( BBINOIHAETCA HEPABEHCTBO

ntp

Y aillel*<g?,
k=n+1

M03TOMY, COTJlacHO HepabeHCTBY (5.35) mpu na>n, u p>0, nmeem
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”sn+p_sn”<8a

T. €. TOCJEIOBATENBHOCTD {s,} SBIsAeTCA (yHIAMEHTalIbHOH B
NPOCTPAHCTBE X M BCJIEACTBHE NOJHOTHI IOCJIEIHETO CXOTUTCS.

B ycii0BHAX TEOPEMBI NOC/IEXOBATENBHOCTD §, CXOAMTCS, BooOIIe
TOBODSI, HE K S/EMEHTY X. ITycTh ee mpenenom sIBISETCH INEMEHT X,

T. €. Xo= z a.e,, TOraa, HUCHoJIb3ys HENPECPBIBHOCTbL CKaJ'IﬂpHOTO
n=1

npousBenenus (cM. m. 59.3) u dopmyny (60.23), nomyunm

(x—x0, €)=(x, e)—(xo eo,;):

—(x, ek)—(él ae. ek)=(x, )= Y aen €)=

n=1
=(x, e)—allel*=0, k=1, 2, .. O

Uro xe xacaercs YcJIOBHs cXoauMocT psana Pypbe HEKOTO-
pPOTrO OTAENBHOTO 3JEMEHTA K CAMOMY 3TOMY 3JIEMEHTY, TO
€ro MOXHO CHOPMYJIIMPOBATH B CJEIYIOIIEM BHJE.

Teopema 5. Pad @ypee (60.28) ssemenma x npedzusvbepmosa
nPOCMPAHCMBA CXOOUMCA K IMOMY I1eMeHmy moe0d U MOAbKO
mo20da, Ko20a 04 He20 BbINOAHACMCA PABEHCHBO

[+ 9]
x12=3. azlle,ll?, (60.36)
n

=1

20e _a,— Kkoagduyuenmor Dypve s1emenma x no cucmeme (60.27).
Pal)aeHC'rBo (60.36) naswiBaetcs pasencmeom Ilapcesans— Cmexk-
106a.*
B cnyuae, xorma cucrema (60.27) opTOHOPMHPOBAaHA, PABEHCTBO
[Mapcepans npmmmaer bonee mnpocroit BuI

2_
I x|i*= Z ar, a,=(x, e,), n=1, 2, ..,
n=1
U npeactaBiaser cobod ob6oOmenme TeopeMbl Iludaropa Ha
OECKOHEUHOMEPHEBIE TTPOCTPAHCTBA.
HoxazartennrcTtBo TeopeMbl 5. Mpl uMmenn (cMm. (60.25))
2 n

=[x~ X aillel?.

k=1

n
x— Y ae
k=1

Hepexozm 30€Chb K NpEacily npm n— o0, MNOJIYYHMM 3KBHBAJICHT-
HOCTBh YCJIOBUS

n

x— ) ae
k=1

lim

n—»xc

~0 (60.37)

* B. A. Cteknos (1864—1926) — pycckuii MaTeMaTHK.
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H YCJIOBHSA

n
lim (IIXII2~ Y a%llekllz>=0,
n—% k=1
T. €. YCJIOBHS
n
IxP=lm ) afllel* O (60.38)
N0 =
HanoMHuM Tenepsr NOHATHE TMOJHOH cHCTeMbl (cM. 1. 58.5)
OPUMEHUTEJILHO TOJIBKO K CJIyyaro cueTHBiX cucreM. Cucrema
3JIEMEHTOB ¢,€ X, n=1, 2, ..., Ha3bIBaeTCH MOJHOM, €CJIM MHOXECTBO
KOHEUYHBIX JIHHEHHBIX KOMOHMHANHWI 3JIEMEHTOB OTOH CHCTEMBI
IUIOTHO B MNpOCTPAaHCTBE X. DTO O3HAYaeT, YTO A KaxJ0ro
3JeMeHTa X€X M Kaxaoro 4yucyaa €>0 CymiecTByrOT TakoH HOMeEp
n=n(g, X) ¥ TAKHEe YACHA Ay, ..., A,, YTO BHIMOJHSETCS HEPABEHCTBO

1 x—(he; + ...+ M)l <e. C(60.39)

[TonHOoTa OPTOHOPMHUPOBAHHOW CHCTEMBI HBJISIETCH YCIOBHEM,
obecneyuBaroIUM CXOAUMOCTh psafa Dypre n060T0 3TEMEHTA
MPOCTPAHCTBA K caMoMy 3TtoMy aneMmeHTty. Cdopmynupyem 310
YCIIOBHE B BUJIE TEOPEMBI.

Teopema 6. Pad Pypve no opmozonasvhoil cucmeme (60.27)
106020 3nemenma npeouabbEpMosa NPOCMPAHCMBA CXO00UMCA K
Camomy 3IMOMY 3AeMEHmy mo20a U MOAbKO Mmo20d, K020a cucmema
(60.27) ssasemcsa noanoi.

CaencrBue. [aa mozo umobbl 0pmo2oHAlbHAA CcucCMeMa
(60.27) npedeuavbepmosa npocmpancmea X 6Oviaa noAHOL 6 Npocm-
pancmee X, HeoOX00umo u OocmamouHo, umobwvl 04 406020
snemenma x€X 6bINOAHANOC PABEHCME0 Hapceea/zﬂ {(60.36).

HdoxaszarenbcTtBOo Teopemnl 6. Ilycro X——npenmnwep-
TOBO HPOCTpaHCTBO U cucrteMa (60.27) siBisiercss OpPTOrOHAJILHOHN
CHCTEMOH 3TOro Inpocrpascrsa. Ecim s moboro xeX ero pan
®ypre mo cucreme (60.27) cxomurcs K X, T.e€.

x= ) a,e, TAE 4 _xe) n=1, 2, .., (60.40)

I
= " eall?
TO
n

k=1

lim

n—oo

=0. (60.41)

CnenonaTeano, JUIT  Kaxaoro umcna &£>90 CyHI€CTBYET Takad
n

YacTH4Has CymMMa s,= ) ae, pasa ®ypbe (60.28), uto
k=

| x—s,ll <€, (60.42)
T. €. BbIMoOJHsETCH ycioBue (60.39).
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ObpatHo, ecnu ycnosue (60.39) BeIMONHSETCS NpPH KaKHUX-TO
koadduImenTax A,, ..., A,, TO OHO 3aBEIOMO BBHINOJIHAETCA COIJIACHO
TeopeMe 3 W B cilydae, €ClM B3ATb A, =4y, ..., A,=4a,, T. €. B 3TOM
ciydae s 3amaHHOTO £>0 BhIMOJNHSETCS ycnoBue (60.42) npu
HEKOTOPOM K, a 3Ha4YUT, M Ipu Bcex m>n (cM. (60.31)), a arto
PAaBHOCH/ILHO BBITIOJHEHMIO yciaosus (60.41). [

CrnencrBue HEMOCPEACTBEHHO BLITEKAET M3 TeopeM 5 u 6.

