104. Jlokasatb, uyTo ecqim @, >0, n=N u lima,=A, 10

n—-»oo

.. n——
limyaga,...a, =A.

£1-»00

Gn41

105. Jloxasatb, uTo ecyid g, >0, ne N u lim =A, 10

n—oo an
. n
lim ya, =A.
n—00

106. IMocsenosatennHocTh {G,} Ha3bIBaeTCsl NMOCJEAOBATENbHOCTBHIO
C OrpaHHYEHHBIM H3MEHEHHEM, ecJH cyuecTtByeT uHcio C Takoe, 4TO
s Jgioboro neN

n
Z [@rp1 —a,| < C.
k=1

,U,oxasa'rb, YTO NOCJACAOBATEJbHOCTL ¢ OrpaHH4YC€HHBIM H3MEHCHHEM
CXOLHUTCH. HPHBeCTH npumep CXOASIINEHCS TOCJAe10BaTEeJbHOCTH C He-
OrpaHH4Y€HHBIM H3MECHEHHEM.

1 1
107. JloxkasaTb, 4TO IOCJIELOBATENBHOCTE @, =1 + - + ry + ...
ees + L pacxozipm:ﬂ.
n

108. Ilycts nmociexoBaTebHOCTH {@,} TaKOBa, YTO:
a) HeKOTOpas ee MOANOC/IEOBATENbHOCTb {Gn,} CXOAHTCH,
6) lim max |a, —an|=0.
k—o0 nk<p<nk+1
JloKasaTb, 4TO MOCJAEL0OBATEJIBHOCTD {a,} CXOMAHUTCH.
109. Ilycrp mocienoBatenbHOCTH {@.} TAKOBA, YTO:
a) HeKoTopas ee NOANOCIEAOBATENbHOCTD {dn,} CXORHTCH,
6) cywectByer uncio M takoe, uro nis Jjgioboro kN
Mo —n [ <M,
B) lim (ant; —a,) =0.
n-»00
Jloka3aTh, UTO NOC/IEAOBATENBHOCTE {@n} CXOAHTCA.
110. IIycts fn: [0, 1]—R. Ons HaTypasbHBIX 7. H M H 4ucia >0
06035ayuM yepe3 B, n,m MHOXKeCTBO {x& [0, 1] : |[n(X)—fn+m (%) |<e)-
o0

Iycrs Aen= () Ben,m- JlOKasaTb, 4TO /s CXORAHMOCTH fa(x) Ha
m==1 )
[0, 1] Heo6x0mMMMO H AOCTATOYHO, YTOOH AJA Ji060ro £>0 BHNOJHA-
Jaoce | J 4en=I0, 1].
n=I1
111. Joka3ath HepaBeHcTBO Bepuyauan

(+x">=14+nx, ne=N, x> —I.
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1 ~.n
112. JlokazaTb, 4YTO NIOCJIEOBaTeJLHOCTH an=< 14 ——) ub,=
n.y

1 \ntl o
= ( 1+ -——\ MOHOTOHHBI M HMEIOT OOILui npefen:
\ n

lim a,=1lim &, =e.

n—-o n-»>0

1i3. Jloka3zaTb HepaBeHCTBO

(—n—)n< n<e- (—"—-)n, ne N.
e 2

114. JoxasaTp HepaBeHCTBa:

1 1 .
2) — <1n(\1+——n—)<-71—, ne N;

6) -—417<e——(1 + %><"37 =N.

1

§ 3. ®YHKIHU. OBIIHE CBOHCTBA

115. Iyctp y=x3—3x.

I. Haiitn MHoxecTBO Ha NpAMOH 0Y, amnsonieecsl 06pasoM MHOXeECT-
pa: a) [0, V3], 6) [0, 1; B) (—1, 1); 1) (=2, 2); n) (—35, )
e) [—V3,01U(V3, 2); x) [—V3, 0Ju(l/2, V3).

11. Haiitu mHOxectBO Ha ocu OX, sisiisioineecss npoodpas3oM MHO-
JKecTBa:

a) (—2, 2); 6) [—2, 0; B) (0, 110).

116. IMycrs X=[0, 1], Y=[0, 1]. Kakne u3 cjeayomux QyHKIHHE
y=[(x) saaawr orobpaxenne X Ha Y; kakue — X B Y; Kakue 3aja-
10T GueKkTHBHOEe oToGpa)keHHe (B3aWMHO ONHO3HAUHOE), €CJIH

a) f (%) =%tg %; 6) f(x)=sinmnx; B) [(x) =2 (x —x?);
x

) f=cos s x) )= 9 Fw=(5)"

117. Iycts A — mio6oe MHOXKeCTBO H3 00JacTH  ONpefeseHHst
dynknuu f(x). Kak cootHocarcst Muoxecrsa A u f~1(f(A))?

118. Ilycts A — n1060e MHOXKECTBO H3 00JacTH 3HAUEHHH (yHK-
uun f(x). Joxasars, uto f(f~1(A))=A.

119. Ilycte A — J1060€ MHOXKECTBO H3 00J1aCTH ONpEJeNeHHsT
CTPOro MOHOTOHHON ¢ynkuux f(x). Kak cooTHocsites Muomectsa A
n [ (f(A))? ’

120. ITycts A 1 B — MHOXecTBa H3 06J1acTH onpeleneHHs QyHK-
uuy f(x).

JHoxasate, uto f(AUB)=f(A)Uf(B).

121. Tlyctb A © B — MHOXKecTBa k3 06J1aCTH ONpeJesieHus (PyHK-
uuu f(x).

Joxkasats, uto f(ANB) =f(A)Nf(B). -
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122. Ilyctb A 1 B — MHoXecTBa H3 06JiacTH onpejeneHus: GyHk-
uud f(x), npuvyem f(x) ocyuiecTBssieT B3aWMHO OJHO3HauHOe oTOOpa-
xenue. Toraa f(ANB)=f(A)Nf(B). Hoka3ars.

123. [lyctb R — obaacty onpeneienns ¢yskuuu f(x) 8 A — Jio-
6oe MHOKecTBO M3 R. Kak cooTHOCATCS MHOXKECTBA

[RNA) u [(R)NF(A)?

124. Ilycts B — obaacrb 3HaueHnit f(x) u Ac<B. I[oxaaaTb 4TO

[~ (BN\A) =f~1(B) \J~' (4).

125. Jokasatb, 4To AJs A00HX MHOXecTB A 1 B u3 06J1acTH 3Ha-
qeHull GyHKUHHA [(x) BepHO

a) [~H(ANB) =[~"(A)Nf~1(B);

6) 1-'(AUB) =[~! (AU~ (B).

126. @yukuus [ otobpaxaer orpe3ox [a, b] B orpezok [a, b].

Jlokasatp, uro ecnu [(f(x))=x, 70 rpaduKk GYHKUHH CHMMETDH-
YeH OTHOCHTEJIbHO NPAMOH y=x.

127. dyukuusa [ onpenesnena na Bcefl YHCICBOH NpAMOH H ee rpa-
$HK CHMMETpHYEH OTHOCHTEJbHO TOYKH A(a, b) u npsavoit x==C
{C==a).

Jlokasats, uto (YHKUHs [ nepuopuueckas.

128. ChopmynupoBath, UTO O3HayaeT, yTo QyHKUUSA [ He AB/AsSeTCA
yeTHOH Ha mpoMexyTtke (—I/, [)*

129. OyHkuusa [ ompepesenHa Ha CHMMETPHYHOM [MPOMEKYTKE
(—11).

JloKkasaTth, YTO €€ MOXHO NPEJCTaBHTh B BHAE CYMMBI UETHOH H
HeyeTHOH (YHKILHH.

130. ChepmyanpoBaTb yTBepKAeHHe: QyHKUHsI [ He sBAsieTCs OT-
paHHYeHHOH Ha MHOXecTBe M.

131. Kakne u3 caenyioumux ¢QyHKUHI sABAsioTcsl GeCKOHeuHO 00Jib-
IUMMH NpH X—1, KakHe OrpaHH4YeHHBIMH, KaKHe HeOrpaHHYEHHBLIMU:

1 s W _ 1 ; n .

a) y T S 6) y - (sm 1 —5—2),
singm (x — 1), _sinm (x—1) n

B) Y x—1 : Y= x—1 €08 x—1

132. IlpuBectu npumep QyHKUHH, onpeneteHuor Ha [0, 1], HO
HeorpaHuuyeHHOH Ha Jilo6oM [a, Bl {0, 1].

133. CopmynupoBaTh, YyT0 O3HayaeT, 4yTo QYHKuHA f(x) He sB-
JseTcsi MOHOTOHHOH Ha npoMmexyrtke [a, b].

134. SlBastercss M OpOH3BEAEHHe  ABYX — MOHOTOHHBHIX HaA

(—o0, +o0) GyHKIHA MOHOTOHHOH Ha (—oo, +00) ¢yHKuHeH.

* Bciony B pasbBHefileM TpeGoBandHe C(HOPMYJAHPOBaTb OTPHUIAHHE HEKOTOPOro
yTBEPX AeHHA O3HaYaeT, YTO COOTBETCTBYIOULYIO (OPMYJMPOBKY Haj0 3amucaTh Ha
A3LIKE CHMBOJIHKH C HCNOJIb30BaHHeM KBaHTOpoB. Tak, HampuMep, OTpHIaHHe yTBEpPXK-
JeHHs «4uca0 A SBISIETCA TpelesoM NOCHejOBATENbHOCTH {Gn} NPH n—-0c0» JOJNKHO
6HTb CHOPMYJIHPOBAHO CJEAYIOIHM OGPa3OM: CYIeCTBYeT NOJOXKHTENbHOE YHCIO &
Takoe, 4To AJd JI060ro HaTypaJbHOro yHcjga N CyllecTByeT HaTypaAbHOe YHCJIO 11,
Gonblee yucaa N, ajs KoToporo |a,.—A|=e, T. e

3e>0: yNeN gn>N:ja.—4l>
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Oyukuua f(x), ompeiejeHHas B HEKOTOPOH OKPECTHOCTH TOYKH
Xo, HAa3hIBAGTCS] MOHOTOHHO 803PACTArOUiell B TOUKe, €CJH CYILlecTByeT
Takoe 6 >0, uto AJsa J060Oro X H3 JieBOH §-NOJYOKPECTHOCTH TOUKH Xo
(x 7 x—06<x<xo) umeeM f[(x)< f(xo) m ans jmo6oro x M3 NpPaBOA
§-moayokpecTHOCTH (X : xo<x<xo+8) f(x)>f(x0).

135. Hpnaecm npuMep GYHKIHUH, onpeﬂeﬂeﬂﬂou Ha [—1 11, BO3-
pacramwuieil B Touke xp=0 H He sSBJSIONelicdA MOHOTOHHOH Ha OTpe3Ke
[—9, 8] nas mioboro §>0.

136. Jokasatb, 4TO (PYHKIHsS, MOHOTOHHAsl B KaXXJOH TOYKe OTpE3-
Ka [a, b], MOHOTOHHaA HA 3TOM OTpEe3Ke.

137. Cnepyer siu u3 papencrea inf f(x)= sup f(x), uro f nocTosnna

x€ )

( b)') (a,b) x€(a,b
HaA (a, !

§ 4. NPEAEJ W HENMPEPBIBHOCTb ®YHKIHA

138. Tlycre f(x) =x%cos —7-‘—, g (y)=sign®y. Tlokasars, uTo limf(x)=
=0, llmg(y)~l HO llmg(f (x)) He cymiecrTByer. Oé’bﬂCHHTb noquy

Henpnmeﬂnma Teopema o npe,uene CJIOXKHOH Q)ynxunn"
139. [lokasatb, uto papenctso lim f (x) = [im f (x) HeoGxomuMo u A0-

x—»x,, X—>Xo

CTaTouHO AJs Toro, 4yrobwl lim f (x) =A
X->Xq
140. Tokasartb, uto cymectsyer lim o[f, (xo —96, x,+0)] ana mo-
30+

Goit f, OrpaHHYEHHOH B HEKOTOPOH OKPECTHOCTH Xg, rae off, (a, P)] ectb
KoJseGanue [ Ha (a, P):

(!)[f, (a» ﬁ)] =x Sugx 8) ‘f(xl) '_'f (xz)l-

StoT mpejea HasmBaercs Koaebanuem [ & TOuKe Xo H  0003Ha-
gaercs o (], xo).

141. Jloka3artb, uTo GYHKUMS f(X) HempepblBHAa B TOUKE X, TOTAA
H TOJBKO TOrAa, Koraa o (f, xo) =0.

142, Hpunecm npHMep OrpaHuyenHod B HEKOTOPOHA OKPEecTHOCTH
TOUKH Xo=0 O¢yHKUHH, AJAS KOTOPOH llmf(x) He CYLIecTByeT, a

lim f (x) cymectByerT.
x—0—
143. dokasaTtb, yTO

o (f, x,) =max (mf(x) —f (%), 11m f (x) —llmf(x)

XX

F (o) —lim f (3).

X—rXg
144. Tlycts llmf(x)q&O a 11mcp(x) He cymecrtByer. IlokasaTb, 4TO
llmf(x)  (x) He cymecmyeT
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145. Tlycre lim f (x)s=0, a @ (x) —6eckoHeyHO COJIBIIAS NPH X —> X,.

X—>Xq
JlokasaTtb, uto f (1) ¢ (x) —GeckoHeuHo 6oJbas MPH X — X;.

146. UTo MOXKHO CKa3aThb O HENpPepPbIBHOCTH B TOouke X, (GYHKIHA
F)+gw, F) —g@ u Fx)glx), e

a) ¢yHkuus f(x) HempepeIBHAa B TOUYKe Xo, a QyHKuus g(x) pas-
pPHIBHA B TOYKE Xp;

6) dyukunu f(x) 1 g(x) pa3pbIBHE B TOUKE Xo?

147. IToctpouts mpumep GyHruui f(x) u g(x) Takux, uro f(g(x))
HempepuIBHA B TOYKE Xo, a g (f(x)) pa3peiBHA B TOUKe Xo.

148. Pyukuus f(x) onpefeneHa B HEKOTODOH OKPECTHOCTH TOYKH
Xo. Ilycts {a,} — HeKoTOpas yucjaoBasi NOCJAENOBATEILHOCTh HEOTPHUA-
TENbHBIX YHcea H Ajs aioboro neN cymectyer 6,>0 Takoe, uTo u3
HepaBeHCTBAa |X—xo|<<8. caenyer HepaBeHcTBO |f(x)—f(x0)|<@n.
Kaxkoe cBoiicTBO GyHKUHHE OMHUCHIBAETCA 3TUM ycaoBueM? KakuM cBOH-
CTBOM JOJIKHa 06JajaTh IOCAENOBATENBHOCTh {dn}, YTOGH H3 3TOrO
YCJIOBHS cJ€[0Bajia HelpPePHBHOCTD [ (X) B TOUKE Xo?

149. Hoxasats, 4to QyHkuus Pumana

I, x=0,
R (x)= —%—, =% H 1pob —'nﬁ- HECOKpaTHMa,

0, x —wuppanHoHaNbHOE

Pa3phiBHa B KaXXJOH palMOHaJbHOH TOYKE M HEeNpepHiBHa B KaXAOR
MpPpalHOHAJIbHOH,

150. loka3satb, uto ¢yHkuus Hupuxae
0, x —paunonanbLHOE
D (x) =[ pat ’
1, x —HppanHoHaJbHOE
pa3pHBHA B KaXAOH TOUKE.
151. INpuBectu npuMep QYHKUHH HeNPEPLIBHOH TOJILKO

a) B ofHOH Touke, 6) B ABYX TOYKax, B) B 7 TOUKaXx.
152. JlokasaTtp, 4TO €CJaH

feCla, b], geCia, b]
ot
¢, =max{f, g, g=min{f, g},
70 @1 (x) u @o(x) — HenmpepuBHEIE PYHKUMH HA [a, b].
153. Ilyctsb f(x) — HenpepsiBHast ¢yHKUHS HA (—oo, 4 00) H
), x:if@I<n,
fx, n)= n, x:f(x)>n,
—n, x:f(x)<—n, neN.

 IokrasaTs, uto pas Jio6oro n ¢yukuus f(x, n) HempepuBHAa Ha
.(——m’ +OO),
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154. Ioxasarp, 4To ecau f(x) HenpepslBHa Ha [a, b], To
m(xy= inf f(§) u M(x)= sup [(§)

a<t<x a<E<x
TaKXXe HeNpepHBHH Ha [a, b].
155. Moxer i paspuiBHas (QYHKUUSA YAOBJETBOPATh YCJIOBHIO

Ve>0d 6>0: VA <8 [flx+h) —flxo—h) | <e?

156. Moxer iy paspeiBHas (GyHKIHS YAOBJETBOPSATHL YCJAOBHIO
Ve>0d 6>0: VA <8 |f(x,+h) —2f(x) + [ (% —h)| < e?
157. MoxeT Ju pa3pbiBHAas (YHKUHS YIOBJIETBOPATL YCJAOBHIO
Ve>0d 6>0: VIa| <8, VIR | <8 |fxg+h) —

— 2f () + (o —h")| <e?

158. Haiitu Bce HempephsiBHBIE Ha (—co, J00) (YHKHHH, yAOBJE-
TBOPSIOUIHE YCJIOBHIO

a) fx)y=F(2x%); ©6) [(x;+x)=[(x) - (%)

159. ®yunkuusa f(x) onmpenenena ua (a, b) u yRoBneTBOpsieT yc-
JIOBHIO ‘

[y 4+ (1 —=0) %) <A f(x) + (1 —RA) f (xy)

Aast MoGHX x1, xo= (a, b) u awboro 0<<A<1. [Hoxasate, uto [(x)
HenpepeiBHa Ha (a, b). BepHo s yTBepXIeHHe, ecli¥M BMECTO HHTEp-
Bajna (a, b) B3sit oTpesok [a, b]?

160. TTpuBecTy npHMep Ppa3phHBHOH B KaXAOH TOUKe OTpe3Ka
[0, 1] dyrxuMH TakoH, YTO ee KBaJApaTr SIBASETCS HeNpPepPHBHOM Ha
[0, 1] dyHKnUEH.

161. Ilycrs f(x) HempepeiBHa Ha oTpe3ke [a, b] u He mpHHUMaeT
Ha HeM HyJseBoro 3HaueHHs. Iloka3aTb, YTO CYILECTBYET NOJIOKHTE/b-
Hoe uucio m>0 Taxoe, uro gas mawoboro x[a, b] |f(x)|>n. INoka-
3aTh, YTO AJIsl HHTEPBa/Ja 3TO YTBEPXKACHHE HEBEPHO.

