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I OKA3BATEJILCTBO.
IIpumenum ciaenctBud 1 U 2 K MoJ0 HaNpaBieHUH JaHHOTO YpaBHEHUA
B pacmiupeHHoM (a3oBoMm npocTpaHcTBe. [loryuaem cienctsue 3.

3AMEYAHHUE. B cinegctBum 3 u B ganbHeiinmeM & — Touka (a3oBoOro
IpPOCTpaHCTBA 11060i1 (KOHEYHO) pa3MepPHOCTH M. JTO CIe[CTBUE HAa3bl-
BaeTCA meopemoll Cyuecmeo8anus U eJUHCMBEHHOCU peuleHUull cucmemvl
m ypasHeHUll nepeozo nopadra.

3. Teopemsbl 0 HenpepbIBHOI U auddepeHHpPyeMoOii 3aBUCU-
MOCTHU pellleHUii OT HayajlbHOT0 YycJoBUA. PaccMoTpuM 3HaueHue pe-
mweHuA ¢ auddepeHnraIbHOro ypapHeHus & = v (¢, £) ¢ HaYaIbHBIM yCJIO-
BueM ¢(tgp) = To B MOMEHT BpeMeHH ¢ Kar ¢yHruuio ® ot (to, xo; t) co
3HaueHUAMHU B (a3o0BOM NMpPOCTpPAHCTBE.

N3 ocHoBHOIT TeopeMbl 1 0 BbIIPAMIEHUU BbITEKAET

CanenctBue 4. Pewenue ypasHenus c 2aadkotl npasoill wacmuio 21adKo
3aucum om HA4aAAbHLLT YCA08UL.

JTo 03HAYAET, UTO yKa3aHHAA sblle Pynryua ® onpedesena, nenpepois-
Ha u eaadra 6 oxpecmHocmu kaxdol mouku (to, xo; to) (kaacca C, ecau
v — kaacca C™).

JIOKA3ATETBCTBO.

Ilna npocreiimero ypaBHenus (v = 0) sto oueBugHo (P = x0). OGwee
ypaBHeHHe CBOAUTCA K HeMy Anuddeomopdusmom (MOAPOGHOCTH OCTaBIA-
IOTCA YUTATENIO).

3AMEYAHUE. Teopema o nuddepeHIUPyEMOCTH 0 HAYAIbHOMY YyCJIO-
BHIO JJocTaBiAeT BecbMa 3(ppeRTUBHBIN METOJ HCCIeIOBaHUA BINAHUA Ma-
Joro Bo3MYIlleHHA HavyalbHOro ycioBuA Ha pemieHue. Eciau npu kakoM-1160
HavyalbHOM YCIOBHUU pellleHHe U3BECTHO, TO /A oNpejeleHUuA OTKIOHEHUA
pelleHuA ¢ GIM3KUM HadyalbHbIM YCJIOBUEM OT JaHHOTO «HEBO3MYIIEHHOI'O»
pellleHUA TNoNydYaeTcA B IepBOM NPUOINMEHUN JTHHEHHO OZHOPOJHOE ypaB-
HeHue (ypaBHeHHe B Bapuanufx). BosHukarmomasa TakuMm o6pa3oM «Teopuf
BO3MYIIIEHUI» — MpPOCTO OJIMH U3 BapuaHTOB MeToja pAnoB HeioToHa.

3A7AuA 1. HaiiTy npousBOJHYIO pelleHHA ¢ ypaBHeHHA & = x> + x sint 1o
HavalbHOMY 3HaveHUIO p(0) = a npu a = 0.

PemEHNE. Ilo crepctBuio 4 pemenue pasnaraercd mo a no gopmyne Teitno-
pa, ¢ = po+api+... (MHOroToune — Maiad NOPAJKA BbIIIE IEPBOT0 OTHOCUTENb-
HO a). 3[1eChb 9 — HEBO3MYIIEHHOE pelleHune (¢ HyleBbIM HayalbHbIM yCIOBUEM ),
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1 — uckoMmas nmpousBopHad. [Jua Hamero ypaBHeHus ¢po = 0. IlogcraBiass paxn
B ypaBHEeHVe U [pPHPAaBHUBafA B JeBOH M NpPaBOii YacTH YIEHbl ¢ OAWHAKOBBIMU
cTeneHAMH o (Ha OCHOBaHWM eJUHCTBeHHocTH paAna Teitnopa), nomrydaem mid ¢;
ypaBHeHHe B BapuallUAX ¢1 = i sint ¢ HavanrbHbIM yciaoBueM ¢1(0) = 1 (moye-
My?).

