1 x

+C=——-"— 4 C.

ut1 x4+ x4+ 1
Mpumep 10.
I T _S 1+——> dx =
IR YR T
+ 322+ (,+3+ )

(-]

_S T —S u‘+5 ,/5 arctg V~ +C =
(=) +s
= ylg arctg ———— x }/_ +C.
INpumep 11.
S a dng"“f‘—g"’ dx+2j Y dx=
x8— 1 x8—1 x—1 .
— x2—1 i dx3 ___1_1 B—1 | !
5x4+x=+1 S v n’ x“n”]T
\ 1
d(x—}-——) X4 ———1
x ._L B8—1 __l_ x -
+S 1\3 _3“1 x3+l,+2 1 +C
(,+—) —1 xb— 1
x ] X
1 x8—1 1 B—x+1
_=— —In |[————L—1 4 C.
3 x 41 ]+ 2 0 B4 x+1 |+
IMpumep 12. '
S 3x7 - 5x3 dy — 3 d(x*+4) | 5 R
w8 ) (a2 4 S‘ [ + 43
. du 5 ¢ du -
— 3 2 4 J (u2+4)2
3 1 5
= 5iitw vaiT S+4 +———actg——+
x3dx
TIpumep 13. Boluncaum T
Pemenue.
xdx X xdx ____1_5‘ xd(*—3) _
(3 —3)® —S (x2—3)° 2 (x2 — 3)3

1 1 3 __ 2y — 1 _— —-1 —_
=5 (e = v
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S_Ef__zL B4 g
@3  3J (@—3
1

_ b dx __l_ xdx -
- S 3 Sx

3 J x2—3 (a2 —3)t
1
—_— 2
RN R I +L§x__2_‘”"_"”_=
6Y3 V3—x 3 (x*—3)?
1 V34x 1 —1
= — —— d =
6¥3 tn V3—x M 6 Sx (x’-—-S)
_ 1 V§+x 1 x 1 dx
T 63 tn Y/3—x| 6 -3 s gxz—s -
1 3 1 1 3
SRS 4 L 2.2 PN SN 1y AR 3 )
6V3 V3i—=x 6 *—3 1273 V3—x
CrnepoBaresibHO,
adx 1 x 1 x +
(?—3% 24 x2—3 4 (x*—3)
b [ X3Ex e
48y'3 V3—x

Meron Ocrtporpaackoro

HHorna npu MHTErpHpPOBAaHHH INPAaBHJBLHOH palMOHAJbHOH APOGH
P (x
ﬁ}»— HCNONB3YIOT METOJ, CYThb KOTOPOTO COCTOHT B BHIAEJNEHHH pa-

X
IIMOHAJMbHOM uacTH nmepBooGpasnoft. ITycts Q(x) uMeeT KpaTHHE KoOp-
HH (BKJK0OYasi ¥ xommiekcHule), CocTaBuM MHorowieH Qq(x) Tak, uro-
6H Bce ero KOpPHHM GBUIH NPOCTHE M KaXAHH KOpeHb Qq(Xx) sBasiics
6n kopHem MHorouigeHa Q(x). Toraa Q (x)=Q:(x)Q,(x), rae xopHu
Qi(x) ectp KOpHH MHorouneHa Q(x) ¢ KDaTHOCTAMH KaXAH Ha
eIHHHLYy MeHblle, B yacTHocTH, Bce npocTeie KopHU Q(x) 6yayT Kop-
HAMH Q2 (x) ¥ He OyayT KOpHSAMH Q (X).

CrnpaBeiuBO COOTHOIIEHHE

P(x) dyx = R (%) D (x) dx “4)
Q) Q (%) Q () ’
rie R(x) u ®(x) — MHOrowJeHH C HeompejeJeHHbBIMH KodbdHuHeH-

TaMH, CTelleHd KOTOPBIX COOTBETCTBEHHO Ha ERUHHIY MEHbIIe cTeme-
Hefi MHorouneHoB Q(x) u Qq(x). Heonpenenennne koadduuueHTH
MHOTOuJIeHOB R (x) B ®(x) BHUHCAAIOTCA NPH noMOIUH JuddepeHIH-
poBanusi paBeHcTBa (4). O6niuno merox OcTporpaickoro npuMeHs-
ercs, ecan MHorouwlen @ (x) mMeeT HECKOJNbKO KOpHeH 6oJbLIOH KpaT-
HOCTH.
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2x 4+ 12
TipumMep 14. Bruucaum S—~————(x2+4x+8)’
Pemenrue, Ilonaraem

2x 4+ 12 dr— ax+ b +S‘ cx+d dx.

TPt 4Ax 8 ot 4ax+8 0L axt 8
JluddepeHuupys 5T0 paBEeHCTBO, NOJNyHaeM '
2x + 12 — a(x*+4x+8— (2x+4) (ax 4 b) cx+d
(x2 + 4x + 8)2 (® + 4x+ 8)* 2+ 4x+8°
OTKy /A
2x +12=a (x®+ 4x + 8) —(2x + 4) (ax + b) + (cx + d) (x* + 4x + 8).

®)

INpupaBHuBas K03¢(QHUHEHTH NPH ONHHAKOBLIX CTENEHAX X B OGeHx
yacTsax paBeHCTBa (D), MOJAYYHM CHCTEMY ypaBHEeHHH

C:—-O,
0=a—2a+d+4c,

2 =4a—4a+ 2b+ 4d + 8c,
12=8a—4b+ 84,

oTKyaa ¢=0, a=d=>b=1. CaenoBatenbHo,

S’ 2x 4+ 12 dx— x+1 +S —
(x2 + 4x + 8)? x4+ 4x+ 8 x+22+4
x+1 1 +
=T t C.
x*+4x 48 T arcg +
3adayu
Ha#Ti nHTerpanm:
183. S dx . 184. S .
Cax@x+DE+2) (x2-1)2
185. S———i”‘—— 186. S .
2 (1 4 x2)? (x2+1) (x2+2)
187. S' 2 dx. 188. (—%*_
1 —xt x4 1
189. i 190. S LA
41 14 x
191. S'——L_—‘-——-dx. 192. S-—————
(x*+x+1)2 o (x—2)3
193. _f-—-—— 194. S 222 .
(¥ —3x 4 2)3 14 x8 »



195. S——"l——— 196. S‘—i‘f*—’-— dx
x (14 x%)2 41

x’+l
197. S I dx. 198. Sx‘——x’—L-l dx.
199. S 21 200. S—-—————
»+1 (x84 1)
201. S——f———k‘dx. 202. j 2 dx
(L + 29 (e + 1y

§ 6. HHTEFPHPOBAHHE HEKOTOPhBIX
TPHTOHOMETPHYECKHX ®YHKIUHA

Mnrterpane Buga §R(sinx, cos x)dx, rae B obwem cayyae R — pa-
LHOHA/IbHAst (QYHKIUHs, NOPHBOAATCA K HHTErDHPOBAHHMIO pPalHOHAJb-
) X
HBIX QYHKHHRA C NOMOLUBIO YHHBEpCAJbHOA MOACTAHOBKH g 5 = t,
NpH 3TOM
X
2 sin—
. . X X X
sinx =2 sin—~ co§ — = ——=~ . €0s® — =
- 2 2 2

X
l—i—ig"2—

&

X . b4 X
COS ¥ ==€08% — —sin? — =2 cos¥— —1 =
2 2 2

x
— s ——
R
= = -,
1+1g,x 1-4¢
2
x=2arctglt, dx= 2
T

O6patum BHHMManHWe, 4TO NpHMeHeHHe mojcTaHoBKH tg(x/2)=? Bo3-
MOXHO TOJIBKO Ha NPOMEXYTKAax, He COJAep>KaliHX ToYeK BHAa 2Rw,
ke=Z. B panpuefiniem 310 noapasymeBaercs.

Ilpamep 1.

(' dx ___S dx i
Jsinx 4 cosx x x

ﬁsin-—2—cos —+ cos’—2—-—— sin? Y

dx

cos? — 1+6tg._".____fg._f_)
2 2 2
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X
dtg —
g7

=—2 =—2 (=
J oyt _gre u—3—
g} — —6tg— —1

g 1 u—3—VT0 ‘+C=
2710 u—34+ VY10
: tg%—(&——”ﬁ

-,/_ln + C.

10 tg —;——3+1/10

[Honcranoska f=tg(x/2), ABasoniascg YHHBEPCAJbHOH IJsi HHTE-
TPaJoB OT pAaUHOHAJbHHX BHpPaXeHHH, colepXKaliHX (YHKUHH Sinx
¥ COS X, NPHBOJMT HHOIAA K JOBOJBHO CJOXHHM BHKJAaaKaM. Huxke
paccMaTpHBAIOTCS HEKOTOPHIE CNIYUaH, KOFAA MOAWHTErpasbHas dyHK-
1WA NPUBOJMTCA K PallHOHaJbHOH 1po6u GoJiee NMPOCTHM CrnocoBoM.

I. Ecim R(—sinx, cosx)==—R(sinx, cosx), To npuMeHsieTcs NOA-
CTaHOBKA COS'X=={,

II. Eciu R (sinx, —cos x)=—R(sin x, cos x), To npuMeHseTCs NOA-
CT3aHOBKA sin x=={.

II. Ecan R(—sinx, —cosx)=R(sinx, cosx), To mnpuMeHsercs
TI0ACTAaHOBKaA tg x="{.

3ameuaHue. Jlwboe paunonanbﬂoe Bupa)xeﬂﬂe R (u, v) Bcerna
MOXHO MNPEJCTaBHTb B BHAE CYMMH Tpex BHIpaXKeHHH, paccMOTpeH-
#ux B nynkrax I, II, TII:

R(u,v) = R(u,v) —R(—u, ) + R(—u,t)—R (—u, —1) .

2 -2
+ R(*‘U,-V)+R(&,U)
2
Tpumep 2. Brruncaum S S,inxdx
cos? x (sin x + cos x)

sinx

Pemwmenue. R = -
cos® x (sin x -+ cos x)

Tak xak R(—sinx, —cosx)=R(sinx, cosx), To, monarasa tg xe=t,
HMEeEM

S sin x dx _( tgxdtgx
. cos? x (sin x 4 cos x) S 14tgx

=—In|l+4+tgx| +tgx+C.

IMpumep 3. Buuucanm S sin 2x - dx.