BrIsIcCHUM Teneps BONPOC O €AMHCTBEHHOCTH 3JIEMEHTA, UMEIOIIIe-

€O

ro JaHHBIA psig Y o,e, cBouM psmoMm Dypbe.
n=1

Teopema 7. Ecau opmoeonaavrasn cucmema (60.27) npedzuip-
bepmosa npocmpancmsa X noanasa, mo dsemenm X< X, y Komopozo
gce koagguyuenmsr Dypve no cucmeme (60.27) pasuvr Hyaro, cam
pasex  Hy.aro.

Canenctsue. 13 pasencmea scex koagpduyuenmos Dypve y 08yx
Iqemenmog npocmpancmea X RnO NOAHOU OPMOZOHAALHOU Ccucmeme
(60.27) svimerxaem pageHcmso caMux 3/4eMeHmO8.

HoxaszartennrctBo Teopemnl 7. Ecimu cucrema (60.27)—
NOJIHAS, TO COTJIACHO TeopeMme 6 Jrobol ayieMeHT x< X sBaseTcs

e o)

cymmoit csoero psma Pypse: x= ) a,e, Ilostomy, ecmu a,=0,
n=1
n=1, 2,.., o 1 x=0.
HoxaszaTtenbcTtBo caencreusa Ecmm x,e€X, x,eX u ux
ko3 dummenTsr Dypbe paBHBI MeEXIY CODOI:
Xy, € Xy, €
ke (wa) gy

lleall® Hleali®

TO s 3JeMeHTa X=X,—Xx, Bce kodpduimentsr dypbe paBHbBI
HYJIIO!

llealt? llea I el leall?

(X, &) _(xi—x; €) (x1, €,) (xa, e")=0, n=1, 2,

.y

M, CIeloBaTeNbHO, corjlacHO Tteopeme, x=0, T.e. x;=x,. [

3amevanue. CrexyeT OTMETHTh, YTO €CJIM B HpPEATrHIbOEp-
TOBOM IPOCTpaHCTBe X 3a/aHa HEKOTOpAasi OPTOTOHAJIbHASL CHCTEMA
{e,}, €,70 1 11 HEKOTOPOTO X & X CYIECTBYET €ro Npe/CTaBIEHHE
B BHIE

TO OHO €IMHCTBEHHO W Ko3(duiuedrs x,, n=1, 2,..., ABISIOTCH
kodpduumenramn Pypre. B camMom aene, ecnum ykazaHHOE mpes-
CTaBJIEHHE CyHlecTByeT, To -iIs moboro m=1, 2,.., B cuy

OPTOTOHAJILHOCTH CUCTEMBI {e,}, MOIyYUM
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[0} o
(x, em)=<2x,,e,,, em>= Y X, (e n)=Xp(em €n)
n n=1

=1
OTKynIa
(x, en)
(em' em)‘

OT1o o3Hayaer, yTo KodddunueHrs x,, n=1, 2,.., B paccMar-
pHMBAEMOM NPEACTABJICHHM SBJSIIOTCA  Kodbduuuentamu Dypbe
3JIEMEHTa X IO cUCTeMe {e,} W, CJIECAOBATENHHO, TAKOE Pa3JIOKEHHAE
€OUHCTBEHHO. []

OO0benHUB YTBEPXKACHUE C TEOPEMOU 7, HOJIYYMM, YTO JBA 3J1€-
MEHTa JIMHEHHOIO IIPOCTPAHCTBA CO CKAJSIPHBIM IIPOM3BEICHHEM
pPaBHBI TOTJa M TOJIBKO TOT[A, KOTJa OHM MMEIOT paBHbIe K03ddu-
nueHTel Pyppe 1O HEKOTOPON TNOJHOM OPTOrOHANBLHON CHCTEME.

Hrak, ecnu B npeArunb0epTOBOM MPOCTPAHCTBE UMEETCH HOJIHAS
OPTOTOHAJIbHAS CHCTEMA, TO BCAKMH BJIEMEHT 3TOr0 HPOCTPAHCTBA
PackiaAbIBa€TCs B PAA HMO ITOH cucTeMe (TeopeMa ), U NPHUTOM
€IMHCTBEHHBIM 00pa3oM, COTJIaCHO CAeJJaHHOMY 3amedanuro. Muaue
rosopsi, (cMm. ompeaencaue 24 B n. 58.5) ecaxas noamas opmozo-
nasvnaa cucmema {e,}, e,=0, n=1, 2,.., ¢ uacmmnocmu ecaxas
HOAHAS  OPMOHOPMUPOBAHHAA cucmema nped2uibbepmosa npocm-
pancmea, AeAAemMcA e20 0a3uUcoM.

Hanpumep, cornacro pesyiasratam 1. 60.3, nonuromsl Jlexans-
pa _(60.3) _ obpasyror ©0a3uc B THIBOEPTOBOM IPOCTPAHCTBE
L,[—1, 1], a TtpuroHomerpuyeckas cuctema (60.2)— 6asuc B
ruapbepToBoM mpocTpancTse L,[—m, ). -

PaccMoTpuM Temeph emme OOMH TOAXOJ K HOHATHIO TOJHOTHI
OPTOrOHAJLHOM CHCTEMBI B IIOJHOM NPOCTPAHCTBE. |

Onpenenenne 6. Opmoconasvhaa cucmema (60.27) Hazvieaemcs
3amMKHymotl, ecau 6 npocmpancmge X He cywjecmsyem 3iemenmad,
OMAUYHO20 OM HYAA U OPMO2OHAALHOZO KANCOOMY U3 IAEMEHMO8
3Motl  cucmembl. : .