l—cost

OTBET. e

3AAYA 2. HaiiTu 61M3KUMiT K ocU © 0Tpe30K (pa30Boil KpUBOil 0600IeHHOI
cucremsl Jlotka— Boabreppa & = z(1—ya(z, y)), y = y(x —1), npoxoaameii yepes
TOYKY & = 1, ¥y = € (C NOrpemHOCTLIO MOPAAKA £°).

PEIIEHUE. YpaBuenue ¢azoBbeix kpusbix: dy/dx = y(z — 1)/(z(1 — ya)).
HeBoamymenHoe pemenue: y = 0. YpaBHeHue B Bapuauuax: dy/dz = y(z — 1) /z.

OTBET. y = sem_l/m, He3asucumo om euda GYHKUUL a.

3AnA9A 3. HaiiTu NpousBojHyIO pelleHUs ypaBHeHUA MaATHHUKA 6 =—sind
¢ HayaabHbIM ycioBueM 0(0) = a, 0(0) = 0 mo a upu a = 0.

PEIIEHNE. [I1s npuMeHeHusd cleJcTBUA 4 ypaBHeHUe HY#HO 3alucaTb B BU-
ne cuctemsl. llorydalomasca cucTemMa ypaBHeHUi B BapUallUAX Mo#eT ObITh 3a-
nycaHa B BH/Ie OJTHOT0 YPaBHEHHUA BTOPOro NOpAAKa. YA06GHO BhINUCHIBATh HE CHUC-
TeMbl U HX pelleHNs, a TOIbKO SKBUBajleHTHble UM YpaBHEHUA BTOPOro NMOpAJKa
u ux pemenusa. HeBoamymeHHoe pemenue: § = (. YpaBHeHUe B BapUalUAX — 3TO
ypaBHeHMe MalbX KolebaHuil MaATHHUKa, O = —0.

OTBET. cost.

[IPEIOCTEPE/REHHE. Iloab3ysAch NpUOIUAEHHBIMM (GOpMyJaamMH A
BO3MYIIEHHOTO pPellleHNA, 0Ny YeHHbLIMHU NP NMOMOLIM ypaBHEHUA B Bapu-
auMAx, He clelyeT 3a0bIBaTh, YTO OHU NAIOT XOpollee MPUOIMKEHUe IPH
(UKCHPOBAHHOM ¢ U MajOM OTKIOHEHUH € HAayalbHOT'O YCIOBHA OT HEBO3-
MYIIIeHHOT0: TIOrPelHocThb Npu ¢ukcupoanHoM t ecTb O(g?), HO HepaBHO-
MepHO 1o ¢ — 00 (koHcTaHTa B O pacTeT BMecTe C t).

Hanpumep, nonydennas B 3agaue 2 popmyJia fajia Obl HeBepHOe Mpel-
cTaBieHde 0 Bujle (asoBbIX KPUBLIX 00bIuHON Momenu Jlorka—Boabreppa,
eciy Gbl MbI CTald NPUMEHATHL ee /A ONMCAHMA B4 3TUX KPHUBBIX B le-
10M (Kak Mbl 3HaeM U3 § 2, 9T KPUBbIe 3aMKHYThI; IajieKad OT OCH & YacTh
KPHMBOI OTHIObL He OMMCHIBAETCA OTBETOM 3aiauu 2).

To4HO Tak e pelleHKe MOJHOr0 ypaBHEHUA MaATHUKA ¢ HAaYalbHbIM
ycioBueM (a, 0) 61M3KO K pelIeHNIO ypaBHEHUA Manabix KonebaHuil (¢ Tem
JKe HayalbHbIM YCIOBHOM) HPU (MKCHMPOBAHHOM f: UX DPa3HOCTb IOPAA-
ka O(a®) (nouemy?). Onnako mpu M060M GUKCHPOBAHHOM a # () morper-
HOCTb PacTeT ¢ POCTOM &, U MPU JOCTATOYHO GOJBINUX ¢ MPUGIUKEHHOE pe-



§7. Teopemovl 0 sbinpamaeHUU 103

IIeHHe TepPAeT CBA3b C BO3MYIIEHHBIM (M3-3a Pa3inu4uA ME€PUOLOB MajbIX U
HUCTUHHBIX Konebanwuit). [lepecTaBaaTs Mexay co6oii mpeenbHbIe MEPEXOMbI
t — oo u a— 0 Henb3A!