4costx + 12cosx—7
sin 2x

4cos?x 4+ 12cosx—7 '

Pewenne. Ilycte R~
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Tak xak R(—sinx, cosx)=—R(sinx, cosx), To, nojaras cosx=f,
HMeeM

sin 2x — 2¢dt
S 1x4 12 7 dx:j 9 -
4cos?x + 12cosx — 4(t’+3t+—4—>—16

_ 1 tdt . ___S udu du
2 3 \3 u2—4 u*—4
() =

1 3 u~—2
:————-—-——1 2 __ — —_
s njut—4| + 5 In I+C
l 3 3 3 (IOSX-——_‘2
:——__l — — e — — .
p nl(cosx+2> 4I\ " In - + C
COSX+_
2
cos xdx

[Tpumep 4. Buuucaum S

costx +simt x + 2sin? x 41

Ccos x .
Pemenue., R = - - . Tak xkak R (sin x,
costx 4 sinfx 4 2sintx + 1
— c0s x) = — R (sin x, cos x), To, moJiaras sinx=¢%, HMeeM

S cos xdx __‘S‘ dsinx .
cost x -+ sintx 4+ 2sin? x4 1 14 sin® x 4+ (1 — sin? x)2 4- 2 sin? x

=LS _ ‘S Y2 g
27) 41 4y3 ) Y4

S t—vy?32 df — 1 In sinfx 4+ Zsinx + 1
4y2d Pty 241 8Y2 sildx— y 2sinx+ 1

-+

1 — —
— [arctg (V2sinx + 1) + arctg (V2sinx—1)] + C.
2

HHorpa, ecnid 3T0 He HapyllaeT palHOHAJbHOCTH MOABIHTErpaJib-
HOro BHIPaXXeHHsi, NOJIE3HO TMOHH3HTb CTENEHH SiNX M COS X, HCIOJb-
3ys TNepexoA K KpPaTHBIM YrJaM.

dx

siné x 4 costx

IMpumep 5. Buunciaum S‘
Pemenue, Ilpumenss dopmyJsl

__{l—cos2x
2 ’

cos? x =

1 -} cos 2x . sin®
2

nmeeM cos® x + sin®x = Tl (1 + 3 cos? 2x).
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Tlonaras tg 2x==f, Haxonum

S_ dx = ad =2S f ———-arctg—t-—}—C:
sin® x 4 cos® x 1 4 3cos?2x 44 2

tg 2x

=arctg —— 4 C.

paCCMOTpHM HEKOTOpHE CICIHAJbHNE METOAH.

sinx — 3 cos x
ITpumep 6. BruucauM S———-—-——-
4sinx-+ 5cosx
Pemenne. IlpexctaBHM uHCIHTeNb (sin x—3cosXx) B BHAe JIH-
HefiHo KomOHHauuM 3HaMeHartens (4sinx+5cosx) u ero mpoussox-
HO#H, T. €.

sin x—3cos x=A (4sin x+5cos x) +B (4cos x—5sin x).
Hast Haxoxaenns koadduuuentoB A u B uMeeM cHCTeMy

1=44A—5

{ B, orKyna A= ——i, B=———!—7—,

—3=5A4+4B, 41 41

nOSTOMY

S sn{1x—3cosx dy = — 11 S4s%nx+5cosxdx__

4sinx -+ 5cosx 41 4sinx -+ 5cosx
——lZ-Sd(4s,"lx+5°°sx)= 1 x————” In|4sinx + 5cosx| + C.

41 4sinx -+ 5cosx 41 41

2sinx + cos x — 1

ITpumep 7. Bouucaum S - dx.
sinx —cosx + 2
Pemenne. IlpeacraBuM uncantesn (2sinx+cosx—1) B Buage
JIHHeHHOH KoMOHHAUHMH 3HaMeHaTeasl (sinx—cos x+2), ero npousBoA-
HOM M KOHCTaHTHI, T. €.

2sin x+cos x—1=A (sin x—cos x+2) +B (cos x+sin x) +C.

Inst naxoxaenus kospduuuento A, B u C umeeM cucremy

2=A+B,
= —A+B,
—4=£A+C
OTKyJ1a B— A——; C= —2. Tlosromy
2sinx -+ cosx —1 dx——l~ sin.t—cosx+2dx+
S sinx —cosx 4 2 T2 Ssinx—cosx—{—2
+_3_S .cosx-§—sinx dx__QS : dx
2 Jsinx—cosx-2 sin x -— cos x - 2

=%x+_—2-ln|sinx——cosx +2| —
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dx __

9 =
2sin-f— cos—g—— — cos? —;— + sin’—;- + 2sin3 -;—- -+ 2cos’—)2c—
A 45
=—2—-x+-—2—]n|sinx——cosx+2|—4S =
x x x
2—[3tg2? — 4-2tg— 41
cos 2( g 2 4+ 2tg 2 + )
x
3tg—+1

— et B nysine— oV Farctg 2
= *+ > In|sinx—cos x + 2| —2 /2 arctg 75 +C.

2sin® g+ 3sinxcos x4 5cos?x
[Tpumep 8. Buuucium S + + dx.
sinx — 2 cos x
Pemenue. IlpeacraBum Belpakenue 2sin2x-+3sin x cos x+5cos?x
B BHJE
2sin?x+3sin x cos x+5cos?x = (A sin x+B cos x) (sin x~2 cos x) +

+C (sin?x+cos?x).
Ias naxoxpenus: kospduuuentop A, B u C umeeM CHCTEMY
2=A4+C
3=B—24, OTyna A;_%, Bz__%1 C:_ls?_-
5=—2B+C,
ITosTomy

5’ 2sin® x 4 3 sin x cos x -}- 5 cos? x dy =
sinx-—2cosx

—?—COS)C—"—S-Sin x.*__li ..__C.i_x_._....._
5 5 5 sinx—2cosx

I

X X
9 3 . miig 2dtg g
— COS X ———sin X -+ — =
® 5 5 Xﬂﬁjn+m_i 9
8 5 g 5

I

x 1 1 745
——g—cosx--—q—sinx—}— 19 In tg—2—-+-2—— 2 +C
5 5 5V5 x I V'5
ety Ty
Sadauu
Hafitn uHTerpaJmi:
203. S-—-fff-, 204. S-—»—~ff————.
34 sinx 14 5cosx
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205.5 & .
sinx -+ 2cosx+ 6

207. S dx

sin? x— sin 2x°
209. S S
1+ cos?x

211 S’ sinx dx

cos?x —3cosx+ 2
cos xdx

cos?x—5cosx+ 6"

215.S Sn2 . dx.

213.

sint x + cost x

217.

219. S‘-——-—-—Sﬂ—x—— dx.

2sinx 4 3cosx

221. 5 {Sos2x gy
1 4 cos? x

293, S—C"—S?‘—— dx.

Jsinx+3cosx
225. S-———S*“Q" dx
1 4 costx
927 (L1t x 4
(4 +tg?x) tg3x
2sinx 4 cos x
(2 cos x — 3sin x)?

229.

206.
208.
210.
212.
214.

216.

218.

220.

222.

224,

228.

228.

230.

cosxdx
2—cosx

5 14+ sin?x’

dx
S(sinx—{—cosx—{— 1y’

sinx dx
S sin?x—3sinx+4+2°
cos2xdx
S sind x -+ cost x

sin2 x cos x
S—————— dx.

sinx 4 cos x

1
S I +cigx

S sm?x dx
1+ sin? x

S cos 2xdx
sind x cos x -} cos® x sin x

cos? x d
—————— X
S 1 4-cos?x

dx
Ssin‘ x4 costx’
S ‘sinx +cosx + 1 dx.
2sinx4-cosx + 2

S 14 3sin?x 4 2sinxcosx dx.

sinx — 2 cos x’

§ 7. AHTETPHPOBAHMUE BbIPAJKEHHH,

COMEP)XAIHX PAUKAJIDI

I. HuterpupoBanve QyHKUHI BHAA R(

HHOHaJIbHasi (YHKUMS [ABYX apryMeHTOB,
a, B, y, 8§ — HEeKOTOpHIE KOHCTaHTHI.

ITpy MHTErpHPOBAHMH TAaKHX (YHKHLI moJaraior

/ax+ﬁ\’ rie R —

pa-

x40 )
m — HaTypaJbHOE YHCJO,
ax P —fm

v+ 6

r

Torga x OymeT HekoTopas palHoHaibHas GyHKuus @(f) K HHTerpax:

3anHIIEeTCA B BHOE

IR(9 (1), o' (f)dt,

rie mojblHTerpaibHas (YHKUHS eCThb palyoHanbHas ¢yskuus f.

Mpumep 1. BbI‘IHCJIHMS

VY41
22—V

dx.
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Pemenne. Ilomoxum Yx=tf, Toraa

2‘3; =dt, 1. e. dx=2tdt
,/x+1 dx —S t+l

* t+1
t=
L E2td 25 - dt.
Pasnaras panuoHanbHy0 QYHKIHIO B CYMMY NPOCTERALIAX APO-
Oefi, nMeeM
e ol Bl S-SR T
x2—vx 3 ) t—1 Pt+1 3
2 2—2t41
——In|£? | +C=2n =2t =
3 n[f 441+ 3 f B4t41 +C

=_§_]n x—2Vx+1

s+ 2Vx+1 +C

Ilpumep 2. Bouuuciaum S—-_—d—x—‘}—_
Vit yx
4 — 3N
Pemenue. Ilomoxum 7V x=t, Toraa ——dx=dt
=413dt n

S-—T“"——‘—_=4S £ dt =4S #dt ——4S<t—-1+-——-)dt
Vi+vx B+t t41 t4+1

—4 (-‘-21—-:+1n|t+1|) +C=2Vi—4yx+4ln|yx+1]|+C.

, T. e. dx=

MNpumep 3. Buuucimum d

VGE=Ip T
Pemenue. IlpeoGpasyem moiuHTerpajbHyio GyHKUHIO K BHAY

1 1 “/(x+23
YE—Draror (2 )

Ilonaras x+2
x i

=1{*, HMeeM

x_______‘.' x o=t dx=—:-1—2‘3—dt,
B_1 (£ — 1)z
Torjaa

dx 25‘4 <x+2 3 dx —
VE=TpF 1o x—1> (x+2)¢
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__Z‘S‘ta_ (-1 (=120 dt:S—i.—d—t-:i.—l‘+C=
9re (1t —1)2 3 3

____ x—l
o x+2

Il. UnrerpupoBanne ¢ynxuniz BHAA

_R{) _
Yad Fbx+tc' rae R(x) '
pauuoHasbHasd QyHKIHA.

