17.24. oyHKuMA BECCEAA MOJAYIEJIOTO NOPSIKA 201
ITo BuinodHenun LubdepeHUNPOBAHUS B NPABOA HacTH NoOJyuuM ¢op-

MyJay BUAA

J 1(@)=P,sinz+4+Q,cosz,
k+'§'

1

rae P,, Q, — NOJTMHOMBE OTHOCHTEAbHO 2 2.

[Ipumep 1. Ilokasars, uto
9 1
_ {2\
J__l_(z)_(wz) cos 2.
2

Mpumep 2. [okasarh MO HHIYKIHH, YTO €CHH k- Heloe UYHCAO H

n==~k +-é—, TO

Jn(2) = (?22_)% [cos (z—%nn——% n) X

X i 1+ 2 (—1) (4n?2— 12) (4n? —3%) ... {4n? — (4r — 1)) 1 +

_ (2ry1 207 2%
1\ (1) (4n?— 12)(4n2 —32) ... (4n? ——(4r—-3) }
) |

m—gT @r ),26r-3 =1

O] —

+ sin (z-—~

r=1

OpHUEM CYMMHPOBaHHS NPONOMKAITCA AO TeX NOp, MOKa pAAb CaMH He 060-
pByTCA.

P cos 2
Tpumep 3. ITokasats, uto 2 —— (

€CTh pelICHUe aBHe-~

2
mus Beccens mas J | (2).
k+-§-
Hpumep 4. IokasaTs, 4T0 pelrenne ypaBHEHHS

! 2m+ 1
m+o d amy

dz omAr +y 0
ecTh
5l e
22 3
2 . \Qapz +iJ | \2a,2 ,
Fyrd my—
] 2
Fhe Co €1y ..., Cypy — NPOU3BOAbHEIE HOCTOSHHBIE, g, py +evy Agpm — KOPHH yPaBe
penns a?Mtl =,

(Lommel)
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17.3. Koutypusili nuterpan Xaukeius !) aas ¢yuxoun J,(2)
PaccmorpuM HHTErpaJ

1+, -1-) n__l__
y=2" f —1) *cos(zt)dt,
A

rae A — Touka cmpaBa OT TOUKH f==1 u
arg(t —y=arg(t +1)=0

B TOUKe A; KOHTYp yNOOHO B3Tb B BHIE BOCbMEpKHY.

[Toxaxkem Temepb, YTO 3TOT WHTErpas OT/IHYaeTca OT dywkuun J,(2)
JHIb TIOCTOSIHHBIM MHOXHTedeM. JIerko BHAeTb, YTO MOAMHTErpajbHas
(yHKUMA TPUHUMAaeT CBOE Haua/lbHOE 3HaueHHe mocae o6xona TOUKOH £

1
a—a
NyTH HHTErpUpoBaHus, 60 (f — 1) 2 yMHOXaeTCs Ha MHOKHTeN b e@7-1w
1

-2
nocie obxoxa nerau (1), a ((-+1) ? yMHOKAaeTcs Ha MHOXHUTE]b
e~@n-Imi pocre ob6xoma nertin (—1—). Tak kak psaz

1

(1) @ -3
; —ent @1 *

CXOIMTCS PABHOMEPHO HAa KOHType, To umeeM (§ 4.7, uacts I)

(1+: ~1-) 1

X {1\ Snt2r -1
T
A

Jlns BHIUMCAGHHMS TMOJYYEHHBIX HHTETPAJOB 3aMeTHUM, BO-TIePBHX, UTO
OHM ABJAIOTCA aHAJHTHUYECKHMH q:)y}lKU.HﬂMli n ajagd  BCeX  3Haye-

HU# 7, a BO-BTOPHIX, 4TO npHu Re (n -{——;— >0 mb MoxeM jaedopmupo-

BATb KOHTYP B OKPYXHOCTH |f—1| =3, |¢# - 1| = d 1 yacTb BenecTBeHHOR
ocu, coeaunsiomet Touku f= 1- (1 —3), B3ATYI0 ABAXKIB, B3aTeM MH
MOMeM 3acTaBuTb ©—>0; uHTerpajs BIOMb OKPYXKHOCTelt cTpemaTcH
K HYJO, M CJAeloBATeNbHO, mpunucas yHkunam f — 1 u £ 1 Ha HOBOM
NyTd HHTErPUPOBAHUS APTYMEHTH, YAOB/ETBOPAIOLIAE HANHCAHHOMY Bhille

" Hankel, Math. Ann., I (1869), 467—>501.
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yCIOBHIO, nojayuuM, cuutas arg(l —#2)=0 u noaarasa £ ==u,
a+, -1=) 1
r—1) Tdt=
A

-1 1

1 1 1 1

=e("'3)"i / t?r(] —_ tZ)"’—Q' dt-{—e-(n_i)“ /t2’(1 — t2)"—_‘i dt ==
1 -1
1

1
= — 4isin (n — -;-) x fﬂr (1 =" Tt =
[+

1
1

1
=—2 sin(n——l)w/ur—7(l-—u)"—fda=

2
0
r(re)r(nsl
=2£sin(n—1——é—)w (rl‘(z—?-rg’-ll) 2) .

Tak Kak MCXOIHOE M OKOHYaTeJbHOE BHIPAXKEHHS ABAIOTCH aHAMUTH=
4eCKUMH (DYHKUMAMH OT n AAf BCeX 3HaueHu#t n, To, no § 5.5 uacru I,
9TO0 paBEHCTBO, AOKA3aHHOEe IJ4 CJyuyas

Re(n+%)>0.

HMeeT MeCTO AJf BCeX sHaueHu# n.
CoOTBETCTBEHHO 9TOMY noJiydaem

o (-—l)fzn+2f2isin(ﬂ+'é—)n1‘(r-{-%)r(n_}_%)
y=2 @)T(+r+1) =

P = 250 (s +-§-) al(n+4)T (-;—) 1. (2).

Omcrwoda, ecau { r (—;— — n) }_1 +0, umeen

r (’;"" )1(—;_ z)" e (2 — 1)"-—;-cos (2t) dt.
211:1'1‘(7

Jp(2) =
A
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CrnenctBue. Ilpu Re ( n- %) > 0, nedopMupys OYTH MHTErpHpPOBaHHd,
MOXHO TOAYYHTb (popmynu

Tn(2) = J (A—12)"" % cos (2t) di =

T ( n +
n l_n
2 (72\i 2
== — f sin®® ¢ cos (2 cos ) do.

r(ntg)7(g);

Mpumep 1. INokasar, 4To npu Re(n—}—%)>0

1 \* =
(29)
i i J‘e—l“"s‘?sm ¢ de.
r ( it 7) ! (7) 0
NMpumep 2. INoayuuts npu Re n > 0 pasnoxenneM B pajg M0 CTENEHAM 2
¥ TnoYNeHHbIM uHTerpuposanueM (§ 4.7, sactb I) dopmyay

LR

i i J. €os (2 cos ) sin?? ¢ de.
r(ntz)r(z)s

MMpumep 3. [okasars, 4TO KoOrjaa ———;— <n< %, byuknus J, (2) umeer

Jn(2) =

Jn(2) =

GeCKOHEUHOE YHCAO BEIeCTBEHHBIX HYyJei.
1
I-l'lycu, 2= (m +7)n, rjie M -—Hyab HAH TONOXHTENbHOE LEIOe UHCIO;
TOTJa NO NPHBEJEHHOMY BBILE CJEJACTBHIO

1 " 1 '
Jn(Mﬂ+§'“)= z i i {"5”0—”1+u2_---+("1)mum}-
e
2 2
rjpe
2r+1
2m+1 1
n——
u, = f (1—1¢) 2cos{<m+%>nt}dt =
2r-1
2m+1

1
- zf =+ amrr) ] 23"“{(“*%)”’}“;
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1
HO3TOMY, TaK Kak n—7<0, TO Uy > Upy > Uy g > ..., & [OTOMY

1
Jn (mn -+ 77t> umeer 3Haxk (—I1)™. J10T MeTOX MOKa3aTeAbCTBA AI4 1 =0 mpu-

Haanexur Beccer.]

ITprumep 4. Ilokasars, 4TO NpU 7 BewleCTBEHHOM J, (2) uMeeT GeckoHey-
HO€ YMCJO BeINECTBEHHBIX HyJeH, u HaHTH BepxHHH npeien AAA YHCJACHHO Haw-
menbmero u3 Hux. (Mcnoapsosath npumep 3 (B komOunanuu ¢ § 17.22)).

17.4. Ceasp Mexay koadduuuenramu Becceas
1 pynxknuamu Jlexanapa

YcranoBuM Temepb Qakr, npuHaggexamuii eiime ) u jaomud  TouHOE
o0bscHeHne pesyanTaty mpumepa 2 § 17.11, cornacuo xotopoMmy KO3 dHHLMEHTD
Becceass moryr paccmarpuBarthes kak mpejledbhbie (OPMBL FHOEPreOMETPHUECKHX
(yHKIHA.

Ecan |arg (1 £ 2) | <=, n— mo6oe 1 m-— noaoxurenbHoe UeJ0e YHCAO, TO
aupeperunposannem dopmyan § 1522 Haxoium, uTO mpH onpeneienun Pep-

pepca dyuxunn P (2)

1
T(nt+m41) 7™
2. m!T(n—m-1) (1—2)

2O

m

Pr(2)= (42" X

XF(—n+m, n+1l4+m; m4-1; —;—»‘%z);

2

1 2
arg (1 — W) < 7™, TO HMeeM

CJIEI0BATEIbHO, ecau |arg 2| < 5

1
P’“(I———zz— _ Tt mt1)zmn—m (1_2_2)“2‘”‘
n 2n? 2"m! T (n —m 1) 2n?

><F<—n+m, nt1-+4+m; m41; %zzn”).

Tenepb 3acTaBisieM n->-- 00 (71— NONOXKHTENbHOE, HO He 06A3aTeJbHO
Lesoe YHCAO0), TaK YTO ecad 8 =n~!, 10 3 -0 HempepbiBHO, NPUHUMAs NOJAO-
HUTEJAbHbIE 3HAYEHHA,

1
I'(n4+m+41n-m ( AV
Torga bt > 1§ 186) u (1 —_4,22) >1.
Hanee, (r - 1)-it uneH rumepreoMeTpuyecKoro psja paBeH

2r

3

(=) A—my) a+itmtr)) {112} {1—mioee) ... {1 -mire)] (_1 )
(m4+-1)(m-+2) ... (m-4r)r! 2

8TO €CTb HeMpephiBHAA GYHKUMA OT B, M JErKo BHAETb, YTO PAT, Y KOTOPOro
aTa QyHKuHS CAYKUT (7 - 1)-M uJeHOM, CXOAUTCA PAaBHOMEPHO B HEKOTOPOM

') Buemnee orauune pesyabrata, aasHoro B Kugelfunktionen Fexﬁﬂe
(Heine), mponcxoaut ot pasiauuua Mexuy NPUCOeAHHEHHbBIMH (YHKNUAMH [eliue
u Peppepca.
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npoMexyTke 3HaueHu#t b, cosepxameM TOuKy ¥ =U; TakuM o6pasoM, B cHIy
§ 3.32 vactu | umeem

o (—1y (lz)r
2 m
"l‘i’m” [n"”’Pn”‘(l —%)] = 2':”” b (m+1)(m+2) 2 mFnr- Im(@)

4TO H NpEXCTaBafeT coboit TpeGyeMoe COOTHOIIEHHE.
Mpumep L Ilokasars, uro !)

lim [n"”’PZ’ (cos %)] =/, (2).

n-y» oo

[Ipumep 2. [oxasath, uto ypasueHue beccens ectb mpeieapHas dopma
ypaBHeHuil, onpeieadeMblX cXeMaMu

0 ©0 ¢

Cad
3

- N -—2-

—2ic 2ic—1
'] c?

n -;—(c--n) 0 2?

©
o= - o

n —-;-(c+n) n41

apu CANAHHH 0cO6bIX TOUEK, BOSHHKAIOLIEM, KOIAa ¢ ~> 00,

17.6, AcumntoTHYeckMii pan aias pyskuuu J, (2),
Koraa |2| seamk

Mu Bugeau (§ 17.212), uto

z
Jy (@)= T3 i My, . (2i2),
mty g (arg) =
2 e Tr+1
rae fpeanojaraercsa

largz| < m, —-;—n<arg(212)<%w.

") Yactupit cayuali, worna m==0, nan Menepom (Mehler, Journ. fiir
Math., LXVIII (1868), 140); cm. rakxe Math. Ann,, V (1872), 141—144.
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Ho znsa aToft ob6naacTh 3sHaueHuit 2, cornacHo npumepy 2 § 16.41,

MO:n(le)‘: ‘EQIE-{——I) e( 2) Wo.n(2 Z)+ P_(QF_{‘_I) WO n (— 2i2)
*(z+n) *(z+7)

ecny — %'r: Larg (—22) < % ™; TakuM obpasoM, npu |argz| <=

1 1 1 1
- {er Dy, i T D), o
(2n2)?

Ilns paccMaTpuBAaeMbIX BHAYEHHH 2 ACHMNTOTHUECKOE pas/NOKeHue
bynxkuun W, (£ 2iz) umeer sun

eF iz{l,j: (4n*—1%) + (@n?—1%) (4n?—3%)

Jn (2) =

8iz 21 (8iz)2 -t
(£ 1) {4n2— 12) {4n2 — 32} ... {4n2— 2r — 1)1} _
-+ 1 iz) +0G ')}'

Orciona, CKAAABIBaf PALH, HalileM acHMITOTHYECKOE DasnomeHne PyHK-
uuu J,(2) npu |z| Gombuwom u |arg z| < w:

J,,(z)%(;?z—)%[cos (z—%mr—% n)X

S (— 1) (4n? — 12} (4n? — 32} ... (42— @r —1y2) | |
>< { 1 + 2 (2'.)!26rz2r J>+

r=1

8

1)' 26!’ 3 2?—

+Sin(z——mv——-1:)z 1y ) {4n2—(4r-3>=}]

=_—(7%)% [cos (z———;—nw—% 'rc) U, (z)—sin (z——%mc—-—% 1:) vV, (z)].

rae U, (2), —V,(2) HanucaHH BMecCTO psAOB.
OTMETHM, YTO €CJH 7 PAaBHO MOJOBMHE HEYETHOrO uMCHa, TO 3TH
psas OOGpHIBAIOTCA M JAOT pedy/bTaT mpuMepa 2 § 17.24.

Iawxe xorga 2 He OuYeHb BeaHKO, 3HaueHue OGyHkuun J,(2) Moxer OHTb
BBIYKCJEHO MO 3TOH QopMyae ¢ Goabiuo TounocTsio. Hampumep, aas Bcex moao-
WUTEJbHHX 3HaueHuH 2, 60abuIMX 8, mepBbie TP YIeHA aCHMNTOTHYECKOrO pas-
JIOKEHHs RaOT 3HaueHue dyHxuuit J,(2) 1 J, (2) ¢ meCcTbi0 TOYHBIMH AECATHY-
HBHIMH 3HAaKaMH,

ATo acUMITOTHYECKOe pa3nowenue Obio aano Iyaccowom !') (mpu n = 0)
u Slko6u 2) (mpu BCeX WEJbIX 3HAYEHHSX #) 144 BelleCTBEHHHX 3HaueHHH 2.

1) Poisson, Journ. de I'Ecole polytechnique, (I), terp. 19 (1823), 350.
2y Jacobi, Astr. Nachr.,, XVIII, 94,
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Komnaexcnrie 3Hauennd 2 GblIM paccMOTpeHbl XaHkedeM ') U HECKONLKHMH TO-
crenyomUMI aBTopaMu. JaHHBIH 30ech cnoco6 MOJyuYeHus pasioxeHus MPUHAL-
aexuT bapucy 2).

AcumnroTuieckue pasnoxenus dyHkuun J,(2) aaa Goapworo mopsjka n
naupl Te6aem (Debye, Math. Ann., LXVII (1909), 535—558; Miinchener Sitzungs-
berichte, XL (1910), no. 5) u Hakoxconom (Nicholson, Phil. Mag. 1907)).

