Hcnonp3ys croco® 3anmmcu, OCHOBaHHBIA Ha paBeHCTBax (61.33)
u (61.34), >t GopMyNBl MOXHO TMEpEenucaTs B BHIE

+ + oo
51; e” ™ dx=35(y), J' 8(x)e™dx=1.

Beraucianm, nanee, npeodpazoBanne Pypbe mpou3BosHON 00600-
HIeHHOM (YHKIMH M NPOHM3BOAHYIO OT mnpeoOpasoBanus Dypse.
IMpenBapuresbHO HaM NPHIOETCS BBECTH IOHATHE TIPOU3BEICHHUS
obobennoi ¢ynkunu f€ S’ Ha 06bIyHYIO GeckoHeuHO Auddepeniy-
pyemyto GyHKIHIO \1;(){), 001aJaroUIyI0 TEM CBOMCTBOM, YTO ISt
moboit ee npomssoanon ™ (x) cymecrByroT nocrosuusie B,>0 u
o,>0, n=0, 1, ..., Takue, 4TO AJI BCEX X CIPABE/UTUBO HEPABEHCTBO

VO I<B, (14 x)™ n=0, 1, 2,0 (61.36)

3aMeTuM, 4TO BCE MHOTOWIEHB! YIOBJIETBOPSIOT 3TOMY YCIIO-
BHIO.

Ecim dyuxuus ¢ tuna (61.36) u ¢€ S, to ¥ ¢ € S. Ecnu pysxums
J JOKaJbHO CyMMHpyeMa H YIOBJIETBOpSET yciaommwo (61.25), a
¢dynkuus y—ycnosumro (61.36), 1O Vf Takke YHOBIETBOPSET
ycaosuio (61.25) u

( ¥o)= 1 10V o) dx=(ur: o).

Ilycts { ynosuerBopsier ycnosuro (61.36), a feS’. Onpenennum
Tenepb (yHKUMOHAN Ha S, paBHBI npom3BeAeHHIO Vif, dopmynoif

(. @)=(f Vo), ¢es.

Jlerko mpoBeputh, 4To Y€ S’ **¥, T. €. uTo if ABNSETCH NMHEHHBIM -
HETPEPLIBHBIM (YHKIIHOHAJIOM, ONpEIeSIEHHBIM Ha NpPOCTpaHCcTBe S.
Ynpaxuenue 24. Ilycts dynxuus Y=\ (x) yrosnersopser ycnosuio (61.36),

’

a obobuiennas ¢ynkuus feS'. HdokasaTh, 4To YfeS'.
Hoxaxem B 3axiroueHue (GOpPMYJIbI

Ff™]=(ix)"F[f], (61.37)
i"F®[f]=F[x"f], feS". (61.38)

* B cuny osroro ycnosus (upu n=0), MOXHO paccMaTpuBaTh V(x) Kak
obobwennylo ¢yHkmMo mpocrpancrea S’ (em. (61.25).

**) 3aTpyaHEHHs TIpH OIpENETICHM TNPOU3BENCHUS O6OGIIEHHbIX (YHKIUH
CBA3AHBI C TEM, YTO NPOM3BEICHME THHEHHBIX (PYHKIIMOHAIOB B OOBIYHOM CMBICIE KAK
npousseenne GYHKuMi (T. €. KaK Npou3BeAeHHE 3HAYECHHI COMHOXHTENCH B KaXAO#H
TOUYKE) He SBIACTCA JMHEHHBIM (YHKIMOHAJIOM.
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Nmeem (cMm. 1. 56.8)
EU o= Flol=(-1) (. £ o)
~(=07 (% £FLn 0] )= A x) =) F. 9 0

®Popvyna (61.37) mokxaszaHa.
dorkakem (61.38) (eMm. n. 56.10):

FOLf. O)=(—)"(F[f]. 0™)=(=1)"( Fo™])=
~C @) FTe)= s Flo)=(LrL o)

Ipumep 3. Haiinem npeoGpasopanme dyphe dynxumu f(x)=x.
3ametus, uto F(1)=8./2n (cMm. mpumep 1), nomyunm

Flx]|=F[x1]=iF'[1]=i/2n¥.
Ynpaxueuue 25. Halitu npeobpazosanue Dypbe MHOroujeHa.

ITpu BbIYMCceHMM npeobpa3oBanus Pypbe 0000IIEHHBIX (YH-
KUMHA MHOTJAa YHNOOHO BBIOpaThb MOCIEAOBATEBLHOCTh OOBIYHBIX
GyBKUMI cTpeMSsIUXCs B NPOCTPAaHCTBE S’ K 3aJlaHHOW (0600IIEeH-
HO¥M) GyHKIMM, HaWTH npeoOpazoBanue @yphe UNEHOB ITOM
MOCNENOBATENLHOCTH, @ 3aTEM BBIYUCIUTL HCKOMOE Ipeobpa3oBa-
e Pypbe 3a1aHHON QYHKIMH C TOMOIIBIO NPEAETHHOTO NEPEXOa,
UCIIOJIb3ysl HENpPEpBbIBHOCTH mnpeodpaszoBaHuss Pypwe. Tak, Hanmpu-
Mep, MUIs TOrO 4TOGBI BBIMHMCIHTL TipeobpasoBanue PDypbe F|[6]
¢ynkunn Xeucaiiaa 6(x), Haiigem cHavana npeobpasoanne Oypbe
dbynxupm 0 (x)e™™ (1>0).

+ 0
F[0(x)e™™]= : JC’ﬂx““y’dx:——ﬁeﬁww L
2 J2r(i+ i) o
0
R (61.39)
Sm(e+iy)  S2mb—if) '
IToxaxem Tenepb, uto B S’
lim B(x)e =0 (x). (61.40)

—+0
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HefictBuTtenbHo, Ui kKaxnaod ¢yukuud ¢€S u moboro umcna A
UMEEM:

1(8(x), @(x)—(B(x)e™™, o(x))I=

A

(1) (x)dx

0

+ 0

f (1—e ™) o(x)dx|.

A

+ (61.41)

3apukcupyeM ¢yHKIHIO Q€S U Kakoe-mubo umcyno £>0. B cuay
abCOJIFOTHOW UHTETPUPYEMOCTH (DYHKIUH @, CYIUECTBYET YHCIO
A>0, Takoe, uTO

+ o

8.
Jl(p(,\)|dx<2,
A

TOT I
, J(l_e—sx)(p(x)dx < J](p(x)ldx<§. (61.42)
A A

Beibepem Temepn  1,>0 Tak, urobmt mnpum 0<t<t, ObLIO
CHpaBeIIMBO HEPABEHCTBO

(1—e ' Jl(p(x)ldx<§

", CJICAOBATCJILHO,
A A

H(l—e-rx)cp(x)dx <(1—e™t) f|(p(x)ldx<§. (61.43)

0 0

Toraa mpu O<it<it, uz (59.41), (59.42) u (59.43) nonyunm

100, () ~(O(e ™ o()1<t+E=s

Popmyna (61.40) mokasaHa.
B cuny HenpepbIBHOCTH mpeoOpa3oBanus Dypbe,

lim F[0(x)e *]=F[0(x)]; (61.44)

t—+0
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orcroga u u3 (61.39) mmeem

F[8(x )]___ lim !

2TC t—+0 }_”

npuieM n3 (61.44) cnenyer, uTO Mpenesa, CTOSAIMA B MPaBoOi YacTH,

cyliecTByeT (B mpocTpaHcTBe S '), oH 00bIMHO 0003HavaeTcs o
y—i
(cMm. ympaxHenue 9).
Taxum obpazom,

1 i
F[0(x)]= —\/ﬂ Tt

Ynpaxuenuue 26 Haittu mpeobpasopanme @ypee dynkumit  x*0(x),
k=1, 2, ...




JIOTIOJTHEHUE

§ 62. HEKOTOPBIE BOITPOCHI
MMPUBJINKEHHBIX BBIYUCJIEHUI

62.1. IPUMEHEHUE ®OPMVY.Jbl TEIWJIOPA IS NPUBJVXKEHHOTO
BbIYUCJEHUA 3HAYEHUIA O®YHKLIMNA U UHTETPAJIOB

Juas BbluucieHus] 3HavyeHMH (QyHKUMEA OueHbL YAOOHO TMOJB30-
BaTbCs dopmynoil unu  psgom Teitnopa. [loscHuM 3TO Ha
npuMepax.

1. Beluucnenue 3HaYeHUs CHHYyca.

®opmyna Teitnopa miss QyHKUMH Sinx HMeET BHI

n

o k-t 2k
smx—kgl( 1) -

1

+r,(x),

rac

2n+
rn(x)z(—l)"(;TjL—ll)—!sin‘z"“’Ox, 0<6<1

(Mbl B3suIM ocTaTouHBIM wieH B ¢opme Jlarpawxka). Iloaromy
Ira(x) 1<

[lycte Tpebyercs waiith sin20° ¢ TounocThro mo 1073

Ix'2n+1

@n+ 1) (62.1)

“ m
B paguannoit mepe 20° cooTBETCTBYET g MoaTOMY BbIDEpEM HOMED

. (9) <

“ n
TOorzxa 3HAa4YCHHUE MHOrO4YJICHa Tennopa nopsiika n B TOYKE X=§ b3

n Tak, 4TOOBI

1 .

= (62.2)

JacT HaM Huckomoe npubimxenue sin20°. B cuny HepaBeHCTBa
(62.1), nns BBINOJHEHHS YyCaoBHA (62.2) HOCTATOYHO, YTOOBI
BBINOJIHSAJIOCH HEPABEHCTBO

1 1 2n+1 1
(2n+1)! (5) TS (62.3)
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[Ipn n=1 3TO HEpPaBEeHCTBO He BBIMOJHIETCS

iz 11 11
—f = >_*:v>__’
3\ 9/ T63 1627 10°

HO YXC HpH n=2 OHO BBINOJIHAETCI

1=\ 111 1
Bl L I L
st\9 120 2° 3840 107

[Toaromy sin20° ¢ touynocTeio a0 1072 maxomurcs no Qopmyiie

. o.m 1fm 3%
sin20°x-—-| - . (62.4)
9 6\9

beps 3nauenne m u3 Tabuun ¢ TouHOCTHIO a0 1074, momcTaBnsis B
Gopmyny (62.4), npousBens yKa3aHHbIe TaM JCUCTBHSL M OKPYIJIss
pe3yJabTaT ¢ TOYHOCTBIO J10 1073, moay4uM uckomoe mpubimxeHne
sin 20°:

sin 20° & 0,343%%),

Tlpu BbluMcneHMH 3HAYEHMHA CMHYCa MOXHO BOCIOJIB30BATHCA HE
bopmyiioit, a psmom Teinopa, KOTOPbI IS AEHCTBUTEILHOIO
apryMenTa sBJSACTCd 3HAKOYEPEAYIOUTMMCS H IMO3TOMY AONYyCKaeT
OPOCTYIO OLECHKY OCTaTKa: OH HE TPEBBINAET MO abCOJFOTHOR
BeJMYHMHE AaOCONIOTHOM BEJIMYMHBI TEPBOTO YiEHA OCTATKA (CM.
n. 34.9). OT0 nmaer, eCTECTBEHHO, TOT XK€ PE3YJIbTAT, YTO H BBILIIE,
TaK KaK NPUBOIUT K oleHKe (62.3), KOTOpYIO MbI MOJIyYHJIH W3
JIPYTHX COOOpaKeHHUH.

2. BeluucieHue 3HaueHWE HATYpaJbHBIX JIOrapu(pMOB.

Pan Teitnopa s norapudma

@« X"
In(1+x)=) (—1)"“-n—, —l<x<l, (62.5)

n=1

MOXET OBITh HENIOCPEACTBEHHO HCIIOJIb30BAH JIMIUL IS BLIYUCIIEHHS
JorapudMoOB YHCENl, HE NpPEeBBILAIOMMX JABYX. OIHAKO W3 psjga
(62.5) MOXHO TOJYYHTDH JPYTHE PA3IOKEHHUS, TO3BOJISIOIINE BHIYHC-
JUTHL Jjorapudmsl JroObIX uuces. 3aMeHsisi B (62.5) x Ha —x u

* 3HakoM = 0603HAYaeTCs MPUOIMKEHHOE PABEHCTBO C YKA3AHHOM CTEMEHbIO
TOYHOCTH.
**) 3aMeTHUM, YTO B HallleM CJlydyae JIETKO YCTAHABJIMBAETCA M 6oJice CHIIbHOE

bid 1 _
HEPaBEHCTBO 1, <§> <3 1073, a upn ykazaHHOM BeIGOpE YMCNA 3HAKOB T OIMOKA NpH

BBIYMCJIEHUH TIPaBOi 4acTu GopmMyJbl (62.4) Bo BCAKOM crydae He OyaeT MpeBbILAThH

2 _ ~ -
§~10 3, MoITOMy cymMmapHas ommMbka u 6yger He Gosbuie 1073,
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BBIUATAS] TOJYYHBINUUCH psa u3 (62.5), mosyunm

In

T+x 4 — x
: _2x2%5;7,Lq<1. (62.6)

—X

+x
NPpUHHUMAET BCE
—X

Korga x wm3mMmenHsercs ot —1 mgo 1, To0

MOJIOXKUTENbHBIC 3HaucHUs. [ToaTtomy dopmyna (62.6) MoxeT ObITH
UCTIOJIb30BaHA [IJIT BBIUMCIEHUS JIOTapuPMOB Jr0ObIX uuces. Ecre-
CTBEHHO, BO3HHMKAET BOMPOC O TOM, CKOJLKO HAJO B34Th 4YJICHOB B
pame (62.6), d4ToOBI mMOJYUYHTH JiorapudM 4Kcla C 3aJaHHOH
TOYHOCTBIO. [lJ1si 3TOTO Hago OLEHUTHL OCTATOK psaa (62.6). Umeem

2[x|2n+1 o ok 2|X|2n+1

o X2k
=210 L S <

= x|<l.
Cn+1)y(1—x*)
(62.7)

[IpMeHHM 3Ty OUEHKY JUIs BBIYMCIIEHHs 1n2 ¢ TounocTero 1073,
Pemass ypaBHeHnue

k=0

14
+Y=2’

1—x

HAaXOIUM x=%. Ilonaras B (62.6) x=§, HaXoIuM
n2=2y ' 62.8
f ‘En;o(znﬂ)az"‘ (62.8)

Ouerka xe (62.7) B 3TOM ciyvyae HaeT
<1> ;
rpy\ =
3

Ony )3t
Otrcroga npu n=3 nuMeeM

1
4(2n+1)32- 1

1 —

1—

.

1
9

1 1 1 1
il |l<——e——— < —.
3(3) 473% 28243 103
[Tostomy mist BeIYMCIEHUs In2 ¢ TOYHOCTBIO JI0 1073 mocrarouHo
B34Th HepBble Tpu wiena psaa (62.8):
2~ 4L 4!
~3 33 534
[Tpu 6Gosee rpyOLIX BBLIYHCICHUSIX 3HAYEHWH (PYyHKHUH C TIO-
Moreko  Gopmysel Teinopa

)=o) +f (o) (=)ot T (g Y, ()

>z 0,693.

4acTo ObiBaeT JAOCTATOYHO OTrPaHUYUTHCA JIMIbL €€ JIMHEeMHON
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H9aCThIO, T. €. MEPBBIMM IBYMS YJICHAMM
SO)=f(x0)+f (x0) (x—Xp),

UHAYe TOBOPS, 3aMEHUTHh nNpUpaineHne ¢yHkuu ee auddepeHnua-

JIOM
Ay=1(x)—f(xo)Rf" (x0) (x—Xo) =f" () Ax,
rae Ax=x-—x,.
dopmysia Teiinopa nNoO3BOJSET NPHUOIMKEHHO BBIYUCIATL U
3HAaYeHUs OMNpelesIeHHbIX MHTerpajioB. PaccMoTpuM oowH npumep
TAKOToO pOJa.

3. Bemiuucienue ¢ touHocThio go 00,0001 wumterpana j—d
Hanumewm ans nogsiaTerpanbHoil pysxumu dopmyny Teinopa.

Hns sToro Bocmonb3dyeMcs U3BeCTHOM HaMm dopmyroit Teiiopa s
¢byaxmme sinx (cM. (62.1)), Torma mOJIydHM

Z‘ ( ) -1 2);—1)._*_’"()5)’.

X

HO3TOMY
1

jsmx é - j 2k~ zdx_l_J i)dx'

0 0 0

B cuny ounenku (62.1),
1 1 1

rax) 5 | o ()l 1 2 !
UTd* SJ x dx<(2n+1)!Jx dx(2n+1)!(2n+1)'

0 0 0

ITockospky mpun n=3
1 1 1 | I
<-107%

(2n+1)!(2n+l) 77 35280 3 ’

TO ¢ TouHOCTBIO J0 0,0001 mmeem
1

1 13 1
sin x L IR DN R I S *)
f dx fdx 6‘[x dx+120Jx dx=1 18~+—600~(),9961 .

0 0 0 0
*) IIpu nepeBone mpocThix Apobell B mecsaThuHble Oblna caenaHa owmbka, He
1 _
peBbIlIAtOAs - 10 4, mosToMy cymmapHas omubKka Npy BBINOJHEHHOM NpPUOH-

)I(CHHOM BBIYMCJIICHUHN paAcCMaTpuBacMoOro HMHTErpaja NEeHCTBUTENILHO HE NpEBBIIUACT
1074,
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OTMeTHM, YTO HA TMPAKTHKE I HPUOIMKCHHOTO BLIYHCIICHHUS
uHTerpajoB npuMeHaTh Gopmyny Teisiopa 0OBIYHO OKa3bIBAETCH
Heneiecoo0pa3HbiM, TTOCKOJIbKY B Hee BXOIST NPOU3BOIHBIE 3a/aH-
HONM (PYHKUMM ¥ MX BBIYACJICHHUE HPUBOAUT K JOTMOJIHMTEIBHOMY
Haxorenuro oumbok. IlerecoobpazHee NPUMEHATH NPUOIIMKEHHBIE
$opMyJibI MHTETPUPOBAHUSL, B KOTOPBLIE BXOAAT TOJIBKO 3HAYCHUS
camoit (pynkuud. [To/100HbBIE METObI IPHOTMKEHHOrO0 UHTErPHUPOBa-
unst 6yayT paccMorpensl B 1. 60.4.

