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Mpumep 4 Bbmecm u3 npumepa 3, 4TO

flgsnudu—--——-nK’-———-Klgk

(Glaisher, Proc. Royal Soc., XXIX)

22.6. Psagm ®ypore aasa saauntuueckux Gyuxunit Axobu!)

Eciu u=2 K: , TO snu Oyner HeueTHO# ¢yHKuUMEH oOT x

(c meproAOM 27), KOTOpas, OYEBHAHO, YAOBJIETBOPAET yCAOBHAM Jlupuxie
(§ 9.2, wacts [) nna BeuwlecTBeHHbIX 3HaueHu# x; modtoMy (§ 9.22,
yacTb ) MOXHO pasnoxute snu B pag Pypve mo cuHycam Ayr, Kpat-
HBIX X; Takum 0O6pasoM,

snu= Y b,sinnx,
n=1

npuyeM pas/omeHHe CAPaBENJIUBO LIS BCeX BeLIECTBEHHEIX 3HAYEHMH X.
Jlerko BHIEeTb, u4TO KO3dduuMeHTH b, KawTca GOpMyIOH

™
wib, = fsnuexp (nix)dx.
-T
Yro6ul HafiTu 3HAayeHMe ITOrO HMHTerpaja, pPacCMOTPHM HHTerpat
fsnuexp(nix)dx, B3ATHIl BAOAb MApaJ/enOrpaMMa, BepUIMHH KOTO-

poro —m, m, wt, — 2m - T,
Hs cso#tctB nepuoaudyHocTd QyHkun#t snu u exp(nix) Mul BUAUM,
-1

T

4YTO WHTerpadt f noramiaeT HHTErpan f ; CneloBaTeNbHO, NPHHU<
T 1 —2i1t+m:

Mas BO BHHMMaHHe, uTO —“+§m W 5 T ABJAIOTCA €1UHCTBEHHBIMHU

NOJMIOCAMU MOAMHTErpanbHOR ¢yHKUMM (KaK OYHKUMM OT X) BHYTPH
KOHTypa ¢ BblYyeTaMu?)

‘1\ /K )exp (—mn +=5 5 nmr)

k- ( -:/K)exp( nmt)

!y 9tu pesyapTatet ruaBubiM 06pasoM npuHandexat Sxko6u (Jacobi,
Fundamenta Nova, 101).

1
2) MHOXHTENb —2—1c/K caenyer mo6aBHTh, TAK KaK Mbl HMEEM Jeao ¢ (yHK-
nued sn (2Kx/x).
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COOTBETCTBEHHO, MMeeM
1
f /.}snuexp(ntx)dx._.qu {1 —(=1".
l - —2n47T

3aMeHHB BO BTODOM HMHTErpaje X Ha X — = — TT, NOAYUYHM

. ‘ 5 L,
{14+ (—1)"q"} fsnuexp(nix)dx:}é—[;q? {1 —(—=1)"}.

Ortciona npu n yeTHoM b, ==0; npu n HeueTHOM

b 2 q°
"~ Kk T—q
Wrak, umeem
1 3
2 2 o
2n { g€ sinx q° sin 3x q sm5x {
snu__Kkl T—5 -+ =g -+ —!—...J,

KOrja X BewecTBeHHO; HO NpaBad 4YacTb 3TOr0 paBeHCTBA 6y11e1‘ aHa-

JIUTHYECKOH, ec/id Kak g2 " exp(nix), Tak u q? ”exp (—nix) crpemsarca
K HyJI0 TpH n—>00, a JeBas uvacTbh OyaeT aHaJIUTHUYECKOH, BCIOAY
KpOMe MOJIOCOB SN 4.

Orciopa cienyer, uyto o0e 4acTW paBeHCTBA OYAYT aHaJUTHYECKUMH
B nojoce (B MNJOCKOCTH KOMIVIEKCHOH mnepeMeHHOH Xx), onpeaeiasieMoi

HepaBeHCcTBOM |Im x| < %1: Imr.

CrenoBaTe/bHO, 110 TEOPHH AHAIMTHYECKOTO TPOLOMKEHHA MNMOJyYaeM
pas/ioxeHue

[oe]

o 2 sin (2n+1)x
R P
(rze u=2Kx/[x), ronsoe Bo Bcefl nosoce |Im x| < = Imr.

Mpumep L Hoxaaarb, uTO npu u = 2Kx[n

o o
2 cos (2n+1)x = 2% \Y g cos2nx
2q sin 2nx
amu = [dntdt-x—}—
= 2 (1+4)°

1
npuueM PasnoKEeHHs HMeloT cuay npH [Imx | < i Im .
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1
Mpumep 2. 3aMeHdas B YXe INOJY4YEHHHX pe3yabTaTaXx X Ha X -} 5™
NoKas3aTh, 4TO €CJH |
u=2Kx/z= n |Imx|<-5=nlmr,

2
TO 1
o o% =n" qn cos 2n+ 1) x
cdu = 1 g2t
n=0

l

(—1)” 2sin@n+1)x
sdu_Kkk, z ,

1+q2ﬂ 1
e (=) gn 9
n O (—1)" 9" cos 2nx
ndu = T S
2Kk Kk -~ 1+q2n

22.61. Pagm Pypoe aas o6paTHBIX BEJHYHH
9MNUNTHYECKHX QYHKUHE SIKOGH

B ¢opwmyse, noayuenso#t B § 22.6, saMenuM u# Ha u iK' u, ciae-
JOBaTe/bHO, X Ha x+§m; roraa npu 0 >Imx > —=wlm=

e » sm(2n+1) (x+ 5 1:-:)
sn(u—+-iK") = Z o ,
u TakuM obpasom (§ 22.34),
1 1 1
"‘-——T—t-i q”+?{q”+ 2 en+1) ix q-”_—fe—(?n-{-l)ix} .
ns u=-—-p T —
n=0
= X {20+ sin @n 4+ D) x4 (1— g7 2—1) g @rlix}
“"TL 1— q2n+1 -
n=0
[ee] [eo)
2n q2n+1 sin(2n 4 1) x in N —@n+l)ix
7 1 — g2n+1 — 7 e ’
=0 q n=0
T. €
2n+1
sin(2n41) x
ns u = 2K cosecx+ Z q (an; ) ;

—49q

Ho, 3a uckaioueHHeM HBOJIHpOBaHHbIX NOJMIOCOB B TOYKAX X == A,
o6e YyacTH 3TOTO PaBEHCTBA ABJAOTCA AHAMHTHUECKHUMH (QYHKUHMAMH OT X
B noaoce wlmt > Imx > —wlm=t, xoropas BABOE LuMpe TOH MOJOCH,
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rie CrnpaBeiJuBOCTh (OpMyanl Oblga AOKasaHa; CJAel0BaTeJbHO, IO
TEOpUU aHAIUTHHYECKOTO MPOJOJKEHHS 3TO PA3JNOXKEHHE I NS & HMeeT
CHJIy BO BCEH pAaCHIMPEHHOH TNOJAOCE, 33 MCK/AIOYEHHEM TOYEK X = T.

Mpumep. [loayunts cleayoiHe pas3jiOKeHHs, CHPABEIMBblE B HOJOCE

jImx|<=lmet, 3a MCKIOUEHHEM IOJIOCOB NEDPBLIX YJEHOB B NPaBbIX YacTsxX
COOTBETCTBYIOINX Pa3a0KeHuit:

%\ g Vsin@n4- 1) x
dsu_g(-cosecx —K—E T »
= N\ ¢°%sin 2nx
= —ct 4 ===,
csu 2chx Kz_f [+
hd l)n 2n+1 (Q 1
. 2n cos (2n + )x
dcu = —2-K—secx K Z o
= ‘1(~1)"q2”*'1cos(2n+l)x
ncu‘—f[?k—'secx Kk' > 1+q2n+l '

(e
o= o2r (—1)”q2”sin 2nx
s = g @5+ 7 X T4 &

n=1

22.7. danaunTHyeCKHe HHTErpaJsl

Hurerpan Buia fR(fw, x)dx, rae R o0003HauaeT pauUUOHAIbHYIO

OYHKUMIO OT @ M X, a W?— NOJMHOM YeTBepTOH MAM TpeTheH CTeneHu
ot x (6e3 KPaTHBIX KODHEHR), HA3LIBACTCSH SALUNMULECKUM UHMESPAAOM ),

[Tpumevanue IDNIMNTHYECKHE HHTErPalbl HMeWT 6oablIoe MCTOpHYE-
CKOEe 3HaueHdHe BCJAEICTBHE TOTO, 4TO BeCbMa GOJbIIOE YUCJAO BAaXHBIX CBOKCTB
TaKdX HHTErpajgoB OblIO OTKPHTO JHaepoM M JlexawipoM paHblie, YeM Bbi-
ACHMJIOCh, 4YTO CJeAOBaJO Obl pacCMaTpuBaTh KaK OCHOBHblEe (YHKUMHM aHAAU3A
cxopee 0O0paujenusi HEKOTOPHIX KAHOHHYECKMX THIOB TAKHUX MHTErpanoB, yeM
CaMH 3TH MHTErpaJsl.

[TepBBIM MaTeMaTHKOM, PpAacCMaTpHBABIIHUM 3JIHNTHUECKHE PyHK{uL Kak
obpamenust SMIMNTHYECKUX unmezpanros, Obn Faycc (§ 22.8), Ho mnepsbie
pesyabraTht Gblan onyGaukosakbl AGeneM %) u flko6u ®). Ha pesyabrars, nouy-

") Tounee rosops, TaKOH HHTErpaJ HasHiBAETCA IMIHNTHYECKHM HHTErpaioMm
AYLIb TOTA3, KOrJa ero HEBO3MOXHO BbIPa3HTh TNpPH IIOMOIIM 3JEMEHTAPHDbIX
¢ynkuud u Tpebyercq NpHMeHeHHe SIIHNTHYECKHX HHTErpaloB TPEX PpOJOB,
BBeJeHHbIX B § 22.72.

2) Abel, Journ. fiir, Math., II (1827), 101—196.

3) SlkoGM H3JMOKMUA CBOE OTKpBITHE B JBYX MHMCbMax (AaTHPOBAHHBIX
13 mions 1827 r. u 2 amrycra 1827 r.) x llymaxepy (Schumacher), kortophii
ony6auKoBai Bbiepkku U3 HHX B <Astr. Nach.s (VI, Ne 123) B cenrabpe 1827 r.,
1. €. B TOM e Mecslue, Korga mossuiaca Memyap Abens.
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yennnie AbeseM, $Iko6nm ykasaa Jlexasnapy HeMeJeHHO NOCAe OMyGAHKOBaHMA
JlexxannpoM «Traité des fonctions elliptiques». B po6asienuu (tom III (1828),
ctp. 1) Jlexaunap roBopHT 06 HX OTKPBITHAX B CAEAYIOIHX BHIPAKEHUAX:

«A peine mon ouvrage avait-il vu le jour, 4 peine son titre pouvait-il
étre connu des savans étrangers, que j’appris, avec autant d’étonnement que de
satisfaction, que deux jeunes géométres, MM. Jacobi (C.—G.—J.) de Koenig-
sberg et Abel de Christiania, avaient réussi, par leurs travaux particuliers,
4 perfectionner considérablement la théorie des fonctions elliptiques dans ses
points les plus ¢elevés.y ). .

Vintepecnas mnepemucka Mexay Jlewannapom u fko6u Obiia HameuaTaHa
B «Journ. fiir Math», LXXX (1875), 205—279. B omuom u3 cBouX nuceM Jlemxauap
ynomuHaeT 06 yTBepxIeHMH [aycca, 4TO OH MOJAYYHA MHOTHE H3 pesy.JbTaToB,
ony6ankoBanubX flko6u u AGeneMm, yxe B 1809 r. OcHOBaTeibHOCTb 3TOr0
yTBepxAenus Gbna ycranossiena snochaenctsun Llepunrom (Schering) (cm. Gauss,
Werke, III (1876), 493, 494), xors nccaeposanus I'aycca (Werke, IlI, 404—460)
0CTaBaJUCh HeomyOGJHKOBAHHBIME 1O €r0 CMEpTH.]

JlaguM Tenmepb KpaTKOe H3JOXKEHHEe BaXKHOH TeOpPeMbl, YTO KaKAblH
SMJMNTHYECKHH MHTErpasj MOXHO BBIPA3HTh Yepe3d TITA-QYHKUUH B KOM-
OGuHAUUM C 3/1eMEHTAPHBLIMU (YHKUUAMY,

Mo yxe Bugeau (§ 20.6), 4To B uacTHOM cjyuae vHTerpaja fw“dx

9TO MOXHO BHINOJHUTb, TaK KaK sJauntuueckue ¢yHkuuu BeHepurpacca
MOryT OBTb Jerko BbIPaXeHb Yepe3d TITA-PYHKUMH U HX NPOM3BOAHLIE
(§ 21.73).

[[IpakTuueckn Hambonsee BaweH TOT cJyuaid, korja R ecTbh BelecTBEHHas
dyHKUMA OT X M @, KOTODHE B CBOI O4Yepelb BEIeCTBEHHBI HAa NYTH HHTErpH-
pOBaHusl; MOKAXKEeM Tenepb, YTO NPH S5THX YCAOBHAX MHTErpal MOXeT ObTh
BhIpaXKeH B BeleCTBEHHOH dopme.]

Tax kak R(w, X) eCTb PAYUOHAAbHASL (DYHKLUS OT W 4 X, TO
MBbl MOXEM HarucaTb

R(w, x)=P(w, x)[Q(w, x).

rde P u Q-— NOJMHOMB OT W@ ¥ X; TOI'Ja MOJ:4UM
wP (w, x) Q (— w, x)
'll?)Q (wr .X) Q(_w, x) )

Ho Q(w, x) Q(— w, x) — payuonassnas @yHKYug or w? u x,
TaK KAaK OHA He W3MeHseTCsi NpU NepeMeHe 3HAKA W, NMO3TOMY OHA MO-
weT ObITb NpPEACTaBJeHA KaK palHOHadbHast GYHKUUS OT X.

Ecau teneps BHIOJAHMM yMHOMxeHune B wP (w, x)Q(— w, x) u noa-
CT4BHM BMeCTO w2, Tle OHO BCTPeuaeTcss, ero BLIPAXEHHEe Yepes X, TO

R(w, x)==

) «EaBa mMos pabora BBIIAA-B CBET, €1BA CTaJ0 U3BECTHHIM HHOCTPAHHBIM
YVUEHbIM ee HasBaHHe, KaK f y3Ha/! C TAaKUM Xe M3yMJeHHEeM, KaK H YIOBAETBO-
peHueM, uTO JBYM MOJOABIM reomerpaM, S$lko6u B Kenurcbepre n Abeaio
B XPHCTHAHMH, Y1aJ10Ch HE3aBHCHMO JDYF OT Ipyra BHECTH 3HAUUTE]bHHIE YCO-
BEPLIEHCTBOBANMSA B TEOPHIO 3JAHNTHYECKHX (DYHKUHH, H NPDHUTOM B CJAOXKHEHIIHX
ee BONpOCax».
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MBl B KOHIE KOHIUOB NpPUIEM K NOJAMHOMY OT X U W, JAUHEEHOMY
OMHOCUMENBHO W.
Takum 06pasoM, Mbl NOAYYHM TOXKAECTBO BHIa

R(w, x)= (R (x)+wR,y(x) } |w,
rie R; u R, 0003Hayai0T palMOHa/JbHbEle (GYHKUHH OT X.

Wuterpan fRQ(x) dx MOXeT OblTb BLIYMCAEH NPH MOMOWIM TOJBKO
s/qeMeHTapHBIX (yHkuui!); TakuM oOpasoM, 3agaya CBeJacb K BbiYHC-
JIEHHI0 MHTerpaJja fw‘lRl(x)dk. Ilaa 3TOro He06XOAMMO MOJYUYHTD
KaHOHMYeCKOe BLIpAMXEHNe AN W?, K ueMYy Mbl Tenepb M TepeHneM.

22.71. llpeactaBiaeHHe NOJHHOMAa 4E€TBEPTOH CTENEHH
B BHJe NPOH3BENEHHMA JBYX CYMM KBajipaToB

IToxaxeMm Tenepb, uYTO 4210604 nosuxorm wemsepmoil (usu mpe-
moeii %)) cmeneny OMHOCUMEAbHO X (C HEPABHLLMU KOPHAMW) MOdcem
6umb npedcmasien 8 gopiue

{Aj(x —a) 4 By (x — B} {Ap(x — @) + By(x — B)*},

rie Bce uucna A;, B;, A, B, a, § BelecTBeHHH, eCau KO3dduum-
€HTbl B JAHHOM MOJHHOME BelleCTBeHHH.