Bugensin w3 panuoraipHofi gpo6u R(X) ueayio 4acTb — MHOro-
unen P(x):R(x)=P(x)+ Q—((x—))-— H packjaiaeBast Ipolb _(‘1;((_:))

p 4 x
B CyMMy npocTeAlIHNX ApoGel, BHAHM, YTO HHTerpHpoBaHHe (QYHKUHE
R (x)
v al +bx+c
THIOB:

IIPHBOJAHTCA K BBIYHC/JACHHIO HHTErpaJJioB CJHACAYIOUIHX

a) S‘Vtﬁ—% dx, P (x)—MHOrouJes;

G)S Adx ,
(x—a)ty axd + bx+c

)S (Mx+ N)dx

(B +prt+qmyad +bxtc’

A -—KOHCTaHTa;

M, N —KOHCTaHTH H TpeXdJien

X+ px + G He UMeeT JEACTBHTEJLHLIX KOpHeHd.

YKaxeM MeTOAbl BHIYHC/JEHHS ITHX HHTErpajios.
a. MoxHo noka3aTth, 4YTO nepBoO6Gpa3Hyld AN (YHKOHH

17—22“_4(_{7)—:’ rae P(x) — MHOrouJeH CTeNeHH n, CAeRyeT HCXATh
ax 2 4 c .
B BHJe
P (x) dx a3 1 bx e+ S‘
T S VERETea (o=, O

rae Q(x) — wmHorouseH crenesH (n—1) c HeompeaeJeHHHMH KO3QQH-
IIHEHTAMH, A — HeH3BeCcTHasl KOHCTaHTa.

Kos¢¢dpuunentsr MHorouseHa Q(x) ¥ uyHC/IAO A HaxXOmATCS NpPH TO-
mowH auddepenunponanus roxzaecrsa (1).

(x3—2)dx

Tlpumep 4. quncmmf Ve

Pemenwue. Ilonaraem

(x*—2) dx

—ree dx
I S o S, 2 2
W (ax* +bx+c¢) Vx +x+1+).j T ey

Fxb1
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HuddepeHniupyss 3To TOKIECTBO, HMeeM

x3—2 . . xa——‘—-
V————m—(an+b)}/ +x 414
+ (ax? + bx +¢) (2x -+ 1) A
2y XL x+1 Vafz+1
OTKy[a

2(x3—2) = (4ax+2b) (x2+x+1)+ (ax2+bx+c) (2x+1) +2.

Jlast HaxoXAeHHS HeompeleNeHHHX Ko3dGHUHEeHTOB @, b, ¢ H A mHoay-
qJaeM CHCTEMY ypaBHEHHil

2=4a+ 2a,
0=4a+42b+a+ 26,
0=4a+2b+b+2c,

—~4=2b-c+ 2\,
OTKyJa a= :——5_. =t 7v_——____g§.
v 3" i2’ 2’ 16 "
CrieioBaTeNbHO,

X — 27 1 5 —_—
X2 gy=(-L ’—————-x———— 3 T—
Vereri (3 ST )V‘ tr+
= dx (L 5, 1 2 T—

GS / 3 ’(3" 12 24)Vx+x+

V +3)++
25 1 s
———ls—ln,x+-§~+]/x°+x+l +C.
Adx

6. Uunrerpan euna

———————— [IOJICTAHOBKOH (X—a)=—

(x—a)ey ax* £ bx+ ¢ A ( )

UPHBOJAHTCA K BHAY, PacCMOTPEHHOMY B NpeJbIAyIleM NyHKTe.
dx

[IpumMep 5. Buuncaum A

Pemenne. Tlonoxum x:—:-, TOrja dx=-—-—}2—dt H i >0

MeeMm
e« 18 dt ____S rdt
Sy AL f - Vitn

_—_St;/—ta1+—ll f~~Sdet+S dt
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=__”/‘.___fr_"_-‘§-1n|t+1/1+zﬂ;+1nlt+v1+t=\ +C=

2
ty1+e | 1 & 1
=———-—-—2——+~—2—1n\t+1/1+t |+C, t=—.
x

B. PaccMOTpHM BLIuHC/IeHHe HHTerpaJa
S Mx 4 N dx
Vad L bxte(s+prt )
TlpegnosoxuM BHayale, 4TO
ax?+bx+c=a(x*+px+q).

Torna
Mx+ N d (Myx + N,) dx
e X ==
S (224 px+q)™ Vaxd + bx ¢ (x3 + px + gy tV/2”
ITockoabky

M1x+N1=i‘;—*-(2x+p>+N1—ﬂ;i,

T0

o Myx+ Ny S‘ d(x’+px+q)
.\ (#+px+ q)’"+”2 (& + pr+q)"+2

dx
N S(x'+ px+gq)mti/2e

TlepBuift 3 NOJYyUeHHEX HHTErpajos Taénntmgm.
X
Jsns BHYHC/AEHHS  HHTerpaja
(x + pr )"
nogcranoska Abeas: t=(Vx¥+px+q).

B o6wmeM cayuae, T. €. €CIH OTHOIIEHHE TpexujeHoB ax?+bx+c m
x*+px+qg HenoCTosiHHO, B HMHTErpaje AEJAOT 3aMeHY NepeMeHHOro
TakK, YTOOB BO BHOBb IOJIYUEHHHIX TPeX4JeHaX OLHOBPEMEHHO HCUE3JIH
YJieHH C NEpPBOM CTeneHblo. TO AOCTHUTaeTcsi, HalpHMep, ¢ NOMOIIbIO

. - at
APOGHO-JIHHEAHOA IIOACTAHOBKU X}= _t_+t1—ﬁ_
b b
€CIIH p=%=—, H x-—:t——g—, eI p=—o,
a a

NpHMEHsEeTCA

’

B pesy/brate nosyyaeMm HHTErpal

At+ B
S ———— dt
(A y 8+
Il:m BLIGHCJICHHSI STOTO HHTErpaJa npeacraBiM €ro B BHAE

At dt +B dt
(B A)myont+r L S L Yoy
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K nepoMy H3 STHX HHTErpajoB NpHMeHsieM NOICYaHOBKY &=} 6"+ r;
a KO BTOpPOMY — NOJICTaHOBKY 0= (V¥ Gt’ +7).
I[Mpumep 6. Bruncium

T
Pewenue. Ilonaraem

t=(VP+x+2) =37%—_121—1~F2
TOorjia

A2+ x+2) =422+ 4x+ 1 =4 (2 +x42)—7,
OTKy1a

—7
@4

B4x+2=

Hudpdepennupys paBeHCTBO
tVEFx T 2=x+ —,

HMEEM
(2x 4 1) tdx

SR
dt Vx “”*zvm ,

OTKYyZa

dtV 2+ x+2+ 2 dx =dx.
Urak,
dx — dt
Vatait2 18’
no3TOMY

— 1 ——
S(x2+x+2>5’2 _ja/x=+x+2'<x@+x+2)*_

e Yo (1) om
Sl_ﬁ S(l —)dt == (=) +C

_ 16 2% 41 ____1_( 241 3] +C

o 49 [2Vx2+x-+—2 Vx”+x+2) ’

(x+2) dx
+0)yYEEeT

MMpuuep 7. Bouncaum f 7

Pemwenune. Hmeem

S‘ x4+ 2 dx ___5‘ xdx + 2dx
w2+ 1) Vet (241 V2 (#+1) Y22
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xdx _l_ 2z2dz _
S TENNZ = S(u+l)Vu+z -1z

. dz 1 z—1 1 V 2+
_Sz'—-l—2ln|_' l+c 2 =+2+1l+
4
Jnsi BLIYHCNEHHS HHTerpana . S Fr) YA TIOJIORKHM
_ (/% 1 9) — x
t=(Vx*+2) =ars
Torpa 2= * , T. e,
x4 2
a2 IO
x — t Y2+ 2=x,
3 xtdx =d dx — dt
dt - Yx* + 2 +2+{ = X, R T A
CrieqoBaTeNbHO,
2dx ¢t _S _
.“ (A1) Yy B+2 —S - o 1+t= B
T—n
] —1 x
2arctgt + C=2arctg TPTe +C
H
S 142 dy — Vx Tty
wrny@trz ,/,,+2+1|

dx
Y2
(x < 0) sameHoRl u= L NPUBOAHTCH K BHIY S

8 (u+

3amevanune, Hurerpan j T Ha npoMexyTke x >0
X
M du?

nyi+aa

a7 dy
@+ ) Vari

4 3 —_
Pemenue. Bupeass us ppodu x—‘*”—ﬂi—:’-‘——z NPaBWILHYIO 4acTh,
X

[Tpumep 8. Bouucanm S‘

HMecM

A4 4x—T7 3x—8
———_—_x=+l : =x+14+ — x’-{-l'
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3x—
x4 1
3x—8 — A Bx+C
x4+ 1 x4+ 1 2R—x4+1’
otkyna 3x—8=A(x?—x+1)+ (Bx+C) (x+1). [Tonaras B 3TOM paBeH-
ctBe x=-—1, Haxogum A=-11/3. U3 paBeHCTBa A+B=0 u A+C=-8
11

Pasnoxum apoGhb B CYMMy NpOCTeRIIHX ApoGeh

HaxoguM A=-—B= ——3—,C-———3—.
CuarefoBaTenbHO,
o
AtLtar—7 o L x4l * n
B+ Yy EEi ;/x*+1 j(x+1)1/x”+1

1 11x — 13 dx:
3 S(x’——x«}—l)}/x’—i—l ’
FEl e ve Tl R
SVx“rldx VEFi+In|x+VE+1|+C.
Haga x+1 >0 umeem

e e 11 dx -
3 .Y(x+1)Vx=+1 3 S }/ 5 2
2 e
(x+1) x+l+(x+”,

A dw
3 j/l—2u+2uﬂ

11 1 1 2 . 2
: x—l—l—“2_+ Vl"x+l+ (x4 1)2 |+C'

=—-3-V—_2_—

Taxum o6pasom,

x4+x3+4x—7 . —2—-—- =T

PO VAT de=V2E+1+In|x+ Ve 1]+
11 1 1 /Text1 T 11x— 13
31/2 n' 2 + V (x4 1)2 jl(xﬂ—x+1)1/xﬂ+1

——;~+1/ 2l ‘

1
— 2 = 2 I
=V +1 Hn]x+]/x +l[+3/2 '1. V a1y
a V6@ + 1) +V2(x+1)

—-——arctg‘/ sl 4
x—12* ¥3 | Vewmin—viaiD

Buiunciienne mocjeaHero HHTerpaja pas3o6paHO B CAeAYIOLIEM INpH-
mepe.

TMlpumep 9. Bouncaum 5

+C.