3aMeuyaHue. [ns nposeaeHust GakTHYECKUX BBIYHMCICHUN 3HA-
yeHMH (PYHKIMI WM HHTETPaJIOB OT HUX C NOMOMIBIO Pa3JIONKEHUH
GyHKIUE B pAabl TOMATCS AAJIEKO HE BCAKHE Pa3JIOKEHHs paccMmart-
puBaeMbIX (GYHKUMHA B psibl. MOXeT CIy4MThCA, YTO TOJYyYEHHBIH
pan OyIET CXOAUTHCS CTOJb «MEJIEHHO», 9TO NPaKTHYECKH OH THO0
coBceM Oy/leT He NPHIOACH Ui BBIYMCIEHMH, ub0 moTpedyer
neonpasianio Gospioro ux obbvema (0Opa3sHo roBops, B 3TOM
ciiyyae psJ «IPAKTHYECKH PACXOJUTCS», XOTHd M «TEOPETHYECKH
cXoauTcs»). B Takoél cuTyanMM HAAO NONBITATRCA IOJYYHTH
KaKOM-TO HpYrodl psl, KOTOPbIH OydeT CXOAHUTHCA JOCTATOYHO
OBICTPO («YJIYYIIMTH CXOAUMOCTH PSANa», Kak OOBLIYHO TOBODAT) M
CyMMa KOTOpPOrO TO3BOJIMT HaiTH 3HAYEHHs] DPAacCMaTpHBAEMOM
byuknuu. UMeHHO Tak ¥ ObLIO CAETAHO BBIINIE IPH PACCMOTPCHUH
MeToa BbIYMciicHHs JorapudmoB. bputo 6b1, HampuUMeEp, Heneseco-

3
00pa3HO BLIYUCAATE JIaXE 3HAYECHUE ln5 ¢ noMou psga (62.5),
1
XOTS PATL M CXOIMTCS TIPH X =2, & CEyeT Ul 9TOr0 BOCMOINB3O-

1
BaThCs PAAOM (62.6) mpu X =2, TAK KaK OTOT Psi/l CXOMUTCA ObIcTpEE.

62.2. PEIUEHUE YPABHEHWI

PaCCMOTpI/IM 3aavy PpCIICHAS YPaBHCHHUS

f(x)=0. (62.9)

Ecyin pyHknus f HenpepbiBHA Ha oTpe3ke [a, b | 1 npuRNIMaeT Ha
KOHIIAX OTpE3Ka 3HAYEHMS Pa3HOTO 3HAKa, TO METOMA, KOTOPBLIM B IL
6.2 ObUla JO0Ka3aHa TeopeMa O CYHIECTBOBaHHM B JITOM Ciy-
yae TOYKH X,, B KOTOpoi ¢ynknus oOpamaercs B HyJb,
[aeT M NpuOIMOKEHHbIH METOA BBIMHCIIEHHS 3TOTO 3HAYeHUs
Xy» T. € KOpHf ypaBHeHus (62.9). Jlna 3TOro A0OCTATOYHO
NOCNENOBATENRHO JIEJIMTh OTpe3oK [a, b ] monosam, BHIOH-
pas KaxHbli pa3 TOT OTPe30K, Ha KOHIAX KOTOpOro ¢yHk-
ups [ TpPUHAMAET 3HAYEHWs] pA3HOro 3Haka (eciM, KOHEYHO,
He CIIyYHTCA, YTO B OJHOM H3 TMOJIyYMBIUUXCS KOHIOB (QyHKHHUS
f oOpaTuTcs B HyAb— B O3TOM Cllyuae HCKOMBIH KopeHb Oy-
per yxe HaiigeH). Ecmm TpebyeTcss HaWTH KOpeEHb YpPaBHEHWS
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(62.9) ¢ TourHOCTBHO A0 3amaHHoro &>0, TO MNOCIAC hk IIATOB
TAKUX, 4TO
b—a
2'1

KOHIBI IOJIyYUBLUETOCS OTpe3ka M OYyJyT JAaBaTh UCKOMOE NpHOJU-
JKEHHE HEKOTOPOro KOpHsi ypaBHeHHs (62.9) (jeBBIli — ¢ HemocTat-
KOM, TmpaBblii—c u30bITkOoM). TakoH cnoco® npubIHKEHHOTO
pelieHust ypaBHeHHs (62.9), HOCAUIMI HA3BAHME «METO[A BHJIKKY,
MIPUHIAIINAIBHO OY€Hb MPOCT, XOTS M JAOCTATOYHO TpyAoeMok. OH
OosbHIEH 4YACTBIO HUPHUMEHSETCS JMING JUisi «Tpyboll HPUKHAKH»
pe3ynbpTara, T. €. I «rpyboro» omnpejesieHus WHTEpBaja, Ha
KOTOPOM JIEXHT HCKOMBIH KOpEeHb PAacCMaTPUBAEMOTO YPaBHEHUS, a
3aTeM Ha 3TOM HHTEpBaJie s OTbICKaHus «0ojee TOYHOTO»
3HaYeHUs KOpHS HUCNOJB3YIOTCS JpYyrue, OBICTpee CXOMSIIHMECs
METO/Ibl; OOBIYHO TNPUMEHSETCS HWKEOIHCAHHBI METOJI KAaCATEIb-
HeIX («Meton HeroTona»). Kak mnpasuino, 1o Ttakoil cxeme
JEWCTBYIOT IIPH NPOBENEHUU BLIYUCIICHMHA Ha OBICTPOAEHCTBYIOIMX
BBIYMCIUTE/ILHBIX MalunHax. KoHeuHo, Takoil nyTh Ieslecoobpaser u
NpU  TPOBEIEHUH BBIYHCIACHUIA «BPYYHYIO», B YaCTHOCTH IpH
HOMOIUU JIOTapU(PMUYECKOR JIMHEHKH WJIM MHHUKOMIIBIOTEpPA.

MBI paccMOTpPUM  METOMAbI PEUICHUs YpaBHEHUS, HOCAIIME
Ha3BaHHUS METOjJa XOpA M MeTojaa kKacaTteiabHBIX. Iloc-
JeAHAN M3 HUX Xxopowlo obobiaercs W Ha ciaydyadl  CHCTEM
YPaBHEHUH.

B naneredituem Oynem Bcerga mpeanoJiarath, 410 (QyHKUUs f
HETpepbhIBHA HA OTPE3Ke La, b ] m ¥MeeT Ha ITOM OTpe3Ke HEPBYIO U
BTOPYIO Npou3BofHble *), mpuueM o0e OHH 3HAKOIOCTOSHHLI (B
YaCTHOCTH, OTJIMYHBI OT HYJIS).

Mubr 6yneM npeanosarath Takke, 4TO (GyHKHUS f MPUHAMAET Ha
KOHIIAX OTpe3Ka 3HAYEHMs Pa3HOro 3Haka. B cuiy 3HAKOMOCTOSH-
CTBA NMEPBOM NPOM3BOAHOM (QYHKLMS f CTPOro MOHOTOHHA, HOITOMY
Py  CAENAaHHBIX TPEIHOJNIONKEHUsAX ypaBHeHue (60.9) wmeer B
TOYHOCTH OJHMH KOpeHb Ha HHTepBase (a4, b).

<,

Metoa xopna

3TOT MeTOA COETOHT B crenyromeM. [padux ¢ynkuun f
3aMEHSCTCS €70 XOPHOH, T. €. OTPE3KOM, COCHUHSAFOIIIAM KOHIIECBBIE
Touk# rpacduxa dyskupm [ rouxu (a, f{a)) w (b, f{b)). Abcumcca x,
TOYKH IIEPECEUCHUA STOH XOPHEH C ochbio OX H paccMaTpuBacics Kak
TIepBOC NPUOMMKEHHE MCKOMOTO KopHs (puc. 266). Jlanee Gepetca
TOT U3 0Tpe3koB {a, x; | u [x,, b ], Ha KOHUAX KOTOpOro (yHKIMSE [
OPUHIMAET 3HAYEHWS Pa3HOTrO 3Haka (hanee OyHeT MOKA3aHO, 4YTO

* JI1s MeToja XOpA A0CTATOYHO TPeGOBAaThL CYLIECTBOBAHUS HEPBOIl M BTOPOI
NPOH3BO/IHBIX JIMIIL Ha MHTepBaie (a, ). CyLIecTBOBAHHE NPOU3BOMAHON B KOHIAX
oTpe3ka [a, b] OyAcT MCHO.IB30BAHO TOABKO B METOJIC KACATEIbHBIX.
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OpH CHEJaHHBIX TPEANOoJo-
xenusix f(x,)#0 wu, cne-
JIOBATEJIBHO, TAKOH OTPE30OK
BCEraa CYIIECTBYeT), H K
HEMY TPUMEHSETCS TOT XKe
NIpHEM; TIOJIYYaeTCsl BTOPOE
npubnmXeHue KOpHA X,
U T. 1. B pesynbrate 00-
pasyercss TOCJIEHOBATEINb-
HOCTH X,, n=1, 2, ..,
KoTopas, Kak 3To OyneT
NIOKa3aHO, TNPH CHEJIaHHBIX
OTpaHHYCHUAX Ha (PYHKUHUIO f CXONUTCS K KOPHIO ypaBHeHHs (62.9).

Jlerko mojyuYuTh peKyppeHTHBIE POPMYIIbI JJIsl YKA3aHHBIX YHCEI
X, n=1, 2, ... . YpaBHeHUE TpPAMOH, MPOXOASAUIEH uUepe3 KpanHHE
ToOukH rpaduka (yHKUMH f, MMEET BHA

Puc. 266

yzj%{f‘”(x—a)ﬁ(a). (62.10)

O603HauuM ero npaByro 4acTh yepes /(X), T. €. 3anMILEM ypaBHEHHUE
(62.10) B BHIE
y=1(x).

Haiinem abciuccy x; Touku mnepeceueHus mnpsMod (62.10) c¢ ocwio
Ox, 1.e. pemmM ypasHeHue /(x)=0; nosyuum

__(b—-a9fla 62.11
S s (211

Jlerko ybemuTbCst, 9TO
a<x <b (62.12)

(3TO, HAmpUMEp, CIEAYET U3 CTPOrOW MOHOTOHHOCTH M HENpPEpPHIB-

Hoct YHKIMH /(X) M TOro, 4TO Ha KOHLAX OTpe3ka [a, b] oHa

NpUHEMaeT 3HAaYeHds pasHoro 3Haka: [(a)=f(a) u [(b)=f(b)).
AHAJIOTHYHO HAaXOIUM

— (b_xn )f(xn) —
Xppq =X, -0 n=1, 2, ... . (62.13)
IToxaxxeM, 4YTO TOCNEAOBATEIBHOCTb {X,} CTpPeMHTCS K KODHIO
ypaBHeHHA (62.9) MoHOTOHHO. IlpearonoxuM ajis onpeaeieHHOCTH,
yto f'(x)>0, f"(x)>0, a<x<b (cM. puc. 265). B arom ciyuae
¢dbyHKIMA f CTPOro MOHOTOHHO BO3pacTaeT W CTPOro BBHINYKJA BHH3.
CrnenoBaTesibHO, NIoOast BHYTPEHHSS TOYKA XOPJbl, COCOUHSIOIICH
Kpaiinie TOYKH rpaduka GYHKIMH f, JEXKAT HAX COOTBETCTBYIOIIEH
TOYkoil Tpadmuka ¢ysxmu f, T.e. [(x)>f(x), a<x<b.
B wacTtHOCTH, ecnH X, — KOpeHb ypaBHeHus (62.9): f(x,)=0, To
orcroga cienyet, 4to [(xy)>0.
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Hmeem (cm. (62.11) u (62.12)): I(x,)=0, a<x,<b.
TaxuMm obpazom,

[(x)<l(xg), (62.14)
HO JwHelHas ¢yHKIMA [(X) CTpOro MOHOTOHHO BO3pacTtaer, ubo

[(b)=f(b)>f(a)=1(a),

nostomy u3 (62.14) cnemyer x, <X,.
3amensisi Teneph OTpe3ok [a, b] orpeskom [x,, b] m 3ameuvasi, uyTO
f(x;)<0, anajJOrMyHO MOOKaXeM, 4YTO X; <X, <X,.

Janee mo HHAYKIMM MOJIYUAM X; <X, <...<X,<..<X,.
Takum 06pa3oM, Nocue0BaTeNbHOCTE {X, } 6y£(y'm MOHOTOHHOH H

OFpaHH‘ICHHOH CXOOUTCsI. HYCTI) hm X, =C. Hepexolm K npeaeay

IpH n— 00 B paBeHcTBe (62.13), nony'mM f(c)=0, 1. e. mocrnenona-
TEJILHOCTh {x } cxomuTcs K KOpHIO ypasHeHust (62.9).

Ecmu |f'(x)|>m>0, a<x<b, TO HETPYIHO NOJYYUTH ONLEHKY
CKOPOCTH CXOAWMOCTH ' IIOC/IEJOBATENbHOCTH {x,} uepe3s 3HAYCHHs
camoit ¢yskipu f B Toukax x,. JleHCTBUTENBHO,

) =f () —f(xo)=f" (& )(xa—X0),

X, <&, <xo, n=1, 2, ..;
oTCcro1a

x,—xol < o1 o,
m

OcranbHble ClyYyad, T.e€. CIyvau
f(%)>0, f"(x)<0
f(x)<0, f"(x)>0
S1(x)<0, f"(x)<0

paccMaTpUBalOTCs aHAJIOTMYHO pa3oOpaHHOMYy (puc. 267).

i 2~ Ly
| f>0,£%<0 £%0, %0

Puc. 267

MeTton kacatensHbiXx (MeToa HbroToHna)

Bynem npennonarath, uto GyHKUMsS f YAOBJIETBOPSAET TEM XK€
YCJIOBHSIM, YTO H TIpPH pacCMOTpeHMM MeTona xoph. Ilposemem
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KacaTenbHyl0 K rpaduxy ¢QyHkuud f B OIHOH H3 €ro KOHLEBBIX
TOueK, Hanpumep, B Touke (b, f(b)). Abcummcca Xx; TOUYKH ee
nepeceyeHus ¢ ocbio OX U CYHTAETCS HNEPBBIM IPUOIHKEHAEM KOPHS
ypaBaenus (62.9). [lanee, ecimu x,<(a, b) (a 310 BCcerjga uMeer
MECTO [UIs OJHOH M3 KacaTelbHbIX B KOHUEBLIX TOYKaX rpauka cMm.
HHWXXE), TO M3 JIBYX OTpe3KoB [a, x,] ¥ [x,, b] BbIOMpaeTcs TOT, Ha
KOHLAX KOTOporo ¢QyHKuMs [ MPHHAMAET 3HAYCHHUS PA3HOTO 3HAKA
(manee Oynmer moxaszano, 4To f(x,)#0). 3aTeM npOBOTUTCS Kaca-
TelnbHass K rpaduky o¢yHkuun f B Touke (x;, f(x,)): Touka ee
nepecedeHuss ¢ oceto Ox obOo3HauaeTcs x, M T. O. (pHc. 268).

Jlerko moJsiyvaroTcs pekyppeHTHble (GOpPMYJIBl IS YKa3aHHBIX
yucen x,, n=1, 2, ... . YpaBHeHHe KacaTeJbHOM, npoxoasnieil yepes
touky (b, f(b)), umeer BHUI

y=1"(b)(x—b)+f(b).
O603HaYMM ero npaByr0 4YacTh 4epe3 L(x), T.e. 3anMiueM 3TO
YpAaBHEHHE B BHUIE

y=L(x).

Haiinem abcuuccy x; TOYKH MepeceueHUs 3TOM KacaTeslbHON C OChIO
Ox, T1.e. pemnM ypaBHenue L (x)=0; mno-
Jy4UM

f()

Xy f'(b). I
Touka x, MOXeT nexath, BOOOIIE roBops, BHe & 2 % ;.
oTpe3ka [a, b], T.e. BHe obyacTu omupene- ’
nenus pyukumn f. Omgnako ecmm f(b) omgHOrO Puc. 268
3Haka ¢ f”, 10 Xx;=(a, b). PaccMmorpum
noapobHo, Kak U MJisi METoJa XOpJA, ciyyai, korxa f' >0, />0 Ha
[a, b]. B 3ToM ciyyae GyHKIMS [ CTPOr0O MOHOTOHHO BO3PACTAET,
cnenoBatenbHo, f(h)>0; kpoMe TOro, QyHKUMS [ BBIMYKJIA BHU3 Ha
(a, b), cnemoBaTeBHO,

>

L(x)<f(x)
(eMm. m. 14.3).
Ecn f(x,)=0, a<x,<b, TO
. L(x0)<03

HO L (b)=f(b)>0, cnenoparenbHO,
Xy <X, <b.

IIpu srom f(x,)>L(x,)=0.
[Ipumensas Te ke paccyXAeHHS K OTpe3Ky [a, x,], MOJIy4um
TOYKY X, TaKylr, 4TO
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£50,F<0 F<0,f">0 F<0,7"<0

Puc. 269
Sx)
xz.—_xl——f,(x‘l_), Xo <Xy <Xy,
u, jasee,
Sflx,
x,,+1=x,,—f((x—)), Ko< Koy g <X (62.15)

CrieoBaTenbHO, NMOC/IEAOBATENBHOCTD {X, } MOHOTOHHA M Orpa-

HUYEHa, a moToMy cxomutcs. Ilycts lim x,=c. [lepexons k npenemny

n— oo
B (62.15), monyuuMm f(c)=0, T.e. mnociaegoBaTeabHOCTh (62.15)
CXOIUTCS K KOpHIO ypaBHeHHs (62.9).
Korma [f"(x)| >m>0, a<x<b, TO TeM ke cnocobOM, YTO U B
cllydae METOJa XOpH, IOJIy4aeM OIEHKY

|x,,—c|<lf(mi)l, n=1, 2,

[Tono6HbLIM ke 00pa3zoM pa3OUParOTCs W OCTABIIHUECH CIIyYad
Pa3JUYHbIX KOMOMHAIMI 3HAKOB MEPBOM M BTOPOM MPOU3BOIHBIX
(puc. 269).

JamguMm emie OOHY OIEHKY CKOPOCTH CXOAMMOCTH METOJa
KacaTeJIbHbIX, U3 KOTOPO#H OYIET XOPOIO BUIHO JOCTOHHCTBO 3TOTO
Metona. Ilycte ang GyHKuMM [ Ha paccMaTpUBAEMOM HHTEpBaJje
BBITOJIHAIOTCS HEPaBEHCTBA

' ()l=zm>0, |f"(x)I<M, a<x<b.

PaznoxuMm ¢QyHKIMIO f B OKPECTHOCTH TOYKH X, IO (opmyie
Teiopa, HanmpuMep, ¢ OCTATOYHBIM WieHOM B ¢opMe Jlarpamxa

SO =101 (5 ) —x,)+ 5/ (€ ) —x, )2,

rae E=x,+0(x~—x,), 0<0<1. Eciim f(c)=0, To, HoACTaBIsiss X=C B
HaNHCaHHYIO (OpMYJy, HOJYYUM
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SO0+ (6 e =%, )4 5/ (B ) e —x,)> =0,

Otcroma
) SE) 2
SR 2 )
wid, B cwiy dopmyasl (60.15),
/"
X"H‘C:z.f«ii))(“x"’z
CrenoBaTebHO,
—el<Mie o2
Xp+1 Clgzmlxn Cl ’
OTKy/1a

2
M M
ﬂlxn+1_clg<-2;|xn_cl> n=l, 2’ 37

[IpuMeHssT MOCHEIOBATEILHO 3TO HEPABEHCTBO, OyIeM HMETh
2

M M
ﬁlxn_clg<%lxn—l—cl <

M 2712 M 2"
<[<Fn{xn_2-cl> :| s...<<2—m—|b—-c|> .

Ecnu BoiOpath mnepBoHauyasibHOE NpHOMKEHHE b Tak, 4TOOBI

def M
——lb—c|<1 TO TOJIYYHM

2
Ix, —ci< e

T. €. CKOPOCTb CXOAUMOCTH MNPUOJIMKEHHBIX PEHICHHHA X, K KOPHIO
X =¢ 3HAYUTEJNBHO [IPEBBIIIAET CKOPOCTh YOBIBAHUS TEOMETPUUECKON
IIPOTPECCUU CO 3HAMEHATEJIEM IO a0COJIOTHON BEJIMYMHE, MEHBILINM
€ IMHHUIIBI,

IIpumep. Ilpumenum wMetoa HploTOHA I IIPHOIMKEHHOTO
BBIYHCJICHUS KOpHA Kk-H creneHd u3 yucia a>0, k— nenoe
nojoxuTejapHoe. B 3TOM Cllyuae pedb HJET O HpI/IGJIH)KeHHOM
pewienun ypasHenus x*—a=0, T.e. ¢dopmyny (62.15) cueayer
NPUMEHUTD K (byHKHI/II/I f(x)=x*—a.

