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Hpe,l]I/ICJIOBI/Ie R TpeTbeMy HU3JaHUIO

[IepBble OBe riaaBbl KHUTU CUILHO NMepepaboTaHbl U 3HAYUTENBHO pac-
mupensl. [Jo6aBneHb! pa3genbl 00 dIeMeHTapHBIX MeTodaX UHTEerpUPOBaHUA
(0 TMHENHHBIX OMHOPOJHBIX U HEOJHOPOJHBIX YPAaBHEHUAX MEPBOTO MOPAMKA,
06 OJHOPOIHBIX ¥ KBa3UOIHOPOMHLIX YpPaBHEHUAX), O JUHEHHbIX W KBa3u-
JUHENHBIX ypaBHEHUAX C YACTHHIMU NMPOU3BOJHLIMU IIEPBOro MOPAAKA, 00
YPaBHEHNAX, Hepa3pelleHHbIX OTHOCUTENbHO MPOU3BOAHBIX, U O TeopeMax
IIItypma o Hy1AX TUHEHHBIX ypaBHEeHUI BTOporo nopanaka. Takum o6pasoM,
B HOBOE M3aHUe KHUT'Y BRJIIOUEHBI BCE BONMPOCHI AefiCTBYIOMIel NPOrpaMMbl
1o Teopuu OGLIKHOBEHHBIX AU(depeHIualbHbIX YpaBHEHUII.

Wznaras cnenuanbHble IpUeMbl UHTETPUPOBAHUA, aBTOP cTapalic BCo-
Iy BBIABIATHL '€OMeTPHUUYECKYIO CYUIHOCTh pa3bupaeMbIX MeTOAOB U IOKa-
3bIBaTb, KaKk 3TU MeTO[bl paboTalOT B IPUIOKEHUAX, 0COGEHHO B MeXa-
Hure. Takr, And pelleHus JTMHeiHOr0 HEOJHOPOJHOI'O0 YpaBHEHUA BBOAUTCA
d-bYHRIUA ¥ BbIYKMCIAETCA 3anasabiBaiomad ¢yHruud ['puHa, KBa3uoJHO-
pOJHbIe yPaBHEHUA NMPUBOJAT K T€OPUHU NOA0GUA U 3aKOHY BCEMHUPHOI'0O TA-
roTeHusd, a TeopeMa o b depeHUPyEMOCTH pPellleHUA 0 HayalbHbIM yCJIO-
BHAM — K HCCJIeJOBaHUIO OTHOCUTENbHOTO NBUMEHUA KOCMUYECKUX Tel Ha
O6nu3KUX opbuTax.

ABTop mo3Bonuia cebe BKIIOYUTHL B 3TO NPeJUCIOBHE HECKOIBKO HC-
Topuyeckux orcTymieHuil. JuddepennuancHble ypaBHEHUA H300peTeHbI
HeloronoMm (1642-1727). HbioTOH cunTal 5To cBOe U306peTeHHe HaCTOIbKO
BaKHBIM, YTO 3amKu(dpoBal ero B BUJEe aHArpaMMbl, CMbICI KOTOPOH B CO-
BPEeMEHHBIX TEPMHUHAX MOKHO BOJBLHO NepelaTh TaK: «3aKOHBI IPUPObI BbI-
pakaioTca AuddepeHMaTbHBIMU YPaBHEHUAMUY.

OCHOBHBIM aHANIUTHYECKUM JocTuxeHneM HbioToHa OGbLI0 pasnoxeHue
BCEBO3MOHBIX QYHKIUN B cTeneHHbIe PAABI (CMBICH BTOPO#, JINHHOI aHa-
rpaMmbl HpioToHa B TOM, 4YTO [JiA pelleHHUA NMOGOro ypaBHEHUA HYHKHO
[0JCTABUTh B ypaBHEHUE PAJ U NPUPABHATH WIEHbI OQMHAKOBOW CTEMEHH).
OcoGeHHOe 3HaUYeHHe UMela 3[lecb OTKpbITasA UM dopmyna 6nHoMa HbioTona
(padymeeTcs, He TONBKO C LEIbLIMU MOKA3aTeNAMHU, JUIA KOTOPBIX HOpMYIy
3Hain, Hanpumep, Buera (1540-1603), Ho U, YTO 0COGEHHO Ba#HO, ¢ APOGHDI-
MU ¥ OTpHUATEIbHBIMU MOKazaTenAamu). HeloTon pasnoxun B «pansl Teii-
Jgopay Bce OCHOBHbIE BlleMeHTapHble GYHKUMM (palloHaNbHbIe, paglKalbl,
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TPUTOHOMETPHYECKHUE, IKCIIOHEHTY U Jorapudm). ITo, BMECTE C COCTABIEH-
HOIi uM Tabauueit mepBoo6pasHbIxX (KOTOpas Mepellia B IOYTH HEU3MEHHOM
BHJle B COBPEeMeHHbIe YUeOHUKM aHalu3a), 03BOJIAI0 €My, II0 ero cloBaM,
CpPaBHUBAThH IUIOMAAY JTIOOBIX GUTYDP «3a MOJIOBUHY YETBEPTH Uacay.

HeroToH ykasbiBan, 4To K03G(UIMEHTHI €ro PAJOB IPOMNOPIHOHANDL-
HbI NocleoBaTelbHbIM IPOM3BOAHBIM (PYHKIUU, HO HE OCTaHABIUBAJCA Ha
3TOM NOAPOOHO, Tak KaKk OH CIpaBelJIUBO CUMUTal, YTO BCe BBIUUCIEHUA
B aHaiu3e yjnoGHee MPOU3BOAUTHL He MPU MOMOIIM KpaTHBIX AuddepeHIN-
pOBaHUil, a MyTeM BbIUHCIEHUA NepBbIX WieHOB pAna. [na HeioToHa cBA3b
MemAy KodbduureHTaMH pAla U NPOU3BOAHBIMU ObLIa CKOpee CPeJCTBOM
BBIUHCJIEHUA IPOU3BOAHBIX, YeM CPEACTBOM COCTaBJIEHUA pALa.

OnHuM u3 BamHelmux gocTuxenuii HoloToHa ABnAeTCA ero Teopus
COJIHEUHOI CHCTeMbI, U3NoseHHaA B «MaTeMaTUuUecKUX HavyaiaX HaTypalb-
Hoit ¢unocodumy («Principiay) 6e3 moMmolM MaTeMaTHYeCKOro aHalIu3a.
O6b1uHO nosararmT, YTo HEI0TOH OTKPHLI IPU TOMOLIY CBOEr'0 aHaNN3a 3aKOH
BceMHpHOro TArotenus. B peiictButenbHoctu Heiorony (1680) nmpunanie-
MUT IUIIB I0KA3aTeIbCTBO DUIUNTUYHOCTU OPOUT B IMOJe MPUTAMEHUA 10
3aKOHY 0OpaTHBIX KBaJIpaTOB: caM 3TOT 3akoH Obl1 ykasaH HbioTomy I'y-
kKoM (1635-1703) (cm. § 8) u, mo-BHAMMOMY, yrafblBajcA ellle HECKOIbKUMU
YYeHbIMHU.

C «Principia» HbioToHa HaunHaeTcA coBpeMeHHad ¢u3uka. 3aBeplie-
HUe (GOpMUPOBaHUA aHAIN3a KAK CAMOCTOATENbHOM HAYYHON AMCHUIINHBI
cBazaHo ¢ uMeHeM JleiiGuuna (1646-1716). OrpomHoii 3acayroit JleitGHu-
1a ABIAETCA TaKiie MUPOKaA Npornarayja ananusa (nepBas nyGanKanua —
craTha 1684 r.) u JoBeJeHUe ero aaropuTMoB! 10 MOJHOr0 aBTOMAaTU3Ma: OH
u306pel TakuM 06pa3oM crocob HAYUYUTh MMONb30BATHCA aHANU30M (M Ope-
[0JaBaTh €ro) JM0jeil, BOBCE ero He MOHUMAIONINX, — TEeHAEHIHA, C KOTOPOi
npuxoauTcA 60poThed ellle U ceroJHA.

N3 orpomuoro uyuciaa pa6or XVIII Bera mno puddepeHunanbHbIM
ypaBHeHUAM BblAenATcA paborel Jitnepa (1707-1783) u Jlarpamma
(1736-1813). B aTux paGorax Gblia mpexe BCEro pa3BUTa TEOPUA MalbIX
KRojJe6GaHuil, a cleJoBaTeIbHO — TEOpUA JUHEHHBIX cucTeM AuddepeHIN-
albHBIX YpaBHEHHl; MOMYyTHO BO3HUKJIM OCHOBHbIE NMOHATHUA JHHEHHON ai-
re6pbl (coGCTBEHHbIE YKCIa U BEKTOPHI B -MEPHOM ciiydae). XapaKkTepuc-
THYEeCKOe ypaBHeHUe JTMHEHHOro onepaTopa NOJIro Ha3bIBalU CEKYIAPHBIM,

IMesmy npouum, JleiiGHULY NpUHaniesaT MOHATHA MaTpPHIbI, o603HaUeHUe aij,
a TaKe HauyajJa TeopUH oIpejeiuTeleil U TEOPUM CHCTeM JMHEHHBIX ypPaBHEHHUMH, 0f-
Ha U3 MepPBbIX BbIYMCIUTENbHBIX MalllH.
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TaK KaKk MMEHHO U3 TAaKOTO YpaBHEHUA ONpelelAl0TCA CeKYIApHble (BeKo-
BbI€, T.€. Me/JIeHHbIE 110 CPABHEHUIO C T'OJIOBBIM BUMEHHEM) BO3MYIIEHUA
MJIaHETHBIX OPOGUT coriacHo Teopuu MaibiXx KoiebGauuii Jlarpauma. Beaen
3a HeioronoMm Jlannac u Jlarpans#, a nosxe l'ayce (1777-1855) pasBuBatoT
TaKe MeTOJAbl TeOPUM BO3MYIEHU.

RKorpa 6vina moka3aHa Hepa3pelmMMOCTb anreOpanvyecKUX ypaBHEHUi
B pagukainax, Jluysuniab (1809-1882) nocTpoun aHaIOrHYHYIO TEOPUIO A
nuddepeHIaNIbHBIX yPAaBHEHUH, YCTAHOBUB HEBO3MOMHOCTD PELIeHUA pA-
la ypaBHeHUI (B TOM YHcle TaKUX KIAacCHUYeCKUX, KaK JNHHelHble ypaBHe-
HUA BTOPOIO MOpPAJKA) B IeMEHTApHbIX QYHKUUAX U KBajgpaTypax. Ilos-
e C.JIu (1842-1899), ananusupys Bonpoc 06 HHTErPUPOBAHUU yPaBHEHUi
B KBajipaTypax, Ipuiiesa K Heo6X0JUMOCTHU NMOJPOOHO HCCIeJ0BaTh I'PYIIbI
auddeomopuaMoB (monyvuBIINe BHOCIeICTBUU UMA rpynn Jlu) — Tak
u3 Teopuu AuddepeHNUATbLHBIX YpaBHeHHI BO3HUKIA odHa U3 HaubGolee
IJIOJOTBOPHBIX obiacTell cOBpeMeHHON MaTeMaTUKU, JalbHelilllee pa3Bu-
THe KOTOPO# GbLIO TECHO CBA3AHO COBCEM € IPYTHMHU BOMpocaMu (aire6psl
JIn eme panbuie paccmarpusanu Ilyaccon (1781-1840) u, ocoGenno, fko-
6u (1804-1851)).

HoBberit aTan pa3BuTuaA Teopuu AuddepeHIUaNbHbIX YpaBHEHUN HAUM-
HaetcA ¢ pabot Ilyanrape (1854-1912), cozgannasa UM «KauyeCTBEHHAaA Te-
opusA auddepeHNINaNIbHBIX yPABHEHUI» BMecCTe ¢ Teopueil GyHRIUNA KOMII-
JEeKCHBIX NEPEMEHHBIX MpHBela K 0CHOBaHUIO coBpeMeHHOo# Tonoioruu. Ka-
yecTBeHHaA TeopuA NuddepeHINaNbHbIX ypPaBHEHUH, UK, KaK TeNephb ee
yalle Ha3bIBalOT, TEOPUA NUHAMHYECKUX CHUCTEM, AIBIAETCA ceiiuac Hau-
6osee akTHBHO pa3BUBalolleiicAd U UMemollell Hanbojee BaxHble NPUTIOHE-
HHUA B eCTeCTBO3HAaHUU 00/acThbl0 TeOpUU AU pepeHnalbHbIX YpaBHEHU.
Hauunaa c¢ wknaccuueckux pa6otr A.M.Jlanynosa (1857-1918) mo Teo-
pUU YCTOHYMBOCTHU NBUMEHUA B Pa3BUTUU 3Toi obGnacTu Goiblloe yuac-
THe NPUHUMAIOT PyCCKUe MaTeMaTuku (ymoMmaHy pa6otsl A. A. AHIpOHOBa
(1901-1952) mo teopuu 6udyprauuit, A. A. Aunpounosa u JI. C. [louTparuna
0 CTPYKTYpHOU ycroituuBoctu, H. M. KpsuioBa (1879-1955) u H. H. Boro-
nao6oBa o Teopun ycpenHenus, A. H. KonmoropoBa mo Teopuu Bo3MyIeHU
YCJIOBHONIEPHOANYECKUX JBU#eHNil. Pa360op coBpeMeHHbIX TOCTUMEHU, KO-
HEYHO, BLIXOAUT 3a PAMKH HACTOALIE/l KHUTU (C HEKOTOPBIMU U3 HUX MOHi-
HO [I03HAaKOMUThCA, HapUMep, 0 KHUraMm aBTopa «JononHuTenbHbIe riaBbl
Teopuu OOBIKHOBEHHBIX OuddepeHnnanbHbIX ypaBHeHuity, M., 1978; «Mare-
MaTHYecKHe MeToJbl Kilaccuyeckoil mexaHuku», M., 1974; «Teopusa kara-
cTpody, M., 1981).
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ABTOp 6GnarogapeH BceM UMTaTelAM NMpeIbIAYIIUX U3AaHUi, COOOIUB-
IIMM CBOU 3aMeYaHUsA, KOTOpbIe aBTOP MOCTapalcA y4ecTh NPy nepepaboTKe
KHUTH, a Taks#e [I. B. AHOcoBYy, MHOTOUMCIIEHHbIE 3aMeYaHUA KOTOPOIo CII0-
co6CTBOBANM YIYUYIIEHUIO HACTOAIEr0 U3JaHUA.

B. U. Aproavd



IIpeaucioBrue K epBoMy M3JdaHUIO

IIpu oT6ope MaTepHana 1A 3Toif KHUT'M aBTOP CTPEMMUIICA O PAaHUUUTh-
cA CTPOro HeoO6XoAUMbIM MHHMUMYyMoM. lleHTpanbHoe MecTO B Kypce 3a-
HUMaIOT [Ba Kpyra BOIIPOCOB: TeopeMa O BbINPAMIEHUU BEKTOPHOI'O IOJA
(sxBHBalleHTHaA OGBIYHBIM TEOPEMaM CyILeCTBOBaHUA, eJUHCTBEHHOCTH U
nudepeHIUPYEMOCTH pelleHuit) U TeOpuA OJHOMapaMeTPUUYECKUX TPYII
JUHERHbIX Tpeobpa3oBanuii (T.e. TeOPUA JMHEHHbBIX ABTOHOMHBIX CHCTEM).
ABTop mno3Boaun cebe He KacaTbcA pAga Gosee clelUalbHbIX BOINPOCOB,
00BbIYHO BRJIOYaeMbIX B Kypchbl OObIKHOBEHHBIX AU depeHlnalbHbIX ypaB-
HeHMil (37eMeHTapHble MpPHEMbl MHTErPUPOBAHUA; YpaBHEHUHA, He paspe-
IIeHHble OTHOCHUTENbHO NPOU3BOJHOM; ocobble pemienus; Teopusa IITyp-
Ma—JIluyBuLIA; ypaBHEHUA C YaCTHBIMU MPOU3BOAHBIMU I€PBOr0O MOPALKA).
YacTb 13 3TUX BONpocoB yaoOHee pa3oOpaTh Ha yHNparHEHUAX; MOCIETHUE
#e IBe TeMbl ecTeCTBEHHee OTHOCUTb K KypcaM YpaBHEHHUH ¢ YacTHBIMU
NPOM3BOAHBIMU WJIHU BapUallMOHHOI'O MCUMCIEHUA.

Bonee nogpo6Ho, yeM 3T0 06bIYHO PUHATO, pa3dUpalOTCA NPUIIOKEHUA
O0GBIKHOBEHHBIX UG depeHnnalbHbIX YpaBHEHUII K MeXaHUKe. YpaBHEHUe
MafATHUKA N0ABJAETCA Ha OJHOH W3 NepBLIX CTPaHUL; B AajbHelleMm 3¢-
(peKTUBHOCTbL BBOJAMMBIX IOHATUN U MeTON0B Kax/blil pa3 npoBepAeTcA HA
sToM npumepe. Tak, B naparpade o nepBbIX UHTerpanax nofABjiAeTCA 3aKOH
COXpaHeHWd IHepruu, U3 TeopeMbl 0 Aup(PepeHIupPOBaHUM 110 apaMeTpy
H3BJEKaeTCA «<MeTOJ Majoro napaMmerpar, a TeOpUA JUHEHHbIX ypaBHEHUN
¢ nepruoJuvYecKUMU KodpPpuLUeHTaMU ecTeCTBEHHO IPUBOAUT K UCClIeN0Ba-
HUIO Kaveleil («mapamMeTpUUYECKUN PE30HAHCY).

N3noxeHrne MHOTMX BOIPOCOB B KypCe CHIbHO OTINYaeTcA OT TPaAHILIH-
OHHOr0. ABTOD CTpPEMHICHA BCIOAY BBIABUTH reOMeTPHYECKYIO, KaUueCTBeH-
HYIO CTOPOHY H3y4aeMbIX ABIeHUil. B cooTBeTCcTBUM ¢ 3TUM B KHUT'€ MHOT'O
yepTesell U HET HU OJJHOH CKOJIbKO-HUOYb CIOMHON ¢GopMybl. 3aTO MOAB-
nfeTcA nenblil pAn GyHIaMeHTalbHbIX NOHATHUN, KOTOpPble IPA TpagULMOH-
HOM, KOODJMHATHOM H3I0#EeHUU 0CTaloTCA B TeHH (pazoBoe MPOCTPAHCTBO
1 (da3oBble NOTOKHU, I1ajKue MHOrooOpa3ua U pacciloeHud, BEKTOPHbIe N0JA
U oJHONMapaMeTpuyecKkue rpynmsl guddeomopdusmon). Rypc sHauntenbHo
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corpaTtuicd Obl, eciu 6bI MOMHO GbLIO MpeAnojaraTb 3TH NOHATHA U3BECT-
HbIMU. K coskaneHuto, B HacTodAllee BpeMsA yKa3aHHble BONPOCHI He BHIIO-
yaloTcA HU B KYpChl aHainusa, HU B Kypchkl reoMeTpuu. IloaTomy aBTOpY
NPUIIIOCH U3JaraTh UX J0CTATOUHO NMOJPOGHO, HE MpeAnoIarasa y YuTaTelns
HUKAKUX TpeJBapUTeNbHbIX 3HAHUI, BHIXOAANIUX 3a pAMKH CTaHAApTHBIX
3jleMeHTapHbIX KYPCOB aHalu3a U JWHeHHO! alre6psl.

OcHoBy HacTosAlleifl KHUTM cOCTaBWJI T'OJ0BOIl Kypc JeRIUii, KoTopble
aBTOp UMTal CTyJeHTaM-MaTeMaTHKaM BToporo Kypca MockoBcKoro yHuU-
BepcuteTa B 1968-1970 rr.

IIpu noaroToBKe JeKUUi K MeyaTH GoabIIyio momomnb okasan P. U. Bor-
naHoB. ABTop 6iarogapeH eMy U BceM ciayllaTeldM M Koljieram, cOOOLINB-
MM CBOU 3aMeyYaHuA 0 poTanpuHTHOM Tekcte dekuuit (MI'Y, 1969). ABTop
6naromapen perensentam [I. B. AnocoBy u C.I. RKpeiiny 3a BHUMaTelbHOE
pelleH3UpOBaHNe PYKOIMCH.

