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NPEAUCJOBUE ABTOPA

3a nocjesHue TONB 3HAUMTEJHHO BO3POC MHTEPEC K TEOPHU YCTOMH-
ynBoctH ABuxeHus. CosnanHas B 90-x romax npouLIdOrO Beka TeHHeM
A. M. JlanynoBa 9Ta TeopHs HAlIfA LIMPOKOE MPHUMEHEHHE B PA3AMUYHBIX
obnacTax ¢u3ukM U TexHuku. Ee I1mMpoxoMy BHeZpeHHIO B MPAaKTHKY
CroCOOCTBOBAMY MHOTOUHC/IEHHbIE HCC/eI0BAHAS TAaBHBIM 00Pa3OM COBET-
CkMX yueHuX. [TosBuaach HacTosATe/bHA HEOOXOIMMOCTb IATb CHCTEMa-
THYECKOE U3JOMEHHE TEeODUH, NMpUMeHsieMBX B Hefl MeTONOB, MOKa3aTh
UX TMPUJIOKEHHE K pelIeHWI0 KOHKDeTHBIX MPAaKTHYeCKHX 3afay. OTOH
HeJH M CAYKMT HACTOAWAd KHUMa, KaK M paHee Bblllejlwas KHHUra
H. T. Yeraesa «Ycro#tunBoctb aBuxeHus» (1946 r.).

Oanako HacTOAWIAA KHHFA 3HAYUTE/NbHO MPEBHILACT MO OGbEMY KHUIY
H. T. Yeraesa, uTO no3BOJMMIO aBTOPY OCTAHOBHTbCS HE TOJBKO Ha
OCHOBHBIX Y3/IOBBIX BONPOCAX TEOPUH, HO B Ha HEKOTOPHIX NOAPOOGHOCTAX
OTAE/bHBIX BOMPOCOB. [I/A uuTaTena-NPHUKJIAIHMKA, HA KOTOPOTO KHHTa,
B OCHOBHOM, W DACCYATAHA, 3TH MOAPOOHOCTH, Kacawouuecd 4acTo MeTO-
HOB BLIYACJEHHH, MOTYT 0KasaTbCAd OuYeHb. BAXHLIMH. BMecte ¢ TeM
aBTOP CO3HAET, YTO yBeauyeHHe O0beMa KHUIM 3aTPYIHAET ee YCBOEHHe,
B OCOOEHHOCTM [J8 uYHTaTe/af, KOTODHIA Brepsble OYIeT 3HAKOMUTHCS
C Teopued YCTORYMBOCTH MO 3TOH KHUTe U He obOaamaer OoJbloft Ma-
TeMaTUyecKko# mnoaroroBkoft. UroGw 0G/MErynTH YCBOGHME KHULH Ta-
KOMY 4YATaTeql0, aBTOP MNpPUAEPKUBAETCH KOHLUEHTPHUYECKOTO MeToja
U3JIONKeHHS. :

Ilepsri#t kKOHUEHTP cocTaBasior raasel [, II u III. B Hux wnaaaraerca
MOCTAHOBKA BONPOCA, OCHOBHBLIE TEOPeMBl BTOpPOro Merojia JlanyHosa nas
YCTAHOBUBLIUXCA JBHKEHMH M TeOpHs YCTOHUMBOCTH NO NEPBOMY MNpH-
OJMXKEHUIO TOXE I8 YCTAHOBMBIUMXCS HBWMKEHMH. DTH TPH TaBbHI 3aHU-
MaloT HeGoAbmOoRk 00beM M OXBATHIBAIOT OCHOBHOH KPyr 3HaHuit, Heo6xo-
JOUMBIX [/ KAXJ0TO, 3aHUMAIOIIErOCsl BONPOCAMH YCTOHYMBOCTH IBHNKe-
nug. Msyuenne sTuX riaB Tpebyer 3HaHMA JMIIb OCHOBHBIX 3/EMEHTOB
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treopur JnddepeHunanbibIX ypaBHEHUA M BMOJHE MOCTYNMHO AJf JHULL,
BJAJECIOLIMX MareMaTUKOR B oObeMe NMPOTrpaMM BTY30B.

T'naBa VI - Hecko/bko DHoJjiee Tpy.nHas MO coiepxaHuio. B Helt usna-
FAI0TCH KJACCHYECKHE KPUTHUECKHE CAyd4aW IS YCTAHOBHBIIMXCS JBHXKE-
unti. Eule Gosree TpynHo#t s uM3ydueHHss ABAseTcs rjasa V, B KOTODOH
M3JaraerTcs TeOPHs YCTOWHIMBOCTH Nepuoiuyeckux nsumenufl. MamoxeHue
9TO# TEOpHH MOXKeT OBbITb 3HAUMTE/JbHO YIPOIIEHO, €C/AH OTKa3aThCA OT.
pAacCMOTPEHHs BCEX CJyuae, KOT/id XapAKTEPUCTHYECKOE ypaBHEHHe UMeeT
xéamme kopHn. OpHaKO aBTOP He MOT MOHTH HAa Taxkoe YNpOLIEeHHe,
VUHTHIBAs HHTEPECHl YUATATENeH, Keaaiomux 6oree riayboKo U3y UuTh TEOPHIO
yCTOHUMBOCTA IBIKEHUA. ARTOpP YYUTHIBAJ TAKKE U TO, UTO TEOPHS ypas-
HeHuH C Tepuonuyeckumy kosbbuuuenramu (IMHeHHBIX W HEJAHHERHBIX)
HMeeT OueHb BAMHOS MPAKTHYECKOE 3HAYeHWe, H cyeJ HeOOXOLMMBIM AaThb
monpoBHOe M CHCTEMaTHYECKOE H3JIOXKeHHe 3TOH Teopuu, 0COOeHHO TeX ee
yictelf, KOTOPbIE HMEIOT HEMOCPEeNCTBEHHOE MPUJIOKEHHe K IMPaKTHKe,

Faaser IV u V cocrasasior BTOpo#t koHueHTp. XoTd OH M TPyAHee
IS U3y4eHusd, yeM Nepsbiff KOHUEHTP, OH BCE Xe JOCTYNeH YHUTATENIO,
MMEIOUIEMY MaTeMaTHYeCKyl0 NMOATOTOBKY B OO0beMe IpOrpaMMbl BTY30B.

Taasa VI nocedileHa ofweMy caydai0 HeyCTAaHOBUBLIMXCA ABMMEHUH.
Ee usyuenue tpebyer sHanua Teopud AupPepeHuranbHbIX ypaBHEHUH
B o6beme, HanpuMep, «Kypca auddeperuuansubix ypasHeruti» B. B. Cre-
na{oBa.

KoHleHTpHUeCKOe 'NOCTPOeHHe KHUIM OTPasH/aOCh, €CTeCTBEHHO, Ha
CTHJE H3JI0XKEeHUs., B mepBEIX rJ1aBaX CPaBHUTENbHO MPOCThIE BOM POCH
CONpPOBOXKIAKTCA NMOAPOOHEIMU PA3bACHEHHAMH, B TO BPeMsa KaK B MOC/IenN-
Helt r1aBe BONPOCHL 3HAUMTEJAbHO GoJee CJIOXKHBIE H3JAral0TCA JaKOHHYHee.
OmHako aBTOD Haleercd, 4YTO 3STOT HENOCTATOK HCKYMaeTca TeM, uTO
KHHra TPH TAKOM W3JOXEHHH Jefaercd AOCTYNHOH 3HAayuTe/NbHO Golee
HIUPOKOMY KDPYTy uuTarenedt. '

Kak yxe ykaseBanoCh BHIIle, KHATA PACCYMTAHAa IJIABHHIM 00Pa3oM
HA npUKJIanHUKa. [103TOMy NMpaKTHYeCKHM IpHeMaM peuieHHd 3aiad ycTofi-
YHBOCTU YAE/AeTCd OCHOBHOE BHUMaHWe. Bce W3naraeMble MeTOAb COMPO-
BOX/AIOTCH NMOACHAIOLMMY NpuMepaMu. HacTh 9THX NMPHMEPOB B3ATA U3 Te-
Kylie# TexHHueckof nuteparypsl. OjHaxo aBTOp He cTaBua cebe leablo
‘Pelienre TEX WJIM MHBIX TeXHUYECKHX MM (U3UYeckHx 3azady. Ero ueanio
ABJIIETCS H3J0XKeHHe OCHOBHBLIX NPHEMOB pelleHHs 3aJay yCTOHYHBOCTH
Aas TOro, 4ToOBl [1aTh BO3MOXHOCTb OBJAJETh STHMH NMpPUEMaMH JHLaM,
KOTOPBIM NPHXOANTCA pellaTh KOHKpPeTHHie (PUBHYECKHE MMM TEXHHUECKHE
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3aJauyd, CBA3aHHLle C BOMpocaMM ycro#unBocTH. [losTOMy mnpuUBOAMMBIE
NpUMepLl HOCAT W/IOCTpaTHUBHHIA xapakTep. OHHM mMpecaeAyiOT ue/b NOKa-
3aTh, KaK OCHOBHBlE MeTOIbl, M3JaraeMble B KHUre, MOryT OBITb npuMe-
HeHbl K PelIeHHI0 KOHKDETHBIX 3a1au M Kak 5TH MeTOAH HAefiCTBUTE/bHO
NPUMEHANUCh OTAC/AbHBIMH HCCAedOBaTeNAMH Ha mpaxtuxe. [lostomy Bce
3TH 3aJa4M, KaK NpPaBHJIO, W3JAraioTc 3HAYUUTEALHO KOpOUYe, 4eM B ODH-
THHA/JbHBIX CTaThfX, M YaCTO NMPH HEKOTOPBLIX YMPOUIAIOWNX Npelnoaoxe-
HuAX. Yurareap, KOTOpHt moxenaeT ¢ STHMH BOMPOCAMY MOSHAKOMUTHCS
6osiee noapoGHO, dO/KeH OODAaTHTLCA K LUTHPYeMOHt .ureparype.

B saxaioyenne aBtop Bhipaxaer riayOokyilo Gaaromaptocts H. T, Ye-
taesy 1 A. M. Jlypbe, nmpounTaBmiuM pPYKOMHCh HAcTOsied paboTsl H
Cle/aBIINM DAl LEHHBIX 3aMedaHui.

H. Maarun



NPEJAUCNOBUE PEJAKTOPA BTOPOI'O M3JAHMSL.

" Kuwra W. T. Manknua «Teopust yCTOHYMBOCTH INBHKEHWS», IepBOE
u3laHue KOTopof#t Beiulio B 1952 rony, ABASeTCS lEHHBIM HAYYHBIM PYKO-
BONCTBOM, MOJYUYMBIUMM LIMpokoe npusHanue. Hecmorps Ha 12 gert, koro-
phie NMpoluaM CO BPEeMEHH HAMMCAHWA KHUIH, 5Ta MOHOrpadus, coxepixa-
1as BecbMa NOCTYIHOE M B TO XKe BDPEeMsl CTPOIOe M3JOXEeHHe OCHOBHLIX
MOMOKEHNR TEOPDUHM YCTORUMBOCTM IBHXKEHHH, COXPAHSeT BaX{HOe 3Have-
nie. OHa NpoOJAOMKAET MOJb30BAThCA MOCTOSHHBIM CHPOCOM Yy Clleluau-
CTOB M Y /ML, HAUMHAIOLIMX H3YdYeHHe NpeaMeTa. ITO CJAYHKHT BeCKUM
OCHOBaHMEM 11 Nepeu3NaHus KHUTH, NpPHUYEM CJAELyeT TaKWe YUMTHIBATh
6o/blIOK MHTEpeC K OCHOBAM TEOPHM YCTOHYMBOCTH IBHMKEHMSl, BbI3BaH-
HHIl pPa3BHTHEM HOBBLIX 3alay YCTOHYMBOCTH M YNpaBJEHHA.

B wuacrosuiem, mnocMepTHOM wusaanuun Monorpadum M. . Maakuua
COXpaHeH MNepBOHauaibHBI TekCT KHUru. [lpH pemakTUpOBAHHM BHeCEHHI
Juulp  HeOOJblIME H3MEHEeHHsl, CEf3aHHblE TOJAbKO C HeOO0XOAMMOCTBIO
yCTpaHUTb OTHeJIbHble OeccrniopHble HeTOUHOCTH. HexoToprie ccblaku Ha
JATEPATypy 3aMeHeHHn 0oJ/ee AOCTYNHHIMM cefyac ucroudHuxaMmu. Kpowme
TOTO, PeAaKTOp cues Lenecoo0pasHbiM A00aBHTbL K TEKCTY MOHOT paduu
MaTepuas, OTDPaXalouluil B H3BeCTHOH Mepe pa3BUTHE TEOPHUM YCTOHYH-
BOCTH B TOIbl, APOLIEALINE TMOC/JAe BBIXOAA B CBET MNEPBOTO M3AAHUS.
DTOT OrpaHHYeHHHH MaTepuan HMU B KOEH Mepe He MOKET, KOHEuHO,
OTPasuTh CO BCEH NMOMHOTOH HOBbIE HANpPAB/JEHUA UCCAENOBAHMA U Pe3y/b-
TaroB. DblAn BHIOpAaHBl JMLIL HEKOTOPHle HCCJENOBAHUA, OTHOCALMECH
r1aBHBIM 00pa3oM K Teopuu Merosa GyHkuu#t JlanyHoBa M MMeioulue
caMoe NpAMOE OTHOLIEHWe K IaHHOK MOHOrpaduu.

HoGaBnenns K KHHMre pacnajaloTcsi HA YeThlpe OCHOBHBIE YaCTH.

[TepByio uacTb x06aBaeHuil cOCTABAAIOT AomoJHeHe | 1 gonoaxenue II,
rie naHel ¢ HeOOJ/bIIUMH U3MEHEHUAMHU NiBe Bauble paGoTel Y. I'. Mankuna:
«O6 onHO#t 3ajaye TEOPHH YCTOMUMBOCTH CHCTEM aBTOMATHUECKOrO pery-
JaupoBaHua» u «O cyulecTBoBaHuM (yHKIMH JIanyHoBa», onyGAAKOBAHHLIE
B xypHane «[IpukjamHad MaTeMaTHka M MeXaHMKa» moOC/e BHIXOAa hep-
BOTO M3JaHud KHMIH. Bkiouenue 3tnx paboT B HacTOsiLiee M3AaHHE 000-
CHOBLIBAETCA TeM, 4TO KaXJas M3 HUX HAXOMMTCS Yy HCTOKOB ABYX Ha-
npap/eHuil UCCAENOBAHKN, KOTOPHIE CHIFpajH CYLIECTBEHHYIO POJb B pas-
BUTHH TEODUH YCTORUMBOCTH IBHXEHHS B NATUAECSATHIE TOIBI.

Bropyio uacts noGasienuit cocrasaser gononsenue I, B KOTOpOM npu-
Benensl 00o0uieHua TeopeM JlanyHoBa 06 acHMITOTHYECKOH YCTOHUMBOCTH
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M HEeyCTOHUMBOCTH HA clydau (YHKUMH CO 3HAKONOCTOSHHOW NMPOM3-
BONHOM. BkaloueHe 9TOTO MaTepHaja MPeACTAB/IsETCA LeAecO00Pa3HEIM N0
TOH NpUuKMHE, YTO ITH TEOPEMbl HAXOAAT NIPUMEHEHHE NPY HCCICL0BAHUN YC-
TOWYHBOCTH HeMMHEeHHBIX CHCTeM Npu GOJbUIMX HAYa/IbHBIX BOBMYILEHHAX.

Tperbio uacTb 100aBieHuit cocraBaser nonoauenwe 1V, rae naH
KPATKHH OYePK O MPUAOKEHMH METONOB TEOPHM YCTOHUMBOCTH ABHKEHHS
K 3aJauaM ONTMMaJbHOH CTabuaIM3auMM YIPAB/ISeMBIX CHCTeM. Bkuilouenue
3TOTO MaTepHana BBI3BAHO CieRylomumMu obctosarenbcrsamu. C onHol cTO-
DOHBI, B TOCJeJiHee BpPeMs HECOMHEHHO BecbMa BO3POC WHTepec K 3ana-
yaM OITHMaJbHOTO YNpPaB/eHHs, U B YaCTHOCTU — K 3aj1auaM CTaOMIM3aLUH
ynpapaseMblx ABumieHuit. C Apyro# CTOpPOHB, WIMPOKMA KPYr TaKHX
3a/iay pewaercss METOAAMH, KOTOpble TeCHO MepemieTalntcs ¢ MeTOAaMH
KJaccuueckoit Teopuu ycroduusocTH. Teopuio crabuausauuu ynpaBise-
MBIX IBHXKEHMH MOXHO PacCMaTpyuBaTh KaK Pa3BHTHE 3a1ay yCTOHUMBOCTH,
M3YYEHHBIX B JAHHOH MOHOTpadnH, B NPUAOKEHMH K HOBHIM TIpoOJeMaMm
AN YUpaBaseMblX cHCTeM. JTO ONpefelseT TeCHYW CBA3b ¥ NpeeMCTBeH-
HOCTb YNOMSIHYTHIX MPOOJEM C MaTepuajoM MOHOrpaduu.

B KOHIle KHMFM JaHbl MOCTPAHUYHBEIE NPHMeYaHusi, KOTOpPbe B BeChMa
KpaTko# (opMe YNOMHHAIOT HOBBIE PE3Y/AbTAThl M JHTEPATypPy MO BOMpO-
caM, 3aTPOHYTHIM B MOHOTpaduu.

[lpu penakTHPOBAHUH KHHUTH IEJIMKATHLIM MOMEHTOM Oblj BHIOOD CCHIIOK
Ha HOBhie paGoTH. B mepBoM M3LaHMHM aBTOP MpeANOYes] BECbMA SKOHOM-
HBIt CTH/Ab LUTAT, OFPAHMYHMBIUMCH JHIIb HEOOJLIUHM UHCIOM CCHIIOK,
KOTOpBle OH CUATad COBEPUWIEHHO HeoOXoAuMbIMH. Mbl He counu cebs
BpaBe M3MEHATb 9STOT CTHJb, CUNTAs ero LeJecoO0pasHbIM A% MOHO-
rpagun mnonoGHOro xapaktepa. B COOTBETCTBUH € 3THM 100aBOUHbIH
Martepuan Takke cHaOXeH CCHIIKAMM Ha KOBOJNBHO Yy3ku#h kpyr paGor.
YkraTeJb KOKEH UMETb B BHIY, YTO NPH 3TOM MHOTHE BaXHHIE HCCJe-
IOBaHMA OCTa/ACh He ynoMsHyThiMH. OTGOp Marepuanda Aad 1oGaBiaeHuft,
ecTecTBEHHO, HensGexHO OblJi OrpaHHYeH BO3MOXKHOCTAMU M MHTEPeCaMu
pesakropa. TOJbKO 3TUM OGCTOATEIbCTBOM cleayeT O0DbACHUTL GOnbIIOH
yIeabHBIl BeC CCBHJIOK Ha paboOThl CBEPIJIOBCKUX aBTOPOB.

B noaroroske HaCTOSILEro H3JAHHA NPHHAT YU4aCTHE KOJUIEKTUB
xadenpsl MexaHHKH Ypajbckoro rocyhusepcurera uM. A. M. Topbkoro,
cocroauwuit ua yueunxos M. I'. Manxuua. Ocobenno Gosbluas padora
NpH NOAIOTOBKE NOMOJHHTELHOTO Marepyuasia Oblja INpojeJaHa COTPYy.-
uukamu kxadeaps . I'. AapbpextoM, A. M. Orypuosem, 0. C. Ocu-
nosbiM, B. E. TperbsakoBeiM. [Ipy penaxkTHpPOBaHWM Mbl CTAPaJHCh YYECTb
BCE W3BECTHBHIE HAM OT3BIBBl M 3aMedyaHMs 1Mo kuure. OCOGEHHO MOJE3HYIO
cayx6y cocayxuaa ocrpas peuexsus H. Il. Epyrunal), couepxkaiuas
NOAPOOGHYI0 KDHUTHUKY KHHIH.

H. Kpacoscruii

Y Cv. Epyrun H. I, N T. Maakun «Teopuss ycTOHYHBOCTH ABHNe-
uua», Bectnux JITY, Ne 5, 1953.



FrTABA L
OCHOBHBIE TNMOHATUA U ONPENEJIEHUA.

§ 1. lloctaHoBka 3apaum.

Teopua ycTOHUMBOCTH [BMMEHHUA 3daHMMAETCA HCCJAEJOBAHHEM BIHA-
HHSL BO3MYILAOIHUX (AKTOPOB HA [BHXKEHHE MATEpPHaJbHOH CHCTEMBL.
[Ton Bo3MywiawinMy (HaKTOpaM¥ TOHMMAIOTCA CHJbI, HE YYMThIBAEMbIE
NpH ONKCAHUK JIBHKEHHSI BCAEACTBHE WX MAJOCTH IO CPABHEHHIO C OCHOB-
HBIMM CHJIaMH. OTH BO3MYILAWOUIME CHJbl OOBIYHO HemaBecTHE. OHH MOTYT
ZIefiICTBOBATh MTHOBEHHO, YTO CBEIETCH K MaJOMYy M3MEHEHHIO Ha4aJbHOTO
COCTOSIHUSI MATEPHAMbHOM CHUCTEMBI, T. €. HAYaJAbHBIX 3HAYEHHH KOOpIUHAT
u ckopocreft. Ho 3tu dakTopbl MOryT AeficCTBOBATb M HENPEPLIBHO, UTO
6yzeT O3HAuaTh, UTO COCTaBJeHHble AudPepenuManbHble YpPaBHEHUs IBH-
WEHHUA OT/JAMYAIOTCA OT HCTHHHBIX, 4YTO B HHUX HE YUYTeHbH HEKOTOpHIe
MaJipie IONPaBOYHbIE YJIEHBI.