Umeem f'(x)=kx*"!, n mor JUIsL TIOCIEIOBATEIbHBIX NMPUO-
JIMKEHHBIX 3HAYECHUH X, KOPHS "\/;cy HUMEEM PEKYPPEHTHYIO HOpMYyITy
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xk_a
kxk- v

1 a

B cnyvae k=2 ™Mbl BcTpeyamuch ¢ 3Tod Qopmysioin B m. 4.9,

xn+ 1 =xn

WJTH

62.3. UHTEPIIOJIALMSA ®YHKUNA

Ilycte Ha otTpe3ke [a¢, b] 3amana ¢ysknus f W Oycrb
¢ukcupoBanbl n+ 1 3HadeHmit aprymeHra x;, i=1, 2, ..., n+1:

A€<X, <Xy <...<Xp.,<b. . (62.16)

OnHa W3 NPOCTEHIIMX HHTEPHOJISHUOHHBIX 3a2a4 COCTOUT B
OTBICKAHMH MHOTO4WIeHa P (x) He BbIllle HEKOTOPOH NAaHHOH CTEHEeHH
m, KOTOpBbIA NpH 3HA4YECHHUSIX aprymMeHTa x=x; i=1, 2, .., n+1,
Ha3blBAEMBIX y34aMU UHMEPNOAAYUU, ﬂpHHHMdCT T€ K€ 3HAYEHWY,
YTO ¥ JAaHHas QYHKOMS, T.€. UMEIOT MECTO pPaBeHCTBA

flx)=P(x:), i=1, 2, .., n+1l. (62.17

Taxo#t MHorowieH P(X) HA3BIBACTCS UHMEPROAAYUOHHBIM MHOH-
YAeHOM, MHTEPIOTMPYOUMM (GyHKIMIO f B NaHHBIX y37aX HHTEPIo-
JISLIAA. )

s Toro YTOOBI WCCNEOBATH BOMPOC O CYIIECTBOBAHHU
HHTEPIOJISLIMOHHOr0 MHOrowieHa P(x), yIAOBJIETBOPSIOLIETO YCJIO-
BUAM (62.17), 3amiieM €ro ¢ HeONpeaeseHHbIMU KO3 UIMeHTaMH
a;, j=0, 1, ;

P(x)=ap+ax+a,x*+...+a,x"

U 1noACTaBuUM ero B cuctemy (62.17). IMonyunm cucremy u3 (n+ 1)-ro
JIMHEHHOrO0 YpaBHEHHS C m-+ | HEU3BECTHBIMHU dy, 4y, ..., !

Ao+ a, Xy + .+ a,xT=/(x)
..... Ce (62.18)
a0+a x,,+1+ +a xnfl_f(xn+l)

OrnpeienuTeb, COCTAaBJICHHbIN W3 KO3((QUIMEHTOB 3TOH CHUCTE-
Mbl, CTOSIIIUX B MEPBBIX k CTPOYKAX W TEPBbIX k cronbuax,
k<min{m+1, n+1} (4uciao crpouek paBHO n+ 1, 4uCIO CTONOLOB
m+1), sABNsSETCS TaK HA3BIBAEMbIM ONpeAeiuTeneM BaHumep-
MOH/a, H3BECTHBIM H3 Kypca ajireGphl:

1 x...o%7! :
1 x,.x5"1
Wix,, ..., x)= X X2 = II (x-x).
ot k‘—‘l 1<i<jsgk
1 xp...x5
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3nech 3TOT ONpeAeNUTE]h HE paBeH HyJro, U0O Bce Y3Jbl
UHTEPHOSUKH pa3iudabl. [1lodToMy panr MaTpunbl K03Q(QHIHEHTOB
cucteMnbl (62.18) paBeH HauMeHbIIEMY U3 JABYX uucen m+1 u n+ 1.
Ecrm n>m, t10o cucrema (62.18), BooOIEe TroOBOps, HE HMEET
peiierus. Ecmu n<m, TO pewmenne cuctembl (62.18) Bcernma
CYIIIECTBYET, IPHYEM B cliydae n=m pEHICHAE eIMHCTBCHHO, a IIpH
n<m peleHnd OeckoHEYHO MHOro. Takmm obpas3oMm, kakue 6b1 Hu
3adame 3nauenua 6 (n+1)-m yzaax (62.16), ececda cywecmsyem u
npUMoOM eOUHCIMBEHHbILI MHO2OUAEH CIMeNeHu He 6blule uem n,
HPUHUMAIOWULE 8 IMUX Yy34aX 3a0aHHbie 3HAYEHUA.

Jnsi OTBICKaHUS HHTEPIHOJISIIMOHHOTO MHOTOWIeHa P (X) MOXHO
peuTh cucremy (62.18). OngHako MOXHO HaWTH €ro M [PYrHM,
0oJjiee KOPOTKMM TyTeM. PaccMOTpHM MHOTOYJIEH

P.(x)= =X e (r=Xi— 1) (X=Xj4 1) eee (X~ Xp41) ) i=1, 2, .. n+l.
(=X 1) e (= Xi— 1) (=X 1) o (= X4 1)
OyeBnHo, 4T0 P,(X)—MHOTOUJIEH CTENEHH # U UTO
Pi(xp=1, P;(x;)=0,
i=1, 2, .., n+1, j=1,2, ..., i—1, i+1, ..., n+1. (62.19)
IT03TOMY HCKOMBIIi HHTEPIOJISUAOHHBIA MHOTOYJIEH MOXET OBbITh

3alliCaH B BHIOC
n+1

P)=Y f(x) Py(). (62.20)

i=1

JeUCTBUTEIHHO, HANMCAHHOE BBIPAXEHHE SBJSETCS MHOTOYIEHOM
CTENEHH He BblIle # M B cuily (62.19) ynoBiieTBOpsET YCIOBUSAM
(62.17).
MHTepnoNsSMOHHBI MHOrO4WIEH, 3anmucaHHbii B Buuxe (62.20),
HA3bIBACTCS UHMEPNOAAYUOHHBIM MHO2ouAeHom Jlazpanxca.
Hccnenyem tenepb pasHocTs Mexay (QyHknued W UHTEpHOJISILH-
OHHBIM MHOTOWJICHOM

R(x)=f(x)—P(x),

HA3BLIBAEMYIO  OCHMAMOYHBIM — uieHoM  unmepnoaayuu. Tlpexamo-
noxuM, uto ¢yHkimms f n+1 pa3s maddepeHmupyemMa Ha OTpes-
ke [a, b]. Torma 3TM Xe CBOMCTBOM 00OnagaeT M OCTAaTOK R(x),
npuYeM

RFD ()= 0+ D (), as<x<b, (62.21)
n6o PtV (x)=0. INonoxum
o(xX)=(xX—x1) (X—X3) ... (X— X5+ 1),

sagukcupyeM xe[a, b] ¥ paccCMOTPHM BCHOMOTATENbHYIO (yHK-
MO
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R(x)
w(x)

Pp(N=R(——=0o(), a<t<bh.

OyukuMs @ (f), OYEBUAHO, Takxe n+1 pas HHQ)Q)epeHumpyeMa Ha
orpeske [a, b], npuiem u3 (62.21) u Toro, uro &"* Y (H)=(n+1),
nmMeem

R(x)

O =1" ()~ (1!
w(x)

(62.22)

Hanee, ¢pyaxuus ¢ () obpamaercss B Hyab B 1+ 2 TOUKax X, X,
X3, .., Xn+1, TOITOMY, B CHJIy Teopembl Poiis, ee NMpousBo/HAs
obparaercs B Hynb 1O KpaifHed mepe B n+ | Touke orpeska [a, b],
BTOpas NMPOM3BOIHAS — B # TOYKax u T. A. [lo MHAYKLUM HOJTy4HM,
yto (n+1)-s npousBoaHass QyHKUMM ¢ oOpallaeTcsd o KpanHeH
Mepe OJWH pa3 B HOJIb BHyTpH orpeska [a, b]. ITycts @ * Y (5)=0,
a<{<b, Torma m3 (62.22) nonyyum

R(x)=-20) posn) ),

T+ 1)

Wiy, nojapoOHee,

R(X)=(x_x1) (x—.\‘z)...(x—xn+1)f(n+11(C)’ a<x<b, a<§<b.
(n+1)!

Orcronia CICAYET OICHKA OCTATOYHOIO HJICHA

[R(X) < ma

1
. (n+1) (4.
X |[(x—x;) (x—x,)...(x—x su X)|.
nt 1) anSbl( ) ( 2)--( n+1)|a$x2b If (%) ]

3aMeTHM, 4TO, BOOOILNE TOBOPS, Jaxe I AHAJMTHYECKHX Ha
orpeske [a, b]| GyHKkuMii OCTATOUHBIN wIeH MHTEPIOJNSIMA He
CTpemMuTCsl K HyJo Ha oTpeske [a, b]| npu n—oo, T. €. HHTEPHONS-
IMOHHbIE TIOJMHOMBI HE CXOAATCH K camoil gymkuumu. [Toctpoenue
COOTBETCTBYIOIIMX MPUMEPOB JTOCTATOUYHO T'POMO3JIKO, TIOITOMY MbI
He OyleM Ha 3TOM OCTAHABIMBATLCA.

62.4. KBAJIPATYPHbIE ®OPMY.Ibl

PaccMOTpMM Tereph HEKOTOPbIE CIIOCOOLI TMPUBJIMKEHHOTO WH-
TerpupoBaHus (GyHKIMH. POPMyNbl s NPUOIMKEHHBIX 3HAYEHHUI
MHTErPAJIOB HA3BLIBAIOTCH KEAOPAMYPHBIMU (HOPMYAAMU.

[lycts Ha orpeske [a, b] 3amana dynxumus f. PazoGbem oTpe3ok

[a, b] Ha n paBHbix wacredt Toukamu x,, k=1, 2, .., n—1:
b—a

A=Xq <X <. <Xp_1<X,=b, X,—Xy_1= , k=1,2, ..., n
0 1 n k k—1 n 5
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KBaapatypusle (QOpMyJbl, KOTOPbIE MbI PACCMOTPHM, OyIyT
NOJTY44aThCsl TOCPEACTBOM 3aMEHBI [1PH MHTETPUPOBaHUH (QYHKIMA f
Ha KaXIOM OTpe3Ke [Xj_;, X,] MHTEPIOJISUHOHHBIM MHOrOWICHOM
crenedd n. Mbl m3yuum cnyuan n=0, 1, 2. CoorBercrByromnme
NpuOJIMKEHHBIE 3HAYEHUS WHTEerpajia or QyHKuuHu [ Oynem o0o03Ha-
yath cumBosiom L,(f), n=0, 1, 2. B nepsom cnyuae (nipu n=0)
COOTBETCTBYIOIAsi KBajaApaTypHasi Gopmyna Ha3bIBaeTcs hopmyaoi
NPAMOY20AbHUKOE, BO BTOPOM (ripu n=1)— dhopmyaoil mpaneyuii, B
TpeTbeM (n=2) — napaboauueckoti hopmyaoi WIH, Yalle, hopmyioti
Cumncona™.

®opMysTa NPSIMOYTOJNBHUKOB

Juns uaTepnonsauuy QyHKIMM f Ha OTpe3Ke [xk_l, xk], k=1,
2, ..., n, MHOTOYJICHOM HYJICBOW CTEIIEHH JOCTATOYHO 324aTh JIHIIb
onuH y3en. Bo3bMeM B kauect-

|I:3e y3ﬂa] cepeaAnHy OTpE3Ka /\
Xe—1, X |°
4

_ Xk-1+Xx, I l‘\
&= — /|/ } | /
| | I
UHTEpNONSAUHOHHLIM ~ MHOTO- ! | : |
YJICHOM HABJISICTCA ITOCTOSIHHAsA : l : }
P (x)=f(&), ¢ & 1 £, % & 3§, b7

k=1, 2, ..., n. Puc. 270

[Ipy Takoil MHTEPHOJSLHA MBbI

3aMeHsieM JIaHHYr QyHKuMIO [ «cTyneHyaTod Qyukimei», TouHee
HaGOpOM (YHKIMH, TOCTOSHHBIX HA KaXIOM OTPe3Ke [xx—i, x| 1
PaBHBIX 3HACHHIO byHKUMM f B LEHTpPE OTpe3ka (Eknc. 0). Bmecto

marerpana | f(x)dx BossMem wmHTerpan | P (x)dx, T.e.
-1 L. Xk~ 1
3aMEHUM ILIOIAAb KPMBOJIMHEHHON Tpaleudy IO b0 COOTBET-
CTBYIOLIETO UPAMOYTOJIbHUKA.
HanumieM Teneph KBaapaTypHyro (GOpPMYJy HPAMOYTOJLHHKOB

*k Xk
n

L, [f]z’é1 JPk(x)dx:k; J f(a“,k)dxzf_;ﬁkif(&k), (62.23)

L[/ =b;—“[f (”*2’“>+f <x1;"2>+...+f (———“"“5“’)].

* T. Cumncon (1710— 1761)-— aurnuiickuii  MaTeMaTHK.

UTaK,
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dopmMmyna Tpaneuuu

Ha kaxaoM OTpeske [xe-1. %], k=1, 2, .., n, BO3bMeM
HHTEPIOJIAUMOHHBIH MHOTOWIEH Py (X) nepBoit CTeneHy, onpees-
eMBIii y3/1aMU MHTEPHIOJISIME x,_ '
u Xx,. Ilomaras y,=f(x;), i=0, 1,
.eey B, TIOTYIEM (CM. (62. 20))

Pk(x)_ J’k—1+x T = Vi-

- X —Xk-1
;A ¥ ¥ ¥ Y, k=1, 2, ey M.

Taxum o6pa3zoM, Mbl 3aMEHSEM

IaHHyro (yHKIHIO f KyCOYHO-JIU-

HeitHo# QyHkumed. Bmecto unTer-
Xk

pama | f(x)dx Bo3bMeM uH-
Xk—1

Puc. 271

terpan | P(x)dx, T.e. 3aMCHHM TUIOIAAb KPHBOJIMHEHHOMH
Xk—1
Tpaneyun COOTBeTCTBywmen TJIOA b0 OOBIKHOBEHHOM Tpaneiyn
(puc. 271).
3ameuvasi, 4TO

*k

J P (x)dx= y_k_l;ﬂbn“, k=1, 2, .., n,

Xk—1
NOJIyYHM KBaJpaTypHyro (opMyJly Tpanenui

n

L[f]= 2 jpk(x)dx——zyk%”k, (62.24)

k=1 xp—1 k=1

HIIHN

L[f]="" [f @H B 4 f(x)+F(x,)+ +f(x,,)]

Popmyna CumncoHa

Ha xaxaoom OTpe3ke [xk_l, xk] k=1, 2, ..., n, BO3bMEM
UHTEPNOJISAUMOHHBIH MHOTOWIeH P, (X) BTOpo# CTeneHu onpeaense-
X 1+‘Xk
MBI y3JTaMH HHTEPIOJISIIHA X _ 4, E_,k=—-2—- u x,. Torma
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(x—8&) (x—x;) (x—xe—1) (x—x)
P (x)= _ TR AT ) .
A T Y (x,"; D e 0 G W
(x—xu-1) (x—8&)
(X —Xx—1) (X — gk)f(x")'
Henocpe/IcTBEHHBIM  BbIYHCIEHHEM yOexXaaeMcs, 4YTO
Xk
(x=&) x—x) __]_ _ _lé:ﬁ
J (xr-1—8) (-1 —x1) doe= 6 (x,‘ Y- 1) "6 n’
k-1
Xk

(x—xp-1) (x—x) _E _ :3”*”
fmd"“s(xk IR

*k—1
*k

X—Xg—1 Gk 1 1b—
J Mldng(xk_xk_l)=g7f,

(Xe—xi-1) (5 —&y)

xk-1
MOATOMY
xg
b—al l 2 1 )
j Py (x) dsz[gf(xk— 1)+§f(§k)+gf(xk) :|
Xk~ 1
Tenepb HETPYOHO HAMMCATH KBaApaTypHyo Gopmyny Cumn-
COHa.
n Xk n .
. b—a i 2 1
L,{f]= z J Py (x)dx= " Z (:gf(xk- 1)+§f(&uk)+_gf(xk) ],
k=1 x}—-1 k=1 ) ‘
' (62.25)
1 50)8%

b—a

L, [1]="C2{f @+ (0)+ 2 f(x) + o f (on-1) ]+
FA[FED+ -+ ED ]}

62.5. NOTPEIMHOCTDb KBAJPATYPHBIX ®OPMYJI*

Mp! BUZENH, 4TO BO BCEX TPEX PACCMOTPEHHBIX HAMM CHYy4asix
KBaApaTypHble dopmytisl (cM. (62.23), (62.24), (62.25)) ameroT BUL

* B 3TOM NYyHKTE Mbl CJIEIyeM HAEAM, Pa3BHUThIM B MoHorpadum: Huxoasc-
xkuti C. M. Kpanparypuble dopmysner M., 1974,
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LiN= 3 (1), (62.26)
rac
L= pf G, (62.27)
i=0

xk_1<iki<xk, k:]’ 2, e N, i=0, 1, ..., m,
a p,— HEKOTOpPBIE 4YMCJIA.
B cinyyae ¢opMysbl NpSIMOYTOJILHHKOB MBI UMEJH
_ Xu-1 X,

mzov Pozl‘a ékO—Ta

B ciy4yae ¢GopMyibl Tpamnenuit
1
m=1, Po’—‘[Jl:E, Eko=Xk—1, ék1=xk;

B ciay4yae ¢opmysbsl CUMOCOHA
Xg-1+X;

5 Ek2 =X,

1 2
m=2, Po=P2=¢. P1=3 Cro=Xk-1, &=

k=1, 2, .., n

[lycty Tenepb 3aJaHbl Kakue-JMOO 4YUCHIA p;, Ha3bIBAEMEBIE
éecamu, w nycth Ha orpeske [0, 1] 3amana kakas-nmubo cucrema
Touek &;, i=0, 1, .., m, HasbiBaeMbix y3zzamu. IlycTh, kak wu
paHblle, OTpe3ok [a, b] pasmenen Toukamu x,, k=0, 1, ..., n, Ha n
PaBHBIX OTPE3KOB [X; i, xk], k=1, 2, .., n, ¥ TMYCTb TOYKH &
[HOJYYaroTCd M3 y3JI0B §; NpH JIMHEHHOM OTOOPaXKEHUH OTpe3ka
[0, 1] Ha oTpe3ox [xy—;, X;], IPH KOTOPOM TOYKA HOJIb MEPEXOJIUT B
TOYKY Xy, T. €. NMPH OTOOPAKEHUM X = (X, — Xy 1) I+ Xy, 01,

®opmyna (62.26) B JTOM ciy4ae Ha3bIBACTCS KBaAPATYPHOH
bopmynon, cootsercTByrOIER y3nam & u Becam p;, =0, 1, ..., m.