Y106bl NOJAYYHTb STOT pe3yJbTaT, 3aMeTHM, YTO MOOOH NOJHHOM
yeTBepTOH CTeNeHH MOkeT OBITb TNpeAcTaBieH B BHie S;S, rae S,
S, — NMOJAMHOMBl BTOPOH CTemeHW OT X 3):

Si=ax2 420 x ¢, Sy=ayx?+ 2byx + .
Nanee, eciu A— mocTosiHHag, T0 S;—AS, OyieT NOAHBIM KBai-
paToM OTHOCHTENbHO X, Koria
(a1 —hay) (¢ —Aeg) — (by — My = 0.
[lyctb A, W Ay— KOPHH 3TOrO YpaBHEHUs; TOTAA, MO NpPEANOJOXe-
HUIO, CYIIECTBYIOT TaKMe 4ucaa o H {3, uTo
Sy —AhSy=(a; —hay)(x — @), 8 — kS, =(a; —hay) (x — )%

1) VIHTerpHpOBaHHE PAyUOHAAbHbLX OGYHKIME OLHOH NepeMeHHOH paccMart-
pHBAETC B PYKOBOLCTBAX IO HHTETPAIbHOMY HCUHCICHUIO.

2) B nocjenyiomeM aHaAN3e NOAMHOM TPETbEH CTENEHH MOXHO PacCMaTpPUBaTh
Kak TMOJUHOM YETBEPTOH CTemeH#, B KOTOPOM KO3(P(UUHEHT NpH x* paBeH HYJIO.

3) Ecau Ko3((}HUMEHTH B MOJMHOME YETBEPTOH CTENEHH BElECTBEHHHI, TO
PasnOXEHHE HAa MHOMHTEAH MOMXHO BHUIOAHHTh TaKHM O06Pa3oM, YTO KO3du-
nuentoli B Sy u Sy OyNyT BewecTBeHHb. B yacTHOM ciyuae, KOrja NMOJHHOM
yiMeeT YEThIPE BEIIECTBEHHBIX JHUHEHHBIX MHOXMTENsl, 3TH MHOXHMTENH IOJKHBI
6LITh COeJMHEeHBl monapHo (yTo6m xath S; H S)) TaKUM 06pasoM, YTo6bl KOPHH
ONHOK Taphl He NMEPEMEXANHCh C KOPHAMH IpYyroit maphbl; OCHOBaHue AJsf STOrO
yBHIMM B MPUMEYaHUM B KoOHLE MNaparpaga.
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pelas 3TH ypaBHeHHd OTHOCHTeAbHO S;, Sy, MOJYYHM, O4EBUIHO, Pe3yilb-
TaThl BHIA

Si=A,(x —aP+ By (x — Bl Sy= A, (x —a)t + B, (x —B);
sTUM TpebyeMoe npuBeleHHe MOJHHOMA UYSTBEpTeH CTeleHH BLIMOJHEHO.

[Mpumeuanne. Ecau nmoiMHOM ueTBEPTOH CTENEHH BEINECTBEH H HMeEeT
ZBA MY YeTHIPe KOMIMIEKCHBIX KODHA, TO MyCThb S, HMeeT KOMILIEKCHbIE KODHH;
TOrZa Ay M A; BEIECTBEHHB N Pa3iuuHB, TaK Kak

(a1 — hay) (¢, — heg) — (b — 1by)?

MoJOXHUTENbHO npH A =0 u orpuuareabHo ') npu A = a,/a,.
Ecan S| u S; uMelor BemecTBeHHEIE KODHH H HX Da3JOXEHHA CYTb

(x—8)(x—&) (x—&)(x—8).

TO YCIOBHE JAf TOro, 4ToGnt A; M A, ObliM BEUIECTBEHHHI, JErKO NOAYYHTH

B BHLE ’ ’ ’ 7
(E—E) (& — &) (& —&) (i —&) >0,

a 3TO YCJOBHE YIOBJAETBOPHAETCA, KOTJAAa HYyAH BolpaxeHu#t S; u S, He nepe-
MeXaloTcsl; 9TO M OblIO, KOHEYHO, NMPHUMHOH BHIOOpa MHOWHUTedeH S, u S, nan-
HOro INOJHMHOMA TakuM 00pasoM, 4TOObI MX HYJH He MEepPEeMeXaniuchb.]

22.72. Tpm poaa SANMOTHYECKMX HHTErpajos

Tlycts @, B onpeieseH MO TOJAbKO YTO MoJyueHHOMY B § 22.71
npaBuay; BBeleM B HHTerpanef w~! R,(x)dx HOBYI0 mNepeMeHHyWO £,
onpeleiseMyl0 PaBEHCTBOM 2)

t=(x —a)f(x —B);

dx 4 (—p7ldt ‘
w 1

TOrjaa HMeeM

{((Af + B)) (Agf? 4 B,) T
Ecmn mamucats R;(x) B Bune (@ —B)R;(f), rae R, paumonambua,
TO TOJAYUUM
/'R, (x) dx :/' Ry (t) dt
* w »,

<.
{(A 4 B) (A2 + By)}?

1y Kpome cayuas a;:a, =b,:by; B 3TOM cayuae
Si=Za(x—a) 4+ By, S;=ay(x—a)?4 B,

2) 3ameuartenbHO, uTO SIKOGH He OGPATHJ BHHMaHWS HAa CYUIECTBOBAHHE 3TOM
APOOHO-AHHEHHOH NOJACTaHOBKH; B CBOEM IIPHBEJEHHH OH NPHMEHSJ] KBaipaTHY-
HYI0 IIOACTAHOBKY, SKBHMBAJEHTHYIO NPHMEHEHHI0O Npeo6pasoBaHua JlaHneHa K
SMIMAOTHYECKHM (YHKUHAM, KOTOPOE Mbl BBeleM ZRaJjee.
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Teneps nonoxkum
Ry() 4 Ry (— 1) =2R, (%), Ry(t) — Ry(— 1) =2tR; ()
torna Ry u R; — pauuoHaibHble ¢yukuan ot £2 m, TaKUM 00pasowm,

Ry(t) = Ry (t) Ry (8.
Ho wuurerpan

1
[+ B) A+ By) " tR; (¢ at

MOXHO BHIPA3UTb uYepe3 3JeMeHTapHble (QYHKIMU, NPHHSB 2 33 HOBYIO
nepeMeHHyI0 1); TdK uTO eCau PasaokuM R, (¢?) Ha npocTteftmne RpoGH,

TO 3anaua HHTeI‘pHpOBaHI/IﬂfR(‘w, X)dx nmnpuseseTcs K BHLIYHC/JEHHUIO
MHTETPANOB CJeLYIOLIMX THUMOB:

1
f £2m (A2 - B,) (A2 + B,)) 2 dt,
1
[+ N (AL B) (A2 + By) 7 dt;

B NEPBOM H3 HHX m — leJOe HUCJO, BO BTOPOM /M — NOJOKHTENbHOR
uenoe uucao u N#0. dudbdepeHunpoanneM BbipaxeHu#t Buaa

1

£ (A2 4 B) (A2 + B,)} 2

1
Jonl—1m 7
(14 NE T (AL By) (A2 + By
JeTKO TNOJY4uTh (OPMYJAB NpPHBElEHHs, NPU IMOMOLIH KOTOPHIX BhILIeE-
TipUBeleHHble HHTErpajbl MOryT ObIThb BEHIpaXKEHbl uYepe3 OIMH M3 Tpex
KaHOHHYECKHX MHTErpasioB:
1

0 [ (A8 +B) A+ By T ar,

1

(1) [12 {(A1t2—l—31)(A2t2+32)} 2 dt,
1
am [+ NeAL B (424 By} 7 .

ATu uHTerpasbl 6bIAK Ha3BaHL! JIemAHIAPOM 2) COOTBETCTBEHHO 3.4.4un-
MmutecKumMy UHMEIPAAAMU NEPBO20, 8MOPO20 U Mpemse2o pooa.

DAIMNTHYECKUI WHTerpaj mepBOro poia He CO3laeT HUKAKWX 3a-
TpYAHeHUH, TaK KaKk OH MOMeT OBTb MNPOUHTErPUPOBAH NPU MOMOLIU

1)y Cwm., nanpumep, Hardy, Integration of Functions of a single Variable
(Camb. Math. Tracts, Ne 2). Ecte pycckuit nepesox: I'. I' ap nu, Murerpupo-
BaHHe saeMenTapHuX ¢yukuui, OHTH, M.-JI., 1935.

2) Legendre, Exercices de Calcul Intégral, I (Paris, 1811), 19.
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MOJCTAHOBKH, OCHOBAHHON Ha MHTerpaJbHbLIX opmyax §§ 22.121, 22.122;
Tak, HanmpuMep, ecau Bce uucaa A;, By, Ay B, NOJOXKHTE/bHB H
AyBy > A By, TO HYXHO NOJOXHUTb
1 1
Alt=Blcs(u k). [k =(AB[(4,B)).]

Ilpumep 1. Y6enurbcd, YTO B cayUae BeuyeCmeenHoiX HHTETPAIOB Che-
Jyiouiash CXeMa JaeT BCe BO3MOXHBIE CYHIECTBEHHO pasiHuHble KOMOGHHAIMU
8HAKOB, M OINpEIEAHTh NOACTAHOBKHM, HEOOXOAHMBblE AJs BHIYHCIECHHA COOTBET-
CTBYIOUHX HHTErPAJIOB.

Al + |+ =+ +] =

By | + | + | + | = |+ |+

[Mpumep 2. Iokasars, yto

1 l—Fkcdu -
fsnudu_-ﬁlgﬁéc—d‘;, fcnudu__k arctg (& sd u),
1 dnu -+ k'
fdnudu.—amu, fscudu—wlgm,
1 l—cnu _ 1., 14snu
fdsudu_ilg—————l_}“cnu, fdcudu._ﬁlg-————-l_snu,

M MOJAYYHTh INECTb APYrHX nojoGubix QopMya, 3amenuB u Ha u + K.
(Glaisher)

Mpumep 3. Hoxasath AuddepeHHPOBAHHEM SKBHUBAJIEHTHOCTb CJACAYIOIHX
JBEHaJLaTH BbIpaxmeHui:

u—szsni’udu, k’2u+k2f cn? u du,
fdn’udu, u—-dnucsu-—-—fns"’udu,
k’2u+dnuscu—k’2fnc”udu, k? snucdu+k’2fnd2udu,

dnuscu—k"* fsc"udu, k’2u+kzsnucdu+k2k’2 fsd"’udu,
u—}—k?snucdu——k?fcd”udu, —-dnucsu—fcs%zdu.

k’zu—dnucsu—fdszudu, u—}-dnuscu—fdc?udu.
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Npumep 4 Iokasars, u4t0

d?sn™u ; .

g = n(n—Dsn"2u—n(l+k)sn®utn(n+1)L2sn"+2y,
H TOJYYUTb OAUHHAAUATH APYrHX NOXOOHBIX GOpPMYA AAs BTOPBIX NPOU3BOAHBIX
ot cnu, dn"u, ..., nd”u. Kakas cBA3b HMeeTCHA MeXAYy STUMH QOpPMyaaMu 4

topMyaol npUBEAEHHS AAs

1
Jeri@ae+B) (ar+8y) Par
(Jacobi; Glaisher, Messenger, XI)
fTpumep 5. [llpu nomomu § 20.6 noxasars, 470 ecad a u B MOJOXKH-
TEAbHBI, TO
1

[ 1 oo
[t — sy o) Tde= [ s —gus— g0 ? s,
-a €
rae e, — BeleCTBEHHBIH KOpEHb KyﬁﬂquKOI‘O noJaHHOMa,

g2 =iy (R — NI — B gy=— (a2 ) { (a— B2 £ 36 §2)/216;

ZOKa3aTh Takke, 4TO ecan g, =0, To « H § AaOTCA ypaBHEHHAMH
1 1
o —f2=—3(280)°, FB2=2V312¢4°.
Mpumep 6. BoBecTu u3 npuMepa 5 H U3 HHTerpaabHOH GoOpMYab A7 Cn U,
470 NPH g; NOMOKHTENLHOM
1 1
[as—gn Tas=2+8) ° K,
e ‘
(oo}

(e8]

1

1
[asitg) Tas=202+5" 2K,
rne -

o = (V 3 — %) (2g3)7;-, 62 = (V 3+ —3—) (Qgs)-;_,

a Moayab paBeH ]

(@467
22.73. daaunTHuecknii HHTErpas BToporo poxa. dymkuusa E(x)!)
Ilns npuBeleHHst MHTerpaja Tuma

1
2

ft2{(A1t2+Bl)(A2t2+ B, *dt

') 3ro o6o3HaueHue ObIO BBEAEHO SIko6u (Jacobi, Journ. fiir Math., IV
(1829), 373; Ges. Werke, I (1881), 299). B <«Fundamenta Nova» on mucas
E (amu) tam, rae Mp numeM £ (u).
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NPUMEHHM TY e NOLCTAHOBKY 4epe3 SJJMNTHYECKHE (YHKUHMH, 4TO M
B CHAyuae SJJRMNTHYECKOTO MHTErpaja MNepBOrO pola C TeM e MOAKO-
PEHHBIM BblpaxkeHueM. TaxkuM o00pasoM MBI NPHAEM K OJHOMY M3 ABe-
HAaJAUATH HHTErpajioB

fanudu, fcn?udu,..., fndQudu.

Corunacro npuMepy 3 § 22.72 TakoBble MOTyT ObITb BHIDaKeHb! uepes z,
3/MUNTHYECKHEe QYHKUUH OT & H fdn’udu; y10o0HO paccMaTpuBaTh

u
E(u)_=_fdn2udu
0

KaK OCHOBHOH -3/LTUNTHYECKUH HHTErpan BTOPOTO poja, uepe3 KOTOPHH
MoryT ObiTb BHIpaX(eHH BCE OCTafbHHe; koria Tpebyercs 0cob6o Bhize-
JUTb MOAyJb, Mbl numeM E (u, ) BMecto E (a).

3aMeTUM, 4TO

LB w24, E@©)=0.

Ianee, Ttax kak dn?u-——vuyeTHas QYHKUHA C IBOHHBIMH TOJIOCAMU
B Toukax 2mK —+4-(2n -4 1)iK’ u ¢ BHYeTaMM B ITUX TOYKAX, PABHLIMH
HYJI0, TO Jerko BuieTh, uTo E (4) OyleT HeueTHOH onHO3HauHOH 1)
¢yHKuHMe OT % C MPOCTHIMH MNOJMIOCAMH B moualocax QyHkuua dn u.

IMokaxem Tenepb, uTo E(#) MOXHO BLIPa3uTb Yepe3 ToTa-(YHKLHY;
HauboJiee NMOAXOLALLMM THIOM T3Ta-pyHkuun Oyler 3aech yHxuus O («).

Paccmorpum
d { 0’ (u) }

FRAIONE

3TO BBIPAXKEHHE ABJAETCS NBOAKONEPHOLMUECKO# ¢yHKIMeH OT u# ¢ ABOH-
HBIMH TIONIOCAMHM B HYJ9X OyHKuMn O (z), T. e. B nomiocax (QyHKUHHA
dnu; Takum oOpasoM, ecan A — Hajnexalie BuOpaHHAad MOCTOSAH-

Had, TO
d (6'(u)
24 e FhadilS S Sad 2%
dn® & Adu{e(u)}

— nBosikonepuoauyeckas QyHxuus or # ¢ nepuomamu 2K, 2{K’ u ¢ on-
HHM TOJbKO TPOCTHLIM MOJMIOCOM B Kawaoi sueike. ITostomy ona Gyrmer
NOCTOSHHON; 9Ta NOCTOSHHAA 0ObluHO mulercs B Buie E/K. Ilas onpe-
JeJeHust MOCTOSIHHOR A 3aMeTHM, UTO TIJaBHAas 4acTb GyHkuud dn2u
B Touke (K’ Oymer cornacio § 22.341 pasna —(u—iK’)_Q; BHIYET
xke. oTHOweHus O («)/6 (1) B 9TOM HOMIOCe paBeH elHHHUle; CJelO0Ba-

') Tak kak BbiueTsl GyHKHMH dn? i paBHH HYJI0, TO MHTETPad, ONpeAesIomHii
E (u), ne 3aBucur ot Basroro nyt (§ 6.1, wacts I).
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8’ (1)

g
m—}» takke Oyzer — (u — iK) °,

d
TeJNbHO, FIaBHAA 4acTb (PYHKUUH W{
Orciona A=1, Tak uro
d (6 (n) E
2= & =
dn u—du{e(u) }+K°

Uurerpupys u 3ameuan, uto 6’ (0)=0, noxyunm

E (1) =0’ (0)/8 (v)+ uE/K.