Xopowo HM3BECTHO, 4YTO BJAMAHHE MaJbIX BO3MYWAOMWHKX (HAKTOPOB
HAa JBMXKEHME MATEPHAJLHOHR cucTeMbl OyIeT HEOAMHAKOBEHIM AJIA Das/nuy-
HeIX ApikeHn#t. Ha oaHM [ABHIKEHHST 3STO BAMAHHE HE3HAYUTEAbHO, TAK
YTO BO3MYIUIEHHOE [BHXEHHE MajJ0 OTJAMYAETCS OT HEBO3MYLIEHHOIO.
Hanportus, Ha JIpyrux [ABMIKEHHAX B/MAHHE BO3MYLUEHHH CKkaselBaeTCs
BeCbMa 3HAUYMTEJNbHO, TAK YTO BO3MYUIEHHOE IBHXEeHHUE 3HAYUTENbHO OTJIH-
yaercd OT HEBO3MYLIEHHOrO, Kak Obl Madbl HM OblIM  BO3MYyLUAIOLIUE
cujpl. JIBvXeHus nepBOro pPoJa Ha3blBAIOTCA YCTOHUMBEIMM, JBUKEHHS
BTOpPOro pojla — HeyCTORYMBHIMU.

Teopus ycTOKUMBOCTM JBHIKEHUS W 3aHMMAaeTCs YCTaHOBJAEHMEM MpPH-
3HAKOB, MO3BOJAOWUX CYAUTb, OyleT JM paccMaTpuBaeMoe IHBHKEHHUE
yCTOHUMBHIM MM HeycToHunBHM. Tak Kak B NefiCTBHTENbHOCTH BO3MYLIAK0-
uie ¢axkTopel Bcerja HEeH30ekHO CYIISCTBYIOT, TO CTAHOBHUTCA MOHST-
HBIM, 4TO 3aJaYa YCTOMYMBOCTH [BHXEHHA NPHOOpeTaeT OueHb BaXcHOe
TEOPETHYECKOE M NPAKTHYECKOE 3HAUEHHE.

3anauefl ycTOHYMBOCTH JBHXKEHHUS 3aHMMAMMCh MHOTHe BHAHeHuIine
MateMaTHkM M MexaHuku. OcHOBHas TeopeMa 00 YCTOMYMBOCTH PaBHO-
Becus ycraHoBJeHa eme Jlarpamkem. Ona CAYXHIA HCXOJAHBIM TYHKTOM
Ang uccaenobaHudl Payca, KOTOPHIf YCTAHOBHJ MNPHU3HAKH YCTOHUYMBOCTH
ABUKEHHs I/ HEKOTOPBLIX YaCTHHIX Caydaes IBHXeHHR. 3apaueit ycToid-



14 OCHOBHLIE MOHATUS W OMNPEMLEJEHHA [ra. 1

yuBoCTH 3aHuMadtuch takime Tomcod u Toar n H. E. Aykosckufi. Bce
3TH aBTOPH pPACCMATPUBAMM BECbMA UACTHBIE CHAYYau NBUKEHUR ¥ L1
pelleHus 3asaud NpuMeHsau Hecrporue meronwl. [lepsoe crporoe peute-
Hue 3anauy npunasiexur [lyaukape. Onuako pesynabtathl [lyatkape Takxe
HOCAIT BeCbMa YaCTHBLI XapakTep.

B 1892 roany mosBuiach 3HaMeHHTad JOKTOPCKAs AUCCepTauus
A. M. Jaaynosa «OGmas 3agaua 06 yCTOHYMBOCTH IBIKeHus» 1). B stom
3aMeyaTenbHOM TPYLe 3ahaya o6 yCcTOHUMBOCTH JABMXeHHs Oblaa BIEpBble
nocTaBJ/iena BO BCelt ee OOMIHOCTH U OBIIM NPELNOKEHH MOIIHLIE W BMeCTe
C TeM cTpOrMe Meroin ee pelesds. Jra paborta JlanydHosa sBuHIaCH
OTIPaBHLIM NYHKTOM BCeX JNalbHEeHIIHX HCCAENOBaHMA MO Teopuu yCTOH-
YHBOCTY ABMKEHHS.

Boimie Mbl [agd BeCbMa CXEMaTHYHOE ONpeleleHHe YCTOAUMBOCTH U
HEYCTOHYMBOCTH ABWMeHHA. OTH NoHaTHA TpeOyioT, pasymeercsi, Gogee
TOYHOrO ompelesenns. PasinyHeie aBTOPH MO-Pa3HOMY ONpele/Isad 3TH
NOHATHS ¥ BCJAENCTBUE 3TOTO MO-Pa3HOMY CTaBWIW 3ajayy yCTOHUMBOCTH.
Haunbonee obuas nocranoska safgayn gaHa JlanyHoBbiM. ITa MOCTaHOBKA
0Ka3a/1aCbh MCKJ/IOUHTEIbHO yAA4HOR U Hanbosee COOTBETCTBYIOWIEH HYHIaM
npuwioxenu#t. IDTUM B 0ODBACHAETCA TOT OCOOLI HHTepeC, KOTOpHIH
nposisied K teopun JlsmydoBa B nocjaenHue ronsl, KOrAa COBpeMeHHas
TEXHUKA, B KOTOPOM MPUXOMUTCS MMETb HeJO C OTPOMHBIMH CKOPOCTAMHU
¥ IIMPOKMM BHENpEHHeM aBTOMATHKH, clejqana 0co00 aKTyaibHOH 3anauy
00 yCTOW4UMBOCTH IBHKEHHUA.

Ara KHUra TMOCBALEHA TEOPHH YCTORUMBOCTH [ABWNKEHUS B CMBICIE
Jlanynosa. B Hell nanaraiorcst OCHOBHble pesdyJbTaThl JIanyHoBa ¥ ero mno-
caexoBaresnel.

§ 2. Onpeneaenne ycTOHUHBOCTH.

[Monsitue 06 YCTOHYMBOCTH IBMXEHHA SIBJIAETCA HENOCPEACTBEHHLIM
060061eHeM MOHATHA YCTOHUMBOCTH PAaBHOBECHS, KOTOPOE, KAK H3BECTHO,
3aKJI0YAETCH B CJACAYIOLIEM.

PaccMOTpuUM TPOM3BOJLHYIO NMHAMUYECKYIO CUCTEMY C & CTemeHaMH
cBo6onbl, onpene/seMy0 OGOOILEHHBIMH KOODIMHATAMH (1, o ..., (g
HonycTtum, yro paccMaTpupaeMas CHCTeMa MMeeT NOJOXKeHue PaBHOBEcHs,
onpeneaseMoe 3HaYeHUAMU «; 0GOOUIEHHBIX KOOPIMHAT, TAK YTO ypPaBHEHHUS
JBXKEHHs JOMYCKAIOT YacTHOe pelleHHe ¢, ==0,;. BbiBeieM cuCTeMy U3
MOMOMEHHS] PABHOBECHS, OTK/AOHUB €€ KOOPIMHATHl Ha BEJWYUHBH €; H
coobuiiM el HauaabHBle CKOPOCTH €;, T. €. PacCMOTPUM IBHXeHHe

CHCTEMB!, OTIPENEeNsieMOe HAYaJbHBIME YCIOBHIMH:
. ’
9;(t)=0,+¢e, q(t,)=¢ (=1, 2, vous R

Y Manynos A. M, O6mas sazaua o6 ycroiuupocta ApieHHs, Xapb-
KoB, 1892. 3-e u3n., Ioctexusnar, 1950. B naabHeiinieM npy U3JA0MEHHH TEX HIH
MHBIX pe3yanTatoB A. M. JlanmyHoBa Bcerja uMeeTcs B BHIY, €CJU NPOTUBHOE He
OroBopeHo, sta pabora.
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Ecan 1 BCeX Takoro ponaa [IBHXKEHHH OTKJIOHEHUd KOOpIuHaT
qi—-—(ll B CKOPOCTH 6yﬂ.y’l‘ BCe BpeMa OCTaBATLCA YHUCJACHHO MEHLIUWMH
CKOJAb YrOAHO MaJOoro IMOJIOKUTEJAbHOro ducaa & npH YCJAOBUH, YTO
Ha4yaJbHBIE OTKJ/IOHEHHA €; U HAayaJbHbIE CKOPOCTHU 8; YUCJCHHO MeHble

JROCTATOYHO MAJOTO NOJONKHMTEJIbHOTO YHC/IA 1), TO PaBHOBECHE HA3bIBAETCH
ycTO#UMBBIM. B TPOTHBHOM ciyyae paBHOBecHe HeyCTOHUUBO.

TpocTefiluyMy ¥3BECTHLIMH NpHMepaMU YCTOHUHBOTO U HeYCTOHYHBOroO
PAaBHOBECHS ABJSIOTCA, COOTBETCTBEHHO, HHXKHEE W BepXHee BEPTHUKAJb-
HBE TIOJIOKEHHsT MasiTHUKA, KOrja ero LEHTD TH-
HECTH He JeKHT Ha OcH nojpeca.

OTMeTHM JBa OCHOBHBIX MOMEHTa, BBLITEKalO-
IIHX M3 OnpeleJieHus YCTOHYMBOCTH:

1) O6 ycToHuuBOCTH MKW HEyCTOHUMBOCTH
paBHOBecHsl CYIAT NO XapakTepy TeX Ogudwernuil,
KOTOpble HMEIOT MeCTO BOJIM3M MOJOKEHNS PABHO-
BecH4.

2) Ina ycTOHUYHMBOCTH paBHOBECHS Heo0Xo-
nuMO, YTOOH MOAXOAALIMM BHOOPOM HauajbHLIX
OTKJOHEHHUH CHUCTeMBHl OT ee NOJOXEeHUs DaBHOBe-
CHsSl ¥ Haua/JbHBIX CKOPOCTeH MOXHO OBIIO JO-
OuTbCA, YTOOBl STM OTKJIOHEHHS M CKOPOCTH OCTa-
BaJUCh MeHblle £/00020 HamepeJ, 3a1aHHOTO YUCJA.
Tax uto, HanpuMep, BepXHee BepTHKaAbHOE MO-
JIOXKEHHE MasfTHHMKA, MOKA3aHHOTO Ha pHC. 1, Oyner Puc. L
HEyCTOHUMBBIM, Kak Obl Man HM ObLI yron a,

TaK KaK OTKJIOHEHME MafTHMKA OT NMOJOXEHHS PaBHOBeCHs He MOMeT OblTb
CHEJN3aHO MeHblie o, Kak Ob HM OblIM BHOpaHB HayajabHLHIE YCAOBHS
IBUXKEHHS.

CoBepuIeHHO aHAJMOTHYHO YCTOHYMBOCTH PaBHOBECHSl ONpene/seTcs [0
JIanyHOBY YCTOHYMBOCTb [ABHXKEHUS.

PaccMoTpuM npOM3BO/IBHYI0 IMHAMMYECKYIO CHCTEMY M HOTIYCTHM,
YTO ee [IBHXKEHHE MOXeT OblTb ONMCAHO cucTeMo#t auddepeHUHaTbHBIX
ypaBHeHuH, KOTOpas MOxeT OHTb NpHBeleHa K HOPMa/JbHOMY BULY:

‘fiyts =V, Yoo oeer ¥ (s=1,2, ..., n). @.1)

31ech Y, — HEKOTOPHIE NApaMeTPhl, CBA3AHHbIE C IBUIEHHEM, KaK,
Hanpumep, KOODIMHATH, CKOPOCTH HJAH BOOOILE HEKOTOpHe (yHKUUM
9THX BEJHUKH.

PaccMorpum kaxoe-HuOyIb 4acTHOE HBHXEHHE Haiel CHCTEMHl, KOTO-
POMy COOTBETCTBYET HEKOTOPOE uacTHOE pelenne y, == f (f) ypaBhe-
HUR (2.1). Mwo OydeM 3TO JBHXKEHHE HA3biBATb HEBO3MYULEHHbLM
B OoTinunMe oOT ApYruxX IBHKeHu§ Halle$t CHCTEeMBI, KOTOpbie MBI
Oynem HasblBaTbh BO3MYUEHHb MU, PasHOCTH SHaueHHH BeaHYMH ys B
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KaKOM-HUGY/Ib BO3MYILCHHOM M B HEBO3MYLIEHHOM JBMKEHHAX OyneM
HA3HIBATb BO3MYULEHUAMU.

Onpenenenue. Hegoamyuennoe dsusicenue Lasolgaemcs Yemod-
HUBLLM MO OMHOULEHUI K BeAUMURAM Y, eCAl OASL BCAKO20 NOA0ICU~-.
MeAbRO20 YUCAQ €, KAK Gbl MAA0 OHO Hu Obla0, Halidemcs Opyzoe
noaosxcumessnoe 4ucao 1(e), maxoe, umo O04S 8CeX BOIMYULEHHBLX
osudcennii y,==y.(f), 048 Komopux 8 Ha4arbHbll Momenm t=={,
BLLNOAHSAIOMCS HEPQBeHCcm8a

[y ) — fs Gl <, (2.2)
6yoym npu scex t > 1t, 8oNOAHAMbBCA HEPABEHCMBA

HeBoaMylllenHoe JBHKeHHe HA3bIBAETCH HEYCTOHYHBEIM, €CJIH OHO HE
apasgeTcss ycroumsbiM. TakuMm 00pasoM, A HEYCTORUMBOCTH ABUIKEHUS
JOCTAaTOYHO, YTOOH CYL1eCTBOBAJIO KaKoe-HHOYdb ghurcu posaHH0e YUCIO €
i Tpu J0BOM cKOo4b Y200H0 Mmaaom Y XOTH Obl ONHO BO3MYILEHHOE
JBMXKEHHE, A KOTOPOrO BHINOJHSIIOTCS HepaBeHCTBA (2.2) M 1Jad KOTO-
poro B HEKOTOPHIH MOMEHT BpeMeHH XOT OBl OIHO H3 HepaBeHCTB (2.3)
NepexoquT B PaBEHCTBO.

B kauecrBe mpumepa paccMOTPUM CHOB2 OOBIKHOBEHHBI MAasTHHK,
HO McCiaeldyeM YCTOHYMBOCTb He PAaBHOBECHS 3TOTO MasTHHKA, a8 KaKoro-
HUOYIb €ro ABMKEHHd, ONpelensieMOro HAYaJbHBIMH YCIOBUAMU ¢ (f)) =a,

¢ (£) =0, roe ¢ — yroa orkaoHeHus oT Beprukaaum, o > 0. ITokaxew,

4TO 3TO JABMXKEHHe HeyCTOHUMBO MO OTHOWIEHHIO K ¢ U ¢. Paccmorpum
C 3TOH Uenblo Kakoe-HMOYIb BO3MYLIEHHOe [BHXKEHHWe, oOnpelesseMoe
Ha4ya,bHBIMU YCAOBUAMU @ (fg) = a0, ¢ (£)) =0, rue 8 —- ckoJb YyromHo
Majaf MoJoXHuTeabHas BeauunHa. Kak wusBecTHO, nepuol KkoaebGaHuit
MasATHMKA 3aBHUCHT OT HAya/JbHbLIX YCIOBMUH M NMPH HAYaAbHOR CKOpOCTH,
paBHOM Hymo, Oyner Tem Ooublue, 4eM OoJblue HAYaabHAA AMIUIMTYIA.
MMostomy mepuox 7’ KoAeGaHHH BO3MYLIEHHOTO ABMKeHHs Gyner Go/blue
nepuosa T KosebaHu#t HeBO3MYIleHHOro JBHkenusd. CieroBareabHoO,
pasHoOCTb YrJ0B ¢ B 050MX IBMXEHMAX, OyAyud B HAYaMbHHIH MOMEHT
paBHOR O, mO uCTeyeHWH NPOMExyTKa BpeMend T’ HECKOJbKO YBEJH-
uurcd. ITo ypeqnueHne OyaeT TeM MeHblue, yeM Medbine 0. Ho, kak 6w
Maa0 Hu Oblio O, MO MCTEUeHHMH HOCTATOUHO GOJBIIOTO [POMEXYTKA
BPEMEHH PAa3HOCTh 3HAYEHUH @, MOCTENEHHO HAKAIIMBAACH, CTaHeT 0O0Jblue,
ueM, Hanpumep, o. CaenoBaTelpHO, HEBO3MyLUEHHOE [BHKEHHE He-
yCTORYHBO.

[TpuMepoM yCTOHYHBOTO IBHMEHUS MOKET CAYKUTb KOJebaHue LUKJIO-
HIa/IbHOTO MASATHHKA. YCTOHYMBOCTb NBMKEHMs! B PAacCMATPUBAEMOM Ciy-
yae o6yCnOB/IUBACTCS TEM, YTO NepuHON KoseGaHu#t LUKIOWAANLHOTO MasT-
HUKA He 3aBUCHT, KAdK H3BECTHO, OT HAvya/JbHBLIX YCIOBHH.
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MoxeT CAYYUTbCS, Y4TO HEBO3MYILEHHOe IBHXKEHHE HEe TOJbKO yCTOH-
yyBO, HO M YTO BCe BO3MYLIEHHBIE IBHMEHHs, A9 KOTOPHIX HauyajbHbIE
BOSMYIUEHHST JOCTaTOYHO Ma/bi, NPH HEOrPAHHUYEHHO BO3pacraiolleM f
CTPEMATCS aCHUMMTOTHYECKH K HeBo3MylleHHOMY. B sToM ciayuae Ml
6yleM TOBODHUTb, YTO HEBO3MYUIEHHOE IBHKEHHE YCMOHL4us8o acumnmo-
muuecku.

§ 3. Muddepennuanpipie ypaBHeHHs BO3MYIIEHHOTO JABHXEHHIH.

Jlist  uccaenoBaHusi  yCTOMUMBOCTH  LieslecooOpasHo  mpeofpasoBarh
ypaBHEHHA IBMMKEHUS K HOBLIM MepeMeHHBIM:

X, =y, — f, () (s=1,2 ..., n). @3.1)

3zech f,(f) —uacTHOoe peluleHue ypaBHeHu# (2.1), COOTBETCTBYIOlIEE He-
BO3MYVILECHHOMY [BHXKCHHIO M, CJEI0BATENbHO, X, — BO3MYIUEHHS.
[Toayuenusle TakuM 00pa3oM NpeoOpa3OBaHHBIE YpaBHEHHUS

d
TE=X Xy X)) =

d
=V (6 % fio o Xy f)— Vo fr [ (3.2)

Ha3HIBAIOTCA Ougpghe peHULANbHEL MU Y PABHEHUA MU BO3MYUEHHO20 DBU-
oicenus. Kaxaomy IBMIKEHHIO PacCMAaTPUBAEMOHM CHCTEMBI COOTBETCTBYET
YaCTHOE pellleHne ypaBHeHu#t (3.2). B wacTHOCTHM, HEBO3MYILEHHOMY IBH-
XEHHIO COOTBETCTBYET, OUEBHAHO, TPHUBHA/JIBHOE pelleHMe X;== ... ==
=x,==0, KOTOpoe, c/enoBaTeJIbHO, cucTeMa (3.2) OOMKHA HMEThb.
A nna 3Toro HeoOxoaumo, utoObl dynxuuu X (¢, Xy, ..., x,) obpawa-
JUCb B HY/Mb NPU X == ... ==X, =0, 4TO IeHCTBUTEJbHO UMEET MECTO,
KaK 3TO HEMOCPEeJCTBEHHO BHIHO M3 ypaBHeHu#t (3.2).

B nepemennsix x, HepasencrBa (2.2) u (2.3) NPUHHUMAIOT COOTBET-
CTBEHHO BHJ

[, G| <, (3.3)
|, (0)] <e, : (3.4)

M, CJell0BaTefbHO, onpeje/neHHe yCTOHUHBOCTH QOPMYIHPYETCA Caenyio-
UM 00pasoM.

Hegoamyuennoe osudxcenue Ycmoidiugo, ecru 04 8CAKO20 NOAO-
JHCUMEAbHOZO HUCAQ €, KAK Obl MQAAO OHO Hu GHLA0, MOICHO 1000-
Gpamb Opyzoe noaoxcumersioe wucio 1 (g), mawoe, 1mo 048 8cex
B03MYueHHbLX O8uINCEHUE, OAfL KOMOPHX 8 HAYAAbHOLE MOMEHM
8pemeny t, ssnoansomcs Hepasencmsa (3.3), npu scex £>¢,
6yoym svinoansimecs Hepagencmsa (3.4).

Ecan HeBOsMyleHHOe IBHXeHHE YCTOHUMBO M €CHH YMCJO 1] MOXHO
BHIGpaTb HACTOJNbKO Ma/AbiM, HYTO AJsi BCEX BO3MYIUEHHEIX IBHMKEHHH,



18 OCHOBHLIE MOHATUA M ONPENEJEHUS [ta. 1

YAOBJNETBOPAIOWIMX HepaBeHcTBaM (3.3), OyAyT BHIIOJHATHCS YC/JIOBHA
lim x,(f) =0, (3.5)

t>o0

TO HEBO3MYLIEHHOE [BMXKGHHE HA3LIBAETCA YCTOMUMBLIM acuMnmMONmu-
yecrkul).