162. Tlycrp f(x) — nHempepwiBHast Ha (a, b) ¢yHkuuss H xi, X,
X3 — JIoOble TOUKH M3 3TOTO HHTepBaJsa. Toraa cyuiecTByeT Touka §
Ha pHTepBaJe (a, b) Takas, yTO

18 = = (F(n) +F () +F ().

JJoxasarts.

163. Ha niockocTu 3afaH NMpOU3BOJBHHIE MHOTOYIOJBHHK H HEKO-
Tophlfi BekTOp. IloKasatp, uTo Halijnercs mpsMmas, nmapaJjienbHas 3TO-
My BEKTOPY, paccekaioulas MHOTOYTOJbHUK Ha ABE YacTH OXHMHAKOBOH
A0 aIH.

164. Ha nsockocTH 3alaH NpPOU3BOJIbHBIA MHOTOYIOJbHHK M HEKO-
Topas Touka. [lokasath, uto HafizeTca mnpsiMasi, MPOXOAsIlas Yyepe3
3Ty TOYKy H paccekamoliasi MHOIOyroJbHHK Ha ABE YacTH OJHHAKOBOH
NJIONIAH.
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165. Jloxa3ath, uTo JIO00# MHOrOW/IeH HeyeTHOH CTeNneHH HMeeT
XO0Tsi OH OJHH AeHCTBHTEJBbHHH KODEHb.

166. Hoxasatb, uto ecau feCla, b], g=Cla, b] u [(a)>g(a),
f(b)<g(b), To natizercs Touka xoe=(a, b), B koTOpoii f(Xo) =g (x0).

167. [lokasaTs, uTo Aas w060l nenpepuBuoil pynxkuuu f: [0, 1]—
—{0, 1] cymectByer Touka xo<[0, 1], B Kotopoit f(xo)=xo (Hemo-
IBHXKHas ToUKa oToGpamenusd f). '

168. IlpuBecTu nmpumep HenpepuiBHOTO oToGpaxkenus f: (0, 1)—-
— (0, 1), y XOTOpOT0 He CylecTBYeT HeMOABHXKHOHA TOUYKH.

169. ®yukuus [(x) HempepeBHa Ha (—oo, +o0) u f(f(x))=
IS BCeX X& (—oo, +00).

JlokasaTb, 4TO CYyHUIECTBYET Xo TAKOE, 4TO f(Xo) = Xo.

170. ®Oyuxuus f(x) uempepeiBHa Ha OKpyxHocTH. [loxasats, urto

CYLIECTBYIOT ABE AHAMETPanbHO MPOTHBONOJIOXKHLIE TOYKH a H b Ta-
Kue, uto f(a) =f(b).

171. IlpuBectH npHMep dyuxuun f(x), onpenenenrofi Ha oTpeske
[0, 1], npuaumalomeit Ha q060oM orpeske [a, b] = [0, 1] Bce mpome-
KYTOUHbIE 3MAUCHHS MEXKIY f(a) u f(b), no He siBaAsIOWEficH Hempe-
puisHoit Ha [0, 1].

172, TlpuBectH npumep ¢YHKIHH, OrpaHHYEHHOH Ha OTpe3Ke
[0, 1}, HO pa3pHIBHOH Ha 3TOM OTpPE3Ke.

173. JlokasaTh, 4yTo HenpephiBHAs HAa OTpe3Ke (YHKIHSA, HE HMelo-
asi Ha STOM OTPE3Ke HH OJHOTO BHYTDEHHEro SKCTPEeMyMa, MOHOTOH-
Ha, [IpuBecTH nmpumep, NMOKa3RBAIOUIMH, YTO AJA Das3spbiBHBHX (YHK-
LU 3TO yTBEPKAEHHE HEBEpPHO.

174. [oka3ath, uto ecau [(x) HenmpepniBHa Ha o1pe3ke [a, b] u
uMeer obpaTHyi0 OyHKIHIO, TO -f(X) — MOHOTOHHast (QYHKiIMA Ha
[a, b].

175. anBeCTH npumep q)yHK"m f:[0, 1]—10, 1], ue sBasio-
meiicst MOHOTOHHOM, AN KOTOpO#H cywecTByer obpaTHas QyHKuMA

g(y) : [0, 1]—-[0, 1].
176. IlpuBecty npuMep Ppa3pHIBHOH (pyﬂxmm, 175 KOTOopo# 006-
patHas QyHKUUS SABJASETCS HENPEPHBHOM.

177. TlprBecTn npuMep moHoToHHOH Ha [0, 1] dyuruuu c Gecko-
HEYHBIM UKCJIOM TOUEK pa3phiBa.

178. JlokasaTh, 4TO AJAs (PYHKUHH, OnpeneseHHCH Ha [a, b], MHO-
JKECTBO TOYEK CTPOTOr0 JMOKaJBHOTO 3KCTpeMyMa He Gojiee ueM cyeT-
Ho. ITocTpours npumep QyHKUHH, HenpepbiBHOH Ha [a, b], ¢ Gecko-
HEeYHEIM MHOMKECTBOM TOUYEK CTPOTOro JIOKaJbHOTO 3KCTpPEMyMa.

179. CyuwectByer au byukuua f(x), HenpepuBHas Ha OTpe3Ke
[a, b], B3auMHO oAaHO3HAuYHO oTobpaxaiouias [a, b] Ha (—oo, +o0)?

180. CyuwecrByer au ¢yHKuua f[(x), HempepbiBHasi Ha OTpe3Ke
ja, b], B3anmHO ofHO3HauHO oTobOpaxatomas [a, b] Ha (¢, d)?

181. CymecrByer nu ¢yHkuus f(x), HempephiBHas Ha OTpeske
[a, b], B3auMno opHo3HayHO oTo6paxaiomias [a, b] wa [0, 1JU[3, 4]?
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182. Cywecrsyer au ¢yukuus f(x), HenpepelBHas Ha HHTEpBaje
{0, 1), Mg KOTOpOH MHOXKECTBOM 3HAUEHHH SIBASIETCH MHOXKECTBO

a) (0; 2);6) (0; 2)U(3; 5); B) (1, +o0); 1) [0, 2]?

Ecan Her, To noueMmy, ecnu Aa, TO IPHBECTH NIPHMEpHL.

183. Cymiectsyer Jau ¢yHkius f(x), HempephiBHas Ha HHTepBane
{—1; 2), nna xoropoit ob6pasom uHtepBana (0; 1) siBasgercs MHOXKe-
ctBo a) (0; 2); 6) (0; 2)U(3, 5); B) (1, +o0); r) [0; 2]. Ecau mer,
TO IIOYEMY, €CJIH Ja, TO MPHBECTH MPHMEepHL.

184. CymecrByer Ju HenpepuiBHOe OHEKTHBHOe oToOpaXKeHHe
{—1; 2) B R raxoe, uto o6pasom (0, 1) sBasierca mHoxkecTBo a) (0;
2); 6) (0; 2)U(3; 5); B) (1; +00); r) [0; 2]? Ecu Her, To mouemy,
©CJIH [a, TO IPUBECTH NPHMepHIL.

185. okasath, uto ¢QyHKuus f(x) HempepHBHa Ha oTpe3ke [a, b]
TOrjla W TOJBKO TOTAA, €CaH AJs Jio6oro ¢ MHOXecTBa {x, x&[a, b],
f(x)>c} u {x, x&[a, b], f(x)<c} OTKPHTH OTHOCHTeNBbHO [a, b].
YTo MOXKHO CKa3arb O (YHKIUH, €CJAH TAKOBBIMH SBJSIOTCA TOJBKO
MHOXxecTBa Buia {x:xe[a, b], f(x)>c}? IlpuBecTn npumep pasphiB-
HOH (yHKUHMH, IJs KOTOPOH BCe TaKHE MHOXKECTBAa OTKDBITHI OTHOCH-
TesapHO [a, b}.

186. Ilycts ¢ynkuuu f,(x) HempepblBHE Ha otpe3ke [0, 1] u
J(x) =lim[,(x) ana moboro x< [0, 1]. HokasaTs, uto f(x) umeer Ha

n—-ow

[0, 1] xoTst OBl OAHY TOUKY HENPEPHIBHOCTH.

187. Jloxa3ath, 4yto ecau f(x) HenpepwBHa Ha [a, b], TO MHOXe-
ctBo E\UEsEs\... 3amkHyTO, rge E, — MHOXECTBO TeX TOYEK H3
[a, b], ans kotophix n<f(x)<<{n+ 1. IlokasaTh, yTO B cayuae HHTEP-
Baja (a, b) npeabiayinee yTBepXkKjeHHe MOXKeT OHITh HEBEPHO.

Paccmorpers npumep Y = %, (a; b) =(0; 2).

188. ChopmysupoBath, yTo O3Hauaer, yro Oyukuus f(x) He sB-
JISIeTCS paBHOMEDHO HeMpepbiBHONH Ha MHOXecTBe M.

189. I1puBectnn npumep (yHKIHH HENPEpPHIBHOH, HO HE paBHOMep-
HO HenmpepuBHOH Ha MHOXecTBe a) 0<x<1; 6) x=0.

190. IlpuBectn npumep (YHKUHH HEOTPAHHYEHHOH H pPaBHOMEDHO
HenpepeiBHOH Ha MHoXecTBe x=0.

191. doxasarb, YTO paBHOMEDPHO HENpephIBHAS Ha OrpPaHUYEHHOM
MHOKecTBe (DYHKUMs OrpaHHYeHa Ha HeM.

192. IlpuBecTH nmpuMep orpanudeHHOH u HempeprmBHOH Ha (0; 1)
$yHKUNY, He ABJAIOLIEHCT pAaBHOMEPHO HENpEepHBHOH Ha HeEM.

193. [doxkasarb, uTo GYHKUHA [(X), pABHOMEDHO HempepblBHAs Ha
KaxJI0M u3 ABYX OTPE3KOB, PaBHOMEDHO HENpPepHiBHA Ha HX OOBEIH-
Henuu. [IpuBecTH npumep, NMOKA3HIBAIOMIUH, YTO /51 MHTEDBAJOB 3TO
YTBepIKIeHHEe HeBepHO.

194. TokasaTb, yto GyHKuHA f(x) paBHOMEpPHO HempepsHBHA Ha
uurepBaJse (a, b) Torga M TONBKO TOrAa, KOrja CYLIECTBYeT Hempe-
puiBHast Ha orpeske [a, b] ¢yukuusa g(x), cosmanarwiias ¢ f(x) Ha
unrepBane (a, b).

195. Usgectno, uto f(x) wempeprBa npu x>0 u lim f(x)=C.

X—--00
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JoxasaTe, uTo a) [(x) orpannueHa npu x>0; 6) f(x) paBHOMepHO
genpepslBHA Ha x>0. _
196. SIBasieTcs an GOyHKUUSA Vx paBHOMEpPHO HENPEPHIBHOH Ha

a) [0, 1]; 6) (0; 1); B) [5, +); 1) [0, +o0); n) [0, + o).

§ 5. AMPPEPEHIUPYEMOCTDb ®YHKI{UNA

197. TlpuBectn npumep AByX HeauddepeHunpyemMblx GYHKUUHE B
TOYKE Xq:

a) NpOH3BeJeHHE KOTOPHIX Au(pdepeHnUpyeMo B TOUKE Xp;

6) cymMa KOTOpHIX AH(pdepeHuupyema B TOUKE Xo;

I') YaCTHOE KOTOPHIX Au(pepeHuupyeMo B TOUKE Xo.

198. IlpuBectn npumep ¢yukuuu, nuddepennupyemost B TOUKax
x1=0, xo=—1, x3=1 U pa3pbBHOH# B OCTaJbHBIX TOYKaX OTPE3KZ
[—2, 2].

199. HMmeror a1 npoussojHble B Touke x=0, cieaywoiiue GyHKIHU:

a) y=x|sinx|; 6) y=x|x3|.

200. ITycte ¢ynruus f(x) nuddeperunpyema B TOUKE Xo ¥
f(x0)0, a dyukuusa g(x) He aBnsercs auddepeHHUPyeMOH B Xo, HO
ABJISIETCSl HEelPEPBIBHOMH B Xo.

HokazaTe, yto dyskuus f(x)-g(x) He sBasercs auddepeHuupye-
MOH B Xg.

"

201. Haiitu f'(0), ecmn f(x) =[] (x+4).

k=0

202. ITpuBecTH mpHUMep MOHOTOHHOH (GYHKIWH, NPOH3BOAHAS KOTO-
poii He fIBISIETCA MOHOTOHHOH ¢QyHKuMeH.

203. ITycts dyukuus f(x) — HeueTHasi, AuddepeHHUpyeMas Ha
(—o0, +o0). Hoxasats, uto ['(x) — ueTHas GyHKUHs.

204. JloxkasaTh, 4TO NPOH3BOAHASI MEPHOAUUECKOH (YHKUHH $B-
JSIeTCA NepHOANYECKOH QyHKuuei.

205. okasatb, uto ¢yHKUHs f(x) =sinx+cosy2 x He sBIseTCR
NePHOJNYECKOT,

206. [TpuBectu npumep dyHkunu f(x) takoit, uto f/(x) cyuiecrsyer
BCIOAy Ha (—1; 1), orpaHuueHa W pa3puiBHA TOJbKO B Touke x=0.

207. TlpuBectu npuMep GyHKuud [(x) Ttakoii, uro [/ (x) cyumect-
ByeT BcloAy Ha (—2; 2), orpannuyeHa U MHOXECTBO

{-_*- —l—}, n=1,2,..., ecTb MHOXKeCTBO TO4eK paspwuiBa [ (x).
n

208. WspectHo, uto f(x) nubdepenunpyeMa B Touke x=0 u ¢ (x) =

.1
XZSIHT, x;&o,

0, x=0.
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Joxasatb, uto [(p(x)) uMeeT B TOuke x=0 [pOM3BOAHYIO, PaB-
Hywo 0. i

209. Ipusectn npumep oynkuud [(x), auddepenunpyemoir Ha
(a, +00), y xotopo#t cymectsyer lim f(x), no ne cymecTsyer mpe-

X—>-}-00

Jiesla HpOK3BOAHOH NpH x—--+ oo,

210. T1puBectn npuMep OTpaHHYEHHOH OYHKUHH f(x),,nn(p(bepeﬂ-
uupyemoil Ha (@, -+o0), Tako#, uro cymecrsyer lim f'(x), HO He

X-¥-4-00
cymectsyer lim f(x).
X—>+00 .
211, Hpusectn npumep oyHruun f(x), AndoepeHunpyemMosi Ha

(0; 1), rakoit, yro limf(x)=o00, HO mpexena nNpoH3BOAHON He cy-
x—0

mectByer npu x—-0.
212. Tpusectn npumep yuguun f(x), nuddepennupyemoir Ha
(0; 1), Taxkoit, yro limf’ (x)=o0, HO [(x) sBASETCH OrpaHUYCHHOH
x>0
Ha (0; 1).
213. [TokasaTh, uTO €CAM [/ HENPEPHIBHOH B TOUKe X; (PYyHKIHH

f cymectmyer lirriL f'(x)=A, 1o cymecrsyer ['y(xo)=A.
X—>Xq

214, pusectn npumep HempephiBHOH Ha [—I1, 1] dyukuuu f(x)
Takol, uTo AJs Bcex xe=(—1, 1) npousBoxHas ['(x) cymiecTByeT, HO
He cymectByer lim f'(x) u lim [ (x).

x>0+

X0
215. IlpusecTu npuMep (QyHKUMH, HenpepuBHOH B x;=0C, HO He
umemouel B xo=0 Hu JeBoil, HH NpaBO# NMPOHU3BOAHON.

[ ypo—

216. Paccmotpum dynxmun gy (x) = | x|, yo(x)=x 1 y;3(x) =V x% .
Ha orpeske [—1; 1] y 3Tux $yHKUuu# HeT TOYKH, B KOTOPOH TpPOH3-
BOAHas oOpaliaeTcs B HYJb.

Kakoe ycaoBue teopembl Ponng napymeno?

217. lokazaTp, YTO ecau BCe KOPHH MHorousneHa P, (x) creneHu n
JelCTBHTeNBHE, TO Bce ypaBueHus P,®(x)=0 (k=1, 2,...,n—1)
HMEIOT AeHCTBUTEJbHbIE KODHH. _

218. HNoxasare, uto ¢yHrums f: (a, b)—R, uMmeomas orpaHuyeH-
HyI0 NpOM3BOJHYIO Ha (a; b), paBHOMepHO HempephniBHa Ha (a; b).

219. Ilycrs dyukuus f(x) auddepenuupyema na [0; 1] u f/(0) X
Xf'(1)<0. Toraa na untepBane (0, 1) cyuecTByeT ¢ Takoe, 4TO
' (c) =0. Ooxasarsn.

220. ITycte f(x)=F'(x) pas mobBoro x&[a, b]. Jokasars, uto

st 106bx as [a, b], pe|a, b], ecan f(a) <f(B) u f(a)<c<f(B),
TO CylleCTByeT ToukKa y Takad, uTo y=(a, B) u f{y)=c (cBOHCTBO
Hap6y).

221. Hycry dynkuus f(x) auddepenunpyema na [x;, x2] u 0<
<x1<Xxp. lokaszats, 4TO

e bl () —f () = @) — & (9,

TaC S (X1, X2).
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222, IIycts ¢ynxkuua f(x] wHempepmsHO audGepeHnupyeMa Ha
(a; b). BepHo nm, uto mas aw6oro 8 (a; b) cywecTsyor X (a, b),
xo= (a, b) Taxue, uT0 8 (X1, X2) H

fl (6) — f(x2) _ f (xl).

Xg— X1

223. Hapucosarts rpaduk- Takoifi HenpepHBHO Auddeperuupyemoi
bysxruan f(x), uyto MHOXKecTBO E, YAOBJETBOpSIOIlee COOTHOLIEHHIO
F(1) —F(0) =f"(E), cocTouT POBHO H3 TPEX TOYEK. .

