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TeabHaa PopMa, MOTOMY YTO ee AUCKPUMIHAHT
— D(yvz) 2 D(Z,.’II)2 D(x’y)g-_-‘ .
EG-—F2 == ( D(u, v)) +(D(u’ U)) +(D(u, U))\ -—-]l‘uxrv,lz>0:
(15)

Onpenenennyo raaikylo xpusyw I < S MomxHO 3ajiaTh NPH TOMOLIM
nenpepsiBHo AnddepeanupyemMuIx QyHKOUE
u=A(1), v= w(®), W2+p2>0). (186)

Ecan™A u p mopcramrs B (12) BMECTO U M U, TO TOAYIHM TIaIKY 0
kpusyio I', aexamyo Ha S. Benw ansa mee mpu moboMm ¢ Bmpamelme

(&) + (@) = @) or @ vo(F) =0 o

TIOJIO}KHTeJILHO — 3TO cienyer u3 ychosus (16) B ckoOkax m crtporoit
TIOJIOKUTENBHOCTH (POPMBL.

Yuuosas xeylo yacts (17) ma df?, momyunm (14), 1. e. KBajpat
-muddepennuana Hameir xyru I (coome'rcmylomero nnd)d)epeﬂunany
dt). Daa panmoit myrm I'c S pupdepennuanst du m dv saBucuMbl
MesKIy coBoii, HO ecqm Hac HHTepecyKT BceBoaMokuble I' = S, mpoxo-
fAmye vepes AaHHYI ToUKy A &S, To OHHM, 0UeBHIHO, OIPENENAIOT
BCEBO3MORHBIe mapsl nuddepennuaios du, dv.

BeiseieM QopMmyiy, coorsercTBylomiyo gopmyie (5) B mapamer-
puueckoit opme. nsa sroro GygeM mpedmosararh, YTO IOBEPXHOCTb
S He TONBKO IMIAfiKafA, HO B ABAKAB HempepsBHo AuPdepeHImpyemMast.

JleByio gacrts (5) MOKHO elme 3anmcarTh TaK:

o I\

= <r(s>,n>~(¥<s>, —-—X—T) (18)

‘rux r,

e n-— efMHMIHAA HOpPMaldh moBepxuHoctH S. Msl cumraeMm, Yro

r(u, v) ectb BeKTOp TOUKH mosepxuoctu S, a r(s) — Bexkrop Touku I'.
1lo

r(s) =1, o 4 r

u gs Uds

” - /du 2 “ du dv - dv \2 * 42 L
I‘(S) = Fyu ) + Tuv —= 25 d_‘*‘rvv(’&“; ru—d-;:—{—l‘v—:i:z-,

M ecan y4ecTh, 4TO BEKTODHI Iy, Ty, OPTOrONAJNBHBI K N, TO

cos B ( uudu- -+ 2r pau dvt- rvvd,, ) (ru_x rv)
R ds® I ru>< rvl ’

The ds® MoMHO 3aMelnTh BhipaskeHmeM (14)
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§ 7.25. Kpusoanueiinpie KoopiunaTH
B OKPECTHOCTH IIA/{KOii FpaHuNBI 0BaacTn

flycrs Q — orpanndesnas o6IacTh, rpaHNNa KOTOPOM €CTL IMANKAT (3aMK-
uyTas) nosepxHocTs S. M3 Kamaoid T09RE A & S BHIYCTHM BHYTP, © HOpMals
H OTMETHM H2 HeH TOUKY Aj, HAaXOAANYIOCA Ha paccTogHum A > 0 or A. Co-
BOKYOHOCTh BCeX TOYeK A, mpm JannoM ¢ukcupomannom A > 0 obpazyer He-
Kotopyio mosepxHocts Sy (puc. 7.14, rge usobpaswensl cedemms S, S, mioc-
K0CTb10). ECIM A BeluKo, 10 OT/eNbHIC TOUKA S) OKAKYTCH HPUHAIICHKAITIMIE
’ K pa3HbIM HoOpMayiaMm. Jlpyroe [eio, ecav A JOCTATOUY-
HO MalJ0. B bToM cayuae MOIKHO OMCHJATh, UTO B Clloe,
HAXOAAMEMCA MeKAY S # S), HOpMaM He mepecexa-
0TCA H TOTKA Kam/IadA ero ToOUKa HAXOQUTCA HAa Off-
HOH M TOJBKO OJHOH HOPMAaJM, BHIMYIIeHHOH H3 HeKO-

S

=) TOpoll Touku A & S. ITO Ha CAMOM [ieNe HMeeT MecTo,
'¢¢ €CJI TIOBepXHOCTS § NBKAL Auddepenunpyema, 1. e.
€CJHM ONMCHIBANOINME ee JOKAJIbHO. PYUKIUM NMeIOT He~
: NnpepsIBHBIe BTOPble YacTHBIE HPOU3BOAHBIE.
Puc. 7.14.

Huxe 10 yTBEp/KAEHHe JOKR3HIBAaETCA B n-Mep-
. HOM Cliydae.

Jemma. Iycre nenpeprienas na orkpuirom muoaecree @ R, onepa~
yua y = A(r) orobpaxaer Q na Q' e R,, 6006upe 2060pa, ne 63aumno 09Ho-
snauno. OOHaKo HeKOTOPOE 8AMKHYTOe O2PaAHUMeHHOe MHONecT8o F orobpaxca-
€TCA 83AUMHO OOHOIHAUHO; MAAO TO2O, NPEFNOAOHUM, UTO Kamdol Toure r = F
MONHHO yKasarb ee okpecTHocTy Qx < Q, oTobpaxaenyio onepayueid A ezaumno
00nosnawno, Jlas aw6ozo A > 0 geedem mmomecreo F*, CoOCTORUEE U3 TOYEK
Q. kamdan us Koropuix orcTour xoTa 6vt or 0dHOL Towku F na PAcCTOARUY

nenvuwen, wem A. Toeda cywyecréyer ry > 0 rakoe, uro A oro6pawaer F ° gza-
A, A - -
umio odnosnauno: F ozzr(F %) . )
MlokasarenabcrTBo. 3agamuM yGHIBAODIVIO K MYMO nOCJe0BATe b~
BocTh gncen Ay, Ecnim Obr NeMMa 6bima HeBepHA, TO A KaskIOTO % HAnLINCK.

A )
Onl IBe pasNNYHLIE TOUKHU 2, e F k'ralme, ato Axy = Ay,. Tak Kak MHoO-

ECTBO TOYEK Ty, Y, € va" o Fk’ OTPaHUYEHO, TO JJAA HEKOTOPOH IIONNMOCHEeRo-
BaTENbHOCTH WHEKCOB k, KOTOPYI0 Mbl 33HYMepyeM 34HOBO, X —X'.< F, y, —»
-yl e F, Axy > AX°, Ay, - Ay°, Ax® = Ay, otxyma x° =y9, HOTOMY 4YTo A
orvobpakaer F Ha F’ BsaumuO ofHo3HauHo. Ho 370 HEBO3MOKHO, IOTOMY 4TO-
Touka X° == y° NpUHAIEKUT OOpe/leleHHON OKDPECTHOCTH on H Ipu pocra-
roudo GoxbmoM k Gyjer Xp V€ on,u TAaK KaK & 5= Yu, TO HOJRHO OBITH.

Axk = Ayhr. .
PaccMmorpum (n — 1)-Meproe MuOrooGpasue S (cM. § 17.1)

Cxi=gi(n), {u= (ui’ cemUpa)E0, =1, e n). (1y
Touke X & § npuBefieM B COOTBETCTBUE efUHHTHLIE BEKTOD
' V= (0, .. Gn) , 2y
npu noMomu gopmy
: 4,
O = —e . (1=1,...,n), v 6)]

1

n
x4
1

rae A; — anreGpawueckue JONONHEHUS HIEMEHTOB WepBOro croabua ompefie~ .
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sutens (A > 0)

o9, o,
\ 1 du, " Ty i 4 ‘/i—Az "
= L L R I A, = S e )
o9, aq, < i 0

o .sn
n
6u1 du, 1

Uncia A; OAHOBPeMeHHO He DPAaBHHI HYIIO, HOTOMY 4YTO PaBT MATpPHIbI
20: 1
o paBea. n—1.

BeKTOp Vv HA3HLIBAGTCA eFUHUUHLIM GEKTODOM HODMAAU K S 6 Touke X = S.
Jipyroi eflREAYHLIA BEKTOP HOPMAJIH OTIAMIAETCSI OT V BHAKOM. ' .

Bamno, 4r0 v ompegensercs PQeKTHBHO MO 3aJAHEEIM YpaBHeHHAM S.
B 3T0M HPOABIAETCA OPUCHTHPYEMOCTH MHOT0OGpasusa S. :

Has To4eKk X = (Z}, ..., T») HEKOTOPOH OKPECTHOCTH § BBeJeM 3aMeHY
TIePEeMEeHHBIX

Zy = to; +@i(uy, ..., Uny) (M=o, i=1, .., n), (5)

rfe t— HOBasA ReicTBATENbHaA nepemennas. Camm mo ceGe Qpynxmum (5) ompe-
Zenensl mpH a060M u & @ B d060M HeficTBuTeNbHOM . OHH . HenpepbiBHO AU(-
depeHnEpyLMEL, NOTOMY ¥TO @; BAKAL HempepHBEO nuddepennupyems. Basc-
HO emje, 9T0 Kakosa Onl HE Ghira ofmacts o' o' C o, Haiiferca Taxoe § > 0,
YTO MHOKECTBO ‘

§*={jt] <8, ue o}

©0T00payKaeTCA PU MOMOMM ypaBHeHmH (5) ¢ DONOMMTENLHBIM AKOOHAHOM B3a-
MMHO OJHO3HAYHO M, Clef0BaTeAbHO, HenpepHBHO Auddepennupyemo B abe cTo-
PoHBL ITO CAefyer U3 JIOKA3AHHOH BEINIEe JeMMBI, IOTOMY 4TO omepauua (5),
KOTOPYI0 MK 0003HauYHM uepe3 A, HeIPEPHIBHO OTOGpa;KaeT OTKPHLITOe MHOMKe-
©TB0 @ = {—o00 <{ ¢t < o0, u & 0} npocrpancrsa R, B R,; mpu sTOoM 3aMKHy-
‘TOe OrpaHNYeEHOEe MBEOHecTBO F = {t = 0,-u & 0’} < Q oroGpa;kaerca B3auM-
HO O/fHO3HAYHO M, KPOME TOrO, KaKRXOH TOYKe F MOKHO yKAa3aTh ee OKPeCTHOCTb,
oTofpakaeMyi0 omepanueil 4 B3aUMHO "OJHOSHAYHO (Bedb B TAKOH TOUKe HKO-
Onan mpeobpasosanms (5) A > 0). )

PaccmoTpyum eme TPHK/LI HeIpephiBHO AuddepeBNAPYeMYI0 CaMOHemepece-

xalomywocs kpusylo [ (r(t) X r(t) = 0)
r=q(s)i+P(s)i +x(Hk (0 s s0),

THe s — AawAa ee Ayrn. Ee egnmawimas raaBras HopMads B m GEHOpMATL Y Oy-
AYT TOria HempepnisHO AuddepeHnnpyeMsiMr (ofuH pas) GyEKmEAMH o1 s

(cM. § 6.11). IMosomum i

T/ie A, B — OpOM3BOALHEIE [leHCTBATENbHEIC Ynciaa. I[P HOMDIIE 3TOr0 pasemcT-
" Ba Kakno# Tpoike umcen (s, A, p) (0 << s << 5o, —o0 < A, u << o0) OPHBORUT-
¢sl B cooTBeTCTBMO® TPOHMKa (§, 7, {) MeKapToBEIX KOODZUHAT BeKTOpa p. OGo3Ha-
4uM 4epes Hp (p > 0) MHOKeCTBO TOYeK HIpOCTpaHCcTBA (s, A, W), ompepensie-
MBIX HepaBeHCTBaMu 0 < s << so, A% 4 p? << p% Hooppumatsr &, n, § Bexropa p
CyTh Hempephisuo AupPepennupyemeie GyHERuUMH OT s, A, B ¢ AxoGmamoM D
{s, A, n), paBHBIM OpA A == p = 0 )

a B v ’
D=la, B, v,|=lafxyl=1
a; By v
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(a;, Bj, Yi — COOTBETCTBEHHO KOMIOHEHTH eJIUHMYHLIX BEKTOPOB KacaTeibHOI,
TIaBHOK HOpMaiu u GuHopmanm). Tak Kak kpuBax [ camoHemepecexaoniascs,
TO paBeHCTBO (6) yCTaHABIMBAeT B3aNMHO OIHO3HAUHOE COOTBETCTBME MEKAY
Toukamu (s, 0, 0) (0 < s <<so) 3aMKHVTOIO OrpaHHueHHOr0 B IPOCTPAHCTBE
(s, A, w) MHOKecTBa M TouKaMm (&, m, {) kpmBoit I. Ho rTorna ua ocmosamum
HOKABaHHOHM BEILIe JIeMMBl HalifleTcs JOCTAaTOYHO Majloe p, NP KOTOPOM ormepa-"
g (6) orobGpaskaer MHOKecTBO H, ToueK (s, A, W) Ha MHOMKECTBO ) TOYeK
(€, m, §) BsamMHO ogHoszHauno. HempepwmBHasa nugdepenmupyeMocts Ha Q 06~
pPaTHO# OMepANIM MMEeT MeCTO HA OCHOBAHHN TEOPeMB O HEeABHLIX (PYHKIMAX
BO BCAKOM clydae IIPE [JOCTAaTOYHO MaJOM p, MIA KOTOPOro sxobuan
D(s, A, n)y > 0.

Biarogaps npuBeJeHHOMY PACCYHKIEHMIO HaM YAAIOCH B JOCTATOYHO. Majoi
OKpecTHOCT# Q KpuBo# I' cO3aTh KPHBOJIMHERHYIO cucTeMy KoopauHar (s, A, p),
B KoTopoii I' empenenserca ypaBHeHMAMU A =0, w = 0, U Hpu DTOM MeAY
STAMH KOOPAHMHATAMM M ReKapTOBLIMH KoopamHatamu (&, m, §) Todex Q umeer
MeCTO B3aHMHO OJHO3HAYHOe W HenpepbiBHO nuddepenumwipyemoe B obe ¢To-
POHBL COOTBETCTBHE § == f (51, A, k), M = fo(s, A, p), & = fa(s, A, p)(cM. euge

o 3roMy mosony § 17.2).

§ 7.26. 3amena nepeMEHHbIX B YACTHHX NPOUBOHBIX

OrpaHnYuMCA paccMOTpeHHEM ABYMepHOTo caydas. B n-mepmom
cllydae BBIKIAJKHM aHAJOTHYHBL.
1) PaccmorpuM ¢yuruuwo

z = f(z, y), (1y

rue
z=ou, v), y=v, v). (2)
. Az 0z :
HokaskeM, Kak IPOM3BOMHbIE P = ~—, ¢ = 57 PPD@KAoTCA epes

npousBogHbe 0T 2 N0 u u v. Jaa aroro npoxuddepennupyem (1)
0o uu U:

0z 0z 0Ox 0z 0y .0z ' 0z Ox 0z Oy

T =T Ty o G0 s o oy G (3)
Pemaa 9Ti ypaBHeHHA OTHOCHTENLHO p M ¢, TOJIY49UM
Dz, y) D (z, 2)
_ D, v _ D, v
P=Day 17 Dy (4)
D (u, v) D (u, v)

Homnedwo, B 3THX PacCyKAeHUAX NPeAnoIaraercd, 410 ¢ W P UME0T
enpepLIBHbIE YacTHBIe HPOU3BOMHBIE 0 U, U ¢ HEPABUBIM HYIIO AKO-
ouaiioM. B pganbueiiinem nomoGuble ycaoBus, obecrneunBawiie paszpe-
IIIUMOCTE COOTBETCTBYIOIIUX ypaBHeHuil, Mbl 6yJeM Ipeduosarath Bbi<,
LIOTHEHABIMA, He OTOBAPHBAs 3TO 0c000.

PaBencrna (4) MoMKHO 3amuCaTh CIAYOIMM 00pasoM:

0z 9z 9z dz az 0z

Ju

I/ie DAUKHO OTMETHThH, uTo Koapduumentst 4, B, C, D 3aBucaAr TOILRO



§ 7.26. BAMEHA TIEPEMEHHBIX B JACTHBIX ITPOH3BOIHLIX 305
or u, v, Ho ue or z. Ho Torna ,
A%(AZ-Z-}-B%)—;-B%( +B'7z):A2%+

(ot n ) 2o (122

il

dv?
(6)

o . 072
B MBI HNOJMYYMJIN BBIDarKeHlle A 4YacTHoOu IIPOU3BOATION P 2 qepe3
. z

YacTHbie HPOU3BOOHBIC OT Z IO U U V.
2 2
0%z 9z

Y10681 BBIYHCIUTH s = moctTyrnaeM mogo0HeIM 00-

. dzoy’ - dy Pk
pa3om. HpOI/lIBBOIIHBIe Gonee BBICOKOI‘O nopAAKa BBIYHCIAAIOTCA 110CHe-

3
AOBATEJIBHO 3TUM K€ METOIOM. Ta}c, JAA BBIMUCIEHUA -‘)—" Hajgo mog-
xz

CTaBUTH B npaByio dactb (6) A +B— BMECTO 2 ¥ IPOM3BECTH

Hy)KHble OuddepeHnpoOBaHNL. -
2) Pemum remepn Gosee ofimyro sagady. Ilyers sapgansr ypas-
He st

Fiz, y, z, u, v, w)=0 (=1, 2,3), (7)

CBA3BIBAIONINE I, Y, 2 1 110Bbie niepemenumbie u, v, w. TpeGyercsa npo-
W3BOAUbBIE P, ¢, I, S, { BBIPA3UTH Yepe3 YaCTIbIe NPOHN3BOJHEBIE OT W
mo u u v. Tag Kak z ecrh Qyuxuus or z, y, 10 U, U, W CyTh TOKEe
dyurmuu or x, y.

Hpomi(b@epenuupy M pasencrsa (7), cuurtas &, y He3aBHCHMBIMHA
nepemeuﬂmmn _
oF ] ] ] Fj (7Fj (7FJ~

dx—}— dy+ dZ+ ol (ZLL*}* E dv—{—wdw:O (8)*

(G=1,2,3),
u pewmM cucteMy (8) ornocurensno du, dv, dw:
du = Ajdzx -+ Ajdy + Aldz
dv = Ajdz + Aldy 1 Adz, 9
dw = Aldx -+ Addy + Addaz.

3nece Hoatquuuemm Al 3aBHCAT OT Z, ¥, 2, U, U, w. Tak xax dw =

ﬁw
. du + dv T0, NOJCTABIAA B 2TO PABENCTBO BEIPAIKEMA (9

s uﬂ(b(i)epenuna.non du, dv, dw mn pemaﬂ NOJIyueHHOe ypaslielne:
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OTHOCHUTEJIBHO d2, IPUEM K PaBEHCTBY

dz=Mdxz+ Ndy, (10)
rge M a N sasucsr or z, ¥y, 2, 4, U, W, g—:, v

B cuny uesasmcumoctn amddepenunanos dr, dy cnpaBesInBsI
paBeHcTBa

p=M, ¢=N, “n

pemiapomiie IIOCTABJCHHYI0 3afady A NPOM3BOJAHBIX IEPBOTO MOPS-
Ka. Yr1o0BI ee pemIMTH JJIA TPOUBOAHBIX BTOPOro MOPAMKA, BHITHCIAM
BTOpHIe AnddepeHnAaIN 0T U, U, W, COOTBETCTBYIOIHE neaasncnmuu
nuddepenniranam dz, dy.