PaccMOTpHM HECKOJIbKO TNPHUMEPOB Ha COCTaBJEHHE YDaBHEHHH BO3My-
LIEHHOTO JABHKEHHS,

MMpumep 1. B xauectBe nmepBoro npumepa pacCMOTPHM KOJeGaHus
MAaTeMaTHYeCKOrO MasTHHKA JJHHOR [, OMHCHIBAEMBIE, KAaK H3BECTHO,
IvddepeHUMaibHLIM yPaBHEHHEM

¢ g o '

—d—té‘z—-—l-Slﬂ(P, (36)

rae ¢ — yroa OTKJAOHeHUs OT BepTukaiu. [lycTb Tpebyercsi ucciaenosarsb
d

yCcTORUHBOCTD (OTHOCHTeJIbHO ¢ H d_(tp) IBHXKEHUS, ONpeJe/seMoro

d

HavaabHbIMH ycaoBuaMu @ (0) =a, (T(tp) = 0. CoorBeTcTByWOlllEE YacrT-
0
HOe peleHue ypasHenus (3.6) umeer BHI

o=,
rae f(f) -—HexoTOpas nepHOAMuECKas (PYHKUMSA, KOTOPYIO HAM HET HeoO-
XOLMMOCTH BLIMUCHIBATH SIBHO.
IMoaaras x =@ — f (f), noayunM auddepeHunalbHOe ypaBHeHUe BO3-
MYLIEHHOTO IBWXEHHS B BHIE

d’x , .
Sr=—"4sin(x+ )+ Zsinf @),
WJay, pasJjarast B pan no CTeneHaM Xx,
d?x .
= —Sxcosf(O)+ -5 Psinf O+ ... (3.7)

D10 ypaBHeHHe MOxKeT OBITh, KOHEYHO, ApPeACTABJEHO B BHAE CUCTEMEI
IBYX ypaBHeHHH NepBOro HOPAIKa.

[Tpumep 2. Paccmorpum TBepioe Ten0, Bpallaiouieecss BOKPYT
3aKpeNJIeHHON TOUKM No uHepuuH. JnddepeHunaspHble ypaBHEeHUs ABUKE-
HUA HMEIOT BUA

A% L c—Bygr =0,
BY L (A—Cyrp=0, (.8)

d
CoF+(B—A)pg=0,

1) CM. npuMeuaHue B KOHUS KHHrH (CTp. 915).
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rie P, ¢, I — TPOCKIHH BEKTOPa MIHOBEHHOH VIJOBOH CKOPOCTH Ha
AOJBHXKHBIE OCH KOOPIMHAT, COBNAJAKWIAE C TJABHBIMH OCAMH HHEPLUHH
rena B 3akpemeHHo# Touke, a A, B, C — MOMEHTH HHEpPUWH OTHOCH-
TeJIbHO 3THX Oced.

Ypasrenuns (3.8) UMeOT 4acTHOe pelleHue

p = w==const., =r=0 3.9)

¥ IBA AHAJOTHYHBIX YACTHBIX PELIeHHs, COOTBETCTBYIOLIE NBYM APYTHM
ocaM koopaunat. Ilpunumas asuxenne (3.8) 3a HEBO3MYILEHHOE, NOMOKUM:

X=p—0, y=q, 2z==r

H, noxcrapass B (3.8), moayunM auddepeHunasbHLE YPaBHEHHsS BO3MY-
IIEHHOTO ABHXKEHH:

AL L c—Byyz =0,
BY 1 (A—0)(x+w)2=0, (3.10)

22 L B—A(x4w)y=0.

B ofiwem cayuae aupdepenunaibHbie ypaBHEeHHsS BO3MYLUEHHOTO IBH-
KeHusi colepar ABHO Bpemsa £. Ho Moxer, omHako, ciAyunTbcs, YTO 3TH
ypaBuenus He coiepxat f. Tak, nmanpumep, Oyler Bceria, Korja uccie-
Ayercd yCTORUHBOCTb OTHOCHTEJLHO KOODPAMHAT H CKOpOCTeH paBHOBeCHUs
Kakof-HuOyIb TOJOHOMHOH CHCTEMBl CO CTALMOHAPHBLIMYM CBA3AMHU, NOI-
BepXeHHOH HeHCTBHMIO CWJ, He BaBUCAILMX sBHO OT £. B arom ciyuae
ypaBHeHus ABIKeHust (2.1) He comepwaT SABHO £, M NMOCKOJbKY (yHK-
un f,(f) B paccMaTpuMBaeMOM cayuae OOpalialoTCs B MOCTOSIHHBIE, TO U
ypaBHenus (3.2) BOSMYLIEHHOTO ABHXEHHS TakXke He GyIyT COZepkKaTh £.

Ho ypaBHeHMs BO3MYLIEHHOTO [BHXKEHHS MOTYT He COJAEpXKaTb [ M
TOr4a, KOTJAa HMCCAeLyeTcss YCTOMYMBOCTb HE DAaBHOBECHS, a IBHXKEHHS.
HeAcTBUTENLHO, MOCKOALKY B ypaBHeHusx (2.1) mepeMennsie y, ABAAIOTCA,
BOOOUIE FOBOPA, HE KOOPAMHATAMM M CKOPOCTSMH, a HEKOTODHMH (PyHK-
UMSIMA 3TUX BEJMUMH, TO BIIOJHE BO3MOXHO, YTO [HJS PAacCMATPHBAEMOrO
HEBO3MYLUEHHOTO JABMXKEHHSi OHM OyayT NOCTOSHHBLIMH, HECMOTPH Ha TO,
YTO KOOPAMHATH M CKOPOCTU M3MeHaloTCA. Ecay npu stom ypasHenus (2.1)
HE 3aBUCAT OT f, TO M YPaBHEHUS BO3MYIUEHHOTO ABHMKEHMS TAKKe He
6ynyT 3aBuceTb OT f.

Mul Gynem B 1anbHefilieM Ha3LIBaTb HEBO3MYLUEHHOE IBHIKEHHE YCma-
HOBUBWULMCS, €CII COOTBETCTBYIOIIME IH(DepeHUMaIbHbE YPABHEHUS BO3-
MYILIEHHOTO [OBUXXEHHS He coaepxaT ABHO f. IIpuMepoM MOMeT CayXHTb
paccMorpeHHoe Bhie aBwxkenue (3.9) TBepAOro Tesa BOKDPYr 3aKperieH-
HO# TOYKHM: cOOTBETCTBYWOWME AnddepenunanbHele ypaBHEHHS BO3MYLUEH~
Horo aswxennd (3.10) He comepxar sBHO £.
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Cayuyalt ycTaHOBMBIIMXCA ABMKEHHH sBAAETCS HauGOAee MPOCTHM NpH
HCC/eJOBAHHH YCTOHYMBOCTH. BMecTe ¢ TeM K 3TOMY C/ayualo MPHBOASTCA
OyeHb MHOTHe npaxTuueckue 3afaud. ChAeLyOLIMM MO NPOCTOTEe CAyYaeM
Oyler TOT, KOraa MpaBble YacTH YypaBHeHHi BO3MYLICHHOTO IBHIKEHHS
SBJAIOTCS MO OTHOIIEHMIO K ! nepuoindyeckuMu ¢yHxuusMa. K rtakoro
poia ypaBHeHMAM NMPUBOLATCS OOBIUHO 3anauy YCTOHUMBOCTH KoJjebaTeis-
HBIX JABMMeHu#t. [TpuMepoM MOXeT C/IyXHUTb paccMOTpeHHas BBILE 3a/1auya
vcTolunBocTH kKoaebanuii MaTeMaTuyeckoro MastHuka. Ilpasas vacTb ypas-
HeHus (3.7) nepuoAMYHA OTHOCUTENbHO £, Tak Kak PyHkuus f (f) — nepuo-
IuyecKas.

§ 4. Ycro#iudBocTh mo JIsnyHoBy M HEKOTOpbie ApPYTHe
onpeneJieHuss VCTOHYUBOCTH.

B nanueix Boilie omnpeneneHusax JlsnyHoBa paccmarpuBaeTcs ycToi-
YUBOCTb HEBO3MYILUEHHOFO [BMXEHHA MO OTHOIUEHHID K BO3MYUIEHHAM
HauyaJbHBIX YCJAOBMA. PH3MYECKH 9TO O3HAYAET, YTO paCCMATPUBAETCH
YCTORYMBOCTb MO OTHOLIEHHIO K MI'HOBEHHO ACHCTBYIOUMM BO3MYUIEHHSIM.
OnHako peasbHas MeXaHHYeCKas CHCTeMa HaxOOMTCA OOBIYHO MNOJX MO-
CTOSIHHBIM BO3LeHCTBHeM HeOOJbLWIHMX BO3MYILAIOLIMX CHJ, YYE€CTb KOTOpHIE
NpU  COCTABJEHWHM yYPaBHEHMH [BIDKEHHS MNPAKTHUECKH  HEBO3MOXHO.
ITosToMy mnpencrasaser OcOObif HMHTepec MHCC/IeLOBaHME YCTORUMBOCTH
paccMaTpHBAEMOrO IBHXKEHMS IO OTHOWIEHMI0 K TAaKMM IOCTOSHHO Jeii-
CTBYIOWIMM Bo3MylieHHsaM. C TOUKH 3peHHs MAaTeMAaTHUeCKOH 3TO 03HAyaer,
yT0 HEOOXOHMMO paccCMaTpHBaThb BO3MYIUEHMS HE TOJBKO HayalbHHIX
yca0BH#, HO M caMuX ypaBHeHufl ABuKeHus. IlpumeM cienyiollee onpe-
leJeHHe YCTOMYMBOCTH MPH MOCTOSHHO NeHCTBYIOIIMX BO3MYIUEHNAX 1).

Hapsny c¢ ypaBHenusamn nBuxeHus (2.1) paccMoTpum Jauddepen-
I{HaJbHbBIE YPABHEHHH

d
=Y Y s YR YY) 4.1)
(S:I, 2, ..., /’l),

) Cm. Ay6omun . H, K Bonpocy 06 ycTOHUMBOCTH ABHKEHHS OTHO-
CUTEJbHO TOCTOAHHO AeHcTByomuXx Bo3Mmymennd. Tpyasr TAMIL, 1. XIV,
Buim. 1, 1940.

BausgHue Malbix BO3MYINAOIIMX CUA Ha YCTOHYMBOCTH JABHXKEHHS AUHAMH-
yeckofi cucreMul paccmoTpeHa snepssie B pabore: Uetaes H. T, O6 ycroii-
YUBBHIX TPAEKTOPHAX AMHAMHKY. YueH. 3am. KasaHckoro roc. yH-ta, ki. 4, BulL 1
(cM. takwe COopuuk HayuHpx TpynoB KasaHckoro asual. uH-Ta, Ne 5, 1936).
d1oMy e BOmpOCY IocssimeHsl pa6oto: Aptemben H. A, OcymecrBumbie
zemxennst. Mz, AH CCCP, cep. matem., Ne 3, 1939; Maakuu W. T., O6 ycroii-
YMBOCTH NIPU TIOCTOSHHO JeHCTBYlomuX Bo3mywenusx. [IMM, t. VIII, Ne 3, 1944;
Fopmun C. W, O6 ycToHynBoCTH ABHKEHWS NDPH MOCTOSHHO NEHCTBYOUMX
BoaMymenusnx. Kputnueckue cayuau, Mssectus AH Kasaxckoit CCP, Ne 56,
cepHs MaTeMaTHKH M MeXaHuKH, Bbill. 2; O6 yCcTOHUMBOCTH IBHXEHAA C IIOCTOSHHO
AeHcTByloluMy Boamymenusamu, Msp. AH Kasaxckoi CCP, Ne 58, 1948.
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rae Ry{t, ¥, ++ ., ¥,) — HEKOTOpHlE HEH3BECTHHIE (PYHKUMHM, XaDAKTEPH-
ayiollde BO3Mylalolue (AKTOPbl, OTHOCHTENBHO KOTOPBIX MBI MOXeM
CKa3aTb TOJbKO TO, YTO OHH [OCTAaTOYHO MaJH H YIOBJIETBOPAIOT HEKO-
TopbiM OOWIMM ycaoBHAM, O0OYC/OBJMBAIOLIKM CYIIECTBOBAaHHE pelleHuH
ypaBienufi (4.1) B OKPECTHOCTM pacCMaTPUBAEMOrO HEBO3MYILIEHHOrO
IBYNEHHS,

Mb  GyaeM roBOpHTb, YTO HEBO3MYLUEHHOe IBUXeHHe Yy, == f_(f)
(yacTHOE pelleHWe ypaBHenu#t (2.1)) ycTOHYMBO NPM HOCTOSIHHO Jei-
CTBYIOLIMX BOSMYIIEHHSX, €CAM JJs BCAKOTO MOJIOKUTEALHOTO HHCJAA €,
kaK Obl Ma/io OHO HM OBLIO, CYLIECTBYIOT IBa APYTHX TMOJOXUTEIbHBIX
yncaa 1, (8) u 7y (€), TaKUX, YTO BCAKOe pemlenue y (f) ypaBHenu#t (4.1).
yLOBJETBODAIOUIEe NPH f=={f; HepaBeHCTBaM

[ys (b)) — fs(t) | <My (®),

YAOBIETBOPAET MpH ¢ > f, HepaBeHCTBaM

Iys(t)_fs(t)l <3’

kakoBbl OW HM Obmn  GynkmH R (£, vy, ..., ¥,), YIOBJeTBOPSIOUINE
B obnactu £ >ty |y, — f, ()| < e, HepaseHcTBaM
le(t’ Yo eves yn)l<n2(€)

OnpenenenHas TakuM 06pasoM yCTOHYMBOCTD NPU MOCTOAHHO JOeft-
CTBYIOLUUX BO3MYUIEHHSAX SBJASETCS HENOCPENCTBEHHBIM 0006LIeHHeM YCTOM-
YMBOCTH O JIAMyHOBY M, Kak ObJIO yiKasaHO Bbillle, WMeeT HauGoJbliee
NpaKTHYECKOe 3HaueHMe. MoKeT Ha MNepBbI B3IIAL NOKA3aTHCHA, YTO
9THM CAMBIM 10 HEKOTOPO# cTemeHH oOeCUeHHBAETCS TeopHst YCTOHUH-
Bocth no Jlanynosy. OmnHako 3TO HeBepHO, WGO, BO-MEPBHIX, METOIbI
JlanyxoBa TpHroOmHbHl TaKXKe AN MCCAENOBAHHS YCTOMYMBOCTH NPH TO-
CTOSHHO NeHCTBYIOUIUX BO3MYLUEHUAX H, BO-BTOPHIX, NO KpalHed Mepe
B INpaKTHYeCKNn HauboJee BaXHLIX cAydasdx, 3ajaya o6 ycToHuMBOCTH
NPy MOCTOAHHO ACHCTBYIOWIMX BO3MYLUEHUAX HENOCPENCTBEHHO NPUBOIUTCH
K 3anaue o6 ycrofiunsoctn no JlsnynoBy. Huxe (§ 74) Gyaer nokasauo,
4TO, MO KpalHe#t Mepe Aa/i YCTAHOBMBLIMXCA M MNEPHUOAMYECKUX [BMH-
EHHH, JOCTATOUHBIM YCJOBMEM yCTOHUMBOCTM NPHU MOCTOSHHO AEHCTBYIO-
IMX BOSMYLUEHHAX SABJAETCS ACHMNTOTHUYeCKas ycToHuuBocth no Jls-
nyHoBy 1).

PaccMoTpum eme 0aHO BO3paxcenne, KOTOPOe WHOTAA NMPHUBOAMTCH NpPH
OueHKe NpakTH4YecKOH mnpuroaHocTH Tteopuu JlanyHosa. C 3tolt wmesbio
HCCaelyeM NpOCTeHIlyi0 CHUCTeMY, ONHMChiBAEMYIO OIHHM AuddepeHunans-
HBIM ypaBHEHHEM:

= x (02— 1Y), 4.2)

) Cum. npumeuanue B KOHUE KHUTH (CTp. 516).
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rie o — HeKoTopast nocTodHHad. Ilas 3TOH CHCTeMbl CylUuecTByeT, oue-
BHIHO, monoeHue pasBHoBecHa X ==0. 3T0 paBHOBeCcHe uHEYCTOHUMBO.
B camoMm gene, ofllee pellleHHe ypaBHeHus (4.2) HMeeT Buj

2V — x}

wVa—x |’

o (f — ) =1n (4.3)

rie X, — HauaabHOE 3Haueuwe X (npu f==£y).
Pemenue (4.3) naeT BeUIECTBCHHBIE 3HAUEHMA AA9 (QYHKUMM X KAk
npu | xo| < @, Tak m npu [x,| > a. Ilpn stom B oBoux cayuasx

lim x () = * a. (4.9

t-»wo

OTCI04a HeNoCPENCTBEHHO CAEAyeT, YTO MOJIOKEHHe paBHOBeCHd X == 0
Heycro#uuso, H60, kak OB Majg0 HM OBLIO OTKJIOHEHHE B HAYA/IbHBIH
MOMEHT, OHO B KOHILe KOHLOB fAeJaercd OoJblLie HEKOTOPOro (HUKCHPO-

o
B3HHOIro 4uc/ja (HanpnMep, ——2—). Ho, ¢ Apyro#f CTOPOHH, €CaIU BeJu-

yyHa ¢ B paccMarpuBaeMO#l 3ajaue MNPaKTHYeCKM Mana, TaK 4TO OTKJO-
HEHHe OT [MOJOXEeHHs DABHOBECHSl HA BEJMYHHY O HE HMeeT HUKAKOTO
NPAaKTUYECKOrO B3HAUEHMs, MBI JO/KHB OyleM paccMaTpuBaeMoe MNoJo-
»KeHHe pAaBHOBECHS CUMTaTh TNPAKTHYECKH YyCcTOHuMBBLIM. Dolee TOro, Mbl
HDOJKHBL GyIeM CUMTaTb, YTO MMEET MECTO OYeHb CHJAbHAs YCTOHUYMBOCTD,
u6o ycjaosue (4.4) BmMOJHAeTCA npu mo00OM X, Kax. Ob Besuka 3Ta
BeJMYHHA YHC/AeHHO HHM Oblma. OIHAKO HETPYAHO BUIETH, YTO KHPAKTH-
yeckas» yCTOMYMBOCTD B DPaccMaTpHBaeMOM cJayuae o00ycCJOBJeHa TeEM,
YTO B OKPECTHOCTH HEYCTOHUMBOTO MOJNOXeHHs paBHoBecust X == 0 nmerorca
IBd ACHMITOTUYECKH YCTOHUMBEIX MO JISNMYHOBY nOMOMKeHUS PaBHOBeCHs
x ==t a. CrenosaTeqbHO, B PAacCMaTPHBAEMOM YacTHOM Caydae 3anaua
O «NpPAaKTHYeCKOH» YCTOMUMBOCTH CBOAMTCS K 3ajaue 00 yCTOMYMBOCTH
no Jlsnynosy. B ofleM caydae BONPOC O «NPAKTUYECKOH» ycTOHYM-
BOCTH B BBIUIEYKA3aHHOM CMblc/ie nenaetcsd Gosee ca0KHBIM. OjHako,
kak Oyner mokasaHo uuwe (§ 44), no kpafiHel Mepe A4 NPaKTHUECKH
HanGosee BaXHBLIX CJAyYaeB, 3alaud MO-NpexHeMy CBOAHTCA K MCCAenO-
BAHMIO YCTOHUMBOCTH 110 JIAnyHOBY.

Bce BbllleykasaHHoe 3acTaBaASeT CUMTATb, YTO AaHHOe JIAMYHOBLIM
onpegeneHye yCTOHYMBOCTH MMeeT 0c000 BAXHOE NPAKTHUECKOEe 3HAUeHwUe.
Bmecte ¢ TeMm moc/eiHn# npuMep NOKasbiBaeT, YTO M4 NPAKTHKM BAXHO
He TOJBKO BHIICHHTb, SIBASETCA /M [BUXKeHWE YCTOHYMBHIM, HO M oOmpe-
IenuTh 00AaaCTh JONYCTHMBIX HauaabHEIX  Bo3myllenuft. [lociaensnm
Bonpocom JIANyHOB He 3aHUMAJCH, HO DPAa3BUTHIE MM METOLB! NAIOT BO3-
MOXHOCTb peliaTh M 9Ty 3anadyl).

1) Cu. npumeuanue k ctp. 18 B koHue kuuru (ctp. 515).
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§ 5. O MeToax pemeHHs 3aaYu yCTOHUHBOCTH.

Hccnenosanne yCcTOHYHBOCTH He MNpEACTaBAseT OOCBLIYHO CePbe3HBbIX
TPYAHOCTEH B TeX cayyasX, Koria mipdepeHuManbubie ypaBHEHUs BO3-
MyLIEHHOTO IBHXKEHWS yIaeTCs NMPOMHTErPUPOBATL B 3aMKHYTOH Qopme.
Ho Takoro pona cay4yad -BJAAIOTCA WCKJAIOUHTENbHBIMA Y HA NPAKTHKE
noutd He BcTpevalotcd. Ilostomy ycmams uccaenosarese#t Oblan Hampa-
BjeHb K TOMy, uTOGH pas3paGoTaTh METOIB pelUeHHs 3afauy yCTOHuH-
BOCTHM, He Npuberas K HHTErpPHPOBAHMIO ypaBHeHu#t ABuxennd. Ilpu sTom
nipeflleCTBEHHUKH JIANyHOBAa M0b30BAAMCh OOHIYHO METOAOM JIHHEapH-
3allii. DTOT METOL 3aKJ/IOYaeTCsl B CJEAYIOLIeM.