Besikass xBajgpartypHas ¢dopmyna (62.26) obnamaer CBOWCTBOM
JIMHEHHOCTH: JUIS JMIOOBIX ABYX (QyHKUMI f H g, OmnpedeSeHHBIX Ha
oTpeske [a, b], U s Jr0OBIX ABYX 4YMCEI A H {1, OYEBMJIHO,
CIPaBEJIMBO PaBEHCTBO

LA f+pg)=AL{f)+uL(g)
Onpenenenne. Qopmyaa L(f)= Y I, (f) nasvieaemca mounoii 015
k=1

MHO2041€HOE CMeneHu I, ecau 041 100020 muocouiena P(x) cmenenu
He eblute uem r, 047 a06020 ompeska [a, b| u d0aa w06020 uucia n
(m. e. 0aa moGoeo pasbuenus ompeska [a, b na pasnvie ompesxu)
CNPAedAUso pasencmeo



Yupaxneunune JlokasaTe, 4To, s TOro 4Tobbl KBaApaTypHas (opmyna
L[f], cootBeTcTBytowmast y3iam &; u Becam p;, i=0, I, .., m, Gbuia TOYHOM IS
MHOTOUJICHA CTCTICHU #, HEOBXOMMMO JOCTaTOYHO, 4T06bI 1A J06Or0 MHOTOUIEHA
P(x) cremenu He Bpllle r ObUIO CNIPABE/UIMBO DPABEHCTBO

iP(x) dx= 3 piP(E).

[TockonbKy HETEPNOJAIMOHHBII MHOTOWIEH MOPSAKA r COBNAA-
€T IS MHOTOYWIEHAa CTENEHH F ¢ CAMHUM MHOTOWJIEHOM, TO KBaj-
patypHble (GOPMYJIBl NPSMOYTOJLHUKOB,
Tpaneuuid 1 CUMIICOHA TOYHBI COOTBETCT-
BEHHO [IJ1sI MHOT'O4JICHOB HYJIEBOU, NEPBOM
BTOPOH CTEMNEHH.

Opnnako, Oojiee TOro, KBajpaTypHas
tdhopmyia IPAMOYTOJLHUKOB TOYHA JUIst
MHOTOYIEHOB NIEPBOM cTeneHy, a hopmyJia
CHvMIICOHa — /IS MHOTOYJIEHOB TpEThe
crenenu. Jokaxem 310. JIelCTBUTENBHO, B
ciy4yae (GopMyJibl NPSIMOYTOJIBHHKOB (CM.
(62.23) u (62.27)) Puc. 272

Ti-1 T * T, I

L (/) zf(n;lzt\% (%= X1 )-

[lpocroii moacyer paer, 4TO i Jik0oOOM JIMHEHHONW QYHKUHH
CIIPABE WJIMBO PABEHCTBO
*k
[(Ax+B)= [ (Ax+B)dx. (62.28)
k-1
OTo HarfsAHO BHAHO M Ha puc. 272. Cymmupys paseHcTBa (62.28)
no k or 1 go n, moayyum

LO(Ax+B)=}(Ax+B)

YTO M O3HA4YaeT TOYHOCTh KBaJApaTypHOH (GopMysisl NpSIMOYroJib-
HUKOB JiJisi MHOTOYJICHOB IEPBOM CTENEHH.
B cayuae ¢dopmynsr Cumncona (cM. (62.25) u (62.27))

/k(f)—b—n—“[éf( Xp-1)+> f("“ 1+x">+;f(xk)}. (62.29)

JocraTo4Ho nokasaTb, 4YTO JUIsS JIHOOOT0 MHOTOMYJIEHA TpeThei
creneEn P(x) B 3TOM ciy4ae

x

L(P(x)= [ P(x)dx, k=1, 2, .., n. (62.30)
Xk—1
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B camoM Jienie, eclid 3TH paBeHCTBa OYAYT JOKA3aHBl, TO, CYMMHUPYS
ux no k or 1 m0 n, mOJy4YuMm

L,(P(x))= jj P(x)dx

T. €. 4ro (opmyna CHMNCOHA TO4YHA I MHOTOUICHOB TPETbEi
CTEMCHHU,

IMycts P(x)=Ax3 +Bx +Cx+D. TTonoxkuMm Q (x)=Bx*+Cx+
+D, Torma P(x)=Ax*>+Q(x). Tostomy

xlk( ())ZAxlk( )+lk(Q( ))

xy k k
[ P(x)dx=4 | x*dx+ [ Q(x)dx, k=1, 2, .., n. (62.31)
k-1 k-1 k-1
B cuny Toro, uto ¢opmyna CHMINCOHA TOYHA JUIs MHOFOYJICHOB
BTOPOH CTEMEHW, HMEEM

*k
Q)= | Q(x)dx, k=1, 2, .., n
Xk -1
C Ipyroit CTOPOHBI, HEMOCPEACTBEHHBIM BBIYHMCIICHHEM YOexaaemcs,
4TO

X

k 4 4
X — Xj -

'[ x3dx=———————" 4“ 1,

k-1

3 3 3 4 4
3 Xi-1 2{Xxi_1+x Xi X — Nk-
Ik(x ) ( k xk_l)l k61 §<k l2 J‘) 6] 4 -

D10 W JgokasbiBaeT paBeHcTBO (62.30).

[TopsnOK NOTPEHIHOCTH KBAAPATYPHBIX (OPMYJ OKa3BIBACTCH
CBS3aH CO CTENEHbIO MHOIOWICHOB, OTHOCHUTEJILHO KOTOPBIX TOYHA
paccMaTpuBaeMasi KBaapaTypHas (bopmyna

Teopema. Ilycmv @yukyua f r paz Henpepvieno Oudgepen-
yupyema Hna ompeske [a, bl u nycme wucio M>0 makxoso, umo

FOx)NI<M, a<x<b.

Ecau keadpamypnaa gopmyaa (62.26) mouna 0aa MHO20UACHOS8
cmenenu r—1 (r=1, 2, ...), mo cywecmeyem nocmosuuasn c,>0, He
3asucawyan om @yukyuu f, maxasa, umo

If(x) dx—L(f)|<

GMb—ay’ (62.32)

n

HoxazartenbcTBOo. IlpencraBuM ¢yHKUHIO f Ha KaxaoM
oTpe3ke [x,_,, X, ], cormacHo ¢opmyine Teiynopa, B BuzAe

f(X)=P(x)+r(x), k=1, 2, .., n,
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rac

r= Ly
Pk(x)-: Zf (k—l)

=0 /' (x=xe)
= )

—MHorowieH Teitmopa cremennm r—1, W, cienoBaTeNbHO,
1, (X) — octaTouHbli usieH ¢opmynsl Telsopa, KOTOPBIH Mbl 3aiu-
nieM B ¢opme Jlarpanxka:

('J_k_ +0. (x—x, _ r
W A £ r;(x X 1)](x—xk_1), (62.33)

0<0, <1, k=1, 2, .., n

re(x)

Toraa

b

fra—rin=% | fa- 3 4i0-

a =él U lk;:(;; o L (P,() ] +
+é} [kjkl () dx— 1 (r () ] (62.34)

B cmiy Ttoro, 4ro AaHHas KBaApaTrypHas (opMysa TodHa Ans
MHOTOYWJIEHOB CTENEeHH r— 1, CHpaBeliMBO PaBEHCTBO

Xk
[ P(x)dx—1(P(x)=0, k=1, 2, .., n*.
k-1
ITostomy u3 (62.34) cnegyer, 4TO
b

[/(x)dx—L(f)

a

n

<3 7 |rk(x)|dx+éluk(rk(x))|. (62.35)

k=1xp—1

Hanee, u3 (62.33) umeem

n

|rk(x)1<%<”‘”>', k=1, 2, .., n.

*) JIefiCTBUTENbHO, 3TO CHEAYeT M3 ONpEACICHUS TOYHOCTH KBAAPATYPHOI
(OpMYySIBl OTHOCHTENBLHO MHOPOHJIEHOB [AHHOW CTENCHH, MPHUBEIEHHOro Ha C. 322,
€CIId B 3TOM OMNpENICJICHMM B KauecTBe oTpeska [a, b] B3saTh oTpesok [x,_,, x| m
MNOJIOKUTL n=1.
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an/IMeHHﬂ 2TO HEPABEHCTBO, INOJJIYYUM

g Xk

M(b—af M({b—a)y*?
Jlrk(x)ldxs Mooy f de= 20—

rin
*k—1 k-1

[Tomaras p= max |p;| (cM. (62.27)), umeem
i=0,1

N

(m+ Nb—a)y* 1pM

() <=2 _iolp I (8 <t —a

rin

[TonctaBisis 3tu ouenku B (60.35) u BBeas 00o3HAUCHUE

1+(m+1)p
r

r

>

Mbl U MOJYyYUM HepaBeHCTBO (62.32). O

M3 dopmynsr (62.32) cnenyer, B YACTHOCTH, YTO TPH BBIYHCIIE-
HUM UHTErpaJioB C MOMOUIBIO KBAAPATYPHBIX GOpMYJ NPSIMOYTOJib-
HUKOB W Tpaneuuil (OHM, Kak Mbi 3HAEM, TOYHBLI JUJII MHOIOWJICHOB
HEPBOTO MOPAAKA, M TOTOMY JUIA HUX MOXHO B35Th r=2) olmmubOKa

1
UMEECT NOPAOOK 0(7), a IpH BBIMUCIICHUHA UHTETrpaJioB ¢ NOMOLIBIO
n

dopmynasl CuMmrncoHa (oHa TOYHA YXKe IJIi MHOTOYJIEHOB TPETHLErO

NOpsIIKa U MOXHO B34Th r=4) omiMbKa COCTaBJIsIET yXKe BCEro JIUIIb
1

BEJIMUMHY O<—4>.
n

OTMCTHM, 4TO IIPpU NPUBEACHHOM HOJACYETE NOCTOAHHBIX ¢, MbI
HE MNOJIYYHJIM JJId HHX MHHHUMAJBHBIX 3HAYCHUH. DTOr0 MOXHO
AOCTHYDb, YCOBEPIICHCTBOBAB METOAbI HX TIMOACYETA.

3apaya 46. Jlokasatb, 4TO A% (GOPMYJibl NPAMOYTOJBHHKOB MOXHO B3SAThb

1
G=_p A1 GopMynsl  Tpanenui c2=l~i, a ana dopmynst Cumrncona ('4=2—886.
62.6. IPUBJIM)KEHHOE BbIUWCJIEHUE IMPOU3BO/AHbBIX

[TpubinkeHHOE BBIYHCICHUE MPOU3BOIHBIX TIPOU3BOIUTCS HA
ocHose (Gopmys, KOTOpbIMH OHHM ompenenstorcs) Hanpumep, mo-
CKOJIbKY

vfon e Slx+h)—f(x)
-t
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TO TaK Ha3bIBACMOE€ PA3HOCTHOC OTHOIICHUC

flxe+h)~f(x) (62.36)
— .
aeT TpUOJIDKEHHOEe 3HaueHHe mnpousBonHou. [Ipm 3toM sTta
(dbopMyna NO3BOJISIET BHIYUCINTH NPOUZBOLAHYIO C JIOOOH CTENEHBLIO
TOYHOCTH 3a CYET BBIOOpA COOTBETCTBYIOIIETO 4 — 3TO CJEAYET W3
OTpEJEsIEHUs Tpeea.

OnesnM MopsAnoK NpuOIIMXKEHHs NPOU3BOXHON, BLIYUCIAEMOM 110
bopmyne (62.36), otHocutenbHo A. [Ipeanosnoxum, 4to GyHKIUs [
UMEET B OKPECTHOCTH TOYKH X OTPAHUYEHHYIO BTOPYH NPOH3BOI-
Hyro. Torma mno dopmyne Teitnopa

Sle+B)=f () +f (YAt 1" (x+6R), 0<0<1;
oTCroaa

J&M:f’(x)%f”(xﬂwﬂy 0<6<1,

M — P )+OM).  ho0. O

O‘{CBI/II[HO, 4TO €CJIH B TOYKE X CYUICCTBYET INPOU3BOAHAA, TO

lim Sflx+h)—f(x—h)
h—0 2h

=f"(x).

Oxa3sbIBaeTcs, YTO NPUOIMKEHHOE BbIYHCIICHHE NpPOU3BOIHON B
TOYKE IO HpI/I6III/I)KCHHOI/I dhopmye

obecnieuuBaeT 0OoJiee BBICOKUI MOPAAOK MAJOCTH IOTPEHIHOCTH
orHocutenbHo k. Tlokaxem ar1o. Ilycte ¢ynkuus f umeer B
OKPECTHOCTH TOYKH X TPEThIO OrPAHHYCHHYIO MPOM3BOjIHYIO. Toraa
no ¢opmyse Teiinopa

fx+h)=f(x)+f"(x) h+%f” (x) h* +éf’” (x+0,m k% 0<0, <1,
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f(x—h)=f(X)—f’(X)h+%f"(X)h2~éf’”(X+92h)h3, 0<8,<l.
BeludTas BTOpPOE PABEHCTBO M3 NEPBOrO M [eJis Ha 2h, MOJyYHM:

OB TCD 1 ()4 [ (e 0u) 41 (x+ 0,5 ] 2 =

=" (x)+0(h?), h-0.

TakuM 00pa3oM, pa3sHOCTHoOe oTHoiuenue (62.37) anmpoKCUMUPYET
NPOU3BOJHYIO Ha IOPSAAOK Jydiue, 4yeM (62.36).

JIns npubIMKEHHOTO BBIYMCIIEHHS. BTOPOM IPOUM3BOAHON B TOYKe
X MOXHO TOCTYIHUTH CleQyromuM oOpa3oM: NpHUOJIMXEHHO BbIYHC-
JUTh TEPBYHO MPOM3BOAHYIO B TOYKax X M X+/A, Hanpumep, IO
dopmynam (62.36):

f,(x_) f(x h) f(x) f/(x+h)~f(x+2h)—f(x+h)
- N*“h—a ~,________7[______‘_,
TOT A4

S x+h)—f(x) _flx+2h)—2f (x+h)+/(x)
h ~ " :

Pa3HOCTHOEe OTHOLIEHHE, CTOSIEE B MPAaBOM 4YacTH IOJIyYEHHOH
GopMyJsIBl, W TIPHUHUMAETCH 33 NPHOJIMKEHHOE 3HAYEHUE BTOPOH
NPOU3BO/IHOM B TOYKE X.

B ToM ciayvae, kxorma y (yHKUMH f B OKPECTHOCTH TOYKH X
CYUIECTBYET TpeThbs OIrpAaHUYEHHAst NPOU3BOJHASA, PAaCKJaIabIBas
qucauTeNb no ¢opmyse Teinopa, nojyuum

[ ICDO )+ 0(h), h->0.  (62.38)

AHANOrHYHO CJIYYar0 NMEPBOM MPOU3BOJHON MOXHO IOKa3aTh (B
NPEANOIOKEHHY OTPAHMYEHHOCTH YETBEPTOH IPOU3BOMAHOM B
OKPECTHOCTH TOYKH X), 4TO

f(x+h)—2fh(2x)+f(x—h) =" (x)+ 0 (h*), h—0, (62.39)

T. €. y npubnmxenHod dopmynsl (62.39) s BBIMUCIEHUS BTOpPOH
HPOU3BOJAHON MOTPEIHOCTh HA MOPSIOK JIydile, 4eM Y (GopMyiib
(62.38). :

IMomoOHBIM X 00pa3’oM BBLIYHCIISIOTCS MPOM3BOAHbBIE OoJiee
BBICOKMX TIOPSKOB M 4YaCTHbiE NPOU3BOJHbIE (YHKIMI MHOTHX
TIepEMEHHBIX.
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§ 63. PABBMEHVUE MHOXECTBA HA KJACCBHI
9KBUBAJIEHTHBIX JJIEMEHTOB

MHoro pa3 B HameM Kypce€ Mbl CTaJIKHBAJUCh C TOHATHEM
9KBHUBAJECHTHOCTU: IKBUBAJIEHTHbIE OECKOHEUHO MaJbie B OECKOHEUHO
6osibine pyHkmmu (1. 8.3), 3KBHBAJICHTHBIE OTOOpAXEHHS OTpe3Ka
(nm. 16.2) u obnactu (m. 50.2), sxBHBajieHTHBIE (DYHIAMEHTAILHBIE
HOCJEIOBATEILHOCTY METPHUYECKHMX NpOcTpaHcTB (n. 57.5), skBuBa-

JieHTHbIE (YHKIHMH YPH MNOCTPOCHHH MPOCTPAHCTBA RNL2 (n. 59.4)

¥ T. 1. Bo Bcex 3THX ciydasix OTHOHIEHHE IKBHBAJICHTHOCTH 006J1a/1a)10
CJICOYFOLIMMHY TPEMsl CBOMCTBaMM: (€CJIH 3JIEMEHTBhl paccMaTpHBae-
MOFO MHOXECTBa 0003HAYUTh OYKBAMH X, Y, Z, ..., 2 IKBUBAJICHTHBIE
3JIEeMEHTBl X W y ODO3HAYUTHL CHMBOJIOM X~J, TO:

1. Kaxaplif 37€MEHT paccMaTpUBaEMOrO MHOXECTBa JKBHBa-
JIEHTEH caMoMy cebe: x~x (pedJieKCHBHOCTD).

2. Eciu x~yp, TO y~Xx (CHMMETPHYHOCTb).

3. Ecnm x~y m y~z, T0 X~z (TPaH3UTHBHOCTB).

Bcernga mnpeamonaranocek camo coOoi  pa3yMeEroiUMCs, YTO
MHOXECTBO TeX WJIM MHBIX 3JIEMEHTOB, B KOTOPOM BBEJIEHO NOHSTHE
9KBHBAJICHTHOCTH, obJianaroliee CBOMCTBOM peIeKCHBHOCTH, CHM-
METPHYHOCTH ¥ TPAH3UTUBHOCTH, pacraaeTcs Ha HENepeceKarommecs
KJIacChl 3KBUBAJICHTHBIX 3JIEMEHTOB. B NeHCTBUTENBHOCTH TaK M €CTh.
ChopmynupyeM KM OOKaxeM 3TO YTBEPXIAEHHE B 0oOIIeM cCiydae.

Iycts 3amaHO MHOXECTBO A={X, y, z, ...} H HEKOTOpOe NOJA-
MHOXECTBO MHOXECTBA €ro YHOPSIOYEHHHIX map, obnaaarouiee
CITeTYIOIIMMU CBOWCTBAMM: €CJIM Napa (X, y) NPUHAUICKHAT ITOMY
IIOJAMHOXECTBY, TO 3JIEMEHTBl X M ) Ha3bIBAIOTCA JKBUBAJICHTHBIMH
W OHMLUIETCS X~), NPHA I3TOM BBHIIOJHAIOTCS YCAOBHS pedJiek-
CUBHOCTH, CUMMETPHYHOCTH W TpaH3WTUBHOCTH. B 3TOM cryuae
TOBODHTCSl, YTO B MHOXeCTBE .4 3aJaHO OTHOUICHHE OJKBHUBAJICHT-
HOCTH. ' ’

Teopema. Ecau 6 nekomopom muoxcecmse 3a0aHO OMHOULCHUE
IKGUBANCHMHOCIMU, O N0 MHONCECIBO ABAACMICA CYMMOU CBOUX
NORAPHO He NePeceKaiomuxcs ROOMHONCECE IKGUBAACHIMHBIX MEHCDY
cob0ti 21 MeHMO8.