1971 r. B. Apnoawvd



HexoTopbie mocToAHHO ynoTpebideMbie
o6o3HaueHUuA

R — mHoxecTBO (rpynmna, nojie) BeIeCTBEHHBIX YHCEI.

C — mHoecTBO (rpynma, noie) KOMIUIEKCHbIX YHCel.

7 — MHoecTBO (Ipynma, Koabl[o) HeldbIX YKcel.

x € X CY — snemeHT x nogMHoxecTBa X MHoOmecTBa Y.

XNY, XUY — nepecedeHue u o6benHeHHe MHO#ecTB X U Y.

f: X Y — oro6pamenue f MHoxecTBa X BO MHOKeCTBO Y.

T — y — oToOpajkeHre NepeBOAUT TOYKY & B TOURY ¥.

f o g — npoussefenue otoGpanenuii (IpUMeHAETCA CHavYana g).

3;V — cymecTBYyeT; 118 BCAKOrO.

* — He o6a3arenbHas (6olee TpyAHaA) 3afaya WIM TeopeMa.

R"™ — nuHeiiHOe NPOCTPAHCTBO Pa3MepPHOCTHU 7 Haj momeM R.

Bo muoskecTBe R™ MOryT paccMaTpuBaThbCA M Jpyrue CTPYKTYpbl (Hampu-
Mep, abUHHAA, EBRINA0BA WM CTPYKTYpa NPAMOro MPOU3BEAEHUA N MPAMBIX).
O6bIyHO 3TO GyHeT cnenualbHO oroBapuBaTheA («adduHHOEe mpocTpaHcTBO R™y,
«€BKIMJOBO MPOCTpaHcTBO R™», «<KOOpAMHATHOE MPOCTPAaHCTBO R™» U T.1L.).

Bexmopamu Mbl Ha3blBaeM 3JI€MEHTHI ITUHEHHOT0 MPOCTpaHCTBa. BeKTophl
06bIYHO 0G03Hava0TCA GyKBaMu moay:kupHoro mpudTa (v, & u 1.1.). BekTops!
KOOpOMHATHOro npocrpaHcrsa R" oTomaecTBIAIOTCA ¢ HaGopamu n uucer. Mbl
GymeM nucaThb, Hanpumep, v = (V1, ... , Un) = V1€1 + ... + Vp€y; HAGOP N BEKTO-
POB e; Ha3bIBaeTCA KoopduHammuwim Gazucom B R™.

Hawm vacTo 6ynyT BcTpeuyaThea dyHKIUM BellleCTBEHHOI'0 IepeMeHHOro ¢, Ha-
3pIBaeMoro spemerem. IlpousBonHas o ¢t Ha3pIBaeTCA CKOpocmbio U 0603HaYaeTcA
yaie BCEro TOUKOH HaBepxy: & = dz/dt.



l'maBa 1
OcHOBHbLIE NMOHATUA

§ 1. ®da3oBbie mpocTpaHCTBa

Teopus 06bIKHOBEHHBIX OUG PepeHInalbHbIX YpaBHEHH I — OHO U3 OC-
HOBHBIX OpPY/AHIl MATEMaTHUUYECKOI'0 eCTECTBO3HAHNUA. JTa TEOPHUA N03BOJIAET
HU3y4yaTb BCEBO3MOHbIE DBOJIOLUOHHLIE IIpoOIecchl, o6iagaloiue cBOICT-
BaMU demepMuHUPOBAHHOCMU, KOHeYHOMepHocmU U duddepenyupyemocmu.
[Ipexne uem faThb TOUHBIE MaTeMaTHYeCKHUeE ONpPe/leIeHuA, pACCMOTPUM He-
CKOJIbKO TIPUMEPOB.

1. IIpumepsbl 3BOJIOLMOHHBIX mnponeccoB. Ilponecc Ha3bIBaeTcA
JemepMUHUPOBAHHBLM, €CIU BeCh ero GyAyLIHii XOA U BCe ero MpoIuIoe Of-
HO3HAYHO ollpeJleNIAI0TCA COCTOAHNEM B HacToAllee BpeMA. MHosecTBO Bce-
BO3MOKHBIX COCTOAHUII Npollecca Ha3bIBaeTCA Fa306bLM NPOCMPAHCMBOM.

Tak, HanpuMep, KlaccuyecKad MeXaHHKA pacCMaTpPUBAaeT NBUMEHUE
cucTeM, Oyayliee U MPOILIOe KOTOPHIX OJHO3HAYHO ONpeNeNfAloTCA Hayalb-
HBIMHM MOJIOKEHUAMHU U HaYalbHBIMU CKOPOCTAMU BCeX TOUeK cucTeMbl. Da-
30BO€ MPOCTPAHCTBO MEXaHUYECKON CUCTEMbI — 3TO MHOKECTBO, BIEMEH-
TOM KOTOPOTO0 fAABIAeTCA Habop MOJN0KEeHUl 1 CKOpOocTell BceX TOUYEK JaHHOA
CHUCTEMBI.

JIBueHne yacTUll B KBaHTOBOI MeXaHUKe He ONMChIBaeTCA JeTepMU-
HUPOBaHHBIM mpoleccoM. PacnpocTpaHeHue Temna — MONTYyJeTEePMUHUPO-
BaHHBII npolecc: Oyayliee onpegenaeTcA HACTOAIUM, a NPOIIJI0oe — HET.

IIponecc Ha3bIBaeTCA KOHEYHOMEPHBLM, €CIIU €T0 (pa30Boe POCTPAHCT-
BO KOHEYHOMEPHO, T. €. €CJIU YUCJIO MapaMeTPOB, Hy#HBIX /A OMUCAHUA €TI0
cocToAHNA, KOHeuHo. Tak, HanpuMep, HbIOTOHOBCKAaA MeXaHUKa CHCTEM U3
KOHEYHOI'0 YKcia MaTepHalbHbIX TOUYEK WU TBEPJbIX Tel OTHOCUTCH K 3TO-
My Kiaaccy. PasMepHocTh (a3oBoro mpocTpaHcTBa CHCTEMBI U3 11 MaTepu-
albHBIX TOUEK paBHA 6n, a cucTeMbl U3 N TBepAbIX Tedl — 12n. [IBUmeHUA
MUAKOCTH, U3y4yaeMble B THAPOJAMHAMUKE, Mpolecchl KoneOaHUN CTPYHbI
U MeMmOpaHbl, pacnpoCTPaHEHUE BOJIH B ONTHKE U aKYCTUKE — IMPUMEPHI
IpOLIECCOB, KOTOPbIE HeNlb3A ONKcaTh ¢ MOMOIIbI0O KOHEUHOMEPHOTo ha3oBo-
ro npocTpaHCcTBa.
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IIpouecc HaswbiBaeTcA duddepenyupyemovin, eciu ero (asoBoe Mpo-
CTPaHCTBO UMEET CTPYKTYpPY AuddepeHpyeMoro MHOroo6pa3ud, a uame-
HeHMe COCTOAHUA CO BpeMeHeM onuchiBaeTcA AuddepeHnupyeMbIMu QyHK-
HUAMH.

Taxk, HanpuMep, KOOPAUHATHI U CKOPOCTH TOYEK MeXaHUYeCKOH cucTe-
MbI MEHAIOTCA cO BpeMeHeM AuddepeHnMpyeMbIM 006pa3oM.

lIBuxeHus, u3y4yaemble B TEOPUU yjaapa, cBoiicTBoM aAuddepeHnupye-
MOCTHU He 006aajgaroT.

Takum 06pa3oM, ABU#EHUE CUCTEMbI B KIIACCHYECKOI MEXaHUKE MOMKET
ObITh ONMKCAHO MPU MOMOIIM OOBIKHOBEHHBIX AuddepeHnuatbHbIX ypaBHe-
HUll, TOrja Kak KBaHTOBafA MeXaHWKa, TEOPUA TEIONPOBOJHOCTH, TUIPO-
IVHaMUKa, TEOPUA YIIPYToCTH, ONTHKA, aKyCTHUKA U TeOpUA yaapa TpebyioT
HHBIX CPEICTB.

Ewe nBa npumepa neTepMUHIPOBAHHBIX KOHEUHOMEPHBIX U Jud depeH-
HUPYEMBIX IPOIECCOB: Mpollecc paJUOAKTHBHOIO pachaja U mpolecc pas-
MHOK€HUA OaKkTepUil MPH JOCTATOYHOM KOJIMYECTBE NUTATENbHOTO BellecT-
Ba. B o6oux ciayyasax (asoBoe MPOCTPAHCTBO OJHOMEPHO: COCTOAHUE MPO-
Hiecca ompefielfieTcAd KOIMYEeCTBOM BelllecTBa UIN KONUYECTBOM OGaKTepUii.
B o6oux ciayuasax mpoiiecc onuchiBaeTCA 0GbIKHOBEHHBIM quddepeHInaib-
HBIM YpaBHEHHUEM.

3ameTuM, uTo BuI AuddepeHHanbHOr0 ypaBHeHUA mpoliecca, a Tak-
e caMblil GaKT JAeTepMUHUPOBAHHOCTU, KOHEUHOMEPHOCTU U AuddepeH-
HUPYEMOCTHU TOTO WM UHOTO MPOLecca MO#HO YCTAHOBUTD JUIIL SKCIEPU-
MEHTAallbHO, CIE0BAaTEIbHO — TOJIbBKO C HEKOTOPOil CTENEeHbI0 TOYHOCTH.
B nanbueitimeM Mbl He 6y/1eM BCAKUI pa3 MOJYepKUBATDH 3TO 0GCTOATENbCT-
BO U Gy/leM TOBOPUTh O peanbHbIX Mpolleccax Tak, KAk ecld Gbl OHU TOYHO
COBMNAafaiy ¢ HANIMMU Uealu3upPOBAHHBIMU MaTeMaTUUYECKUMU MOJeIAMH.

2. dazoBbie noToku. TouHasa GOpMyIUPOBKA U3JI0MEHHBIX BbIlIe 00-
IMX NPUHIUIOB TpeOyeT JOBOJNbHO abCTPaKTHBIX NMOHATUMN: $a3oeozo npo-
cmpancmea u $aszoeozo nomora. UYTo6bl OCBOUTHCA C ITUMU HNOHATUAMH,
paccMOTpUM MpUMeD, Tie YiKe 0HO BBeJeHHe (a30Boro NpocTpaHCTBA MO3-
BOJIAET PEUIUTh TPYAHYIO 3ajauy.

3a1a4A 1 (H. H. KoHCTAHTHHOB). U3 ropoga A B ropoa B (puc. 1)
Be[yT [Be HellepeceKaomyeca 1oporu. I3BecTHo, YTO ABe MaIUMHbI, BbIE3-
#KalolIKe N0 pasHbIM foporam u3 A B B n cBA3aHHbIE BEPEBKOi1 HEKOTOPOI
AIMHbI, MeHblelt 2/, cMoriu npoexath u3 A B B, He mopBaB BepeBkU. MoryT
1M pasMHUHYTbCH, He KOCHYBIINCh, ABa KPYTJBIX Bo3a paiuyca [, HeHTPbI
KOTOPBIX ABUHLYTCA 110 3TUM HOPOraM HaBCTpedy ApYT Apyry?
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Puc. 1. HayanwHoe moao- Puc. 2. ®azoBoe mpoctpaH-
sKeHNe BO30B CTBO Hapbl 3KUNAMKeH

PEWEHUE. Paccmorpum kBagpar (puc. 2)
M ={x1, 2: 0 < x; < 1}

Monosenve AByx sxunameil (oquH — Ha NepBOi gopore, Jpyroil — Ha
BTOpPOi1) MOHO XapaKkTepu3oBaTh TOUKO# KBaapata M: gocTaTodHo 06Go-
3HAUYMUTD Yepe3 ; 00 paccToAHNA oT A o B 1o i-il Jopore, 3aKIIOUYEHHY IO
MemIy A U HaXoAAMMMCA Ha 3TON JOpOre SKHUIAaHEM.

BceB0o3MOKHBIM MOOMEHUAM dKHUNAMEN COOTBETCTBYIOT BCEBO3MOM-
Hble TOYKHU KBagpata M. JToT KBaapaT Ha3bIBaeTcA (a306bl.M NPOCMPAH-
cmeom, a ero ToYku — gdazoevimu mouramu. Takum oGpasom, ramgad da-
30BasA TOUKA COOTBETCTBYET ONpe/leJeHHOMY MOJOMEHHIO Maphbl IKUNaMeil,
a BcAKOe [BUEHMe dKuNaxeil nsobpanmaeTcAa NBUNEHUEM (a30BOi TOUKHU
B (a30BOM IPOCTPAHCTBE.

Hanpumep, HauanbHoe nmonoxeHye Maiut (B ropoge A) cOOTBETCTBYeT
1eBOMY HUHEMY Yriy KBaapaTa (x; = xo = (), a JBUeHHe MamuH u3 A
B B uso6pamaerca KPpUBOil, Beqylleil B IPOTUBONOIOKHBINA yT0J.

ToyHO Tak e HayalbHOE MOJOMeHNe BO30B COOTBETCTBYET IPaBOMY
HIKHeMY yray kBajpaTa (z1 = 0, £ = 1), a ABUMeHHe BO30B U306parka-
eTcA KPUBOIi, Belyllell B IPOTUBONOJOKHBIN yrol KBajgpaTa.

Ho BcArue 1Be KpuBble B KBajipaTe, COEAUHAIONME Pa3Hble NMapbl NpPo-
TUBOINOJOHBIX BepuInH, nepecekaoTcd. [loaTomy, Kak Obl HH [JBHUTalNUCh
BO3bI, HACTYNIUT MOMEHT, KOrjja napa Bo30B 3aliMeT I0JI0}KeHHe, B KOTOPOM
Obl1a B HEKOTOPBIII MOMEHT BpeMeHH Napa MamuH. B 3ToT MoMeHT paccTo-
AHUE MemJay LeHTpaMu Bo30B OymerT MeHblune 2[. tak, pasMUHYTbCA He
yaoaeTcA.

B paccmorpenHoM mpuMepe He yuvacTBoBaiu OuddepeHIHaTbHbIE
YPaBHEHHAI, HO XOJ paccy:kJeHuil GIM30K K TOMY, yeM MbI GyfeM 3aHu-
MaTbCA Jajibllle: OMUCAaHNe COCTOAHUI Mpollecca Kak TOUYEK MOJXOAAIIEro
(ha30BOro MPOCTPAHCTBA YACTO OKA3bIBAETCA UPE3BbIYAIHO MONE3HBIM.
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Hanpumep, cocToAHMe npouecca ABUKEHUA CUCTEMBI 1. MaTepHalbHBIX
TOYEeK B KJIAaCCUYEeCKOl MeXaHUKe ONUChIBaeTcA 3HAaUYEHUAMU KOOpPIUHAT U
CKOpocTeil Bcex MaTepualbHbIX ToueK. ClenoBaTenbHO, (ha30Boe MPOCTPaH-
CTBO TAKOi CHCTEMbI UMeEeT Pa3MepHOCTb 6n (MO TpU KOOPAUHATHI U TPU
KOMIIOHEHTBI CKOPOCTH Ha KaiAyl0 MaTepuaibHYyIO Toury). PazoBoe mpo-
cTpaHcTBo cucTeMbl Tpex Touek (Connue, FOnurep, Catyph) 18-mepHo. Pa-
30BO€ TIPOCTPAHCTBO CUCTEMBI 71 TBEPBIX Tel UMeeT padMepHocTh 12n (mo-
yeMy?).

JIBueHNe Bceil cCTEMBI ONMUChIBAETCA JBHKEHHEM TOYKH 110 KPUBOM
B ¢aszoBoMm mpocTtpaHcTBe. CKOpOCTh NOBUMEHHA (Ha30BOM TOUYKHM MO DTOI
KpUBOIl omnpefeideTcd camoil Toukoil. Takum o6Gpa3oM, B KamA0H TOUKe
(a3oBOro npocTpaHcTBa 3aJaH BEKTOP — OH Ha3blBaeTcA BEKTOPOM (a3o-
BoIi ckopocTu. Bee BekTOphI (ha30Boit cKOpOCTH 006pa3yloT BEKTOPHOE MoJe
¢a3oBoii ckopocTd B (pa30BOM IpOCTpaHCTBe. ITO BEKTOPHOE IOJE OIpe-
nenseT guddepeHnraibHoe ypaBHeHHe mpolecca (3aBUCMMOCTb CKOPOCTHU
IBUKeHUA (a3oBoil TOUKM OT ee MMOJOHEHNA).

OcHoBHasa 3amavya Teopuu AuddepeHNUATBLHBIX YpPaBHEHHIl COCTOUT
B ONpeJleJleHUH WU UCCIeJOBAHUU [BUMEHUA CUCTEMbI 10 BEKTOPHOMY IIO-
1o (azoBoii ckopoctu. Clojja 0OTHOCATCA, HAIPUMED, BOIPOCHI 0 BHje dazo-
BbIX KPUBbIX (TpaeKkTOpuil ABU#EHUA HA30BOH TOUKH): YXOMAT JIH, CKAaMeEM,
(a3oBble KpUBble JaHHOTO BEKTOPHOrO Nojd B (pa3oBOM NpOCTpPaHCTBE Ha
6eCKOHEYHOCTDb WJIM OCTAIOTCA B OrpaHMYeHHOi obGnactu?

B o6mewm Buze sTa 3agaya He nojgnaeTcd cpecTBaM COBPeMeHHOIl MaTe-
MaTHKHU ¥, NO-BUIMMOMY, B HEKOTOPOM CMbIC/e HepaspeimnMa (B 4aCcTHOC-
TH 3TO OTHOCHUTCA K yIOMHUHaBuIelicA npoGieme Tpex Ten). B mpocreiimux
YacTHBIX ClyyasdX, ¢ KOTOPbIX Mbl U HauyHeM, 3ajlaya peliaeTcAd IBHO NpU
NOMOIIM ONepaliyl WHTerpupoBaHuA. BriuncanTenbHble MalIUHbI T03BOJA-
10T NpubIU#eHHO HaXOAUuTh pelleHUud JUddepeHIMalbHbIX ypaBHEHUN Ha
KOHEeYHOM OTpe3Ke BpeMeHU, HO He 1al0T 0TBeTa Ha KaueCTBeHHbIe BOIIPOCHI
0 noBefileHuU Ga3oBBIX KPUBBIX B eiloM. B panbHeiimem, HapAxy ¢ meTo-
JaMU ABHOI'O pelleHUA cllelualbHbIX AU depeHUalbHbIX yPaBHeHUH, MbI
[puBeieM TaKiKe HEeKOTOpble MeTOAbl KaueCTBEHHOI'0 UCClel0BaHUA.

IlonaTue ¢azoBoro mpocTpaHcTBa CBOJUT U3YyUeHHE DBOJIOLUOHHBIX
[poleccoB K reoOMeTPUYECKUM 3aJadyaM O KPUBBIX, OollpeJeldeMbIX BEKTOP-
HbIMU nonfAMU. Mbl HauHeM ucclefioBaHue U depeHIalbHbIX ypaBHEHUN
co ciefyolieii reoMeTpuyecKoil 3agadu.

3. UuTerpanbHble KpHBbIe I0JA HanpaBieHui. Ilpennomnoxum,
YTO B KasJ0H TOUKe HEKOTOPOIl 06JacTy Ha MJIOCKOCTHU BbIOpaHa Ipoxoid-
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maf 4epe3 3Ty TOYKY NpsAMad. B Takom ciiyuae roBopAT, 4To B 06aacTu
3a[aHo Moie HanpaBieHuit (puc. 3).

3AMEYAHUE 1. [IBe riagkue KpuBble, Mpo-
XofAllNe Yepe3 OJHY TOURY, 3aJalOT B Heil oau-
HaKOBOe HalpaBieHUe, eclid OHUM KacaloTcA. Ta-
KUM 00pa3oM, NpAMbIe B olpeeleHNH Mo Ha-
npaBieHUil MOKHO 3aMeHUTb [POU3BOJLHBIMU
r1aJKUMU KPUBBIMU: BaHa MWL KacaTelbHasd
K KpuBo# B Touke. Ha puc. 3 uzo6pamena auib
MalleHbKas 4acTh NPAMOI OKOJIO Ka#I0il TOUKU.