Tak kak 0'(K)=0, 1o umeem E(K)=EFE; orciona

1

-_—T

1

¥
. 5 1 1 1
— —_ — B2sin? —_—— 2 L.
E_,/.dni’ua'u_/’ (1 — R?sin Cp)?‘dcp—27tF( 5 55 1t !e?)‘
0 0

IMpuuarto (§ 22.3) naswBats K u E nosnbiMu SNAMNTHYECKAMU HHTe-
rpaiaMu TepBOro M BTOporo pona. Tabauumel 119 HUX, KaK X9 QYHK-
uuit  Moayaspeoro yriaa, naHel Jlexxanapom (Legendre, Fonctions
Elliptiques, II).

NMpumep L Tokasats, uto
E (u+2nK) = E (u) + 2nE,

eciu n— UeJoe HHCIO.
Mpumep 2. C nmnomomplo Bupaxenus jaa 6 (u) uepes dyuxkunmio

1 .
8, (—2 nu/K) H ee PasiOXeHHd OKoNO Toukn u ==iK’' mokasath, uTO

E={2—r— /(%3 9)) } K.

| —

22.731. N3era-byHkuus Z (%)

dyuxuns E (#) e wumeer mnepuonamu Hum 2K, um 2iK’, wo npu
W3MEHEeHUM apTyYMEHTa HA OSTH BEJMYMHB OHA M3MEHAETCS Ha TOCTOSH-
Hble CiaraeMole

(%K' E—mi} |
2E, =t

yro6HO wuMeTh GyHkuMio TOro xe ofutero tuna, yto u E(#), HO mpo-
CTO MEPHOLMUCCKYI0; Takoh (yHKlMeR dBIgeTCA

Z(u)=90’"(2)/8 (u);
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COTJIACHO STOMY ONpeleseHHI0 HMeeM l)

Z(u)=E () — uE/K, O () =8 (0)exp fZ(t)dt}.
0

22.732. dopmyast caoxenns aas E(u) w Z(u)

PaccMoTpuM BhipameHue

Q’ (Ol [: Y4
8((::::)) - e((g))'*— @((:))+k2snasnvsn(u—i-v)

Kak QyHkuuio ot z. dta GyHKUUA ABOSKONepHOAMYecKas ?) (¢ mepuoxaMmu
2K u 2iK’) ¢ npocteiMH mnoaiocaMu, cpaBHuMbiMH ¢ (K’ u iK' — v,
BhiYET MEPBLIX ABYX uieHoB B [K’ paBeH — l; BHIUET e BHIPAXKeHUS
snusnvsn{u—-v) paseH k~lsnvsn (iK' -+ v)=4k"2

CrnenopaTesbHO, 9Ta (QYHKUMA JABOSKONMEPHOJMYECKAR H HE HMeeT
NOJIOCOB B TOYKAX, CPaBHUMBIX ¢ (K’, n (moaoOHEIM ke o6pasom)
B TOYKAX, CpaBHUMBIX ¢ [K’—wv. Tlo Teopeme JIuyBunisi OHa paBHa
NOCTOSAHHOH, a mosoxuB # =0, BHIUM, 4YTO 3Ta NOCTOSHHAasd paBHa
Hymo. Orciofa noiyyaeM GOPMYasl CJIOMKEHHUS

y—+74(v)—Z(uw+v)=~Fk:snusnvsn(u-+wv),
E(w)4+E(©)—E(u-+v)=4k%snusnvsn(u-+ o).

[Mpumeuanue Tak kax Z(z) u E (1) He ABAANTCA BOAKONEPHONHYE-
CKUMH (QYHKUHAMH, TO MOXHO NOKa3aTh, YTO He CYIIECTBYET a.2e0pau4eckozo
COOTHOUICHHH, CBASBIBAIOIIErO HX ¢ snu, cnu U dnu, TaK YTO moJaydeHHsle ¢op-
MYJBl He SABAAIOTCH MeOpeMami CAONCEHUS B TOYHOM cMbicie %).]

') Wurerpan B Bepaxkennu ans O (u) ne GyneT ONHO3HAUHBIM, Tak Kak Z (¢)
MMeeT BhlueT | B CBOMX MOMIOCAX; HO PASHOCTb HHTErpajoB, B3ATHIX N0 JIOGHIM
IBYyM nyTAM C OONMMH KOHLAMHU, PaBHa 2nmi, FAe 7 — YUCIO OXBAUESHHBIX
STHMH NYTAMH NOJIOCOB; NOKa3aTenbHas (YHKUMA OT MHTerpaiza 6yieT MOSTOMY
OHO3HAUHOM, KaK M JOMKHO ObTh, TaK Kak © (1) — oxHO3HAauHAs QYHKIHUA.

?) 2iK’ ‘ecTb TepHOA, TaK KaK AAAMTHBHBIE NOCTOSHHbIE NS MEPBHIX ABYX
Y/JeHOB B3aHMHO YHHUTOXKAKOTCA.

3) Teopema, npunaaiexamas Beflepmrpaccy, yrTBepiknaer, 4TO aHaIUTH-
ueckas ¢yHkuua f(z), obnamaiomas TeopeMO# CIOWKEHUA B TOYHOM CMBICIE
CJIOBa, JOMXHA ObITb HIK

(I) aare6panueckoit pyukuue# ot 2z,
niau
() aare6pauueckoit yrkuueit ot exp (wiz/v),
HIH
(III) aare6panueckoit dyHkuuer oT @ (2] o), o),

rie o, ©;, ©,— Hajiexame Bol6paunbie nocroanusie. Cum. Forsy th, Theory
of Functions (1918), Chap. XIIL
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22.733. Muumoe npeoGpasoBanHe fko6u!) pas ¢pyuxuuu Z(u)

" Y3 § 21.51 scHo, YTO NOMKHO CywlecTBOBaTb NpeoBpasoBaHue TUNA
flkoGu nas ¢yskumu Z(u). Jas nonyveHus ero nepeseleM (opMyay

1
8, (ix | ©) = (— 1) exp (— i’ x¥m) B, (ix<’ | ¥),
B paHnue 0060sHauenns SIKOOM; TOTNa OHA TpUMET BHI

- nu?
H(u+K, b)y=(—in)? exp(4KK')9(u kN,
OTKYIa

: 1
. _ 7 mu? ) 3,(0]7) 6(u k)
cn (i, k)==(— ir)? exp (4KK’) 5 0]7) 6@u &)

B3sB norapudMuueckyl0 NpOHM3BOAHYI0O OT 00eux uacTelt, noayyum
¢ nomounio § 22.4

Z(iu, RYy=idn(u, R)sc(u, k')—iZ(u, k')— wiu|(2KK").

22.734. Muumoe npeoGpa3osanue SIko6u nias ¢yuxkuuu E (#)

Yno6Ho noayuutb npeoGpasosanue ¢yukuuu E (&) HeIIOCpElICTBEHHO
M3 MHTErpajJbHOTO ONpeliesieHNsl; UMeeM
iu

E (iu, k)= f dn2(t, k)dt — f dn2(it’, kyidt' =i f de2(#, k')dt',

ec/n MOMOKMM ¢ ==it' u BOCcmo/b3yemcs § 22.4.
Orcioga cornacHo mpuMepy 3 § 22.72 umeem

E (iu, k):i{u+dn(u, k') sc (u, k’)—-—fdrﬂ(t’, %) dt’}
0

v, TakuM 00Opasow, v
E(iu, Ry=iu-}+idn(a, k' )sc(u, R")—IE(u, k.

ATO U ecTb NCKOMOe INpeoOpa3oBaHue.
Vno6Ho o0603HaunTth uepes E’ 1y ke OyHxkuuio 0T K/, kaxo#t
asasercss E ot k, Tak yro E'=E(K’, k'); Torna

E(2iK’, k'y==2i(K' —E').

1y Fundamenta Nova, 161.
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22.735. CoorHomenue!) Jlexaunapa

U3 TOMLKO 4TO nmoayueHHBX npeoOpasosanuft nas dynkun#t E (4) n
7 (1) MOXHO BLIBECTH 3aMeuyaTeabHOe COOTHOILUEHHE, CBS3bIBAIOLIEE TOJI-
Hble SJJHIITHYECKUEe HHTEerpadel OOOMX pOJOB, 4 UMEHHO COOTHOILIEHHE

EK' 4 E'K — KK' =+ =.
IeficTBuTebHO, coraacHo npeoOpasopanuam § 22.733, 22,734 umeem
E(iu, Ry—7(u, Ry=iu—1{Eu, k')— Z(a, k')} - wiu|(2KK')
H, BOCMOJb3OBABLINCL CBA3bI0 Meway ¢yuxkuuamu E(u, R) u Z(u, k),

NOJIyYuM

E|K = tu — i {uE'[K'} + niu[(2KK").

Tak kak MB MOXeM B3aTb & == 0, TO TpeGyeMulit pesy.ibTaT HoJy-
YyaeTCsi HEMOCpPelCTBEHHO H3 3TOrO PAaBEHCTBA; OH aHAJOTHYEH COOT-
HOWICHUIO 7,0y — M0} == 5 wi, KOTOpOe BCTpeyaeTcs B Teopuu Bettep-
mrpacca (§ 20.411).

Mpumep 1. IMokasars, uro

Ew+K)—E@w)=E—Fk?snucdu.

MMpumep 2. llokasats, uto

E(2u+ 2Ky = E (Qu) + 2i (K'— E").

[Ipumep 3. BoBectu u3 mpumepa 2, 4to

E@w+iK)= —;—E (Qu 4 2iK"y + % k?sn? (1 4 iK’) sn 2u 4 2(iK') =

=E@)+cnudsu i (K —E’).
ITpumep 4. Ilokasars, utoO

E(ut+K+iK)Yy=EWw—snudcu+E+i(K'—E’).
I[Tpumep 5 Tloayunts caenyowmue pasioKeHus:

(K)2sn?u = K2 — KE— 22 ¥, g’ cos 2nx

T— g%
n=1
o] P 2
Sin Znx
KZ (w) =2“2 q—quz—,,.
n=1

cnpaBeNHBLle MpH

]lmx[<%nlmt.

(Jacobi)

Y Legendre, Exercices de Calcul Intégral, T (1811), 61. T'eomerpu-
ggcxgg) HoxasaTenbcTBo cM. y Imemepa (Glaisher, Messenger, IV (1874),
5—96).
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22.736. CpoiicTBa NOJHBIX 3JJHNTHYECKHX HHTErpaJios,
paccMaTpHBaeMblX KaK QYHKIHH MOAYJs
Ecan ¢opmyay

kig

1
E=| (1—k*sin?¢)? do

o%w[_-

npoauddepenuuposaTs no Kk noj 3Hakom uHterpana (§ 4.2, wacte I),
TO NOJYYHM

T

1
ksin2o(l —k2sin?g) 2 dp= EZ K.

4E
aE =

o%wl-—-

IMoctynas Takum ke oGpasom ¢ dopmynofi aas K, noaydyuM

1
T K

2 3
= [ Rsime(1 —k2sin2g) Tdg=k [ sd?udu=
B 0

K
1 2 K‘
== — dn? 4 du — [k ug
W i

coraacHo npumepy 3 § 22.72, Ttak uro
dK E K

Ak kR k

2
Ecau nonoxuts k%==c, k" =c¢’, T0 nonyueHHnie GOpMy/bl npu-

HUMAOT BHUA
dE _ E—K  odK __ E—K¢

2dc"— c ' de ~~ o

Npumep 1. lokasars, uto
dE, K/___El 2 dK/ CK/—E'

2 = e T SR T

dc ¢’ dc cc

Mpumep 2. MNokasars audpdepenuuposanuem no ¢, uro EK’ 4 E’K— KK’

DOCTOSTHHO. )
Mpumep 3. okasars, uro K 1 K’ cyThb pemieHus ypasHeHua

d .2 du .
Ek—{kk 'd'k‘}—"“

u uto E u E/' — K’ cyTb peuieHUs ypaBHeHHf

k' %(k%—‘;—)-:-ku:o,

(Legendre)
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22.737. 3HaueHHA NOJHLIX MHTErpaJoB JJs MaJbiX 3HaueHu# R
W3 unterpanvubix onpefeneHuft ¢ynxuuft E u K Jerko BHIETb,
pasiaras 1o creneHaM R, uro
: . 1
lim K= lim E= 5, hm (K — E)/kQ——I
E->0 k>0
[TopoGHbIM #e oGpasoM
ki

lim E/ =

cosode=1,
_k—)O va

cle,_

Hatitu noaoGubiM obpasom lim K’ Heab3s, BCJAeNCTBHE TOFO YTO
E->0
1
(1 — k" sin?¢)” 2 npereprepaer paspbis mpu ¢ =0, k==0; HO u3 MpH-
mepa 21 raasw 14 (cTp. 106) caenyer, uro npu |argk | <=

lim {K'—1g(4/k)} = 0.
B0

JTOT pesyabTaT MOXHO TaKwe BHIBECTH H H3 GoOpMy.
2K’ = neds, k= 8},

3acTaBasis ¢ —>0; OH MoxeT ObiTb, KpOMe€ TOrO, JOKa3aH Jisi BELIECTBEHHBLIX
3HAYEHHH R CACLYIOLUM 3JEMEHTAPHBIM MYyTeM.
B cuay § 22.32 umeem

1

f(tz-—kZ) 7 (1—) 2 at.

Ho eciu k<t <V'k, 10 1 — 2 nexcur mexay 1 m 1— k&, a ecan V7z <t<l,
10 (12— k?)/1? mewut mexay | u 1— 4.
[loatomy K’ JnexuT Mexay

1
f(t?—k?) Tat ft“(l ) % at
VE

LE g
A—k) <f — k2 2 dt - ft‘l(l—-—ﬂ) 2dth,
\& Ve
H CJAeJOBATCJIbHO,

VE+VE—ER VE }_
2 =
== {] k lgl—i—]/l__—k

1

=(1—0k) 2Rig{14+VT=Fk}—1gkl,
rie 0L

{4 9. T. Yutrekep, J:x. H. Barcon
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Ho
1

nm [Q(I—Ok) Tg (1 4+VI—=F} — 1g4J=o,

1
llm{l——(l—-ﬂk) }ng-—O

H CAEZOBATENbHO, )
lim (K" —Ig (4/k)} =
E>0

4YTO M mpeicTaBaseT cob6oil TpeGyemblit pesynbfaT
[Tpumep. BoBecTn coorHomeune Jlewxangpa u3 npumepa 2 § 22.736,
3actaBasag & > 0.

22.74. daaunTHYeCcKuii HHTErpaa TpeThero popal)

Yro6bl BLIpa3uTb MHTErpan THNa
1

[+ N A+ B (AL + By P at

yepes U3BECTHblE (YHKLUUM, CAelaeM MOACTAHOBKY, KOTOPYIO MH [lenanu
B COOTBETCTBYIOLIMX MHTErpasax MepBOro W BTOPOro poaa (§§ 22.72,
22.73). Tornaa uHTerpaj NPUBOAMTCA K BHALY

a4 Bsn?u sn?u
[Fvsin?u du*au+(p_av)fl+vsn2 as,

rie a, B, v— noctosuube; ecau v=0, —1, co uam — k?, TO uHTe-
rpaj MoxeT OnTb BbIDaXe€H 4epe3 HHTerpaiabl NMEepPBOTO W BTOPOro PoAa;
Ias APYrMX 3SHAuUeHWH v MBI OnpelefseM napasmemp a HpH NOMOLIH
ypaBHenusi v == —k?sn’q@, u TOrAa, OYEBUAHO, MOXKHO MPUHATL 332 OCHOB-
HOK wuHTEerpas TpeTbero poja HHTerpal

u

b2 2
I (a, a)=/ snacnadnasn?u du.
0

1—k%2sn2asnu

UroObl BHIPa3UTb ero 4Yepe3d TaTa-QYHKUMH, 3aMETHM, 4TO MOAUHTE-
TpaabHyl0 QYHKUMIO NPH MOMOILK TEOPEMLl C/IONEHMS A A3eTa-(yHK-
LMY MOXHO 3anucaTh B BHAe

—12—k"’snusna {sn (e a)~+sn(e—a) =
= 2 (44— a) — Z(u+ a)+ 2% (a)};

'Y Legendre, Exercices de Calcul Intégral, I (1811), 17; Fonctions Ellip-
tiques, I (1825), 14—-18, 74, 75; Jacobi, Fundamenta Nova (1829), 137—172;
Mbl TIIpUMEHsAEM 0603HaYeHHs ﬂxoén, a ne Jlexanzpa.
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noJb3ysick hopmyJoH Z(u):@'(u)j@ (#), noJyuuM HemocCpelCTBEHHO

1 —
O (a, a)=—2-lgg—$~_—+_—%+u71(a),

pe3yabrat, nokasmBaiowmuit, uro Il (4, a) ssiasercs MHOrosHadHOR QyHK-
uvel OT 4 ¢ JAOrapuPMHYECKUMH OCOOCHHOCTAMH B HYJIAX QYHKIHH
O (uLa).

