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Kuura npexacrasnser cofofi coBpeMenHOoe BBeneHue
B MHOFOMEPHHIY aHaAH3. ABTOP NOCACIOBATEABHO 3HAKOMUT
YyuTaTeAs ¢ TAKMMH HOHATHAMY, KaK OTOGpaXeHHS MHOIro-
MEpPHBIX NPOCTPAHCTB H uX Audpdepenunansi, anddepen-
uHanbHbie GOpPMHB M IEHCTBHS Hal HUMM, MHOrOOGpasusa
B €BKJAM10BOM npocTpaHncTee. [anee noxaspiBaerTcs ofumast
teopema Crokca aas nuddepeHuyanbHbuXx GOpM HA MHOTO-
0o6pasusix ¥ H3 Hee BBIBOAHTCA PN KJAACCHYECKUX PE3yiib-
TaToB: ¢opmynpl 'puna, o6bunas ¢opmyna Ctokca 4 T. 4
OT uuTate s TpebyeTcs 3HAHHE OCHOB aHaAX3a U SJIEMEHTOB
AUHEHHOH aaredps.

KnHra n0CTyfnHa CTYHEHTAM $PH3HKO-MATEMATHUECKHX
(aKyIbTETOB YHHBEPCHTETOB H NEAMHCTHTYTOB; YHTATENb,
HMEOIME MaTeMaTHYECKy10 NOArOTOBKY B 06beMe BTy3a
W KeJaloumiuil yrayOuTb CBOH 3HAHMSA, HM3BIEUET M3 3Ha-
KoMCTBA ¢ HeH Hemanyio noabsy. Ona sauntepecyer u
MaTeMaTHKOB, NPENOJAIOMUX AHANUS.

Pedarkyus aumepamypu no mamemamusecKusm HAYKAM

WUua. 2-2-3



OT PEIAKTOPA TIEPEBOIIA

Crunb  M3n0xeHUs NuddepeHUHANbHOIO H HHTErPaibHOr0
ucuucieHutl 1a QYHKUMA HECKOJAbKHX NEPEeMeHHBIX, NPHHATHIA
B 6OJbLLUIMHCTBE CYIUECTBYIOILUUX PYKOBOJICTB, JOBOJbLHO apXaM-
yeH. JLOCTaTOYHO CKa3aTb, 4TO B ITHX PYKOBOICTBAX OTCYT-
cTByeT obuiee noHaTHe auddepeHUUpPYeMOro OToGpaxeHus
M ero NpOU3BOLHOM (1nA Cayyas KOHEYHOMEPHBIX €BKJUAOBHIX
npocTpaHcTB). Mroroe wu3jaraercs HeLOCTaTOYHO CTPOTO.
Ocobenno 3to orHocuTcs K TeopemaM ['puna, Crokca n
laycca — Octporpaackoro. HMx  jgoxasatesbcrBa M camu
(OpPMYMPOBKM CYILECTBEHHO OCHOBBIBAIOTCA HA HHTYHTHB-
HBIX TNpEICTaBAEHHAX O ,MOBEPXHOCTH, OFPAHMYMBAIOLICH
TEeJNO WM ,JIHHWM, OrpaHHuuBalOwWe# mosepxHocTh*. OTCyT-
CTBHE K€ COOTBETCTBYIOLIMX TOYHBIX OOLIMX MOHATHH, a Takxke
HeoOXOMMMOro anmnapara AHd¢epeHUHaIbHEIX (GOPM, He NO-
3BOJIICT YCTAHOBHTb, YTO TPH YIOMSHYTHIE TE€OPEMbl — IPOCTO
yacTHHle caydan ,a6crpakTHo#t Teopembl CTokca“ o6 wuHTer-
pupoBanun (kR — 1)-dopMbl 1O rpaHuue R-uenu.

Jlo HenaBHero BpeMeHH BCe 9TO MOXKHO ObLIO HaliTH
JUIIb B ChOeNMaibHbIX paborTax uau MoHorpadusx. Ho B mo-
C/lefiHue T'OABl CTaJdu MOSBJATHCS yyeOHEle PYKOBOICTBE, aape-
COBaHHBIE CTYJAEHTaM-MaTeMaTHKaM CTapidX KYPCOB U MMelo-
mye CBOef 3alavyedl M3NOXKeHUe pPa3/JMYHBIX DasjesoB 0OlEero
Kypca MaTeMaTHYeCKOro aHanusa Ha OoJiee COBPEMEHHOM
HAayYHOM YDOBHE (CM., HAampUMep, HENABHO MepeBeJeHHYIO
y nac kuury Pymuna [21]). OnHum 43 Takux PYKOBOICTB
apagercs u kuura M. Cnupaka, pyccku#l nepeBol KOTOPOH
NpensaraeTcs YUTAaTeNio.

HasBaHWMe KHMI'M MOXET CO37aTh BIieyaT/JeHHe, 4TO MNpei-
MeT ee LOBOAbHO cneumansbHuit. Ha camom neme ,mHoro-
o0pasus“, paccMaTpuBaeMblé B NEPBBIX TJaBaX, — 3TO NPOCTO
OTKPHITHE MOAMHOKECTBA N-MEPHOTO eBKJIMA0BA NPOCTPAHCTBA.
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Bo Bropo#t ramase wusyuwaoTcs cBoHctBa ux  audidepen-
uHpyeMeX OTOOpaxenu#t B €BKAMLOBH NMPOCTPAHCTBA, BKAOYAS
TeopeMsl 06 06paTUMBIX OTOGPAXEHUAX U HEABHHIX (PYHKIHAX.
B tperveft raase murerpan (Pumana), onpeneasiemuift BHauane
Ha A-MEpHHIX MapajiieNenunenax, pacnpoCTPaHseTcs ¢ I1O-
MOLUBIO ,pasbHeHMit eIMHMUB® Ha (PYHKUMM, B3alaHHBle HaA
NPOMU3BO/NLHBLIX  OTKPBITHIX MHOXECTBaX. Y CTaHABJIMBAIOTCH
BaxKHeHIuue ero CBOKCTBA, BKJIOYAZ TEOPEMy O 3dMeHe nepe-
MeHHOH (K COXafeHWio, aBTOP BNOCIAEACTBHU ynyckaeT ciyda
OTMETHTb TECHYI0 CBf3b €€ C HHTerpHpOBaHHWEM BHEHIHHX
InddepennuanbHeX GopM). Bperenne MHoxects neGeropokt
MepH HY/b MO3BOJISET HE TOJIbKO NMPHAATL H3MOKEHUIO TEOPHH
nurerpata Pumana 3asepwieHHylo ¢$oOpMy, HO M J0Ka3aTh
BrocaencTsuu rteopemy Capiaa o Tom, uyro o6pas MHOMXeCTBA
TOYEK BHIPOMAEHHOCTH HH(PPEPEHUMPYEMOTO OTOOPAKEHHS
HMeeT Mepy HYJb.

AHammay Ha MHOTOOOpasusix B COGCTBEHHOM CMBICAE NO-
CBAllIEHH TOC]efnue JBe ThaBu, B uerBeprod raase, nocae
HeoOXOAUMBIX CBEJeHHH M3 NOJMJINHEHHOH anreGpel, BBOAATCA
Iuddepenunanpibie GOPMEl H UX AHDDepeHUMPOBAHME, 3aTeM
UenH ,CUHTYJAAPHBIX KYOOB* (MHOTOMEpDHBIX dHAJOTOB AHYT
YKoparana) ¥ HMX rpaHuUB; KYJIbMUHALMOHHHIM NMYHKTOM IJIaBbl
(1 BCe#t KHUMU) ABJIAETCS YnOMaHYTas ,aGCTpaxkTHas TeopeMa
Crokca“. Hakonen, B naTOH riase onpeneasiorcs MHOroo06-
pasus W MHOTOOOpasus C KpaeM, BJOXEHHEE B H-MepHOe
€BKJHMIOBO TPOCTPAHCTBO, IJA HHUX JOKaskbBaercda ofwas
teopema CTOKCAa W B 3aBeplleHHe H3 Hee BLIBONATCH KJAC-
cuueckne Teopembl ['puna, Crokca um Taycca — Ocrporpan-
CKOTO.

Hexoropsix, BO3MOXHO, 3aTPYAHHT HENMpPUBLIYHAA CHCTEMA
o6osnauenuit, GesycnoBHO Ooaee TOuyHast, ueM obuienpuHsTas,
HO wuHOTrJAa u Gojee rpomoszkas. Paccyxaenus u ocobenHo
BBEIYHCJIEHHA MPOBEIEHB MeCTaMu uajuliHe cxkato. Kpome Toro,
HEKOTODHIE J10KA3aTeNbCTBA ONUPAIOTCA Ha Pe3YJbTATH, HPH-
BeleHHBIE JNIUb B 3alayax. TakuM oOpasOM, YCBOeHHE MaTe-
puaia KHuTM norpebyer OT 4YHTaTENd MAOBOJALHO AKTHBHOMH
paboTH, HO pesyJbTaThH OKYMAT ee.

A. A, Paiixos



IPEAMC/OBUE ABTOPA

B sToffi HeGo/buIOH KHMre HAC HHTEPECYIOT IJaBHHIM
o0pasom Te paslie/iEl ,BBICHIEr0 AHAAM3a“, TOHKOCTb MOHATHH
W MeTOJOB KOTODHX JenaeT TPYAHHIM CTPOroe H3J0XKeHue
Ha 3JeMeHTapHOM ypoBHe. [Toaxon, u3bpaHHHIA 31eCh, COCTOUT
B NPHMEHEHMH SJEMEHTAPHBIX BEPCHH MeTONO0B COBpPeMeHHOH
YyTOH4YEHHOH MaTeMaTukd. POPMaibHO NMPeANONAraloTCA TOJbKO
3HaHHE CEeMeCTPOBOro Kypca JunHeHHOR anreGph, wanoyHoe
3HAKOMCTBO € TEOPETHKO-MHOMECTBEHHBIMH OO0O03HAYEHUSIMH H
BAaAeHUE CHOCHBIM Haua/lbHBIM KYPCOM aHanu3a (B KOTOPOM
N0 Kpa#Helt Mepe yMOMUHaeTCs O BepXHeH M HUXHelt Tpanax
YHCNI0BOTO MHOXecTBa).- CBepx sTOro, mnoxaayh, Haunbonee
CymIeCTBEHHBIM fB/IAETCA (MHOTAA HesBlOE) HCIOJAL30BAHUE
a6CTpaKTHOM” MaTeMaTHKH.

IMepBas mo/OBMHA KHUIM OXBATHIBAET TY NPOCTYIO uacts
NOBHILIEHHOTO Kypca aHaiau3a, Koropas obobiiaer 3JeMeH+
TAapHBIA anajau3 Ha QYHKUMA MHOTHX MNepeMeHHBIX. [asa 1
COMEPKNT TNpeiBapuTe/bHEIE CBeIeHWs, a B ria. 2 u 3 pac-
CMaTPHBAIOTCH COOTBETCTBEHHO nUddepeHiupoBaHe U HHTE-
rpuposanue.

OcTabHas 44CTb KHUMM MOCBAL(EHA H3YUYEHUI0 KDPHBBIX,
NIOBEPXHOCTEH M MX MHOTOMEPHBIX aHAJOTOB. 3LeCh COBpe-«
MEHHbI#t U K/TAaCCHUECKHH MeTOB! W3/I0KEHHS COBEpIIEHHO pas-
JAWYHBL, XOTA M HMEIT MHOTO TOYEK CONPUKOCHOBEHHS, UTO
0COGEHHO OTYET/IMBO MOKA3aHO B MOCJelHeM maparpade.
Broaxe knaccuuecknm pesyabTaToM sBJASETCS TeopeMa, npak-
THYECKH 3aBepLIAIOLIas mmry._STa Teopema (reopema Crokca)
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uMena J0GONBITHYI0 UCTOPHIO M NpeTepneia pasuTesblble
MeTaMop(o3H,

Brnepsrie ¢dopMynnpoBka Teopembi nosBMAach B BUAe
APHIHCKK K MUCbMY c9pa Yuabama Tomcoua (dopra Keabsuna)
KJCTOKCY, zaruposannoMy 2 umoad 1850 r. OnyGaukosaua
oHa Obl1a B KayecTBe BOCBMOTO BONPOCA K 3K3aMeHaM Ha
CMHUTOBCKYI0 mnipeMuio 1854 1. DTOT KOHKYpCHHIH 3K3aMeH,
KOTOPOMY €#erolIHO TNOABepraiHCh JAYYLIME CTYACHTH-MATe-
MaTukn KemOpuixckoro yuusepcuTera, ¢ 1849 no 1882 r.
nposoauiacst npod. CrokcoM. Ko Bpemenu ero cmepru pe-
3yabTaT Obl1 NOBCEMECTHO H3BecTe Kak Teopema Crokca.
Cospemennuxamn Crokca GblmM anbl nO KpaiHel Mepe TpH
IoKasareabCTBa: OAHO onyOaukosan Tomcod, apyroe O6bi0
uznoxeno B ,Tpakrate o HaTypaasHOK (uiocopuu* Tomcona
u Te#tra u Tperbe npennoxun Makcean B ,DiaeKTpuuecTBe
u maruetusme* [8]. C Tex nop umenem CToKca Obliu HasBaHbI
3HauuTeJbHO Oosiee oOWMe pPe3yabTaTsl, CHIPABIIHE CTOAb
3aMeTHYI0 POJib B PAa3BHTHM HEKOTODHIX Pa3leloB MATEMAaTHKH,
uro Teopema Crokca BnoJHE MOMET Aath MarepHan Aas
PasMBIILIIEHHR O LUEeHHOCTH 060OILEeHNS.