Puc. 3. Ilone HanpaBieHUit
U ero MHTerpajibHad KpUBas

3AMEYAHUE 2. 3aech U B JajbHeilIIeM Bce
BeTpeyaromueca 00beKThl (DYHKIUU, 0TOGpa-
JKEHUA, . .. ) IPeANoaralnTcA rajKkiuMH, T. €. HEIPEPbIBHO AuddepeHnupy-
eMbIMH HY#HO€e UHCJIO pa3, eclid He oroBopeHo npoTuBHoe. [lone HanpaBie-
HUIi Ha3bIBaeTCA HeNpPephIBHBIM (IVIafKNM ), eCId MPAMbIE [0JIA HepPephIBHO
(rmagko) 3aBUCAT OT TOYKH NPHIIOMKEHUA.

3AMEYAHHUE 3. AHaloru4HbIM 06pa3oM ompelenAeTcH Mole Hanpasie-
HUA (OPAMBIX) B M-MEPHOM NpPOCTpaHCTBe (4 Takke Ha MIO6OM [IaJKOM
MHOro06pasumu).

Onpenenenue. JIuHuA, KoTOopasa B Kam a0l cBoei

x\q -~ TOUKe KacaeTcA HMeIoLerocd B 3TOH TOUKe HANpaB-
JIeHWA T0JIA, HA3bIBACTCA UHIMe2PAAbHOL KPUBOL TONA
N2 $ HanpabJeHUi.
X oo o F

t HaszBanue (UHTerpaljibHble KpUBbIE) o0bACHAETCA
TeM, YTO B HEKOTOPLIX ciiydaAX 3TU KPUBLIE MOMHO
HailTu Ipu MOMOIIU ollepalilii UHTErprUpPOBaHUA.

Puc. 4. Ilone unBa-
pHUaHTHOe OTHOCHU-
TeJIbHO BepTHKAaIb- ITpuMmEP. IlpenmonosuM, UTO HeNpepPbIBHOE TOJIE
HBIX CIBUTOB HanpaBjleHUul Ha IJIOCKOCTU IepeXxoAUT B cebA IpH

BCeX CIBUrax BJ0Jb HEKOTOpOH NPAMOH U He coaep-
MUT NapalielbHbIX el HalpaBieHUuH (pI/IC. 4).

Teopema. 3adava omulCKAHUA UHIMEZPAALHLLIT KPUBLLY MAK020 NOAA
ecmv 68 MOYHOCMU 3a0a4a UHMe2puposarHus 0aHHOU HenpepuleHol PyHKUUU.

JOKA3ATEIBCTBO.
BriGepem cucTemMy KOOpOMHAT, B KOTOPOIi JaHHad NpAMas — BepTH-
KanbHafA 0Cb OPJUHAT, a 0Chb abCIUCC TOpU3OHTaNbHA. HTerpaihHad Kpu-
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Bafd nojiA 6e3 BepTUKAIbHBIX HampaBileHUil fABifAeTcA rpadukoM QyHKIUU.
IIpousBoaHas 3Toit pyHKIMU paBHA TaHTeHCY yTJja HaK/IOHA rpaduka K ocu
abcuuce. 'padpuk — uHTerpainbHad KpuUBafd Torja M TOJNbKO TOrAa, Koria
3TOT TAHTeHC paBeH TaHTeHCy yTIJja HaKkjJIOHa NPAMOH JaHHOIO NOJA K OCH
a6cnucc. Ho ToT mociennuit Tanrenc — usBecTHad GyHKIMA abeuuccsl (mo-
CKONIbKY MOJIe MEPEeXOAUT B ce6f IpU cABUrax BAoAb ocu opaunar). Ciemo-
BaTelbHO, GYHKIUA, rpadhuKOM KOTOPOH ABIAAEeTCA UHTerpalbHaA KpUBas,
MMeeT NPOU3BOAHON U3BECTHYIO QYHKIUIO U, 3HAUUT, ABJIAETCA ee NepPBO-
ob6pa3Hoii, yTo U TpeboBanoch NOKa3aTh.

O6o3naunM abcnuccy 6yKBoOit ¢, opAuHaTy — GYKBOI x, TaHT'eHC yTia
HAK/IOHA NpPAMOW MOiIfA — u3BecTHaA GYHKUUA v(t), MHTerpalbHad KpU-
Bag — rpaduk HeusBecTHo# dyHruuu . Kpusaa x = ¢(t) unrterpainbuas,

eclid U TOJbKO eclu C(lj—s: = v(t). Ilo Teopeme Bappoy! ¢ = [ vdt+ C.

B obmewm ciyuae 3agaya OThICKAHUA UHTErPaIbHbIX KPUBBIX HE CBOIUT-
cAd K onepanuy WHTErPUPOBaHUA: Jaie JJId OYeHb NIPOCTO 3aJaBaeMbIX II0-
Jleii HapaB/eHUl Ha IJIOCKOCTU YPaBHEeHUA UHTEerpalbHbIX KPUBBIX HElb3f
IpeJCcTaBUTh KOHEUHbIMU KOMOMHALUAMU 3jIeMeHTapHbIX GYyHKLUUI U UH-
Terpainos?.

4. IuddepeHnajlbHOoe ypaBHEHHUE U €ero
peuieHUA. ['eomeTpuyeckas 3ajaya OTbICKaHUA UH-
TerpajlbHbIX KPUBBIX aHANUTHUYECKHU 3alMchbIBaeTCA
KaKk 3ajaya OTbICKaHWUA pelleHui AuddepeHHaNb-
Horo ypaBHeHud. [Ipeanonoskum, 4To moie Ha miIoc-
Koctu (¢, ) He COMEP!KUT BepTUKAIbHBIX HAMpaB-
neHuit (He mapamnenbHO OCH OpAMHAT,  (puC. 5)).
Torpa tanrenc v(t, x) yria HakIOHA NPHIOMKEHHO
B Touke (¢, x) NpAMOIl MoaA K ocu aGCuuce KOHe- Puc. 5. Tpaduxk perme-
YeH U, MHTerpaibHble KPUBbIE ABIAIOTCA rpapura- o TG pepeHTHATE-
mu QyHKIMA = ©(t). HOTO ypaBHEHUA

Me1 6ygeM npeamnonaraThb, 4To 06J1acThIO OIpe-
neneHud GYHRIOUU @ ABafAeTcA uHTepBan I ocu t. OueBuaHa

Teopema. Jaa mozo wmobsvt epadur PyHryuu @ Obla UHMEZPALLHOL
Kpueoll, Heo6xodumo u docmamoiHo, ¥mobvl npu ecex t us I evinoansasocsy

Y. Bappoy, 1630-1677, yuutenr HploToHa, MOCBATMBIIMII KHUTY B3aUMHO 06paT-
HOCTH 3a/1a4 O KacaTelbHbIX U ILIOMAgAX.

2TIpumep: TaKoOBO Mojie, B KOTOPOM TaHTeHC yTila HaKjJOHa MPAMOM, NMpPUJIOHEHHOI
B Touke (t, ¢), ¢ ocbio x pased x> — ¢ (JluyBuIb).

2 3axkaz Ne 117
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COOImHouleHue
d
= ot e (1)). 1)

Onpenenenue. DyHRIUA ¢ Ha3bIBaeTcA peuwleHuem OuddepeHnna€b-
HOI'0 ypaBHEHUA

z = v(t,x), (2)

€CJIM OHa yJOoBJeTBOpPAeT COOTHOUEHUIO (1) (T. €. €CJI1 «IIpU MoaCTaHOBKE ee
B ypaBHeHH€e BMeCTO * ypaBHeHUe OﬁpaH_IaETCH B TOH‘\'I{ECTBO»).

Onpepneaenue. PemeHnue ¢ ydosaemeopsem HAYAABHOMY YCAOBUIO
(to, o), ecam ¢(to) = xo.

Takum 06pa3oM, pellleHHMe — 3TO 3aJJaHHaA Ha MHTepBane QYHKIUA,
rpaduK KOTOpOil — HUHTerpajibHaA KpHUBafd; pelleHUEe YyJOBIETBOPAET Ha-
JyalbHOMY ycaoBuio (tg, o), €CId UHTerpajibHafd KPUBafd MPOXOAUT Yepesd
AaHHYIO TOYRy (puc. 5).

[IpuMEP. Pemienue mpocTeiiniero ypaBHeHua & = v(t) ¢ HaYalbHBIM
ycaoBueM (tg, xo) naerca gopmyaoti bappoy:
t

o(t) =x0 + / v(T)dr.

to

Besakoe nuddepennuanbioe ypaBHeHue (2) onpefensieT mole Hampas-
JeHUI HA IOCKOCTH: MPUJIOMEHHaA B TOuke ({, x) mpAMaA UMeeT TaHTeHC
yria HawioHa v(t, x). To Iojie KOpoue HA3bIBAETCA NOAEM HANPABAEHUL U
U noaem HanpasieHull ypasHenus (2).

5. JBoOJIOLINOHHOE ypaBHeHHE ¢ OJHOMEePHBIM (a3oBbIM NpoO-
cTpaHcTBOM. PaccMoTpuM ypaBHeHMe

& =v(x), z € R.

JTo ypaBHEHME ONUCHIBAET IBOJIOLUOHHBIN TpOIece ¢ OJHOMEPHBIM (hazo-
BbIM IpocTpaHcTBoM. IIpaBas yacTh 3amaeT eexmoproe noae $asosoli cko-
pocmu: B TOUKe x mpuioxeH Bektop v(z) (puc. 6, cieBa). Takoe ypaBHeHHe,
npaBas yacTh KOTOPOTO He 3aBUCHUT OT {, Ha3bIBaeTCA a6MoHoMHbLM. CKO-
POCTh 3BOMIOLMU ABTOHOMHOI CHCTEMBbI, T.€. CUCTEMbI, He B3aUMOJElCTBY-
I0lel ¢ JpyrMMHU, ONpeendeTcA OQHUM JHUIIb COCTOAHUEM 3TON CHCTEMBI:
OT BpeMeHHM 3aKOHbI MPUPOJbI HE 3AaBUCAT.
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Touku, rae v obpamaercda B 0, HasplBAlOTCA NO- X x
AOHCEHUAMU PasHOGecUA (TAKHEe CMAYUOHAPHBLMU TMOY- T P
KaMU WA 0co0bLMU MmoYkamu) BeKTopHoro nond. Ecmu g% bol - - —o-
a — TIONO}eHUe paBHOBecHd, TO ¢(t) = a — pelleHue Y V[ o o
ypaBHeHus (TIpolecc, HaYaBIIKCh B COCTOAHUU a, BCET-

Ia B HeM ocTaetrcd). Ha puc. 6 BuaHO ofHO monoMeHNe Puc. 6. BerTopuoe
paBHOBecHA, a. BUIHO, 4TO 3TO MOJOMEeHHe paBHOBe- [101€ M I101€ HATIpaB-
CHAl HEYCTOMYMBO: IPY MaIOM OTKJIOHEHUH HauaqbHoro o o JUA ypapHe:
YCIOBHA OT paBHOBECHOro (asoBad TOUKA ¢ TedeHmeM o & v(@)
BpeMeHH yJalfeTcA OT MOJNOMEHUA PABHOBECHA.

Ha puc. 6 u3oGpameHo Takae moje HampaBieHWH paccMaTpUBaeMOro
ypaBHeHuA. IIoCKONbKY v He 3aBMCUT OT t, Iole IEepPeXoQuT B cebA IpH
cIBUTAax BIOIb OCH t.

CoriiacHo TeopeMme M. 3, 3ajaya NOCTPOEHMA HUHTErpPalbHBIX KPUBBIX
JTOr0 IMOJIA pellaeTcA OJAHUM HHTerpupoBaHueM (B 06iacTu, rje Ioje He
napanieibHo ocu t, T.e. rjae HeT paBHoBecuil, v(x) # 0). llpegnonoxum,
4TO (PyHKIUMA v HENpPepbIBHA U HUTJe He oOpamaerca B (. Brinuiem ABHYIO
(bopMyity, ONpefelAOyI0 UHTerpalbHble KPUBBIE.

TaHreHc yria HaKJIOHA Haulero noif K ocu z pased 1/v(z). Cuemo-
BaTeNbHO, noae Hanpaeaenull ypasnenus dx/dt = v(x) coenadaem c noaen
HanpasaeHul ypasrenus dt/dx = 1/v(x). 3HaUUT, COBIAAIOT U HHTErPAllb-
Hble KpHBble 3THX ypaBHenuii. Ho WHTerpaibHasa KpuBad BTOPOro JaeTcA
(dopMmynoit Bappoy; B JaHHOM cllyyae OHa UMeeT BU]I

[ e
= [ o ®)

o
Taxkum ob6pa3oM JoKazaHa

Teopema. Pewenuex = ¢(t) ypasnenusn & = v(x) ¢ HenpepwvleHOT U He
obpawarnuwetica 6 0 npasoil wacmovio, ydoeaemeopawulee HALALLHOMY YCAO0-
suto (to, o), daemca gopmyaot (3). O6pamno, gynryus © = p(t), onpede-
asneman gopmyaoil (3), aeasemcs peuweHuem u yooeaemeopsem HALAAbHOMY
YCA08UIO.

3AMEYAHHUE. «MHeMoHMUYeCcKHily crnoco6 3anoMuHaHuA (Gopmyisl (3)
COCTOHUT B clieylouieM. 3aniuieM HCX0QHOe ypaBHeHue B Buje dx/dt=v(x).
XoTAA B Kypcax aHaiu3a IpY BBEIEHUU MPOU3BOAHON yuaT, uto dx/dt He
Ipo6b, a eJUHBII CUMBOJ, 6y/leM 06palaThCcA ¢ 3TUM CUMBOJIOM Kak C Jpo-
ObI0 U TepenuileM ypaBHeHHe, coOpaB Bce T clieBa, a Bce ¢ CIpaBa, B BUJE
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dz/v(z) = dt. UuTerpupys neByio U NpaBylO 4acTH, MOJdydaeM COOTHOIIe-
nue t = [dz/v(z), 1.e. (3).

B }.IEI'/'ICTBI/ITeIIbHOCTI/I 3TOT CHOC06, P{OHe‘IHO, 6OJIbllIe, yeM MHEMOHHUYeCHKoe
HpaBHJIO. HeﬁﬁHHu He cTajl Obl BBOOUTH CJIOHHOE o0o03HauUeHue Z—:tv, ecau ObI He

“Mel B BUAY caMmoil HacTosAmeill npo6u: dr deaennoe Ha dt. Jeao B ToM, 4TO dx
u dt — BOBCe He TAUHCTBEHHbIE «GECKOHEUHO Malble» BEINYUHBI, a BIIOIHE KOHEY-
Hble YKciIa, TOYHee — GYHKIUU BEKTOpa.

Ai
r
e
I A;
Ll 1 gl |
U;
Puc. 7. Yucautensb u 3Ha- Puc. 8. Onpenenenue
MeHaTeab aApo6u dxz/dt uHTerpaia 1-¢gopmsbl

Pacemotpum (puc. 7) IpUIOKEHHBIH B KaKoi-1u60 Touke BeKTOp A CKopoc-
TH ABHKEHUA Ha INIOCKOCTH, HAa KOTOPOU (GUKCHpoOBaHbl KoopauHatsl (¢, ). Cko-
pPOCTh U3MEHEHUA KOOPIUHATHI ¢ IIPU 3TOM ABMMKEHUU ABIAETCA QyHKIMEH 3TOro
BeKkTopa. OHa n1uHelHa. dTa TUHeliHaA QYHKIMA BeKkTopa U o6o3HauaeTcA dt. Ha-
npuMep, 3HaueHue 3Toi ¢yHKUMM Ha BekTope A ¢ xKommonentamu (10, 20) ectb
dt(A) = 10. Touno rak e onpenenserca dr(A) = 20 — cKOpocTbh U3MEHEHHHA
KOOP/AMHATHI & NPH JBUKEHUH C BEKTOPOM CKOpocTH A, Tak 4yTo A MMeeT KOM-
noHeHTh! dt(A), dz(A). OueBUIHO

IIpennoskenue 1. Jas awbozo sexkmopa A, kacawowezocs zpadura 2aadroi
Pynkyuu x = @(t), omnowenue dx(A)/dt(A) pasno npouseodnoil dxz/dt Pymk-
yuu p 6 coomeemcmeyouell moixe.

Takum obpasom, ypaBHenue dx/v(z) = dt ecTb coomuouenue mexncdy aunet-
HolMU FYHKYUAMU OM CEKMOopa, KACAU,e20CA UHMe2PaIbHOl KPUEOLl.

DyHKRIUM [PUIOMEHHOI0 BeKTOpa, JUHEiHble NPU (QUKCHUPOBAHHOU TOYKe
NpUJI0oMKEHUA, Ha3pIBalOTCA duddepernyuarvroimu 1-gopmanu.

Beakaa nquddepennnanpHasa 1-¢popma Ha miockoctH (¢, ) MoskeT GbITH 3a-
nucaHa B Bujie w = adt + bdx, rae a u b — GyHKIUM HA IIOCKOCTH.

NuddepeHnuanbHbie GOPpMbI MOMKHO HHTEIPUPOBATh BAOIb OPHUEHTHDPOBaH-
HBIX OTPe3KOB KpUBbIX. BriGepem Ha oTpe3ke I' KpuBoOil Ha MIOCKOCTU OpPUEHTHU-
pylouuii napameTp u, T.e. npegcTaBum I' B Bunge ob6pasa riagroro oro6paxkeHUs
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v: I = R? (puc. 8) oTpeska ocu u B mIOCKOCTb. UHTerpan ¢opmsl w Broas I'
onpejelAeTca KaKk YUCIO

d
/wz/w('y') du, roe +' = ﬁ
r T

WHbIMH clOBaM¥, UHTErpal — 3TO Npele] HHTerpaibHbIX cymm » w(A;), rie
A; = ~'(u;)A;; 3mech u; — TOUKHM OeneHUA oTpeska | Ha OTPE3KU [IUH
A; = ui4+1 — u;. Bekrop A; racaerca I' u JIumb MalibIMU BbICIIEr0 MOPAJKA OT-
HOCHTENbHO A; OTINYAETCA OT BEKTOPaA XOP/bl, COeAUHAIONIE}H N0CIe[0BaTelbHbIE
TOYKHN fenenus Ha I' (puc. 8).

W3 TeopeMbl 0 3aMeHe IepeMeHHO B OlpeeleHHOM HHTerpaite’ BhITekaeT

IIpennoskenue 2. Humezpaa 1-gopmol no opuenmuposanHnomy ompesKy Kpu-
601 He 3agucum om 6v.60pa napamempd, co2Aaco08aHH020 ¢ opuenmayuet (npu us-
MEHEeHUU OpUEeHMAYUU UHMeZPaL MEeHALM 3HAK).

OyeBUIHO

IIpennoskenue 3. Humeepaa 1-dopmv f(x) dx no ompesry kpusod, na ko-
MOpoM T MONHCHO NPUHAMb 34 naApamemp, coenadaem c 00blYHbLM ONpedeseHHbLM
unmeepasom gynryuu f.

Bepuemes K [JokasaTeabcTBy dopmyust (3).

3uauenns qud depennuanbeix popm dz/v(z) u dt Ha BekTOpax, KacarmuX-
cAl HHTerpajlbHOU KPUBO, COBIIaAal0T. 3HAYUT, UX MHTErpalbl BAOIb OTpe3Ka KpU-
Boii paBHbI. CorilacHO NMpeoKkeHUIO 3, UHTerpal NepBoii ¢opMbl paBeH IpaBoii,
a BTOpO# — 1eBoil yacTu Gpopmyisl (3).

6. IIpuMep: ypaBHeHUe HOpMa/lbHOro pa3MHoxeHUA. [Ipeano-
JOM UM, UTO BeJUYHHAa OuonornyecKomn nonynAaunuunu (Hanpnmep, KOJINYEeCTBO
GakTepuu B vaiike [leTpyu uau pri6 B NpyAy) paBHa & ¥ YTO CKOPOCTh NpH-
pocTa mpomopluoHalbHa HATMYHOMY KOMU4ecTBY ocobeit. (dTo mpeamono-
#eHNe NMPUOIUAEHHO BBINOJHAETCA, IOKAa UL JOCTaTOYHO MHOFO.)

Hame npennonosenue Bblpamaerca duddepeHyuanvHuim yYpasHeHUueM
HOpMAABHO20 DAIMHONCEHUA

i=ke, k>0.