HoxaszartenbctBo. Ilycrb A={x, y, z, ...} —MHOXeCTBO, B
KOTOPOM 3a/laHO OTHOIIEHHEe JKBHBaJICHTHOCTH. JIjs Kaxmoro
jieMeHTa X € A vepe3 A, 0003HAYHM MHOXKECTBO BCEX 3JIEMEHTOB
MHOXeCcTBa A, JKBHBAJCHTHBIX 3jieMeHTY x. [lokaxeM, 4YTo

A= 4, (63.1)

xe A

U 4YTO 1HTO NOPEACTABJICHUC MHOXECTBA A B BUAE CyMMB! TOA-
MHOXCECTB Ax ABJIACTCA UCKOMBIM, T, €. YTO CJIaracMahIC. Ax NOoNnapHoO
HE TMNEPCCCKArOTCA.
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Ilpexpe Bcero, B cuny pedekCHBHOCTH OTHOINEHHMS 3JKBUBA-
JIEHTHOCTH, IS KaXIoro x € A UMeeM X~Xx U, CIeJOBaTesbHO,
xe A,, T.e. KaxIObli 3JeMEHT MHOXeCTBA A TNPHUHAMIEKAT
HEKOTOPOMY A,, NO3TOMY

Ac | A, (63.2)

x€4

C Ipyro# CTOpOHBI, KaX bl 3JIEMEHT MHOXECTBA A,, B CHJIY CAMOMN
KOHCTPYKLIMH, SIBJIAETCS DJIEMEHTOM MHOXecTBa A. ClieoBaTeNbHO,
A.c A 1 noromy

U A,c4. (63.3)

x<A

W3 sxmouenuit (63.2) u (63.3) BbITekaeT paBeHCTBO (63.1).

HokaxemM Tenepb, 4YTO MIOOBIE JABa 3JIEMEHTA KaXAOTO U3
MHOXECTB A, DKBUBAJICHTHBI Mexay coboil. B camom pmeine, mycTtsb
yed,, ze A, OTO O03Ha4aer, 4YT0 y~X U z~x. B cuny
CUMMETPUYHOCTH OTHOHIEHHS 3KBUBAJICHTHOCTH, OTCIOJA CJIEAYET,
YTO X~Z, OTKYAa, COIJIaCHO TPaH3UTUBHOCTH,— y~Z.

IToxaxeM, HaKOHel, 4TO cjlaraeMble B NMPaBOW YacTH PAaBEHCTBA
(63.1) nomapHo He nepecekaroTcs. VIMEHHO, MOKaxeM, 4TO st
MOOBbIX ABYX 3JieMeHTOB X' M x” MHoxectBa A, U A, mubo
coBnanaror, Jmbo He mnepecekatrorcs. B camom gene, mnycrh y
MHOXeCTBa A, M A, HalOgeTcss XOoTs Obl OJMH OOIIHA 3JIEMEHT:
ye Ax/ﬂAxu " nycTh z € A,.. [lockonbky ObUIO MOKA3aHO, 4YTO AJIS
KaX70ro MHOXecTBa A, JtoOble IBa €ro 3jeMeHTa JKBUBAJIEHTHDI,
TO z~Y, y~X" H, CIeAOBATEIbHO, z~X", T. €. z € A,. DNEMEHT Z
SIBJISICS TPOMU3BOJIBHBIM 2JIEMEHTOM W3 MHOXECTBA A, MOITOMY

Ay < Ay (63.4)

AHAJIOTUYHO
A A, (63.5)

U3 (63.4) u (63.5) cnenyer, uTO
Ay =Ay.

Taxkum oOpa3om, ecnm y MHOXeCTB A, M A, nMeeTcs
XOTs Obl OJWUH OOIUMIT BJIEMEHT, TO OHH COBNAJAIOT, €CJIH XK€
TaKOBOTO JJIEMEHTA HET, TO 73T MHOXECTBA, OYEBUAHO, HE
IIEPECEKAOTCH.

Urax, npencraBnenue (63.2) nmeiicTBuTensHo o6sagaer BCeMH
chOpMYIMPOBAHHLIME B TEOpEME CBONCTBAMH. [
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§ 64. IIPEJAEJ IO ®UJIBTPY

Ilpu m3ydeHMH Kypca aHajiW3a HaM BCTPETHJIUChL [IBA MOHSITHS
Opejena: npeaesa (GpyHKUHAN, YACTHBIM CIy4aeM KOTOPOTO SIBJSIETCS
npeaest MOCHeNOBATENILHOCTH, W MApPEAeSl HWHTETPaNbHBIX CYMM.
OkaszpIBaeTcsi, YTO CymiecTByeT Oosiee oOlliee TMOHATHE TMpejiesia,
Ha3bIBAEMOE NPEAESIOM 1o QUILTPY, KOTOPOE CONMEPXKHUT B cebe 00a
yKka3aHHble MOHATHS Npe/esia Kak 4acTHeie ciyuad. CylecTBoBaHue
TAKOro NMOHATHS JOCTaBJAET, 6€3yCIIOBHO, ICTETUYECKOE YIOBIETBO-
peHHMe, NOITOMY B HacTofAlleM naparpade Oyaer [aHO ero
onpenesyenne. OpHAaKO IS HU3YYCHHS MAaTEMaTHYECKOTO aHaJiu3a
BBEACHUE ITOTO TOHSATHS HE JIAET, MO CYIECTBY, HHKAKHX INPEHMY-
IIECTB, 4eM H OOBACHSETCA, YTO OHO TIOMEIEHO B KOHIE Kypca.

64.1. TOMOJOTNYECKUE IMPOCTPAHCTBA

Onpenenemie 1. ITycmv X — Hexomopoe MHOMNCECMBO U 6 HeMm
3adana cucmema Q={G} noomuoxncecms, yoo81emeopaiouux caedyio-
WUM  YCAOBUAM:

1°. Ilepeceuenue KoHeuHOU COBOKYNHOCMU MHONCECME cucmemsbl
HNPUHAOAeHCUM IMOLL cucmeme.

2°. Obwvedunenue 11060l COBOKYRHOCMU MHONCECME cucmemsl
HPUHAOACHCUM DOTL  CUCIIEALe.

3%, X e, g Q.

Toz0a mHoxucecmso X HA3bIBACMCA MONOAOSUHECKUM RPOCMPAH-
cmeom, cucmema Q—ee0 mMonoAOUEt, A MHONCECBA CUCINEMb
Q—e20 omKpbimbIMU HOOMHOMNCECMBAMU.

Haa moboit mouku x € X kaxncooe codepucaujee ee MHONCECMEO
G = Q Hazvieaemcs ee OKPeCHHOCMbIO.

Ecau 'y a0bbix 08yX mouek mMONOAO2UHECKO20 NPOCMPAHCMEA
CYWecmeylom Henepecekaroueca OKpecCmHoOCmu, mo Rpocmpancmeo
Hazvieaemcs xaycoopgosvim™).

ITpumepom xaycmopdoBa TOMOJIOTHYECKOTO NPOCTPAHCTBA SIBIIS-
€TCS BCAKOE METPHYECKOE MPOCTPAHCTBO, TaK KAK €ro OTKPBITHIE
MHOXECTBA O0pa3yroT CHCTEMY, YAOBJIETBOPSIOIIYIO YCJIOBUSM
1°, 2°, 3° omnpenenenuss 1 (cm. n. 57.1). CymecTByroT U Tax
Ha3blBaeMble HEMETpPHU3YyeMBbIe TOMOJIOTHYECKHE HPOCTPAHCTBA (CM.
00 3TOM B KH.: Aaexcandpos II. C. BBeieHNE B TEOPHIO MHOXECTB
u obmyro TomoJioruto. M., 1977).

s moboit Touku X € X BCsIKast e OKPEeCTHOCTH 3aBEIOMO HE
SIBJISETCS NYCTBIM MHOXECTBOM, TaK KaK OHA COAEPXHT MO KpaiiHei
Mepe OIHWH 3JIEMEHT —— CaMy TOYKY X.

Onpenenenne 2. Bcakaa nodcucmema B cucmemor & omrpoimvix
MHOMCECE  MONOAOSUYECK020 RPOCMPAHCmMBEa Haszvieaemcsa 6a3oil
MON0AO2UY IMO20 NPOCMPAHCMEA, ecau A1060e Henycmoe OmKpbimoe

* @, Xaycnopd (1868 — 1942) — HeMelkHii MaTEMATHK.
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MHOMCECINEO NPOCMPAHCIBA (M. e. HENYCMOe MHONCECTNBO U3 CUCHE-
mol Q) sasasemca 06veOuUHEHUEM HEKOMOPOil COGOKYNHOCMU MHO-
acecme uz B.

Tax, B METPHYECKOM TNPOCTPAHCTBE 0a30# TOMOJIOTUU SIBIAETCS
MHOXeCTBO ‘B BCeX €-OKPECTHOCTE# BCEX TOYEK 3TOTO MNPOCTPaH-
cTBa. [elcTBUTENLHO, KaKOBO Obl HM OBLIO HENMYCTOE OTKPBITOE
MHOXECTBO G [TaHHOTO METPHYECKOTO TMPOCTPAHCTBA, IS KaXAOMH
ero To4ku X & G cymiecTByeT Takoe €>0, 4TO ee €-OKPECTHOCTh
copepxutrcsi B G: U(x, ¢ycG. BoibepeM u 3adukcupyem s
KOKI0W TOYkM X G OJHy U3 TaKUX OKDPECTHOCTEH; Toraa
MHOXecTBO (G O4YEeBMIHO OYyNeT SBAATBCH HX OOBE/IMHEHHEM:

G= ) U, e).
xeG

Yunpaxuenue l. Jokasars, 4ro B J0O0M METPHUYECKOM HPOCTPAHCTBE
MHOXCCTBO BCCX S-OKPCCTHOCTCﬁ C PALlMOHAIBHBIM € BCEX TOYEK ITOI0 NMPOCTPAHCTBA
obpasyer ero 06asy TOMOJOTHM.

TomnosioTuIo MOXHO 3a/aBaTh C HNOMOIIbIO 0a3bl TONMOJIOTHH.
Wmenno: eciim B={A4} —6a3a tonosoruu Q mpocrpascrsa X, To,
COTJIACHO ONpefeNieHuto 2, ) ABJIAETCS CHCTEMOM BCEX MOJIMHOXECTB
ApoCTpaHcTBa X, KaxIoe M3 KOTOpbIX JMbO sBiseTcst oObenuHe-
HUEM HEKOTOPOI COBOKYMHOCTH MHOXeCcTB u3 B, nubo mnycro.

Onpenenense 3. Cucmema B (x) okpecmuocmeti MOuUKU X MONO-
A02UYECKO20 npocmpancmea X HA3vlBAemcA A0KAAbHOU 6a301i Mono-
AO2UU 8 IIMOU MOouKe, ecau, Kaxoea 0vl Hu Ovlaa okpecmHocmb V
mouku x 6 npocmpancmee X, cywecmeyem maxaa OKPecmMHOCMb
Ue B(x), umo

Uc V.

QueBHIHO, YTO COBOKYIHOCTH BCEX OKPECTHOCTEH MAaHHOW TOYKM
obpasyer ee JlOKajbHyio 0a3y Tomosiorud. s mo00# TOYKH
METPHYECKOrO TNPOCTPAHCTBA €€ JIOKaJbHylo 0a3y TOMOJOTHH

: 1
06pa3y}0T TAaKXE, HANPpUMEDP, BCE €€ €-OKPECTHOCTH PAIUYCOB £€=-,
n

n=1, 2, ....

OOpenvHeHNEe JOKaJAbHBIX 0a3 TOMOJOTMM BO BCEX TOYKaXx
obpa3yer 0a3y TONOJIOTMHM BCETO IPOCTPAHCTBA, HOO Kaxaoe
HENYCTOE OTKPBITOE MHOXECTBO MOXKHO NPEACTaBUTHL kKak 00beanHe-
HHE BXOHSIIMX B HEFO OKPECTHOCTEH €ro TOueK, TAe YyKa3aHHbIe
OKPECTHOCTY OepyTcs U3 pacCMaTpPHBAEMBIX JIOKAJbHBIX 0a3 ToONO-
Jorud. TeM caMbIM TOIOJOTHIO BO MHOXECTBE MOXHO 3a/1aBaTh,
onpenensis JjoKajbHble 0a3bl TOMNOJIOTMH B KaXHOW M3 €ro TOYEK.

C noMOUIbIO TIOHSTHUS OKPECTHOCTH [UI  TOMOJIOTMYECKUX
MPOCTPAHCTB JOCJOBHO, TaK Xe€ Kak 1Jisg MeTpudeckux (cM. n 57.1 u
n. 18.2), BBOAATCH NMOHSATHS TOYEK MPHKOCHOBEHHUS, NPEAECIIBbHBIX U
U30JIMPOBAHHBIX, a TaKXe TOHATHE 3aMKHYTOTO MHOXECTBA.
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64.2. ®NJIBTPbI

B nanereitnieM depes P(X) Oynem 0603HaYATH MHOKECTBO BCEX
MOMHOXECTB MHOXECTBa

Onpenenenne 4. [Tycme X — nenycmoe muoxcecmeo. Muoncecmso
F<B(X) nasvieaemes Puibmpom (uau, nodpobuee, guiompom Ha
MHOMCcecmee X ), ecau:

1°. [aa mobvix A'e§ u A" €§ cywecmsyem maxoe A€, umo

AcA'NA".
2°. ¢l F-D.

U3 ‘cpoiictB 1° m 2° BBITEKAET, YTO TNEPECEYEHHE JIOOOrO
KOHEYHOTO 4YHCJIa MHOXECTB, NPHHAMICKAIIUX OHIbTPY, HEIYCTO.

Ilpumepn. 1. Tlycts X#(J, XoAd,#. Torma MHOXKeCTBO
F={4: AOCAGSB()?S'} sBisieTcs GUALTPOoM Ha X. JleHCTBUTENBHO,
OYEBUIHO, UYTO Aged, aecim A'eFu A"eF, o A'NA"2 A, # T,
T. €. 00a ycrmoBust 1° u 2° onpenejieHus 4 BBINOJIHEHDI.

2. Oycrs xeX. Torma muoxecTBO F={A4: xe AeP(X)} ectb
¢unbTp Ha X. DTOT GUIBLTD SIBNSETCA YACTHBIM CilydaeM GUIbLTpA,
PacCMOTPEHHOrO B NpPEABIAYIIEM NpUMeEpe, KOTAa MHOXECTBO A,
COCTOHT W3 OJHOHW TOYKH X.

3. Ilycte X=N-— MHOXECTBO HATYpajbHBbIX 4HCE] H

A,={m: meN, m>n}, n=0, 1, 2, ... (64.1)

Torma MHOXecTBO Bcex A, obpasyer ¢unbTp, 00603HAYaEMBbIi
Fy={A,} n Ha3biBaeMbili HamypatbHeim Guibmpom.

IMposepum, uto Fy — bunbTp. HefictBuTtenbno, Ne Fy, u cieno-
BaTeJbHO Fy# (J, Bce A,#(J, a ecnid m<n, 10 A,(\4,,=A,€Fy.

4. Tlycte cHoBa X'=/N. CucremMa NOIAMHOXECTB &y MHOXECTBA
N, xaxaoe U3 KOTOPbIX SBJSETCS [JONOJIHEHHEM K KOHEYHOMY
HNOJMHOXECTBY MHOXecTBa [V, Takxe obpasyer ¢uastp Ha N,
Ha3blBaeMbIil usvmpom Ppewe M conepxaiiuit B cebe HaTypasb-
HBEIE QuibTp Fy.

IToxaxeM, uto §y AeiictBuTensHo GuabTp. Ilycts Ae Fy,
Be gy, (N\A)U(N—Bljaé@ U ne N—Haubonblliee U3  4ucel,
Bxosimx B MHOXecTBO (N\ A)J(N\ B). Takoe 4ucio cymecTsyer,
TaK KaK yKa3aHHOE MHOXECTBO B CUJIy OMNpEHeJieHHS &y COCTOUT
JIMIIb W3 KOHEYHOTO MHOXECTBa uHces. Torja MHOXeCTBO A,e€ Fy
(cM. (64.1)) conmepxurcs B A()B. Jlanee, mMOCKONBKY MHOMXECTBO
HaTypaJbHBIX yHcesn N cueTHO, a N\ A, rae A € Fy, o onpeaesieHuo
MHOXecTBa &y KOHe4HO, TOo A# (. Hakoneu, Ne Fy u, cnenosa-
TeNbHO, Fy#F. Taxum obpaszoMm, Fy— GuabTp.

5. ITycte X — TonoJjiornyeckoe NpocTpaHcTBo U x€ X. Jlokass-
nas Oasa Tomosoruu B(x) obpasyer ¢uabTp. [elficTBUTENLHO,
IPEX/IE BCEro, OYEBMIHO, YTO AN Kaxao# okpectHoctH Ue B(x)
umeeM xe U u nostomy U# . Hanee, mis mobbix UeB(x) u
14 eSB(x) nepeceyenue UV sBiaseTcs OTKDPBITEIM MHOXECTBOM,
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COIEPXALIUM TOYKY X, [O3TOMY IO ONPEIETCHUIO JIOKAIbHOH 5a3bl
TOTMOJIOTUM  CYIIECTBYET Takas OKPECTHOCTH W eQS(x), 9TO
W< UNOV.

6. Ilyctb X — TOMOJIOTMYECKOE NPOCTPAHCTBO, X — NpeleibHast
TOYKAa NPOCTPaHCTBA X, %(x)—noxanbﬂaﬂ 0a3a TOIOJOTHH B 3TOH
Touke U B (X) — MHOKECTBO BCEX CIPQKOJIOTHIX OKPECTHOCTEH» 9TOH
JIOKAJIbHOH 0a3bl TONOJIOTHMH, T.E€. %(x) COCTOHT W3 MHOXECTB

o

U ()= U\x), Ux)eB(x).

Torma B (x) obpasyer ¢puibTp. B camoM fesne, ecin U eB (Jf\l,
TO, TIOCKOJILKY TOYKA X SBJISIETCS NpPEAesIbHOM Il MPOCTPaHCTBa X,
cymecrByer Touka yeU m, cnenosarenbHo, U#(J. [anee, mns
nrobeix U eB(x) n V eB(x) yMeeM, COTIACHO MX ONpENEINCHHIO,
U=U\{x}, V=V\{x}, UeB(x), VeB(x). Ilepeceuenne UNV
SIBJISIETCS OKPECTHOCTBKO TOYKH X, TNO3TOMY CYLIECTBYET Takas
okpectRocTb WeB(x), uto W UNV u nostomy W=W\{x}c
cUNV. Wrax, 8 (x) JIEACTBUTESILHO (UABTD.

7. MHOXECTBO X Ha3bIBAETCS YHOPAOOUEHHBIM MHONCECMEOM WU
HanpasaeHuem, €CI¥ Ui JIOOBIX JBYX €ro OJJE€MEHTOB X H )
onpeJesieH0 TPaH3WTHBHOE OTHOUIEHHE nopsaka. Muave rosops, u3
JAIOOBIX JABYX €ro 3JEMEHTOB X M y OJUH M3 HHUX «Clielyer» 3a
apyram. Ecin ajieMeHT y ciieflyeT 3a 3JIEMEHTOM X, TO NMILYT X-3).
IMpu stom ecmm x3y U y-3z, TO X3z, x, y, z€X.

Besikas menycras cucreMa {={A,} HENMyCTBIX MOJMHOXECTB A,
o€ A, HEKOTOPOTO MHOXKECTBA X Takas, 4TO JUIs JHoObIX IBYX A, €],
Aqef, A,#A4,, wmeer mecro nmbo BkmoveHue A,<A4,, mb60
Ay c A, aBasercs ¢wibTpoM. DTOT GUIBTP NMpeAcTaBnseT coboH
YIOPSI0YeHHOE MHOXECTBO, €CJIM B HEM 3a OTHOIICHWE TOPsaKa
A,3A, B34THL BKUOYeHUE A, CA,.