MNpumep 1. HNoayuurs lcbopmy.ny caoxenus 1)

1, 86 u+v4+a)0(@w—a)8(v—a)

I o)+ a—l@E+v, q= 2 lg O(ut+v—a)o(u+a)®(wta

-—ll 1—4k2snasnusnvsn(u-+v—a)
2 gl—}—k?snasnusnvsn(u "o ¥a)
(Legendre)

[B3atb
xyzw=uv tauwvtovta
B OCHOBHOHM cbobmyne SAkobu
4]+ (1] = [4) +-[1]"]
Mpumep 2. Ilokasars, uto
I (u, a) — ll(a, u) = uZ (a) — aZ (u).
(Legendre u Jacobi)

[D10 Tak HasbiBaemaa ¢opMyJa NEPECTaHOBKH apryMeHTa H mnapamerpa.)
NMpumep 3. lNokasars, uro

I, a)+1(u, b)—1(u, a + b) =
___1_l 1—k%*snasnbsnusn(a-+tb—u)
2 gl-}-k?snasnbsnusn(a—{—b-i—u)

+uk?snasnbsn(a-tb).

(Jacobi)
[310 Tak nasbiBaeMas ¢opMyaa CIOXKEHHS NapaMerpos.]
Mpumep 4. [okasars, uro
I (iu, ia+K, k) =11 (4, a -+ K’, k).
(Jacobi)

Mpumep 5 Tlokasars, uro
Nu-+v, a+b)+Nu—ov, a—b)—201(u,a)—21 (v, b) =
=—k¥snasnb {(u+v)sn(a—+b)—(e—v)sn(a—b)} +
1. 1— k%sn?(u— a)sn?(v—b)
Ty T rw G T T hy

W NOAYYHTh UACTHBIE BUAB STOR (QOPMYIH, MONOKHB U HAK b DAaBHBIMH HYIO.
' (Jacobi)

'y dna Buipaxenus cnpaBa 6bI0 moayueHo He Mexee 96 pasnauuHbX QopM.
Cum. Glaischer, Messenger, X (1881), 124

14*
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22.741. IuHamuueckoe NpPHJOKEHHE
SJNIMNTHYECKOro HHTErpaJa TpeTrbero poaa

U3 sreipawenus aas I (u, @) uepe3d TsTa-OYHKUMH $CHO, YTO ecau u, a, &
BEIIECTBEHHbI, TO (pednssl CKOpocTh pocta GyHnkuuu II (u, @) npm eospacTaHuy &
Ha 2K ectb Z(a), Tak Kax © (u :a) ectb mepuoauueckas (YHKUUA C BemeCT-
BeHHBIM mnepHoioM 2K.

ITOT pe3yAbTal ONpEReAsieT CPENHIO IPENEeCCHI0 MO OTHOIUEHHI0 K He-
M3MEHAEMOH OCH NDH ABMXEHUH TBEPIOTO TeJa OTHOCUTENbHO €0 HEeHTpa TH-
WECTH MOJ NeHCTBUEM CHJ, PaBHOIEGHCTBYIOWAa# KOTOPHX NMPOXOZHT Yepe3 ero
LEHTDP TIKECTH.

OueBunHO, 4TO JJAsi UeJeH BBIYHC/ICHHA DE3YJbTaT 3TOFO POJAA MPEATOYTH-
TEIbHEE COOTBETCTBEHHOTO PE3yJbTaTa, BHIPAMEHHOrO Yepe3 CHrMa-QpyHKIHA H
neta-pynxnuu Beffepmitpacca, BcaencTBHE TOTO, YTO TAITa-PYHKUHH HMEKOT
OCOOCHHO [POCTOE NOBENEHHE OTHOCHTENbHO CBOEr0 BEIIECTBEHHOrO NMEPHOJA,
T. €. MEPUHOJa, UMEIOUIEro 3HaYeHUE B NMPHKJAAJHOH MaTEMAaTHKE, W 4YTO PAAN MO
CTENEHAM ¢ 3HAYMTEAbHO JyYllle IPUCTIOCOOAEHH IAA BHIUUCIEHUS, YeM NPOHU3Be-
AeHue, MPH MOMOINM KOTOPOro CHrMa-OYHKLUHMA onpeieisercs HauGojee MPOCTO.

22.8. JleMHHCKAaTHBIE (DYHKUHH
d 1
Wwurerpan f(l — %) 24t BcTpevaeTca B 3ajaue CHPAMACHUS AYTH
0
JeMHHCKaTH 1); eciu 0603HAUNTH STOT MHTErpas Yepes @, TO 3aBUCHMOCTDb @

OT X BHIPAXAIOT Tak ?):
x == sin [emn ¢.

ITonoOHEIM e 00pa3oM, ecau

! 1 ! 1
cpl=f(1—t4)‘5 dt, é$=/(1—t4)-7dt,
x 0

TO MUWIYT
X ==coslemng,,
U Mbl UMeeM COOTHOlIeHUe
. 1~
sin lemn ¢ = cos lemn (—2~m—<p).
dtn semHucKamHbe @GYRKYUU, KOTOpble ObIIM NEepPBHMH (YHK-
uuaMn ), ompeneseHHHIMA MOCPEACTBOM OOpalleHHs MHTerpana, Jerko

. 1
BHIPA3UTb UYepe3 JLIUNTHYeCKHe (YHKUHM € MOLYyJeM —ﬁ; ubo u3 dop-
I
ds \? at
1) Ypasuenue JsemuuckaThi: r? == a?cos 20; ypaBHeHHe (717—) =

/ 2 2
JerKO BHIBECTH M3 (HOpMY.Ibt (3—;) =1 +(rdcf‘ﬂ .

%) Taycc mucan sl u cl BMecto sin lemn u cos lemn (Werke, III (1876), 493).
%y Gauss, Werke, Il (1876), crp. 404. Mues uccaenoBath 3TH QyHKUUH
npumaa layccy 8 susaps 1797 r.
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myas (§ 22.122, npumep)

sdu

u==f (= 2y (1) Fay
nerko sunets (nonoxus y==¢V'2), uro

1
sinlemn ¢ =2 %sd (cp Ve, 7%—),

nolo0HbIM e 06pas3oM

cos lemn ¢ = cn (cp V. 712:> .

1 ~
. Hanee, 7(!) €CTb HaUMEHbUICE IOJOXKUTEJbHOE 3HAUYEHUE ¢, IJJ KO-

- 1 ~
TOPOro cn (cp 1/2, 75—):0, TaK YTO m=V§K0; HHIEKC Y MOJHOTO
SJJMITHYECKOTO HHTerpaja MNOCTaBJeH, 4TOOH OTMeTUTb, YTO OH COOT«
1
BeTCTBYET YaCTHOMY 3HAYEHUIO MOAYAsd, PABHOMY V7
DTOT pesy/ bTaT AaeT BO3MOXKHOCTL BHIPasuTb K, yepe3 raMma-¢QyHk-

uio:

oF . _1 I ) -1

2f (1 —t4) 2 gt =2 2fu T(1—u) Tdu=—

0 0

=i (i) ()=

Y
{rz)fs
9TO BhIpAXeHUe BEpBHE NoAyueHo Jlexannpom ?).
' 1
Tak kak k==Fk’, xoria k=~V~2:, 10 K,=K, u, Takum obpa-

o=

30M, gp=¢€""

Mpumep 1. Bupasutb K, uepes ramma-GpyHKnuio, MOAb3YACH POpMyIOH
Kymumepa (cMm. raasy 14, npumep 12 B KOHLE raassl).
1

‘Mpumep 2. Monoxus ¢ = (1 — u?)? B dopmyse
1 1
1

E,= f(l— —;—t2)2 A—) 2 a,
. .

) Legendre, Exercices de Calcul Integral I (Paris, 1811), 209. 3nave-
uve K, ectb 1854074()8 . 2 @ == 2,62205756 .
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noKa3atp, 4TO

N

1 1 1 1
22E= [ (l—u? ?du+ [uw2(l—ut) ?du,
/ /

H MOJAYYHTH OTCIOAd4, UTO
3 —2
QEO—K,,:Qn?{r(%)} .

Mpumep 3. Busectu coornomenne Jlexanapa (§ 22.735) us npumepa 2
COBMECTHO ¢ npumepom 2 § 22.736.
Mpumep 4. Ilokasats, uto

[

sin femn? o — 4 €08 lemn?
¥ = T¥ cos lemn?g *

22.81. 3nauennsa K v K’ JJa yacTHBIX 3HaueHHi k&

1
Ve

raMMa-QpyHKuuio 4, kpome TOro, yro K= K’; 370 sIBAfieTCA YACTHBIM Clydaem
obield Teopemnl '), yTBepxaaloleil, 4T0 ecau

K’ at+boVn
R e Y
K c+d Vn
rine a, b, ¢, d, n— ueabie uucaa, TO R — KOPEHb anre6paHuecKoro YpaBHEHHS
¢ HeAbIMH KO3(bGhHUHEHTAMHU.

Jta TeopeMa OCHOBaHAa HA TEOPHHM NPeoGPA3OBAHUA IIIMITHUECKUX (YHK-
OMH M BHIXOAHT 32 Npeleabl 3TOH KHHMH; HO MMEIOTCS TPH ONpeJeJeHHBIX CJy-

Mul Bujeau, 4to npu k=

3naueHne K MOXeT ObITb BEIPXEHO uepes

4as, B KOTOPHIX R, K, K’ uMeioT BecbMa OPOCTble 3HAYEHHS, & HMEHHO:
(I k=V2-—1, K =KVZ,
a k=sin%z, K =KV3,
(1) k=1g? %— n, K =2K

Mubl mazuMm 3gech KpaTkoe HCCJAEAOBaHHE 3THX CAyuaes ?),

(I)y Yemsepmu nepuodos ¢ modyrem V 2 — 1. Tlpeo6pasosanue Jlanmena
JaeT COOTHOWIEHHE MEeMIY 3SMIAMITHYCCKUMH (YHKLHAMH C NPOU3BOJbHBIM MO-
AyleM kR M 3NIUNTHYECKUMU QYHKUMAMH ¢ Monyaem B, == (1 — &')/(1 + k’); uet-
BEPTH NepHOROB A, A’, COOTBETCTBYIOUIHE MOAYJIIO R,, YEOBJETBOPAIOT COOTHO-
menuo A’JA = 2K'[K.

’ ’ ’
Ecau B3aTh Takoe k, uto Ry ==k, ¢ A=K u k;==Fk, caeroBatelbHo,

A’ = K u cooTHOmenHE A'JA =2K'|K npaetr A'? =242

Y Abel, Journ. fir Math., 111, 184 (Oeuvres, I (1881), 377).
%) OTHOCHTENbHO HECKONBKMX TOXOOHBIX (OPMYJN MEHEE HPOCTOrO Xapak-
tepa ¢M. Kronecker, Berliner Sitzungsberichte, 1857, 1862.
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WUrak, ueTBepTH nepuonoB A, A’, COOTBETCTBYIOIIUE MOLYJI0 k), 3ananHOMy
ypaeuenneM &, = (1 —&))/(1 + &), TakoBw, ut0o A’=*AV2, 1. e ecan
E,=V2—1,10 A'=AV2 (TaK Kax, oueBMAHO, YKHCAA A M A’ MOJOXKHTEIbHBI).

(1) Yemsepmu nepuodos, coomsemcmsywujue M0dyA10 sin L n.  Cayuait

12
1 o o
k = sin 7 Ouln uccaenoBan JlexaHapou '), KOTOpBIA MOJAYYHJ 3amedaTebHbIR
pesyJbTaT, @ HMEHHO, YTO OPH TaKOM 3HAYEHHH R
K =KV3.

roT PE3yAbTaT BBITEKAET H3 COOTHOLICHHA MEXAY ONpeleJeHHbBIMH MHTE-

rpaiamu
i

1 o] 1
f(l—xa)——gdx=V§f (*—1) 2ax
1

-0

Jlas 1oxasateabCTBa 3TOFO COOTHOUIEHHS pacCcMOTpPHM HHTErpan

1
f (1— 23)_7 dz,

B3ATHIH IO KOHTYDY, COCTaBJAEHHOMY H3 OTPE3Ka BelIeCTBEHHOH OCH (C BhHIPE3OM
npu z=1 B Bule AYyrH OKPYKHOCTH paguyca R~!), coenunsiomero Ttouku 0
1.
- T
u R, oTpe3ka NpsMOH, coeuHsomero toukn Re®  u 0, M Jyrn OKpy:RHOCTH
1
) — i
pauyca R, coepunsomeii Touku R u Re® ; xorna R-—>co, HHTErpaJ, B3sThIH
IO Jyre OKDYXKHOCTH, CTPEMHTCA K HYJIO, KAK M HHTErpaJ, B3ATHIH HO BbleMKe,
u TakuM o6pasoM, no Teopeme Komwu

1 1

1 1 o _1 1. 0 _i
f(l—xa)_ 2dx+if(x3—1) 2 dx e’ lf(1+x3) 2 dx =0,
0 1 o

| =

nd
€CJH Hd OCTABUINXCA ABYX OTpe3KaX 3aMEHHM 2 COOTBETCTBEHHO HAa X H xe3
[lonoxus
1 _L . -1
f(l—xa) 2dx=1, f(x3—1) 2 dx =1
0 1
<o l_ 0 1
f(l—}—x") 2y = f(l_-xS) 2 dx = I,
V] -0
uMeeM

htily =4 VI,

'Y Legendre, Exercices de Calcul Intégral I (1811), 59, 210; Fonctions
Elliptiques, 1 (1825), 59, 60.
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0Txyua,cpasﬂuaan BELIECTBEHHbIE U MHHMbIC qaCTH,ﬂOﬂYQHM
1 1
Il='2_131 12='§Iav3

H, CIeIOBATEabHO, ) 3
L l—5LYV3 =5+ Ii—5 13=0,
yTo ¥ jaeT TpebyeMoe COOTHOMIEHHE !).

Ho coraacno npumepy 6 § 22.72
1 1

=4_(a2+32)-7K, I 4 13= 4(a2+pz) 2 g,

npuueM MOJYJAb PaBeH .
a@+5) 7
?=2V3 —3 p2=2V3+3,
—_— 1 1 2___
k2 = 71-(2——-]/3) = sin® 45 ™

n

4TO Jaetr

1
WUrak, xorga Monyab R paBeH sm—lfn, nMeeM
1 .3 L
3 12K=38 2K =1,=3% =
1 1o

[ a3 Q).

(1ll) Yemeepmu nepuodos ¢ modyrem tg? %’n. Ecan B npeoGpasoBanuu

Jlanpena (§ 22.42) Basato £ = , T0 noayuum A’'[A =2K'[K = 2; naree, naa

1
V2
_¥y2-—-1 1

=tg? = m
V— 1 gBﬂ’

COOTBETCTBYIOLME YeTBEPTH NepHOLOB A, A’ 6yAyT

3TOr'0 3HayeHus k uMeeM

1 1
(et (e
5 AL 42 2K, u \14+2 ?/K,
HpnMép 1. PaCCMOTpeTb yeTBEpPTH MNEPUONOB, KOrAa %k MMeeT 3HAUEHHH

Ve —-2)2 sm—s-at n24 V2 —1).

1) Jlpyroi#t MeToj HAOKa3aTeAbCTBA STOTO COOTHOIIEHUS 3aKJAI0493ETCs B BHI-
pa)xelmu I, I,, I3 uepes ramma-QyHKOHH NYTEM 3aMEHbl X COOTBETCTBEHHO Ha
1 1

t » £ 3, @1 — 1)3 B HHTerpajiax, onpefeasiomux /,, [, u /[,



22.81. 3uayenua K m K’/ 119 4yACTHBIX 3HAUEHMI & 425

Mpumep 2. IMokasars, uto
11

24, 7" ﬁ(l +e—(2n+1) 1:) 34 1_'“ V3 _ 10_0[ (1 _e-2nn,/V§_).
n=1

n=0

(Glaisher, Messenger, V)

Mpumep 3. Bolpasurs koopauHaThl 1060 TOuKM Ha kpuBoit y2 = x3—1
B BHIe
1 3
2 (1 a4
x=1+3 (1 cnu), y=23 snudnu’
I1+cnu (1 -+ cnu)?