Ilpu Boraucnenuu, kpome dr, dy, noasarca mmddepennuans dz,
du, dv, dw, xotopsie 3amensiorca yepes dr, dy npm momoinu opmya
(9), (10); kpome Toro, nossutcsa puddepeHnuan d'z, M Mbl NOMYIUM

d?u = Bldz?* + Bydz dy -+ Bidy® + Bidz,
d? = Bidx? + Bidx dy -+ Bidy® + Bid’z, (12)
d*w = Bidz® 4 Bidr dy + Bjdy® + Bid®z.)

Ho

dw = “’d 2—}—2-———-—dud +——d 2 20y 20y (13)

- Inddepennuann, sxoasmue B (13), 3aMensem cooTBeTCTBYIOLIH-
mu Buipaxsenaamu (9), (12) U NOJyYeHHOe BbIpayKeHHe pPeliaeM OTHO-
cuteanuo dz:

d*z = P d2*+ 2Q dx dy + R dy*, (14)

otkyjia r=P, s=Q, t =R, rae upasble uyacTn 3aBUCAT OT T, Y, %, U,
v, W U OT HPOU3BORHBIX W N0 u, U nopsaaxos He Beiute 2. Komeuwo,
s mpasoit wactu (13) MoKHO wcwmwo4uth z, Yy, 2 npu momomu (7).
Mbl npUMeHAIN MeTOJ| 3aMeHbl epPeMeHHBIX, KOTOPHI ecTecTBern-
10 HasuBaTh MeTodom OugfdepeHyuanos. ITHM METONOM MOMKHO pe-
*{IHTH M HepBYyI0 paccmanuBaeMym peire  sagavy  (em. (1), (2)),
H TOIAa Haj0 CUMTATh Z =
IIpamep 1. Buipasuts omeparop Jlamzaca *) ({ByMepHEL)
An = a%u n u’ (15)
U=-—"—""5 -5 i)
oz* oy* )
B NMOASPILIX KoopAWHATax. PemwM a1y 3ajgaty MerofioM mu(pdepennmanos (xo-
TA ee MOKHO pemiuTs H MetojoM 1). .
HMeem .
z=pcosO, y=psinb. (16)

*) I. C. Jamnac (1749—1827) — PpannyscKmii acTPOHOM, MATEMATHK #
Jusuk.
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Cumnras z, y He3aBUCHMEIMA, nuddepenmupyem (16):
dzx = cos Odp — psin 646, dy = sin 8dp + p ces 640.

Orciona  dp = sin 6dy - cos 0dz, d0 = (— sin 0dz + cos Bdy) L.  Tlanee,
: d ) S _
v d®’p = (— sin 8dz + cos 6dy) d8 = pde?,
% =L (— cos8dz — sin 0dy) do — I (— sin 0dz + cos Bdy) =
L4 P

— _ dpd0 _ dpdd _ 5 dpdd
P P P

HloncraBiss 3TN BLIPAMKEHNA B palaeﬂcd‘no
Pu— 3% 9 u *u a6? Ju o ou g
=7 T2 Goap T Her W0+ g Te+ 55 40

¥ npuBofa mopobusie npn dr? dr dy u dy?, TONy4IHM, B YACTHOCTH, BhIpaKeHHT

an u . u
il R
A Py P 4TO A@er
w1 w1 ou
A= — ) —, 17
M=t E et (17
Mpumep 2. Bupasurs oneparop Jlanxaca (TpexMepHBIii)
LA 2 2 '
Au = 7} 1; s u ‘u

dx z’iy2 9z*

B NOAAPHBIX KOOPIAHATAX. o _
Nmeem z = pcos O cos ¢, y = pcosOsing, z = psin@. Beegem Bcuomora-

TeJpHYI0 NepeMeHHY0 r == pcosf. Toria z =rcos¢g, y =rsing, z=z u B

cuay gopmyasr (17)
Au = ___62u 4 _.02“ 1 f_u_ ___62”_,
or® P 0@2 rodr az*

Ocraercss B 3TOM BBIDAJKEHMH CJleJaTh TOJACTAHOBKY r == p¢os 0, z == p.sin 0,
@ = (, B CWIIy KOTOPOil Ha OCHOBaHWE ToM e gopMyunt (17)

P u % . %u 1 0% + 1 du

ot a9t ptaer o op’
0 Ha ocHoBanEu dopMyant (4)
D (z, u)
u D0 1 Gng % | eos 2,
Jr D(r,z) - p 00 C dp
N~ o
HooroMy )
0% 1 0% i ’u 2 du sin® - du

Au = —% -5 5 e T —_ —_— T —=.
ap* +'» p° 06 + picos® ap* ' P 9p T pPcosy 9V (18
Mu1 camtaam, 9T0 O (mupoTa) OTCUHTHIBaeTCA OT dKBaTOpa cepot (—n/2<
<8 <'m/2). Mogecranorka 6’ = (71/2) — 6 (0 < 8’ << m) mpuBoAuT K 0TCUETY OT .
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Pu u

ceprr. Torga — = —57
ceBepHOro Hogloca cep AR~ = T

cos0 = sin 0, sin8® =-cosO,

du du
9 T T e’
%u 1 % . 1 %u 2 du 1 cos® au

M= TV T W T a0 st T 0 o o snw oo U8)
YnpaskHeHHU A
1. ITokasatp, 4To opMyja KPWBM3HL MIOCKOH Kpusoi y = f(xr) B momsp-
HLIX Koopauuarax (zx ==rcos0, y = rsin8) npeobpasyercs caepywouum 006~

pasoM;:
d’y 9 dar\2  d'r
2 r+2\w) T
dr — ay df
dy \2)3/2 2 dr \2|3/2
e (@]
2
2. Tloxasats, uto muddepennuannuoe ypapueHue _;7 /uTl = () MOACTAHOBKA-
0G0
8%u g 0%u
M § =z + al, | = & — at CBOXUICA K yPaBHEHUIO TES Y oA
M x
§ 7.27. Cucrema 3saBucmMBIX QyHKIHii
Hycrs 3agauna cucrema m (m < n) Qyuxnumi
yi=fa)=flz, .., 2) (@G j=1,.., m), (1)

neupepsBuo guddepennupyemMsx na obractu G n-mepHoro mpoct-
pancTsa.

Ilo onpepenenuio, cucrena (1) sasucuma na G, ecnm mno Kpaiineit
Mepe ofHa n3 QYHRIU{, HanpHMEp, Y., BHIPAsKAETCHA Yepe3 OCTalb-
uple ¥a G TpH TTOMOLIU PaBencTBa

Yn =Dy, ..ty Ynmat), (2)

e D — nexoropan wenpepsisiio auddepenrupyemas QyHKIHAA oT
Uty + vy Ym—t, T. 8. (2) ecTh TOMOECCTBO OTHOCHUTENLHO X = (24, ..., Zy)
na G, ecim B mem monommth y;=fi(x) (j=1, ..., m). B cayuae
(2) Gynmem eme rosopmTb, UTO PYHEYUA Ym Sa8UCUMA OT GYHKYUL
Yy <o Ym—y Ha G,

Teopema 1. Ecau cucrema (1) saeucuma na G, 1o éce onpe-
deaureau m-z20 nopsadka, nopoixcdaemvie marpuyets ‘

r’)/] A

|

cx, Tz,

. ‘ .. " II7 (3)
f f

O.zl 0z,

T0MHDEeCT8EHHO PaBHbl HYAIO HA G.
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JleiicTBUTENBHO, DYCTh, HANPAMEDP, Ym SABUCHAT OT Yy, ..., Ym—y
upu pomomu pasencrsa (2). Torma
m—1
6fm cd afh . _
= 2 s—=— (j=1,...,n na G).
z; o Oy, 05

Hosromy ompenenurens

5f1 (?fl
ox, 2

e e =0 (ua G),
fm -

TIOTOMY 4UTO, €caW MOMHOKUTL ero mepsnie (m — 1) cTpOKH cOOTReT-

J
m-# CTPOKH, TO NOCHeRHsAs OYHET COCTOATH M3 HyJed. AHaJOTHIHO
paccy:kpas, I0Ay4uM, YTo u JI00oil apyroit ompepeiuTeNh m-ro I10-
pAnKa, TnopossaaeMslii -Marpunel (3), TOKAECTBOHHO pPaBeH UyJIO
ua G.

Teopewma 2. Ilycrv ece nopoxdaemvie marpuyeti (3) onpedeau-
Teau m-20 nopadka rowdecreenno pasnvt nyao na G, a s (s<m)
ecTv Hauboabliee UUCAO, DA KOTOPO20 8 HekoTopol Touke z°€ G
odun us nopoxdaemviz marpuyeti (3) onpedesureneil ne pasen HYy-
aro. ITycre (ne napywas obwrocru) ato 6yder onpedeaurens

d® .
(CTBEHHO Ha - (k=1, ..., m—1) usbluectb HOJyUeHHbIE CTPOKK U3
[

d/l (?fl
;—‘—1 N i;"_.s (4)
r’ifs ﬁfs

To20a naiiderca okpecrnocts Q = G rouru x°, ede cucrema ynryul
fio oooy [ HE s8aseTCA sa6UCUMOL, OCTaAbHVIE Hee PYHEYUU firy, ...
v v [o 3asucar wa Qor f, ..., fs

@) =@, (2), ..., f(2) =s+1, ..., m), (5)

T. €. cyupecreylor HenpepuleHo Oudepenyupyemvie Pynryuu O,
daa koTopblx Ha Q evinoanaoTca Toxdecrea (5). o

IHoxasatenberBo. Tak Kak, o ycloBmio, oupepenurens (4)
He paBeH HYyJI0 B TOYKe X', T0 B CHJIY ero HENPepBIBIIOCTH OH He pa-
BeH HYJI0O B HEKOTOPOH ee okpectHocTd £2,, m no Teopeme 1 cmcrema
fi, ..., [, He ABaAercs saBucuMoil Ha , m Ha miofoit copepmameiica
B €, OKpecTHOCTH TOYKH X’. :

[axee, B emay Toro, wro ompememmrens (4) ma Q, me paBeH Hy-
JI10, cucreMa '

Yi— [ @ry oy Toy Tosry veey Za) =0 (=1, ..., 8) (6)
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paspemnma orHOcHrenbHO (zy, ..., #,), TOYHee, HaiiercA IpAMO-
YTOJBLHAK .

Az{lxl_x(l)|< lx:_xal lxs+1'—xs+1i ,...
,lxn——xn|<6,|y1—y1‘<6, ---7lya_x2I<6}7

M MOKHO OHNPEJeIHThH HeIpepEIBHo auddepennupyemsre QyHKIIT
(eguucrsennsie)

Ti=UlZss1y ceuy Tny Y1y oovy Yo) (=1, ..., 8) (7)
Ha ‘ "

A =2y — 2 |8, .o 2w — 22| <8, |y — 016, .
It H AU

obpamaiomue pasencrsa (6) B Tomnecrna OTHOCHTEABHO (ZTsiq, ...
RS ] xn, yh e vy yﬂ)

—fj<p,1, v ooy ”..” Lagty ooy xn)=0 (]= 1, “eey S) (9)
m rax, 4o |p; — 23| <o G=1, ..., 8. Ilpu s1OoM upAMOYTONLHUK
AII = {lxl_x(l)l‘\"/’tca e sy lx,—xﬂlgc, Ix;—‘z8+1’<6,
npunagaesxur Q,. Mamo rtoro, ecnim rakas-nubo toura (xy, ..., .,
Yi, ..., Ys) A ynosrersopser cucreMe (6), T0 ee KOOPAMHATHI CBs-

sansl pasencrsaMu (7) (310 U ecTh eUHCTBEHHOCT),
Ham Gyner yno6Ho BBectn Bexropst (k> s — maTypaxbHoe)

o of, ot o ap
(€3] [ 1 l ” ho 1 s
a <61" .."(7_2;’ a—x—h) (xEA), b—(a"—xk, ...,‘—'—axh,1. o

Nuddepennupya (9) no x,, morysnm

R L _ B
&) i _ -
b= Xt =0 (=19 (10)

Honcrasu p; B fi, A= (s + 1, ..., n), mouyaum pymxmur
By oovs Moy Tegty ovny Tn), 11
sasucsmee (a priori) OT Zeyi, «ovy Tn, Yo, e y.. OnHako Ha camom

Aeje OHH 33BUCAT TOIBKO OT Yy, ..., Yo HoKamem aro. Iomuse mpo-
HM3BOJHBIC OT HUX II0 I, PAaBHBI

~ 0f, op;  of .
(M - A A
a”h= 0.19 1 0z, k ;9—:{—,%' (12)
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Ho, o ycroBuio, onpeeanTenb

af,  of, of,
oz, ©T T dxgox,
af, af, af,
5 o oy
9y 0f 01y
ﬂ],'l “ s ’Eaa'h

I
o

B TO BpeMA KAk ero MUHOD $-T0 NOPAAKA, HAXONAMIMICA B BepXHEM
JIeBOM yTIy, He paBeH Hymo Ha £,; mostomy Bexrop a™ ecTh Hexo-
TOpas JmHelnas KomOunamusa us sBexkropos a'¥, ..., a®. ‘Ho B cmay
(10) nocuenuue oproroma;eHsl kK b; Torma m Bextop a’™ oproroma-
aen K b, 1. e. Brpamenme (12) TompecrBenno pasmo Hymo Ha A’.
Mzt nokaszann, wro mpu A >s u k> s nonnaa npoussopnas oT PyHK-
uumit (11) mo 2, TomkzecTBeHHO paBHA Mymio Ha A’, T. e. OHH Ha ca-
MOM JleJie He 3aBUCAT OT Loty - .., Ln. 1l0DTOMY

Al oy Moy Zagty ooy ) =iy, ooy ) =s+1, ..., n),
(13)

rie O, — nenpepsiBHo Auddepennmpyemsie Gynxmmm ot yy, ..., y,.‘
Onpepenum reneps, MONb3YACH HENPEPHIBHOCTBIO (yHKui f{x) mus
VKasaunbix Bemie §, o, rakee 8, <0, 0, 4T0 KOIb CKOPO

laj— 23| <8, (5, <8, 0), (14)
nuMeer MecTto . )
i) —jj(x“)l <8 (j=1, ..., 9. (15)

Ho rorpa. pus x = (z,, ...; 2,), npunagnemamux xyby (14), xoropsrit
Mbi 0003HaYHM depe3 Q, mMeeT Mecto (HOSCHOHUA Huske)
Wy, con @) = A, ooy Wy Topy onny 2,) =

=Ou(yy, ..., y;) = Dulfi(2), ..., f(2)), (16)

T. €. Y1 BABHCHT ma Q or Yty v ooy Yao
Hasg x=1(xy, ..., 2.) €Q 7096K (Ziry, vury Tny Yoy ooy Ys) EA’
(y;=71(x), em. (8)), nosromy :

= i{Tor1y «ouy Tny Yty oo oy ys) (j=1, e ),

uTO JIOKa3BIBaeT mepBoe pasencTro uenu (16); BTopoe pamewcTBO Cite-
nyer us (13), Tperve cBoanTea K oGparnoii sameite y; ma f;(x).



Faaea 8

HEONPE/IEJIEHHBIE WHTETPAJIBL
AJITEBPA MHOTOYJIEHOB

§ 8.1. Beenenne. Meronibi 3amenst nepeMennoii
M HHTEIPUPOBAHMUSA MO YACTAM

B § 1.6 6etu BBemensI noHsATHS TIepBo06pa3Hol PYHKIME It me-
onpefeNenHOro uHTerpara. Mel pexoMengyeM wHTaTENi0 BO30GHOBUTH
B IIAMsTH BCE, YTO FOBOPUJIOCH TaM, Nepef TeM KaK M3yd4aTb oTy Ija-
By. Ilenr aToit riaBsl gaTh NpaKTHYECKMe HABBIKM BBIYMCJIEHHS HEOl-
PeJleJIeHHBIX HHTErPAJIOB OT HEKOTOPBIX 3JIEMEHTAPHBIX (YHKI[HIA.

B Teopun oupepenenmsix muTerpanos Oymer mokaszaHL™ Teopema,
yTBepIKlalNaA, UTo HenpepbiBHasa na uurepsaine (a, b) (umm Ha or-
peske [a, bl) pynxnusa f(z) nmeer ma nem mepsooGpasmyio F(z), ko-
TOpad, KOHEYHO, B CBOIO odepeib HenmpephiBHA. Tak kak meompene-
menusiM mHTerpaoM or f Ha (@, b) HasbIBaeTCA WPOM3BONBHAS mep-
Boobpasnas st f PyHKnusa n xioOble JBe mepBoodpasHble A [ oT-
JAYAI0TCA JHIIL Ha HEKOTOPYI0 HOCTOAHHYIO, TO HeOmpeeseHHbIT
unrerpax or f ua (@, b) pasen [f(z)dx=F(z)+C, rpe F(z) — Ra-
Kaa-1n6o meppoobpasHasa A f QyHrnusa, a C — COOTBETCTBYIOUINM
obpazom mopobpannas mocTosHHaA. Takum o0pa3oM, HA OCHOBAIIL
YKa3aHHOH# BHIIle TeopeMbl MOKHO CKasaTh, 4TO BCAKAs HeNnpephis-
nasg Ha HHTepBae QYHKNMA f HMeeT Ha HeM HeOIpe[eleHHEI HuTe-
rpax. Ommako eciau f ecrs snemenrapHas Qymrkuuma (ecm. § 1.3), To
OKasblBaeTcA, YTO JlalleKo He Bcerja ee mepsooOpasHaa F, a ciepo-
BATEJbHO, W HEOHpefeJleHHBIH HHTErpal OT Hee, ecTh B CBOI0 Oue-
penb sneMeHTapHAfs PYHKOEA. ITO MOKET OBITH, a MOKET W He OBLITh,
M B 9TOM Dpasnmume MemRAy Aud@epennUaIbHAIM U HHTErPaJTLHBIM
ncyucaenueM. B 10 BpeMsa Kak NpousBOAHAA OT dIeMeHTApHOU PyHK-
UM ecTh diieMeHTapHas (QyHKOnsg, o0paTHOe yTBepitgeHue, BOOOLIE
roBopsi, He BepHOo. WMmeloTes Tarue »ieMeHTapHble (QYHKIHH, KOTO-
pBIe, KaR FOBOPST, He IHTETPHPYIOTCA B DIEMEHTAPHBIX QYHRIUAX; UX
HeolpeedeHHbIe HHTeTpalbl XOTA H CYLIECTBYIOT, HO He SBISIOTCS
DIIEMEHTAPHBIME (DY HKI[HAMMT.

Ho Bce ke K BaimieMy CYacThi0 MMEIOTCA KIACCH WHTEPECHBIX B
MaTeMaTHIeCKOll NpaKTHKe 3JIeMeHTAPHHX (DYHKIU, KOTOPhle HHTE-
rpUPYIOTCS B BIEMEHTAPHHIX jKe QYHKIUAX, T. €, UX NepBooOpasHbie
CyTh dieMeHTapHble (JyHKIUM.