Pa3noXuM MpaBble 4YacTH YPaBHEHHMH BO3MYILEHHOrO ABMXeHUA (3.2)
B pagbl 0O creneHaM X, Jas GO/bIUMHCTBA MEXaHHYECKUX 3alay TaKoe

pasnoxenue Bo3MoxHo. Tak xak X (¢ 0, ..., 0)==0, To pasaoxenus
He OYAYT COIep}aTh CBOOOJHEIX YJEHOB, M MBl MOXEM NHCaTb
dx

T{‘—:pslxl—i- —%—ps”x"—|-X*s(t, Xpoeee Xp) 5.1)
(s=1, 2,..., n),

rae X:—COBOKyHHOCTb 4/IeHOB BhLIllIE NEePBOro Mopsika B GyHKuMAX X .
W BOT, MOCKO/bKY B 3anadye yCTOHYMBOCTH NPUXOIZMTCH PACCMATPUBATH
peutenua ypasHexu#l (5.1) MpW MagblX Haua/JbHBIX 3HAUEHHAX BENHUYHH X,
eCTeCTBEHHO OXMWIaTbh, YTO XapaKTeD STHX pelieHutt ompene/seTcs COBO-
KYNHOCTbIO YJEHOB HAWHMBLIEro uamepeHus B ypaBHeHusx (5.1). Ipyrumu
C/IOBAaMHM, ECTECTBEHHO OXWJIATb, HTO LJIi pelleHus 3ajaud yCTOHYMBOCTH
JOCTATOYHO PACCMOTPETh CHCTEMY JMHMHEHHBIX ypaBHeHHH

d
SR =pakit e F Dk, =12 ... 1) (5.2

— TaK HasbIBAEMYIO CHCTEMy YpaBHeHH# NMepBOro npuO/HKeHHs.

Tax pewanu 3sanauyy ycroftunBocty Tomcon m Tarl), Payc?) u
H. E. Xykoscku#t9). Ilpn 3ToM 3anaya 3HauuTeJbHO YHPOWIAJACh, 3 A
Clyuas yCTaHOBMBIIMXCHA IBMXEHHIt paspeliajach 3JeMEHTAPHO, TaK Kak
Npu p,; MOCTOSIHHHIX ypaBHeHHs (5.2) MHTErpHPYIOTCA B 3AMKHYTOM BHIe.

Ho Takoro pona peureHue 3anadyu ABJASETCA HECTPOTHM M, B006U.Le
roBOpfA, HENpaBU/bHLIM. 3aMeHa HesMHeHHBIX ypaBueHu (5.1) muHeHHBIMU
ypasuenusamu (5.2) apasercs, N0 CyILeCTBY, 3aMEHOH OXHOH 3a1aun APYTOH,
C KOTOpOPl neppasg MOXET HE HMeTb HHYEro obwero, Moxer CIYyUYUTHCA,
YTO HEBO3MYIUEHHOE [ABHXEHHE IIpH HCCACAOBAHMM UL NnepBoro mnpu-
OMIKEHHSA OKAaXEeTCA YCTOMUMBLIM, XOTS OHO B CaMOM Je/e HeyCTOHuHMBO,
u HaoGOpOT.

'y Thomson and Tait, Treatise on Natural Philosophy, 1. I, 1879.

2) Routh, A Treatise on the Stability of a given State ‘of motion.

%) Xykoscxuit H. E, O npounocru npuxenns. Yuen sam. Mock. yH-Ta,
orzen Qus.-matem., Bhin. 4, 1882. Cm. taxxe: XKykosckuit H E., Cobpanue
couunenudl, 1. I, 'ocrexusgar, 1948.
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[MosicunM 310 npumepamu. HonycrtuM, uto muddepeHunalbHbie ypas-
HEHUS! BO3MYIIEHHOIO IBIKEHUs MMEIOT BHI

dx . 3 ay __ 3
= v+ ax3, 77 = x -+ ay° (5.3)

rie a — nocTosiHHas. PaccMOTpuUM mpoN3BOAbHOE pelllenHe X = X (£),
y==y(f) STHX ypaBHeHHWH M COCTABMM MPOH3BOIHYI0 OT BHIPAKEHUS
x2 ()4~ y? (). Tak kax ¢ysxkumu x(f) u y(f) yAOBIETBOPSAIOT ypaBHe-
uuam (5.3), To OGyneM HMeTh:
5L ARO+FYO) =50 [~y O+ a5 O) Fy O 5O+ oy (1)) =
=a {2 ()+ y* (). SR GEY
YcraHoBuB 31O, HONyCTHM cHauaqaa, 4yto a > 0. Torna npouasonnas
or Qyukumh x2(¢f) -+ y2(f) Gymer Bce BpeMs MONOKUTENLHOR, W, CiaenO-
BaTenbHO; 3Ta (yHKuus OyjaeT ¢ Bo3pacTaHHeM f Bo3pactaTb. [Ipu 3TOM
N0 Mepe BO3pacTaHMs 3TOR QYHKUMM ee NPOM3BOJHAA, KAK 3TO BHIHO
u3 (5.4), Oyner taxkxe BospacTaTh. OTCI0Ja HENOCPENCTBEHHO BEHITEKaer,
yTO Kak Obl Majbl Hu ObiaM HauasibHbie sHaueHus x (fy) v (fy), OyHK-
st x2(¢)-+ y?(f) ¢ HeorpaHWueHHBHIM BO3pacTaHueM ¢ GylerT BO3pacTaTh
HEOrpaHUYEHHO, W, CJEN0BATEbHO, HEBOSMYIIEHHOE ABUKEHHE HeyCTOH-
uno. Hanportus, npu a < 0 HeBoamylueHHOe IBMXeHue OyaeT ycTOHYHBO

_ aCUMIITOTHYECKH, TAK KaK TPH 3TOM —57 [x2 ()4 ¥ ()] <0, n dyHxuus

X% (f)— y?(¢), ocraBascb mnoJoxuTeJbHOH, OyleT Bce Bpemst YOBIBATh,
HEOT DAHHYEHHO CTPeMsCbh K HYJIO.

C npyro#t CTOpOHB, OTOpaceBasi B ypaBHeHusix (5.3) u/eHbl TPeTbero
NOpsAKa, Mbl A OOUIEr0 pelueHHs MOJYUYEHHBIX TAKUM 00pasoM ypaB-
HeHu# mepBoro npubJnKeHus

dx dy

_ét_:;_y, W?:x (5.5)

OyneM HMeTb:

X = X,C08t — y,sint, } 5.6)

Yy = Xysint— y,cost,
rie x, M Yy,— HavajbHble 3Hauewust (npu f£=0) Bemuuus X u Y.
V3 (5.6) umeeM, uro
[x]<e ly[<e
eCJH TOJbKO
1
[x]<n |y <. n<ﬁ€.

CreoBatesbHO, B nepBOoM npubiukKeHMH HEBO3MYLIEHHOE ABHXKEHHE
ycroitunBo. OAHAKO YCTOHYMBOCTL, KAk 310 BhiTekaer u3 (5.6), e Oyper
acuMnTOTHYeCKOH. B nmeRcTBUTENBHOCTH Ke, KaK Mbl BHJIEJHM, HEBO3MY-
IeHHOe JBMMeEHNe Ju00 AacHMNTOTHYECKH YCTOHYMBO, eclM @ OTpHua-
Te/IbHO, JAHO0 HeycTOHuMBO, ecqu @ nojoxuTedbHO. Taxum obpasom,
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p PacCMaTpUBAEMOM ciyuae XapaKTep HEeBO3MYLUEHHOTO NBHKEHHS Ompe-
jeaseTcsl YMeHaMH BBICIIHX MOPSAKOB B JudeperlnanbHbX YpaBHEHUAX
BO3MYILEHHOTO ABIKEHHS.

B kauecTBe BTOpPOr'O NpuUMepa paccMOTPUM KoJeOaHHA MaTeMaTHue-
CKOro MasTHMKA. 32 HEBO3MYILUEHHOE NBMMKEHHE NpHMeM KojebaHue, ompe-

genseMoe HayaabHbiMK  ycaoBuamu ¢ (0) =a, ¢(0)=0, rze ¢ — yroa

otkjonenusi MastHuka. JuddepenunaspHoe ypaBHeHHE BO3MYLIEHHOTO

JBHXEHHA, Kak 3TO Mel Buiesun B § 3, umeer Bua (3.7). OrGpackBas

yjeHbl BHICIUMX TIOPSIKOB, NOJYYMM YpaBHeHHe HepPBOro HPHOAMKEHHS:
d*x g

—E = xcosf(f). (6.7

paCCMOTpHM BO3MYLIEHHOE ABHXKEHHE, ONpeneadeMoe HadaJbHbIMU

ycaosuamu x (0) =0, ,'v(O):ﬁ. [Tepnon BO3MYILEHHBIX KOJIEeOAHUH OTIM-
yaeTcs OT MepHOLad HEeBO3MYILIeHHBIX KoJjeOaHu#, ¥ MNO3ITOMY, KaK Mbl
9TO BuAead B § 3, HacTaHeT TaKOH MOMEHT BPeMeHH, KOI'la Pa3HOCTb
3HayeHUi ¢ B 0OOMX KOJAeOaHMAX NMPEB3OHIET HEKOTOPYI0 He 3aBHCALLYIO
oT B BeamuMHy, Kak Obl Mana f Hu Onina. IlokaxeMm, ONHAKO, 4YTO eciu
5Ty Pas3HOCTh 3HAueHHH @, T. €. BEJIWUMHY X, ONpejelaTb M3 ypaBHEHUs
nepsoro npubammenus (5.7), TO OHAa NpH AOCTATOYHO MaJjoit B Oyaer
OCTaBaTbCA MeHblie /000N Hamnepex 3alaHHOH BeJUUMHBL. )

B camom nene, noncrasaas gpyHkuuio f (f) B ypaBHenue (3.6), koro-
poMy oHa yJioBJaerBOpseT, M AHGQEPEeHIUpPYs TOAYYEHHOE TOXKIECTBO
no £, OyneM HMeTb:

az (df)

are \dt |

af

CuaenoBaTenbHo, QyHKUMS X == —7 YIOBJETBOPALT yPABHEHHIO 6.7.

Tak kak npu 3TOM OGyuxkuua f(£) yLOBJETBOpPsieT HAYaAbHLIM yCAOBUSAM
af af

f(0)=aqa, (Tit_)o:()’ TO QYyHKLMA v Oyzer yIOBAETBOPATb Hayalb-

d ( d? .
HBIM YCJIOBHSIM Aar =0, df) = — £ sina. CrexoBaTebHO, HCKO-
dat /, art J, 1
MOe uacTHOE pellieHue ypaBHeHus (5.7) HMeeT BHUI
PO A0
gsina df

af
Orciona, yuuTHIBasi, yToO —7 — GyHKuua orpannuennas, yGexiaemcd,

YTO BeJMYMHA X OyleT OCTaBAaThCA MeHblle JI0GOro Hamepesn 3afaHHOTO
ydc/aa €, ecad BeanuuHa P pocrarouno Maja. Takmm o6pasom, W B pac-
CMAaTPYBAEMOM MNpuMepe NMepBoe IPHO/IMKEHHe AaeT HelpPaBWU/IbHOE OINuca-
HHe XapaKTepa JBHXEHHS.

MoxHO, 04HaKO, MPUBECTH W TaKHe NpPHMEPHI, KOra NepBoe Npub/m-
MeHHe NeACTBUTE/bHO pelaeT 3aiauy ycrofumoctn. OTCIONA BO3HHMKAET
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OCHOBHAA 3aaya: YCTAHOBUTb HEOOXOAMMBIE M JOCTATOUHDBIE YCJAOBHA
yCTOHUMBOCTY TIO TepBOMY Tpub/amienuio. ATy 3axayy nocrasua JlanyHos,
KOTOPHI#l faJ MOJHOE ee pelleHue A YCTAHOBHBUINXCA M NEPHOAMYECKHX
pemrennfl. JIANyHOB Ha/l TAaKKe pellleHue 3aMdyd M LIS WHPOKOTO Kaacca
HEyCTAHOBMBLIMXCA IBHXeHMHA. DBHIACHUB ycroBus, NPH KOTOPHIX 3aaaua
pewaetca B NMepBOM npubmbkexun, JIAMyHOB paccMOTpea Takike HEKOTO-
phle OCHOBHEIE C/yuaH, KOrja NMPH HCCIeL0BAHUM YCTOHYUBOCTH Helb3s
OrPaHMYUTbLCA PACCMOTpeHHeM HepBOro npubamkenus. Bce sty kanurans-
Hble .Pe3y/IbTaThl H3/1araloTcs HHXKeE.

Jlna pewenns moctaBaeHHBIX 3243y Jlanyuos paspaGoran cneunann-
uple npueMsl. Bce stn npremst w BooOule Bce cnocoObl pelieHus 3aiaun
ycroftunsocty Jlamynos pasaeaser na aBe kareropud. K nepso#t kare-
rOpHM OH OTHOCHT T€ CnoCo0bl, KOTOpHIE MPUBOAATCH K HENOCPelCTBEH-
HOMY DACCMOTPEHHIO BO3MYIIEHHOIO ABHKEHHMS, T. €. K ONpelpeseHHIo
O0LUIEro WJM 4YaCTHOTO peuleHuss COOTBETCTBYIOWINX NupdepeHurasbHbX
ypasHenufl. JTu pewenus APUXOAUTCH OOLIYHO MCKATbL NMON BHAOM HEKO-
TOPHIX panoB. COBOKYNHOCTb BCeX CnocoGOB nepBoit KaTeropun JIanyHos
HasblBAET NePBbiM Memodom ).

MoxHo, 01HaKO, yKasaTh M APyrHe CNOCOGH! PelleHHs 3a1auu yCToH-
YUBOCTH, KOTOPEIE HE TPEGYIOT HaXOMAGHHMS YACTHBIX MJAX OGIHX pelle--
Hu#t ypaBHeHHH BO3MYLUIEHHOTO ABMNKEHHS, & NMPUBOAATCH K OTBLICKAHHIO
HEKOTOPHX ¢yHKUMH OT £, X, ..., X, 06JaJal0UKX CcHEeUNa/bHEEIMU
cBoiicTpamM. IIpUMepoM MOXET CJAy#HuTb M3BeCTHad Teopema Jlarpanxa
06 yCTOMYMBOCTH paBHOBECHA, Korja cuiaoBas dyukuus obpauaercs
B MakCUMyM. 31eCb yCTORUMBOCTL ofecneyuBaercs CyulecTBOBaHHEM CHJIO-
poft ¢yuxumu, objanawouielt cneuyanenbiMu cBoficTBamu. COBOKYNHOCTH
BCeX cnocofoB BTOPOH KaTeropuu JianyHos Ha3biBACT 8710 pbt i Mem o000 M.

B ocnosy cBoero Broporo meroaa JIsnyHOB KJafeT HECKOJbKO OCHOB-
HbIX YCTAHOBJEHHBIX MM TeOpeM. ITH TeopeMbl O0Ka3aMuchb HACTOJbKO
3 eKTHBHEIMH, YTO NPU MOMOWHK HX YARJOCH HUCKMIOYHTENbHO NPOCTO
paspeluTs 3afauy 06 ycTOHUMBOCTH 1O mepBOMY npubimxennio. Buecre
C TeM OHM NU3BOJMAM JISNIYHOBY paccMOTPeTb W HEKOTOpble OCHOBHBIE
cilydau, Koraa nepsoe npubirieHHe 3ajayd He peldeT M, CJenOBa-
TeJIbHO, KOTJA 9TA 33a1daya [1e]aeTca OCOGEHHO CHIOXHOH.

Bropo#t meron Jlanmyxosa spasercd u B HacTosiliee BPeMfi OCHOBHBIM
METONOM PpelUeHus 3afayyu. ycrofunsocty 2).

Manoxmennio OCHOBHBIX TeopeM BTOpPoOro Merofa JlsnyHosa W ero mpu-
JOXeHUH# mnocBswena caeayioulas riasa. [lpy 9TOM 1ag NMPOCTOTH MBI
OFpaHMYHBAEMCAl CHAYaJa JIMIIb YCTAHOBUBLIMMMCA ABHKenusimMu. OOum#t
cayyafi HeyCTAHOBMBLUMXCS ABMWeHMH paccMmarpuBaercs B raasax V u VI

1y Cm. mpuMeuakne B KoHUE KHuru (cTp. S517).
2) CM. npuMeyaHue B KOHHE KHuru (cTp. 518).
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BTOPO METOJ, JISINYHOBA JJIs1 YCTAHOBHUBIINXCH
JBVXKEHU.

§ 6. OcHoBHbIE OmpeneJeHHs.

Mbl nepexoiuM Tenepb K H3JIOXEHUIO OCHOBHBIX MNOJIOXKEHMH BTOPOro
Merona JlanyHOBAa HCCAENOBAHMA YCTOHUMBOCTH NBMXKeHus. B sTo#t riase
Mbl OFpaHMYMBAEMCS, ONHAKO, PacCMOTPEHHMEM TOJbKO YCTaHOBMBUIUXCHA
nprxenn#. Mbi OyjneM, cjefoBaTe/bHO, NPEANOJaraTh, 4YTO Auddepen-
1MaJbHEIE YPABHEHHS BO3MYUIEHHOTO ABHMEHHS HMEIOT BHA

dxg
dt

=X, (X1 v00r Xp) (s=1,2, ..., n), 6.1)

rae X, He 3aBUCAT ABHO OT f.

B cBoem wuccnenosanum Jlanywor npennosara’n, u4ro ¢yskmmn X
NpeCTaBAAIOT cOBO# cTemeHHble pPANEl, PACHOJIOXKEHHBIE MO CTENEHAM
X «+.r X, CXOASUIMECK B 00MACTH

lx,| <H (s=1, 2, ..., n), (6.2)

rae " — nexoropaa nocroauHas, OAHAKO BCe MOJIOXKEHHS BTOPOTO MeTona
JlanynoBa M Bce CBf3aHHBIE C HMMM JOKAa3aTebCTBA IOJHOCTBIO COXpa-
HAIOT cuiay M npu 6oJiee .0OLUX NPEANONOKEeHUX. Mbl 3aMeHHM MOSTOMY
npeanoyoxenue JlsnyHoBa 00 aHaMMUTHYHOCTH GYHKUMPH X 3HAUMTENBHO
Gosiee oOWIMM ycJaOBMEM, 4 HMEHHO, Mbl OyleM TOIbKO MNpEeANoJaraTh,
yro ¢yuxkumn X B obaactu (6.2) HempephiBHBI M NPHTOM TaKWe, 4ToO
ypasnenns (6.1) 119 kaxn0#l CHCTEMBI HAUANBHBIX 3HaueHni X0 Beauuny X,

Jexauux B obaactn (6.2), 10OmMycKalOT eAMHCTBEHHOE pelleHue.

Ham npunmerca paccMaTpuBaTh B JaJjbHeHIIeM HEKOTOPHE (QYHKUHU
V(x;, ..., X,) NEPEMEHHBIX X, ..., X, OIpele/eHHbE B HEKOTOPOH
OKPeCTHOCTH Hayana KoopauHaT. OTHOcHTeNbHO 3THX (yHKUMA MBl 6yxeM
BCerja npeanofaraTb, 4YTO OHH OJHO3HAYHBI, OOPAIIAIOTCA B HY/Ab NpH
Xy=...=x,==0n006/1a0a10T HeNPEPLIBHEIMA YaCTHHIMH HPON3BOIHBIMH.

Onpeneanenune 1. PyuxyuaV (xy, ..., X,) Ha3b6l80eMCA 3HAKO-
onpedenenrol (0npedeseHtO-NORONCUMEAbHOU urU Onpedeserno-
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ompuyamensroil), ecau oHa npu
| x| <A, (6.3)

20e h— GOCMAmMOUHO MaA0e ROADNCUMEAbKOE HUCAO, MONCEm NpU-
HuMQMb 3HAUEHUS MOALKO 00HO20 ORPeOeseHHO20 3HAKA U 06 pa-
Waemca 8 HYyAb MOAbKO Apu X, = ... = x,=0.

Onpenenenne 2. Pyuxyua V(x,, ..., X,) Ha3618aeMCA 3HAKO-
NOCMOAHKOE (NOAONHCUMEALHOL UL OM PUBAMERbHOL), eCAU OHA
8 obaacmu (6.3) moxcem npunumams 3HAYEHUS NOABKO O00HOZO
onpeleseHHo20 3HAKA, HO MOXcem OOGpQUAMbCA 8 HYAL 4 npu
x4 .. x££ 0. .

Onpenenenne 3. PyurguaV(x,, ..., x,) HA3bI8aENCA 3HAKO-
nepemennol, ecau OHA He SBAREMCS HU 3HAKOONPeOeseHHOIl,
HU 3HAKOROCMOSAHHOL u, CAe008QMEABHO, KAK Obl MQA0 HU GblAo
yucao h, moocem npurnumams 8 o6aacmu (6.3) Kax noroxcumens-
Hble, MAK U OMpUUAMeLbHble ZHAUEHUS.

TosicuuM 3TH ompeledenns npumepaMu. JLOnycTuM Aaa oOnpeneneH-
HOCTH, 4T0 n ==3. Toria ¢yHKUUU

V=x}+ x§+ x4 V= x%—{— 2x,20,~ 2x3 4 x3

OyAayT OnpeleleHHO-NOJOXHTENLHBIMU, ¥ NIPH 9TOM BeJHYMHA ~ B Hepa-
BeHcTBaX (6.3) Moxer OHITb B3sTa CKOJb YroAHO Ooabimiofl. PyHkuusA

= x2 2 2 3
V== X+ x5+ x;— x3,

KaK Mbl YBMIMM HIKe, OyIeT Takxe OnpelesieHHO-TOJOKHTEJbHOR, HO
Tenepb yXe BeJIMuMHA £ J0/KHA ObITh B3ATA JOCTATOYHO Majoft. PyHkuuu

V=ux34 xg—{— 2x,0, 4 %2, V=1x2-4 xg

6yayt o0e 3HAKONMOCTOSHHEIMH .(MOJOXHTEbHBIMHA). [HelcTBuTeIbHO, 06e
OHY MOTYTb NPHHHMATb KPOME NOJOXHTENbHBIX ellle W Hy/eBhle 3Haye-
HUSl TIPH 3HAYEHUAX X;, Xy, X3, HE PABHEIX HYJIO ONHOBPEMEHHO (BTO-
pas—mpu X, ==X,==0 u X3 npousBoJbHOM). PyHKLHH

— — g2 2 __ o4
V=ux, V=uxj+ x5 —x;

GyayT, OUYeBHIHO, 3HAKOTEDPEMEHHBIMH ).