224, WssectHo, uto Qyukuus f(x) HenpepuBHa Ha [0; 1], audde-
penuupyema na (0; 1), f(0)=4, f(1)=2, ['(x)==—2. Hokasarp, uTto
f(x) — auHelinas GyHKIHS. ,

225. Oyukuus f(x) umeer Ha (0, +o0) HenpepLIBHYIO HPOH3BOA-
yio 1 f(0)=1, |f(x)|<<e™™ mna x>=0. JloxasaTb, yTO CyIIECTBYyeT
TOYKA Xy TaKas, 4To [’ (xo) =—e %,

226. Ilyctp ¢yHxuuun f(x) u @(x) auddepenumpyemMb mnpu x==xo
B |f (%) |<¢'(x).

Jokasarb, uto AJs1 X = x, umeeM |f(x) —F (x)] << @ (¥) —@ (x)-
227, Tlyems 9= C" (x> x), Y& C" (1= x0); ) (xg) =8 () nnst
k=0,1,2, ..., n—1 u ¢ (x)> P (x) paa x = x,.

IlokasaTh, 4To IMs1 X ==X, UMeeM @ (x) > P (x).

228. OyHkuusa f(x) Aag BceX X YAOBNETBOPSIET YCJIOBHIO

[(x 4+ Ax) —f (x) =AAx +a(x, Ay),

rae |o] <<C |Ax]3.

Hoxazare, utQ f(x) =Ax+ B.

229. Ilycts f(x) ompeneneHa ma [a, b] u ana mobux x; < a, bl,
X< [a, 6] |f (%) —f ()| < K|x, —x,1% rae K — koHcTanta n a>1.

Hoxasarb, uto f(x) nocrosinHa Ha [a, b].

230. Ilyctp f(x) aBaxaw HenpepwniBHO Auddepenuupyema na [0;
+o0), 1im [(9=0, |f' ()| <1

Iloxasatb, 4TO lim f (x) =0.
X400

231. Iycrs f(x) mBaxan auddepennupyema Ha Bceil ocd H orpa-
HHYEHA. .

JlokazaTb, YTO CYLIECTBYET xo Takoe, 4to [ (xo) =0.

232. ®ynxkuua f(x) HempephBHO Jaubdepenuupyema, He MeHseT
HanpasJjenue BeIMTYKAOCTH Ha (0, +o0) u ligl f(x)=A.

X—>--00

JHokasatb, uto lim f' (x) =0.
X >-f-00
233. Ussecrno, uto ¢yuruua f(x) nuddepenuupyema aas x=aq,
He MeHseT HampaBJ/eHHe BHINYKAOCTH Ha [a, +oo), npaMas y=kx+b
ABJISIETCA ACHMITOTOH f(Xx) mpu x—-+oo u rpaduk f(x) pacmosoxeH
HHXKE acHMITOTHL. ,
JlokasaTh, uTO mpu 3THX ycioBuax lim f'(x)=4%k u f(x) BoimyKJa

X~s-{-00

BBepX.
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234. IlpuBectu npuMep ABYX BHIIYKJBX BBepX GYHKUUH TakHX,
YTO UX IIPOK3BeJeHNe He SIBJSETCH BHINYKJIOH BBepX (yHKUHeH.

235. Oynguusa f(x) mnubdepenmupyema na [0, 1], f(0)=0, u ans
HekoToporo k>0 cupasennuBo nepasenctBo |f (x)|<k|f(x)].

JHoxasats, uto f(x)=0, x<][0, 1]

236. Ilycre fes C” (—o0, + 00) n cymectsyer L >0 Takoe, yTo
[F (x)] < L ans moGbIX n M JHOOHIX .

IlokasaTe, 4TO ecau f (—1—) =0 npa n= N, 10 f(x)=0.
n

237. Tycrs [(x) mBaxuel HenpepwiBHO nuddepenuupyema Ha [0, 1],
f(0)=f(1)=0 v min f(x)=—1. Wcnomwsys ¢opmyay Tefisopa, no-
xe[0; 1§

KasaTb, yto max f’' > 8.
x€[0; 1]

Oraersl, pewienus, yrka3anus

3. Hampumep, A=(0;3); B=(1; 5). 5. Hanpumep, A=[0; 10];
B=[0;7]; D=[5; 10]. 6. Ilycte x &= AN(BUE)=D. 910 3HauuT, uTO
xeA, 0 xeBUE, 1.e. 1) x&=A,n02) xeBu3l) xeE. s 1)nu
2) crnenyer, uto x & A\ B, a orcioga u u3 (3) caenyer, uto x & (AN
NB)\E. Urak, AN(BYUE) <= (ANB)\E. C 1pyroii CropoHbl, IycCTb
xe (ANB)\E, torna xe (A\B), Ho xE, 1. e. 1) x& A, HO
2) xeB u 3) xeE. U3 2) u 3) caegyer, uto x= (B E), orciona u
u3 1) cruenyer, uto x& AN(BUE), 1. e. (ANBN\Ec AN(BUE).
Tem campiM goKasaHo paBeHCTBO MHOXKecTB (ANB)N\NE u AN\(BUE).
7. Hampumep, A=[0,1]; B=[1/2,2]; E=][2/3, 3/4}; D=[0; 2].
10. Hampumep, A, =][0; 2]; A,=[2; 4]; B,=[1;3]; B,=[5/2, 5].
11. a) Ilyets xe C (A B), 10 3sHauut, yt0 x= (AU B), 1. e. xEA n
x € B; orciona cienyer, uto x=CA u x=CB, 1. e. x&CANCB.
C npyro#t croponn, ecan xe& CA(YCB, 3to 3Hauut, uto x& CA u
x&CB, 1. e. xeA u x& B, caepopatesbio, x= AB, T. e. x &2
e C(AUB). Urak, C(AYB) <= CANCB u CANCB=C(A|B), . e.
C(AUBy=CANCB. 13. Hampumep, fa) E=[0;1}; 6) E=[0, 1JU
UE=1DUES ) E=O;1; 1) E=0, HDUBUGUL S » E=

= T}' n=1,2,..., mm E={1}U{2; ¢ E=(—1,1)U{2), wm
E=(—1,1]; %) [E=[0,2); 3) E=][0,2]U{4}U{5}. 14. Hanpumep,
a) E:{ n;l }, I’L=1,2,...; 6) E=E1UE2UE3UE4UE5UE6’ rre

E; ={2i+—1—};n=1,2,..., 1<<i<{6. 15. "Yxasauue. [lokasaTe OT
n

nporeBHoro. 16. Jla, Hampumep, MHOXKECTBO Es{l], n=1,2,....
n

20. Her (cM. caenytomyio samauy). 21. Bce peficTBuTe/bHbE HHCIA.
22. Hanpumep, MHOXKECTBO BCEX PallHOHAJIBHEIX YHCEJ WJIH NPOMEXYTOK E =
=(0, 10]. 23. Bce peficTBuTe/IbHBIE YHCJ/A He MeHbllle yeMm 1Ba. 24. Bes

1 1 1
. 29. H =] . —
npsiMasi ¥ mycroe Muoxkectso. 29. Hanpumep, A [ - + TR }
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n, k<= N. Ykazanue. [Tokasats, yt0 A’ = L} u{0}, A"={0}, A" =@.
n

}, 4
30. Hanpumep, a) f(0)=c¢,, f (%) =c,, f _:12-) =, | <%_) —c,,
f(1)=cs, f(x) =c; nas x < [0, 1]\{ ; %; %, 1}; 6) f(0)=c,;

f(x)=c, nna xE(O; —1—); f(L\) =cq; [(X)=¢c, M8 X = (—1— —2—);

3 3 3’ 3
f (%) =c5 [(X) =ce m12 x = (—g—, 1). 32. Hanpumep, E, coctouT H3
OJ(HO! TOYKH i, neN. 35. Hanpumep, F,= |— it , n:‘ ]
n n
n=2,....38. Hanpuwmep, an(——ﬂ-, ntl ), neN. 39. x>=0.
n n

VYkaszauue. ITokasatb, uto B JmoSom HHTepeaste (o, f), ecmu 0< a < f,
Hafizercss Touka Xx,=2°/9. 41. JlaHHOe MHOXKECTBO CYETHO. YKasaHHe.
Kaxknpifi Takoél KBajpaT XapakTepusyercs YIOPsiIOYeHHbIM HA60pOM BOCh-
MU palMoHaNbHLIX uuces. 42. Ykaszanue. [lokasath, YyTo 3TO MHOXKECTBO
5KBHBAJICHTHO HEKOTOPOMY IIOAMHO:KECTBY palMOHAJbHBIX unces. 43. Hc-
FI0JIb30BaTh yTBEpKAeHHe 3ajsaun Ne42. 45. Ykaszauwe. Paccmorpers MHO-
xectBo AN\ A’, npenmonoxus, uro A HeCYeTHO, MPHATH K npomBopeqmo
46. anMEHHTb yTBepxaenne 3azaud Ne42 K kaxmomy us E,. 47. Yka-
3anue. Tak Kak A—cueTHoe, TO MHOXKeCTBO B 3HaueHuU#H lx,,——xml , TIe
x, A, x,,= A, He Gojiee yeM CYETHO (TIoYeMy ?); CJie[IOBaTeNIbHO, Hak-
JeTcd 4HMCJIO @, He Bxoismee B B, T. e. x,+az~x, HA AJA KakuX

&4, x,e A 48. Hanpivep, N= | (|J (2n+1)2%). 49. Hampn-
k=0 n=0 )

mep, o6osHauuM X, =0, ¥, =1, xn=7l~— s n=2,3,.... Ionoxum

¢ (xp) =Xpt2, R=0,1,...; ¢(2) =2, ecyiu z#:-—— k=0,1,.... Tor-
la @ -— KHCKOMOe omépamefme 50. Hanpnmep, nycrb @,(¥) B3aUMHO OnHO-
3HayHo orofpaxkaer [0, 1] Ha (a, atb ] (cpaBHHTL C npenbmym.eu.

3ajauel), a @, (x) =arctg (x— 1)- a4+ 4 + b . HyxHoe oroGpaxkenue
T

ectb @, (x) Ha [0, 1] u @, (x) nHa (1, +oo) 51 VYkazanne. Kaxnas Toy-
Ka KBajpaTa XapaKTePU3yeTcs ABYMs IeHCTBUTE/NbHBIME YucJamu. 52. YKa-
sanue. Ecim A, ectb nepeceyenne muoxectBa A ¢ orpeskom [—n, n],

o0
neN, 1o A=|| A, 53. Hanpavep, MHOXECTBO HAaTypajbHEIX YHCEJ.

n=1

54. Hanpumep, E =E, UE, U Es, e E, = {2l+ s } neN, i=

=1, 2, 3. 56. Hanpumep, (—L+2, 2-1——_), ne N. 57. Hampu-
n V.
1

on

mep, (—- —4, —2+;>, n& N. 58. Hanpumep, (1, nil )
\ n+3

n
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ne N. TlochenoBaTe/JEBHOCTh BJIOMKEHHHIX HHTEPBAJIOB HMeeT HemycToe me-
peceueHyne, ecsiy 3aMBIKaHHE MOCJEAYIOWEr0 MHTEPBaja NOJHOCTHIO BXOIHT
B npembixyliwii -watepasi. 59. Ilpexnosoxum mnpotuBHoe. Torna Ha o-
6om orpeske [e, B] & [a, b] HalineTca Touka, He mpuHajJexamas F,, che-
JIORATeJIbHO, Haiinercss uHTepBas (o, f’), mesmkoM BXomsmiuiéi B JIONOJHE-
une F,. Boabmem orpesox [a,, B,], nexamuil ‘B aTOM HMHTepBajie, TOrIa

B 3TOM OTpe3Ke HafijieTcs mETepRan (o), Pi), HeJMKOM BXOASUIMI B JOTO-

Henue F,. TakuMm 06pasoM, CTOWTCS MOC/IENOBATEJNLHOCTh WHTEPBAIOB

o, ﬁ;,,) TaK ,yTO HJis J11060ro n (Gtn, ﬁ,',) JIEXXUT B JONOJIHEHHH K MHOZKe-

cteam F,, F, ..., Fop1 ¥ 3avbKanue (0, B)— oTpesok [on, Bn] — Je-

KT BHYTpH HHTEpPaja (n_i,Pn—y). Hcnonesys pesysbTar npepsigyuieis
]

sazauy, nonyuaeM, uto [a, B] N {ﬂl(a,;, Bn)} #&. D10 NpOTHBOpEY HT TO-
n=

my, wro () (e, By) =C 01 Fo a (C{] Fa)N[a,B] = @. 60. Hanprtep,
1 n= n==1

Ne==
2 S
w1 , 2 , nesN. 62. CucreMa COCTOHT H3 HHTepBasia (— &, €)
1" m41

1—e 14e

gn ' on

H HHTEPBaJIOB ( ) C HOMepaMH /i, yAOBJIETBOPAIOL{IMH YCJIOBHIO

DA -:—. 63. Ila, xota mHOxkecTBo E HesamkHyrto. CpaBHHTH C npe-

Ieifymed sagaue. 64. Her. 65. Hanpumep, orpesok [0, 1] u coBokyn-
1

HocTb OTpesga [— 1, 0] m CHCTEMBI oOTpeskoB > 'Ek_—l_]' ke N.
/ m 1 1

Vxasanue. Tlokasate, ut0o eesiu A, =[—1,0]U (U [_En_ e D,To
n=1

ana moboro m umeeM [0, 11\ A4,, 5= . 66. [Hanpumep, umrepean (0, 1)
M CHCTEMa HHTEDBAJIOB (-;l—, 1), ne N. CpaBHHTb C aHaAJM30M IpeAsl-

aymed sapaud. 67. Hanpumep, wuntepsan (0, 1) u cucreMa orpeskos
-;ll— , 2|, neN. 68. Hanpumep, cucteMa HHTEpBAJIOB (—n + 2, Vn+100),

ne N. 70. 310 CBOACTBO BHIIOJHEHO AJS JI060H IOCJEIORATENLHOCTH.

72. Hanpumep, a,=n""", 73. Hanpumep a,=n2. 76. Hanpemep, a,=
1—n

=(— 1)*. 78. Hanpuwmep, a,,=[l+(—1)'}]-—n—. YKasanwe. A=

={—2+i} U{0}, ne N. 79. Hanpuwmep, a,=:(—1)" n_n—l

n

sanne. YacTHUHLIME OpefiesiaMH TOCjenoBaTebHOCTH {a,} SBJSIOTCA TOY-

ki 1 u —1. 81. UacTHumbiMH npefenaMu mocJeaoBateastiocTd {b,} Oy-

ZYT, Hampumep, BCe YACTHYHbE NPEJEJHI IOC/efOBaTeNbHOCTH {a,} (cpas-

HuTe ¢ pesynbTatom 3azauu Ne 80). 82. Ha. anyy—a, —0 npa n— 4 oo,
nin—1)

83. Hanpuwmep, a) an=% umma, =(—1) ’ ;l!; 6) lima,==0. 84. Han-

n-»o00

. Yka-

pumep, a) a,,=10n+-:1—;f6) a,=n?, B) a,=n-+(—1)" 1) TaKo#
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I0CJIEA0BAaTEJbHOCTH He CYIIeCTBYyeT, TaK KaK YCJOBHSA a,—>+ o H

]imi—a"—*‘—r =0 BsapMHO npoTMECpevatr (cM. sajauy Ne100), 1) a,=3" +
n—oo  Qdn

+sinn; e) a,=n% x) a,=n(2+(— 1)*). 85. Hanpumep, a,=
— n g n
:—_—(—,1—)— wiy q, =—————- 990. Taxas nocienopaTebHOCTL HJH

vn ’ vr 1
2
CXONHTCA K "UKCJY b WAM DAcXOJWTCsi. YKasaHue, PaccMoTpeTb NOC/ENOBa-

TEJBHOCTb @, THE Ay =1, ecim k=(2p+1)-27, p=N,g&EN; a,=0,
ecsit 8 =3", ne N, 1 q,=2, €U £ He BXOJHT HH B OJHO H3 BhIUle-

ykasanubix Muoxects. 91. Hanpumep, a) a, = _—1——--—l—, Wi a,=(—1)"-
: n
N : 1
le, wH q;=—4, an:L, n>1; 6) a,=2-(— 1)'——, B)
n n n
Q,= —n, HIH a,,=—10+—3—, ne N, 96. a) llycm lim a,=A4,
n -

n-»>oo

limb,= B, lim(a, +b,) =C, lim 6, = B,. OrpanuuuMcs C/yyaeM, KOTAA
n—ooo >0 n-»o0

A, B, B, C KoHeynbl (ecqH XOTA Obl OJHO H3 3THX uMCeJ GECKOHEUHO,
I0Ka3aTe/IsCTBO aHasioruygo). 1) CyllecTByeT moAnoC/efoBaTesbHOCTD {1y}
TaKasi, YTO ank+bnk—>C. W3 noanocienosaTesbHOCTH %{ank} BbIGEpeM

CXOZAULYIOCS MOANIOC/IC0BATENbHOCT {@p, }, TOrAA lim an, =A"> A, tak
P p->0 14 .
kak A =lim a,. Tak KaK b,, = (@n, +bn, )—an, , T0 C— A’ =1limby,
—_— kp kp fp p

»
n—oo pyoc P

a TaK Kak B:l_ir_r{b,,, o C—A'>B. Urak, C=B + A’ =B+ A.
n-»00

2) CyumecTByeT noamoC/en0BaTe/ibHOCTh a,,q-»A. W3 nocsieoBaTesIbHOCTH
{6} BLGepen cxopsmylocs moANOCeOBaTENbHOCTS {r, ). Tak Kax By =
s

=1im b,, To0 bn, B’ < B,. Torxa a"qs+b"qs"A+B" Tak kak C=

=§rj(an+ by), T0 C< A+ B'<C A+ B,. 96. Hanpumep, a/15 HepaBeHCTB
nygg;oos a) H B)
1, n=23k4; (— 2, n=23k;
a,={ —1, n=3k—1; b, = 0, n=3k—1;
0, n=3k—2; k =N, 1, n=3k—2; k= N;
AJisl HEPABEHCTB IYHKTOB ) H T)
i—;-—, n =23k, 3, n=23k;
an=! 2, n=3k—1; by= {1/2, n=3k—1,;
!—;)— n=38k—2; k= N; 4, n=3—2; k& N.
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98. VYkasanme. FEcsaum mnocsenoBaTenbHOCTh {@,} pacxomuTcs, To AJdA
[OC/IeIOBATENbHOCTH b, = —a,, n &< N He BLINOJHAETCS YCJOBHE a), a

1
JJis1 TIOC/Iel0BaTe/bHOCTH b, = , "€ N He BHIIOJHEHO YycjoBHe O).
Qn

a: a.
99. VYkasanue. BocroJb3oBaThCst PaBEHCTBOM: @, =y + ~— . —— - . ..
ay [22)
a .
...+ —2—_ 100. Cum. yxasaume K 3agaze Ne 99. 101. Ilociejposaten-
an_1

HOCTh {a, + b,} pacxomutcs, IOC]IeIOBATENbHOCTD {a,-b,} TOXe pacXOmHT-
cd, ecau lim a, 0. Ecau xe a, — 0, To 3Ta nocj1ej0BaTebHOCTb MOMKET

n—»00

KaK CXOJHTbCS, TAK W PacXoauThcst (cM. oTBeT K 3amaue Ne 102). 102. Ha-
npumep, a,=(-—1)", b,=

——. Takoe no/ioxeHne BO3MOKHO, TO/BLKO
vn _
ecmn b, — 0. CpaBHHTe ¢ oTBeToM K 3anade Ne 101, 103. Ilycrs lima, =0.

n-»o00
Torpa nnsi moGoro & > 0 mafizercs N, () Takoe, yto —e < a, < & L4
2 |a a; vee Ha,, |
Bcex n > N,. Bosbmem N, > ot ot M M-——Nl(—z—)HN:
&

=max {M, N,}, torga nmst n >N Hmeem

a;+as+ ... +a <[al+a2+...+aN‘| IaNl.§_1+"'+an|
< +
n n n
lal+-~-+aN1| + IaNl+1|+'~-+|an|
Nz n—Nl

<

<

€ €
<~ o _:8’
2 + 2

YTO JOKa3biBaeT yreepkienue sajayd. Cuyuait A =~0 cBoxuTcs K pa3ol-
panHoMmy. 104. Ykasauue. OTnenbHO paccMotpeThb caydail A =0, a cayyail
A0 cBectu K pacemorpenmio cayuast A =1. 105. Mcnonb3osats pesyiib-

tar 3agayd Ne 104. 106. Ilpumepom MOKeT CJY:KHTb [OC/IENOBATENbHOCTD

— )" o
an=(——~)—‘ Ykasanue. [lpumenutb Kpurepuit Komm. 107. Tlokasars,

n
2
YTO IOCJ/Je0BaTEJbHOCTDH SQn ——-SQn—1 He CTPSMUTCA K HY/MO C DOCTOM H,

U npuMeHuts KpuTepuii Kommu. 108. [Iusi TakoHd MOCJeJ0BATeNLHOCTH Bbl-
nosasercs xputepuit Kowwu, [leficTBuTesbHO, AJMA NPOH3BOJIBHOTO & >0
cymectByer K (g) Takoe, uro nas k, > K, ky, > K | Qny, —an,, | < e.