11lx— 13
(—x+1) Vi1
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Pemenne, Tak Kak OTHOHIEHHe TpexuweHOB x?—x+1 m x2+1 —

at+ B
H€ KOHCTAHTAa, noJaraem x = —-;-:——1—,

a4 2atp + B2 — (at +B) (F+ D) 4 A+ 2+ 1
(t+1)8 :

IlpupaBHuBas K HyJ10 Ko3bduLIHEHT npH { B UYHCJAHTENE NOJNY4YeHHON
ILpo6u, HMeeM COOTHOLIeHHE MeXAy a H B:

Torna

B—x+4+1=

20p—a—$+2=0.
IMockonbky
Bt l= a2t + 2ufff 4 B2 4 2 -+ 2641

(t+1)2 '

TO, IPHPABHUBAsl K HyJI0 Ko3pdHUHEHT npu ! B uHc/AHTENe 3TOR ApO-
6n, mosiyuaem elle OJAHO COOTHOLIEHHE MeXay a #H B: 2af+2=0. U3
CHCTEMH

: 2af—a— B +2=0,
2af+2=0

HaxOlHM —a=f=-—1.
CrnenoBatesqbHO, B JAHHOM HHTEerpaje Hajo CHeNaTh 3aMEHY

t—1
X = . Torma umeeM
t41
s xpl=Ed ey 242
dexrl=trne CHi=ae
no3TOMY
x—13 =——2=28 gy 2 4,
t+1 (t+1)2
Hx—13 & (t -+ 12) dt
= —92V2 L A
I(xﬁ—x+l)']/x2+l dx 4 j(t“-}—:i)}/ﬂ—}-l

Ianee, uMeeMm

I tdt _Sd;ft2+1 Zj‘ du
B+3) Y BTL 243 w2

= —lr arctg —‘i: +C=——1:- arctg -—[ﬁz_tl—— +C.
V2 V2 &) Y32
Hss BelYHC/EHUA T 3)d}t/7m cAeslaeM MOACTAHOBKY 2 = (/2 + 1)'.

d2  dt
1— 22 Yyl

3— 222
11—z’

Hmeem , 24+3=
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S dat _ dz __ _ l_lrl y/i—}—z)/? LC=
(GRS A= 3—22  9y% V3i—2y2

_ l—lnl 1/3t3+3+1/31 LC.
2y'6 V343 —y 2t
CliefiloRaTesbHO,
f lx—13 dx-——2arctht !
(B2—x+HY BT Y
—4¥Y3 In V3’z+3+’/§'|+c
ViET3—y2¢ ’
rae { = danll .
l—x
3adaqu

BHUMCIHTD clenylollie HHTerpajn:

x2 42 dx
__2+2 4 232, [ —= .
231. S S dx 32 jx‘}/xsﬂ
xédx dx
2. {2 204. | R s
Vxr5 dx
285. (L2E2 ax. 236. S-—————w“)m.
x*—5x% -+ 6x —7 * x2 41
237. Y dx. 238. j TR Ay ey o dx.
dx ST I T d
239. PRI S s o 240. S(x-}—l)Vx +4x+ 1 dx.
x2—1 x—1
___ dx. 242, 4
241 S Xy T4 32+« ax 4 S @ OVi—e
x4+ 3x+1
243. | —E e dr. 244. S —
x4+ Y
245. yg—""——— 246. Sl/“”:
V x (x+ 1)® x
247. j dx . 248, j'—-——
VY GrnE Gy x—1) V%
249, S dx . 250. f dx
Ya=1 —y =1 B—x)y T—x
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252

1+2/; dx

J i N

§ 8. 3AJIAYH HA PA3JIHYHBIE METObI

HHTETPRPOBAHHA

TIpuMenss pasnuuHHE METOAHW, HaNTH

253.

255.

257.

25

261

263.

265.

267.

269.

271.

273.

275.

271.

279.

281.

J
J
J

Q.S

dx

xlnx—zx

dx

dx

X

(a® — x’)3/2 *

e* 4.6

3dx

(1+x)

@t

x5 d
Sy

J
S
J

J
J
J

J

jxln

dx
sin®x

sin® x d

cost x

¥ _ dx.

sin® x

X dx
1+ x3

dx
S (14+x2)3 (24 222

dx

sin? x —

5sinx+6"

sin 2x dx

cost x dx

sin® x

e3x

et 4

sindx—costx

S x® arcsin x dx.

dx.

254

256.

258.

260.

262.

264.

266.

268.

270.

272.

274.

276.

278.

280.

282,

ciaenympoiiue HHTErpanH:
x+1
") Vemer e
x3dx
j—L‘H—— dx.
22 (1 —x)
dx
(403 (1l—n2 "

dx
S- (x—12Y o fx+1
[ g
Sinx
jx’ cos xdx.

x
S - dx.
sint x

S dx
(x+1) (14232

dx
S 2-4sinx+cosx

cos xdx
costx—3cosx+42°

dx
sinx - sin 2x

j x arcctg x dx.

S x3arctg® xdx.

dx
S 7=
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283.

285.

287.

289.

291.

293.

295.

297.

299.

301.

303.

305.

307.

308.

309.

311.

313.
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-3
2

st(l +x%)  2dx.

dx
sin® xcostx

dx
_,
sind x cos® x

dx

X 7 —yD)VE 42y

3x+2

dx.
SV’ 327 —6x+ 13

‘s‘ Vx—3Y% dx.

Vilywrayz)

dx

(x—1(x—2)(x—3)(x—4)

3 x—2
(x—1)3 (2 + 1)
i N 1
(2x 4+ 1)®

@1y
e
xbdx
S o1
S xidx )
T

W )

(x+ 1)V 32+ 4x

( dx
J (2sinx—3cosx—5)®

j‘ dx .
Ve (s + )

284. j‘cos X

sinfx
— 4~
286.5 VE+2yE — dr.
vilys+V7)
5x — 1
288, Y ——————— dx.
S}/3—-4x’+8x dx

290. 5 dx ,
2sinx+ 3cosx+5

292, f 4VE + Y dx.
I/x’(QVX+}/x)3

294. 5 dx ,
(x—DV 4 - 10x 1+ 7

296. S"‘*"

298. "‘

L4 dx.

X3 x? 4 x—1

300. j' il
P

302. j' 21
(x* -+ 1)

304. S__(Li’..gi‘i). dx
1+ 5

306. g.___‘k_,___
x3 (x2—¢4)

xdx

X (x*—3x+2y ¥ —4x+3

312. S
x? -1

314, | —— dx.
(2x* —1)3

cos? x dx

sin x (cos® x + sin3 x)



315, {(F—Ddr 316. S x+2
(%3

(B4 x4+1)8 - — 1)y T+
317. dx 318. S .
v (x— 1Y 2 (B—1)y T2
R dx
. 1V1 ? dx. 320, \ ———M———
319 fx V1+x2% dx PR Vi w it
321. Sarcsinl/ X dx. 322, C___x_ng__
x+1 J 2—xf— 8
323, (—2=1_ 4y 324. S-_—‘?L.
Yy =1 sin x cos?
325. \ tg*xdx. 326. S
sm“xcos2
327. { ctgsxdx. 328. S sin’ x
o cos® x
329.‘55—0_5‘—'”- dx. 330. S
sinx m*xcos‘
3 - 6,—
331.[ ’(V"—W’;) dx. 332. S VAT 4y T dx.
(x44y%)

+0 =y 3FT)
333. dx 334, guﬁi"ﬂ‘_—_

(43 +2) Y3 —dx sinx—5Scosx

335. S—-——df-—- 336. S———d"———
sinx+tgx cosx -+ tgx
337. S-——‘i"——- 38. (2
sinx + ctgx J cosx+ctgx
339. S‘-———m_“’”"f‘ , 340. S e
cos? x -+ sin® x (x?-2x—1)
341. S-———-—,— 342. S L —
(x2+3)%2 cos x (cos? x -}- sind® x)
343. S I 344, ( —— 9 (420)
'[/1 Y1i—x Jx(V3a+ yxd=a)
345. 5 =1 4. 348, S Lokl d.
T X6 — 5xt — 528 4 1
347. S—""—- 348. S——‘“—-
x5 (1 4 x8) x (14 x%)?
349. S 20=2) 4y 350. S—L—- dx.
(14 x%)8 (x*—1)2
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351.

353.

355.

357.

359.

361.

363.

365.

367.

369.

371.

373.

375.

3717.

379.

a8l.

383.

S In(—x+V71+)dx.

S (arccos x)? dx.

S——x——— arcsin xdx
V1= ’

sin? x cos? x
(sin® x 4 cos3 x)*

S dx
3etgx 4 2sinx’
S‘ 2 sin? x + cos?x-

sinx -+ cosx

dx

(x+1Dty e —2x '
S‘ Vaatx+1 d
x

dx
S (B x4 1772

VE
e

S‘ dx
VEGETIP

dx.

ey

iV ili

Jee) e
S. (1 i;f/xx)g

-V;_in dr.
x"’——Vx

dx.

352. j (e* —sin x)® dx.

354. *—2 iy
(1—x)®

356 -" cos xdx

sindx —cos®x

358. (9

sin® x — costx

360. S‘Qsinx’——cosx—ks dx.

3sinx t+cosx 41

cos x sin x — sin®x dx

362

2sinx -+ 3cosx

364 x84+ 2x 4+ x—1 dx
) }/x’+2x—l )

366. f BV +4xdx.

dx

368. SHV:?'

[ —
370. S’ V2 gy
1+yx

3
(x+ 1)3
372. S T dx

374. S 1“‘/" dx
y‘/;—f- 1

376. S‘/2"‘
1—x

378. dx

Vxt2 +V xt3
380. S—ia-—
Vi—vix
382. Ss dx
V x—1)2(x+1)

384. S‘/‘“‘/" dx.




385. S—-Ei‘—— 386. S x—1 dx.
T VIFT 43y (TF0°

387. Vil +2 4 g S dx .
(x+ 12—V 351 AT I CESNE

(sinx —cos x) dx

389. S
(sinx 4 cosx) ¥V sinxcosx -+ sin? x cos? x
390. S.__._d’f____
sindx 4 cos3x
391.5 e 392.S X dx.
cos? x -{-cos x-y/ sin x cos x cost x
393. S-——_—e" E+2) g 394. S—————“i“"“"” dx
(x4 3)? ’ x? )
395. fx[x——lldx. 396. §|1-—4x2;dx.
397. 5 min (Vx , 2) dx. 398. gmax([xl, 4) dx.
399. I max (4—x2, 2)dx. 400. S min {5—x2, 1, x%} dx.
| Orseror *
_1_2_
1odx—8w32 g 2 20 L 12008 3 L omnx)+x
2 5 13 x
4. Injx]— 2 — 2 5 L y3mx 43+ 2 6 — x4+
X 2x2 X 2
+ Lln’ L2 | 7, ey —T_arctg—*—. 8. ——1In x—/s_ —
2 l—x Y3 V3 8y'3 x+V3
1 1 x—1 1 1
— — arctgx. . — — —arctgx. 10. _—
" arctgx. 9 : In oy | 5 arctgx arctg x -
11. 2arctgx + In|x|. 12. aresinx + In|x+VI+ 2] 13. In|x +
+ V1| —In|x+V2+1 |, 14, arctg ‘/—i—x
6
15. l_ In VEx—VZ . 16. arcsin——. 17. 1_ In|V2x+
2y 21 V3x+ V7 V2 V2
SELE ! T TE T 25
+Vox@+5]|. 18 v In| V3 x+V3E=7|. 19. =
2. 10% 4x 1 1 = 27 1\« 30% .
—_ 0. — —~— — 21. .
In 10 + In4 ’ 2 21n9 (9 ) In4 < 4 ) In 30

* B orTBerax 3TOro pasjie]la pajH KPaTKOCTH NPOH3BOJBHASA aAANTHBHAs MO-
crofHnas C onyluleHa.
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22. (—3?—) L 03, & Loy 24,2 [2 +9 2 J
5 32 2 in2 3

25. —;-x—-ﬁ%. 26. ———+ Smx. 27. tgx— ctgx. 28. —-—:ll—tgx—-

——;-ctgx. 29, —x —ctgx. 30. tgx—x. 31l. —cosx + sinx.