B sroft kuure umeloTcs TpH QOPMBI TeOpeMbl Crokca.
Bapuant, ussectubi#t Croxcy, nossasercs B nOcJelHeM na-
parpade BMecTe CO CBOUMH Hepa3J/y4YHBHIMH CNYTHUKAMH — T€0~
peMamu I'puna u Taycca — Ocrporpanckoro. dti Tpu KJaac-
CHYeCKHe TeopeMbl BeCbMa MPOCTO BBIBOAATCS M3 COBpeMeHHOMR
teopemst Croxca, paccmatpusaemoli mepen stum B 1. 5. To,
YTO KJACCHYECKME TeOpeMel YTBEPKIAIOT A KPHUBBIX M
MOBEPXHOCTEH, 3ITa TeOpeMa YCTAHABAUBAET M9 HX MHOTO-
MEDHBIX  aHAJOTOB (MHOrooGpasut), NOAPOGHO H3y4aeMbIX
B NepBOH uwactu ra. 5. MayueHne MHOrooGpasui, KoTOpOe
MOTJO Obl OBITH ONPABIAHO YXKe ORHOM KHX BAXKHOCTHIO
B COBpeMEHHON MaTeMaTHKe, B IeHcTBUTeJbHOCTH Tpe6Gyer He
GoJibllie YCHMMM, uyeM HYXHO 3aTPATHTb 1id AKKYPaTioe M3ydye-
HHUE TOJbLKO KDHBBIX M MOBEPXHOCTEH.
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Ynrtatenr, BepOATHO, MNOAYMaeT, 4TO COBPEMEHHas Teo-
pema Croxca no Kpafiueil Mepe CTOMb e TPYIHa, KakK Y
noAyuaeMbie W3 Hee KIACCHYECKHe teopeMel. OIHAKO 3TO
Ile  TaK: OHa HBJAETCA OYeHb MNPOCTHIM CIHEICTBUEM elle
omHoro Bapuanra Teopembl CTOKca; 3TOT BecbMa aGCTpaKT-
Hbll BAPHAHT fABJAACTCA KOHEUHBIM K OCHOBHHIM PE3YibTATOM
ra. 4. ECTeCTBEHHO NPeNNOJIONNTh, YTO TPYAHOCTH, KOTOPHIX
Mpl H30exa/n, TasTca HMeHHO 3dech. OfHAKO IOKazaredb-
CTBO 3TOH TeOpeMbl C TOUKH 3PEHHS MaTeMaTHka ecThb CO-
BepllleHHas TPHBHANbHOCTL — NpAMoe BHuncienve. C npyroi
CTOPOHE!, nawe (OPMYIUPOBKA 3TOH TPUBUAALHOK Teo-
peMbl He MOKeT ObThb NOHATA 6e3 BepeHHUBl TPYILHHIX OIlpe-
nenenu#t w3 ra. 4. MMewTcAa BeckMe [NpUYMHB, B CHIY
KOTODPHIX TeOPeMbl NO/KHBI ObITb JIErKHMH, a ONpeMle/eHus
tpyaubiMu.  Kak mnokasbiBaer 3somouns Tteopemn Croxca,
33 HECKOJIbLKHMHM TPYIHLIMH De3yJIbTaTaMH MOMXET CKPLIBATHCA
OLMH 0pPOCTOH NPUHUMI; JOKa3aTeJbCTBO MHOTHX TeOopeM
COCTOMT MPOCTO .B ero oOHaxenun. C IPYrod CTOpPOHH,
onpeneneHus CAYXaT ABOAKOR LeaH: OHM SBASIOTCS M CTPO-
ro#f 3aMeHOH pacH/JBIBYATHIX MOHATHH, M ANMIapaToM OJA M3AlL-
HBIX JOKa3aTelbCcTB. B mepsuix nByx maparpadax ra. 4 naHbl
TOUHblE ONpeleNedds M NOKas3aHbl mpaBH/a oOpalleHus ¢ TeM,
YTO B KJAACCHYECKOH MaTeMaTuKe HasblBalOT JiHQdepeHum-
aJbHBIMH  BHIpaweHHAMU THNAa P dx-+Qdy-+ Rdz wm
Pdxdy-+4-Qdydz-+ Rdzdx. lenu, onpenenseMble B TpeTbeM
naparpade, U pasbueHHe eIUHULEI, paHee BBeLeHHOE B TJ. 3,
OCBOOOWAIOT HalUM [1OKa3aTe/NbCcTBA OT HeOOXOLMMOCTH pac-
KpanBaHWA MHOT006pasuft Ha MelKMe 4YacTH; OHM CBOJIAT
BONPOCH, OTHOCANIHECA K MHOrooOpasusM, rie Bce mpel-
CTABNIAETCS TPYIHEIM, K 321a4aM B eBKAHIOBOM NPOCTPAHCTBE,
rie Bce NPOCTO.

" Konuenrpauus ray6okux uieff B ONpeneNeHHSX HECO-

MHEHHO 32KOHOMHAa, HO OHa CO031aeT HEXOTOphbie TPYLHOCTH
AJs H3Yy4daroulero. Hagetocb, yro unrarens MOOUPHT K OCHOQ-
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BATEJLHOMY M3Y4YeHUul0 I'l. 4 YBepeHHOCTb B TOM, 4TO DPE3Y.b-
Tathl ONpPaBfaloT ero ycuaud. Knmaccuueckume Teopembl mO-
ClelHero maparpaga fBISIOTCA WL HEMHOTHMH W HH
B KOeM cayyae He caMbIMH TJIABHBIMH MPHAOKEHHAMU Ta. 4;
MHOTHe Jpyrue TNpHUBeldeHb B KauecTBe 3ajad, 4 YKasaHus Ha
naabHefilllee Da3BUTHE MOXHO HalTH B CIHCKe JHTEPATYpPH.

Hecxoabko ci10B 0 3azauax W CNUCKe JHTepaTypsl. 3axauu
IIOMEIEeHBl T0C/e KaMA0ro maparpaga u (moxoGHO TeopemaMm)
MMeIOT CKBOBHYIO HYMEpAuLHI0 BHYTPU KAXAOH U3 riaB. 3anauu,
pe3yJbTaThi KOTOPHIX MCNOJAL3YIOTCA B OCHOBHOM TeKCTe,
MIOMeYEHBl 3Be3J0YKOf, HO ’KenarenbHo, uToGbl 9Ta Npelo-
CTOPOXHOCTb OKA3a/MACh HEHYKHOHM — 3a1a4y COCTABARMIOT BaX-
HeHWIYI0 YacTb KHHLH, M YMTATENIO C/1e40Bado O N0 Kpalt-
He#t Mepe mnoOMBITaThCA pewuTh uX Bce. CMUCOK JMTepaTypH
HY2KHO OBLIO Je/iaTh 00 OUeHb HeMOJHbIM, MUG0 TDOMO3AKHMM,
NOCKOJIbKY AOOPYIO TIOJOBUHY OCHOBHBIX Pa3lesloB MaTeMaTUKH
MOXHO C IOJIHEIM NPaBOM DEKOMEHIOBAaTb B KauyecTBe ecTecT-
BEHHOI'O MpPOZOJDKEHHS Marepuasa KHUTH. §I nonelTancs cle-
JaTh €ro HEMOJHHIM, HO 3aHHTEPECOBBHIBAIOLINM.

Bo Bpems HanucaHus 3TOW KHUFHM OBIIO BHICKA3aHO HeMano
KPUMTHYECKUX 3aMeyanuii M npennoxeruii. §1 ocobenno 6Gna-
rogaped Puuapay Ileneficy, Xbio Poccu, Pobepry Cuau u
Yapazy CreHapay 3a uX MHOIOYHC/EHHBIE IOJI€3HBIE 3aMe-
yaHus.

Maikas Cnusak
Yoaxasm, Maccauycerc

Asrycr 1965
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DYAKYLL HA €BKANO0BOM NPOCMPAHCMBE

HOPMA U BHYTPEHHEE MPOHW3BEJEHHE

Esraudoso n-mepuoe npocmpaneémso R” ompenpensercs
K4K MHOXECTBO BCeX n-WIEHHBIX IIOCHeLOBATENbHOCTEH
(%), ..., x® Bemectsennnix wncea x° (,l-urenxas nocnieno-
BATENLHOCTL uYKCE* eCTb MPOCTO uucao, a R! =R — muoxe-
CTBO BCEeX BEILECTBEHHHIX 4YHCeNn). JieMeHTH MHOXecTBa R
4acTO HasbiBaOTCA' ero Toukamu, a R!, R? n R3 — mpamot,
ITOCKOCTBIO W NPOCTPAHCTBOM COOTBETCTBeHHO. Ecau yepes x
o6o3naueH sseMent 3 R”, T. e. NoOCAenOBaTENbHOCTL M3 7

yncesd, TO i-e uMcao oGo3Hauaercs X', Tak uTO
x=(x} ..., x".

Toukn 3 R” uacto HasmBalOTCS Takke BekTOpamu, n6o R?,
HaJle/leHHOe ONepaluusMu

x4+y=(x+y, ..., x"+99)

ax =/(ax!, ..., ax"),

NeHCTBUTENBHO €CTb BEKTOPHOE NPOCTPAHCTBO (HAaL I0JIEM
BEUIECTBEHHBIX UHMCeM, Z-MepHOe). B 3TOM BeKTOpPHOM mpo-
crpanctBe R” HMeercss NOHATHE IJAWHBL BEKTOpPa X, OGBIYHO
HasblBaeMON HopMoi | x| >TOro BexTOpa M onpelenseMoi

dopmyaon

| x| =V &P+ . &

Ecan =1, 10 | X | — 0o6tuHas aGcOMIOTHAS BeIMUHHA YHCTIA X.
Ouenb BawHa CBA3b MeXIY HODMOH U CTPYKTYPOH BeKTOp-
Horo npoctpancraa R”.

1.1. Teopewma. Ecau x, yER" u a€R, mo
(1) | x| >0, npusemn | x|=0 mozda u moasro mozoa,
rko20a x=(0, ..., 0)
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Ll x|-|y|, npuwes pasencmso umeem

n
@ | 2 &Y
i=1
Mecmo moz20a u moavKo mode, Kozda X u Y AUREHHO
3a8UCUMBL;
@) [x+yI<[ x|y
(4) Jax|=al-]|x].
HokasaTenbcTBoO.
(1) TlpenocTaBaseTcs uuTaTeaio.
(2) Ecim x n y auHeHHO 3aBMCHMBI, TO OUYEBWIHO, YTO
uMeeT MeCTO paBeHcTBO. [IycTh X # y AHHEHHO He3aBHCHUMBL,
1. e. Ay—x=(0, ..., 0) nns Bcex AER. Toraa

0<| ky——xP:Z(?yy" —xH) =
i=1

— 3 o) — 20 2 xty'+ 2 (%Y.

i=1
[TosToMy KBalpaTHYHHIL TPeXWJeH OTHOCHTENbHO A, cmnmnﬁ
B mpaBofl uaCTH, He HMeeT BeleCTBEHHBIX KOpHeH. 3Hauur,

ero- IMCKPHUMHHAHT OTpuuéTeneH, T. e. 4(2 x’};‘) —
L 2

~4 3 3 ¢F<o.
i= L=

@) |x++yP= 2 (= (x')2+ 2 'R+

i=1

+22 <[ 2|4y P+2]x]- 1y| (| %]y D

(4);ax;—-]/2(ax)z— a?E(x‘)?
=la[-[x| B

Bripakenue 2 x'y*, Bxomsmee B (2), HasmBaercs 8HY-
i=1
mpeurun npouzsedexues %) BeKTOPOB X U Y U 0603HauaeTca

1y 3aecy u B maabueiimewm snakoM [} o6osnavaerca KOHel JIOoKa-
3arebCTBa. — [1pus. nepes.

?) B namreit autepatype OOUWENPHHAT TEPMHH ,CKaJSPHOE NpO-
u3BEIEHHE“, OAHAKO Mbl MPEANOYHTAEM COXPAHATh TEPMHHOJOTHIO
aBTopa. IIpuuuBbl 9TOrO CTaHYT BNOJHE MOHATHBIMH NPH YTEHUH
ra. 4. — [Tpun. nepes.
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{x, y). Tlepeuncaum BamHeHuIne CBONCTBA BHYTPEHHEro npo-
H3BeJeHus. ‘
1.2. Teopema. Ecan x, x,, Xy a4 y, ¥,, Yo — 8K=
moper u3 R" v a€R, mo
1) (x, y)=(y. x) (cummempuurocms),
2) {ax, v)==(x, ay)y=a{x, y).
(14 %9, 3) = (%1, ¥)+ (x5 ¥},
(X, 3y =(x, y)+(x, )
(6uauneiinocmo);
3) (x, x) >0, npusen (x, x)=0 mo20e u mossxo
mozda, kozda x =10 (noaoawcumessrasn onpedeseHHOCMb);

&) | x|=V{x x)
2 . — 2
®G) (x, y)= [x ey 7 x—yl (nossipusayuortoe

Mmoo oecmao).
HdoxkasaTeiabCTBO.
n n
(D) {x, )= :21 xly' = 21 yixt =y, x).
= fe=
(2) B cuny (1) nocraTouno A0KasaTb, 4TO

(ax, y)=a(x, y)
(2,4 %9 ¥) = (¥, )+ (x5 V).

D10 BHITEKAeT M3 DPABEHCTB

B

(ax, y)= 2 (@xhy'=a 2 x'y' =a(x y),

i=1 =

._.

n

(v 9) =3 (i nt)y' =

i=
n n R
= ;1 x{y‘+§1 xhy' = (xp, YY)+ (x0 y).

(3) u (4) nperocTaBigeM UHTATEJIO.
(5) B cuny (4)

2y Pl 23 o 2 Ky, 5 H9) — (5=, =)=

—_—:%Kx, xX)+42(x, 3’)'—%—()’, ¥ —Cx, %) —2(x, )+
—~+ (v I =(x, y). B
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B saknouenne 3storo naparpada — HeCKOJbKO BaXKHBIX
3ameuanuyt orHocuTeabHo o6ozHauenuit. Bextop (0, ..., 0)
Oyzer oObyHO o6osHauatecs npocto 0. Cmandapmusm
6asucom v R" 6yner nasuparhcs Gasuc, 06pasoBaHHBIfl BeK-
TOpaMu e, ..., e, raee; =0, ..., 1, ..., 0) c 1 Ha i-M
mecte # 0 HA BCeX OCTAMbHBIX.

[Ton wmarpuueit aune#ivoro otobpaxenns 7: R* —R™
OTHOCHTENILHO CTaHIApTHHX Gaszucos B R m R™ mnounmaercs
(m X n)-matpuua A ==(a,;), j-# crondeu xoropo# oGpasosan
ko3 duuMenTaMn pasnowxenns pexropa 7 (g)):

m
”,

T(e))= }_41 a;je;
i=

Ecmn S: R™ —»R? umeer (p X m)-matpuuy B, 10 Marpuuett
anss SoT 6yner (p X n)-matpuua BA (3rech (SoT)(x)=
=S8 (T (x)); B OOMbUIMHCTBE KHUI NO JHHeHHOH anreOpe
sMect0 SoT nuwyr npocro ST). Haa uaxoxaenus 7T (x)
LOCTAaTOYHO BHIUMCJUTH daeMeHTH (m X 1)-Marpuupl

vt [a” ol | xli
y"’l Ay <+ Qg ‘x”]
rorga T(x)=(" ..., y").
Yepes (x, y), rthe XxER" u y ER™, Mbl ycaoBumcs 06o-
anauate Bextop (x', ..., x", ¥\, ..., Y"YER"™™. D10 BecbMa

YHOPOCTHT 3a0HCh MHOTHX (OpMYJI.

3agauu

n
1.1%, Jlokasats, uto | x| < 3 [ %1,
e

1.2. Korza B yrBepxaenun (3) teopemut 1.1 umeer mMecto paBeH-
cTBO? (Y Ka3aHuye: NpocaejuTh XOI N0Ka3aTeJbCTBA; OTBETOM He
6yxeT ,KOrja X M y JHHEHHO 3aBHCHMBI®.)