Teopema 8. Ecau npocmpancmeo X noanoe, mo opmozonaisrasn
cucmema (58.27) noana moz20a u moabko moeda, K020a OHa
3aMKHYmMQ. ‘

HoxasarenbctBo. Ecu cucrema (60.27) monnas, xeX u x
OPTOTOHAJIEH BCEM DJJeMeHTaM cucteMbl (60.27), To Bce ero
koo3pounnenTel Pypre mo cucreme (60.27) paBHbl HyNrO (CM.
(60.23)); caemoBatenpHO (Teopema 7), x=0.

X, =

m

O6paTHo: mycTh cuctema (60.27) 3aMKHyTast, XX # x~ ). a,e,.
n=1

Cornacuo Tteopeme 4, psan Pypbe aj1eMeHTa X CXOOUTCSA, U €CIH
e

Xo= ). a,e, TO x—Xxgle, n=1, 2, ... [losToMy, B CHJly 3aMKRHYy-
n=1

tocTH cuctembl (60.27), x—x,=0, T. €. x=Xx, U, CIeOBATEILHO,
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0
x= ) ae, Tak kak X — OPOU3BOJIBHBIH TEMEHT IPOCTPAHCTBA X, TO
n=1
OTCIO/1a, B CHJIy TEOpPEMBI 6, U ClIeIyeT MOJIHOTA cUcTeMsl (60.27). [

3ana4a 42. BLisiCHHTD, JKBUBAJICHTHBI WJIM HET NMOHSTHE MOJHOH OPTOrOHANIBHOM
CHCTEMBI ‘U IOHATHE 3aMKHYTOH OPTOrOHAJIBHOH CHCTEMbl BO BCSKOM IPEATHIIb-
6epTOBOM IPOCTPAHCTBE.

60.5. CYIIECTBOBAHME BA3MICA B CEITAPABEJIBHBIX
IT'NJBBEPTOBBIX NMPOCTPAHCTBAX.
N30MOPO®N3M CENTAPABEJIBHBIX THJBBEPTOBBIX IMPOCTPAHCTB

Teopema 9. Bo gcakom cenapabeabHom AuHeliHOM RPOCH-
PAHCMBE €O CKAAAPHBLIM NPOU3Be0eHUeM CYuwecmeyem OpmoHOpMU-
Pposanuwlli basuc.

HokxaszareabcTBo. B ToM cnyuae, xorga mnpocrpancTtBo X
n-MepHoe, Teopema oueBHAHA (cM. 1. 18.4 u 59.2), noaromy Oyjem
paccMaTpHuBaTh TOJIBKO Ciiydal, KOrAa mpocTpaHCcTBO X OeckoHeu-
HoMepHO. [lockonbky mpocrpancTBo X cenapalbesibHO, TO B HEM
CYUIECTBYET IOCIEAOBATEIBHOCTD JJIEMEHTOB

o0, n=1, 2.,

obpasyroluux nojHyto cuctemy. OTbpachiBasi MOCNEOOBATEILHO Te
U3 3JIEMEHTOB, KOTOpbIE ABJAIOTCS JIMHEHHONW KOMOMHAIMEH OCTAJIb-
HBIX, [OJIYYUM [OCIIeIOBATEILHOCTD  3JIEMEHTOB

Vv, n=1, 2,..,

UMEIOLMX Ty K€ JIMHEHHYI0 0DOJIOUKY, YTO W HWCXOJHAsA CHCTeMa
{®,}, ¥ MHEHHO He3aBHCHUMBIX (o4Yemy?). [IpUMEHHB K TIOJIyYeHHOM
CHCTEME TIPOLECC OPTOTrOHauu3almu (cM. 1. 60.2) 1 HOPMHUPOBaHUS
(eM. m. 60:1), monyuynM OPTOHOPMHUPOBAHHYIO CHCTEMY

e lledl=1, k=1, 2,.,

MMEIOLIYIO Ty XKe JIMHEHHYI0 000JI0UKY, 4TO ¥ cucTeMa {\, }, a 3HauuT,
Ty Xe, 4TO U cucTeMa {@, |. [TocKoIbKy B CHILy MOTHOTBI CHCTEMBI { @,
3Ta JIMHeHas 06o0J0uKa IIIOTHA B X, To cucTeMa {e, } nmonnas. B mpe-
JBLIYLIEM K€ MIYHKTE (CM. 3aMeYaHue MOCJIE TEOPEMBI 7) ObLIO OKa3a-
HO, 4TO BCSKasi ITOJIHAS OPTOHOPMHPOBAHHAS CHCTEMA 3JIEMEHTOB
NpearuaIs0epToBa NPOCTPAHCTBA MBJSIETCs ero Oasucom. [

Teopema 10. Bce cenapabeavhvie OGeckoneuHOMepHble 2uabbep-
1086l NPOCMPAHCIEA U30MOPPHBL MmexncOy oo™ . .

[MpenBaputensHO fokaxeM [1Be JieMMbl. [lepBas w3 HEX
obobiiaer pasencrBo [lapcepass (60.36).

Jemma 4. Ilycme X — npedeuavbepmoso  npocmpancimeo,
e, (€, #0), n=1, 2,....— no.nasa opmozonaivnas cucmema ¢ X, xe X,

*' Onpefeiienne GeCKOHEYHOMEPHOCTH TPOCTPAaHCTBA cM. B M. 58.1, a M30MOp-
¢u3ma npoctpaHcTB—B 1. 59.3 (ompeaenenme 3).
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yeX, u nycmo

oc fe o]
x~ Y ae, vy~ be,;

n=1 n=1

mozoa
(x. »)= Y ab,lle,ll*, (60.43)
n=1

6 YACMHOCMU, €CAU OONOAHUMEABHO npednosoxcums, umo |le,|l=1
n=1, 2,.., mo

(x, v)=2> ab,
n=1

®opmyna (60.43) obobmiaer, oueBHAHO, opMyy JUIS CKajsp-
HOTO MPOU3BENEHHS B KOHEYHOMEPHOM NpOCTpaHCTBe (cM. m. 18.4).
HoxaszarenbctBo. [lo onpenenenuro koadduimentos Pypre,

(oe) , _a)
fleel>” 7% el

ak:
O3TOMY HMMEEM
<x— Zakek’ Y= Zbkek> ( ) Z
k=1
- Zak(yl ek)+kzakbk(ekr ek) (x, ) Za
=1 k=

k=1

(X, €k)~
Willeg lI?. (60.44)

