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paBHOMepHO 1o s mpu A—>0. (3ameruM, uTo |A|-|[uy(s)]+|k]=
=|x(s, ") —x(s, )| +]|a" —al.) YuursiBas ypamnenne (1.8.5), Mu
1oJy4aeM OTCIOZA, UTO

t
up ()= [ {A(s, @) up(s)+ B (s, 0) + 8 (s, h} ds,
rae ’
8(s, Y= (s, ) =0 (llu (s) I+ 1).

W3 aToro caemyer cymecrtBoBaHue kKoHceranThl C;>0, Takoi, uto
t
lus OIS Cy [y (s) s +Cy;
0

nostomy, no nemme 1.8.1, [u,(f)ll orpanuuensl paBHOMEpPHO mO ¢
(umrepsan [ orpauuuen) npu A — 0. 3nauur, 8(s, h) —0 paBHOMepHO
no s npu h—0.

"~ Tycrb Tenepb 2y, (f) =u, (f) — y (¢, o). Torna, mockoabKy

t
y(t )= [ {A(s, a)y(s, 0) + B (s, )} ds,
Mbl HMEEM ’

t t
2u(f)= [ As, 0) 2, (s)ds+ [ 8(s, h)ds.
0 0

t
Tak Kax n= f&(s, h)ds |—0 npu h—0, 1o u3 semMmu 1.8.1 BuzHO,
0

g0 2,(f)—> 0 mpu h—0. Dro 03HauaeT B TOUHOCTH, uTO (0x/da;)(a)
cymectyer u pasHa y(f, a). Cuenoareano x & C!(ly X U’), xak u
YTBEPKAAIOCh. :

OkOHUaHHE [OoKa3aTeJbcTBAa TeopeMbl 1.8.8 MBI mpoBexeM HHAYK-

nueii mo k. BEen feCH(Q@ XTI X Q), k> 1, necan x&C* ' ([, x U"),
10 oueBugHo, uro A(t, @), B(¢, a) cyTb Ck_l-OToﬁpa}KeHI/IH. Tax xak
Y YIOBJIETBOPSIET yPaBHEHHIO

% — At 0)y+ Bt a),

TO M3 NPEANOJOKEHHsS HHAYKIUMH BHITEKAeT, YTO yeck‘l(lo X U’),
TTOCKOJIbKY BBIMOJIHEHB COOTHOLICHHS

St o=yt o, G=lx(a)ta)

—1
Bce MepBhle MPOMSBOLHBIE X MpHHAZiexaT C° ', Tak wIo x mpuEaj-
aexur CF (I, X U'). p»
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Aunanornunsie pe3yJbTaTHl CIOPABENJNHBB H A TOJOMOPGHBIX
(pyHKIUH.

1.8.10. Teorema. IIycre U, U’ — orkpeireie muomcecrea 8 C", C™
coorsercréenno u D ={z: |z|<p})—Kpye 8 KOMNACKCHOL NAOCKOCTU.
Ecau [ U X D X U —C"—zor0omopproe orobpanxenue, 10 04
a06020 xo=U u awoboeo komnakra K < U’ naiiderca 6> 0, raxoe,
yro daa scex o< K'cyujecreyer eduncreennoe 2010MOpPHHOE OTO-
bpascerue

x: 2—>x(2,0), D;sy—U,

20e Dy={z: |2| <}, 0aa rKoropoeo
-g-% =f(x(2 0),2,0), x(0,a)=ux,.

Kpome To20, orobpasicerue (z,a)—>x(2, a) ua DgX I%' e U eono-
Mmoppro.

« [oka3aTenbCTBO Takoe XKe, Kak B TeopeMe 1.8.4: Mul onpenensieM

¥ (2 @)= 2o+ [ F(%pm1 G @), 3, @),

rAe HMHTerpHPOBAHHEe BeJeTCSl 10 OTpesKy, coeduHsiomemy 0 u 2.
3ameuasi, yTO ycjoBue JIMNIIHIA aBTOMAaTHYECKH BHITOJIHSIETCH, MBI
JOKa3blBaeM, YTO

X1 2 @) = %, (2, @) | < = MPC 21

OYEBHJHO, BCAKOE X, TOJOMOP(HO; C/IeL0BATENbHO, TAKOBO H Ipeeb-
Hoe oToGpakeHne lim x,. EQMHCTBEHHOCTb JOKa3HBaeTcsi, Kak H
n->

paHbuie. p

1.8.11. Caencreue. Ecau e teopeme 1.8.4 orobpancenue | seasercs
R-anaauruneckum, 1o pewenue x ypaswenus (1.8.5) roxe R-anau-
Tuyno 8 Jy X U’, 2de Iy — nexoropoul oTKpuiTolll uHTEp8as, codepica-
wuii 0.

4 Mb Moxem BbIGpaTh OTKpHTHEe MHONecTBa W, D, W B C",
C, C™ coorsercTBenHO, Takue, uto W NR*=Q, DNR=I, W NR"=Q’
u [ pomyckaer npomosxkenue B W X D X W’ no ronoMopdHOro orTo-
6paxeHus (KoTopoe Mbl onsTh o6o3nauuM uepes f). Torma peienne w
ypaBHeHHUs

-g—z—zu— = f (w (2, (l), 2, (l), w (0) = Xo,

onpeaesneHo ¥ rosoMopdHo B okpecTHocTH Jy X U’, rae J, — Hekotopsiit
HHTepBaJ AeficTBUTeNbHOH ocH, comepxamuit 0. Kpome Toro, oTo-
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6pa>Ke1-me W €CTb Ipeaesda w,, olnpeaec/deMblX IO HHAYKUHH COOTHO-
IICEHUAMH

Wy == Xg, W, (Z, (Z) =X+ f f(wn—l (g, 0’)’ g, (1) dC,
0

¥ I0TOMY, OYEBHIHO, HEHCTBHTEJbHOE IpPH JAEHACTBUTEJbHHX 2, «.
3HauuT, ero cyxenue Ha Jo X U’ amanutuuno B Jy X U’ ¥ ssasiercs
TEM peLIeHHEM, O KOTOPOM HAET peub. P

1.8.12. TeopemA. [Tycre Q, I, Q' —71e ae, uro & Teopeme 1.8.4, u

f: QX IXQ >R ecro C*(coorsercrsenno R-anaauruuecxoe) oro-
6pancenue, | k< oo, Toeda Oan aoboii Touku (g, Uy, Gy, &)
el XI XY XQ nauidyrca okpecthocte W=JXJXU XU u
C*-(coorsercreenno R-anaauruseckoe) orobpascenue x: W —R", rakoe,
4TO

xu, 0,8 =8 2t u0t)=F(( u a8t a

npu t, us], aslU/, tsU.

JIpyruMu cJoBaMH, B OKPECTHOCTH XAHHOH TOUKH (uo, U, Oy, &)
peluteHne ypasHeHnus (1.8.5), KoTopoe npHHHMaeT 3HaueHue E B TOUKE u,
3aBUCHT AubdepeHupyeMbM (COOTBETCTBEHHO aHaJMTHYECKHM) o0pa-
soM or £, u, E, KaK ¥ OT BceX IapaMeTpoB, BXOAAUIHX B OTO-
Gpaxenue f.

4 Paccmorpum okpectHocts A Touru (0, 0, 4y, &, &) ER* X R X

XIXQXQ n C*(coOTBeTCTBEHHO aHAMHTHUECKOE) OTOOGpaKEeHHE
g: A—R", onpesensiemoe paBeHCTBOM

g(y9 t, u,a, §)=f(§+y» t+u, (l).
Ecau y (¢, u, 0, §) — pelieHne ypaBHeHHS

0
=g tu, 08, 50 40a8=0,
TO
x(t, u,0,8)=t+y(t—u,u 0k,
M HAIll pesyabTaT BeiTeKaeT M3 Teopemnl 1.8.8 m caexcrsus 1.8.11. p

1.8.13. 3AMEYAHME. V3joXeHHasi BHIIIE TeOpeMa HMEEeT aHaJor MIJf
rosjoMopdHBIX OTOGpaXKeHHH, KOTODBIH Mbl 3[ieCh He GOpMyJIHpyeM.

Hakonen, ormetrum, uto TeopeMbl 1.8.8 u 1.8.12 MOXKHO yCHIHTB
caeayomuM obpasom.

1.8.14, TeopeMa. [Tycre Q, I, Q@ re ae, uro 8 reopeme 1.8.4,

f: Q X I X Q —R" ecro C*-(coorsercreenno anasuruueckoe) orobpasie-
7 7

nue u hol, Q < Q —ceasnbte orkpurete muoxcecrsa. Toeda ecau
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’
x: [y X Q1 —> Q— nenpepoieroe oTobpascerue, npurnadaexcaujee kaaccy C!
no t npu ukcuposannom «,

%L:f(x(t, G), t’ a)

u x(ty, o) npunadsescur C* (coorsercreenno asasercs anaruruueckum)

das nexoropozo to= I, o x: [} X Q —> Q ecrs orobpascenue kaacca C*
(coorsercreento anaautudecKoe).

IIpun nokasaTejbcTBe HcmoJb3yeTcsa Teopema [.8.12. [letanu Mbl
omycKaeM.



r1ABA 2

MHOTOOBPA3HA

§ 2.1. Ocnosnvie onpedenenun

2.1.1. Omnpexgenesue. Ilyers V —xaycnoptdoBo Tomosioruyeckoe mpo-
cTpaHcTBO. Mbl rosopuM, uto V ecth MHo2006pasue (anu CP-mHOro-
o6pa3yne HJIH JIOKAJbHO €BKJHIOBO INPOCTPAHCTBO) pPABMEPHOCTU 1,
€CJIM Y KaXJ0H TOukH a & V HafiieTcs1 OTKPHITAasi OKPECTHOCTh, TOMeo-
Mop¢Hasi OTKPHITOMY MHOXecTBY B R”.

2.1.2. Onpenenenue. ITyets V' 1o ke, uto u BHIle, n 0Kk < oo.
Mu roBopuM, uto V asaserca C*-muozoobpasuem unu (nuddepenun-

pyeMbIM) MHOTOOGpasueM kaacca C* u PasMEpHOCTH M, €CJH 3aJaHO
cemeiicrso nap (U, @;), rne [ npoGeraer MHOXECTBO HHIEKCOB J,
U;— OTKpHITHE NOAMHOXecTBa V H @;—romeomopdusmel U; Ha
OTKpHITHIE MHOXKeCTBA B R”, NpHueM BEIMOIHSAIOTCS CHAeAYIOUNIHE YCAOBHS:

(a) U Ui=V

(b) JIJIﬂ Mo6HX i, j& 7, rakux, uro U;NU; #* &, omépameane
@297 9, (U;NU)—>e,(U,NU,) npuragnexnr Kaaccy C*,

Ecau {(U,, qJ,)}iEg MOKHO BHI6paTh Tax, uro, korga U;NU; % O,
oroGpaxenus @, o9y @, (U;NU)—>K" saasiorca R-aHa uTuIeckumH,
TO MBI TOBOpHM, uT0 V ecTh R-anasuruweckoe muozoobpasue.

CumBosoM
dimV =dimg V
Mb 0003HayaeM pasMepHOCTb MHorooGpasusi (cMm. 3ameuanue 2.1.4).

2.1.3. Onpenenenue. JIse cucremut map, (U, ¢,) u (U}, ¢]), yrosae-
topsifome ycaoBuaM (a) u (b), HASHIBAIOTCS IKGUBAACHTHOIMU, €CIH
UX OOGBbeIHHEHHE TOXE€ YAOBJETBOPSET 3TUM YCJOBHSM; JErKO Npo-
BEPHUTb, UTO STO €CThb OTHOIICHHE 3KBHBAJEHTHOCTH. MHOXKecTBO KBH-
BaJIGHTHHIX CHCTEM YaCTHUHO YIOPALOUYEHO MO BJOKEHHIO H, 3HAUMUT,
s Jio6oft ykasaHHo# cuctemu (U, ¢;) HafifeTcss — U NPUTOM eJlMH-
CTBEHHast — MaKCHMaJibHasi CHCTEMa, KOTOpas CONEPIKUT BCe CHCTEMBI,
skBuBaJseHTHoie (U, ¢;). TakHe MakcuMalbHble CHCTEMH Iap, yao-
BaeTBopsiowue ycaosusm (a), (b) ompemesenus 2.1.2, HasblBalOTCH

C*-crpyxrypamu Muoroo6pasus V. DaeMeHTH CF-cTpyKTyphl Hasbl-
BaloTCca cucremamu Koopounar. Ecam (U, ) —cucreMa KOOpAHMHAT,
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1o U HasbBaeTcsi KOOPOUHATHOI OKpecTHOCTs10, a @ = (@, ..., @,)
(yacTo 3anmucHBaeTcs Kak Xy, ..., X,) HasblBaloTcsa KkoopOuraramu B U.
YKasaHHbie BHIIEe OTOGpaXKeHHs (pio(p;1 HAashIBAIOTCA npeobpasosa-
HUusamu KoopoOuHar.

Taxk Kax o6y cHcTeMy map U3 onpegeseHus 2.1.2 MOXHO NONOJI-

HUTb O €JHHCTBEHHOH C*-CTPYKTYphbl, TO MBl MOXKEeM TFOBOPHTb O CH-
cTeMax KOOPAMHAT M T. M. Ha CF-MHOroO6pasuH, He ONHCHIBAs MOJ-
HOCTbIO ero C-cTpykTypy. OTKpEITOE OAMHOXECTBO C*-MHOr006pasus
eCTECTBEHHEIM 06Da3oM CHaGKaeTcss HHAYUHPOBaHHOH CF-cTpyKTYypOil.

2.1.4. 3aAMEuAHME. PasmepHocTs MHOroo0pasus — 3TO €r0 HHBAPHAHT
(He 3aBUCAIHA OT HCIOJb3YEMBIX JIOKAJbHBIX FOMeoMOP}H3MOB). DTO
caefyer u3 TeopeMbl Bpayspa, KoTopas yTBEep:KIaeT, YTO Hellycroe
oTKphiToe MHOXKecTBO B K" romeomopdro oTkpeIToMy MHOKecTBY B R™
TOJBKO B TOM CJyuae, Koria rm =n. Jl0OKa3aTeJbCTBO MOXKHO HafTH,
wanpumep, B Kuure I'ypeBuua u Bosamsna [I]. CoorBercrBylomiee
yTBepKJIeHHEe 06 uHBapHaHTHOCTH Aas CF-mHoroo6pasmii, k>>1,
HaMHOro mpoie U GyAeT JOKa3aHO HHIKE.

3ameruM, 4To u3 oxHoi Teopembl [pemonue [1] (cm. Takxke Byp-
6aku [2]) BbITeKaeT SKBHBAJEHTHOCTH AJs MHorootpasus V caexpyio-
WX YTBEPKACHHUH:

1) V mapakoMIakTHO, T. €. BCAKOE OTKPHITOE MOKPHITHE V HMeer
JIOKAJbHO KOHEUHOE H3MeJbUeHUe;

2) BcsiKasi CBSI3HAS KOMIIOHeHTa V sIBJfieTCSl CUETHHIM OObeiHHe-
HUEM KOMIIAKTOB;

3) BcsAKas CBsisHas KOMIOHEHTa V HMeeT cueTHyI0 6a3y OTKDPHITHIX
HOJMHOKECTB.

2.1.5. OnpENEJNEHHE. XaycAop¢hOBO TOIOJIOTHYECKOe IPOCTPaHCTBO V
HA3LIBAETCS KOMNAEKCHOIM MHO2000pasuem KOMMACKCHOL pasmep-
nocry n, ecau 3amano cemeiictso {(U;, )}, o o, A€ @;— FOMEOMOP-
¢usm U, Ha orkpbiroe Muoxectso B C" n @, 0! rosomopduu
B ¢;(U;NU,) nns Bcex i, j. Komnaexcro anaruruyeckyro (M1 npocro
KOMIIJIEKCHYIO) CTpyKTypy omupenessieM, Kak B 2.1.3. Mul o603HauaeM
yepes n=dimV = dimcV (kxomnrexcuyo) pasmepHocts V.

2.1.6. OnrepeheHue. Ecau V ecTw Ck-Mnorooépasue, U — otkpriToe
noxgMHoxkecTBO V, To otrobpaxenue f: U — R nasmpaercs C'-¢pynkyuer
B U, ecnu pas aw6oil cucremnt koopaunat (W, ¢) wa V, takoii, 4ro

W < U, dyukius
fod™: $(W)—>R

npunagiexur kaacey C (0<Cr<Ck). Muoxecrso C'-¢pyukuuit Ha V
o6o3nauaerci cumsoaoMm C' (V). Hocureas (o6osnauaerca suppf)
C’-¢pyHkuuu f Ha V — 370 3aMbikanue B V MHOXecTBa {x & V: f(x) %= 0}.
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Muoxectso Bcex f = C™(V), aina KOTOpHX suppf ectb KoMmakxr, 06o-
agayvaerca cumposiom Co (V).
’ k 14 ’

Myes V, V cyn;C mHoroo6pasus, {(U,, q>i)}ieg, (41 cp])}jag—-
onpegesiomue ux C*-cTpykrypsl. Henpeproisuoe oto6paxenue f: V-V’
HasniBaercss CT-orobpanmcenuem (0<r<Ck), ecanm aas Ja0060i# napel
cuctem Koopaunar (U,, @) ua V u (U}, ) na V', rakof, uto f (U )= U],
orofpaxeHue (p; of ol cpi(Ui)—>q>;(U;) NpHHANJEXKHUT KJaacey C,
MHuoxecrso C'-oro6paxenuii V B V’ o6o3nauaercs cumsosiom C'(V, V).

Tonomopdubie n R-ananuruueckue ¢yHKUHH M OTOGpaKeHUS Ha
rosoMopbHEX ¥ R-aHanuTHUeckKHX MHOrooGpasusx ONpeAeJsIoTCs
aHaJIOTHYHO. .

IMyets V, V' cyms C*+(R- unn C-anaiantuueckne) MHOrooGpasusi.

HenpepriBHOoe oTo6paxenne f: V—V’ mnpusagsexur kaaccy CF
(R-anasnuTHuHO, TOJOMOPGHHO) B TOM H.TOJBKO B TOM CJydae, KOrxa
BBINOJIHSIETCS C/Ielyloliee YCJIOBHE:

Oas  moGoro oTkpwToro mnomMmuHOXectBa U’ <V’ u  mo6oi
C*-(R-ananurnyeckoii, ronomopduoit) dynkunu g’ na U’ dyuxuus g’ o f

spaserca CF-(R-ananutnueckoi, rosomMopduo#) dyHkuHeH B f_’(U/).

Ecan V, V' —nexoropuie C*-muoroo6pasust u f: V —V’ — romeo-
mopdusm Ha V', Taxoi, uto [ H F~" cyts C-oro6paxenus, to { Hasb-
Baetcss C*-muddeomopdbusmom (nam nuddeomopdusmom uiau Ct-uso-
MopduaMoM) MHoroo6pasuit ¥V u V’. Muoroo6pasus V, V’ nasmpalorcs
nuddeomopdubmu (CE-guddeomopdurimu, CHusomopdueimu), ecau

cymectsyer CF-nuddeomopdusm f: V—V’ na V’. Tonomopdube
(= xoMmJIeKcHO aHaJjuTHUecKHe) M R-amannruueckue u3oMOpdu3IMBL
MEeXAY COOTBETCTBYIOUIMMHM MHOroo6pasusiMH ONpENEJATCS aHa-
JIOTHYHO.

2.1.7. TTpumepH. (a) S' = {x = R2% || x |=1}—~onHOMepHOE MHOrOOGpa3ue
kaacca C™. ‘ v

(b) Iycts V — nexoTopoe C*-Muoroo6pasue wu V—xaycnop(boao
npoctpaHctBo. Ilyets p: V — V — nokasbHbii romeoMopdusM, T. e,
y KaxJaoi TOUKH a & V cymecTsyer Takas okpectHocTb U, uro p(U)
otkpeito B V u p: U— p(U)—romeomopduam. Torga Ha V umeercs
efuHCTBEHHAsT CF-CTPYKTypa, B KOTOPOH p SIBJSETCS JOKAJIbHBIM
Ct-mudpeomopdusmom (T. e. mig moGoii Toukd a €&V Haiigercs

Takas okpecTHocTs U, uto p|U: U —> p(U) ects C*-nuddeomopdusm;
3ameTuM, yto p(U) otkprito B V). AHaJjornuHoe 3aMeuaHHe IpHMe-
HUMO K R-aHanuTHuecKHM M KOMIJIEKCHBIM MHOTOOGDPa3usM.