1.3, Hokasatb, uto |x —y || x|+ |y|. Koraa umeer mecro
paBeHCTBO?

1.4, Joxasatb, uto {|x|1—ly|l<<]lx—Yy].
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1.5, Beanuuna |x —y| HasHBaeTCd PACCMOSHUZM MEKAY X
u y. lokasarb W reoMeTPHYECKH MCTOJNKOBaTb ,HEPaBEHCTBO Tpe-
yrampHuka® |z —x || 2—y|+ly—x].

1.6. [lycty f u g — unrerpupyemsie GyHKIUE HA OTpE3Ke [a, b].
b Yo [0 s

b
a) Jdokasarts, uTO jfg < sz J.g’ . Wkasa-
a a a ’
b

HHE: paccCMOTPETh OTAEAbHO cayuyaH, Koraa 0= J (f—Ag)? naa

a
: b
HexoToporo AER u xorna[ (f —Ag)? >0 maa Beex A {;R.)
a

6) [Tyctb B a) umeetr Mecro paseHctso. O3Hauaer au 3TO, 4TO
f=Ag pna nexoroporo ACR? A ecan QyHKUHH f H g HENDEPHIBHMI?

B) [lokasatb, uro teopema 1.1 (2) — wacTHM# caywain yTBep-
XKAeHUus a). :

1.7. FoBopar, uro auHeiiHoe oroGpaxenue T: R? > R" coxpa-
nsem Hopay, ecan | T(x)|=|x|, u coxpansem enympennee
npousedenue, ecmn (T (x), T (y)) = (x, y).

a) Jlokasatb, uto T cOXpaHfieT HODMY TOTZa H TOJBKO TOTZA,
korga T coxpaHsieT BHYTPEHHEe IpPOH3BEAESHHE.

6) HdoxasaTh, 4TO BCAKOEe TaKoe JuHeHHOe orobpawxenne T

B3aHMHO OJHO3HAYHO W TeMH Xe cBOfcTBaMH obaagmaer T L.
1.8. Ilycte x, y CR” — HeuyieBne BeKTophl. Yzoa [/ (x.y)
X,
MEXJY X W y OnpeiensieTcss KaKk arc cos ——«%l—%; 3TO Onpenene-

HHE MMeeT cMbica B cuny reopeMul 1.1(2). Fosopat, uto auneiinoe
otoGpaxenue T coxpansem yzas, ecad T B3aHUMHO OAHO3HAYHO
u /(Tx, Ty)y= / (x, y) nasa Bcex x, y = 0.

a) Hokasatb, uto ecan I coxpauser Hopmy, 10 T cCoxpa-
HAET YIJabl

6) IlokasaTb, UTO ecaH 'CYLIECTBYIOT Takue 0asuc Xy, ..., Xp
B R u uucna Ay, ..., A, uto Tx;==A;x;, 10 T coxpaHseT yrian
TOPNAa H_TOAbKO TOrAa, KOTJa Bce A; PaBHb MEMIy COGOH. .

B) Onucatrpy Bce auHeHHble ortoGpawenus T: R™ - R", coxpa-
HAIIHE YTJbl.

19. Mycte 77 R2 > R? umeer matpumy
( sin® cos®
—cos® sinb ) ’

rae 00 < n. INoxkasats, yto 7 coxpauser yras u / (x, Tx) =14
Aas Bcex x == 0.

1.10*%, Tloka3aTh, 4YTO Aad BCAKOTO JHHEHHOro oOrOGpake-
Hus Tt R? > R™ cymectsyer takoe uucao M, uto | T (R)l L M| £|
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nas Bcex RERZ (Y xasaunue: onennts |7 (R)| ¢ nomompio | 4]
¥ k03 QHIHEHTOB MaTpHub! 7.)

L11. Ilokasats, 4yt0 ecan x, yER' u 2z wCR™ 10
((x. 2), (5, @)) = (x, ¥) + {2, @) u {(x, 2)| =V |xEF |z Ha-
NOMHHM, 4TO (X, 2) 4 (y, @) — 1ouKku u3z R*+™

L12* ITycts (R”)* — npocTpaHCTBO, CONPSXKEHHOS K BEKTOp-
Homy mpoctpaHcTBy R” Onpejgeanmm aas xamporo x€R? ¢yHk-
uuoHan ¢, ¢ (R dopmyaodt ¢, (y) = (x, y), u nycts T — 0TO-
6paxenue upocrpanctea R” B (R")*, onpenesennoe ¢dopmyoi
T (x) = ¢,. llokasats, urto 7 — B3auMMHO OJHO3HAYHOE JHHEHHOE
oTo0paMeHue, M BHBECTH OTcioAa, 4to Bcskoe @C(R™)* ectdh @
Aag OJAHO3HAYHO OmpejaeaeHHoro x € R™

1.13%. Saementnl X, y €R" Ha3bIBANTCH nepnenduKyALpHu.ML
(unu opmozonasrsnuimu), ecan {x, y) = 0. Jokasats, utoecau x u y
HepneHAUKYsapHb, 10 | x4y |2 =|x |2 4|y >

NMOAMHOXECTBA EBKIHAOBA MPOCTPAHCTBA

3aMKHYTHIt uHTepBaa [@, #] obnalaeT ecTeCTBEHHBIM aHA-
aoroM B R2. Dro zamnuymeiis npamnoyzossnur (a, b X {c. d),
ompelrensieMbifi KaK MHOXecTBO BceX map (X, ¥) ¢ x €(a, 0]
U y€le, dl. Ecnu AcR™ nu BcR", 1o npousserenue

AX BcR"™ onpenenserca xak MHOXecTBO Bcex (X, y) €

ER™™ ¢ x€A u y€B. B uacthoctn, R™™" =R"™ X R".
Ecin AcR™, BcR® u CcR?, 10 (AXB)XC=
= A X (BX C) u o6a npoussereHnss 0603HAYAIOTCA TPOCTO
A X BX C; 310 pacnpocTpaHsercs Ha npousBeleHne Ho6oro
uncia MHOXecTB. Muoxectso [@,, ;] X ... X &, b, R"
Ha3LIBACTCA 3AMKNYmMuM napassesenunedon B R*, a mHo-
wecTBo (a,, b)) X ... X (a,, b,) = R® — omrpaumsy napos-
sesenunedom. B Gonee obuieM cayuyae muoxecrso U < R”
nasmiBaetTc omixpamorr (puc. 1.1), ecan aas Beskoro x € U
CyulecTByeT TaKoH OTKDHTHH napaaaenenunen A, uro
xXEAcU. )

Mmuoxectso C = R” nasniBaercs sauxuymoin B R”, ecan
R” \ € orkprro. Hanpumep, kaxnoe muoxectso C, colep-
XKalllee TOJbKO KOHEYHOe YHCAO ToveK, 3aMkHyTO. [Ipeno-
CTAaBUM YMTaTeMI0 1OKAa3aTb, YTO 3aMKHYTHIH INapajie/enuien
B R” IeHCTBHTENbHO SBAAETCA 3AMKHYTHIM MHOMECTBOM.

Has muoxecrsa A < R” u rTouku x €R” Bcerza 10/xkHA
OCYLIECTBAATLCA OJHA M3 TpeX BO3MOxHOCTeH (puc. 1.2).
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1. CywmecTByer TakOH OTKpHTHY mnapaaterenunexr B,
yro x€EB < A.

2. Cymwecrsyer TakoR OTKPHITHIH napauienenunel B, uro
XEB«R*\ A

3. Besakuit oTKpHTHA Napaaaenenunen B, colepxaluft x,
coAepXuT Kak Touku ud A, Tak u Touku w3 R*\ A.

Toukn x, obaajiaomue csocTBoM 1, o6pasyior 8uy-
mperHocms MHOXecTBa A, o6/anaoiune CBORCTBOM 2 — 8Heu -
Hocmb MHO¥ecTBa A, a obnazawiuue cBOHCTBOM 3 — 2pa-
Huyy Muoxecrsa A. 3azaunm 1.16—1.18 mnoxaswialor, uTO
9TH TePMHHBI MOTYT NMOAYAC NPHOOpPETATb HEOKUAAHHBIK CMBICI.

HerpynHo Buzerh, 4TO BHYTPEHHOCTb BCAKOIO MHOXeE-
cTBa A eCTh OTKPHITOE MHOXECTBO, TO e BepHO N1 BHell-
Hocth A, ub6o OHa eCcTb He uTO HHOE, KaK BHYTPEHHOCTb
R*\ A. Takum oO6pasom (3agmaua 1.14), ux oObenuHenue
OTKPBITO, TaK YTO I'PAHULA, ABJASAACH €IO JOMOJHEHHEM, IOJKHA
OBITh 3aMKHYTOM.

CeMeltcTBO @ OTKDBITHIX MHOXECTB HA3LIBAETCA OMKPbL-
Mot M NOKPsimue m MHOKeCTBa A (Wu, KPaTKo, noxpusaem A),
ecaM Kaxzas Touka X € A NpHHARJIENKUT HEKOTOPOMY MHO-
WecTBYy cemefictea ©. Hanpumep, ecium 6 — ceMeficTBO BCeX
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OTKPHTHX HHTEPBANOB (@, ¢ + 1), rie a npoGeraer R, To
© — nokpeiTHe MHOkecTBa R. OueBHIHO, HMKAKOE KOHEUHOE
YMCJIO MHOMXeCTB 43 (€ He nokphuiBaer R, kak u M06oe ero
HEeOTpaHHUeHHOe NoaMHOXecTBO. [lonoGHas cuTyaums Moxer
BCTPETHTLCA M AJA Orpannvennuix Muoxecrts. Tak, Hanpumep,
ecan @ — cemeHcTBO BCeX OTKPHITHIX UHTePBaAOB (1/n, 1—1/n),
rae n=1, 2, ..., T0 @ — OTKPHITOE NOKPHITHE HHTEP-
Bana (0, 1), HO cHOBa HHUKAKOe KOHEYHOE YHCIO MHOMECTB
u3 € se noxpeiBaeT (0, 1). XoTd B 9TOM ABAEHHM M HeT HHYETO
0COGEHHO CTPALINOTO, BCE e MHOMECTBA, LI KOTODPBIX Takad

CHTYalUus He MOXeT HMeTb MecCTa, HACTOJbKO BAXHBI, YTO
TIONYUWIH CHEUHaNbHOE HAa3BAHME: MHOXeCTBO A HasmBaeTcs
KOMNQKMHbLM, €CNM BCAKOE €ro OTKPLITOE NOKpHTHE O
COIEPIUT KOHEUHOe MOACeMeHCTBO, TaKXKe NOKphBaiouiee A.

OueBUIHO, YTO KaX(10e KOHEUHGE MHOMXKECTBO KOMIAKTHO;
TO e BepHO H [Iis GeCKOHeYHOro MHOXecCTBa A, COCTOA-
Iero U3 HyJaa ¥ uucea 1/m ans BceX MOJOXKUTENbHBIX
LeJBX 7 (1eHCTBUTeNLHO, ecau 6 — nokphite, T0 0 E U s
HeKOTOpOTre OTKPHITOro MHOxecTBa U u3 @, ¥ TOMLKO KOHeU-
HOE UYHCIO OCTAlNbHHIX Touek H3 A He npusainexur U,
a ANA MOKPHITHA KaxAOH M3 HHMX [OCTATOYHO HO OJHOMY
MHOXeCTBY u3 0).

YcraHoBseHHe KOMMAKTHOCTH MHOMNECTB CHABHO Yympo-
waercd Ojaarofapsa CAeAyOUMM pe3yAbTaTaM, W3 KOTODHI X
JulIb NepBelt B Kako#H-TO Mepe rayGoK. '

1.3. Teopema Bopens—JleGera Sanxuymoi
unmepsar [a, b] Komnaxmen,
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HNLoxasateunbcTso. [lycth © — OTKPHTOE NOKpHI-
tHe [a, b). PaccMorpuyM MHOXKecTBO

A={x: ax<b 4 [a, X] NOKPHT KOHEUHHIM
UMC/IOM MHOXeCTB u3 @}.

3ameruM, ut0 a€ A u uTO A, OYEBHMAHO, OrpaHUUYEHO
cBepxXy (uucnom b). Ham HyxHO nokasarb, uro A€ A. Mas
9TOrO JAOCTATOYHO pAcCMOTPeTb UHCAO0 G ==sup A u JOKa-
3aTh, 4T0 0 €A n o =0.

Tak xak @ —nokpuTHe, TO €U maa Hexortoporo U
H3 @. Torza Bce TOUKM HEKOTOPOTO MHTEpBAJa C TpPAaBHIM
KOHLUOM O Takxe mnpuHamtexar U (em. puc. 1.3). Tak Kak

U
—t : e} ——
] : z o z b
Puc. 13

0L — BEPXHAA TpaHb MHOXecTBa A, TO B 9TOM MHTepBa/le Hait-
dercs Touka x € A. Takum 06pa3oM, [a, X] MOKPHIT HEKO-
TOPHIM KOHEYHBIM 4YKCJAOM MHOXeCTB M3 @, a [x, a] — yxe
onHuM MHoxectBom U. CrenosatenbHo, [@, @] MOKPHIT
KOHEUHBLIM YHCJIOM MHOXeCTB M3 @, n a € A,

Yrobbl A0Ka3aTh, YTO @ ==, MNPEANONOKUM IPOTHBHOE,
Mycrs @ < b. Torma cyuwecTsyer Takas TOYKa X' MeXLy -
nb,uro [a, x']c U. Tak xak o€ A, To uHTepsan [a, o] no-
KPBIT KOHEYHBIM YHC/IOM MHOXECTB H3 @, uHTepBal xe [a, Xx']
nokpHT MHOMecTBOM U. Cnenosarensho, x' € A, B uportuso-
peuuy C TeM, YTO O — BepxHsas rpaHb MHoxectBa A. |

Ecin B <« R™ komnaktHo U X €R", TO Jerko BuieTs,
aro {x} X} B R™*" roxe xomnakrno. Cnpapeaanso u Gouee
CU/JbHOE YTBepKIeHHE. '

1.4. Teopewma. Ecau B komnaxmuo u © — omrpsmoe
noxkpeimue muogcecmsa {x} X B, mo cyuwecmsyem maxoe
omrpomoe mroscecmso U < R, codepacamee x, wmo U X B
NOKPBIMO KOHEUHbIM HUCAOM MHONCecm8 u3 0.

HokasarenbctBo. Tax Kak {x}X B kommaktHo,
TO MBI MOKEM € CAMOFO HA4aJa CHUHTATh, 4YTO € — KOHEUHOE
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TIOKPHITHE, H HYXHO TOJNbKO HaWTH TdKOe OTKPHITOE MIOXKe-
creo U, urobu U X B noxpuiBanoch cemeHcrsoM O.