32. 2shx— 3chx. 33. —thx4x 34. In|x—1]|. 35. —‘— In|2x+ 3].

X+ 2 I 37. L In ———("“‘)
x+3 3

L (Lt_ll‘_ 18 L1 —3x)20
- Inl1+20]. 40, Em 41. _36_(2;; FB)S. 42, — (1—30)™.

36. In

I 38. x+ln|1+x| 39. -——sx——

1 16
—Vi-2x. M. —2— (1 4+ 3¢5). 45. —:Sz—-(l o4y 15
5
Loy L one g —9202 —_ L1 — 94
46. — (r—2)7 +— (r—2)% 47. (1 — 2) — (1 — 22,

48. % (x—2)52 + —g—(x——2)3/2. 49. %(1 + 3r)¥r2 ——ig“.(l +3x)1r2,

50. x4 1) 1
2

—2x+21n|1+x[. 5L -;—x“’+%x+—z—lnl2x—l|.
52. ——f‘rg(x._x)n + 20 -—x)l"-——z:—(l——x)". 5. YVE—2 —
-—4lnlxv+1/x2—2|, 54. i;—+2ln|x’—4|. 55. %—arcsinx’.

56. 3V @14 —In|x+VxF 14| 57. VB —10 +2In|x + VE=10|.
58. g}/l—iarcsin VT Loy =2, 59._7’; (1 —x3)3/2. 60. -—;—(1-x=)°.

61.—l—arctgx2. 62. 1__ In xa'—V?_ . 63. —2—1/3+ x>, 64. — L
2 695 B+VE ‘4intx ‘
65. 27Inx. 66.In|lnx+3[. 67. nt_ g8, 2 Inssy.
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v
69. —e*—2In|e* —1]. 70. In(1 +¢¥). T1. —-—5—cos5x. 72. 7;sin§—f,—x.

1 i 1 1 i .
73. —2-[ - cos(a—B) x— s cos (a+B) xJ . 14 —2—[ P a sin(f—a)x+

+ a—‘I}_Bsin (OH-ﬁ)xj . 175. %[ﬁ—l—asin (ﬂ—a)x——é—;:‘sin (e + ﬂ)x}.
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s PN — gy B+ Dr—gery

cos(f—3) x. 78. —%cosx“. 79. 2sinY/x . 80. In| 1 +sinx].

cos (3+B)x—

— 1
8(p—3)
81. —-;—-—-4—sm2x 82. —+———sm2x 83. —2—x—c052x+Tsxn2x
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. 86. ——TCtg 7x. 87. ?thx.

91. In|sinx|. 92. tg%.

sin2 X
V3
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105. — sh2y— — ch2r. 106. — 2cth2x. 107. — xcosx + sinx.
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108. X 1 P | ’ 3 . 3 1.
o — 4+ —xsin2x 4 —cos 2x. 109, —sinx -—— xcosx —— sin3x+
4 4 8 4 4 36

+—11-5—xc053x. 110. xigx+Injcosx|. 111 __ng__xctgx+ln|sinxl.

112. LA

— ln'tg(—;f—J,—T) L. 118, xIn?x — 2xlnx + 2

cos x i

Inx 1 X3 x3 x3 1 1
114. — —— L2 ) ] .
Pa— 115 3 In(1+x) S + S 3x-|— 3 n(1+x)

116. 2= ( -_‘_»~L___1_ ,_1_ b e —E
5 In{1+ x/+2x In|l+x|. 117 arctg x Y
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124. 2xarctgx—In(1 +x~)+—§-arctg‘~’x. 125, asmsx‘,—;ﬁﬁfosﬁx e%*,
o 1 B2

126. —;—Jr xcos(21nx) ;:OQX sin (2 1n %) 127. tgx - Incosx + tgx — x.

in % in 4
129. _S_x sin 2x + sin r'

2 1 1 —_— .
128. X arccos — ——. Vx*—1 - sign x.
2 X 2 V' 1 g 8 4 32
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130. = sinde  sin"2x gy, 5 L sin2e— L sinsox
16 64 48 16 + 4 48 +

+%1—sin4x. 132, Six __ sifx o ygg

3
. —COSX -+ cos3x—? cos® x 4

+cos77x' 134. sin x +_1_1n

i2cos?x 2

A _1_ t
tg(2+4)[. 135. L tgtx.

sin3 x

136. ———-—;—ctg3x. 137. — —sinx-{—lnltg(——ﬂ—_\l
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I'aasa Il
ONPEAEJIEHHDBIA HHTETPAJI PUMAHA

§ 1. BBIYHCJIEHHE ONNPENEJAEHHOTO HHTETPAIJIA,
NMOHSITHE HECOBCTBEHHOTO MHTEIPAIJIA

Onpenenenne. [Ilycrs ¢yHkuus f(x) onpeneseHa H orpaHH-
yeHa Ha oTpeske [a, b]. Koneunyio coBokynHocTs Touek {Xi}ii,

a=xo<xy <Xp<..<Xn=b
Ha3oBeM pasbuenuem orpe3ka H o6o3naunM gepe3 T. Ilosoxum
My= sup f(x), m,= inf f(), 1<

£ ySESE, P SEST
Toraa

S, T)= z M, (xp—Xp—1) —eepxuas cymma dapby,

keal

: n
s(f, T) = 2 My, (X, —Xp_1) —HusicHsn cymma Jlapoy,
k=]

L{f, [a, b)) =inf S (f, T); If, [a, b)) =sups(f, 7).

Has no6ofi orpannyenHoit GpyHKUHH f Ha orpeske [a, b] HMeem
I(f, [a, b)) <I(f, {a, b]).

Onpenenenne Ecau I=I=I, to dyuruus [ HaswBaeTcs HH-
Terpupyemofi B cMuicsie Pumana Ha [a, b] u uncao / nasniBaercs on-

b
pedesennvim unrezpasom ot | no [a, b]. O6o3navenue: / =S f (x) dx.

a
3To onpelesieHHe SKBHBAJEHTHO TaKOMY: mycTs T — pasGuenue [a, b]
H {E.,);_, — COBOKYNIHOCTb TOUEK TAKHX, YTO Xp_1<Lr <y, k=1,2,.., 1,

Torjaa f uHrerpupyema Ha [a, b}, ecau

lim Z f(gk) (g —x8—1) (1)
k=1

max(xk—xk_l)—oo

CylecTByeT H He 3aBHCHT oT Bmbopa Touek ({E,);_, ¥ pasbuenus T.

Ecnu ¢yukuusi f HenpepuBHa Ha [a, b], To oHa uHTerpupyema

Ha [a, b].
1

Mpumep 1. Bouucanm 5{3/? sin® xdx.
=1
3/~
Pewenune, Tak Kak o¢ynkuma 3/ x®sinx  nenpepuBHa Ha
[—1, 1], 1o oHa wuHTerpupyema, T. €. MOXKHO HaWTH BeJHYHHY Ipe-
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nena (1), smbupast HEKOTOPYI0 YAOOHYI0 NOC/A€AOBAaTENbHOCTH pas-
6uenuii Tm H TOYEK E;, COOTBETCTBYIOUIHX HAHHOMY pa3buedunio Tm,

. t-—m
IMycte Tm —— COBOKYNHOCTH TOUYEK X;=

,0<i<2m, meN. Bu-

6epeM TOUKH §;, ABJIAIOULIHECS cepeRHHaMH OTpe3ka [xi—i, X, l<i<
<2m, Torza

2m
Sm=2 fE) (i —xim1), &= —8n—tn, 1< m,
=1
B Xt = 1< m.
m

CiienoBaTeslbHO, B CHJIY HeYeTHOCTH (YHKUHH [ HMeeM, 4YTO

Sn="Y) ( €) +1 EGnss)) =0.

i=1

Yenosue max(x;—x;—;)—0 3KBHBaJEeHTHO YCJIOBHIO m—»oco, Hrak,

1
( 3/ X% sin® xdx =1im S, =0.
_‘} m-—»00 .
Ecau ¢yuxuusi [ unrerpupyema Ha [a, b], To no onpenesnenuo
b

f f(x) dx = — Y f (x) dx.
b

a

Jisi BbiuMCJIeHHs ONpele€HHOro HHTErpaja OCHOBHOM sBJjsercs
reopema Hviorona — Jletibruya: ecnin f HempepniBHa Ha [a, b] u F
nepBooGpasnas aJasa f Ha [a, b], To

b
[ dr=F ) —F @=F (913

Ipumep 2.

/2

2
e

0

ey |

. sind x
cos? xdx = (sm x—-—-—;—)

Ecan ¢yukuust f u g oruyaloTcs APYr OT Apyra TOJBKO B KO-
HEYHOM YHCJIe TOYeK, TO OHH OJHOBPEMEHHO HHTErPHPYeMH HJIH HeET
B cMbicsie PuMana Ha [a, b], 1 ecin HHTETpHPYEMBH, TO

b b
Sf(x) dngg(x) dx.‘

ITostoMy ¢opmyna Heiorona — JlefiGHuila npuMeHHMa H TOrja, Ko-
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raa GyHKnus f coBmajaer ¢ HenmpepHBHOR (GyHKUHEHR BO BCeX TOYKAX
otpe3ka [a, b], kpoMe, GHTh MOXKeT, KOHCYHOTO YHCJIA TOYEK.