§ 7. lNpu3naku 3HAKOONpeeNeHHOCTH
M 3HAKOMEepeMEHHOCTH (YHKIHiA.

Kak Mbl yBUAMM HiDKe, IS NPAKTHYECKOTO TPUMEHEHHS BTOPOro
Merona JlanyHoBa HeoOXOAMMO 3HATH KPUTEPUM B3HAKOOMNPEIEJACHHOCTH H
u sHakonepeMeHHOCTH dyHkuui. K coxanennio, o6UIMX KPUTEPHEB TAKOTO
pola He CyLIeCTByeT, M 3ajaua B o0lieM cayuyae BecbMa caoxHa. OLHako

1) CM. npuMeuaHue B KOHUE KHuIM (CTp. 518).
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B YACTHHIX CAyYafX, C KOTODHIMH HaM NPHIETCS UMETb [LeJ0 B Ja/ibHeH-
jieM, 3Ta 3a/aua JIerKO paspellaeTcs NPU MOMOWM HEKOTOPHX NPOCTHIX
KpHTEPHEB, KOTOPhE MBI 31eCh NPHBOIUM.

HonycrtuM cHauaaa, uro V (xy, ..., X,) NPeACTABJIAET OAHOPOAHYIO
dopmy m-ro mnopsika. Tak Kak NP MPOUBBOIBHOM A BHIIONHACTCS

TOMAECTBO
V(QRxy oo Ax)=~a"V(x, ..., X

TO COBEPILIEHHO OUEBHIHO, 4TO ecau ¢opma V aB/seTcs 3HaKoompene-
7eHHOH, TO B3HAKOOMpEIEeJNeHHOCTb OyAeT HMeTb MEeCTO BO BCeM mpo-
CTPaHCTBE, a He TO/bKO BOIM3M Hayaja Koopaunar. To ke camoe Oymer
cnpaBelJMBO M OTHOCHTEJhHO 3HAKONMEPEMEHHOCTH. [Ipu 3TOM OueBMIHO,
yTO BHAKOOMPEIEJEHHOCTb MOXKET HUMeTh MEeCTO TOJbKO MPU 7 YETHOM.
CnenoBaTe/bHO, HMeeT MeCTO Cjeayiolliee NpelnoXeHHue.

Jlemma 1. JIwbas gopma Hewemunozo nopaoxa ecmov BYHKUUA
3HAKONE PeMEHHAS.

Ecau m ecTb uuca0 dYeTHoe, TO dopMa V Moxer ObITh KaK 3HAKO-
oripeleNieHHOM, TAK W 3HaKonepeMeHHOH. Bompoc o ToM, Kako# M3 aTHX
clyyaeB AeHCTBHTENbHO MMEET MECTO, SIBJISETCS OUeHb CJOMXHBIM I8 (GopM
nopsilika BHILE BTOPOTO, €CJIM YWCAO HE3aBHCHMBIX NepeMeHHHX O60Jblie
aByx. Has ¢opm ke BTOpPOro mopsaxa (npu .J060M YHC/Ie HE3aBUCUMBIX
nepeMeHHbX) 3Ta 3ajlaua PaspellaeTcs 4Ype3BbIYAHHO NPOCTO CJeAYIOLUM
06pasoM.

[ycrb

V=3 CopXaXp 7.1
a, B=1

— kBajpaTtuunas ¢opma. Toraa, xak M3BECTHO, CyLIECTByeT GecyHCcaeH-
HOe MHOXECTBO JMHEHHLIX MOACTAHOBOK

yo=au4%,+ ... +a,x, (s=1,2 ..., n) (7.2)

C OTIMYHBIM OT HYJSl ONpejiejuTeneM, KOTOpbe mpeobpaayiorT ¢opmy V
K BHAY

V=hyi+dyi+ ... 422 (7.3)

Ecau Bce Ko3pduiMenTs %, OTIMYHBI OT HyJs U OAWHAKOBOTO 3HAKa,
To Qopma V' Gyner snakoonpenenensolt. JleHcTBHTEbHO, B 9TOM Cayuae
$opma V' moxer o6patuThbcst B Hy/db TOALKO MPH Y, == ... =y,=0,
YTO BO3MOXHO TOJBKO NpH X, = ... == x, =0, TaKk Kax onpejieanute’n
noacraHoBku (7.2) oramyen or nyas. Ecau yacts xo3dguuuenTos Ag
PaBHa HymMO, a OCTA/bHBIE MMEIOT ONMHAKOBLIE 3HAKM, TO dopma V Gyrer,
OueBHIHO, 3HAKOMOCTOSIHHOM. Ecam xe cpean kosdduuueHToB A, UMeOTCA
KaK nosoxure/bHble, TaK M OTpUHaTeibHBle, TO GopMa V Gynxer 3uako-
nepemeHHOMH.

Hncno oramunbix OT Hyas KOS(GOUUMEHTOB A, a TAKKE UMCIO MepeMeH
SHAKOB B psLy 9TMX BEJHYMH He 3aBHCHT OT BbiGopa moacTanosku (7.2).
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Camo npupenenne ¢opMsl K BuAy (7.3) NnpOKM3BOLHTCH cosepme'rmo sje-
MEHTapHBHIMM TIDHEeMaMM, Ha KOTOPHIX MH 31eCh HE OCTAHAB/IUBACMCH.

3HAKOONpeJeNeHHOCT HJH 3HAKOHePEMeHHOCTb KBAIPAaTHYHOH (OpMBI
MOXHO T4KXe YCTAHOBUTb W He NMpuberas K BHILEYKa3aHHOMY JHHERHOMY
npeoOpasoBanuio. Mmeer mecro cienyiomas teopema CuinBectpa, KOTO-
pyl0o MHl 37ecbh npHBOAUM 0€3 NOKa3aTeJbCTBA.

Teopema CunvBectpa. JAan mozo umobs Ksadpamuinas
gopma (7.1) 6oaa onpedcaeHHO-ROA0NHCUMEAbROL, HEOOX00UMO U
00Ccmamo4Ho, 4moGo. 6Ce 2AQBHbIE MUHODb. ee OUCKPUMUHARMA,
m. e. geAUMUHY

Ci1n Cion v vy Cyp
c Cir Cpo c c c
11 soeeer | €1z Cogs eaey Oy |
Cigp  Cp
Cln' 02,1; PPN C,m
Oblall NOAOJCUMENbHBL.

Jonycrum cHoBa, uyto V (x;, ..., X,) ecTb ($OpMa NPOU3BOJBLHOTO
m-ro nopsagka. Paccmorpum npouspoabnyio dyuxumio W(x; ..., x,),
ofpaiuaiolyocs B HyJb NPH X = ... = X,==0 u y10BIeTBOPAIOLLYIO
B obmacth (6.3) HepaBeHCTBY

m
[W(xy, oons x| <A{]x 14+ oo 12,017 (7.9

rie A — HekoTOpas mocrosiHHas. ViMeerT MecTO caelyiouiee BaxKHOe npen-
JIOXEHUe.

Jemma 2. EcauV — 3naroonpedesennan ghopma m-20 nopaoxa,
mo PyHryus

UCep vony )=V (2 .., X)+W(xp .ons X)) (7.5)
Gydem makce 3HAKOONDPEOCACHHOL MO0 JiCe 3HAKA npu A060M
soi6ope pyuryuu W (x,, ..., x,), yoosremsopawowueii 8 o6aacmu (6.3)

Hepasencmgy (7.4), 20e A — docmamonino maroe ROLONHCUMENbHOE

YUCA0, 3ABUCAULEE UCKAOHUMEALHO om Kosgppuyuenmos gopmo V.

Ecau V ecms gopma 3HAKONEPEMEHHAs, MO npu mex e yCio-

susx gyuryus U 6ydem maroce 3nHaxonepemennon.
IHokasateabcTBO. Ilojaras

X, =opa, p=]/x%+ cee X2,

R e (7.6)

rae

OyzeM HMeTh:
U(xy vons x=0"V(0y, ..., 0)+ W(oa, ..., pa,).

JonycTtum cHauana, uro V ectb ¢opma sHakoonpenenelHas, Hanpu-
Mep onpeje/eHHO-TI0N0KNTeabHad, CyYnTan O HACTOJILKO MajbiM, YTO BeJH-
yuHBl X, Jexar B obaactu (6.3), Mmoxem Ha ocxoBauuu (7.4) u (7.6)
MHCaTh:

[ W oy, « ooy po) | <A™ {{ogl 4 «oo 4 [ [}" <A™ (7.7)

S
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Tlyctb [ — HUXHAS rpanaua seauuunel V(ay, ..., @,), TaK 4ro
V,.... ap)>1L (7.8)

Yucno [ 6yier 0643aTeJbHO MNOMOMMTENbHBIM, TaK KaK ONpeleeHHO-
noioxutenbnaa ¢opma V (ay, ..., @) MOXeT npunumarh Ha cdepe (7.6)
TOJbKO monoxutebHbie 3Havenud. M3 (7.7) u (7.8) Buitekaer, uto ecau

yuca0 A MeHble BeMUYUHB — -, 3aBUCALICH UCKIIOUNTIbHO OT Gopmut V,
' n

to BO BCex Toukax obsactu (6.3), kpoMe Hauana xoopauHar, dpynkuus U
OyAeT NPUHUMATb TOJNbKO MOJOKHTENbHble BHAUEHHS, YTO M 1OKa3biBaer
nepByo 4acTh JIeMMBI.

Jonyctum Tenepb, uto V — ¢dopma 3HaxkonepemenHas. Torza Ha
cpepe (7.6) oHa MOKeT APUHUMATb KaK MOJNONKHUTENbHBIE, TaK H OTPH-

natenbhbie  snavedus. [Jomycrum, uwro V(a. ..., ‘1;;) =a > 0,
” r a b

a V(a”, a”)=—b < 0. Torza, cunrad, 4r0 A < — u A < —-,
n n

Oynem uMeTb, uTO Tpu o =0a ¢yskuns U Oyner noOJOKUTEALHOHR,
a npu asza;' dyukuus U OGynmetr orpuuartensuolt, u aro 6yaeT crpa-
BeMIHBO, KaK Obl Mano Hu Oblao p. CienoBartenbuo, ¢ynkumus U apasercs
3HaKOTIEpeMEeHHON.

TakuM 06pazoM, JeMMa NOJHOCTBIO NOKa3aHa.

Jlemma 3. 3uaroonpedeasenHHocms uaiy 3HAKONE PeMEHHOCHb
PopMbL COXPAHAEMCA, ecan K Held 000agume £:106Yi0 hOpMY MO20 JHce
nopaoka ¢ O0CMAMOYHO MAALLMU KOIPHUUUEH M A MU,

CripaBeMBOCTb 3TOM JeMMBI HENOCPENCTBEHHO BHLITEKAET M3 TOrO
00CTOATENbCTBA, YTO BCAKAA GopMa m-ro MOpsaka HeoOXOOUMO YIOBJe-
TBOpsieT HepaBeHCTBY (7.4), npudeM kospduiment A Gyner CKOAb YrOAHO
Mant, ecau KOdPQUUHEHTH (HOPMBI LOCTATOUHO Masbl.

IMycte Temepy V (x, ..., x,) o0o3nauaer npousBoiLHYI (YHKUHIO,
pasjiaraioinyiocs B psaA MO CTENeHIM X, ..., X, B HeKOTOPOH OKpecT-
HOCTH Hayala KOOPAMHAT. JlONMYCTHM, UTO 3TO PA3/IOKEHHE HAUMHAETCH

QJeHaAMU = HEKOTODOro MNpPOU3BOJNLHOrO MNMOPSAAKA M, TAK 4YTO Mbl MOXeM
NACATDL:

Ve, oo x)=V, (%, ..., x)+V*(x, ..., x). (7.9
rae V, — dopma m-ro mnopaaka, a V*(x,, ..., X,)— COBOKYIHOCTb
uaeHoB Gosee BHICOKMX NOPAKOB. OueBHAHO, 4TO yHKUKMIO V* (X, ..., X,)

MOXHO pAacCMaTpuBaThb, U NPUTOM OeCUMCJAEHHBIM MHOXECTBOM CIOCOGOB,
Kak ¢opMy m-ro nopanka, Ko3(UUUEHTH KOTOPOH HBAAOTCA BYHK-
WMAMH OT Xy, ..., X,, 0OPAWAOWNMUCS B HYJb NIPH X; = ... == x, = 0.
Crenosarenpro, ecau Benuuuna h, ompegensiomas obaactb (6.3), mocra-
TOYHO MaJja, TO yKasaHuble k0dpduLHeHTH OYAYT CKOJb YTOMHO MAJLIMH,

nOSTOMy Ha OCHOBaHMH INpeablAyllero CnpaseaHBa Takxke cCiaeAymwouias
AeMMa.
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Jemva 4. Ecau V, ecmv opma 3naxkoonpedeseHras, Ho u
pyuryus (7.9) 6ydem 3narxoonpedesennoii, u ecan V,, ecmv gopsa
3Haronepemernasn, mo u @yuxyus (7.9) 6ydem 3narxonepemennol.

Takum o6pa3oM, 3HAKOONpeeJeHHOCTb W 3HAKONEePEMEHHOCTh aHajaH-
THYeCKUX OYHKUMR OnpenesioTCs COBOKYMHOCTHIO YJIEHOB HAMHM3LIEro
MOpsiaKa B Pa3TOKEHHAX 3THX (yHKUui, 3a HCKIIOUEHHEM TOro cayuas,
KOoraa 3Ta COBOKYIHOCTb Y/JEHOB HAWHK3LIEro MNopaiakKa npescTaBagaeT
3HAKOMOCTONHKYIO Qopmy. Tak uro, HanpuMep, QyHKUUS ABYX Hepe-

MeHHBIX
V(x, y)=x"+4 4 xy’+y°
OyleT 3HaKooOnpeledeHHo#, a yHkuua
Ve, y)=x?— 24 xy? - y°

— 3HaKonepeMeHHOH.,

Ecau cOBOKYNHOCTb u/IeHOB HAWHMWBIIErO NOPAAKA B pas/jOKeHHH aHa-
JAUTHUECKON (QYHKUUM npelcTaBiaseT coO0H ¢GOpPMYy 3HAKONOCTOSHHYIO, TO
BOTIPOC O 3HAKOOINpeNeNeHHOCTH WJIH 3HAKONEPEMEHHOCTH 3TOH (YyHKUUM
pelliaeTcs, OYeBUAHO, uyjeHamu OOnee BLICOKHX MOpPsiAKOB. PaccmoTpum
B KauecTBe TNpuMepa CieAylollMe ueThipe (YHKUUM MEepPeMEHHBIX X H y:

V= x?,

V= x2—2xy?

Vi a2 = 2597 4 pi - xt = (x — yB)2+ x4,
Vie= 22 — 2xy? 4yt - xf - xyP

[Teppast u3 3THX QyHKUMH npencrasiser cO60H MOCTOSAHHO-TIOTOKHU-
TeJbHYI0 KBajpaTuunylo ¢opMmy. Jlo0apasa K Helt ujeH TpeTbero
nopaaka — 2xy?%, NOMy4YuM BTOPYI0 (QYHKUUIO, KOTODAs, OYeBUIHO, 3HAKO-
nepemenna. Jlo6apadg Kk noayueHHOH (yHKUMH Y/leHB YeTBEPTOro NOPsiKa
y*+ x*, noayuum TpeTblo QYyHKUMIO, KOTOpas yxe OyneT snakoonpene-
nenno#i. Hakosew, 106aBJsis ujeH LIECTOTO NMOPSAKA xy5, MBI NOAyduM
yeTBepTYI0 (YHKLMIO, KOTOpas yxe CHOBa sBJAsieTCH 3HAKONEPEMEHHOM.
JleHcTBUTEAbHO, TOCAelHss ¢GYHKLUMA Ha napaGode x = y? NpPHUHUMAET
aHauenne y’ -+ y8, KoTOpOE mMpH HOCTATOYHO MaioM y Gyrer JuGO MOJO-
KUTeNbHEIM, JAU60 OTpULATENbHBIM, B 3dBHCHMOCTH OT 3HAKa Y.

TMocaeaHu#t npuMep mOKasbiBaeT, yTo AoGaBJeHHeM uJaeHOB Oosee
BHICOKMX TOPAIKOB MOXHO HapyLIUTh 3HAKOOMPEeAeJeHHOCTh MM 3HAKO-
nepeMeHHOCTs (YHKUUM, ecn TNochennss He siBasercs (opmo#i oT Bcex
nepeMeHHbIX.

B 3akalouyeHue OTMETHM, 4TO JeMMa 4 CCTaeTCsi, OUEBMAHO, B CHe,
ec/Ad MNpeLnojoxeHue, uTo ¢ynkuua V* gpiadercs anaautnyeckoft ¢ pas-
JOXeHVeM, HAauMHAIOWIAMCSA YJeHaMH He HiXe m—— 1-ro nopsaka, 3aMe-
auTh Gosee OOWMM NpeinoJokeHHem, 4yTo V™ obpainaetcs B HyJ b Ipu
€y==...=X,=0 u uMeeT mpu 3TOM MOPALOK ManOCTH GOJiee BLICO-
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xuft, ueM m, T. e. yto V* ynoBAeTBOpSET B HEKOTOPOH OKPECTHOCTH
HayaJa KOOpIHHAT HEPABEHCTBY

(V* (o ooer )< A{l2y] 4+ o0 12,1770

rIe O — MOJOMKUTENbHOE UYHCIO, KOTOpOe, BooOille roBopsi, MOXer OHTb
CKOJib YrOAHO ManbiM. AHaIUTHYHOCTb yHKIMK V* npu 9TOM He Tpebyerca.

§ 8. TeomMeTpHuecKas MHTEpUpETANHKA 3HAKOONpENENEHHHIX dYHKUU,

PaccMOTpuM a5 MPOCTOTH 3HAKOOMPENEIeHHYI0 (MYHKIHMIO TPeX mepe-
MeHHHX V (x,, X, X3). Bce HamM pacCymieHus OCTaHYTCs, OJHAKO,
CNpaBeiJUBLIMH M TpH n > 3. JlonycTuMm TaKiKe AJAs OMPeNeNeHHOCTH,
uro V — ¢ynkuus nosoxurenshas. PacCMOTPUM NOBEPXHOCTb

V(% %y X9 =c, 8.1)

rae ¢ — nojoxurenasbHoe uuciao. [lpu ¢==0 B cuay sHakoonpeneseH-
Hoctn V OyzeM uMerbh X; = X, = X3 == 0, H, C/1e10BaTEAbHO, OBEPXHOCTD
V =0 Buipoxaaercs B TOUKYy, B Hayajno KoopauHat. [lokaxem, 4o
np¥ ¢ IOCTaTOYHO MA/JIOM MOBEPX-
HocTb (8.1) Oyaer saMkHyTOH H
6ynet coiepkatb BHYTpH celd Ha-
4aM0 KOOPIMHAT.

C 91Ot UebI0 TNOKaXeM, 4TO
BCSIKas HelmpephiBHAS KpuBad, HAy-
masi M3 HayaJa KOOPAMHAT K Ka-
KOR-HHOYIb TOuKe rpaHuubl 067a-
ctu (6.3), HempeMeHHO Mepecekaer
nosepxHocts (8.1), ecaum TOJbKO
YHCJO ¢ He TNPEBOCXOAUT HEKOTO- Puc. 2.
poro, 3aBHCALIETO TOJbKO OT A, 10-
CTaTOYHO MAJOro MOJIOXKUTebHOro uucaa [. B camom aese, mycts [ — Tou-
HBIH HIOKHMA npefen ¢yHkumu V Ha rpanuue obaactu (6.3), Tak yTo Ha
aTo# rpanuie Gyaem uMers V' > [. Hucno [ 6yzer, oueBHAHO, OTIMYHEIM OT
HyJs U MOJOXHTEJbHBIM. Ec/aM Mbl Tenepb pacCMOTPUM NPOHM3BOJbHYIO
HEMPEPHIBHYI0 KPUBYIO, BHIXOAALLYI0 H3 Hayaia KOODIMHAT K TpaHulle
obsactu (6.3), W npocieauM 3a usMeHenueM ¢yHkuun V BLOMb 3TOH
KpHBO#, TO MBI MOJYYMM, 4YTO B Haya/le KpuBofi V' obpauiaercs B HyJb,
a B KOHLE KPUBOM — B HEKOTODYIO BEeJHYHHY, He MeHblylo ueM /. Cue-
IOBaTeJbHO, B HekoTopo#t Touxke 35TOH kpuBoft V Heo6X0AMMO NHpHHU-
MaeT 3HAayeHWe ¢, ecad TOJAbKO ¢ < [, yTO MBl M OyleM Npenno.arartb.
IIpyrumMu cJOBaMH, yKasaHHas KPUBad HeOOXOLUMO TNepeceKaeT MoOBepX-
HocTh (8.1). Takum o0pa3om, mpH LOCTATOYHO MAaJBIX 3HAYEHHAX C BCE
noepxHocTH (8.1) O6yAyT 3aMKHYTHIMH H OKPYXAIOT HayaJo KoopauHat l).