IMpubauxenHas dopmyna aas J,(nx), xorza n Beinko U 0< x <1,
a HMEHHO:

xPexp (nV1— x"'}
1 1 ’
@m)? (1 — )t {14V T=x}"

6vina nonyuena Kapaunu (Carlini) B 1817 r. B MeMyape, Hameuatauuom B Jaco-
bi’s Ges. Werke, VII, 189—245. 3ta dopmyna 6ulia Takxe uccaenosana Jlamaa-
com B 1827 r. B ero «Heb6ecnoli mexanuke» [Mécanique Céleste, V, Jo6asiachue
(Oeuvres, V (1882))] B mpexnonoMeHuH, 4T0 X — YHCTO MHHUMOE. '
Boxnee noapo6ubie cBeaenus o6 uccremoanuax ¢yukuuit Becceas Goapuioro
nopsjka Aaust B Proc. London Math. Soc. (2), XVI (1917), 150—174.
Mpumep 1. Haarexamum BuAOH3MEHEHHEM KOHTYDHOro unrerpaia XaH-

keas (§ 17.3) nokasarp, uto mpu |argz| < —;—n u Re (n-{-—é—) >0

1 1 had 1 1
I (2= nt——v —— . n——
Jn(2) = 1 : [e ( 2 " 4w)fe"‘un 2(1—!—-%) 2 du -
0

T (n + %) (2r2)*
1 1 g 1 1
R P
(1]

u Buaecml acCHMNTOTHUECKOE pasnoxeHne dysxumu J,(2), korna | 2| Beaux u

largz| < 5™ [anHﬂTb 33 KOHTYp NPAMOYrOJAbHHK, BEpPIUHHBL KOTOpOro =+ I,

+14iN ¢ Boipesamu mpu =+ 1, u 3acraButh N —>00; 33 NOAUHTErPAIbHYIO
, v

J7 P
dysxmuio npuuats (1—#2) 26,

ITpumep 2. NokasaTs, uro npu |arg 2| <-;—1= " Re(n+%) >0

T
n+l_n n——l“
2"z e=22ctg e 0" 2 ¢ cosec2?+1 ¢ sin {2 —_ (’1—-1') ? }d‘i"

Jﬂ(z) = 2

1

T(n—}—-—;—)n’g

T~ ro] =

[Tonoxuth u == 2z ctg ¢ B HpeAbIAYLIEM NpPHMEPE.}

Y Hankel, Math. Ann, [ (1869), 467—501.
2) Barnes, Trans. Camb. Phil. Soc., XX (1908), 274,
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Mpumep 3. Ilokasaty, yTo mpu |arg 2| <—;—n H Re(n—}—%) >0 Bbipa-
weHue
-t s o, L n-+
Ae"zz”f v 2 4iv) 22 dv-l—Be'izz”fv P(l—iv) ey
0 0

[ee]

6yneT pelieHneM ypaBHenus Becceas.
Janee, onpegeautb A u B tak, uto6u oo AaBaio dyukumio J, (2).

(Schafheitlin, Journ. fiir Math., CXIV)

17.6. Bropoe pemenue ypaBHenus Becceus,
KOrja mopAoK — LeJoe 4YHCJI0

Mur Bugenn B § 17.2, uro ecau nopanox n B aunddepeHunaIbHOM
ypaBHeHHH DBecce/s He ecTb lleoe 4dCa0, TO ofllee pellieHHe ypaBHe-

HHSl MMeeT BUI
at, (2)+BJ_,(2)

rgje & " @——HpOHESBOJIbele NOCTOAHHBIE,
OIHAKO KOraa n — UeJI0€ YUCA0, MBI BHAEAH, UTO

S (@) =(—1"J_,(2)

U ClleJloBaTebHO, ABa pewenusa J,(2) u J_,(2) He 4BIAIOTCA HA CaMOM
pesie pa3AUYHBIMU, 3HAYUT, B 3TOM cayyae, AJIs TOro 4toGsl uMeTh oOuiee
pellleHHe, HYXHO HafiTH ApPYyroe 4acCTHOe pellieHHe AHDepeHIHa/IbHOro
ypaBHeHusd, OT/iMuHOe OT J, (2). '

Paccmorpum yukuuio

Jn (2) cos nm—J_,(2)
sin 2nw

Yn (z) == Qmenni y
KOTOpas fBJAsieTCs pelileHHeM ypaBHeHus DBeccens, korma 2n He Henoe
uucno. Bsemenue stoft dynxuun Y, (2) npunapiexur Xaekenao!),

IIpn uenom n ¢ynkuus Y,(2) onpelensercs npenelbHOR GopMok
9TOTO0 paBeHCTBA, a4 UMEHHO:

Y, (2) = lim 2netn+ont Inre @) oS (i em) —Jp_o (2) __
. =

>0 sin 2 (n -+ s) e
. Qﬂem:i . ]
= lim e Ve @ (= D' =, ()] =
= li:g e /. (@) — (—1)"J_,_(2)}.

Y Hankel, Math. Ann,, I (1869), 472.
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Yro6u Bbipasuts Y, (2) yepes dynxuuu W, ., o6paTuMca K pe3yib-
raty § 17.5, kortopuit naer

1 1
= [{er (), e
(©@nz)?

Y, (2)=lim
e->0

+e 2("*”2)“‘Wo,,,+=<—2zz>}—(—1>{ (- '*2)"’% wre (2121
-}—e-i(

_n-a+—2-) niw/o’ . (__ 2iz) }] )

ecau BcnomuuM, yro W, . =W,
Orciona, Tak xak!l) l|m W, ,,+s(212)_ W, n(?iz) HaXOAUM

1

Yo ()= (%)5{ Az ”*f)’“Wo,n Qe T DMy, (o)

dra dyukuua (npu n uesom) GyIeT, OYeBUAHO, PeIUCHHEM YPABHEHHA
Beccens; ona HaswiBaetrcs ¢goyuxiyueii becceas smopozo poda.

BeGepom (Weber, Math, Ann., VI (1873), 148) u LUaedu (Schiifli,
Ann, di Math. (2), VI (1875), 17) 6blna BBeneHa apyras pyHKuus (Taxxe
HasbiBaeMas ¢yukuueit bBeccens BToporo pona); oHa onpelessercs pa-
BEHCTBOM

Y, ()= Jn (2) cos'm:— Jon@) __Yn (z)nczs nm
sin nm e
UM TMpeleJaMu STHX BBIDAXEHHH, KOTAa n — Lesjoe UUCJTIO.

Ara byHKUUA, CYWECTBYIOILAs LIS 8Cex 3HAauUeHUH 7, NpUHUMAeTCS
3a kaHoHmueckyw ¢yukudio Broporo pona Huubcenom (Nilsen, Hand-
buch der Cylinderfunktionen (Leipzig, 1904)), u dopmyasl, conepxalue
ee, 0ObYHO (HO He BCerza) npoule, YeM COOTBETCTBEHHbie (GOpMYJIHL,
colepxamue ¢GyHKUHIO XaHKeJs.

AcumnroTuyeckoe pasnoxeHue s (yHkudn Y, (2), cooTBeTCTBYIO-
wee pasnoxennio § 17.5 nas dynxuun J, (2), npu |argz] < ™ U n HeJOM
MMeeT BHI

1

2\37 ., 1 1
Y, (2) N(E?)Q [sm (z—7n1t~T 11) U,(2)+
1 1
-} cos (z—7nw-— T 1:>V,, (z)],
rae U,(2) n V,(2)— acuMnToTHYeCKHE pPAa3JOXKeHUs, ONpeleseHHble

4n?—1
82

B § 17.5; ux rnapHble 4JeHb PaBHBI COOTBETCTBEHHO 1 M

) 9To aerue Bcero BUAETb M3 PABHOMEPHOH CXONHMOCTH OTHOCHTENBHO &
KOHTypHOro uuterpana Bapuca (§ 16.4) mas dynxuuu Wy, 1 (202).
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Mpumep 1. Hokasats, uto

dJy(2)

Vo ()= 228y op @)

dn °’

rae n nocie auddepeHUNPOBAHN NPHPABHHBAETCA  LEJOMY 4HCAY.
' (Hanke)

Ipumep 2. [lokasare, uTo ecan dynxuua Y, (2) onpeneiasercs paBeHCTBOM
npumepa 1, To OHa ABAAETCA PellleHHeM ypaBHeHus becceas, koraa n-—uenoe yucao.

17.61. Pax naa dynkuun Y, (2) npH Maanx 2

Pan § 17.6 npuronen aas Buuucienns Y,(2), koraa |z| Beauk.
Uro6bl MOMYuHTL YAOOGHBIA pal ANA MaibiX 3HaueHuf | 2|, oTMeruMm, uToO
TaK KaK CTeMeHHble PAAH Ji (nte)(2) ABAAIOTCA PABHOMEPHO CXONAUIMMHCS
psnaMy  aHaauTHUecKUX GyHKIMHD) OT €, TO, PA3AOKUB KAMIMI Y/IeH
MO CTEHeHAM e, MOXeM U TMNOJYYeHHHH JBOMHOR pAA PACNOAOKHUTL KO
crenedsm e (§§ 5.3, 5.4, uwacts I).

CoorsercTBeHHO 9TOMY, 4T0OH moayunth Y, (2), clelyeT npocyMmu-
poBaTh KO3(GdMUUEHTH NpH MePBLIX CTENEHAX € B WIEHAX pPALOB

- (-—l)’(»-%-z)nﬂrﬂ - — I)’ )—n+2l-a

Eorll‘(n—i-¢+f+l) t E rII‘(—n—s+r+l)

re

Ianee, ecan §— NONOKHTENbHOE LEAOE YHCJAO WAM HYMb, 3 f— OT-

pHUATEJNbHOE Uesoe HHCJIOo, TO 6y11yT HMETL MECTO CJACAYIOLIUE pasfo-
XKeHUsl MO CTEINCHAM €l

(—;—z)n+'+2r=(%z)n+2r{ 1 +elg(—é—z)+ .o .}.

L s+ _
R T = TeEh 1~ Toan + =

1 N
ol

— BEEIE P tm = () e () ..

1
TCFeFD)

rie | -— nocrosunas dfnepa (§ 12.1).

') JokasareabcTBO S5TOrO OpeAOCTaBAACTCH YHTATE/IO,
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CooTBeTCTBEHHO 3TOMY, coOupasi KO3 (ULUEHTH NPU €, HAXOLUM, UTO

o (1) ( )+2r 1) (1 )-n+2r’
o (1) (=2
Y, (9)=Ilg (%Z) §m+( 1)”2 r!I‘(—n2+r+1) +

o (_1)’ (lz)n+2r nir
+ X Ty (7 *Z”’)+

r=

—n+2r
2 (=17 i
+(— l)nz r!I‘(—<n+)r+1) (T_Zlm—l)"{_

:z-’: (—1y (—l—z) —n42r
+=1 Y, 2 (— 1" T (n—r)
r=0

U, TakuM 00pasoM,

® 1y _I_ n+2r nar
=S I Ls (1SS

-1 (—z>—n+2r (h— r— 1)!

= o
_’go rl

Ecau n— uenoe umucio, 70 3a OCHOBHHe peuenus 1) ypaBuenn#t Bec-
censi, peryaspubie B6au3u 2z =0, MOXHO NpPUHATb J @) uY,(2) um
Y, (2).
Kapa Hefiman ?) npunsn 3a ropoe pemenne ¢pyHxuuio ¥ (2), omnpe-
ZleseMyl0 paBeHCTBOM

Yo (2) = ~Y @)+ J (*)(g2—1);

HO Y,(2) u Y,(2) Gonee noseaxbl A/s NPUNOXKeHUH B (usuke,

IIpumep 1. Ilokasath, 4T0 Y, (2) YAOBIETBOPAIOT pPEKyPPEHTHbIM (op-
Myaam

1Y (&) = 5 2 Vner (&) + Yooy @

V() = (Va1 (&) — Ynss ().

1) diinep nan BTOpOe peumieHHe (copepiamee Jorapudm) ypaBHeHm B Y4acT-
HHX cayvyaax n=0, n=1, Inst. Calc. Int., II (Petersburg, 1769), 187,
) K. Neumann, Theorie der Bessel’schen Funktionen (Leipzig, 1867), 41.
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MoxasaTh Takxe, 4T0 GyHkuuu Xaukeas Y, (2) u ¢yHkuun Helimana Y7 (2)
YHOBJAETBOPAIOT TEM Xe CaMbIM PEKyPPEHTHHIM (OpMYJaM. .
[3TH GOPMYAH COBNANAIOT C PEKYPPEHTHHIMH (opMyaamu aas dynxuuit J, (2).]

Mpumep 2. Iloxasars, uto mpu |arg 2| <§w

™ [e2)

2y (z)=fsm (2 sin 6 — nf) de_fe-““"{e"”-}-(—l)" e} an,

) 0
(Schlifli, Math. Ann., III)
Mpumep 3. Ilokasats, yTO

YO (2)=J,(2) 1gz+2{J2 (z)——;—.h @+ %Je @)— }

17.7. dyukuun beccensa ¢ YHCTO MHHMBIM apryMeHTOM

- (lz)n+2r
1=, = ¥, it
r=0

dynkuus t)

YacTO BCTPEYaeTCs B DPa3qHYHBIX OTPACASX TNPHUKJAAHOM MaTeMaTHKH;
B 5TUX NPHIOKEHUAX 2 OOBIYHO TNOJOKHTELHOE.
HeTpyaHo moayunth chaeiayiolue (GopMysi:

0 Loy @111 @) =221,).
an o5 [ @) =21, @).
am T (@) =2 @),
vy L@ L@ (i) o) o,

(V) Ecan Re (n —{——,1;) >0, T0
2" .

I,(@)= 2"1‘(-21-)1‘(114--;—) afch(zcoscp)sin%@dcp.

1) 310 0603Hauenue 6bi10 BBeeHo Baccetom (Basset, Hydrodynamics, 11 (1888),
{[’Ii);(issgg)%lxlx oH onpeaeaun 1,(2) kak i®J,(iz); cm. Proc. Camb. Phil. Soc.,
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3 1
(V) Ecau —gzr<agz<< 5™ TO acHMITOTHYECKOE DPa3JOoKeHHe
¢ynkuun {, (2) umeer BuA

I+ i (__,l)r {4n2— 12} {4n2 — 32} ... {4n2—(2r — 1)} n

r19% 2"

l,~
(2r2)
b,
1
2r2)?