Koneunas adduruenocte onpedesexnozo unrteepaira: ecid [ HH-
TerpHpyeMa B cMulciie PuMana Ha orpeskax [a, b] u [b, c], To | uH-
TerpHpyeMa Ha [a, c] u

jqf(X) dx+ff(X) dx:ff(x) dx.
a b a

Kpurepuil unreepupyemocru JleGeea: byHkuuss [ uHTErpupyeMa B
cmuicie Pumana na [a, b] Torna u tonbko Toraa, Korpa f orpanuueHa
Ha [a, b}, u mHOXecTBO E Toyek paspniBa f Ha [a, b] ectb MHOXKecT-
BO MepHl Hyab, T. e. AJs Jo6oro ¢>>0 cyllecTByer Takasl CueTHas
(xoHeynas) cucreMa uHTepBanoB {(a; b;)} Takux, uto

Ec D (aiv bi)y
i=1
oo N
Y bi—a) lim Z (bi—a;) < e

i=1 i=

H3 xpurepus JlebGera, B 4acTHOCTH, CJIeLyeT, YTO OrpaHHYeHHAas
¢yHKIHsA, HMelomas KOHEYHOE YHCJIO TOYeK pasphiBa IIepPBOro poja
Ha {a, b], unrerpupyema Ha [a, b}. [lns BHIYMCTIEHHS ONpELENEHHOrO
HHTErpaJa Takoi (YHKUHH orpe3ok [a, b] pasbuBaercd Ha KOHEUHOe
YHCJIO OTPE3KOB [ap, bx] Tak, uto f nas x& (ax, br) coBnanaer ¢ GpyHk-
uHedl, HempepHIBHOM Ha oTpe3ke [ay, bi].

Ilpumep 3.

45 n

2n 3 47
S xsign (sinx) dx =Sxdx—j xdx—{-g xdx——j' xdx=
0 0 5 2 3

2n x2 47

n 2

3n x3

27 2

= ',—25'12.

3n

H3 ¢opmyrer Hotorona — Jledbruya soi800arca caedyroujue ¢op-
MYAbL.

1) Ecnu ¢yHRUMM 4 u v HenpepHBHO AuddepeHuHpyeMH Ha [a, b},
TO

b b
S udv=u(x) v (x) |2— 5 vdu

a

(¥HTErpHpOBaHHE IO YaCTSM ONpPeJeJeHHOrO HHTEerpasa).
Ilpumep 4.
an 2n .
S xsinxdx= —xcosx|3* + | cosxdx= —2n +sinx|¥"= —2m.
[ 0
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2) Ilyctb x — HenpepniBHO nuddepenuupyemans ¢GyHKUHS Ha
e, Bl B f — nempepriBHa Ha orpeske [c, dl=x([a, b]) ([¢, d] — 06-
pas orpeska [a, b]). Toraa

x(p) B
[ Fde=[F®)e@a

x(@)

(3aMeHa nepeMeHHOro B ONpeJAe/IeHHOM HHTErpaje). 3aMeTuM, UTO
B 3TOM YTBEPXKJEHHH He NDPEANOJAaraeTcs MOHOTOHHOCTH (QYHKIHH X,
GoJiee Toro, He npeanoaaraercs, 4to [x(a), x(B) }=x([a, B]).
IIpumep 5.
2

j’x(3x4—4x2 + 1) dx= (3—6~ - +"—2“‘)

—1

C npyro#t cTOpOHH,
2

2 6
Sx(3x4——4x2+ 1)dx = 5(x3—x) (3x2—1)dx =S' 2dz =18,
—1 0

—1

6
O6paTtHTe BHHMaHHe, 4TO 3aMeHa NpOH3BeJeHa B HHTerpaJe gzdz

H OyHKIHS Z=x%—x HempepniBHO AuddepeHnUpyeMa, HO He MOHO-
TOHHA Ha [—1, 2].

IIpu 3aMeHe nepeMeHHOro B ONpeJeNeHHOM HHTErpajge B OTJIHYHE
OT BHIYHCJIEHHSI NEePBOOODA3HONH He HYXHO BO3BpaMaThCsl K HCXOA-
HOMYy apryMeHTy, TaK KaK Npeo0Opa3oBaHHBI HHTerpan Oepercss no
TOMYy OTpe3Ky, II0 KOTOPDOMY H3MeHseTCs HOBLIfi apryMeHT.

Ilpu BLIUMC/IEHHH HeONpeieJeHHOrO HHTerpaja HHOTAa JHesasiHch
npeo6pa3oBaHusl MOJALIHTErpaJbHOH (YHKIHH, TOXKAECTBEHHbIE HE IJIS
BCEX BO3MOXHBIX 3HauyeHMH apryMeHTa. B 3THX cayvyadax aJjsi mpo-
CTOTH HOZAPAa3yMeBaJioch, YTO NepBOOOpa3Hasi HaXOAHTCA HA TeX Npo-
MeXyTKaX, Ha KOTOPHX HeoOXOJHMOe TOXKIECTBO HMEET MECTO.

Ilpr BBIUHCJEHHHM ONpeNeJeHHOTO HHTerpasa mnepBoobpasHasi
HLIeTCsl Ha 3aJaHHOM OTpPe3Ke, IMO3TOMY 3/1eCh HeOOXONMMO CJEIHTh
3a TeM, yToObl He NPOH3BECTH Npeobpa3oBaHHe, He SIBJISAIOIIEECHT TOXK-
JeCTBEHHEBIM.

dx
x— 23y x2 —10x+ 13 °

1
Ilpumep 6. Bruucaum S(
—1

Pemwenue. [JeraeM 3ameny ——IT=2, Torza
X —
dx - dz . — |2} dz
(x—2?Y ¥ —10x +_13 T e Vi—6z—32
—————3
2 z
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Taxk kag x<<2, To 2<<0, cilegoBaTeNbHO, |2| =—2
1 —1

I dx ¢ zdz .
\ x—2)2 % — 10x+ 10 _\ V1—6:—32
—1/3
—1i/3 —1/3
1 : (z+l)d’ _
Y3 . Vs .
- ‘/ —(@+1)2 - — (1)

AR SN G5 ) ;fs -
- -~ - arcsin —

—1 —1

1
— ————— ' ——‘_23"— 2
V'3 ‘/ 3 2
] arcsin ! ——-—2—<1—— ‘/—_2——)
T V3 V3 3 3,

OTMETHM HEKOTOPHE YACTHLIE CAY4AU SAMEHbI NePeMEHHOZO 8 On-
pedenennom unrezpase, NMO3BOJSAIOUIHE YIPOCTHTh BHIYHCIEHHE.
a. Ecan f — vernas u uenpepniBHas Ha {—a, a] dyukuus, to

a a
Qf(x)dx=2gf(x) dx.

—a 0

6. Ecau f — HeuerHas ¢yHKuus, HenpepbiBHAs Ha [—a, a], ¢
0 a a

Sf(x)dx.—_———S f(x)dx u 5f(x) dx=0

—a 0 —a

B yacrHOCTH, A1 J1I060T0 HATYpaJbHOrO HEYEeTHOro k

T

: f sin® xdx = 0.

—7

B. Eciu [ — nepuoauueckasn dyukuus c nepHonoM I, HenpephB-
Has Ha [0, T}, To f uHTerpupyema Ha JMi060oM oTpeske [a, b]

ag f () dx=5'f(x)dx.
a 0

B vacrHocTH, eciiy B — HeueTHOe HATypaJbHOE YHCJO, p — HaTypalb-
HOe YHCJO H @ — J1060e NeHCTBHTEeNbHOE YHCJIO, TO

a+2pm a+'?p:r.
S sin® xdx = 5 cos® xdx =0.
a a

Bonpmas vacts ynorpef/iseMblX HIPH BBLIYHCJIEHHH HEONpereseH-
HbIX HHTErpajoB MNOACTAHOBOK SfABJSIOTCA HeENpephBHO AH(depeHIH-
pyemoiMn dyHkiasMi. OQHAKO, HanpHMep, yHHBepcaJbHas INOJCTa-
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HOBKa tg(x/2)=1{¢ yxe npeacraBiser (QYHKLIHIO Pa3pPHBHYIO, €CJH
OTPe30K HHTErpHPOBAHHs BKJIOYaeT TOUKH BHAA m(2k+1), ke=Z.

n
dx
I 7. 10TPE —_—
pumep 7. Paccmorpum g‘ 5T oo

0
Haifinem Heonpeneﬂeﬂnmﬁ uHTErpaj, monaras t==tg(x/2).

S 3+cosx -—S

1 ¢
=75 arctg 75 +C=

11—z 242
a+m( l+ﬂ)

tg (x/2)

1_ arctg V3 + C.

V2

Ecan ¢opManbHO caelaTh YHHBEPCaJbHYIO NOACTAHOBKY tg(x/2) =t
B ONpeleseHHOM HHTerpase, tTo, Tak Kak tgO0=tg n=0, noayuum

0

J" dt ~0,
241

0

¢ apyro# croponsi, 1/(3+cos x) >1/2,
H, CJIeOBAaTeNbHO,

2n

(_Jf__>2n R
34 cosx 2

Takas 3aMeHa clleJlaHa HENPaBHJbHO, TAK KaK HapyUIeHO YCJOBHE
HenpepsiBHOCTH GYHKUHK f=tg(x/2) Ha [0, 2n]. DyHkuua F (x)--

t 2
== 1§ arctg g(x/é) He siBisieTcsl nepBooGpasHoil aia f =

3+cosx
Ha [0, 2n], Tak Kak F pa3pbBHAa B Toyke x=m. YTO6HI MOJYUYHTD Il€p-
BooGpasHyo nJs f Ha [0, 2x), 3amerum, uto OyHKUHSA

I —}—_arctg (M), 0<x<m;

2 ) }/2 /
G(x) = .

1 t 2
l Warctg(-—g—%—)—) +C, n<x<L2n
¥MeeT npOH3BOAHYIO, paBHyw [ misi Bcex x<[0, n)U(m, 2rn]. PyHk-
uus G(x) — nepBooGpasuas mis f Ha [0, 2r], eciu oHa HempephuIBHa
B TOuKe x=mn. Hus sToro mocrosinHas C JOJKHA YIOBJETBOPSATH CO-
OTHOILEHHIO

. . n b1

= X) + M s T e ——
lim F (x)= lim F (x)+C; 5 % 4 C,

X TT— x>T4 V2

otkyaa C=m/}2. Tenepnb, npuMetss ¢opmyiy Hbiorona — Jleiibuuua,
nosyuaem
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20

dx tg:rz It
§ 3T coor =0 (2n) —G (0) = V— arctg V— T

1 th £
——arct =T
aretg =7

Bosee mpocThIM M OOIIHM SsIBJAAETCH CACAYIOUIMHA METOJ| BBIYHCJICHHSA
3TOTO HHTerpasa.