Jast Besxoro y€ B Touka (X, Y) JEKHT B HEKOTOPOM
mHoxecrbe W n3 6. Tax xax W otkpnro, 10 (x, y) = U, X

XVycW a1a HekoTOPOro OTKPHTOrO napaieenunela

G
7S -
7
.

/ 7

Puc 14.

Uy, XV . Muoxectsa V', nOKPHBAIOT KOMIAKTHOE MHOKeCTBO B,
TaK 4TO yXKe HEKOTOpOe KOHeunoe HX uncao Vy, ..., Vy,

nokpuisaer B. Ilyers U = Uy1 n...n U),k. Torua, ecau
', yYYcUXB, 10y € Vy, Aaa nexoroporo £ (puc. 1.4) u,
pasymeerca, x’ €Uy Cuenopatemsuo, (x', y)EU,, XV,
a 9TO HOC/AeHee MHONKECTBO CONEPKHUTCA B HEKOTOpoM W
us 6. i

1.5, Cnencreue. Ecan AcR” u BeR™ komnaxmuss,
mo AX BcR"™" komnaxmno.
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Ioxasareabcrso. Ecan 6 — orkpuroe mnokprHe
MuoxecTBa A X B, 10 € mokpuBaer {x] X B aas xaxioro
x € A. Coraacio 7eopeme 1.4, cyuiecTByeT oTKphITOE MHO-
mecrBo Uy, colepwauiee x u rakoe, yro U, 3 B nokpuro
KOHEYHBIM 4MC/IOM MHOXecTB H3 @. [lockoabky A kKoMmnakTro,
cpean MHO¥eCTB U, HMeeTcs KOHEYHOE YHCAO MHOMKECTB
le, an, nokpuiBawowee A, Tak Kak Kaxaoe NpoOH3Be-

acuie Uy X B NOKPHTO KOHEUHBIM YHCIOM MHOXECTB U3 O,

TO KOHEUHBIM UYHCAOM MHOXECTB H3 ( NOKPHIBAETCH U BCe
npoussenenre A X B. |}

1.6. CaencrBue. Ecau xandoe u3 MHONCECMS A,
(=1 2, ..., k) cxomnakxmuo, mo u npoussedenue
A Ay, komnaxkmuo. B wacmuocmu, 410608 3aiu-

1 k

KHymeili napaasesenuned 8 R* womnaxmen.

1.7. CnedcrBue. Beaxoe 3amxuymoe O2PaHUYeHHoe
mroncecmso 8 R* rxomnaxmruo. O6pammuoe marce 8epHo
(samava 1.20).

Hokasarennbctno. Ecan muoxectso A < R? samkuyTo
W OTPAHMYEHO, TO OHO CONEPHHTCA B HEKOTOPOM 3aMKHYTOM
napannenenunese B. Ecan @ — otkpeitoe nokpuitHe s A,
10 © 1 R" \ A o6pasyior otkpbitoe nokprtie aas B. Cre-
A0BaTeIbHO, KOHeuyHOe 4nc/ao MHoxects U, ..., U, us @,
6pite Mower Bmecre ¢ R”N\ A4, noxpmeaer B. Ho Torma
MHOxectBa U, ..., U, nokpmanr A. |

3agauu

L14* [loxasath, ut0 OGbexuneHHe JMOGOTO (Aae GeCKOHEU-
HOTO) 4HC/a OTKPBITHIX MHOMECTB OTKPHITO. JOKasaTh, yTo nepe-
CeucHHe NBYX (a NOTOMY M J0BOro KOHEYHOTO WYHEAA) OTKPHITHIX
MHOXECTB OTKPHITO. JaTh KOHTpnpuMep LA GECKOHEUHOro YHCaa
OTKPBITBIX MHOXKECTB.

L15. Jokasatb, uto Muomectso {X¥ CR™ |x —a| < #} OTKpHITO
{cM. Takxme sanauy 1.27).

1.16. Halith BHyTpEHHOCTD, BHELIHOCTD H T'PAHHLY MHOXECTB
{x€R™ x| <1},
{(x€R™ J x| =1},
{x CR™ kawyoe x' paunonassHo}.

1.17. MNoctpouts muoxectso A< [0, 11X [0, 1], comepxamee
He Go/iee ONHONH TOYKM Ha KawIOH TODH3OHTAIM H KAKLONH BEpTH-
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KaaAu, HO MMeloliee cBoek rpaduueit Bech kBagpat [0, 1] X [0, 1}
{(Yxasanue: J0cTatouHo p#o6utbed, 4To6B A COAEPXano TOYKH
kaxaoit uetsepTu kBagpara [0, 1] X [0, 1], kamao# ero mect-
Hanuatofl yacTd ¥ T. A.)

1.18, ITycts A [0, 1] ecTv o6bepuHEeHHE TaKUX OTKPHITEIX
HHTEPBANOB (a;, b;), 4TO Kaxnas pauuoHa’bHas Touka Mexay 0 u 1
COAEPXHTCA B HEKOTOPOM (a; b;). TlokasaTh, 41O rpanHuneR MHO-
aecrsa A caywxur [0, 11\ 4.

1.19%, Tokasatb, 4TO 3aMKHYTOE MHOXECTBO A, cogepwmauiee
BCAKOE paltnonanpnoe yucao r &[0, 1], conepxur Bech orpesok [0, 1}

1.20, JloxasaTe ofpameHne caeacTBHA 1.7: BCAKOE KOMOAKTHOE
MHONecTBO B R” 3aMKHyTO M orpaHHyeHo (CM. Takike 3ajauy 1.28).

1.21% a) Joxasatb, urto ecin A 3aMkHyTO B X ¢ A, TO Cyme-
cTByeT Takoe d > 0, yt0 | y — x | > d a3 Bcex y € A.

6) Hoxasatsb, uto ecau A 3amxuyTo, B xommakTHo 1 A\ B = (J,
TO cymecTsyer Takoe d >0, 410 |y —x|>d pnaa Bcex yEA
uxCB. (Yxasaunue: jaa kaxnoro &< B HailtH OTKPHITOE MHO-
wectBo U, conepxaumee & u Takoe, 410 Tpebyemoe COOTHOUIEHHE
BepHO a8 Bcex xEU N B.)

B) TpuBectH xoHtpupumep B R2, ecan MHoxectBa A u B 3am-
KHYTbl, HO HM OIHO H3 HUX HE KOMIAKTHO.

1.22*, TTokasatb, uyto ecaum U orkpnito, 3 C ¢ U KOMUaxTHo,
TO CYWECTBYET KOMIAKTHOE MHOXECTBO D < U, BHYTpeHHOCTh
xoToporo copepxur C

$YHKIIMH 1 HENIPEPBIBHOCTb

Gynryus [ n3 R” B R™ (naswiBaeMasi MHOTIA BeKTODHOH
¢yHKuueH 7 TNepeMeHHbIX) eCTb NPABANO, OTHOCSILEE KaXIOR
Touke x u3 R” Hexortopyw Touky u3 R™; Touxa, KOTOpYyIO
¢byuxuus f otHocut X, o6osHavaerca f(x). Mel nunmem
f: R* —>R™ (unraem ,f orobpaxaer R* 8 R™ wmu ,f, oro-
Opaxaiomad R* B R™“ B 3aBHCHMOCTH OT KOHTeKcTa) IJIs
yKa3auust Toro, uro 3sHadenue f(x)ER™ onpenenedo aas
Bcex x ER”. 3anucy f: A-— R™ ykasuBaer, yro f(x) onpe-
IeleHa TOJbKO [1Jf TOYeK X, NPOOEramlMX MHOXECTBO
AcR", xoropoe HasbiBaeTca 06.aacmbvio onpedesenus PyHK-
uun f. Tlon f(B), rae Bc A, MB MOHMMaeM MHOMXECTBO
Bcex sHaueHu#t f(x) mna x € B; ecin C<R™, 10 no onpe-
LEMeHHI0 MO0JaraeM f‘l(C)z{xEA: f(x)EC). 3amucs f:
A — B osHnauaer, uro f{(A4)cB.

Ina dyuxkunn f: A—R, rie AcR? MOXHO TNOAYYHTH

" yaobHOe M300pamenHde, NOCTPOMB ee TIpaduKk — MHONKECTBO
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BCeX Touek Buaa (X, y, f(x, ¥)), ofpasywlee HeKOTOPYIO
¢urypy B 3-MepHOM npoCTpaHCTBe (CM., HanpuMep, puc. 2.1
u 2.2 B ra 2).

Ecau f, g: R*—>R, 10 Qynkuun f4-g, f—g, f-8
0 f/g OnpeneisioTCs TOYHO TAaK ke, KAK M B OXHOMEPHOM
cayvae. Ecmu f: A—>R™ u g: B—R”?, rze BcR?, 10
Komnosuyus go f onperensercs paBeHCTBOM (g o f)(X) =

=g (f(x)); ob6aacTblo onpenenesus & o f cayxut A f"l (B).
Ecaun f: A —> R™ B3auMHO 01HO3HAUHO, T. €. ecaH [ (X) =+ I

npu X<+ y, 10 f 5 f(A)—R" onpereasercs Tpefopauuem,

urole  f _l(z) Obino Tem elMHCTBEHHHIM x € A, 419 KOTO-
poro f(x)=z.

Syukung f: A—>R™ onpenensier m xoopousamusx ghyiK-
yui f1, ..., f™ A—>R pasencrsom f(x)=(f1(x), ..., [ (x)).
O6parHo, 1 MmoBbiX 3a1aHHBIX 7 QYHKUHH g &t A—>R
CYWLeCTBYeT TaKas emuHcTBeHHasa ¢yuxuma f: A —>R™, uro
[f=g; (i=1, ..., m),a nmeuno f(x)=(g,(x), ..., &, (x)).
Ora dyuxuus f Oyser ob6oaHauatsess (€4, ..., &,), TAK 4TO
Beerza f==(f!, ..., /™). Ecau m: R"—R"” — TOXIeCTBeH-
noe oroGpamenne, m(x)=x, To ' (x)=x’ ¢ynxuus n!
HaspiBaeTce -4 npoexyuelii.

Banucs  lim f(x)==0, Kak H B ONHOMEPHOM cJyuae,
X->a

03HayaeT, 4TO f(X) MOXKHO CleNaTh CKOAb YrOAHO GAH3KUM
K b, B3B X 10CTaTouHO GIM3KMM K @, HO He COBNAJAIOWKM C 4.
Ha wmaTemaTHueckOM s3biKe 9TO O3HAuaeT, YTO A/ BCAKOrO
uncna e > 0 cywecrsyer Takoe uneio § >0, uro | f (x)—& |<e
Ans BCeX X, YLOBJeTBOpAOWHX ycaoBuw 0 < |x —a|<9.
®yukuMs [ Ha3HIBACTCA HEAPEPWEHOL B8 mouke @, eciu
lim f (x) == f (a), u ¢pyukuns f: A— R™ nasuaerca (npocro)
x=>a

Henpepusrol, eClM OHA HeNpephBHA B KaXIoH Touke a € A.
Onpot M3 NPUATHHIX HEOXWIAHHOCTeH, CBA3AHHBIX € STHM
TMOHATHEM, HBJAAETCA TO, YTO HENPEPHIBHOCTL MOXHO OMpe-
fenuTh Ges ucmonb3oBaHus NpereaoB. M3 npupenenHoft HUxe
teopembl 1.8 BhiTekaer, yro f: R”—R™ Henpepniua Torna
U TOMbKO TOTAa, KOrna f’l (U) oTKkpHITO L% BCAKOTO OTKPHI-
Toro MHowecra U cR™; ecan o6nacteio onpenenerns f
cayxut He Bce R”, To TpeGyerca Heckolbko Gonee ClOMmHOE
YCIOBHE.
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. v

1.8. Teopewma. Ecau AcR", mo dyurxyua f: A->R™
Henpepwora mozda u mo: fzwc?l mozda, Koz20a 048 6CAK0zO
OMKPOLMO20 MHOMCECHLBA r=1% C)'chmﬁyem maxoe OomxpsL-

moe snoscecmso V=R, 4mo fTH(U)=V A.

HJokasareancTro. I1peanoaoxum, uro f HETNpeprIBHA.
Ecan aEf“l(U) ro f(@EU. Tax xak U — oTkpuiToe
MHOXecTBO, TO CVU.[QC'IBVQT TAKOHA OFI\prTBIﬁ Hapanneﬂe-
nunes B, 4yro f(a)EBc:U Tak xak f HenpepbiBHA B TOYKE @,
TO BblépaB JOCTATOUYHO Maﬂbln napanneﬂennneﬂ C COlIep)Ka-
wul @, MOkHO poGurhes, 9TOOM f(x)EB nas Bcex x,
conepxaimuxcs 3 C. CreaadM 910 1aa kaxzoro a € £~ (U),
n nycrs V — o6bexmnent® Bcex Takux C. Ouesniuo,
f'l (Uy=V N A. IokasaréIhCTBO 0OPATHOrO MpPEANOKEHHSA
aHAJIOTHYHO, M Mbl npenocTdBAAEM ero unrareso. ff

Ha rteopembr 1.8 Bhitexs®T BaXHOE ClIeiCTBUE.

1.9. Teopema. Ecau [+ A—>R" nenpepusua u A xon-
naxmuo, mo [ (A) xomnaxMHo.

NoxaszarteabcTno. LIYCTb O — OTKpHITOE NOKpPHTHE
mHoxecTBa f(A). JIaa pciKOro UEG CyuiecTByeT Takoe
OTKPHITOE MHOXeCTBO V, vTO [~ "U)y=V,n A. Cemettcrso
scex Vi apaserca oTkpbirp™M NOKPBITHeM MHOMecrBa A. Tak
kak A KOMIAKTHO, TO HefOTOPBIH KOHeuHb HaGOp MHO-
weers Vi, .. . Vi, mokphisaer A. Ho roria muoxecrsa
U, .. U noprma!m 4. 1

Ech CbVHKLLVlH f: A-sR orpanmuuena, 10 crenen» ee
OTKJIOHEHHA OT HempepwlBHOrTH B TOUKe @€ A MOXHO TOYHO
M3MEpPHTh.

Has 6 > 0 nmoaoxum

Ma, f, O)=sup {f(¥): *EA u |x—a| <9},
ma, f, 0)=inf{f(x: XEA n |[x —a]|<?}.
Kozebanue o(f, @) byuun f B TOuke @ omnperensercs
dbopMyION
o(f, @)= limMe f. ) —m(a, f. 8]
5->0

dror npenen Beeraa cywETBYeT, Tak xak M(a, f, 8) —
—m(a, f, &) y6rsaer npu yObiBalmu 0.
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C o(f, @) cBisansl ABa BaWHLIX (aKTa.