) Mosepxuoctd V =c¢ MoryT OHTb AOBOABHO cJAOXHOH ¢(opMH. Omnu He
o6s3aTeabHO roMeoMOpdHH cdepe.
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Ecan Mbl tenepp OyleMm - M3MEHSTb ¢ OT HyJda A0 HEKOTOPOro A0CTa-
TOYHO MAJIOTC 3HAYCHHS, TO NOAYYHUM ceMeACTBO 3aMKHYTLIX, He Nepecexalo-
muxca Mexay coboft (B cuay.ognosnausocT V) noBepxHocTefi, oxpyxamo-
IMX HaYa/io KOOPAMHAT U CTATMBAIOWHXCA B 9Ty TOUKY npH ¢ == 0 (puc. 2).

§ 9. Tlepaa Teopema JlanyHoBa 06 YCTOHUHBOCTH ABHKEHHS.

Mpl TepexonHM Tenepb K U3JI0KEHUI0 OCHOBHBIX TeOpeM BTOPOrO MeTOAa
JlanyHoBa HccaelOBaHHA ycToHuMBOocTH ABMkenua. Ham npuaerca npu
3TOM paccMaTpuBaTh OJHOBPeMeHHO ¢ @yHkumsaMu V (x, ..., X,;) HX
NPOM3BOAHbBIE MO BpPEeMEHH, - COCTABJAEHHBIE B NPEANONOKEHHH, UTO
Xyr «++s X, ABAAIOTCA HEKOTOPHIMH (QYHKUMAMH BPEMEHH, yIOBJETBOPAIO-
wuMu  auddepeHinanbHbiM  ypaBHEHUsSM BO3MYLieHHOro nABuxKenns (6.1).
[Tpy TakoM npeanonO¥eHud Mbi OyleM AJd 3TUX NPOU3BOMAHBIX MO Bpe-
MEHM HMeTh:

n
dav. N\ OV dx,
dt = hed 0x, dt

s=1 s=1

ov
_()_ZXSZW(XI’ ey xn)

v s 6
M. Clenopatenbho, —o— Oyzer Taike dynkumed xy, ..., X, obpawato-

uiefics B HyaAb npun x, = ... =x,=0.

[TepBas Teopema Jlanynosa o0 ycTOMYMBOCTH, KOTOpPAd B jajbHehiueMm
GyIeT HMeHOBAaThbCSl TeopeMoi A, MoxeT ObiTb BhIpaXeHa CJCLYIOLUHM
obpa3som:

Teopema A. Ecau Oxs Oudpe penyuasbrox YpasHenul 803 my-
WeHHO020 OBUICCHUS BO3MONCHO HAmU 3HAKOON PEOENEHHYI0 BYHKYILIO
V(X «ovs X,), nOLHGA NPOU3BOOHAR KOMO PO NO 8PEMERL, COCMAB-
ACHHAS 8 CULY dMUX YPABHEHUl, ecmb PYHKYUS BHAKONOCMOARKAR,
3HAKQ, NPOMUBONOA0NHCHO20 ¢V, usru moxcdecmgenno o6 pawaemcs
8 HYAb, MO HeB8O3MYujeHHoe Oguscenue YCcmoliuso.

JNokasateabcTBO. He napymwas oOWHOCTH paccyXIeHHt, MHI
MOXeM TPeInoJoKuTh, uTo V ecTb (hyHKHMS ONpeae/eHHO-NO0KHTE b=
Hag, TAaK YTO BO BCEX TOYKax o00JacTtu

x| <k < H, ©.1)

33 MCK/IOUEHHEM HauajJa KoOpAuHAT, V npuHuMaer TOJALKO HOJONKUTENb-
Heie 3Hauennd. B Toft ke 064aCTH COrJIACHO YCJOBHIO TEOPEMH Crpa-

BE€AJMBO HEPABEHCTBO
n

dv ov

ar = oxg
s=1

X, <0. 9.2)

[lycTb & — 1ipoK3BO.IbHOE CKOJMb YTOLHO Majoe MOJNOXKHTEIbHOE YHCIIO,
Menbinee 4. Q603HAUMM uepesd X HAMGOJLIIYIO U3 BEAWUHH |X,), ..., |X,],
T. €. MOJOKUM

x=max {|x;|, ..., |X4l}s
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M PACCMOTPHM MHOMXECTBO BCeX 3HAYeHWH BEJHYMH X, ..., X, CBA3aH-
HBIX COOTHOLICHHEM
X =t 9.3)

(T. e. BCe TOYKM, Jexaule Ha IPaHsX n-MepHOro Kyba co cToponoft 2,
pe6pa KOTOPOro napasiebHbl OCAM KOOPAHHAT H LEHTP KOTOPOrO COBMa-
JaeT ¢ HayaJoOM KOOpDIHMHAT).

Mycre [~ Touneft HumxHu# npesen ¢yuxkunn V(xq, ..., x,) 0pu
yecaosuu (9.3), Tak uro

Vi, oo x) 21 npun x=c¢. 9.9

Yucno [ Gyper, OUeBHIHO, TMOJONKHMTEAbHBIM, TaKk kak V Moxer npH-
HUMaTh Ha MuoxectBe (9.1) TOABKO TMOJOXHTEJbHbIE 3HAYEHHs, W TpH
9TOM B CHJy HenpephlBHOCTH V HHXHuMl npelea 3To# YHKIMM Ha MHO-
xectse (9.3) ecTb OJHO M3 3HAYeHUH, KOTOPBHIE OHA HA STOM MHOXECTBe
MPUHUMAET.

PaccMoTpuM Temepb NMPOM3BOJbHOE pemienue X (£) muddepenunanbHeIX
ypaBHeHuii BO3MYLIEHHOTO JABHXEHMS, HAYa/bHbE 3HAUEHHS x‘}:xs(to)

KOTOpOro JexaT B 00.1acTH
|x2|< M. 9.5)

Mui 6y,ILEM Nnpu 3TOM npepnoJaraTb, 4TO YUC/JIO 1} MEHbUIE, 4€EM €, H
YTO OHO HACTOJILKO MaJjo, 4TO

V(x‘l’, x2)<l.

Tako#i BEIGOpP uMCAa 1), OUYEBMAHO, BO3MOXeEH, Tak Kak V — ¢dyHkuus
nenpepwiBHas 1 V (0, ..., 0)=0.

[MoncraBasis pemenne X (f) B ¢yHxkuuio V, Mbl nomyuuMm QyHKuUHIO
OT BpeMeHH, KoTopas B cuay (9.2) 6yrer He Bo3pacTaioule#f, no Kpakne#
Mepe IO TeX Nop, NOKa BeJMuMHEl X (£) OyxyT ocraBathcs B obaactu (9.1).
CrenoBatenbHo, NpH BCeX £, NPH KOTOPHX X, (f) nexar B oBxactu (9.1),
6yneT BBLINOJHATHCS HEPABEHCTBO

V(e @®, ... x, &)<V (£} ... 29 <L (9.6)

OT1cloa HEeMOCPeACTBEHHO C/IeAYeT, YTO IpU Bcex £ > £, OyAyT BHMOJI-
HATHCSl HepaBeHCTBA

[x | <e. 9.7

B camoM aene, Tak kKak 1 < €&, TO HepaseHcTBa (9.7) O6ynyT BBINOJ-
HATbCA B CUJIYy HeNpepuHBHOCTH X, (f), no kpakHe#t Mepe npu 3naye-
Husix f, gocraTouHo Oamskux kK f,. M ecam mostomMy 3TM HepaBeHCTBa
Koraa-HuGyab BoOOlle HapylalOTca, TO IOJIKEH CYLIEeCTBOBAaTb TaKOH
MoMent Bpemenn f==T, npu KOTOPOM XOTs Obl OIHA M3 BEJHYHH X,
BOCTHUTHET YUCJIEHHO 3HaueHus €. JIDYrMMH C/IOBaMM, LOJDKEH CYLIECTBO-
BaTb TaKoft MoMeHT BpeMmenu ¢==T, npu KOTOpOM 6yJeT BHINOJHATHCA



36 BTOPOH METOA /ANYHOBA NJS YCTAHOBHBIIUXCA ABMKEHME [ra. nn

ycnosue (9.3), M, c/ieoBaTenbHO, Ha ocHoBahuu (9.4)
V@), s %,(T) > 1L

910, 01HAKO, HEBO3MOXHO, TaKk Kak B cuay & <h Muoxecrso (9.3)
aexut B obaactu (9.1) M, caenoBareqbHO, NPU X ==& JOJKHO BHIIOJ-
HATbCH HepaBeHcTBO (9.6).

Takum oOpasoM, s BCeX pelleHufi AuddepeHUNaNbHEIX ypaBHeHHH
BO3MYLIEHHOTO [BHKEHHs, LI KOTOPHIX BHUIOJHAIOTCA HepaseHcTsa (9.5),
6yayT npu Bcex ! > f, BHNOMHATHCA HepaBeHncTsa (9.7), uTO M NOKa3H-
BaeT yCTOHUMBOCTH HEBO3MYIUEHHOTO IBHIKEHHMS.

3ameTHM, UYTO W3 TPHBEJEHHOT0 JNOKA3aTe/IbCTBA BLITEKAET TAKXKe U
cnoco6 MOCTPOEHHS 10 YUCJAY € COOTBETCTBYIOWEro uuciaa 1. [lis sroro,
KaK BHMJIHO M3 MNpeIbAylero, HeoOXOIWMO: 1) 3a4aBIIMCh YHCJIOM E,
onpene/uTs YUCAO [ (€),. ABAAIOLIEECS TOYHBIM HHKHMM NpefesoM (yHK-
wm V, npu ycaosun (9.3); 2) no nomyyennomy uucay [(g) omnpene-
auth 1} () TaK, 4ToGH npu BhNOJHeHHH (9.5) BBHIUIOJHAJOCH HEPABEHCTBO
V(x“, e x(,’l)<l.

§ 10. Bropasa teopema JIsnyHoBa 06 YCTOAYMBOCTH JBHYKEHHS.

Paccmorpennas B npenwbinylieM rnaparpade ocHosHas teopema Jlsmy-
HOBAa MOXceT ObITh JIOMOJIHEHA cCijexylollelt TeopemMo#, npuHaiiexauie
taKxe JIanyHoBy.

Teopema b. Ecau 0an Ougpgpe per yuarbHblX YpasrHenud 603my-
WeHHO20 OBUICEHUS BO3MONCHO HAlmu 3HAKOORDEOCREHHYIO BYHK-
yuwo V(xy ..., X,), NOAKQGA NPOU3BOOHAR KOMOpPOHE no spemenu,
COCMABACHHAS 8 CUAY AMUX YPABHeHuld, ecmb BYHKUUL marice
3HAKOONPeOeNeHHAS, 3HAKE, NPOMUBONOLONHCHOZO €V, MmO Heso3MY-
WeHHoe 0sudicenue Ycmodiugo acumnmomuiecku.

HokasateabctBo. He Hapymas oOGWIHOCTH pacCyXneHu#, MBI
MOXEM, TaK JKe KaK M paHblle, NPEINOJOKUTh, 4TO V' ecTb dyHKuHSA

ONpe/leIeHHO-IIONOKHTENbHAS  H, C/ENOBATENbHO, —7 — ONpele/eHHo-
oTpHLATEJbHAdA, TaK 4TO B o6aactd (9.1) BHIMOJHAOTCH YCAOBUA
dv
V>0 — 0,
dt
npHYeM BHAKM PABEHCTBA BO3MOMHBI TOMBKO MpH X, = ... ==X, ==0.

[Tycts & — MpOM3BOJBHOE MOJOXMTEIbHOE uYuc/i0, MeHbliee A. Tak
KdK B pacCMaTpuBAeMOM CJIyyae BBLINOJHAIOTCA YCJAOBMA Npeabllyiueft
TEOpPEMbI, TO HEBO3MYLIEHHOE [ABUXKEHHE BO BCAKOM CJay4ae yCTOHYMBO.
[TosroMy HafiieTcs Takoe MOJOKUTEIbHOE YMCIO M (E), YTO IS BCHKOro
pewenus x,(f) ypasuenn#t (6.1), nnd KOTOPOro B HAYANBHEIR MOMeHT
BpeMeHH {=={; BLINOJHAIOTCA HEPABEHCTBA

|48 =] %, (1) < ao.y
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6yayT npH BCex ! >> f; BHINOJHATLCS HEPaBEHCTBA
lx, O] <e.
TokaxeM, yTO NpU 3TOM OyIeM HMeTh:
lim x, () =0, (10.2)

{=>»00

T. €. YTO HEeBO3MYLIEHHOE JBHXeHHe YCTOHYMBO aCUMITOTHYECKH.

B camoM gefe, TaK KaK paccMaTpHBaeMOe pellleHWe BCE BPEMA JEXUT
B o6aacty (9.1), To nponsBonHas no speMenu dynxunn Vi{x, (#). ..., x,(¢)]
6yzeT TO YCJOBHIO TEOPEMbl OCTAaBATbCHA BCE BPEMd OTPHUATE]bHOH, He
ofpaliascb B HyIb HM OpH Kakux 3Havenusx f. Ilocrennee BLITeKaer
H3 TOTO O6CTOATENbCTBA, YTO PYHKLUMH X () HE MOTYT O6PAaTHTLCH B HYJIb
ORHOBDEMEHHO HM NpPH KakuX B8HA4YeHusx ¢, uHO0 ecaun Obl 3TO HMe]O
MeCTO MpU KakoM-HHOyIb 3HaueHuud f==T, TO, npunaB T 3a HauaAbHBIH
MOMEHT BpeMeHH, Mbl MMeau Obl IBa pas3HbIX pelleHHs ypasHenu#t (6.1)
C HYJeBHIMH HauyaJbHHIMM 3HAUEHUAMH: paccMaTpuBaemoe X, (f) M TpH-
BHAJIbHOE X;== ... == X,. 3T0, OJHAKO, HEBO3MOXHO, TaK KaK ypaBHe-
vug (6.1) TaxkoBH, 4TO JJs HHMX INIPM 3aNaHHBIX HAYaJbHHIX YCIOBHSAX
CyLIeCTBYeT TOJbKO OAHO pelleHHe.

Urak, NpON3BOAHARA OCT4eTCd BCE BpeMS OTPHUATEJbHOH. Caneno-

Tdt
BateqbHO, dyukums V [x,(£), ..., x,(f)] 6yneT MOHOTOHHOH yOniBaoLIeH
¥ MO3TOMY OHa MpH f—> o0 OyaeT HeoOXOAMMO CTPEMHTbCA K HEKOTO-
poMy mnpezxeay ¢, OCTaBascbhb Bce BpeMs 60Jblle 3TOTO Mpelena, TaK 4To
BCe BpeMa OyAeM HMeTb:

Vi (@), .... x,(0] > «a. (10.3)
Hokaxem, uro a=0. C 3roff uembi0 IOMyCTUM MPOTHBHOE: YTO

a = 0 u, caenoBaTe/bHO, B CUIy noaoxureabHoctd V, o > 0. Tak kak V
ecTb (yHKUMsA HenpepniBHasd, To u3 (10.3) BhITeKaer, 4To

x () =max {|x;®)], ..., |x,®]] > a, (10.4)
rle a — HEKOTOpOoe NoJoXUuTeabHOe yucao. Ho tak kak Cfi—t ecTb (PyHK-
uMs onpeleneHHo-oTpunaTenbHas, 1o u3 (10.4) BeiTekaer, yro

av .
o STh

rle b — TaKkKe MNOJOXKHTENLHOE UYHCHO.
CrnenosaresbHo, npu Bcex £ >f¢; OyIeT BHIMTOJHATHCA HepaBeHCTBO

Vie,@®, .... x, 1=V [x; () ... x (to)H'f t <

<V[xl(t°). PR xn(to)] —b(t-to)r
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YTO, OYeBHM/JHO, HEBO3MOXHO, TAK Kak MNpaBas 4aCcTh ITOTO HepaBEHCTBa
NpH 10CTaTOYHO OOJBIUMX f Nenaercs OTpHLATe]bHOH, 4TO NPOTHBOPEUHT

ycioBuo nosoxmurenbHoctd V[x, (¢), ..., x,(f)]. Takum obpasom, MH
NPUXOAUM K 3aKJIUYEHHIO, YTO

HimVix, @), ..., x,(O]1=0,

t>c0

OTKyZIa 'BCAeACTBHE 3HakoompelesieHHocTd V  Boitekaer (10.2), uto u
JOKa3bIBAET TEOpeMY.

[Ipumeuanne. HaszoseM o6racmbio acumnmomuieckol ycmoi-
4usocmu HanGoJbWYI0 00/aCTh HauabHBIX 3HaueHu# X0, NMpH KOTOPHIX

ana pemenu#t ypasHenu#t (6.1) Buinoansiorcs ycaosus (10.2). M3 mpe-
IBIAYUIEr0 JOK43aTeJbCTBA BHITEKaeT, YTO 3Ta 00JaCTb BO BCAKOM CJy-
yae He MeHbme obaactd (10.1), rae n==n(e), npuueMm m(€) cTpoUTCS
0 4YUCAy € TaK, KaK YKasaHO B TPHMEYaHHH B KOHIE NpPeAbiAyIIero
naparpada ).

§ 11, TeomeTpuueckas MHTepHpeTaUHA NPEABAYIUX TEOpeM.

[Tpeapinymine TeopeMbl HMEIOT MPOCTOE TEOMETPHYECKOE HCTOJIKOBAHHUe.,
ITO HCTONKOBaHME He TOJbKO BBISICHAET OCHOBHOE COJEpPMHaHHE TeopeM,
HO B MNOC/AeIHee BpeMs WIHPOKO HCNOAB3YeTCA N DEUleHNs MHOTUX
TeXHHYECKNX 3ajay ?).

PaccmorpuM cHauana nepsylo Tteopemy JlanynoBa. Honyctum, uTo
CyllecTByeT 3HakoompegnenexHas dyukuma V (x,, Xy X3), RI% KOTOpOH

7<0. Mpl npeanonaraeM HpH 3TOM IJs NPOCTOTH, 4T0 n==3. [lo-

CTPOUM CHCTEMY MOBEpXHOCTeR
V(% x9 x3)=c, (11.1)

rie ¢ — NOJOXUTEeNbHbI# MapaMeTp, U3MEHSIOWMHACT OT HYJs A0 HEKOTO-
poro 4OCTaTOYHO Majoro 3HaueHus. Kax mul Buzeiu B § 8, nosepx-
Hoct (11.1) 3aMKHYTHI, OKDYXalOT HayaJo0 KOOPNHMHAT M CTArHBAIOTCS
B Touky npu ¢=0. Ilpu srom ecau ¢; < ¢y, TO NMOBEPXHOCTb V =1,
LeJIMKOM 3aKJ/I0YeHa BHYTPH MOBEPXHOCTH V = ..

PaccMoTpum Kakylo-HHOyIb MHTerpaabHyl0 KPHUBYIO ypaBHenu# (6.1),
BHIXONSUIYID B HAYAAbHBIA MOMEHT BpeMeHM U3 KaxoH-Hubyib TOUKH
OKPECTHOCTH HauaJa KOOPAMHAT. JTa HHTerpaJjbHas KpuBasg Npu Boa3pa-
CTAIOWIMX B3HAUEHMAX [ HHUKOrJA He [epeceyeT HU OJHOM U3 TOBEPXHO-
cre#t (11.1) usnyrpu Hapyxy. B camom nene, ecin Ovl Takoe nepeceyeHue
B KaKOH-HUOYIb TOYKE HMeEJO MecTo, TO B 3TOH TOYKe HIM B OKpecT-

1) CM. npuMeyarne B KOHue KHuru (¢Tp. 519).

?) MpuBoauMas HMKe TFeOMETPHYECKas HMHTeplnpeTauus CTajla HaM H3BECTHA
u3 Gecer ¢ H. [, YeraesmM u Bnepsue Obina cOpMyaupoBaHa B paGore:
Maagkuu W T., Ilpo6aeMa CymecTROBAHHS ¢{;mnnﬁ Jlanynosa. Uas. Kazan-
cKoro ¢ua.-MateM. 06-8a, 1. 1V (1920—1930), 7. V (1931).
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HOCTH 3TO#t Toukyn dyukuma V [x;(f), x4(f), x5(f)] Heo6xoaumo umena Out
[I0MIOXUTEAbHYIO IPOM3BOAHYIO, TaK KaK MpPH Nepexoie OT KakoH-HuOyIb
nmosepxuoctn (11.1) Kk Apyro#i moBepxXHOCTH 3TOro ceMeHcTBa, OXBAThHI-
pawule#t nepaylo, ¢yHkuusa V (x;, X, Xx3) Bospacraer. Ho sro, oanako,

HEeBO3MOXHO B CHJY TOr0, 4TO < 0. Takum oOpasoMm, eciu Kakasf-

dt
Hu6ylp MHTErpajbHas KpUBasg B HauyaJbHHH MOMEHT BPeMEHM HaXOUJaCh
BHYTPH Kakof-nubyns nosepxHoct (11.1), To oHa u B mamsHefimem
6yJeT BCe BpeMs OCTaBaTbCH BHYTpH Hee. Ho Tak Kax HpH LOCTATOUHO
- MaaoM ¢ nosepxHoctd (11.1) orpanuum-

BAalOT CKOJb YTOJLHO MAJyl0 OKPECTHOCTH ]
HayaJla KOODIMHAT, TO OTCI0OAd Heno-
CPEACTBEHHO BHITEKAeT YCTOHYHMBOCTb He-
BOBMYILEHHOTO IBHMEHHS.