U3 nosHOTHI cucteMbl e,, n=1, 2,.., uUMeeM

n : n
lim (x— Zakek>=0, lim (y— Zbkek>=0
n—so0 k=1 B k=1

[O3TOMY B CHJIYy HENMPEPLIBHOCTH CKAaJISpHOTO NPOU3BEAEHUS MHpH
n—»>00 JieBast 4acTb paBeHcTBa (60.44) cTpeMHTCS K HYJIIO, ClIeoBa-

TCJABHO, 3TO HMEET MECTO U JId npaBoﬁ 4aCTH, T. €.

lim 3 ab, eI (x, »)
n—a g
DTO paBHOCHJILHO paBeHCTBY (60.43).
~Jlemma 5. ITycme X*euﬂb()epmoso npocmpancmeo, e, k=1,
2,...~— opmonopmuposarnnslii bazuc ¢ X u a,, k=1, 2,..— nocaedosa-

meabHOCmb  Yuces maKux, umo pad Y ai cxodumcs. Tozda pad
k=1
a€
Zakek cxodumea 6 npocmpancmee X, u ecau x= ) ae,, mo a,
k= k=1
k=1, 2,..— koappuyuenmor DPypve 31emenma Xx.
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n

JlokazatenscTBo. Bomn s,= Y @, TO

k=1
n+p n+p
‘|5p+p_sn!|2:< Z A8y, Z ak€k>:
k=n+1 k=n+1
nt+p
= Y a, n=1, 2., p=1, 2,..
k=nt1

03
M B CHJYy CXOQUMOCTH psia ) dj OH YIOBJETBOPSET KPHTEPHIO
n=1
Koumt mnsa cxomsnmxcs pspos. Orcrofa cieayeT, YTO NOCIeHAOBa-
TeNAbHOCTE {s,} sBiseTcs dyHIAMEHTaNbHOM B NMPOCTPaHCTBE X H,
CJIeIOBAaTEILHO, CXOIUTCS.
Ilycts

@0
x=1lim s, T.e. x=) ae,;

Lana n=1

TOTAQ, B CHJIy €IWHCTBEHHOCTH PAa3JIONEHHS JIEMEHTA NPOCTPAHCT-
Ba mo 0asucy (cM. 3amMeyaHue K Teopeme 7),

(x, e)=a, n=1, 2,.,

T. €. a, ko3bbunuentsl Pypne 3neMeHta x. [
HoxazartensctBo TeopeMnbl 10. Ilyctb X um Y—nBa
cenapabebHbIX OeCKOHEYHOMEPHBIX THJILOCPTOBBIX IPOCTPAHCTBA.
CornacHo TeopeMe 9, B HHX CYyIIECTBYIOT OPTOHOPMHUPOBAHHBIE
0a3uchl, COOTBETCTBEHHO ¢, n=1, 2., u f,, n=1, 2.
[eo]

lycts xeX u x= Y a,e,; Toraa a,— kodbouimentsr Dypbe
n=1

o0
aNIEMEHTa X M, CJIeJoBaTeNbHO, 110 paBeHCTBY [lapceBans, psa ), an

n=1
®

cxomurest. ITonmoxum y= Y a,f,. CormacHo nemme 5, 310 uMeer
n=1
CMBICI.

OtobpaxeHue npocrpancTBa X B IPOCTPaHCTBO Y, cTaBsuiee B
COOTBETCTBHE KaXIOMY 3JIeMEHTY x = X yKa3aHHbBIA 3JIeMEHT y< Y,
M OCYLUECTBJISIET M30MOP(PHU3M 3ITHX MPOCTPAHCTB. [eHCTBHUTENBHO,
OpH 5TOM COOTBETCTBUM B CHJIY COUHCTBEHHOCTH Pa3JIOKEHHUS
aJeMeHTa no 6a3ucy pa3HbIM JIEMEHTaM IpocTpaHcTBa X COOT-
BETCTBYIOT pa3Hbie 3JIEMEHTHl npocTpaHcTBa Y. Jlanee, Bcsikuit
3JIEMEHT NPOCTPAHCTBA Y MOCTAaBJIeH B COOTBETCTBHUE HEKOTOPOMY
3JIEMEHTY MPOCTpPaHCTBA X (T. €. YKa3aHHOE OTOOpaXeHHE SBISETCH
OTOOpaXeHWeM Ha NIPOCTPAHCTBO Y); B caMoM Aefie, eci y< Y, To,
pas3iokuB €ro B Y mo 0Gasucy, NOJIyYuM
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y= ib,f,,.

n=1

€O
[Tycte x= ) b,e, (Takoil 3MeMEHT CyIIECTBYET, CM. JieMMY 5).
n=1
OueBHUIHO, YTO 3JIEMEHTY X M COOTBETCTBYET MpPH YCTAHOBJICHHOM
cooTBeTCTBUM ieMeHT y. [lokaxem, HAKOHEN, 4YTO TpPH 3TOM
COOTBETCTBUU COXPAHSETCS CKAJSIPHOE TpOM3BEACHME. IDTO cpa3sy
cnenyer u3z JemMmsl 4. JIeHCTBHUTEIBHO, €CJIH

x=Y ae, xX'=)Y be, y=>Y af, ¥y=> bf,
n=1

n=1 n=1 n=1

TO, B CHIIY }’Ka3aHHOﬁ JICMMBI,

ve]
U . _— 7
(x, X)=3 ab,=(y. y) O
n=1
B xauectBe mMopenu cenapabebHOTO OECKOHEYHOMEPHOIO THJIb-
OGeproBa TNPOCTPAHCTBA MOXHO B3SITh NPOCTPAHCTBO, 3JIEMEHTAMHU
KOTOPOTO SBJIAIOTCS MOCJIEOBATENBLHOCTH [IEHCTBUTEIBHBIX HYUCEN
e

), JUIS KXOTOPBIX PSA Y Xi CXOOMTCH, T.e€.
k=1
npocTpaHcTBo /, (cM. mpumepsl 6 B 1. 57.1 u npumep 5 B m. 58.3).
CxasispHOe IIPOM3BEJEHHE B 3TOM MPOCTPAHCTBE BBOIMUTCS IO
CIIE/IYIONIEMY TIPABHILY:
ecau X=(xy,.., Xp.) U y=Vi,eee Ypoor)y MO

x=(x;, Xz, X

noee

(x, y)=k2 X Vg (60.45)
=1

DTO ONpe/eIEHHE UMEET CMBICI, HOO 3 CXOMMMOCTH DPSANOB Y, Xi H

k=1
O £

) y? BbITEKaeT M CXOAMMOCTb PSfid ), X;Jy. OTO, HAlpuMmep,
k=1 k=1
cienyeT W3 HepaBeHcTBa [é€npaepa misi psgoB npud p=2 (OHO B
5TOM CJIydae 4acTo HasbiBaeTcsi HepaBeHCTBOM Komm — IllBapua),
HO MOXET ObIThb NOJIyY€HO M W3 3JJIEMEHTAPHOTO HEPaBEHCTBA

2 2

Xic + Vi

X Ve S—5—

Hopma B npocTpaHCTBe [/, ompeaensiercs COINIaCHO obluemy
npaBuny 1o dopmye :

llxll= (60.46)
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Teopema 11. IIpocmpancmso [, agasemcs cenapabeibHbim
2UALOEPMOGbIM  NPOCMPAHCIMBOM.