(c) Ecam V, W — nekoropnle MHOroo6pasus, To V X W nanensercs
€CTeCTBEHHOH CTPYKTypoH Ck-MHoroo6p'a3Hﬂ, AJ151 KOTOPOH NpOeKIHH
aBasATea CF-0To6pakeHHAMH.
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SIcHO, uTO Ha JMI00060M KOMILJIEKCHO aHAaJHTHUYECKOM MHOroo6pasuu
ecTh ecTecTBeHHas R-aHanuTHueckasi CTPYKTYpa, Ha R-amasuTudeckom

MHOrooGpasuu — C*-cTpykrypa H Ha CP-muoroo6pasun (0<<k<Coo)—

"-cTpykTypa, ecan 0<r < k. O6paTHo, U3 pe3y/bTaToB YHUTHH [3]
caenyer, uto JMo6oe napakomnaktHoe C’-MHOrooGpasue, r == 1, MOXHO
HaleJuTh R-aHAMUTHUECKOH CTPYKTYpOH, COBMECTHOH ¢ 3ajaHHOM
C’-crpykrypoit. [asee, u3 Tteopemn [payspra [1] o BJoxeHHH
(cM. § 2.15) u Teopemel ¥YutHH 1.6.5 0 NMpPHOJHXKEHUHU BBITEKAEeT, UTO
9Ta CTPYKTYpa €IHHCTBEHHA (C TOYHOCTbIO N0 H30MOpGhH3MOB; TOXKIie-
CTBEHHOC OToOpaxkeHHe He 00s13aHO ObiTh H3oMOpdH3IMOM). Moxer
cayuutbes, uto CP-MHOrooGpasue HeJib3s cHabauth Cl-cTpykTypoOit
(Kepeep [1]), a ecam 310 ymaercs chenath, TO TaKas CTPYKTypa
MoXeT OblTh He enuHCTBeHHO#H. Hampumep, Muaunop [I] nokasad,
yto Ha cdepe S7 (cm. mpumep 2.5.6) MOXKHO ONpELE/IHTb, TOMUMO €€
ecTeCTBEHHOH CTPYKTYpPH, Takylo C™-CTPYKTypy, UYTO MeXAY HHMH
Her Hu onHoro Cl-nuddeomMopdusma (3aMeTHM TOJLKO, UTO TOXKIE-
CTBeHHOe oToOpaxeHHe He sBJsdercs AHbdeoMOPOHIMOM DAa3JHUHBIX
CTPYKTYP).

IIpo5seMa cymecTBOBaHMs U €IHHCTBEHHOCTH KOMIIJIEKCHBIX CTPYK-
TYp — 3TO npoGJeMa COBCeM APYroil mpUpPOALI; ¢ He#l cBA3aHa OGMIHD-
Has Jureparypa (cM., B uacrHoctH, Xond [l], Komaupa u Cnen-
cep [1]).

[Tocae pesysasTaToB Munnopa u Kepsepa GbJIO MOAyYeHO 3HAUH-
TeJbHO GOJblle MHGODMAIlHH OTHOCHTENbHO CYLIECTBOBAHUS H €IHH-
CTBEHHOCTH JH(pdepeHIHaMbHEIX CTPYKTYP Ha TOHOJOrMY€CKHX MHOTO-
oﬁpasnﬂx Heckoabko cratefl, HOCBSLIEHHKIX 3TOH mpo6/eMe, MOXKHO
HalTH B Tpynax MeXJyHapOLHHIX MaTeMaTHYECKHX KOHIDECCOB 1962
n 1966 rr.

Iycts V ects C*-mmorooGpasme um a V. PaccMotpuM Bce
napst (f, U), e U —OTKPHITOE MHOXECTBO, cofepkailee a, u f & C* (U
Mbl HasoBeM [Be Takue mnapel skBuBasenTHwiMH, (f, U) ~ (', U’),
ecau Halmercss oTkpmToe MHOoxectsBo W UNU’, a= W, taxoe,
yto | W=f"|W. OueBumHO, 4TO 3TO — OTHOIUEHHE SKBHBAJEHTHOCTH.

KJacc KBHBAJIEHTHOCTH HasbiBaeTcsi pocrkom CP-pyHkuuit B Touke a.

Mbi 6ymeM OTOXAECTBJIAT: DPOCTOK C ompexessiomed ero CH-pyHk-
uuei, ec/IH He BO3HMKAeT HelODa3yMeHHH.

2.1.8. Onpenenenue. Pyuxnus [ kaacca C° (B>>1), ompenenennas
B oOkpecTHOCTH W TOUKH a, Ha3LHIBAeTCS CTAYUOHAPHOU B A, €CJH
cyuecTByeT cucrema koopauuar (U, ¢), U= W, a = U, rtakasa, uro
BCe INEepBLIE YaCTHHE MNPOU3BOAHBE GOYHKUHM fo@~! B Touke @(a)

paBHH HyJ0. Pocrok CF-pyHKumH cTalHOHapen B TOUKe @, ecJH
B 3TOM pOcCTKe Hahgerca mpeacrasureas (f, W), rtako#t, uro [ cra-
ILHOHapHa B a.
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3aMeTHM, uTO eciH POCTOK CF-pyHKIHH CTAalHOHADEH B TOUKE @,
10 Mo6Gas onpefessiomas ero C*-pyHKIHS ToXKe CTallHOHApHA B d.

Mrr o6osnauaeM uyepes C,, , MHOXECTBO BCEX POCTKOB C"-(pyﬁmmﬁ
B TOYKe a, a uepe3 S, , — NOZMHOXKECTBO DOCTKOB, CTaIHOHAPHHIX
B a. Ilyctb m,, , — MHOXKeCTBO BceX CF-DOCTKOB, DaBHEIX HYJIO
B Touke a. OuesupHo, C,, ,— aare6pa Hag R; S, , u m,, ,—ee nox-
aareOpel H m,, , —unean B C, . DTO €IMHCTBEHHHH MaKCHMAaJbHBIH
ugean B C, ., Tak kak Jo6Go#l aaeMmeHnT u3 C, , \ m, , o6paTum.
Kpome Toro, ecau [, g=m, ,, 10 fg= S8, 4, u S, cONEPXKHUT Bee
KOHCTaHTBI.

Korna HyxXHO yKa3bBaTh 3aBHCHMOCTb 3THX MHOXECTB OT MHOrO-
obpasust V, mbl oGo3HayaeM HX coorBeTcTBeHHO C, ,(V), S, (V),
ma.k(V)'

Poctkn C*-pyHKuEE B TOWKE 4 MBI HHOTAa HA3HIBAeM IPOCTO
C*-pocTkami B a; CP-DOCTKH B @ MOMKHO CKJIaJbBaTb, NEPEMHOKATH
¥ KOMGHHHPOBATh ¢ C*-0TOGpaeHHAMH B OUEBHIHOM cMbiche. [lasee,

mas C*-pocTka g B TOUKE @ KODPEKTHO ONpEJeJseTcsl ero sHaue-
e g(a) B 3TOH TOUKe. '

2.1.9. Ompenenenue. ITyers V ects CF-MuorooGpasue, k>>1. Bek-
-
TopHOe NpocTpaHcTBO Cq4, #/Sq r=To(V) HasvBaeTcs npocTpancrsom
Ouppepenyuanrcs (WIH ~KOKACaTeNbHBIX BEKTOPOB HJIM KOBEKTOPOB)
*
B Touke a. Ecin f & C, , To ero o6pas B T, (V) oGo3Hauaercs: CuM-
BosioM (df),.
*

IMpocrpanerBo T,(V), conpsikennoe kK T,(V), KOTOpoe MOXHO
OTOXJIECTBHTh ¢ MHOXKecTBOM R-munefinbix oro6paxkenuit X: Cy r— R,
PaBHBIX HYJI0 Ha Sg p, HA3HIBAETCH KACATEAbHOLIM NPOCTPAHCTEOM
K MHoroo6pasuio V B Touke a. daeMents T,(V) HasbiBawoTcsa kaca-
TEAbHbIMU 8EKTOpPAMI B TOUKE 4.

JInnefinan vax R dyukuus L: C, — R naswiBaercst npoussodnoi,
ecau Jas Jo6bx f, g € C, r uMeeM

L(Fg)=L() g(a)+F(a)L(g)

2.1.10. ITpERI0KEHKE. JT1060i Kacarensroiii gekrop X =T, (V) asaserca
npoussodnoii Ha Cg, .

4 Ecin f, g=Cqp 10
¢=fg—f(a)g—fg(a)= Sas

(rak Kak, ouesunno, @=(f —f(a))(g —g(a))—f(a) g(a)), m noromy
X (9)=0. Ho »T10 B TOYHOCTH 03HA4aeT, 4TO

X(Fg)=f@X(@+X{g@. »

Hyems a=V n (U, ¢) — HekoTOpas cucteMa Koopauuar, a < U.
Ecnu 9=(9;, ..., @,) 1 x & U, monoxuM @;(x)=x;, j=1,..., n
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OnpenenuM JAJ8 KaxAoro j KacateabHHi Bektop (0/0x)), < T,(V),
noJsaras

(OueBunno, uto (9/0x;), — Kacate/ bHbE BEKTOPHI.)
2.1.11. TIpEa/NOKEHHE. Bekropst (3/0x;),, [= 1; ..., i, 0bpasyror 6asuc
npocrpancrsa T,(V); e wacrnocru To (V) u To(V) cyre n-mepuoie sek-

roproie npocrpancrea 1 To(V) ssaserca conpascennoin & To(V).
Boaee tozo, ecau X =T, (V), f=C, b 10 (df)e(X)=X(f). (ITocaed-
Hee 3amedanue onpasdbieaer UCnoAb3YeMmble HaMU 0603HAYeHU.)

4 Onsa [ = C, p onpenenum g e Cy p o dhopMyae

g(x)=f(x)—,f(a)—_2x;(a%)af-

dcHo, uto g € Sy, 1y 3nauur, ecnd X = T,(V), Mu uMeeM X (g)=0.
Orcofa noJydaem, 4To

XM=Y X(x) (aij) i,
T. e. X=2X(x])(5%)as

a 3T0 W O3Hauaer, uTo BeKTOpH (0/0x;),, 1<<j<<n, mnopo-
xkpawot T,(V).

Eciu X = Z A (F?T;) =0, To A;=X (x;)=0, TaK KaK (0/0x,), ¥, =08
(cumBo1 Kponekepa 6,ka=0, ectu j#=k, 0 =1, ecain j=~k). Creno-
BaTe/IbHO, BEKTODH (0/0x;), nuHefiHO He3aBHCHMH. [Toc/enHee yTBep-

xknenne u3 2.1.11 ciexyer HEMOCPEACTBEHHO H3 ONpefieJEHHS H M3
koneunomepuocra T, (V). B

JBOHCTBEHHEIM K 5TOMY pe3yJbTaTty siBasieTcs ciaenytomuit. Kak u
npexnae, Mbl nojgaraeM @(x)=(x,, ..., X,), ecmu asV u (U, @) —
cucremMa Koopaunar, npuyeM a & U. Torma x; &0, H noromy
onpeaeJieHbl KOBEKTOPH (dx)) & T (V).

2.1.11", TIpEnoKEHRE. Juppepenyuare (dx)),, 1<j<<n, obpasyior

L3
6asuc npocrpaucrsa T,(V). Oror 6asuc asasercs OBOUCTBeHHBIM
K Oasucy, yxkasannomy 8 npedaosceruu 2.1.11. Kpome roeo, ecau

feC, s 1O
@ha=X{(55), 1} @ik

D10 cJexyeT H3 . TOrO OYeBHRHOro ¢akra, uro (9/dx;),, nmpume-
HeHHoe K (dxg), (r. e. (8/0x;), Xr), PaBHO Oy.
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2.1.12. 3ameuanue. Jduddepenunasn (df), MOXKHO OmpeResNHTs H /s
komnaexcrol C*-byukuuu f; B 5TOM c/yuae OH SBJSETCA 3JEMEHTOM

npocrpatcta Ty (V) ®rC. Hdanee, nas moboro X & T, (V) u Joboit
KoMnJaeKcHo# ¢yukuuu f suauenue (df), (X) ecTb KOMIJIEKCHOE YHCJIO;
6oJiee Toro, ecan Mul 3anumeM [ B Buge f=f,+if, rme f,, fo—neficrau-

TeabHHe CH-dynKIuM, TO
(df)e (X) = (df 1), (X) + i (df ), (X).

*
Ouenp moOJE3HO 1Jsi HEKOTOphX meneit 3aMeHsaTh T4 (V), To(V) na

*
T.V)®rC, T,(V)®:C u onepupoBaTh ¢ KOMIJIEKCHO3HAYHBLIMH
o6bekramu. Korma Mbl Gyzem mocTynmatbh TakuM 006pasoM, 3TH KOM-
IJIEKCHBIE TpOCcTpaHcTBa OyayT o6o3HauaThes cumBogaMu 2, (V)

*
u T,(V) cooTBeTcTBEHHO.

2.1.13. 3ameuanue. Ecau V ecrs C*-muoroo6pasme, £>>1, 10 oHO,
ecrecTBenHO, H C'-MHOroo6pasue. I105TOMY Mbl MOMKEM paccMaTpPHUBATh
mHOXKecTBO C, | ={poctku C'-QyHkuuii B TOUKE @}, 3aMeTHM, YTO
mo6o#t kacarenbHubii BekTop X & T,(V) npomoskaercs [0 HpoOH3-
sBopuoii Ha C, 1, paBHOH HyJIO Ha S, 15 3TO cpasy cJaefyeT U3 Hpej-
goxenus 2.1.11. 3amerum Takxe, uro ecau 1 <{r<Ck, 10 cyme-
cTByer ecrectBeHHoe BKJoueHHe C, , < C, . C, g KOHEUHO, — NOA-
aare6pa C,, ,. [lasa mo6oro poctka feC, ,, | <r <k, cHOBa MOXHO
onpesesuth ero o6pas (df), B T, (V).

2.1.14. JIEMMA. Beaguil pocrox f& S, , moomro npedcrasurs 8 sude
n
f=1§1 g+ (a),

ede g;, h; npunadaemar C, .\ u pasHel HYya0o 8 TouKke a, T. e.
gp hjeEmg oy (k2>1),

4 OueBHZHO, MBI MOXKeM CUHTATh, 4TO V — BHINyKJas OKpecT-
HocTb Hyssa B R” u uro a=0. Torma

1 n

1
Fo—fO=[-Zftndi=Yrgw, gw=] % () dt.
0

0 j=1

SIcHO, UTO X;&Emy , U g, =C, . Kpome TOrO,
of
TaK Kak | CTallHOHAapHA IO IPEINOJOKEeHHIo. P

2.1.15. TIpemsaoxeHME. [Tycre X —npouszsodnas 8 C, 4y (RZ>1).
Toz0a ee cymenue Hna C,  ecTs kacareavrsii sexrop. (X MOXeT u
He OHITb KacaTeJbHHM BeKTOPOM Ha Cg z—;; cM. Tlamu [1].)
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4 HaM myxHo mokasath, uto X (f) =0, ecan f= S, ;. 3amerum

CHauyaJia, 4To
X()=X(1-D=X1)-1+1-X(),

oTKyZa caenyer, uro X (c)=0 pnuasa Jwo6ofi koHcTauTH ¢. [aJee, us
jgeMmbl 2.1.14 BhiTeKaer, uTo ecau [ € S, 5, TO

f f a) Z g]h]:

rae g5, hye=Em, ;. Tak kak X—-KacaTeJIbHaH B Cy -1, TO

X ()= 3 (X @) by o)+ /(6 X (1)) 0. »

2.1.16. TIpeanoKEHUE. Ecau V ecrs C™-muoeoobpasue u a<V, 1o
pocrox feC,, . crayuonapen 6 To4Ke a To2da U TOAbKO TO20a,
Koeda f f(a)E(ma ) (k8adpar udeasra m, ). B uactrocTu,
T,(V)=m, 0o/ma,w

D10 cpasy cjenyer u3 JemMmu 2.1.14.

Jpyrofi cnocob onucaHus KacaTeJbHHIX BEKTOPOB COCTOHT B cJie-
nytouieM. ITycts [ — enunuunsiit orpesok [0, 11 B K u y: /—V — Heko-
topast C*-kpuBasi (1. e. C*-oTo6pasenue, onpese eHHOe B HEKOTOPOI
okpecrroctd [ B V). KacartesnbHasi K KpuBo#l y B Touke a =y (0) — aro
anemenT X = X, & T,(V), onpenensembiii GpopmyJo#

X()=grlov®)| _, F=Car

HenocpencTBeHHO BHIHO, UTO 3THM DaBEHCTBOM OMNpeje/sdeTcs Kaca-
TeJbHbIH BekTOp. [lajee, MBI HMeeM

2.1.17. TIpepnokEHME. Jlr060d aaremenr X & T,(V) seaserca xaca-
TenasHoll 6 Touke a K Hexoropoii C-xpusoi vy, rakod, uro v(0)=a.

« Ilycts (U, 9)—HekoTopast cucteMa koopaunat, a = U, ¢ (a)=0 u
p(U)={x=R" |xI<]1, j=1, ..., n}
n
ITycts X = E a,(0/0x)),, a, =R. Iyers y; ects C*-pynKuHs B OKpect-

Hoctu 1, TaKaH uTo |Y1 (t)[<l Ha [ ny; (t) = a,t past us HeKOTOpOH

OKPECTHOCTH HYy.JIsl, B Kayecrse Y Mbl MO)KeM BSHTb kpusyio @ loy/,
rie Yy — oro6paxenne y "= @, ... v, (D) P

§ 2.2. Kacameasnoe u rxoxacameavtoe paccaroenusn

B stom maparpade uepes V oGosnayaercs C*-mmorooGpasme pas-
mepHocTd n ¢ kz>=1. Tlyers W — ,u,pyroe C*-muorooGpasue pasmep-
wocru n u [: V — W —nekoropoe CF-oroGpaxenne. [Tyctb b =f(a).
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Onpenenum aBa R-nuHefiHBIX OTOOpaKeHHs (mepBOe M3 HHUX Ha3bl-
Baerca AHGdepennuasoM f uAH KacaTeJbHBHIM oOTOOpaKeHnHeM K |
B TOUKE Q)

foot T,N—=>T, (W), [ T,(W)—>T,(V)

caenyromum ob6pasoM. Ecaim Xe&T,(V) 1 g&Cy (W), nonoxum
f. X g=X(gof.

(Tak kak gofe S, p(V), ecsin g S, (W), T0 370 paBeHCTBO ompe-
neasier anement usz I,(W).) Ecmn 9o&=C, (W) umeer o6pas
do = (d9), = T, (W), nonoxum

fo(de)=d(@°f),

(dtum onpeneasercs OTOGpaKeHHe fro T,(W)—T,(V), 1ak Kkak
pof =S, 1 (V), ecin 9= S, ,(W).) Oneparopnt [, u f*, kak Jerko
NPOBEPHTh, SBJSIOTCS TPAHCIOHHPOBAHHBIMH (HJIH CONPSIKEHHBIMH)
APYr K Ipyry.

2.2.1. 3ameuaune. Ecau V,, V,, V3 cym Ck-MHOI‘OOGpa3HH H
fi: V=V, for Vo> V5 cyTs Ch-oToGpaxenns, 10 foof, =f: V,— V;—
TOXe Ck-0T06pa>KeHHe, B MBI HMeEeM

» * *
fw,a=f2*,f.(a)°f1*,a’ fa=fl,a°i2,f|(a)'

Orciona caexyer, uro ecau f: V—>W ecrp Ck-zLH¢)¢e0M0p¢u3M,
10 f, — nsomopdusm T, (W) na T,(V), b=f(a). TIpumenum ary dop-
myay Kk idy=f""of u idy=fof". Tak kak, coraco mnpeso-
kerno 2.1.11, dimV = dim, T} (V), Mb nonyuaem

2.9.9. Caencteue. CF-dupdeomopproie muozoobpasus (k> 1) umeror
odunarxosyto pazmeprocts. (CM. Takxke sameuanue 2.1.4.)

Ecau V ecTb CF-mMHOrooGpasue, dimV =n, IyCTh

Tv)=U T.(v)

asvV

_~=romoJiornyeckas cymma muoxkects T,(V). Hmeercs ecrecrsennoe
oro6paxenue p: T (V)— V, nepeponsuiee Bek1op £ = T, (V) B TOUKY @,
T. €. p — TaKoe oTo6paxenue, AJs kKotoporo p~i(a) =T, (V). Hokaxem
cefyioliee yTBEpPKIEHHUE.