1

. . dx
TI€ MONYJNb SIMUNTHUECKHX PYHKIMH paBeH sin Ew # TOKA3aTh, UTO —— = 3 ‘ty.
<) 1 2K

C noMouibl0 COOTHOIIEHHS fy“dx=3 4 f du BHIPa3UTh 3HayeHHe K

.1
gepe3 ramMMa-GyHkIu©, korija k= sin T"

I[Tpumep 4. [Tokasats, 4TO npH y?=.x3—l
-3 2 — 2 - - 4 24— -
y—lyrdr= [—~y Ha— ] [ emtymt — ety

a 3aTeM, TNOJABb3YACH MpUMepoM 3 M BHPaXad HOCASIHAH HHTErpal yepes
1

raMMa-yHKIMH TPH TOMOLIM MOACTAHOBKH X =1£ °, NOJAYUHTh <1>opmyJ1y Jle-
swanapa (Legendre, Calcul Intégral, 60), csasuBa{omym nepsbf U BTOPO# mOJ-

Hble MIHOTHUYECKHE HHTErpaasl C MOILYJICM Sll‘l'ﬁ .
okl V3L,
4V3 2V3

Mpumep 5 TlpeacraBus koopauHaTh M0G6OH TOuKH Ha KpuBoH V2 =1— X3
B BHJle

1 3
2 4
X=1—3 (l—cnv)’ Y=2-3 snvdnv’
14cnv (1 +cnov)?

5
rAe MOAYAb SMIMATHYECKHX (YHKUMHA paBeH sin — 5

{f+f%%a_mwx

0

%, U BbIPA3HB
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geped ramma-pyHkuud, noayuuth dopmyay Jlexanapa, no koropoit!) mpm

k = sin — © uUMeeM
12

V3 ¥V3—1
=gl Y2 =1t
) K{ 5V3 K}

22.82. I'eometrpuueckoe ToJKOBaHHe (pyHKuuil snu, cnu, dnu

FeomeTpuueckoe npeicTasjeHue saauntuueckux ¢ynxknuit Jkobu ¢ Moxy-
_aeM k=1—/—2_— JaeTcs RYroi NeMHHCKATHI, KaK Mul Buiean B § 22.8; ans dyuxuouit

fIxo6u ¢ npoussonbubiM MoayneM k(0 < k< 1) MB MoxXeM BOCHOJB3OBATHCH
Kpusol Ha cgepe, U3BECTHOH NOJX Ha3BaHHEM cgepuuecroli cnuparu Seldgepma ?).

BosbMeM cdepy eAMHHYHOrO pajuyca C LEHTPOM B Hadale KOODAHMHAT,
B NycTb HHAMHADHYECKHE KOOPAMHATH na060H TOukH Ha Hel 6yayt (p, o, 2),
TaK YTO 3JMEeMEHT JYrH KPHBOi, npoBeneHHOH Ha cdepe, naerca QopmyJoh 3)

(ds)? = ¢ (dg)? + (1 — ¢ ™" (dp)2.

Cnupaab 3efidpepra onmperenseTcss ypaBHEHHEM
9 = ks,

rAe s — Ayra, uaMepsiemas otT nomoca cdeps (1. €. OT TOUKH, I'le OCb 2 BCTpe-
vaercs co chepoi), a & — NONOKHTENbHAA TIOCTOSHHAS, MEHbINAS €NUHMIHI ¢).
Ins stoit kpusoit umeeMm (ds)?(l —%k%%) =(1— 92)_' (dp)z, H CJaefoBa-
TEJAbHO, TaK KaK § M p PaBHB HYJI0 OJHOBPEMEHHO, p = Sn (s, k).
BhipaxeHns IUAMHIPHYECKHX KOOPAMHAT JI0OOH TOUKM HAa KpUBOH uepe3
1yry, uaMepaeMyio OT IOMI0Ca, oaToMy 6ylyT

(e, ¢, 2) =(sns, ks, cns),

H Jerko BuIeTb, 49TO dn s 6yneT KOCHHYCOM yIJa, MOJA KOTOPDHM KpHBas mepe-
cekaer Mepuiuan. Orcioaa BHAHO, yTO ecan K ecTb JauHa Ayru KpuBOH OT
noJAKCca A0 3KBATOPA, TO SN S K cnS HMewT nepuol 4K, B 1O Bpema kKak dns
umeer nmepHox 2K.

JIMTEPATYPA
é. M. Legendre, Traité des Fonctions Elliptiques (Paris, 1825—1828).
. G.

J. Jacobi, Fundamenta Nova Theoriae Functionum Ellipticarum
(Konigsberg, 1829).

') Uurtepecno ormeruth, uto Korfa Jlexanzp nuddepennupoBanueM noka-
3an, ut0 EK’ 4- E'’K — KK’ MOCTOSHHO, TO OH BOCHOJAb30BAJACH IS ONpefeieHus
3TOH NMOCTOAHHON pesyabTaTaMy NPUMEPOB 4 M 5, mpexae 4YeM NMPHMEHHTH Me-
Tonbl mpuMepa 3 § 22.8 u § 22.737.

%) Seiffert, Ueber eine neue geometrische Einfithrung in die Theorie
der elliptischen Funktionen (Charlottenburg, 1896).

%) 970 — oueBuaHOe mpeobpa3oBaue GOPMyJibt

(ds)? = (dp)? + p? (d¢)? + (d2)3,

KOrfa p M 2 CBA3aHH COOTHOLIeHueM p2 - 2% =1,
4) Ecan £ > 1, 0 kpuBas 6yzer MHHUMOMH.
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Tannery et J. Molk, Fonctions Elliptiques (Paris, 1893—1902).

Cayley, Elliptic Functions (London, 1895).

F. Ver hulst, Traité élémentaire des fonctions elliptiques (Brussels, 1841).
En neper, Elhptxsche Funktionen, zweite Auflage von F. Miiller (Halle,
1899).

W. Axuesep, DaeMeHTHl TeOpuH saauntHueckux oyukuuii, ocrtexusaar,
M.—J1, 194

I'ypBuuy, Teopuﬂ aHaJIHTHYECKHX M 3IHNOTHYECKHX OGyHxuui, Jlenunrpag,
['TTH, 1933.

J.

A
p.
A,
H.
A.

Mipumepn

1. TMoxa3atk, 4TO OAHO H3 3HAYEHHIl BBHIPAXKEHHSA
) 1 1 : 1
{(dnu+cnu 2 . (dnu—cnu E}{( l—snu 7
14cnu T\ T=cnu dnu—Fk'snu +
1
l4snu ?}
+(dnu+k’snu)

(Math. Trip., 1904)

ects 2(1 4 %').

2. [yctp
x4iy=sn?(utiv) u x—iy=sn?(u—iv);

foKasaTb, 4To
1

1
{(x—1)2 4y} 2 = (22 y?)3 dn2u 4 cn 2u.

! (Math. Trip., 1911)
3. ITokasathb, -4TO

2
{lzen@+v)} {l£cn@—v)}= (cnu =+ cnv)

1—k%sn2usn?v ”
4. lNokasars, uTO

: cn®u +4-cn?v
1+cn(u+v)cn(u—v)=m—§m;.
(Jacobi)

14+cn(u+v)en(u—v)
l4dn(u+4v)ydn(u—v)

Kax ¢ynkuuio ot sn?u -+ sn?v.

5. IlpexcraButh

) (Math. Trip., 1909)
6. Ilokasats, uto
snudnucnv—snvdnvcnu

sn(u—v)dn (4 v)= 1—R2snlusniv

(Jacobi)
7. Tokasatb, 410

{1—(l + &')snusn(u 4 K)} {1—(1—&") sn u sn (u + K)} = {sn (u 4 K)—sn u}2,
(Math. Trip., 1914)
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8. Ilokasath, uTO

1
% k'snutcnudnu

1 /
Sn(u+"2—K)=(1+k) 1_(1_k/)sn2u'

1
;"2 1+ ARsnuticnudnu
14 ksn2u )

sn(u—{—%iK’): k

(Math. Trip., 1914)
9, Iokasatb, yTO
. 2snucnudno
sin {am (U+U)+am (u——‘v)} =m .
cn?v—sn?vdn?u
1—kZsn2ysn?y °

cos {am (u + v)—am (u —v)} =

(Jacobi)
10. IMoxasatb, 4TO

2 2 2513
dn(u4v)dn(u—v) = ds?u ds?v + k%%

ns? uns? v — &2

H, IIOJb3YyACh 3THM, INPEACTABUTH
1

[ Putv)—e @(u—v)—ez]f
Putuv)y—e Pu—uv)—e,

KaK pauuoHaibHyl0 GyHKuuo oT @ (u). u £ (v).

(Trinity, 1903)

11. Kom6unupys dopmyast aas cn (2K-—u) u dn (2K — u) ¢ ¢popmyaamu

aa 14-cn2u v 14 dn2u, noxkasats, 4TO bopmy
(l—cn—g—K)(l + dn %—K): 1.
-(Trinity, 1906)
12. B o6osHauenusx, nofo6HbIX o6o3naueHusM § 22.2, nokasarth, YTO '
¢1dy— Cody _ cn (U - up) — dn (4, + u,)
Sp— 82 sn (uy + up) !
M BBIBECTH OTCIONA, UTO NpH &, -+ Uy - ug + 1, = 2K
(1dy — ¢ody) (Cody — Cydg) = k' (51— $2) (55— $4).

. (Trinity, 1906)
13. IMokasath, uto npd & v+ w =0

l—dn?u—dn?v—dn?w-42dnudnodnw=k*sn?usn?vsn? w.
(Math. Trip., 1907)
14. Ilo Teopeme JInyBuaas MAM KakuM-an60 APYruM o6pasom IIOKa3aTh, YTO

dnudn(u+ w)y—dnvdn (v + w) =
=k¥{snvcnusn(v-w)cn(u - w)—snucnvsn(u+ w)cn(v+ w)}

(Math, Trip., 10)
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15. Tokasars, uto
Z cn iy cn g sn (uy — ug) dnu, -
~+sn(uy, —ug)sn (w3 —u,)sn (u, — u,) dnu, dnuy, dnuy =0,

rie CyMMHDOBAHHE PacIpOCTPAaHAETCA HAa HMHAeKch 1, 2, e

(Math. Trip., 1894)
16. [loayuuts dopmyant

sn3u=%, cn3u=%, dn3u=—%,
rae
A =3s—4 (1 + k?) s34 6k2s5 — kis?, -
B =c {1l —4s? -} 6k2s* — 4k*s8 |- kisB},
C = d {1 — 4k%s? |- 6k2s* — 4k%s5 + k's8),
D =1—6k%s* 4-4k% (1 + k?) s — 3k*s8
u

=snu, c=cnu, d=dnu.
17. Tlokasarb, 4TO

1—dn3u_(l—dnu)(1+a1dnu+a2dn2u—{—a3dn3u+a4dn‘u 2
T4+dndu \l4+dnu 1—a,dnu-ta,dn2u—azdndu--a,dntu )’

rle a;, s, a3, @, — TNOCTOSHHbIE, NOAJNEKAIIUE ONPEACACHHUIO.
(Trinity, 1912)

18. Moaoxus P (u) = (%—%—)? , TMOKa3aTb, YTO
Pw+Pu+2K) _ sn2ucnu
Pu)—Pm+2K)  cn2usnu’

OnpejeuTs JOMOCH ¥ HYAH QyHKIMU P (4) 4 NMEpBbli YAeH B Pa3NOXKEHHH
GYHKLHMH OKOJO KaXJAOTo HOJAKCa U HYIs.
: (Math. Trip., 1908)

19. Ilokasatb, 4TO

sn(u1+u2+ua)=—g—, cn(u1+u2+u3)=—g, d“(ux‘l"ur{—us)z%-,

rae
A=sysys3 |—1— K+ 282 B ST — (kY s2s3 -+ 2k4s?sgs§} +
+ ) {s1690sdad (1 + 26%s353 — &7 X s353)],

B = 10963 {1 — K 2 st 2k4sfs§s§} + ‘

4+ ) {eysg85dady (— 1+ 267353 + 28753 — &2 ) sas3)l
C = dydydy [ — K 3} sysh + 2k°s3s3s3) + »

4 B D dysg84905 (— 1 4 2675355 +- 257 — &2 ) 5353)},
D=1—2&3) s3s3+ 4 (K + &) sls}sh — 2ksissh 3 o7+ & ) sos3

K CyMMUDOBahUe pacMpOCTPAHAETCH HAa HMHAeKCH 1, 2, 3.
(Glaisher, Messenger, XI}
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20, IMoka3atp, 4TO

AI B’ ’
50 (1) ty + ts) = —ar, €0 () ty ) = Lo dn () + 1y - 15) = S,
D D D

rie
A = 3 sieyedydy — 515,53 (1 + B — £ ) 87 + 's}sisd),
B = ¢ycye5 (1 — k'sisysl) — d dody ) sy550,d;,
C' = dydydy (1 — K's}s3s5) — RPeicoty, D) 8585015,
D' =1—# 3 sis+ (K + &%) sishsh — kPs;5y55 3 5,0p¢4d,d,

(Cayley, Journ. fir Math., XLI)

21. lNpumensas meton AbGeas (§ 20.312) k' ToukaM nepeceueHus KpHuBOil
nBofinol kpuBH3HB x? -4 yZ=1, 224-k%x?=1 ¢ mnepéMeHHOH NIOCKOCTbIO
Ix 4+ my 4 nz =1, nokasatb, 4TO NpH U, 4 Uy 4~ U3 4 u, = 0 HMeeM

s ¢ dp 1

Sy € dy 1

2 2 2 =0.
s €3 dz 1

Sy € dy 1 l

[ToayyuTtb 3TOT Pe3yNbTAT Takke M3 PaBEeHCTBA
(2 — 81) (Csdy — ¢4d3) -+ (S4 — $3) (¢,dy — ¢yd ) =0,
KOTOpOe MOET ObiTb AOKA32HO TEM e METOMOM, 4TO M B mpumepe 12.

(Cayley, Messenger, XIV)
22. Ioxasate, uto

(53— 53) (13 — &3d}) = (53 — s1) (3} — i),

BbIpaNas KaWJYK 4acTb PABEHCTBA YEDE3 §y, Sy S3, S, BHIBECTH H3 mpunmepa 21,
" YTO NpH i) -+ Uy -~ Uz -+ uy = 0 umeem

$4C1dy - S39d| - S9C3d, + §,0,d5 = 0,‘
S4Cody + 836,dy + SaCady + 5,63d, = 0.

.(Forsyth, Messenger, XTV)

23. Tloxasath, NOAL3YACH OCHOBHbIMH (opMynamn fko6u aas TaTa-QyHKuMiL,
UTO NPH Uy - Uy + Uz s = 0 uMeeMm

k' e RR5189858, + k20004, — dydydyd, = O,

(Gudermann, Journ, fiir Math., XVIID)
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24, Tokasarth, HOMb3YACL OCHOBHBIMU dopMynamu fxkobu aad TaTa-dYHKUHH,
4yTO NPH U - Uy -+ Ug -+ u, = 0 HMeeM
k2 (8155C3C4 — €1638384) — ddy - dydy =0,
K (85152 — $384) -+ d dyescy — €16y 3dy =0,
§,83d3dy — d,dy838, + €3¢ — €163 = 0.

(H. J. S. Smith, Proc. London
‘ Math. Soc. (I), X)

25. Mpu u; + uy + u;3 -+ v, =0 noxasath, 4TO AHTAPMOHHYECKOE OTHOLIEHHE
GyHxuuii sn w,, Snu, SN Sni, PaBHO aHTADMOHMYECKOMY OTHOWIEHUIO (QYHK-
unit sn (@, + K), sn(uy + K), sn (43 + K), sn (u, + K).

(Math. Trip., 1905)

26. [lokasath, uTO

sn2(u+v) sn(u+ov)sn(u—v) sn?(u—v)
cen?(u4-v) cn(wtv)yen(u—v) cn?(u—v)|=
dn?(u+v) dn(u4v)dn(e—v) dn?(u—v)

_ 8k’2$132c,czd1d2
2.2 2\3  *
(1 —kPsys3)
(Math. Trip., 1913)
27. HaiiTu Bce BeuleCTBEHHble CHCTEMbl 3HAYGHMH & M U, I KOTOPBIX
sn2 (u + iv) BeuwecTBeHHo, mpuyeM 0 < k2 < 1.
(Math. Trip., 1901)

28. [lyctp &' = 711-(11"‘ —d)’, rie 0 < a < 1; nokasath, 4TO

IK_ 4q8
TNT TFaHA+2a—a?)

sn?