HoxaszatenbcTtBo. IlpoctpaHctBo [/, cenapabensHo, u60
NOC/IEAOBATENLHOCTH ¢, k=1, 2,..., y KOTOpPBIX H4 BCEX MeCTax
CTOAT HYJM, KpOMe k-r0, rJie CTOUT €IMHUIA, 0Opa3yroT OpTOHOp-
MMpPOBaHHBIA 0a3uc M, CIEIOBATENbHO, MX KOHEYHbIE JIMHEWHBIC
KOMOHMHAIIAM C pALlMOHAJBHBIMU KodddHuueHTaMu obpa3yroT cuer-
HOE IJIOTHOE B HPOCTPAHCTBE [, MHOXeCTBO (mouemy?).

IMosmoTa npoctpancTsa /, Oblna goka3aHa paHplIe (CM. PUMED
3 8o 572). 0

B cuny Teopemsl 10, mpocTpaHCTBO [/, M30MOPOHO KaxIOMy
cenapabeabHOMY THJIBOEPTOBY NPOCTPAHCTBY.

B n. 60.3 6bU10 HOKAa3aHO, YTO NPOCTPAHCTBO L, [a, b ] cenapa-
GenbHO (cM. TaM Teopemy 2) Juls qoboro orpeska [a, b,
CJIeOBATEAbHO, OHO TaKXe M30MOphHO mpocTpaHcTBy [,. MoxHo
mokasaTh, 4TO H MPOCTPaHCTBO L,(G), rae G -—u3Mepumoe
HOJIOKHUTEIHLHON Mepbl MHOXKECTBO N-MEPHOT'O NMPOCTPAHCTBA, TAKXKE
cenapabenbHO M, cienoBaTenbHo, w3oMopdHo /,. TakuMm oGpaszom,
BCe THALGEPTOBBI IPOCTPAHCTBA MHTEIPUPYEMBIX B KBajapare
(GYHKIMIA HE3aBUCAMO OT 4MCJA NMEPEMEHHBIX, OT KOTOPHIX 3aBUCAT
3TH (PyHKUMH, HW3OMOPPHBI Mexay coOoi.

60.6. PA3JIOXKEHUE ®YHKLUNN
C UHTETPUPYEMBIM KBAJAPATOM B P ®YPHE

B § 55 usyvanuch kinaccudeckue psaabi Pypee, T. €. paasi Pypbe
0 TPUrOHOMETPHYECKOH cHCTeMe OQYHKUMHA, a8  abCcoFOTHO
MHTErpupyeMbix (pyHkumit. B 31OM nyskre Oyzmer nosayveH psn
crencTBuil u3 obuieir Teopun psgoB Pypre B rmiIbOEpPTOBBIX
IIPOCTPAHCTBAX M W3 CBOMCTBA MOJHOTHI CHCTEMbl TPHIOHOMETDH-
yecknx (yHKUME B mpocTpaHcTBe L, [ —n, m] mis TpuroHOoMeTpH-
yeckux psagoB Pypee Goiee y3Koro xiacca QyHKImit, yeM abcomoT-
HO MHTErpupyeMble, a UMEHHO [UIst QYHKLMH C HHTErPHPYEMBIM Ha
OTpe3ke E—n, n ] xBagparoMm, T.e. 1 (YHKIMH NPOCTPAHCTBA
RL,[~n, n] (cMm. mpumep 3 B 1. 59.2).

[pexme Bcero 3aMeTUM, 4YTO €CIM B TWILOEPTOBOM IpPOCT-
panctBe L,[—m, m] 3a OpTOroHajNbHYIO CHCTEMY B3ATH TPUTOHO-
METPUYECKYIO CHCTEMY

1, cos x, sin x, .., cos nx, sin nx, .., (60.2)
10 X03pdummeHtsl Pypbe >IE€MEHTA feLz[-—n, n] mo 3Toi
cucreMe 6yayT onpeaensthes, coriacHo (60.23), mo dopmyiam
ao=511;(f, 1), a,,=%(f, cos nx), b,,z%(f, sin nx), n=1, 2, ..,
(60.47)
160 |1l =/2, licos nxll,,=lIsin nxll,=/7 (M. m. 60.1).
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Ecim f—HenpepbiBHas Ha ortpeske [—m, 7] dyHxiusg, TO
feCL,[—n, n]cL,[—n, n]. CpasuuBas dopmymb (60.47) mns
xoadpunuentoB Oypbe dynknuu f ¢ bopmynamu (55.6) (cxanspHoe
npousBejicHue, kak 0ObIuHO, 3amaercsa dopmynamu (59.11)), Buaum,
4TO BCE OHH COBRANAIOT, KpoMe GopMynbl mis koaddunuerTta a,
kotopast B (60.47) ornuvaerca ot ¢Gopmynsl B (55.6) MHOXHTENEM
1/2. OtpnaBas na#b Tpaaunuu, OyAeM B JanbpHEHILIEM MPUIEPKHU-
BaThc Gopmynst (55.6) mnsa ag, T.e€. CUATATh, 4TO

a0=—71;( £) (60.48)

W 3anMchbiBaTh TPUTOHOMETpHUYECKHH psan Pypbe B BHIE

g

0
S+ Y. a,cos nx+b,sin nx.

n=1

[Mpumensis TeopeMy 6 x TpuroHoMeTrpuyeckoit cucreme (60.2), B
CHily TOJHOTHI 9TOH cHCTeMbl B npoctpasctee L,[—m, m] (cm.
npuMmep 3 B n. 60.3), moiyunMm CIEAYIOUIYIO TEOPEMY.