JTa riaBa MOCBANIEHA H3YYEHHIO METONOB MHTErpPUPOBAaHMA (PYHK-
muii no00HBIX KJIACCOB.

Haunem ¢ Toro, 4ro mpuBegeM TaOAUNY HeoNpPefeNeHHBIX HHTE-
TpalioB, BBITEKAKI(YI0 M3 OCHOBHOM TabMmMIBI NPOM3BOMHBIX OT MpPO-
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CTEHINNX 3NeMeHTapHBX (hyHKImil:
. S I
Szdx=m+c (n +1£0)
dex =Injz|+C;
S edr = " + C;
a*de = — “4C (@a>0, a1);
cosx dr = sinx -+ C;
smxdx_ —cosx—{—C

sec?zdr = tgx + C;

e.'\.'«——xfjw\lwi—’ﬁc—":

coseczxdx— —ctvx—{—C
g =arecsinz 4 C = — arccosz -+ C' (C' =-§—+C);
1/1—1*2

J 1_: 5 = arclg r + C;
X

s) chzdx =shzx -1 C;

\shrdr = chz +C.

CneBa B Ka#0M paBeHCTBe CTOMT IPOU3BOJbHAs (HO ompegese-
-Hasn) nepBooﬁpasnaH PyHKUUA I €00TBETCTRYIONIEH UOALIHTer pasth-
Hoil (})ynhuun cnpaBa ke — OJlHA OIpeJeleHHAA NEPBOOOpPa3HAA, K
KoTOopoil eme npubasisercs KoHcTaHta C Takas, 9TOGH BHITONHSA-
JIOCH PAaBEHCTBO Me)RAY DTHMHU (PYHKIIMAMI. ' ’

IepBooGpasieie QyHKOUH B 3THX (QOpPMyJax olpeleeHH M He-
TpepeIBHEL Ha TeX WHTepBalaX, Ha KOTOPHIX ONPEHeNeHbl M Helpe-
PHIBHBI COOTBETCTBYIOL{IE HOALIHTErPaibible” QYHKIIH. JTa 3aKomo-
MepHOCTh HE cay4Yalia: Kak OTMEYeHO BblUe, BCAKAsA HeIpPephBHAA
Ha MHTepBajxe QYHKLUS HMEeT Ha HeM HempepHIBILYIO nepnooﬁpamym

B § 1.6 Obina BoiBEREeHA cpopmyna

(A (2) + A (2)) de — 4 fu(x)dx+A§u(x dz +C, (1)

Bblpa?}\al()maﬂ .T[HIIGHHOB CBOHCTBO HeonpeaeJIeHNoro WHTerpana.
OCHOBHyIO pPoJanL B l/IHTEI‘paJIbHOM HCUHCIAeTNH Urpaer Takie q)()p—
Myna 3aMenbl nepewenﬂou (IIJII/I HO}ICT&HOBI\I/I)

{r@de=[1@re Warc=[iomaen +¢. @
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B sroit opmyne mpepnonaraercs, 9ro z = @({) ecTb HempepHBHO
nuddepenmupyeman (MMewIas HeNPEPHIBHYI0 NPOM3BONHYIO) (yHK-
ousi Ha HEKOTOPOM HMHTepBaje uaMeHeHus !, a f(z) — HenpepbiBHast
$yHRIUUA Ha COOTBETCTBYIOIIEM MHTepBasie uiu orpeske ocu z. Ilep-
Boe paseHcTBo (2) yTBepmmaeT, 94TO JeBasg ero JacTh TOKIECTBEHHO
paBna IpaBoif, ecnim B Hell (mocie uWHTerpmposaBua!) cheirars mop-
cranopry == @({) 1 mogo6paTh COOTBETCTBYOIMY® KoHcTanty C.
Jokasiem 10 yrBep:knenne. CieBa B (2) crour QymEuusa, KoTopas
AsjseTcss neppoobpasuoit or f(x). Ee mpomssogHasa mo { pasHa

2 i@az=2([1@a)e 0 =100 O.

CuepoBarTensHo, eciim BBECTH B 3T0Hl (PYHKOMH IIONCTAHOBKY I ==
= @(t), To monyunrca mepsooGpasnas or pymnxmmu f(@(t))e’(t). Hu-
Terpat jke CrpaBa ecrh, 0 ONPEJeNeHiIo, HeKOTopast nepnooﬁpasuafr
ot f(e(t))e(t). Ho nse mepsoobpasmbre [y oaHoll u Toit e Pynk-
MM OTAMYANTCA ‘HA HEKOTOpyI mocTosauuyio C. ITo 1 3amMcaHo B
Bupe mepsoro pasenctBa (2). Urto Kacaercsi BTOPOTo, TO OHO HOCHT

" hopManbuBIA XapaKTep — MBI OPOCTO YCJAABIHBAEMCS IHCATH

(F@ye' (yar= [ F(t)do). 3
Haupuwmep,
Sex?‘x‘dx:: % 5.(39522:& dx +C = -—_l—j‘e“zd (z3) - C =
—-—5e"du+€1— e C= Gy (w=2Y).  (4)

. Hepsoe pasencrso wanucano B cmiy (1), Bropoe B cuay (3), Tpe-
The — B cuay (2) (mocToanmas W3MeHMJIACh) U YeTBEPTOE — B CHJIY
dopyyan u3 rabmunst (nocrosunas mamexmnach). OxHako B mpak-
THKe BBIYHCIEHMil B WieHaX, COJepRaulMX HeoNpe/elieHHbI HHTer-
pas, xoHcTanThl C He HNHMIYT K TOINA IEN0YKa (4) ynpomae’rca

S‘exxdx——yex 2xdx—-———Sexdx2 —eoc +C

K TOMY e Mbl ONYCTHJIM OYeBHAHEIe 3-e M 4-e PaBeHCTBa.
Bot eme mpumepsl:

‘S‘ef*"dx = -:i—je”d(&x) = —;—e"" 1 C,

Ssinkxdx: —;‘-Ssinkxd(kx); - -}c—c(')s kx +C (k= 0).
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Tpusenem eme mpuMeps, KOTOPHE BCe DABHO HaM NOHaMOOATCH
B TeOPHM MHTerPHPOBAHUA DPAIMOHAJBHBIX .Jpobei:

1f S‘ x—a)_— -1 . 7 .
(mr# ) . x——a)m x—a)m‘fl (1—m)+c'
diz—a)
L_a—f = e —al 0
dx 1 d(z/a) 1 x .
.S‘az-}— z* = ;Y:I + (z/a®) - 7arctg @ + C't

( dz 1 4 1
00 | 2= 5 [ (s — ) e =

::—(ln]x—a|—ln]:c+a[)+c__1.1

e
T4 #* 4 pr g (x+( 1»/2)2

zr—a

T + G

d(z -+ (p/2)) 1 . e
S(x+(p/2)) Tz (p/2) +6G O
. _
_..B_:a2>0'a>0 dz :j‘ dx =
(q )Y 2+ prtq @+ (p/2))* + (¢ — (p*/4))
x+<n/2) - '
(z + (p/2) __j‘ dr— L 2+ (P2 | o
5(3—}—(1)/2)—}—(1 (x—{—(p/l) o aarctg. a .+C'
(6)
(q—!—!?:-,—az g,>0)5v dx — d(z -+ (p/2)) —
' Fipete J@EtoRy—d
/2) —
= +ln ————-—”"’p l4+¢; @
2+5 +d
(22 4 p) dx yd(xﬁ+px+q) Inlz? e
5 - A = C;
Sx‘+px+q &+ prtq nle+petal+
(A% )j‘ ‘Az + B dr = A j‘zx+(2B/A)
Z*+ pr+q 2 P prtg
2z - p)dzx . (2B/A) — p dr =
Fpitqg | 2JPfprtg
A A (2B
- oty o= 45
Fnlatpe 4D ) st D= (F—r) @

{nanee oM. (7).
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Jlist Teopun MHETErpUPOBAHMA PANMOHANBHBIX HPOOEH BaskHO, YTO
BhiunCIeHne maTerpasos tuoma (5)—(8), rme a, A, B, p, ¢ — xou-
CTAHTH, MPUBOAUT K DIEMEHTAPHBIM 'QYHKUMAM (palMoHadbLHBIM, In
u arctg).

Ilepeiitem ¥ dopMyiie HHTETPUPOBAHMUS IO YaCTAM:

juv'dx = uv — S vu'dx - C | 9)

WJIH, YTO BCEe paBHO, 5 udv = uv — j vdu 4 C.

B aroii dopmyneu u v — nenpeprisao mugdepenmupyersie Gynk-
. 1lpoussogmas or ee Jesoil wactu pasHa ut’, a HpOM3BOAHAA OT
npanoil yactu Tax:ke pasHa uv’ = (uv)’ —vu’, nosroMy oHu oTimua-
10TCsL JNTIL HA HEKOTOPYIO MOCTOAHHYIO, 4T0 M 3anucano B (9).

Hanpumep,

j‘ln'xdx :xlnx——jd&: :lx(lnx—i) —FC;
Sxexd:c = jvarde’c exr — ~S‘e’cdx =e¥(x— 1)+ C;
stinxdx= y xd (— cos x) =
:‘—xcosx»}—fcmxdx =—2xc08x +sinz -+ C;
fe‘ﬁcosx dr= e*™sinx — aS e®sin x dx =
= %% 8in L — a[eax (— cos z) + ajeax coszdx],

OTKY/Ia

ax :
ye“xcosxdx:e (S'“I+2“C°ST)+C.
1+a

IlpuBenem eme mpmmep, KOTOPBIT Oyger Hy;KeH MJsA TEOPHU HH-
TErpUPOBANNS PALIHOHATBHBIX Jipoleii.
Ilycrs k> 1 — narypansuoe u a > 0; Torna

fﬁ%:azj('+ah+ S‘ g&Tdr _

0:25‘ dz +_1_ x 1 _ :
S et {<1—k>(x2+a2>k-~1 =) F T

OTKYfIa

dz _ x 4 3—2 dr
(P+a) 20—nGEEFaEPRT T 20—k J (P —I—az)h L

Teneps (ecou %> 2) ¥ uHTerpasy B NPaBoOil YacTH MOMKHO IIpIi-
MEHHTL TOT ke WpoIlecc, NPUBOJAIIHA K IOHIKEHNI0 Ha eXHHHILY
noKasaTelsi cTelleHN B 3HaMeHarTejie MOABIHTETpalbHOR Apobu. B xou-
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1me KOHIOB nipumeM K mmTerpaxy ot (z°+ a®)~! (npusomsimemy
arctg).
Taxkum obpasom, npm ¢ — (p*/4) =a*> 0 n marypaubhoM Kk wnre-

rpai
S(x—kii-m 5(u+a‘)h+c (u_‘”+ ) (10)

feperesi B aMeMeNTapHBIX (PYHKIUAX.

IMpuMeps.
3daMeHna nepeMeHHOH (HIOJCTAaHOBKA):
dx z+1
1. X 1142 = (arctgx + arctg 1) + C = arctg 7—F— Tt s -C (@>0),
9 5‘ d: d(r/a) L LC a>0).
. = = —arcsm a
Va"—x V1= @/ay?
' (tg x)
3. _S sinz cosx _5‘ tgr =In|tgz]+C.
zdx 1 d(a — 22
4. _—y =—Vai_Fie
Va 2 Va — 2?

d {(co:
5. j’tgxdx-—j. i(;gsxr) = —In |COSJ| +-C.
6. 1Fcosz Y = | sec"y d 3 :th-FC-}

OSZ‘

7 dx j‘ dx S‘ ditgz) -1 . ( 1 ¢ c
. > == m 5 = 5 == = arc = -+-C.
1+costz J2cos®atsin®z  J2-+tgfe V2 g V2 gx) }

UurTerpupoBanmne 0O YaCTAM

(" . . x . -——2
8. j arcsin x dr =z arcsin 2— -—1/—2— dx = z arcsin x4 V1~x --C.
1—z

rdx

9. jarcsin xﬁ:— V1—.z2 arcsinz -+ \ de =
1 —x

=z — Vi — a®aresin x -+ C.

d.
10.5 xzt :Itgx—ytgzdx:xtgx—ln[COSx[—i—C.
cos” x .

KomGunuposannue cnocobr:

11. jtg xdz*j‘(sec Tt —1)da = tgz—ax-+C.

12, Sl/1 dx_j

= {1 z) arcsinz —

A}
— S\arcsin z dxr = arcsinx — Vi — 2k C.
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§ 8.2. Komuaexcunie uncaa

©DopManbHO KOMILUIEKCHBIE YHCTA MOKHO ONPENIeNTH KAK Haphi
(e, B) HeiCTBUTEILHBIX 9HCEN, [V KOTOPHX ONPEJENEHO PABEHCTRO
u apmﬁmemqecxne ReHCTBHUA 10 CAEMYIOIUM NPaBAIAM:
1) pasenctso (a, B) = (a,, B.) umeer MecTo Torga u TONBKO TOI-
na, horna a=o, up=p
) (e, B) = (ay, B)—(a:i:ac,, [5:*:{3)

(e, B)ay, By) = (aory — BBy, af+af);
@h ( (o, 7 BBy) b — o, ) at + p} > 0.

CRN aj+ 8] ' o+ B
Hua nap supa (o, 0) u ToabKo s HHUX BBOJIMTCS HOHATHE «<»:
(e, 0) < (B, 0), ecin o <. 1)

MiMeer mecto odeBmanOoe B3aMMHO OIHO3HAYHOE -COOTBETCTBHE QL ~
~ (&, 0) mesny mapamu (o, 0) n pelicTBATeNbHBIME uncHaMu. Baj-
H0, YTO OHO M30MOpP(HO UO OTHOWEHHIO K apudmerHdecKmMm jeiicr-
BHAM U 3HARY «<»:

a£f~(xxp0)=(x0) = §0)
ap ~ (2B, 0) = (, 0) (B, 0);
a ro ) — {a, 0) .
s~ 50 =6y ¢=0
(em. Tawme (1)).

910 noxaseBaer, 4ro mapsl (&, 0) cyTh meficTBHTeNbHBIE YHCIA
{em. § 2.4). Ouu Tonbko Haoﬁpameum HeoObIYHO — B Bujie map. Tlo-
sroMy Gymem nmucath o = (&, 0).

Wtak, MHOMECTBO HAIIAX Tap cofieput B cebe B KavuecTBe CBO-
€ro TOAMHOKECTBA MHOIKECTBO -JIeHCTBHTENbHBIX umcen. Ilapwr e
{az, B), tme P#=0—o»s10 yiKe (HE ueucmmenbﬂme) KOMIUIeRCHBIE
qucIa.

Jlerko mpoBepsiercda, 9TO HaMiM TAphl NOMYHMSAIOTCS AKCHOMAM
apu@MeTndecKuX MEHCTBHIl TAKMM jKe, Kak . K aKCHOMBI JeHCTBHTENN-
Horo umcaa (em. § 2.4, awcmommt II, III), ecim rombko BEIGpocATH
U3 NOCHEANX T W3 HUX, KOTOPHIe CBA3ANEI CO 3MAKOM <. Haa map
we (a, 0) BLIHOTIHHIOTCH BOOOIle BCEC AKCHOMBI JeHCTBATEIHLHOTO
yucsaa. .

M= yxe obosHaammu mapsl (a, 0) 4epes «. O6o3HaunM eme ma-
py (0, 1) 6yksoit i(i = (0, 1)). .

Hap meficTBHTENPHBIME YHCHAMHM o H CHMBOJOM i MOMKHO IIPOM3-
BOIATH apuMeTHHYeCKHe OIepalud — Befb 3TO Ke ecTh Maphl, i
KOTOPHIX 5TA omepaiuu Oniim onfenenensl. B pesyabtaTte >THX ome-
panuit GyHyT HONYYATHCA CHOBA MAapPHl, KOTOPBIE, OJHAKO, MOMHO 3a-
INCHIBATH KaK HEKOTOphle apuMeruvyeckume KOMOMHAUMH M3 JeHcT-

BUTENBbHBIX YHCeN &, P, ... W CAMBona [. JTO HCYUCHEeHHe objerua-
erca rem, 4to i* ==ii = (0, 1) (0, 1)-=(—1, 0) = —1.
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Jl1o6yio mapy MoKHO TPEACTAaBHTE B BHAEe apHMETHICCKOH KOM-
OMHANMA U3 [eHCTBHTENBHBIX YHCeX A i .
(e, p) = (e, 0) + (0, p) = a + B0, 1) = & + Bi. (2)
Takam o6pasom; mesxny napamu (@, §) u Bhipaskemmam: o + if mme-
eTcd B3aMMHO OJHOBHAYHOE COOTBETCTBHE, BBIPAKAEMOE PaBEHCTBOM
(2). 310 coorBercTBHE €cTh M30MOpPPU3M ‘IO OTHOHIEHHIO K apudMme-
THYECKAM OImepanuaAM, NOTOMY 9TO B CHJY NDaBHI HCYNCICHHA HaR
JleICTBUTENBHBIME IHCAEMH U CHMBOJIOM, i
(o + if) £ (o 4 ify) = (@ £ @) + 1 (B = By,
(o + i) (g + iBy) = (xo; — PPy) + i (afy + @,B),
a+ti aa, + BB , o —ab, 2 2
al—}-ig = a;+ﬁ2l+l ;2+52 (al.+ﬁl>0)’
1 1 1 1 1
Mgt MoieM Temeph m3rHaTh M3 obpamenus (@, B) u omepmpoBarh
LPEJICTaBIAIOMEMA MX BbipasKeHHAMH (KOMIOJIEKCHBIMM YHCIaMu) o +
+ip. Henaerca eme ognmH mar: KoMImIeKCHble 4YHCAA o+ i3. rge
a, B — meiicTBATeALHBIe, 0f03HavalOTCA OyKBaMH,
pampuMep, OHIIYT @ = o T if; o HaswBaerca deli-
cTéureavnoil uacroro (komMmomnedToit) wmcna a, -
a P—nmnumoii ezo uacroio (o p—peficTBatensuol),
OOGbigHO, KOrjga roBOPAT, 94TO 34JaH0 KOMIJIEK- -
ciloe Yucno ¢ =q + i, He neaas JONOJHUTEIb-
HBIX OTOBOPOK, TO @BTOMATHYECKH CYHTAIOT Puc. 8.1,
U P ReACTBHTENbHBIME YHCIAMI, R
Homnnexcusie umcia wusobpakaioress B Bmge (pue. 8.1) rtouwex
(kommuexcHoll) NIOCKOCTH, Kai[oMy 4mely a = q+ i upuBOaHTES
B COOTBETCTBHe TO4Ka (TOYKA a) ¢ NPAMOYTOJLHBLIMH -KOOPAEHATAMM
(@, B). OGoamavum uepes p AMMHy pajmyc-BEKTOPa TOYKH & M Yepe3
0 (opu a+#0) —yroa (8 paguanax), o6pasoBaHHBIH WM ¢ TOTOKH-
TeJbHBIM Hampasiaeunem ocu z. flcmo, 910 @ =p<cosO, p=ypsinh,
p=7Ya’*+ p* =0, noosromy .
a=a+if=plcosB+isin0), (3)

Ecan a=0, to p=0 u pasencrso (3) coxpauserca npu mo6om 0.