1l
2 r=1

(oo}
{4n?— 12} {4n2— 3%} ... {4n? — (2r — 1)?}
1 +2 r12%7g"
r=1
npHyeM BTOPLIM pSOOM MOXKHO NpeHeOpeub rnpu [argz[<é—1z. Jlerko
BHAETb, 4TO 3Ta (OpMyaa coxpaHseT cu/ly B Gojee MHPOKOH obuactu

1 1
3 3 ~{n+5)ni {2t 5 )wl
—5 © < argz < -5 T, eC/H 3AMEHHTD € ( ) HA € ( 2) , TipuYeM

BepXHHH WA HuHUB 3HaK OepeTcs B 3aBUCUMOCTH OT TOro, OyleT JH
arg 2 MOJIOMHUTENbHbLIM HJIM OTDHUATEbHLIM,

17.71. Moaudunuposannsie ¢pyHkuuu becceas BTOPOro poja

Ecnu n — nonoxuTeabHOE LeNOe YUCAO WM Hyab, TO [_, (2)==1,(2);
4To6bi MONYYMTH BTOPOE pellleHue MOAH(UUMPOBAHHOIO ypaBHeHHs bBec-
ceas ((IV), § 17.7), onpeneaum!) pynxuuo K, (2) 418 BceX 3HAuYeHHH n
paBeHCTBOM

—

K, ()= ({;)5 cos naWy, , (22),
TaK 4TO
Ky @)= 5% Iy (2)—1, ()} cig =,

1y O6osuauenue K, () BBesieno Baccerom B 1886 r., (Basset) Proc. Camb. Phil.
Soc., VI (1889), 11, mas ¢yHkuuu, orauuamomeiics oT GyHKUHH, oupelenseMoil
cefiyac, OTCYTCTBMEM MHOXUTENs COS na; o6o3kHaueHue Baccera ¢ Tex mop mpume-
HAJOCh Pas3JIduYHbIMM aBTOpaMH, ocobenHo Maknonaasnom (Macdonald). lleas
BKAIOYEHHS MHOXHTEas 3aKJIYaeTcs B TOM, 4ToGnl GyHkuuu /,(2) u K, (2)
YAOBJAETBOPAIU OHUM U TEM Xe pekyppenTHsIM dopuyaam. [Tosxe baccer (Bas-
set, Hydrodynamies, 11 (1888), 19) cran oGosnauath uepes K, (Z) HECKOAbKO
HHYI0 GYHKUUO, HO STOMY O003HAYEHHIO HE NOCJel0Baay Apyrue asropsl. Ompe-
nenesue GyHkuuu K, (2) A48 yeapix 3HaueRWH 1, NaHHOE 31€Ch, MPHUHALJICKUT
Ipsio u Matbiosy (Gray, Mathews, Bessel Fuctions, 68) u renepb oGue-
npuHaTo (cM. npumep 40, c1p. 229—230), HO COOTBETCTBEHHOE ONMpEeleaeHHe A He-
meablXx 3HAYEHMH MMEeT CepbesHblll HENOCTATOK, 3aKMOYAIOIIMACE B TOM, 4TO
gyuxum TOXAECTBEHHO PaBHAETCHA HYJIO, KOTAA 2n — HEYEeTHOE LEJoe 4uclo.
Ta OyHkuua paccmarpusanach Pumanom (Riemann, Ann. der Phys, XCV
(1855), 130—139) u Xaukenem (Hankel, Math. Ann., I (1869), 498).
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He3asucumo om mozo, 6ydem au n yesvim HUCAOM UAL Hem,

9Ta QYHKUMA ABIAETCA PellleHHEeM MOLUPUUUPOBAHHOrO IHpdepeHUHaNb-
3

Horo ypasHenua Becceas (IV); mpu |arg z| <—2— ™ OHA UMeeT IJA GOJb-
INAX 3HAYEHHH |2 | aCHMITOTHYECKOE pas/OXKeHHe

1 o .
K,(@2)~ (%)2 e—% cos(nmw) [1 +2 {4n?—12} {4n2—32}... {4ﬂ2—(2r—1)2}} '
r=1

1257

Koraa n—uenoe uyucno, ¢yukuua K, (2) ompenensercs paBeHCTBOM
o1
K, ()= lim T {]—n-—e @)—1,,. (Z)} ctg me,
e>0
kotopoe naer (cp. § 17.61) psax, ynoOHHA npuH Maabix 3HAYEHHAX 2%

o (iz)n+2r nir .
""(2)=*2ﬁgwr—rn!‘g§‘z+‘f—%2m“*‘§‘ ”‘_1}+
m=1

r=0 l m=1

+%g(%z)—n+2r (—1)”—r(n——r— 1)! '

r!
Mpumep. IMoxasars, uro K,(2) yZOBISTBOPAET TEM e CaMbiM peKyp-
penTHniM Qopmyaam, uro u /,(2).

17.8. Pasnoxenne Helimana amanutuyeckolt GpyHKuuu B psg
no kosdduuuentam Becceas !)

PaccMoTpuM Tenepb pasnoxeHHe NPOM3BOJNbHOH (yHxuuM f(2), ana-
JUTHYECKON B oGnacTy, coiepiaiielt Ha4an0 KOOPIHMHAT, B Pl MO K03(¢-
¢duuuenram bBeccens:

F @)=y (@)t (&) F0e )+ ..oy
rie & O ®y, ... He 3aBUCAT OT 2.

IIorxycxaa BO3MOXHOCTb paanomeﬂuﬁ 9TOro THMA, PaCCMOTPUM CHawajla pas-

JOXCHHE BBIDAXKCHUS

1

t—z

75 mycTs OHO Gyner

=0, () Jo(2) +20, ) /1 (2) +20, () 1, (2) + ...,

rie oyuknuu Op, (f) oT 2 He 3aBHcAT.

npelesiM yCAOBHS, KOTOPHM JHOJKHB YAOBAeTBOPATh (yHruuu O, (f), nis
TOro 4To0bl DA ChpaBa Obll PaBHOMEPHO CXOIAIMMMCH DPAJOM aHANHTHICCKHX
¢yuxuui; sTuMu ycnosuamu oynxuuu O, (£) 6yAyT BHOAHE ONMpPENENEHHI, ¥ TOTAA

) K. Neumann, Journ. fiir Math,, LXVII (1867), 310; cm. Takke Kap-
teyn, Ann. de I’Ecole norm. sup. (3), X (1893), 106.
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MOXHO 6GyneT mokasath, uTO ecin O (f) onpeneleHbl HMEHHO TaK, TO PAX CIpaBa
JEHCTBHTENLHO CXOJHTCA K CyMMe

7 Tipn tz] < |t].

Tak Kak
1

0 0
(E"*‘b‘z‘) —==0
TO MBI UMEEM

05 (1) o (2) +2, 0, (&) /,(2) + 0y () 1 () +2 D 0, (8) J; (2) =0,
n=1 n=1

TaK 4TO, 3aMeHss 2]; (2) Ha Jn_1 @)—J

w1 (2), naiizem

{00+ 0,0} /o () + 21 (20, )+ 0,,, )—0,_, O} ] (&) =0.

Coomsemcmeenno smomy nocaedosamessuse gynxyun O, (F), 0, (),
O3 (f), ... Onpedeastomes peKyppenmusiMiL GopmyraMiL

0,(t)=—0;(t), 0,,,(t) =0,_,(t)— 20, (),

2 noJoxuB 2 ==0 B NMepBOHAYANLHOM Da3NOMEHHH, Mbl YBUAUM, 4T0 O, (f) onpe-
OenstemCst pABEHCMBOM
1

O, ) = i

dtu dopmyast mokassiBaloT, u4T0 O, (f) 6ydeT MOAHHOMOM CTENEHH N OTHO-

CHTEMBHO — .
IlokaxeM Tenepr mo MHAyKnuH, 9T0 O, (f), oupenenenHas ykasanHsiM o6pa-
30M, Gyner paBHa
[o.¢]

%fe"”‘l{u+Vu“_‘2+1}"+{u—Vu"2_+1}”1du
0

mpu Ret > 0. B camom nene, sro shipasenue, oueBuano, pasio O, (¢) uau O, (¢),
Korfa n paBHo 0 wid 1 COOTBETCTBEHHO; HaJee,

-%fe“"{uilfuz—{—l}n_l du—% e~y Vi F 1) du =
0 0
=%/‘e"”’{u:t]/u2-I—l}”"1 14202+ Ve F1) du =
0
1 [ e 41
=70fe wly 2V 31" du,

OTKYZAa HHAYKUHA CTAHOBUTCA OYeBHAOH.
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[MonoxuB u = sh 0, MBI BUIHM, YTO COOTBETCTBEHHO TOMY, OyJIer aAu n yer-
HbIM HJM HEUYeTHBIM !),

S e+ VEFT 4 = Va1 = oo =
-1 n n(n—1) -9 nin—1)(n—2)(n—3) ,p-s
=2" {sh 0+~——-—2(2n_2) sh”~ 46 4 A @ —"2) Gn—1%) sh 6-{—...},
aorciofa npid Ref? > 0 nMeeM nociae MHTerpupoBaHHS
2n-1p1 12 ¢4
O, () = 1 b
@ gt { +2(2n——2) T 2.4(2n—2) 2n—4) + }

1, Tenepb, 6yaer au Re £ nosoxurenbua

pAA 3aKaHYMBAETCS WieHOM ¢ £7 uau
uad Het, O, (f) onpejeleHa Kak HOMMHOM OTHOCHTEIbHO 7> M TaKuM o6pasoM,

pasnoxenue, noayuenHoe mas O (f), pasHsercs 3nauenHo O, (f) aaa scex 3Ha-
yeHu# £
Mpumep. [oxkasars, uto Aas Bcex 3HaueHud ¢

(o9

0,,<t)=Et,fjfe-"[{x+lfx2‘+t2}”+{x——Vx‘_2+i2}”1 dx,
: |

u y6enuTbCsa B TOM, YTO BHIP@XEHHe CIpaBa YAOBAETBOPAET PEKYPPEHTHHIM (op-
myaam mas Oy (f).

§ 17.81. JokasateabcTBo pasJaoxenns Heifimana

Meron § 17.8 nossoaser /uilib OnpenenTb KOIPOULUEHTH B pasao-

1
T—= B NpPeanoJOXKeHHn, 4TO Pa3JOKeHHe 3TO
CylIeCTBYET U YTO MPOHU3BEACHHbIE Olcpalluy 3aKOHHBL.

J1a J0KasaTeAbCTBa CNpaBeJIMBOCTH 3TOTO pAa3JIOKEHHA OTMETUM,

4yTOo 1 n
-2 n-1
S (@)= (2,1!) {146,}, On(t)=2tn+:l! {1+(P"}'v

kenun Hefimana dyHxuuu

rae 0,—0, ¢,— 0, xoraa n—> co, npu QukcuposaHHbix 2 4 £. [Tostomy
paa

0, (t) Jy(2)+ zgl 0, J,(2)=F (z, £

CPaBHHM C TeOMeTpudeckoft mporpeccuefl, o6wuft 4jieH KOTOpO# paBeH

7T+ @ 9Ta mporpeccus a6conoTHo cxomurcst mpu |2 | < |£]. Takum

') Hobson, Plane Trigonometry (1918), §§ 79, 264.
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o6pa3oM, pasnoxeHHe aia F (2, £) abcoaotHo cxonurcs (§ 2.34, uacts I)
NpH TeX XKe YCJIOBUSX.
Touno Tax xe, ecau |z2| <7, [t|>R, rae r <R, 10 paccmaTpu-
BaeMH# pal CpPaBHUM ¢ reome’rpuqecxoﬂ nporpeccueti, oOwuit uneH Ko-
1

TOpO# paBeH , M TakuM oOpa3oM, pasnoxenue ajas F(z, £) 6yner

r
Rn+1
PaBHOMEPHO CXOAAWUMCA BO BCe# obmactu |z |<r u |£]|> R no § 3.34
vactu I. Orciona, cornacHo § 5.3 wactu I, caeayer, 4TO NOYIeHHbIE

AudpepeHUMPOBAnMA AONYCTHMB, H Mbl IOJyYaeM

((%-{—o—i)l’(z, £)=

=00®) ()42 Y, Ot) 1, @)+ 0y () Jo () +2Y, O (8) (&) =

n=1 n=1
= [00()+ 0, &)} @) + Y, (201®) 4+ Onsr () — On=1 (&)} J, (&) =0
n=1
Ha OCHOBAHMH DPEKYDPEHTHRIX ¢opMy..

K]
0 0 .
(r+) Fe =0
BhITEKaeT, 4T0 F (2, £) Moxer OblTb BhIpaxeHa KaK (YHKUMA £~ 2, a U3

FO, H=0,0)=1

claefyer, urto
1

t—z

F@ )=

I/I'rax, JOKa3aHO, YTO

T:_"—Oo(t)Jo(z)‘i'on ®)J,(2)
n=1

npu ycaoun (2| <|£].

Caenopatenvno, ecau f(2)— aHanuThueckas ¢yuxuus npu |2
TO HMeeM npu |2| <r (§ 4.7, €act I)

1 t
f@=or | LE

= /f(t) 0y(t)dy (2)+2 2 0,(t), (z)}dt——

~Jo<z)f(0>+2 1@ [ 0,070,
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rae TyTeM HHTErpUPOBAHMsS CAYXKUT OKPYXKHOCTb |£|==7; 9THM ¥ ycCTa-
HABJMBAETCS CNpPaBelIMBOCTb pasioxmennss Hefimana, korma |z| <7,

a f(2)— ananutnueckas ¢yukuusg npu |z{<r.

Ifpumep 1. Ilokazatb, 4TO
cosz=Jy (&) — 2/, (&) +2/,(a)— ...,
sinz=2J,()—2J3(2)+2/5(3)— ...,

l +() ’ (K. Neumann)

Npumep 2. Iloxasars, uto
1\ N (127 (nr— D)
(_z) _\ (420 (;1!+ g @),

r=0
(K. Neumann)

f t=n=le=% x4y V2 F 2} dx =
Ne==co 0

n=1
co

Mpumep 3. INokasats, uto mpu (2| < |¢]
0y ) 1o (@) +2 X, 0n ) Jn ()= Y, Ja(2)
=ff:t—— 2 J,,(z){x-{-l/'x?—}-t?}”dx:—;-fexp (%C— x)dx:z—:_l—;.
0 ‘= -0 0
(Kapteyn)

17.82. Pasnoxenue lllaémuabxa npousBoabHOl ¢yHKOUM
no ¢ynkuuam becceas HyJeBoro nopsika

HInémuanx ') xan pasiomeHne COBEpPIICHHO APYToro XapakTepa, YeM pasio-
wenue Hefimana. Ero pesyabrar Moxer OBITb BbipaxeH caeiylomuM o6pasoM.
JAwbas pynrgus f(x), umerouans HenpepvisHY0 npoussoOHYI0 ¢ 02paHiL-
YeHHOU 6apuayuell npu 6CeX 3HAYCHUAX X 8 3aMKHYymoOM npomexcymie (0, w)

Modxicem Ovimb PA3N0HCCHA 8 PO

F(x)=as-+a o (%) + ayJo 2x)+ ...,

npuvem

CX00RUUliCE 8 3MOM NpoOMexHcymKe

n

8| =

ao=f(0)+-11?‘/. u J/ (u sin 6) 40 du,
0 0

- T

T 2
a,,==% / ucosnuf S’ (usin 0) db du (n>0).
0 0

') Schlomilch, Zs fir Math. und Phys., Il (1857), 137—165. Cum. Chap-
mann, Quarterly Journ., XLIII (1912), 34—37.
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JoxazateabctBo LlaéMuabxa, no cymectBy, 3axk/ii04aeTcda B cleaywolmeM. Ilycts

F (x) — HempephIBHOE pellleHHE MHTETPAJbHOIO YPaBHEHHS

1
-

2
f(x) =%f F (x sin 9) de.
0

Torpa (§ 11.81, yacte )
1
5 T
F(x):f(0)+xf ' (x sin 0) do.
0

Ias Toro 4to6bl moayunTh pasioxenne aéMuibxa, HYXHO TOJNbKO MPHME-
HUTb Teopemy Pypbe k dynkuuu F (x sin¢). Takum o6pas3om, noayyum

dqa{%ff‘(u)du—}-%E /cosnucos(nxsincp)F(u) dui:
0 n:l(')

1 2 %
=;/F(u)du+;2 / cos nuF (w) J, (nx) du,
0 n=1 0

TaKk Kak MepeCcTaHOBKAa CYMMHDPOBAHUS M MHTETPHPOBAHHA JONYCTHUMAa COIJIACHO
§§ 47 u 944 dactu 1. B strom paBeHcTBe 3ameHHM F (u) ee BBIpAXEHUEM

: |
L fO)+u (usine)dajdu+
0

floy=—
0

11:
2

r=2f

0

yepes f(u). Torna Halzem

(ST
a

4

1

o) kd 7"
v+?2€210(”")f°05 nu f(0)+uf f' (usin 8) d8 [ du,
0 0

n=1

a 3To W jaer pasaoxenue Ulnémuabxa.
Mpuwsep. INokasaty, at0 mpu 0 L x <™ cymMMa psfa

™~ 20 Jo (x L B8 o Jo 5
e TG E R ACREE S ACO R

paBHa X, HO 4TO mpH = < ¥ < 2% 3Ta CyMMa paBHa
x 4 2m arccos (rx—1) — 2V x2— =2,

rae arccos (mx—!) 6eperca mexay O u 3
HaliTh cymMmMy TOro ke paja, KOrAa X JAexHT Mexay 2= u 3=
(Math. Trip., 1895)
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17.9. CocraBnenne TtaGauu ¢yHkuuii Becceas

[ansen (Hansen) mpumexan ais BuluHcleHus Tabaun obyuxkuu#t J, (x), xoro-
poie npusenensl JlomMenem (Lommel) B «Studien iiber die Bessel’schen Funk-
tionen», aCHMNTOTHUeCKoe pasiaoxenue (§ 17.5).