B cuay ycnoBusi 6) CymECTBYyeT TaKoe K, uro lap —an, | < €3 nas Vp:

ng<p<ne u Vk>K. Tlyere N=max (nK(E ), ng). I moGoro
3

m >N enuncTBeHHHIM o0pasoMm ompegessietcs K (m) Tak, 4TO Hp(my <

<m< ngm+1. Ecom my >N, my >N, 10 k(m,) >K, k(m,) >K u
k(my) > K(e/3), k(my) > K (e/3), | am, — am, | <| Gm, — Quyp,, | +
+ lank(m‘) ~Qnp |+ | Uiy —my | < €. 109, Yxasauue. Mcnosnsso-
BaThb pesysbTar 3agaud Ne 108. 110. VYkasauue. [lokasare, uro ycjoBHe
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337layd 3KBHBAJIEHTHO BHINOJHEHMIO Kpurepuss Kowm pas nociienosaTedib-
HocTH f, (xy) nmpu smoboM x, e [0, 1]. 111. VYxkasanue. Hcnombsosarsb
METOJl MaTeMaTHYeCcKOH MHayKuuu. 112. Ykasanue. IlpumeHutb HepaBeH-

b

cTBO DepHy/siM K OTHOWeEHHAM —mi y . 113. VYkasauue.

an N4l
HcnonbaoBath MeTon maremaTHueckoM MHAyKUMH. 114. YkasaHue: a) Hc-
noJib30BaTh pesysbraT 3ajayd Ne 112; 6) HCnojb3oBaTs HEPABEHCTBO
’ 1 \é2n 1 \n+1 .
(l + T) <le<L (1 + ——) (cM. sapauy Ne 112) u npuUMEHHTD

n n

2n 1 \n
HepapeHCTBO DepHyJsiiM 1J1s OlleHKM pasHOCTH (1 -+ ZL) — 1+ —n—j .
n

i/

115. 1. a) [—2, 0]; 6) [—2, 0]; B) (—2, 2); 1) [—2, 2]; n) (— 110,
110); ¢) [0, 17U [0, 2); x) [—2,2]. II. 1) (—2, —1) U (—1, HU(, 2);

2) [—2, —V3IUI0, ¥31: 3) (=¥3,0U(/3,5). 116. 1) X B Y;
2) X maY; 3) X naY,; 4) X GuekrusHo oTo6paxkaercsi Ha Y; 5) X Guek-
THBHO orToOpaxkaercs Ha Y; 6) X B X. 117. A< f-2 (f (A)) (cpaBuuTe C
safauamu Ne 115 u Ne 118). 119. A=f-1(f (A4))." 121. Paccmorpers mnpH-

mep f(x)=sinx na R: A_—_{x:xe [0, 2:rc+%]}, B={x:xe& [2n, 4n]}.

122. Tlycte y, & f(AN B), Torna y, ectb 3Hauenwe GyHKUHM f(x,), rae
e ANB, 1. e. xy=A u x,&= B. Caenosatensro, y, f(A) u y, =
efB), 1. e. ypo=f(ANf(B). B cuny 6uekuun x, — eIUHCTBEHHAS
TOYKa, A1 KOTopoit f(x,) =y, Ecau xoé—AnB,ﬂTo W x, e A, W
Xo & B. Ecom x, & A4, 10 f Ha MHOKecTBe A HZ NpPUHHEMAeT 3HAYCHHS Y,
T. e. Y, &< f(A). Ecom x, & B, 10 y, & f(B). Ilosnyuennoe npoTusopeune
noKaspiBaer, uTo X, & A} B. 123. Cm. sagauy Ne 120. 126. Yxasanwue.
Bumecte ¢ Toukoit (Xg, Y,) rpaduKy (YHKUMH DPUHALJEKHT H TOUKA
(Yo, Xo). 127. Yxasaume. Ilyctb TOuka M (Xy, y,) JM€KUT HAa rpaduke
Gyuknun. PacecmoTpum pesyJsbTar moC/eOBATENBHBIX CHMMETPHUECCKHX
OTO6OpaxkeHuii TOUKH M oTHocuTesbHO Touku A, npsamoit x=C, cHoOBa
Toukn A u cHoBa mpsimoi x=C. 128. Cymecrtsyer x,e (—I, [), 410
[ (%) # [ (—xp). 129. Vkasauue. Paccmorpers @ (x) = (f (x) -+ f (— x))/2
u P (x) =(f (x) —}(—x))/2. 130. Oas mo6oro C>0 cyuiecTryeT x, & M
TaKoe, 4T0 |f (%) | > C. 131. a) HeorpanuueHHasi; 6) GeCKOHEYHO GOJIb-
Was; B) OrpaHuyeHHasi; r) orpannuenHas. 132. Hanpumep, f(x) =
1, eciiu x=0;

m
= { n?, ec/M X=—, m H n B3aHMHO HpoCTHe, n> 0;
n

0, ecau x HppanHOHAJBHO. 133. Cdopmyaiu-
pyem yTBepmKJ€HHE, 4TO O3HauaeT, yTo GyuKuHUsA f(x) He sBJseTCs HeyOHI-
BAIOLIEH: CYIIeCTBYIOT X, & [a, b] u x, € [a, b] Takwe, uto x, < ¥;, HO
f(xp) >f(x). 134. He o6sisaTesbHo, Hampumep, y, (X)=x, y,(x)=x.

12+x<2+sin L), x==0;
X
2 , x =0, 136. Ykasanue.

135. Hampumep, f (x) =
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PaccvorpuM caydail HeyOuBaiomefi ¢yHkuuu; ecau f(x) He sBJAETCA
TakoeoH Ha [a, b], To malinyTcs Toukn a' < |[a, b], b’ =la, b] Taxue,
uTo @' < V', Ho f(a’) > f(b') (cm. orBer K sagaue Ne 133). Tlokasats,
yTo B TOuKe ¢ =sup{x, x<= [a’, &'], f(x) = f(a’)} He BHmoJHsETCA YCJIO-
BHe HeyOwsanusa. 137. Ila. Ykasanue. IIpoBecTd 10Ka3aTesnCTBO OT IIPO-
THBHOrO. 140. VYkasamme. [loxkasats, yto @[f, (x,— 8, x,+06)] ectb
MOHOTOHHAsi M orpaHHYeHHast GyHKIHs 6 B HEKOTODOH MpaBoOil MOJIyOKDECT-
sin—i—, x>0

HoCTH Hyas, 142. Hampuwmep, f (x) = cosx, x<0

5, x=0. 143. VYkasange.
Pacemotpers tpu cayuas: a) f(x)) > limf(x); 6) limf (x) < f (x) <
<Umf(9; B) flo) <lmf(y). 146 ) [0 +g() 1 f0)—g

XX, XX

paspuiBHBL; f(x) g (¥) MOXKeT GuITb K@K HempephlBHOM, Tak ¥ PaspLIBHOH,

Hanpumep: 1) f(x) =x, g(x)=signy; 2) f(x)=x+1, g(x)=signx;

6) paccMorperh npumepst: 1) f(x) =signx, g(x)= —signx; 2) f(x) =
1

. ) arctg—, x3%£0;
= signx, g(x) =2signy; 3) [(¥) = x g x) =

0, x=0;

0, x=£0;

1, x=0. 147. Hanpumep, g (x) =signx, f(x) =x(x2—1), x,=0.
148. ®yHkuHA OrpaHHYeHa B HEKOTOPOH OKPECTHOCTH TOUYKH JX,. DoJjee
TOro, MOXKHO CKasarh, 4TO AJA Jioboro &> (0 Hafinercd Takasi OKpecT-
HOCTL TOUKH X, YTO AJsl JHOOOro x U3 3Toi oxpecTHOCTH |f (x) —f (xy) | <
<e+infa, VYcaosue infa,=0 Heo6xoAUMO ¥ NOCTATOYHO JJIsl 3KBHBA-
JIEHTHOCTH CHOPMYJIMPOBAHHOTO VYCJIOBHS M HENPePEIBHOCTH f (¥) B TouKe
Xo. 149. Ykasanue. Ilokasatb, yTo aJ oforo HatypaseHoro N u Juo-
6o#t MppaiMOHAJLHON TOYKH HalleTCs Takas ee OKPeCTHOCTb, B KOTOPOH

He GYJeT HH OJHOH PAIHOHANBHOM TOUKH BHIA —, rae n<<N. 150. Hc-

n
NO/IB30BATL Pedy.ibTaT 3afaqu Ne 141, 151. Hanpumep, a) f(x) =x-D (x);
6) f(¥) =x(x— 5)D(x); B) f(x) =(—1)(x—2) ... (x—n)D(x)
(cm. samagy  Ne 150). 155. Jla. Hanpumep, f(x) = sign®x, x, =0

[ cos —-1—-, x=£=0;

um f (x) = i x %, =0.
0, x =0, 156. Ha. Hampumep, f(x) =
{ arctg —1—, x*=0;
= * x,=0.
L 0, x=0, 157. Her. Vkasauue. Paccmorpets A’ =
= —h. 158. a) f(x)=C. VYkaszauue. [Jlaa moboro x=R [(x) =
= f (_’25_) =f<%) = ... =Ff ( 2’; >=f(0)‘ 6) f(x) =a*. Ykasauue,
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Paccmorpers f(2) =f (1 + 1), 3atem f(n), ne< N, 3atem f<—;—-), ne N,

sartem f (l

), me Z, sareM f(c), rue ¢ wppaunonamsHo. 159. Ilycrs
n

e (a, b) n alxg—hy<xg—hy <xy<x5+4hy <xy+ hy< b, TONOKHM
A =(ho—hy)/hy, X, =1x¢, X3=1xy+ hy. Torna us ycnoBusi 3a1auu IOJYYHM
HepaBeHCTBO (—f (Xo) + f (o + 3))/he<C (—f (%) + [ (g + ho)) /By AHaJO-
THYHO IIOJIy4yaeTcss HepaBeHCTBO (f (xo) — f (xo — A,))/h, = (f (xg) —
— [ (xo—hg))/hy. O6osnauus A = (f (xy + ho) — [ (xo))/he, B = (f(xo) —
— [ (xo—hy))/ by, MOAYyuHM, yTO Ha HHTEpBANE (Xo—Hhy, X, +Hh,) OYHK-
uus f ynoejeTBOpsieT HepaBeHCTBY B (x—xg) <f (x,) —F (X)) << A (x —x),
OTKyJa CJiellyeT HenpepulBHOCTL f B Touke x, Ecam xe x,==a nam x,=b,
TO Da3HCCTHOE OTHOLIEHHE (f (x)—f ()c))/(x0 —X) OrpaHHuYeH@ TOJBKO C
ONIHOH CTOPOHBI, OTKYJa HENpephuiBHOCTbL HE BhITEKaeT. Paccmorpure (yHK-

0 1; , .
umOf(X)={ » 0<x< =
1, x=0, x=1. 160. Hanpumep, f(x) =D (x)— 2 (cm.
sajauy Ne 150). 162. Ykasanme, Ilycts x; < %, < x3, TOKasaTh, uTO
min fx)<{f ()<< max f(x)., 163. Ilycts /— npsiMas, napansiesibHas

XE€[xy, %] 2€[%xy, X,

JaHHOMY BEKTOPY, He Ilepecekarcliasi HaHHBIH MHOrOyroJibHHK; och OX
nepnesfvkyasapua /; S (x,) —nnomans YacTH MHOrOYroJIbHUKA, JieKauiel
Mexay npamoii [ u npsMoli x=x, IlocKoJbKy JaHHBIi MHOI'OYTOJIbHHK.
MOXHO 3aKJIIOYHTB B IPAMOYT'OJILHEK, CTOPOHBI KOTOPOrO NapasijiesibHbl [ U
0X, 10 |AS(x)|<|Ax|-K. [anee Hamo BOCIOJB3OBATHCA TEOPEMOR

O NpPOMe:KyTOuHOM 2HaueHHH. 164. Ilycts / — IPOU3BOILHASE npsiMasi, Hpo-
XOAAIasA yepea JaHHYyO TOuKy. BpibepeM Ha Hell HOJIONKHTENbHOS Hanpae-

JeHHe H 0003HauMM HanpaBJenHyio TIpAMYIO I. Tlycrs [ (oc) ecTb Hanpas-

NeHHAs npAMas, cGpasyiowas ¢ 1 yron o (I(n)= —1, 1(2n) =I).
O6ospaunM S (o) nromajzb TOR YacTH MHOTOYTCJBHHKA, KOTOpaﬂ JIEXKHT

cpaea ot I («). Tlokazats, uTo S(a) —Henpepsieras dynkuus Ha [0, nl,
H BOCIICJIb30RAThCH Teopemoﬁ 0 MPOMEXKYTOYHOM 3HaueHuH. 165. Tlokasats,
9To Haiijercst oTpesok [a, b], HAa KOTODOM MHOTOYJIEH MEHSIeT 3HaK.
166. Yraszanne, Paccmorpers ¢ynkumo ¢ (x) =/ () —g(x). 167. Ykasa-
nue. Ecaw' f(0)=a0 u f(1)=bs£1, 10 dysxuns @ (k)= (x)—x
ponxHa npeHATh Ha [0, 1] HyJjeBoe snauenwe. 168. Hanpumep, [ (x) =«2.
169. Ykasaume, Ilokasate, uTo f(x) NpHHHMAaEeT BCe 3HAYEHHH OT — OO
J0 -+ oo M IPUMEeHHTb pe3yabrarT 3safaud Ne 126, 170. Ilpeamonoxum
JJi8  Onpefe/]eHHOCTH, 4TO pajguyc okpyxkHocTH pased 1. Tlyets M, —
($UKCHPOBAHHAA TOYKA OKPYKHOCTH U M (x) — TOuKa, nOJydeHHas M3 TOu-
Kd M, IOBOPOTOM Ha Yroi x B MOJOMKHTEJbHOM HaNpaBJeHHH (IPOTHB
yacoBo#l cTpeikn). Pacemorpers dynkuumio @ (x) =f (M (x)) — f(M (x + m))

na orpeske; [0, n]. 171. Hanpnwmep, f(x)=sin(——“-l-—), X -é_

X —— —
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), xq&—l—;

1
£ —
2

0o |~

4

173. Ykasanue. JlokasaresbCTBO HPOBECTH OT nmpoTuBHOro. Ipumep: f(x) =
x4+1, —1<x<0;

={ x, 0< x<1; 175. Hanpumep, f(x)=
1/2, x=0.

176. Jhio6asi MOHOTOHHAs, HO pa3pbiBHast (YHKUHA, Hampumep, f(x)=x-+
0, x=0;

127, 12" < x < 1/2*1, n e N.