3a1A9A 4. Haiitu nepsbiii (IMHeHHDIH 0 a) wieH pasnoxeHusa B pax Teii-
Jopa pelleHUA ypaBHeHHA MATKOTO MafATHHWKA i = —x° ¢ HayalbHBIM YCJIOBH-
em z(0) =0, £(0) = a.

PEmEHNE. HeBo3amymeHHoe pemenue: x = (0. YpaBHeHue B Bapuanuax ¢1 = 0.
HavansHoe ycnoBue: ¢1(0) =0, $1(0) =1 (mouemy?).

OTBET. = = at.

N3 Teopembl 0 nuddepeHnupyeMOCTH ClelyeT, YTO OmHUGKa 3TOi MpuUGIH-
#EHHON (POopMyibl He NMPEBOCXOIUT O(az) Ipu KamaoM ¢urcupoBaHHOM t. On-
HaKo NpH M1060M GUKCUPOBaHHOM a 7# ( NpuGIUMEeHHe CTaHOBUTCA COBEPIIEHHO
Hey/IOBIeTBOPUTEIbHBIM NPU JOCTAaTOYHO Goabmux ¢. TO BUIHO, HAIpHUMep, U3
TOro, 4To NpubinAeHHoe pellleHle HeOrpaHWUYEeHHO pacTeT, a HacTofllee ONMCHI-
BaeT NepHofuyecKHe KoleGaHHUA Maloil BMecTe C a aMIUIUTYZAbl (BelIHYMHA aM-
IIUTY bl TIOPAAKA 4/a 10 co06paxeHuAM Mog06uA).

Ina oueHku o6racTU NPUMEHHUMOCTU NPUGINKEHHOI (OPMYIBI MOMKHO CO-

CuMTaTh clefylomue Npubmumenus: ¢ = at + a’ps + a®ps + ... Ioxcrasaaa
B ypaBHeHUe, moiydaeM a’@s + a®@3 + --- = —a’t® + ... 3mauur, @2 = 0,
Ps = —t3, p3 = —t*/4, p3 = —t°/20, x ~ at — a®t°/20 + ... Bropoit uwien

MaJj 110 CpaBHEHUIO ¢ IepBbIM, eclu a2t4/20 L1 e t L o~ Y2, Uupivu cio-
BaMHU, 3HaueHHe NPUOINKEHHOIo pelleHUA A0MHO ObITh MalbIM II0 CPaBHEHMIO
¢ aMIUIUTYI0H UCTUHHOIO KoileGauud, at K 1/a.

3AJAYA 5. [lokasaTb, UTO NIPU YKa3aHHOM YCJIOBHUU OTHOCUTeNbHafA MOrpell-
HOCTh NPUGIUMKEHHOr0 PEIIeHUA AeCTBUTEIbHO Maia.

PEIIEHHUE. JTo ciaexyeT u3 coobpaeHuit nogobusa. KBasuogHopogHbie pac-
tamenna X = ez, T = e °t mepeBOAAT ypaBHeHMe & = —z° B ceba. Pemre-
HHe ¢ HavyaiabHbIM yciaoBueM (0, a) mepexoIuT B pelleHHe ¢ HavalbHbIM yCIOBHU-
em (0, A = e%**a). Ipubausennoe pemenue & ~ at nepexogut B X ~ AT. BriGe-
peM s Tak, uto6bl A = 1. [Ipu A = 1 pemenne X ~ T uMeeT Malyio OTHOCUTEIb-
HYIO HorpemHocTh, nmoka I' < 1. Ho pacTAskeHUA He MEHAIOT OTHOCHUTEIBHBIX
norpemrHocTeii. 3HaUUT, ¥ OTHOCHUTEIbHAA MOTPEIIHOCTh NPUGINMEHUA x =~ at
mata ipu T < 1. Ho T = e °t, a = e~ 2*. 3uaunr, T < 1 npu t <€ a2
TarkumMm o6pa3omM, IpHu MalblX @ NPHUGINAEHUEe AaeT Malyl0 OTHOCHUTEIbHYIO IIO-
IPellHOCTb, fae IpU OoYeHb O0JblIUX ¢, AUIIb Obl { OGbLIO Majo 110 CPABHEHHUIO
¢ GonpmuM uuciaoMm 1/+/a.