Melicear (Meissel) coctaBua rtabauust Jo(x) u J;(x) ¢ 12 mecaTuyHbIMH
sqakaMu oT x =0 g0 x=155 (Abh. der Akad. zu Berlin (1888)). British
Assoc. Report (1909), 33, comepxur Tabauubl, o KOTOPbM J, (X) H Y, (x) Mo-
ryT 6biTh BhuucAfeMbl npu x > 10.

Tabamup dyuxuuit J, (x), Jo (x), J | (x), J o (x) saus doianukowm (Din-

3 3 3 3
nik, Archiv der Math. und Phys., XVIII (1911), 337).

Tabauubt 148 BTOpPOro pellieHHsi ypaBHeHHsi Deccels naHbl caeyoluMu
apropamu: Cmutom (B. A. Smith), Messenger, XXVI (1897), 98; Phil. Mag. (5),
XLV (1898), 106; Oxuucom (Aldis), Proc. Royal Soc., LXVI (1900), 32; ditpu
(Airey), Phil. Mag. (6), XXII (1911), 658.

Insa dyuxkumit 1, (x) cocrabaenst TaGauubl B British Assoc. Reports: (1889),
28; (1893), 223; (1896), 98; (1907), 94, a takxe Oazmcom (Aldis), Proc. Royal
Soc., LXIV (1899); WmepBysom (Isherwood), Proc. Manchester Lit. and Phil.
Soc., XLVHI (1904) n Aupunrom (Anding) Sechsstellige Tafeln des Bessel’schen
Funktionen imaginiren Argumentes (Leipzig, 1911).

Tabanupt ynkunu J,(x Vi ), npumeHseMoit B TEOPHU NEPEMEHHBIX TOKOB
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Mlpaumepn
1. Mokasare, 41O
cos (zsin 8) = J,(2) + 2/, (2) cos 26 4-2/,(2) cos 480 - .,
sin (2 sin ) = 2/, (2) sin 0 -} 2/; (2) sin 30 4- 2/ (2) sin 50 4- ,,,
(K. Neumann)

2. Pasnaras o6e wacTu paBeHCTB mpuMepa | no creneHsam sin 8, Bhpasutb 27
B BuJE pAxa no kos¢pduuuentam bBecceas.
3. NepemHoxas pasnoxenus: Las

1 1 1 1
exp {7 z(t—-—t—)} u exp{—-?z(t—-t—)}
u cobupas ujeHH, He 3aBHCAILME OT £, NIOKa3aTb, 4TO
@R +2{/,@P+2{,@P+2{/sE@)P+ ... =1L

BeiBecT otciona, 4to A48 QyHxuuu Becceas unenoro nopsaka

1
@I, /@12 @>1),
KOorja 2 BeUeCTBEHHO.

©
1
4, Tlorasars, uto ecan Jf;, (2) = - f 2% cos® u cos (mu— 2sinu) du  (sra
0

¢dyHkuns npuBoAUMTCs K (yHkuumn bBeccens uenoro mopsaka, Korxa £ — Hyib,
a m—uenoe YUCJI0), TO

=]
11 \*
VACES) ;.!(7,2) Nem, oo

p=0
rae N_p, p, p= «uucio Komus, onpenenseMoe paBeHCTBOM

©
N-m, Rp= 711; / o—miu (eiu + e-—-iu)k (e‘“-e'“‘)Pdu,
-

[Tokasarsh, nanee, 410
@ =0 @+ 5 @),
27832 (2) =2mIA () =2 (R + 1) B (&) — %, ).
(Bourget, Journ, de Math. (2), VI)

5. IlokasaTth, 4TO ecau v u M CBA3aHB ypaBHEHHAMH
M=E—c¢sinE, cosv=ﬁ5——i,
l—ecos E
rie
lel <1,
TO

1 o oo
= P

o= M-2(1—e)? E 2 (%e) Jg,(me)-,l;sian,
m=1 k=0

rae J% (2) onpeneasercs, kak B npumepe 4.
(Bourget)



NPUMEPH 223

6. loka3aTh, UTO eClIu m KU n— Hedble YHCHa, TO

m

1 o
m e Cn 2 70?2 9 n
Pp(eos 8) =—7 Jn ) (¥ 49" 5= [ 2%

rae z=rcosH, x2+ y2 = r?sin%, a c;," He 3aBHCHUT OT 2.
(Math. Trip., 1893)

)

7. Toxa3ath, uto pemeHueM AuddepeHnHaTbHOTO ypaBHEHHS
ay ¢ PNl d (e 1(4') i_f_i_(
7 dz+{ ( ) T @ p 3 @z
4v2 -——1
=) ) -

rie ¢ H -~ Npou3BoabHEe GYHKUMH 2, GyieT

1
= () |
y= (%) (an W+, .

8. lNokaszatb, uTO
Ji )+ T3 (x) + J5 (%) + .. =—;-|:J°(x)+./‘ Uo(t)‘f‘-,x(t)}dt'—l:l-
. 0

(Trinity, 1908)
9. Mokazats uTO
<)p.+v+2n

& DT vk (fe
JH(Z)JV(2)=Z n]r(“_i__n+1)I\(v+n+1)]_‘(p.+v+n+l)

IS BceX BHAYGHHH p

(Schlafti, Math. Ann i} (1871), 142 u LL&uroabuep (Schonholzer), Beprckas
aucceprauus, 1877).

10. TlokasaTb, 4TO ecau 72— MOAOKUTEAbHOE LEJNOe YHCIO H M +2n 41 no-
JIOXHUTEJBHO, TO

(m — 1)fx”‘Jn+x(x)fn LX) dx = w0 T,y (0) — ()

+(m41) f x™J% (x) d.
0

(Math. Trip., 1899)
11. Ilokasats, uto
ail,y (2)

. ./ (Z)+3 djo(z) +4 -3

=0,




224 ra. 17. ®YHKUUM BECCENA

12, Iokasatse, uto
Lo (L) (L
Jni1(2) _ 2 2 (2 :
Jn(2) nt+l— n+t+2 — n43 — ..

— pa3NoxeHHe B HEMPEPHIBHYIO ApoOb.
13. Ilokasarh, 4TO

Jon@ I @D+ I pp (@) (2) =

2 sin nn
- .

(Lommel)

J, 2
J—“L—’—(—L; II0Ka3ath, 4TO
z2J,(2)

— 204D 9,¢) 42 (Qn (*

14, Ilycre Q, (2) obosnauaer
aQn(z) _ 1

dz =z

15. Ilokasate, 4TO mpH R?=p? —+ r?—— 2rrycos® ur;>r>0

-/o(R):JO(")-/o("l)‘f"QZJn(r)Jn("l)COSne,

n=1

Yo (R)=Jo(r) Yo(r,)-f—QEJ,,(r) Yy (ry) cos nb.

n=1
(K. Neumann)

16, IlokasaTb, uTO nHpu Re (n +—;—) >0

T

f Jan (22 c08 0) @0 = %—n U ()12
(4}

0] =~

(K. Neumann)

17. Tlokasath, Kak BHpasutb 2°"Jy,(2) B Qopme AJ, () + BJy(2), rne A
# B — noJuHOMB OT 2, H JOKa3aTb, 4YTO

1 1 1 1
Ji(62) + 3/,(6%) =0, 3J5(30%) + 5/,(30%) =0,

(Math. Trip., 1896)
18, TNokasartb, uT0 npH a==B u n > —1

@8 [ 200 @0 1y (3) dx = 5 | Iy @8) I GO Jp () o e}
0
X

23 f % {Jp (@X))? dxt = (52— n?) {J, (ax)}z—}—{x % I (ax)}
0

19, lokasatb, uto eciu n> —1 u J, (¢) = J, (8) = 0 npu a==p, 10
1 1

fo,,(ax)J,,(px)dx=o " /x{J,,(ax)}zdx.::%{/,,ﬂ(a)}z.
0 0

2
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Ortciona BBIBECTH, UTO OpPH 1 > — | Bce KopHu ypaBHenus J, (x) = 0, otauu-
Hble OT HYJ]fl, BeIECTBEHHbl H Pa3AH4YHBHL.
[DomycTuB, YTO a KOMILIEKCHOE, NMPHHATL 33 B COMpAMEHHOE KOMINIEKCHOe
qUCHO].
(Lommel, Studien iiber die
. Bessel’schen Funktionen, 69)
20. Ilycts dyukuus x% f(x) abcomoTHO HMHTErpHpyeMa B MDOMEXYTKe
0 < x < 1;nycrs H — BemiecTBeHHas NocTosiiHas, U nyctb n > 0. INokasats, uTo
€Cau Ry, ky, ... — NOJOXHTENbHBIE KODHH YDaBHEHHSA

k™" RS, (k) 4 HI , (B)] =0,

T0 B Ja1060# Touke x mpomexytka 0 < x < 1, B xoTopoit f(x) yaoBiaerBopser
onHomy M3 ycaosuit § 9.43 uwactu I, f(x) MoxeT ObiTb pasloXeHa B pan:

f(x)y= 2 App (kpx),
r=1

rae
1 -1 1
A= [ [t (k,x)}zdx} [ 27 () Ju ) 0.
0 ‘ 0
B wuwactHoM cayuae, xorga H = -—n, caeiyer CYdTaTh A2, PaBHHIM HYJIO;
ypaBHeHHe, ompejensiomee k;, Ry, ..., 6yaer J,4, (k) =0, a nepsulil uaen pas-

noxenua O6yner Agx", rie

1
Ay=@2n+2) f_x"“f(x) dx.
0

PaccMoTpers, B HacTHOCTH, cayyal, korja f1 6eckoHeuno, Tak uto J, (k) =0,

H IIOKa3aTb, 4YTO TOrjaa
1

Ar =2 Uiy k)2 [ 57 (5) I oy i,
0 ’ i

. [3ror pesyabrar mnpusamaexxur T'ob6cony (Hobson), Proc. London Math.
Soc. (2), VII (1909), 349; cm. raxse W. H. Young, Proc. London Math. Soc. (2),
XVIII (1920), 163 — 200. PopmanbHOoe pasaomenne npu 1 GeckoHeuHoM (korxa
n =0) 6p10 nano Pypbe u (a4 MOOLIX 3HAYEHHH n) JloMMeneM; TOKAa3aTeabCTBA
6pitu panbl Xankemem u llaedau. Popmyra mpu H = —n Onina nana duuu
(Dini, Serie di Fourier (Pisa, 1880)) ¢ omu6koit: unen A,x” orneuartan kak A,
H 5Ta owubka He Oblna ucnpasiesa Huabcesom. Cm. Bridgeman, Phil. Mag.,
(6), XVI (1908), 947 u Chree, Phil. Mag., (6), XVII (1909), 330. PaccmarpuBae-
MO€ pasnoxeHHe OObIYHO Has3blBaeTcs pas3aosceruesm DPypoe — beccens).
21. Toka3aTh, YTO €CAH Pa3NOKEHUE

a2 — x? = AJy (\x) + Aplo (Rex) + ...

UMeeT MeCTO, Kak paBHOMEpHO cxomdauuiica pag mpy —a<<x<aq, e
A, Ay, ... — MONOKMTEAbHBIE KOPHH ypaBaenus J, (A@) =0, 10

-1
A, =8 {37, () 7
(Clare, 1900)

8 3. T. Yurrexep, Jx. H. Barcon
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22, Ecau k,, ky, ... — NOJOXK!TEJbHBE KOPHU ypaBHeHus J, (ka) =0 u ecan

[ee]
X2 = 3 Ady (k)
r=1

npuYeM STOT PAA paBHOMepHO cxoautes mpu 0 x < 4, 10

2q¢"~1 aJ, (k
4, = "k2 (4n+4_a2k3)/__zr_d(_aﬁ,

T

(Math. Trip., 1906)
23. lMokasath, uTO

xn—m
S oonmelr(nm)
Kkorga n>m > — 1.

Jn ()

\) o] =

Jpm (% sin 8) cos?®~2m=1 g ginm+1 g gp,
0

(Couun, Math. Ann., XVI)

I (20%/3—g> +J 4 (20%/35) }

24, Tokazate, uto npu ¢ >0

oo

1
2
fcos (3 —of) dt = —= {

¢ V3 | = <
(Nicholson, Phil. Mag. (6), XVIII (1909), 6)
25. [Ipu nejoM nojoxuTeabHOM m v u > O BbiBeCTH U3 HHTerpada Becceas
popuyay

oo

f e *Shu | (x)dx = e~ ™ sechu.
0

(Math. Trip., 1904)
26. loxasatb, uto npu x>0

o0 o
Jo (x) = —;2; / sin(xch#)dt, Yy(x)= — -?;- e/‘ cos (x ch t) dt.
0 0

[Cuurath, uto koHTyp § 17.1 COCTOMT H3 OTpe3ka MHHUMOIt OCH C BBIpE3OM
B Hauane KOOPJMHAT W H3 IMOJYOKDYIKHOCTH CleBa OT MHHMOH OCH C LEeHTpOM
B Hayaze.]

(Couui{, Math. Ann., XVI)
27. llokasath, uTO
G t N
[x"]o(xt)sinxdx={2n <i<
0 arc cosec?, t>1,
© { }_}
-1 YIRS
[x“.l,(xt)sinxdx=!t 1—-1-% o0<t<],
0 L t> 1.

(Weber, Journ. fir Math.,, LXXV)
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28. Tokasath, uTO HHTErpal

=f enreos b ( A 1 Big (r sin? 0)) dO

0
ABJAETCA DEIIeHHEM YpPaBHEHHA
d%u I du
. — —— —nfu =0.
dart dr

(Poisson, Journ. de I’Ecole polytechnique, XII (1823), 476 cM. Takxke Sto-
kes, Camb. Phyl. Trans., IX (1856), 38)
29, JlokasaTb, 4TO HEe CYUIECTBYET COOTHOLIGHHS BHJA

k
2 NgJprs(x)=0
§=0

AJIsT pauOHAJbHBIX 3HAUeHuH Ns, n u X, 338 HCKNIOYCHHEM TaKUX, KOTOPHIE YyJIO-
BJAETBOPAIOTCA, Korja q)YHKlIPIPI becceas saMensoTca NNPOH3BOJbHBIMU PEIICHUAMH

pekyppeuntHoro coorHomenus § 17.21 (A).
(Math. Trip., 1901)

{Bmpasmb JeByl0 yacTh 4epe3 ¢yukuuu J,(x) H J,4, (¥) ¥ nokasath npu

J x
noMowu npuMepa 12, urto —;%—)— 6yneT MppauMOHAJBHBIM, KOTJAa N M X pa-
n
uuona.rlbnm.]

30. Ioxasarb, uTo npu Ren > —5

O e e )

2
-3
—Ya(2) = prry (\nf%)r(%) (1—{—%) 2(cozsz).

1 42 n—-—
[Sne% (1 + d22> % o6osnauaer oneparop

1 (n—-—l—( 3
"7 o, o3)l3) .

1 — .
+ I dz? + 2! dzt Tt
Ilna 10Ka3aTeAbCTBA NPUHATH BO BHHMAHHUE, UTO
1
ol L
= [ et dt.jl
2z o
i

(Hargreave, Phil. Trans. (1848); Macdonald, Proc. London Math. Soc., XXIX)
8#
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. 1
31. Tloxasars, uto upu Re (m-}-——) > 0 uMeeT MeCTO PaBEHCTBO

=

1
P
( )2 / Jm (zsmﬁ)smm“ﬂdﬁ-_-:z 2y L @)

0 mty
(Hobson)
32. Moxasats, uto mpu 2n+1>m>—1
! I‘(%m +i)
J‘ x—n+mjn (ax) dx = 2—-n+man—m-l

1 I
r (n— 5 m + = )
(Weber, Journ. fir Math., LXIX; Math. Trip., 1898)

0

33. INlokasarp, 41O

z % 2p+1
L = J 2))?
-
(Lommel)
34. B ypaBHenuu
1 dy
dz’+z dz—*_(l+ )y—O

n BEUIeCTBEHHO; MOKa3aTh, YTO OJHMM W3 pelleHHil 3TOro YypaBHeHus Gyger
thyHxuus

had 2
€os (n 18’ 2) - 2 (‘-I)m zlm s (um; nlg z) T*
m=1 o2 (1 +n?)? (4 +n2)? ... (m?+ n?)?