Onpenenenne 5. Puaemp §, ={A} na muoncecmse X Hazvigaemcs
dursmpom, Komopwiii cusvhee Guibmpa F,={B} Ha mom xnce
MHOMCecmege, ecau 048 406020 muowcecmsa Be§, cywecmsyem
makoe AeE,, umo AcB.

Onpenenenve 6. Ecau gusvmp §, cusvnee guavmpa §,, a §,
cumvhee §,, mo guampvl §F, u §, HA3bIEAIOMCA IKEUGAACHIMHBIMU.

IMpumep 8. ITycts B(x)— nokanpHas 6a3a TOMONOTHM TOUKH X
METPUYECKOT'O HPOCTPAHCTBA, COCTOSIIAS U3 BCEX €€ &€-OKPECTHO-
creit, a B,(x)—ee noxampHas Oa3a TONOJOrMH, COAepKallas

1
TOJILKO OKPECTHOCTH pajuyca e=-, n=1, 2, ... ®unbtpnl B(x) u
n

B, (x) IKBUBANCHTHBI.

Yupaxuenue 2. Jlokasats, 470 QUIBTPEI B mpuMepax 3 u 4 OKBUBAJICHTHBL.

Onpenenense 7. Pusomp §, Hazvisaemcsa nodduibmpom Puibmpa
&, ecau Kkaxcovlii daemenm Puabmpa §, AAAEMCA U IAEMEHMOM
dusompa §,, m.e. ecau F,L1CE,.
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OdeBugHO, 4TO GHIBTP CHJIbBHEE BCAKOIO CBOEro MOAPHILTPA.

Omnpegenense 8. Kaxncowiii noogusemp duibmpa, 3K6UBAACHMHbIL
camomy puiempy, Haswieaemca e2o 0A30u.

Hanpumep, B npumepe 8 ¢mibrp B,(x) sBasercs 6asoil
dumbtpa B(x), a HarypanbHell GuiabTp Fy— 6230l dunbTpa
®pelie Fy, NOCTPOEHHOrO B mnpumepe 4.

MNHorpa OwiBaer ynoOHO paccMaTpuBaTh QUILTPHI, YAOBIETBO-
pAIOLLKE €IIe OJHOMY JIOTIOJIHUTEIBHOMY YCIOBHIO.

Onpeneenne 9. Quavbmp § Ha muoxucecrnse X Hasvligaemcs
HOAHbIM, eCcau U3 YCAOBUN

Aeq, BeB(X) u AcB
caedyem, umo
Be§.

B paccMoTpeHHbIX Bblle npuMepax 1, 2 U 4 GUABTPHL SBIISIIUCE
nosHbIMH. Hanpumep, B npumepe 4 (unstp Ppelie) 310 BuITEKAET
U3 TOro, 4TO eciu A€ Fy U, CACAOBATENBHO, €ro JOIOJIHCHHE B
MHOXECTBE HATYpaJbHbIX 4ucesl /N KOHEYHO, TO Jit000e MOIMHO-
XECTBO HATYPANbHBIX YHCEN B, KOTOpOoe COOEPXUT A, TaKKe UMEEeT
KoHeyHoe ponosHeHne B N, ub6o, ecnu AcBc N, to N\Bc N\ A.

PunbTPhl XKe, pacCMOTpeHHble B npuMepax 3, 5 U 6, yxe He
SBJISIOTCS nOJHBIMU. B npumepe 3 Hatypanpublii Quabstp Fy He
SIBJISIETCS] TIOJTHBIM, TOCKOJIBKY HE BCAKOE TMOIMHOXECTBO A MHO-
XKECTBA HATYPAJIbHBIX WYHCEJ, COJepXKallleeé MHOXECTBO Buma A,
(cM. (64.1)), camo uMeeT TakoM BUA, T.e€. MPUHALICKHUT Ha-
TypajgpHOMYy GUALTPY Fy. PUALTPHL, PACCMOTPEHHBIE B IpUMeEpax 5
U 6, He SBJAIOTCA IIOJHBIMH, TaK Kak HE BCSIKOE MHOXECTBO,
cojepxallee OTKPBITOE MHOXECTBO, SIBJSIETCS 00s3aTEIHLHO CaMo
OTKPBITBIM.

Wuoroa B MaTeMaTH4eCKOW JIMTEpAType MOJHBIH (UILTD HA3bI-
BaeTcd Npocro GMILTPOM, a (GUILTP B CMBICIHE OmNpeneiicHus 4
Oazucom (uam 0Oaszoit) ¢uapTpa. ITO ONpaBAAHO TEM, UYTO
CNPAaBEAJIMBO CJICAYIOLIEE YTBEPXKICHHUE.

Jemma 1. Bcakuii guavmp sgagemca 6azoi  HEKOMopo2o
noanozo @Puabmpa.

HoxazatenbcTBO. Ilycth §F={A4}— bunbtp Ha MHOXeCTBe
X. Onpepenum  MHOoxectBO ®, xak MHOXECTBO BCEX TaKHX
MOAMHOXECTB B MHOXecTBa X, UYTO KaXJ0€ H3 HHX HMEET B
KAQYeCTBE CBOEI0 MOJMHOXECTBA HEKOTOPBIA 3jieMeHT ¢QuibTpa .
Kopoue, Be® Ttorma u TOJIbKO TOTJa, KOTJa CYIIECTBYET TAKOE
Ac§, uto A< B. IoxaxeMm, uro ® sgBisgeTCs MOJIHBIM QUILTPOM, a
bunpTp F —ero 0a3oii.

Ecnn B'e®, B"e®, 1o cymectBytoT Takue A'e § u A" € §, uro
A'cB', A" < B". Tlockonbky § — GuabTp, TO HaAMgETCH Takoe A € §,
uto 4 < A'(NA". 3amerus, uto A'(YA”"<B'(\B", nonyunm Ac
c B'(\B" u, cienoBaTenbHO, COTJIACHO ompeaeieHnto ® MHOXECTBO
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B'N\B" saBasetrcsa ero anementoM: B'(\B"e€®. TeM caMbiM BBINOJI-
HsieTCs ycnoBue 1° onpeneneHust 4.

Ecim 6w Je®, 1O cCHOBa, coryacHo onpeaencHuro ©,
Hamock Obl Takoe A€, uro Acf, HO Torga A=(J, T.e.
IYCTOE MHOXECTBO 0Ka3ajloch OBl JJeMEHTOM &, 4YTO mpo-
THBOpeUMJio OBl TOMY, uTOo & — dmnbrp. CrnemoBarensho, ¢ .
Kpome Ttoro, tak kak AcA, TO KaxAoe MHOXeCTBO AeF
apugerca U aneMmentoM ®, T.e. Fc®, a nmockonpky F, Kak
BCAKUl GuibTp, He mnycT: FFA, TO HE OYCTO U MHOXKe-
ctrBo ®: G#J. Taxum obOpa3zoMm, & ynosnerBopser BCeM
ycnoBusaM onpenesieHns 4, T.e. apaserca ¢uistpoM. Ero non-
HOTa TOXE cpa3y BBITCKAET M3 €ro omnpeaescHus. B camom
nene, ecmu Be®, Tto cymecrByer Takoe A€, uto A< B. Tlos-
TOMY IS Kaxjaoro MHoxecTtBa B', takoro, 4ro BcB'cX,
TaKXKe CHOpPaBeIIMBO BKJIIOUYEHHE ACB’, KOTOpoe MW O3HAvacT,
uto B'e ®.

Haxonen, § spasercss 6aszoit mommoro ¢umbrpa ®. [eiicTen-
TENLHO, C OHOM CTOPOHBI, Kak OBLIO Tmoka3aHo, F< ®, 1. e. PunbTp
& aBasgerca noaduiabTpom &; a BbOIe OTMEYANOCh, YTO BCAKUM
bunbTp cuibHee mroboro csoero noaduiabTpa. C Apyroit CTOpoHSL,
onpenenenue punbtpa ® kax paz m o3Hauaer, 4YTO QUIBTP §F
cwibHee punbTpa ®: kakoBo 6bl HM OblI0 Be® cymecrByeT Takoe
A€e@, uto A< B (cMm. onpepenenme 5). Urtak, ¢pwmwstpet § u ®
9KBHBAaJICHTHBI. []

Jemma 2. [Tycmv &, — Puavmp Ha mHonwcecmee X, &, —
guremp Ha mHowcecmee X, u

def
F={C: C=AxB, AcF,, BeF,}; (64.2)

moz0a § Aeasemca Guabmpom Ha npousgedenuu X x X, mHoxucecms
X, u X,

OunbTp §, onpenesieHHbIH paBeHCTBOM (64.2), Ha3biBaeTCH
npousgedenuem guiompos F, u §,. Ecim §F saBasercs npoussene-
HEeM ¢GwibTpoB &, U §,, TO numerca F=g, X F,.

HoxazartenscTtso. Ilycte C,e§, u C,€§,, TOTA4, COTIACHO
onpenenenuio (64.3), cymectBytot takue A, €F,, A,€F, U B, €F,,
B,e¥,, uto C,=A4,xB;,, a C,=A4,xB,. Ilockospky &, u
&, — bunerphl, TO Haknyrcs Takme AeF, U Be§,, uro

AcA,(\A,, B<B,N\B,. (64.3)

B cuny Toro xe onpenesenus (64.2), A x Be §, npudem u3 (64.3)
ciaenyer, 4To

AxBc(A; x B))N(4, % By),
ubo, ecnm (x, y) eAxB, To xeA, yeB. CnemosarejibHO, B
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cuny (64.3), xeA,NA,, yeB,(\B,, nosromy (x, y)e A4, xB; n
(x, y)ed,xB,, T.e.

(x, y)e(d, x B,)N\(A4, x B,).

Haxoney, xancooe C=AxB#J, Acg,, BeF,, ubo, B cuiy
onpeneienus ¢uietpa, A#J, B#F. U3 toro, uwto &, #J u
&, #J, cnenyer, uto U F=F,; X F,#J.

Taxum oOpaszoMm, F=F, X §, YIOBIECTBOPSET ONPENEICHUIO
bwipTpa. [ :

Jlemma 3. Ilyciiw X u Y —Hexomopvle mHoncecmsa,
f:X—Y —omobpancenue X ¢ Y u F={A}— Puabmp na mro-
acecmee X. Toz0a cosokynnocmv ecex o6paszos f(A) muoncecms us
Puavmpa § sAgagemca duabmpom Ha muoMcecmee Y.

Ounstp {f(A4)}, Ae§, uasbBaercs obpazom dutempa §F npu
omobpaxcenuy f M 0o0O3HAYaeTCA depes

f@)={/(4)}, 4€8. (64.4)

okaxem, 4To () meitcrButensHo sBaseTcst GpumbTpoMm. [lycts
fA)ef(F), f(B)eF(§), Ae& BeF. Torma cymecrByeT TaKoit
anement C dunptpa F Ce§, uro CcA()\B. [lockonbky
HAC)=f(ANB)=f(A)\f(B), u mo onpenenenuto cucremsl f(F) umeem
fC)ef(F), To nepsoe ycioBue onpenesienuss GpuiabTpa (cM. onpeie-
nenue 4) BoinosHeHO. BTopoe ycinoBue Takke BBITOJIHEHO, MOCKOJIb-
Ky f(&) cocrour Tombko W3 anemeHtoB Buma f(A4), rme Aeg.
CnenoBatenbno, f(A)# S, nockonbky A# . Hakosen, us Toro,
uto F#J, cnenyer, uro u f(F)# . O

64.3. IIPEJAEJl ®UJIBTPA

Onpenenenme 10. ITycmv X — monoaocuueckoe npocmpancmeo,
xeX, u §— ¢puromp na X. Touxa x nazwiaemca npedeiom guabmpa
§ uau €20 npedeavHoil Moukou, ecau puiemp F cusbHee Puabmpa
B(x), seaa0wecoca aokarwnoli 6azoi monoaozuu € dmoii mMouxe.

Ecau mouxa x saeasemcsa npedeaom dusompa &, mo nuwiym

x=hmg.

ITpumepni. 1. Ilycte X'=N-— MHOXECTBO HATYPANbLHBIX YHCEI,
paccMaTpuBaeMoe, Kak OOBIYHO, ¢ JUCKPETHOM TOMONOTHEH: KaXaas
TOoyka ne€N CYMTAETCS OTKPBITHIM MHOXECTBOM (MHA4Ye FOBODA,
Kaxjas TOYKa SBJISIETCS U3OJMPOBAHHOW TOYKOM); TOrAa HATYpalib-
Hbil GMWIBTp Fy (cM. npumep 3 B 1. 64.2) e umeer npejena B N.

JefcTBUTENbHO, HUKaKOe 4YUCIO ne N He SBJSETCA NPEnesioM
bunsTpa Fy, nbo y moboro wmcna n,e N CymecTByeT JOKajabHas
0a3a TOMOJIOTHM, COCTOsILAs TOJBKO M3 3TOrO 4YHCHA Ky, H HE
cymiecTByeT A€ Fy, comepXalierocs B OAHOTOYEYHOM MHOXKECTBE
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{ny}, mockosmbky moboe AeFy COOEPKUT OECKOHEYHO MHOTO
aneMenToB. Taxum ob6paszom, GuibTp Fy He CHIIbHEE JOKaJbLHOM
6aspl TOMOJIOTMH JIOOOTO 4ucia nye N

2. Mycre X=NU{+ 0}, T. e. MHOXecTBO X nojyueHo mobasiie-
HMEM K MHOXECTBY HATYpasbHBIX unced N «OecCKOHeYHO yAaJIEHHON
TOYKM» + 00, NPHYEM JIOKaibHas 6a3a Tonoyorun B (+ o0) cocTouT
U3 BCEBO3MOXHBIX MHOXeCTB A, (cM. (64.1)), a noxanbHble 6a3bl
B (n), ne N, no-npexsemMy u3 ojHo# Touku n. basa Tomonorun B X
ompenensercs Kak oOBbeIMHEHHE JIOKAJbHBIX 0a3 BCEX €ro TOYEK.

B mpoctpancrBe NUJ{+ o0} HarypanbHeii QuiubTp Fy HMeeT
CBOHMM IIpelesioM + o0. JlelCTBUTENIBHO, IS JIFOOOH OKPECTHOCTH
A,eB(+00) B kavecTBe JMeMeHTa A€ Fy Takoro, 4ro A< A, (cm.
onpenenende 10), MOXHO B34Tb caMo A,, ubo A,eFy.

3agaua 47. [lokasaTe, 4TO, AIs% TOro 4ToOBI MOOOH (GHIBTP TONOIOIHYECKOTO
NPOCTPAHCTBA UMCEJT HE Oosee OXHOTrO npeacia, HeO6XO)II/IMO 1 JOCTATOYHO, YTOOBI
NPOCTPAHCTBO 651710 XaYCIIOp(bOBbIM, .

Teopema 1. [as mozo umobsl mouka X A6AAAACH NPEOeAOM
Puavmpa § monosocuuecko2o npocmpancmea X, HeobxXo00umo, umoobsi
IMA MOYKA ABAANACH NPEOCAOM KaMNCOOU e20 0a3vl, U 00CMAMOYHO,
umobsl OHa ABAALACH NPeOesOM NO KpaiHed mepe 00HOU e20 0a3bl.

HoxasartenbcTBO HeoOxomumocTu. [lycte nmoadunsTp
Jo sBiserca Oasoit QuibrTpa § mpocTpaHcTBa X M

x=lim§,

T. €. GUIBTP § CHIIbHEE JIOKAJbHON 6a3bl Tonosoruu B(x) B TOUKE
x. DTO o03Ha4aeT, uTo MW JHoGoi okpectHocTH UeB(x) cyme-
crByer takoe A€, uto A< U. Tlockonbky g, sBasercs Oazoi
¢unbTpa §, TO JUIA YKa3aHHOro A€ § Haiaercs takoe BeF,, 4TO
Bc A u, cneposarenvno, B< U, T, €. noaduwibTp §&, TAKXKE CUIIbHEE
nokanbHO 6a3bl Tonosorun B(x), u moromy x=lim F,.

Hoxka3zaTenbCcTBO aAocTatTouHocTH. Ilycrs moadunbtp
o dunpTpa § sBisiercss ero Gasoit u x=limF,, T. €. §F, CHIbHEE
JoKasbHOM Ga3bl Tonosornd B (x), Toraa cam QuibTp §F TeM Gonee
cuibHee B(x), MO0 KaXAbliA JNEMEHT NOAGHIBTPA SBJISETC M
aneMenToM ¢unbrpa. CnenoBatenbHo, x=Ilim . I

64.4. TIPEJAEJ OTOBPAXEHHA 110 ®UWIBTPY

Ofuee nmoHATHE Openena HAeTcs CIeAYIOIM OIpencjIieHUEM.

Onpegenenme 11. Ilycmo X — nekomopoe mmoncecmeo, Y — mo-
noao2uueckoe npocmpancmeo, f. X—Y—omobdpancenue X 6 Y,
& — duavmp Ha X.

Touxka be Y nazvigaemcsa npedesom omodpancenus f no guibmpy
& u nuwemcs

lim 5 /(x)=b.
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ecau guasmp f(&) umeem ceoum npedesom & npocmparicmee Y
MOUKy
Taxum obpazom

lims /(x) = lim /(&) (64.5)

Ilpumepnt. 1. [lycts X= N -— MHOXECTBO HaTypaJIbLHbIX YHCEL,
€
Y — Tomosioruveckoe MpocTpaHcTBo, f:N—Y, y,,zf(n), neN, u

nycrb [Fy—HaTypajbHbelii (GUIBTP, TOCTPOCHHBIH B NpuUMepe 3,
n. 642, T.e. Fy cocront 3 mHoxecTtB (64.1). Torga npenen oro-
Opaxenus f no GunbTpy Fy coBmamaer ¢ OOBIYHBIM IPEICSIOM TO-
cnenoBatenbuocty {y, ) B Y. [elictutensro, ycnosue limy f Z)zb
PaBHOCHJIBHO, COrjIacHo (64.5), ycnosmio limf(Fy)=b, rae f(Fy)=
:{f(A,,l}, f(4,)={y,:m>n}. PaBercrBo upemesna ¢uibTpa f’(FN)
TOYKE O3Hawaer, 4to Jus Jroboit okpecrnoctn Ue B (b), rae
B (b) — nokambHas 0a3a TONOJOTMH B TOYKE b, CYLIECTBYET
conepxkantmiics B U onement f(A4,) dumptpa f(Fy):f(4,)<U.
[TockosibKy npu 71>n, BBINOJHAETCS BKJIKOYCHUE nE A, , a CleloBa-
TeNbHO, W BKIOueHue y,=f(n)ef(4,), TO npu n>n, AMEET MeCTO
BKJItOUeHUe y,€ U. D10 M o3HavaeT, 4yto lim y,=bh

n— oo

2. [Tyctb X=Nx N, Fy — HaTypaJibHbI GUIBTD, § = Fy X Fyy (M.
(64.2)), Y — Tomosnoruyeckoe npocrpancrso, f: Nx N- Y, ymnq—il}‘(m,

n), meN, neN; torna npenen limgf(m, n) coBnagaer ¢ OGBITHBIM

TIPE/IENIOM JIBOHHOMN MOC/IE0BATENLHOCTH {),,,}: TOYKA b Ha3bIBAETCS

npefesioM  lim  y,, TOCIEIOBATENLHOCTH 1V,,,}, €CIA ISl JIHo6OH
(m,n)— o0

OKpecTHOCTH U TOUKHM b CYIIECTBYIOT TAKHE Ml U Ny, YTO IIPU M >Ny U

n>n, BBINOJIHAETCS BKJIOUeHUE ¥,,€U. Takum o6paszom,

limgf(m, n)= lim y,,.
(m, n)—

3. Ecim cucrema F={4,}, A, X, oeB, sBnsercs Hampase-
HueM (cM. mpumep 7 B 1. 64.2), a ¥ — MeTpHYECKOe NMPOCTPAHCTBO,
TO cymecTBoBaHue npefena limgf(x)=b ortobpaxenus f:X—Y
O3Hayaer, 4ro s Jwoboro £>0 CylecTBYyeT TaKoe MHOXECTBO
A,€§, uTO 1s Beex x € A, BbioJHsAETCs HepaseHCTBO P (f(x), b)<e.