2.2.3 TeopEMA. Mnowecrso T (V) obaradaer ecrecrsennoil crpyxk-
rypoti C*™'-muoz006pasus, ornocureasro Koropoil p seasercs C*™'-oro-
6pasiceruem. 3Ta CTPYKTYpa OOHOBHAHHO ONpedensieTcs Caedytouum
Tpebosanem:.

Jlas awoboii Touku a <V waidyrca okpecrnocrs U u C* '-0ugp-
peomopguam h: p~'(U)— U X R*, rakoi, 4ro ecau n;, my— npoexyuu
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U X K*® cooreercreenno na nepsviti u 6TOPOI COMHOMUTEAU, TO
Moh=pu asoh|T,(V)—usomoppusm T,(V) na R (kax sexropuoerx:
npocTparcre #ad nosem R) das awboi Touku as U.

o4 Ilyets {(Uy, 9)},c, ectn C*k-crpykrypa Ha V, wu nyCcTh
@ (x)=(xy, ..., x,)=K", tae x; cym C*dymkuuu 8 U; Mb yxe
Bujean, uro Jwoboi Bektop X &7T,(V) onHO3HAUYHO onpenessercs
HaGopoM umcesa a,=2X(x,), v=1, ..., n (10KaszareabcTBO NpeaIO-
xenus 2.1.11), u X = Da, (8/dx,),. Ilycts {(U;, 9)}yes — npyras
cucTeMa KoopauHat, Takas, uro a& U; Hua x<U; nojaoxnm
9; ()=, ..., yn). Hanee, acsU,NU; ¥ x, ..., X, cyTs C*-dpynx-
uun Ha U;NU,;. Ecau geC,, ;, MB HMeeM

(7). €= (@ > 07) (@,@) = 50— (2 = 977" > @, 97 (&, (@) =
n . o=l n
= X g0 (0a) 5 0 = Y (), g @

V=] v=]

rae @097 =((9, 29", ...) n B,,=(9/9y,), %, TaK Kak cpasy
BHJIHO, UYTO

9 3 (9297 )y
(), 5= 220 (g @),

TakuM o6pasoM, Mbl HMeeM

020 (o)~ Bh0(h),  tw@=(),

3aMeTuM, uTO ﬁweck’l(Uiﬂ U;). Ecmu M;;(a) o3nauaer marpuny
(Buv(a)), T0o My (a)=1 (epnHnmunas n X n-maTpuua) jis scex a < Uy,
M@ My(a)y=1 ana asU;NU; n My (a) M;;(a) = My, (a), ecau
asU;,NU;NU, Kpome TOro, eciu

x= Yo (53], = Do),
TO

(225) (ala AR ] an)=(l31a O ] 6n)M]i(a)'

Paccmorpum rtenepb mokpmrtue {(p~'(U))}, ., MuOxectBa T (V). Has
KaxJoro i onpenenuM OoToOpaKeHHe

hi: p_l(Ui)'anXRn

crepyomuM obpasoM. Ilycts @;=(x, ..., X,) — KOOPJAHHATH, COOT-
sercteylomue U, u X=T,(V), asU,. Ilyets X = oy (0/0xy), 1
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a=(ag, ..., a,)=R*. Torna Me mnojoxuMm h;(X)=(a, a). ScHo,
uto - p=moh; Ha p ' (U) u uyro myo h;|T,(V)— uzomopdpusm
BekTopubix npoctpaicets T, (V) u R*. CaemoBatessHo, h; — GHEKTHB-
HOoe oToOpakeHuHe (B3aHMHO OJHO3HauHOe oToOpakeHue Ha). Bousee
toro, ecnu U;NU;+# &, T0 oToGpaxkenue

hiohi': UiNU) XK' —>(U:;NU;) X R
3a44aeTCsd paBEHCTBOM
hi ° ht_l (x) (l) = (xr (I,A/I]i (x))

(corsmacuo (2.2.5)) u noromy sBJsIeTCSI Ck"'-0T06pa>KeHueM; B 4acT-
HOCTH, OHO HenpepsiBHo. CJefOBATEJNbHO, CYWIECTBYET €IHHCTBEHHAS
tonogorus Ha T (V), B koropoit p~!'(U;) — OTKpHITHE' MHOXKECTBA H
h; — romeoMop¢uaMul; Torna oro6paxenune p: T (V)—V HenpepwBHO.
Hanee, oueBumuo, uto I (V)— xaycnopdoBo mpocTpaHCTBO (Tak Kak
p HENpepLHBHO H Kaxkjoe TolloJoryueckoe npoctpancrso p~!(U,) xayc-
nopdoBo).

TTockosbky, KpoMe TOro, oToGpaxKeHus h,oh,-“' NPHHAJJIEKAT
kaaccy C*7', sicno, uro cemeiictso nap {(p=' (U,), h;)} 3anaer Ha T(V)
crpykTypy C*~'-MHOroo6pasus. Ilo NOCTPOEHHIO BHAHO, UTO OCTAJb-
Hble CBOHCTBA, YKa3aHHble B TeopeMme 2.2.3, TaKxe BHIOJHAOTCA. P

3AMEuYAHME. Muoroo6pasne T (V) aBasercss npumepoM aeHCTBH-
TeJBHOI'O BEKTOpHOro pacciaoenust (cm. § 3.1).
Takum xe cnoco60M JOKa3bIBAETCH CJAEAYIOUIHH pe3yJbTar.

2.2.6. TeoPEMA. MHoxcecrso

rwv)y= U 1,

asVy
u o k=1
o6aadaer ecrecTsexnoli cTpyxkrypol C*  -mHoeo006pasus.

Pasmepuocts T (V) u T (V) pasua 2n. Jlanee, Y KaxXA0OH TOUKH
*
u3 V ectp okpectHocTs U, Takas, uTo U T,(V) nubdeomopduo
asU
npousBenenno U X R*, npuuem BHNOJHAKTCA Bce CBOHCTBA, YKas3aH-
HBle B Teopeme 2.2.3.

2.2.7. Onpexeaenue. Tpoiika (T (V), V, p), rae p— ecTecTBeHHAs
NPOEKIUsA, HA3BIBAETCA KACATEAbHBIM paccioeHuem mHoz2oobpasun V.
Ecau p": T'(V)—V o3HauaeT ecTeCTBEHHYI0 NpPOEKLHI (KoTopas
nepesoxut T, (V) B {a}), To tpoiika (T" (V), V, p’) nasmiBaetcs xoxaca-
TeAbHbIM paccaoeruem V.

KacaTeabHEIM M KOKacaTeJbHBEIM pPAacCJO€HHEM Mbl GyfleM 4acTo
HaswBaTh coorserTcTBenHo camu T (V) u T°(V), nompasymesas IOX
5THM KaK CaMoO [IPOCTPaHCTBO, TaK H BCIO TPOHKY.

3 3ax. 751
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3ameruMm, uto ecau V aABaserca R-aHasutaueckuM MHOroo6pa-
aweM, to T(V), T"(V)—rToxe R-ananutuueckne MHOTOOGpa3Hs,
a npoeknuu Ha V u JokanbHele H3omopdusme ¢ U X R® MoxHO
6paTh B KJjacce aHAJHTHUYCCKHX OTOOpPaKeHHH.

Eme omHO <«pacciaoeHue», KOTOpoe HaM NMOHago0uTCH B JaJbHeH-
meM, mnoJsayudaeTcss caeayiomuM obpasoMm. Ilyers 0 < p<{n. Pacemo-
TPHM p-I0 BHEUIHIOIO CTENeHb BEKTOPHOro npocTpaHcTBa T4 (V), 06o-
3HAYaeMYI0, KaK OOBIUHO, /\”TZ(V). IMyets (U, @) —cncteMa KOOpAHHAT,
asU, p(x)=(x, ..., x,). Torna Anddepenunas dx)gr «v.y (dxp)a
o6pasyior R-6asuc mpocrpamcrsa Tq(V) (cM. mpexnoxenne 2.1.11%),
CaenosateabHo, 6asuc npocrpadcrsa A’ T;(V) 3a/laeTcsl 3eMEHTaMHu

(dxfl)aA /\(dxip)a, <o <jp
[Tonoxum APT*(V)= U AT (V).

asV
duaementsl MHOKecTBa AP T (V) Ha3bIBAIOTCS p-KOBEKTOPAMU B TOUKE @.
Ananoruysno teopemam 2.2.3 u 2.2.6 umeeT MecTo ciaenymoouias

2.2.8. TEOPEMA. Muoscectso AP T* (V) o6.aadaer ecrecreennoii cTpyk-
v -1 n
rypoii C*'-muoeoo6pasus pasmeprocru n—l—(p .
ATO ecTb Tak HasbiBaeMoe paccaoenue p-gpopm na V. Paccioenne
A? (V) xoMmiekcHO3HAuHBIX p-popM Ha V omnpepenasieTcss aHaJo-
THYHO.

2.2.9. OnpeaenenuE. Ilyets V u W — muoroo6pasus kaacca CF, k> 1.

Oto6paxkenne f: V—>W xkanacca C* umeer pane r B Touke a <V,
ecJIH

rank {f, . T, (V)>T;,, (W)} =r.
BripasuM oToGpaxenue f, , B TePMHHAX JIOKAJbHBIX KOOPJHHAT.

IMycts b=f(a) u (U, ¢) —cucreMa koopausat Ha V, a< U; nycrp
(U’, ¢) — cucrema koopnuuar ua W, takas, yro b U’ u f(U)=U".
O6o3uauuM @ (x)=(x, ..., x,), ecan x=U, u ¢ W)=, .-, Ym),
ectn ysU’. B T,(V) u T,(W) nossasiiorcss 6a3ucbl COOTBETCTBEHHO
(0/0xy)e, 1 KV, 1 (0/0yy)s, | SpKm. TyeTs

XETa(V)’ X=Eav (-aaTv)a'

v=1

M NyCTh fo o X) =u2=1[3M (6_(_?/;)»‘

Torga gas poctka g =Cp, , MBl NOJYyYaeM

“E-Iﬁu ('aiy;)bg:X(g°f)=;a"2(bj—u>bg'(%v)af“’

u=l1
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rae f,=y,of. DTO paBeHCTBO NOKa3HIBaeT, YTO B JIOKAJbHBIX KOOD-
puHatax f, , NPEACTaBJAETCA JUHEHHBIM TMpeoGpasoBaHHeM

(a17 A 4 an)*—é(ﬁl’ MR ] ﬁm))

n

ﬁ”=2 (axv> Fue

V=l

rae

Eciiu uepes F o6GosHauuTh orobpaxeHnne ¢ ofoq~! muoxecrsa ¢ (U)
B ¢’ (U’), 70 Hame npeoGpasoBanue B TOUHOCTH coBnaznaet (cm. (1.3.1))
¢ oto6paxenueMm (dF)(g(a)).

VuuThiBasi 3TO NPeACTaBJEHHE H PE3yJbTATH Ii. 1, MB TOJyYaeM
CJIeIYIOUHE TEOPEMB.

2.2.10. TEoPEMA OB OBPATHOH ®YHKUHH. [Tycre V, W — muoeoobpasusn
paameprocru n Kaacca C* (R-anaruruueckue), u nycre f: V— W — oro-

6pascerue Kaacca C* (R-amasuruueckoe). Ecau 0an HekoTopoii TouKu
aeV orobpaxcenue [, : T (V)—> T; o (W) ssaserca usomoppusmon,

ro cyujecrsyror okpecthocry U =a u U’ = f(a), rakue, 4ro orobpa-
scenue [\U seaserca C*- (R-anasuruneckum) usomoppusmon na U’.

2.2.11. TeEoPEMA o PAHrE. [Tycre V, W — muozoobpasus xaacca C*
pasmeprocTell COOTBETCTBEHHO N U M, U RYcTs pane orobpascenusn f
8 Kaxcdoi Touxke a<YV ecrs yeaoe uucao r, He 3asucsuee oT a.
Toeda cywecrsyror cucremst koopduuar (U, ¢), (U’, ¢') 8 Toukax a
u f(a) coorsercreenno, rakue, uro ¢ of o~ '@ (U) cosnadaer ¢ oro-
6pasceruem

(X1 ooey x)—>(xy, ..., %, 0, ..., Q).

2.2.12. Onpeneneuue. I[Tycts V ects C'-mHOroo6pasne pasMepHOCTH
co cueTHO¥ 6asoit, u nyctb S < V. 'oOBOPSAT, YTO MHOKECTBO S HMeeT
Mepy Hyab, ecad Ans Jo6of cucteMbl koopuuuaT (U, @) MHOXECTBO
o(SNU) umeer Mepy uyan B K"

KpuTHueckue TOYKM MBI ONpenesuM, Kak B rvi. 1. Mwmenuo, mycts
V, W cyts C*MHOrooGpasust paamepHOCTeli COOTBETCTBEHHO # H M,
E>1, u nyets f: V—>W ecTs Ck-OToépameHHe‘ Touka a =V Hasw-
BaeTcsl KPHTHUECKOH MJst f, eciu paHT [ B 9T0H TOUKe MeHble M.

Caeyronias TeOpeMa BHITEKaeT HEMOCPEACTBEHHO U3 TeopeMul 1.4.6,

2.2.18. TeopeMa Capua. Ecau V, W cyrs C™-muozoobpasus co cuer-
noemu 6asamu u f: 'V —> W nekoropoe C-orobpascenue, To o6pas f(A)
mHoscecrea A xpuruueckux touex [ umeer mepy Hyrs 8 W.

Haxonen, MoxHO nokasath (kak B § 1.2) cymecrBoBanye pasGue-
Hus enauHuuel. Ecam (U, @) — cucreMa KOOpAMHAT Ha C’f’-MHoroo6pa-

3‘
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3un V, To u3 aemMbl 1.2.5 cpasy BEITeKaeT, 4TO HJs JM0GOro KoM-
nakta K < U cymectsyer C*-pyukius n>0 na V, rakas, uro n(x) >0
paa x= K u suppn <= U. 3ateM TOYHO TaK Ke, KaK Mbl JLOKa3blBaJH
Teopemy 1.2.3, MBl MOXKeM J0Ka3aTb CJEAYIOLIee YTBEPKIEHHE.

2.9.14. TeopEMA. [Tpednosoncun, 4ro Cmnoeoobpasue V, 0 <k << oo,
umeer cuernyro 6asy u 4ro 3adano e2o orkpeiroe nokpeirue {V}; .

Tozda cyuecrsyer cemeiicreo CE-pynxyuii{ng, < 5, m: =0, suppn, <V

raxoe, 4To cemelicTso {SUpp1;} 40KAA6HO KOHEUHO U 2mx)=1 oan
a0boii Touku xEV.

2.2.15. CaencrerE. Ecau X — samkrnyroe nodmnooucecreo V u U D X —

OTKpbLTOE NOOMHONCECT80, TO cyujecrsyer C"-q’zymcquﬂ n Ha V, Takas,
uro n(x)=1, ecau x =X, u n(x)=0, ecau x=V\U.

§ 2.3. Mnozoobpasusn I'paccmana

B stom maparpade Mbl paccMorpuM onuH kaace R- (uau C)-ana-
JHTHUECKHX MHOrooGpasuii, BaKHBLIX CO MHOI'MX TOYEK 3peHHs, XOTs
3T MHOroo0pasuss U He OYAYT HCIOJb30BAThCA B OCTAJbHOH YacTH
KHHUTI'H.

[Tycts E — BEKTOPHOE NMPOCTPAHCTBO Pa3MePHOCTH n Hajg moJgeM R.
[ycts r —ueqoe uucao, 0 <r<n. O6o3naunM uepes G,(E) MHOXKe-
CTBO r-MEPHBIX JHHEHHBIX HOANpPOCTpaHcTB E. Mbl nokaxkeMm, 4To
G,(E) o6sanaer ecTeCTBeHHOH cTpyKTypoil R-aHamuThueckoro muoro-
obpasus.

[ycts F — npou3BoJIbHOE NOXNPOCTPAHCTBO pasMepHocTu r. Toraa
MOXHO HalTH mojnpoctpaHcTBo E’— E pasMepHOCTH 1 —r, TAaKOe,
yro E'NF={0} u E=F+E’. Ecau pas noxgnpocrpanctsa E'C E
Pa3MEPHOCTH N — ! Mbl NOJOXKHM

U(E’")y={F: F umeer pasmepuocts r, F < E, FNE ={0}},

TO HOJIy'{HM, 4yTo
G, (E)y= U ).
S

Tenepr MH yrBepkpaaeMm, uto U (E’) MOXHO OTOXKIECTBHTbL C MHOXKe-
crBoM L (E’) Bcex R-numefinbix oroGpaxenunit A: E/E’— E, Takux,
4TO 1) ° A — TOXKJecTBeHHOE oTo0paxkenwue, rae v,: E-— E/E’ —ecre-
CTBeHHas! Tpoekuus. B camom gene, ecan A < L(E’), To oueBHAHO,
uro A(E/E’)=F —nopgupocrpaHctso E pa3MepHOCTH r, Takoe, YTO
FNE’={0}. O6parHo, ecau F 3amaHo, TO

E=F+FE.
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O6o3HauuM uepe3 mp NPOCKNHI0 Ha F, 3amaBaeMylo pasJoXKeHUEM
E=F+E’. Torna

np(E)=0
H, CJEeJ0BATENbHO, Np MHAyHUpYeT R-1uHeliHOe oTOGpaxeHue
Ar: EJE'—F,
a 3HAuYHT, ¥ OTOOpaKeHHe
Ap: EJE’ —E.
OueBUAHO, Mg © Ap — TOXKAECTBEHHOE oTo0OpaxeHue U
Ar(EJE’)=F.

Mu noxkasaau, uto U (E’) u L(E’) MOXHO ecTeCTBEHHHIM 06pa3oM
OTOXAECTBUTD.

Janee, Mbl yTBepxkpaeMm, uto L (E’) — koHeuHoMepHOoe adduHHOE
IPOCTPAHCTBO, T. €. 4TO A Jioboro Ay & L(E’) MHOXKeCTBO
{A —Ay: A= L (E’)} sBIseTcst KOHEYHOMEPHBIM BEKTODHBIM NIpOCTpaH-
ctoM. B camom gene, ecam Ay, ASL(E), 10 mgo(A—2y)=0;
IO3TOMY '

(A — h) (E/E") = ker (ng) =E’

n A—Ay ectb R-nuneitnoe oro6paxkenne E/E’ B E/, ™. e.
A— Ao = Homg (E/E’, E').

Ianee, ecin p = Homg (E/E’, E’), 10 Ay + p = L (E’). D10 nOKa3HBaeT,
uT0 {A — Ag: A = L (E’)} ecrectBenno usomoppuo Homg (E/E’, E), n s1uM
JOKa3bIBAeTCsl Halle yTBepxjaeHue. Ecau Mbl Teneps BoiOepem 6asuc
B E’ u nomnosHuM ero no 6asuca B E, TO MBl NMOJyUHM BO3MOKHOCTb

’ 14 ~—
oroxnectsuts Homg(E/E', E') ¢ wmuoxectom Homg(R', R*™") =
= M(r,n—r), T. . ¢ MHOXeCTBOM r X (n—r)-MaTpuu, uzoMopd-
mem R0

Takum obGpasom, npu 3adannom ry< U (E') u nodxodsuux Gasu-
cax 86 E' u E cywecrsyer GuexkrusHoe orobpaxcenue hg MHONECTSA
r -
U(E") na RF®7,
Jlasee, coBCeM JIEI'KO NOKA3aTh, YTO AJ/151 [BYX NOANPOCTPAHCTB E' E”
— 7
pasMepHOCTH #—r OToGpaxenne Agrohp MHOMKECTBA he (U (E)N

NU(E”)) B R"™™ sanaercs payuonarsnoimu @yrkyusmy (B 4act-
HOCTH, R-ananuruueckumu ¢yHxuusmu). OTCIOfA CleAyeT CYLIECTBOBA-
HHME eMHCTBEeHHO# TomoJoruu Ha G, (E), oTHOCcHTE bHO KOTOpO# U (E')
AIBJSIIOTCS OTKPBITHIMH MHOXKECTBAMH, a OTOGpaXKeHus Ag — romeo-
Mop(pu3IMaMu.