Teopema 12. Kawcowui saemenm feL,[—mn, n| packiadw-
gaemcs 8 IMom npocmpancmee 8 pad Pypve no mpuzoHomempuuec-
Kot cucmeme

f=3+ Y, a, cos nx+b,sin nx, (60.49)

n=1
npuuem cnpagedauso pagercmso Ilapcesans
Liaz®, 5 2. 512
"”f” =?+ Z ay +b;.
n n=1
Caencrsue 1. Kancoaa gynkyusa f(x) ¢ ummezpupyemvim Ha
ompeske [—m, m| keadpamom:
1) aeanemcsa npedesom 6 cmvicae cpedHe20 K8AOPAMUUHO20 (CM.

n. 58.4) ceoux uacmuunvix cymm @ypve S,(x) no mpueonomempuuec-
Kol cucmeme HYHKyuili Hpu N—0, M. e.

~ lim } [f(x)= S, (x)]? dx=0; (60.50)

2) u Oasa Hee cnpasedauso paeercmso Ilapcesans
2 Q0
%Jﬁ(x)dx=%9+ Y a2+b2. (60.51)
n=1

CaenctBue 2. Ecau gpynkyus f ¢ unmezpupyemvism Ha ompeske
[—n, m] xeadpamom u ece ee koapguyuenmer Pypve no mpuzomo-

245



mempuyeckoii cucmeme (60.2) pagrul Hy 10, MO OHA IKGUEANEHIMHA HY A10.
3nech Besge kodhduimenter Pypbe npu n=1, 2,... ONpeaesitoT-
cq no dpopmynam (60.47), a koapduumeHT a, —no gopmyne (60.48).

IMockonbky camMa Teopema 12 BbITEKAaeT M3 TEOpeMbl 6, TO
HYXKJAlOTCsS B [OKa3aTeNbCTBE TOJbLKO €€ CIECICTBHS.

Wtak, nycrts Qynkuus f(x) ecTb (QyHKUMS € HHTETPUPYEMBIM
KBaApaToM Ha oTpeske [—®, | T.e. f(x)eRL,[—m, ©] (oM.
npumep 7 B 1. 58.3 u npumep 3 B 1. 59.2). Ilpexae BCEro 3aMeTum,
yTo JroOasi el SKBUBaJieHTHas (QyHKUUS g (x) (CM. ompeneneHUe S5 B
n. 59.4) umeet Te xe koapduruentsr Pyphe H, CIEAOBATENBHO, TOT
xe psang Dyppe. DTO ciienyeT H3_TOro, 4TO IOYTH CKaJISIPHOE
TIpOM3BeieHHe B MpocTpaHcTBe RL, [ —7, 1] He MeHsieTcs, ecld ero
COMHOXMHTENIM 3aMEHATh WM J3KBHUBAJICHTHBIMH (cM. Qopmyiry
(59.22)), u moroMy, ecau f~g, TO

1 1
a0=;(f, 1)RL2:—(g: l)RLz’

i
L, 1
a,=—(f, cos nx)p,,=—(g c0s nx)ry),
b,,z%(f, sin nx) g 2=%(g, sin nx)RLZ' n=1, 2,.%.

CnenosaTenibHO, ecinu 4epe3 F 0003HAUUTH KJIACC JKBUBAJICHT-
HbIX (DYHKIUH, colepXaluui (yHKIMIO f, TO B CHJY ONpeIeJcHHS
(59.22) ckayispHOTO NPOM3BEIEHHS KJIACCOB OKBUBAJIEHTHBIX (QYHK-

LMH, T. €. CKAJIAPHOTrO NMpOM3Be[eHHs B npocTpacTse RL,[—7, 7]

(cM. n. 59.4), GymemM HMeTbH

a0=11_t(F, 1)Rf~l;, an=%(F, cos nx)ﬁz, b,,=%(F, sin nx)RZ, n=1,2,..,

T. e. pax dypbe snementa Fe RL, [-n, n]eL,[—n, n] coBnanaer

¢ pagom ®ypwe kaxmoir bynkuum feF. CoriacHo Teopeme 12, B
npocrpanctse L,[—m, m| uMeer Mecto pasjoxeHne

[ee}
a .
F=7°+ Y a,cos nx+b,sin nx, (60.52)
n=1
n paseHcTBO IlapceBans
1 ad  «
0 2 2
IFIE, ==+ ). an+bs. (60.53)
n 2 =
n=1
*) MIHIEKC y CKANSAPHBIX M TOYTH CKAJAPHBIX NPOU3BECHUE YKa3bIBAET, B KAKHX
NPOCTPAHCTBaX OepyTCsl paccMaTpUBAaEeMbie NPOM3IBENECHMS.
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n
a . :
Ecm  S,(x) 270+ Y. a, cos kx+b, sin kx-—vacrauHas cymma
k=1 ’

pana ®@ypbe (60.52), To cCXOAUMOCTH 3TOTO psAda B NMPOCTPAHCTBE
o[—m 7] x snemenry F osHauaer, 4TO

lim [|F—S,(%)ll,,=0. C(60.54)
Ecim Teneps f=F, 1o (cMm. (59.23))

=S, (), =1 ()= S (M re, =, f [£(x)~ S, (x)]? dx, (60.55)

e I[f(x)—S,,(x)llR,_Z~HonyHopMa bysxumn f(x)—S,(x) B mpo-
CTpaHCTBE RL, [—m, n], YTO = UMeEeT CMBICII, u6o
f(x)—S,(x)=F-S,(x). U3 (60.54) u (60.55) cueayer, uro

lim [ [/()=5, (91 dx=lim 1)~ 5, (9)llnz, =0,

n—o _g

T. €. paBeHcTBO (60.50) mokaszaHo.
Haee, Tak kak, B cuy To# ke GopMyJibl (59 23), IMEIT MeCTO
paBeHCTBA

1l =M, = [ § /2 (3)

H Tak kKak koagpduuuentel ®yppe y F U f omuHakoBwl, 10 (60.51)
ciieqyeT HenmocpeAcTBeHHO M3 (60. 53)

Jnst moxazaTesbCTBa CIIEACTBMS 2 3aMETHM, 4YTO €CJIH  BCe
koadpduuuentst dypve dyrkmun feRL,[—n, n] mo TpUroHoMeT-
pUYECKOH cHCcTeMe paBHbI HYJIO, TO U3 paBeHcTBa IlapceBass
(60.51) cnenyer, uto

1y = § £ (x)dx=0,

a 9TO, COrJacHO omnpeneneHuro S5 w3 m. 59.4 9SKBUBAJCHTHBIX
¢yHKumi, U o3Hauaer, uto f~O0.