6 s‘ ret (-1)
Tie up oGosnauaer cymmy J, arcig{--).
r=1
(Math. Trip., 1894)
35. Ilokasath, uTO NMpu 7 GOJBIIOM H TOJOXHTENbHOM
2.1 I -3
J,(m=2 33 (7\:'11’(§>n 3 Lo,
(Cauchy, Comptes Rendus, XXXVIII (1854),

993; Nicholson, Phil. Mag. (6), XVI (1908), 276)
36. IToxasatb, uTo

T+
(Mehler, Journ. fiir Math., LXVIII)

Ky () — /‘ to (6)
0
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37. Toxasars, uto
o0
¢ = 9""1T (n) 3 (n+ k) C2(cos 0) =1, , (M.
k=0

(Math. Trip., 1900)
38. Ilokasatb, 4TO ecau

W= f I (ax) Ty (bx) T (ex) 21~ ™ dx,
o

rae a, b, ¢ — NOMOXKUTENbHBIE, a M — MNOJOXKHTEILHOE LEN0e YHCAO HIH HYJb, TO

W=0 nopu (e—b)?>c3
. 1
—mp—m.,—m m——
W= 4 _lb ¢ {2 Z b%‘"’—Z a"} 2 npu (a+4-b6)2 > ¢ > (a—b)?
g3m=1y2p (m —{—%)
W=0 npu (a-}0b)?>c2

(Conun, Math. Ann,, XVI)

39. IMTokasatp, utO ecau n>—1, m > —%— H
W= f./n (ax) Jy (bx) I (cx) X1 "™ dx,
0

rae a, b, ¢ HOJNOXHTENbHB, TO

W=0 npu (a— b)?>c?
T m-tym-1,om 27 Om=D 5 -m

W= @2r) 22" W™ 1M (1 —p?) P” y ()
2

apu (@82 > 2> (a— b)3,

1 1 . )

1 \™% m-1,m—1,-m sin (m—n m—o) =i —@m-1) —-m
‘V=<—2—TG> 2 a-m lbm IC m.—(n..__—lfe( 2) (EL%-—I)4 Qz_}_ (y.l)

2
mpa  ¢* > (a+ )%

rne
a® 4 b?—c?
P-=———2ab——, By == —u,

(Macdonald, Proc. London Math. Soc. (2), VII)

40. Mokasatb, uto npu Re (m + %) >0

T

m
z i T / ch (2 cos o) sin®™ ¢ do
gmy (m + 7) T (7) 3

In () =
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1
u npu |arg 2 | <5®
1 I
zmr (—2-) cos mn
— J e~ ZNe g™ ¢ do,
omp (m + 7) ;

JlokasaTh Taxke, 4TO

Kpn(2) =

© 1
—_——

K, (2) = x 2 2mzmT { m + L cos mr | (u?42?) % cos u du.

(Math. Trip.,, 1898; Basset,
Proc. Camb. Phil. Soc., VI)

[TTepBuift uHTerpan Moxer ObITh NMOAYYEH PAa3NOKEHHEM MO CTENEHAM 2 U
NOYJIEHHBIM WHTErPHPOBAHHEM TMOJYUYEeHHOro pafa. Yro6el NOJAYyYHTb BTOPOH
HHTErpaj, pacCMOTPHM BBHIpAaXEHHE

A+, ~14) el
2m f -t (1) 2 at,
O

rIe B HCXOIAHOM TonoxeHun arg(f—1)=arg({+1)=0; Bo3bMeM |¢]>1 Ha
1
me-—=
KOHTYpe, pasnoxuMm (#2— 1) 2 pAL Mo yOBIBAKOIHUM CTENEHAM { U NPOHHTE=
rpupyem noujeHHo. B pesyabrare moayuum

2ie®™ sin 2mz) T 2m) 27T (1 — m) I _,, (2).

ITpu CTArMBAHMHK e KOHTYpA MHTErpaid NMPHHHMAeT BHJI
m-1 1 m-t
2i*™™ 2™ in 2mm f e~ (2—1)  2dt+2ie*™™ 2™ cos m= f e~2t (1—2) 2?4t
1 -1

(o)

[O3TOMY

m ey m 1
= (”"‘)zl / et (1)t
P(y)r(mtg)i
41. Mokasatk, uto O, (2) yIOBAETBOPSAET nmb(})épeﬂuuanbuomy yPaBHEHHIO
2002 43400 11— 2110, = gs
rae g,= 2" (korga n yeTHoe), g, == nz~? (KOrla n HEueTHOE).
(K. Neumann)

42. Cuutasn f(2) ananutuvyeckoit PyHxuuelt B Kojable, OTPAHHYEHHOM OKDYK-
HocTaMu ¢, C C LEHTpaMH B Hayaje, MOAYYHUTh Pas3IOXKeHHe
. 1
1@) =g oo (@) +ady @)+ (D) + ...

o+ 800 @) + 810 () + B0 (D) + .,

21—m

I p@—1y(2)=
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rae
4= _l_i_é[f(t) 0, (¢) dt, B,,=nit./.f(l‘) Ja (t) dt.
4

(K. Neumann)
43. Tloxasatb, 4TO HOPH MONOKHUTENbHBIX X H Y

we—ﬁx e=-ir
f B Jo(ky)kdk=_r_,_
5 ‘

rae r=-+ Vx2 +y? u B—- Vk2— T amm (VI—F2 , CMOTPA HO TOMY,
oyier au k> 1 mm k<1

(Math. Trip., 1905)

44. TlokasaTh, 9TO NPH M3BECTHHIX OIDAHMYEHUAX, HAJAraeMblXx Ha YUCIO 7
u Ha BuA dyHkuuu f(x), cnpaBemauBa dopmyaa

fx)= f Jn(tx)tg f f(x) Ja(tx"y x' dx’ ¢ dt.
0 {é

[J.onasaTeJlbcTBo 5TOH BaXHOH TeOpeMbl M HCTODHUYECKHE CBEAEHHA O Hel
moxuo naiitn y Huabcena (Nielsen, Cylinderfunktionen, 360—363). dta dop-
Myla NpUHAAREKHT XaHKeNo, HO (O aHaxoruu ¢ pesyabratoM § 9.7 gactu I)
€€ 4acTO Ha3blBalT unmezparor Dypse — Leccers.)

45. Tlokasarb, uto ecau C — kakoii-Hubylb 3aMKHYTHIHE KOHTYp H m,
n - neJable YKCA3, TO BCErJa HMEOT MeCTO PaBEeHCTBa

[In@in@ dt= [ 0n()0ne)dz= [ 1(2)0, () dz =0,
C C C

KpoMe clyuad, KOrfa Hayajo KOODIMHAT JNeXUT BHYTPH KOHTYpa C m m =n;
B 5TOM IIOCAENHEM CAydae NMepBble ABA MHTErpala BCe €lle OCTATCH DPABHHIMH
Hymo, Tpetudi e Oyzer paBed =i (wam 2w, ecan m=0), ecan C obxomut
Hayalo KOOPAMHAT OAMH Pa3 B HANPaBJIEHHH NPOTHB YACOBOH CTPeNKH.

(K. Neumann)
46, INoxasaTh, YTO eCaH NPHHATh 0003HaueHHE

«ne

H €CIH n— MOJOXHTENbHOE Lea0oe YUCHo, TO

n
-2
27" = 2 e me n+m=102m -1 (2)
m=1

n-1

P - op—1, n=100 (&) + 2 2 tn—m—1, n+m-102m (2).

m=1
(K. Neumann)
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47. O6o3nauuB

Qn(y)_:E 22'"(”1!)2 n2 {n2_12} {n2_22} {’lQ—(m—l)Z}

o9m! 2m+2 ’
m=0 y

JI0Ka3aTh CHpPaBelIHBOCTbL paBEHCTBA

(y2.__x2)-l = 90 (y) {./o (x)}2+2 2 er- ()’) {‘,Il (X)}2
n=1

KOrja psAl B NPaBoH YacTH CXOJHUTCA.
(K. Neumann, Math. Ann., III)

48, MNoxkasarb, uto npu ¢ >0, Ren>—1n Re(a = 6)2>0

¢+l
1 -1 12— a? — b? ab
Jn(@) Iy (6) = 5 f t exp{—Q?—}ln( )dt
=0

(Macdonald, Proc. London Math. Soc., XXXII)

49, Hcxona u3 npuMepa 48 wuam kakuM-1u6o apyruM obpasoMm JoOKa-

3aTh, 4TO
1

1
(a? 4 b2 — 2ab cos 0y 2 g Jl(a"’—}—bz——Qab cos 8)? }——-
= 27T (n) 2 (m~+n)ya~"" ", (@), , ) C% (cos 0),

m=0

(Gegenbauer, Wiener Sitzungsberichte, LXIX, LXXIV)

50. Mokasatb, uTo QyHKIUS
1

y=f/,,, ) I, (t27) *~1 at
C

YAOBJETBOPSIET yPaBHEHHIO

GG ) E e D) ey o

npy ycJaoBuH, YTO BBIPpAXCHHE

1 1 1 1
btk ], (6) J, (t22>—t”+11’ ®VJ, tz?) 22440 (t)Jn(tz?)

NpHHUMAET MEPBOHAYANbHOE 3HaueHHe mocie 06Xoma KOHTypa.
BoisecTn otciofia, uto npu 0 < 2 < 1
1
5 G=D
L 2
ff-wm_.(tz?) prirat = 02 F
d 27 T (1 —B) T (4)

(Schatheitlin, Math. Ann., XXX; Math. Trip., 1903)

(a, B; 7 2).




FTABA 18
YPABHEHUSI MATEMATUYECKOH ®U3UKH

18.1. Ouddepenuuaapubie ypaBHeHUS MaTeMaTHueCKOd (u3uKH

@YHKUKN, PACCMOTPeHHble B MpeNBIAYIIUX TJaBaX, HMeloT Goabiuoe
3HAYeHHe B MPUIOKEHUSIX MaTeMaTHKH K BonpocaM ¢usuku. IToxoGHble
NPUAOKEHHA HE BXONAT B 3aJa4H HACTOALEH KHUTH, HO O0O/bIIMHCTBO
U3 HUX CYLIECTBEHHO OCHOBAHO HA TOM, YTO NpPH MOMOHIM 3TUX (YHK-
UM} MOXHO COCTABMTb PelleHUs Onpele/eHHHX nuddepeHlUnalbHbIX YpaB-
HeHUH C YacTHBIMM NPOM3BOAHBIMH. HaubGonee BaXKHBIMH W3 TakuX Aud-
¢depeHUMAAbHBIX YPaBHEHUH SABJSIOTCH Cjelyioliue.

(I) Ypasnenue Jlanaaca

2V | 2V
0x? + oy?

oV
KOTOpOe BMepBhie BCTpeuaeTcs B Memyape !) o xoabuax CartypHa.

Ecau (x, y, 2) — 0psMOyroibHble KOOPAMHATH KaKOH-AHGO TOYUKH B MPO-
CTPAHCTBE, TO 3TOMY YPABHEHHI0 YNOBJAETBOPAIOT Clelyomine GYHKIHH, BCTpe-
YalIMecs B Pa3JHUHBIX O6JACTAX MaTeMaTHYeCKOH (HU3HKM:

(I) notennuan TaroTeHus B 06JacTAX, He B3aHATHIX INPHTATHBaloIe
Mmartepuet;

(II) anexTpocTaTHUECKMH NOTEHLHAX B ORHOPOAHOM IMINEKTDHKE, paccMa-
TPHBaeMblil B 3JEKTPOCTATHKE;

(III) marauTHBIH MoOTeHUMan B cBOGOAHOM 3dupe, BCTpeualoluiics B MarHeTo-
CTaTHKe;

(IV) snexkTpuueckuil MOTEHUHAX B TEOPHH YCTAHOBHUBLIMXCA SJACKTPHUECKHX
TOKOB B TPEXMEDHBIX INPOBOJHHKAX;

(V) temnepatypa B TEOpHH TEMJIOBOrO PaBHOBECHS T,

(VI) norennuan ckopocTeit 6e3BMXPeBOr0 JBHIKEHUA OAHOPOIHOH MHAKOCTH,
paccMaTpuBaeMbiii B FHIPOIMHAMHKE.

HecmoTps na ¢du3snueckoe pasauuve 3THX TeOPHH, MaTeMaTHYEeCKOe HCCJe-
JloBaHue BCeX WX TNOYTH OJMHAKOBO: TakK, HampHMep, 3alada TeILIOBOT'O PaBHO-
BeCHs TeJa, KOTJa TOYKH €ro NOBEPXHOCTH MOJIEPKUBAOTCA IPH 3aJaHHBIX TeM-
nepatypax, MaTeMaTHUYeCKM TOXJIECTBEHHA IpobJeMe oOfpeleNeHHs JAEKTPH-
YEeCKOro HampsiieHHs B 06GJACTH, KOrAa TOUKH TFPaHHUB 3TOH o6aacT MoOA-
JIEPKHUBAIOTCA NPH 3aMaHHBIX NMOTEHUHANAX.

') Mém. de I’Acad. des Sciences, 1787 (ony6aukosano B 1789 r.), 252.
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(II) Boanosoe ypasrenue

iRV o, v | W 1 0%
o T gy “oy? + = om

D10 ypaBHeHue BCTpeuaercs FJAaBHHIM O0pPasoM B HCCAENOBAHHAX BONHO-
06pasHOro BO3MYLIEHHs, PACHPOCTPAHAIIErOCs CO CKOPOCTbIO ¢, He 3aBHCAIIEH
OT AJHHB! Boakbl. Hampumep, B TeopHH 3/MEKTPHYECKHX BOJH H B 3JEKTPOMAr-
HHTHOH TEOpPHH CBETa pPacCMAaTPHBAEMOMY YDABHEHHIO YIOBJETBOPAET KaxJas
KOMIIOHEHTA 9JEKTPHUYECKOFO HJAM Mar{MTHOrO BEKTOpAa, B TEOPHH. YHPYFHX
KOJAe6aHHi 3TOMY YPaBHEHHIO VJOBJETBOPAET KaXJas KOMIIOHEHTA CMEUICHHS;
HAaKOHEl, B aKYCTHKE BOJHOBOMY YDPaBHEHHIO YIOBJIETBOPAET NOTEHLHAN CKOpO-
cTeil B HIealbHOM rase.

() Ypasuenue mensonposodnocmu

oV l23% 0%V 1 oV
o T ot o =% o

DToMy YpaBHEHHIO yIOBJIETBOpSiET TeMIepaTypa B TOYKE ONHOPOIHOrO H30-

TPOMHOro TeJa, MNOCTOsAHHAsR k MpONoOpIHOHaAbHA €ro TEIONPOBOAHOCTH H
o6pamo NPONOpUHOHANbHA TEMAOEMKOCTH H MJAOTHOCTH.

(V) Yacmuss cayiaen npedudyuwezo ypasnwenus (1), xozda
OMCYmMcmeyem RepeMeHHas 2z, A8AACMCA YpasHerue
02V 9% 1 oW
oxz T oyr . e "
JTOMY YPaBHEHHIO YXOBAETBOPAET CMEIIEHHE B TEODHH MONEPEeYHBIX Koaeba-

HUH MeM6paHbI; OHO BCTpe4YaeTcs U B TEOPHH BOJHOBOT'O JBHXEHUA B ABYyMEp-
HOM INPOCTPaHCTBE.

) Te/tezpaginoe ypasHerue

K PV v
K G+ KR G = G-

DToMy ypaBHEHHMIO YIOBACTBOPSET MOTeHuuan B TexerpaduoM Kabene, korja
NPHHEMAETC BO BHHManHe HHIYKTHBHOCTh L, eMxocTh K M compoTHBIEHHE R
Ha eQMHHLUY JIHHbI.