M yTBEpXKIaeM, UTO 3Ta TomoJorus xaycaopdona. [Ipexne Beero,
U (E’) — xaycmopdoBo mpoctpaHcTBO, OTKpHITOe B E jmas JawGoro E’.
KpomMme Toro, pad JoGHX 3afaHHBIX nopupoctpaHers Fy, Fy < E pas-
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MEPHOCTH 7 MBI MOXKEM Ha#TH MOANPOCTPaHCTBO E/ pasMepHOCTH n—r,
takoe, uto F N E’, F,NE" o6a paBuu {0}, 1. e. F|, F,= U (E’). O1-
ciofia cpasy cJjenyer, uto ecad F; 5= F,, TO Y HHX ecTb Helepece-
Kawouigecst okpecrsoctd B U (E’), a snaumr, u B G, (E).

Hrak, Mb mokasanau, uyto G,(E) o6Gmamaer ctpykrypoii R-amanau-
THYECKOTO MHOrooGpasus. Teneps Mbl MOKaXKe€M, UTO OHO KOMIAKTHO.

Hycts ey, ..., e,—06a3uc B E, u nycts O (1) — OPTOHODMHPOBaH-
Has rpynna B R, T. €. MHOXKeCTBO AeHCTBHUTEALHBIX (11 X 7)-MaTpHll,
TaKHX, YTO

AfA=1,

rme ‘A—wmarpuna, tpaHcnonupoBamHas K A, a [-— eguHHuHas
(n X n)-marpuua. Mmeer mecro uzomopdusm ¢: E —R", 3amaBaembiii
paBeHCTBOM A
n
o(x)=(x, ..., x,), ecau x=21 xe;.
]=

TakuM oGpasom, O (n) neiicteyer Ha E: ecin A= 0(n) u x<= E, Mu

nosaraeM
A(x) =o' Ag(x),

rne Ag(x)— o6biunoe neiicteue O (n) B R”. 3uauut, sra rpynna peii-
crByer u Ha G, (E). Mel yTBepxkjaeM, yto njsa Jawobux F|, Fye G, (E)
nafigercs A< O (n), Takoe, urto AF, =F, Ho 310 yTBepX)ueuue no-
craTouHo jokasath Aas E =K", rge oHo oueBHaHO (Tak KaK MOXKHO
BHIGpaTh OPTOHOPMUpPOBaHHBE Gasuck (4, ..., u,), (v, ..., v,) BR",
TakHe, yTo F; HataHyTO Ha (4, ..., 4,), a F;—Ha (v, ..., v,)). Lauee,
oro6paxenue O (n) X G,(E)— G,(E), npu kotopom (4, F)+—> AF, ne-
npepusHo. Kpome Ttoro, O (n)—xkommnakr. 3uaunr, ecin Fy< G, (E)
dukcuposano, 1o G,(E) aBasercs o6pasom O (1) npu HeNpepbHIBHOM
oro6paxeHny A~ AF, 1 noTOMy ecTb KoMmmakr. Mrak, HamMu JoKa-
3aHa

2.3.1. TeorEMA. Mroeoo6pasue I'paccmana G,(E) ssaserca xomnaxr-
noim R-anaauruseckum mnozoobpasuem pasmeprocru r{n—r).

2.3.2. 3ameuanue. Ecim r=1, to G,(EF) HasbiBaeTCcs npoeKTUBHbIM
npocrparcréom P(E), accomuupoBarueim ¢ E; P(E) umeer pasmep-
Hocts n— 1. Ecan, B uactioctn, E =R", To cooTBeTcTByIOIECE NPOEK-

tuBHOe npocrpanctso P (R") Mbl 6yxeM o6osunauats RP*7,

2.3.3. 3ameuaHHE. Eciu E ecTb n-MepHOe KOMILJIEKCHOE BEKTOPHOE
npoctpaictBo, 0<r<n u %, (E)— MHOXKECTBO KOMIJIEKCHBIX r-Mep-
HBIX NOANpocTpaHcTB E (pa3sMepHOCTh KOMILJIEKCHAS), TO, KaK H BhIIIE,
MBl MOXeM IokKasaTth, 4to ¥, (E)— KoMIDaxkTHOe KOMIJIEKCHOE MHOTO-
oGpa3ue KoMmaekcHO# pasmepHoctd r(n—r). Ilpu r=1 ono Ha3H-
BaeTcs NPOEKTHBHLIM NpocTpaHcTBOM P (E) u, ecan E=C" o6osna-

yaercsi cumsosom CP"7 L
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§ 2.4. Bexmopnoie noas u dugepenyuarvnoie popmos

[Iycts V ects CF-muoroo6pasue u T (V)—ero KacaTednHoe pac-
cnoenne. Mmeercs ecrtectBennasi npoekuus p: T(V)—V, xoropas
nepesogut T, (V) B Touky a.

2.4.1. OnpenENEHUE. BexkropHoim nosem Ha V HasbiBaeTcsl oToOpaxke-
nue X: V—>T(V), takoe, uto poX — TOXKAECTBEHHOE OTOOpaKeHHe
ga V. Ecan X ectp C’-oroGpamenme (0<{r<Ck—1), To MB Ha3so-
BeM X BEKTODHHIM mnoJsiem kuacca C™ uam C’-BekTopHbIM nojieM. Ecin
V — anaJauTHyeckoe MHOroo06pasue, T0 aHAJOTHUHO ONpefessercs aHa-
JINTHYECKOe BEKTOpHOE IOoJIe.

B o6uiem cayuae, ecau p: B —> A — HeKoTOpoe oToOpaxKeHUe MHO-
’ectsa B Ha MHoxkecTBo A, To oToGpaxkenue X: A— B, Takoe, 4To
poX TOXIECTBEHHO Ha A, HasmlBaeTcsl cewenuem p. BekTopHbie moJs
ABJSIOTCS, TAKUM 06pa30M, CEUeHHSIMH NMPOEKLHH KacaTeJbHOro pac-
CJIOEHUsT Ha MHoroo6pasue.

Ecan X — BektopHoe noJe u (U, @) — cucreMa koopaunar, ¢(x)=
= (%[, ..., ¥,), TO MBl MOXeM HaNHCaTb

X@=Y&@(5), &s@=R
v=1

Jlerko mnpoBephTb, uTo X siBasiercs C'-BEKTODHBIM IIOJEM B TOM H
TOJILKO B TOM cJyuae, ecan Bce &, cytb C’-bynkuuu Ha U nas io-
6ot cucrembl koopaunat (U, ¢). BekropHoe nose a—>(d/dx,), (onpe-
neqaentoe Ha U) Mbl 6yneM ofo3Hauath uepe3 0/0x,.

ITycte p—uenoe uncio, 0<<p<<n, u APT (V) — paccJjoeHue
p-¢dopm Ha V.

2.4.2. OnpeAEJEHHE. Juppepenyuarsroii ¢opmordi crenenu p (uan
NpocTo  p-popmoil) HasbiBaercss OTOOpaXKeHHE @: V—>/\"T*(V)
Taxkoe, 4To

wl@)ye A" Tq(V)

pas a1060% TOUKH a & V. Mbl roBopHM, u4TO p-hopMa HPHHANJIEKHT
kaaccy C” (aHa/qnTHYHA), €CJOH STHM CBOHCTBOM 06J/ajzaeT OToGpaxe-
nue @. Mrak, nudpdepenurasbubie GopMbl — 3TO CEUEHHS €CTECTBEH-
Ho#i mpoexuun AP T* (V) na V.

Ecnu (U, @)— cucreMa KOOpPAMHAT H (p(x)—(xl, cvey Xu), TO 3JIE-
MeHTH (dX)g, ..., (dX,), oépasylo'r 6asuc B Ty (V), a 6asuc 8 A” Ta(V)
3azaercs SeMeHTaMH (dxi), N - A (dx,p)a 1<jii< ... <j,<n.

ITosTromy p-0hOpMy © MOXKHO eIHHCTBEHHHIM 00Da3oM INpeicTaBHTH
B Buje

<<,

o (a)= <2<1 &1, (@ (X)), A e A (dxg),
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CHOBa ® NpHHAANEXKHT Kiaaccy C’ (aHaJMTHYHA) TOrZa H TOJBKO
TOrZa, KOTla TAKOBEIMH AIBJSIOTCS BCE E;, .7, JJIf BCEX CHCTEM KOOD-

nunar (U, ¢). CumBos dx; osnauaer l-popmy
av—>(dx;),,
a dx; A ... \dx;, osuauaer p-bopmy
a+— (dx,-l)a A... A (dep)a-

3aMerum, 4TO Aaf LeaHX p, ¢ == (0 onpeneseHO ecTecTBeHHOe JHU-
HeliHoe oToOpaXKeHue

A’ Ta(VY® AT, (V)= AP TL(V);

o6pa3s snemenTa o, (a) ® @, (a) npu 3ToM oTOOpPaXKEHUH MBI 0603HAUUM
yepes o, (a) A wy(a). Tenepr nas ABYX mauHbIX NHbdepeHIHaNbHBIX
dopM ®;, @, CTENEHH COOTBETCTBEHHO p, ¢ MBI MOXKEM OIpPeNeJHTb
(p + g)-dopMy ©; A oy, Ha3bIBaeMyl0 BHEIIHUM NPOH3BEJEHHEM ®) U ®y,
noJsaras
(01 A @y) (@) =@, (@) A\ oy(a).

HenocpeacTBeHHO BHAHO, uTO €CIH ©;, @y CyTb C’- (aHA/JIHTHUECKHE)
¢opMbl, TO TakOBa U dopMa ®; A @

MuoxectBo Bcex p-dopm ma V (kaacca Ck—l) 0603HAaYHM CHMBO-
aoM A? (V). Mpl OyzeM Takxe paccMaTpuBaTh HPAMYIO CyMMy

AV)= 2 AP(V).
p=0

OnpenenenHoe BbllLIE BHeluHee ymHoxenuwe mpespauiaer A(V) B ax-
re6py Hap nosem R. Daements! aToii asre6pbl Mbl GyaeM HasbBaTh
npocro dupdepenyuarsroimu gopmamu. OHA COCTOAT U3 KOMIIOHEHT,
KOTODhHIE fABJSIOTCA p-GOPMaMu, M BCe KOMIIOHEHTH, 32 HCKJIOUEHHEM
KOHEYHOro uucaa, CyTh HYJIH.

M3 namux ¢opmys B JOKaJbHBIX KOOPAHHATAX BBHITEKaeT, KPOMe
toro, uro ecan V Ct-puddeomopduo orkpmitomy MHOKecTBY B R,
to A(V) Kak anreGpa mnopoxjeHa aJjeMeHTaMu Buua f, dg, rme

k=1 ,

fec* ' (V) u gectW).

OrMetuM eme, uto BekTopHOoe mnpocrpaHcTBo ¥ =X(V) Bcex

k=1 .
C"" -BeKTOpDHHIX mnoJsied Ha V gBasierca K TOMY Xe R-MomyJeM, rue
k=1 . .

R —xombno C*~ -pynkuuit na V. Hanee, mexny A"T.(V) u AT (V)
HMeeTCsl JIBOHCTBEHHOCTb, OTHOCHTEJbHO KOTOPOH OHH SABJSIOTCA
CONpSIXKEHHBIMH HpocTpaHcTBaMu. CJle0BaTeJbHO, €CJH @ €eCTh
p-bopma kaacca C*™' Ha V, 10 el ompegessieTcss MyJbTHJIHHEHHOE
oro6paxenue ¥” B R no gopmy.e

('o(Xl) veey Xp)(a) =0 (a)(Xl (a)9 ey Xp(a))‘
dTo oTobpakeHHe, OUEBHIHO, aJbTePHUPYIOLIEE H R-MyJIbTHINHEHHOE,
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2.4.3. TIpeasoKEHKE. O6paTHO, 8CAKOe abTeprHUpYyrOuee R-myroeTu-
AuHeiinoe oTobpaxcenue ¢ npocTparcrea ¥° 8 R onpedeaser Hekoro-

pyro p-popmy ® Kaacca ct
« [Lis1 10Ka3aTeabCTBA PACCMOTPUM BEKTOPH X, 4, ..., Xp, o ET,(V),

r—1
a €V, u NOKaxKeM cHayaJja, UTO CyuecTBYIOT C° -BeKTOPHBIE MOJSI
X, ..., X,, Takue, uto X;(a)=X; o, s 3TOro npeinooxuM, 4To

Xj o= 2 0,(9/0x,), B cucreme koopmuuar (U, ) u uto 7 ecTsb

C*-pynKnMa ¢ KOMOakTHBM HocuteneM suppn< U, n(x)=1 s x

H3 HEeKOTOpo# oxpecTHOCTH Touky a (cienctBue 2.2.15). Mbl MoxeMm
onpeneauTs BekTopHoe mnoje X;: V — T (V), noaaras

X; (x)=0, xe U,
Xf(x)=2n(x)av(%)x, reU.

Mbl  yTBepxknaaem, urto ecan X;(a)=0 pgng HEKOTODPOro j, TO
@(X;, ..., X,)(@)=0. BBuay R-MyJbTHIHHEHHOCTH ¢ JMJIsI 3TOTO
N

JOCTATOYHO noKasath, uTo ecan X;(a)=0, T0 X,~=u21nuYu, rue

nueck—l(V) ofpamatoTcss B Touke a B Hysap u Y, =X. [lycts
(U, ¢) — cucreMa koopauHat, a &< U, u nmycTh

X (0= ¥ 0y (0) (=)

, xeU.
’x
v=1

Takx kak X;(a)=0, To Mb umeeM ay(a)=0, 1<Cv<<n. Ilycems

ne C*' (V) rakosa, uro n(a)=1, 0<<n<{1 u suppn— KOMNAKTHOe
noamuoxectso U (cM. caepcrsue 2.2.15). Onpenenum BeKTOpHHIE
noass Z,, 1<<v<Cn, nonaras

Z,(x)=0, ectu x&U, Zv(x)=f5v(x)(a~iv—)x, ecsn x=U,

rue
n(xae,(x), xeU,

b= " TSy

TaK 4TO ﬁVECQ"I(V) u B,(@)=0. OnpenenuM BeKTOpHblE Ioas Y,
nosarast

Y,(x)=0, ecan x & U, Yv(x)=n(x)(£7)x, ecan x= U,

Torga Mbl HMeeM

Xi=Z B+ (1-nZ)+ - X,
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Tak kak n(a)=1 u B,(e)=0, T0 370 U ecTb TpebyeMoe npeacTaBie-
HHe. 3alajguM Teneph pP-KOBEKTOP m(a) B Kaxao#l Touke a<V

dopmyJof
o@X, o .0 Xpad=0X, ..., X,)(a)

VyuTHBas BHINEH3J0XKEHHOE, MBI BHJUM, UTO 3TO BHIPAXKEHHE PaBHO
HYJII0, ecqH Kakoe-HHOyAbp X; DaBHO HYJIO B TOYKE @, H NOTOMY
o(a) ompeneseH He3aBHCHMO OT BbOOpPa BEKTODHHIX mnoJed Xj;
eJIHHCTBEHHOE, UYTO OT HHX Tpe0yeTcs — 3TO BHINOJIHEHHE YCJIOBHH
X;(a) =X, 4 IlpocTble BBIKJIAAKU B JOKAJbHBIX KOOPAHHATAX MOKa3bl-
BAICT, UTO TAaKHM 00pPa3oM OlpefesieHHbBE SJEMEHTH © (a)E/\”T:,(V)
sajgaiT p-bopMy ® KJacca clop

Hakonen, samerum, uto (CP-, awanutuueckas) 0-dpopma — 5To
npocto (C*-, ananutuueckast) Gynkuus Ha V.

[Iycts Temeps V, W —nBa C*-mmorooGpasus u f: V—>W eCTh
C*-oTo6paxenue. Ilycte a=V u f(a)=>b. Hamu 6b0 onpeneseHo

oTobpaxenue .
for Ty (WYy—>T, (V).
Jas Kaxaoro p>0 OHO NOPOXKJaeT JHHeHHOe oToOpaKeHHe

ATy (W) = A" Ta (V).

Stu 0TOOpaXKEHHS B COBOKYNHOCTH ONpPEAEsIOT roMoMopdusm aare6p
(xoTOpBHIH MBI CHOBa 00603HAUUM f)

Fi AT, (W)= AT, (V).

2.4.4. OnpenenEHHE. IlycTh @ ecTh p-bopMa KJjacca C*' Ha W u
f: V— W —oro6paxenne kaacca C*. [Tpoobpazon ['(0) ¢opmsr @
HaseiBaetcs p-popma kaacca C*' ma V, KoTopast onpesessiercs Tak:
npu p=0, koria o=g ects C* '-pynkuus, f*(®)=gof; npu p>0

MBI TIOJIaTaeM
" (@) (@) =T, (o (a))).

3aMeTHM, UTO HHAYIHPOBAHHOE OTOGpAkKeHHE
[ A(W)— A(V)

npocTpaHcTBa Beex AubdepeHuHaNbHBIX GOPM OYILT 20MOMOPPUIMOM
ancebp.

Ecau, B uactHoctH, U — OTKpHITOE MHOXKecTBO B C*-MHOroo6pa-
3un V, o ectb p-dopma Ha V u i: U —V — ecTecTBeHHOE BJIOXEHHE,
to Mbl nuiieM {(@)=o|U u HasbiBaeM 5Ty QOpMy cydcenuen
bopMel © Ha U,
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2.4.5. 3ameuaHuME. s Kaxnod Toukn a <V onpejeneHo Takke
oro6paxenue f, ;0 T,(V)—>T,(W), b=f(a). Onuako ero, BooGue
rOBOpSI, HE/Ib3sl «IPOLOMKUTh> 10 otobpaxenus X (V)— X (W), nanpu-
mep, ecit X =X(V) u a, o’ —roukn us V, nas KoropwXx f(a)=
=f(a)=0b, no f, ,(X(a)) #T, , (X (a’)). Onnaxo, ecau, Hanpumep,

f: V—> W sasaserca CP-nuddeomMopduaMoM, To 0TOGpaKeHHe
b—>f, (X (@), a={"'(),

OUEeBHHO, ONpenpefsieT, Ck_l-BeKTopHoe noJe f, (X) na W.
[Tycts Temeps V — MHOrooGpasue Kuaacca CF, k>2. Ilycms
X u Y-—pBa Ck_l-BeKTOprIX nosnst Ha V. [Has mao060#i GyHKUMH

feC*(V) oyukunus X (f) npuHamiexur KJaaccy Ck—l(V). Tak kak
E—1>1, 10 ™Mb wmoxem unpumeruts Y K X(f) (cM. sameua-
nue 2.1.13). Takum o6pasom, Mbl MOXKeM ONpeflesnHuTh OTOOpaxKeHHe

Ct(V)—C*2(V) no dopmyJe
[X, YI(H)=XX¥ (H)—-Y (X))

OnuuieM ero B TepMHHAaX JOKaJabHBIX KoopmuHat. Ecau (U, ¢)— cu-
creMa KoopauHar, @ (x)=(x;, ..., X,) u

X0 =Ba(oL), ¥o=Ynm(),
rane
a, By CHHD),

TO JIEFKO NPOBEPHUTH, UYTO
d
X, Y1) = Yoy () (5e).
rae

1= Ffont o )

Orciona BHAHO, Mexnay mnpouuM, uro [X, Y]— BexktopHOoe moJje
kaacca C*2%

Bekroprnoe mnoJe [X, Y] HnaswiBaerca ckobkoii [Tyaccona (uau
IPOCTO cK06KOi) BeKTOPHHX mojeli X, Y.

3ameruM, uro Bektop [X, Y](a) saBucur or 3nauennit X u Y
B [IOJIHOH OKPECTHOCTH TOUKH @, a He TOJbKO OT BeKTopoB X (a) u Y (a).
OueBHIHO, BHINOJHSIOTCA TOXAecTBa [X, X]=0, [X, Y]=—1Y, X].
Ecin k>3 u X, Y, Z— Bekropubie moJs KJacca Ck_l, TO JIETKO
IPOBEPUTh, UTO



76 " I'l. 2 MHOTOOFPA3HS

3T0 cooTHOLIeHUe Ha3biBaeTcss Tomdecreom Sxkobu. HaxoHen, same-
THM, UTO €CJ/IM BEKTOpHHIE moasi X, B KoopauuatHo# cucreme (U, @)
- OTIpeJieJIeHHl YCJIOBHEM
a
Xv(x)':(a—xv') ’ v,

X

10 [X,, X,]=0 B U nas mo6ux nap p, v.