1.10. Teopema. Oezpanuvennan Gyuxyus [ uenpe-
Pol8Ra 8 mouKe a mo20a 1 moabko mozoa, kozda o(f, a)==0.

HNoxasartenncreo. Ilycrs f wenpepwsHa B a. [as
Beskoro uncaa & >0 MoxHO BeGpars Takoe uncao & >0,
uto | f(x) — f(a)| <e mam Bcex x € A, yAOBAETBOPAIOLIHX
HepaBeHcTsy | X —a | < 6. Toraa M(a, f, O)—m (a, f, 8) < 2e.
Tak xax 370 BepHO 148 BCAKOTO £, To o(f, a)==0. oxa-
33TeNIbCTBO 0OpAaTHOrO YTBEPMAEHUS aHAJOTHYHO, M MBI ero
npepocrasiageM uurareno. i

I.1l. Teopema. ITyems AcR® — samrnymoe mno-
ocecmso. Toz2da Oan  BcAxoid  oepanuueHHod  PyRKGUL
fi A—R u 8cakozo € > 0 muoocecmso {x € A: o(f, x) > ¢}
3QMKHYMO.

HNokasareabcrro. [lycth B={x€ A: o(f, x) >¢&).
[lokaxewm, yro R”\ B orkpuiro. Ecin x €R” \ B, 10 2mco
xg A 6o x€A wu o(f, x)<e. B nepsom cayuae, no-
cKOMbKY A 3aMKHYTO, CYUIeCTBYeT OTKPBITHIA mapasenenu-
nen C, cogzepxauwmi x u Ttako#t, vro CcR"\ AcR" \ B.
Bo BTOpOM cayuae cywecrByer Takoe 0 > 0, uro M (x, f, 6)—
—m(x, f, &) <e. Ilycrb C — orTkphiThifi napaagenenwien,
cozepxalWMl X H TakoH, 4ro | X — y | <O aas Beex yE€C,
Toraa, ecmn y €C, 10 cymectByer rakoe 0;, uro [ x — 2z | < 0
ANs BCeX 2, YIOBJETBOPAIOWMX YCAoBHIO |2 — v | < d,. [lo-
stomy M(y, f. 0)—m(y, f. 8)<e u, caenosareanno,
o(y, f)<<e, tak uto CcR"\ B. I

3apaum

1.23. MMycts /1 A->R™ u C < R™ B cayuae koraa f B3aHMHO

oanoanauno, f 1 (C) 6pui0 onpejeJeHo aByMsa cnocobamu. [Toxkasats,
YTO OHHM 3KBHBAJNEHTHBI.

1.24, okasars, yto dyHkuus f: A -> R™ HenpepbiBHa B TOUKe a

TOrja H TOJBKO TOrJa, Korja KaxJas KOOpJAHHATHaf (byHK[lHﬂ fl
HEnpepbIBHA.

1.25. Jokasarb, 9to Jaunefinoe npeoGpascBanue 7: R? > R™
HenpepwBHO. (Y K a3 aHHe: Henoab3dosars 3agauy 1.10.)

1.26. Ilyete A= {(x, y)ER% x>0 0 0 < y < x2},
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a) Moxazarh, uTOo BcAKas npamad, npoxoismas uepes (0, 0),
collepHT Heabifi HHTepBan ¢ ueHTpoM (0, 0), npuHaanexauui
R2\ A.

6) Oapezeanm f: RZ—>R. monowus f(x)=0, ecan x@& A,
u f(x)=1, ecam x€A [aa xaxpoéi Ttoukn R2CR? noroxuM
g, &)= fth). [Tokaszath, 4to Kaxkaas QyHKuMS §, HenpepHBHA
B 0, HO f He nempepbiBHa B (0, 0).

1.27. Jdoxasatb oTKpmITocTh MHOXecTBa {XER™ |x—a| <1}
nyreM paccMoTpenus ¢ynkumn f: R* >R, rae f(x) =|x—al

1.28, Jokasath, 49TO AJf BCAKOrO HE3aMKHYTOrO MHOXECTBA
AcR” cymecTByeT HeorpaHuueHHas HenpepeiBHas Gyukuus f: A—>R.
(Ykasanue: B3IB HEBHYTPEHHIOI TOUKy X MHowectBa R7\ 4,
noaoxutb f(yy=1/]y—x|)

1.29. Hokasatb, 4710 ecau A KOMIIAKTHO, TO BCHKAs HEIpPEPLIB-
Hast oynkuua f1 A -> R uMeer nanGodbliiee ¥ HauMeHbLiee 3HAYEHHA.

1.30. Iycts f: [, &) - R — Bo3pacraomas ¢yukuus. [lokasarts,
n

ato ) 0 (f, x;) < f (b) — f (a) Ans MOGHIX TOYEK X, ..., X, €[4, 8]

i=1
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Huggbepenuyuposanue

OCHOBHBbBIE OIPEJEJEHHUSA

Hanomunm, uyro ¢yuxuus f: R—>R HasmBaerca nudde-
peHuMpyeMoit B Touke a €ER, eciau CyuiecTByeT Takoe uuclo

' (@), uro

lim
>0

J@tN=1@ _ (g O

D10 paBeHCTBO, OYEBMAHO, TepseT CMbiCA B oOleM ciayyae
dynxuan  f: R” —R™, oaHako eMy MOXHO Npuiath GopMmy,
nonyckaiowylo obobwenre. [Tycts A: R— R — nutetinoe oro-
Gpaxenne, onpereasemoe Gopmynod A (4)=f'(a)-h. Pa-
BeHCTBO (1) SXBMBAJEHTHO TOTIA PABEHCTBY

h->0

[TocaenHee paBeHCTBO  4aCTO  HHTEPNPETHPYIOT  TakK:
A(h)-}+f(a) ectb xopowas annpoxkcuMmauus ¢yukimn f
B6auau TOoukU a (cM. 3azauy 2.9). CocpenorounM Tenepnb Hallie
BHUMaHWe Ha JHHeRHOM OTOOpaxeHudm A M mnepedopMypHpyeM
onpeneneHue 1uddepeHINPYEMOCTH CRedyIOWUM 06pa3oM.

dyukuns f: R—>R nuddepenunpyeMa B Touke a€R,
eCM CYILLeCTBYeT Takoe JHHHeHHOe oToOpaxenue A: R-—>R, uro

flath—f@—==4H) __
h h '

lim
20

B TakoM Buze ompelnejieHHe LOMycKaeT npocrtoe o6obiue-
HHe Ha BBICIIME Pa3MepHOCTY:

dyukuns f: R*—>R™ Jugppepenyupyena B touxe a €R®,
ec/u CYLIeCTBYeT Takoe JuHeHHOe orobpamenme A: R® —R™,
yTo

lim L@t —f@—rm|__,
k>0 lhl




28 2. Hugpgpepenyuposone

3amerum, uro B —Touka ua R", a f(a 4+ k) — fla) —A(h)—
Touka u3 R™, Tak uTO 3HAKM HODMBI B HTOM ONpeleNeHHH
cyuecrBeHHH. JluHeHHOe 0TOOGpaxkeHHe A HA3LIBAETCH RPOUI-
800Kot ¢yukumH f B Touke @ M obosHadaercs Df (a).

2.1. Teopewma. Ecau Pynryun f: R®*—>R" Ouggpe-
perngupyema 68 mouke aER”®, mo cywecmeyem eO0un-
cmeennoe aureiinoe omobpasicenue h: R*—>R™ maxoe, ymo

lim fat+n—Ffl@—rH]| __
h->0 [ 2]

HokasareabcTso. [Ipeanoaoxum, uTo MuHeHHOE OTO-
Gpaxenue p: R”-—>R™ ynosnerBopsier YCJOBHIO

lim e+t —fl@—pn®| __
R0 |2
[Tonaras d(h)=f(a + k) — f(a), noayuaem

AR =) A —d (W) Fd(h)—u(h))
A V) %] <
. A (hy—d(h)] ld(h)—u(h)]
| |
SR M

Ho ¢fx—>0 mpu £->0 ans Beakoro x €R®. [losromy
119 X 0 uMeem
— i A —p @) 1P () —p ()
0=lim
-0 [£x | | x]

Cnenosarenbro, A (x)=pn(x). i

B ranbHefiieM Mbl OGHAapYmuM HpPOCTOH Cnoco® OTHICKa-
nus Df (a). Tloka xe paccmorpum ¢ynkumo f: RZ—»R,
onpeanenseMyio ¢opmyaolt  f(x, y)=sinx. Iloxamem, uro
Df(a, by=»x, rme A(x, y)==(cosa)- x. Jlas 3T0ro 3a-
METHM, 4TO

lim | flath b+h)—Fla b)—A(h R __
(, )50 [ (% R)]
— lim | sin (@ 4~ A) — sin @ — (cos a) + hl
(h, BY=>0 I (h, R)]

Ho tak xak sin’(2)==cosa, 1O
. |sin{(@a+4 h)—sina — (cos a) - h]
lim
h->0 L 2]
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A nockoabky | (&, k)i}[h |, HMeeM Takie

. |sin(@a-4-h)—sina—(cosa)-A|
A [T )] =

HacTo ynoGHO paccMatpHBaTb MaTpPHLY OTOGpaxKeHus
Df (a): R*—R™ orHOCUTENLHO CTAaHIAPTHHIX 6a3HcoB B R”
n R™. 9ra (m X n)-matpuua HaswiBaercs mampuyel Sko6u
$ynxumu f B Touke @ M obosHauaercs f’(a). Ecan f(x, y)=
=sinx, 1o f'(a, &)=(cosa, 0). Ecmu f: R—R, 10
/" (a) ectb (1 XX 1)-MaTpuua,eAMHCTBEHHBIM 31EMEHTOM KOTOPOH
CAYXKHUT YUCAO0, 0603HaYaeMOe B 3/IeMEHTAPHOM aHaause f’ (a).

Ilpoussoanyw Df(a) MoxHO onpeleldTb W Aad (QYHK-
M f, 3a1aHHOH TOJLKO HR HEKOTODOM OTKPBITOM MHOMeECTBE,
corepxameM a. Ho paccmorpenne quumtb ¢yHkuui, onpene-
neHHHX Ha BceM R”®, ynpouaer GopmyaupoBxu TeopeM, He
NPHBOLA N0 CYUIECTBY K moTepe OGUIHOCTH.

Bynem rosoputh, uro ¢yskums f auddepenuupyema Ha
vnoxectse A, ecan f nuddepenuupyeMa B Kamioh TOuKe
a€ A. Oynkums f: A—>R™ Oyner nasmBaThca dugbghepen-
yupyeMmol, eciu ee MOXKHO NPOACHKUTL 10 AuddepeHUu-
pyeMO#t (pYHKUMH HA HEKOTODOM OTKPHITOM MHOXKeCTBE, CO-
aepxameM A.

0.

3anayu

2.1*. Jloxasath, uTo ecau ¢yukuus f: R"->R™ nuddepennu-
pyeMa B a¢€R” 710 OHa HenpephBHa B 4. (Y Ka3 aHH e HCAOIb-
3oBatb 3anauy 1.10.)

2.2, Pyuxknus f: R? —> R ue zasucum om emopoii nepemennoi,
ecrm Aag kawnoro xER umeem f(x, y,)= f(x, y,) A2 Bcex
¥1» ¥2€R. Tlokazats, 9TOo f He 3aBHUCAT OT BTOPOH NepeMeHHOH
TOT2 M TOJbKO TOrJd, KOTZAa CYUIECTBYeT Takas ¢yukuus g: R >R,
uto f(x, y) = g (x). Kax Belpamaerca f’ (e, b) uepes g'?

2.3. OupeseauTh He3aBHCHMOCTb (ynkiME f: R? >R or nepsoit
nepeMeHHod H Hafitd f’ (@, b) anm Taknx f. Kaxue Qyuxuun ne
3aBHCAT HW OT MEPBOH, HM OT BTOPOH IEepEeMeHHOI?

24. llyctb g — nempepsiBHas (YHKUMA HA eAUHHYHOH OKPYXK-
nocte {xER% (x| =1} u g (0, 1) =g (1,0) =0. g (- x) = —g (x).
Onpezeanm f: R2—>R ycaoBuamu ;

X
X ——| npu x=£0,
<le () mon x

0 opy x =0,

fx)=
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a) Moka3aarp, uto dyHkuus A: R - R, onpenenexnas paBeHCTBOM
h ()= f (tx), rre x €ER2, puddepenuupyema.

6) Ilokasatb, uto f He auddepennupyema B (0, 0), kpoMe cay-
yas g==0. (Y kaszaHue: cHavana mokasath, 410 Df (0, 0) =0,
paccuartpuBas (A, k) ¢ k=0 u 3atem ¢ h=0.)

2.5. Ilycts f: R?2 >R onpenesena ycaosuaMu

257 ,
f(x»y)zj Vire,r e e nN#0
0 npu (x, y)=0.

Mokasars, uto f ecTb GyHKUMS BHAA, PACCMOTPEHHOro B 3ajaue 2.4,
u noroMy f He nuddepennupyema B (0, 0).

26. [lycts  f: R2—> R ompeneasercs paBeHCTBOM f (X, y) =
'.—:V]xy]. Tokasats, uto f He nuddepenuupyema B (0, 0).

2,7, Tlokasarb, uto ¢yukuua f: R” >R, yrnosaersopsaiomas
ycaosuio | f (x) | < | x|? nuddepeHnupyema B Hyxe.

2.8. Ilyctp f: R—> R2 [dokasate, uto f subdepenuupyema B @
TOrJa M TOXbKO TOrja, korfa f! u f? nuddepeHuupyemsl B @; U 4TO -

B 9TOM cayuae
(f ‘)'(0))
3@/

2.9. Pynkuun £, g: R —> R Ha3BIBAIOTCH pasHoLMU ¢ MOYLHOCMBIO
00 n-20 nopsdka B a, €Clu .

im L@t @t

B0 A"

f (a)=<

a) IMokasaty, yto f auddepeHuupyema B @ 10rna 4 T0JAbKO TOT A3,
“KOTAa cymecTByeT 1akas QyHkuua g Buia g (x) = q,+a, (x —a), -
yTO f M £ PaBHBH C TOYHOCTHIO JIO MEPBOrO MOPAAKA B 4.

6) ITycry cymecrByloT f’ @, ..., Fm (a). Tloxasats, utO0 f
pasHa C TOYHOCTbIO 10 n-TO nopsaika B & dyukuuu g: R —> R, onpe-
JeNeHHOH . paBEHCTBOM

oy D)
g= Y12 x—ay

i=1
(Y kazaHHe: npenea

n=1
0
f— Y10 gy

i!
lim I=1
x>a (x—a)*

MOXHO BBLIUHCAHTb C NOMOIIbIO npaBdaa Jlomuraas.)
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OCHOBHbBIE TEOPEMbBI

2.2, Teopema. (Ilpasuno ntudpdepenunpona-
nus caoxHolh ¢ynkuunn) Ecau f: R*—>R™ dughghe-
penyupyena 8 a u g: R™ —>R? dupgepenyupyena & f(a),
mo xomnosuyus gof: R"—>RP duggepenyupyera 8 a u

D (g f)(@)=Dg(f(a))> Df (a).