Brio Ob HeBO3MOXHO B mpeaesax 3TO# rjaBel MpeTeHNOBaTb Ha
HCUEPNBIBAIOLLMHE 0630p TeOPUH STHUX M APYruX nudepeHLHa bHHIX ypaB-
HeHUH MaTeMaTMueCKOH (DUBHKM; HO, paccMaTpHUBas M3OpaHHble THIHYHbIE
C/yyau, Mbl PasbACHHM HeKOTOphle U3 HauboJee ynorpeGUTENbHHIX MeTO-
JOB pelleHHs 3THX YpaBHeHUH, yHeaas oco6oe BHUMAHHE IPUMEHEHHIO
TPaHCLUEHAEHTHBIX (QYHKIMA, :

18.2. 'pannuHBle YCJIOBHSA

BecbMa 4acTO BO3HHMKAET 3aJa¥a HaXOXIEHUd IA8 OAHOTO M3 ypaB-
nenu#t § 18.1 Takoro peueHWs, KOTOpPOe NMOAUMHAETCS ONpeleNeHHbIM
rpauudHbM  ycaosuaM. Tak, MH MOXeM TMOXEAaTb HaHTH TeMmOeparypy
B KakOH-HUGyAb TOUKE BHYTPU OLHOPOAHOTO HM3OTPOMHOrQ MPOBOASAILETO
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TEMJIO TeNna, HAXOMAUIEroCsd B TEeMJIOBOM PABHOBECHM, KOrAa TOYKH TMOBEpX-
HOCTH Tesa NOAAEPXKHUBAIOTCA IPH 3aJaHHBIX TeMMepaTypax. JTa 3ajaya CBO-
AWTCS K HAXOKIEHHIO pellieHus ypaBHeHus Jlanaaca B TOUKAX BHYTPH
3a71aHHON NOBEPXHOCTH, KOIAAa 3ajlaHbl 3HAYEHHA pelleHHd B TOYKAX Ha
NOBEPXHOCTH.

Bosee caoxnas 3azava nodoOHOro xapakTepa BCTpeuaeTCs NpH pac-
CMOTPEHHH MaablX KoJeGaHu#t KHIKOCTH B COCYIe, MOLBEPKEHHOH aTMO-
"ceprHomy naBienmio. JleficTBuTeNbHO, B 3TOH npoGJeMe HaM 3adaHHI
NMOTEHUMAN CKOPOCTEH B TOUKAX CBOOOJHOH MOBEPXHOCTH U HOPMaJbHad
NpOK3BOAHAA NOTEHINANA CKOPOCTEH B TOYKAX CONMPHUKOCHOBEHUA XHAKOCTH
C COCYyIOM.

Xapaktep TIPaHHYHBIX YCJIOBHH, ‘HEOOXOAUMEIX A/l €1HHCTBEHHOCTH
pellleHus, BeCbMa CHJIbHO H3MeHsieTcd B 3aBUCHMOCTH OT (QOpMH pac-
cMarpuBaeMoro auddepeHlUHaILHOrO YpaBHeHus, Jaxe B Cjyuyae ypas-
HeHUH, KOTOpbie Ha MepBHIA B3rJAAA BeCbMa MOXOXKH JHAPYr Ha Ipyra.

Tak, peuleHue ypaBHeHHS

0%V oV
oxr T gyr =0

(xoTopoe BCTpeuaeTCs B 3aKaye TeNJOBOTQ pAaBHOBeCUs IJS LMIHHIPA)
onpeleafeTcs OJHO3HAYHO B TOYKAX BHYTPH 3aMKHYTOH KPMBOH B IJIO-
CKOCTU Xy MO 3HaveHui0 ¢yukuumn V B Toukax kpuofi. Ho B ciayuae

ypaBHeHus
*vV 1oV o
oxz ~ ¢Z o

(KOTOpOE OTJIMYAeTCi OT NpeXHero COGCTBEHHO - TOMBKO H3MEHeHUeM
8HaKa), BCTPEUAIOErocsd B BONpPOCe O NMONEepeyHBIX KoaeOaHUsX HaTAHYTOM
CcTpyHH, rle V o603HauaeT CMelleHMe B MOMEHT { TOYKH, Haxoaswehcs
Ha pacCTOAHMUM X OT Hauajda CTPYHB, (UBHYECKH SICHO, YTO pelieHHe
OJHO3HAYHO ONpeJes]eHO TOJbLKO B TOM CJyuae, KOrla I/ BCeX 3Haue-
Huft x w3 npomexyTka 0 < x </ (! osHavaer AAMHY cTpPyHb) npu £=0

saganHsl M V, u Tk

duanueckass MHTYHUUS OOGBIYHO TNOACKA3HIBAET XAPAKTEp TPAHHYHBIX
ycaopufi, HeOGXOAMMBIX AJA €AMHCTBEHHOCTH pelleHus Auddepenuuaib-
HOro ypaBHeHus. TeopeMbl ke CYUIeCTBOBaHHA, KOTOpble HEOGXOLMMBI
C TOYKH 3peHus HYUCTOH MareMaTHKH, OOBLIYHO OYEHb YTOMMTE/NbHBl M

TPyAHbL 1).

") Cum., nanpumep, Forsyth, Theory of Functions (1918), §§ 216—220,
FAle paccMarpuBaercd 3aaada, KaxyIascs NOBOJBHO NPOCTOH.
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.18.3. O6mee pemenue ypasHewus Jamraca!l)

OOuiee pellenue ypaBHeHus Jlaniaca MOXHO MOCTPOUTb B BHIE Ofpe-
AeNeHHOTO HMHTerpaja. JT0 pellleHHe MOxeT OLITh NMPUMEHEHO AJs pelle-
HUf Pa3/NMUHBIX 33ha4, B KOTOpbe BXOAAT TPAHUYHBIE YCJIOBHUA.

ITycte V (x, v, 2) ecTb peluenne ypapHenus Jlanjaca, pomyckawouiee
pas/oxeHue B CTeNeHHOH DAA € TpeMs HepeMeHHBIMH, FOAHOE B TOYKAX
(x, y, 2), DOCTaTO4YHO O/MHMBKUX K NAHHOH TOuKe (X;, Yo 2g)-

ITosnoxuM
x=xo+X, y=y+Y, z=z-+2
M MyCTb 9TO PAa3/NOXKEHHE HMeeT BHA

V=a,+aX+bY+ 6,24 a;X°+ bV + ¢, 22+
+2d,Y Z+ 20,ZX 421, XYV + ...,
npuYeM TPeANONOKUM, YTO PAAL aGCOJIOTHO CXOAMTCA, KOria
[ XEP+|Y P+ |22,
Tle @-— HeKOTOpas NOJOXUTeAbHas nocTosnnan?). Ecau sTo passo-
AeHue HMeeT MeCTO, TO TOBOpAT, YTO ¢yHkuuA V — anaauTuueckas
B TOuKe (X, Vo 2p). Meronamu §§ 3.7, 4.7 vactu | MOxHO n0Kasath,
4yTO 3TOT psil OyAeT paBHOMePHO CXOISIMMCS BO BCeHt yKasaHHOR 06acTu
1 MoxeT OblTb nouJeHHO AupdepeHuupyeM no X, ¥, Z mo6oe uucio
pas B TOUKaX BHYTpH 00JacTH.
Ecau noacrasuth 3TO pasgoxeHde B ypasrenue Jlammaca, xoTopoe
MOXHO HAMUCaTb B BHIE
0V 0%V 0V
ety gz =0.
0X? oy? 0z2
u npupasusath Hymo (§ 3.73, yacte I) kosdduuuentr useHos pazsiuy-
HHIX cTeneHeH OTHOCHTeabHO X, ¥ n Z, 70 MBl noayuuMm GeckoHeuno:
YHCJIO JMHEHHBIX COOTHOLICHUH MeXLY KOS(POUUHEHTAMH, KaK, HanpuMep,

ay+by+¢;=0.
Takux COOTHOLIEHHH MeXAY —é—(n 4+ 2)(n+- 1) kosdbduuuentamn npu

: .
yJeHax CTeleHU 7 B pas/iokeHun ¢yHkuuu V Gyner —?—n(n-— 1)3), Tak

Iy Whittaker, Math. Ann., LVII (1902), 333.

?) ®yuknuH, BCTPEHAINUECs B TNPHIOKEHHAX, YNOBAETBOPSIOT  3TOMY
yCAOBHIO. X

3y Ecau a,, 5,4 (the r + s+t =n) ectb kosdpduuuent npu X’YSZ! B pas-
0%V = o0V 02V
W—I—-a—)-/—z— W PacrnoJOXKeHb!
B Irpynnnl no ctemewaM X W B KamJaoH rpymnme no creneHsMm Y, T0 ko3ddu-
LHMEHT @, ¢ ¢ HE BCTPETHTCA HM B OJHOM uYJjeHe, CAeIyioLieM 3a X'—2yszt (nan
sa X'YST1ZE ecam r=1, nau 3a X'Y$72Z%, ecan r =0). Otciona caeayer,
4YTO BCE COOTHOIICHHA JAMHEHHO HE3aBHCHMBL.

JoxeHud V H ecau 4JeHB CTeNeHu n— 2 B
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YTO HMEeTCH TOJAbKO %(n+2)(n+l)—-é~n(n-—-l)=2n+l He3a-

BUCHMbIX KO3(QULUHEHTOB NpHU YleHax cTeneHd n B padnoxenun V. Cue-
HLOBAaTeJbHO, YIeHH CTEeNeHU 7 B PasdnoxeHuu V ZOMKHB OLITh JuHEHHOH
koMOuHauuett 2n— 1 AuHeRHO He3aBUCHMBIX YAaCTHHIX pelleHufi ypaBHe-.
Hua Jlannaca, npuyeM KaxZAaoe M3 3TUX peuieHufi OyneT CTeNeHH n OT-
HocuTeapHo X, Y u Z.

Yro6bl HAWTH COBOKYNMHOCTb TAKUX pellieHHH, paCCMOTPHM BbipaeHHe
(Z-+iXcosu-iYsinu)®. D10 BoipaxeHHe ecTb pelueHHe YpaBHEHHS
Jlannaca, Zonyckaioiutee pasJOXeHHe B pai MO CHHYCaM H KOCHHYCaM
apryMeHTOB, KpaTHHIX 4, HMelollee BH[ )

n n
D g X, Y, Zycosmu-++ X h,(X, Y, Z)sinmu,
m=0 m=1

npuueM oyukunn g, (X, YV, Z) u h, (X, Y, Z) ne 3aBucar ot u.
Hausbicwas crenews Z B ¢pynxuuax g,(X, Y, Z) u k, (X, YV, 2Z)
ectb Z"™, npuueM nepsas QYHKUMA YeTHAs OTHOCUTeAbHO Y, a BTOpas
HeuetHas. OTclla caelyeT, YTO 3TH (YHKUMH JHHEHHO HE3aBHCHMHI,
a NMOTOMYy OHM 06pasyloT COBOKYMHOCTb 27 -+ 1 ¢yHKuu# uckomoro tuna.
Ho no topmynam aas koadduunentoB dypoel) (§ 9.12, yacm I)
uMeeM

g, (X, Y, Z)=f(Z—[—-chosu—i—iYsinu)"cosmudu,

ki
xh, (X, V, Z)= f (ZiX cos u iY sin 1) sin mu du.

[MostoMy moOas JuHefinas KoMOGuHAUMd 5TUX 2n -} 1 pelweHn#t Moxer
OLITb HamucaHa B Bule

f (Z+iX cos u—iY sin u)" f, (v)du,

rie f,(u)— noauHoM ot e,

Jlerko Tenepb yGeAHTbCA B TOM, YTO €CJH CYMMBl YJIEHOB CTENEHH 7
B BbipaweHWd, NPUHATOM Aas V, HanucaTh B 9TOM BHIe, TO Pal, CO-
CTaBJIeHHbIl M3 MOAHHTErpajJbHHX (YHKUMH, GyZeT DPABHOMEPHO CXOIs-
wnmcd, e | X R+ | Y24 |Z|* mocrarouHo mano. Ilostomy (§ 4.7,
yactb I) MBI MoOxeM HamucaTb

v=[ Y, 2+ iX cos uA-i¥ sin )" £, (a) du,

- n=0

) B kosdduuuenre npu go (X, Y, Z) caeayer nucatbh 2n BMeCTO T,
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Ho Bblpa)KQHHe 3TOr0 BHAd MOXET ObITb HAMUCAHO TakK:
™
V= fF(Z—i—chosu—i—iYsinu, 4)du,
A

rze F — Taxkas (yHKuus, yTO AOnycTHMO Aucddepenuuporanne no X, Y

u Z mnoa snakoM uHrerpaia. HaoGopor, ecau F — kakasa-uubyap ¢yHK-

uusl Takoro Tvna, To V OyzeT peluenneM ypaBHeHHsa Jlansaca.
[MonyueHHbI pe3yabTaT MOxeT OblTb HANHWCAH B BHAE

V= ff(z—{—ixcosu+iysinu, u)du,

eC/Ii OTHECTH WYJEHBl — Zy— [X;COs & — iy, sin& BO BTOPYIO NepeMeH-
Hy10; eciu auddepenlnpoBaHUE MO 3HAKOM HHTErpaja AOMYCTHMO, TO
970 BHIpaxeHHe NaeT ofliee pelleHMe ypaBHewus JlanJiaca B TOM CMBICTe,
YTO BCAKOE pelleHUWe ypaBHEHua Jlamaaca, aHanuTHYeCKOe BHYTPU HEKO-
Topo#t cdepbl, MOxeT ObITb BLIPAXKEHO HHTErPAJOM YKA3AHHOIO BUIA.

3T0T pe3yabTaT TNPeACTaBiaser cO60H TpeXMepHbIH aHajor TeOpPEeMbl, yTBEp-
WKjalouied, YTO BHIPAXKEHHE

V=Fr(x+iy)+g(x—iy)
ecTb o0llee pelieHHe ypaBHEHHd

2 2
d_.‘./_ + d_‘i = 0,
0x? 0y?

[Mpumeuanue Caenyer uMeTh B BUAY Pa3NuuHe, CYMECTBYIOIIEE MEXIY
06muM peleHneM OOBIKHOBEHHOTO Au(GdepEeHuHrasbHOro ypaBHEHHS W OGIMMH
uHTerpanaMu AnddepeHUraabHOro ypaBHEHHS C YaCTHHIMK IPOM3BOAHBIMY NOPHAIKA
BhILIE NEPBOro ').

JBa 06mHMX pelieHHss OOBLIKHOBEHHOro JuddepeHnnalbHOrO ypaBHEHHS,
KaXYIUXCA PASAHUHBIMM, BCErJa MOFYT 6biThb NPeoOpa3oBaHbl HENMOCPENCTBEHHO
OO B Epyroe NpH MOMOIM HaAJIeKAIUX COOTHOMIEHHH MEXJAY NOCTOSHHBIMY;

d
TakK, B Clyuae ypaBHEHH ﬂx_); + y = 0 Mbt MOXeM nToayuuThb pemenue C sin (x-+ <)

u3 pemenus A cos x - Bsin x, onpepeass C u e u3 ypaBHenu#t Csine= A,
Ccose= B. C gpyroii cTOpOHBI, BCAKOE pelleHHe YpaBHenus Jlamiaca Moxer
ObiTh BhIDAXEHO B J060i H3 dopM

ff(xcost—{—ysint—{—iz, t) dt, fg(ycosu+zsinu+z’x, u')du;

-

HO €Ccau Jake M3BECTHO, YTO 3TO OIHO H TO Xe pelleHHe, TO BCe XKe, NO-BHAH-
MOMY, HE MMeeTCsi HMKAaKOH o0mie#l aHaANTHYECKOH 3aBHCHMOCTH, CBA3bIBalOmed

') OTHOCHTEAbHO OOMIMX HHTErpajJOB Takux ypaBHenud c¢M. Forsyth,
Theory of Differential Equations, VI (1906), Chap. XIL
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¢dyukuu f H g, KOTOpas HENOCPEACTBEHHO MNpeo6pa3oBbiBana OB ONMH BUA pe-
1IEHHS B JAPYroi.]