2.4.6. IlepefineM Tenepb K pacCMOTPEHHIO KacaTeJbHHX IPOCTPAHCTB
U TOMYy IOAOOHBIX NOHSITHH HA KOMILJIEKCHBIX MHOroofpasusx. [IycTsb
V — koMmnsekcHoe MHOroo6pasue KOMIJIEKCHOH pasMepHOCTH nH a V.
Ilycrs (U, @) — cucrema KoopanHar, a = U; Torga ¢ ecth KOMILIEKCHO
aHaJuTHUeCKUl uzomopdusM U Ha HEKOTOpPOe OTKPHITOE MHOKECTBO
B C" Mp numem @(2)=(2, ..., 2,), e zeU, z;=x;+1y,,
X;, y;— AeiictBuTeabHHE ¢QyHKumH kJaacca C%. KacareapHoe mpo-

crpactBo T,(V), rme V paccmarpuBaercs Kax JHefiCTBHTENbHOE
C™-MHOroo6pasue pasMepHOCTH 2n, of./agaerT eCTECTBEHHOH CTPYKTY-
POH KOMIIJIEKCHOTO BEKTOPHOTO HPOCTPAHCTBA, KOTOpas ONpefessieTcs
cJeAyoUuM o6pa3om:

2
Mbi noaaraem C"~R™ ornocurennno uzomophpusma

(@1« 2= (0 Y15 oo ey Xn Un);
rne z;=x;+1iy;. Torma oro6paxenne T,(V)— R, npu kotopoMm
X = ((dx)q (X), (dy1)a(X), ..., (dxa)e (X), (dya)e (X)),

asasiercsi R-uzomopduamom. CieoBarensHo, oToGpakeHHe
Xr—=((dz)o (X), ..., (dza)o (X))

apasercsi R-usomopdpusmom T,(V) na C" u stor usomopdusM ecre-
crBeHHo onpegnedsier Ha T, (V) crpykrypy C-BekTOpHOrO npoctpaHcTBa
(sameuanune 2.1.12). dra koMmekcHasi cTpykrypa Ha T, (V) He 3aBucur
ot Bh6opa cucrems koopxuHat (U, ¢). dakTnueckn oHa XapaKTepH-
3yercsl cJae/ylounuM cBoiicTBoM. Ecau f — pocTok ronomMoppubix GyHK-
i B Touke a<V, TO

(df)a(gx)=§(df)a(X) QEC, XETa(V)a

rne {X 03HauaeT omepauyio YMHOXKEHHS Ha KOMIIJIEKCHOE YHCJIO, Olpe-
JleIIeMyI0 YKasaHHOH KoMnJeKcHo# cTpykrypoii Ha T, (V), a B npasoit
YacTH CTOHT IIPOHU3BEeLEHHE JBYX KOMIJEKCHBIX UHCEeJ.

ITyets @ (2)=(2, ..., 2,) — KOMOJEKCcHbEe KoopauHaTh B U u, Kak
BHIe, 2; = X; -+ iy;; Torma (X, ¥y, ..., X, Yn) OOPA3YIOT KOOPAHMHATH
B U, ecaiu V paccmarpuBath Kak jgeficteuresproe CP-MHOroo6pasue.
Taxum o06pa3oM, 3agaHBl BEKTOPHI

(). ()=
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Jlerko npoBepuTh, UYTO MO OTHOLIEHHIO K ONpeJeJeHHOH BHIe KOM-
miekcHoH cTpykrype Ha T, (V) MBl HMeeM

g )e= = (o)

Kpowme Toro, (9/0xy), 2, =90,y, H MOTOMY BeKTODPBL (3/0%)e 1 <v <,
o6pasyor C-6asuc B T, (V).

Ilycts Teneps (U’, ¢') —apyras cucrema koopaunar, a< U’ n
¢ R)=(w, ..., w,), € U’. Hannmem w;=u;+iv;, rae uy v; —
gefictsutenbibie C*-oyuruuu., ITyere X =T, (V) u

x=Yalok) = Tnla) o nec

Jlerko NpOBEPHTH, UTO

n

= Do),

v=]

Ianee, (0/0x,), w, — 20a0mopdrbie pynkyuu Toukn a aaa as U NU’.
ITosTOMy MOXKHO HOBTODHTb JOKA3aTeJbCTBO TeopeMsl 2.2.3 u moJy-
YUTb CJAeAYIOUH pe3y.bTar.

2.4.7. TeoPEMA. Ecau V — Komnaexcrnoe mHoeoobpasue pasmeprocTy n,
o T (V)= UT,(V) o6sadaer ecrecTeennoii cTPYKTYPOL KOMNACKCHO20
mroeoobpasus pasmeprocru 2n. Ilpoexkyus p: T(V)—V ssaserca
‘eonomopprom orobpamenuem u T (V) aokarsHo TpusuaisHo, T. e.
y moboti Touku a &V umeerca oxkpecrnocre U u Komnaekcno aua-
auruseckuii  usomoppusn h: p~(U) — U X C", rakoi, uro ecau
hE)=(a, v), E=p ' (U), o pE)=a. Kpome ro20, orobpascenue
T,(V)—C", sadasaemoe ycrosuem §—> v, ecrs C-uzomoppusm.

2.4.8. 3ameuanue. Ecam V, W — kKomniekcHbie MHOroo6pasust H
[: V— W —ronomopduoe orobpaxkenne, 10 f, 41 To(V)=>T; (4 (W)
sipJsiercsi C-/1MHEHHBIM OTOGpa)KeHHeM.

YuuThiBasi BHILEH3JIOKEHHOE, Mbl MOXKEM IMPHMEHHUTb TEOPeMy
0 paure pnjs rosoMopbHbX GyHKUHH (cM. 3ameuanue 1.3.15) u moay-
YHTh CJEAYIOLIEE YTBEDPIKIECHHUE.

2.4.9. TEOPEMA O PAHTE NJ TOJOMOP®HEIX OTOBPAXEHHH. I[Tycre
V, W — Komnaekcrole mHo2006pasusi pasmepHoCTell COOT8ETCTBEHHO
n,m u [:V-—>W—ezoromopproe orobpascenue. ITycrs r—raxoe
yeaoe 4UCAO, UTO

rankcf, ,=r

028 aoboli Touku a<V. Toeda cyu,ecT8yroT KOMHACKCHble KOOpOu-
naret (U, @) 6 Touke a, (U, ¢') 8 rouke [ (a), raxue, 4to ¢' o f o ¢~ [ (V)
cosnadaer ¢ orobpanceruem (21, ..., 2x)—> (21, «v -5 27, 0, ..., O).
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2.4.10. 3aMeuanus. Heckosabko saMeuanuii 0 xomnsekcuorx C™-pug-
depeHIHAJbHBIX (GOpPMax Ha KOMIJIEKCHOM MHoroo6pasun V. Mu

2)
oroxaectsuin C” u R™ ¢ nomoupio oto6paxenus

(21’ ety 2n)'_>(xl: Yis ooy Xp, yn)’

rae 2;=x;+iy;. Ilycts E —BexropHoe npoctpanctso Haj moaem C
pasMeproctd n. Paccmorpum C-BeKTOpHOE IPOCTPAHCTBO '

& = Homy (E, C)
Bcex R-nuueitnpix otoGpaxennit E B C. Ilycts
F={fe&" f(iv)=if (v) nas Bcex v E)},
F={f= & [(iv)= — if (v) ans Bcex v & E).
OueBupHo, uto F u F cym C-nomnpocrpanctsa B & u uto
& =FQF.
B camoMm nexe, FNF={0}, a ectu g=&" u
’ 1 .t " 1 . e
F )=+ (g0)—igiv), [ ()=~ (g()+igio)),

o f<F, {”F u g=[ +f". Mu o603Hauaem F=& ou F=8&;1.
OTto6paxenue z+—> Z noass C na ce6s npogomxaerca no R-nuueiinoro
oro6paxennst & Ha cebs, KoTopoe mnepeBoguT F B F. O6pas
sJeMenTa g € & npH 5TOM OTOGPAKEHHH MBI TOKe 0603HAUHM uepes g.
Ecau (e, ..., e,) —nexoropuii C-6asuc B F, 10 (8, ..., &,)— Toxe
C-6asuc B F.

PaccMOTpUM Teneph BHellHee NpoHsBeleHne A’ &’ KOMIJEKCHBIX
BEKTOPHBIX NPOCTPAHCTB &". Tlyets p, g —uense uncaa, p+q=r,
u nycTs &p, o — nomnpoctpancTBo A'& , MOPOKIEHHOE 3SJE€MEHTaMH
BHAA

u]l A ... /\ujp/\ vk1 Ao A vkq,

rne u;, €F, 0, e F. Basuc B é”; 3ajlaeTcsl 3JeMEeHTaMH
v i ’

q
e]l/\.../\e,p/\ekl/\... /\equeJ/\eK,

e i< ... <j, By< ... <k, (u Mexny j u kK HeT HHKAKOH 3aBH-
cumoctu). OueBUIHO,

Ar$*= Z g;_qa

p+q=r

rie clpaBa CTOHT NpsiMast CyMMa.
[Tycts Temepb V — KOMIJIEKCHOE MHOrooGpasHe pPasMEpPHOCTH
u a<V. B kauectBe E BosbMeM E =T,(V) ¢ onpeie/ieHHON BhIlIe
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KoMmmiekcHO# cTpykTypoit T,(V). Tonoxum
T, (V)= Homy (T, (V), C)=T, (V) ®,C;

310 ecTb (C-BeKTOPHOE MpOCTPaHCTBO paamepHocTH 2n. Kak u paHbiie,
ecan (2, ..., 2,) —KOODAHHATE B OTKPHTOM MHOxKecTBe U, 2; =
= X; + iy;, TO

(dx])a’ (dy])a & Ta (V) — 1(1 (V)’

H Mbl MOXeM ONPENeNUTh 3JEMEHTH
(d2))q = (dx))e + i (dy))e = Ta(V).
(cM. Takxke sameuanue 2.1.12); xpoMme TOro, MoJOKHM
(dz))e =(dx))a — i (dy)),
Jlerko nmpoBepuThb, uTO 3aeMeHTH (d2)),, (dZ2), j=1, ..., n, o6pa-

3yIoT C-6asuc B ZT,(V) (rak xax (dx}),, (dy;), obpasyior R-6asuc
B T, (V). Iloso:kuM, O OoUpeleseHHIO,

2,(V)=T,(V) ®,C =Homy(,, C).

*
DTO NPOCTPAHCTBO fABAsSETCH conpaxeHHBM K Z4(V), nostomy B-Z, (V)
ecth 0as3uC, ABOUCTBEHHHIH K yKasaHHOMy Bblie. Ecan Mbl mosoxum

(a_gv.)a:%{( aiv ,\)a— i(@j’v )a}’
(G )= 2] e G

(ymunoxxenne Ha i— 310 ymHoxenne B T, (V)®,C, a ne B T (V),
1. e. i(0/0y,), =(0/0y,), ® i), To 3TOT ABOHCTBeHHHIH Gasuc 3amaercs
Kak pa3 BekTopaMH (0/0z,),, (0/0Z,), (1 <<v< n). Kak ¥u paHblue,
JIErKO I10Ka3aTb, UTO

ty=UJ 2.v), TW=U %)

asV asV

cyTh C*-MHOroo6pasus AefcTBUTENbHOH pasMmepHocTH 6Gn. BHemHHe
npoussenenus A? T (V), AP T (V) onpeneasiorcsi, Kak Bbllle, a KOM-
naekcHass C*-puddepennnanpuas p-dpopMa @ Ha V — ato C™-otobpa-
xkenne o: V—> APZT(V), rakoe, uro o(a)= /\”E;(V) LJS Kaxaoi
TOUKH a & V.

Haa E=T,(V) paccMoTpuM, KaK H BHIle,

/\rg*= Z g;,q-
p+qg=r

Korgma Hafo ykKasblBaThb 3aBHCHMOCTh OT V W a, Mbl OyieM NHCaTth
* * *
& (V, a), &, 4V, a), ... . Cpady BunHo, uto &), o HATAHYTO Ha KO-
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* - -
BekTOpH (dz)),, ..., (d2,),, a &o 1 —Ha (d2)),, ..., (d2,),. CaenoBa-
*
TeJNbHO, &p, ¢ TIOPOKAEHO KOBEKTOPAMH

dz, Ndz2,=dz. N ... ANdz, NdzZ, A ... Ndz,.
7 K i i k, ky
*
DaeMeHTH npocrTpaHcTBa &), ; HA3LIBAIOTCS] KOBeKTOpaMu Tuma (p, ).

2.4.11. Onpenenenpe.  KowmnjekcHosHaunass aub¢epeHnuabuas
dopma o: V —> AT (V) uaswBaerca gopmoi tuna (p, g), ecau
ola)s &, ((V, a) ais mw06oii Toukn a & V.

B TepmuHax NOKaJBHBIX KOOpPHHMHAT @ ecTb dopma Tuna (p, q)
B TOM M TOJbKO TOM CJyuae, KOrja

ol@= X  oxdz; ANdzg, T=(i, ..., jo), K=k, ..., k).

<<,
Ry <. <k

Ecau V, W —xkomnsekcunie wmuoroo6pasuss u f: V— W — rogso-
Mop¢Hoe oToOpa)keHne, TO ONAThL NoJyuaeTcs: oToOpakeHue

o TZW)—>T,(V), b=f(a),

H MBl MOXeM oOIpeieuth mnpoo6pas ['(®) KOMIJIEKCHO3HAUHOH
p-bopmbl Ha W, Kak 310 Aesanoch B onpegeseHuu 2.4.4.

2.4.12. TTpEnsOKEHME. Ecau | — conromopproe orobpascenue, a =V u

fa)=0b, 1o
(&, (W, 0) =&, (V,a).

a

B uacrnocru f*(@) umeer rtun (p, q), ecau ®— dopma tuna (p, q)
na W.

4 JocraTouHO NOKasaTb, UTO
(@0 (W, 0)= &, (V, a).
Ho 3T0 oueBHaHO: ecit g—POCTOK roJOMOPPHBIX QYHKIHE B TOUKe b, TO
fo(dg))=d(g-f),= &V, a),
TaK Kak gof —rojoMopdHsii pocTok. P

2.4.13. 3AMEUAHHE. MBI MOXEM ONPENENUTbh 20A0MOPPHbIE BEKTOPHbLE
nosss X Ha KOMILIEKCHOM MHoroofGpasuu V Kak rosoMop¢HbE OTO-
6paxenust X: V — T (V) (cMm. Teopemy 2.4.7), takue, uto X (@) = T, (V)
nas Jio0oi Toukn a& V. anee, nas nw000# TOukH a & V npocTpaH-
ctBo T, (V) sBasieTcss B oueBUAHOM cMbicse nmoamnpoctpatctsoM I, (V).
Bektopuoe mnose X: V —»>2Z (V) MB HazoBeM rosomMopgHBIM, €cau
X(@)eT,(V) nra mwob6oii Toukn a H X sBAsieTCs TOJOMOPGHHBEIM
oto6pakenneM B T (V). D10 moJe rosoMopdhHO B TOM U TOJBKO B TOM
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cayuyae, Korja JJs KaxAOH TOUKH a & V Haffercd cucTeMa KOOpDIH-
gat (U, @), a= U, Takas, uTO B BHIDAaKEHHUH

x0) = N0 (%), +0) ()1 vev.

Bce a (b) —HysH, a Bce a,(b) —rosomMopduble GYHKUMH TOYKH b.

3aMeTHM, MeXAy npouuM, uTto eciau X, Y —rosoMopdHbIE BEK-
TopHBIe ToJsi, To nose [X, Y] Toxe romomopdno.

§ 2.5. ITodmnozo06pasus

Ilycts V — mHOroo6pasue KJjaacca C*, k>1. PaccMOTpHM MHOXKe-
ctBo CF-muoroo6pasuit W M HHBEKTHBHBIX (T. €. B3aHMHO OJHO3Hau-
upix) C*-oro6paxennit it W —V, Takux, uto OTOGpaxeHHe

is,at Ta(W)—>Ti@ (V)

HHBbEKTHBHO 15 Jai060#i Touku a < W. Jise takue mapst (W, i) u
(W,, i,) HA3LIBAIOTCA SKBHBAJEHTHHIMH, ecaH cyliecTByer CH-nuddeo-
moppusm h: W, — W, taxoit, uto ij=iych. IDTO ecTb OTHOLIEHHE
5KBHBAJEHTHOCTH.

2.5.1. OnPEAENEHUE. [To0MHO2006pa3uem V HasbBaeTcsd KJjacC 3KBU-
BajedTHoctd nap (W, i) OTHOCHTEJBHO OINpeAeNEHHOH BHIE 5KBHBA-
JEHTHOCTH.

Mpl GyZeM YacTo OTOXKJECTBJATb MOJMHOroo6pashe C OJHHM HU3
ero IpejacTaBuTeeH, KOrZa 3TO He BBHI3OBET HeA0pasyMeHHi.

Ecau m=dimW =dim7T,(W), acW u n=dimV =dimT; (V),
TO, OYEBMIAHO, M < A.

2.5.2 3ameuanue. [Iyete dimW=m u a= W. Toraa, no Teopeme
o paure 2.2.11, HnafinyTcst cucrembl koopauHat (U, @) B Touke a H
(U’, ¢') B i(a), Taxue, uTo @' oio@~!|, () cOBNagaeT ¢ OTOOpaKEHHEM

(X vovs Xm)—>(x, ooty Xmy 0, ..., 0).
Otciopa caenyet, uto ecan (U, ¢;) — n1poH3BOJbHAA CHCTEMA KOOP-
nuHaT B Touke a = W, P, (x)=(y, ..., Ym), TO CYLICCTBYET CHCTEMA
xoopaunat (U, y) B TOuke i(a), $olu)=(u, ..., u,) nna u< U,

Takas, uTo i'(4;)=y; B HEKOTOPOil OKpecTHOCTH ToukH a B W.

2.5.3. TTpEgnoRENHE. [Tycte W — 3amKkHyTOE NOOMHOMECTEO C*-mno-
2006pasus V. pasmeprocri n. IIpednoaoscum, 410 Yy Kascdol TOHKU
aes W cywecrsyer cucrema koopdunar (U, @) wa V, ¢(x)=(xy, ...
.v.y Xp), TAKQA, 4TO

T WNU={x<U: Xpp1= ... =X, =0}
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30eco r — puKrcuposanuoe yeaoe HUCAO, 0r<n. To2da W obaa-
daer ecrecrsennol cTpyxrypoti C* Mnoaoo6pa3uﬂ 1 orobpascenue 840-
aenus W e V npespauwjaer W 8 nodmroeoobpasue V.

TpuBHAJLHOE JOKA3aTeJbCTBO 3TOrO (PAKTa MBI OIYCKaeM.

2.5.4. 3amevyAHHE.  OmnpenesneHds U 3aMeuyaHHsl, OTHOCSIHINECS
K m. 2.5.1—2.5.3, npuMeHUMBl K JeHCTBHUTEJbHBIM H KOMIJIEKCHBIM
MHOroo6pasusm.

2.5.5. CaexcrBue. [Tycre V — nexoropoe C*~(R-, C-anaiuruuecxoe)

mrozoobpasue u fi, ..., [, I<<p<<n) cyro C*-(R-anaauruseckue,
2onomopprvie) pyuxyuu Ha V. ITycre

W={xeV: fi(x)= ... =[,(x)=0}
nputem Oupdepenyuaror (df)g, . ., (df,,)a AUHELIHO He3asucumol 0As

scex acsW. Tozda (W,i), ede i— obviunoe eromcenue, ects Ct-(R-,
C-anaauruueckoe) nodmnozoobpasue V pasmeprocru n—p.

ATo cJaefyeT HEMmOCPEACTBEHHO U3 3aMeyaHuss 2.5.2 u TeopeMnl
o panre 2.2.11, 2.4.9.

2.5.6. IlpumEP. MHOKeCTBO
1, .2 2
S"={x=(x ..., xR K+ ... +x=1}
Ha3plBaeTca n-mepHolt cdepoit. IMomoxum [(x)=x2+ ... +x2—1;
torna (df),0 npu a = S", u, 3HauuT, CONIACHO caeacTBuio 2.5.5, S”
o0JaflaeT €CTeCTBeHHOH R-aHaJUTHUECKOH CTPYKTYpOH.
Ecmun (W, i) — nogmuorooGpasune V, To i, BoOoOlIe roBOpS, He
spjsierca romeomopdpusmom W Ha MHoxkecTBo (W) (HamesneHHOe

tonoJorueit, nuayuupyemoit u3 V). Cefiuac .MBl pacCMOTPHUM YCJIOBHS
Ha i, IPH KOTODHIX 3TO BCE-TaKH HMeeT MecCTO.