Wrak, MBI JOKa3am, YTO BCHKOE KOMILIEKCHOE YHCHO 4 MOKHO
npeacrasuth B opme (3), rme p — HeoTpumateanmoe umcao. pu
STOM p B 9TOM (TPUrOHOMETPUYECKOM) NPEACTABICHNN €CTh eIUHCT-
pensoe (HeoTpunartenbuoe) 4ncno; 0 npu a % 0 — TaKKe eEHCTBCIH-
Hoe 4melo, ecan noTpedoBaTh, 4TOGBHI OHO YAOBJETBOPAIO HePaBEH-
cTBaM

0<0<2m (4

Ecnu usmenuts B (3) onmo u3 umcen p, O mam oba (npm - ycaosun
(4)), To momydamM yrke APYryl0 KOMIJIEKCHYIO TOUKY.

Uucno p maswiBaetcss modysem a m oGosHadaercs Tak: lal =p=
= Yo + B°. Ecait a peiicTBuTeNbHOE, TO MOAYIb M abCOMIOTHAS BeaH-
4Yi¥HA 4 COBOAJAIOT.
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Uucno e O, yzoBneTBOpAIONee HepaBeHCTBAM 0<0<2n, na-
SLIBAETCA ApeyMenHTOM a & npusedenrnoll opme m 0Go3naTAGTCH TAK:
arg a*). Ho ypasmenmio (3) ynoBmersopser tamke moGoe 3Hauenne
6, ormmwalomeeca or arge ma Bemmummy 2kn (k =0, *=1, ...). Ho-
9TOMY ellle BBOIUTCA HOHATHE QP2YMENTA Q:

O=Arga=arga+2kn (k=0, %1, +2,..), (5)

910 Gecromeunosmaunag QyHenusa or a. JloGoe pemenne ypaBHeHHA
(3) ornocurennro O Mosmer GbITh 3anmcano B dopme (3).

Ionoskum ~ :
e’ =c0os0+isin0 (—o0 < <o),

Mbsi, raxkum o6GpasoM, BuepBbe omnpemeinseM QYHKNAO e AT YACTO
MHHIMOro aprymenta z==i. Jlna npomsBosbHON KOMILTEKCHOH mepe-
MeHUOH z=1x1+iy PyHRUMA e’ ompefendeTcs 3aTeM IIDH HOMOIIN
paseHcTBa _

e = e"e" = e*(cos y +isiny); (6)
€’ ects KoMuTexcHasm (Gymkmuma (IPHHAMAIOUIAA KOMILIEKCHBe 3HA-
uenmnA) or ReiictBurennHoro aprymenta 0. Korpa 0 namensercs me-
npepriBHO Ha noayuHtepBane 0 <X 0 < 2m, Touka e onuchiBaer He-
TIpepeIBHO OKpy#HOCTH paayca 1 ¢ memrpom B 0. Takum oGpasom,
le] = Ycos®® +sin* 08 = 1, Slcuo, uro €® — nepmopnyeckas PynruAs
nepuona 2m: e' °+* = ¢ Qna nopuuHAeTCA CBOMCTBAM

? . T
eu)

(640 i 19, —i0 1
et _ e, e )
Kanospl 6b1 Hu Opumn O m 0,, moromy, uTO

e’ = (cos 0 4 i sin @) (cos B, - i sin 9,) =
= (cos 0 cos §; — sin @ sin B,) - # (cos B sin O, + sin 0, cos 0) =

= cos (0 & 0,) - isin (B 4 0)) = e T,
1 1 ] . ~i0
euzmzcosﬂ—zsmﬁze .

: 10— L i0
Uz (7) cmepyer emie, uro 31(0 D _ % M fel . W3 crasannoro
e
BBIIIIE CTeJ(YeT, YTO BCAKOE KOMIVIEKCHOE WHCIO TPecTaBEMO B (Tpm-
ronomeTpuyeckoil) gopye: a = pe”, rae p = 0 — equuncrrenHoe wmCIO, -
pasmoe lal, a 0= Arga, ompepeneHo ¢ TOYHOCTHIO IO CHATAEMOrO
2kn (B=0, =1, ... _ :
Wwmeer mecto mepaseHcTBO

la+ bl < lal + 15l - (8)

*) Bopouem, mmorna yaoGuo apryMeHTOM @ B OpHBefennoit dopMe Haz-
. BaTh 4HCIO O, ompejiedseMoe paBeHCTBOM (3), [VIA KOTOPOTO o << 0 << + 2%
i oy < 0 << oy + 2m, e 00 — IIPOH3BOJLHO BHIOPAHHOE YHCIO,
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11 BRITERAIOUCE M3 Hero gPyroe HepaBeHCTBO
Ha! —1bll < la— bl, ()

KAKOBBI OBl WH OBLTH KoMITexcHble a i b. I'eoMeTpHYECKM OHU BBI-
pasator (puec. 8.2), 4to cTopoma TpeyrodbHmKa He Goablie CyMMbi
€r0 OCTAALUBLIX CTOPOH M He MeHbile nx pasuocti. Ha ssbike kom-
ponent unces a=o+ip, b=oa,+ip, nepasescrso (8) csogures
1 nwepasencray (¢m. § 6.2, (9)) '

VieTaF T pr<Vaipm+Vat+p 7

Cropamejinssl Tak/Ke paBeHcTBA

lab|=1{a||b], (10)
Arg (ab) = Arg a -+ Arg b -+ 2ka, (11) 7
al Hal V
| T T b0, (12) Puc. 8.2.
Arg 5 = Arga— Argb + 2kn, (k=0,+1,...). (13)

Pasencreo (11) mamo nowmmarth B ToM cMbiefe, 4TO B Kauectme
t ~ §
APryMeHTOB ¢, b, ab MOKHO B3ATL MOGBIe NOUYCTHUMbIE THCIA 0y, 0.,
9, ¥ TOFAZ oOkamercH, 4to 0 oramvaerca or 6, + 0, Ha BeJUYHHY
2kn, rae k - ueroTopoe mednoe. ’

O e, B ,

Horamen (10) n (11). lyers a = 0161 b= p.ze7 ® ab = pe®,
rie 8y, 8,, 0 — Kaxue-to onpejesiennple (HO NIPOU3ROJILHbIE) JonyeTH-
Mbie apryMmeutst a, b, ab. Torxa

, (8, + 6,
pe = ppge 1T

1t Ha OCHOBANNI eJICTBEHUOCTH WPeACTABIEHHA KOMHIEKCHOTO 9HC-
na B mokasatenvhoit gopme p=p,p:, 0 =0,+0,+ 2kn, roe k — ue-
KOTOpOe 1eioe. :

Ecan xomnuercnoe uncio a = o+ i, To uucno @ =a — i} Hazbi-
paetca conpaxcennvin K a. Takum oGpasoMm, ecin a= o — peiicTBu-
TeJbHOe, TO d = .

meeMm

— - a

Trbeakh @=, (5=L 620, 14

. T . i6
notoMy UT0, ecam @ = 0, + i, =pie ', b=, + i, = pye ’, To

ai-bx(%iaz)'%(ﬁxﬂ:pz)iz(o‘iﬂ:%)“‘(ﬁliﬂz)i: _
= (ot — Bid) £ (@ — Byi) = a = b,

ab = (’("1ei(61+62) = plf’ze—i(ol+92) = Pie—ielpze—wz = ab.
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PacemoTpam 3ajaqy o BHIYHCIEHHY KOPHH n-it cTeneHM W3 9HCAX
a=pe® (p>0). Tpebyercs, rakum obpazom, naifitu Bce umena b=
= re™ takme, uto b"=a. Ho rorpa r*e™™® = pe”® (r, p > 0) u, Beaen-
cTBOE eJHHCTBEHHOCTH HPEJCTABICHNA KOMIJIEKCHOTO YACHA B NIOKa-
sareasnoit opme, p=r*, ne=0-+2kn, k=0, =1, ... U3 nepsora

n e
pasexictBa caenyer 7 = 3/ p > 0 (r — apudMernaeckoe 3navenne Kop-
HA n-ii cTemeHH B3 HOJO:HTeNbHOTo uueaa p). Wi Broporo e, urto
p=—+ = (k=0,x1,...).

3uavenns ¢, AaI{Ae Pasuuunble KOPHN R-H cTENeHH B3 @, COOT-
BETCTBYIOT TOJABKO 72 3HAYeHHAM k:

0 2% .
cph::-—-—l——— (k=0,1,...,n—1). (15)

OcTanbHbIM  HEJBIM & COOTBETCTBYIOT B3HAUENUA , OTIAYAIOLIMECIT
or ofHoro ua 3padennii (15) ma Bexmunny, Kpatuyo 27,

Mb jiokasaim, 9TO y KOMILIEKCHOTO 9Ymciaa a 7= () cymectByer n
(1 TosibKO B) KOpHEH cTeHmeHHm R, 3aMMCHIBAEMBIX 1O (opMyle:

Va=Vpe®=1pe% (k=01,...,n-1),

re @, onpenensiorea paseHcreamu (15).

llpumenp.
. 2n 41
1 sin = r

5 -I* €OS & ~}- €08 2% -}~ ... -} cOS nx == - == D (2), (16)

2 . o 2

& Sin 3

r 1
COS 5~ — €08 (n -+ —.,—) z

sinx - ... -} sin nr = . 17y

Fcian B papencTse
n P P P
2 eikx ) ”L(n+l.)x — e?x - ei(n+(|/2)m _— e'lx 2

x
2sin =y

(4

ei,\ 4 - eix/‘a — e—-ix,?
sin (n - (1/2) =

Ccos {2/ —eas{n 4 (1/2) x
2sip (x/2) '

1
Tt 2sin {af2)

IPUPABHATL JeficTBUTeILHBlE B MHUMBI® “acTH, To #oayuaM (16) m (17). Obe
eymmbt, (16) u (17), nmeror Goabmoe 3wagenue B Teopun panoe dypee; Pyur-
s (16) paspiBaeTcs cymmold pan adpoxu Jupuzae.

§ 8.3. Hpeaea nocaeoBATEAbHOCTH KOMOACKCHLX “HEEN.
~ OYHKUUA KOMIIEKCHOTO IIePEMEHHOro

Ilo oupenenenumio, 1OCIEROBATENLHOCTL KOMILICKCHBIX MHCEA Z, =
=a, i, (n=1, 2, ...) uMeer cBouM MPEAEIOM KOMIIEKCHO® UMC~
A0 Zy =0y + ify, ecan

2w =2y = V(= ol Br— )+ 0 (o) (1)
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YUIH, Y70, OYEBHHO, BCe PABHO, €CIH ONHOBPEMEHHO O, —> Oy H Pn —
— 50 (n— ). B aroM caryae mHmyT lim z, = 2, WAR Z, — Z,.

n—oo

Herpyano Bumers, cBOAS BONPOC K PACCMOTPEHMIO AeHCTBHTEND-
HOll ©H MHAMOW KOMIOHEHT Z,, 4YTO A I[OCJIeRoBaTenbHOCTH {Z.).
TaK e Kak s [elicTBATEILHBIX IOCHeN0BaTeILHOCTeH, HMeeT Me-
cro ycioBHe lomm cyIiecTBOBaHHA HpPeeaa: AIA TOro 4ro0bl Imocie-
nosatexsnocTy {2z, mMema mpemesn, HeoGXooUMO W JOCTATOUNO, ITOOH
maa aodoro & >0 manuiocs Takoe N, utodm mis Beex n, n’ > N Bwi-
NOAHANOCH NEPaBeHcTBO |2, — 2Zn/ | < €.

Jlerko Tanme nokasniBaeTCA, YTO M3 cymiecTsoBaHusa npegena (1)
caenyer, uro |z, — |z, (n - o).

Mmewor mMecto Takke pasemncrsa

lim (zn -+ an) = lim z, = lim 2z, }
lim (zn'zn:) =1lim z, lim z,, l

"
Zn im z, (lim 2,5 0)' '

lim — =

2, limzg,,

‘TipuueM, Kak  OOBIMHO, NpeAnolaraercs CyliecTBOBaHHe WPeeNon
Z, M Zns W 3ATUII0UYAETCA CYHIECTBOBAHIE TIPEAESIOB, CTOSINHMX B HTHUX
PABEHCTBAX CJEBa.

Iycts G ects HEKOTOPOE MHOKECTBO KOMIUIOKCHBIX YHeed Z =
==z + iy (ToveK- Komiekcuoll mrockoctr). Ecanm B enmay uexoroporo
3aKOMA KakAoOMy z € G npUBeeHo B COOTBETCTBHE YHCIO w, BOOOME
TOBODA, KOMIIEKCHO®, TO TOBODAT, UTO OTHM onpenenena Ha G Pymk-
YU KOMRAEKCHOU nepemennols w = f(z).

Iaa ravoét Ppyurumin, Tak #e KAk Hia QPYHRIEA KedcTBHTENbHOI
TIePeMeHHOi, BBOANTCA 1IOHATHC Npefela, HeIPEPHIBHOCTH M TPOM3-
BOJHOM, o

OkpecTiocTv10 Z, HA3BLIBATCA MHOMECTBO TOYeK 2z (KOMIIEKCHOM
TIAOCKOCTH), JAs KOTOPBIX TPH HEKOTOPOM O BBIUGIHAETCA HepaBe-
CTRO

7'_'1--()I<(S . . (3)

ToBopsit, yro wueao (komunercroe) A ects npedea gynryuu f »

TOYKE Zg, W MHUIOYT J

lim f(z) = A uan f(z) > 4, 2z,

(]

ecan [ ompejesnena B noumopoi’x OKPECTHOCTH ATOM TOUKH, 3a HCKIIO-
yenwneM, ObITh MOYKET, €€ caMoil, B ecan miIA xioboro e >0 Hadgeres
8 >0 Taxoe, uro0 | f(z) — Al < e nna seex z, YZIOBIETBOPHIOIUX Hepa-
senersam 0 << lz— 2,0 < 6. :
JT10 onpejesieHie IKBUBAJEHTHO cnenymmemy: KaKkoBa Obl HU Obi-
aa 4noqnen()BaTenmoc1'b {z.), 2.5 2, cxopnmascs x z,, limf(z,) =
T ke
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HNumewr Mecto CBoﬁCTBa:

hm{u (z) £ v(2)} = hm u(z) + limv (3),
% 2y
lim{u(z)v(z)} = hm u{z)limv (z),
=2y 2 [t (4)
) fim u(z)

4 -2z, .

v~ e (m e @ #0)
Z—rlu

OHH [10Ka3BIBAIOTCA BIOJHE aHATOTMYHO TOMY, KAK 5TO HeJXaeTcA s
¢yurmmil peiicTBuTENLHOM nepemennoit (cm. § 4.1, Jeopeya 6).

I'oBopar, uro (I)ymcmm | nenpepviena 6 roure z°, ecad oHa on- -
penejenia B HeKOTOPOH ee OKPECTHOCTH, B TOM 4c.Ie "B el camoii,
u ecor lim f(z) = f(z°).

Z-‘)ZO .

Koneuno, ua (4) CHE[YeT, UTO CYMMA, PasuoCT, npouaBeIeHne W
yacrHoe HenpepsiBHIX B 2° pynKnmit ecth PYHRUHA HenpephiBHAS B
z° (upn o6vrynoi 0r0BOPKe JiA 4aCcTHOrO),

Fosopsr, uro f'(z,) ecrs npomssopuas or f B TOUKE Z;, €CIIH
T (2o +82) — f(2) _

Jim DI ey, ©)

A0

Hpoussoaunan k-ro mopsmiuka or f B TouKe 2z onpelesfsercd mo MHIyK-
HH:

fM(2) = (f*Y(2)) (k=2, 3, ...). (6)

anaucn JJUBbl PABEHCTBA, MOKA3LIBAEMbBIE B TOYHOC I‘H TaK Ke, ﬂdl\
B IJ,GHCTBHTG’ILIIOM ciyvae:

lu(@) 2 v (@) =u'(z) £ v' (2),

u(z)v (@)l = u(@@)v (3) + ' (2) v(z), (7)
uin)Y v (2) - u(z) v (2) . .
(&) = =% 215 == 0,
(z—a)) =nz—a)" (n= 0, =1, £2,...). (8)

Ham UPHACTCH TaK:Ke HMeTh J1eJ0 ¢ KOMILTIEKCHOANAYHBIMH (i)ymv
IMAMHE OT JeHdCTBUTEIHHOH NepeMeHHOM

f(2) = qla) + ipla) (9

(@, ¥ — nefictBuTenbuble QYHKUNH, ONPEAENEHHBIE Ua HEKOTOPOM
MHokecTBe  feficTBurensHEmX x). QOyuxnsa e* =cos@+isinb
(—o0 < § < o0) Momier cay:iuTh npuMepoM Takoh Qymmmun. das ra-
KUX (PYHKIHH ecTecTBeHHO onpefensiercs IlpOH3BOIUIaH ¥ Heompeye-
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AeHHBIE HUTErpa:
{2) =¢'(x) +iy'(a), ~(10)
(f@iz=[o@de+ifv@ad (11)

(C — KOMITEKCHAA KOHCTAHTA),
M3 (11) caexyer pasescTBO

§n@ + Bl @ndz=4f1@de+ B[ fu@dz+C, (12)

rie A, B—Rounaehcr{me KOMCTAHTHI, a fi 1 f; — KoMiJieKeHO3HAY-
nble HenpepsiBabte QyHKIAMN. .

3aMeugannue Ilycn, dyuxnua f(z) sanasa na OTKPHITOM MHOMeCTBEe G
TOYCK Zz KOMILIGKCHOM ILIOCKOCTH, NePeCeKaleMcsi ¢ JeHCTBATEABbHON OCHI0 z
110 AEKOTOpPOMY RHTeppaly (a, b) (puc.. 8.3). Torna f Momkmo paccMaTpusath
Takike Kak QYyHRIIW f(r) oT INelicTBNTeIbHOW MepeMeH-
noft ze (a, b) (BoolGute, KoMmireKcmo3Haunyw). Ecan f
uMeer B Toue = & (a, b) NPOHIBOAHYIO B CMBICAEe KOMA-
HEKCHOTO UEPEMEHHOrO, T. €. eCH CyulecTBYeT upenen

4+ Az)—f (x
lim flet+ Az) — f () = f' (), THe Az cTpeMHTICA K
Az Az
HYJXIO, npoﬁeraﬂ JﬂOﬁbIB KOMUJEKCHbBIE 3HAMCHUH, TO.TEeM
Gonee f uMeerT PaBHYW ¢l NPOMIBORHYIO B -TOUKe I Prc. 8.3.