178. VYkasauue. Ilycts E, ecTb MHOXKeCTBO TeX ¥ u3 (a, b), 4To f(x)>

1

>f(x+1t) naa Beex ¢ Tagux, uto 0 < Jf | <— u a<x— 1 x4t
n

Jlokasatb, yTo MHOXKECTBO E TOyek CTPOroro JIoKasbHOrO MakCHMyMa ecTb

oo
U E. ¥ raxpoe u3 MHOKECTB E, COCTOHT TOJBKO H3 H30/HPOBAHHBEIX
n=1
Touek. J[lajiee npuMeHuTh pe3ysbrar 3azaun Ne 46, Ilpumep: [ (x) =
. 11
(x—a) sin , X5-a.
= X a

0, x=gq. 179. Her, B cuny TeopeMbl 00 Orpasu-

YEHHOCTH HenpepuiBHOH Ha orpe3ke ¢yHkuuu. 180. Her, B cuny Teopemsl
O MakCHMyMe M MHHHMyMe HenpepeiBHOH Ha oTpeske (yHkuun. 181. Her,
B CHJy TeopeMbl O NMPOMEXYTOUHBIX 3HAUEHMSIX HeNpephlBHOH Ha OTpe3ke
dynkuuun, 182. a) f(x) =2x; 6) Her, B CHIy TeOPeMbl O IPOMEXYTOYHBIX

3HAUYEHHsIX HENpephBHOH Ha OTpeske QyHKuuH; B) f(x) = l—l-x ; 1) flx)=

= 1-+4sin2nx. 183. a) f(x)=2x; 6) Her, cM. orBer K 3anaue Ne 182;
B) Her, tak kak [((0, 1)) f([0, 1]), a ma [0, 1] f HenpepniBHa,
CJiefioBaTeNbHO, orpaHuueHa; r) [ (x)=1-+sin2nx. 184. a) [(x)=2x;
6) Her, cM. orBeT K sajgaye Ne 182; B) Her, cM. oTBeT K 3ajgaue Ne 183;
r) HeT, TaK KaK HelpephiBHAs HAa OTPe3ke W OHEKTHBHAA Ha HeM (QyHKIIHA
MOHOTOHHa, T. e. ecmd 0<Lx <1, 1o f(0)<f(x) < f(l) (cMm. 3amauy
Ne 174). 185. OTKpHITHIM OTHOCHTEJBHO OTpe3ka [a, b] HasbiBaeTcs MHO-
JKeCTBO, sABJSIONIeeCss nepeceyeHdeM [a, b] ¢ OTKPBITHIM MHOXKECTBOM Ha
npsamoii. [yers feCla, b], Eic) ={x, x=[a, b], f(x) <c}, x, = E (c).
Tak kak f(x,) <c, TO B CHJy HENpephLIBHOCTH [ B TOYKE X, CYyILECTByeT
Takasi okpectHoctb U (x,), uto f(x) <C maa Bcex x=U(x,) N[a, 8],
T. €. E(¢) ecTb MHOXECTBO, OTKPbITOE OTHOCHTeNbHO [a, b]. Touno Tak

e JloKasbiBaercs 310 cBOfCTBO HaIsi MHOXecTB E (¢) ={x, r& [a, b],

f(x)>c}. C npyroit cropousl, mycTs Bce MHOXectBa E (€) E (c) orkpsi-
Tel OTHOCHTeJbHO [a, b]. BossmeM Touky x, & [a, b], uucio >0 u pac-
. cMoTpuM MHOXKeCTBO E (xy, &) ={x, x & [a, 0], | (¥) —f (x,)]| <e}. Vmeem

170~

2

i arctg(
): 0. 172. Hampumep, f(x)= i

|

I

(

1
X =—.
2

X, €CJH X PallHOHAaJbHO;
1—x, ecnu x HPPALIHOHAJBHO.

+ signx. 177. Hanpumep, f(x) ={




E (x,, € =E (f (x5 + &) N E (f (x;) —¢), nostomy E (x,, €) — OTKpHITOE OT-
HOCHTeJBHO [a, b] MHOXKecTBO (cp. C yTBep:KIeHHeM 3agaun Ne 37).
Tak kak x,& E (x,, €), To cymectByer okpectHocTh U (x,) Takasi, 4To
U(xy) N la, 6] < E (x,, &), T. €. |[(x)— [(x) | <& ans scex x & Ulxy)
N [a, b], 4TO nOKasbIBAaeT HENpPEPHLIBHOCTL f B TOYKe x,. [lpumep: f(x) =
_{ 0, xe|0, 1/2];

1, xe=(1/2, 1]. 186. V3 yrtBepxneHus mnpeiplaywieldl sajgauu cJe-

IyeT, 4ro IJs JuoGoro & >0 u mobex me N, ne N MHOXKeCTEO
Bome=1{x, x [0, 1], Ifs (¥) = frrm(x)| << €} 3amxuyrto. Ilpumenss

pesysibTaT 3ajaun Ne 33, mosyuaeM, 4TO H MHOKECTBO Ane= [ Bnm.e
m=}
3aMKHyTO. [asa x & An . uMeeM |f, (x) —f (x)|<Ce. Hcnonesys pesyin-
tatel 3agay Ne 59 u 110, moayuaem, uro pasa Jioboro orpeska [a, f]l <
c [0, 1] naiimercs umeso n, u orpesox [, B’] < [«, B] Takoil, uro
| fro (x) —f (x) | <& nns x e [a’, B’]. B cuny paBHOMepHOH HenpepbiBHOCTH
fno (x) Ha [o, P] Haitnetcst oTpesok [a, b] < [a’, B}, Ha KoTopom Koue-
6anue fn, (x) MeHbllle g, cJefOBaTeJbHO, HAa 3TOM OTpe3Ke KojebaHue f
menbiue 3e. Mrak, jms moSoro € > 0 u JmoGoro orpeska [, f] < [0, 1]
naitercs: orpesok [a., b.] < [a, B], Ha KoTOpoM KoseGanue f Menblie 3e.

1
TlocTponm cHcTeMy BJIOMEHHBIX OTPesKoB [a,, b,] mis & =—— coorBeTcT-

q
BeHHo. Ecan ¢—ofmasi Toyka 3THX oTpe3koB, To o (f, ¢) =0 (cM. ycao-
eue 3ajau Ne 140) wu, cienosatesibHO, f HenpephlBHA B TOUKe € (CM.
3anauy No 141). 187. Yxasanue. Vicnosnbaosats pesyJbrat 3anau 185 u 34.
188. Cyuectyer &> 0, uro nas mo6oro 6> 0 naitayres x, e M, x,= M,
uto, X0TA |X, —Xy| <8, HO [f(x;) —f(xy)| =e. 189. a) Hanpumep,

y = sin-l—, B Y =—; 6) Hanpumep, y = xcosx, unu y = sinx2.
X

190. Hanpumep, y="Vx, wm y=x+sinx. 191. Ykasanue. Ilpencra-
BHTb MHOKecTBO E B Buje oGbeiuHeHHs: MHOXecTB E, Takux, uro E, C
c [(n —1) - 6(21) , n- 6;1) }, ne N, rae 8 (1) — uyucno, ya0BAETBO-
piollee YCJIOBHIO: M3 HEPABEHCTBA |x;—x,| <8 (1) caenyer HepaBeHCTBO

If (x))— f(x)| < 1. 192. Hanpumep, y=cos -i— 193. Ilpamep: [ =

= |sinx|/x, E,=(—1, 0), E,==(0, 1). 195. Pemenue. a) B cuiy
lim f(x)=—c umeeM, uto a1 € =1 cymectyer x,=>0 Takoe, uTO AJA

.mo%oro x>x, c—1 <f(x) <c+1. Ha orpeske [0, x,] f(x) HenpepbiBHa,
3HAyHT, IO TeopeMe Beliepiitpacca orpannuena, T. e. |f (x)|<CM, a Toraa
175 mo6oro x =0 |f(x)|<<max{M, |c—1]|, |c+ 1|}. 6) Bospmem moGoe
&> 0. Cymectsyer a> 0 Takoe, uro aas moGoro x >a |f(x)—c|<e/2,
T, e. Aus JOGBIX X, > @, Xy > a |f (x;) —f (x,)| <e. Ha orpeske [0, a+1]
[ nempepeiBHa, 103TOMY AJSl I@HHOTO & CYWIECTBYeT Takoe 8> 0, uto as
mobeix x, & [0, a + 1], x, &[0, a + 1] Takux, uro |x; — x,|< 6,
If (x,)— f (x,)| <e. Orcrona caenyer, uro ecan 8, =min{d, 1}, 10 07
JOGBIX X, H x, U3 [0, + 00) TaKmx, uT0 |X, —X,|<8, umeem |f(x;)—
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—f(x) | <e. 196. a) Ha; 6) na; B) ma; r) aa; A) xa. 197. Hanpuwmep,

2) [()= x|, g() = |xl, 5 =0; 6) f()=V, gi)=1—V3,
%=0; B) f(x)=1x| +1, gx)= (x| +1)(x+2), x,=0. 198. Hanpu-
Mep, f(x)=x*(x®* — 1)2D(x) (cM. 3amauy Ne 159). 199. [Ta. 20i. n!.
202. Hanpumep, f (x) = x — sinx. 206. Hanpumep, f (v) =
2{ xBsin (w/x), x0;
0 x=0. -

= —_— 1 — 2 Sowe . —

P (1) =g\ "), monomin (1) =(1—2%, x=[1, 2I; 9x) —

1

=00, r& [ ) 20=0 eW=q(—x, 5= (—L,

}, ¢ (x) =(x+1)% x&=(—2, 1], Torna dysxuna f (x) =x2¢ (x)

’

1\ 207. O6o3naunM g (x) =x(x— 1)%sin

n-+1
Ha HHTepBatie (— 2, 2) YAOBJIETBODAET MOCTABJEHHBIM yc/oBHAM. [Ipose-
sin {x2)
x

puth 3T0. 209. Hanpumep, f(x) = . 210. Hanpuwmep, f(x)=cos(In x).

211. Hanpuwmep, ﬁ(x):—i— feos—. 212. Hanpumep, f(x) =V'x.
X
xzsini, x=5=0;

214. Hanpumep, [(x) = x
0 x =0. 215. Hanpumep, f(x) =

1

! xsin —l—, x 0
x ui f (x)=xD (x).

[ 0, x=0, 219. Yxasanue, I[Tycts f' (0)> 0,
torga f'(1)<0. Tak xak f HenpepwBHa Ha [0, 1], To cymecTByer
TOYKa ¢, B KOTOpPOH (yHKIMS f gocTHraeT MakcuMyma, npuueM ¢ (0, 1).
221. VYkasamue. llpumenuts Teopemy KowM o cpeaHeM 3HAUEHHH K
QynKuusM u=f (x)/x u v::-—)lc— Ha [%;, X,]. 222. Her. Tlycrs f(x) =x3;
(@, b) =(—1, 1), 6=0. s moGoit nape x, < (—1, 0), x,=(0, 1)
umeeM ' (0) =0, HO (f (xy) —f (x)))/(xg—x,) 5= 0. 224. Vxasauue. Pac-
cmoTpeth QyHKuHIO g (x) =f (x) + 2x—4. 225. VYkasauwe. Paccmorpers

dyukuuio g (x) =f (x) —e—*. 233. Ykazauue. [JoKasaTh, UTO B YCJOBHSX
3afgaud [’ (¥) MOHOTOHHa H orpaHmueHa. 234. Hampumep, f, (x) =1— 2,

fo (%) = —6*. 23b. Pejuenne. [lycrs k& [0, -Elk—] nlo, 1]. Torna,
NpHMensia HeoXl OKDATHO Teopemy Jlarpamka, monysaeM |f (1)) = |f () —
—FO) 1 = 1@ 1 x<EITE 1< 1@ ] =1 F E) 18 <

#1

<TLEN< S IFE)L e B e 0,9, Bnus 0,8 (=

=1, 2,...,n—1). Tak rax f(x) orpanuuena ma [0, 1] u n— moGoe
HAaTypalbHOE YHCJIO, TO’ OTCIOAA C/IeRyeT, 4t0 f(¥) =0 gasa .moSoro
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1
"5;?]”[0’ 1] = [0, 1]

1
H yTBepKZenHe 3ajaud JokKasaHo. Ecam xe & >—-2——, TO MPOBOJHM Te e

xE[O, —21;—}0[0, 1]. Ecau kg%, TO [O,

i—1 i
paccyxaeHus IOC/IeOBaTe/NbHO Ha KAXKIOM H3 OTPE3KOB [ o ? —2-13—] ’

i=2,3,..., [2¢-] H Ha OTpesKe [%2’;-]—, l], 236. Pemenne. J{oka-

XKeM, 4To A Jyieforo nesoro k=0 CcymiecTByeT CXOASIIAACS K HYJIO
II0C/IE0BATENLHOCTh TOYEK {U,}, B KaXKAOH H8 KOTOPHIX @ (u,) =0.
JloxasaTesnbCTBO IIpOREZEM MeTOJOM MaTeMATHYECKOH MHAYKUHH. Jlas k=0
YTBEpKIAEHHE CJefyeT Hs ycJoBusa 3afadd. [lycTh mpepmoJioxeHHe BepHO
L7t k=m, T. e. CyIlecTBYeT NOCJe0BaTebHOCTb ToueK {X,} Takas, 4To

limx,=0u f™ (x,) =0. Torna nns smoboro i, i =N, B CUTy TeopeMHl

n-»>oo
Poans wmexny ToukamMH x; W X,y Halijiercs TOuYKa Y; TaKas, uYTO
F7 0 (y;) =0, a 510 03mauaer, UTO CYmECTBYET NOCIENOBATEMLHOCT {4}

Takasi, uyto lim y, =0 u f"t) (y;) =0. Hrak, yrsep:KueHue JOKasaHo.

Orciozna c.ne@’e’r, gro f® (0)=0 paa moGoro HaTypassHOrO R (Tak Kak
f € C%). Tlpumensisi popmyay Teitiopa K otpesky [0, xo], umeem f (xo) =
’ ” (n) (n)

=1 O+ O+ L gy 4 LB g TR g ¢

<|EI< | %p]. Coenosarensuo, |f (x,)] << L|x,|"/n! nns moGoro Hatypasb-
HOro n W JnoBoro x,, T. e. f(x) =0, orkysa caegyer, uto f(x)=0
npH mo6oM .




YYacte Il

HEONPEAEJEHHDIHA

N ONMPENEJEHHDIX HHTETPAJbI.
JANOPPEPEHUHUAJIDBHOE UCYUCJIEHHE
OYHKUHUN MHOI'UX NEPEMEHHBIX

I'nasa |
HEOMNPEAEJNEHHbBIA UHTETPAJI

§ 1. NEPBOOBPA3HAS U NMPOCTENILIUAE CIIOCOBbI
EE HAXO)KIAEHMSA

Onpeaenenune. Dynkuus F(x) nHaswiBaercss T04HOL nepsoob-
pasnod nns Qyuxunu f(x) Ha (a, b), ecan F'(x)=f(x), x=(a, b),
WJH, 4TO TO Xe caMoe, [(x)dx cayxutr auddepenunanom nas F(x):
dF (x) =f(x)dx.

Onpenenenne. ®Pynkuus F(x) HasutBaercss 0606ujeHHOlL nep-
goobpasnoil ans f(x) va (a, b), ecnu F(x) wenpepniBHa Ha (a, b) n
ang moboro x< (a, b) \K,, rae K, — MHOXecTBO, cocTosiliee He 6o-
Jee yeM H3 n Touek, umeeM F’(x)=f(x). Ecau ner neobxommmoctu
NOAYEPKHUBATh, YTO MBI MMe€eM HeJO0 HMEHHO ¢ TOYHOi Hau 00606IeH-
HOH nepBoO6pasHoOH, TO HaspiBaeM F(x) nepsoobpasHoil.

IMpumep 1. ®ynkuus In(x+ V14 x%) ectr nepsoo6pasnas s
dynkuwuu 1/1/1 +x*Ha Beeit yncaoso#t npsamoi, 1. k. (In(x + V1 + x2))”
=1/V1+x® @yukuusa |x| ectb o0606uieHHas mnepBoOGpa3Has KIS
cpyuoxunu signx Ha (—1, 1), Tak kak |x|=C(—1, 1) u |x| =signvx,
x5<0.

Cootnomenne F’(x)=f(x) onpeaeasier F(x) HeoAHO3HAUHO.

ITpumep 2.

a) (cos2x)’=—2sin 2x,

(—2sin2 x)’ =—4sin x cos x =—2sin 2x;

6) [2In(VIT 2 —x)]' =-'—,::%—7,

nYAite—x ) _ 2
[ V4+x2+x} Vit x

OCHOBHBIM CBOMCTBOM NEePBOOGPA3HBIX SBJISETCS CJAEAYIOUIEE: eCJIH
F(x) n G(x) —nepBooGpa3nbie masi OAHOH u TOH ke GOYHKuuH f(x)
Ha OIHOM M TOM Ke HNPOMeXYyTKe, TO HX PasHOCTb IOCTOSIHHA Ha 3TOM
IPOMEXYTKE.

Onpenenenue. MHOXECTBO Bcex mepBOO6GDPAasHHIX A5 MAHHOMN
bynxkuxn f(x) Ha npomexyrke (a, b) HasniBaercsa HeonpedesenHoim
unrTezpasom 3T0H (QyHKUMH M o6o3Hauaercss (f(x)dx (mpomexyTok
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{a, b) OGEHYHO MOXKHO ONpedeNHuTh H3 KOHTEKCTa, Yallleé BCEro 3TO
IPOMEXKYTOK HENMPEePHIBHOCTH f(X) M MO3TOMY He YKa3hIBAETCH).

CaenosarenbHo, eciu F(x) ectb nepBooGpasHas aas [(x) Ha
{(a, b), 1O

ffx)yde=F(x)+C.

ITpumep 3. Halinem TtouHylo mepBoOGpasHyio naas (yHKIUH
f(x) =e'*! na Bceit unca0BOH MPSAMOR.

Pemenune. Ilpu x>0 umeem e*=e* u gas 3108 OQyHRuuE B
ob6aactu x>0 oaHa u3 nmepBoobpasHeix Oyaer e*. Ilpu x<0 wumeem
e*l=e~* nna sroii dyHkuun B o6aacth x<<0 mepooGpasHoii Gyner
¢yuruus (—e*-+k) npu Jwobofi mocrosHHON k. Tak Kak nepBooG-
pasHas QyHKUHH €' Do onpejeneHHI0 AOMKHA OHTb (PyHKUHeHd He-
MpPEPHIBHOH, TO JOJIKHO BEIIOJHATHCS YCJIOBHE

lim e* = lim (—e*+ k),

x>0 x—>0—

T. e. l=—1+k, oTkyna k=2.

Urax, dynruus

er, x>0
F(x)= 1, x=0;
—e* 42, x<0

IBJISIETC HENpepHBHOH Ha Bceit uucaoBo# ocu. Haa x>0 umeem

F/(x)=e*=e™ gna x<0 umeem F’(x)=e*=e¢l*l, JokaxkeM, uTo 3Ta

byHukuus Gyner TOYHOH mnepBooGpasuoit Ans  ¢yuknuu e'*! ga Bceit

;;icmsoﬁ npamoit. das storo ocranoch npoBepuTsh, yro F/(0) =e0=1.
MeeM

F,(0)= lim FA=FO) iy g,
X0+ x X0+ X

F ()= lim L®O=EO =221 g,
X-»0— P4 X X

F' L (0)=F'_(0)=F'(0)=1=¢",
CieoBaTeabHO, MOXKHO 3amyucaTth

e+ C, x=0;
{—e—x+2+C, x < 0.