Urtak, obpatuM BHUMaHHE Ha TO, YTO €CIH y QYHKIHH C
HHTETPHPYEMBIM KBaaApaToM Bce KoadouumeHTh Dypbe paBHBI
HYJIIO, TO OHa He OOS3aTEIbHO SBJISETCS TOXIECTBEHHBIM HYJIEM, a
TOJIBKO JKBHBAJICHTHA €MY.

O06a cyencTBUS NTOKa3aHBbI.

W3 pasenctBa IlapceBans (60.51) eme pa3 (HE3aBUCHMO OT
TeopeMbl 2 n. 55.2) ciaeayer, uro xoadduimentsl Dypbe QyHKIMH
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f(x) crpemstcs k Hymo (60 OOUIMH WIEH CXOAAIIErocs psaa
(60.51) Bcerma crpemMHuTCst K HYJIIO), OJHAKO JIHIIbL i (DYHKIHHA C
HHTErPUPYEMBIM Ha OTpe3ke [—m, m] kBagpaTom. Tak kak Bcskas
GyHKIUs, HENpepbIBHAS Ha OTpe3ke [—m, m], sBiasercss U dyHKimei
C HMHTErpUPYEMBLIM KBa/IpaTOM, TO ISl HEE TAaKKe CIPaBEJIHBO
YTBEPXKACHHUE TIEPBOTO CJIEACTBUS TEOPEeMbI 12: OHA packJia/bIiBacTCs
B paa Pypbe, cxoldumiics K HEH B CMBICIE CpPEIHErO KBaJpaTHU-
HOTO, ¥ Ui Hee clpaBequBO paseHCTBO Ilapcesana (60.51).

Bropoe xe cneacTsue s HENMpepHIBHBIX (PYHKIUH MOXeET ObITh
cymecTBeHHO ycujieHo. CdhopMmynupyeM €ro B BHAE OTHEIbHOH
TEOPEMBI.

Teopema 13. Ecau 6ce koapduyuenmvr Qypve Henpepvishon Ha
ompeske [—m, m]| Pyukyuu pasHsl Hymo, mo camd 3ma @GYHKYus
MOoX#COeCMBEHHO DPABHA HYAIO.

OToT dakT ObUT YCTAHOBJEH HAMHU YK€ paHplie (CM. B 1. 55.6
CJECTBHE U3 TEOpeMbI 6). 31eCh MBI TOKaXEM €ro eile pas, uCXoas
u3 teopun psaaoB Pyppe B TUILOSPTOBOM NPOCTPAHCTBE.

CaeacrBHe (TeopeMa €IMHCTBEHHOCTH Pa3J/I0JKeHMSI HeNpepbiB-
noil pynxunn B paa Pypse). Ecau 0se HenpepbigHble PyHKYUU UMEIOM
00unaKosvie KoIgpuyuenmor Dypve, MO OHU MONCOECMEEHHO DABHYL.

HoxasarenbcTBo. Ecnm ¢yukums f(x) HempepbiBHA Ha
oTpe3ke [—m, 7 ] U Bce ee Koapduuuentor Oypre paBHbl HYIIO, TO
u3 paBencTBa IlapceBass (60.51) umeem ||f||z;,=0. Ho mosynopma
npocTpancTBa RL, [—7, T ] HA MHOXECTBE HENPEPLIBHBIX (QYHKIMHA
SBJIAETCSL HOPMO# (CM npumep 8 B 1. 58.3), mosromy f(x)=0 mis
BCex x€[—m, m].

Cnencrsne BBITEKAE€T U3 TOTO, YTO Pa3HOCTh ABYX (DYHKLHH, Y
KOTOPBIX OJMHaKoBble Kkoddounmentor Pypne, umeer Kodrpduim-
enThl dyphe, paBHbIE HYNIO, M TOTOMY SBJISECTCS TOXJIECTBEHHBIM
nynem. [

3ameuanue 1. Teopemsr 12 u 13 Obutn CHOPMYJTUPOBAHBI
IPUMEHATENBHO K TPUrOHOMETpHUecKod cucteme ¢ynknmii. [Tomob-
HBIE YTBEPXKIECHUS CIPaBEAJIMBBI, KOHEYHO, IS J1oOOH TOJHOM
OPTOTOHABHOM cHCTeMBl (GYHKIMH, T. €. CHCTeMbl, obpa3syromei
OpTOTOHANBHBIA 0a3uc B mpoctpancTBe L, [a, b]. B wacrHocTH,
aQHAJIOTUYHBIE YTBEPXICHHsS CIPABE/UINBBLI JUIS Pa3OXKeHHH (yHK-
il no monmHomaM Jlexawapa (cM. mpumep 2 B 1. 60.3) B
npocrpancree L,[—1, 1]. Hanpumep, ecnu Bce ko3dhdunueHTHI
®ypbe HenpepeiBHOH Ha oTpe3ke [—1, 1] dyHkumu no cucreme
noyimHoMOB Jlexannpa paBHBl HYJIIO, TO 3Ta (DYHKHHS paBHA HYJIIO
BO Bcex Touykax oTpeska [—1, 1] [loka3aTenncTBa TOJOOHBIX
YTBEPXKIEHUHA MOryT OBITh IPOBENCHBI MO TOH XKe CXEME, YTO U
BBIIIE.