B CMBICHE AeACTBUTENbNOrO IEPEMEHHOro, rae Tpebyercs,

wTobut CymecTBOBad mpenei lim f+An —f() _ f'(z),
Ax—0 Ax

MuTCA K Hydlo, npoerasa Toabko Mio0ble ReACTBATeNbHEIC 3HATCHHEA. ‘O6parane

yTBepiKIeHHe HEBePIO, KaK NOKa3biBaeT Npumep QPyHKMuHM |z]. liponsBomaas &

eMBIC/le JieHCTBHTEILROH TepeMeHHol OT Hee B TOYKe £ > () cyDiecTByeT W pas-

na 1, MeRAY TeM KaKk ILPOHIBOJHAK OT Hee B TOH ke TOUKE B CMBICH® KOMI-

HEKCHOYO NePeMeHHOro e eVI(eCTBYeT HOTOMY, '4To OTHomwenune (Az = pe®)

worpa Az cTpe-

fx-bAz}—] 2| Vlr ptosﬂ) —.—(punﬂ) —
Az = pe'e

a1
. . n
Vr -+ )rpcosﬁ Lt 4(21‘"036‘!‘9)2.r —}—‘o(p\ cos 9 40 (1)

B pet? o pe 'V - &0 -
€08 6+ Y

- -0 (13)

e WMeeT OHpefelennore mnpejeita npn p = 'A‘.i — 0. IIpenemi cymiecTsyoT,

" gorpa Az >0 HO Ayuam. BHNONAIEM U3 HYJIEBOR TOUKH, HO ORM soobme pas-
HBe A pasumXx ayued. B TperbeM paBeHCTBE Mbl BhIHECHW I 33 BHAK KODHA

P 17
M 3aTeM NpuMenuin pabenctso V1 u =1 - T e, u — 0,
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§ 8.4. Muorounenst

B § 5.9 6puio yneneno BrmManue MHorodjienaM cTenenn n,
Q(x)=a,+ax+... +azx" (a. 7 0),

rjie KoaQPUOUenTs a, U HepeMeHHas T CUNTAJNICH AelCTBHTENbIIbI-
mu. B gactuocra, 6sna noayuena dopmyna Teiisopa

\' OS?) 7z h
Q)= 3 T ay
h

0
3]
=0

rje TpOW3BOJiIbie TOHAMAJNChL B CMBICHE [IEACTBHTENLHOTO 1epe-
MEHHOr0. _

B srom maparapde mpr Oynem pacemarpusath Goiee obiijne Mio-
ro4/Jensbl cTenenyu 1, ’

) =a,taz+...+az" (a, = 0), (1

TAC ay, BOOOIE roBopst, RoMuIerciible koaddumuentsl, a z =z + iy —
HepeMeHnasa, NpHMeHSIoman Jo0ble KoMIUIEKCHbIe 3HAYCHHHA.
Ecan z w npasoii wacru (1) samennts na (2 — z,) + 2z, Bo3BecTH
B TpeOyeMbie CTellelH U MPHBECTH MOJOGHBIE WJIEHH ¢ OHHAKOBBHIMU
crenenamu (z — z,), T0 Q(z) mpejicTaBuTCa B BA{E CYMMBI 110 CTele-
WAM Z — 24} :
Qz) =0b,+b(z—2z)+.. .+ b,(z—12z)" (2)

Tponssopnas or Q(z) mnopaxka "k (B KoMICKCHOM eMblicie:
em. § 83) pasna QW(z) =klb,+ (k+1)...2(z—2z)+... [Ilos-
TOMY

()(h) z,
by — S 3)
u

-y )(k) 2 3
0~ X L@ gy, @

h=0

Mer moayunau gopmyny Teitnopa nmas muorowlIena 0o crememsM
(z—1z,). M3 nee caenyer, aro Q(z) umeer emuucTBeHHOE PasioKeHHe
paga (2): ecau jiBa MHOTOWIena ToskgecTBemto (T. e. Qs Beex 2)
paBiel, To Ko3((UUIUEHTH HX HPH OJUHAROBEIX CTelenAx (z — z,)
PaBHBI, TI0TOMY UTO OHI OLPEjIeNAIOTCA OJHHMH H TeMu :ke (opMy-
aamu (3), B uwacTuocTH, MHOroujen CTENeHH R, TOMECTBEHHO paB-
HBII Hy1I0, uMeeT Bce KoaQUIHEHTH, paBHbe HYIIO.
Ecanm roura z, Takosa, uTo

Q(z,) =Q'(z)) = ... = Q" " (z,) =0, Q" (z,) 0, i(5?
10 ) MORIIO TPEACTaBUTH B BUe

0(z2) = (z—z,)'R(z) ~ (R(z,)+0), {63
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rae R — muorowien cremenu n — k, u BaoGopor. [eiicTenTensHo, ua
(3) caenyer (6) na ocmoBaHuH (bopnynm Teiiznopa (4); ¢ gpyroit
¢TopoHbl, ecau BepHo (6), TO MOMHOKHMM BCe Wienbl Pa3TOMREHHA
R(z) mo cremensam (Z“‘og) Ha (2—2)" W caommm; Tormga B -CMAY
C/MHCTBEHHOCTH TOXYYMM Teil10poBo pasioKeHue Q 0 CTEHEHAM
{z—z,), yAoBIeTBOpAOIIEe cBolicTBaM (D).

B cayaae (5), nxm, ato Bce pasuo, (6), ropopar, 4To z, ecTh Ko-
penb mHozouaena (. kparnocru k. Mo;cho enilg CKasaTh, YTO Z, €CTh
ropes @ Kparnoctn k, ecim Q(z) meamrca ma (z— z,)*, Ho me je-
aures mHa (z — 2,0, :

Hmeer Mecro ocmoBuam Tteopema anrebGpbl, 3aKiOualoimascs B
caefyomem: mrozouaen Q crenenu n>0 unmeer no mewvlued Mepe
00UH KoMNAEKCHBLL KOPERD.

W3 sroit Teopemsl nerko 3aKIKOYMTh, YTO Ha camom jene Q mmeer -
7 M TONBKO N KOpHeil, eciH y4YecThb MX KPATHOCTH. B caMoM jee,
1ycTh 2, ecTh Kopeub () cremenu n. KparHocrs ero obosuaunm gepes
k.. Torpa

Q@) = (z—2)" Q,(2) (Q,(2,)0),

rpe Q, — crenenu n— k. Ecan n—k >0, To no Toii e ocHOBHONK
TeopeMe y MHOrowiena @, uaiijleTcs KOpeHb 2, HEKOTOPOH KPaTHOCTH
k,, m Torma

0u(2) = (5~ 2)" (6= 2 Qu(2)  (Qu(a), Q (22) # O).

Ecin @, Bce eme Gyer MMeTh MOJORHUTENBHYW CTeHeHb, TO IPOJOJ-
UM OTHE PACCYAICHAA. Hocne womeunoro wmcja 9Tanos HOXOOGHBIX
paccysiennii Myl npugeM K Tomy, uro Q(z) mmeer (pasumie) hopnu
Zi, ..., Z, COOTBETCTBENHO KparTHocTeii Xy, ..., km, r7ie n=k +
...+ k,, u mpeficTBalfgeTca B BUIE NPOH3BEJCHUA

Q(2) = an(z— zl)hi coi(z— zm)h’" (@n==0, n=Fk +...+kpn). (7)

Jpyrux xopmeit Q ne umeer, moToMy WTOo B CHIY (7) mas Besaxo-
ro z,7%z; (j=1, ..., m), ouesnano, Q(z,) 7 0. JTo noxassiBaer, 4ro
1pegcTaBienne () B Buje npoussepenus (7) exumucTBENHO,

OcranoBmMcA ele Ha HHTEDECHOI CBA3W .MEIy paccMaTpHBae-
MbIM MHorowreHoM ((z) u ero npomssoxmoii Q’(z). Ona sakmouaer-
CA B TOM, 4T0 06uwuil Hauboavwui deaurear Q(z) u Q'(z) ecrv MHo-
2044€H, PAGHBLE C TOHHOCTLIO GO NOCTOAMHOZO HE PAGHOZO NYAI0 MHO-
HUTEAR, MHOZOUAEHY .

1 Fpm—1

L(z)=(z—2)" ... (a—z,)™ " ®

B camom pgexae, z; ecTs Kopenn MHorowrena (¢ Hpamoc'm k;, u moro-
MY BBIIONHSIOTCH YCIOBHSA '

Q) =0 ) =...= Q"™ () =0, ™ (z) 0.
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Orciona pasa A(z) = Q’(z) BeITeraioT ycnonun _
AG) =...= Az =0, A"V ) 0,

roBopAlue, YTO z; ecth Kopenb Q'(z) xparnoctu k;— 1. Ho B Tarom

¢ayyse (2 — z;)kj Yectn nennrens Kax Q(z), rak u Q'(z), a (z — z,-)k’
ne asnaercs jeamreaeMm Q'(z). Tak xax ato paccymienue *) mMoyno
npoBecTH JyUiA JMI060ro j=1, ..., m, TO 3TO W [IOKA3BIBAET, YTO MHO-
rouned L ectp obmumit nanGonemuit gemutenns Q u Q. Ecan k=1
NpAE HEKOTOPOM J, TO COOTBETCTBYWOMIHU Muo)utens B (8) pasen 1.

3amernm, yro muorodnen L(z) Bcerna Momno Baiitu agdexTusuo
MeTOoNOM © arzopuTma EBKINAA, XOTA ero KopiH, OBITh MOJKET, TaK M
OCTAHYTCA HEM3BECTHBIMM.

Hawmomuum ator merton. Hyers pgampnr mumorownenst M, u M, cre-
neHeldl COOTBETCTBEHHO m M R, rje m = n. Pacmomzaraem ux wiennt
no ybniBalormuy cremensim z u jgeanm M, ma M,. Ioayuusm wacrnoe
n ocratox M, Cremensr nociepnero Hmske crenenn M,. 3arem je-
aam M, na M,, ocratox oGozmaunm gepes M; u 1. 1. Tar kak na
Kay{/IOM 3Tame 3THX PACCYMACHM cTelleHb HOHMKAETCA 10 MeHbIUei
Mepe Ha 1, TO B KOHIe KOHIIOB HPOLECC. 0GOPBETCA — OCTATOR OKa-
werca Hyiaem. B peayabrarte nosydum iemnoury: . ‘

M(]:M‘RU—*—Mz, A112M231+A13, PR,

Ml—Z‘ = Ml—1R1—2 + j'f{l, Ml—-1 r""‘ﬂ.’[(]i’[-‘h

rpe R, — muorounens, a cremeuy M, ¢ yBeamdensey ki NOHEEAIGTCA,
W3 aTux paseucts, BHAHO, YTO

o.rm. g M, M)=o0.n.10 (M, M)=...=M,

u M, ects oGuuit Haubonsmuit neamrens (o. w. 1) M, u M,.
OrmeTuM, uT0 OCHOBHAst TeopeMa aureGpbl [HOKA3LIBAET TONBLKO
cymecTsosane Kophf (BooOIie KOMIVIEKCHOO) Yy MHOrOwIena n-it
cTeNeHH, He jaBas dPPEKTHBHBIX METONOB HaXOM{JEHHA ero B oluleM
cryvyae. Bupouem, [0OKa3atenbCTBO HTOH TEOpeMbl TPOBOAHTCH METO-
aMH MaTeMAaTHYeCKOro aHaxu3a, a He ajire0phi, W eCiHm MBI Ie J(oKa-
3pIBaEM 31eCh 3Ty TeopeMy, To TMOTOMY, 4To oua cBfisana Ooiee op-
ranuvecku ¢ .reopueli QPyHKiIUA KOMIDIEKCHOTO TEpPeMeHHoro.
Cymectsyior (opMynsl  pemenns oOIIX ypaBHeHBA BTOpoii,
TpeTheil M uermeproit cTeneweit. [lua ypapuenuit cremenm n >4 Ta-
gux opmys uer. AGean **) jorazan, 4To OHM He MOTYT CYHIECTBO-
BaTh. JTO HA{0 HOHEMATL B TOM CMBICJIe, YTO OpA 7 >4 Kopuu
ypaBHenusn a,x"+...+a,,x+a,=0 (a,%0) ne BupasaoTca ve-
pés xoadpuuuenTsl a, MocpejcTBoM QPYHKIHA 0T 9TAX Koadpummen-
TOB, IPE/JCTARIAONIAX c0o00H pe3y;IbTaT KOHEYHOIO YHCIAa OHepalii

*) B a1Hx paccymAeHHUAX 0 cBAMA @ M (' MOWRHO TAfKe CYHTATH, YTO KOI-
dunnentss @ m nepeMeNHAA r JeHCTBUTENbHbL. Mmenmo 3TOT ciayyail maiiper
upnMenenne B § 8.7, _ . : !

**) H. I Abean (1802—1829y — BHIZAOMHACA ROPBEKCKAN MATOMATHE.
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TOIBKO CHeAYIOIero BHJA: CJHOMEeHISA, BLIMHTAHNS, YMHOMEUNA, -
JeHNA 11 U3BNEYEHHA KOPHSA.

Mnorowren Q(z) lem. (1)] nassiBaeTcs delicTeuresvHbiM, ecum
Bce ero Kodduimentsr geiicTBuTenbiust. - [leficTauTensnniit  Muoro-
Wi, €CIM ero pacCMAaTPHBATL A8 AEHCTBATELHBIX Z = I, €CTh gei-
creutenbian Pyuxunua @(x), 7. e. mpUEHAMaOUiad JelcTBATELHLIC
JUAYeHHA, ‘

Basknoe cBolicTBO jleiiCTBHTENBHOTO MHOTOWIEHa BBHIpaskaeTcs
¥ pasemcrTse

Q(z) = Q(2), (9)

BEPHOM IS J11000ro KoMmiekcHoro z. OHO yeTaHABJIMBAaeTEA Ha OCHO-
panny gopmyrn § 8.2, (14) upu DoMoUIH CIeNYOINX BHIKIAJIOK, rie
Bajlo Y4eCThb, YTO @, = a (B cIry JIEHCTBUTEILHOCTH @,):

n

Q(z) = ‘ Zakz = 2 ad" E E uz = Q(z).

k=0 k=0

JloxaskeM TeopeMmy.

Teopema. Ecau delicreureavroiii mnozousren Q(z) nmeer KoMu-
ACKCHBI KopeHb zZ, = o+ i} kparnocru k, To on umeer Tarwce Ko-
PeHb I, == ot — i}, emy conpaxennvlli Tol HHe KparHocTu.

-H-oraszareanscrno. - o  ycuomu, Qzy) = Q'(z) =...
L= Q%(z,) =0, Q™ (z,) ¥+ 0. Jlerko Bupeth, uto ecan Q(z) ecrn
- NieHCTBUTENbHBI MHOrOWIEH, To # ero npouasogHas Q'"(z) wopsanxa I
ecTh eifcruTenbRblil  Muorowien. Iloaromy B cmay (9) Q‘“(zo) =

= Q‘”(zo) aanA goboro 1=0,1, 2, ... n, C1eJ0BATEeNbHO,
QF) =Q' (7)) =...=Q*V(z,) =0, Q‘*’(zo) +* 0,

Ha ocunoBanum sroit TeOpeMBl ¥, NPUHMMAA BO BHUMAlMe JOKa-
RANNOE  PABAOMENHe lem. - (7)1 mmorownena n-it creuenu Q(z) wa
MHOIKITe I, AeHCTBUTEeNbHbIT MHOrownen crenenu n (a, % 0) momuo
IPEJCTABNTL B BM/e TPOU3BeJeHHus

Q(z) = an (2 — a)" oz a)” (@ + piat )™ (@ pata) ™,
(10)

€ @y vuvy Ay Piy ooy Pry Qiy-oniy §s — AEHACTBUTEABLUBIC HHCIA, MHO-
rosnenrst  z° piz+ g; uMer0T KoMiuteKcwnie (monapio cOMpsKeH-
neie) wopun u n=UL+ . .+ +20m + ...+ m,). Ormernm, uTO
MHCHA Ty Sy @iy ooy Gry Piy «ooy Poy Gay oeey Gsy Ly ity Ly my, Lo, m.
onpejenniores Muorowtenom Q(z) o 1ulozm.emno.

B caxoMm jeue, Oﬁpa'TI/IMcH K Pag;loiKeHHIo (7). Ecan’ cpe;m BXOJ{f-
JIUX B 1TeTO KOpHEH 2, MMEITCH XeifiCTBHTELHBIe, TO MBI HX' 3aHOBO
ypoiyMepyeM, o0o3NauuB 4epes @, ..., d,. CooTBeTcTBYION(HE CTeE-
neun 6rNOMOB oGo3uauuM uepes Iy, ..., [,
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- k
Hapagy ¢ namapiM MHOMATeNeM (2 — 2;) ' ¢ KOMIVTEKCHBIM KOp-
HeM Z;, B Hpoussejennu (7) Ha OCHOBAHHAW JOKa3aHHOIl -TeopeMbl 005~

, = hy
3aTEIBHO UMeeTCA Takie MHOmUTENds Buua(z —z;) , rae ky=k,=
= k. Homarasn z; = a + pi, (Z; = a — pi), noayuum

(-2 —%)=(z—-a—Bi)z—a+pi)t=
= (z—a) P =P+ pz+ @), p=—2a, ¢g=a*+ B C&D)

rje p ¥ ¢ — NelcTRUTEbHBIE YHCIA.

Teueps ocTaercss TONbKO TEpPeHyMepOBATH MHOJKHTENIH, COOTBET-
CTBYIOILAe pa3zfbiM [ONAPHO CONPMKEHHBIM KopuaMm ¢ 1 3aMeHHTH
KMu cootBercTsyonze muomnrean (7). B peaysvrare moayaum (10).

§ 8.5. Pasnokenne paunoHanbHOil GyHKIHI
na npocreiinige apodn

B osrom smaparpade ™Mbl OygeMm paccMaTpHBaTh IPOH3BOJBHYIO
MefiCTBATENLNYI0 PANHOHANbHYI0 QYHKIHIO
f(2) =t (1)
0w’
npefcTaBaA0INy0 coboll mpaBmwibHyI0 Apo6Gh. dTo 3HAYHT, uTo P UM
(@ — pmeiicTBuTEBHBIE MHOTOWIEHBI, IIpHYeM CTelenb P MeHbume cre-
neun Q. Bynem cuurars, uro P nmeer crenenb m, a @ — creneus n,
caenosatenbno, m <<n. lIpu srom MsI Oygem cuurarh, 4To I — Jei-
CTBUTedbHAA liepeMennas, TakuM obpasoM, f(z) ecTh peficTBuTelb-
nasg $yaxuuns. Qns kpatkocrn Gynem obGosHadath uepes Sp, Sqg, ..-
COOTBETCTBEHHO cTeleHH MHorowiewos P, Q, .
JdJemma 1. [Hycre a~—66ucmureﬂbnbtu nopem; kparnocru k
anaxenarens O(x) dpobu (1):

Cx) = (x—a)*N(z) (Na)#0). (2)
To2da cywecrsyer wu nputrod eduncreennoe pasroxenue Opobu
(1) ¢ eude _
P(ry A M (x)
Q (-’f) S e=at ' @— "IN (@)

@)

20e A — nocrosuuas, a eropot uaen (3) — npasuavnas dpoov.

Hpu arom A — deticreureavnoe uucao, a M(x) — delicreurean-
R MHO2044€EH. '
 EpwncrBennocts pasnomenus (3) sawmodaetcs B TOM, uTO CY-
IeCTBYIOT eJIMHCTRONHbI® YHCAa A H MHOTOWICH M(x), past ROTOpPBIX
nmeet mecto (3).