ITo cmbicny 3agaun x > (), Tak 4TO MOJe HANMpaBlIeHUI 3a/laHO B MONYIIOC-
KOCTH; OHO H306paeHo Ha puc. 9. I3 Buja nond HanpaBleHUit ACHO, YTO &

19Ta Teopema oTkpbITa Bappoy HMeHHO NMpH peleHUH NMpocTeHmux AuddepeHInab-
HBIX ypPaBHEHUH, Telepb Ha3bIBAEMbIX YPAaBHEHUAMHU C Pa3JeNAOMUMUCA [T€ePEeMEHHBIMU.
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pacTeT ¢ pocToM ¢, HO HeACHO, GyAYT 1M OeCKOHEYHBIE
3Ha4YeHHUA T HOCTUTHYTHI 3a KOHEUYHOe BpeMA (BepTUKAaIb-
Hafg acUMITOTa ¥ HHTEerpalbHO! KPUBOI) HIU ke pelieHrne
ocTaeTcA KOHeYHbIM npu Bcex t? Hapany c GymymuMm He-

ACHO TaK#ie W Npoulioe: OyAeT JU UHTerpajlbHag KpUBaf
Puc. 9. VYpas- crpemuTbes K ocu = 0 1pu cTpeMieHUM ¢ K KOHEYHOMY
HEHNE PasMHO-  orpunaTelbHOMY Npelelry WIH K 6eckoHeyHOMY 7
menus & = kx K cuacTblo, ypaBHeHNe pa3MHOKEHMA pellaeTcA ABHO
10 mpeAbLAyINell TeopeMe: cornacHo Gopmyie (3),

k_f’

Zo

t—to =

100000
10000

1000 -

K
0
RS
(300) | S
kS

Yucno acypHaros

10

1 1 1
(1665)170017501800 18501900 1950
T'odwt

Puc. 10. Poct uymcina opuru-
HalbHBIX U pedepaTUBHBIX Ha-
YUYHBIX KYpHalIoOB ([0 KHHIe
B. B. HanumoBa u 3. M. Myub-
yenko «Haykomerpusy (M.:
Hayra, 1969))

k(t — t()) = ln({[;/xo)’ T = ek(t_to)xo.

CrnenoBaTenbHO, pellleHHUA ypaBHEHHUA HOp-
MalbHOTO pa3MHOMEHHA BKCIOHEHI[UAIbHO
pacTyT mpu ¢t — +00 U DKCIOHEHL[HAIbHO
yObIBalOT Npu £ — —00; HU OecKOHeuHble, HU
Hy.aesble 3HAYEHUA T NPU KOHeuHblx t He Jo-
cmueatomea. [Ina yaBoeHuA KonudecTBa Ha-
CeJIeHUA, COIIacHO yPABHEHUIO HOPMalbHOI'0
pa3sMHoOMeHUuA, Tpebyerca, TakUM 06pa3oM,
Bcerja OJIHO U TO e BpeMfA, He3aBHUCUMO OT
ero KoiuyecTBa (IEepPUOJ yJBOEHHA Haceie-
A 3emiu ceituac nopagka 40 net). Hayka
1o cepenanHbl XX BeKa TaKike pocia KCIO-
HeHIHanbHO (puc. 10).

To e camoe nuddepeHnuanbHOe ypaB-
HeHHe C OTPUIATeNbHBIM k ONHCHIBAET pa-
JUOAKTHUBHBII pacnai. 1A yMeHbIIeHUA Ko-
IMYecTBa PaJlMOAKTHBHOI'O Bel[eCTBa BJBOE
tpebyeTca BpemMa T = k~!1n2, HezaBUCUMO
OT HaYalbHOTO KOJIMYECTBa BellecTBa. JTO

BpeMA HasbiBaeTcA nepuodom noaypacnada. Ilepuon momypacnaga mupoKo
M3BECTHOro u3orona pagua-226 — 1620 net, a Haubo/ee pacnpocTPaHEHHO-
ro uszorona ypana-238 — 4.5 - 10° ner.

To e ypaBHeHHe BCTpedaeTcd U B OOJNBIIOM uucle OPYTUX 3agad
(B manmbHeiilmeM Mbl YBUAUM, YTO 3TO He CIy4YaillHOCTh, a MPOABIEHHE 3a-
KOHA MPHUPOJbI, M0 KOTOPOMY «BCAKafAy GYHKIUA JTOKAlIbHO MPUOIUKEHHO

JAuHenHa).
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3A1A49A 1. Ha rakoii BbICOTe INIOTHOCTb BO3[yXa BABOe MeHbINEe, 4yeM Ha
noBepxHocTH 3eMin? TemnepaTypy CYMTaTh NOCTOAHHOM, Ky6OMeTp BO3AyXa Ha
noBepxHocTu 3eMiu BecutT 1250T.

OTBET. 81n2 KM = 5.6 kM — BbIcoTa Jabbpyca.

7. Ilpumep: ypaBHeHUe B3pbIBa. lIpeanonoxum Tenepb, YTO CKO-
pOCTh NMPUPOCTA NPONOPIUOHAILHA HE KOIMYECTBY 0cobeil, a KOIUYECTBY
nap:

i = ka?. 4)

B 5ToM caydae npu GOMbIIKX & TPUPOCT UAET TOpa3fo
fbIcTpee HOPMalIbHOIO, a IPU MaJbIX — ropasjio Mej-
neHHee (Ta CUTyalUA BCTpevaeTcA CKopee B GU3UKO-
XHMMYECKHUX 3a/lauax, Tle CKOPOCTh PeaKkldy MpPoINop-
IHOHANbHA KOHIEHTPAlUAM 06OUX peareHTOB; BIPO-
yeM, B HacTofllee BpeMs KUTaM HeKOTOPbIX BIJOB Tak t
TpyJHO HaiiTu cebe Mapy, YTO pa3MHOMEHHe KHUTOB

NoJYMHAETCA ypaBHeHuIo (4), mpuyeM & Maino). Puc. 11-'ypa‘3?e““e

lone HanpaBieHuil Ha BUJA Malo oTauyaeTcA or DSPPIBA T =T

TAKOBOTO /A clyyad oObIYHOrO pasMHoOmeHuA (puc. 9), HO BbIUMCIEHHA
I0Ka3blBaIOT, YTO MHTerpaibHble KpHBble BeJyT cebA COBEpIIeHHO IO-

npyromy. Ilpeamonosum mada mpoctothl, yto k = 1. Ilo dopmyne Bap-

poy HaxoguM pelleHue t = d—f—l—C, T.e. * = —ﬁ npu t < C.
- —

WurerpanbHbple KpuBble — TN0MOBUHBI rumepbon (puc. 11). T'unep6o-

Ja UMeeT BepTHKalIbHYIO aCUMITOTY.

Urax, ecau npupocm HaceseHus nponopyuoHaser Yuciy nap, mo Koau-
4ecmeo HacenleHUs CMAHOBUMCA 6eCKOHeYHO 00AbUUM 34 KOHEYHOEe 8DPeMA.
@Pu3snyeckn 3TOT BbIBOJ COOTBETCTBYET B3PbIBOOOPAa3HOMY XapaKTepy INpo-
necca. (Pazymeercs, npu ¢, cauimkoM 6nuskoM k C, ujeannsanus, NIpUHATAA
IpU oNKcaHuu npouecca auddepeHINalbLHbIM ypaBHEHEM, HENIPUMeHUMa,
TaK YTO pealbHOE KOJIMYECTBO HaceleHUd 38 KOHEUHOe BpeMsA 6€CKOHEeUHbIX
3Ha4YeHUI He JOCTHUTaeT).

HHTepecHO OTMETHTh, YTO BTOpAaA MOA0BUHA runep6onsl ¢ = (C — )~ ! Tak-
ke ABIAETCA WHTErpalbHON KPUBOM Hallero ypaBHeHUA (ecId NMPOMOIMUTH €ro
¢ noxyocu = > 0 Ha Bcio ochk ). Pemenus, cooTBeTcTBYIOmMKe 06€UM MOJIOBUHAM
runep6oabl, JaOTCA OAHON U TOH e GOPMYII0ii, HO HUKaK He CBA3AHbI MEMLY CO-
6oit. CBA3L MesKIy 3TUMM pelleHMAMU BOCCTAHABIUBAETCH, €CIM CUNTATh BpPeMA
KOMIIIEKCHBIM WM €ClId KOMIaKTH(HUUPOoBaTh ahGUHHYIO OCh & [0 MPOEKTHB-
Hoit npAMo#t (cM. ri. 5).
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3a1A9A*1. Kakue u3s quddepeHnnanrbHblX ypaBHeHUH & = x"° ONpeenfioT
Ha a¢¢UHHOI NPAMOIi Mose $a30BOii CKOPOCTH, Npojoaalomeecsa 6e3 ocobeHHoC-
Tell Ha IPOEKTUBHYIO NIPAMYIO?

OTBET. n =0, 1 uau 2.

8. IIpumep: JdorucTUuecKad KpuUBafd. YpaBHeHHe OGBIYHOTO pas-
MHOM€HUA & = kx NPUToJHO, NTUIIb MOKAa YUCIO ocobell He CIUIIKOM Be-
auko. C yBennueHueM uucia ocobeil KOHKYPEHUUA M3-3a NMUIIM OPUBOAUT
K YMeHbIIEHUIO CKOPOCTH mpupocTa. IlpocTeiiee mpeanono:keHne cocTo-
UT B TOM, 4TO Ko3(dunueHT k 3aBUCHUT OT & KaK JIUHeilHad HeOJHOPOAHAA
¢byHKUUA (IpH He CIUMKOM GOMBUINX T BCAKYIO MNagKy0 GYHKIUIO MOKHO
anmnpoKCMMMPOBAThb JUHEHHON HEOJHOPOMHO!): k = a — bx.

MbI IpUXOAMM TaKUM 00pa3oM K Ypa8HeHUI0 PA3MHONCEHUS C YLemom
konrypenyuu & = (a — bx)x. KospduureHTsl a U b MOMKHO NPEBPATUTH
B eIMHUIY BbIOOpOM MacuiTaboB ¢ U x. Mbl monyyaeM Tak Ha3blBaemoe
JAo2ucmuyeckoe YypasHeHue

t=(1—-x)x.

BekTopHoe mone a3oBoii CKOPOCTH v U TOJe HATIPABJIEHHi Ha MIOCKOC-
tu (¢, ) nsobpamens! Ha puc. 12.

x
x X
Y 1oow ~oo ol oo \
\ -o- —-0- —-0- -O—
-0~ 0= 0= O

oo o o
PANRUF O OF o t
Puc. 12. BerTopHoe moie Puc. 13. HUHTerpain-
U TI0JIe HallpaBlIeHUii ypaB- Hble KpUBBbIE ypaBHe-
HeHus & = (1 — x)z Hua & = (1 — x)z

Mg1 3akiai04yaeM OTCIOJa, YTO UHTErpalbHble KPUBbIE BBITIAAAT, Kak
nsobpaniero Ha puc. 13. TouHee roBops, Mbl BUAUM, UTO

1) oporecc uMeeT ABa monoeHuA paBHoBecusa: ¥ =0 u x = 1;

2) mexnay toukamu 0 u 1 mone HampaBieHo ot 0 kK 1, a mpu > 1 —
K Touke 1.

Takum o6pa3oM, noioxenue pasHoBecud () HeycTOHUYMBO (pa3 MOABUB-
meecHd HaceleHHe HAYMHAET PAcTH), a [OJ0}eHue paBHoBecud 1 ycToi4nuBo
(MeHblIee HaceleHHe pacTeT, a Gonblilee — yGbIBaET).
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Karum 6ol Hu Gblao HavaavHoe cocmosanue x > 0, ¢ meveHuem spemen
npouecc 6bLrodum ¥ ycmotiiueomy cocmoanuio pasnosecus x = 1.

U3 31X cooGpaseHuil HEACHO, OJHAKO, MPOUCXOJUT JU ITOT BBIXOJ
3a KOHEYHOe WM 3a GeCKOHeuHoe BpeMA, T.e. UMeIOT M HHTerpalbHble
KpUBbIe, HauaBinuecA B o6nactu 0 < x < 1, o6ue Toyku ¢ npAMoi x = 17

MozHO MOKa3aTh, YTO TAKMX OOI[UX TOYEK HET M UTO 3TU UHTErpajb-
Hble KPKBble aCMMITOTUYECKH CTPEMATCA K npAMod x = 1 mpu ¢ — +00
U K npAMoit ¢ = 0 npu t — —00. ITU KPUBbIE HA3BIBAIOTCA L02UCMUYECKUMU
kpuebtmu. TakuM 06pa3oM, JOrUCTHYECKasA KPUBad UMeeT Be TOPU30HTalb-
Hble acuMnToThl (£ = 0 u 1) 1 onuckiBaeT nepexox ot oguoro coctoanus (0)
K apyromy (1) 3a GeckOHeYHOE BpEMH.

3AAYA 1. HaiiTu ypaBHeHUe JOTMCTUYECKON KPUBOIL.

_ dx _ T et
PEmEHUE. Ilo ¢popmyne (3) t = =In , WU @ = 7
z(1 —x) 1-= 1+e
dTa dpopMyna [0Ka3bIBaeT YKasaHHOE BbILIE aCHMITOTHYECKOE CBONHCTBO JI0-
TUCTUYeCKOIl KpUBOIi.

3A7AUA 2. JlokasaTh, YTO UHTErpalbHble KpuBble ypaBHenusa & = (1 — z)x
B oGmacTu = > 1 acUMIOTOTHYECKH CTPeMATCA K mpaAMoil ¢ = 1 nmpu t — 400
U UMeIOT BepTUKalbHbIe aCUMITOTHI ¢ = const.

IIpu mansix = JorucTUYecKas KpUBafd MPAKTHYECKH HEOTIMYMMA OT 3KCIO-
HEHIMaNbHOM, T.e. KOHKYPEHIUA Malo BiufAeT Ha pocT. OpHakKo mo Mepe yBe-
NUYEHUA T POCT CTAHOBUTCA HE’KCIOHEHIUANLHBIM U BOIU3U T = Y, BKCHOHEH-
nuaibHaAd KpUBad Pe3K0 YXOQUT BBEPX OT JOTHCTHUYECKOM; B AalbHeHIIEM JI0-
FHCTUYECKHI POCT ONMUCBHIBAET HAChI[eHHE CHCTEMBI, T.e. YCTaHOBIEHHE B Hel
paBHoBecHoro pexunma (z = 1).

o cepenunbl XX Beka Hayka pocia 3KcmoHeHnuanabHo (cM. puc. 10). Ecau
TaKoil pocT GymeT mpomommarbed, To kK XXI Beky Bce HaceleHue 3eMiu OyneT
3aHUMAaThCA HAYKOM, a AIA HeyaTaHUA HAYUHBIX CTaTeldl He XBAaTUT BCeX JECOB
nnanersl. CleqoBaTeNbHO, paHblle JOMAHO HACTYNUTh HACBIIEHWe: Mbl HAXOIUM-
cA BOIM3M TOro MecTa, I'/ie IOrMCTUYeCcKasa KpuBad HauMHAeT OTCTaBaTh OT JKCIO-
HeHnuanbHoi. Hanpumep, ynciio MaTeMaTUYeCKUX CTaTell B HayUYHBIX KYypHalIax
Hociie BTOPOi MUPOBOM BOMHBI 110 70-X TOI0B YBeINYMBAIOCh Kaabli rofa Ha 7%,
a mocieqHue HeCKONbKO J1eT — MelJeHHee.

9. IIpuMep: KBOTHI oTJa0Ba. Jlo cux Mop MbI paccMaTpuBalIl cBOOOI-
HYIO MOMYJNALNUI0, pa3BUBAIOIIYIOCA N0 CBOMM BHYTpPeHHUM 3akoHaM. [Ipen-
MOJI0KUM Teleph, YTO MbI OTJIABINBAEM YaCTh MOMYIANUN (CKaeM, TOBUM
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pbiOy B npyAy uiau B okeane). Ilpeamomnosum, 4To CKOPOCTh BBLIOBA MOCTO-
AHHA. Mb1 nmpuxoaum K guddepeHnIarbHOMY ypPaBHEHUIO OTJIOBA

t=(1-z)zr—c

Benuuuna ¢ XapakTepuayeT CKOPDOCTb BBLIJIOBA WM Ha3bIBaeTCH Keomoil. BI/I}I
BEKTOPHOI'O IIOJIA U IIOJA (1)3301301"4 CKROPOCTH NPHU pPaz3jIMYHbIX 3HAYEHUAX
CKROPOCTH BLBIJIOBa ¢ INOKa3aH Ha puc. 14.

Mber BUIWUM, UTO NPpU HE CIUIIKOM 6obI10i

x | x w cropoctH BbloBa (0 < ¢ < 1/4) CyLIeCcTBYIOT JBa
BYy, [ _——  nonomenusa paHoBecus (A u B na puc. 14). Hum-

T /— Hee monoxieHune paBHoBecuA (r = A) HeycToiiuu-
v (A4 \ ! Bo. Eciu no kakuM-1u60 npuunnam (nepeinos, 60-

x x 7e3HW) B HEKOTOPHIi MOMEHT BeIUYMHA MOMYJIf-
} \ﬂ MU T OMyCTUTCA Hie A, To B faibHeillieM BcA

MOy IALMA 3a KOHEUHOe BPeMA BbIMpeT.
t BepxHee nonoxenue paBHOBecuda B ycToituu-
x | x c>1/4 ~ BOT9TO CTallMOHAPHBIIl Pe#yM, Ha KOTOPBIl BbI-
XOJUT MOMYJAIMA NP MOCTOAHHOM OTJIOBE C.
\ Ecau ¢ > Y/, To paBHOBecuit HeT U Bed momy-
v l t JAuUA OyIeT OTIOBIeHa 3a KOHeYHoe BpeMH (cTell-
lepoBa KOpoBa H T.IL.).
Puc. 14. Ypapnenue or- Ilpu ¢ = Y/, umeercs oaHo HeycToRUMBOE CO-
mopa & = (1 —2) —¢  orogupe pasHoBecns (A = B = Y,). OTa0B ¢ Ta-
KOl CKODOCTBIO NPU J0CTATOYHO GOJbIIOH HAaYalbHOIH YMCIEHHOCTH MOIY-
JAOMA MaTeMaTU4YeCKH BO3MOeH B TeYeHHe CKOJIb yTOJHO JIUTEIbHOTO
BpeMeHH, O[HaKO CKOJIb YT'OJJHO Majloe KojllebaHUe YHCIeHHOCTH yCTaHOBUB-
uIejicAi paBHOBECHOM! IMOMYJIANNN BHU3 MPUBOJUT K NOIHOMY BBLIOBY MOIY-
JALIMA 38 KOHEYHOe BpeMl.

Takum o6pa3oM, XOTA TeOpeTHYECKH [IOIMYCTHMbI JIOGble KBOTBI,
BILIOTH 10 MakcuManbHoii (¢ < Y,), makcumarvnas keoma c = Y/, npusodum
K Heycmotlitusocmu u Hedonycmuma. Bonee Toro, npakmuyecku Hedonycmu-
Myl U Gauskue K Y/, Keomwl, TaK Kak IpM HUX omacHlil mopor A 61M30K
K ycTaHOBHUBIIeMycA pe;kuMy B (HeGoibluye ciydaliHble OTKJIOHEHHA OT-
GpachIBalOT NOMYJIALNMIO HUMe nopora A, mocie yero oHa moru6aer).

OxasbIBaeTcA, OJHAKO, YTO MOKHO OPTaHU30BaTh OTJIOB TaK, 4TOGBI
YCTOHUYMBO MOIyYaTh YJI0OB €O CKOPOCTbIO Y/, 3a eguuuiy BpemeHnu (6oib-

mero mojdy4uTb HeJNb3fl, TaAK KaRk 1/4 — 39TO0 MaKCHUMajJlbHadA CKOPOCTbL pas-
MHOeHUA HeobJaBIuBaeMoit l'[Ol'IyI[HHI/II/I).
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10. IlpuMep: OTIOB € OTHOCHUTEJIbHOII KBOTOI. Purcupyem
BMecTO ab6CONIOTHOH CKOPOCTU OTJIOBa OTHOCUTENIbHYIO, T.e. (QUKCHDPY-
eM OTJaBIMBaeMyl0 3a €JUHUIy BpeMeHU OOJNI0 HalU4yHOU MOMyIAlUU:
& = (1 — x)x — pz. Bug BeKTOpHOro moiA M WHTerpanbHble Kpubble (Ipu
p < 1) usoGpaseHns! Ha puc. 15.