H 4TO sn’%K MOMyuaeTcss OTCIOAA 3aMeHO#t @ Ha —a~l
(Math. Trip., 1902)

29, Ilycto 3sHauenns GYHKIHH C€nz, A9 KOTOPHIX Cn3Z =a, paBHH
€1y €3y ... Cg; TIOKA3ATh, UTO

9 ’ 9
e [ er+ k" D cr=0.
r=1 . r=1
. (Math. Trip., 1899)
30. Myctb

atsn{utv)  b4cen(udv)  ctdn(u-fv)
at+sn(u—v) b+cn(u—v) c¢+dn(u—v)’

H nycTh HY OnHAa u3 Gyukuu#i snov, cnuy, dnu, 1—k%sn?usn?v He paBHa
HYJI0; NIOKa3aTh, 4TO 4 YJIOBAETBODPSET YPaBHEHHIO

k2 (k'%q% 4- b2 — ¢?)sn2u = k'* + k2b2 — 2
(King’s, 1900)
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31. ITokasarsb, uto

— = (1 —si (T A=g"='  (1—2sin x4 g2y
I —sn (2Kx/n) = (1 — sin x) g{ TF ¢ (T—=2¢Tcos 2x - ¢ 7) }

(Math. Trip., 1912)

32. TMokasark, yToO
o0

1—sn (2K x|r) { 1 — 2¢2n~1gin x -} g*n~-2 }
1 + 2¢27=1gin x - g*#—2

I

n=1

1
{dn (2K x/=) — k' sn (2Kx/m))?
(Math. Trip., 1904)

33. Tlokasats, 4TO ecau k HACTOABKO MaJo, 4TO £* MOXHO mpeHe6peub, TO
I MaNbiX 3HaueHuil ¥ uMeeM

snu = sinu— %—kz cos u +(u— sin u cos u),
’ (Trinity, 1904)

34. Tlokasars, uto npu [Im x| < —;—-n Im=

fee]
' . 44" sin? nx
1g cn 2Kx/x) = Ig cos x —,,Z, T F =g
[MTpounterpuposats pan Pypwe gas sn (2Kx/z) de (2Kx/m).]
(Math. Trip., 1907)
35. Ilokasatb, uTO -

K
/' 1—k2sntu { | ';' }/k'%
y —-———u—du= 14+%)°—1 .

cn?u dn?

[Bripasuth moamuTerpanbHyio QyHKumio uepes GyHKuEH oT 2u.]

(Math. Trip., 1906)
36. IToxasath, uTO

cnodu
snv—snu

TN /11 1
_, / x+2y 5 )81<—2— x+-§y-—~§n—7m> (y—[———m)
=2 I T 1 i 0 —* ’
81(7x Zy)§1(7 x——§-y—-§m) (y-[——m)

rae 2Kx = nu, 2Ky = nv.
. (Math. Trip., 1912)
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37. Tokasars, 4TO

K
n nr? sndudu _
A+ | TFanars = ¢
0
- (Math. Trip., 1903)
, [ToxasaTth, uTO

a8
1+ ksnasnB
k f snudu_]gm.
-8

a

(St. John’s, 1914)
39. Baas wurerpai fe%z dnucsu dz BHOAb NPAMOYTOJbHUKA, BEPLIMHBI

KOTOpOro i%n, :t-—;— n4ooi (rne 2Kz =mu), U HHTErpupya 3aTeM 0o

4acTaM, [OKasaTh, uto npu 0 < k2 < 1
K

1 1,
/ cos (mu/K) Igsnu du = 7Kth (77”-:).
0

(Math. Trip., 1902)

40. Moxkasatb, uto K 1 K’ ynoBAeTBOPSIOT yPaBHEHHIO
du du 1
c(l—)——+1—20)———u=
rie ¢ = k%, u BBHIBECTH OTCIOJA, YTO OHM YJOBJAETBOPAIOT ypaBHeHHio JlewaHzpa
aas pyHkuuil cremenn — g C aprymeHTouM 1 —2k2
41. Boipasutb koopauHaTh A1060H Touku kpuBoi x% 4 y® =1 B Buae
1

2'37‘_snudnu—-(1—cnu)2

X = 1 )
2-3*snudnu+ (1 —cnu)?
b 1 1
: .
y_? cosTQ-n(l—cnu){l-«}—tg-l—Q—ﬂcnu}
- 1

2.3% snudnu+4 (1 —cnu)?

" .1
npuyeM MOIyab JAMNTHUeCKUX QYHKUMHA paBeH sin 5 ™ TOKasath, uTe

1 ) y 2 2 1

f(l—,\c3)—_3—dx=f(l—ya)_E dy=2_3-37u.
x 0

MokasaTh, najee, uTO CyMMa HapaMeTPOB TPEX KONJIHHEAPHBIX TOYEK Ha
rpaduke 3TOro KyOGHYECKOTO MOAHHOMA SABJAETCA NEPHOJOM.
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[Cm. Richelot, Journ. fur Math., [X (1832), 407—408 u Cayley, Proc. Camb.
Phil. Soc,, IV (1883), 106—109. YuudopMu3yomas nepeMernas Aas 061ero Ky6u-
4eCKOr0 YPaBHEHHS] B KaHOHHueckoH dopme X3 4- Y3+ Z3 4. 6mXYZ =0 Obina
noayuesa bobekoM (Bobek, Einleitung in die Theorie der elliptischen Funktio-
nen, 251 (Leipzig, 1884)); Iuxcou (Dixon, Quarterly Journal, XXIV (1899),
167—233) pa3Bu/ TEOPHIO IMNTHYECKUX (YHKL KA, B3IB B KauecTBE OCHOBHOM
KpUBOH KpuBY10 X3 -} y3— 32xy = 1 BMECTO SKBHBAJIEHTHOH KPHBOH

yt= (1 — %) (1 — k2x9) )

2 1

42, Beipasutb unterpan f{(?x—xz) (4x2 4 9)) 2 ax yepes MOJNHbIH 3JIUIT-

0
THYECKUH HHTErpaj NepBoro pona ¢ BEHICCTBEHHLIM MOAYJAEM.

(Math. Trip., 1911)
43. Tyctb
1

u= [(E+DE+t+1) 7 at

BBIPA3HUTb X 4YEPE3 INIHNTHUYECKHE QJYHKLKHH SIKOBH OT ¥ C BelmecTBEHHHIM MO«

ayaem.
(Math. Trip., 1899)
4. Ilycrp
1

X
u=f(1+t2_2t4) 2 at;
0

BBIPA3UTh X Yepe3 u NpPH NMOMOINM MMNTHYECKHX dyHKuuil kobn wau Beitep-

HmITpacea.
(Math. Trip., 1914)
45. [lokasats, uto '

= - ~25m
et e e =T AT

(Trinity, 1881)
46. Tlpn a > x > 8 > ¥ cIenaTh npuBexeHHe HHTErpajos
1

1

[e=ne—ne—m Tat. [(a—ne—te— *a
x B
COOTBETCTBEHHO IHNOJCTAHOBKAMU
x—1=@—y)dn’y, x—y=(@—1)ndy,
R = (@ — B)/(a— 1.

OTciofa BbIBECTH, 4TO MPH & v = K

rie

1 —sn?u—sn?v -+ k2sn?usn2ov=0.
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TMoncranoskoll y = (a —¢) (¢ — §)/(f — ), NPHMEHEeHHOH K BHIICTIPHBELCH-
HOMY HMHTErpay, B3nTOMY MeXAy NpejesaMH 3 H a, NOAyuUTb FayccoBy Qopmy
npeobpa3oBanus JlanjaeHa:

1

- n

2 1
f (af cos? 6 + 63 sin® 8) 2 db = f (a2 cos? 0 4 62 sin? 6) 2 48,
0

n
1

80 et

0
rae a,, b, — apudMeTHUECKOE M TeOMETPHYECKOE CPejHee uucea a # 0.
(Gauss, Werke, III, 352; Math. Trip., 1895)

47, [loxasaTb, uTO
scu=—k""V {L(@—K)—{(u—K—2K")—L(2K")},

rie A3eTa-QYHKLMH COCTAaBJEHH IO nepuosaMm 2w, 2w, = 2K, 4iK'.
(Math. Trip., 1903)

48, Tokasatp, uto E— k'°K YAOBAETBOPAET yPaBHECHHIO

, d2u
4cc W—- u,
rae ¢ = k2%, u HaHTH MHTErpan 3TOTC YPaBHEHHA. )
(Math. Trip., 1911)

49, [lokasatb, yTO
1 1

nfk"K' dlz.—_—(n—l)fk"‘?E’ dk,
0 0

1 1
(n—|—2)fk"E’ dk=(n+1)fk”[<’ dk.

0 [
(Trinity, 1906)

50. TlycTs
* 1

w= -é- G—tyd—ctyy 2 at;

woKasaTh, YTO ° 1
ce—1) Tk + e =g+ pu=g{ FE

(Trinity, 1896)

51. [loxasatb, 4TO HHTErpajJOM YpaBHEHHA

du u? k
FTF T = =0

6ynet
¢ = A(E—K)~+ AE
AE+ A (E—=K")’
rae A, A’ —nocTosHnble. :
(Math. Trip., 1906)
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52. BoiBeCTH M3 TeopeMbl caoxeHus aaa E (u), 4t0 ecau
U+ s+ uy+u, =0,

(sn u; snuy —~—sn uysnu,)sn (1, + uy)

TO BbIpaxeHHE

He U3MeHfeTCs Npu 10004 nepecTaHOBKE HHIAEKCOB.
(Math. Trip., 1910)
53. [lokasarb, utoO

L Rp2e3p33
E (3u) — 3 (u) = Bksicld

—Ok%sT 1 4 (k% - k%) 50 — 3kisE
(Math. Trip., 1913)

54. Ilokasarb, uto
2K
3k f wedtu du = 2K {24 k) K—2 (1 + &2) E.
0

(ITonoxutp u = K4 v.)
(Math. Trip., 1904)
55. PaccMaTpuBas KpHBHE
V=x(l—x)(1—~kx), y=Il+mx-+nx?

TI0Ka3aTh, 4TO NpH
Uyt vyt uy+u, =0
nMeeM
1

4 ) 5‘
Eu)+E @) +E@)+E@u)=*r { D s 426165056, — 25,5535, — 2 } .
r=1
(Math. Trip., 1908)

56. MetogoM npumepa 21 nNOAYuUHTb CaeAyOILME CeMb BBIDANEHHH Aas

E(u) -+ E (uy) + E (ug) + E (uy), vorpa uy +uyus+u, =0
4

4
k258,538, \' ¢ d, kd\dydsd, N\ SrCr
- ) 2 ’
L k2s,85,858, 4 S k' d dydyd, rA:dl d,
4 4
k3¢ cyC4C, V s,d, k25,84835,d,dydyd, r
2 R/t T gt didydid, = s.4,’
k2c o3¢, — o 25182838, — @,Gya384 T Srdy
4 4
— k2% cyc50,d,dyd d, Sy k25,89538, =+ €,C5C5C, E d,
’ 2 )
d,dydgd, + k% cyc5e, - ¢ d, €1CoC3C, —+ RB'75,8,538, Sty

4
_. _ =1 1
— 1 (51535050 T o (a0 T R B (@dadid) T T Y, ,
r=1
(Forsyth, Messenger, XV)
57. ITokasatp, uTO

. - O 1g?7 cos 2
(2_7/:_)2 ns? (2§x) — cosec? x + 4K ([,iz E) -3 2 ng?" cos 2nx
n=1

T—¢% s
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xorna |Imx| < =Imr, u BuBecTH oTciofa AuddepeHnupoBaHneM, 9To

6(%}4 ns? (2[:x)—6cosec4x+4[(l+k2)< K) —IJcoseczx-ﬁ—
K3(K—E) ka(QK)
7l

+ 64 (1 + #2)

J8

2n 2
—32 [(1 +k2)( ) -—nz} g7 cos cnx lﬁ’sqz,f”‘.
n=1

1
IMokasath Taxwxke, uTo NpH |Im x| < 5T Im=

1

(QKx\ i{ L4 8 @nt 12 (i)z} g 2 sin (2n+1) x
0 oTE k3 9K K (1— g2nt1) .
n=
(Jacobi)

58. Ilokasars, tno ecan a— 6oJblIas NOAYOCh OJJHICA, IKCUEHTPUCUTET
KOTOPOro paBeH sin— 12 7, TO NEPHMETP 3JIHMICA PaBeH

1
© \2{ I (1s) 2F(*"’/s)}
1
a(V ) i( +V3) T T T
(Ramanujan, Quarterly Journal, XLV)

59. BriBecTn u3 mpumepa 19 raasn 21, uro

—k? . dndudn3u dn’ 2 — k% 4 k2cn®ucn3u
1+ k%sndusndu ' T 14-kZsn*usndu

(Trinity, 1882)

k2 cnd2u =
60. Ua ¢opmyam sd (iu, k) = isd (4, k') BbiBECTH, 4TO

co ﬂ+—1‘ <n_l__.l.> T
1\ (=Dg ? e 2) 7
'R_‘ 1 g?r+1 K -

a=0

Il

rae

e R

M 4 JeXHT BHYTDH NapasiejorpaMMa ¢ BepUIMHAMH

+ K=+ K.
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HurerpupoBanuem oT # Jjo K’, ot 0 1o u u cHoBa oT u# 1o K’ nokasartb,
qTo .

co n+—1' ( (n+.l_) U )
w? .2 (_I)Hq 2 7 2 .
—BI(K —K"’-—u’)-{—K*ﬂzo EER N (e ch e =
oo ’H'l l— T
— K/2 E (—'1)" ql 2 COS( (’l_*_ 2) “ )
@n+1D%(1 4" Ko

n=0

[Popmyana, xoTopas MoxeT ObiTh BhiBeJeHa M3 MOCJAEHeH, eCAU MOJNOXKHUTh
u=§-in rae § U 7 BeIleCTBEHHH!, U NPHPABHATb MHHUMBIE YacTH, Oblaa MOJY-
uena Tomconom u Tatom (Thomson and Tait, Natural Philosophy, II (1883), 249),
HO OHH He 3aMETHJH, YTO MX (OPMYJa €CTh He YTO HHOE, KaK CJAEIACTBHE MHH-
moro npeobpasosanus. Slko6u. K atoit ¢dopmyne Tomcon u T3T npuumau, pemas
OJHY 3aJauy TEOpHH YIDPYTOCTH.] :



'TABA 23

IUNCOUAATBHBIE TAPMOHUYECKHE &YHKIHH
U YPABHEHUE JIAME

23.1. Onpenenenue JIHNCOMAANbHBIX TAPMOHMYECKHX (YHKOHUi

. Mpt Bumesn panbuie B 3Toft kHure (§ 18.4), uTo peluenus ypashe-
Hud Jlannaca, aHajauTHyeckue BOJM3M HadaJa KOOPAMHAT M NPHUTOIHBIE
IS UCCAeNROBaHMS (PM3UUECKUX 3alay, CBA3AHHBIX CO cdepoll, Moryr
ObiTb MpeicTaBAeHbl Kak JHHeHHble KOMOMHAUUHM (YHKLMHA THna

r" P,(cos ), r" Py (cosb) CS(.:; me,

rhe m W n— TONOXHTe/bHbIE Lebe YiCia (BKAIUAA HY/Ib).
Ecin pasnoxuth P,(cosf) B mnpoussesenHne MuoxuTeneft, auHeit-
HBIX OTHOCHTeJbHO C0s20 (yMHOMeHHOe Ha cosf, koraa n Heuer-

V4
HOE), M 3aMEeHHTb COS 0 uepes —-, TO Mbl BUIMM, YTO 30Ha/JbHAA rapMmo-

Huueckas QyHkuua r" P, (cos 0) BHPA3UTCA Kak TNpPOU3BeleHUe MHOMHTe-
Jel, JMHeHHBIX OTHOCHTeabHO X2, Y2 M 22, mpuyeM 9TO NpOU3BeldeHUE
YMHOXaeTCs elue Ha 2, KOra # HeveTHoe. TeccepasibHble TapMOHHYe-
ckue GYHKLUM TOJLOOHBIM ke 06pa3oM pasnaraloTcs Ha MHOXHTENH,
JuHeHHBlE OTHOCHTeNbHO X2, 2 W 22, mpHYeM BCe NpPOM3BEAEHMA YMHO-
KAKTCS Ha ONHO M3 BOCHMU mnpoussenenu#t 1, x, y, z, yz, 2x,
Xy, Xxyz. :

[10BepXHOCTSIMH, Ha KOTOPHIX JaHHAs B30HAaJbHAS WM TeccCepajbHas
rapMoHuyeckass (yHKUMs 0O6palwaeTcs B HYJb, ABJAIOTCH MOBEPXHOCTH,
Ha. KOTOpPHX 0 WIH ¢ HMeeT HEKOTOphle NOCTOSHHLIE 3HAUYeHHus, T. e.
KOHYCHl BpALeHHs WM MJAOCKOCTH, INPUYEM B OMpeJeNeHHBIX CAyYafx
B YHCJIO MX BXOJAST KOOPIHHATHBIE IIOCKOCTH.