Oynxuua
F (x) = ——=arctg tg (x/2) , 0<<x < m;
V V2
Fy(x)=
.,}_I,LH_F(X) 2}’2 —, =0

€CTh nepBoobpasHas nJs 1/(3+cosx) Ha orpeske [0, n]. Pynxuus

fg (x/2)

F (x) = —=arctg ———, n < x<2m;
V ve
Fil(x) =
. 24
Jm F()=—575, x=n

ecTp nepsooGpasnast aas 1/(3+cosx) Ha orpeske [m, 2x]. HMcnoas-
3ys CBOMCTBO apuutHBHOCTH M (opMmyay Hbiotona — JlefiGuuua, no-
Jyuaem

27

on
ey e

34cosx ‘ 3+cosx 3—l—cosx
0 1) 7

=F, (1) —F, (0) + F, (2r0) — F, () =
= lim F () —F (0) + F () — lim F ()=

X
k1 T 4]
== ooy + — =

2V2 2/ 2 Vo *

DTOT METOJ BBIUMCJEHUS] SIBJISETCS] IPUMEPOM NpPHMeHeHHsT obujeeo
yTeepicdenus: mycTb f HempephiBHA Ha [a, b] u BHpaxenue f(x)dx
MOXHO IIpeiacTaBuTh B BHIe g (f(x))dt(x), rae ¢GyHKUHA ¢ HenpephB-
"o auddepenuupyema Ha [a, b),

t(@)=a u lim f(x) = 4 oo, TOraa
x—>b—

ff(x)dx: lim §g(t)dt= lim (G(9)—G (),
p g>+too v g0

rae G — nepsooGpasuas pag g Ha Jayue t>inff(x), x[a, b].
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Onpenenenue. IlycTs f HenpepwBHA Ha Jyde x>p u F(x) —
nepsoobpasHas 1Js f Ha ayde x>p. Ecau cymecryer

lim /() de= lim (F@)—F (),

>~ 00
q+p

-0
TO 3TOT mpexea o603HayaeTcs S f (x) dx u HasmBaeTcsl cxodauwumcs
P

HECOBCTBEHNbBIM UHTEZPAAOM.

ITonHoe paccMoTpeHne CBOHCTB HeCOGCTBEHHBIX HHTErpajioB ciela-
HO MO31e, 3JeCh OTPAHHYHMCS TOJBLKO TeMH BOIPOCAMH, KOTOpble BO3-
HHKAlOT NIPU 3aMeHe IepeMeHHOro B uHTerpaste Pumana. Bymem cunu-
TaTh, YTO NepBOOOpasHyo OGYHKIHH f MOXKHO HaHTH, NOITOMY BHIYH-
CleHHe TpefeJa IIPOH3BOAHTCA HemocpeAcTBeHHO. HecoGcTBenHblf

-}-00

p
HHTerpas BHAA j g (t)dt w aHaNOrMuHBIA HHTErpal 5 g (@) dt mo-
p —o0
Jyd4aloTcs IpH 3aMeHe B HHTerpaje PuMana c momombio GyHKUHK
={(x), HempephBHO AH(GepeHUHpYyeMOi Ha NOJyuHHTepBase [a, b)
(wnu (a, b]) u saBasomelics 6ecKOHeYHO OOJBLUIOH ONpPENENEHHOrOo
3Haka npu x¥—b— (uam x—a-+). 34ech CYWECTBEHHO, 4YTO OCOOOH
TOUKOH GYHKUHM § SBJsIETCS UMEHHO KOHell (JIeBHA MJH NpaBblii) OT-
peska [a, b]. Ecau ocoboit Touxoit f(x) (kax B pasoOpaHHOM Bume
npm\depe) ABJAETCS BHYTPEHHSASl TOYKa C PIHTepBaJIa (a, b),-

Sf(x)dx pasbuBaeTcs B CyMMy jf(x)dx—{—j f(x) dx wu nepexon

K apryMeHry ¢ jpenaercs pasuenbno B Kamaom H3 cJaraeMsbix.
[Tpumep 8. Bouncaunm

1
S dx
(3 5\
—1/32 {J/l +1/!x3)
Pemeune. [Ipumensas mMeron MHHTEIpHPOBaHHA AHdepeHUHaNb-
Horo GuHOMa, cjenaeM sameny f=p/ 1+ x5 ®yuxuns t(x) Hempe-

puIBHO AndQepeHunpyeMa Ha IOJyHHTEpBaslax [—1/32, 0) u (O, 1],
touka 0 sBJasieTcss 0coGOH TOUKOH £(x), mpHueM

X->0—

lim ¢ (x) = —o0, lim £ (x)= - oo.
xX—->04

[TosToMy B COOTBeTCTBHH C H3JIOXKEHHBIM BHILIE HHTErpas BBIYHCIA-
eTcsl CaeAylomuM 00pasoMm:

1 0
dx

_ TR G
_532 Vieva) _;fsz Wiy =) +oy Vi+7 %)
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. 6 YT
dt dt . dt
—~_5 —5 { - =
S (1 — 133 S ai—m 0 f a—m

T oo e

—+o0

a t 1 (t— 1y
—_5 Ll le=n
+5 3“— (1— e [ A1 3 m‘ £1 ’

2

2 o1 1T t 1 t —1)
3arctg E ] +5[t3_l+—-lnl__—._
zarctg 2t+1] =5i‘/7 5/2+51n1+‘/7
8/% 3,z
(YT 1o 10 2V/2+1 , 10 2V 71
n(y/ 2—1) - +——~3 arctg Vi —}-—u arctg 5

JpyrumM BHAOM HecOOCTBEHHOTO HHTErpaJja sABJSETCA HHTErpas
Sf(x) dx, eciu GyHKRUHMSA f He orpaHUYeHa Ha [a, b], HO HenpephiBHA
a
Ha [a+eg, b] npu aobom &, 0<<e<<b—a (umu na [a, b—e]), T. e. He

OrpaHuyeHa B OKPECTHOCTH TOYKH a (TOuYkH b). DTOT HHTErpa’ cyiie-
CTBYeT (CXOIHTCS), €CJH CyIecTBYeT

b

b
lim g f (%) dx:S'f(x) dx =F (b)— lim F (b))
-0+ ate . by—>a+

(llm j f(x)dx—ff(x)dx)

Takoro BHJa HMHTErpaj Tak:ke MOXeT NOJYYHTbCA NPH 3aMmeHe mepe-
MEHHOTO B MHTerpaJje Pumana.
Hp‘nmep 9. Buuncaum
X V1 — V11—, x£0;
Sf () dx, ecmu f(x)= [ / v X
0 1/2, X = 0

Pewenne OPynukuns f(x) zempepmsra Ha [0, 1]. ITocae 3ame-
e ¢ =V1—x* moayuaeMm

0 1

S tdt _S tdt
V1i—i Vi—t"

1 0

B nocaegHeM WHTerpaJji¢ nojbluterpajbHas ¢ynkuusa (/}1—t ne orpa-
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nnuena wa [0, 1). Tak xak mepsoo6pasnas ¢ymkuun t/y1—f na or-
peske [0, 1—e] npu a06om ¢, 0<<e<<l paBHa

—2- (1—#)*2 — 2 YT,

TO

1 i—e
S — _lim S———«’dt_s
g V1i—t  esot Vit

. 2 2 4
=lim [ Zg¥2 22 o 2\ 24
s—ii)l—]l—( 3 © er + 3/ 3

HecobGcTBenHbli HHTErpaJd MOXKET MOSBHTBCS H MPH HHTEPHPOBAHHH
10 YAaCTSM. '

Tlpumep 10. Bouucaum Y arcsin xdx.

Pemenue Oynxuus arcsmx HeNnpepbIBHO ﬂ,mpq;epeﬁunpyema
Ha orpesxe [0, 1—e] ans swoboro >0, HO He sABJsgeTCA TaKOH Ha
orpesxe [0, 1]. TlosroMy HHTErpHpOBaHHE MO YACTSAM AOMYCTHMO TOJIb-
KO Ha OTpesKax BHla [0, I—e], e>0. Ho Takx &kak wuHTErpa’

f arcsin xdx  cymecTByeT, TO
0
1 1—e
Sarcsin xdx = lim arcsin xdx =
b

e—0+4
0
~==el-1(r)nJr (xarcsmx, — S = _~x2 dx) =
= lim ((1 —e)arcsin (1 —e) + V1 —2 [} % = 2 —1,
&~>04- 2
T. €.
1—e
lim \ arcsinxdx = lim (F (1 —e)—F (0)) = F (1) —F (0),
e~>0+4 $ - g0+

rae HenpepuBHas GyHKUHs F (x) =x arcsin x + Vl —x? — nepBoob6pas-
Has AJg arcsinx Ha otpeske [0, 1].

Ha npaxmuxe Takoro poza HHTEerpaJbl MOXHO BHIUHCJAATH §e3 BBe-
JIeHHsi CHMBOJA Npejena, TaK KaK B HallleM cJAyyae MOXKHO IHCATh

1
AgAEII'CSiYI de=(x arcsinx_}_vi'—____'xz) Ll): i;—'——l
0

1
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HJIH (IOCKOJBbKY IepBOe cjaraeMoe — HelpepbiBHAs (HyHKUHUS)

1 1
. . 1 xdx
arcsin xdx = x arcsin x [0—— —_—
o Y 1—=x
[t] 0

n a— F14
=?—']/l'—x2 IO :T'— .

§ 2. INIOIWAD NJTOCKOH OBJIACTH

IMycte XOY — pexaproBa cucTeMa KOODPAMHAT HA IJIOCKOCTH.
CranodaprHoil orrnocuresvno ocu OX ob6ractero D HasbiBaeTcss MHOXKe-
ctBo Touek M(x, y), anas koropex a<x<b, y (x)<y<y:(x), rame

y1(x) H yx(x) — HempepHIBHHE

by ¢ynkuuu Ha [a, b]. Teomerpuueckn

3TO O3HauaeT, 4TO CJeBa H CIpaBa

- ) t(x) ofjiacTp OrpaHHyYeHa OTpEe3KaMi

OPAMBIX ¥==Q, X=/ COOTBETCTBEH-

HO (MOKeT GBITh BBIPOXK/JAIOUIHMH-

csi B TOUYKY); rpadpux GyHKUHH

Y=y (x) siBasieTCsT BepXHell, a Tpa-

buK QyHKUMH y=y,(xX) — HHK-

He#i rpaurnefi objgactu D (cm.