IokasmBaercsi, yTo Jwo6asi HenpephiBHas Ha [a, b] dyHxuus
umeer Ha (@, b) TouHyIO nepBooOpasHylo, HO B OTAMYHE OT NPOU3BOA-

HOI mepBooOpasHas 3JeMeHTapHOH (YHKUMH He BCerja IpeicTas-
JseTcs 3JeMeHTapHoH (¢yHKIHeli, Hampumep, InepBoobpasHbie AJsA

GyHKuMik

sinx ex 2

{e*ldx=F (x)+C=

X X
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QcuoaMete c8OUCTEE HEONPEOCACHHOR0 UHTEZPAAA
1) dSr( ) dx=[(x)dx;

9y (37 (x)dx)’ =}(x);

3} Tdf (x) =/ (x)dx=F(x) +C.

Taéﬂuq.a npocrelimux UHTE2PAN08

1
% —1). j a2+xz =—a—arctgi+C (a5£0).

=Injx| +C (x=0). 5 1 "*" +C (az£0).
a? —x? 2a a—
)a‘d.rz—L+C(a>0,a.¢l). j,-——ﬂc—~=arcsin——+c (a=0).
Ina ya—x
Se*dx=e‘~’+C. X—%&;k—ln]r+Vx2+k| +C (k£0).
ysinxdx:-—cosx—i—c. 3'shxdxzchx+c.
g‘cosxdxzs'qu‘uc. Schxdx=shx+0.
S @ _tgx+C. f"" — —cthx+C.
cos? x sh? x
dx , de )
5' e =—ctgx+C. .,( T =thx+C.

Haxoxnenne nepBoo6pa3HOH HJIH BHUMC/IAEHHE HEONPEAEJEHHOIO HH-
Terpajsia B OCHOBHOM COCTOHT B IIpeo0pa30oBaHHH INOJHIHTErPabHOro
BBIpaXKEHHUsI Tak, YTOOH MOJY4HThH HHTErpajssl M3 3TOH TabJauusl
(«TabMUYHBIE HHTETPANbI»).

IIpasura seiuucienus neonpedesenHblx UHTE2PANOB

I jkf(x dex=Fk{f(x)dx (k==0).

i [F (x) = g ()] dx {f(x)dx =& § g (x)dx.

3. Ecnu j f(x)ydx=F (x) +C u u=@(x) HenpepsBHO audepeHIH-
pyema, 10 [ f(u)du=F (u)+C.

[IpaBmiio 3 mOKasbiBaeT, 4TO TaGJHIAa MHTErpPaJoB CNPABENIHBA
HE3aBHCHMO OT TOrO, SIBJSETCS JH NMepeMeHHash HHTerpupOBaHHs He3a-
BUCHMOH nepemeﬂﬂoﬁ Ui GyHKuueld. 3aMeTHM, YTO

n+l
dx :-—1—d(ax+b), P T
a n-1
dx 1 1 .
= =dInx, —dx=—d (——), cos x dx =d sin x,
x x2 X

dx —
i » I — y ——'_—_ =d
sinxdx d cos x X% Vx

Ilpumep 4.
S(x+l)dx_—_S(x+1)d(x+1)—_—5udu=L;-+C= (x-+2—1)z LC.
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ITpumep 5.
ansige . (i asig (R 2L r ase
Jf(s 3ot = —— 5(5 3x)51d (5— 3x) = (5— 30+ C.

3ameruM, uTO [0OJ 3HAKOM HHTErpana BhIDaKeHue B CKOOKax MOXKHO
BO3RECTH B cTenedb 51 u B3ATh HHTErpaj Kak JHHeHHYIo KoMOuHa-
HHIO HHTErpajoB OT crenedHHunx GyHruu#. IToHsTHO, YTO 3TOT METOXR
37lech KpaiiHe IPOMO3JIOK, ¥ HaTJISAHO BHAHO NPEUMYINECTBO NPEIJIO-
JKEHHOTO 3JleChb METOXa.

ITpumep 6.

(=207 de= [ =5 1—29) + 5| (1 —20)7dx =
= (1 —2x)38d\7+-—]— (1 —2x)¥dx = Ly (1—2x)%8d(1—2x) +
7 :S ( 7))

+-;— (~—)J (1 —2x)"d (1—2x) = (1—2x)39 ——»(1——2x)38+0,

2
IIpumep 7.
1 1
o F A () g
IIpaumep 8
d—’f— Iy
j‘ 1 dr = ¢ _ cos?u
sin x sin—~cos— ‘Bsmucosu sinu-cosu =
2 cos? u
=S AL T +C=Inltg——-—{+c.
tgu 2 i
MNpumep 9.
S d.x- ) ﬂl :S daricsinx:__ I' +C.
arcsinbx Yy 1 —x? arcsin® x 4 arcsint x
[Tpumep 10.
dx Y 1l — Y x—1 1 ——
F—] T e d‘-—
Sv’x+1+Vx—l S 2 dx 2va+l g
1 _— 1 1
- 1 dy =— 32 L (x—1)%2 .
: va | - G+ 1) — =12+ C
3adavu
Haiith unTerpanbi:
—_ 3 e
1. §(2—3 V% )dx. 2, S(l’ﬂ—‘/ﬁ/"—)dx
X
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N

9. S
11.
13.
15.
17.
19.
21.
23,
25.

27.

9

©

- 31.

33.

35.

317.

39.

41.

43.
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(e
—(—lli'zi)—sdx.
J

4 — x2

3+ x2
dx

w—1-

(1+ x)?
Sx(l—}—x’)
Vati—ye—1,
§ VR *

3x2 -7

&
X 147252
S (55 —2%)2 dx.

dx.

dx.

S2x-3x-5"dx.

S esx — 1

et — 1
S sin? 2 dx.
2

dx.

dx
sin? x.cos2x

. S ctg? xdx.

S'l/l +sin2xdx, & (O,

S th? x dx.

%13
x+3
(x+2)(x—1)

xdx

YT
S(2x+5)17dx.

dv.

dx
S Yyi—2x ’

KOI:}

)

4. S( 3)d,\c.
6. 5 1——x2
S S (x? 1)("“—3)

10. S_l_tz_xf_ dx
2(1 4 22)

Vid+ 4y 1 -2

Vl——x4

2x2 13 °
dx
Vo—z

dx
VaE -7~

24, dx.

o X.
92, S
o

2x.32%.43%
S cos? -2 dx.
2

2x—1 __q2x43

) SE___3__ d
§ 5x,52x
2 |

26.

30. Stgzxdx.

cos2 x
sin? 2x

28.

32. S(Qchx——Sshx) dx.

i1

36.
S (x+2)(x+3)
24 x

'ss.S1 ~ dr,

40. S(x—— 1)1 dx.

dx
T

44, \ —m—.
S Vi

dx.
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47.

S
)

49.

5

-t

)

53.

55

59.

61.

115/(1 + 4x) dx.

x V1—2x dx.

2x—7
V1+3x

2
41 a4
25— 1

x—4
—_———dx.
)

dx.

xdx
S YV 1T— 4 ’
57.

63.

65.

67

69.

71.

73.

w

7

23

-J

79.

81.

83.

85.

x42
"""":—_—_‘dx.
vV x*—10

S X Vl_—-_).c_zrdx.

S‘ xdx
Pxt °

x4dx

Vit e

S dx
Vinx

dx
’ j‘ x(2+ In2x)

§
S

77.

J
J

J

5 ex | e2x dx.

1—ex

S sin bx dx.

cos ax sinfx dx,

@ :I& ﬁ’ ai#’_ﬁ'
sin ox sin fx dx,

a # ﬁr 22 ?& '—ﬂ‘
cos?® x sin Px dx,
p#=L1, P 3.

T/l?c_— cos Vx dx.

sin? x dx.

5 (sinx + 2 cos x)? dx.

cos x dx
e
1 -} cos?x

46.
48.
50.
52.
54.

56.

)
J

S (2% + 3)% (1 —x)8 dx.

)
J

58.

60.

62.

64.

66

68

70

72.

74.

76.

78.

J

x(x—2)5dx.

S x+2)Vx—2 dx.

ﬂdx
x4 1 ’

x3dx
x—q
3x—1
Vet
-—I:L—x—-' dx.
Vi—2

x (1 —x?)S dx.

dx.

5‘ dx

) x(Ing4+3) °
j‘ i/lnzx dx

. ~ .

e
’ j‘ |

5005 2 dx.
7

f

dx.

§ cosoux cos fx dx,

a¢ﬁ’ a#—ﬁ.
sin? x cos ax dx,
a4+ 2, az£0.

S‘ x sin x2dx.
. S cos?xdx.

cos xdx
14sinx”

eccosedx.

dx
sin27x
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87. SL 88. y-_l“dx.
cos? 8x sin 3x

89. [ L dx. 90. Stgxdx.
cosx
91. fctgxdx. ‘ 92, 5 —I_Fl—— dx.
cos x
93 ] dx 94 1-4-cos x de
’ S sinx+cosx "y (xtsing®
5. .____S_lfl.?.f.___ d . . ———_—S_i_n—-{___-———dx.
9 Y1—4sin?x * 96 V2—-sin2x
97 j‘ 1 dx 98 1
) cos® x ) L+ tgx ’ ' :! sinfx  1-+tgx
99, smﬁgsxdxr Y arcctg 3x
o V3 —sintx 100. J 149k
101, " x -+ y arcig 2x dx. 102. g arcsmx——arczcosx dx.
J 14 4x2 Y1 :/ch
X Jr arcsin® 2x {f x- arccos
d . 104- ___.______..—_d .
103. S Vit X .) 1/1_ = X
105. ) (Sh x——chx)2 dx. 108. } m.
X

§ 2. MHTETPHPOBAHHE MO YACTAM

Ecan u(x) u v(x) — HenpepniBHO AnddepeHunpyeMue QYHKIHH,
TO

Sudv=u-v— §vdu.

CyTb npHMeHEHHs 3TOTO. METOJa MHTErPHPOBAaHHUS COCTOHT B TOM, 4YTO
unterpan §vdu moxer ObiTh «mpoue» uHTerpaia §udv. DTor METOR
4acTo NpHMeHsercs, KOTAa NOA HHTErpajJoM CTOHT IIPOH3BEJEHHE
«pasHOPOAHBIX® GYHKUMH, HanpuMep, €% u xB, e® u sinPx, x u Inx,
xuarctgx ur m ’

ITpumep 1.

fxcosxdx= | xdsinx=xsinx—{sinxdx=xsinx + cos x 4+ C.

3necy B muTerpajie §sinxdx noamuTterpanbias QYHKIMA HE SABASETCH
IIpOH3BEeJeHHEM <<paSHOpO}IHbIX» DyHKUMA X H COS X.
IIpumep 2.

jxarctgxdx:farctgxd(ﬁ)-———xiarctgx—S—xi. L _dx =
¢ 2 2 2 14 x2

2 +1—1
1+ x?

3 i
€Cb B HHTEerpaJsie
A P 5‘ 1+ x2

x2 1 x2 13 1
——é—arctgx———g—j dx = (—2-+——2—) arctgx———2—x+C.

dx momeiHTErpajsbHas QyHKHHS SBIAETCH
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anre6panyeckod Gynkuued,, a He TPaHCHEHIEHTHOH, KaK B AaHHOM
HHTErpaje. :

Wuoraa, npuMeHsis METOJ HHTerPHPOBAHHA IO 4YacTAM, yAaercd
NOJIyYHTh HETPHBHAJbHOE YpaBHEHHe [JIsi HAaXOXIEHHA nepoo6pas-
HOH (QyHKLHH.

[Tpumep 3. Bouncaum fe*cos xdx.

" Pemenue Vmeem

I={ex cos xdx=7{cos xde*=e* cos x+ fe* sin xdx=e* cos x+
+ §sin xde*=e* cos x+e* sin x — {e*cos xdx =
=e*(cos x+sinx) — 1.

TTostomy

e*(cos x -+ sin x)
2

j‘excosxdx= +C.

Hpumep 4. Bouncanm | V#® +kdx, k=~0.
Pemenue HmeeMm

1=jl/x“‘+kdx=XVx2+k——5'—}7%T——-xVx2+k—

EEEE de=xVET R+ kln|x+ VTR 4+,

Vx4 k
TIO3TOMY

5'Vx2+kdx= —{i’i;—tk—- +—§-1n|x+1/x9+k[ +C.

3adauu
HaiiTu ungerpansi

107. stinxdx. v 108. gxcoszxdx.
109. 5xsin3xdx. 110. S x;' dx.
- COs“ X
" xsinx
. = dx.
111. chtg%dx. (12 \ o d
113. flnzxdx. ' 114. S X gy,
X
1
115, j'len(l + x) dx. 116. len(l-}— —x—) dx.
117. y———fz————dx. 118. SVQ——xz dx,
(1 -+ x%)?
119. g'[/x2 + 3 dx. 120, S‘arctgxdx.
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121. Jarccosxdx. 122, sz arctgxdx.

123. Sxarcsinxdx. 124. SM arctgx dx.
14 x2
125, je“”sinﬁxdx. 126. S‘cosz (Inx) dx.
127. S‘M dx. 128. Sxarccos—l——dx.
cos? x X

§ 3. 3AMEHA NEPEMEHHOTO

[ycts ¢yukuus f(x) nHempepniBHA, GyHkumH x(f) u t(x) B3auM-
HO OOpaTHEl M HenpepeBHO AnbdepeHUHPyeMbl Ha COOTBETCTBYIOLINX
npomexyTkax. Toraa nepBooGpasHas nns f(x) umeer BuR F(x)=
=®(t(x)), rae D(f) ectp mepBooGpasHas aias ¢yHkuuu [(x(f)) X
X %’ (¢). KopoTko 5T0 yTBepXKI€HHE 3aNHUCHIBACTCH TaK:

[F)de=F (1) + C= (¢ (%) + C=D (H) +C =] f (x(t)) &' () dt.

Oyuknus x(f) nonbupaercs TakuM 06pa3oM, 4TOOBl MOJABIHTErpajib-
HOe BBHIpaXKeHHe NpHHAMO Oojiee yHNOOHBIH s HHTETPHPOBAHUSA BHA.
BriGop ee ompenessieTcsi KOHKPETHO BHAOM TNOABIHTErpajbHOrO BbIpa-
XKeHusi. PaccMOTPHM HEKOTOPBIE #ACTO BCTPEHAIOULUECS 3AMEHbL.

A. Bpiuucnenue upHTerpaiion {sin® x cos™xdx; n, m— nenble

I. Eciin o6a mokasaTedsi n M M -— HEOTPUUATENbHbIE UETHHE YHe-
J1a, TO PUMEHSIOTCSE GOPMYJbl MOHUKEHHS] CTeNeHH:

sin? x z—;—(l—c052x), cos?x =%(l + cos 24) .

II. Eciu n u m— HaTypa/bHBIE YHCJa TakHe, YTO XOTA OBl OJHO
M3 HHX HeueTHoe, TO B Cjlyuae HEUYETHOro # moJjaraior sinx={, a B
cJyuae HEYETHOTO £ MONaralT cos X=1I{ H DpUMeHAKT Au6o GopMmyny
1 — cos? x=sin? x, aubo 1 — sin? x=cos? x.

IIl. Ecin n u m— neasle OoTpHUaTe/]bHBE YHCAA Takue, yTo 063
yucaa |m| u |n| au6o yerHbie, 1MGO HeYeTHHE, TO NOJAralT tg x=
=t aubo ctg x=1 1 npumersior GopMyaHt

, 14ctg?x = , cos?x4sin2x=1.

i
2 o=
1 —}—tg o cos? x

K 3TOMy THIY CBOAATCS HHTeFpPaibl BHIA

j_ﬂ‘_,n>0, " j———fi‘—, m >0,

sin” x cos™ x

B camom pxene,

) d_’f_

dx 2 1 du '
sin® x X X 2rt sintucostu 7

2n-1gin? — cos" —
2 2
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d (x+—:-t—)
S dx 2 ___X du
cos™ x sin™ (x—{——;') sinmu

IV. Eciiu n u m — nenbie oTpullaTesbHble YHCAad, IPHYEM OJHO H3
uucen |n| mwam |m| HeuerHoe, TO B ciayYae HEUETHOro |m| mosarait
sinx=tf, a B Cjiydae HeueTHOro |n| mnomararoT cosx=t. Hnorna B
cayyae GonbuInx crenmenedt |n] m |m| nmosesno B ymcauTeNe MOLBIHTE-
rpasbHON (PYHKUMHM HEOLHOKDATHO 3aMEHHTh eIMHHNY cyMMOi sin?x-
+cos? x.

V. Ecan n-— 4eTHOe 4HCJIO, a M — IeJoe OTPHIaTeJ]bHOe UHCIO,
TO MOXKHO 3aMeHHTp sin?x mo ¢opmyne sin?x=1—cos?’x, u B 3TOM
cliyyae HHTErpasdbl CBOJASTCH K HHTErpajaM BHIAA

S—ﬂ—, aes N.

cos® x

B cayuae 4eTHOro m u LENOr0 OTPHIATENbHOrO 1 3aMEHSIOT cos?x
Ha 1 —sin?x. B HEeKOTOPHIX CHeUHaJbHBIX cAyyasx noJaraiwor tg x=t.

VI. Ecau n HeueTHoe H m — LeJ0€ OTPHUATENBHOE YHCJIO, TO IO-
Jarait cos x={ u npuMmeHsior Qopmyiay sin?x=1-—cos?x. B cnay-
Yyae, KOTJa /M HeyeTHoe, a n— LleJoe OTPHUATeNbHOE YHCJO0, Moja-
rapor sin x=¢ u npumensor Gopmyay cos?x=1-—sin?x.

TIpn BHUMCJIEHHH pacCMaTPHBAaE€MBIX HHTErpajioB 4YacToO HCMOJb-
3yI0TCs caenyomue QopMyIInL:

sine-sinf ————;- [cos (¢—B)—cos (@ + B)],
cosa~cosﬁ=-—é—- [cos (@ —B) + cos (@ + )],

sina-cos P =% [sin (@ —) + sin (@ + B)].