Moxasareascrso. [lonycrum, uro pasnomende (3) mmeer
Mecro, rae A — HeKoTopoe mocrosnmoe gwciao, a M(z) — Hempepsis-
Has q)ymcunn. Ilpusens npasyo €acts (3) x ofmemy 3HaMeHaTexIo
M HPHPABHMBAA TOJTYYEHIBIH YHCAWTENb K YHCAUTEN0 JieBOH dacTh
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€3), nmonyunm pasencrso
Plz) = AN(z) + (2 — a)M(z) (4)

(BepHOE He TOJNLKO -JiA sHawenwit z, maa Koropex Qfx)+*0, wHo,
BCJIG/CTBIE HENPCPHIBIOCTH JIeBOH W mpaBoll wacteii (4), m juisg Beex
netictsurenpubix 2). Ilonomus B nem z =a, u yurs, uro- N(a) %0,
HOAYYHM

P {a) "
A= ¥ ()

ynciao A — jeficTsuTenbHoe, noromy urto P u N ——neucmme‘lbnme
MHOTOWIENB H a — xgeiicrsurennuoe. Ilojcrasus Halijenuoe 3Havenue
A B (4), naxopum (emuncTsenHbiM 06pazom)

) P (z) — AN (x) yp

Tax xax yncinrens (6) ecrs Muorowien, rje A nojofpaHo Tak, 4To-
6bt o oOpainaica B HYJAb UPH & = d, TO O Jeautea Ha r —a u M(x)
€CcTh MIorodseln (,rl,eiicmmenbﬂmﬁ). o ycaosumo sp, sy < n—1. To-
raa s emry (6) sy <n—2, 1. e. sy veuvme (n — 1) — crenenu 3ua-
MeHATelss BTOPOH Apodu upaBou vactn (3), cuejoBatennio, sTa
npobb NpaBMILHAS.

O6parno, ecaum unciao A W MuOTOLIen M(x) OnpeeNsaioTca 1o
opmynam (3), (6), ro, oyesiaHo, BhINOIIAETCA paBencTso (3).

Jameuvanme, I[.rm NPOU3BONBIOH He 00A3aTeNbUO IeiiCTBUTeE-
noit npaswiabyoit Jipobu (1) m KommiekcHoro a JgemMa 1 10AHOCTBHIO
BepHa, 33 HCKIOYEHHEM IN0CIeHeT0 ee YTBePIKIeHUA — Telepb YiKe
yncao A Boobmle Kommiercuoe, Tak e xak M(x) ectp e 06x3a-
TeNbLHO JlelCTBUTEALHAS d)ynmum

Jdemma 2. llycro Qz) npedcrasasercs 6 gude

Qlx) = (2 + px + q)*N(z), (N

. 2 L
2de p, q— Oelicreureavrue, q—-’_—;—>>0, k — narypaavrnoe u N(z) —

MHO20UACH (Oeucreurenbnbzu) He UMeIouUL C80UMU KOPHAMU KOpPHU
zt =+ pr+q. '
Toeda cywecreyer eduncreennoe pasioxwerue dpobu (1) 8 gude
Px) Az B M () ()
e - . ¢
GO @ hperd) @IV T

2de A, B——nocro:mnbte a gropas apoéb 8 npasoi yacru (8) npa-
GUAbHA.
Yucaa A, B u muozouaen M(x) — deticreureapnute.
I[oxasaTe.vn,cTBo. ObGosnauny vepes a=a+if, a=a—if
Kopum Mmuorowitena x*+ pz+ ¢ (p¥=0). Us ycaosns nemmm eaenyer,
YTO OUH ellfe SIBAAITCH KOPHAMH KPAaTHOCTH & HALIEro: JehcTBHTENb-
uoro muorowrena Hz). [lonyerum, uto pasaossenne (8) umeer Mecro.
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Hpusegem mpasyio yacts (8) k ofumemy snamMemaTenld M TPHPABHAEM
YHCJIUTEN, TIONYUeHHO#M jpobH umcaATe! 110 jgenoit gacrr (8). B pe-
3yJbTaTe NOJYYHM TOIKAECTBO -

Plr) =(Az+ BN (:::) + (2 + pa+ QM ), (9
Hoacrasus B nero uucya a 4 4, uonyun )

Pla) = (4a+ B)N(a), Pla) = (4a+ B)N(a)

" B

Aa—}—B::

_P@ — Py
EA Aad + B = e »(Nw)),-‘\ (10)

(no ycnosmio, N(a), N(a) 5 0). Onpenexnrenn moaydennoi cucTeMs,
KOTOPYIO HAj0 PEMIUTh OTHOCHTENbLHO A B B,

A .

Ioaromy cucrema paspemuva; npm oatom A u B — pjeiicTsutennnse
yuciaa. B mociexmeMm Moskmo ybennTnes, ne penlas cucTemhl (106).
BoapMeM conpsaennbie BeJHYHHK OT ofeux uacreit ypasnenmii (10):

Aa+B=A, Aa+B=A. (10"

Cucremsr (10) m (10) papnocmabmei, moaromy nx (emmcnemme)
penleHHsi TaloKke AOKHM  cosnagath: A=A, B=B. Ho toraa 4
n B — pgeicronredbHH.

Tlomeranasiem teneps B (9) nonyuenusie gncna 4 u B @ uaxonum,
410

P(r)y —(4x |+ B)N (:r)

M(z) = == “pztq

Tag Kak yncauTeas noJaydenuoii apodu obparaeres B UyJIbL B Kop-
uax x*+px+q (rag O nonobpasst 4 u B), 10 o genurcs uHa
3paMeHaTent Gea ocrarka n M(x) ecTh MHOrodjJen, O4eBHAHO, JHeHCT-
purensubiil. He mnpexcrasisier Tpyaa BHIACHUTH, YTO BTopas Apolb
» npaso# wacrd (8) mpasuabuasn. JlemMma goxasana.

C nomompuio steMM 1 m 2 mam yaacTeH pas3aoxcuTh Hamy 0eucv‘eu-
TeAbRYI0 OpoGb 6 KOHEYWYIO CYMMY TAK HABWBAEMEIX NPOCTELUUZ
PAYYORAALHHLL dpobeli. HanoMmuum, 9To Tak kaw Q(z) ects peiictsu- -
TedbHBI# MHOTOWIEH CTeNeHN 7, TO JJIA Hero, Kak Obiio ji0Kazalo
B mpeabigyuiem naparpade, CHpPaBeiiiHBO, PA3JIOMKEHHE HA MIOIKHTE-
au suga § 8.4, (10). Hoawayace xnemmoit 1 n nemmoid 2, na ocuosa-
HAH 3TOTO PA3JIOHeHMA MOIKHO YTBEDIKAATH, YTO HAHIA LIPABHABHAN
npobs Mowuer OnITH Bammcana mociaenoBaTenbno B suje (moscuenus
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HHKe) -
(1
P M, () — (1
0@ .0 e = )
(xr—a) (z a,) 1\’l ()
(1} : (1)
A . AN, M, (2) 1)
e )T (e —a) TN @
(1) (1} )
gt T ey T
(z —a) 1 (z—ay) "N, (@)
AL 40 AP
= - . 1+ ','-+;£;_ e - 1r+
(v —ay) ! (v —e,)
+ A(lr) ’ B“)v+C(” B\’ll)l. +C(l1) ' l
. - - R T e
v (z“ +px+ ql) 1 $A+P1-77+q
B« - C(” Bz + €
. ™ . + . (14)

- R
(12 ~"r' PT T (!3) : +P,$'+ %
e womcrantst A, B, C ¢ COOTBETCTBYIOIEMH HHEKCAMHA eduncr-
BEHHBL UL (')eucreure./tbnbze

Coornomenne (11) mogyuemo ma oCHOBAHEM JeMMBI 1; IpH DTOM
suorowten N,(x) (geficTBUTEbHDIN) ONpEHE/NeRn W3 PABEHCTBA

Q(x) = (@ —a)" Ny(a) (N, (@) #0), ()

Tlepexox or (11) ® (12) cnosa ocymecTBiasieTcd NPH HOMOIIE JeM-
Mbl 1, 4TO 3aKOHHO, OTOMY uTO BTOpas-fpo6p B mpasoit wactm (11)
neiictBatensuan n upasuasnaa g Nile,) =0, B (13) nponecc shife-
Jiends  OpocreHmmx  jpobeil, COOTBETCTBYONIHX HeHCTBUTEIBHOMY
KOPRIO @y, 3aKouguica, gaibme touykamn umke (13) ormewaerca upo-
AOKEHAE 3TOr0 MPoIecca M JAPYIUX NeHCTBHTEXbHBIX KopHed, a
BaTeM Uil KOMIZIEKCHBIX KopHeil (0, rie yite HOCHedoBATeNBHO MpH-
Mensercs gemMma 2. ,

Honeuno, 9T0oT Hpouecc Mbl H300pasuau B obmieMm caIyTae — Mo-
110, HANPHMEp, CIyYAThed, 4TQ y () OPOCTHIX KOpHeil BoBCO HeT,
TOTla HALN NPONECC CPasy ke HagajkcsA GH ¢ OPUMEHEHHA JeMMBI 2.

Eauncrsennocts wmcen A, B, C 8 pasnomenun (14) moka mnoa-
HOCTHI0 HE JOKasaHa, MOTOMY YTO HAaXOMIEHHEe HX OBLIO CBA3AHO C
onpejeNeHHsiM nponeccoM. BeiTh MOKeT, npu ApyroM cmocofe ompe-
penenun A, B, C stu wmcaa O6yayr apyrummu? MBI m3iIo;KuM HmKe
mertop HaxoRjennsa A, B, C nytem cpasuenus Roaddaumentos. Ipu
060CHOBANHY €0 BBIACHHTCH, YTO 3TH 4YNCAd - 00pasylOT egHHCTBOH-

. HYIO CHCTeMY. '

Mu yme norasanm, mpumenss jdeMMul 1 © 2, 9To mpH JaHHOM

vuorowiene Q(r), kakos 6w mm Ger muorowren P(z), rme s <so,

L]
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cymecTsyer cucreMa uuces A, B, C, ..., 1A KOTOpoil MMeeT Mecro
rosmpectso (14) (A Beex neHCTBHTENBHBIX ¥, OTIHIHBIX OT Kopueil
Q). Npnseaem (14) x obmemy 3namenarento, cobepem koaddmruen-
THl HpH OAHHAKOBBIX CTeUenAX W IoAyIeHIBle aAnHelinble KomMGuma-
wan w3 4, B, C, ... upapasusem xospduunentam muorowrena P(z),
UMEIOLIHM COOTBETCTBENHO OJUHAKOBHIE cTenmenu. B. pesyasrare no-
LyYdM CHCTeMY H3 N JAUHelHblT yPaBHEHHil OTHOCHTEJBHO HEem3Bect-
noix 4, B, C, ... RoidnuecTBo ypaBHeHHiT U #eN3BECTHLIX 31€Ch COB-
najaer. Yike NaBectio, UT0 9TAa CHCTEMA MMeeT pelilenwe juf moboro
muorowiena P(z) (r. e. nas noboit npasoit wacTu cmcTeMbll) — Mol
ato jtoxasaxm npu nomomu aemm 1 n 2. Ilosromy ompepennrens cu-
cTeMbl 3aBelOMO He paBeH NyJio H, ciejoarTeinho, uucia 4, B,
C, ... 00pa3yioT eJUHCTBEHIIYI0 CHCTEMY.

Hpumep Ha ocuopasun CKa3aHHOrO BblIE MMEET MCCTO PABEHCTBO

az® + ba* A ew - d Az +B C D
FreiNe—28  fiatt oz Ta—zr 19

Tousnee, g H06Or0 MHOrOWwieHa Tpervedl cremens ax® - bzx* - czx+d cy-
ecTBY T nocrosHusie 4, B, C, D Takme, 9T0 IJIA BCeX Z 7 2 BBHINOMHAETCH
PaBencTso (16). Yrobel HafiTH HTH IIOCTOSHHBIE, IIPIBEAEM NpaBylo €acrs (16)

X obmeMy HMamMeHbIIeMY 3HaMmeHnaTedlo. Hucanrenn obeux wacTedl LOIyIeHHO-
TO paBeHCTBA NO:KHL OWTHL PaBHbL:

ar® 4+ bttt x4+ d= (A2 +B)(z—2)*+C(a*+ x4+ 1) +
+D(@ + 2+ 1) (2 — 2)

A x #=2 10 BCAENCTBHE HENPePLIBHOCTH Pyuruni, BXOIAIUX B ITO paser-
¢TBO, U A5 z = 2. YIpupaBnuBas KoodOHINEHTH IPH OINHAKOBLIN CTEHEHAX Z,
HORYYHM :mueiinylo CHCTEMY M3 9YeThLIpeX ypaBHEHHH ¢ YeThipbMH HEM3BECTHbI-
mud, B, C, D:

a=A+D, ¢=44 —4B+ C—D,
b=B—444+C—D, d=4B+4 C—2D.
Ml yiie 3maeMm, 4To Ais JoOBIX a. b, ¢, d 3Ta CHCTEMA WMeeT pemIenWe, HO

TOI[IA, KAK M3BECTHO M3 TEOPUH JIMHEHHbIX ypaBueHwil, uucaa 4, B, C, D, pe-
WaIoU{He CHCTEeMY, ¢INHCTBEHHbI.

Jlagum eme npyroe pasiaosxenne P/Q ua npocreitmme japoGu, oc-

HOBaHHOE HA WPUMEHEHHU TOJBKO jJeMMbl 1.

lIyete Ay, ..., Am CYTH pasiuuuble (KOMIUIEKCHBIE U neucmmenb-
nbe) ropuu Q RpaTHOCTeH ky, ..., kn. DBynmem mociemoBarennuo or-
jeaaTs or P/Q cooTBeTcTBYIOIUE ITEM KOPHAM WpocTefimine apobu
suga A/(z — 1), npumensas Toapko JeMMy 1 nm npmMevanne K Heil.

B pesyapTate noayuum pasnoskense :

AW AV Am 4m
St g A
(:E——?»l) 1 T — A (1~)~m) m

(17

P _
Q) " (2—1y)

e uyncxa A Temepn yike, 5006ie roBopsd, KOMILIEKCbIe,
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Yrobst mOFYIATH BREIPAIKEHHA A K0o3(@OUINEeHTOB, COOTBETCTBY-
10WKX, HaOpAMep, KOPHIO A;, TOMHO)KAM 00e 9acTu 3TOTO paBeHcTBa

na(z — )vl)hl. Torpa moxydumM
ky P (x)
(z— 1) i ::) -
: - k
A AL @R A A E =) @ =) R(2),
(18)

rie R(z) — ¢ynrnusa, nMeomas NOPOA3BOJHEIE moﬁoro TOpAJiKa B
TOUKEe A4,
IloaTOMY OweBMJIHO, YITO

) IRT 1 d* . ky P (x)
O N r-1CEl o)

YTO, B UACTHOCTH, HOKassiBaet, uro wmcia A enmucrsenusl. Dopmy-
na (19) mosker ObiTh [MOIE3HOH B HPAKTHYOCKHX BBHITHCJIEHHAX.

‘OrvernM, uTo pasnomenue (17), ouesuano, umeer mecro (cM. mpH-
mewanue K jgemme 1) nas n1060if TpaBWILNON npoﬁn P/Q, ue obn-
3arTenbHo fAefictsurensHoll. Oxnaxo B ciaydae jelicTBHNTeabHOH ApoOH
P/Q myeer Mecto ONpejeNenHHas 3aKOHOMEDPHOCTH, KOTOpaf HapyIna-
ercs B ClTyuae. NejleiicTBATEabRON 1pobu. Mur nMeeM B BHAY Clefy-
omuil GaxT: B PABIOKEHAH (17) peitcreurenpnoit npodéu P/Q y cua-
raembix A/(z —\) mpum peficTBUTeNBHBIX A KoHcTamTh A peilcTBU-
TeJBNB, @ OpH KOMIIEKCHOM A Hapagy co ciaraemsim A/(z —L)
00a3aTeILHO WMeeTcA Takoe -ciaaraemoe A/{x — A). dror dawr asas-’
eTCA XapaKTePHBIM JUIA DPasloiKeHUs MeHCTBHTENbHON gpodn
B Buxe (17).

B caMoMm flesie, MOKHO Hampeath

Px) A - B
Q) T (z— )k + (x — )"

4 (20)

Tlpumensia ¥ 9TOMY PABEHCTBY ONEPAIAI0 COUPAKENAA W YIHTHIBAA,
q1o [po6s P/Q u mepeMeHHas x JeHCTBUTENLHBIE, HOTYIUM
P (x) 4 B
= = - 4+ .. 21
Q@) (a2 —%)  (@—n* F (21)

B cuny eammcreennoctn pasnpmenus w3z (20) n (21) cnepyer, wro

_]L.

A=B. 3aMerum, uro cymma (z — gelicrBuTenbHOE)

4
(@ — M)k
A

- —m €CTh TEeUCTBHTEJIbHAA (bynEIIHﬂ OT ¥, IOTQMY YTO OHA .

i

COCTGUT H3 CONPMKEHHBIX APYT JPYTY CAaraeMeix.
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§ 8.6. Wnterpuposanue panmuoHaibHbX Apodelt

Ilycth nyxuo HafiTH neonpejesenHbIl HUTErPa

S P@) o )
0@
OT PalHOHAJBHOH JeHCTBATEBHOA Npo0dM Ha unTeppale, e cojep-
mameM B cebe um ogHoro AeiicTButedbHOro Kopug Qx). lla tarom
unTepsane Gynruma P(z)/Q(x) seupepbiBia 0 HMEET CMBICA TOBOPHTH
o ee neproobpasuoil, Ecuu cremens sp Muorowiena P ne Menuvine
crenetint So (Sp 2> S¢), To upesige scero paspennym P wa Q no mssecr-
HBIM HpaBHIaM:

P p

[
Muorounen R unterpupyercs Ges Tpynma, a P,/Q — npasmibuas peit-
cTBUTEbHAaA- Apodb. Bce TPYyAHOCTH CBOUATCA K MHTETPHPOBAHIMIO
NpaBwIbLHOA AApoGH, KOTOPYIO MH cHoBa oboanaunu uepes P/Q.

Bynem cuutars, uwro @ umpepcTaBifercsi B Buje IWPOU3BEIEHNA
§ 8.4, (10). Torga P/Q MokHO pasino:kuTh Ha npocTeiimue apodn 10
dopmyiie § 8.5, (14), xamuas M3 KOTOPBIX, KaK MLI 3HAEM, MOMKET
OBITH NPOMHTErPHPOBAHA B DJIeMeHTAPHBIX PYHRIMAX,

Mp foxasany, 4TO DPUHIMMNBAILHO BCAKAA pandovaibuas dynk-
NFA BHTerpupyercs B diemeHTapunix Qysruusax. lTpaxraueckn nou-
poe nuterpuposauue (1) MOKHO NOBECTH [0 WOHHA B caydae, ecau

n3BeCTHB Bee Kopan @ u mx kparmoct. Ho wmm yike rosopuan s
§ 8.4, yto 2TO We Bcerja yaaeTca ysuarh. B cBAsu ¢ 3THM BCAKOIO
pofta yupoumienus unrerpana (1) ABIAIOTCA OYeHb 1LETUBIMIL

O6 oxHOM BajKHOM TAaKOM ynpomenun, npe;ioskennom Octpo-
rpajackuM, oyjaer uara peun 8 § 8.7,

§ 8.7. Merox Ocrporpancxkoro *)
BHIICACHHA PANUOHAILHON YACTH N3 MWHTETPAJIA

JlonmycruM, YTO Haj0 BHIYACIMTH HEONpPeJeJeHHBId HHTerpal

) Pz
2 g, (t

Q@)
rage  P/Q — mpapuibnas  jeiicTBHTETbHAA panuoHaNenag  QyHruua-
(upasuabnan pgeficteurenbnasg apobs) m Q creneunm r. Yrobor ysc-
HUTH METO]l, HPOBEieM CHAYAJA YHCTO TeopeTHYeCKHe pacCy;KRIeHus.
Hycrs A, .. ).m—-paaﬂ'ble (elicTBHTebLUBIE M KOMIJIEKCHbIE)

ropun Q KpaTHOCTeH COOTBETCTBEHHO Ky, ..., k.. Pasnosum P/Q no
cxeme § 8.5, (17). 3o pasnoikenne MOMHO 3alUCATDH B nu,ue

P A o o
Q@) 2 @ —nt’ B (2)

*) M. B. Ocrporpajcknit (1801—1861) — BBILAIOILHIACA pycCkuit ua're\xaTuK
QRANEMUK,
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THEe Ha caMoM jese, KoHeuyno, A, A m k jomxum Ouith cHa0Acensl
COOTBETCTBYIOIHMHA HHICKCAMIM.
danumeM ero emje B TaKOM Buje:

P A A .
[ e v 3)

rie B HePBYI0 CYMMY BXOJAT ApolH ¢ mepsoil cremennio (x—A), a
BO BTOPYIO — OcTajbuble npocreiimune japo6u. Kax meppas cymma, Tax
¥ BTOpag ABJIAKTCA [efiCTBATENbHBIME (DYHRIWUAMH OT &, XOTA OT-
AeNbHBIE HX CcjaraeMble, BooOuie roBopsA, KOMILIEKCHHe (cM. KoHer
§ 8.5).