B aroM ciyuae npesent limg/(x) HasbIBAIOT TAKXKe IPEAETIOM IO
HanpaBJIeHHIO.

4. Tlycts E—wu3mepumoe mno Kopaany MmHOxecTBO B R”,
T-—xakoe-mubo ero pasbuennme: t={E;}iZk, § ek, i=1, 2, .., k.
ITycrs 3meMeHTaMB MHOXeCTBa X SBISIOTCS, B CBOIO OYEPEnb,
BCEBO3MOXHBbIE MHOXECTBA BHJA

x={1, &, . &} (64.6)
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Hast moboro 1 >0 0603HauuM 4epe3 A, NOJAMHOKECTBO MHOXECTBA
X, cocTosiuiee U3 BCEX TAKUX 371EMEHTOB. X, Y KOTOPBIX MEJIKOCTH | T|
BXOJSIIHX B HUX pa3OMeHMit T MeHbIE T, T.€. |T[<n.

Cucrema §={A4,} sBusercs ¢unbrpom Ha X. Bonee Toro,
cuctemMa & mnpeacraraser coOol HampaBieHWe, ecM B HeH 3a
OTHOIIEHHE mNOpsaKa A, 34, B3ATh BKIOYeHue A, <A, .

Besikas neucmmenbnaﬂ dyuxumus f: E— R nopoxnaer 0T06pa-
xenne @,:X-R no ¢opmyne

0/ ()% X SCIEL x=15, B o &)

Taxum oGpasom, o, (x L SBJISIETCS 3HAYECHHEM COOTBETCTBYIOIIEH
MHTErpajbHON cymMMmbl PuMana ¢yHkumm f.

[Ipenen orobpaxenns ¢ : X—R no ¢unstpy §={4,} copmana-
€T ¢ OOBIYHBIM TIPENEIOM HHTETPAJIbHBIX CYMM Pumvana byskuuu f
IpPU YCIIOBHM, YTO MEJKOCTH pPAacCMaTpUBAaEMbIX pa3OMeHHH cTpe-
MSTCS K HYJIO;

limg@,(x)=lim ) f(&)nE

tl=0i=1

OueBH/IHO, YTO 3TOT HPEEJ SABJSETCH MPEIETIOM MO HANPABJICHHIO.

5. Tlyctb X u Y — TONOJNIOrMYECKHE NPOCTpaHCTBA, f:X—-7Y,
aeX, u §—rTakoil PunbTp Ha X, uro lmF=a (1.e. PuabTp
& cuibHEE HEKOTOPO# JIOKajbHON Gasbl Tomosornu B(a) B TOU-
ke a).

[pemen limgf(x) B maHHOM ciydae HAa3BIBACTCS npededom
omobpaxcenusn [ no guaempy § 6 mouke a.

IMpu cooTBeTcTByrOWMX BBIOOpax OGWILTPOB § OyAyT IMOJY-
4aTbCs, B YAaCTHOCTH, TPEJCSibl B JAHHOW TOYKE MO PAa3IUYHBIM
MHOXxecTBaM. Hanpumep, eciim puiabTp & COCTOMT M3 OKPECTHOCTEH
HEKOTOPOH JIoKajabHOH 6a3el  Tomosoruu B(a) Toukm a, TO
cylecTBoBaHue npeaena limgf(x) B Touke @ no TakoMmy (GUILTPY
O3HAayaeT HENPEPHIBHOCTL OTOOpaXeHuss f B TOYKE a, MPHYEM

limg f(x)= 1i_rP f(x)=f(a).

Ecnu Touka a sBiseTCS NpenesIbHOH TOYKOi MHOXecTBa X, a
GuIbTp § COCTOMT M3 MNPOKOJOTHIX OKPECTHOCTEH HEKOTOpPO#
JIOKaJIbHOHM 0a3bl TONOJIOTHH B 3TOM TOYKe (CM. mpuMep 6 B n. 64.2),
To mpemen limgf(x) coBmamaer ¢ mpemenom limfi (xi x#a.

xX—a

Ecim X u Y — NOAMHOXECTBA COOTBETCTBEHHO METPHUYECKUX
npocrpadctB X' u Y', aeX’', beY’', TOo cymecTBOBaHHE INpeaena
limf(x)=b, o3mawaer cymecrpoBaHue mupenena GyHKUMH [ 1O
X—a

HaIIpaBJICHUIO §§, COCTOSIIIEMY H3 TMEpPECceUYeHHH MHOXecTBa X €O
BCEBO3MOXHBIMHM §-OKPECTHOCTSIMH TOYKM Xx=a (CM. mnpumep 3).
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ITO PaBHOCHJIBHO TOMY, 4TO JJIS BCAKOTO £€>( CYHIECTBYET TaKoe€
0>0, uTo IIg BCEX TOYEK XE€ X ﬂ U (a; 8) BBINOJIHAOTCS. HEPaBEHCTBA
p(f&x), b)<e.
aMETUM, YTO paHbIUE CHMBOJI X—a, X€E He uMen s Hac
CaMOCTOSITEIbHOTO CMbICIa: OBLJIO ONpedesieHo JHIlb Bce 0003Ha-
yennte  lim f(x) B uenom. Tenepb, B KOHLE Kypca, Mbl BUIUM, YTO
x—a,xek
CUMBOJI Xx—a, x€E, MOXHO paccMaTpuBaTh Kak o00O3HauYeHHE
¢unbrpa (Hanpumep, ¢GUILTpPa %(a) win  uistpa B(a)), no
KOoTOpoMy OepeTcst mpenen OTOOpa)eHHs.

WTak, NeACTBHTEIHLHO BCE BCTPETHUBIUMECS HAM PaHbIIE MOHSTUA
npejesia ABJSIOTCA YacTHBIM CJIydaeM mpenesia oToOpakeHHs IO
bubTPY.

Hns otobpaxeHWid B TOJHOE METPUUECKOE IPOCTPAHCTBO,
B YaCTHOCTH MJii BCeX (YHKUHMH, NPUHAMAIOMIAX YHCIOBblE 3HA-
YeHHS, HMMEETCS XpUTEpPUHM CYIIECTBOBaHMUSI Tmpeaesa 1O (UIIb-
Tpy, (opMmynupyemMblii B TepMHHax camoro ¢misTpa, 06e3 wuc-
MOJBb30BAaHUsl 3HAYEHHMS CaMOro Tpenesa, T. €. KpUTepHid, 0000-
marmii  pazHooOpasnsie kputepun Kolm, BcTpedaBlivecs HaM
paHblie.

Onpenenennie 12. Puaomp 6 -Mempuueckom npocmpancmee Ha3wi-
gaemcs guavmpom Kowu, ecau on codepymcum ckoav ye00HO Manbie
no Ouamempy MHONCECMEd. :

Teopema 2. [Jua moco umobvr omobpaxncenue f:X—Y npo-
U3601bHO20 MHOMCecmBa X 6 NOAHOe MempuyecKoe npoCmpanHcm-
60 Y umeno npedes no HeKOMoOpomy Puibmpy MHOMCECBA
X, neobxodumo u docmamouno, umobbr obpaz f(F) Pusempa F
npu omobpancenuu [ 6via  Puasempom Kowwu 6 npocmpancm-
se Y.

HoxazatenbcTBo. HeoOxomumocTts. Ecim cymecrt-
ByeT npexen limgf(x)=b, TO, cormacHo ompenenenmio 10, mns
nroboit  e-okpectHoctn  U(b, €) rtouku beY cyurecrByeT Ta-
koe MHOXecTBO Ae®, uro f(A)cU(b, € m, crmegoBaTenb-
Ho, diam(f(4))<2e. Oto u osnauaer, uro GuasTp f(F) comepxur
CKOJIb YrOJAHO MaJible MO AMAMETPYy MHOXECTBA, T. €. SBJSETCS
¢uwbTpoM Konm.

Hoctatounocts. Iycrs dunbtp f(F) sBasercs ¢GuipTpom
Komm. Breibepem kakoe-nu60 MHOXECTBO A, €X TaKk, 4YTOOHI

diam (f(4,))< 1, a3aTeM MHOXecTBO B,€® Tak, utobb diam (f{B,)) < %

CornacHo oOInpeneeHnio GUIBbTPA, CYHIECTBYET TAKOE MHOXECTBO
: 1
A,eE, uto A,cA;, u A,cB,, a cienoBaTenbHo, d1am(A2)<5.

. 1
Ecnu BbIOpaHel MHOXecTBA A,€F Tak, 4TO dlam(f(Ak))<E,

k=12, .., n, "
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A, oA4,0..04,

TO HaiifIeTCsl MHOXECTBO B, §, Mist kotoporo diam(f(B,))<-——. a

3aTEM H TaKO€ MHOXECTBO An+ 1 € 3, 4TO
An+ 1& An’ An+ 1 CBn’
a CJICOOBATECIBHO,

. . 1
diam ( f(A <.
(f( n+1)) n+ 1
ITponomnxas 3TOT mpoiiecc, MOJYYUM MOCAEAOBATEILHOCTh TAKUX
MHOXeCTB A,ef, n=1, 2, ..., 4T0 115 Hee OyAyT BBIIOJHATHCS
YCIIOBHS:

) fl4,)#3, n=1, 2, ..

2) f(4)>f(Ay)>...of(4,)>..;
3) lim diam (/(4,)=0.

DTO 03HAYAET, YTO MOCJIEHOBATENLHOCT MHOXECTB f(A4,), n=1,
2, ..., METPHYECKOTO IPOCTPaBCTBA Y SBISETCH TMOCIEI0BaTE/b-
soctero Komum.

B cuny nonHOTHI HpOCTpaHCTBA Y, COTJACHO CJEACTBHIO
TeopeMmbl | 1. 57.2, cyllecTByeT ToHka b€ Y, SBIJISIOMIASICS TOYKOM
IIPUKOCHOBEHHS! JUIS BCeX MHOxecTB f(A,). BbibepeM mpous3BosibHO
€>0. B cuny BBINOJIHEHUS YCJIOBUS 3, CYLIECTBYET TakKO€ My, UTO
AMEET MECTO HEPaBEHCTBO

diam (f(4,,)) <. (64.7)

Tak xak Touka b sBJSETCS TOYKOH NMPUKOCHOBEHHS MHOXECTBA
f(4,,), To waiinercs Takas Touka yef(d,), 4TO

p(b, y)<§. (64.8)

N3 nepapencts (64.7) u (64.8) ciuepyer, 4To s JFOO0H TOYKH
z€f(A,,) BHIIOHSIETCS HEPaBEHCTBO

plz, B<plz, y)+ply b) 5 diam(f(4,,)+5 <

2(64.7)

€ €
<z+-=£
2+2

JTO 03HAYaeT, 4TO f(A"O)C U(b, e).
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TakuMm oO6pa3oMm, B Jit00OM OKPECTHOCTH TOYKM b MMeeTcs
ajeMeHT GUIbTpa f(?}), T. €., coryiacho omnpeneieHusM 10 u 11,
uMeeM

limf(x)=b. [J

B 3akirouenwe OTMETMM, YTO Ha Mpeleibl 1o  QUILTPY
0TOOpaKeHH B YHCIOBbIE MHOXKECTBA OYEBHIHBIM 0Opa3oM 0600-
IAFOTCSE CBOMCTBA KJIACCHYECKMX KOHEYHBIX MpenesnoB (GyHKIUH,
HApUMeEpP BO3MOXHOCTh MPEAETHHOrO MEpexoja B HEPABEHCTBAX,
U CBOMCTBA, CBfI3aHHbIE C apUMETHYECKHMMH CBOHCTBAMM HaJ
byHKIASIMH.
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oTobpaxenue 183

Ennuuynas $ynxuus 287
EcrecTBcHHOE BroxeHue 215
-~ oTobpaxenue 209
g-okpectHocTh 100

g-ceTb 121

" 3aMKHyTas OpTOTOHANLHAA CHCTeMa 239

HsomeTpuuHoe cooTBeTcTBHE 99

M3oMeTpuunbie TipocTpadcTBa 99

Wsomopduszm 146, 159, 179

UzomopdHOe o0TOOpaNeHuE
179

M3oMopdubie siHeliHbIE TIPOCTPAHCTBA
146, 159, 179, 200

Wnrterpan dupuxae 17

146, 159,

— ®ypbe 69

—- --— B KOMILIeKCHOH ¢opme 81

Wnrterpanpnoe ypaBHenuwe Bonbreppa
113, 114



Murerpanst Jlanmaca 86

WuTepBan B TMHEHHOM HOPMUPOBAHHOM
npocTpaHcTBe 183

WuTepnonsiuvMoHHeili MHOrouieH 316

— — Jlarpanxa 317

KsanparypHas ¢opmyna 318, 322

— —, TO4YHad [J% MHOTOYICHOB [aH-
HOH crenenu 322

Kracc asksusanentaoctu 205, 206

KoMmakr B METpHYECKOM HpPOCTpPAH-
cree 120, 121

KoMiuiekcHOe JHHEHHOE MPOCTPAHCTBO
138

Koneynoe nokpwitue 127

KoHeuyHOMEpHOE JIHHEHHOE NPOCTPAH-
crBo 140

Koncranta Bnoxenus 227

Koutunyym 133

Kowu 0. 101, 105, 109, 192, 243, 34]

KoodpduuueHTsl pa3ioxeHus 3jeMeHTa
no maHHoMy Oasucy 168

— ®ypre 9, 231, 233

Kpurepuii  nuHeiinoit
JneMeHToB 221

Kponexep JI. 140

KycouHo-HenpepblBHasg Npou3BOAHas 55

HC3ABUCUMOCTH

Jazpanne K.-JI. 317

Jexcandp A. M. 143

Janaac I1. 86

Jebez A. 23, 154

JMetionuy I'. 31

Jlemma JI. IlIBapua 185, 186

Jluneiinas xoMOHMHANUS 37EMEHTOB MpPO-
crpaHcTBa 139

— obosiouka MHOXxecTBa 140

JlyneiiHO 3aBHCHMAas CHCTEMa BEKTOPOB
139

— He3aBUCHMUs CHCTEMA BeKTOpoB 139

JIuneitnoe orobpaxenue 145

— HTpocTpaHcTBO 192

— —— C TIOYTH CKaJAPHBIM MpPOHU3BElE-
Huem 192

— — CO CKaJIPHBIM INPOU3BEIACHHEM
192 '

— — — cxoauMocTbio 275

Jluneitnocts nuddepenumana 182

— KkBagpaTtypHo# ¢dopmyasr 322

— mnpeobpazoBanus Dypre 83

Jluneiinplt onepatop 145

— (ynkumonan 255, 276

Jlurwuy P. 37

JloxanpHas 0a3a TOMOJIOTMU NPOCTpPaH-
crBa 332

JlokanpHo untTerpupyeMas ¢ynxuus 281

Meron «Buiaku» 309

— kKacatenbHbix  (Metod  Hbrorona)
312315

— xopa 310—312

Merpuka 96

—, NOPOXAECHHAA 3aJaHHOM  HOpPMO#H

npocTpaHcTa 161
MeTtpuueckoe npocrpascTso 96
MuHEMaJIbHOE . CBOKCTBO K03(ipuumeH-
TOoB ®Dypne 232
Muorounens! Jlexanapa 143
— YeOpunena 143, 144
MynbsTrinHERHOE oToOpaxenue 148

Haunyuinee npubixenue 3JieMEHTa C
HOMOUIBKO  JIHHEAHBIX KOMOHHANHI

233

‘Hanpapnenue 334

Harypanbnbiii ¢unstp 333

HenmonsuxHas Touka otoOpaxeHus 111

HenpepriBHOe 0OTOOpaxeHHe B TOUKE
107, 108, 111

— — HpPOCTpaHCTBA B
108, 158, 159, 278, 279

IIPOCTPAHCTBO
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Henpepoipupiid  dynxuuonan 276

HepasenctBo bBeccems 51, 234

— Ko — ByHsikosckoro 192, 194

— Komm —HiBapua 243

— TpeyronbHuxka 149, 192

n-MepHOe npocTpaHcTso 140

n-mMepHblil  BexTOp 140

Hopma 149

— OunmHeitHOrO OTOOpaxeHus 176

—, TIOPOXZACHHAs CKaJIApHBIM TIPOHM3BE-
nenvem 193

HopmMmupoBanHOe JHHEHHOE NPOCTPaH-
cro 149

Hocurtens dynxuuu 12

Hynesoit dynxumonan 277

— osemeHT 138

Hoiomon H. 312

O6o6mennas Qynxuus 281

— — MENJIEHHOro pocta 291

O6pa3 ¢dumbTpa 337

ObpaTtHoe npeoOpazoBanue dypbe 82

Obpamiecnue B HyJb 0000weHHON (yHK-
IMH Ha uHTepBane 285

OrpannuenHoe Ounuueiinoe orobpaxe-
Hue 176

— mMHoxecTBo 105, 158

— 1o NoJyHOpMe (IO HOpPME) MHO-
xectBo 158

Orpannyensbiit onepatop 171

OKpeCTHOCTb TOYKH TOMOJIOrHYECKOTO
npoctpadcTa 331

Omnpenenurens Baupepmonna 316

— I'pama 221

Oproronanu3anus 225

OproroHaibHasi TPOEKUHMS OJJIEMEHTA B
HOANPOCTPaHCTBO 251

— CcHCTEMa JJIEMeHTOB 6, 220

OpToronajbHoe
crBa 250

JONOJIHCHAUC  MHOXC-

OproroHanpHbie 3JieMeHTBl 220
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OpTOHOPMHPOBAHHAS CHUCTEMA JJIEMEH-
ToB 220

OcTaTo4HBIH WieH uHTepnoasmuu 317

OTKpPBITOC MOJAMHOXECTBO TOMOJIOTHYEC-
Koro mpocrpancTBa 331

OrtHotileHue 3kBUBaneHTHOcTH 205, 329

OTpe3ok B JHHEHHOM HOPMHPOBAHHOM
npocTpaHcTBe 183

Iapcesane M. 52, 236

INepuonnueckoe MPoaosKEHHE QYHKIHU
10

Tukap HI. 3. 111

Iaanwepeas M. 265

[InoTHOe MHOXECTBO B IPOCTPAHCTBE
116, 165

IMoanpocrtparctBo 98, 139, 249

Moadunstp 334

TloxpeiTHE MHOXECTBa 127

[TonHas cucrema QyHKUMA B cMbIciie
paBHOMEpHOTO mnpubmxenus 47

—————— CpEIHEro KBaIpaTHYHO-
ro upubsuxenusi 48

— — DJIEMEHTOB nmpocTpaHcrea 165,
166, 226, 227, 237

[lonHoe nHUHEHHOE HOPMHUPOBAHHOE NPO-
cTpaHcTBO 163

_—— METpHYecKoe mpocTpancTBo 102

Monueiii unbTp 335

[MonoxuTeabHass ONPEACNCHHOCTb CKa-
nsipHoro mpousseaenns 191

— TOJIYONPEACIICHHOCTh TOYTH CKaJIsp-
HOro mpoumsBeacHus 191

IMonynopma 148, 149

----- , TIOPOXIEHHAs TMOYTH CKAISAPHBIM
npousBeaeHueM 193

IMonyHOpMUPOBAHHOE JIMHEHHOE TIpO-
cTpancTtBo 148, 149

IMomonHenue mpocrpancTea 116, 120,
164, 202, 285

TMocnenosatensrocts Komm 101, 105,
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MocTosnnas obobuieHras ¢yuxkuus 282