Huuee, HeycToiunBOe NOJOMEHNE paB-

HOBeCHA Temepb B Touke x = (), BTopoe mo- X x\

JoxeHue paBHoBecusA B ycroiiuuBo mpu maro- UTPE B L

6oM p, 0 < p < 1. T/
Iocne HEKOTOPOro MepHoia yCTaHOBJE- » t

HUA TONYJAIUA BBIXOJUT Ha CTallMOHAPHBIN

pesuM = = B. AGconioTHaA CKOpOCThb oTioBa Puc. 15. YpaBHeHue oTi0-
ycTaHaBIuBaeTCA MpU 3TOM paBHoOUl ¢ = pB. Ba it=(1-z)z—pz

dTo — opauHATA TOYKM HepecedyeHus rpaduroB pyuruuit v = (1 — z)z
u v = px (puc. 15, cieBa). Uccnenyem noBefieHue 3TON BETUYUHbI ¢ IPU U3-
MeneHud p. [Ipu ManbIX OTHOCHTENLHBIX BbLIOBAaX (MalbIX p) yCTAHOBHUBIIA-
fICA CKOPOCTh OTJIOBA TaK:ke Mana; pu p — 1 oHa Toe CTpeMHUTCA K HYJIO
(nepenoB). HanGousbiiee 3HaueHre abCOMOTHON CKOPOCTH ¢ PaBHO HAUGOIb-
el opaunate rpapura gyuruuu v = (1 — x)x. OHO DocTuraeTcs, Korjga
npAMag v = pr NPOXOAUT Yepe3 BepuUIMHY mapabonabl (T.e. mpu p = Y,),
¥ paBHO ¢ = Y/,.

Bribepem p = Y, (T.e. HA3HAUUM OTHOCUTENLHYIO KBOTY TaK, 4TOOBI
YCTaHOBUBIIAACAH MOMYJIALNMA COCTABIAIA IONOBUHY Heo61aBiuBaemoii). Mbl
JOCTUTIA MaKCUMalbHO BO3MO;KHOH CTalMOHapHOH CKOpOCTH o0/jaBiuBa-
HUA ¢ = /,, npuyeM cucTemMa ocTaeTcA ycToiiunBoii (Bo3Bpamaerca K ycra-
HOBHBIIEMYCA COCTOAHUIO NIPU MalbIX OTKJIOHEHUAX Ha4yalbHON MONMYJIALUN
OT yCTaHOBUBIIENCA).

11. YpaBHeHUA ¢ MHOTroOMepHBIM (ha30BbIM IIPOCTPaHCTBOM.
B paccmarpuBaBmuXcA BhIle NpuMepax (pa3oBoe NPOCTPAHCTBO GBLIO O-
HOMepHBIM. B Goliee cliomHbIX cliydasax (Hanpumep, MpU ydeTe B3aUMOIEH-
CTBHUAI MEHly HECKOJIbKUMU MOMYJIANMAME) TOUYKa (asoBOro mpocTpaHcTBa
onpejelifAeTCA HECKOMbKIUMY YKicaamMu (IBYMA [IJIA ABYX MOMYJIANUN U T. 1.).
Onpenenenus nuddepeHnnalIbHOTO ypaBHEHUA, PEIIEHUI U T. I. B TOM ClIy-
yae aHalOTUYHBI BBeJeHHbIM Bblille. [loBTOpUM 3TH onpeneneHus.

IIycts v — BerTopHoe mone B obmacTu U n-mepHOro ¢a3oBoro
npoctpaHcTBa. AemonomHoe duddepenyuarvHoe ypasHeHue, 3adanHHoe no-
JAeM v, — ITO ypaBHeHUe

z = v(x), zeUCR"
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Pewenuem Takoro YpaBHEeHUA Ha3bIBaeTcCHa riiagroe 0T06pameHHe
@: I — U untepBana ocu BpeMeHH B (pa30Boe MPOCTPAHCTBO, AJIA KOTOPOI0o
dy

i v(p(t)) npu Becex t us I.

O6pas oToGpaneHn ( HasblBaeTCA gasoeoll kpueoil, a rpadur’ oTobpa-
MEeHUu @ — uHmezpatvHoll kpusoll. IHTerpanbHasg KpUBasA JeMUT B IpPA-
MOM TNPOM3BeJEeHUU OCH BpeMeHHU Ha (a3oBOoe MPOCTPAHCTBO. ITO MPAMOE
npou3Be/leHUe Ha3bIBAETCA paculupeHHblM $asosvim npocmpancmeon. Pac-
mupeHHoe (pa3oBoe NPOCTPAHCTBO UMeeT pa3MepHOCTh 7 + 1.

OycTb (to, ¥p) — TOUKa pacmMpeHHOro (Ha3oBoro mpoctpaHcTBa. Pe-
meHue @ ydosiemeopsem HavarvHomy ycaosuio (to, xp), ecin p(tg) = @,
T. €. €Cll UHTerpajibHaA KPUBafA MPOXOJUT yYeped TOURY (to, Xp)-

Kar u B ciyuyae ogHOMepHOro ¢asoBoro nmpocTpaHCTBa, HHTET palbHbIe
KpUBbIE MOKHO ONKcaTh NPU MOMOILIYN MOJA HampaBieHU{l B pacliipeHHOM
¢azoBoM npocTpaHcTBe. TaHreHe yria HaKIOHA K ocH abcuucc 3amMeHAeTcA
cllefylonieil KOHCTpYKIUEN.

IIpennonoxum, 4To gaHoO mole HanpaBiaeHuit B o6nacTu V npamoro npo-
usBegenra R x R™ u 4To HampaBiieHKe MOJNA HUIJE He BEPTHKAaIbHO (He
napaimnenbio R™). llyets ¢ — koopaunara B R, € = (z1, ..., ©,) — B R"™.
Torga B Kam/Ioii TOYKe CylmecTByeT (M €IMHCTBEH) BEKTOD MPHIIOHEHHO-
ro B 3TOIl TOUKe HalpaBleHNA, UMEIOUUIl IOPpU30HTAIbHYIO KOOPAUHATY
(t-rommonenTy), paBHyio 1. TakuMm 006pa3oM, yKasaHHbIA BEKTOD HMeeT
Bun (1, v(¢, ®)), roe v(t, ) — BexTop B R", 3aBuCAIMiI OT TOYKHU pacuiu-
peHHoro ¢azoBoro npoctpanctBa. UHbBIMU cloBaMU, HEBEPTUKaIbHOE TOJE
HanpasJleHUul B pacliMpeHHOM ()a30BOM IIPOCTPaHCTBE ONpefendeT 3aBUCH-
Ilee OT BpeMeHHM BEKTOPHOe Iojie B (ha30BOM IIPOCTPaHCTBE.

Raskjaa wHTerpanbHag KpuUBafA JaHHOTO NOJA HaNpaBleHUI 0YEeBUAHO
yIoBIeTBOpAeT AuddepeHInalbHOMY YPaBHEHUIO

& =o(t, @),

T.e. ABNAeTCA rpaduKoM oToOpasKeHUs  MHTepBala 0CU BpeMeHH B (a3o-
d
BO€ IPOCTPAHCTBO, AJA KOTOPOIo d—": = v(t, ¢(t)) npu Beex t. O6paTHO,

rpaduk BCAROrO pellleHUA — MHTerpailbHasg KpUBafd 3TOr0 MOJA.
Pemenue ynoBneTBopaeT HayalbHOMY YCIOBUIO (tg, Xp), €CIH U TOIbKO
eclii UHTerpajibHafA KpUBad MPOXOJUT Yepe3 3Ty TOURY.

! I'pagur oTobpasenns f: X — Y ecTh MOJAMHO#ECTBO MPAMOro npousseneHna X XY,
cocTofilmee U3 Beex map Buja (z, f(x)), rae ¢ € X; npamoe npouseedenue X X Y ecTb
MHO{€eCTBO BceX yNopAAouyeHHbIX map (z, y), raex € X, y €Y.
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3AMEYAHHNE. B KoopamHaTHOII 3anmucu BeKTOpPHOe I0le B N-MEPHOM IIpO-
cTpaHCTBe 3ajaeTcA n (QyHKIUAMH n nepeMeHHbIX. Hame nuddepeHnnanbHoe
YypaBHeHUe NPUHUMAET MO3TOMY BUJ «CUCTEMBI 11 YpaBHEHUI MIePBOr0 HOPAAKay:

1 =01( 1, .o, Tn)y ooe s Bn = Un(t; T1, oon , Tn).
Pemenue sagaercs BekTop-dyHEUMER (@1, ..., ¢n) NepeMeHHON ¢, AIA KOTO-
poii dd% = vp(t; p1(t), ..., n(t)), k =1, ..., n, upu Becex t. HauaabHoe ycio-
Bue 3agaerca n + 1 uncaom (to; 21,0, .-+ 5 Tn,0)-

12. IIpumep: guddepeHnalbHOe ypaBHeHHEe CHCTeMbl XUII-
HUK-:kepTBa. [IpocTeiiman, camasa rpybasa Mojelnb, onuchiBamiiag 60ps0y
IBYX BHUIOB — XHUIIHUKA U KePTBbl — COCTOUT B ciefyiomeM. Paccmort-
PUM IpY[, B KOTOPOM UBYT PbIObI ABYX BHJAOB, CKameM, Kapacu U LIyKHU.
Ecnu 6b1 1yK He 66110, Kapacu pa3MHOzKanuCh ObI DKCIIOHEHITHANBHO, CO CKO-
pOCTbIO & = kx, NPOMOPIUOHAIbLHOM UX KonudyecTBY 2 (MbI MpeINoiaraem,
4TO cyMMapHasA Macca Kapaceii MHOro MeHblie maccel npyna). Ecau y —
KOJINYECTBO MYK, TO CIEAyeT yueCcThb Kapaceil, cheJeHHbIX MykamMu. Me1
peJIoJo}KUM, YTO YHUCJIO BCTped Kapaceil co IlyKaMH IPONOPLHOHAIbLHO
KaKk 4YMciIy Kapaceil, Tak U 4UCIy IIYK; TOrja AJfA CKOPOCTU U3MeHEeHUA
yucaa Kapaceil moiaydyuM ypaBHeHUe & = kx — ary.

UTo Kacaerca myk, To 6e3 Kapaceil OHU BBIMU-

patoT: y = —ly, B IPUCYTCTBUU e Kapaceil HauUnHa- Y
IOT pa3MHOKaThCA CO CKOPOCTHIO, NPONOPLUOHANb- 4 cX
HOH 4ucay chbeleHHbIX Kapaceil: y = —ly + bxy. vl —D A

Mbl nmpuxonuM, TakuM oOpa3oM, K CcCHUCTeMe TN B
nuddepeHIMalbHbBIX ypaBHeHUI MpocTeiilieil Moae- N ‘A v
JU CUCTeMbl XUIIHUK-#epTBa: X

Lo
T = kx — axy, Puc. 16. Ilone ¢a3so-

BOI CKROPOCTHU XHUIUI-
HUR-epTBa

y = —ly + bxy.

Jdra Mozenn HasbiBaeTcA Modeavio Jomka-Boabmeppa 1O WMEHH aBTOPOB.
MlpaBas yacTb ompejelfieT BEKTOPHOE MO/e HA IUIOCKOCTHU: MPUJIOHEHHBIN
B TOYKe (&, y) BEKTOp UMeeT KOMIOHeHTh! (kx — axy, —ly + bzxy). dTo —
nose $a3oBoil CKOPOCTH.

Da3zoBbIM NPOCTPAHCTBOM fiBnAeTcA yroa x > 0, y > 0.

BexTopHoe none $a3oBoil CKOPOCTH HETPYAHO HAPUCOBATH, IPOCIEAUB
3a U3MeHeHHeM 3HaKOB KOMMoHeHT (puc. 16). Oco6aa Toura nons (zg = /b,
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Yo = k/a) oTBeyaeT paBHOBECHOMY KOJIMYECTBY Kapaceil U WYK, Korja npu-
poCT Kapaceil ypaBHOBeUINBaeTCA AeATEIbHOCThIO YK, a MIPUPOCT YK —
HX eCTeCTBEHHOIl CMEPTHOCTBIO.

Ecau navanbHoe uucio myr MeHbmie yo (Touka A Ha puUCyHKe), TO
ypcna Kapaceil W MIYK pacTyT, OKAa pa3MHOMKUBIINECA HMIYKU He HAUYHYT
chenaThb Goiblile Kapaceil, 4eM UX NpPHpOCT (Touka B), 3aTeM 4uCIO0 Kapa-
ceil HauHeT yObIBaTh, a UKciO WYk OyaeT pacTH, IOKa HeXBaTKa MUY He
IpuBeeT U MYK K BoiMupanuio (Touka C); 3aTeM YUCIO MYK YMEHbITUTCA
HACTONbKO, YTO Kapacu CHOBa HAYHYT pa3MHokarThbcA (Touka D); Hauas-
IeecA pa3MHOKEHUE Kapaceil IpUBeJeT K TOMY, YTO CO BpeMeHeM U LIYKH
HauyHyT pa3MHomarbcA. TakuMm obpaszoM GyAyT NPOUCXOAUTH KojleOaHUA
YHCJIEHHOCTHU Kapaceil U IYK BGIU3U PABHOBECHOTO YHCJA TeX U JAPYTHUX.

BosHukaer, ogHako, Bompoc, OyIyT 14 3TH KoleGaHUA MepUoUuYeCcKU-
MU uiu e HeT. Hama npubnauseHHasa KapTuHA moid (as3oBoil CKOpOCTH
He N03BOJAeT OTBETUTb Ha 3TOT BOIPOC, MO#HO BOOOPa3UTh pasiuyHbIE
clydau, HanpuMep, u3obpaskeHHble Ha puc. 17.

- ©

A

Puc. 17. ®yHKuuA nocieroBaHuA

D(A) D(A) D(A) D(4)

A A A A

Puc. 18. Iuarpammsl Jlamepes

Yto6b1 pa3obpaThCA B 3THX ClydyafdX, paACCMOTPUM OTPE30K, COeJUHA-
oKt 0co6y0 TOYRYy ¢ ocbio x. Kaxaasa Touka A storo orpeska (He le-
JKalllafd Ha ocH x) omnpejfelsaeT $Ha3oByIO KPUBYIO, KOTOpPAA CHOBA MepeceKa-
eT 0Tpe3oK B HeroTopoit Touke P(A). Dyuruua P HasviBaeTcA PyHkyuel
nocaedosanus (uiu omobpaxcenuem Ilyanrape, a Tarme MoHoOpoMuel UIN
20.10H0Muel).
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PaccmoTrpum rpadur ¢yHrnuu mnocnenoBanua. OH Ha3pIBaeTcA dua-
epammoti Jdamepea. Iuarpammel Jlamepesa niAa yeTwipex ciydaeB puc. 17
n3obpasmeHbl Ha puc. 18.

ITo nuarpamme Jlamepes lerko NoCTpoOUTH MOCIE0BATENbHOCTEL 00pa-
30B TOYKM A mpu moBTOpeHUU mnpeobpasoBanusa ®. [laa sToro ciexyer mo-
CTPOUTH Tak HasbIBaemyio 4ecmuuuy Jamepes (puc. 19), aGeruecsr u op-
JMHATbl BEPUIMH KOTopoil cyTh A, ®(A), ®2(A) = ®(P(A)),...

Touku nepeceyeHusa rpadpuka QyHRIUU NOCIelOBa-
HUA ¢ puaroHanbio (rpapukom ® = A) cooTBercTBY-
IOT 3aMKHYTHIM ()a30BbIM KPUBBIM (yuk.aam) Ha Ga3oBoii
IJIOCKOCTH.

[Muka 3aBeoMo ycToitunB (HEYyCTONYMB), eClv B CO-
otBeTcTByMOIel Touke A umeem ®'(A) < 1(> 1). lna
Hamux 4yeTbipex auarpamm Jamepes (puc. 18) B mepBom
ciydae (as3oBble KpUBble — cIUpalay, HamMaThbIBaloOIUeCH
Ha oco0yI0 TOYKY, BO BTOpOM — cMaThIBalolllliecs ¢ Hee,
B TpeTheM — 3aMKHYThIe. B ueTBepTOM ciryuae (aszoBbie
KpHUBbIe HAMATBIBAIOTCA HAa YCTOHUUBBIN UK U3HYTPU U CHapYHU.

CoOTBETCTBEHHO, B IIEPBOM Cllydae C TeYeHHEeM BPEMEHU YCTaHaBIU-
BaeTcA paBHOBECHOe HaceleHWe Tpyna, KonebaHud 3aTyxaioT. Bo BTopom
cllyJyae paBHOBECHOE COCTOAHUE HEYCTONHUYMBO, KonebaHuA HapactaioT. [lpu
9TOM HACTYNUT MOMEHT BpeMeHH, KOra Yucio Kapaceit (Iyk) GyAeT MeHb-
me 1; K ’TOMy MOMEHTY Halla MoJellb CTAaHOBUTCA HeNpHeMJIeMoi, U Hace-
JAeHue npyda evimupaem.

B tpernhem cinyuae HaGnogaloTcA NepuoguuecKkue KoleGaHUA YHCIEH-
HOCTHU Kapaceil U IIyK BOKPYT PaBHOBECHOT'O COCTOAHUA; aMIUIUTY/a Koje-
6aHuil onpefenAeTcA HaYalbHbIMU YCIOBUAMU.

B yeTBepTOM ciyvae Tome HabmMojalOTcA NMepHoanyeckue KolebaHUA
YHICIEHHOCTH Kapaceil U YK, HO aMnaumyod YycmaHo8USUWULCA KoAeOaHUTl
He 3a8UCUMm 0M HAYAAbHbLLX Ycaosull: n0basa pa3oBad cnypalb HaMaThIBaeT-
cA Ha NpeJeibHbIN NUKI. B TakoMm ciiyyae roBopAT, 4TO B cUCTEMe yCTaHa-
BIIBAaeTCA ABMOK0AOAMEAbHbLIL PEHCUM.

Rakoii #e u3 cayyaeB uMeeT MecTo 1A cucteMbl JloTrka—BoabTeppa?
MbI noKa He MOeM OTBETUTb Ha 3TOT BOIPOC (pelieHue ero cM. B § 2).

13. IIpumep: cBo6oaHaA yacTuna Ha npaMoii. CormacHo «nepBo-
My 3akoHy» HbloTOHa, ycKopeHHe MaTepHalbHONH TOUKU, He OABeP:KeHHOH
neificTBUIO BHemHux cui, paBHo 0: & = 0. Ecau Touka = npunagiexuT R,
TO TOBOPAT O €60000HOU wacmuye Ha npamoll (MOMHO MPeACTaBIAThL cebe
GyCHHKY Ha Cruue).

Aloa)|oia)

Puc. 19. Jlect-
Huna Jlamepes
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®da3zoBoe IIPOCTPaAaHCTBO UMeeT pa3dMEepPHOCTb 2, TaKk KaK BCe IBUMEHHE
onpenendaeTCa HadaldbHbBIM IIOJIOKEHUEM U HayvalbHOM CROPOCTBIO. Ha q)a—
30BOil IJIOCKOCTHU C KROOpAWHaTaMu riy = T, T2 — 4 BO3HHKAaeT BEKTOpHOE

noze $has3oBoil CKOPOCTH:
L1 = X2, Z2=0,

ClIe{0BaTeNbHO, KOMIIOHEHTHI N0J1A paBHbI (22, 0) (puc. 20).

Bce ToukM ocu x; ABIAIOTCA MOIO-
#EHUAMY paBHoBecuA. PaBHOBecne Takoro
BU/a B QUBUKE HA3BIBAETCA 0€3PAIAULHBLAM,
a B MaTeMaTuke Heycmoiuuevim (MOAXOIA-
niee CKOIb YTOJHO Maloe U3MeHeHUe Ha-
qanbHOH (Ha3oBON TOYKM BHIBBIBAET Yepes
IOCTATOYHO GOMBIIOE BpeMA HeMaloe H3Me-
HEHUe COCTOAHUA).

®dazoBble KpUBble — FOPU30HTAIbHBIE IPAMbIE £z = CONSt ¥ BCE TOUKU
ocH .

Puc. 20. Ilore ¢azoBoit cropoc-
TH CBOGOIHOM YaCTHIIbI

3a1A49A 1. HaiiTu pemeHue ¢ HayalabHBIM yciaoBueM (a, b) npu to = 0.
OTBET. ¢1(t) =a+bt, ¢2(t) =Db.