3aMevyanue 2. OCHOBHBIM M CYHIECTBEHHBIM (DaKTOM, MO3BO-
JUBIIMM [0Ka3aThb TeopeMy 12, sBJIleTCS HOMHOTA TPUTOHOMETpH-
YEeCKOM CUCTEMBI B NpPOCTpaHCcTBe L,[—m, m ], KOoTOpas B CBOIO
ovYepelb OCHOBBIBAETCS HAa BO3MOXHOCTH CKOJIb YTOJHO TOYHO B
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CMBICJIE CPEIHETO KBaAPATHYHOIO NMPUOIM3UTH HA OTpe3ke [—m, 7 |
BCSAKYIO (YHKIIHIO C MHTETPUPYEMBIM Ha ITOM OTpPE3Ke KBAJPaTOM
HENpephIBHOH, nepuona 27n, ¢yHKuued (cM. jJemMmy 8 u3 n. 59.4).
Vicronmb30BaHme e 00IHel TEOpUH O PA3JIOKEHUH MO OPTOTOHAILHBIM
CHCTEMAaM B THJILOEPTOBOM MPOCTPAHCTBE HOCUJIO MO CYLIECTBY JIMIIb
TEPMHAHOJIOTHIECKHH XapaKkTep 1 I03BONMIIO H0Jiee KpaTKO U HATJISTHO
NIPOBOJIUTH M 3aMUCHIBATH paccyxAeHus. B kayecTBe npuMepa NOHATHS,
KOTOPOE BecbMa yI0OHO IPH PACCMOTPEHHH U3YYAEMBIX BOIIPOCOB, OT-
METUM IIPEX/JE BCEro MOHSTHE JTUHEHHOr0 HOPMHUPOBAHHOTO HPOCT-
paHcTBa (B YaCTHOCTH, NPEArHIbOepTOBA APOCTPAHCTBA), & 3HAYUT, U
TIOHATHE HOPMBI. BBeZieHHe 3TUX TIOHSTHH IO3BOJIAIIO H3JIOXKHUTD TEO-
PHEO PA3JIOKEHHIA IO OPTOHOPMUPOBAHHBIM CHCTEMAM BHE 3aBUCHMOC-
TH OT KX KOHKPETHOrO BHU/JA. DTH HNOHATHS UMEIOT pa3HOOOpa3Hoe
NpUMEHCHHE M B PA3JIMYHbIX APYrdX pasjeiaXx MaTeMaTHKH.

B 3aximovenune, UCTIONIB3YS MOJIYYEHHBIE PE3yNbTAThl, JOKAXKEM
€lle OOHY TEOpeEMY.

Teopema 14. ITycmv @ynkyua [ HenpepvigHa Ha ompesKe
[—m, m] Ecau ee pad @ypve cxodumcsa pasHOMepHo HA ompe3Ke
[—n, ®], mo eco cymma pasna @yuxyuu f.

HoxazatensctBo. Ilyctp

f(x)~%+ Y a,cosnx +b,sinnx
n=1

o0

S(x)=% za,,cosnerb,,sinnx
n=1

—cymma paga Dypbe QyHKmu f.

Ipexne Bcero ¢ynkuus S(x), Kak cymMMa PaBHOMEPHO CXOsi-
LIErocs psAla HelpPephIBHBIX PYHKIMH, Takxke HempepwiBHA. [lanee, B
ciity teopeMbl 1 m. 55.1, xoapdummenramu Pypbe PyHKIUHA S( )
SBJIAIOTCH YMCHa 4, 4, b,, n=1, 2, ...

Taxum oOpaszoM, mBe HereprBHbIe Ha oTpe3ke [—m, 7]
byakid f B S UMEOT OJUHAKOBHIE k03hdunueHTHl Dypbe, H
HO3TOMY B CHJIy CKa3aHHOI'O BbIIlIE OHM COBHANAIOT BO BCEX TOYKAX
orpeska [—m, n ] f(x)=S(x), —n<x<n. O

. OPTOTI'OHAJIBHBIE PA3JIOXEHHWA
I'MJIBBEPTOBBIX INPOCTPAHCTB B IIPAMYIO CYMMY

Onpenenenne 7. IToomnoxncecmso Aunetinoco npocmpancmea X co
CKAAAPHbIM NPOU3BCOCHUEM HA3bIBAEMCA €20 NOONPOCIMPAHCMEOM,
ecau OHO AGAAEMCA NOONPOCMPAHcmeom X Kak AUHelH020 Npocm-
PaHCmBa U ABAAEMCA, KPOMe MO20, 3AMKHYMbIM MHONCECEOM.
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IIpumMepoM HOANPOCTPAHCTB JHMHEHHBIX HPOCTPAHCTB CO CKa-
JISPHBIM - IPOU3BEICHUEM SBJISIOTCS A/ipa OrPaHMYCHHBIX JIMHEHHBIX
ONEPaTOPOB.

B camom pnene, nmyctb A — NMUHEHHBIA OTPaHUYCHHBIA ONEPATOP
Ha TpeAruapbepToBOM TpocTpanHcTBe X H

kerdA={xeX: Ax=0}, (60.56)

TOrAa, Kak MbI yxe 3HaeM (cM. JemMMmy 2 B m. 58.1), saapo ker 4
SBJISETCS IIOIPOCTPAHCTBOM JIMHEHHOTO TNpOCTpaHcTBa X. 3aMK-
HYTOCTh siapa ker A ciemyeT W3 HENMPEepHLIBHOCTH omnepatopa A (cM.
n. 58.6); ecam

y.ekerd, 1. e. A(y,)=0,

lim y,=y,

n—aw

TO

A(y)=A(lim y,)=lim A(y,)=lim 0=0,
n—oo n—aoo n—oo
T. €. yekerA, 4ro ¥ O3HaYaeT 3aMKHYTOCTH snpa kerA4. [J
Onpenenenne 8. Ecau X — auneiinoe npOCMPAHCMBO €O CKAAAD-
HbIM Bpousgeoenuem u Y — e20 noOMHONCeCmeo, mo mHoxcecmso Y+
8Cex IAeMEHMO8 NPOCMPAHCcmMea X, 0pMO2OHAAbHbIX 6CeM A€ MEHMAM
MHOMCecmea  Y:

Y*¥ xeX:(x, y)=0, ye¥}, (60.57)

HA3bIBAEMCA OPMOZOHAALHLIM OONOAHEHUEeM MHOMcecmea Y.
Jlerko BujaeTh, 4TO

(Y')ioY.
Jemma 6. Ecau Y — noonpocmpancmeo aumetinozo npocmpan-
cmsa X co ckarapweim npoussedenuem, mo Y maxnce seisemca
nOONPOCMPAHCMEOM npocmpancmed X.

HoxasatenbctBo. Ecnm z,eY?, z,eY*, To mna mobbix
yhces Ay, A, u dw0boro yeY umeem

(7‘121‘_*'%222, y)=7\.1(zl, y)+)\‘2(223 J’)=0

M, CIEOBATENBHO, Az, +Myz,€ Yh, T. €. Y aBasercs moampoct-
PaHCTBOM JIMHEMHOTO IpocTpaHcTBa X.
3aMKHYTOCTD MHOXECTBa Y ' ClleNyeT H3 HENpepbIBHOCTH

CKaJSIPHOTO npowusBefeHus: ecmm z,e Y wm limz,=z, 10 s

n—wo
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