B npunosenusax reopuu qud pepeHnnaIbHbIX ypaBHeHH Bcerja MIpUX0AUTCA
HMMeThb felo ¢ 60IbIIMM YHCIOM BeIMYHH, HEKOTOpble U3 KOTOPhIX «0UeHb Malbl»,
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a HEeROTOphble «0YeHb BeIUKU). PaaoﬁpaThcn, YTO BEJIMKO II0 CPAaBHEHHUIO C 4YeM
(T. €. B KaKOM IopAJKe fejJaThb IpeaelibHble nepexo;:[bl), He Bcerja Jerro; uccie-
AOBaHHe 3TOro BoIpoca — HOpOﬁ noJjapgela.

4. IIpeo6pa3oBaHue 3a BpemMAa OT tg o t. PaccmoTrpum gudde-
peHuuanbHoe ypaBHeHue & = v(t, ) ¢ IpaBoil 4acThio, 3aalouleil riagroe
10Jie HANpaBleHuii B 06J1aCTU PACUIMPEHHOr0 (a30Boro mpocTpaHcTsa (JMo-
Goit KoOHeUYHON pa3mepHOCTH 1 + m).

Onpeneaenue. IIpeo6pazoBaHueM 3a BpeMA OT ty
no t HasbIBaeTcA oToOpaxeHue obGnacTu ¢GasoBoro mpo-
cTpaHcTBa B (ha30Boe MPOCTPAHCTBO, CONMOCTABIAIOILIEE
HavyalbHOMY YCIOBHIO B MOMEHT t( 3HaueHHe pelIeHHA
C 3TUM HavalbHBIM ycloBHeM B MoMeHT ¢ (puc. 70).

dTo npeobpasoBaHre 06o3HAUAETCA gfo.
B o6o3Hayenuax caenctsud 4

Puc. 70.  IIpe-
obpasoBaHue 3a gfoe’lfo = @ (to, o5 t)-
BpeMA OT to o t

N3 ocHoBHOIT TeopeMbI O BbIIIPDAMJIEHUU BbITEKaeT

CnenctBue 5. [lpeobpasosanus 3a epema om ty do t 0aa ypasHeHus
¢ 24a0kotl npasoll wacmovio

1) onpedeaenst 6 oxpecmuocmu kaxcdoil gaszoeoil mouku xo 0aa t, do-
CMamoyHo 6auskur K to;

2) asaawomes aokasvnomu dugdeomopdusmanu (kaacca C, ecau npa-
sasn wacmo kaacca C") u eaadro 3asucam om t u om to;

3) das s u t, docmamouno GAu3KuT K to, UuMeem Mmecmo moxdecmeo
0T = g’;gfox (0an 6cex x us docmamouno Maaoll OKPECMHOCMU MOYKU Tg);

4) npu durcuposanrnom & gynryua p(t) = gfof ecmb pewleHue ypasHe-
Hua & = v(t, x), ydosaremsopsaiouee HavaivHoMY Ycaosuio (tg) = &.

CrnencTBre 5 ¢ OUEBUAHOCTBIO BbhITEKAeT M3 MPEAbIAYIINX CIeICTBU.
MosiHO TaK:;#e BOCIOJIb30BaThCA BhINPAMIEHUEM, HE MEHAIOIUM BpPEeMEHH.
Ilnsa BoinpaMienHoro ypaBuenua (y = 0) Bce nmpeoGpa3oBaHuA 3a BpeMd
OT to O ¢ TOHIECTBEHHBI, I03TOMY CBOiicTBa 1)—4) BBINONHEHBI.

PaccmoTpum, B 4acTHOCTH, ClIydail aBTOHOMHOIO ypaBHeHUA & = v(x).
B sToMm ciyuyae umeeT MecToO 0o4eBUIHAA

Teopema. Omoobpascenue 3a gpems om ty dot dan asmonomuozo ypas-
HEeHUs 3068UCUM MOAbKO OM UHMepsaad eépemeHu t — ty U He 3aucum om
Ha1aabHo20 Mmomenma tg.
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JTOKABATEJLCTBO.