Puc. 40 puc. 40).

AnaJoruyHo craKdapTHAS OTHO-

cureavrno ocu OY obaracte D ecthb

MHOXecTBO Touek M(x, y), At KOTOPHIX c<y<d, x;(y)<x<x:(y),

rae x;(y) u Xxy(y) — HenmpepuBHble ¢yHKuuM HA [c, d]. B atom cay-

yae o6sactb D cBepXy M CHH3Y OrpaHHYeHa OTPe3KAMH NPSIMBIX Y=C

H y=d, cneBa u cnpaBa — rpadpukamu GyHkuni x=x,(y) u x=x2(y)
COOTBETCTBEHHO.

Paccmorpum uwacTHb#l caydali cramgapTHOH OTHOCHTENbHO och OX
obnactu D, xorga y,(x)=0, a y=f(x) — Bepxuss rpauuua. Takyio
o6siacte Ha30BeM Kpusoaurelnol Tpaneyueli (cM. puc. 41, a).

[Mycts T:a=xo<x;<Xp<l..<Xi<<KXij1<..<Xp=b — pa3Cuenue
orpeska [a, b].

{ f/r(x)
a 0

[N S
]

Ay Ay

-

y=flx)

=

Puc. 41
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O0603gauum

m;= min f(X), Mi = max f(JC),
L 4% (2051
n n
ST :Z mi (x,,' ——x,:__l), ST :Z Ml (xi -—xlf__l).

i=1 {==]

Torna sy u Sy npencrasasoT cobofi naomanu ¢GUryp, COCTaBJeHHBIX
H3 NPSIMOYTOJbLHUKOB, OCHOBAHHSIMH KOTOPHIX SIBJISIOTCH OTPE3KH [Xi_i,
X:], a BBICOTaM¥ — COOTBETCTBEHHO HauOOJbllee H HAauMeHbllee 3HA-
ueHnss GyHKUMH y=f(x) Ha sToM oTpeske. [lepBas u3 atux duryp co-
JlepXKHUT BHYTPH ceGs1 paccCMaTpHBaeMyl0 KPHBOJHHEHHYIO Tpanenuio D,
BTODasl COLEp:KHTCA BHYTPH Hee (cM. puc. 41, 6). EcrecTBeHro Tpe6o-
BaTh, yTOOH MJOWAAb Sp KpHBoJauHelHO# Tpaneuuu D ynoBaersopsiia
COOTHOWIeHUIO S7<Sp<Sz npu Jo6oM paszbuenuu T. Taxk kak QyHk-
uus y=f(x) HempephiBHa Ha [a, b], TO

b
sup s; = inf Sy :S f (x) dx.
T T b

Onpenenenne. [laowadero Sp kpugoasunelinoti rpaneyuu D Ha-
3bIBA€TCA BEJHYHHA

Sp =supsr=inf S;.
T T
W3 onpenenenus caenyer, uro

b
Sp={ 4 () dx.

a

Tlnomans Sp craHpaptHoii orHocuteapHo ocu OX o6mactn D:
(D={(x, y) :a<x<b, y)(x) <Yy<ys(x)}) BHunCcALETCS MO dOpMY.Ie

b
Sp ""‘f [42 (x)—y, ()] dx.

Tlnomwaas Sp crammapTHOH oTHOcHTenbHO ocH OY o6aactu D:
(D={(x, y) :c<y<d, x,(y) <x¥<x3(y)}) BHUHCAsIETCH TO DopMYyTe

d
Sp= [ [1a (9) = (9)] dy.

¢
Eciu o6snacte D MoxHO pasbuth Ha KOHeYHOe yucJo ob6jacrei
k

D;, 1<i<k, D= |} D; 6e3 obmwux BHyTpEHHUX TOUEK, TO Sp — ILIO-
Y
‘ k

maa, D pasna cymme nuomanei D : S‘D=2 Sp,-

i=1
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Mpumep 1. Hafinem maomais 06;1acTH, OrpaHHuYeHHOA JHHHAMH
y=x—1mu y’=x+1.

Pewenune. Jlaunas o6aacTb sBASIETCS CTAaHAAPTHOH KaK OTHO-
cuTteabHO ocH OX, a umenHo

D={(x, §): — 1< <3, 5, < y<VrF1},
rie

yl(x)_:{ —Vri+l, —1<x<0;
x—1, 0<x<3,

TaK ¥ OTHOCHTEJbHO ocu OY:
D={(x, y) : —1l<y<?2, y*—l<x<y+1} (cM. puc. 42). Taomaze
Sp naHHOH 06/1aCTH MOMKHO BHIUHC/HTH OJHHM H3 JABYX CHOCOBOB:

3 4]
L Sp= | Vit Ty () dr= (2VaiTdet

—1
: 4
+ S(Vx—i—l—x-i- Dde=— (e + 172 2
0

(x—1)
2

3 9

2. 323 __
+3 x+1) |0 =

% 2 !]3 yz 2
L. Sp= S Y+1—y+1)dy= (-—-—é-+-2—+ 2y>l
—~1
I[Tpumep 2. Hafinem nuomanp 061acTH, OrpaHHYEHHON KPHBHIMH
x24+2ax—y?=0 u ax—y?+2a%2=0, a>>0.

Pemenue. [anuas obnacts (cM. puc. 43) He sBJAsSIeTCH CTaH-
AapTHOH oTHOcuTeabHo ocH OX. Ee MOXHO pa3GuTh Ha TPH CTaHAApT-
Hble OTHOCHTENbHO ocH OX obaactu:

Dy={(x,y9): —2a<x<0, —V2%+ax<<y<<V2a*+ax},
D,={(x,y):0<x<a, Ve +2ax < y<<V2a® +ax},
Dy={(x,9):0<x<a, —V2@P Tax<y< — V@ + 2ax}.

=3
.

M3 cummerpuu obaactu D orHocurenbho och OX BHAHO, YTO ee IJIO-
mais Sp ecTh yABOeHHas mJjowaawr obaacTH, sBagomeiics ob6beguse-
HHEM JBYX CTaHAapTHBIX OTHOCHTEeNbHO ocu OX obaacreit

D, ={(x, y) : —2a<x<0, 0<y<VI& +ax}
u D,.
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Orcioza
0

— 2 . J ]/ 2 .__1/ 3 ) —
{S V2a? 4+ ax dx +-OS( 2a2 +ax x2 4+ 2ax dx]

—2a

—2 [3% (ax + 20772, — (255 ) ViE T 205 +

«k—‘;:—1n(x+a+'l/)c2 +2ax)|g] =2a*V3 +a? In 2+ V3).

AY
/5
|
|
D |
) I
t + >
e -2q -a g a o
A I
|
i
I
a7 F==
Puc. 42 Puc. 43

Orxocurensno ocu OY naunas 06/1acTh SB/ISETCA CTaHAAPTHOM:

D={(x,4): —aV3<y<aV3, L£=2¢

< < —a+ VP ta3.

CHOB2, HCTOJb3YsT CHMMETDHIO 06J1acTH, NOJyyaeM

aV'3
$o=2 | (V@@ —a-L +2a) dy=
0
aVS

—2a21/3+(y1/y2+a2+a~1ﬂIyﬁ—Vy%a“’l— W) ;

3a

=222}/ 3+a%n (2 + V3).

{3ameTuM, uro NpH 3TOM cnocofe peuIeHHs BBIYUCJAEHHS IpPOIE.)
ITepefineM X BBIUHCJAGHHIO NJOMAaAH 06JACTH, OrpaHHYeHHOH KpH-
BOH, 321aHHOH ITapaMeTpHUECKH.
ITyctp obnacre D orpanuyeHa HeNpepHIBHON 3aMKHYTOH KpHBOH

Pix=x(@), y=y @), te [T, T], (T =x(T), y(To) =y (Ty.
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PaccmorpuM noapobuo nmpoctefimuilt cayuadi: orpesok [To, T1] Aemur-
cs Toukoii 1 (T, T1) Tak, uTO Ha KaxA0M M3 oTpe3koB [To, T] H
[t, T1] ¢yHKuEs X CTPOrO MOHOTOHHA H HENPEPHIBHO AHppepeHiupye-
ma. Torga xpusas I' cOCTOMT M3 ABYX BeTBel, Kaxpaas M3 KOTOPBIX
ecTb rpad K OHO3HAUHON HenpepsIBHON GYHKUHE Y=y (¥) 0 y=y2(X).
IMpennosoxuM emie, yTo JJs J000r0 X BHIIOJHEHO COOTHOLIEHHE
y1(x) <ys(x), Torma xkpuBas y=ys(x) ecrTb BepxHsAd, a KpUBasd

Y=y, (x) — mmxHAZ rpanuua obaactu D. Ecan mpu BozpacTauuu t
Y
Ja
“0\0 TNz
-3a
Puc. 44 Puc. 45

xpuas I' mpoxomutcs Tak, uro obaacts D ocraercs cieBa (IMOJOXKH-
TeJpHOe Hanpas/ieHue 06xofa), To BepxHAA rpanuua obsactu D mpo-
XONHTCA cIpaBa HajneBo (3HaueHHe X yOLIBaeT), a HIXHAA TPaHULA
obnactu D npoxoxutes cieBa HampaBo (3HaueHne x BO3pacraer),
puc. 44. Ecan Sp — naomans obaactu D, To uMeeMm

b b b
Sp={ (4 () — 41 (1)) dx = [ 9, (x) dx— [ 9, (x) dx.

CrenaB B IepeoM MHTerpasie 3aMeny x=x (), t& [T,, 1), a BO BTOpPOM
x=x(f), te [1, T,), noayuaem, 410 TaK XaK y, (x (1)) =y (f), t [Ty, 1)
ny (x@)=y @), telr, Ty, 10

T Ty Ty
SD'=—S y(t)x, dt — fy(t)x;dtz—jy(t)x'(t)dt.
To T To

TakuM xe o6pazom moayuaem, uto ecau orpe3ok [To, Ty] nenut-
cst Touroil v (To, Ti) Tak, 4TO Ha Kaxk10M u3 oTpe3koB [To, T] #
[t, T:] ¢yHkuMs y cTPOro MOHOTOHHA M HempepbiBHO AHDPepeHuH-
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