2.5.7. Ompexesenue. Ilyets V' m W —0KanpHO KOMIAKTHHE Xayc-
nopdose npoctpaHncrsa. HenpepsiBHoe oToGpaxkenue f: V — W Ha-
3HIBAETCH AOKUABHO COOCTBEHHbIM, €CJAM IJIsi KaxAoil Touku w & f(V)
MOXHO NOXO6pPaTh KOMIAKTHYI OKpecTHOCTh K 3TOH Touku B W,

-1
takywo, uto [~ (K) — komnakrt. OToGpaxeHue [ HasbiBaeTcss Co6CTEeH-
HblM, ecau AJs Jwo6oro komnakTa KW muoxecrso f~1(KNf(W))—
TOXE KOMIAKT.

H3BecTHO, 4TO cOGCTBEHHOE OTOOpAXKEeHHe NMEPEBOAHT 3aMKHYThIE
NOJMHOXKeCcTBA M3 V B 3aMKHYThle nmogMmHoxectBa U3 W (cm. Byp-
6aku [2]). OTciona caenyer, uTO A0KAAbHO COBCT8EHHOe OTObpaNcerLe
f: V> W ssaserca cobcreennvim 6 TomM U TOABKO 8 TOM Cay4ae,
koeda muoocecteo f(V) samxnyro 8 W. (Beskoe coGerennoe otobpa-
JKeHHe, OYeBHJHO, JIOKaJbHO COGCTBEHHOE.)

2.5.8. TIlpeanoxenne. [Tycrs V — muozoobpasue kaacca C* u
(W, 1) — eeo nodmnozoobpasue. Orobpascerue i: W —i(W) ssaserca
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2omeomoppusmon W na muomcecrso i(W) ¢ ronoaoeueii, undyyupye-
moil uz 'V, 8 Tom u TOALKO 8 TOM Cayiae, Koeda i — AOKAABHO COO-
cT8eHHoe oTobpadcenue.

« TlpennosioxkuM cHauasa, uTo i JOKaJabHO cobcTBeHHoe. Torxa
s 3agaHHoil Toukn @ & W cyllecTByeT KOMIAKTHASI OKPECTHOCTb K
. 3 —1
toukn i(a) B V, Takas, uro { (K)— KOMODAaKT H, caefoBaTeNbHO, —
KOMIAaKTHast OKpecTHOCTh a. MTax,

i iTNK) > KNi(W)

— HempephiBHOE B3aHMHO OJIHO3HAYHOE OTOGpaKeHHe KOMIIAaKTHOTO
xaycnopdoBa INpoCTpPaHCTBA Ha XaycaopdoBOo NPOCTPAHCTBO, a HO-
tTomy — romeomop¢uaM. OTciofa, OYEBHAHO, CJeLyeT, UTO OTOOpaxKe-
uue i ' HenpepuiBHO Bciony Ha i (W).

IMpeanonoxum Tenepb, yro it W — i (W) —romeomopdusm. Torna
eciu a =W u C— HeKoTOpasi KOMIAKTHass OKpecTHocTs a B W, TO
i(C) — xommakTHasi okpectrocts i(a) B i(W). 3nauur, Halipercst oT-
KphiTOE NOAMHOXKecTBO D — V, Takoe, uTO

ila)=eDNi(W)<i(C).
IMycts K — KOMRakTHas okpecTHocTb i(a), K < D. OueBugso,
KNi(WycDNi(W)<i(C).

~1
Tak kak i MH'BEKTHBHO, OTCIOfa cieayer, uto i (K)<=C, u moromy
i~' (K) — xomnakr. P

2.5.9. Onpegenenui. [Togmuoroo6pasue {(W, i)} mHorooGpasus V Ha-
3LIBAETCS 3AMKHYT6IM, €CJH [Jsi HEKOTODPOH NpeicTaBJsiolel - ero
napul (W, i) oro6paxenue i: W—V cobcTBenHOE.

3ameruM, uto ecau napa (W’, i) sksusasenrna (W, i), rae i — co6-
CTBeHHOe oToGpaxeHue, TO i’ TOXKe COOGCTBEHHOE.

ITpuBeneM Temepb NpHMep INOAMHOrooGpasus, KOTOpoe He coxpa-
HSIeT TOMNOJIOTHIO. DTOT MPHMED OCHOBAH Ha cJeayioluell mpuHamse-
xameil KpoHekepy TeopeMe, KOTOPYIO Mbl He OyaeM JOKa3biBaTh.
KpacuBoe H NpOCTOE [0Kas3aTeJbCTBO HaMHOro G6oJiee CHJBHOTO
yTBepxkaenus nauvo . Beitsem [1].

2.5.10. TeopEMA KPOHEKEPA. ITycrs Ay, ..., A, — QelicTéuTenbHOIE 4U-
caa, AuHerino Hesasucumsie Had koasyom Z, yeavix uucen. Iycre

T"=8"X...X S'={(eiel, cees ewﬂ): OJER},
u nycre % R— T — orobpascenue
tr——>(e”‘lt, N e”“"t).

Toezda muoscecreo % (R) naorno s T".
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2.6.11. ITpumep. Paccmorpum 1op T"=S8'X ... X S!, n>1, — ana-
JHTHYeCKOe MHOroo6pasne pasMepHocTH n., Omnpene/eHHOe BHIIeE
oro6paxenne %: R-—>T" gapisiercs WWBEKTHBHHIM. B caMoM geJe,
ecan % (¢) == (), TO

Mty=Aty+2mm;, mysZ, j=1,..., n
ecnu !y%%=ty u ecau ky, ..., k,— lesabie uHucaa, He Bce paBHHe 0 H
TaKue, 4TO
n
2 kjmj =0

i=1

(oHn cyuiecTByIOT npu n>1), TO MBH IOJyuaeM
n
(tl—t2)§lk,x,=0

B NMPOTHBOPEUHE HalleMy MpPEeNON0KEHHIO O HE3aBHCHMOCTH A; Hax Z.
HNagnee, (dx), # 0 nas xaxpoit toukn a<=R. Orcooma caenyer, uro
napa (R, ) ompenesasier nogmuoroo6pasue B T". Ho x He sBasercs
JIOKaJbHO cOOCTBeHHBIM. Ecan OB 3T0 OBLJIO TaK, TO Y Ji060H TOUYKH
xo=%(R)=S 6bu1a 661 3aMKHyTas okpectHocTs U B T", Takas, 4to
SNU samkuyTo B U (Tak Kak coGCTBEHHOE OTOGpaXKEHHE MEPEBOJHT
3aMKHyTble MHOXecTBa B 3aMkHyTbhle). Ho no teopeme 2.5.10, mHo-
xectBO S nmuotHo B T, Tak uro S} U = U; nosroMy orcioga cjexo-
Baso O, uyto S Takxke orkpeito B T". Ho S He. mMoxer coxep-
KaTh HHKAKOTO OTKPBITOTO NOAMHOXKecTBa u3 T", Tak Kak n>1
(manmpuMep, 3TO npPOTHBOpeyuJO Ob Jemme 1.4.3).

Cuaenylomue TpH NPeAJOXKEHHS YCTaHABJIMBAIOT CBSI3b CTPYKTYDHI
C*-noaMHOT006pasus CO CTPYKTYPOH 0GBHEMJIONIEr0 MHOroOGpasHs.

2.5.12. TlpepsoxEenuE. [Tycre V — muozoobpasue Kaacca CF u

(W, i) —eeo nodmuoeoobpasue. ITycre M — npoussoasroe C*-muozo-
- obpasue u f: M — W — nenpepoisroe orobpasicenue. Toeda [ npunad-

areamcur Kaaccy C* 8 Tom w TOABKO 8 TOM caydae, Koeda iof: M—V
npunadaexcur C*.

d Ilycts a = W; BuiGepem cucremnl koopguuat (U, ¢) B Touke q,
U’, ¢) B i(a),

CP(JC)=()C1, LS} xm)’ (p’(u)=(u1, vy un);
Takue, uTo @ oio@~!|@ (U) coBmamaer ¢ oToGpakeHHeM
(xh---, xm)}-%(xli"'i Xm,y 01---: 0)'

Torpa ecJu
e f (W) =4, ..., Un)



§ 2.5. TOIMHOTOOBPA3US 85

(yEf—l(U)—OTKprTOMy MHOXECTBY, BBHIY HENPepHBHOCTH f), TO

(p’°i°f(y)=(y1, cees Ymo 0,..., O)'
Hame npepsoskeHne yTBep:KAaeT NPOCTO, YTO OTOOpaKeHHe
y‘_?(yl:"" Ym, O:"" O)

npuHAAJexXHT Kaaccy C* Torma u ToJBbKO TOrma, Korma Kaaccy CF
TIPUHAAJIEKHUT
y== G, s Ym)- P

2.5.13. Tlpeanoxenue. Hycre V ects C*-muozoobpasue u (W, i) — ezo
C*-nodmnoeoobpasue. PocTox g, Henpepolsrolx pynkyuil 8 Touke a = W
npunadexcur C* Toeda u rossko To2da, Koeda cywecrgyer pocrox G,
dynkyuii  kaacca C* & rouke b=i(a), rakoi, uro Guoi=g,.
O6parno, ecau i~ Henpepoisroe 6aomenue Cr-mrozoobpasus W
8 C*-mmozoobpasue V, obradatousee srum ceoiicréom, o napa (W, i)
asasercs CF-nodmuozoobpasuem V.

« lipexnosioxum, uro (W, i)—nogmuoroo6pasume Kiacca CF.
BruiGepem KOOPAHHATD (U,9) B Touke a=W, (U, ¢) B b=ila),
TaKue, uTO e(U), ¢ (U)—xky6sr B R™ [R* coorsercrBeHHo
¢ oio@p~!|p(U) ectb oroGpaxenue

X1y ooy Xm)—> (X}, «ovy Xm, 0, ..., 0).
Torna ecan g=C*(U), a G & C*(U’) onpenensercs ycaoBueM
G°q)'—l(xl’ U] x,,)=g°cp“’(x1, R xm)’

10, OueBHAHO, Goi=g. OTCloOfa cJjelyeT NepBas YacTb PEJIO-
JKEeHHs.
O06paTHO, NPeAnooxKuM, uyto i1 W — V — HellpepbIBHOE BJIOXKEHHE,

Takoe, uto CF-pocTkH B Touke @& W —3T0 B TOUHOCTH POCTKH
Buga Goi, roae G mnpo6Geraer MHOXECTBO BCeX Ck-pOCTKOB B TOUKe
b=i(a).

[Ipexze BCEro Mbl yTBep¥KJAaeM, 4To i — oToGpaxeHHe Kaacca CF,
Oycte asW n b=i(a), u nyers (U’, ¢') —cucrema Koopiunar
B Touke b, ¢ (u)=(uy, ..., u,). Toraa ¢’ oi|i"'¢"" (U’) ects oro6pa-
KeHue x> (xy, ..., X,), rae x;=u;oi. Tak Kak Bce u,ECk v,
TO MO HPEJOJNOKEHHIO x,EC" (cp’—'(U')); 5TO O3HAYAET, YTO i €CThb
C*-oTo6paxenue.

3areM Mol yTBepxpnaeM, uro ecau a< W, i(a)=b, To cyme-
cTBYIOT OKpectHoctH D =a, D'=b u Cf-orobpaxenue p: D' — D,
TaxKoe, YTO p oi— ToxAecTBeHHoe B D orobpaxenue. Ilycrs (U, @) —
cHCTeMa KOODAMHAT B TOYKe a, ¢ (x)=(x;, ..., xp). Ilo npexnoJo-
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xenuto, ecan U pocrarouno mana u i(U)c= U’, To cyuectByioT
Ck-dynrkuun p; B okpecthocTH U’ ToukH b, Takue, uTO p;oi=x;.

IpennosnoxuM, yto U’ HacToMbKO MaJja, 4TO Ha HEH €CThb KOODAH-
Hatet ¢'. OueBupHo, eciu ¢ =(p,, ...; Pm), TO OKpecTHOCTb D’

TOYKH @ MOXKHO BHIGpaTh Tak, uro p(D)< U, rne p=¢~'oq. Hcuo,
YTO poi— TOXKJECTBEHHOE OTOOpaXKeHHe B OKPECTHOCTH a; B 4acT-
HocTH, ecin D’ pocratouHo MaJja, TO MHOXecTBO p(D’)=D OTKpHTO
B W u peoi—rtoxaectBeHHoe otobpaxenue D.

Orciona Mbl moayyaem, 4t0 p, ,oi ,— TOXIECTBEHHOe O0TOGpa-

sxkenne T,(W) (cormacuo 3ameuanunio 2.2.1), B 4aCTHOCTH, I o — HHBEK-
THBHOE orTobpaxenue. P

2.5.14. Tlpeanoxewue. [Tycre V ecrs C*muozoobpasue co cuertoil
6asoii u (W, i) — samxnyroe C*-nodmuozoobpasue (r. e. i W—>V —
co6ersennoe orobpascenue). Tozda 0as awboli C*-pynxyuu g na W
Hatiderca C*-pynxyus G na V, raxas, 4o g= G oi.

o Ilycrs W =i(W); W’ samxayro B V. [Ias KaxaoHd TOUKH
a= W’ cymecTsyor okpecTHocTh U, = a Ha MHoroo6pasun V u C*-

. 1
bynxkuus G, B U,, Takue, uto G,oi=g B i (U,); aro caenyer us
npepaoxenus 2.5.13 u toro ¢daxra, uro it W — W’ —romeomopdusm.
PaccmorpuM orkpuiToe nokpuitue {U,, V \ W'}, ., MHOroOoGpasus V.

ITo teopeme 2.2.14 cymecrtByer pasGueHue eIuHHIB {1, m}, CBs3aH-

HOe C STHM TNOKPHITHEM, T. e, Ha6op C*-pyHKuuii n, m Ha V, Takux,
4TO My, M=20, suppn, <= U, suppnc=V \ W/, HOcHTEeNH KOTOPHIX
00pa3yIoT JOKaJbHO KOHEUHOE CeMeHCTBO H

N+ 3 =1,

Onpeneanm Gyuxnuio h, < C*(V), nonaras
M (x) G, (x), x&U,
ha (x) =
0, xe&E Uy
TOra CeMeHCTBO {supp A,} JOKAJbHO KOHEUHO H MOTOMY
G= 2 h,=CHYV).

as W
Ecom wesW n

A=fa=sW: i(w)sU,),

2, @) =n @)+ 3 (@) =1

TO

Orciona .
Goi(w) = T Goli(®)ne(i (@) =g (@) 3 nali(w))=gw) »
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2.5.15. 3aMEuAnusa. Ilpemnoxenuss 2.5.12, 2.5.13 u ux poxasaresn-
crBa nepenocsitca Ha R- m C-ananutHueckHe MHOrooGpasusi H COOT-
BeTCTBywIHe oToOpaxenuss u ¢yukuuu. [Ipenaoxenue 2.5.14 cmpa-
BefanBo s R-aHaauTHYeckHX MHOroo6pasuit (co cueTHoil 6a30ii)
H aHanuTHuecKUX OGyHKuu#d. OfHAKO m0Ka3aTh 3TO OUYEHb TPYAHO;
em. Kaprau [2] u Tpayspr [1]. CooTBercTBeHHOE yTBEpPXKIEHHE AJS
KOMILJIEKCHEIX MHOrooGpasuit (0 rosomopdHbIX GyHKIMH), BOOGIIE
roBopsi, HeBepHO. (OueHp BaXKHBIH YaCTHHIHA cjayuafi, B KOTOPOM OHO
Bce ke BbmosHsieTcs: (peaysabtaT Oka [1]), Gyzer pazoGpaH mosxe
(cM. TeopeMy 2,14.9).

2.5.16. 3aMeuaHHE. Ecam V ects CF-muoroo6pasme, (W, i)—ero
3aMKHyTOe mopMHoroo6pasue u o p-hopma Ha V, To cumBosioM o | W
Mbl 6yaeM o6o3HauaTh ¢opMmy i'(®) Ha MHOrooGpasuu W.

§ 2.6. Brewnee oupepenyuposanue

IIycts V — muorooGpasne kaacca C*, k=2 u AP (V,r), p>0,
0<<r <k — mHoxecTBo Bcex C'-muddepeHnna bHbIX OPM CTENEHH p
Ha V. Ecau p=0, To A°(V, r), rme 0 << r <k, 0O3HAYaeT MHOXKECTBO
Bcex C'-¢pyukuuii Ha V. PesygabTaThl, KOTOpHe Mb OymeM cefiuac
o6CyXnaTh, COPaBeNJHBBI KaK JJs JeHCTBHTENbHBIX, Tak H IJs
KOMILJIEKCHBIX (YHKUHHA U dopM.

2.6.1. OnPEAENEHHE. Brewmrel npoudsoorol d = d,, Ha3blBaeTcsl OIpe-
HeseHHoe AJs1 Kaxpo#l mapel (p, r) (rme 1<r<k, ecin p>0, 1
1<r<<k, ecin p=0) orobpaxenne d: A°(V, r)— A" (V, r—1),
YLOBJIETBOPSIIOLIEE CIEAYIOMUM YCIOBHSM:

(a) d sBasiercss R- (uau C-) auHeHHBIM 115 BCeX p H 1;

(b) ecin f= A%V, r), 1 <r<k, 1o df —310 1-hopmMa ®, Taxas,
uro @ (a) =(df),, T. €. o6pas f B T, (V) pisa Bcex a =V,

(c) ecin f&= A%V, r), 2<r <<k, To d(df)=0;

(d) ectn 0, = AP (V, r), o,= A"V, 1), 1O

d(0) A @) =do, A oy +(—=1)" o A do,.

TIpexae yeM NPHCTYNHTb K J0KAa3aTeJbCTBY CYILIECTBOBAHHSA H
e[lMHCTBEHHOCTH BHEIIHEH I[IPOM3BOAHON, Mbl BHIBEIEM HECKOJHKO
caencTBuil u3 ycaosuit (a) — (d).

2.6.2. TIPENJIOXKEHHE. BHewHAs npoussoOnas d — A0KAAbHbLE onepa-
Top. 310 osnaxaer, uro ecau o € AP (V, r) u @|U =0 g nexoropom
orkpoirom muoscecrse U <V, 10 do |U =0.

4 Tlyets a = U, u nyets f—oynkuua xaacca C° wa V, pasuas 0
B OKpecTHOCcTH a ¥ paBHas 1 B okpectHoctd V \ U (cieactsue 2.2.15).
Torna o =fw. CaenoBarennHo,

do=(df) A o +[ A (de).
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Tak kak f=0 B okpecrocti a H ®(a)=0, 10 (do)(a) =0. Beury
npou3BoJbHOCTH g & U mnpepasoxeHue 10KasaHo. P

3aMeTHM, YTO [Js CYILIECTBOBAHHUS yKa3aHHOH BHle (YHKUHH f
BOBCe He 00s3aTejbHO, UTOOH Yy MHOroo6pasust V Owlia cuetTHas 6asa
(xoTs1 aT0 npeanosaraercs B caenctBuu 2.2.15). B camom nese, ecau
U’ — 0THOCHTE/ILHO KOMMIAKTHAsl OKPECTHOCTb a, TO (BBHAY CJef-

crBus 2.2.15) cymectsyer C*-dynknus, paBHas 0 B6ausum a u |
B OKpecTHOCTH rpauunsl dU’ mHoxecrsa U’; Mbl MOXKeM IpPOCTO
poonpeneauts [ exuunueit Ha V \U'.

2.6.3. IlpeaaoxEHNE. [Tycre k=3, r =2. Toeda d? =0 na A?(V, r).

4 Mu MoxeM cunTaTh, uto p_>=1. [lyets a <= V. 3amerum, uro
ecan o< AP (V, r), To Halizercsi p-popma @', KOTOpas siBAsETCA
KOHEUHOH JinHelHO# KoMOuHauued ¢GOpM BHIA

(2.6.4) g-dgi A ... Ndg,, geC V), g.=CV)

U gas Kotopo o — o =0 B OKpecTHOCTH a. B camom jnese, ecau

(U, @) — cucTeMa KOOPAHHAT B TOUKe a, @(x)=(x, ..., X,) H
(’)(x)=2;dfl(x)dxfl/\ /\dx]p’ J=(]-l, ey jp):

j1<...<jp, XEU,

TO B KauecTBe @ MBI MOXKeM B3sTb (GOpMy, NOJyHeHHYIO 3aMeHOH f,
Ha Mf; © X; HA Mx;, THe neC*(V), n=1 B OKPECTHOCTH @ M HMeeT
KOMIIaKTHHIH HOCHTe b, NpHHaAJexawuil U. 3HA4uT, MO Npenoxe-
Huo 2.6.2, A0CTaTOYHO A0KasaTb, uTO d%ew =0 mna ¢opM «, mpen-
craBuMbiX B BHAe (2.6.4). Hcnosb3yss HMHAYKIHIO 1O p H YCJIOBHS
2.6.1 (c), (d), mbl HMeeM

d(dg, A ... Ndg,)=0.