14. IIpumep: cBoGogHoe nagenue. CornacHo ['anunero, yckopenue g
nagamomux BOJIM3U MOBEPXHOCTH 3eMIU Tel MocToAHHO. Eciu ¢ — BrIcoTa,

TO & = —8. BBO,[IH KOOpAUHAaTHBI Ha q)a30130171 IIJIOCKOCTHU, KaK B IIpeabigynemM
npuMepe, mnojydyaeM CUCTEeMY
.’i?l = T2, iz = —8.

BexrTopHoe noie, 3agaHHoe NpaBoii yacThbio, u3o6paxeHo Ha puc. 21.

x, Ly
TN AN A /;, - N
U 1 —~

EENOSN
' RS o
EETE R e
g \\ ¥

YA A — {/
Puc. 21. [lone ¢pa3oBoii cko- Puc. 22. Ilone dasoBoii ckopoc-

poCTHU najarpolneil yacTUIbI TH MaibIX KollebaHui
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3A0AYA 1. JorasaTb, uTO ¢a30Bble KpUBbIe — HapaboJbl.

15. IIpumep: Maiable KoseGaHuA. Bo MHorux cinyvaAax cuia, BO3-
Bpalamomiasa cucTeMy B MONOKeHUe paBHOBecHUA, ¢ Goibliell WIW MeHbIIe
TOYHOCTHIO MPONMOPIHOHAILHA OTKIOHEHUIO OT MONOMEHNA paBHOBecHA (3a-
KoH ['yKa u T.1m.; CyHIIHOCTD fiefia B TOM, YTO B MOJOMEHUU PABHOBECUA CH-
1a 0, a B MalioM BcAikaA GYHRUMA NPHOIMMKEHHO duHeiHa). Mbl mpuxoaum

K YPAGHEHUI0 MAABLT KoAeOaHUTl
T = —kx.

Roadpdunuent k > 0 mMoxHO cenaTh paBHBIM 1 BbIOOpOM MacuiTaba Bpe-
MeHU. YpaBHeHUe NPUHUMaeT BUJ

T =—x.

BBoasa mo-nmpesHeMy KOOpOWUHATHEI X1 = &, Ty = & Ha (a3oBoii mioc-
KOCTH, IlepenuchbiBaeM 3TO ypaBHeHUe B BUJle CUCTEMBI

1 = T2, ro = —21.
IIpaBadg yacTb 3agaeT BeKTOpPHOe Mojie Ha ($a3oBOil MIOCKOCTU. JTO MoJe
u3obpaxeHo Ha puc. 22.
3AAYA 1. JlokasaTb, YTo ¢a30Bble KpUBble — OKPYHOCTU U UX LIEHTP.
PEIIEHUE. BekTop ¢a3o0Boii cKOpoCcTU MepNEeHAUKYIAPEH paJlyCc-BEKTOPY.

3A1A4A 2. JlokasaTb, uTO ¢a3oBafd TOUKa ABUKETCA M0 OKPYHHOCTH C IIO-
CTOAHHOM YTJIOBOII CKOpPOCTHIO 1.

PEIIEHHE. [auHa BekTopa (a30Boif CKOPOCTH paBHa [JJIKHE pafuyc-BeKTOpa.
3a1AYA 3. Haittu pemenue ¢ HauaabHbIM yciaoBueM z(0) = a, £(0) = b.

PemEHNE. CoriacHo mpeAbloyIMM JBYM 3aiadyaM, HYKHO NOBEPHYThH BeK-
TOp HavyalbHOTO yciaoBHUA Ha yroa t. [lomyyaem

z1(t) = acost + bsint, z2(t) = —asint + bcost.

3AMEYAHHUE. Takum o6pa3oM, Mbl JOKa3all, YTO T COBeplIaeT rapMOHHYEC-

2 2
T T3
KHe KojlebOaHUA, U yCTAaHOBUIM «3aKOH COXPaHEHHUA 3HEPrUM»: BeJIUYMHa 5 + 5

BIO0/Jb (a30BOI KPUBOI NIOCTOAHHA.

3 3araz Ne 117
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3AMAYA 4. JlokasaThb 3aKOH COXpaHEHUHA 3HEPTrUU 5 + —5 AsL CHCTeMbI

dt1 = T2, i‘z = —klII1.
2 2
T3 o " kxy
3AMEUYAHHUE. Bemnuuna 7 Ha3blBaeTCcAd KMHETUYECKOU dHeprueu, a T —_—

NoTeHIIMalbHOI.

3amAYA 5. JlokasaThb, Y4TO MHTerpailbHble KpuUBble cucTeMbl (¢ k = 1) —
BUHTOBbIE JTHHUMU.

16. IIpumep: MaTeMaTHyecKUii MagaTHUK. PaccMoTpum HeBeco-
Mblii cTepeHb JINHbI [, 3aKpeIeHHbIN B OTHOM KOHIle U HeCyIIuil Ha Apy-
roM ToueuHyio maccy m. O603HauuM yepe3 § yron OTKIOHEHUA MaATHUKA
ot BepTukanu. CoriacHo 3aKOHAM MeXaHWKM, yTI0BO€ YCKOpeHUe MaATHU-
Ka 0 IPONOPLHOHATLHO MOMEHTY CHIbI Beca (puc. 23):

I6 = —mglsin®,

rae I = mi*> — MoMeHT uHepuuu (3HaK MHUHYC OOBACHAETCA TeM, UTO
MOMEHT CTPEMHUTCA YMEHbUIUTh OTKIOHEHUE).

14
m
mg
Puc. 23. Maremaru- Puc. 24. Ilone da3oBoii ckOpocTH MaATHUKA

YeCKUH MaATHUK

Urar, ypaBHeHne MaAaTHUKA uMeeT Buj 6 = —ksind, k = g/l. Koag-
¢uLUeHT k MOKHO celaTh paBHbIM 1 BbIGOpoM MaciiTaba BpeMeHH. YpaB-
HeHue MpuHUMaeT Bua 6 = — sinf.

®azoBoe MPOCTPAHCTBO UMEET PAa3MEPHOCTh 2. 3a KOOPAMHATHI MOKHO
HPUHATH YTOJl OTKIOHEHHA T1 = @ U YIIOBYIO CKOPOCTb T2 = 6. YpaBHeHUe
OpUHUMaeT BU[ CUCTEMBbI

.’i?l = T2, iz = —sinml.

[IpaBas yacTh 3ajjaeT BeKTOpHOe Toie (a3oBoil ckopocTu. OHO U306pa-
#eHo Ha puc. 24.
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3a1a4A 1. JlokasaTh, uTO Havamo KoopauHaT (1 = x2 = 0) M Toura
(1 = m, 2 = 0) ABaAIOTCA Ha30BBIMU KPUBBIMU.

Bup octanbHbIX (pa30BbIX KPUBBIX MbI IOAPOGHO HCCIENyeM B JalbHei-
meMm (§ 12).

3AMEYAHUE. [Ipu Maneix yriax OTHKIOHEHUA Sinf SKBUBaleHTEH
yriay . 3amenss sin § npubnuzkeHHbIM 3HaYeHUEM 6, MbI CBOJIUM ypaBHEeHMe
MafTHUKA K yPaBHEHHUIO Malbix Koiebanuii (1. 15). Bompoc o Tom, HacKolb-
KO BBIBOJIbI, C/le/laHHbIe TPU HccleIOBaHUU ITOTO NMPOCTeilnero ypaBHeHUs,
nepeHoCATCA Ha MOJNHOe ypaBHeHNe MagTHUKA, HY#/IaeTCA B ClieUalbHOM
uccaegoBanuu. MblI IpoBeneM ero B ganbHeiimeM (§12).

17. IIpumep: nmepeBepHYThINI MagTHHK. PaccMoTpum moBejeHue
MaATHUKA, NepPeBEepHYTOro BBEpPX HoraMmu. B aToM ciyuae yroa 6 6ausok
K 7, IO3TOMY €CTECTBEHHO BBECTHU YTOJ OTKIOHEHUA OT BEPXHEro MONOHe-

HuA, ¢ = 6 — w. Torga ¢ = siny 1 Opu MajbiX 1) TPUOGIUNEHHO
Y =1

JTOo ypaBHEHHE HA3bIBAETCA YPAGHEHUEM (MAALLT KOAeOaAHULLy nepesepHymo-
20 maamuukra. PazoBoe MPOCTPaHCTBO AByMepHO. [[pumem 3a KOOpAUHATHI
Ty = P, X9 = 1. llonyuum cucremy

1 = T2, ro = T1.

BexTopHoe noine ¢azoBoit ckopocTu uzobpaixeHo Ha puc. 25. Ero ¢asoBbie
KpHBbIE MbI OAPOGHO HccnenyeM B § 2.
18. IIpumep: manbie KoiaebaHuda chepruuyeckoro maaTHuka. 0t-
KJOHEHUe OT BepTHKalIu XapakTepudyeTcA JBYMA 4YUCIaMU, & U Y.
YpaBHeHUA MalbIX KoleGaHUll HMEIOT, KaKk U3BECTHO U3 MeXaHUKH, BU]

.i:—l‘, y:_y

PasmepHocThb dasoBoro npocrpaHcTBa paBHa 4. 3a KOOpAUHATHI B HEM NpU-
HUMaeM T = &, Ty = &, X3 = Y, T4 = Y. Y PAaBHEHUA 3aNNChIBAIOTCA B BUJE

&1 = T2, Ty = —x1, T3 = x4, Ty = —T3.

IlpaBas yacTh ompefenfeT BeKTopHOe moie B RY.

3AJAYA 1. Jora3aTh, uTo ¢da3oBble KPHBBIe 3TOT0 MOJA JeKaT HA TpexMep-
HBIX cdepax w% +e+ mi = const.
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npamas

74
2
Puc. 25. Ilone da3soBoii ckopoc- Puc. 26. ®a3oBrble KpuBbIe chepu-
TH NEepeBepHYTOro MaATHUKA YecKOro MafATHHKa Ha TUIEpIo-

BEpPXHOCTHU MOCTOAHHON 9Hepruu

3AAYA 2. [lokasaTb, 4TO (pa30Bble KPUBbIE — OKPY#HOCTHU GOIbIINX KPYTOB
YKa3aHHBIX cdep.

OgHaKO OKPYKHOCTB He BCAKOro 60IbIIOoro Kpyra cdepsl — ¢a3oBad KpuBas.

3AAYA *3. JlokasaTb, 4TO Bce (pa3oBble KpPUBbIe HAa Kax[ION TpeXMepHOM
chepe caHu 06pasyIoT IBYMEPHYIO chepy.

Tpexmepuyio chepy S° MomHO mpeacTaBIATL cebe Kak TpPeXMepHOE Ipo-
cTpancTBO R®, momonHeHHOe OfHON «GECKOHEUHO yaaleHHOi» Toukoil. CilexoBa-
TelbHO, pasbueHue S° Ha OKpyxHOCTHU ompefenseT pas6uenne R® ua oxpysHoc-
TH ¥ OJIHY HE3aMKHYTYIO KPUBYIO («yXOIAMYI0O 060MMU KOHIIAMH Ha GeCKOHeY-
HOCTBY). DTO pas3bueHre U306paxeHo Ha puc. 26.

3A7A4A*4. TIpoBepuUTh, UTO M1OGbIE JBE U3 OKPYHHOCTEH yKAa3aHHOTO pa3bu-
€HUA 3alellIeHbl MeKIy co60it ¢ K03 UIMEeHTOM 3allelIeHl A, PaBHbIM eJUHUIE
(ko3 pULHMEHT 3aleNIeHUA YKa3bIBaeT, CKOIbKO pa3 0JHa U3 KPUBbBIX IIepeceKaeT
[UIEHKY, 3aTACUBAION[YIO0 PYTyIO, IPUYEM TOUKH [epecevyeHUr YUUThIBAIOTCA CO
3HaKaMH).

§ 2. BexTopHbIE MOJA Ha NPAMOIt

B stom maparpade uccnenyerca nuddepeHiuainLHoe ypaBHeHUe, 3a-
JaHHOe BEKTOPHBIM IOJieM Ha NPAMO, U CBOAAIIMeCA K HEMY ypaBHEHUA
¢ pasjenfionMMUCA TepeMeHHbIMMU.
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1. CymecTBOBaHHe U eqUHCTBEHHOCTh pemeHuii. Ilycts v —
riuajgkan (HenpepbiBHO Auddepenuupyeman) GyHRIMA, 3a1aHHaA Ha UHTEP-
Bane U BellleCTBEHHOIT OCH.

Teopema. Pewenue ¢ ypasHeHus & = v(x) ¢ HALAALHBLM YCAOBU-
en (to, o)

1) cywecmsyem 0aa awbvix t € R, xo € U;

2) eduncmeenHO 6 MOM CHMbiCAE, YMO A100ble 0684 pewleHus ¢ 00uUM
HAYAAbHBIM YCA08UEM CO6NAAAIOM 68 HEKOMOPOTl OKPeCmHOCIU MOYKU to;

3) daemca gopmyaoti bappoy:

©(t)

t—tng%, ecau v(xo) # 0,

Zo, ecau  v(xg) = 0.

Zo

o(t)

IIOKABATEJIBLCTBO.

Oycts x9 — He nonomenue paBHoBecus. B § 1 mbl Bugenu, uro: 1) pe-
IIeHNe JaeTCA B OKPECTHOCTHU TOUKH ty dpopmynoii Bappoy, 2) onpenenennas
3TOW (popMyJoil PyHKIUA  ABIAETCA pellleHreM U yI0BlIeTBOpAeT Hayalb-
HOMY YCJIOBUIO.

B cayuae, worga xg — monoskeHue paBHOBecus, GyHRUUA @(t) = g
TaKk}e OYEeBHUIHO ABJ/IAETCHA pelieHneM, 1 TeopeMa JoKa3aHa.

3AIAYA 1. YKazaTh mpoben B I0Ka3aTelbCTBe.

2. Onposepramomuii npumep. Ilycts v = x2/3 (puc. 27). JIBa pe-
menua @1 = 0, g2 = (¢/3)% ynoBrerBopAOT o6meMy HayalbHOMY yCIO-
Buio (0, 0), BOIPEKU YTBEP:#IHHUIO O e[AHCTBEHHOCTH.

Koneuno, yHKIUA v He AuddepeHnnpyeMa, 103TOMY IPUMep He OIpo-
BepraeT yTBep#ijeHre TeopeMbl. OJHAKO NpUBeJleHHOe JOKa3aTelbCTBO He
ICI0Ib30Ba0 TMafKoCTH v: OHO NMPOXOAUT M B TOM clydae, Korja QyHHK-
IMA v MTUIbL HenmpephiBHA. CleoBaTelbHO, 3TO N0Ka3aTelbCTBO He MOMKeT
6bITh BepHbIM. M JeiicTBUTeNbHO, yTBep:KIeHHe 0 eIMHCTBEHHOCTH ObLIO
JI0Ka3aHOo JIMIIb NpHU ycloBUU v(Tg) # 0. Mbl BUAMM, 4TO eciy NoJje v JMIIb
HenpepbIBHO (a He AuddepeHnupyeMo), To eIMHCTBEHHOCTH PelleHuii ¢ Ha-
YajlbHBIM YCIOBHEM B MOJNOMEHUU PaBHOBECHA MOeT M He ObIThb. OKasbl-
BaeTCA, 24a0KOCMb ¥ 2apAHMUpPYem edUHCTEEHHOC U 6 dMoM cayiae (CM.
m. 3 Hume).
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[IpuBeeHHbIN PUMEP MOAHO ONKMCATH ellle

I111Y1711717f11  Tak: npu ABumeHUH co ckopocThbio v(x) = x2/3

1/7774/77777)/7  momno nonacth B nonoxenue papHosecus (z = 0)
11077 W3 PyTOii TOUKU 38 KOHEYHOE BPEM.

S

s 1 B §1 mbI paccmoTpenu ABUKEHUE B TUHEN-

i HOM 1oz (co ckopocThio v(x) = kx). B aToMm ciy-

IPEIrIrIN 1177 Yae JIJIA TOr0, YTOOBI NPUHTH B MOMOHEHHe PaBHO-
TN 117 Becuf, TpeboBanoch GeCKOHEeUHOe BpeMA (Hampu-
Puc. 27. llpumep Heequn- Mep, eciu v(x) = —x, To hasoBad TOUKa NPUGTU-
CTBEHHOCTH AAaeTCA K MON0MKEHNIO PABHOBECUA TaK MeIJIEHHO,

4TO eil B M11000ff MOMEHT ocTaBajoch ObI 10 HEro
IBUraTbcA BpeMmf, paBHoe 1, eciu Gbl ee CKOPOCThL INepecTala MeHATbCA
B 3TOT MOMEHT).

[IpuunHa HeeAWHCTBEHHOCTH B ciaydae v(z) = x COCTOUT B TOM,
YTO CKOPOCTb HEJOCTAaTOYHO ObICTPO yObIBaeT NpU NMOAXOJe K INOJOHEHUIO
paBHOBecus. II3-3a 3TOro peieHue U ycrneBaeT BOUTU B 0cofyl0 TOUKY 3a
KOHEYHOe BpeMA.

3. IlorasaTeibcTBO equHcTBeHHOCTU. [Ipeamonomum, 4to ¢ —
pelieHne ypaBHeHHA & = v(x) ¢ riagkoit mpasoit yactbio v. JomycTum,
uto @(tg) = T — NONOHEHNe paBHOBecHA, Y(t1) = @1 — He MOJOKEeHUe
paBHoBecus (puc. 28). Ha orpeske Memay to U t1 paccMOTPUM Ouuzkaimmit
K t; MOMEHT BpeMeHHU f, B KoTopblil v(p(t2)) = 0. dua mo6oit ToukM t3
Memxay ty u t; uMeeM o ¢opmyie Bappoy

2/3

T3

t3 —t1 = / %, z3 = p(t3).

1

Ecau gynryua v eaadkas, mo unmezpas CMpemMumca k¥ OecKOHeYHOCMU,
Ko020a T3 cmpemumcs K Ty. [leficTBUTENbHO, TAHTEHC yria HAKIOHA XOp[
rpapuka riagkoil Ha oTpe3re (GYHKUMU orpanuved (puc. 29), mosTomy
|[v(€)| < k|€ — 22|, roe mocToAHHAA k He 3aBHCUT OT TOYKU £ OTpe3Ka [T1, T2
(ycioBHe OrpaHMYEHHOCTH HaKIOHa XopA rpaduka GYHKIMH Ha3bIBAIOT
ycaosuem Junwuya, a yucio k — nocmosannotll Junwuya). Utaxk,

r3 d
|ts — t1] > /k(?gxz)
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HOCJIG,HHI/Iﬁ HHTerpaj Jerko BbIYUCIUTb, OH CTPEMHUTCAH K 6€CHOH€‘-IHOCTI/I,
Korjga rg CTpEeMHUTCA R T2. B sTom nerxo yﬁeHI/ITbCH U He BBIUYHCIIAA UHTEr-
paja: BeJb OH paBeH BPpEeMEHH ABHUMMEHHUA Mex 1y ABYMA TOYKaMU B JIMHen-
HOM II0Jie, a 3TO BpeMA CTPEeMUTCA K 6eCKOHe‘{HOCTI/I, Korjga ogHa U3 TOYEK
CTPEeMHUTCA K MOJOMMEeHHUIO paBHOBECHA.

Puc. 28. JlokasaTeab- Puc. 29. YcaoBue Jum-
CTBO €IMHCTBEHHOCTH muna

Urax, uucno |ty — t1| 6oabiie moGoro Hanepea 3ajaHHoro yuciaa. Yu-
cen, Gonbuux ao6oro, He O6biBaeT. ClieoBaTENbHO, PElIEHUE C HAYalbHBIM
yCJIOBUEM B IOJOMEHUU PABHOBeCHUA He MOMET NMPUHUMATh 3HAUYeHWUil, He
ABIAOLUXCA NoloMeHuAMH paBHoBecua. Ctano 6bITh, ecau ¢(tg) — Imo-
noxenue paBHoBecus, TO0 v(p(t)) = 0 npu Becex t. CinenoBarenbho, ¢ = 0,
T.€. ¢ — KOHCTaHTa. EAMHCTBEHHOCTDb JIOKa3aHa.