Mpumep L.
. . 1 —_—
sin? x cost x dy = — ( cos? x sin? 2xdx=-l—5' tcos2x 1—cosdr 4
4 4 2 2
1 1 sin 2x
=——\ (1 4+ cos 2x —cos 4x —cos 2x cos 4x) dx = — X + ———
16 S( + ) 16 + 32
sin 4x 1 1 sin 2x sin 4x
_ ———\(cos2x +cosbx) dx =—x + — — T —
64 32 S( t ) 16 + 32 64
——l—sin2x———1——- sinbx 4+ C= L x4+ —1—sin2x—
6 192 16 64

..__1__ sin 4x-;——1—- sinbx+C.
64 192
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IMpumep 2.

§ sin® x cos*x dx=—{ sin*x cos*xd cos x = —{ (1 ——cos? x)? costxd cosx =
5 2
=—-S‘ (cos? x— 2 cos® x + cos®x) d cos x = ——C—Oz——x— + —3—-cos7 x——%—}—(].
Ilpumep 3.
j‘ 1 di = dx _ dtgx o
sin® x cos® x sin® x 1 -
cos?x costx tgt x ————
cos® x (14 tg2x)3
(14 tg2x)3digx (1+u2)3d ( du " du
g s I b

+3Sudu+5u3du=-—5‘——2—+31n|u| +—2—u2+ 1—u‘+C=r

————L.*—{—Bln[tgx] +—tg2x+—-tg %+C.

2
anMep 4,
sin? x _ _5‘ siné x d cos x . S (1 —cos?x)3d cos x
cos2 x cos? x - p—r
(* l——— 2+ 4__ .8 .
T . udu:_+3u——u3+_‘u +C=
u? p z
— 1 + 3 cos X,——COS?‘ X + COS? X + C
cos x
Ipumep 5.
z) 7\ A
d (Y , s
j‘ dx (x—r 2) . : i
5. - p o . _ _
Cos% X <ins {x__,___\) 94 i B
\ / 2
dtg — (1 s
,.__1__ [ *32 _ ] +g 2) s
2-‘1 311’15"[“" 16 tgs_li_ p
2 .CQSS._u_ 2
u 2
coss —
2

1 22)4 22 4 )
1 (14 2% dz:L 1 4 42% 4 62 -+ 428 -|- 28 dz —
16 EzS £

SN SRPVUL —4~—-1n|z| +— g+—614—z4+C=

64 8
— sinx’ + 3sinx +—§—ln tg i+.ﬁ_ 4C
4cost x 8cos2x 8 , ( 2 -4 )‘ ’
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Tlpumep 6.

® sindx fe0s? )2
sin 1 —cos® x dx
dx = (= ) dx = —2
cosd x cos® x cos® x cos3 cos x

Il

sinx sin x 3
= Snr 5 s ——lnlt <— -—)l C.
4 cost x 8 cos?x + 8 € 2 + 3 +
IIpumep 7.
- dx _ (sin? x + cos? x)2dx :S sin x dx -+
sin® x cost x sin® x cost x cost x
¢ dx dx 1 sin? x -+ cos? x
2| — (2= +2 (S ey
. sinxcos?x sind x 3cos?x J sin x cos? x
¢ dx 1 1 x ! Cos X
_ 5 inftg ) + (— 2
+.\ sind x 3cos® x + ( cos x + g 2 t : 2sin%x
1 X 1 2 cos x 5 x
— In|t —) C= — In|tgZ
+ 2 g 2 + 3cosdx + cos x 25in2x+ 2 g2

B. MurerpupoBanue BHIDaXKeHHH, COAEPKAIIHX paJHKaJbl
Va*t£ax?;, V¥¥ta®, a0
1. Ecom nmogpiHTerpasbHast (GyHKIHS CONEpIKHT pajukan V a®—x%

a >0, To MOXHO TOJIOXKHUTH X ==@sint,

Tak xak BeipaeHue J/a?2—x® HMeeT CMBICA ToJbKo npH |x|<a
TO ¥ mepeoofpasHas HuleTcss Ha npoMexyTke —a < x < a. [na nepe-
MEHHO#i { NPOMEXKYTOK H3MeHeHHs BhibHpaeTcsl Tak, yToObn —a<asini<

7 n S
< a, CAef0BaTe/IbHO, MOXKHO CYHTATh, YTO ——2—<t < 5 Torga Y at— x¥=

=@ Cost. ,
Il. Ecn mopuiHTerpasibHas (PyHKUMSA CONepiKUT pajukan ) 12 —a?
a> 0, To MOXKHO MOJOXHUTB X =

*

cos ¢
B stom ciyyae nepscofpasHas HUmIeTCs Ha Jyue ¥ >a MJIK HA Jyye
x < —a. Tax Kak HeT HHKaKWX OCHOBAHWH NPEANOUECTb OJUH Jy4 IPYy-
TOMy, TO MOXHO BBIOpPaTb TOT Jiyd, Ha KOTOPOM Gyaer GoJiee HpoOCTasd
3a1Uch nneoépasoBaHHoro IOABIHTErpajibHOI'O BBIPAXKEHUsdA, T. €. Jyd X >4,

Torga GepeM 0<t< T HYxt—a? =atgt.
B sTtoM ke cayuyae MOXHO chenaTh 3aMmeHy x=ach{, Toraa
Vi —a? =Va?(ch®t—1)=a|sht|.

HI. Ecau noasiHTerpanbHast GyHKUMSA COAEP:KUT Dajuxas Va:+ 1
a >0, 70 MOXKHO NOMOXKUTh ¥ =atgf. OyrKIUa x=atg! HernpeprBHO
JudpepeHuupyeMa Ha HHTepsaas (—m/2, m/2), ©NpU STOM INPOMEKYTKOM

5T o a
H3MeHEeHHs X fBJfeTCd BCs UMC/OBas NpAMas, mo3toMy a% + a? = s
Cos
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B s3TOM Xe ciayyae MOXHO mNOJOXHTh x=ashi, torma Vx?t+a?=
=acht.

Hast yno6ctBa nmpuBeAeM HeKOTopHe (GOpPMYJbH, CBS3LIBAIOILHE TH-
nep6oanueckne pyHKIHUH MeXIy co6OM:

’
cilx snx

thy = s:x cthy= CEx, ch?x—sh?x=1,
ch?x +sh?x=ch2x, sh2x=2shxchyx,
ch? x — ch2x 4+ 1 sh? y = ch2x—1

’ o 2
Ilpumep 8. Beluucaum

x2 d
b r———— e 7 5 4
S V(xz T a%)3

dt
Pemenne. [Nonoxum x=atgt, Toraa dx= azt
cos
adtg2f.cosdtdt sin? ¢ dt =
j y/(x2+a2)3 dx S ad cos? ¢ —J cost

_j’ 1 —cos?t t_'S fdt ——{COSidt:
cost cost

v

——j- ( ) sintzlnltg(%+—%)l—sint+0.
si

()

Tak kak t=arctg -—, TO
x2dx X —
S Voo +a2 =In I tg (—arctg —+— ) ‘——sm arctg +C=

+lr1|x—t—'l/x”+a2 | +C.

Yx2_+_ 2
Mpumep 9. Bouucaum [Var=—42 dx.

Pemenue. TlosoxuMm x=asinf, tTorpa
Sl/az—— xtdx = Sa%os%dt ——Z—S(l + cos 2t) dt =

=2 [t + —l-sm 2t> +C.
2 2
Tak kak
. X . . X X
{ =arcsin —, sinarcsin — = —
a a a

. X r X2
cosarcsin—= \/- 1—— ., |x|##aq,
a a

186



T0

- 2 . 22— x2
S}/a“’——x2 dx :%arcsm% + iaQ—x—kC.

Mpumep 10. Bouncm | Va2 +4° dx.
Pemenne. Ilomoxum x=ashf, roraa

§V02+x2 dx =‘§"Va2(1 +sh2t) acht df = a? jchztdtz

—qt S%diz—‘; <—;—5112t+ t) +C=i;-(shtcht+t)+c.

Taxk kak
cht=7/1-sh?t =‘/1+ —}% ,
a
et —=sht+cht :.’fi_]{ﬁii_ﬁ_
a
TO
t=ln——-———x+1/az+x2

a

Sl/a2+x2 dx = -xz——'l/az—}—x2 +i; Injx+Va+42 | +C.
C. BriuucsieHne HHTErpasos BHIA
SR (e*, %, ..., em*)dx,

rae R — pauuoHajpHas GyHKUHUS

IMonaras e*=z, umeeM R (e*, e?,...,e")=R(z, 2%,...,2") u
dz
dx =—,
r
¥4
Mpuwmep 11. Boiuncaum g__e% dx.
eX —

Pemwewnue. [Tonaras ex==z, umeeM

S 1 dx:s 241 .ﬁzf 2dz _5ﬁ=21n|z—-ll—
—— z z

er —1 z—1 z—1

—Injz] +C=2Inle*—1] —lne*+C=In(e*—1)*—x+C.

D . Vnrerpuposanne GuHOMUAJBHEIX AHddepeHInanos

Tak naswBaloTca Audpdepennmansl Buga x™(a-+bxn)?dx, rie a,
b — nmocTosIHHBIE, OTJAHYHBIE OT HYJH, M, 1, p — palHOHalAbHbE YHCIA.

IepBoo6pasnas aas GyHKuuH x™(a+bx")P gBasieTcd 3JeMeHTap-

o . m—41
HOM (yHKUHE! B CACAYIOUMX TpeX caydasx: a) p — uenaoe, 0) —
n
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m-+1
nenoce, B) n +p— 1eJ0e;
n
a) ecaum p — ueaoe, To nogaraioT x=zV rge N — o6muil 3HaMme-
HaTeJb Apobedl m u n. _
{' Vx

(1-4y/x)e
Peumrenune. ITonoxuu x=25% mnockoaeky p=—2—uenoe. Toras
]/v 28, 7 v =22, dx=62dz

[Tpumep 12. Brruycnum dx.

Vx 282 422 3 \
—E _dy=6 m_sg P02 43— 2E 0 N
5(1 ; J (\ )

v x)? z%)? (1+22)?
=5 545 18:—18 .
T 25 —42% + 182—18arctgz 5(14-22)2'
22dz 2
- e = —arct C.
j (12 S 1+z- TS arcige +
ChejoBaTeNbHO,
‘S ———1{3)6—__——(1)6 2125—423-}—
(14+y%)? 5
6 r—
Z2=Vy x;

m--1 y
6) ecan — 1eJsoe, Toraa moJgaraior a+bxr=2¥ rge N —

3HaMeHaTenb ApobH p.

xdx
ITpumep 13. Bruncaum S :
P P Vl-{--/xz
Pewewnue. IMonoxuMm 1+4x23=22 nockoabKy mjl =3 —ue-

Jaoe. Torna

3 1
x=(2—1)2, dx =—g»(22——_1)_2-22dz.

CraenoBaTeabHo,
S’ ,_x_dxs =3 (.(22 2dz'———:52’—2'5'—223+32-.LC,

Vi -5
z=11+x8,

|l l -
B) ecau il L p — uenoe, torga nmojarawt ax "+b=zN rpe
N — 3naMenarenb npobu p.
dx

Ilipumep 14. Buupcaum —

p ' P ;//1 T
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Pewenue ITonoxkum z4
neaoe. Torma

14 x—*, nOCKOABKY mjl +p=0—

x=(2—1)"14 dyx=—2%(t—1)"5dz,
VIt =2t —1)14,
CaenopaTenibHO,

& dx ¢ dz 1 77 1 1y

,‘T'—:‘Z#E raal B )dz*
V1 J Zr—1 4 g\ z41 z—1
1 (¢ d: 1 z-+1] 1

—_—— =-—1In | L arctgz C, z=(1 4+ x4)l/s,
23224—1 4 z—1| 2 g2+ (1+275

Ecau noabinterpanbiast QyHKUKS COLEDPKHT TPAHCUCHAEHTHYIO (pyHK-
LVIO CJHOXKHOTO aprymenta ¢(x), TO NOJIE3HO MJs YIPOIUEHHS MOALIH-
TErpajbHOTO BHIPAXKEHHs CAENaTh 3aMeHy ¢(x) =1.

IIpumep 15. Beraucaum

arcsin ——- d
S Ve
1 2dt
Pemenue. Ilonoxum —— =t, Torga dx= — ——
VX
H
. —2 int
Sarcsm-—,l—:dx o L LA
-V X ts

VluTterpupys mo yactsM, umeeM

_25 arcsin £ . dt=§arcsintd (_l_) _ arcsin ¢
f3 ]

1

- ()
__ arcsint + 5_1_ 12
. 2 1

——1
t2

_S t'n/l--tss -

— arctszint +1/_;1;___1 +C

CuieoBaTeIbHO,

. 1
arcsin dx = xarcsin ) /¥x—1 +C.
3' = dx \ Vx +V

IlpumMep 16. Bouucanm e—lf"_‘ﬂL_1 dx.

3 P —
Pemwenue, Ilonoxkum —y x+1 =¢, Torma x+ 1= —13, dx=
= —3t%dt. CnenoBarebHO,

(V5 dy— — 3| etfrdt = —3 (et 2 — 2 tetdt) = —3 (et 2 —
—2fe! 4 2ef) + C == — 3% | blet—6e! +C, t=—y 7T 1.
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Sada4u
Haifitu uurerpans:

129, Ssin‘*x dx. 130. | sin*xcos? xdx.

sin2 x cos® xdx.

J
f

133. ysirﬂxdx. 134. j. oy dx.
J e e
J
J

131. gcosﬁxdx. 132.

135 Si‘ﬁ—"dx 136, | o2
’ cosbx sint x
137. s Snx . 138. (oo'x
cos x suﬁ
139. 5' ax 140.
cos® x sinéx
141. Sctg4xdx. 142. S SEX .,
cos® x
Fdx
3. \ ———. ) 5 .
14 SLSmaxcosu‘ 144 y ctg® xdx
145. S—-di—— 146, Sx2Va2+x2 dx.
sin? x cost x
147. szVaz—xZ dx. 148. ‘vaz'l/xz—a2 dx.
149. S—"ZT-dx. 150. (—= dx
(a2 —x2)% (22 + a2)?
dx —_—
151. SW. 152. S'l/e3"+e2 dx.
3
dx Vi Y
5 . —e—— 5 . — ¥ = dx.
13.§ Ver+1 154 - Vx
155, [ — & 156. N Z—
VT4 5 yEV 4y
dx dx
157, ([ — & 158, j—————
j Vi(+ Y1) a2(2 +x8) 73
159. SSV’de, 160. chosl/x_ dx.

§ 4. NIPOCTEAIIUE UHTEIPAJIBI,
COAEPXAILUE KBAIPATHBIA TPEXYJIEH

Paccmorpum uHTErpassl BUIa

15 fAr+ B gy L (=28 gy
ax? + bx+c¢ J Vax2+bx+c

————— dx
111 E(Ax-{_B)Vax Thrtedy; IV. j P
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Boiaeass u3 KBaApaTHOrO TpexuieHa ax?+bx+c¢ noauslfi KBaapar,
3anuuieM ero B Buie ax’+bx+c=a(x+B)%+qg. Ecin B unrerpanax I,
II, III chenats sameny x+P=2, TO MOJYUHM HHTErp alnl

I’ 5‘ A2 4- By dz: 1’ Az +By dz:
) at+gq ’ ' Vm—_q ’

nr. S(A z+B) Va2 +q de.

Briuncienne aTux HHTErpasJioB B 3aBHCHMOCTH OT 3H4Ka 4HcJa a CBO-
AHTCA K BEIYHCJ/JEHHUIO HHTErpaJioB BHAA

G +D Cz+D e CzTD -~
j‘ 224 r? dz, VzZirﬁdz’ j]/r dZ j(CZ+D)Vr 2 dz,

S (Cz+DYVZE L2 dz,

KaXKAb{l U3 KOTODHIX IpeAcTaBiseT cobof KOMOMHAUMIO ABYX HHTE-
rpajnos, OJHH M3 KOTOPHIX TaONHMUHBIA, a APYyrofl CBOAUTCS K Tabjuy-
HOMY, IPUMeHsisi paBeHcTBO d (2?+a?) =2zdz. Unrerpans | Va*—x®dx
u | Vx®+k dx ne Bxogar B Tabauuy Ha c. 176, 1o OHH yKe OHLIH
BBIUHC/IEHBl paHee. Tak Kak HHTerpajbl TakOro BHAA YacTO BCTpeua-
I0TCSl B NPHJOXKEHHAX, & BBHIYHCJICHHE HX TEXHHUECKH CJOXKHO, TO
npeAsaraercs COOTBETCTBYIOIIME IIepBOOOpasHBle NPOCTO 3AMOMHHTh.
ITosToMy 3TU HHTErpaJibl TaKXkKe Ha3bIBAIOT TAOAUUHBIMU:

2 52 2 .
S'-l/a2 e dx:xVaTx +2 aresin = €,
“ a

—_— 21k 1 —
S'[/xz—q—kd.x:-———f}%z—tk—-}-?kln[xﬁ-]/xz—}-k | +C.

2x 45
Ilpumep 1. Bbl'-IlrICJIHMJ' e

Pemenue. Tak Kak x2+4x+7= (x+2)2+3, 10, nonarasg x+2=
=2z, HMEeM

!‘ 2x—1—5 dx = %d,\fz -QZ——H—dZ—:
VEFdx+7 ViEfdx+7 213
d2+3) =222+ 3+ Injz+ V2 +3|+C=

v4
V2313 +S V243
=2Vx2+4x+7 +In|x4- 2+ V2 +4x+7 | +C.

IlpuMep 2. Bouucinm XT—E—_——?”C—dx

1l—x—x2

1\2 5
Pemenue. Tak kak l——x—x2=—(x+ ?) —l——;—, TO, IHoJaras

\

1
x4+ —~ =2, nMeeM
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(e by VO
1—3x _ x+2)+2 T
J‘—-—,_-—_———_—dx= R dx: ——dz=
V1—x—x* YVi—x—x ‘/5
v = _ 2
4
~ d( 5

: L//.—i———z" +
V 5, ‘/___
.

+—5—arcsm ————+C 3V1 —_x—x2 +—arcsm—2fil—+C

=3
2

V5 2 V5
Ipumep 3. Bommenmm [(Q2x+7) V@@ +x+1 dr.
Pemenwue., Tak xak x2+x+1:(x+ —5—)2+%, TO

[+ D VEFEFT dx =_H2 £+ %)+6]dex =
= {[2(x+ <) +6] ‘/(H Ly e a e L) <
={e+6) \/zz + a2z ‘/zz +2 2
e )

.