3HaunT, u3 ycjosus 2.6.1 (d) mosyuaercs, uTo
d*(gdg, A\ ... Ndg,)=d*(g) Ndg; A\ ... Ndg,=0

(1a nocsenHeM miare ucnoJsbsyercs cBoicTBo 2.6.1 (c)). P

2.6.5. TEoPEMA. Ecau V — mHo2006pasue Kaacca C* k=2, 10 srewnan
npous3sooHas cyuyecrsyer U eGUHCTBEHHA.

4 Eduncrsennocrs. Ilycts d;, d,—IBe BHellHHe IPOH3BOAHLIE.
ITo yeaosuwo 2.6.1 (b), d,f =d.f, ecan f=C"(V); kpome Toro, obe
OHH SIBJSIOTCA JIOKAJbHBIMH omnepatopaMu. Ilo3ToMy [OCTAaTOYHO
10Ka3aTh, 4T0 d,» = d,® B OKPECTHOCTH IPOU3BOJBHON TOUKH a & V.
Ho B okpecTHOCTH a (opMa @ siBjsieTCS] KOHEUHOH JuHeHHOH KoMOu-
Hanueii dopm Tunma (2.6.4). 3nauur, no npepsaoxenuio 2.6.2 gocra-
TOYHO JMOKa3aThb, uto d,(gdgi A\ ... ANdg,)=d,(gdg A ... Ndgp).
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CHoBa uHAyKuue# no p, yuurtbBas yciaoBua 2.6.1 (c¢) u (d), mu
noJsyuyaeM

di(gdgi N\ ... Ndgy)=dgNdgi\ ... Ndg,, j=1,2,

H eIVHCTBEHHOCTb JOKa3aHa.
Cywecrgosanue. Tax Kak €IHHCTBEHHOCTb J0Ka3aHa, TO BBHAY
npepjoxenuss 2.6.2 [OCTaTOYHO /10Ka3aTh CYIIECTBOBAHHE BHEIIHeH

IPOM3BOLHONH Ha MHorooGpasuu V, Ck-Jm(b(beOMop(bHOM HEKOTOPOMY
otkpuitomy MHOxectsy Q B R”. Ilycts ¢: V — Q —sToT Ck-/:m@tbeo-

MopbusM u @ (x)=(x;, ..., x,). Jl6yw0 dopmy @ = A” (V, r) Moxuo
eJIMHCTBEHHEIM 06pa3oM 3amucaTh B BUJE
m(x)=2;fj(x)dx,-l/\ c Ndxy s, T=( e ),

W< oo <jp frEC (V).
IMTonoxuM

dm=§df,/\dx]]/\ o Ndxg,

rae df, onpeneseno B cooTBeTcTBHH ¢ yeaoBueM 2.6.1 (b). TIposepka
ycaosuit 2.6.1 (a), (b) TpuBmanmpua. Uro kacaercs ycsoBus 2.6.1 (c),
To 1o mpeasoxenuio 2.1.117 M nmeem

n

@) () = 3 (52=) f - dx,,

=31 820 (2 e A~
v=1 | p=1
B g’v [(5%), (_aj—v)j]f ' dx" A dxv=0’

Tak Kak ckoOku Ilyaccona pas BekTopHmX moseir (0/dx,), (9/0x.)
PaBHBI HYJIIO.
Jast nposepku ycaoBust 2.6.1 (d) MBl MoOKeM NpPeNOJOKUTH, UTO

o=fidx; A ... A dx]p, oy=fadxy A ... A dxkq,
WM B COKpalleHHOf samucu o, =f dx; u o,=/[,dxg. Umeem
o; A oy = (fif)) dx; A dxg.
OueBHAHO, 1O ONpeNesIEHHIO
d(e; A o)) =d([ifs) A dx; \dxg ={(df,) fo+ [ (df2)} dx,; A dxg =
=dfy Ndx; N [adxg+ (=1 frdx; Adfs) A dxg;
MBl NOJBL3YEMCSH TEM, YTO

d(f\fo) =) f,+1i(dly)
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M UYTO [JJs BCAKOTO BEKTOPHOro IIpOCTpaHCTBa E umepT MecrO
TOXJAECTBA

e NetA ... Ne,=(=1e, A ... Ne,ANe, e €E, 0<j<p

dr1o, OueBHAHO, HAOKaswBaer ycaosue 2.6.1 (d), a ¢ HEM H Teo-
pemy 2.6.5. p

Mui yxe orMeuasn, yto npocrpanctso T, (V) nsoiicrsenno x T, (V)
(npepsoxenne 2.1.11). Tlostomy AT, (V) siBasieTcsi CONPSIKEHHBIM
x npocrpanctBy A?T,(V), n, sHauurt, Ja060ii anement o, & AP T, (V)
MOXKHO paccMarpHBaTh KaK AaJbTePHUDPYIOMIYI0 MYJbTHIHHEHHYIO

p
¢yukuuo Ha @ T,(V), a mobas p-popMa ® NMOPOKIAET AJbTEPHHU-
v=]

pyouree MyﬂbTHﬂHHeﬁHOE OT06pa}K6HHe npocTpaHCTBA
p
¥ =04
V=1

t—1 .

rie & —npocrpanctso C° -BeKTOpHHIX noJedt Ha V (cMm. mpepnoxe-
., k-1 ,

Hue 2.4.3), MyJabTHaHHeHHOe Hax KoJbuoM C° -QyHKIMH.

2.6.6. IlpeanoxeHHE. Ecau ® — Hexoropas p-popma Kaacca cH!

u X, e Xp+le’c T0 orobpancenue dwo: ¥ > Ry, (206 Ry_p—
KOABYO C*"%(V)) sadaercs pasencreom
p+1 R
(@do)(X,, .., Xpp)= B (="' Xy @Ky, ooy Xy ooy Kpp)) +
+M§V(-1)“+”m([xu, X Xiyoon, X oy Koy ooy Xpia)s

30eco 3nax ~ Had X o3wauaer, 4TO 3TOT 4AeH HAJO ONYCTUTS.

Tak Kak BbIUKC/EHHS NPH AOKA3aTeJbCTBE 3TOTO HPENJOKEHHS
OYeHb IPOMO3JIKH, MbI JOKaxXeM ero. Js cjyuas p =1; fokasaresb-
cTBO B o0meM cJayyae mnoayueno Kowmyaewm [1] coBceM ¢ apyroi
TOYKH 3peHus; IO CylecTBy 3Ta ¢dopmyJaa OpaJjace HM Kak onpe-
Oesexue BHEWIHEH NPOU3BOJHOM.

d Jokasareascrso npedroncenus 2.6.6 8 cayuae p=1. d1y dop-
MyJy, JOCTATOYHO [0Ka3aTh B OKPECTHOCTH IPOU3BOJNLHOH TOUKH,
NOTOMY MBI MOXKEeM cuuTath, uro o =/[,df, rue fIECk"’(V),
fo= C* (V). Hanee, mb umeeM do = (df)) A (df) u

@iy (X)) (dF) (Xy)
(@i A ) (X, Xp) = de (ml>mmﬂ=
= X, (F) Xo () — X, (1) X () =

= X [\ Xy (F)] = X [F Xy (F2)] — [ X (X f2))+fX2(X1(f2
=X (0 (X)) — Xy (0 (X)) — o ([X;, X,]).

1o u ectb Tpebyemas dopmysaa. p
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2.6.7. Tlpennoxenue. [Tycre V, W — muoeoobpasus kaacca C* u

f: V — W — nexoropoe C*-orobpascenue. Tozda daa aw060t p-popmv ®
na W mor umeem

(2.6.8) dyf’ (@) =" (dyw);
30ecs dy, dy 03HAYAIOT COOTBETCTBEHHO BHewl e npousaodnble HaV u W.

4 DTOT pe3ysabTaT NOCTATOYHO JOKasaTh HJs chaydas, Korga W
C*-nuddeomopdno oTkpriToMy MHOKecTBy B R™, KpoMe Toro, Tak Kak

s A(W)y— AV)

(A osnauaer mpocrtpaHcTBa Bcex nuddepeHIHaNbHEIX (GopM) — aJre-
OpanueckHi roMomopodusM, TO0, BBHAY ycaoBus 2.6.1 (d), pasen-
ctBO (2.6.8) mocraTouHO MO0KaszaTh AJA CHCTEMHl 3jeMeHTOB A (W),
nopoxaamoumux ee Kak aare6py. Tak kak W autddeomopdHO OTKpHI-

TOMY MHOXECTBY B Rm, TO TakKas CHCTeMa 3ajaeTrcss 3JeMEHTaMHu

{h, dg}, tne he=C*"' (W) u g=C*(W). Io onpenenernio i,
f;(dh)f(a)=d(h°f)ay
yto jpaet (2.6.8), ecin o =h. Ecan o =dg, 10

['(dwo)=0 u dyf (0)=dy(dy(g-[))=0. p

2.6.9. OnPEIEJEHHE. Ilncpcpepeﬂunanb}xaa dbopma @ ma C*-MHOroOGpa-
auu V HaswBaeTca 3amkuyroh, ecau do=0. dopma ® HasbiBaeTCs
TO4HOLl, €CJH cymeCTByeT nucpcpepeﬂunanwaﬂ dopma o', Takas, uTO
do’ =w; 3necs 0 = C*', o' =C

Ecan V—MHOI‘OO6paSPI€ kjgacca C™, TO MHOXKECTBO BCEX 3aMK-
HyTBIX p-popm kJsacca C* mbl GymeMm oGosHauaTh cumBogom Z7(V),
a MHOXeCTBO BceX TOUHHX p-¢popMm — BP (V). Beuuy upensoxe-
Hust 2.6.3 umeer Mmecro Bkuiouenue BP (V)< ZP (V). ®axkrtoprpynnsl

H? (V)= Z"(V)/B* (V)

Has3BIBAIOTCS 2pynnamu  kKozomoaoceud Oe Pama muozoo6pasus V.
OcusoBHas TeopeMa, NpHHaAJexauiasa jge Pamy, yTBepxaaer, uTo 3TH
IPYNNBl ABJSIIOTCA TOHOAO2UYECKUMU uHsapuawTamu V, T. e. uto 2o-
meomopgrse C*-MHOroo6pasust HMEIOT H30OMOPQHBIE rpynnul je Pama.
JlokasaTeJbCTBO MOXKHO HalTH, Hanpumep y A. Befas [1].
Paccmorpum renepp BHeliHee XH(depeHIUPOBAHHE HA KOMILJIEKC-
HOM MHoroo6pasuu. Ilyets V —kKoMmiekcHoe MHorooGpasue, a <V
" f?f ¢V, a) —npoctpancTBO KOBekTOpOB THHA (p, g) B TOUKE Q.

0603Hath yepes S£” 7(V) npocrpanctso Bcex C-popM Ha V Tuna
(p, g); Torna
gAWV)= 3 #"UV)

P g0
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€CTb MHPOCTPAHCTBO BCEX KOMIJIEKCHO3HA4HBIX Ju{depeHnna bHbIX
¢opm Ha V. Kak u paHbllle, Mbl MOXKEM ONpeJeJUTb BHEUIHIOK NpO-
ussonuywo d: £ (V)— £ (V) co cBofictBamu 2.6.1 (a)— (d) B camowm neue,

V)= A(V) ®,C

1 TI09TOMY ONpeJieJeHHEH paHee olepaTop d npoposkaercs Ha (V).
Ecan feC®(V,C)uasV, 10

(df)aEi;(V)=5’;,o®§’5,l-

(dP)a = (01)a + (0)a

@Ne =& oV, @) @GNas=E&, (V, a).
3HAuuT, BHEUIHAS NMPOM3BOAHASA PaBHA
df = of + of,

of =st"°(V), of =™ (V).
Tenepr MbI yTBEp:KIae€M, 4TO

Orcrona

rae

rie

(2.6.10) dst” (VY PV 4+ 7 TN,
STOT BONPOC JIOKAJMbHEBIH, TO3TOMY MBI MOXeM CUHTAaTh, 4TO ¥ coBmna-
naeT ¢ KoopmauHaTHO# okpectHocthio U. Ilyers @(2)=(z, ..., 2,) —

KOMIJeKcHbie xoopauHatel B U. Torpa xaxawii saement us £ 7(U)
ABJSIETCS KOHEUHOH JuHeHHOH KOMOHHAUMEH 3/7eMeHTOB BHAA

o =fdzy A ... Ndz; NdZ, A ... /\dékqsfdzJ A dzg,
HO
do’ =(df) \ dz; A dZ, =0f A\ dz; A dzg + (—1)’ dz; A Of Adzg,
a 3Ta CyMMa, OYeBHJHO, NMpPHHAJJMEKHT NPOCTPAHCTBY
&¢D+1, G(U) + %D; q+1 (U)
Urak, eciu o < o™ 9(V), Me onpenesuM 8o, 06 YCJIOBHSMHU
2.6.11) do=00+00, do= 1Y), doc o (V)

Slcro, 4TO omepaTopsl O u O NPOZOMKAITCH 10 C-IHHeHHBIX onepa-
topos Ha (V). Tak kak S£(V) ecTs npamas cymma 2 " UV,

p, g0
MBl CPa3y BHAHM, YTO PaBeHCTBO d? =0 3KBHBAJEHTHO CJEAYIOUIHM:

(2.6.12) #=0, 0°=0, 00+33=0.
KpOMe TOrO, €cJM OoToGpa)eHHe er—>¢& O03HAUaeT CONpsKeHHe
81 o——><‘5’o b onpejenennoe B § § 4, Mbl nMeeM

of = a(f) fec* v, O).

Ilycrs V, V/ —KoMmiekcHble MHoroo6pasus u f: V —V’ —roao-
MopdHoe orobpamxenue. Ilycts o — popma tuna (p, ¢) na V’. Ilo
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npeasoxenuio 2.6.7 umMeeM
dyf* (@) =" (dwo”).
Orciona Of* (@) + 0f (0') = (80’ + f* (B&').
ITo npepsioxenuio 2.4.12, mpoo6pas dopMel tuma (p, ¢) upu roJjo-

MopdpHOM oTOOpaxceHHH TOXe HMMeeT Tl (p, g). Orcioga u3 Hamu-
CAHHOTO BHIIIE YPABHEHHS CJEAYET, UTO

(2.6.13) of* =f'a, o =f,
ecan oto6paxenune f: V—V’ rosomopdro.

2.6.14. OnpeneneHuE. Huddepennuansuas dopma @ CTeneHW p Ha
KOMIIJIEKCHOM MHOroo6pas3un HasblBaeTCs 2040MOPPHOL, €Cau OHa

tuna (p, 0) 1 0w =0.

2.6.15. 3ameuanne. ®yukuus f e C”(V, C) npencrasasier roaomopd-
Hyio ¢opmy creneHu 0 Torma M TOJLKO TOrna, Koria [ — rosoMopd-
Haa ¢yukuusi. Popma ® twna (p, 0) rosomMopdHa B TOM H TOJBKO
B TOM CJyuae, KOraa B Jilo60# cHcTeMe KOMIEKCHBIX Koopaunart (U, ¢),
¢()=(2, ..., 2,), OHa TIpPeNCTaBJSAETCA B BHJE

m=;f,dz,1/\ v Ndzp, T=G e B, 1< e <dps

rae Bce f; —ronoMopdHbe GYHKUHH. DTO BHITEKAET HENOCPELCTBEHHO
U3 CJELYIOHIEr0 3aMeuaHHs.

2.6.16. 3amreuanne. Ilpun moxasatenbcTBe BKJOUeHHs (2.6.10) wmul
nojyuuiu, 4yro ¢opMa @ Tuna (p,g) B JIOKAJbHEIX KOOpPAHHATAX
¥MeeT BHJ

(0=JZKfJKdZJ/\d2K, J=(j[, veey jp), K=(k1, oy kq),

j1<...<jp, k1<...<kq, dz,=d2,1/\.../\d2]p,
dZg=dz, A ... A dZ,
a IMoToMy

00 =X, (=) fx day A d2; A dz,

LK v

|l do=Y Y (~1y (7%);‘,,( dz, A dz, A dzp.
LK v

§ 2.7. Opuenmayun

2.7.1. OnpenenenuE. ITycts V — MHOroo6pasme xaacca C¥, k> 1, pas-
MepHocTH n. Torma V HaswBaercs opuenrupyemoim, ecaum Ha V cy-
HIeCTBYeT HelpephiBHas n-GpopMa ®, HHUr[E HE paBHas HYJIO.
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Ecau V cBg3HO 1 ®;, ©,—ABe n-GopMsl, HUur/le He o6pamarm#ecs B 0,
TO CyLIECTBYET HempepeiBHAst OYHKUHA f, Takas, uTO o, =fw, Goxee
Toro, f nu6o BCIOAY MOJIOXKHTEJ]bHA, MU0 BCIOAY oTpuuartesbHa. Ecau
f(x)>0 nna Bcex x, MBI HazoBeM GOPMBl @ U ©y 3KBUBAJEHTHBIMH;
opuenrayus Ha V —3TO BHOGODP OZHOTO M3 KJAcCOB KBHBAJEHTHBIX
n-popm. Ha CBS3HOM ODHEHTHPyeMOM MHOrOOGDa3HH BO3MOXKHBEI
TOJBKO gaBe opueHrauuu. Ilycts V — MHOroo6pasme kmacca C* m
Uy, 93), (U, 9;)—1ase cucremn koopaueaT Ha V. Torna

@,° "' (p](U nU)-»lR"
ectb C*-0TOGpakeHHe, H MH MOJIOKHM
() = et a0, 07 (8, 5).

2.7.2. TlpennoxXEHUE. MHo2006pasue V opuenrupyemo roeda u T0A6KO
rozda, Kozda mooro nodobpars cucremvr xooplunar {(U; @)} <o

rak, uto V =UU; u d;;(x)>0 0aa ecex i, j, x&U;NU,.

4 Mpb MoxeM cuurath, uTo V cBs3Ho. IlycTs @ — HempepniBHas
n-popma, Hurje He paBHas Hymo. Ecau (U,, ¢,) — cucreMa Koopauuar,
Qu(x)=(x1, ..., x,), TOMyCcTb @, =dx; A ... A dx,; 310 ecTb n-hopma
va U, Hurze He pasHas HyJo. s Kaxno#h Touku a &V MBl MOXeM
Halitn cucreMy koopnuHat (U,, @), Takywb, uto a= U, U o = g,0,,
rie g,— HenpepuBHAst GYHKUHA U g,(x) >0 nas Bcex x& U, (ecan
HAa/l0, MBI 3aMeHAeM Qg (x) = (X}, ..., Xp—q1, Xp) HA (X[, « 0.y Xpo[, —X5)).
Kpome rtoro, na U,NU, MH uMeeM

g = dgp®p.