Hepnyio cymmy mpuBefem K o0mieMy 3HaMeHaTeIo:

N _° A bGJ,-blx—}—_v_,_{_bm_lxm-l »
K(@) ~— A=k = (g—h) e (T — b (4)

(N/K — upasunpuas jeficteutensuas apo6p). Bropas cymma moamo-
€ThIO nnrerpupyeTcﬂ M IPUTOM B PANHOHAJbHBIX (DYHKIAX:

' A
x= +C=
jﬂh 1 (x“}“)th k2>1 =k @ -t

o ao+a1x“§“ +a‘n—m"‘11n’m_l —1—0 = IZ((:; +C' (5)

A1 g1
(E—a) " @Ry "

Mur npousBean nowiensnoe HuTerpmpoBamue, Booliie rosops, KoOM-
wrexcosuaynnXx gynxuuit (em. § 8.3, (12)). Ho B pesyanrare moxy-
YHIM JefiCTBUTEILHYI0O (YHKIHMIO, HOTOMY 4TO claraemele, U3 KOTO-
PHIX OHA COCTOMT, [eHCTBHTeJbUBIE WM IONAPHO COMpHAKeNble.
M/L, ouesuguo, .ecTs npaBHILHAR apo6b. € Mbl cuuTaeM HeHcTBH-
TeapIoil KOHCTAHTOM.

© B cmany ckasaumoro, ecan nponmerpnpOBaTb pasenctso (3), mo-

JAYIHM
j‘ P (r) dr — ]Z((x)) +S N (T) dr (G)

K(x a(x—-—?»l)...(x——?»m), (7
Lz)=(2—a)" " . (@ =)™ (8)

(koucraury B mpasoit wactu (6) oTmocuMm 3a CYeT CTOANIErO TAM He-
ONpeeieHHOr0 MHTerpana).

Mrak, mMbl JoKasaid, 9To upu 3ajgaunom Q | Juoﬁou MHOTOY1e-
e potpxt.. F paaxt = Plz) MomKHO HalTH TaRHme WHCIA Ao,
Ay, v.ny Quem—y; boy ..., buey (KOAHYECTBO UX N), YTO A MIOGrOWIe-
wos M(z) n N(z), uMmeromux stu yucaa csoumu KosQuuenTamu,
epumonuserca pasencrso- (6), rne M/L, N/K — npasuapusie apo6u,

22 ¢, M. Haroaverwit, T. I
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Iloxkamenm, wax naxopmrs M m N. [lan sroro upopmddepenin-
pyem (6):
E ' P M\ N M’ 1 ML N
Tl YTt

‘Orcona, NpuBojA NpaByio uacTh K obuemy amamemnarenio Q= LK
W OpHpaBHUBaA YACAHTERH 00eHX wacTeil, HOTYIHM

P=kn — X 4 L. 9)

Ho K n L swpaskaorea gopmynama (7), (8), a L’ umeer MuoskuTeN N
hy—2 [
{x — M) e (@ —Am) (k;>1), nosromy KL’ menurcs na L
u KL'/L ects muorouien.
Teneps mbi criansiBaem MHoOrodmenst B mpasoii wactm (9), mpn-
BOAMM NO/I00HbIe NPH OJHHAKOBBIX CTeNEHAX £ M NPHPABHHBAEM HX

€OOTBETCTBYIOINM Koapdunuentam p, Muorowiena P. B pesyuasrare
noayInaM anreGpamuecKyio JHHEHIYIO CACTeMY ypaBHenmil

O‘g% + .o+ aﬁ—m—tanwm—-l + B?}bo + .00+ ﬁf;n—1bm—1 = pr, (10)
(k=0,...,n) '

OTHOCHTETEHO WCKOMBIX @i b; Oma amdeitnas, noromy uto mpaBas
vacts (9) nuueiino 3aBMCHT OT MHOLGWJIEHOB M, L', N, roropsie
TOABKO H CONEp/RAT a;, b

Koadpduuenrn of, B cueremsr (10) M3BECTHBL, OHH ONPEeNAI0TCA
JAaHHBIM Muorowienom Q. Owum peiicrBurensns. Onpenesurens cu-
creMsr (10) 3amesiomMo me paBenm mymio. DTo crejyer u3 Toro (arTa,
9T0 KaKaoi mpasoii wacti (10) coorsercTByeT ompejesenssiii MHOro-
wien P(z), KoTopoMy B CBOI0 ouepesib COOTBETCTBYIOT wheaa A pas-
aomenns (2), ua xoropsix npu momomn (4) m (5) onpepensorcs wn-
€Ia @i, b;, 0 KOTODHIX MBI JIOKa3aJH, 4TO OHH Y/ OBIETBOPAIOT ypas-
nenusaM (10). Muave rosops, cucrema (10) mmeer pemenue s kasm-
JIOR 0paBoil YacTH, OTKyHa ONpefelHTe]h ee He pPABEH HYJI0.

3aMeTnM, uTO MBI pacKiaipBand Q Ha MHOMHTENN B BBONMIA Yu-
ciaa A, ToapK0, 9TOGR 0GOCHOBATL METOL. Muorouner L momno mony-
YUTH NPHA HOMOWM ajropaT™Ma Esrinpga, a mMuaorowten K — jenenmen
P na L. Jlan atoro me mymuo sHath wopum Q. Utobsr moayauts cu-
cremy (10), mbr sanmchiBaeM mcKOMme Muorowienst M m N B BUj@

AI (.T) = ao + alx —_{’_ .o + an—m_lxn-—m—l’
N (2) =by + bz + ... +bpyz" ",

e KOIPPHIIEHTH a;, b; NOKA We WBBECTHBI, BCTABJIAEM WX B PaBeH-
ct80 (6), nuddepenunpyem ero m npupasAEBaeM KodQPUIHEHTLH
YUCIATENed MTPH OAUHAKOBBIX CTENEHAX I. : v ‘

Uro xacaercs nHTerpana or N/K, 1o KoHeuno, B HalmeMm pacmopa-
MHEHHA MMEIOTCH CPeACTBA ero HOJMHOTO MUTerPHPOBAHEA TONBKO HpH
ycnosud, 9to usBectTHn Bee xopuu K (omm mpocrtsie). C apyro# cro-
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POHBI, CYIIECTBYIOT IPHONM/KeHHBIE METOLH! HHTErPUPOBAHMUA (PYIHK-
yuii, ne cBA3aHHBIE ¢ Te€M, HHTEIPHPYETCA IMOABIHTErpAIbHAA (yHKIHA
B diieMeHTapHBIX QYHROUAX Wi Her. Keau noHagoGurcs BHIYHCIATE
HpubAIKeHHO  UATErPad oT panuoHadbnoil ¢dyuxuumn P/Q, 1o uaiie
Beero Oyner ueiecoofpastee cHavaja BBIIEJIHTL U3 HEro pPallHOHAIb-
1yI0 yacts mo Merony OcTporpajckoro, a sateM ysKe HUTETPHPOBATH
ocrasiryocsa vyacth N/K upubimxenuo. o
OrmeTum eige, uro B pasaokenuu N/K ma mpocrefimmue apobm
(em. (4)) moryr Bxouuth wieusl A/(x —A), coorBercTBYIONIME jAeHCT-
BHTEIABLHBIM A, VX murerpajs HMeOT BHA :

5Té—xdx:Aln|x—7»'|+C.

Ecam e A= a+ i} — voMmiercuoe, To HAPANY €O CIaraeMeIM
A/(x — 1) B cymmy (4) Bxogur eme caaraemoe A/(z —A). Ux cymma

A A B+ D
x— A + r—A

(€ —a)® -+ p*’

rie B, D — nexoropsie jeiictsurensusie uucaa. Wnrterpuposanue ta-
Koil 1pobu, Kax Mbl 3HaeM, npuBoxuT K In m arctg. Takum obpasom,
MUTEIPHPOBAHNE pPaunonanbuoi npobu N/K npusojur x Tpamcuen-
 nentnsid (e panuonanbubiy) gynkumam (In, arctg).

, . dx
IMpusmep. TpeGyerca HailTM uHTerpal _(1**—-1_)3—
IIMeeT KpaTHhle KOPHH, N IOTOMY YROOHO npuMemuTh Merop, OCTPOrpajicKoro.
IlpeacTaBasieM MATCTPaN B BHJE

3naMenaresb B HeM

dz Rt L L
(13 — 1)2 21 J | dx,

TRe a;, b; — nckoMmule nocroanHpte. JnddepenipyesM 9To paBemcTBO H HOCHEe
npaseienns Kk o0mleMy 3HaMeHuTe;io, pasnomy (2% —1)2, nupmpasuuBaesm wuu-
CHHTENI;

{ {4 + ayr -+ a2 N by -+ bz + byt
(% —1)* 21 a® —1

1 :‘(13 —_— 1) (2a2x -}- al) — 3% (ao -+ alx+ a2x2) -+ (x3 — 1) (b2x2 -+ blx -+ 'bo).

Hpupaprupad KoIGEPHIMCHTE! P OfWHAKOBHIX ClEIEHAX, HOAYUHM CHC-
‘TeMy ypaBucenui : j

by=0, by—ay=0, by—2a; =10, by-+ 3a=0,
b,+2a2=0, bo+a1=—1,’

OTKY/IA ) )
' S dr 4 _2_5 dz -
(P—1)r T3Pt 3] A
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" PasxaraeM Temeph NOABIHTETrPAibHYI0 (YHKUHMIO COpABA HA NpOCTeiiHe
JApodi;
1 A Br++C

JE T N

{1

Tloc e HpWBedeHHI K OOIIeMY 3HAMEHATeNl0 TOJAYUYHM TOMKAECTBO (BepHOE JVIA
J1060r0 ) .

1=A( o+ 1)+ (Bz+0) (e —1).

{loactaBasan B Hero x = 1, mouayunM A = 1/3. CpaBunBas KodPUIHEHTH OPH
BHICHICH CTeNCHM T U 4IeHbl, He coRep:kaue z, moayynMm eme 0 = A4 -+ B,
1=A—C, orkyna B = —1/3, C = —2/3. Ocraercs NONCTaBHTh HaAXeHHLIE
A, B, C B (11) ® npoMHTErpUpPOBATE.

§ 8.8. HUnrerpnponanue anrefpanyeckux Hppanuonaibuocreii

Panuonansuyio Gyaskuuo ot 2, i, v, ..., w (6yks komeunoe wmc-
n0) MBI Gymem oBosmauare cumsosoM. Rix, u, v, ..., w). Ona mony-.
YaeTcA B pesyiibTaTe DPHMEHEHHS K I, U, ..., W apudMeTHdecrux
ouepanmii (co/enisa, BHMMTAHNA, YMHOKEHHA N JeJEHNA), B3ATHIX
B KOHETHOM YMHCJIe. ,

Hnrerpax .

(Afe (et () an, (1

TAE A, ..., 4 — PAUOHAJbHEIE YACAA, HMEONHe OOUTHH wanMenbIInit
sHaMeHaTeNh M, NpH noMoniu nofcranosku (ad — be #0)

m__ ar - b 9
1" = cx +-d (2)

CBOAUTCA K WiTErpaxy oT paumonanwmoil @ymkmmn. B camom nexne,
T ecTb, OUBRU/IHO, PANHONAILRAA (Y IKIHS u(t) or ¢, a BMecre ¢ Heit
panmonanbHa n ee npomssopman pu'(t). Iloatomy, 0603113‘1:1;( qepe;
Py .- G UHCINTENH (neante quciaa) cooTseTcTBeHHO npobeit A,

, t, IPHBEHeHABIX K 00HleMy sHaMeHaTemi0 (M), NOXYIHM, 4TO HH-
'rerpal nocae 1ojactasoBen (2) cBomgHTCA K CIeAYIOMEMY:

FRGu@, o ) at = | Ry,
ene R,(t) — paunonanbman Qynknua o1 £.

Hpnmepm.

1. 5 S(1~!~t2)3dt, = 1/;—1 x =102, dr = 2t dt,
1/#-

t3

. 2 - 5
~6‘5‘(1 —«f{«t)dt——ﬁj' Ty =1, dr = 6tdt.
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§ 8.9. Iloncranosxu Jiinepa

C UOMOH{LIO HTHX TOACTAHNOROK HHTErpa
S Rz, y)ydr (y= Va +bx - cz?) (c=0), )

rae Rz, 1/) — PANMOHATRHAA QYHKIHA OT I, Y upnnonmca X na-
Terpajgy oT pannoHanbHo#t pymrymAA.

Heprasm nogcTanoBKa COOTBETCTBYET CAYIAI0, lcorna KopHH
o, B (a# B) tpexunena a-t+ bx+ ca® meiicremrensrni. OHa mMeer BRJ

. Va—[«bx—!—c.r Vr(z—a "_ﬁ) :
l = z—a Cr—o &
s __ clx—B)
1n rorga ¢ == T—o

Jra mopcraHoBKa copmajaaet ¢ nmomeranosroi (2), § 8,8,
Qyarnua x = @), TaKk e Kak ee IPoUIBOHHAA ¢, PATUOHAIL-
‘Hasg QYHKUWA, (09TOMY

§ R pydz = [ R tio ) —al e’ (at = [ Rt at,

rae R, — paynonanbuaa QyHRouA,
OdGparusiit niepexog ot £ X x ocymecTBJmeTcs no ¢opmyiie (2)
Bropas mnopncranoska. Kopum Ttpexusema -a-+ br+cx’
soMmrexenbie. Torga Hago cautaTh, uro ¢ > 0, muave TpexwieH Oui
vt orpunatensimiM A Beex x. IHomaraem

y=tFzVc. 3

Bossona 9T0 paBeHCTBO B KBAJIPAT W 3aMEHAA Y° ero BHIPAJKCHHEM,
noJyauM ’ .

a+bx=1F2zxVc;
oTciofa

2
t—a

S Trave @), dz= ¢’ (t)dt, ®

NOITOMY
fR@ = [RlowtF e Vo) Wat = Ry at,

rae R,(t) — panmonansuas dynxnus ot ¢
O6paTHas 110JCTAHOBKA

t=Vok bz ¥ st +x¥e. (5)

OtyeTHM, 9T0 paccMaTpuBaeMasd TONCTAHOBKA TOJHTCA M KOIZa Kop-
iy tpexunena a -+ bx + cz® pedicremrensunt, gums Osr ¢ > 0.
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Jameuwaune, Ileppoit nopcramoske (3) y=1—=zVc coorser-
creyer Qyuruusa (eMm. § 5.8, npumep 3)

1 _a

CbruVe
T'paduk ee pacuajiaeres Ha jise HeUPEPHIBHEIE WETRH, COOTRETCTRYIO-
H{ue M3MeHeHHIO ¢ ua mnreppazax (—oo, —b/2V¢) n (—b/2Ve, ). Ha
000HX HHTEPBANAX ONa CTPOr0 MOHOTOHIO BO3ZpACTAET OT —o0 jo oo
YxazanublM BeTBAM COOTBETCTBYIOT JBe O0OpaTHbie OJHO3HAYHBIE
QyHKHAI '
t=zVc=xVa+ bzt cat

UepBaa u3 nnx (¢o snakom -+) Gpina B3sITA B Kauecrne coomeTcmy-
joueil nogeranoskn () NHTErpaJia, a BTOPas OTILYAeTCH OT HAPYroik
TNOACTAHOBKH (D) JMIIL 3HAKOM. .

OTMeTHM, YTO HOJICTAHOBKA r-1/z npeoopdaye’r HaOl Tpexdied

npu a0 B Buipaskenne Vaz® + bz -+ c¢/(%z2), u ciegosatennuo, npe-
obpasyer unterpax (1) B unTerpan raxoro ;xe tHoa. 3gech «t» miu
«—» CTABUTCA B B3ABHCHMOCTH OT TOro, OYNET JM HHTEPBAT M3Melle-
uns z yacroio ayda 2 >0 nau z <0. Boobme, sTa mojgcranoBxa pas-
poIBIIA: OHA Nepernocut oxpectitocTh O B OKpecTHOCTL GECKOHETHO Yjia-
Jgennoit Touxu, u saobopor. llosromy menpepsiBiag ua ocu r Qynk-
1HA 1I0cHe TaKol IOKCTANOBKA Aeldaerca paspeipaoit upu z =0, po-
ofie ¢ HeycTpauviMbM paspeiBoM. Eeixu mogbtarerpaibHafg QyUKIUs
R(z, y) B ucxoanom uHTErpage y:ke uMeer pazpuis B rouxe £ =0, 10
HojCcTaloBKa & ==1/z B yKAa3aHHOM CMBICJI€ HE YCAORHAET MOI0He-
nge Benleil.

MpuMmep 1. (Tpexwien IMeeT KOMIIEKCHBIC KOPHIM) .
dr S‘ dr S ! dt h —
— - ~ =1n| 5 -2 ]/a 4 bz 2
— AP {
Y Voo Ji—e JWITi "2

Jl(}ll{l(‘M BTOPYIO NOACTANOBKY:

+c.

Va Gebr a2t =t —x, a--bx = 1° — 2,
dr 2dt
t—x b2

bdx == 2t dt —21 dz—2x dt,
B wacTuocTH,

1

i) yﬁ%—__ﬂ:lﬂlw-i- VJZA‘r'aH:,C’v (q;eo);

adt

dx dz
2) X‘/“*”"f“:g l/(a»+-§)_(z,«_g)f Vo

. 20— b . b2 9 b
- =G atg=a >0 sog=ap
Vi——t Vb R ' B
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3) Tpexwien MMeeT KOMIIeKCHbIe KODHW (BepXHUH 3HaK 3[eCh H Jaltee co-
OTBETCTBYET MOJAOKATENBHEIM & WM 2); TPEXWIEH MOMKET MMCTh U HeHCTBHTEIL-
HbHIO Kopxm AuGTh O OHU GBIIH PABAHYHEL

S Vaa: Tzl SVa+bz+z

% 4zt Var bzt 2

b1t Ve bz 1] )
2 I x “{_Cv

+C=Th

dz
4) 5—-————-————-—— ?S———————-——— =
I/ar x—1 Va 4 bz — Pl
2z— b br — 2
== F arcsin +C=iarcsin~—£7—~.;——-__ 4 C (b + 42 >0);
1/11)2 -} 4a ’ z b — 4a :

4 o1
B YaCTHOCTH, S—————;—-— == L arcgln—; _*.C‘
T VJ‘ —1

5) S‘ dx ’ S dx

H) HHTErpaJhHi T, R IS

: Va+ba:+cx2 (x — m) Va+bx+cx3

TPHBOIATCA K NIPeIbLIYINHM, €CJIH BBECTH HOBble IEDeMeHHLIe, COOTBETCTBEHHO,
z = Y]] z, z = ¥[c[ (z — m).