3ameuanue. OTO pPaBEHCTBO MOXHO 3aMHCaTb TAKKe
B popMe ' ‘

8-Sy (@)=g (f(a))- [ (a)

Ilpy m=n = p =1 noayuaem ussecTHoe npasui0 ILudpde-
PCHLUPOBAHHS CJAOXHBIX YHKLMHA.

HokasareabctBo. Ilycte b= f(a), A=Df(a) n

n=>Dg(f(a)).
ITonoxkum
¢(x)=f(x) — f(@) —A(x—a) A (D
YYW)=gW)—&©®) —uly—>5), 2
Pp(x)=(gof)(x)— (g f)(@) —(neod)(x a). (3)
Torna
m ey =0 @
L4 62N '
i 5 =0 ®

i MblI JOJIXKHBl MOKa33aThb, 4TO

im L8
x>a I X— al
Ho
px)=g(f(x))—&®0) —u(x—a)=
=8/ (x))—& 0)—n(f (x)—f (@)—@(x)) cornacko (1)
=[gU(x))—80)—u(f(x)—f@)+u(p(x))=
=P (f(x))+pn(@(x)) cornacuo (2).
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Taxum 06pa3oM, AOCTaTOUHO 10KA3aTh, YTO

o L]

lim S =0 ®)
H

o LB@M)

«Ll—r)na | X —al =0. 0

Ho pasencrso (7) nerko caenyer us (4) u samaun 1.10.
Hanee, B cuay (B) aas Besaxoro & > 0 cyiiecTByer Takoe
6> 0, uro

(N <e|fx)—b] nmpu [f(x)—b]<8.

Ilocnennee e HepaBeHCTBO CnpaBeiiuBO npu |x —a| <Y
¢ nagaexauum 6, > 0. Toraa

W @) [ <elf)—b|=¢lp@)+hx—a)|<
Lelgx)|+eM|x—al

g Hekotoporo M (cm. sajawy 1.10). A orciosa nerko
ciaeayer paseuctso (6). Wl

23. Teopema.

(1) Ecan f: R"—>R™ — nocmosunasn @yuxyus (m. e.
cyugecmsyem maxkoe YER™, umo f(x)=y dan 8cex
X ERM, mo

Df (a)==0
npu scex a€R”
(2) Ecau f: R"—>R™ — auneiinoe omobpascenie, mo

Df@)=f
npu scex a€R”"
(3) Oyuryua f: R"—>R™ Ougpghepenyupyena 8 aER"
moz20a u moasko mozda, Koz20n Ougpgepenyupyena Kaxic-
0an KOOPOUHAMHAR PYAKYUA f'i, u

Df(@)=(Df" (). ..., Df"(a)).
Taxum obpasom, f'(a) ecmv (m X n)-mampuya, i-ii cmpo-
xoii womopoii cayaucum (fY (a).
(4) Ecau s: R2->R onpedeseno pasercmeon s(x, v)==
=x-t+y mo
Ds(a, b)=s.
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(5) Ecau p: R?2—>R onpedeneno pasencmson p(x, yy=—
==Xy, mo
Dp(a, &)(x, y)=0bx +ay,
nak wmo
p'(a, b)=(b, a).
INokasaaTenbCTBO.

(1) lim | fla+h)—f(a)—0]

|Y'_‘y—'0‘ ____O

=lim -2 —— =1 =0,
Jim 1 im0 A1
@) lim L@atn—r@—=ril __
h->0 Al
—lim @I =@ =] _ o
h->0 Ikl

(3) Ecan kawaas xoopaunarnas oyuxuua f' nuddepen-
pyemMa B a H

A= (DfY(a), ..., Df"(a)),
TO
fla+h)y— f@)—hi(h)=
=(f'(a+h) — fl(a) — Df (a)(h). ...
cowy fM @+ h)y—f"(a) — Df"(a)(h))

i TIOTOMY
(im @R —F(a) —A(h)| <
h—>0 [Al
n ; . . ;
<lim N et —fl@—Drf@ml _ g
Iz~>0i:0 |hl

Ecau e, ¢ apyro# croponsl, f nuddepenuupyema B a,
ro fl==m'o f nuddepemuupyema B a B cumay (2) H Teo-
peMbt 2.2.

(4) Cnenyer u3 (2).

(5) Iycrs A (x, y)=—bx+ay. Toria

i lpeth bk —p@b)—=th B — iy _LAE]
(h, &) >0 [(h ) (r, k)->0 | (A, R) |
Ho

[h[?, ecmm k|| NI
Ihk’<{|k]2, et | A<k
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Crnenosarensto, |hk|<|h 2| &2 [lostomy

| k| A Y s
ol < VigE VTR

TaK yToO
. hk |
lim l—=0.
k>0 | (B B i

2.4. Cneacrsue. Ecag f, g0 R"—>R Odugpepenyu-;
pyems. 8 a, mo
D(f +-g) (@)= Df (a)-+ Dg (a),
D(fg)(a)=g(a) Df (a)+ f (a) Dg (a).
Ecau, kpome mozo, g (a)+0, mo
i __ 8 Df(a)—f(a) Dg (a)
D(g)(a) o (g (a))? '
HdoxkasarenbcTBO. Mb JOKaXeM JHlib NEpPBOE pa-
BEHCTBO, MNpPeLOCTaBHB OCTajbHbie uHTareqo. [lockoAbKy
f+g=s0(f, g), nmeen
D(f+ g)(@)=Ds(f(a), g(a))oD(f, &)(a)==
==s0(Df(a), Dg(a))==Df(a)+ Dg(a). B
Tenepr HaM rapaHTnpoBaHa AHpdepenuUpyeMocTb TexX

dyuxuutt f: R” — R™, k0OpauHATHbiE QYHKLUKX KOTOPHIX TIOAY-
Y3TCA NYTeM CJAOKEHHS, YMHOXEHWS, JeJeHud M KOMIO-

UMK QYHKUME 5 (ABAAIOLIMXCA  AMHEKHBIMH  OTOGpaxe-
HUAMH), M Tex @YyHKuu#t, AudPepesurpyeMOCTL KOTOPHIX
yCTaHOBNEHa B SJeMeHTapHoM auasuse, ONHAKO HaxXOxleHue
Df(x) uau f/(x) MOKeT 0Ka3aTbesd JAOBOJLHO CJIOMKHBIM Ae-
aoM. [lycrs, wampumep, f: R?-—>R onpelreseHa paBeHCTBOM
f(x, yy=sin(xy?. Tak kax f=sino(n!.[n??), 10 MH
¥MeeM
J' (@, by =sin’ (ab?) - (2 (Y (a, b)+a ([ (a, b)] =

=sin’ (ab?) - [%(n') (a, &)+ 2ab (72 (4, )] =

== (cos (ab?)) . [b2(1, 0)+ 2ab (0, )] =

= (b2 cos (ab?), 2ab cos(ab?)).

K cuactsio, Ml nafilleM BckOpe 3uauuTenbHo GoJdee mpo-
cToit cnoco6 Briuucaenus f’.
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3anauu

2.10. Mcnoabays TteopeMwl 3Toro naparpada. ua#itu f' aas
CICRYIOMHEX (DYHKIHE:

a) f(x, 9. 2)=x7,

6) f(x, 5, 2)=(x, 2),

B) f(x, y)=sin(xsiny),

r) f(x, y, 2)=sin(xsin(ysinz)),

0 fxy 2)=x,

e) f(x, y. 2)=x¥*+?

K) f(x, y, )= (x+ ¥

3) f(x, y)=sin (xy),

u) f(x. y) = [sin (xy)]*°%,

k) f (%, y)=(sin (xy), sin (x sin y), x¥).

2.11. Haiith f’ B npuBOXMMBIX Hme mpuMmepax (rxe g: R >R
lICIPEPHIBHO):

x+y

Xy
wren=[g ©rmn=|e
[ a

sin (x sin (y sin 2))

oy = g
. 4
2,12, Pyuxkuua f: R? X R™ > RP jasumBaercst Ousun iHod,
ecan nas Mobbix x, x;, £, ER% v, v, ¥.ER™® u aCR
flax, y)y=af (x, y)=f(x, ay)
f(xl +x2’ }') =f(xlv .Y)_'!—f(x?t y)'
Flx 4y =F(x )+ 1 (% y2)
a) Jokasatb, uto ecau f Ouauneina, TO
. I f(h R)]
1 — T =)
h8)>0 1(A: )|
6) Hokasats, uto Df (a, b) (x, y) = f(a, y)+ f (x. b).

B) Ilokasars, uro dopmyana nmas Dp (a, b) B Teopeme 2.3 ectb
YacTHHIH cayqali nyHkTa 6).

2.133 Onpenenum ) /P: R* %X R? >R ¢opMyaoi [P (x, y)=
X ¥).
a) Hattru D ({P) (a, b) u (IPY (a, b).

') /P — cokpamenne or inner product (BHyTpeHHee nmpou3Beje-
uue). — Ilpun. nepzas.
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6) lMoxasats. uto ecau f, g: R—>R* nnddepenunupyemb u
h: R —> R oupeneneno paseuctsom A (f) = (f (¢). g (£)). 10

w @y ={f @ g@)+{f (@ g @)

(3averum, uto f' (a) ectb (n X 1)-MaTpHua; TPaHCIOHHPOBAHHAR
MaTpHua f’ (a)T ecth (1 > n)-Matpiuna, KOTOPYIO Mbl PacCMaTpHBaeM
kak anement u3z R7) )

B) [loxaszarb, uto ecan fi. R->R? juddepenunpyema u
| £(®)] =1 aan Beex ¢, 10 (FF O F@))=o.

r) Jats npumep aupdepennupyemoil dyukund f: R >R, aas
KoTOpo# dyHkiuus | f|, onpenendemas paseHcTBOM | f [ () =|f (B)].
6ptna 6bl nesnddepennupyeMod.

214, llyers Ej(i=1, ..., k) — eBKIULOBBI TIPOCTPAHCTBA Pa3-
nuuHBIX  pasvepHocred. Pynxuus  fi E; < ... X Ep > RP naswl-
BAETCA nOAUAUH?EHOI, ecan Tpu moboM Bbhibope Touek x;C £y,

Jj # i, ¢yukums g: E; > RP, onpejeaseMas PaBEHCTBOM g (x) =

== f Xy ove, Ximp Xy Xigpr -oon Xp), JHHEHHA.
a) [lokaszars, uTO ecau f— NOAWAMHEHHAs QYHKUUA H { & j,
T0 A ho=(h, ..., hy), rae ¢ Eyp,
o f @ By Ry ag)
lim l = 0.
A0 LA

(Yxasanue Gydxuus g (x, y)=f (@ «.v Xy iuts Yivun, Q)
6uauHelHa.)
6) IoxasaTtb, uTO

Df(ap oo, ap) (X, .00, Xp) =

k
== E /(llp ches @iy Xy @iy e e dk).
[=1

2.15. Byzem cuntath (n X n)-MaTpUuy TOYKOH# mpOH3BEXEHHA
R* ... X R" n sksemnaspoB upocrpaicTBa R”, paccMaTpuBas
KaXAyW CTPOKY Kax saemeHT u3 R™

a) Jlokasare. uto det: R? X ... X R" >R nudpdepenuupyem u

a;

D (det) (@, ..., @p) (X1, ..., x,) = ) det ,'v,v

=1

an
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6) lloxasats, uto ecan g;;: R —> R auddepennupyemn u f (f) =
= det (a;; () ), T0 ) )
ap ) ... ay, (t)

Fro="7) det agl(f) a;‘n ®
j=1 . .

Quy (€) «-. @up (9)

B) ITycts det (a;; (£) ) =~ 0 nas Beex £, dyHkuuu b, ..., b, R>R
1updepeHnupyeMnl,” a GyHKuUM Sy, ..., Sp0 R—>R Takosn, uro
(s1 () ..., Sp(f)) mpu kaxnoM ¢ obpaszyer pPEUICHHE CHCTEMH

n

Dlaysity=20;¢t), i=1...,n
1

J=
[Toxasath, uto Bce s; nuddepeHUHPyeMBl, U HaiTH s: (£).

2.16. lpexnosoxum, uro dyuxkuua f: R* >R"” nuddepenun-
pyeMa u uMeer auddepenuupyemyio obparayio f~: R* - R". [o-
kasatb, wro (=Y (@)= F (F"1 (@)~ (Yxasaune: yueCTb,

uro (fof™ 1) (x) = x)

YACTHBIE NMPOW3BOJAHbLIE

TpucrynuM K 3azaye OTBICKAHHS MPOM3BOAHBLIX 10 OAHOH
us nepemennnx. [Tycts f: R* —R u a €R". Mpenen

lim fla ..., at4n,...,a"—f(a' ..., a®
h=>0 h ’

eCaM OH CYIIEeCTBYET, Ha3biBaercs i-4 4acmHuoil npoussodHoi
bynxuun f B TOuke @ M obosnauaercad D,f (2). Baxno same-
tatb, uto D;f(a) ectb 0oOHuHAS NPOM3BOIHAs HEKOTOPOH
dynxuun. A umenno, D, f (a) = g’ (a?), rie g(x) == f(a!, ...,
%X, ..., a®). Dro osHauaer, 4ro D;f (a) ecrb yrioso# Kosd-
¢GuUMEHT KacaTenbHOH B TOuKe (@, f(a@)) Kk KpHBOH, NOJyueH-
HOH mepeceuenuem rpadukaf ¢ maockoctvio x/=al, j£1i
(puc. 2.1). BDro o3HauaeT TaKxe, 4TO BhuMcAeHHe D;f (@)
eCThb '331a4a, KOTOPYIO MEl yme yMmeeM pewatb. Ecan ¢yuk-
uas f(x!, ..., x") samana ¢opmynao#t, B KOTOPYIO BXOJMAT -
x4 ..., x* 1o D,f(x', ..., x") Haxoautcs AupdepeHiy-
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poBaHueM (YHKUMM, 3HAYeHHe KOTOPOH B x! aanagTcA STOH

dopMyn0i, ecnu cuuTaTH BCe x’ npu j + { nocroausmMn. Ha-
npumep, ecan f(x, ¥) =sin(xy?), 1o D,f (x, y) == yicos(xy)?
u Dof (x, y)==2xycos(xy?). Ecmu ke f(x, y)=xY¥, 710
Df(x, y)=yx¥"1, a Dyf (x, y)=xYInx.

T2

(a,0)

“’;
Puc. 2.1.

ITocre HeGonbluiof HMPAaKTUKM (pelIMB, HanpuMep, 3alauu
B KOHIEe 9TOro maparpada) uurareqb RLOCTUFHET TOH e Jer-
KocTH B Bhluucneduu D,f, ¢ Kako# OH BHUHCAAET OOBIYHBIE
NpPOU3BOIHEIE.