Jlerko Takxe reoMeTpHYeCKH HHTep-
NpeTHpoBaThL NMOCTpPOeHHe yucaa 1(e) no
yucay & C 9To# LeJsbI0 pPacCMOTPUM HaH-
60.b111YI0 MOBepXHOCTb ceMelcrBa (11.1),
LeJHKOM DacroJOXeHHYI0 BHYTpH KyOa
co cropodolt 2¢. [lycts sro Gymer mo-
sepxHoctb V =/ (puc. 3)1). Ilocrpouwm
Tenepb Ky6 cO CTOpOHOH 21, leJHKOM
PacnosokKeHHbIt BHYTPU yKasaHHOM ToO- Puc. 3.
BepxHocTh. Torza mobas MHTerpajibHas
KpHBas, HauMHAOLAscsi BHYTPH sroro kyda, T. e. Takad, IR KOTOPOH
|x2|<n, Oyler Bce BpeMs OCTaBaTbCs BHYTPH MOBepXHOCTH V =/,
a ClelOBaTe/NbHO, M MOJABHO BHYTPHM Kyba co cropoHo#t 2e. Mul Oynewm,
TaKuM o6pasoM, A4S KaXAOH TakOH uHTerpaabHOH KpuBOH uMeTh |x | <€,
"T."e. Ha#tleHnHnad HaMu BequuuMHa 1 M Oyjaer ToH, koropas durypupyer
B yCJIOBUSAX YCTOHYHBOCTH.

2€

——2h ——

av
Ecin — ecTb ¢yHKumMs Onpefie/ieHHO-OTPHUATEbHASA, TO KaKiad

HHTerpa/jbHas KpuBas, BLIXOJALIAA M3 [JOCTATOYHO Ma/of OKPecTHOCTH
Havajza KoopauHat, OyZeT HelmpeMeHHO TNepecekaTb KaxXAyl0o U3 NoBepx-
Hoctelt (11.1) cHapyxu BO BHyTpb, Tak Kak dyHkuus V [x, (£), x4 (f), x5(6)]
ZLOJKHA HenpepbiBHO yOmBaTh. Ho B TakoM c/yuae MHTErpajbHble KpHUBLIe
LOJDKHBL HEOrpaHUUYEHHO npuﬁnnmaﬂ)ca K Hayajay KOOpIuHar, T. €. He-
BO3MylLleHHOE ABHXKEHHE YCTOHYMBO aCHUMNTOTHYECKH.

Taxum o00pasoM, ¢ TOUKH 3peHHs] TeOMeTpHYeCKOR BTOPOH MeTox
Jlanyuosa mccaenoBanus yCTOMYMBOCTH CBOAMTCS K MOCTPOEHHIO ceMelicTBa
S8aMKHYTBIX TNOBEPXHOCTEH, OKPYWXAIOLMX HayaJgo KOOPAMHAT u 06.aa-
AaouMx TeM CBOHCTBOM, YTO HHTerpa/bHble KPHUBble MOTYT IlepeceKaTh
e e —

') Kak xerxo Bumets, ! ecTb TousblH HimHuil npepen ¢yHxgua V npm
yeaosuu max { | x, |, | x2], | %3]} ==
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KaX/1yl0 U3 3THX NOBEPXHOCTEH TOJIBKO CHapyXd BO BHYTPb. Kak TOJbKO
M3 KakMX-HMOyAb COOOpaxeHuit ylaercs YCTAaHOBHTb CyleCTBOBaHHE
TAKOTO pOJa ceMelcTBA TIOBEPXHOCTEH, TO STHM CaMbiM cpasy Oyaer
yCTaHOB/MEHa YCTOHYMBOCTb HEBO3MYLUEHHOIO HBHIKEHHS.

§ 12. Mpumepsl npunoxenus NPEALIAYIUIHX TEOPEM.

Mpumep 1. Teopena Jlazpansca 06 ycmoduusocmu pasHose-
cusn. Ilpocre#iiium cayyaeM, KOria TeopeMsl JIAMyHOBa Aal0T BO3MOXKHOCTB
YCTAHOBHTb YCTOHYMBOCTb HEBO3MYLIEHHOTO JBHXKeHUH, OVAEeT, O4eBUAHO,
TOT, KOria ypasHenus (6.1) nonyckaioT iepBblii wHTErpas

V(x, ..., x,)=const.,

raze V(x;, ..., X,)—3HakoonpenesneHHas ¢yukuua. Helicraurensno,

B 3TOM cJayuae =0, u ¢ynxuna V ynoBieTBOPAET YCJIOBMAM TeO-

dt
peMbl A, OTKyaa cpasy cileAyeT YCTOHYHBOCTb HeBO3MYILEHHOTFO IHBHMKeE-
. C 3TUM cayuaeM Mbl KaK pas HMeeM Je/0 NPH HCCJeLOBAHHH
YCTOHYHBOCTH PaBHOBECUS! TOJOHOMHOH KOHCEPBATHBHOM CHCTEMBI, "KOTIa
B TOJIOXEHHH paBHOBecHs CHJ0BadA (yHKUUs uMeer MaxkcuMyM. [leHcTBH-
TeJAbHO, NYCTh ¢y, ..., §,—O0000LIeHHbe KOOPIHHATH CHUCTEMbl, KOTOPHIE
BHIOpaHBl Tak, 4TO B NOJOXEHHW PaBHOBeCHs OHU OOPALAIOTCH B HYJb.
Honycrum, uyrto cuaosas ¢ynxuus U(gy, ..., ¢,) UMeeT B HOJONKEHHH
paBHOBEeCHA MaKCHMyM, KOTODBIH MBI, He Hapymas OOGIHOCTH, MOXeM
nonoXuth pasHeiM Hymo. Torma U(gy ..., g,) Oyzer onpenenenso-
oTpuuaTeabHON (yHKUMEH BeaMuMH ¢, ..., §,. Tak KaKk HEBO3MYLIEHHBIM
ABHXXEHHEM B pacCMaTPUBAEMOM c/ydae sIBJISETCS MOJOXKEHUE PABHOBECHH
gi= ... =¢q,=0, 10 nuddepenunaIbHEIMH ypPaBHEHHSIMH BO3MYLIEH-
HOTO JBMXEHHA ABJAAIOTCS NPOCTO YPABHEHUS [ABHMKEHUS, KOTOPBIE MBI
MOXEeM 3allHCaTb B KaHOHHYeCKOH# Qopme:

dg, 0H  dp, oH
T = @ (=1,2 ..., m, (121
rue ’
H(Gy oo Gp P1vovvos P)=T U

u p;— ob6obleHHple UMMy abchl. Tak kak KuHeTHuueckas sHeprug 7T
ABJIIETCA 110 OTHOUIEHMIO K NEePeMeHHBIM P, ONpeleleHHO-0M0KUTeNbHOR
KkBanpaTuuHo#t Gopmo#t, a — U — onpele/leHHO-NOJIOKUTEIbHON GyHKUMeH
nepeMeHHHX ¢, TO [ 4BJfeTCSd ONpele/eHHO-NOIOKUTENbHON dyHKuMel
nepeMeHHHX p, U ¢,. Ho ypaBuenus (12.1) nomyckaioT uHTErpan sHep-
rud H == h, OTKyZa HeMelJIeHHO BbiTeKaeT M3BecTHas TeopeMa Jlarpadixa
06 yCTOHYMBOCTH paBHOBeCHst (IO OTHOUIEHHIO K KOODAMHATAM H CKOpO-
CTAM), KOTla cuaoBas QYHKUMS B MOJ0XKEHUH DaBHOBECUS HMEET MAKCHMyM.

IIpumep 2. Ycmofinugocms 8pauwamensnoz0 O0BUNCEHUA CHA-
pada. B npenpayiuiem npumepe nepsbifi MHTErpas ypaBHEHHH BO3MylieH-
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HOTO JBHMXEHHA, KOTODH MNoJyumiacs M3 OOLIMX TeOpeM MeXaHMKH,
oKasalcsl 3HAKOOTpeleJNeHHBIM, UTO CPa3y MpPHBEJO K pellleHHI0 3afauH.
B HEKOTOPHX cJayuyasXx oOlue TeopeMbl MeXaHHKH N30T BO3MOXHOCTB
[OJYYMTb TepBeie HHTEerpajbl, KOTOpHIE caMH He fIBJAIOTCA 3HAKOONpe-
JeJeHHbHIMH, HO M3 HUX yJaeTcsi CKOMOMHMPOBATbL HOBBIH MHTErpan, yxe
apasouluiica sHakoonpeaeseHHuM. Takum nyreMm H. I'. Yeraesy!) yaanocs
MOJYYHTh DeIIeHHe BaXKHOH TeXHMYECKOH 3alaun 00 yCTOMYMBOCTH Bpa-
WATeAbHOIO JABHXKEHHS CHAapAia, K H3J0MKEeHHIO KOTOpOR Mbl celtuac
B MepexonnM.

IIpu BecbMa HACTHJAbHON TPaeKTOPHH CTPeabOBl MOXHO NPUOJHIKEHHO
CUHTaTh, YTO UEHTD TAKECTH CHAPALA ABHUKETCH NPSIMOJMHEHHO M PABHO-
mepHo. Ilyctb P — yroa, koropuifi ofpasyer oCb cHapsaaa €O CBOe#
npoeKUMed Ha BEPTHKAJIbHYIO IJIOCKOCThL CTPeabOBl, a @ — yroJ Mexay
9ToM Npoexuyvel M KacaTeqbHOH K TPAaeKTOPHHM LEHTPA TAXeCTH. DTH 1Ba
yraa, OYeBHIHO, BIOJHE OMPENEAIOT NMOMOKEHUe ocu cHapsama. Ilas aTux
yrJIOB HMET MecTO cjelywuide AuddepeHuranbHble ypaBHeHus, ycra-
nosaennsie A. H. Kprinosbim 2):

AP+ AaZsinp cosp — Cna cos p = eR sinp cos a,

. .. . (12.2)
Aacosp— 2A4apsinp -+ Cnp=-eRsina.

3aecy C — aKCcHaJbHBIE MOMEHT HHEpUWM CHAapsala, A -—— ero MOMEHT
MHEpPLMM OTHOCHTE/NbHO TMOMepeuHo#t ocu, npoxoidilet yepes UEHTP
TAWECTH, 71— NOCTOAHHAsA NMPOEKUUd yri10BOK CKOPOCTH BpalleHHst CHapsia
Ha €ro OCb CHMMETPHMH, € — pAcCTOsiHHe MeX1y UEHTPOM TSXKECTH U
LEHTPOM [NaBJEHHS (TOYKOH NMPHJIONEHHS PaBHOLEHCTBYIOLIEH CHJ cOMpoO-
THBJNEHHs] BO3AyXa) X R — j060BOE CONPOTHBJEHHE, KOTOPOE B CHJIY
NOCTOSIHCTBA CKOPOCTH LEHTPAa TAXKECTH CHapsana OyleT Takme BeAUYMHOH
MOCTOAHHOM.

Ypasuenns (12.2) nonyckaloT 4acTHOe pelleHHe:

a=é=ﬁ=[§=0.

KOTOPOMY OTBedYaeT BMHTOBOE JBHXEHHE CHapsaa BAOJb COOCTBEHHOH ocH
CUMMeTpHU. JTO ABIDKEHHE MBI NpHUMeM 3a HeBO3MylleuHoe. Torma ypas-
Henus (12.2) MOXHO paccMaTpUBaTb KaK YpaBHEHUS! BO3MYILEHHOrO
Asmkenns. OOUMe TeOpeMbl MEXaHHKM Jal0T I 3TUX ypaBHeHu#t I1Ba
NepBLIX MHTerpasta (MHTErpaj SHEPrMM M HMHTErpajl MOMEHTAa KOJH4YecTBa

Y Yertaesr H. I, YcrofiuusocTs ABmxenus, Noctexusnar, 1946. Cm. tTakxe:
Yetaes H. I, O6 ycroifaupocTs BpamaTedbHbX ABHMNEHHH CHapsga. [IMM,
T. X, Bum. 1, 1946.

2) Kpeaos A. H., O spamareibHOM IBHXEHHH NPOAOJrOBAaTOr0 CHapsaa
BO Bpems moaera, Co6panue tpymos, 1. IV, Usx-so AH CCCP, 1937. Buison
IuddepennuanbHbiX YPaBHEHU JIEWMEHHS CHAPANA MOXHO HAHTH TaKXKe B KHUFe:

oingnckuit JLT. uJlypre A, W, Kypc reoperuueckoii mexanukw, 7. I,
§ 153, uan. 4-e, Togrexuzzar, 1948,
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IBUKEHHs) BUIA

F,(a, a, B, B) = —;— A (BL}— 02 cos? ) -+ eR (cos @ cos § — 1) == const.

(12.3)
n

Fy (a, a, B, (3)=A(Bsina—-dcosﬁsinﬁcos a) -+
-+ Cn(cosacosp—1)=const. (12.4)

dF,  dF,
JleHCTBUTENLHO, COCTaBJsAS NPOU3BOAHEE -7 "

, B CWIy ypas-
Henuit (12.2) Oynem umeTs:

dF aF, - oF, oF OF --
= aLat A b b=
dt da ga

= — eRizsinacosﬁ—{— cos P (eR sina — Cnp -+ 24apsinp) a —
— Aa2p cos Bsin p— eRp cos asin p—

—+ B (eR sinpcos & — Ao?sinp cos p -+ Cna cos p)=0
M aHaJOTMYHO
dF,

dt =0

3T0 M JokaspiBaeT, uro (12.3) m (12.4) neflcTBUTENBHO TMPEICTABIAIOT
nepBbie MHTerpasbl ypaBHenu# (12.2). Kamabii W3 sTMX MHTerpa/nioB He
aBJsieTCs dHakoonpeneaeHHbiM. COCTaBUM M3 HUX HOBHI NEpPBBIA MHTErpas

V = F,— AFy==const.,
rie A — HeKOTOpas INOCTOfHHAs, W noxbepeM 3Ty NOCTOAHHYIO TaKUM

06pasom, 4T0Om QyHKuus V' noiydunnace sHakoonpesereHHo# (oTHocu-

TeJbHO O, a, B u |3) BhiscHum, NpH KaKoOM YCJAOBHH TAaKOH BbIGOp no-
CTOSHHOM A BO3MOMEH. DTO M OyLeT YC/IOBHEM YCTOHUMBOCTH.
Pasnaras ¢yuaxusio V B pan, 6yneM uMeThb:

Vv :é— [ AG2 - (Cnh — eR) p2 = 2404p) -
45 (AP 4 (Cnh — eR) 02 — 2AMa) + ..., (12.5)

rie HeHanmuCaHHble YJEHBI MMEIOT NMOPAIOK HE HHXE TpPeTbero. U3 storo
pa3noxeHuss Cpasy BUAHO, UTO €CAM Kaxaas U3 KBaAPATHUYHBIX q)OpM

Ax24(Cn) — eR) y> = 2Ahxy (12.6)

GyleT OTpene/eHHO-N0JI0KHUTeAbHO!, TO dyHKUMA V Oyjer Takxke onpe-
Jie/IeHHO-NOA0XKHTeabHOR. B camoM Zaese, npu BHINOJAHEHHM YKA3aHHBIX
yc/a0BUH BHIpaxkeHue, CTodllee B nepBoft ckoOke pasiomenus (12.5),
Gyaer OnpeneneHHO-TONOKNUTENbHOR KBALPATHYHON HOPMOR OTHOCHTENbHO
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o ¥ P, 2 BHpaXeHHe, CTOfillee BO BTOPOR ckoOke, OyleT TakoH e

¢opMOH OTHOCHTENBHO G U f. Ho Torza coBokynmHOCTb 4J€HOB BTOPOTO
nopsiaxa B (pyHKIHHA V 6yzner onpeneneHHO-NOMOKUTENbHOR KBaApaTHYHOR

(opMOft BCeX UeTHIPEX BEJWUMH: @, ¢, B W B, M HA OCHOBAHHHM Pe3yib-
ratoB § 7 ¢yuxuus V Oyier Takxe onpeieneHHO-NOJOXHTENbHOH.

TakuM 06pa3oM, HEBO3MYIllEHHOE JBHXeHHE OylneT yCTOHuYMBO, €CJH
ynacres noao6path Takoe yucao A, uro obe popmui (12.6) Gyayr ompe-
JIeJIeHHO-TIOIOKHUTENbHBIMH, @ /I 3TOTO HeoOXOZMMO M HAOCTATOYHO,
yTOOH BHITIOJHAJUCH CJEAYIOUIME HEPaBEHCTBA:

A>0, f(k)= A —CnL—+eR < 0.

[lepBoe M3 STHX HepPaBeHCTB BHINOJHAETCA. YTO e KacaeTcs BTO-
poro, TO, nockoabky f(0) > 0, eMy MoxHO Oyaer YIOBJETBOPHTH 110]-
XONALIAMM 3HAYEHUSMH A TOrZ2 M TOJbKO TOTJa, KOrJa ypaBHeHue
f(A)==0 Oynmer muMeTb 1Ba BeWIECTBEHHbHIX He PABHBIX Mex1y Ccoboi
KOpHs Ay M Ay B arOM cuayyae mMoxHO OyieT B3aTh moGoe A, 3aKJIO-
YEHHOE MEXIY Aq M Ao

Urak, ansg ycTOHYMBOCTH J[OCTATOYHO, 4TOOB ypaBHenue f(A)=0
MMEJIO TPOCThie BeleCTBEHHble KOPHH, T. €. YTOOH BBIMOAHAJOCH YC/IOBHE

C?n? — 44eR > 0.

910 HEpAaBEHCTBO [aeT HHKHIOWD [PAHHLY YrJAOBO# CKOPOCTH Bpallua-
TeJbHOTO JABMIKEGHMA CHApA4a, MPH KOTOPOH ero ochb OydeT «caeiuTby
3a KacaTe/bHOH K TPaeKTOpMM UeHTpa TskecTH. Hrke GymerT nokasaHo,
YTO TpH

C?n2 — 44eR <0

HEBO3MYIUEHHOe JABHKeHHe OyldeT HeyCTORYMBO.

I[IpuMep 3. Yemoduugocms pezysupyemolx cucmenm. Bo mMHorux
TEXHUYECKUX 3aJayaX BaXHO, YTOOH HEBO3MYLIEGHHOE [BHXKEHHe OblIO
ACHUMNITOTHYECKH YCTOHUUBBLIM M H4TOOB 3Ta YCTOHUMBOCTH HMMEJa MeCTO
npu MoOHIX HauadbHEIX BO3MylleHuax. Tax xak ¢yukuus Jlanysosa naer
BO3MOXHOCTb HE TOJbKO YCTAHOBHTb aCHMNTOTHYECKYIO YCTOHYMBOCTb, HO
M ompeje/uTh OOJACTb AOMYCTUMBIX HAYAJAbHBIX BO3MYLUeHHH, TO ecTe-
CTBEHHO, YTO BTOPOH MeTOA MOMET ObiTh C YCMEeXOM TNpUMeHeH K pelie-
HHIO TaKOrO poja TeXHHYeCKUuX 3alay. IIpu sTOM neno cBenercs K ycTaHo-
BJIGHUIO YCJOBHH, NPH KOTOPHX B PacCMAaTPHBAaeMOH 3afaue MOXKHO Oyier
noCcTpouTh PyHKUMIO V, yIOBIETBOPAIOLIYIO BCEM YCAOBHAM TeOpeMbl By ).
Muave rosops, sgech HAaAO0 MOCTPOUTH GYHKUMIO V, YIOBJETBOPSIOLLYIO
BCEM YCJAOBMAM TeopeMbl D mnpu mo6bIX 3HAYeHHAX MePeMeHHBIX X, H
elle JOMOJHATEALHOMY YCJIOBUIO

n
limV =o0 npu x2 —> 00,
s=1

) CMm. npumeuanue B koune kuuru (crp. 519).
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B kauecTBe npuMepa Mbl NpuBeieM 3fech uccienosanue A. M. Jlypwe 1)
yCAOBUR yCTORYUBOCTM OMHOTO KJjacca PeryjaupyeMblX cHcTeM. JTO HC-
c/lelOBaHME MOCJAYXKHJIO OTNPaBHOR TOYKOH AAS UEIOrO psaja APYrHux
paGoT, NOCBAIIEHHBLIX TOMY Xe€ BOMpPOCY.

Kak nokasan A. W. Jlypbe, WIMPOKHH KaacC peryaupyeMulXx CHCTEM
C OIHUM DEerymMpYIOUMM OPraHOM MOXeT ObITh ONMCAH CHCTEMOR aud-
¢depeHUMaNbHBIX YPAaBHEHUH BHIa

= et/ G=1.2 ... ),
(12.7)

%=51x1+ voo +Bux, —rf(0).

3aecb r — BELIECTBEHHAS NMOJNOXKUTEAbHAS TIOCTOAHHAA, O; CYTb 7 Pa3-
JXYHBIX TOCTOAHHBIX C MOJOXUTE/NbHOH BELECTBEHHOH 4aCTbIO, B, — TaKKe
nocrosiHble, a f(0) — Hekoropas ¢yHKkuMs OT ©. OTHOCHTEALHO STOH
GYyHKLUMH, ABJALIEHCA XapaKTEPUCTHKOH CepBOMOTOpPA, MpelnoJaraercs
TOJIbKO, YTO OHAa SBJSETCA HENMPEPLIBHOM, Mepexonadllel OT OTpUuATENb-
Helx 3Hauenu#t mpu o << 0 x mosioxuTEAbHBIM mpu o > 0.