[Tostomy dgp = g4/g8.>0 va U, N U,. }

O6patHo, npeanosoxuM, uto {(U;, ¢;)} — cemeiicTBO cucteM Koop-
nuHart, Takoe, uro V =UU; u d;;>0 nwa U;U;. TlonoxuM, Kak
BHIIIE,

O)g=dx1 Ao A dx,,,

ecan @; (x) =(xy, ..., x,). [Iycts {n;} — pasGuenue exunuik, Kiacca C¥,
noxunHeHHoe NokpeiTHiO (U}, 1

0= Zni(’)i'

OueBupiHO, 4TO ® — dopma kJaacca Ck—!. Kpome Toro, eciu a<V wu
| — MHOXECTBO HHIEKCOB i, TaKHX, UTO a suppm; (370 KOHeyHOe
HEIyCTOe MHOXECTBO), TO Mhl MMEEM

0(@) =3 n:(@)0;@)={ 2 n@)du@}ou@,
rae iye1 ¢uxcuposano. Tak kax

Zm(a)=l,

a dy,(@)>0 nas Beex i u m; =0, MH 3akga0yaeM, 4to o(a) #=0. p
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2.7.3. 3ameuanuiE. M3 pokasaTenbcTBa BHIHO, 4TO Ha OpDHEHTHpYe-
moM C*-MHOrooGpasuu cymecrsyer C*~!-hopma, HUTZE He paBHas HYJIO.
Tenepb paccMOTPHM paccJsioeHHe

AT (V)= U A"Ta(V)

asV
n-popM Ha V ¥ B HeM OTKPHITO® MHOXKECTBO
=fee A" T (W) e A"TL (V) n g0 8 A"Ta(V)).
Iycts p: H — V —oTo6paxenue, Taxoe, uto p () = a, ecan i = AT, (V).
Onpenesum Ha H OTHOLIEHHE 5KBHBAJEHTHOCTH, NOJIaras §;~ &y, €C/H
p(E) =p(E) u & =4k, rae A>0. Ilycts V — pakropunpocrpancrso H

o 3TOMy oOTHouleHuo. HeTpynHo BHAETh, 4TO V — xaycnophoBo npo-
cTpaHcTBo. Kpome Toro, oro6paxenue p: H—V uuaynupyer Hempe-

puiBHOe oToOpaxeHue m: V —V.

2.7.4. TIpEnnoXKEHHE. Orobpascenue mn: V —V ssanercs 08YyaucTHoim
naxpoituem V, T. e. m— nokansuolii eomeomoppusn V na V u sl (a)
COCTOUT U3 08Yyx TO4eK 04a Kaxdou Towku a< V.

4 Ilycs a=V u (U, ¢) — cucreMa KOOpAHHAT, Takad, uTo a s U
u MHOxecTso U cBsisHo. IlycTh @ — HHTHE He paBHAas HYJI0 n-dpopMma
Ha U, ompenessemasi ycJoBHEM

o=dx; A\ ... Ndx,, ecau @(x)=(x, ..., X,).

Iycts U, (cootercTerno Usj) ecTb MHOMKECTBO TOueK ¥ & V, Takux,
uTo T (X) -x € U u o (x) EX (coOTBETCTBEHHO — o (x) € X). OueBupHO,

n N (U)= UU2 " nlU,-romeOMopcbnsmm Ha MHoxkectBo U. P

2.7.5. TpEnnoxeHkE. ITycre V — ceasnoe C*-mnozoobpasue. Toeda V
OPUEHTUPYEMO 8 TOM U TOALKO 8 TOM caydae, Koeda V HecsasHo.

d Tlycts V opueHTHpYEMO M ® — HUTZIe He DaBHas HyJO n-Gopma
Ha V. ®opma © sBasieTcst HenmpepuHBHHIM OTOGpaxkenueM V — H, xo-
TOpPOE HHAYUHPYET HelnpepbiBHOE OTOGpaKeHHe &: V —V. Scno, uto
%o ® — TOXK/IECTBEHHOE OTOGpakKeHHue, & (V) # V u, Takum oGpasom,
V uecssizHo.

Ecan V HeCBA3HO, 0603HauUM uepes W cessuyio KOMIOHEHTY V.
Slcwo, uto m: W —V — HakpnTHe. Kpome TOrO, Ha V ects Touka
X, & w. TlosTOMy MHOXECTBO

FeW: n(@=n(%))
COCTOMT B TOUHOCTH M3 OXHOro sjaemeHnrta. Tak kak m| W — HakpbiTHe
u V cBsg3HO, TO orclofa caeayer, uto si: W — V — romeomoppusm.
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IMycts Temepb (U;, ;) — ceMelcTBO CHCTEM KOODJAHHAT, TaKoe, UTO
V=UU; 1 o,=d A ... Ndx, & W nas Bcex xe=U; (3mecn
(X1, ..., %) =@;(x)). Takoe cemeiicTBO cyuiecTByeT: ecan o;(x,) & W
IJIT HEKOTOPOTO Xy, TO MBI 3aMEHHUM (X, ..., X,—y, Xp) HA (X{, ..., X4_y,
— %,). Ecain Teneps ©;=d;;0; vHa U;NU;, To, 1mo omnpene/neHuo or-
HOIIEHHs1 S5KBUBAJEHTHOCTH Ha H, Mbl nosmyuaeM, uto d;; >0na U;NU;.
3HauuT, No npeaaoxeHuo 2.7.2, MHorooGpasue V opuentupyemo. p

2.7.6. CaeactBUE. C8a3H0e 00HOCBAZHOE MHO2006pA3IE OPUEHTUDYEMO.
ATO cJeAyeT HeNOCPeACTBEHHO M3 IpejoxeHHs 2.7.5.
OueBHAHO, uTO V 0Gaagaer ecTeCTBEHHOM C*-cTpykTypo#i (cM. mpu-

mep 2.1.7b). MoxHO nokasaTh, uTo Ha V Bcerma (maxe xorma V mne-

OPHEHTHPYEMO) CyIllecTByeT n-gopma &, Takas, uto & (X)=Am (§),

rne x=n(X) 1 A>0 a1a Beex fEF e V. Orcioga cJeqyeT, UTO MHO-

2oobpasue V scezda OpUEHTUpYeMo.

§ 2.8. Muozoobpasun ¢ zpanuyei

[Mycms R = {(x[, conxyeERY > O}, 1 nyctb Q—(0THOCHTEJLHO)
OTKPHITOE MOAMHOKecTBO RY. Mbl Gyaem roBopuTh, uTo GYHKUHS [
B Q NpUHAAJeXKHT Kaaccy CF, ecau CymEeCTBYIOT OTKPHITOE MHOXKe-
crBo Q' B R u odymkuus Fe CH(Q), Takue, uto Q' NRL>Q u
F|Q=f. Ananoruuno onpegensitotcss C*-oto6paxenus Q B R™,

2.8.1. OmpeaeaenuE. Ilyers V — xaycmopdoso npoctpauctso. [Ipen-
TOJIOXKHM, 4YTO 3anaHo cemeiictBo nap {(U;, @;)}, rme U;— OTKpbiTHE
MHOxkecTBa M3 V, a ¢; —romeomopduam U; Ha OTKPHITOE NMOAMHOKE-
ctBo npocrpaHersa K&, mnpuuem oroGpaxenus e, 097" |9,(U,NU)

. .

npunannexar C* nas scex i, j. Torma Mbl GyJaeM FOBOPHTH, YTO 3TO
ceMeficTBO omnpepesseT Ha V crpyxrypy CF-mroeoobpasus ¢ epanuyeil.
Cama C*-crpyxrypa Ha V —3T0 MakcHMaJbHOE IO BJOKEHHIO ceMeil-
ctBo nap {(U;, ¢;)} ¢ yKasaHHLIMH BBIIIE CBOHCTBAMH. :

Ha C*-wmuoroo6pasun V ¢ rpaunueit (k>>1) MoXHO OlIIpeleuTh
CF-pyHKuHE W POCTKH, KacaTesbHble BeKTODH, Au(depeHIIHATbHBIE
GOpMbI, OpHEHTAUHIO M T. . TEM ¥Ke CIHOCOOOM, YTO M AJs OGBIUHBIX
C*-mMHOr00Gpasuil.

Has snementa f&Cqr, asV, Mu 6ygeM nucats [ >0, ecan
f(x)>0 nmnas Bcex x, HOCTATOUHO OJH3KHX K @ (v mas HEeKOTODOWH
GyHKuHH, npexcrasasionleli pocTok f).

2.8.2. OnpenesenuE. Ilyets V ects C*-MHOrooGpasue ¢ rpanuueit. Mul
OyleM TOBODHTb, UTO a € V — 8HYyTpeHHAs TouKa, ecad HaiijeTcs cH-
creMa koopaunar (U, ¢), trakas, uto a= U un ¢(U) — oTKpbiTOE MHO-
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xectBo B K" (1. e. @(U) He nepecekaercsi ¢ muoxectBoM {t; =0}

n o
B Ri={t, ..., t)eK" {,>0)). Touka a HasbiBaerca epanHu4HOi
TO4KOU, €CJH OHA He ABJACTCS BHYTPEHHEH; MHOXKECTBO IpaHHYHBIX
Touek ¥V Ml 00603HauuM cHMBoJOM OV.

3aMeruM, UTO TOUYKa @ UPHHAAJEXHT OV TOrma M TOJLKO TOraa,
Korga cyuiecrsyer cucreMa xoopausar (U, @), a= U, takas, uro

(U)K} u @(a)=0. B atux KoOpAHHATAX MBl HMeeM

WVNU={xesU: x,=0, toe ox)=(x, ..., x,)}.

Orto6paxenue (xy, ..., %,)+—> (%, ..., X,) upocrparcrBa R* B R*™,

OuYeBHJHO, MHAynHupyeT TomMeomopduam AV (U Ha OTKpLITOE MOAMHO-
-1

xectBO M3 R"7'; Mbl ero oGosmauum uepes . Kpome TOro, ecau

(U, 9), (U’, ¢') — nBe cucremn koopauuar Ha V (rakue, uro UN U’
N AV = @) u ecan P, P — cooTBeTcTBYIOMHE rOoMeoMopduamer AV U,
OV NU’, To oueBUAHO, 4TO OTOGpaKeHHE

e~ lp(UnUnav)
sBasieTcs cyxenueM C*-0ToGpaxenHs
¢ o9 ! @(UNU)

Ha MHOXecTBO f, =0 H IOTOMY caMmo NMpHHAZJIeKHT Kraccy C*. Urak,
MBI TOJIyYaeM

2.8.3. TIpennoXKERRE. ['panuya 0V awobozo C*- Muoeoo6pa3uﬂ ¢ epa-
Huyeii V o6.iadaer ecrecreennoi crpyktypoii C*-mnoeoobpasus (6es
epanuybl). Boaee Toz20, cpasy sudno, 4ro OV — samrnyroe CF-nodmmuo-
2oo6pasue V (¢ ecrecreennoim eiomcenuem OV —V) u uro rxacarero-
noe npocrpancrgo T,(0V) x OV 8 rouke a = 9dV ecrv nodnpocrpan-
creo T,(V).

2.8.4. Ompesenenne. Ilyets V ecTs C*-MEOrooGpasme ¢ rpanuuei
asV. Kacarenpunit Bektop X & T, (V) HasBIBaeTCA NOAOHUTEAOHOLM
(nu BHYTpeHHeH HOpMaJblo K OV), ecau aasa jao6oro pocra fem,, g,

takoro, uto >0, Mz umeeM X (f) >0 u ecan cymecTByer no Kpaf-
Hell Mepe OJHH POCTOK [ & mygy &, [ >0, nna xoroporo X (f)>0.

2.8.5. 3ameuaunue. Ilycrs a — Buyrpenusis Touka V. Torga Mel yTBep-
KJaeM, YTO B TOYKE @ He CYIIECTBYeT HH OFHOI'O IOJIOXKHTEJbHOrO
KacaTeJbHOrO BeKTopa. B camom jfeJe, eciu f Mg, f>=0, 1o npex-
crasasiomas [ QYHKUHS HMeeT B TOUKe @ JIOKaJbHHH MHUHEMyM. [lo-
CKOJIbKY MepBble YacTHbIE MPOU3BOAHEIE C'-pyHKUuH B OTKPHITOM TOJ-
MHO)kecTBe K" B TOUKaxX JOKa/JbHOTO MHHHMyMa PaBHBL HYJIO, MHI
sakiaiouaeM, uro X (f) =0 pas mao6oro X = T, (V).

4 3ax. 751
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2.8.6. Ipennoxenue. [Tycte a< 0V u (U, @) — cucrema Koopdunar
8 Touke a, rakas, uro @ (U)=RY, @(a)=0. Hycre ¢(x)=(x, ..., x,)
u sexrop X =T, (V) umeer pasroxerue

x=Ye (),

v=1
Toeda X nosoxcuresen 8 ToM U TOALKO 8 TOM caydae, Ko2da ¢;>0.

-1 o
4 Eciu fem,,, f >0, to pocrok T = my, x (R*™"), onpenensieMsrit
yCJIOBHEM

g(x2’ ey xn)=f(0’ Xy v e vy Xn), rae (xl’ ey xn)=(p(x),

uMeeT JoKaJbHHE MuuuMyM B 0 u, sdauut, (0g/0x,), =0 npu v>=2.
Orciona caepyer, uro X (f)=c¢,(d/0x,),f. Bouaee Toro,

(). F=tim A7 0,y 0= (O, ., O =
= lim A" 'f(h, 0, ..., 0)=>0

h->+0
i}
(T ), =1

Orciofa cpasy cjaefyeT Halle NpejJoxeHHe. P

2.8.7. TlpennoxeRuE. Ecau a=dV u Xy, X, — nosroxuressuvie ra-
carensHble BeKTopu. 8 TouKe a, To cywecreyer A >0, rTaxoe, uro
X]")MXQET‘;(GV).

o« Tlycts (U, @) — cucteMa KoopAaHHAT B TOuKe a, @(a) =0 u
n
5}
x=SeplL).
V=
IToxGepem A >0 Tak, uToOH
) = a4c@=0
(570 BO3MOXKHO BBHAY Tipeanoxenus 2.8.6). Torna X, —AX,=T,(0V). p

2.8.8. OnPERENEHHE. Dement o = T4 (V), a =V, uasspaercs noao-
scuressnoim, ecan o(X)>0 pas Bcex mosoxkureabunix X T, (V).
QOueBHAHO, UTO B JOKaJbHBX Koopauuatax (U, @), 9(a)=0, ¢(x) =
= (%, ..., Xp) TAKOH KOBEKTOD ® HMeeT BHJI c(dX), ¢>0.

2.8.9. TIpEAMOXENHE. Opuentrayus na V unlyyupyer ecTecT8EHHYIO
opuenrayuto Ha 0V,



§ 2.9. UHTEI'PUPOBAHUE 99

4 Ilycte © — Hekotopas n-¢popma Ha V, HuUrie He paBHas HYJIO.
ITokpoeM JdV cucreMamu KOOpIHHAT (Ulf, q>;) Tak, 4roOnl AJuad Ja1000H
/7 »
Toukn y € U; u moboro nojoxurenpHoro kosekropa e& T,(V) (cm.
onpegnesenne 2.8.8) Mbl uMeJn
e\ oj(y) = — Lo (y),

rie o;=dx, A ... Adx, (¢;(x)=(x, ..., x,)) ¥ A>0 (Mu paccma-
TPHBaeM /\”_IT;(GV) Kak nogmpocrpaHcteo B A" T;(V)). Cpasy
BHHO, UTO m;=d§,-co;, npuyeM df,->0 B U:ﬂU;. M3 nokasaresbcTBa
npennoxenus 2.7.2 caenyer cymectBoBauue (1 — 1)-dpopmbl o Ha 0V,
Takoi, uto w;=gio’, rne g;>0 8 U P

2.8.10. 3amEuanHE. Ecium D —oTKpHITOE MHOMKeCTBO Ha C*-MHOro-
obpasuu V, npuuem agas Ja06olt Toukd a < D \ D uMeloTCH OKpecT-
gocte U BV u C"-(byHKu,Hﬂ g B U, rakue, uro

(dg)a#=0, DNU={x=U: g(x)>0)},

To D asasiercs C*-MHOroo6pasnem c rpauune n D coBmaaaer ¢ TOMO-'

Joruueckodl rpanuuei 0D =D \ D mHoxkectBa D. 10 caepyer Heno-
CPeJCTBEHHO H3 TEOpPEeMHl O paHre.

2.8.11. 3ameuaunE. Ecau opuentruposats R mnpu nomoimtu o6nuHO
n-dopmul dx; A ... Adx, a R'"'—npu nomomn dopms dx, A ...
... Adx,, 10 opuentauusa Ha OR}, MHAyuupyemas Ha Hell B cOOT-
BeTCTBHH ¢ IMpensoxeHneM 2.8.9, NPOTHBONOJOXKHA 39TOH OOHIYHOH
OpHEHTAalHH.

§ 2.9. Humezpuposanue

[Tpexze yeM BBOAUTL HHTETPHPOBAHHE HA MPOHU3BOJLHOM ODHEHTH-
pPyeMOM MHOrOoO6pasuu, Mbl JOJIKHb J0Ka3aTh GOPMyJy 3aMeHHl mepe-
MEHHBIX B KpPaTHOM HHTerpaJje. [IpUBOJAMMOe HHXKE JOKA3aTe/bCTBO
npunanaexur Jx. Isapuy [1].

2.9.1. TeoreEMA. ITycrs Q, Q' — orkpoirsie muonecreasR™ u h: Q' — Q—
ouggpeomoppusm Kaacca C'. Toeda ecau [ — unenpepoisras Pynkyus
¢ KOMRAKTHoLM HOcuTenem 8 Q, TO

(2.9.2) jf(x)dx1 dx,,=_[foh(y)|detdh(y)ldy ven dy,

Q Q
(30ece | detdh(y)|— abcorrornan eeaununa onpedeaurean 0as Augp-
pepenyuara dh(y) 8 rouke y.)

 CHavasna MB JOKaXKeM 5TOT pe3yJbTaT MJsA cjayuas, KOria
h — nuueinoe npeo6pazosauue. [lycts A — Matpuua srtoro npeobGpa-
30BaHHUsl OTHOCHTEILHO KaHOHHyeckoro Gasuca B R, Tlo Teopeme

4‘
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00 aneMeHTapHBIX AeauTesasx (cM., Hanpumep, BypGaxu [1]) A MoxHO
3allicaTh B BHIE MPOHU3BEJEHHS KOHEUHOro 4YHcsaa MarTpui A,, Kaxk-
Iasi u3 KOTOpHIX JH0GO AuaroHaJjbHas (B HameM cayuae — Ge3 HyJiel
Ha AHaroHaJju), Jubo sBJAseTCS 3JeMeHTapHOH MaTpHueH, T. e. Ma-
TpHIEH, COOTBETCTBYOLIEH OLHOMY H3 JHHeHHBIX NMpeoOpasoBaHUM

(@ (xyyeeey X)X ooy Xjmy Xpy Xjpls o ooy Xoets Xy Xgls + v+ Xp)
(nepecraHoBKa X; U X, j<k) uiu
(b) (xly ey xn)'__}(xl +x2’ x2a ey xn)'

OueBUAHO, NOCTATOUHO AOKas3aTh (2.9.2) mJa KaxKAOro M3 3THX Ipe-
o6pa3oBaHui B oTAeJbHOCTH. /11 nuaroHaJbHBIX MaTpHl, H npeobpa-
30BaHu# (a) 5TO TpUBHAJLHO caenyer U3 TeopeMbl PyOunu. Iasa mpe-
o6pasoBanusi (b) MbB HMeeM

[Fon)detdn(g)dy; ... dy,=
R

= J.f(xl“l'xg, Xgy o0 0y xn)dx] cee dxn=
Rﬂ

= fdxz dxnff(xl-i-xz, ceey Xp) dx, =
Rn—1 R

= dez dx,,ff(x,, veey Xp)dx =
pn—1 R

= [fWds ... dey= [ [ dx, ... dr,
Q™ e

Jloka3aTeabCTBO TEOpeMbl B OOIIEM CJayuae MBI IPOJIOJIKHM CJAELYIO-
muM o6pasom. J[OCTATOYHO AOKa3aTh, UTO AJis JIOOOH HelpepHBHOM
Heorpuyaressnoll | ¢ KOMINAKTHHIM HOCHTEJNEM BHINOJHSIETCA Hepa-
BEHCTBO

29.3) [ F(x)dx; ... de, < [ (Foh)ldeth(y)ldy, ... dya.
Q Q)
B camom jene, ecin B (2.9.3) nomensits MecraMu Q u Q u BMecto A,

f paccMaTpmBaTh COOTBETCTBEHHO A~ M foh Ha @, TO MHL HOJYYUM
paBeHcTBO (2.9.2) nJas HeorpuumarteabHuX f. Tak Kak Bcskasi Hempe-
priBHast QYHKUMS C KOMIAKTHBIM HOCHTEJNEM SIBJISIETCSI PAa3HOCTHIO
JBYX HeOTpHLAaTeJbHEIX HeNPepPHIBHLIX QYHKIUH C KOMIAKTHHIMH HOCH-
TeJassM#, TO 370 gact (2.9.2) B oGmem cayuae.

Janee, nna jpokasaTesbcTBa HepaBenerBa (2.9.3) mocraTtouno
JOKa3aThb CJeAYyIOllee YTBEPIKIEHHE: eclH Q — 3aMKHYTHIH Ky6 B Q, TO

(2.9.4) m(h(Q) < f | detdh (y)|dy, ... dy,,
. Q