Ecan D,f (x) cywectsyer nns Bcex x ER, To Msl no-
ayuaem ¢yukuuo D;f: R® —R. Ee j-n uacTHads npouspoiHas
B Touke X, T. e. D;(D;f)(x), yacto oGo3Hauaercs Dy, if (x).
3ameTnM, uTo 3Ta 3anuch obpawaer mopsanok ! u j. Ha camom
Iene TopaIoK OGHIYHO HeBaxceH, NMOCKOJAbKY I GOMbIIMHCTBA
dyHKunH (10 MOBOAY MCK/OYenn# cM. sagaum) Dy ;f =D, ;f.

© CyluecTBYIOT pa3IMyHbIe TOHKME TeOpeMB OTHOCHTEeNbHO
ycaosu#, obecneyuBaiOIIMX TO DPABEHCTBO; CJEAYIOWIAdA Teo-
peMa BHOJHe 1OCTaTOYHAa. Msl chopmyaupyem ee 3lechb, HO
I0Ka3aTeNbCTBO OTJNOKUM (3anaua 3.28).

2.5. Teopema. Feau Dy ;,f u Dy ;f Henpepuisus. wa
OMKPLLMOM MHONCECMEE, coOepicatem a, mo

Dy @)= D, /(@
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Syuxuus D, ,f nasvisaercs (cHemannoi) vacmuol npous-
800H0H 8mapozo nopadxa dyuxuuu f. (Cmelmanubie) 4acTHbe
NPOU3BOIHBE BHICIIHX MODPAILKOB OTPEIEN0TCa aHaJOTHYHO.
OueBHAHO, YTO MPH HALAEHALIHX YCAOBHIX TeopeMy 2.5 MOXHO
UCMO/IL30BATL AN 10KA3aTeJNbCTBAa PABEHCTBA (CMeIla:iHBIX)
YaCTHBIX MPOM3BOAHBIX BbICWIMX nopankoB. Ecam f umeer
YaCTHHIE NIPOH3BOJHLIE BCeX MOPALKOB, TO MOPALOK HHAEKCOB

z

Puc. 22

Iy von iy B Dl‘, ,kf cOBeplleHHO HeBaxkeH. Takue ¢yHK-

UMM HasHBAWOTCA (yHkuusaMu knaacca C®. B nocrenymolinx
rnaeax 4acTo OGyzeT YA0GHO OFpaHHYMBATLCA PACCMOTpeEHHEM
¢byuxuufi kaacca C™.

B caeayiomem naparpade uacTHble NPOU3BOIHBIE OYLYyT
UCNIONB30BAHB 1S OTBICKAHMS NPOM3BOAHEIX. OHH HMeOT
TaKXKe JPYroe BawHOe NPUMeHeHHe — I OTHICKAHUS MAKCHMY -
MOB (pyHKUHHA,

2.6. Teopema. [Tycme AcR*. Ecau maxcumyms (uru
mununys) f: A—>R docmuzaemen 80 Snympenued mouxe a
suoxcecmsa A u D,f(a) cywecmsyem, mo D,f (a)=0.

HDoxkasateabctBo. Iycts g,(x)==f(x' ..., %, ...
«ers X%). OueBHAHO £, UMeeT MaKCHMyM (MW MHHHMYM) B af
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W onpejeneHa B OTKPHTOM WHTepBane, colep:xauieM a‘. Cie-
nosarenvho, D f(a)=g;(a*)=0. I

Unratelb TOMHHUT, 4TO oOpauieHHe Teopembl 2.6 HeBepHo
naxe mpu n==1 (eciu f: R—>R onpeneaeHna paseHcTROM
f(x)=x3 70 f'(0)=0, Ho 0 He ABAAETCA Aa)e NOKAAbHLIM
MaKCHMYMOM MM MuHUMyMOM). IIpu 7> 1 HeBOSMOXHOCTb
obpaltesns TeopeMbl 2.6 MOMeT MNpOABAATLCA AOBOJLHO
adpexTHEIM 06pasom. [Tpennonoxum, Hanpumep, yro f: R2—>R
onpeleneHa paseHcTBOM f(x, ¥) == x? — y? (puc. 2.2). Torna
D, f(0, 0)=0, n6o g, umeer muuumym B 0, a Dyf (0, 0) =0,
n6o g, umeer MakcumyM B 0. Ouesuano (0, 0) He sBasieTcs
TOYKOM HH OTHOCHTENbHOIO MAKCHMYMa, HH OTHOCHTENbHOroO
MHHHUMYMA,

Ecnu a9 OTbICKaHHS MaKCUMyMa MWW MHHUMYMAa ©YHK-
unu f Ha A HcrnoJsayercs teopema 2.6, To 8HaueHHs f B rpa-
HHYHBIX TOYKAX [JOMAHB OBITh pPaccMOTPeHB 0¢060 -— 310
HeJerkoe nejio, NMOCKOJbKY rpanuuedt A mower OniTe Bce A.
Ouann u3 cnoco6oB CMPaBHTLCH € 3TUM YKkasdaH B 3anave 2.27;
Gosee ke CHAbHLIA MeTOL, KOTOPHIH 4acTO HCMOJb3yercd,
u3noxeH B 3anade 5.16.

3anaun

2.17. HaiiTh uacTHele MPON3BOAHBIE CACAYIOIIHX (QyHKUMi:

a) f(x, y, 2) =%,

6) £ (x, ¥, 2)=2,

B) f (x, y)=sin(xsiny),

r) f(x, y, 2) = sin (x sin (y sin 2)),

n f(xy2) =",

e) f(x, y 2)=x""%,

x®) f(x, y,2)=(x+)%

3) f(x, y)=sin(xy),

m) £ (x y) = [sin (xy)]*>

2.18. Haiitu yacTHble npok3BojiHble caenywomux byrkuunit (rae g:
R —> R HempepsiBHa):

x+y

) fn=| g

0/ N= &
Yy
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xy
=g

()

Dfen= | e

x¥y
2.19. Haiitn D,f (1, y) B cayuae. kora f(x;y)=x*" 4
+ (Inx) (arctg (arctg (arctg (sin (cos xy) —In (x 4-y))))). (¥ k a-
3aHME: 9TO MOXHO CHelaTh OUEHb MPOCTO).
2.20. Buipa3nts uacTHHE NPOH3BONHME f YEpPe3 MPOU3BOLHKE
GyHKUHM g ¥ A, ecau

a) f(x, y) =g (x) k(y),
6) f(x,y)=g ()",
B) f(x y)= g (%),

r) f(x, y)=g(y).

n fxy)y=gx4y).

2.21* Iycts gy, g2t R2 >R nenpepuBust # f: R2-»R onpe-
IeJieHa PaBeHCTBOM

x y
flxy)= f g1 0) dt+fg2(x. 8 dt.
0 0

a) IToxasarb, uto D,f (x, ¥) = g4 (X, ¥).

6) Kax caemosano 6b1 ompereauts f, uto6nl D,f (x, y) =
=g (% y)?

g) Haiitu takyio pyskuuio f: R2 >R, y xoropoit D, f (x, y)
u D,f (x, y)=1y, u takyo Oynkuuo, y koropoit D, f (x, y)
H Dyf (%, y)=x.

2.22*, Moxasate, uto dyuxumua f; R2->R, y xoropo#t D,f =0,
He 3aBMCHMT OT BTOpoH nepemeHHoi. Ecau we D, f = D,f =0, 10
Jf — NMOCTOsHHAA.

2.28% Ilycte A={(x, y): ¥ <0 nm x>0 u y~0)}.

a) [Mokazats, uto dyukuus f: A—->R, y kotopoit D, f=D,f=0,
NOCTOSIHHA. (¥ K a3 aH U e: JMobble NBE TOYKH B A MOXKHO COEIAMHUTH
JIOMaHOH, KaXJoe 3BEHO KOTOPOH NapalJesbHO ONHOH M3 ocei.)

6) Haiith takyio dynxumo f: A-—>R, uto D,f =0, Ho f He
HE3aBHCHMa OT BTOPOH NepeMeHHOMH.

2,24, Onpenenum f: R2->R pamencreom

=x
=Yy

xz—-—}ﬂ
fayy=1 ) Fgyr P (x. y) +0.
0 npe (x, y) =0.
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a) Nokasate, uto Dyf (x, 0) = x nan Becex xu D, f (0, y) = —y
78 BCEX Y.

6) ITokasatp, uto D, ,f (0, 0) 5= D,, ,f (0, 0).

2,25, Onpeneaum f: R” > R paseHcTBOM

—_ 2
e™*" npu x=0,
fx)=
0 mpu x=0.
Mokasatb, uro f ecrb dyHkuus kaacca C° u £ (0) =0 nas
eh? 3
BCeXx i (¥ xasanue npezea f' (0)= lim = lim —
R0 A PR
MOXHO BBIMHCJAUTH N0 mpasuty Jlonurans; ZOBOJLHO JEI'KO BbIYH-
casgercs f’ (x) nmpu x #0, a rorna f” (0) = lim f* (A) MOMHO HaHTH

h->0
no npaBuay JIOIIl/ITaJIH.)

2,26*. IlycTb

e'("*‘)“Q-e'("“’_z mpu  xE£(—1, 1),

0 1pH xé(—-l, 1).

a) lokazate, uto f: R->R ectp dynkuna kaacca C™, noao-
WuTeAbHad Ha unrepsajie (—I1, 1) u paBHas Hyal0 BO BCEX OCTaldb-
HbIX TOUKax.

6) TloxasaTp, uTO cywmecTByer TaKkas ¢QyHkuua g: R [0, 1]
kaacca C®, 410 g(x)=0 npu x <0 u g(x)=1 npu x<e.
7 X €

(y Ka3aHHe I[OJOKUTh g (Xx)= J f/f f, rae  f— dynkuus
0 0

fx)=

kaacca C*, moJaoxutenbHas uHa HHTepBate (0, &) H paBHas Hylio
BO BCEX OCTAa/JbHBIX TOYKaX.

B) OnpefeauM npu sanansoM aCR? dynxuuio g: R* >R pa-
BEHCTBOM -

g (x)=7([x'—a'lle) - ... f([x"—a"]/e).

[NokasaTtp, uto g — Gynknua Kiaacca C®, nonowuTe bHas Ha (' —e,
al+e) X ... X (a"—¢g, a”+4¢) u paBHas HYMO BO BCEX OCTailb-
HBIX TOYKaX.

r) ITokasaTb, 4TO HJS BCAKOrO OTKPHITOIO MHOXECTBAa A M KOM-
nakta C C A cywecTByeT Takash HeOTPHLATeNbHas QYHKUHA [
A >R xnacca C®, uto f(x)>0 nas Bcex xEC u f{x)=0 Bue
HEKOTOPOro 3aMKHYTOI'O MHOXECTBa, cojepxaiierocs B A.

1) IlokasaTs, 4TO yKasdaHHYI0 B r) ¢yHkuHio f: A - [0, 1] MoxHO
BHI6paTh Tax, utobsl f(x)=1 nna Bcex x€C. (YKa3aunue: ecnu
Gynxkuua f M3 r) TakoBa, 4To f (x) > & npu x £ C, TO paccMOTpeTh
gof, rAs g — dyHkuua H3 6).)
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2.27. Onpenenum g, h: {xCR2: | x| < 1} - R3 pasenctBaus
g y)=(xy, VI=x2=y7),
h(x yy=(x,y, —VT—=xT=y2),

Mokasarb, uTo Makcumym f Ha {xER3: | x| =1} ects mmbo Makcu-
MyM fog, nubo Makcumym foh Ha {xERZ | x| 1} i

MMPOU3BOIHBIE

Yurarean, CpaBHUBWIMHA 3anaun 2.10 u 2.17, - Beposaruo
yKe HOrajajcs, uTO BePHO C/eAyIOllee YTBePKIEHHe.

2.7. Teopema. Ecan f: R"—>R" dugpepenyupyena
8 a, mo Djfl(a) cywecmeyem 0an scex i, j1 1 Lim,
1<Jj<n u f'(a) ecms (mX n)-nampuya (D,f*(a)).

" JlokasaTeabCTBO. [lpesnonoxuM  cHavajxa, uTo
m=1, tak uro f: R”—>R. Onpenesum 42: R-—->R" pasen-
ctBoM h(x)=(al, ..., X, ..., @"), T'le X CTOMT HA j-M
mecre. Torma D,f (@)= (f o hY (a/).

Ho no reopeme 2.2

(fohY (@)=f (@) - ¥ @)=1F (a)- 1< j-e Mecro.

0
Tak kak (f o k)’ (a’) umeer D,f (a) cBOMM eaMHCTBEHHBIM 3ie-
MEHTOM, TO 9TO mOKasmiBaeT, urto L),f(a) cymectByer u
apafercs j-M snaementoM (1 X n)-marpuus [’ (@).

Ilag npousBOJLHOTO m TeopeMa C/eLyeT Teneph U3 Teo-
pembl 2.3, COraacHO KOTOPOH KaxIasd KOOPIMHATHAA (DYHK-
s f' 1uddepenunpyema ® i-# crpoko#i warpuum S’ (@)
cayxut (fy (a).

B 3agauax npHBENEHO HECKOJLKO NPHMEPOB, MOKA3LIBAIO-
wux, 4ro ofpaimeHne TeopeMbl 2.7 HeBepHo. OJHAKO OHO
BEPHO NPH OLHOM JONOJIHHUTEJNLHOM TPEANONOXKEHHH.

2.8. Teopewma. ITyems gpyurgus f: R*—R™ maicosa,
“mo 8ce wacmuvie npoussodusie D;f! (x) cywecmsyiom s ne-
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KOMOPOM OMKDHMOM MHONCECmSe, cOGepicaujes MOUKY a,
u Henpepusrol 8 a. Tozda [ Oughgpepenyupyena 8 a.

HokaaatenbcTBo. Kak M mpu nokasarenbcTse Teo-
peMbt 2.7, LOCTAaTOYHO PacCMOTpeTh cayuaéh m=1, 1. e. f+
R” —>R. Torzma

fla@at+hn—f@=/f@+nr a ..., an—fl ....a"+
~+f (a'-hY, a?4-h% a3, ... a")—f (a4l 6% L. e+

oo f@ AR, L, e B —
—fl@' A L QTR 6.