I[Tpumep 1. [loxasaTh, YTO mMOTEHUMA] MATEPHAABHOA TOUKM EIMHUUHOMH
Macchl ¢ KoopiuHatamu (a4, b, ¢) Bo Bcex TOuKaxX, A8 KOTOPbIX 2 > ¢, paBeH

lf du
9% J —oFi(x—a)cosuFi(y—b)sinu

Tpumep 2. MNokasats, uTo o6wee pewrende ypasHeHHs Jlamiaca cremenn
DAHOPOJHOCTH HYJb OTHOCHTENBHO X, Yy, 2 HMeeT BHI

[1g (x cost 4y sint +iz) g () at,

rane

fg(t)dt=0.

rtz
z2+r H lgr—z » TIE

r2== X2 y2 4 22

Bripasuts B 3TOH dopMe pemeHus

[Mpumep 3. IlokasaTh, 4TO B CAy4ae ypaBHEHU#
11
PP +aP=x+y
0z 0z

rie p=-- 4= -5—2 HHTErpasaMu BCOOMOrateabHuix ypaBHenuil [Hapru
(Charpit) (cm. Forsyth, Differential Equations, Chap. 1X) Gyayr, B uacrhocty,

I L
0 PP—x=y—g
an p=q+a.

L
)

= a,

nOKaSaTb, YTO COOTBETCTBYIOIIHE oburue HHTErpans! NMOJydaloTCsl U3 CUCTEM
0 rm g (g G— @ +F (@), |
0= (x +a)— (y —a) + F (a)
W) 2= (r 9P+ 2 x—y)—at (£ )7 +G (@), |
0=4da(x—y)—4a*(x +y) 7'+ G (a),

M IOyuUTh 0TCI0Na AnddepeHuranbHoe ypaBHeHue, onpeeaswtee dpynxmuo G (a)
no ¢yuknuu F (a), koria T4 obiiMe HHTErpa’ibl COBNAAAIOT.
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18.31. Pemenne ypapuenus Jlamaaca
¢ nomoubro Gynknnii Jexanapa
Ecmu nas dyukuun V npu

Xo=Yy=2,=0

CywWIlecTByeT pasioxeHne B ¢opme, ykasawHo#t B § 18.3, To, Kax Mm
Bulead, QYHKUMIO V' MOXHO TpPeACTaBuUTb B BUAC psila MO BEIPANKEHUAM
THMA

T
f (2~} ix cos u-+ iy sin u)” cos mu du,

-7

™
f (2 ix cos u—iysin u)” sin mu du,

-1

rae m u n-—uensie uucaa, npudeM 0.<m L n.
PaccMoTpuM 3TH BupaxeHus noapoCHee.
Eciau BBeleM cdepuueckue KOODAHHATH, ONpeienseMble YpaBHeHUAMH

x=rsinfcose, y=rsinlsing, z2=rcosb,

TO NOMYUYUM

f (2 ix cos u— iy sin u)" cos mu du =
-1
T

=" f{cosﬂ+isin6cos(u—<p)}"cosmudu=
-9

=r" f {cos 6+ isin O cos }"cos m (p—+ ) dp =

P

=r" f{c056+isinOcosxp}"cosm(cp—}—qa)dq»:

= r"cos me f {cos 6 4 isin 6 cos §}” cos m dy,

-7

#60 moawnTerpanbHas QyHKUHA ecTb NepuonMveckas ¢yHkuus or ¢,
a BbipaeHue

(cos O — i sin 0 cos §)" sin my
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ecT HeueTHas ¢yukuus ot . [Tosromy (§ 15.61) npu onpenenexuu
deppepca mpucoenuntHeHHofl gynxuuu JlexaHipa nmeem

2ni™n!

f (2 ix cosu iy sin u)” cos mu du = TEmT r" Py (cos 8) cos me.

IMonoGusiM ke 0O6pasoM

2ni"n!

[(z —+ix cos u— iy sin u)” sinmu du = EmT r"Py (cos 6) sin mep.

CaedosamensHo, gyrryuu

r" P} (cos B) cos meo

r" Py (cos B) sin me

CYMb NOAUHOMBL OMHOCUMEAbHO X, Y, Z U SBAAOMCI YACMHLMY
pewernusmu ypasuenus Jlanaaca.

Haanee, no § 18.3 scarxoe pewenue ypasuenus Jlanraca, anasu-
muyeckoe 86.4U3L HAYQAQ KOOpOuHam, Moxcem Obims npedcmasieno
8 sude

el n
V=2 r"{ A,P,(cos 6)+ X (A" cos mp + BY sin me) Py (cos 6) }
n=0 m=1

Buipaxkenue Buia

n
AP, (cos )+ X (A" cos myp -+ BY sin mo) Py (cos 0),
m=1

rie 1 — TMOJOXKHUTE/bHOE LeJoe YUCJIO0, HAa3hBAeTCH NOBEPXHOCMHOE 2ap-
MOHuueckol QyHkune#t (Mnu cgpepudecroli dyuxyueir) n-# crenenu;
MOBEPXHOCTHAsl e rapMOHuuYecKass GyHKuua n-# CTeneHH, YMHOXEHHas
Ha r", Ha3bIBAETCS MeAeCHOU 2apMoHuveckol ynxyueld (MMM uLapo-
806 yHxyueld) n-# creneHu.

Kpuene Ha chepe pamuyca eiuHuna (C LEHTPOM B Havale KOOPAHHAT), Ha
KOTOpHX P, (cosU) paBHseTcs HyMo, CyTh Napajiedd, pasbHBaOnHe MOBEPX-
HOCTb Cdepbl Ha 30HBI, H MO3TOMY P, (cos 0) HasmBaercs (cM. § 15.1) 30onaan-

CoS  om
sin my Py (cos 0)
- PaBHAETCA HYJIO, COCTABJAEHa N — m NapalieisaMu ¥ 2m MepuauaHaMu, pa3buBaw-
IEMH NOBEPXHOCTb Cdepbl HAa NMPAMOYTOAbHBE KPUBOJHHEHHbIE YETBIPEXYTOJb=
HUKH, 0 NI0O3TOMY 9TH GOYHKLHH HasblBAlOTCH meccepansHuimu (T. €. KJIETOUHBIMH)
2apMOHUMECKUME DYHKUHAMHU.

Tenecnas rapmonnueckas byHKIUA n-il CTENEHN €CTb, OYEBUHO, OXHOPOAHBIH
TOJIMHOM 7n-H CTENEHH OTHOCHTENAbHO X, ¥, 2, YROBJICTBOPAIOIIHH YpaBHEHHIO

Hol 2apmonukoli. COBOKYNHOCTh M€ KPHBBIX, Ha KOTODBIX
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Jlannaca. OueBuiHO, YTO NpH H3MEHEHHH NPAMOYTOJbHBIX KOOPAMHAT ') TIpH Bpa-
meHdu oceff okoso Hayana mapoBas QyHkuus (uau chepuueckas GyHkuus) n-i
CTENEHH Npeobpa3yeTcs B IMApoBYIO OyHkuuio (uau chepuueckyio ¢GyHKIUIO)
n-H CTENEeHH B HOBBIX KOOPAHHATaX.

LilapoBnie dyuxuuu ObuI HCCAENOBaHbBl B NPSIMOYTOJbHBIX KOOpauHaTax ToM-
conom (W. Thomson) B 1862 r., cm. Phil. Trans. (1863), 573—582, u Thomson
and Tait, Treatise on Natura! Philosophy. I (1876), 171-—218. Onu 6blau nccae-
IOBaHbl TEM e CIOCOGOM M B TO Xe CaMoe BpeMs, HO He3aBUCHMO oT ToMcoHa
takxe Kaebmem (Clebsch), Journ. fiir Math., LXI (1863), 195—262.

IIpumep. Ilokasatb, 4TO ecau KOOpHMHATH r, 0, ¢ onpegeasuorcs ypas-
HEHHAMH .

1
Zsinbcosy, z=(r?—1)? sinBsing,

x=rcosl, y=(2—1)

10 Qyukuus P7 (r) PT (cos 0) cos me ynoBiaetBopsieT ypasreuuio Janaaca,

18.4. Pemenne ypasuenus Jlanaaca, yaosaersopsioiee
onpefeNeHHBIM FPAHUYHBIM YCJOBHAM HA MOBEPXHOCTH cdephl

Mu Bugean (§ 18.31), uro peutenue ypapuenus Jlannaca, aHamuTH-
yeckoe BOJM3M HAYaJa KOOPAMHAT, MOXeT OBITh NMPeACTABJAEHO B BUAE

Vi, 6, 9)=
o0 n
= r”[ AP, (cos0) 4+ X (A cos mep + BI™ sin me) P (cos O)} .
n=0 m=1

M3 § 3.7 vactu | ¢ O4eBMAHOCTHIO cleldyeT, YTO €CAH 9TOT DAL
CXONMTCA MJS NaHHOTO 3HAYeHHs r, CKaxXeM @, NpH BCeX 3HauyeHusx O
u ¢ Takux, 4ro 0 O, —nmLom®, TO OH Oyler cXOAAIUMCS
abCcoMOTHO W paBHOMepHO Npu r < 4.

Yro6wl onpeneauTh NOCTOSHHBIE, Mbl JIO/KHB 3HATh FPAHUYHEIE YCJO-
BUSl, KOTOPBIM 10/MXKHA YIOBJIETBOPATH GyHKUMs V.

YacTo BCTpeualolieecs TPAHHYHOE YCAOBHE 3aKJIOUAETCS B TOM, 4to V
IBAAETCA 3aJaHHOH OrpaHUYEHHOH HHTEerpupyeMmo# oynkuued ot 0 u o,
ckaxeM f(6, ¢), Ha NMOBePXHOCTH NaHHO# cdephl, 0 KOTOpOH npenro-
JOXIIM, YTO ee pajuyC paBeH &, W SBJSETCH AHAAUTHYECKOH (yHKIMeH
B TOYKax BHYTpPH 3TOH coephl.

Kos(duuuentst A, AYY, By¥ clelyeT Tora OnpeieisTh W3 ypas-
HeHHusd

f(0, @)=

o] n
= D a" { AP, (cost) 4+ X (A cos mp -+ BI™ sin me) P (cos 6) }
n=0 m=1

02 0? 0?
) Oneparop Jlanaaca e -+ d_yz+ Jz7 HHBAPUAHTEH OTHOCHTEAbHO 3-

MCHEHHSA NPAMOYTOJbHBIX oceil.
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[TpeanoJaras, 4TO 3TOT PAL PABHOMEPHO CXOLUTCA 1y o BCelt obnactu
0LiCm, —rCeT™
yMHOXUM 00e YacTW ypaBHeHHS Ha
Vi3 CoSs
cos0) .
Py (cos )Sm m

¥ npounterpupyeM nouienxHo (§ 4.7, yactb I); BocnoibsoBaBACh pe-
syapratamu §§ 15.14, 15.51 06 uHTerpaibHHX CBOHCTBAX QYHKUUH
Jlexauipa, Hafiiem, 4TO

(n+m! A,
nF1(n—my!

//f(e’ ¢”) P (cos B")cos me’ sin 6’ d6’ do’= wa”

/f F (0, ¢') Py (cos By sin me’ sin 07 db’ do’=ma 2n2+ i EZi Z;: By,
-t 0

T , . 2
f 5[ F (8, ¢)P,(cos6)sin 6’ db’ d¢’ = 2ra” o FT A,.

-

ITostomy, koraa r < a,

n+1

Vi, 0, ¢)= e [/f(@’ cp){P (cosB) P, (cos §") 4

g,MS

n— m)! Pm

+2 En+ )[ (COS 6) le (COS 6/) COSm((P—QP/)} sin 6,d6/d(P,.

-|M=

Psan, KOTOpHIH 31eCb HHTErPUPYeTCSl IMOYJCHHO, CXOIUTCS pAaBHO-
MepHO, Koraa r < @, HOO NOJMHTErpaijbHoe BhIpaXeHHe €CTb OrpPaHU-
vennaa @ynxuus or 8, 0/, ¢, ¢’. Cuenoparenvno (§ 4.7),

45V (r, 9, ¢) = fff(e', @)Z(2n+1)( ) {P,,(cos@)Pn(cose’)—[—

-+ 2 2‘ EZ:_Z;' P (cos B) Py (cos 6’)cosm(<p—go’)fsin 6’ db’ dy’.
. Tenepp npeanoaoxuM, 4t0 Mb npunuMaem ayu (8, ¢) sa wosyio
NOJAPHYI0 OCb M NYCTb (6; cp;)—-HOBble KOODAMHATBl Jyya, CTapule
KOoopauHaTH KoToporo Owumn (67, ).

') 310 00biuHO U ObIBaeT B PUIMUECKMX NMpPOOJEMax.
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CrenopateibHO, MBI J0/MKHB  3aMeHuTs P, (cos0) enunnuep,
& Py (cosf) nyaeM; u TakuM o6pasoM, NOJYYHM

4=V (r, 0, @)=

f /f(ﬁ’ ’)Z(2n+l)( )Pn(cose;)sine;de;dcp;=

=J[ bff(ﬁ,' CP/)HE:O(Q”‘F 1)(%)" P,,(Cos 6;) sin 67 @0” dg’,

Ecau k sToff ¢opMyne NpuUMeHMM pesyabTaT npumepa 23 raaebl 15
(ctp. 154), TO0 noayyum

" a(a®— r¥sin 6’ db’ do’ |
4nV (r, 8, ¢)= f ff(e/, %) 3,
0 (r* —2ar cos 6, + a*)2

TakuM 00pPa3oM,
4=V (r, 0, ¢) =

T T
=q ((12__ r2) f / f(el, ‘?') sin 8" d6’ d(P'
== 0 [r2__2ar {cos 0 cos 8/ 4 sin 0 sin 0’ cos (p—¢')} +a?)?

leo

B osroft komnakTHO# ¢opmyiae ¢yHxkuud Jlexanaipa He ¢urypu-
pYIOT §BHO.

Tocaeausas dopmyna Moxer GbITh MOJYUeHa H ¢ MOMOIbI0 hynryuu I'puna.
Co cBoiicTBaM¥ 9TOH (YHKIHM 4YATATEdb MOMXET O3HAKOMMUTbCA Yy TOMCOHa H
Tetita (Thomson and Tait, Natural Philosophy, §§ 499—519).

[Mlpumeuanue H3 HHTETPAJBHOTO NPEACTABACHHS byuknuu V (r, 9, 0)

’
yepe3 ¢yHkuuu Jlexanapa oT cos 0 o1 cos 0, cos 8" cooTBEeTCTBEHHO MBI MOXKEM

NOAYYHTH HOBOE AOKA3aTEALCTBO TeopeMH CAOXEHHA JJf TMOJMHOMA JlexaHppa.
IefcTBHTENBHO, NYCTD

%, (0, @'y = P,(cos 0;)—
! P, (cos 8) P, (cos 0) 42 E (n+ m)' P”’(cos 8) P (cos 6y cos m (p—¢9”)
Toraa u3 cpaBHeHus AByX dopmya mag V (r, 0, ¢) moayuum

= f ff(ﬂ',?’)ian%-1)(—;—)nx,,(e', @) sin 67 40" de’.

Ecan Mbl npumem 3a f(O' 9') chepuueckyw byHKIUIO n-i creneHu, To
yneH, coaepmamul %, 6yfer eJUHCTBEHHBIM, KOTODPbIA BCTPEYAETCA B HHTErpu-
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pyemom psze. B uactnoctn, ecam Mum BosbMeM f (0, ') = 44 (0', ¢), 10
MOJYUHM

f f {vn (8%, ©")}?sin 07 db’ d¢’ = 0.
0

-T

Tak Kak TOJMHTerpajbHas (YHKIMS HENpephBHA H HEOTPHLATEJAbHA, TO
oHa JOMKHA paBHATbes Hyawo. CuaepoBareavho, %, (8/, ¢')=0. Huaue rosops,
Mbl JOKa3anu Qopmyay

P, (cos b7) = P, (cos 0) P, (cos 6')+

n
+2 2 EZ—I—%:— P (cos 6) P}y (cos 0') cos m (3 — ¢°),
m=1

NpHUEM H3 FEOMETPHUIECKHX COOGPAMEHHH OUEBHMIHO, UTO
’ ’ . . ’ 4
cos 0; = cosb cos 0 - sin 0 sin 6" cos (¢ —¢').

TaxuM o6pasom, [Js TeopeMbl, Joxasan#oi B § 15.7!) wucro anaantuye-
CKHM TYyTeM, Mbl TOJYYHIH J[0Kas3aTelbCTBO, OCHOBaHHOE Ha (usnuecxux
coobpaxeHunx}.