CaBur pacumupeHHOro ($)a3oBOro mpocTpaHcTBa aBTOHOMHOIO ypaBHe-
HUA BAOJMb OCH  MepeBOJUT B cebA Mo/le HApPAaBIeHUH, a 3HAYUT, NEPEBO-
AUT OpYT B Jpyra WHTerpaibHble KpuBble. IIpu ciBure Ha s pelleHue ¢
C HavalbHBIM ycioBueM ¢(tg) = o NepexXoquT B pelleHue P ¢ HaYalbHbIM
yenoBueM 9(to + s) = xg. llpu mo6om t umeem ¥ (t + s) = ¢(t). Cregosa-
TeNbHO, gy = gf:jg, YTO U yTBep#Janoch.

O6o3HaunM oToOpasieHue gff)’"'f ropoue: g7. Otobpaskenus g7

1) ompezneneHsl NpU IOCTATOYHO MAlbIX |7| B OKPECTHOCTH U3GPaHHOI
TOYKM (Pa30BOTO MPOCTPAHCTBA;

2) aBaaroTcA auddeomopdu3MaMu 3Toi OKPECTHOCTH B (ha3oBoe Mpo-
CTPAHCTBO U IIAfKO 3aBUCAT OT T;

3) mpu BceX NOCTAaTOYHO MalbIX |s| ¥ |¢| 1 NpU Bcex & U3 HEKOTOPOI
OKPECTHOCTY M30PaHHOM TOYKM BBINONHAETCA IPYIIOBOE CBOHCTBO g°glae =
— g”“”x;

4) npu ¢urcupobantom ¢ dyHruua ¢(t) = gl¢ ecTh peulenue ypasHe-
HUA & = v(x) ¢ HavyanbHbBIM yciaoBueM (0) = £.

CemeiicTBo {g} HasbiBaeTcA 10KaAbHBLM PA306bLM NOMOKOM BEKTOPHO-
ro mojs v.

3a1a4A 1. Ipeanmonosum, uro ypaBHeHue & = v(t, x) umeer T-nepuoau-
yeckue koadduuuents! (v(t+ 7T, ) = v (¢, )) U 4TO Bce 0TOOPaMEHNHA 3a BpeMA
oT to Ao ¢ OuA Hero onpefeleHsbl Bclony. [Jokamure, 4To npeo6pa3oBaHUA 3a Bpe-
MeHa, KpaTHble T, 06pa3yioT Tpymmy: gi’ = A* mpu mo6om nerom k. Kakoe us
IBYX CIeIyIONUX COOTHOIIEHWH BEpHO: g{)“T“ = Akgs, g{;TH = g3 AF?

OTBET. BTopoe.

5. TeopeMbl 0 HenpepbIBHOII U AuddepeHLIMpyeMoii 3aBHcCH-
MocTH OT napamertpa. [IpeanomnoxuM, 4To npaBad yacTb DAHHOT'O ypaB-
HeHuf & = v(t, o5 @) TIAIKO 3aBHCUT OT IapameTpa «, NPoGeralero He-
KoTOpylo o6nacTh A mpocTpancTa R?.

N3 ocHOBHOIT TeopeMbl 1 0 BbINIPAMIEHUU BbITEKAET

CnencrBue 6. 3nHaveHue 8 momeHm t pewleHUA ¢ HALAALHBLM YCAOBU-
em p(ty) = xo 24adKko0 3a6ucuUM OM HAYAABHO0 YCAOBUA, 6PeMeHU U Napa-
Mempa .

O6o3Hauum 310 3HavyeHue yepes P(tg, xo; a; t). CrepcTBUe yTBEpHAa-
eT, uto gdynryua ® (co snavenusamu e gasosom npocmparcmse) onpedesena,
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HenpepvieHa u 2aadka 8 okpecmuocmu Kaxcdoi mouru (to, To; g, to) npo-
ussedeHusn paculupeHHozo $asoe020 npocmpancmed HA OCb 8peMeHl U HA 00-
aacme usmenenus napamempa (kaacca C”, ecau npasas wacms gaacca C").

JIOKABATETLCTRO.