Koraa neao kacaeTcs (u3HUECKMX 3a4a4, CBA3AHHHIX € SJIHICOH-
IaMH, KOODAUHATHLIE MOBEPXHOCTH MOJAPHOM CHCTEMb KOOPAMHAT, T. e.
chephl, KOHYCH M IJOCKOCTH, 3aMEHAIOTCA COMOKYCHLIMU MOBEPXHO-
CTAMH BTOpOro nopsiaka. TONbKO 4YTO OGBACHEHHOE CBOMCTBO CcdepH-
YECKMX TapMOHHYeCKMX (YHKLUUA TOACKasbiBaeT CHoCoG MOCTPOEHHS
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COBOKYNIHOCTH TapMOHHYeCKHMX ¢YHKUMH, oOpamarouuxcas B HYJb Ha
onpefe/eHHBIX NMOBEPXHOCTAX 3TOH COQOKYCHOH CHCTEMBI.

Takue rapMmonuveckne GYHKUHH HA3HIBAIOTCA 3AAUNCOUOAAbHUIMU
rapMOHUYeCKHMU (yHKUMAMH; OHH Onlsw u3yueHs Jlamel) B nepsot
nojoBune XIX cToneTus mpu nMOMOLUY IAJHNCOHUIAILHBIX KOODIHHAT.

Bolpaxcenus 149 SJMJAHNCOMAANbHBIX TAPMOHHYECKHX (PYHKLUUH B nekap-
TOBHIX KOOpAMHATAX OBUIM NOJydYeHB MHOro et cnycrs Husenom?), u
HUKecTenyouuit 0630p MX HOCTPOSHHS OCHOBAH HA €ro HCCJeNOBAaHHAX.

3a OCHOBHYIO NOBEDXHOCTb MPHMEM SJJUNCOUA

x2 y2 22
T e=h

BCAIKast COPOKYCHAs C HUM NMOBEPXHOCTb BTOPOro mopsaka OyaeT

x2 y2 22 |

a2+8+ b2 -8 +c2+6 -
rae 0 — mocrosnnas. HaM HeoOGxoamMo OymeT paccMaTpHUBaTh COBOKYII-
HOCTH TAaKUX TOBEPXHOCTe#i BTOpPOr0 MNOpAaKa, IpUdeM /A% KPaTKOCTH
6yaem nucathb

x2 92 22
4 — 1=
a2—f—(jp+b2+0p b0, 1_8.0'

e a e
at 06, ' bT06, " {6,
YpaBHenue moGOH MOBEPXHOCTH TaKOH cOBOKymHOCTM Oyrer Toria
8,=0.
Ananus craHoBUTCA GOslee OmMpeseNeHHBIM, eCau NPUHATL 33 och Ox

Haubo/MbUIYI0 OCb OCHOBHOTO 3J1HNCOUAa, a4 3a ocb Oz HauMeHbIyIo,
TaK 410 a > b > c.

23.2. YeTsipe BHAA SJIHNCOMAANBHBIX TAPMOHHYECKUX (YHKUH

PasioxeHns cdepuueckux rapMOHHYeCKUX QYHKIUMA HA MHOXHUTEIH
JaI0T TOBOA MNpEeArNoJaraTh, 4TO CJelyeT pacCMOTPeTb 4eThipe BO3MOX-
HBIX BUAA JAUNCOUAAJLHBIX rapMoHudeckux ¢yuxuu#t. TaxoBele coxep-
HATCA B CXeMe

X, ¥2,
{ 1, vy, 2x, xyz \ 0,0, ... 8,
2z, Xy, f

rle TO WIM WHOE M3 BHIpaXeHHH B (QUIYPHBIX CKOOKAX CAYKAT MHOXH-
TeseM mpu npoussenenud 6,6, ... 0.

) Lamé, Journ. de Math., IV (1839), 100—125, 126—163.
2) W. D. Niven, Phil. Trans, 182A (1892), 231—278.
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Ecau 0603HayuTh AJs KPaTKOCTH
6,8, ... 8,=I11(8),

To a06aa rapmoHuyeckas ¢yuxuus suaa I1(O) HasbiBaetcs sa4unco-
u0aAbHOG 2apMOHuLecKoli yHKyuel nepsozo suda.

FapMonuueckas ¢yskuus mobo#t u3 rtpex dopm!l) xI1(8), yII(H),
211 (9) HasviBaeTcs 9£4uNCOUOAALHOL 2APMOHUUECKOE PYHKYUel 8mo-
pozo suda; rapMoHmdeckas ¢yHkuna ao06o# u3 Tpex dopm !y yzII(0),
2x11(8), xyll(8) HasuiBaeTCst 9.0.24nCOUOQABHOU 2APMOHUUECKOU PYHK-
yueli mpemvezo 8uda; HAKOHell, TapMoHuYeckas GYHKUMA (OpPMBL
xyz I1(8) — snauncoudarvuoli eapmonuneckoii Pyuryueii uemsep-
mozo suda.

Ynensl BuiCHIefi cTemeHn B STHX BHUAAX TapMOHUYECKHUX GYHKUuH
MMEIOT COOTBETCTBEHHO crerneHu 2m, 2m -1, 2m +2, 2m— 3.

Bnocaeactsuu (§ 23.26) oBHapy:xurcs, 4TO MOXHO COCTaBUTh 27— 1
JAUHeAHO He3aBUCHMMLIX TFapDMOHHYECKHX QYHKUUK 7-H cTemeHd, OTKyla
OyzeT c/aefOBaTb, YTO COBOKYMHOCTb U/IEHOB n-H CTeneHW B 3THX rap-
MoHHuecKUX (QyHKUMAX oOpasyer QyHaaMmeHTajbHylo cuctemy (§ 18.3)
rapMOHMYECKMX (YHKLHUH n-# cTeneHH.

IMepefineM K 1eTaJbHOMY PAacCMOTPEHMIO TMOCTPOEHUS T'aPMOHHYECKHX
¢GyHKUUH MepBOro BMAA M AaauM 3aTeM oOwuit 0630p NOCTPOeHUs rap-
MOHMYECKMX (YHKUMH Tpex Apyrux BUAOB. YuraTens He 3aTPYAHHT
3anoaHuTb Npobensl B 9TOM 00630pe NyTeM CPaBHEHHS C COOTBETCTBYIO-
IMMU MECTaMH MCCaeloBaHuA AAf (QYyHKUUR nepsoro Buja.

23.21. IocTpoenne JIHNCOMAAIbHBIX TapPMOHHYECKHX (YyHKUHi
nepBoro BHAA

B KauecTBe mpOCTOro cCayuyasi pacCMOTPUM CHAyada TapMOHHYECKUE
¢yHKuMM nepBoro BuAa U BTOpoH cremenu. Takasd rapMoHnyeckas Qyux-
uHs RO/KHA OBITH NMPOCTO BHAa O.

Pesyibrar meficTBus onmepatopa Jlamaaca, a HMeEHHO

02 02 02 x2 v y2 22
o7 T oy T W gyt ey !

Oyner

2 2 2
a?+ 0, =+ o+ 0, + 246, "’

u maxum ob6pason, O, Gydem zapmonuueckol gyuryued, ecau 6
ABASCMCS KOPHEM KB8AOPAMHO20 YPABHEHUS

(04 0% (04 )+ O+ ) (6 + a®) + (0 + D) (0 + 6% =0.

') 3tu Tpu Qopmbl ofHOro M TOro Xe BuAa GyIeM OTJAMYATH APYr OT Apyra
TeM, 4YTO OyAeM TOBOPUTb, YTO OHH NPHHAAAEKAT K PASAHYHBIM MUNAM 3TOrQ
BUJAA.



442 . 23. 3JMIHNCOMAANLHBLIE TAPMOHMYECKHE SYHKLUH

OnuH u3 KOpHE# 3TOr0o KBAaJDAaTHOrO YPaBHEHUS JEKUT MewAy — c2
u — b% npyroff — Mexay — b2 u — a?. T105TOMY €ro KOpHU pasTHUHHL,
M, TnpuHsB 3a 0 3HaueHue KaXAOrO KOPHS MO OUYepedd, MBI TOJYYHM
ABe ') 3//MNICONAAMbHBIE TAPMOHUHYECKHE (PYHKLUUN MEPBOTO BUId W BTOPOH
CTemneHH.

Tenepb paccMoTpum mnpousseseHue O -0, ... 8,; 310 npoussese-
HHe oO0o3nauuM uepes I[(B) u npeanosoxnm, YTO OHO He HMeeT Oau-
HAaKOBbIX MHOXHTeJEH, — NpeanonoxKenne, Koropoe OyaeT MOATBEpPkAeHO
noswe (§ 23.43). Ecau Bpemenno paccmaTpuBate O, 6, ..., 8, kak
NPOMEKYTOUHbBIE TlepeMeHHble, TO 00biuHas popMyaa AuddepeHunpopa-
HHA CJHOXKHOH PyHKIUH AaeT

an(e) Ol (e) ae  OIl(8) 2«
Z - 09, a+16,’

—

p:
H ecau nposz)q)epeHunpoaaTb CHOBa, TO TNOJYYHM

o (8) i o (e 2 5211 (8) 8x2
oxr 98, @11, 08,08, @+ 0,) @10,
p=1 pFq i
rie mocjelHee CYMMHPOBaHHE PACMPOCTPAaHACTCS HA BCe Maphl Hepas-
Holx ueabmx uwucea 1, 2, ..., m.. HaeHsl, 11 KOTOPHX p ==g, MOryT
ObiTb ONyLleHb, TaK KaK HH OAHO W3 Bhipaxenu#t ©,, O, ..., 8, He
sxoaut B I1(®) B cTemeHu Bhile nepsoi.
Pesyabrat npuMeHenus onepatopa Jlamiaca k I1(O) Oyner

\\ Oll
Tp{au-e +b2+e +c2+0 }'{‘

V0211 (8) 8x? 8y? 822 1
24 3, .1 @F,) @10y T WS, Gy T @) @

Ho
2 x? 6,—0
@46, @0y 6,—0,
X, ¥, Z)
a, b, c
911 ()
nanee, T €CTb HpPOU3BeAEHHE H(@) 34 BbBIYETOM MHOMXHUTeJaq Qp,
0211 (©)

B TO BPEMS KaK —pm——o— €CTb npousselenue 11(O) 3a BHUETOM MHO-
98,08,

WuTeseH 9,, u Gq.

l) [Toanan COBOKYNHOCTb NATH SJJAHNCOMAANbHBIX FAPMOHHYECKHMX (YHKUM
BTODOH CTeneHu COCTaBJAACTCH M3 3THX ABYX BMECTE C TpPeMs FaPMOHMUECKMMH
GYHKUHAMH Y2, 2X, Xy, KOTOpble GYAYT TPETHEro BuWJA.
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Takum oOpasom,

g OIL(8) o11 (8)

_ QuI(8) __ ON(8)
»°38,08, 08,

1796,08, 08,

e

[IpuHMMas BCe 3TO BO BHUMAHHE, BHIMM, UTO
02 02 02

[W‘F'oy—z"}—g;f]ﬂ(e)

MOXeET .6bITb HANHCAHO B BUlIe

m
' T (@) |2 2 2 8 |
G0, | @E, TE ey, T 'ep_e‘qi"
) p=1 l g=1
npuueM WTPUX O00O03HAY4ET, YTO UJMeH C ¢==p NpPH CYMMHPOBAHUH
onyckaeTcd.

Ecau II(8)— rapMonuveckas ¢ynxuus, 1o onepatop Jlamiaca obpa-
maeT ee B HyJb, U 3TO HaBepHOe OyZeT MMeTb MeCTO, €C/AM MOXHO MO0J0-

6pate 6y, 05, ..., 0, Tax, 4TOOB YIOBJNETBOPAIUCH YDaBHEHUs
1 1 1 T4
a*-+10, +b2+6 +02+6p+2 ﬁp—()q_o’
rie p TpuHuMaer 3Havenus 1, 2, ..., m.

Iycte Tenepb 6—nepemeHHaﬂ u A, (0) oGosnauaeT moaMHOM CTe-
MeHu m OTHOCHTEIbHO 6:
m
I](e_eq).

g=1
Ecau A;(B) oGosnavaer dA, (6)/d, To mHemocpeacTBeHHBIM Aud-

’
depenunpopanueM noayuu, uro A;(f) paBHa CyMMe BceX BOBMOMHBIX
TpOH3BeNeHHH BbipaNeHult 6—6, 6—0y ..., 06—0,, B3ITHX MO

m—1, a Aj() paBHa YyJABOEHHO} CyMMe BCeX MNpDOU3BEIEHHR TeX ke
CaMblX BBIpaXeHuH, B3ATHIX nMo m — 2.
[TosTomy, ecan aaTh O uyacTHOe 3HaueHHe Gp, TO OTHOLLEHHE

AL (0,) /A1 (5,)
GyneT paBHO yABOEHHOH CymMMe OOpaTHHIX BeqwunH Brpaxenu#t 6, — 0,
6,—90, ..., 6,— 6, (supaxenue 6, — 0, omyckaercs).

CnezxosaTeano COBOKYMHOCTb ypaBHemm BBHITEKAIOIUX M3 Tpej-

NMOAOXKEHHUA, UYTO HBP-—FHPMOHI/NCCKQH q)yHKLlﬂﬂ, NnoKa3biBaeT, 4TO
p=1

‘BblpaxkeHue
1 + 1 4 1 247 (0)
a0 2o 'c2+e+ A (9)

obpawaerca B Hyab, kKoraa 6 npunuMaer yactHble 3Haueus 0, 0,,..., 0

m*
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OTcioaa BHIHO, YTO BHIpaXeHHe
wumw+mw+muwa42w+mw+ﬂm@
ab,e

€CcTb MOJMHOM OTHOCHTeabHO O, oOpamalowuitca B Hy b, korna O npu-

HuMaeT Kakoe-iubo w3 3Havenuit 0, 8y, ..., 6,, ¥ crexoBaT€bHO, OH

uMeeT JuHeHnpie MHoxurean § —60,, 6 —0,, ..., 6 —0,. Ho sror no-

JIMHOM HMeeT cTeneHb m—-1 orHocurenasHo 6 u xosdbduunent npu H7™+1
1

paBeH m<m+ 7). Tax kak m MHOXHTeNe# H3BECTHBI, TO OCTaloLiuHcs

MHOXUTENb JLOJKEH WMeTb BHIL
m (m+%)e+-}1-c,

rie C —noctosnHas, KoTopas GyieT ONpeneleHa BMOCJ]enCTBHM.
Taxkum o6pa3oM, Mbl NOKasaau, 4To

w+mw+wwMMMH—{ZW+mw+Mm@

a,b,c
={m(m+%)e+7‘fc}A](e).

HpyraMu caosamu, M06yi0 3/MIUNCOMAAILHYIO TADMOHUYECKYIO (YHK-
LU0 MEePBOro Buia (YETHOH) CTEeNeHW A MOXKHO MpeACTaBUTh B (opme
1

7)1

H‘{azﬁep*' bﬂiepf*“ czj-zep _1}'

p=1

1
rae 6;, 05, ..., 81 — Hyan Hexortoporo nojuxoMa A, (0) crenenn 5 M2
5"
2
STOT MOJHHOM B CBOIO Ouepelb NO/KeH ObiThb peleHHeM nuddepenuuans-
HOTO ypaBHeHus Tura

4V (a4 6) (b2 +6) (¢*+-0) go [V(aQ—{- 8) (b2 ’( )]_.
={n(n+1)0+C} A, (0).