[Mourn cxkamspHoe mnpousseaenue 191,
192

ITpasunsHoe pa3buchue 8

IpearunsbepToBo npocrparcrtso 201

Ilpeaen orobpaxenus 107

Nno HampasieHuo 339

— — — ¢uabTpy 338—340

— TIOC/IEAOBATEIBHOCTH TOYEK METPH-

4eckoro mpoctpancrsa 100

— unsTpa 337

INpeaxkoMmakTHOE MHOXeCTBO 134

ITpeobpazosanue Pypre 81, 82, 266

— — o0o0uieHHo# ¢yHKIMHM 297

ITpusnak [duum 24—26

Tlpunuun HenmoaBwXHON Touwkm [Tuka-
pa— banaxa 111 —113

— Jokanuzanuu 21

— CKUMAIOHIHX
113

IIponomxenue ¢yHkuumonana 278

IMpousBeneHue AUHEHHBIX NPOCTPAHCTB
147, 174

— ¢uabrpos 336

— JJIEMEHTA JIMHEHHOrO IPOCTPAHCTBA
Ha 4ucyo 138

ITpoussomuas Tato 183

— n-ro nopsaka 187, 188

-— 06obtwenHoON yHKIMU 286

— 10 HampaeyeHuto 183

— ®pewe 182

IMpocras rapmonuka 27

IMpocTpancTBo  000OIWIEHHBIX  DyHKIHI
283

—- —= — MEJUIEHHOro pocra 291

— OCHOBHbIX (ynkimit D 280

- — — § 289, 290

—+ CO CXOOHMOCTbIO 275

Cm. makxnce YxaszaTeslb OCHOBHBIX 060-
3HAYEHU ]

otobpaxenuit 111 -

ITpoTuBoNMONIOKHBIE 2/1EMEHTHI 138
[Mpamas cymma moamnpocTpaucTts 145

PagencTBo 06001eHHBIX (yHKUMA 285

— ITapceBans 52

—- [Mapcesans— Creknosa 236

PaBHOMEpPHO HempepbIBHOE OTOGpaxeHHe
108

-~ OIPAHHYEHHOE CceMeHCTBO (yHKumit
134

— cxosuuasics HOCIEA0BATEILHOCTD
oTobpaxennii 109

PaBHOCTENEHHO HENPEPHIBHOE CEMENCTBO
¢byukunit 134

Paszioxenue sorapupMa B CTENEHHOH
PaA B KOMIUIEKCHOH oO0dactu 65, 66

— JJIEMEHT4 TNPOCTPAHCTBA MO 0a3ucy
167

Pa3HOCTBL 2J€MEHTOB JHMHEHHOro npo-
crpadersa 138

Paccrosinue 96

—, TOPOX/IEHHOE 3dAAHHBIM
HbIM Tnpou3BeAeHueM 193

Perynspaas Touka 23

Puman b. 11, 154

Pan B nuHelHOM HOPMMPOBAHHOM MpO-
cTpaHcrse 166

— Jleiibnuua 31

— 06001ueHHBIX GYHKIMIH 289

— dypse 9, 62, 233

— — B KOMIuiekcHOi dopme 64

— — s HeyeTHOM ynxkumm 28, 63

— — — vyetHo# ¢ynkuum 27, 28, 63

cKansp-

Ceeprka (Qynxkuuid 90

CBSI3HOE  METPHYECKOE
133

CenapabenbHoe mpoctpancTBo 127, 166

Cxumatowee otobpaxende 111

NPOCTPAHCTBO

Cunbubiit ubdepennnan 184

CumBoa Kponekepa 140, 141
CumMMmeTpuuHas Gununeiinas gopma 188
Cumncon T. 319

CkanspHoe npoussenenue 191, 192
Cnabas npousBomHas 184

Cnabeiit puddepeHnuan 184
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Coboaes C. JI. 274

ConpskeHHOE TpocTpakcTso 256, 278

Coxoyxuit FO. B. 285

Cpensee KBaJpaTHYHOE OTKJIOHCHME 48

Cmexaos B. A. 236

Crynenuatass QyHkuus 259

CymmMma pspa 65, 167, 198

— Oeiiepa 39

— ®ypre 9, 16

— JJIEMEHTOB JIMHEHHOrO NMPOCTPRHCTBA
138

Cxoasuascs no nojyHopMe (o HOpMeE)
HOCJIe/I0BATEILHOCTH TEMEHTOB IPO-
crpancTBa 156

— TOCJIEOBATEIBHOCTD
108

<= —— TOYEK METPHYECKOrO NPOCTPAH-
cTBa 99

— — byHkuuonanos 277

— — oyuxuui 280, 290

CXoAUMOCTb B CMBICTIE
157

— — — CpenHero keaapaTthyHoro 157

Cxoasuuiics uHTerpan 8

— paa 65, 166, 198, 289

CuetHoe mokpbiTHE 127

otobpaxeHnit

P-CPEIIHETO

Teopema Apuena 134-—137

-—— O 3AMKHYTBIX U TOJHBIX CHCTEMax
239, 240

— — KOMIMO3UUMHA HENPEPHIBHBIX OTO-
OpaXCHHH METPHYECKHX MPOCTPAHCTB
110

— —— KOHEYHBIX TpHpaleHusx oTobpa-
KEHUH HOPMHPOBAHHBIX
npocrpaucTB 186, 187

JIMHEHHBIX

~— — JuHeHHBIX (YHKUMOHANAX TIHJIb-
0OepTOBBIX TPOCTPAHCTB 256 —258

—- — HETO/BIKHOH TOYKE COKUMAIOILUX
otobpaxenuit 111—113

— — NONOJIHEHMU JIMHEHHOTO HODMH-
POB3aHHOTO NpoCTpaHcTBa 164, 165
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— — — — TNPOCTPAHCTBa CO CKaJAp-
HbIM TIpom3pesienueM 201, 202
—— —— — METPHYECKOTO TNPOCTPAHCTBA
116—120

-— — — mpocrpadctBa CL, 216, 217

— — TOpsaKe NPUOIMKEHHS HHTETpa-
JIOB C TIOMOLbIO KBaJAPATYPHBIX (op-
My 324 —326

— — nocneposaTenbaocTd Koum nop-
MHOXECTB MOJIHOTO METPH4ECKOTO MPO-
crpaHcTBa 106, 107

— — NOWIeHHOM i epeHIMPOBaHHH
TpuroHoMetpuueckoro psna Oypee 54

— — — HHTETPUPOBAHHH TPUTOHOME-
Tpuyeckoro psiga Pypre 58 —60

— — mpenene orobpaxeHHs 1O GUIb-
Tpy 341—343

— — — o¢unabrpa 338

— — MpeACTaBNEHHM (YHKLMH HHTe-
rpaioM ®ypse 75—78

— — upeobpa3osanun Pypre B 1po-
cTpaHcTBe S 293—295

—————— S’ 299

— — Pa3JIOXKEHHH MHOXECTBA Ha MOJ-
MHOXECTBA, COCTOSIIIME M3 OJKBUBA-
JIEHTHBIX 3JIeMeHTOB 329, 330

— -— — TPOCTPAHCTBA B MpPAMYIO CyM-

My €ro OpTOTOHAJbHbIX TOANpPO-
cTpancTs 254, 255
— — CYLICCTBOBAHMH  OPTOHOPMHPO-

BaHHBIX Oa3ucor 240

— — CXOAMMOCTH TPUTOHOMETPHUYECKO-
ro psaga Oypse B naHHoil Touke 37, 38

— 00 n3oMop¢u3iMe riibOepTOBLIX MPO-
cTpaHcTB 240, 242, 243

— — OpToroHamusanuu 224, 225

— — OJKBHMBAJICHTHOCTM  HOPMHUPOBaH-
HBIX KOHEYHOMEDHBIX JIMHEHHBIX TIpO-
crpancrB 151 — 153

— Pumana o xo3bduumentax psga Py-
pbe aGCONIOTHO HHTErPUPYyEMOH DYHK-
wan 11, 15, 16



— Oeiiepa 42--44

Teopemsl Befiepuitpacca o mnpubsmke-
HUM HETpPEpHIBHBIX GYHKIMH TpUro-
HOMETPHYECKIMH M aJIrebpanyecKumMu
MHorowicHamu 45, 46, 48

— 0 eQUHCTBEHHOCTH paaoB Pypoe 238,
248

— — KOMIIaKTaXx B METPHYECKOM HpO-
crpancree 126, 127, 131 —133

— — JMHEHBIX OrpaHMYEHHLIX OMNepa-
Topax 172—175

— — MHHHMAJIBHOM CBOMcTBE K03ddu-
weHToB Pyppe 50 —52, 230-—232

-— — HENpepbiBHBIX OTOOPaXEHUAX Me-
TPHYECKHX mpocTpaHcTs 132, 133

~— ~— TOJIHOTE TPHTOHOMETPHYECKHX M
anreOpanyeckux MHOTOUJIEHOB B NpO-
CTPAaHCTBAX HENPEPBIBHBIX  YyHKIMI
48— 50

— -— npeobpazoBanusx Pypbe abco-
JIOTHO  WHTETPUPYeMbIX  (yHKUMH
86—89, 93, 94

— —- TIPOU3BOJHBIX OTOOPAXKCHUI B JIH-
HEHHBIX HOPMHPOBAHHBIX TPOCTpPAH-
crax 182, 183

— —— PaBHOMEPHO CXOAALIMXCH TPHUIO-
HoMeTpHuueckux psagax Pypee 7, 8§,
56 —58, 249

— — cxoauMmocTu panos Pypse 52, 53,
235—238, 245

-— 00 OrpaHM4CHHbIX OWJIMHEHHBIX OTO-
Opaxenusax 176, 177, 179, 180

— -— OPTOrOHAJBHbIX NPOEKIHAX 251 —
254

— [Inanmepens 265—268

Tomnosoruyeckoe mnpocTpancTso 331

Tononorus npocrtpaHcrsa 331

Touxa npoctpancTBa 96, 139

T-nepuoauueckas ¢yskuus 9, 10

TpeyronbHas marpuua 142

TpuroHoMerpuyieckas cucTeMa QyHKIMI
6

TpuroHoMeTpuyueCKUil MHOrousied 44
— psn 6
— — Dypse 9

Vaen 322

— uHTepnonsuuu 316

YnopsamoueHHOE MHOXECTBO 334

Venosue Iénvaepa 36

— Jlunumuoa 37

Desiep J1. 39, 41

Gunsrp 333, 335

—, boniee CHIIBHBIE TO CPABHEHHUIO C
JaHHBIM 334

— Kommu 341

— Opeme 333

GunuTHas cryneHyartas ¢pyHkuus 12, 259

— ¢yuaxnus 12

$opmyna obpaiuenus 82

— TIPAMOYroJIbHUKOB 319

— Cumncona 319 —321

— Teitnopa ans orobpaxeHnit uHei-
HbIX HOPMHPOBAaHHBIX MPOCTPAHCTB
189

-— Tpaneuu# 319, 320

~— @ypbe 75

dopmyast Coxouxoro 285

®Ppewe M. 180, 275, 333

®dyHIaMEHTaNbHA OTHOCHTEILHO HOD-
Mbl TIOCIENOBATENBHOCTL TOYEK IIPO-
cTpancTBa 161

— MNOCNEAOBATEJBHOCTh TOYEK METpPH-
4eckoro mnpocrtpancTea 101

OGyuxnuonan 274

— HajJl JIMHEHHBIM NPOCTpPaHCTBOM 276

DYHKIHOHANIBHOE HPOCTPaHcTBO 219

Gyukuus Hupaka 269

—- knacca [éabaepa 38

~—— MeJUIEHHOTO pocTa 291

—-, YAOBJICTBODSIOIIAA  KJIACCHUECKOMY
ycnosuto Ténpaepa 36

—, — yenosuro [énbaepa 36

—, — — — cneBa, cnpaBa 36

— Xesucaiiga 272, 287

349



Dypoe HI. 9, 16, 69, 82, 231, 233

XapaktepucTHueckass (GyHKUMS MHOXe-
crBa 12

Xaycoopp . 331

XaycmopdoBo TONOJIOTHYECKOE NPOCTPAH-
cTtBo 331

Xesucaiio 0. 272

YacTuunas cymma psaga 64, 65, 166, 289

Yeovuues I1. JI. 143

ILllgapy I'. 243
Hlgapy JI. 185, 274

"JKBHBAJICHTHbIE HOpMBI 15]

— MOCJICIOBATEILHOCTH 3JIEMEHTOB Me-
TpHYeckoro mnpocrpaHcrsa 116, 117

— ¢unsTpsl 334
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ToM 205

— anemedTel 160, 197, 329

Anpo upuxne 17
— Oeiiepa 39, 41
— oToOpaxeHus 145



YKA3ATEJAb OCHOBHBIX OBO3HAYEHHHA

Jx)~ 329 + Y, a,cosnx+b,sinnx—ynkuun f(x) conocramnsercs ee psg Dypbe
n=1

supp f—Hocutens byHkuuu [
%(x), xg(x)—xapakrepucTuueckan ¢dynkmus mHOXecTBa E
. p—TIJIaBHOE 3HAYCHHE HHTErpana
Ff]. f—npeobpazosanue ®ypbe dyncuun f
F~'[f]—o6patnoe npeobpasosanue Dypne Gynkmmm f
o*Y, (@={)(x)—cBepTka Oyukumit ¢ u
8 —cumBon Kponexepa
P,(x)— muorounenst Jlexanmpa
T, (x)—mHorousnenst Yebbunesa
p(x, y)—paccTosHEe MeXay TOYKAMM X M y METPHYECKOrO HPOCTPAHCTBA
Hxll; lixlly, xeX—nmnomyropma, HOpMa
X+ Y—anrebpanueckasi cyMMa NOAMHOXeCTB X M Y JIMHEHHOrO TNpPOCTPaHCTBa
X®Y—npaMas cymMMa JIMHEHHBIX MpoCTpaHcTB X u Y
X X Y—nmpousseneHue NUHEHHBIX (HOPMHUPOBAHHBIX) NPOCTPAHCTB X u Y
ker f—sanpo otoOpaxenus f
Ax, A(x), A—nuHeliHblii onepatop
XLy-—os/eMEHTH X W Y OPTOrOHAJILHBI
xLY—oaneMeHT x=X OPTOroHajeH MNOINPOCTPaHCTBY YcX
Y! — OpTOroHa/bHOE MNOTOJHEHUE MHOXECTBa Y
X€Y—snoxenne mpocTpancTBa X B NPOCTPAHCTBO Y
XS Y—MHeliHbIE NPOCTPAHCTBA CO CXOAMMOCTBIO X W Y, X< Y, obnagaor Tem
CBOWCTBOM, YTO BCAKas MOCJIEAOBATENBHOCTH X, €X (n=1, 2, ...), cxoasuiascs
B X K DIEMEHTY X, CXOMUTCI kK x 4 B Y
Df( ). (Df)(x)—npoussoanas ®peue
Dyf(x). (D,,f)( )—npousBoasas [aTo no HampabieHAIO h
(Denf(x))(R), Deyf(x)(h)— cnaborit nuddepenman
(X, Y)—MHOXeCTBO JHHEHHBIX OTIEPATOPOB, OTOOPAKAIOUIMX JHHEHHOE Mpo-
CTPaHCTBO X B JMHEHHOE MPOCTPAaHCTBO Y
& (X, Y)-—MHOXeCTBO OIPaHWYEHHBIX JIMHEHHBIX ONEPATOPOB, OTOOPAKAIOMIMX
JHMHEHHOEe HpOCTPaHCTBO X B JIMHEHHOE NPOCTPAHCTBO Y
&L (xy, ..., X,)~—nuHeliHas 0GONOYKA INEMEHTOB X, ..., X,
£,(X, Y; Z)— nuneiioe HOPMHUPOBAHHOE NPOCTPAHCTBO OrPAHHYCHHBIX GUIIHHEH-
HbIX OTOOpaxeHuit f'Xx Y—Z
Z.(X1, X;, ..., X,; Y)— nuneiiHoe HOPMHpPOBAHHOC TPOCTPAHCTBO OrPAHHYCHHBIX
MYALTUIAHEHHBIX oTOOpaxeruit f- X, X X, X..xX,—»Y
C"—n-MepHOE KOMIITIEKCHOE apu(pMETHYECKOE IIPOCTPAHCTBO
l;—runB6EPTOBO NMPOCTPAHCTBO MOCHNEAOBATENLHOCTEN (X, X, vy Xpy oot ),

4]

Y x2<+00, x,20
n=1

lp, 1<p<+ 00 —0BaHAXOBO NPOCTPAHCTBO NOCAEAOBATENBHOCTER (X1, Xz, «ovy Xy o)y
o

Y x<+o0, x,20

n=1
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P" — nuHeHHOE TNPOCTPAHCTBO, COCTOALICE M3 MHOXECTBA BCEX  MHOFOWIEHOB,
CTENICHb KOTOPbIX HE TPEBBIIIAET A, JAOMOJHEHHOTO HYJEBHIM MHOIOWIEHOM

F(E)—mme]?moe NPOCTPaHCTBO (yHKIMH, 3aJaHHBIX Ha MHOXecTBe E

B(E)—npoctpancTBo (QyHKUMH, OrpaHHYEHHBIX HAa MHOXeCTBe E

C(X)—mnpocTpaHCcTBO (yHKUHMI, OrPAHHYEHHBIX M HENPEPBIBHBIX HA METPHYECKOM
TIPOCTPAHCTBE X

C[a, b]—npoctpancrBo (yHKnuil, HenpepeBHEIX Ha OTpeske [a, b]

RL,—pocTpaHCTBO QyHKIME ¢ MHTETPUPYEMO#l p-i CTeNeHbI0 MOYNs, 1<p< + o

CL,-—TNpOCTPaHCTBO  HEMPEPLIBHBIX (yHKHMA ¢ HOPMOW mnpocTpadcTBa RL,
I<p<+

RLZ———HpOCTdeCTBO noagyyarouieecs U3 RL, OTOXACCTBJICHUEM O3KBHBAJICHTHBIX
byHKIHi

L, — neberoBo NMPOCTPAHCTBO, MNONYYaloLleecs NOMOMHEHHEM MPOCTPAHCTBA RL2

D —npocTpaHCTBO OCHOBHBIX GeckoHe4HO AuddepeHIHpyeMbix GUHATHBIX (yHKUMI

S—TNpPOCTPaHCTBO OCHOBHBIX OECKOHEUHO nuddepeHuEpyeMbIx GyHKIMH, KOTOpbIC
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lim g f(x)—upenen orobpaxenus f no ¢uabTpy F
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