3aMeTHM, UTO OCHOBHBIM B IIPUBEJEHHOM J0Ka3aTelbCcTBe ObLIO cpaB-
HeHUe [BUEeHHUA B IafKoM Ioje v ¢ Golee OGbICTPLIM ABUMEHUEM B IOJ-
XopsAlleM JuHeiiHOM noae. [nd nocieqHero JBUMeHNA BpeMdA BXoJa B M0J0-
#eHle paBHOBecud 6ECKOHEUHO, ClIeJ0BaTeIbHO, OHO TeM Gojiee GECKOHEUHO
nnsA 6ojee MeJIIEHHOTO JBUMEHHUA B UCXOJHOM IIOIE.

3a1A4A 1. Moryt au HHTerpaibHble KpUBBIE [NIaJKOT0 YpaBHeHUA & = v(x)
cOnumaTbea npu t — +00 GbIcTpee, YeM SKCIOHEHIHaNbHO?

OTBET. HeT, €eC/IM OoJHa M3 HHUX OTBeyaeT IIOJOKeHHWIO paBHOBECHA; Ja —
B IIPOTUBHOM Clyy4ae.

3AJAYA 2. BepHa 11 TeopeMa eJUHCTBEHHOCTHU B clydae, KOrja IpPOU3BOJ-
Hafd QYHKIUU ¥ CYLUleCTBYeT, HO pa3pbIBHA?

OTBET. [a.

3A,IIA'-IA 3. HORa3aTb, 4YTO A eJUHCTBEHHOCTH pelleHUA C Ha4YajJdbHbIM YCJIO-
T

d
BHEM I AOCTaTO4YHa pacXxoguMOCTb B o UHTerpaia /%
v

zo
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3a7mAYA 4. IlokazaThb, YTO A €JUHCTBEHHOCTH HOCTATOYHO, YTOOBI QyHEK-
uMdA v yAoBiIeTBopAaa yciosuio Junmuna |v(z) — v(y)| < k|z — y| npu Beex z,y.

3AIAYA 5. JlokasaTb €IMHCTBEHHOCTb Y[OBIE€TBOPAIOWET0 HaYalbHOMY
yeaosuio ¢(to) = xo pemeHus ypaBHeHus & = v(t,x), rie v — raagkad QyHKIUA.

YrazaHue. 3ameHoil x Ha = — ¢(t) cBecTH pellleHHe K HYJIeBOMY M 3aTeM
CpPaBHUThH I0Jle HallpaBlAeHU ¢ MOJXOAAMUM JIUHEHHbIM. JTO CpaBHEHUe JI0Ka3bl-
BaeT eJUHCTBEHHOCTH NPU M0G0l pasMepHOCTH ¢$a30BOro NpocTpaHCTBa.

3AJAYA 6. JlokasaTh, 4TO ¢a30Bble KPHUBbIE CHUCTEMbl XHIIHUK-epTBa
(§1, n. 12) He mepecekalOT KOOpPAWHATHbIE OcH (HAapHUMep, EPBOHAYAIBLHO IIO-
JOKUTENLHOE YKCIO Kapaceil He MOKET CO BpeMeHeM CTaTh OTPULATENbHBIM).

3AIAYA 7. JlokasaThb, 4YTO BCAKUE [Ba pelleHUA ypaBHeHUudA & = v(x) ¢ raaf-
KOii v, yJoBlIeTBOpAONUe 06lleMy HaYalbHOMY YCIOBHIO, COBIAAaOT BCIOAY, T'lie
o6a ompeeneHbl.

4. IIpamMble npousBeaeHuA. Paccmorpum aBa quddepeHnanbHbIX
YPaBHeHUA:

&1 = v1(z1), z1 € Us; (1)
Eo = va(m2), x3 € Us. (2)

Hpﬂ.MbLM npouseeaeuuem ITUX ypaBHeHI/Iﬁ Ha3bIBaeTCA cucremMa

.’i?l =1 (1131),

B (3)
&y = va(x2),

(ha3oBbIM MPOCTPAHCTBOM KOTOpPOit ABNAeTcA mpAMoe npousBegenue U ¢a-
30BBIX MpocTpaHcTB ypaBHenuit (1) u (2). U3 onpenenenus HemocpeacTBeH-
HO BLITERKaeT

Teopema. Pewenusn ¢ duddepenyuarvnozo ypasnenus (3), asasoue-
20ca npameim npouseedenuem ypaswenuil (1) u (2), — smo omobpaxcenus
w: I - U suda o(t) = (p1(t),p2(t)), 20e p1 u Y2 — pewenus ypasreruil
(1) u (2), onpedenennvie Ha 0dHOM U TOM JHce UHMepea.Le.

B wactHocTH, ycTh (asoBbie npoctpancTsa Uy u Us ogHomephbl. Tor-
Ia Mbl yMeeM peliaTh Kaigoe u3 ypaBHenuii (1) u (2). CregoBaTenbHo, Mbl
MO{eM fIBHO PElINThb U CUCTEMY ABYX AudbdepeHInalbHbIX YpaBHeHui (3).
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A umenHo, 1o Teopeme n. 5 §1 pemenue p ¢ ycaoBueM p(tg) = To MOKHO
HaliTU B OKPECTHOCTU TOYKHU ¢ = {o U3 COOTHOLIEHUI

®1(t) #2(t)

— = _dg
v1(€) v2(€)’

1,0 2,0

(To = (21,0, 72,0)),

eciu 1)1(.%1,0) 75 0 7é Uz(wz’o).

Eciu v1(z1,0) = 0, To nepBoe COOTHOLIEHNE 3aMeHAETCH Ha @1 = T1,0, @ €C-
au vz (z2,0) = 0, To BTOpoe — Ha @2 = x2,0. Haronen, ecin v1(z1,0) = v2(x2,0) = 0,
TO Zo — 0co6asA TOUKa BEKTOPHOTO [OJA ¥ U NOJI0AEHNe PAaBHOBECHUA CUCTEMBI (3):
o(t) = zo.

5. IlpuMepsl NPAMBIX NMpousBeaeHUii. PaccMoTpuM cucteMmy IBYyX
ypaBHEHU

.’1.712171, il’zzk.’liz.

3a7A4A 1. HapyicoBaTh COOTBETCTBYIOI[Ye BEKTOPHbIE MOJIA HA [NIOCKOCTH

mpu k =0, +1, Y, 2.

MbI ye pelldiu KamjJoe U3 IBYX ypaBHeHUil B oTAenbHOocTH. WTak,
peliileHNe ¢ ¢ HAYalIbHBIM ycaoBueM @(tg) = oo UMeeT B[
t—t k(t—t
1 =z1,0e" T, gy = 3y gehtTr0), (4)
CiemoBaTeibHO, BAOJAb Kamaoil Ga3oBoii KpuBoil & = <p(t) nuMeeM 1160
=C k (5)
|z2| = Clz1|”,

rae C — mocToAHHasA, He 3aBucANIas ot ¢, 116o 1 = 0.

3AIAYA 2. flBasercA au KpuBad Ha (asoBoOi miIockocTH (T1,%2), 3aAaHHAA
ypaBHenueM (5), dbasoBoii KpuBo?

OTBET. Her.

CemeitctBo KpuBbIX (5), rae C' € R, uMeeT pa3Hblit BUJ B 3aBUCHMOCTH
oT 3Hayenua napametpa k. Eciu k > 0, To 3To — cemeiicTBo «mapa6oa’
¢ nokasateneM ky. Takue mapaboibl KacalOTcA ocu Ty, ecau k > 1, uiu
ocH s, ecin k < 1 (puc. 30; mpu k = 1 monydaeTca ceMeHCTBO MPAMBIX,
NPOXOAALINX Yepe3 Hayano koopauHar). Pacrnosnoskenne ¢pa3oBbIX KPHUBBIX,

!HacToamue napa6oabl moayyaioTea aumb npu k=2 u k = 1/2.



L N\ Yo
TN

Puc. 30. Y3nbl: da3oBble KpUBbI€ CUCTEM &1 = L1, L2 = kxe naa k >0, k=1
nld<k<l1

X.
2 x,

NG == \\//

o X -~ 0 —— X
1 -~ — 1
-~ 0 —
Puc. 31. Cenmno: ¢aso- Puc. 32. ®aszoBnie Puc. 33. ®asosbie
Bble KPHUBbBIE CHCTEMbI KpPUBBIE CHUCTEMBbI KpUBbIE MepeBepHY-
T1=x1, Lo=kx2, k<0 T1=x1, £2=0 TOr0 MaATHUKA

usobpasenHoe Ha puc. 30, HasbiBaeTcA yaaon. lIpu k < 0 kpussie (5) uMeroT
B runep6oal (puc. 31) u 06pasylOT B OKPECTHOCTH Hayala KOOPAMHAT
cedao. llpu k = 0 wpussle (5) npeBpaialoTca B npaMbie (puc. 32).

U3 ¢opmyn (4) BuaHo, uTo Kamiana GpasoBad KPUBAA JEHKUT LEIUKOM
B O/IHOM KBajipaHTe (MU HAa KOOPIMHATHOMN IMOIYOCH, UK COBIAAaeT C Haya-
JOM KOOpPIMHAT, KOTOpOe MpH Beex k ABnAeTcA das3oBoit kpusoit). CTpenku
Ha pUCyHKaX YKa3bIBalOT HalpaBleHue NBHMeHUA TOUkM o(t) mpu Bo3pac-
TaHuu t.

3AAYA 3. [lokakuTe, YTO KamjgasA U3 napabora o = w% (k = 2) cocTout us

Tpex ¢a3oBbIX KpuBbIX. Onumure Bce ¢pa3zoBble KPUBBIE IPU APYTUX 3HaUYEHUAX k
k>1L,k=1,0<k<1,k=0,k<0).

HHTepecHo npociequTh, Kak OJUH PUCYHOK IepeXOJUT B APYTO0il IpHU Helpe-
PBIBHOM U3MeHeHHH k.

!HacToamue runep6onbl nmonyvatoTca aumb npu k = —1.



§2. BerxmopHble noas HA NPAMOL 43

3AIAYA 4. Hapucyiite y3en, coorBeTcTBylomuit k = 0,01, u ceamno, cooTBeT-
crBytomee k = —0,01.

3AJAYA 5. PemuTe ypaBHeHUe IepeBepHYTOro MagTHUKA &1 = T2, £2 = T1
U HapucoBaTh (pa30Bble KPUBBIE.

PEIIEHUE. BBenmem Ha da3oBoii IOCKOCTH HOBbIE KOOpAUHATHL: X = x1 + T2,
Y = x1 — x2. Cuctema pacnmajaeTca B NpAMOe NPOU3BEJEHUE: X = X, Yy =-VY.
Ha mnockoctu (X, Y) ¢asoBble KpuBble 06pa3yioT cenno, kak Ha puc. 31. Cie-
JoBaTelbHO, Ha INIOCKOCTHU (T1,T2) Tak#e noixydaem cemio (puc. 33). Orciona,
B YaCTHOCTHU, CIE€QYEeT, YTO Npu OGHHOM OMKAOHEHUU MAAMHUKA OM GePMUKAAU
cywecmsyem 00HA U MOALKO 00HA HAYAAbHAA CKOPOCMb, NPU KOMOPOU OH aAcCUMN-
momuieckl nNpuBAUNCAEMCcA K 6epIHeMy N0A0NeHUI0 pasHosecus npu t — +0oo (co-
OTBETCTBYOWAA (asoBad KpuBasA — HPAMOIUHENHbIN xyd, BxoaAamui B 0). llpu
MeHbIIell uiau 6oisblleii HayalbHOU CKOPOCTH MaATHUK najgaeT aubo He oiad
10 BEpXHEro MOJ0KEeHUA PaBHOBeCHA, 1160 IepeBaluBIINCh Yepe3 Hero (COOTBET-
cTBylomue (a3oBble KpUBble — IIOJIOBHUHBI THIEPGOT).

Pemenusa nmeror Bug X = Xoet, Y = Yoe_t, OTKyJa 1 = Aet + Be™t =
=a cht +bsht, zo = Aet — Be " =a sht + b cht.

6. YPaBHeHI/IH C pa3aeAIIMMHCA IIepeMeHHbIMH.

Onpe,ue.rle}me. YPGBHGHUQ.M C paaﬁeﬂﬂmwumum nepemeHHoviMu HAa3bI-
BaeTCA ypaBHeHUe

dy _ f)
dv  g(z) ©)

Mzt 6yaem mpefnonarath, uto f u g — riaagkue GyHKIUHU, He oGpalia-
tomuecAa B () B paccMaTpuBaemMoil o6nacT.
PaccMmoTpuM HapA#y ¢ 3TUM ypaBHEHHEM CUCTEMY

& = g(x), 9= f(y)- (7)
Teopema. Dasosvie kpussie cucmemst (7) AGAAIOMCA UHIMEZPALLHLLMU

kpusbLmu ypasnenus (6), u, o6pammuo, unmezpasvroie kpussle ypasHerus (6)
aAsaamMea Hazoevimu KPUSbLMIL CUCTEMbL.

JIOKABATETBLCTBO.

TaHreHc yria HawrjJIOHa BeKTopa (a3oBoil CKOPOCTH K OCH I €CThb
f(y)/g(x). 3nauut, dpazoBadg KpuBad CHUCTEMbI B Kaii[0il cBoell TOUKe Ka-
caeTcA MONA HANPaBIeHUH ypaBHEHUSA.
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O6paTHo, MycTh JaHa MHTerpaibHasd Kpubas ypaemenus (6). Torma
Ha Heli MO#HO BHIOpAThL MapaMeTp ¢ Tak, YTO MapaMeTpUYeCKoe ypaBHe-
Hue KpuBOH Oyner © = ¢(t), y = (t), npuuem QyHKUMA ¢ — pelne-
Hue ypaBHeHua & = g(z) (3mech mcnoabsyercsa ycinoBue g # 0). Bropas
KOOpJMHATA 1) TOYKM C MapaMeTpoM ¢ Y[IOBIETBOPAET TOrJa COOTHOIIe-
uuto (di/dt)/(de/dt) = f((t))/g(p(t)), T.e. ABAAETCA pelleHHeM ypaBHe-
uuda § = f(y). ClienosaTtenbHo, Halla KpuBaAd — (a3oBafd KPUBAA CUCTEMBI.

Teopema. Pewenue ypasHenua (6) ¢ HavaavHuim ycaosuem (X, Yo)
cyusecmeyem, eduncmeenno' u daemcs gopmyaoil

Y
/ ¢ _ [ dn
| f f)’
HJOKA3ATEILCTBO.

JTo caepyeT U3 NpenbIAyIIeil TeopeMbl ¥ HOPMYI LA PelleHUs ypas-
Henuit & = g(z) nu § = f(y) ¢ HavanbHbIME ycaoBuAMH (to,xo) U (to, Yo)
COOTBETCTBEHHO.

3AMEYAHUE. «<MHeMoHNYecKOe» NpPaBUIO pelleHUA ypaBHEHHA C pas-
JOeNAI0MIMUCA epeMEeHHbIMH COCTOUT B TOM, YTOGBI paccMaTpUBaTh U Je-
BYIO, ¥ MpaByIO YacTH YpaBHEHHA KaKk IpoOU U MEPEHECTH «BCE WIEHBI C &
B OJJHY CTOPOHY, a BC€ WIEHBI C Yy B IPYTYIO»:

glz)  f(y)
Iocne aTOro0 «IppaBHUBaHUE HHTErPAIOBy JaeT HCKOMOE COOTHOIIEHUE

dy
)

WJIM B YKadaHHOM B TeopeMe BUle — [IJA onpedelleHHbIX UHTerpajoB.

Me#AY & U Y B BUJle paBeHCTBa / dz + C nna nepBooOpasHbIX
x)

Paszymeercs, 3T0 «MHEMOHUYECKOE» MPABUIO ABIAETCH, NP €ro NpaBUilb-
HOM NOHMMaHHM, BIIOJHE CTPOTUM BHIBOIOM (OpPMYIbl AdA pemeHus. JlelicTBu-
TelbHO, cooTHomeHNe (8) o3HauaeT pasencmeo 3naienull dsyxr duddepenyuans-
Hulx Popm Ha a0b6om eexmope, Kacawuemcs unmezpaiviotl kpueot ypasnenus (6)
(u o6paTHO, KpuBas, Bce KacaTelbHble BEKTOPbl KOTOPOIl YIOBIETBOPAIOT COOT-
HoureHuio (8), ABIAETCA UHTerpalbHoi 11A ypaBHeHud (6)).

Uurerpansl ¢popM B 1eBoii U B mpaBoil yacTAX ypaBHeHudA (8) IO ofHOMY
OTpe3Ky MHTerpalbHOH KpHBOil ypaBHeHHA (6) paBHbI (Tak Kak B ONpeleleHUU

1B TOM CMbICJIe, UTO BCAKHKE IBa TaKHe pelleHuA coBnajgarmT TaM, rae oba onpefeneHbl.
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HHTerpaia BAOJIb KPUBOIl y4acTBYIOT JUIIb 3HaueHUA (GopMbl Ha KacaTelbHBIX
BEKTOpaX KpPUBOW, a Ha 3TUX BEKTOpaX 3HaueHWUA ¢GopM coBmanaioT). Hakoner,
unTerpain ¢opmsl dz/g(x) BHOIb OTpe3Kka KPHUBOH paBeH 00BIYHOMY HHTErpaily
¢yHruMU 1/g BIOIb MPOEKIUM 3TOr0 OTpe3Ka Ha OChb T, ¥ aHAIOTUYHO AIA (op-

bt dy/ f(y)-

@opmyna (8) HasblBaeTCA HHOTAA CUMMemPUYHOL @opmoil 3amucu ypaBHe-
Hud (6).

3a1Aa4A 1. HapucoBaTh MHTerpaibHble KpuBble ypaBHeHuil dy/dx = y/z,
z/y, —y/z, —z/y.

3A1A4YA 2. HapucoBaTh MHTerpaibHble KpUBble ypaBHeHU# dy/dx = k.’c“‘yﬂ,
siny/sinz, sinx/siny.

3A1A49A 3. HapucoBaTh ¢a3oBble KpuBble ypaBHeHHA MaATHUKa & = Y,
y = —sinz.

YkaszaHnue. PaccMoTpeTh ypaBHeHHMe ¢ pa3felflOMMMUCH [e€PEeMEHHBIMU
dy/dx = —(sinz)/y.

7. IIpumep: moneab Jlorka—BoabTreppa. B m. 12 §1 mbI pac-
CMaTpUBali MPOCTEHIIYI0 MOJAEeNb B3aUMOJEHCTBUA Y XUIIHUKOB (LIYK)
u x #epTB (Kapaceii):

& = kx — azy, y = —ly+ bxy. 9)

Ho MBI He cMorau HapucoBaTb ¢)a3OBbIe KpHUBLIE.

Teopema. Paszosvie kpussvie cucmemst (9) samruymeote (puc. 34).

HJOKA3ATEIBLCTBO.
®azoBbIe KpHBbI€ CUCTEMbI (9) coBIagarOT ¢ UHTerpajJbHbBIMU KPUBBIMUA
dy y(bx —1)
YPaBHeHHA C pa3elAIIUMUCA IePeMeHHbIMU —~ = ———~ 1Iu ¢ daso-
dr  z(k —ay)
BBIMU KPUBBIMU ypPaBHEHUA-NPOU3BeIEHUA
de _ _a dy _ _y

dr bz -0 dr  k—ay

(B obnactu, rae z, y, bx — Il u k — ay orauuusl ot 0).
k— _
CrepoBaTenbHo, / Tay dy = bxm ! dx + C unu p(z) + q(y) = C,

rae p = br — llnz, ¢ = ay — klny. 'papuru ¢byHKIUit p U ¢ UMeEOT
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Y P q
p+tq 5
"/
N__
ur | | ©
)
Yo/
% £ Ly X Yy Y X X
Puc. 34. ®a3zoBeIe Puc. 35. IlocTtpoenne ¢a30BbIX KPHUBBIX MOJENU
KpUBbIe Mojienu Jlorka—BoabTeppa

Jlorka—BoasTeppa

Buz AM. Iloatomy u rpadpur ¢ysruuu p + ¢ umeet Bug Ambl (puc. 35). Cie-
JIOBaTelbHO, TUHUM YPOBHA GYHKINHU P + ¢ — 3aMKHYTble KpuBbIe. Jlerko
IPOBEPUTH, YTO (Pa3oBble KpUBbIe ypaBHeHUA (9) HE TONLKO MpPUHAIJIEKAT
JUHUAM yPOBHA P + ¢, HO U COBMNAJAaIOT C HUMU; TeOpeMa JoKas3aHa.