9To ypaBHeHne Ha3wiBaeTCs dugbgheperyuarsrnoim Ypasrenuen Jaue,
Ono Oymer ucciaenoBaHo BechMa noapo6uo B §§ 23.4—23.71, u npu

ucciaenoBaHun okaxetcs, uto: (I) umeercs posHO —Q—n—{—l Pa3HBEIX Be-

IIeCTBeHHBIX 3HaueHu#l C, LJs KOTOPHIX ypaBHeHHE MMEET pellieHue B Bule
: 1

NOJUHOMA OTHOCHTENbHO O cremenun - 7, u (II) yto 3TH MOAUHOMBL He

2
UMEIOT KPaTHBIX KOpHeM.



23.22. 31MUNCOUNANLHLIE TAPMOHUYECKUE &YHKUUM BTOPOr0 Buna 445

Paccyxnenus storo maparpada MoxHO OblIO OB nocje 3TOrO Npo-

BeCcTH INar 3a IaroM B 0OpaTHOM NOpsiKe: Mb ycTaHOBHAH GBI cyule-
1

CTBOBAHHE —2-n+1 SJTMIICOUAANBHBIX TAPMOHMYECKUX QYHKLUHE NepBOTO

Bula (YeTHOH) CTeMeHH n, ¥ 9JeMeHTApHAA TEOpHs FdPMOHHUECKUX
¢yuKkuui nepporo Buia Oblia Obl 3aKOHYEHA.

Tenepb MB BKpaTIE YKa:KeM COOTBETCTBYIOUUE Pe3yJbTaTH IJd rap-
MOHHK BTOPOTO, TPEThEro W YeTBEPTOro BUIA, NPUNEPKHBAACH, NMOKA ITO
BO3MOXHO, YyXe BBeleHHBIX 0003HauyeHHH.

23.22. daaunconpajbHele rapMoHH4YecKHe GYHKUMH BTOPOro BHAA
3a THIHYHYIO FApMOHUYECKYI0 (PYHKUHIO BTOPOTO BUIA CTeleHH 2m ~ 1
m
NpUMeEM xl[ ®p. PesynbTaT mnpuMeHeHusa omnepatopa Jlanaaca K He#t
p=1

BbIpA3UTCA TakK:

O ITI (8) 6 2 2
xl)} de, {a2+ep+bz+ﬂp+cz+ep}+
= 1 0211(9){ 8x?

00,08, | (a2 +0,) (a2 +1)) +
PFq

8y? 822
T EFEF, T @FR)@F) }] '
M 3TO BHIpaxeHue NOMKHO obpamatbes B Hyab. OTciona, no.aras
mn
Ay (B)= ql-[1 (6—19,),

HalineM, paccywmaas kak B § 23.21, uro Ay (0) sBaserca pewenueMm nuc-
(hepeHUMaNLHOTO ypaBHEeHHUsA

(a* 4 0) (62 6) (4 0) A ()4 [3(62+6) (2 +B) +
+(c*+6)(a” 4 0)+(a®+ 6) (0" +0)} A (B) =
={m(m—-}——32—)9—{—%02}1\2(9),
rae CQ—HOCTOHHHaﬂ, nmoanexaulas OInpeneJ/ieHUIO.

A (6)

Va1’
SIBASETCS pellleHHeM An(depeHIabHOr0 ypaBHeHus

Ecau Tenepp mnousoxuMm A, ()= t0 yBupuM, uro A(6)

4 Y@+ (@ F0) o V@F0EF0 @+ di&mw)}

=|@2m—+41)(2m—+2) 0 4-C} A(6),
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TIae .
C=Cy+ b2+ c2

3ameTuM, uTO 3TO JAuddepeHlHaIbHOe YpPAaBHEHHE TOTO Xe CaMoro
THNA, YTO W ypaBHeHue, BhIBeleHHOe B § 23.21; mocrosuHas n u 31ech
paBHa CTereHH FapMOHMUeCKOH GYHKIMM, Tak KaK CTelleHb B JaHHOM
ciyuae pasHa 2m 1.
~ Orclona BHITEKAaeT, YTO HCC/eNLOBaHHE TaPMOHUYECKUX (YHKLMH BTO-
poro BHAA CBOLUTCH K HCC/CIOBAHMIO peilleHu#t | AuddepeHUnanbHOTO
ypasueHus Jlame. B cayyae rapMonuyeckux YHKUMR NepBOro Tuna
Tpebyercsi, urobpt pelleHuss OBIM MOJMHOMAMU OTHOCHTEJNbHO 0, yMHO-
aenHbiMH Ha )/ a2 = 0; cOOTBETCTBYIOMIME MHOKUTENH ANS FAPMOHHYECKHX
dyuxuutt BTOpOro u Tpetbero Tuna 6yayr V620 u V2 6. Iosne
6yleT NOKA3aHO, YTO KAXKIOMY M3 Tpex THUNOB OyleT COOTBETCTBOBAThH
B TOYHOCTH m -~} 1 3sHauenuit C, Tak uyro B oOuieM noaydaercs 3m— 3
TapMOHMYECKNX (YHKUMH BTOpOro BHMaa crtenenu 2m—-1.

23.23. daauncouaanbHpie rapMOHHYeckne GYHKIHH TpeThero BHAA

3a THHI/I'—IHY!O rapMOHMYeCKY10 (GYHKLMIO TPeTbero Buia cTenedu 2m—2

nipuMeM yzH 8,. Pesyabrar npuMeHenus omepartopa Jlamiaaca K sTo#t
p=1
¢dynkuun 6ynet

11 (8) 2
3’2[ 4 708, {az_;.e +b=+a +c2+0 ‘f'*‘
p:

Y 9201 (8) 82
+p¢q 08,08, { @0,y @10, +

o 8y? 822
+wummu¢f+w+%w+mﬂ

H 3TO BHpaXeHUe NOMKHO PABHATLCA HYJMO. Orciona, noaaras

Ay (0) :._—q]Jl (6—96,).

naftnem, paccyxnas, kak B § 23.21, utro A;(6) Oymer pewenuem aud-
(epeHUUaILHOIO YPaBHEHHUS

(a> 4 8) (6 + 6)(c*+ 6) A7 (0) + - {(62+ 6) (c* -+ 0) +-
3(c* 4 0)(a® -+ 6) -+ 3 (a® 4 0) (6° +6)} A5 () =
={m(m—}—~g’—)6—|—}?c3}A3(6),

rae Ca—HOCTOHHHaﬂ, noajexauasa ofnpenesieHHIO.
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Ecau Tenepb no/joxmum

A (0)

AO=vemery

10 Hatinem, uto A(0) sBASeTCH pelICHUeM AuddepeHUNaIbLHOTO ypaB-
HEHHUA

4 V(a2+6)(b?+6)(c2+6) “/(a2+9)(b2+6)(62+6) dA(ﬂ)]_
= {2m—+2)2m—+3)0+ C} A (),

rue

C=Cy—+ a2 B2 2.

3ameTHM, 4TO nOC/ejHee YpaBHeHMe TOrO e CaMOro THMA, YTO M
ypasHenHe, noJayuyeHsoe B § 23.21; mOCTOsIHHAS 7 MO-NpeXHEMY paBHA.
CTerneHu rapMOHHYECKOH (QYHKUNM, KOTODasi B JAHHOM CJyyae paBHa 2m -2,

OfTcioia BHITEKaeT, 4YTO HCC/AIeNOBaHMe TapMOHHMYECKMX (YHKUHH
TPeTbero BHIA NMPHBOLWUTCH K WCC/ELOBAHHIO pellleHnf Iuddepenunab-
Horo ypaBHeHus JlaMe. B cayuae rapmoHuueckux Qyskuuit nepsoro rtuma
TpebyeTcst, 4ToOb pelieHHs ObliM NOJNMHOMAaMH OTHOCHTeNbHO 0, yMHO-

KeHueMU Ha Y (6% -+ 0)(c2+ 6); cooTBeTCTBYIOMME MHOXMHUTENH AJst rap-
MOHWYeCKHX (yHKUHH BTOPOro M Tperbero Tuna 6yayt Y (c2— 6)(a®+- 6)
n V(@ 8) (02 1-0).

[Tosxe Oyner MOKA3aHO, YTO KaXKAOMY M3 TPeX THIIOB COOTBETCTBYET
posHo m -} 1 3navenu#t C, Tak uyto B 0OlleM MNoJyyaercs 3m+3 rap-
MOHUYECKHX (YHKUUH TpeTbero BuAa CTemeHH 2m—- 2.

23.24. daaunconsaabHele rapMoHnyeckue GpyHKUHH YETBEPTOro BHAA
TapMOHHYECKYI0 (YHKLHIO YeTBEPTOrO BHAA CTeneHH 2m— 3 MOXHO
. m
NpeACTaBUTb B (OpMe XYZ 11 8,. PesyibTaT npumeHeHus K Hefl one-
1

r=
patopa Jlanaaca 6yaner

O ol () 6 6 6
xyz[}a 38, {a2+ep+b2+ep+,c2+ep}+

p=1
8x2?

\' _0°II(8) z
-i_' 1%:4 08,00, Jl @+ 0,) (a®4-8y) +

8y? 822
T ETR Ty T @), aT }‘]
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3TO BHpaXeHue AOMKHO paBHATbCA Hyuaio. OTCl0oAd, moJaras

Ay(6)= qI:Il (6 —6,),

natiaeM, paccyxnaas, kak B § 23.21, uro A,(0) saBasercs pemenneM
ypaBHEHHUS )

(a2+6)(b?+6)(c2+6)A§<6>+%{ ¥ (b‘2+6)(c2+6)}A;<e>=

a, b, c
={m(m'+%)9—{—%(34}44(9).

rie C,— nOCTOsHHa%, TMOALJIEKAlLas ONpejle/eHHIO.
Ecau Tenepb MNOJOXUTDL

A0y =A (0)/V (@6 B*+6) (),

10 HattieM, uto A(6) sBasercs peweHueM auddepeHUUaIbLHOIO yPaBHEHHA

$V@FOETHETY g [V@ T 0T 0@F 0 | =

= ((2m + 3) (2m + 4) 0 4 C} A (9),
C=C,y+ 4 (a2 b2+ c?).

3aMeTuM, YTO NOCJelHee YypaBHEHHE TOrO e CaMOro THMa, YTO M
ypaBHeHue, noJayueHHoe B § 23.21; moctosiHHas n M 3Jech paBHA CTe-
NeHH TaPMOHUUECKON (YHKIMM, KOTOPas B JaHHOM CJydae paBHa 2m — 3.

OT1ci01a cienyer, YTO MCCJAe10BaHME FAPMOHMYECKUX DYHKLHIA yeTBep-
TOTO BMJA INPHBOAMTCA K MCCAeLOBAHMIO pelleHu#t auddepeHuaIbHOro
ypasuenus Jlame. TpeOyercs, yToObl pelueHds ObIAM AOJMHOMAMU OTHO-
cuteabHO 0, YMHOMXEHHBIMH Ha V(a2+6)(b?—§-6) (c? - 0). IToswe Oyaer
NOK43aHO, YTO STOMY THRY pelleHuft COOTBETCTByeT POBHO m — 1 3Ha-
yenu#t C, TAK 4TO HOXyyaeTcsl m — 1 rapMOHUYECKHX (yHKUMA ueTBep-
TOro BUAA CTemeHW 2m — 3.

rie

23.25. Bripawenuns Husena
JAsl 3JJIMNCOMAANBHBIX TAPMOHMYECKMX (YHKUHIA
yepe3 OAHOPOAHBIE rapMoHHueckue GYHKIHU

Ecan G,(x, y, 2) obo3nauaer kakyio-au60 M3 rapMOHHYeCKHX (YHK-
nui cTeneHu n, NpeABapUTe/bHOE NOCTPOEHHE KOTOPHIX TOJBKO uTO ObLIO
npoussefeno, To G, (X, y, Z) COCTOUT U3 KOHEUHOTQ YUCJA U/IEHOB CTe-
neHe#t n, n— 2, n—4, ... OTHOCHTENbHO X, y, 2. Ecan H,(x, y, 2)
NpeACTaBASCT COBOKYMHOCTb 4JEHOB CTeNeHH 7, M3 OJHOPOJHOCTH One-
paropa Jlamaaca cuaeayer, uto H,(x, y, 2) caMa ABJAETCA peLICHHEM
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ypasHenus Jlannaca; 3ta hyHKIUMA MOXET 6bl’l'b OYEBHAHO, NOJyYyeHa H3
G,(x. y, z) 3aMeHOM MHOMHTeseH 6,, BCTPEYAIOUIMXCA B BbIPAKEHHH
Q)ymcunu G,(x, ¥, 2) B BUIe npouaseﬂeﬂuﬂ MHOXuTeaamMu K.

Huen (um‘ couuHenune, cTp. 243—245) nokasan, yro G,(x, y, 2)
MOXHO ToJyuuTs U3 F,(x, y, 2), npuMenss K noc/ieanet cpyﬂxuuu ang-
¢epenunapHelll onepatop

D2 . D4
2@n—1) + 2:4.2n—1)@2n—3)

1 —

TTEB@A—D@i—R@—5 T

rae D? o0o3HauaeT CHUMBOJ
a? 0x2 + 02 ()y2 +?

H 4leHbl, colepxamue ctenenu D, O0abiume 7, MOTyT GHITL ONMylMEHH.
JlaguM 10KasaTeJbCTBO ITOrO pesyJbTaTa AJs JI0OO0H rapMOHHYECKOH
¢yHkuun nepsoro Buual).
18 TaKuX TapMOHMYECKUX QYHKUHMH cTeneHb OyneT YeTHOM, U MBI
MO/IOKHM

03]
B

‘2‘
G,(x, v, 2)= I_[ Ky—1)=8,—S, 0Sps— 0,

?*‘"-'i

tie S, S,_o S,,_4, ... — OIHOpOIHBle ¢YHKUMH cTenened n, n— 2,
n—4, ... COOTBETCTBEHHO M

N -
|

S,=H,(x, 9. )= 1] K,

B~}
1
o

dynkuua S, _,,, OUEBUNHO, PaBHA CyMMe MpOU3BeJeHHN MHOXHUTeNeR
1
K, Kg ..., K1 , B3aTHX no Sn—r.
-~
2
Ecmn K, Ky ..., K1 paccMaTpuBaTh Kak NPOMEXYTOUHHE Te-
1, ;
2

peMeHHbie, TO 1O O0ObuHO# QopMyse auPdepeHLUPOBAHHS CIOKHOH

) JloxazateabcTBa I rapMOHHUeCKMX GYHKUMH Tpex ApPyrux BUJAOB mpe-
JOCTaBASIOTCS YHTAaTeJl0 B BHIe ynpaxHeHus. JlokasaTeabCTBO, HOPHJAOKHMOE
K (yHKnusM Bcex yeThipex BuuoB, naHo I'o6coom (Hobson, Proc. London
Math Soc., XXIV (1893), 60—64). NokazaTeabCTBO, NPUBEACHHOE B TeKCTe, Nped-
CTaBJgeT HEKOTOpPOe BHIOH3MEHeHHe 1OKasaTeabcTBa Hupena.

IoxasateanctBo I'o6cona mpuBereno Takke B ero kuure «Teopus cdepu-
YeCKHX U SAMMNCOMAANbHBX (yHkuuii», WJI, 1952, crp. 468—461. — [Tpuit. ped.

15 2. T. Yurrexep, Ox. H. Barcos
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(QYHKUHH UMeeM
1 1
3" K3
0Sy_sr __V 0Sn_9r OKp N 0Sn_sr 2x
Ox — e 0K, Ox = 0K, a*+1,
p=1

N
-

U ecau npoanddepeHuupyeM CHOBA, TO MOLYYUM

ey
0%S,_or __2 dS,, 2r + 2 0%S,-9r 8x2
0x? e dK aTEu, U 0K, 0K, (a*+4-9p) (a"’-{—ﬁq)
Ynenn c OQS,, 2,/01(,, MOTYT ObITb ONYLIEHBl, TaK KaK HY OAHA U3
¢ynkuuil K, He BcTpeuaerTcsl B S,_,, B CTeNeHU Bhillle NMepBOH,

Orcioaa cienyer, yTo

0S 2a? 2b2 2¢?
DS,, 2,——2‘ n2r{a2+e +b2+0p+c2+ﬂp }+
ﬁ 0 Sp-ar 8a2x? Bbh2y2
+ A, Ty T ey
8c¢222
+@ETFyET

Tenepb MMOKaXX€M, 4TO BbIpaXXeHUE CnpaBa OTAUYAETCH JHLIb NOCTOsNH-

HBIM MHOXHTEIEM OT S, _g,_o.

3aMeTHM CHauajaa, yTo
Z a’x? 99Ky — 04K,
(@ +-0,) (a* + 8,) U, — 84
(x, v, 2
a, b, ¢
M uTO corsacHo ypasuenuwo § 23.21 naa 0
1
5", .
N
Z a2+e =3—6, Z a2+6 3+, T,—0,
a, b, ¢ a, b, ¢ g=1
TaK UTO '
1 1 1
?n
oS aS ’ 1
2 n ~2r n~2r
DSa 2r""62‘ p +82‘6P 0Kp 2 ﬁp—-ﬁq +
q:

r=l 1
+ 8 2 028n—2r 0 q
0K, 0K, ~ b,—0,