3
, . z‘/z‘3+—
oy e ey L

2

|
. +?lnlz+ ~2+_2_i)+ C= (x2+x+1)3”-’ +
—r3<x—r—2—}‘l/x2+x—;~l +—4-Inlx+—2-+1/ml+0.

dx

X — o) Vax"—}—bx-{—c
3aMeHy x — a =g, TOra noJyuaeM HHTerpall

dz -

J1s BHUMCHEHUSt HHTErpasia S( AeslaeM B HeM

bl Gy
+ — —

Y dz _ ¢
J vl fhata j
FAFA! a -
4 2=
HoapmTerpanbuas GyHxuusa HenpepuBHa Ha Jayyax x>a i x<a. Kak

YKasblBaJiOCh BHIIIE, MOXKHO BHIOpAaTh TOT, HAa KOTOPOM 3alHCh MOJBIH-
TErpa/jbHOTO BHIpaxKeHus Gojee mpocra, T. €. Ayd x>q, a TOrfa 2>
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>0. Takoit ke BLOOp B NoAOOGHHWX CHTyauHusiX NPUMeEHseTcd H AaJjee
1

6e3 oco6oit oroBopku. Ilonaras T, =Uu, moayyaem TabJUYHHA HHTe-
rpan

f v
' b Y a+ b+ cud
}/a+ +o Vet

23

dz d(-%
-

3ameuanne B urrerpane IV MOXHO cpa3sy NOJOXHTH
1
X —a

= 2.

dx

x—2y 28 4x+8
PemeHnue. [Tonarasg x — 2=2, umeeMm npu 2>0

[Mpumep 4. Buuucaum

dx _ 1 dz
x—2¥V 2"+ 4x+8 V2dJ2vVe+2E+2@E+2)+14

1 dz 1 S
—ij 2y @26z 112 V2

1 —du i 1

¢ *du
Y 1t 6ad 12 *‘ Yot ) ‘/'———1— -

- R a1 R -
- ,/521””+4+V“+ ut+—|+C
S SN I SO SO A W E U S
T T Y% ln|7+4+V 7Tt |TC=
1 1
—_— C.
Vi In + +V(x—2)’ 2(x—2)+ +
3adauu

Hafitn uuTerpasns:
161. y—-g—“‘—-— d. 162. j' =2 4.
¥4 x43 242 —4x—6

8 U. A. Bunorpazosa 193



163. 5——_7——;?L—dx. 164. 5—4";—”—_— dx.

Vit ri V1ite—x*
Inx-2 €tr | 3et
165. — .
6 S Y T—Inx— Iz dx 166. SVe"+e‘+l
167. S cosx dx. 168. j’ — " dx
Y 1 —4sinx+ cos®x i A
dx dx
69. e . ——
! v e —Bev 16 170 x+D Y1
dx —_—
171. S 172, 2 dx.
x— 1)y &E—10x 7 S(x+2)1/x tx+lde

la— TFx—~dx. R . o
173 S(l 3 VIitr—ade. 174 — e
175. y——/._.x?:___xa—'dx. 176. j"—xiqit——,

vV 1i+x24 xt—x24-5
~ (1)

. = — l78~ e
177 le/x‘*—}—x"—{—l' f xy T+ 3ax+x
179. S(xs—}-x)Vl-{-x‘dx. 180. jl/cos?xcosxdx.
181. SVCOS 2x sin xdx. 182. S Esny gy,

coschost

§ 5, HHTETPHPOBAHHE PAILHOHAJIbHBIX OJPOBER

B sToM naparpade paccMaTpHBaeTcs HHTEerpHpOBaHHe (YHKUHI

X
R()) , rne T(x) m R(x) — wmHorowieHn oT x. Eciau cTeneHs
X,
MHorousiena T (x) GoJblle HJIM paBHA CTeneHH MHorodjeHa R (x), To
AejienneM MHorousteHa T (x) Ha MHorousJeH R(x) BblgesseM Ieayio
T (x
yacTb — MHoroujed ®(x), 7. e. RE; D (x) + R(()) , TIle CTeneHsb
X
MHorouseHa Q(x) MeHbule creneHn MHorouseHa R (x). Materpupona-
HHe palyoHaJbHOM (YHKIHMH CBOAHTCS K MHTErPHPOBAHHIO MHOrouje-
Ha H MPaBHJIBHOM pallUOHAJBbHON APOGH.
P (x)

Q@)

BAHO Ha TeopeMe O NpPeACTaBJEHUH 3TOH APOOH KOHEUHOH CyMMOH IpO«
crefimux Apo6efi, Bug 3TOro pas/ioeHHs1 3aBHCHT OT pPasJOXKeHHS
MHorownena Q(x) Ha MHOXHTenH. MHOXHTeNsiMm Buaa (x—a)* (o —
JeHCTBUTEJIbHBIA KOpeHb MHorousneHa Q(x) kpaTHOCTH k) COOTBeTCT-
BYIOT k nmpocreiminx apobeii:

Am
x—aym

BHA

HuTerpupoBanse npaBHJABHON palHOHAJbHOR APOGH - OCHO-

m=1,2,... k

rae A, — NOCTOsIHHBIE.



Muoxurensam BHRa (x*+pxtg)! (rpexunen x2+px+q He umeer
JNeHCTBHTENbHHX KOpHeH) cooTBeTcTBYyeT [ npoctefmiux gpobelt BHAa

_Bx+D g9 i
(* + pr+qp

9 e g b,

rae B;, D; — nmocTosiHHHe.
Ecnn pasioxenne MHorowieHa Q(x) Ha MHOXKHTENH HMeeT BHA

Q(x) _—_(x—-al)"‘-(x—-—a,)k’- vt (x—a;)kl-(x’+plx+q,)"- -
e (x2+p.-x+q,-)'i,

rie ay, ..., @; — AeHACTBHTE/JbHHE KODHH MHOTOYJIEHa, COOTBETCTBEHHO
KPaTHOCTH ki, Ry, ..., ki, @ TpexuleHn x2+pyx+q,, ..., x*+p;x+q; ne

HMEIOT JeHCTBUTEJbHBIX KODHEH, TO pasjoXeHHe Q(x) B CyMMY NpoO-
X
CTeAInX Apobed HILEeTCsS B BHje
P AP Ap N Ay
QW  r—a  (E—a)?r T —ap®
t 0 1 1
TR B+ o
x—a x—ayt 2 pxtg
L Ona: AN VR Y-
@ +pxta)? T @t @)t
j (M ()
Bix 4 ¢ BYx 4+ ¢y’ N N B,; X+ C,,,
2y pix4gi (4 pixt gt @+ px+ )i
3necy B (1) AP ,Aﬁfi’, BY, ... ,BE;’, ct, ... ,Cﬁ?— HEKOTOpHIe,

NoKa HeonpejeseHHbe K03()PHUHEHTH, cnoco6 OTHICKaHHS KOTOPHX 6y-
JeT yKasaH HHXKe.

Hrak, uHTerpHpoBaHHe panHOHAJbHOH (YHKUHH NPHBOAHTCS K HH-
TerpHpoOBaHHIO apobel BHAA

L 41 —2 k>0 m _B2HC
x—a (x—a)® Bt prtq

Bx 4 C
@+ px g’

(Tpexunen x3+px+q He uMeer peACTBHTe/]bHHX KopHedr). Ias Apo-
Gett Buna I, 11, 111 cooTBeTcTBEHHO HMeeM

S A dx=Aln|x+a|+C;

xX—a

° D D 1
— Y  dx=— . k=2,
j {x — a)* dx k—1 ((x—a)t? +C, k=2
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B
S _ BitcC -S ~*(2x+p)+C— e
¥+ pr+gq 4 pr-g

:_Sﬁi’fiﬁ’fiﬂ)_Jr(c__BP_)S dx =
2 2t px4g 2 (x P P’

_br A
) oy

(
Ver YR

3
(rak kak x2+px+qg He uMeer AefCTBATENbHBIX KOPHEH, TO q——l;— >

=—§IHIX’+px+qI +

>0 ).Hpu BHIYHCJIeHHH HHTerpana IV mocrynum craepyiomum ofpa-

SOM: MpeACTaBHM JuHeliHyI0 QYHKUHIO B uHCJHTes]e B Bhie KoMOHH-
LMK NPOH3BOAHOA 'KBaAPATHOrO TPEXUJEHA H KOHCTAHTH, T. €.

5 e+ p+(c—F)
_Byc 4 _S 2 ) iy
(x4 px+ ™" i@t px 4™
____'1‘8‘ d(x* 4 px - q) +/C, Bp)S _
2 (x + px 4 gy 2 (¥* -+ px 4 @™
:—E- ! 1 +< -—-‘—Big—>lm’ m> 2.
2 l—m (@4 pxtq7? 2
PaccMOTpHM HHTErpan
I _ / pﬂ <0
m-—j (@ + px g™ e )

] Y]
BuizenenseM nosHoro KBaapata x®px+4 ¢ = (x + —g—) +4q ———E— H

saMmeHoft X + -2~ =z oH NPHBOAHTCH K BH f——ﬁ——-

5 pHBOJ, SR Rrrarr
Jns BHIUMC/IEHHS TaKOro HHTErpajie HCIOJAb3YeTCS NOACTAHOBKA 2=
=btgu HJAH BHBOJMTCA PEKYPPEHTHOE COOTHOLIEHHE, MO3BOJsIIIee
MOHH3HTh CTEleHb M B 3HaMeHaTe/Jle HHTErPHPOBAHHEM IO YacTAM.
HeiicTBuTensno, npexacraviasisi I, B Bage KoMmOunauuu Im—y H

S @ j‘;‘:)m"" H BHUYHCARASA nocaenHuft HHTErPHPOBAHHEM 110 YaCTAM,
NOJNYYHM
::S—-————-:_ '(b,+22)-—-23 d’:
m (2% - b9)™ be @+ b;)———m 2
=-l—'lm—~l ‘—"L z——-—Zd—z-——:_—:-l_. m—y —
b3 b (2 + bﬂ)m bt
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/1 1 \_ 1
—FjZd\ 2l—m @ty ) o In—v+

+ z . ! dz _
203 (m — 1) (22 4 B3 2 (m—1) b2 j‘ (2* + p3)m1
2 2m— 3

262 (m — 1) (2 + b2)™1 268 (m — 1)

m—1-.

Jns HaxoxjeHus HeompeleseHHHX KO9D(QHIHEHTOB NPH PA3JOXEHHH
* :

npaBH/AbHOR paunHOHaAbHOH ApoOH QE)

X,
NpaByl0 uacTb MCKOMOro pasyoxeHHs (1) npmBoaATr K oflueMy 3Ha-
meHaTtemo (uM Oyaer MHorouseH Q(x)) B y mosyuwBuIerocs B YHC-
JIHTesle MHOroy/eHa, H y MHorouJeHa P(x) npHpaBHuBaoT KosbdH-
IHEeHTH MNpPH OJHHAKOBHX cTeneHax x. Takum o6pasoM, nojydaercs
CHCTEeMa JHHeHHBIX ypaBHeHHH, H3 KOTOpPOH HaxoAATCs HeolpeneseH-

Hele Ko3dpbuunenT (B ajre6pe jJoKa3biBaeTcsi ee OJHO3HaYHas pas-
PElIHMOCTD).

[Tpumep 1. Buuncaum

B cymMMmy npocreBmux apoleft

xdx
S G+ @E—28
Pemenne, Pasnoxenue npolu ——X B cymmy mpocTefimmx
+DEx—2*
Apolelt HileM B BHAE
x A B C
G+)@E—2F x+1 tw—2 Tt (x—2p

@)

IlpuBoas B (2) k oOuleMy SHaMEHATE/MIO MPaBYIO 4acTh, HMEEM

¥ A= 4B+ NE—9+Cx+)
E+1)@E—2 (4 1) (x—2)8 '

IpupasruBas uncautesn apobeft, nosyvyaeM TOMAeCTBO

x=A (x—2)2+B (x+1) (x=2) +C (x+1). 3)
IlepenuuieM ero B BHAE

x=(A+B)x3+(C—-B—4A)x+ (4A—-2B+C).

TlpupaBHuBas K03)dHUHEHTH NPH OJHHAKOBHIX CTENeHAX X, NojyyaeM
CHCTeMYy ypaBHeHHHA

A+ B =0,
C—B—4A=1,
4A—2B+C=0,
1 1 2
OTKYjia A::_..-g_, B__T. Ch?'
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CiiefjoBaTebHO,

xdx 1 dx 1 dx 2 dx
S(pfnu_m=_' 9 5;+4 +775x—4 +7;S(p—mﬂ—

x—2 2 1
x4 1 l 3 x—2

HHorpa nosesHo B paBeHCTBO, NOJYYEHHOE NPHPAaBHHBAHHEM MHO-
rounieHa P(x) k uHcAHTenl0 ApofH, MOJy4YeHHOH MocJe NpHBEAEHHA K
oflleMy 3HaMeHaTeJi0 NpocTeAlIHX Apofefl, MOACTABJSATL BMECTO X
HEKOTOpHIE CNelHaJbHO NoAo0paHHEe YHcaa (OOHYHO NeHCTBHTENbHHE
KODHH 3HaMeHaTeJis JIaHHOH pauMoHanbHOH apobu). B pesysbrate mo-
Jy4YaioTC JHHeHHHEe YPaBHEHHS OTHOCHTEJbHO HCKOMHIX KO3 (HIHEH-
TOB, XOTSl CJeAYeT NOMHHTb, YTO NPH NOJACTAaHOBKE MPOHU3BOJbHBIX TH-
ceJl NoJyu4eKHHEe YpaBHEHHs MOTYT OHTb 3aBHCHMEIMH.

IlpuMeruM 3TOT MeTOAQ K NpeNHAylIeMy TpHMepy, noJjaras B
roxpgectBe (3) x=2, umeem 2=3C, orkypa C=2/3. Ilonarag x=—1,
nMeeM —1=94, otkyna A=-—1/9. Tlonarass x=0, umeem 0=44—2B+
+C, otkyna c yuerom HahgeHHnx A=—1/9 u C=2/3 umeem B=
=4A4+C[2=1/9.

Ilpumep 2. Boiuncaum

+C.

=—1—1n
9

2 —x—2
dx
1+ %) (x—1)
38

—_x—2
p P e
CHIeHHe a3J/i0oXKeHHe }IpOOH (1+12)2 (X——‘l)

B CyMMy npo-
cTeHIIHX gpobed HluieM B BHIe
32 —x—2 A Bx+4C Dx 4 E

A+t xc—1)  x—1 Lot (e

Kos¢duuuentss A, B, C, D u E onpeaeidHM, HCXOAR H3 TOXJecTBa
3x2—x4+2=A(1+ 222+ (Bx+ C) (x—1) (1 + x?) + (Dx + E) (x—1).

IMonaras x=1, naxonum A=1. IlpupaBuHBas KO3PPHIHEHTH UPH ORH-
HAaKOBBIX CTENEHsX X, IPHXOAHM K CHCTeMe ypaBHeHHH
f A+ B=0,
—B+C=0,
2A—-C+D+ B=3,
C—~B+E—D=—1
A—C—E=2,

OTKyAa HAaXOAHM, YUuTHiBasi, 4To A==1, ocTaibHbe KO3(pHUHEHTH:
B=—1, C=—1, D=1, E=0,

o s s it s o< et

CaenoBaTesibHO,
3x2 —x+2 . ds  { x41 d S xdx —
(14222 (x— 1) dx‘Sx—d Sl+ﬁ ¥ (1 + x%)2
— _ 1 2 1 1
=lIn|x—1| 2 Inj1+ x| —arctg x T Toae +C
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Tak xak pasnoxenuwe Ha mpocrefiiHe Apo6H uacto Tpebyer rpo-
MO3JKHX BHKJ2J0K, TO HHOrJa NpDH BHYHCJIEHHH HMHTErPajioB OT pa-
LHHOHAJbHOR (GYHKUHMH NOJIE3HO NPOM3BOAHTH HEKOTOPHE MmpeoGpaso-
BAHHs, [eJIATb 3aMeHBl NepPeMEHHBIX, NO3BOJSIOLINE YIPOCTHTL BEIYHC-
JIeHHe JJaHHBIX HHTErpajios.

I[Tpumep 3.
S (x+2)f(:x—3)l 25‘[%—( x_l_a “‘xj_z)]'dx=

2 dx __
(x—3) +‘§§—_f x+2® 25 Sg(x—S)(x+2) -

_ 1 11 12 S[ 11 ]dx%
T 25 (x—3) 2% x+2 125 t—3  x+2
Lo bl 2 jpx—3] 4+

25 x—3 25 x+2 125

2
= C.
+ In|x+2| +

Ilpumep 4.

dx =_I_‘S'x‘+2—x” dx —
j x2 (2 4 x%)? 2 X3 (2 + x’)'

=—S By ( )&=
x’(2+x') (2+x")' 2+x2
—_— R S — tg —+ C.
S(2+x*>* PP T Sy ete v
Ipumep 5.
5‘ x—1 dx:S (42 —6G+P 126+ —9 4
(x +2)¢ (x+2)¢
dx dx dx dx
= — 12 —9 =
S. x+2° Gj (x+42)* + S (x+20- (x+2)¢

11 2 3 9 C
2(x +2) (x+2)? (x+ 24 + 5 (x + 2)5 +

IIpumep 6.
_ _(_(1—27dz _
jxs (x—1)° S (x—l )6 _j 2

_5‘ 1 -—7z+212’-—3523—{—3524——2125-}—72“——-2’dz:
Fad
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o bl o R
_j = 75 +2IS ~ 35)' :
+35 [ 4= dz zxj +7Sdz_j2dz=

1 7 35 35

____,_____+_ L

528 47 P _2;""‘"——21 In|z| +

+7Z—.£2..+C, 2= x—1 .

X

pumep 7.

5 de . x3dx’ ___l_ dx3 -
x (1 — x3) "S S(l—p 3 S B(l—g

du 1 1 1 i
EP T T Y —t du =
3 u(l —ut 3Sl—u (u l—u)

Mpumep 8.

S"”":x—z) =S o (2 —2) =”£‘ST{;‘T__2)“=

1 du 1 4—9—u
=\ =\ o=
2 S u? (u——2) 4 Sl ) “—2 u

S (x“‘+:|:+1)s “S (

£ — +1)

_ d(x—{-—i—) . )
S(x+_";.+1>‘ 5(u+1)'

00