§ 8.10. Bunomuanbune auddepennuann,
Teopema Uebnimena *)

PaccmoTpuM muTerpan
gi x" (a + ba")? dz, n
TAe @, b — npOM3BONLHEIe, OTANYHLIE OT HYJIA UHUCHA, a M, N, p — pa-

naonaibusie uuciaa. HonsiaTerpansnoe Beipamkenne 8 (1) HasmBaetcn
Gunomuaavrbly Jugdepenyuanom.

Iogcranoska 2" =1¢, z=1"" dz =
BTy

1 -
Y73t ppupomur (1) ®

1 .
- j‘t('"Jr"’""‘ (a -+ bty’dt. (2)

Ecan momomuts ((m+1}/n)—1=g¢, To BOmpoCc cBOjmTCS K mHAH-
Terpary Buma

/

(1@ + oy a, 3

re p U ¢ — paunoHAJLHLLE,

Hnurezpas (3) ecezda Geperes 6 saeMeHTApHLIY GYHEYUAT, ecal
0010 us wucea p, q, p+ q — yeave (nosoxuresvroe, HYab UL OTPU-
Hareabroe).

*) I JI. YeGnimuen (1821—1894) — BenmKmii pyccKmii MATeMAaTHK M Mexa-
HUK, aKAJeMUK.
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B camom jene, ecam p — meuoe, TO Haml WUTErpaji MMeeT BHJ
g n (f t9)dt, rne g — panuonansnoe. Lean e g — nenoe, To o0 HMe-

er Buj j R(t,(a +bt)’)dt, rpe p — panuouansuoe. llawomern, eci

pt+ q—nexoe, To ero MOXHO 3anMCATL B BRjE gt"“ et bt) de.
Bee atin rpu BRIpaskenus, Kak mur suaem (cm. § 8.8) wpupomares
COOTBETCTBYIOIIHMHI NOACTAHOBKAMHA K MHTEIDAJIAM OT PA{HOHAIHLHBIX
dyHsrmii.
~II. JI. UeObimeB poxasall 3aMevarelbHYI0 TEOPEMY, YTBEP:KEAI0-
]u,ylo 4TO ecAl PAYUORAALHbLE P U G He ydos.aergopaior odHony us
nepeuuciennblr Tpex Ycaosull, To uHrezpas (3). me unrezpupyercs
6 dAeMEHTAPHBLE PYHKRYUAL, )

YinpaKHeHUt
. BrlyHCIUTD MHTETPAIBL

1. __{.:E_T.‘.’ 2,5i__; 151__.‘1._7.1_?(11
@ Ve—1 z Va1 ba 1 zlid »
A V| (1 %) (- a)+=,

Tloxaszars, wro

g Y
5(1 —_‘_‘La) V1k¢. e aldg‘—/-:—‘;.,l__();
oy ! V1+1 +2VZ
s v

e,

§ 8.11. Hurerpuposanie TpuroHoMeTPIYECKHX BRPAKEHHIT

Pacemorpum nurerpax
Kl

‘) R(cos z, sin x) dz, (1)
rae
R (u,v) = ()(: l:; (2)

— panuoNaIbHag PYHKUMA 0T U, U (P n Q — Muorousenn or u, vl.
1. Eciu opwa n3 Muorodunenos P, Q wermslil no v, a apyroii —
HeueTHBII 110 U, T0 H MOMKHO UpPelCTABHTH, YMHO{HB, €CHH 3TO ife-
oﬁxop;nmo uncaurelb u 3uamenarenb (1) ma v, B Buge A(u,v) -=
M (u, v*) v
- N (g?)’
HOJICTAHOBKA ! = cos & npusomut unterpan (1) x suay

.'sRl(cosx,sinx)dx = yz(i:—’%:—tl—)dt wj‘R (¢) dt,

rae My, v), N(u, v) — muoroazenst ot p, v. Hosrouy

rae R(t) — panuonanvnas $ynxnus or L.
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2. Ecan oanit u3 MHorouwienos P, () — geTHsiit 10 u, a Apyro# —
1eYeTHHIE e U, TO HOACTAHOBKA ! = SiB I PAlHOHAJM3HPYeT HALL WH-
Terpan. IT0 KOKA3BLIBALTCS Kak Bullie.

3. Ecim P u Q: 1) oba ne usMensloTCs IpPH 3aMene U, U COOT-
BETCTBEHHO Ha —u, —v wan 2) oba mensiorT 3uak, To murerpax (1)
PALMORAJIN3HPYETCH 10ICTAHOBROM

t=tgzx 3
(nam t=clgz).

PaccMOTpitM TONRKO NepBLIA enyvaii, TOTOMY YTO BTOPOH CBOJITCA K HeMy
YMIOKeHHOM M MACIHTeNH, M 3HaMesareis mpobu (2) ma u wom v, Kamgeii
yacH Maorowiesa P nmeer Bujg

u\! : n
Aulv™ o= 4 (-;) phm gl tm (w == -—)

v
rie A — nocronunuii Koadguuuent. Modromy
P, v) = M (w, ) = E'a (w) v?® ’ (4)
eCTh MHOTOYMEH OT w? n {cM. xomeir § 5.9).
CnpaBa B (4) CyMMa pacupocTpaHeRa Ha KOHWEYHOE WICHO CTAraeMux,

« (1) — HEKOTOPble MAOTOWIEHB TOABKO OT W, @ 5 — [ehnie” HEOTPHIATeIbHLIS
YiHCiaa, AHAJNOTMYUO YCTAHABINBAGTCA, YTO v

Q (1, v) = N (w, %) = 2 B (w) v?*
£CTh MHOTGQHCH OT w N V2,

Tak kak B cHIy NoacTanoBki (3) sin®z = £2/(1 4 1%), dz = dt/(1 4 1?),
10 unrerpan (1) npeobpasyercsl caeyomuM obpasom:

M(' t )dt

14t

[——] e

N(t,_..t____’)(iﬁﬁg) c
142

rie r{l) — panaonaisnas QyHRmU

,TJ;Jm a0Goii  panuonanwvnoit gymxuu R(u, v) nogcranoska
t::tg  panmonasnsupyer nurerpan (1). B camom pesre, Torna

1 — t 2 E‘ ] 2t _1_._
COS T = 5z _1-¢ sinz = £z 2,
08 I = e = - =
1-4 tgg-zz 1t 1 tgn..‘t 1-4-1¢
dt = sec® T du ~ 4 (14 ) dz, de = f}‘”ﬁ,
5. Oymrunn
n
LY .
Ty(2) = —g (ak cos kx -} b, sin kx), 5)

k=1
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rae a, b, — nocronHupie KO3(PHIMENTH, HABLIBALTCA TPULOHOMET DL~
ueckuM nOAUHOMOM nopsdka (uau crenenu) n. I’In'rerpnponamle ee
.He IpeJCcTaBIfgeT HUKAKOrO TPyHa:

j‘T" (z)dx = f;—"x -+ Z "—};(ak sipkz — by, cos kx) -+ C. (6)
h=1 .

Yacro Bcrpevalotes BHpajKenus
cos"zcos'xz, cos"zsin'z, sin"xsin'z, (D

Tje m, | — mensie neOTPHATENbHbIE YHCAA, ITO €CcTh TPHTOHOMET]ii-
uecKHe NONHHOMBEI HOpAxka m -+, 1. e. uX MoOmHO TipeobpaszosBath K
wupy (5), rne @, m by, — nocrosuubie wueaa. ITor GaKT MOKIO 10-
Ka3aTh, APUMEHAA MeTO[ WHIYKIHH.
B camom pene (HOHCHeHIm HU#e)
P g“zx)m 1 (equ s Cme1(n1~—2)x A e—imx)::

cos" & == (—T“- o
== (cos mx -~ Ck, cos (m — ) + i Fcos(— "”«)) (8)

llauo yuecrn, wro cos™r — JeilcTBHTeNbHAA PYynKiaA, H DOTOMY
VOCHeAHHil WieH B 3TOH Henn PABEHCTB TOJNYYAETCA, U3 PEAIocsTes-
Hero BhHIIeJIeHHEM ero feiicTBateNbuoil yactTu. MHREMAas €acTs aBTo-
marnyeckn pasua myiaio. locae zamennr 8 (8) z ua (x4 (n/2)) no-
JAYUHM, B 34BHCHMOCTH OT TOro, OYAeT J M 4eTHHIM WIM HeueTHBIM,
. m C = 1 m'2
sin” & == —T— (cos mx — Ch, cos (m — x|

+Cheos(m—A)z + ... (=1 cos(— mz)), - (9)
(— pymh1/2

sin™x = T (sinmaz — Clsin(m — 2)z 4 ...). (10

Tor daxrr, yro seiparesns (7) cyTh TPUrOHOMETPHYECKWE HONH~
HOMBL YK83aHHOI 4eTHOCTH, cneuyeT us (8) — (10) n papencrs

sin Ax cos pr == [sm (A +pyr +sin(h— p)z],
(11)

€0S Ax COS px = —1; [cos (A -+ n) & + cos (A — p) z].
IipsMmep B ‘

dr_ s :
SSR"”“’Sﬁx\sthscos T tgr nltgz} €

(moyicranosra (3)).

dx 1 dzx . d(tg (2/2)) '
: — = = = 21-4-C
. S‘Si‘l 2 _S‘ 1g (x/2) cos® (z/2) __S tg (@/2) lojig@/2)| ¢
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(i’lo}(cmnosua % § 8.11).

3 dr _ dx
) S“ srbeosy jva (cos? (x/2) -~ sin® (2/2)) + b(cos® (z/2) — sin® (x/l))
- f dx

la (1 -+ tg® (/) - 6 (1 — tg® (@/2)] cos® (2/2)

. 2dt
W.S‘a(iﬂ‘—tz)%-b(i—tz)

{nogeranoska 4 § 8.11).

d: d .
4.5 i i :j i , (242 >0),

a-{- b cosat-csine a1 cos(x— @)

e (uoctomHnne) r M ¢ NOAoGpawnl Tak, 4TOOLl b =.rcos ¢, ¢ = rsingQ.
TaxkuM o6pasoM, 9T0T MHTerpait cBeICS K NpeJbayIneMy.

(1]

S sin® da == — g‘ (1 — cos® 2)*d (cos 2) = — {. (1 —22)* e,

. d{l‘ ‘ 9 o
G. - 3 S ) “!‘" “x)d T e - 2)2
5 P j(l ctg® x)%d (ctg 7) 5‘(1 - %)? dt.
; 5“ dr ((1 -+ t2)5 2(11 (1+t) J :r)
C)sin®r 2t 145 w e (t=tg2 .
. 3 ) .
sin® o P
8. s A - "‘J ——dt (t=cos).
[ .t

ie]

1 —cos2x 10 - cos 4
. ‘(sin'xd;rwj(——-—;———’) dr .:—55(1m20052,,.,{,1_*_c_£’111)dz_
f — cos2x \2 (1 -- cos 2r
). | sintacos® 1dr~ 5 ( 5 )dx-:_

1 1 1-l- cos 4z
:T—gj.(l — Cs” -J‘) 1 — cos2x )dr::—gS[1—(“——z—“)](l—-coszx)d;

1

{mansme BocavAb3nsaThest gopmyaant (11)).

dr dr
H. Saz cos’r b bisintz (a* - b* tg* ) cos® x - _
dt 1 b
§;‘—b—ztz :=;7,arctg(;tg-r) 4C (t=tgz a>0, b>0).
2-fcosx 2.1-cos® (z/2)—sin’ %z 2) .
i dr ‘ :
B 2S 2 (cor /2 - e /) o (eost (7D —sin® (oyzy) T In12-Acos =
dr ) : dig(r/2)
=2 Yd cos® (I/Z) + sin® (z/2) il cosa]=4 5‘3 + tg* (2/2) Hniz cos o],
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§ 8.12. Tpuronomerpuueckne DOJCTAHOBKM

Harerpain suga
) R, VE=Ddr, 2 [Rle, VET s,
3) j Rz, V= a*)dx (a>0)
NPEeBPAlIAIOTCA B palMouajibHble BHpPazKeUHA oT Sinl w cost npu

NOMONIHU CIeRYIOMMX HONACTAHOBOK

1) x=asint, orkyna dz=acostdt, Ya* — z* = a cos t;

2) x=atgt, orkyna dz=acos™*tdt, Va*+ x* = acos™;
3) x=asect, oriyna dzr=atgisectdt, Va* —a’* =atgt.
Hpumenp. ) ’

-3 1 |- cos 2t 2 sin 2¢
5Va‘~——xldx m‘gacosta’costdt = az‘g‘“‘—]"'.z'——d'tm %(t-i~ 3 )*}-C'::
2 ) 2 Lo _
a e . a .o o &
=% (i -}~ sin tVi — sin® t) 4 C == > (arcsm-;— 4= l/l —

a? . 53 .
=z 5 f APCSIN — |- =3 a®—z* -0 e == asin t).
- a

gl\-l N

Y

§ 8.13. Heckoanko BaKubBIX HHTErPAIOB,
He BHIPAKAEMBIX B 3JAEMEHTAPHbIX QYyHKIHAX

Jlokasano, uro neonpejesenusiii nuterpan or gyumaun e, ni-
paiouteit GoJBIMY pONb B TEOPHH BEDPOATHOTeH, He BhIpaKaeTCAa B
sieMeRTapuHIX (yHKUMAX. DTO Ke UMeeT MecTo KA (PyHRHHM
(sin x)/z, 9acro BcTpevanieiicA B MATEMATHYECKOM anaJunze.

Doapiioe 3HauenHe B UPHIOKEHMAX HIPAIOT TAK HazpiBaeMble D~
NMOTHYECKAe MHTerpaihl  (COOTBETCTBEHHO WEPBOro, BTOPOrO K
TPeThero poja):

y . dr j‘ » ’:rzd.z:
Vi-—AH0—5 Y Vi-DH0- i) "
dx
0<hk<t):
j‘(i —{vle2)V(1—~z2)(i—kza;2) ( < "< ) '

Hepsoie Ba n3 HUX 3aBECAT OT napamerpa k, a Tperait — ot k u
eiiie OT Jipyroro napametpa h. (

HAorasauno, 410 Bece Tpu T uHTErpana He Gepyrea B aieMenTap-
HLIX QYHRIAAX.
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oramanbii or (2). Murerpanm (2), (5), (4) nassiBaores smmnTnge-
CKAMM HHTerPaJiaMH coomercTBenHo 1-ro 2-ro u 3-ro pona B gopme
Jlexangpa *).

JAIMNTAYECKAM HMHTETPAJaM HOCBAIIEHA OGIUMPHAsA JUTEpaTypa.
Wmeworesa noapoGubie TaGiuupl 3HaYeHHH COOTBETCTBYIOUIHX HM ife-
KOTOPBIX Ba#HBIX ONpPEeJIeHHBIX KHTErPAJIOB, B 4acTHoCTH, Tabiauist
unterpaina (5), B3nToro Ha nmepnane (0, n/2).

*) A. M. Jlesxannp (1752—1833) — PpauIyscKuii MaTeMaTHK,



IF'naea 9

ONPEJEJEHHBIA HHTETPAJI PHMAHA®)

§ 9.1. Brognas uacTs u onpenenenie

IlonaTtne ompememenuoro murterpaia 6bito Beemero B § 1.7. Un-
Tarexio, BO3MOKHO, CIEAYeT BO30OMOBHTH B NAMATH TO, YTO FOBOPHU-
JOCh-TaM. JTa riaBa HaYMHAETCA ¢ POPMATBHOro ONpefeNeNta otupe-
JleJIleHHOTo HHTerpasa mo PuMmany, M3ydYaloTcsa ero cBOHCTBA M BhIfAC-
HAOTCA YCIOBUA, KOTOPHIM JOJNAKHA YIOBIETBOPSITH (DYHKIIA, UTOGH
oHa Obpula MHTErpupyeMoil; AATCA Tawke NANbHeliNINe IPHIOKEeHANL
ONpeleJIeHHOTO MHTerpajia, M3jiaraeTci TeOpUs HeCOOCTBEHHBIX HII-
"TETPaiioB. Yike ceifyac MOJUEPKHEM, UTO ONpe/IeNeHHBI HHTerpaz B
y3koM (cobcTBeHHOM) cMbicae, TpeGyOmil I CBoEro OTpeleJIeHU
ORNOTO TIPEleIbHOrO Tepexofd, MMeeT cMbICA, KaKk OyjaeT BHAHO HH-
JKe, TOJBKO A KOHEYHOTO OTPE3KA H NPUTOM IA OTPAHMIeHHBIX
(yHKnuil, HeNpPepHIBHLIX H HEKOTOPBIX paspeBHHIX. as meorpami-
YeHHBIX (QyHKIUH PHAMAHOB HHTErpas 3aBeioMo He cyiectsyer. Oji-
HAKO MOJKHO BBECTH NOHSATHE HecOGCTBEHHOro wmTerpaia mo Puma-
Hy, Tpefymomee A CBOETO OIpeNeNeHNsA ABOMUHOTO MPeIeIbHOTO
nepexoja. G ero moMoOm[pI0 KOPPOKTHO ONpEJeNifAeTcsl mAoma b QUry-
pBl ¢ rpaHuied, He COHMIKOM OBICTPO pacTyiiell B GeCKOUEYHOCTS.

Jpyroit mecoGcTBenublii WHTETpal ONpeeNAETCHA LIS dyHRIRTI,
3ajlaHAbIX Ha Beell meiicTeuTenbHOUN ocH. C ero MOMOINBIO MOKHO BBHI-
YHCIHUTH paboTy CHIB, NeiicTBYIONeHl HA HeorpaHWYemHOM HHTEpBaJge.

3amamum na komewnoMm orpeske [a, bl Pynwummio f. Orpesox’ [a, bl
pazoGpeM Ha n wacTell TOUKAME a =z, <z, <... <z, = b, n Gymem
TOBOPHTH, 4TO Hpou3aBesieno pasiuenue R (orpesxa [a, bl). Ha ram-
mom wactaynoM otpeske [, z:+,] pasbuennsn BriGepeM mo HPON3BOAb-
Hoit Touke E: (E/<= [ay, 2:,4]) 1 cocrasim cymmy

n~t

S,=Sp = Z'.nof(gi) Az (Azi = x4y — 7).

Ee naapiBatror unrezpasvnoli cymmoti (Pumana) pynsnunm f na orpes-
ke [a, bl, coormercrBympomeit pasomermio R. Wurerpambuas CyMMa
ompejeena HeOJHORNAYHO, NOTOMY YTO BABHCHNT OT BHbopa &, &
= [x,-, $i+1]. :

*) B. ®. Puman (1826—1866) — pmipaomquiics HeMeIKHA MaTeMaTHL,