Hanomuuw, wro D, f ectb npousBoiHas (YyHKUHH £, onpe-
nensieMolt paBenctBoM g (x)= f(x, a% ..., a"®). [IpuMenss
K g TeopeMy O cpejHeM, NOJyuYaeM

f@-+n, a% ..., an—f(@, ..., a")=
=hl'le(b]g 112. PP an),

rie b, — HEKOTOpOe YHCJIO, 3aK/IOYeHHOe Mexny a' u a! - Al
AnanoruyHo i-# ujJeH CYMMBl paBeH

BD,f (@ 4B, ..., &'~ K=Y, by, ..., a®)==k'D,f (c)

¢ HexoTopuM ¢;. Toraa

f@a4-h)y—f(a)— X Dif (a)+ bt |
i=1

lim -~ ===
h=>0 Ikl

) [Dif (e1) — Dif (a)) -h‘.
=lim =1 P
£>0 | 2]

<lim ¥, Dyf (¢) —Dyf (@) | = 0,
h->0

iml

nockoabky ¢yskuun D,f HenpephBHH B a. N

Xors B 10Ka3aTebCTBE TeopeMbl 2.7 GBIIO HUCHOJNbL3OBAHO
npasuio AMddepeHLUPOBAHNS CNOKHOR GYHKIIHHU, JIETKO MOXKHO
6bi10 6n1 obotttuch u Ge3 Hero. [Tosromy mocie Teopembi 2.8,
npaomeld npusHak AuddepeHuUpyeMocTd ¢GYHKUNH, U Teo-
pembl- 2.7, naouiefl BhIpameHUA L% MX NPOM3BOAHEIX, 9TO
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NpaBHa0 MOI0 Ob nokaszaTbes Aaxe H3auwHAM. OAHAKO OHO
MMEeT upe3BBIYANHO BaXHOE CJeICTBUe, KACAlOUleeCsl HYaCTHBIX
NPOU3BOLHEIX.

2.9. Teopema. Illyemy g,, .... &, R*—>R Henpe-
puisno dugpgpepenyupyems 8 a u f: R™ >R nenpepsisio
ougpgpepenyupyena 8 (g,(a), ..., £n(a)). Onpedesun F:
R” >R pasencmsomn F(x)=F(g,(x), ..., §,(x)). Toz0a

D,F (a) =]§1 D;f(g,@). ..., g,(@)D,g; ).

HoxkasatenbcTBo. PyHkuus F ecTb MpPoOcTO KOMNO-
suuus fo g, roe g=(g,. ..., &) Tax kak yHxkuun g,
HeMpepbBHO LU(depeHIlupyeMsl B @, TO U3 Teopemnl 2.8 cie-
ayer, yro g Auddepenunpyema B @. Ananornuuo f audde-
penunpyema B (£,(@), ..., £, (a)). CnenosareabHo, B cuiy
TeopeM 2.2

Fray=f(g@) & @)=
D,g, @) ... D,g (a)

—(D,f(€(@). ... Duf (g (@)
| D2, (@) ... D,g,(a)

Ho D;F(a) ecTs i-# ujeH JjeBo#t uacTM 3STOTO D4BEHCTBA,

m
B TO BpeMs Kak 2 D;f(g(a), ..., &gn(@)D,g;(a) ectp i-#
Jj=1

ureH npasoft uactu. [}

Teopemy 2.9 TaxxKe 4aCTO HABHBAIOT NPABUAOM Ouggeper-
HUPOBAHUS CA0NCHOU BYHK Guu, HO OHa ciabee, uem Teopema 2.2,
NOCKOJIbKY & MaH f MOTyT 6BITh AHddepeHtupy eMb u 6e3 Toro,
uro6sl g; WM f OblaM HenpepeiBHO IuddepeHHHPYeMbIMH
(cu. 3apauy 2.32). Buiunc/enud, onupawluecs Ha teopemy 2.9,
Gosbiiel 4acTbio NOBOJBHO MPOCTH. HekorToporo yxuuipeHns
tpeGyer ¢yukuus F: R?2—R, onpeleneHHas paBeHCTBOM

Fx, y)=/(gx, ). k(x). k),

rie £, If_ R—>R. YroGs npumennts Teopemy 2.9, omnpene-
auM ki, k: R2— R pasencTBamu '

H(x, y)=h(x), k(x, y)=Fk ().
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Toraa 5 3
Dih (. yy =1 (x).  Dyh(x, y)=0,
Dk (x, y)=0, Dok (x, )=k (y)

F(x, y)=f(g(x. y). k(x.y). k(x, y).
Monoxus @ ==(g(x, ¥), k(x), k(y)). noJayyaem

D\F (x, y)=Dyf (a) - D,g (x, ¥)+ Dyf (a) - &' (x),
DyF (x, y)=D,\f(a) - Dyg (x, y)+ D3f (@) - k' ().

Pagymeercs, HeT HeOGXOIMMOCTH HeHCTBUTEAbHO BHINHCHI-
BaTh (yHKHUH £ W R.

3axauun

2.28. Haiiti BhipaXeHusl AAS YACTHBIX TPOU3BOMHBIK CASYOIIHX
bynkuui: ‘

Q) F(x,y) =f(g@ k(). gx)+k())
6) F(x v, z)=f(g(x—i—y)-h(x+zn

B) F(x, ¥y, 2)=f (x?, y% 2%),

N Fxy) =f(xgx)hxy))

2.29. Mycrs f: R” >R. Ipegen '
tim £ @ +tX)—f(a) ,
t>0 ¢

€cliH OH cylecTByer, o6o3Hauaercs D,f (a) u HasmiBaercs npous-
800HOU YHKIMH f B TOUKE & NO HANPABAHLIO X.

a) Mokasars, uro D,,f (a) = D;f (a).

6) Ilokasatb, uro D, f (a) =tD,f (a).

B) [ToxasaTs, uto ecan f muddepenuupyema B a, T0 D f (a) =
= Df (a) (x) u notoMy D yf (@) = Df (a)+ D,f (a).

2.30. Ilycts f ompeseseHa, kak B 3agaue 2.4. [okasats, yto
D,f(0,0) cymectByeTr aas BCeX x, OZHaKO ecau g =0, 1O
Dyyyf(0,0) = D f(0,0) -+ D,f (0, 0) 412 HEKOTOPHIX X u ¥,

231, llycts f: R2 - R ompenenexa, kak B 3anaue 1.26. [Tokasars,
a0 D,f (0, 0) cymecTsyer aasl BCex X, XOTA f JaXe HE HEMpEpPHIBHA
B (0, 0).

2.32. a) Ilycrs f: R >R onpeageneHa ycaosusimu

1
J x2sin— mpu x =0,
F= ¥ P EF
0 npy  x =0.

Mokasate, ut0 f Auddepenunpyema B 0, HO f' paspeiha B 0.
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6) Iycte f: R2—> R onpeleneHa ycIOBHAMH
1

R pe——

floy)= Vit yt

0 mpn (x, y)=0.

[Mokasats, uto f nuddepenuupyemMa B (0, 0), HO D;f pa3pbiBHH
B (0, 0). v

2.33, IMokasats, uto HenpepwiBuocTs D ff B @ MoxHO Mcxmo-
YHTb H3 YCJIOBHil Teopembl 2.8. ;

npr (¥, y) %0,

2.34. Pynkuna f: R" > R Ha3blBaeTcs 00HOPOOHOE CTENEHH m,
ecan f (tx) =1¢" f(x) nna Bcex x. I[lokasarhb, uTO ecaH mpH 3ToM f
auddepenuupyema, To

D #Dif (x) = mf (x).
i=1

(Ykasauwue: valitu g’ (1), rae g (f) = f (tx))

2.35. [lokasath, uto ecau f: R” > R nauddepennupyema u
f(0) =0, TO cymecTByIOT Takue g, R*—>R, uro

) n

Fy= xg, ().

i=1

1
(yx asamme: ecun hy(f) = f (tx), 10 f (x) = f K. (t) dt.)
0

OBPATHBIE ®YHKLHH

IMpennonoxumM, yro ¢yukums f: R-—>R Henpepsisuo nud-
¢epeHuUMpYeMa Ha OTKPHITOM MHOXEeCTBe, COlepKalieM &, H
f (@ +#0. Eciu f'(a) >0, 10 cywecrByer Tako# OTKPHITHIR
unrepsan V, cozepxawnit @, yro f'(x) > 0 ana Becex x €V,
W adanoruyHoe Bepho, koraa f’(a) < 0. TakuMm oO6pasom,
f Boapacraer (uau yObiBaer) Ha V, a MOTOMY B3aHMHO ORHO-

-1 .
3HAuHAa M HMeeT oOpaTHYI0 ¢yHKumio f ~, onpepeleHHYO Ha
HEKOTOPOM OTKpHTOM wuHTepBame W, coaepxauem f(a).

-1
Kpome roro, HeTpyaHo nokasaTe, uro f  auddepeHuupyema u

1V ’ 1
UV 0=7G0
ans Bcex yEW.

AHanoruuHble pPAcCMOTPEHHS IR BHCIIHX pasMepHOCTefl
3HAYWTEJbHO CJOXHee, HO pe3yibrar (TeopeMa 2.11) BecbMa
BateH. MBl HauHeM ¢ TPOCTOH JNeMMbi,
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2.10. Jiemma. Hycmb- AcR" — napaaseaenuned u
f: A—>R" nenpepusno Oupgpepenyupyema. Ecau cyue-
cmeyem marxoe 4ucao M, wmo |D}fz(x)[ < M oan scex x
seympu A, mo

[ f)—fI< M| x —y]|
64;1 scex x, yEA.

NoxaszareabcTBo. Mmeeu

L) —f (-*C):]E=1 FEOL, oo,y xiv, o, xm) —

— it Ly L xm).
npl/lMCHﬂﬂ TEeOpeMy O cCpeaHeM, nojydaeM
f"(y‘, e yi, xi+1’ e, x")-—f"(yl yj~1‘ xj' e, XT) =

=Jy’-—x’l D eI

C HEKOTOpHIM 2,;. Bripawenue B mnpasoit uacTH He npeso-
CXOJIHUT M[y’—x |. CnenosaremnbHo,

17— rxl< j§]1|y’~x’|-M<nM1y—xl»

nockoabky |y — x/| |y — x| ana xawnoro j. Haxonen,

n

lf(y)—f(X)F<1=ZI|f"(y)—~f"(x)l<n2M-Iy—xl- i

2.11. Teopema 06 ob6paruno#t pyakuuu. IIped-
noaosxcur, umo f: R*—>R" Henpepwisno dugpdepenyupyena
8 HEKOMOPOM OMKDHIMOM MHOJCECHmBe, codepacajenm a, i
det f' (a) #+ 0. Toz2da cywecmsyiom omxpsmoe MHONCE-
cmso V., codepicamee a, u omxpormoe mHoxcecmgo W,
codepacaujee f(a), maxue, wmo omobpasxcenue f: V —W
umeem Henpepsienoe ob6pamuoe omoGpascerue f~1: W -V,
oughpepenyupyemoe n 0an scex yEW ydogaemsopawouyee
COOMHOULEHUIO

Y =[G o)™

NokazareabcTso. [lycrs A — nuHeitHoe oToOpaxe-
nne Df (a). OHO HeBHIpOMIEHHO, mockoabky det f' (a) +# 0.



Obparnste ynkyuu 49

‘Ho DA e f)@=DR")(f@)cDf (a)=24""eDf (a)
ecTb TOXIECTBeHHOe JMHeHHOe orobpaxenue. Ecin Teopema
BepHa /15 Al o f, To OHa oueBHIHO BepHa M Aaa f. IlosTomy
Mbl MOXEM CUMTATH C CAMOTO Hauajga, 4YTO A — TOXIECTBEH-
Hoe oroOpaxkenune. Ecan torza f(a-+ h)=f(a), ToO
|fat+h—f@—rH)| __ |hl —1
|1 4] )

Ho
lim If(a+71)——f(a)—7»(h)1=0'
h-50 LA

910 03Hauaer, 4r0 paBeHCTBO [ (X)= f (@) He MOXeT BHLINOJ-
HATbCA MJIs 3HAa4YeHHH X, NPOU3BONLHO OJUIKHX K @, He
pasubix @. [losToMy cyllecTByeT SaMKHYTHI} mnapannienend-
nea U, colepxawuit @ B KayecTBE BHYTPeHHeH TOUKH H
TAaKOH, 4TO

f(x)=s=f(a), ectu Xx€U u x+a (1)

[Mockounbky f HenpepbiBHO auddepeHUUpYeMa B OTKPHITOM
MHOXKECTBE, COLEPKAlLeM @&, MOKHO TaKXKe' CUMTATb, YTO

det f/(x)+0 1zas Bcex x€U @)
H

IDjfl(x)_';Djfi(a)!<% s Beex 4, fj n x€U. (8)

3ameruM, uro u3 (3) u gemmn 2.10, npuMeHeHHOH
K £(x)= f(x)— x, BbITE€Kaer, 4YTO

1f ) =5 —(F (5 — ) | < | 21— 5]
s nOObX x;, X, €U. Tak xak |
Xy — X | = [ f ) —f ) | <
<|f(x1)—-x1—(f(x2)——x2)|<—;- | %y — %5,
TO MOJyYaeM
[, — x| << 2| fx) —f(xy)] mns Beex xp, x,€U. (4)

Hanee, f oroGpaxaer rpanuuy napanneienunesa U/ B xoM-
MaKTHOE MHOXeCTBO, He coxepxauee, coraacio (1), f(a)
(puc. 2.3). TlosroMy cyuwecTByer Takoe yucac d > 0, uro
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| f(a)— f(x)| 2> @ a1 Bcex x, npuHalieRaluHx rpanuue .
Mycrs W={y:|y—f(a)|<dj2}. Eciu yEW n x npn-
HaAJdeXHT rpanuue U, To

ly—Ffl@)|<ly—f(x)] (5)

[MTokaxeM, uro aaa Beskoro y € W ocymiecrsyer eguHeTsel-
roe x BHyTpu U, aas kotoporo f(x)=y. i 3TOro pac-
cMorpuM dyskumio g: U — R, onpeneneHHYI0 pPaBeHCTBOM

g(x):}y—f(x)Pzgll(y"—f"(x))?-

OTa ¢yHKUHA HenpepbiBHA H TIOTOMY HMeeT MuuuMyMm na U.
Ecan x npunannexur rpauuue U, 10 g (a) < g (x) B cuay (5).

C

fepanuya U)

-

Puc. 23

CaenoBarenbHO, MUHHMYM £ Me HocTHraercs Ha rpandue U.
CornacHo TeopeMme 2.6, tToraa cyuiecTByer Takas 7Touka X
Biyrpn U, uro D ;g (x)=0 naa Bcex j, 7. e.

2 200" — f1(x))D;f{(x)=0 ana ncex j.

Ho B cuay (2) marpuua (D]f‘(x)) HMEEI Heuynesoﬁ
onpeneaurenb. [To3TOMy MB NOJKHB UMETh y f (x) =0
ans Beex I, 1. e. y==f(x). TeM caMblM IOKa3aHo CyleCTBO-
BaHue Xx. EnuucTBeHHOCTH HemoCpeACTBEHHO chenyerT H3 (4).

OGosnaunm uepes V  mepeceuenne BHyrpennocth U

¢ f71(W). Mu nokasaau, uro ¢ysxumus f: V —>W nmeer