3anaua 3aKJI0YaeTcs B YCTAHOBJEHHH YCJOBHH, KOTOPHIM AOJIKHBI
YAOBJETBOPATb NMaPaMETPHl CHCTEMBI (MIOCTOSHHEIE Pg M f,), MPH KOTOPHIX
COCTOAHHE pAaBHOBECHA X;== ... ==X, ==0==0 acuMnrornuecku ycroi-
YUBO TP JIOOBHIX HAYAAbHBIX OTKJOHEHUSX M TpPH MOGOM Buie (yHKUHH
f (0), ynoB/ieTBOPAIOIUER BHILIEYKA3aHHBIM YCJOBHSM.

A. W. Jlypbe paccmatpuBaa OOCWMHA Ciyual, KOTIA MOCTOSHHBIE P
M B, KOMIIEKCHBI. Mbl, OHAKO, IS YNMPOLIEHHS H3JIOMEHUS OrPaHHYMMCA
31eCb PacCMOTPEHHEM JHIUb TOrO CaAy4as, KOFIa BCe MOCTOAHHBIE Py M fi
BeleCTBEHHHE. PaccMOTPUM KBaapaTHuUHYIO Gopmy

n
- 1
F(xy ..., x)= —_— XX
( 1 n) a§19a+pﬁ Xa g

M MOKAXeM, 4YTO OHA ONpelefeHHO-NMOJOXUTebHA. B cuay toro, yro
p, > 0, nmeem:

0
1 f —(Patpp)
S IToo = | ¢ di
Pt
M, CJIe10BaTENbHO,
o] n 0 n 2
F(xy oo xn)=f 2 xaxfse-(p“+°5)"dx=f xqe” ") an.
0 a, B=1 0 a=1

) Jlypbe A. WU.,, O6 ycroiliunBocTd 0HOrO Kaacca peryJaupyeMblx CHCTEM.
[IMM, 1. XV, Boim. 5, 1951; Jlypbe A. WU, Hexoropbie HeauHelHble sapauu
TEOPHH aBTOMAaTHUECKOro peryaupoBanud, [ocrexuspar, 1951.
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Wurerpan, crosliuit B NpaBo#t wacTH, MOXET 0OpaTUTbCA B HYyJb
JWllb TPYM TAKAX SHAYEHHAX Xy, ..., X, TNPH KOTOPHIX MOAUHTErPaJib-
Hoe BHIpAXeHMe ofpaulaeTcs B HyJab. [locijenHee e, B CHAY TOTO, YTO
BCe Py PasauuHHl, 00paliaercs B Hyab TOMbKO MpH X;== ... =x, =0,
Orciofa HEeMOCPEeACTBEHHO BbITEKaeT SHAKOONpPeNeNeHHOCTh (opMb F.

YcTaHOBUB 3TO, PacCMOTPHM QYHKLMIO

Ve, x5 . 00h Xp)=
— ff(o)doJrF(alxl, o G F g (A4 L A8,

rae ag u A — MPOU3BOJbHbIE BEUIECTBEHHBIE MOCTOHHEIE, NTDHYEM BCe A
nOJIQ)KHTeJIbel [Ipn Tex yc/nOBHAX, KOTOPBIE MBI HAJMOXHIM HA q)ym(-
wao f (0), BeaMYMHA

ff(o) do
0

npu BCeX OTJMYHBLIX OT HyJS 3HAYEHHAX O MOJOXKHTeNbHA M obpaluaercs
B Hyab npu ¢==0. Ho torma ouesuano, uro ¢yskuus V onpenenenso-
NONOXNTEIbHA OTHOCHTEJIbHO TNEPEMEHHBIX Xi, ..., X, O, YTO HMeeT
MecTO NpH AI06BIX B3HAYEHHSX STMX MEPeMeHHBIX M NMpH Mo6oM BGODe
¢yHkuun f(0), yAOBAETBOPSAIOWEH yKasaHHBIM Masl Hee ycaoBuaM. Cocra-
Bass nupoussoauyio ot V B cuay ypasneuntt (12.7), GyaeM uMers:

'1 Palq aﬁ
___..___EAapa -+ 2 Z Pt XoXp—+

+r2 @) — f<o>),xa Aa+sa+2aa2 ot

OTKYyIa, YyuuThIBaA, 4yTo
n n 2
2 2 mxa"%: 2 QgXg |
o, B=1 PatPp a=1

NOMYunM:
n

-~—}‘ A%+ Zaaxa + % (@) —

a=1 a=1
n

%
_f(o)aglxa Aa+ﬁa+20a‘§1p—a+—pﬁ- .

Tak kak r >0, TO nmoayueHHOe BhipaXkeHne GyneT, OYEBUIHO, OMpe-
Ie/IeHHO ~-NOJIONHTEAbHBIM, ecian Ko3dduuuestr npu f (o) obpawaercs
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B Hyab. OAHaKo TaKOe VCJOBHe ABJSETCS CHAMIIKOM OrpPAHHUYHTE/LHBIM,
TdK KaK [PH 3TOM — % 6yleT Onpene/eHHO-TONOKHTEAbHBIM [IPH JI0-
Gom 7 >0, a Memiy TeM SCHO, YTO eCAX 7 JOCTATOYHO BEJHKO, TO
— %— MOJYYUTCA ONpele eHHO-TI0I0KUTENLHBIM, KaKOB OBl HU OBl KO3¢-
¢duument npu f(6). Hdas Toro uro6Ge moayuuTh Gomee oOWHe yCJIOBHSA

dav
3HAKOOIpele/JEHHOCTH, npeoépaayeM —iF K CleAyiolleMy BHAY:

o=1

n 2 n
dv =
— = E aoXe—+ Vrf(ﬁ) +Z A Xt —
a=1
n

n
. ul — aQ
—f@))xaAr+m+4vﬁar+ma2-—i—
pa+95
a=1 B=1 :
CJlelIOBaTeJIbHO, €CJIM BBLINTOJIHAIOTCSH yCJIOBPlil

n
j— Y aB
A 2a r — 1 ==0, 12.8
s Bt 20, (VI Yo (12.8)
p=1
dv
O — GyleT OnpeleneHHO-OTPHLATENbHOR QyHKUMEH OT O, Xy, ...\ Xp

H 3TO 6ylle’l‘ ClpaBelyIMBO MPH JI00bIX 3HAYEHUAX YKa3aHHBIX MEPEeMEHHDbIX.
,U..}'Iﬂ BBINMOJIHEHNUA NOMOJHHUTEJNbHOTO YCJOBHUSA
lim V(xy, ..., X, 0)=o00 (x==|x], ..., |x,] 0)
X =>»0

LOCTaTOYHO B [NaHHOM cayuae, 4y706bl BBHIIOJHAAOCL NpelenbHOe COOTHO-

HIeHre
o

tim | f () d=oo. (12.9)

0> £
0

TaxuM 06pa3oM, MBl NPUXOAUM K CJEAYIOUIEMY TMPENTOKEHUIO: eC/U
MOXHO n0400paTh 7 TOJOXHTEIbHEIX INOCTOSHHBIX A TakuM 06pa3oM,
yTo6H cHcTeMa ypaBHenu#t (12.8) monyckana BellleCTBEHHOE pelleHHe
ISl @, W ecau BhiMOoAHeHO ycioBue (12.9), TO HeBOaMyllleHHOEe ABMNE-
Hue aaa cuctemsl (12.7) acUMATOTHYECKH YCTOWYMBO NpH JMOOBIX Hadalb-
HBHIX BO3MYLIEHHSX.

TaxuM 06pa3oM, 3afaua HaXOXIAeHHA OO0JACTH AONYCTHMBIX 3HaueHHH
flapaMeTpoB pPEryaMpyeMbIX CHCTEM, OIHChIBaeMHIX ypabienusamu (12.7),
cBefieHa K ajreGpanueckofl 3azaye onpejeneHus o06/1aCTH  M3MEHEHHs
KO bUUHUEHTOB CHCTEMBl KBaIpaTHHX ypasuenuit (12.8), mpu KoTOphIX
9TH ypaBHEHMs IONYCKAIOT BelliecTBeHHOe peluenue. Mbl He ocranasiu-
BaeMcs 3leck 6oJee TMOAPOGHO Ha STOM BONpOcCe, OTCHIJIAS 4YHTATEJA
K BHILIIEHA3BAHHBIM OPHIHHAJbHBLIM paboTaM, TAe YKAa3aHHHIR MeTol
yCNEeWHO NpUMEeHeH K PeuieHMI0 3a[a4Yd yCTOMYMBOCTH IJf HesOoro psiaa
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KOHKPETHBIX CHICTeM DEeryJaupoBaHuA. YKaXkeM JHIIb HAa OLHO HepaBeH-
CTBO, HEMOCPENCTBEHHO BhITeKalollee M3 ypasHenu#t (12.8) u Bripaxaio-
fee, CJAEI0BaTEeNbHO, ONHO M3 JOCTATOYHHIX YCJIOBHH YCTOHYMBOCTH,
a UMeHHO: pa3fenuB ypaBHeHus (12.8) Ha p, M CHOKHB HMX, MOJYYHM:

n A n a 2 n ﬁ
S (Beevi) -3
Pa Pa Pa
a=1 a=1 a=1
OTKyZAd BBITCKACT:

r— VYl oo (12.10)

310 u GyneT HHTepecyollee HAC HepaBeHCTBO. Huxke Mbl yBHINM,
uto ecau f(0) ABJAAETCSA AHAJIMTHUECKOH (pyHKkumeH, TO HepaBeHCTBO (12.9)
BHIpaX2eT HeOGXOAMMOE M IOCTAaTOUHOE YCJOBHE YCTOHUMBOCTH!).

§ 13. llepsas Teopema JianyHOBa O HeyCTOHYMBOCTH.

Mul mepexoiuM Temepb K HM3JOMEHHIO TeopeM JlanyHoBa O HeycTo#-
ypBoctd. I[lepsas u3 5TMX TeopeM, KOTOPY0 Mbl OylxeM B JajibHefuieM
HasLBaTh TeopeMo#t B, ¢dopmynupyercs caenywomum o6pasom.

Teopewma B. Ecau Oxs Ougpghe penyuarsiolx ypagnenud 03 my-
WenHnozo O8UMNCEHUR B03MONCHO Halmu @yuryurwo V (X, ... X,),

maxyo, LMo ee NOLHAS NPouU3soOHASL NO 8peMenu cocmag-

dt ’
NEHHAA 8 CURY IMUX YPagHEHUl, ecmb GYHKUUR 3Haroonpederen-
rnas, a cama pyuryus V He Gydem 3HAKONOCMOAHHOU, 3HAKAQ,

npomugonon0NHHO20 ¢ mo Heso3MyU,eHHoe dguoerue He-

dt ’
yemoid4ugo.
IokaszareabcTso. [lycrs

el <h<H (13.1)

dav
— 00/1aCTb 3HAKOONPeNeNeHHOCTH (BYHKLUUH 7" Mul Gynem npexamosa-

d
ratb YMCJAO / HACTOJAbKO MajabiM, yToOH B o6aactu (13.1) BEINOJHAIMCH
BCe YyCJ0BHA a1 ypaBHeHu#t (6.1) BOSMYuLieHHOrO ABMKEHHS, KOTOpHIE

dv
6b11 oroBopedsl B § 6. JlonyctuM TakkKe, M OnpelesieHHOCTH, YTO i

eCTb (PYHKUUS TOJNOKUTENbHAS.
IMokaxeM, uTo, Kak Ob MaJlo HH OBIJIO YUCJIO 1), BCeria Haftnercs
TaKas CHCTeMa HauaibHbIX 3Hauenufi xO, nexamas B o6nact

lxg|\<n, (13.2)

) Cu. mpumeuanue B xoHue KHuru (crp. 520).
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uto pewenus x,(f) ypasueuwu#t (6.1) ¢ yKasanHHIMH HAyaJbHBIMH 3Haye-
HHAMUM BHUALYT B HEKOTOPHIE MOMeHT BpeMeHH M3 obnactu (13. 1). Jtum,
OYeBHIHO, ¥ OyHeT L0KA3aHa HeyCTOWYHBOCTH HNBUIKEHHA.

BriGepem ¢ 310#t Ueablo Beauuunn x? TakuM 06pasoM, 4TOOHI BHINOJ-

HAJUCL He TOJbKO HepaBeHcTBa (13.2), HO M HepaBEHCTBO
0 0
V(xl, xn)>0.

Tako#t BhiGop Beauuun x0 BO3MOMEH, TaK KAK MO YCJIOBHIO QyHKUHA 14

He SBJSETCA 3HAKOMOCTOSHHOM OTPHUATEJbHOR M, CJACNOBATE]bHO, B JIOGOH
CKOJIb YTONHO MAaJTOH OKPECTHOCTM Hayala KOODIMHAT OHA MOXET Npu-
HUMaThb MOJOXHUTe/bHBIE 3Hauenus. PaccmoTpum Temeph pewienue x (£)
ypaBuenu#i (6.1) ¢ BrIOpaHHBIME TAKMM OGPAa3OM HAYAALHHIMH BHAUEHHSMU.
DT0 pelieHHe ‘B HEKOTOPHIX MOMEHT BpeMeHH HeoOXOIMMO TOKHHET
o6aactb (13.1). B camom fene, 1ONYCTHM NPOTHBHOE: YCTh BEJMURHB X (£)

npu Bcex t > £, ynosaerBopsioT Hepasencrsam (13.1). Torna % BCE

BpeMs GyIeT OCTaBaTbCs NMOJIOKUTEJNbHOR M, crenosatenbho, V [x; (£),
.« .. X, ()] Oyner Bce BpeMs BO3pacTaTh. Mul MOXEM NOITOMY HaNMCaTh:

|’ [Jc1 @, .... x, (t)] >V(x} ... x‘,’,). (13.3)
Orciona HeoGXOMMMO TOJyYaeTcs, Y4TO
x(@)=max {{x,®O], .... [x, O} >4, (13.4)

rie A — HEKOTOPOE TNONOXHTeNbHOe uucia0, u60 ecan Obl MB HMeaH
x (f) < A, TO NpU AOCTATOYHO MajOM A HepaseHcTBO (13.3) He Moriao Oml
BHIOJHATHCA, Tak kak ¢ynkuua V (xy, ..., x,) HenpepuiBHa W obpa-
LaeTCst B HYJb NPH X;== ... =X, ==
dv
Tax Kak —~F e QYHKUMS  ONpele/eHHO-TIOJNOXHUTENbHA, TO U3
nepapenctsa (13.4) BHTeKaeT, yTO AJA PacCcMaTpuUBaeMoOro pemenus X, (f)
BCE BpPEMSI BBHINIONHAETCH HEPABEHCTBO
av
@ >t
rue l——,LlOCTaTO‘-IHO MaJjnoe INOJIOKUTEJIbHOE YHUCJIO. CJICI[OBaTeJIbHO.
¢

V5@, ooor %, O] =V (% ..., 29+ j ait>
V(x‘l’, xo)—{-l(t—t)
oTKyZa BeTekaer, uro V [x,(f), ..., x,(f)] HeOrpaHUYEHHO BOBPACTAET.

Ho 3710 nportuBOpeyMT YCJOBMIO, YTO pellieHue X (f) ocraerca B 00JaaCTH
(13.1), tak kxak B 3ToH obnactm ¢yHxuus V, O6yayud HenpepHBHOM,
Heo6X0AMMO oOrpannyeHa. OTO M JOKa3BIBaeT HEyCTONUHBOCTbL HEBO3MY-
WEHHQTO JBUKEHHUH,
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§ 14. Teopema JianyHoBa 0 HeyCTOHYHBOCTH paBHOBECHH,
Koraa cuaoBas ¢yHxunus obpaimiaercs B MHHHMYM.

B kavecTBe mnepBOro mnpuUMepa MNpUaOXKeuus TeopeMbl B paccMoT-
pUM BOMPOC 00 YCTOMYMBOCTH PAaBHOBECHH, KOTA2 CHJIOBAA (yHKLHS
B NOJNOXEHUH PABHOBECHS MMeeT He MaKCHMYM, Kak B cayuae Jlarpasxa,
a MHHHMYM.

PacCMOTpUM KOHCEDBAaTHBHYI0 CHCTeMy C 1 CTeNeHIMH CBOOOILBI
¥ 3amulieM YypaBHeHHS ABHXEHHS 3TOR CHCTeMbl B KaHOHHUECKOH Qopme:

dg; __ OH dps __ _ OH
dat ~— ops ' dat —  0g; (14.1)
v (s=1, 2, ..., n),
rae
H=T@y .o @u P s PD— U@ oo 0s g

g — 0000ILeHHbe KOODANHATH, P - 0G0OIEHHbE HMIYIbCh, T — KuHe-
tHyeckas sHepruda, U — cunosad ¢yHxuma. JlonyCTHM, 4TO CHCTEMa HMeeT
NOJIOXKEHHEe DPAaBHOBECHS, KOTOPOMY COOTBETCTBYIOT HyJIeBble 3HAaueHHs
KOOpIMHAT (a TaKkKe, OYEBHIHO, H HMOyabCOB). B atoM cayuae ypaBHe-
usg (14.1) O6yayr ypaBHeHHSMH BO3MyLIeHHOro JABHxeHHd. CHI0BYIO
GyHKUMIO MBI BhiOepeM TakuM 00pasoM, uTOOLl B MOJIOMXEHHH PaBHOBECHA
oHa ofpawajacb B Hyab. Toraa, pasiaaras Ty QYHKUMIO B PAA 1o CTe-
neHsM ¢, (MoJaras, yToO TAaKOE PAa3/NOXKEHHE BO3MOXKHO), OyIeM HMMETb:

U=Up@p v 30+ UnirF -

roe U; o603nauaeT COBOKYNHOCTb 4aeHOB j-ro mopsika. Ilpu sTom, kak

M3BeCTHO, m > 2. JlomycTHM Temepb, 4TO B IOJOXEHUH pPaBHOBECHS
cunoBas (YHKUUS HMMeeT MHHUMYM. IJTO, OUYeBMIHO, O3Hauaer, uyro U
€CTb (PYHKLHSA ONMpefeeHHO-N0M0KHUTesbHass. Torna Ha OCHOBAHUM Pe3y.b-
tatoB § 7 copma U, OGyzser no MeHblueft Mepe 3HAKOMOCTOSHHOM IOJIO-
KuTeabHott. Mbl OylxeM, OIHaKO, NMpeLNoJararb, 4To sra ¢opMa ABAfETCH
3HaKoonpejeneHHOl, uro, kak OblJO A0Ka3aHo B § 7, o6yc/OB/AHBaET
TaKXKe 3HAaKooNpeleleHHOCTh ¢ynkuun U.

Kunernueckas sHeprus CHCTeMbl OTHOCHTEbHO HMIYJAbCOB p ABASETCA
KBaxpaTuyHoit ¢opmoll. KosdduureHtsl 310# ¢GOpMBI 3aBHCAT OT KOOp-
IuHat ¢, OO6osHauas 3HaueHus 3THX Ko3dpduUMEHTOB NpH ¢ == .., =
=¢,=0 uepes a,,, ME MOXEM HANHUCATb:
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oT = a,§=1 aaﬁpapﬁ—ka,%l Ap(@y -+ 4,) PoPp
rie AaB (ql, qn)— HEeKOTOpHle (yHKUMM ¢q,, ..., ¢,, OOpawawouxecs
B Hym npu ¢ =...=¢,==0. ®yskuus T no caMOMy CBOeMy 3Ha-

EHWI0O npuHMMaeT mNpH pi—+ ...+ p2 <0 TOMBKO MONONKHTEIbHBIE
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3HayeHnsd, KakoBb Obl HM OLIIM 3HAYEHHA NepeMeHHHX ¢, B wacTHOCTH,
370 OyAeT Takike MMeTb MeCTO 4 npu ¢ =...=q,=0. Orciona

crelyer, 4To ¢opma
n
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OyZheT OmNpeleNeHHO-NOM0KUTEILHON,
PaccMorpum Tenepb dyHkuMIO
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H COCTABHM €€ NOJHYIO NPOU3BOAHYIO IO BPEMEHHN B CHay ypaBHeuui (14.1),
ByneM muMerh:
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HIM, NPUMeHAs TeopeMy Oftnepa 06 OAHOPOAHHX (YHKUUAX,
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Buipaxenne, crosuwee B nepso# ckoGke dQopmyas (14.3), Gyzer
Ha OCHOBaHuM JeMMBl 3 § 7 onpeleseHHO-MONOKHTENbHON (YyHKLUMeH
OTHOCHTEIbHO Py, ..., P, Tak Kak ¢opMa (14.2) onpexne/ieHHO-10.i0-
KUTEJbHA, & KOSDQULHEHTH
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o6pamaiorcs B Hyab NpH ¢;==...==¢,==0, 0 cJel0BaTeJbHO, B IO-
CTaTOYHO MaJO# OKPECTHOCTH Hayala KOOPHHMHAT OHH CKOJb YTOXHO Masbl.
Buipaxenue, crosiee Bo BTOpo# ckobke ¢opMyan (14.3), Ha ocHOBaHuH
aeMMbl 4 § 7 aBasieTcst onpelesIeHHO-HOJNOKHTENbHOR QYHKLHMER nepeMen-
HHIX ¢1, ..., ¢, TaKk Kak ¢opma U, no yciaoBuio ompejeeHHO-NoJo-

dv
XKHUTECAbHA. CJ’XellOBaTeJIbHO, ar ABAALTCA ONpeneJEHHO-NOJOXHTEAbHOA

dynxuneit Bcex 2n nepeMmeHHslx ¢, p,. C Apyroit cTopoHsl, cama ¢ynx-
uua V' sBisercd, OueBMIHO, 3HakonepemeHHOH. Takum oGpasom, V yAa90-