[Tpumep 1. Halitu pemenne ypaBHenus Jlannaca, aHaanTHYECKOE BHYTpHU
chepn 7= | u umewomee 3Hayenue sin 30 Cos ¢ Ha NOBEPXHOCTH Cdephl.

[ 185 r3P}3 (cos 6) cos ¢ — % rP} (cos 8) cos <p] .

Mpumep 2. Iycts f,(r, 0, ¢) ecTb OoAHOPOAHBIH NOJAMHOM n-i cTeneHu
OTHOCHTEJbHO X, ¥, 2. Iloka3aTb, YTO .
k1Y T
f ff,, (a, Y, ¢) Py {cos B cos 8’ + sin 0 sin 67 cos (¢ — ¢”)} a?sin 8 db dy =
-t 0 tnad
) Ta ,
=T @)

Mpunars, Hanpasaenue (8/, ¢’) 3a HOBYIO MOJAPHYIO OCb].
p P ? pHY

§ 18.5. Pemenue ypaBHenus Jlannaca
B GecceJeBHIX (PYHKIHAX LEJOFO MOpsjKa

YacTHHIM Cjy4yaeM pe3dyabTarta, noaydendHoro B § 18.3, saBasercs
TO, 4TO (yHKUMSA

T

f ek (z+ixcosu+iysin ”>COS mu dll,

-1

1y OrcyrcTBue Muoxuteas (—1)™, scrpevaiomterocs B § 15.7, o6bacuserca
TeM OOCTOATEILCTBOM, UTO MpUMEHseMble Tenepb GYHKUUH ABAAIOTCA NpHCOEU=
HeHHBIMH OyHkuuaMu Peppepca.
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rie k — NpOM3BOJbHAs TOCTOSHHAS W m — HEKOTOpOe lejoe 4YHCIO,
ecTb pellleHHe ypaBHenua Jlanaaca. Bsens UM/AMHApUYeCKHe KOOPAU-
HaTel (p, @, 2), onpeleiseMble YPaBHeHUSMHU

X==pcos®, y=psine,

MOJIYYUM BLIIIECNIDUBEAEHHOE pelieHUe B TAKOM BHAE:

ki L
ek? f elkpcos W=sicos mu du == e*? f etkecosvcos m (v -+ @) dv =
- -7
ki1
= 2esz elkp c0s? cos (mv) cos (me) dv =
0

T

== 2¢*Z cos (mcp)feik? €037 cos (mv) dv.
0

TakuMm oOpa3oM, mnoab3ysicb npumepoM 3 § 17.1, msr sudum, umo
2ni™e** cos (me) J, (kp) Asasemcs peuenuem ypasuenusn Jlanaaca,
QHaAuUMUYECKUM B86AU3U HA4aLQ KOOpOUHAM.

IMTonoOubiM ke 00pa3oM U3 BEIPAKEHHA

3

f ek (2+ixcosa+iysinu) gin mu du,

-T

TIe m — Uenoe YUCIO, Mbi noayiaes, imo 2w=i™e" sin (me)J, (ko) ecms

pewerue ypasnenus Jlanasaca.

§ 18.51. lepuoaw koaeGaHusi OZHOPOAHONH MeMGpaHbi ')

YpaBHeHue, KOTOPOMY yAOBJAETBOpsAeT cMelleHye V Touku (X, y) B MOMEHT ¢
sl ORHOPOJHOH Maockoit MeMOpaHbl, koaebawomecs rapMOHMYECKH, HUMeeT BUJ
0V | 0% 1 0%V
o0x? oy? — ¢z o’
rje ¢ — NOCTOsIHHAsA, 3aBHCANAA OT HATSKEHHUA M IJOTHOCTH MeMOpaHb. ITO
ypaBHeHHe MOXKeT ObiTh NpHBeldeHO K ypaBHenuio Jlamiaca saMeno# nmepeMeHHOH

no gopmyne 2 = cti.
Coraacno § 18.5 3akaouaeM, YTO BbIpaeHHSl BHAA
cos cos
S (ko) . my . ckt
m (ke) sin ™% sin

YAOBAETBODAIOT YPABHEHHIO ABHKEHMA MeMOpaHBL

) Euler, Novi Comm. Acad. Petrop., X (1764) [ony6aukoBauo B 1766 r.],
243—960; Poisson, Mém. de I'Académie, VIII (1829), 357—570; Bo urget,
Ann. de I’'Ecole norm. sup., Il (1866), 55—95. KoneGanus mem6paibl noapo6Ho
nccaenobansl takke 8 ra. 1X «Teopuu asyka» Peaes (Rayleigh).
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B rkauecmse uacmHozo cayyas s03bMeM Oapaban, m. e. MeMOpany
€ 30K PeNnAeHHBM KDPY2ZO8blM KOHMYPOM paduyca R
Torna onus u3 BOIMOXHBIX THNOB KoaeGauus Gyxer ompelensaTbcs QyHKuUeH

V = J,, (kp) cos meyp cos ckl

npu ycaoBuu, 4t0o V =0 npu p= R, Tax 4T0 HaM cJaeiyeT BHGpPaTb k cpexu
KOpHEH ypaBHEHHs
I (RR) = 0.

JT0 ypaBHenne uMeeT GeCKOHEUHOE YMCJIO BeuleCTBeHHHX kopHedl &2 (§ 17.3,
npumep 3), ckaweM k,, ky, kg, ... Boamowubiii TUN KONeGaHHA HaeTCA MOITOMY

oyHknuei
V = Jp, (k,0) cos me cos ck,t r=1223 ...)

2n
OHa BLpa)xacT NepHONMICCKOE ABUNKeEHHE ¢ nepuonoM —— . Taxum 06pasom,
r

BHIUHCJIEHHE MNEPHOIOB CYIECTBEHHO 3aBHCHT OT ompefeteHus HyJael OyHkuui
Becceas neaoro nopsixa (cm. § 17.9).
[TpumMep. YpaBHeHHe JBHXEHUS BO3LyXa B KPYrOBOM UHMJAMHApE, KOaeOai0-
[Erocs MepneHinKyaspHo och uHauHapa OZ, uMeer BHA
oV . o0 1 o*V
O0x? dyr ~ ¢ o2’

rae V o6o3Hauaer nmoreHnuan ckopocreit. Ecau umauHap uMmeer paauyc R, 10

Vv
IPaHHYHOE YCJOBHE TaKOBO: d—P=0' korja p = R. Ilokasarb, 4TO ompejese-
HHe IepHOAOB CBOOOJHBIX KkoJeOaHuil 3aBHCHT OT HaxOXJAeHHs HyJed QYHK-

uun J,, () = 0.

18.6. O6Guwee pemeHHe BOJHOBOrO YpaBHeHHS

CnocoGom § 18.3 MoxHO mokasaTb!), uTO ofujee peulerue BOAHO-
8020 YpasHeHUus
(i’ 0%V otV 1 ¢*V
vt T @
ecms

k3

V= f ff(xsinucosv+ysinusinv+zcosu+ct. u, v)dudv,

rie f— ¢yHKUNA (TpeX NepeMeHHLIX) THMa, paccMoTpennoro B § 18.3.

PaccmaTpusas uHTerpasn Kak npejes CyMMBI, MBl BHIHM, YTO (H3H-
Yeckas HHTepIpeTaudss STOrO pAaBeHCTBAa 3aK/IOYaeTcd B  TOM, YTO
NOTeHUNAJ CKOPOCTel V' c/araeTcss M3 MHOXKeCTBA IIOCKMX BOJH, NpHYEM
3/7eMeHTapHOe BO3MYIUEHHE [aeTCs BhbipajeHHeM

f(xsinucosv—+ysinusinv+zcosu+ ct, u, v)dudv.

') CM. couunenue, nuTupoBannoe pawbme: Math. Ann. LVII (1902), 342—345,
uan Messenger of Mathematics, XXX VI (1907), 98—106.
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ITO 3neMeHTapHOe BO3MYIUEHHe PACIPOCTPAHSETCS B HATIPABJACHHH
(sinucosv, sinusinv, cosu) co ckopocthio ¢. [losmomy peuerue
npedcmasgasem co60ti COBOKYRHOCHb NAOCKUX B80AH, pPACHPOCMPa-
HAOWUXCA N0 BCeM HANPABACHUAM CO CKOPDOCHILIO C.

18.61. Pemenne BonHOBOro ypaBHeHHS B QyHKRuusx Beccens

HafizeM Tenepb ONMH KJACC YACTHBIX pellleHWH BOJHOBOrO ypaBHe-
HUd, TMOJe3HHIX AJS pellleHHs ONpeleeHHbLIX YaCTHBIX 3ajau.

B ¢usuueckux wuccienoBaHMsx ikenaTeqbHO, UYTOGH BpeMs BXOLMJIO
yepes MOCPEACTBO MHOXUTeas sin ckt umu cosckt, rie k — nocrosHHasl,
ST0 HAaBOOUT Ha MEICAb HCKATb DEIUeHH B BHAE

1 k1
V = f f gik (¥sinucosv+ysinusin v+z cosu+et) f (y, ) du dv.
-t 0

dusnyeckn 3To OBHa‘laeT, 4TO MBI PACCMAaTPHBAEM [IBHXEHHUSA, B KOTODHIX
BCE JNEMEHTAPHDIC BOJHBI HMEIOT OAMH M TOT K€ NEPHOL.

Iycts (r, 8, ) — chepudeckne KOOPIUHATH TOUKK (X, ¥, 2), U MyCTh
(w, $) — noAspHblE KOOPAUHATH HAMpaBJeHUst (#, V), OTHECEHHbIE K HOBBLIM
OCSIM, TAKUM, YTO MOJApHAA OCb uAeT no Hanpashenuio (0, 9), a nao-
ckocTb $==0 mpoxoaut uepes OZ, Toria

€os » = cos  cos u —- sin 9 sin u cos (¢ — v),
sin & sin (p — v) =sin wsin ¢ 1),

Bosbmem npousBoabnylo ¢ynkumio f(u, v) B Buae S,(u4, v)sing,
rae S, o0oshauaeT cdepuuecKyid TrapMOHHKY n-R cTeleHu OT u, v.
Mpbl MOXeM HamucaTb

Sy, v)=8,(0, ¢ v, }),

rae (§ 18.31) S, ects coepuueckas rapMOHMKA n-H CTeleHH OT o, .
Takum o6pasom, noJayuaeM

V = eiket etkreosolS (0, o o, ¢)sin o do dy.
_ nlVs @ ¢ ¢
-t 0

Tenepb MomeM Hanucath (§ 18.31)
S,0, ¢ 0, $)=A4,(0, ¢) P, (cos v) +

+ Z_I{AE,”‘) (8, ) cos mp 4 BY (0, ¢)sin my) PT (cos w),

rie A,(8, ¢), A7 (0, ¢) u BY" (8, ¢) ne zasucar or Y u w.

) Teopembl KOCHHYCOB H CHHYCOB B C(EPHYECKOM TPEYrOdbHHKE.—
TTpum. peo.



18.61. PEIIEHME BOJHOBOI'O YPABHEHMA B ®YHKLUMAX BECCEAA 249

BoinosHas uHTErpupoBaHUe MO ¢, MOJYHHM

V = 2relketA (6, ¢) /‘ gikreoseop (cos w)sin o dow =
0

1
= 2relkct4, (8, ¢) /e”"“Pn(p.)dgL=
-1

1
: ; 1 4
. 27:e""”’A,, (9, ‘P) ,]/‘ glikry. ST W_(Pg__ l)ndp-

no ¢opmyne Poapura (15.11).
WuTerpupys no uwacTaM n pas M NOJb3YACh HHTerpajoM XaHkels
(caeactBue § 17.3), moayduuM paBeHCTBO

1

232[ eikaAn (6: <P) (tkr)” /leikfll(l _92)ﬂ d[.L=

-1

V=

3 1
=(@m)2 "elet (kr) )y (kr) A, (0, 9).
P

Takum oOpasoM, ¢yuxkuus V paBHa yMHOXKEHHOH Ha MOCTOSHHYIO
1
ithetp ™2
etkety JH%_(kr)A,,(B, ?).

BonHoBoe ypaBHeHHe He MEHSeTCS OT YMHOXeEHHS X, ¥, 2 U ¢ Ha
OIMH M TOT Ke MOCTOAHHBIH MHOKHTeNb, T. €. OHO OCTAeTCS HEeH3MeH-
HbIM, €CJIM Mbl YMHOXHMM r M [ HAa OJAMH M TOT Ke NOCTOSHHBIH MHOXKH-
Teab, ocTap/as O n ¢ Ges uaMenenus. Takum oGpasom, A, (0, ¢) MoxHO
CUMTaTh He B3aBUCALLEH OT NPOM3BOAbHOH MOCTOAHHOH 2, Ha KOTOpPYIO
ymHoxatorea r u £. CrenoBaTenbHo,

Lol

im eikety 2 2

il_rﬂ)e r %k an_;(kr) A, (0, 9
ABJSIETCSl  PelleHMeM BOJHOBOTO  ypasueHus. [lostomy r”A, (6, o)
AIBJSETCSH pellleHHeM (e 3aBUCALIUM OT £) BOJHOBOI'O YpaBHeHHd M, CaeL0Ba-
TelbHO, peltenneM ypasHenus Jlansaca. CoraacHo stomy pesyabraty
MOXHO B3aTb B KauectBe A, (0, ¢) mobyio chepuueckylo rapMOHUKY
n-{ CTeleHH; WTAK, Mbl APUXOOUM K 3QKAOHEHUND, HMO PYRKYUA

1
-3 m cos  cos
r .IH% (kr) Py (cos 0) sin ™ <in ckt

ABARACMCA HACMHBM peUleHUueM B0AH08020 YPGBHEHUSA.



250 ri. 18. YPABHEHUS MATEMATHYECKOH OM3UKH

18.611. Npuaoxenue pesyasrtatoB § i8.61
K onHOHK dusHueckoli 3apaue

ToabKO 4TO MOJYUEHHOE PellcHHE BOJHOBOFO YPABHEHHS MOkeT GHThb Cle-
aywmuM 06pasoM HCHOJb30BAHO A ONpEle/eHus NepHOIOB CBOGOAHbBIX KoJeba-
HHH BO3AYyXa, 3aKJKYEHHOTO B TBEpAYI0 CHEpHueckyo 06040YKY.

B stom ciyuae noTteHuuan ckopocrteil V' yAOBAETBOPSET BOAHOBOMY YpaB-

HEHHIO U IpaHHUYHDbIC YCJAOBHS 3aKJIOYAalOTCA B TOM, 4TO —5-;-=0, Korjga r = a,

rie a— pamuyc cdepnl. CaexoBaTeabHo, GYHKILs
1
V=r % 1 (kr) P7Y (cos 8) ‘S:IO: me
n +—§

cos

. ckt
sin

IaeT BO3MOXHOE ABHXKEHHE, eCau & Bb16p6H0 TaK, 4TO

1
-;r—{r— J (kr)! =0.

L
g Jrea

[Mocaennee ypasnenne onpenenser k. Mcmoasays pesyavtatsl § 17.24, mm
BUAHM, YTO OHO MOXET ObiTb Hamuca€o B Bule g ka = f, (ka), rae f, (ka)—
pauHoHanbHas QyHKUUA OT ka.

B uwactHocTH, paidaibHbie KoaeGaHus, IJs KOTOpPbHIX V He 3aBHCHT OT 9
4 ¢, NOJyvyaTcs, ecan B3ATb n==0. YpaBHeHue Mid onpejienenus £ B 3TOM
cayqae O6yaer tg ka = ka, Tak 4TO YaCTOTBI OCHOBHbIX paJHalbHBIX KoJjeGaHuH
ONpeAesloTC KODHAMH 3TOrO ypaBHEHHUA.
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O I

NMpumepn

1. Tlycrs V —pemenne ypaBuenust Jlamnaca, CHMMETDHUHOE OTHOCH-
teabio OZ v paBhoe f(2) wa OZ; nokasath, uto ecan f({) ecThb ¢yHkmus,
aHaAMTHYECKan B HexOTOpOHl obaactu (coZepaallieH HAual0 KOOPAMHAT) 3Hayes