W3 3aMKHYTOCTH (pa30BbIX KPUBBIX ClefyeT, UTO KoJlHUuecTBa Kapaceit
u mWyk B Mojenu JIorka—BonbTeppa MeHAIOTCA cO BpeMeHeM NepHoANYeCcKH.
Ilepuon ronebaHuil 3aBUCUT OT HayalbHOI'O yCIOBHA.

3A0AYA 1. JlokamuTe, 4yTO nepuos KoieGaHuii B mogeau Jlorka—BoabTep-
pa (9) cTpeMuTcA K GECKOHEYHOCTH, KOT/la HavyalbHOE yCIOBUE MPUOIUKAeTCH
& toure (0,0).

3AMEYAHHE. MaTeMaTnuecKkoe cTpeMieHHe K G6ECKOHEUHOCTU HY#KHO OTIH-
yarh oT ¢usuveckoro. Hampumep, 1/e npu ¢ — 0 geliCTBUTEIBHO CTPEMHUTCH
k oo (manmpumep, npu ¢ = 107° Benuuuna 1/¢ pmeiicTBuTenbHO Benuka). B To
e BpemA |Ine| mpu ¢ — ( mpakTHYeCKM OCTAeTCA OrpaHUYEHHBIM (HampuMep,
npu € = 10™°% 3710 Bemuuna nopsamka 10). llpakTHyecky ¢ TorapudMamMu B aCHMII-
TOTHKAaX 4acTO MOHO ob6pamaTbCcA Kak ¢ KOHCTaHTaMU.

3a7449A 2. Kak cTpemuTcs K 6ECKOHEYHOCTH NEpUOJ| KoleGaHUi B MOAeIH
Jlorka—Boabreppa (9), Koraa HavalbHOe yciloBHe uMeeT BUJ (Zo,€), € — 07

OTBET. Jlorapupmuyecku.

PaccMOTPUM HEKOTOpbIE BBIBOJbI U3 HAIIUX BHIYMCICHUIA.

Ilna cucremsr Jlorka—BonbTeppa (9).

1) CymecTByeT (M equHCTBeHHO mpu x > 0, y > 0) moloxeHne paBHO-
Becud (2o, Yo)-

2) KonnuecTBa Kapaceii 1 IIyK NPU HEPABHOBECHBIX HAYAIbHBIX yCIO-
BUAX MEHAIOTCA CO BPEMEHEM NMEePHOAUIECKH.

3) ®azoBble KpuBbIe cucTeMBI (9) 3aMKHYTHI.
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3amMeTuM, YTO Halla MOJeNb BPAJ JU MOMKET MPETEeHJ0BaTh Ha BMOJ-
He TOYHOE OMHCcaHUe NAeHCTBUTEILHOCTHU, Jae eCli 0CTaBaThbCA B paMKax
IByMepHoro ¢aszoBoro npoctpaHncTBa. Hampumep, faxe B OTCyTCTBUE IIYK
npy 60abIIOM YKClIe Kapaceil CROPOCTh Pa3MHOMEHUA J0/MKHA YMeHbIIaThb-
cA, MHAYe KapacAM He XBaTHUT Npyla, U T. 1. Mbl Mo#eM AymaThb H03TOMY,
yTo Gollee TOYHAA MOJielb MeeT BU[

&=k —ay+ef(z,y))

§ = y(—L + ba + eg(a.y), (B)

rae ref u yeg — OTGpPOIIEeHHbIe TIPU UJealu3alllui Malble MONMpaBKU K Ha-
mweii Mozieny (MONpaBKa B 4 NEIUTCA HA T, TAK KAK CKOPOCTh PA3MHOMKEHUA
Kapaceil paBHa 0, eciau ux yuciao paBHo (; 10 3Toii #e NPUYKMHE TONpaBKa
B § menuTcA Ha y). MbI 6ygem cuutaTh f ¥ g raagkuMu QyHKIUAME (CTpo-
ro roBops, 3[Jecb U Jajlee paccMaTpuBaeTcA orpaHHyeHHad 4YacThb ¢a3o0Boit
IJIOCKOCTH, TaK KaK JJIfA MaJOCTH MONPABOK NP 0YeHb GOJIbIIUX 3HAUYEHUAX
KOODAUHAT HET OCHOBAHHUIA).

Me1 6yem HasbIBaThb cBOCTBO Moenu (9) 2pyGuim, eciau oHo (Wi aHa-
JOTUYHOE eMy GIH3KO€e CBOMCTBO) MMeeT MeCTO U JiA BeAKol cuctemsr (9, ),
P JOCTATOYHO MalbIX €.

PaccMoTpuM ¢ 3Toit TOUKM 3peHUA clelaHHble Bbille BHIBOABI 1)-3).

Teopema. Y cucmemst (9;) umeemcs 24adko 3a6ucaujee om MmaL020 €
noaoxcenue pasnosecus r(c), y(e) maroe, wmo x(0) = xo, y(0) = yo —
noaoxcenue pasHogecus cucmenvt (9).

HOKA3ATEIBLCTBO.
Ilo Teopeme o HeABHOW (PYHKIUU cUCTeMa ypaBHEHUIH OTHOCHUTENb-
HO Z, ¥
F(wvyve) =0, G(mvyv‘s) =0

HMeeT IiIaiKo 3aBUcAlllee OT Manoro € pemenue (z(e), y(e)) obpamaroieecs

D(F,G
B (xo, Yo) upu € = 0, ecu oTINYEH OT Hy1A AKOGUaH J = DR, G) .
D(z,y) (0,90,0)
B namewm cnyvae F' =k — ay +cf, G = —1 + bx + €g, cienoBaTenbHo,
J = |2 _0“‘ # (0, 4yTo U TpeGoBaNOCh N0KA3aTh.

HUrak, BeiBox 1) rpy6: monoskeHue paBHOBECHA MMeETCA He TONbKO
y cucteMsl (9), HO U y BeAKo# Gnuskoit cuctemsl (9c).

Hanpotus, BeiBoabI 2) u 3) Herpy6sl. JeiicTBUTENbHO, GYHKIMA NOCTE-
noBaHus i cuctemsl (9) umeet Bun ¢(A) = A. lna 6nuskoit cuctemsr (9c)
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rpaduk GyHKIUU nocieqoBaHudA OyaeT 6AU3KUM K AuaroHanu, HO He o0A3a-
TelbHO Gy/leT coBNagaTh ¢ Heil. B 3aBucMMoOCTH OT BUaa Bo3MylleHuit f u g
nuarpaMma JlaMepesa MokeT ObITh paclojiokeHa BbIllle WM HUe AuaroHa-
JIM WY NlepeceKaTh ee B OAHOM MM HECKOJIbKHUX TOYKaX, COOTBETCTBYIOLUX
YCTONYUBBLIM U HEYCTOWYMUBBIM IUKJIaM.

CnenoBaTenbHO, 6616006 0 3aMEHYMOcMU $aA3086lx KPUBLLT U Nepuodut-
HOCMU K04e0aHUA YUCAeHHOCMU Kapacel u wyk ¢ amnaumydoll, 3asucaujell
0Mm HAYAAbHBLT Ycaoeull, Heepylbl, XoTA y O6auskoil cuctemsl (9.) KamabIit
BUTOK (pa30BOIi KPUBOil U 6IKU30K K 3aMKHYTOMY LUKy, OH He 3aMbIKaeTcAH
B TOYHOCTH, U 4epe3 Goabuioe BpemA (mopAnka 1/¢) ycraHaBiuBaercs, Ha-
npuMep, aBTOKoIe6aTelbHbIA pemum ((dasoBafd KpuBafd HAMAaThIBAETCH Ha
npefenbHbId HUK).

CBOIfcTBO cHCTeMbl UMeTh NpelelbHbINl IUKI y#e ABIAETCA YCTONYHBBIM
OTHOCHTEILHO MalbIX BO3MYIIEHHiI ccTeMbl ypaBHeHuil. TouHee, IPeAIIOI0KUM,
YTO [UKJI COOTBETCTBYeT HemojBuHOH Touke A = ®(A) pyHKuuUM nocienosa-
uua ® u uro $’'(A) # 1. B TakoM ciyuae UHKI HA3BIBAETCH HeBbLPOHCOCHHBLM.

Ecau cucmema, 3adannas eexmopHulm noaem v, UMeem He8blPOyHIeHHbL
npedeavrulll yuka, npoxodawutl yepes Ao, mo ecaras 6ausras cucmema (3a0anras
noaem ve, € Maad) umeem Gauskuil yura (npoxodawuid wepes Gausryio k Ay moy-
Ky A(E)).

llna nokasaTelbcTBa HYKHO NPUMEHHUTH TeOPeMY O HEABHOH (GYHKIUH
K ypaBHenuto ®(A,e) = A, A(0) = Ay.

CremoBaTelbHO, 861600 0 HAAUYUL 8 CUCTeMe ABTMOKOAEOAHUL, ONUCHLBALMbLY
HeablpoKcdeHHblM npedesbHbLM UUKAOM, 2pY6: BO BCAKOM 6IU3KOI cucTeMe GyayT
61M3KUe aBTOKoJe0aHNA.

3aMeTHM, 4YTO BBIPO#JIE€HHble NpejelbHble IHKIbI
MOT'YT Mc4Ye3aTh [IPH MajoM ILieBeleHUHU cucteMbl. OnHa-
KO OHM MNOABIAIOTCA HEYCTPAaHUMBIM MailbIM IIeBejleHU-
eM, IIaBHbBIM 00pa3oM, B TOM clyuae, KOrja paccMaTpH-
BaeTcA He OTJelbHas cUCTeMa, a CeMelCTBO CUCTeM, 3a-
BUCAIIUX OT NapameTpa. B sToM ciydae npu oTAeIbHBIX
3HaYeHHAX IapaMeTpa MOT'yT CIMBaTbCA MemIy co6oit
pasIuuHble HUKJIbI, IPUYEM aHAIOTUYHOe clIUfAHUe GyneT
HMeTb MeCTO IPH HEKOTOPOM OJIM3KOM 3HAauYeHUU Iapa-
MeTpa M B 11000M 61M3KOM ceMeiicTBe. B MoMeHT caus-
HUA JBYX HEBbIPOJIEHHBIX [UKJIOB M BOSHUKAeT BbIPO-
neHHbI nUKI. [Ipu sToM, BooGIne roBops, U3 ABYX CIMBAIOMUXCA IHUKIOB OJUH
YCTOIYMBBI, a APYT Ol HEYCTONYNBBIi. BbIpos JeHHbIe IUK/IbI, BOSHUKAIOIIE DU
CIMAHUU ABYX HEBbIPOKIEHHBIX, IPeACTaBIAIOT UHTepec MOTOMY, UYTO OHU BCer-
Ja BcTpevaloTcA Ha rpaHule 061acTy cyllecTBOBaHUA KoleOaTelbHOT0 pekuMa B
npocTpaHCTBe MapaMeTpOB.

Puc. 36. IlepecTpoiira
guarpaMm Jlamepes
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Hanpumep, Ha puc. 36 usobpaseHbl JuarpaMMsbl JlaMepes npu Tpex ouyeHb
GMU3KUX 3HaueHMAX nmapamerpa (kpusble 1, 2 u 3). [lmarpamma 1 mepeceraeT
6ucceKTpUCY B [BYX TOYKaX; B 3TOM clydae B cUcTeMe HMeeTCA [Ba Npefelb-
HBIX IMKIa, yCTOHYUBBIA BHYTpU HeycToiuuBoro (puc. 37). [lonoxenne paBHOBe-
CHfl HEYyCTOWYMBO; BcA 061acTh BHYTPU HeyCTOHUYMBOIO LMKJIa ABIfAeTcA obiac-
ThIO NPUTHMEHNA («BGacceifHOMY) YCTOHYMBOrO IMKJIA: IPU HaYalbHBIX YCIOBUAX
B 9TOH o6racTu (MCKIIOYAA MM [ION0KEHNe DABHOBECHUA) B CUCTEME yCTAHABIU-
BalOTCA aBTOKoJeGaHuA, n306pamaeMble YCTONYUBBIM IIKJIOM.

@ @]

Puc. 37. llepecTpoiika dasoBoro noprpera U noBefeHue peleHui

KpuBafa 2 cooTBeTCTByeT KPUTHYECKOMY 3HAUYEHHUIO MapaMeTpa: YCTONUM-
BBIfl IJUKJ CIMBaeTCAd C HEYCTOHYMBBIM U CTAHOBUTCHA BbIpOkAeHHbIM. Da3oBble
KpUBble, HAUMHAIOMMUECA B OrpaHUYEHHOI MUKJIOM 00/1aCTU, CTPEMATCA K IUKIY
Npu Bo3pacTaHuu BpeMeHH. OHAKO ycTaHaBINBAIOIUICA IPU 3TOM KoleGaTelb-
HBIIl peKUM HeyCTOHUMB: CKOJIb YT'OJHO Majoe clIy4daiiHoe M3MeHeHHe CIOCOGHO
BBIGPOCUTH (a30BYIO TOUKY 3a Ipejelbl UKJIA.

IIpu panbHeimeM M3MeHeHUH NMapaMerpa (KpuBas 3) LUK HCYe3aeT BOBCE.
Takum o6pa3oM, ciugHYUe ITUKIOB IPUBOJUT K CKaYK006pa3HOMY U3MEHEHUIO I10-
Be[leHUA CUCTEeMbl: yCTONUNBBII aBTOKo/Ne0aTelbHbINl peuM C KOHeuYHoil obaac-
ThIO NPUTAMEHUA BHe3alHO HMc4ye3aeT. [BUeHNA ¢ HavyalbHBIM yClIOBUEM B Oac-
ceilHe Mcuye3amomero MUKJIAa yXOAAT IOCIe ero MCYe3HOBEHUA B Jpyrue obracTu
¢asoBoro npoctpanctsa (puc. 37). B Hamem npumepe nocie nepexoja napaMeTpa
Yepe3 KpUTHUYECKOe 3HaYeHUe B NOMYJIANMAX XUIHUKOB U KEPTB CKOJIb YTOJHO
Majloe OTKJIOHEHHe HayalbHbIX YCIOBUIl OT paBHOBECHBIX IPUBOJAUT K HEOI'paHU-
YeHHOMY HapacTaHHIO KojlebaHMii U, cleJoBaTelbHO, K BBIMUPAHUIO.

[lepecTpoiiku KauecTBEHHOI KapTUHbI ABUMEHUA P U3MEHEHUH NapaMeT-
poB usyuaer meopus oudyprayuil (6udypranua = pasfgBoeHUE), a NPHIOKEHUA
Teopuu O6UdypKaluil K UccleqOoBaHUIO CKaYKooOpa3HbIX pearIUii MeXaHUYeCKUX,

4 3arka3z Ne U17
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($U3NUECKUX, XUMUUYECKUX, OM0J0IrNYeCKUX, DKOHOMUYECKUX U HMHBIX CHCTeM Ha
IJIaBHOEe M3MeHeHHe BHEMIHUX YCIOBUI NMOMYy4YWIU B NoclejHee BpeMdA Ha3BaHUe
meopuu kamacmpog.

W3 pucynka 36 BugHO, 4TO Korja 3HaueHUe IapaMeTpa OTJIHYaeTCA OT KPU-
THYECKOT0 3HaUeHHA Ha Malylo BeIWYHHY A, pacCTOAHHE MEKIY YCTOHUYUBBIM
M HeyCTOHUMBBIM IHKIaMM mopsaaka v/A. CleIoBaTelbHO, CKOPOCTh COMMAICHUA
IUKJIOB NIpU M3MeHeHUM NapaMeTpa ObICTPO pacTeT Mo Mepe NpUGIMMEeHUA Na-
paMeTpa K KPUTHUYECKOMY 3HaueHMIO: B caMblil MOMEeHT KaTacTpodsl ob6a IUKIa
OBUKYTCA HaBCTpeuy APYT APYTy ¢ 6eCKOHEeUHOI CKOPOCThIO. ITO 00BACHAET, I0-
YyeMy Tak TPYZHO NPeJOTBPAaTUThb I'PO3ANIYIO KaTacTpody MOTEepPH YCTONYMBOCTU
CHCTeMBl, KOTla y#e clelaluch 3aMeTHBIMM ee IMPU3HAKHU.

3AJAYA 3. UccaenoBaTh 6udypKanuy HUKIOB IPU U3MeHEeHUH IapaMeTpa ¢
B CHCTeMe, 3a/laHHO B IOJAPHBIX KOOPAWHATaX ypaBHEHUAMHU

F=cr—1%+1° p=1

OTBET. Ilpu ¢ = 0 u3 nonoxeHus paBHoBecud r = () pokaeTcA yCTONYNBBIN
LUKI pajuyca NopAaKa 4/c; Ipu ¢ = 1/4 oH ucYe3aeT, CIUBIIUCH C HEYCTOWYHUBBIM.

3AMEYAHHUE. MoKHO NOKa3aTb, YTO pPOKIEHUE WIH CMepThb LHUKJIA B IOJO-
#eHUU paBHOBecHUs, KaK U pOMJeHUe WIM CMepThb Iapbl IUKIOB — TUIHYHOE
ABIeHMe, BCcTpeyaloleecA NpU U3MeHeHUM NapaMeTpa B 00IMMX oJHONapamMeTpH-
YyecKUX ceMelicTBax Ou(depeHIUAIbHbIX ypPaBHEHUIA.

YcToiltunBble npeenbHble IMUKIbI OMUCHIBAIOT YCTAaHOBUBIIUECHA ITEPUOAUYEC-
KHe KoleOaHUA CUCTEMbl, HAXOAIIeiCcA B cCTallMOHAaPHbIX BHEMHUX yciaoBuAx. Ko-
neb6aHusA, ONMChIBaeMble yCTOMYMBBIMY LMKJIaMU, Ha3bIBAIOTCH ABMOK0AEOAHUAMU,
B OTJIMYUE OT 8bIHYHCOeHHbLT KOTeOaHU, BbISBAHHBIX NepPHOJUYECKMMH BHEITHUMU
BO3JefCTBUAMHU U OT KoJeOaHuil TuUIla cBOGOIHBIX KojJeOaHuili MadTHUKA. Bo3HUK-
HOBeHUe aBTOKojJe6aHuil camo 1o ce6e JOBOJbHO yIUBUTEIbLHO, HO OHM BCTpeya-
I0TCA, HallpuMep, B TAKUX CUCTeEMaX, KaKk Yachl, IapoBad MalllHa, 3J1eKTPUUEeCKUI
3BOHOK, cepjle, paauonepenaTyuk, lepeMeHHble 3Be3/1bl TUMNa Iedeus — pabora
KaK/JI0ro U3 3TUX YyCTPOMCTB ONUChIBaeTCA NpeelbHbIM IIUKIOM B COOTBETCTBY-
omeM ¢a3oBOM IPOCTPaHCTBE.

OnHako He clieJyeT AyMaTh, YTO Bce KolebaTelbHble NPOLecChl ONMUCHIBAIOTCA
npegelbHbIMH IIMKJIaMU: B MHOIOMEPHOM (a30BOM IpPOCTPAHCTBE BO3MOKHO IO-
paszo 6oiee cloxHOe NMoBeAeHUe (a30BbIX KPUBLIX. [I[pMepaMu MOTr'yT CIyKUTh
npoleccud rupocKona, JBU<eHye IJIaHeT U UX CIIy THUKOB U UX BpallleHue BOKPYT
CBOUX oceil (HENEPUOAMYHOCTD STUX IBHKEHHII OTBETCTBEHHA 3a CIOHOCTD Ka-
AeH[apA U TPYJHOCTH IPe/BbIYUCIEHUA NPUIUBOB), a TAKMe JBUMKEHUE 3apHANeH-
HBIX YacTHUIl B MarHUTHBIX NOJAAX (OTBETCTBEHHOE 38 BO3HMKHOBEHHE MOMADPHBIX
cuAHU#). Mbl paccMOTPUM NpocTeiilne ABUeHUA 3Toro poja B §24 u §25 m. 6.
B cuctemax ¢ MHOroMepHbIM (a30BbBIM NPOCTPAHCTBOM ()a30Bble KPUBBIE MOT'YT
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