3/ech mole3Ha MaleHbKafd XUTPOCTb. PaccMOTpUM «paciiipeHHoe
ypaBHeHue» & = v(t, x; @), @ = 0 ¢ $a30BbIM IPOCTPAHCTBOM pasMep-
HocTd m + a (rge m = dim |z|). Pemenue 3Toro ypaBHeHUA ¢ HAYAIbHBIM
yeioBueM (g, To, ) ecTh napa (r = ¢(t), @ = ag), NepBag KOMIIOHEHTa
KOTOpPO# ¢ — pellleHre UCXOJHOrO yPaBHEHHUA NPU & = (g, YJOBIETBOPA-
[olllee HaYalIbHOMY ycloBuio ¢(tg) = xo. o cieacTsuio 4 sTa napa raagko
3aBucuT oT (to, To; t; atp). CllegoBaTeNbHO, U NepBafd KOMIIOHEHTA TIajKko
3aBUCUT OT 3TUX apTyMEHTOB, 4TO U TpeGoBaIoCh.

3AMEYAHHE. TpIoK c pacuimpeHueM CBOJUT TeOpPeMY O INIafKOil 3aBU-
CUMOCTU OT Hapamerpa K IVaJKoil 3aBUCHMOCTH OT HauyalbHbIX YCIOBHUM.
O6paTHo, U3 TIaAKOM 3aBUCMMOCTH OT HapaMeTrpa (Ipu GUKCHPOBAHHOM
HayYalbHOM YCIOBUH) JETKO BHIBECTH INIAAKYIO 3aBUCUMOCThL OT HAYalbHO-
ro yciaoBud. [JocTaTo4HO CIBUHYThL ypaBHeHUE, YTOObI HAUalbHOE YCJIOBUE
IpPEBPaTUTh B mapaMeTp: v,(t, z) = v(t, © — ).

Teopema o auddepeHnnpyeMoli 3aBUCMMOCTH OT NapameTpa docTaB-
1deT BechbMa 3(QQPEeKTUBHBIA MeTo[ NPUOIUAEHHOIO0 pelleH’A ypaBHeHuil,
GIU3KUX K (HEBO3MYILEHHBIMY, 1JA KOTOPLIX pelleHue u3BecTHo. JJocTaTou-
HO NpeJCTaBUTh pellleHrne BO3MYIIEeHHOro ypaBHeHus B Buje paga Teiiiopa
110 CTeNeHAM BO3MYILIEHKA, I0ACTABUTh 3TOT PAJ B BO3MYIIEHHOE ypaBHe-
HYM€e U NpPUPaBHATHL YJIEeHbl MPHU OJMHAKOBBLIX CTeNeHAX BoaMmylueHua. CBo-
GOIHBIN WieH pAna JiA pelleHUA OyleT M3BECTHBIM pelleHMeM HEeBO3MY-
IeHHOro ypaBHeHusA. A onpejeneHua cledyOMUX YIEHOB MONYyYaTcA pe-
KYPPEeHTHO pa3peliaeMbie ypaBHenus. HauGonee BamHoe U3 HUX, ypaBHEHNe
IUIA YeHOB NepBOii CTeNeHU 10 BO3MYLICHHIO — 3TO HEOJHOPOIHOE ypaB-
HeHKe B Bapuauuax (cp. §3).

OnucaHHbIf METO/ OCTOAHHO UCIONb3YETCA BO BCEX MPUIOMEHUAX Te-
opuu auddepeHnUalbHbIX yPaBHEHWIi M0/l Ha3BaHUEM Meopull 603MYUeHUTi
U memod manozo napamempa. OH ABIAETCA ONHONW W3 pPasHOBUIHOCTEl
MeTofa pAnos HeloTona.

3AZAYA 1. HaiiTu NpoW3BOAHYIO pelIEHUA IOTMCTUYECKOr0 YypaBHEHUSA
# = x(a — x) ¢ HavaabHbIM ycaoBueM z(0) = 1 mo mapamerpy a npu a = 1.
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PEmIEHKE. IIycTh a = 1+ ¢, Bo3MyIIeHHoe pemeHue = = @y + ep1 + O(e?).
[Ipu noacTaHOBKe B BO3MYIeHHOe ypaBHeHHe I0Iy4YaeM YypaBHeHUe

¢0+€¢1+...:(Lp0+€(p1—|—...)(1+E—900—6§01—...).

HeBosmymenHoe ypaBHenue & = z(1 — z) umeer pemenuem o = 1. IIpupas-
HUBaAg KO3 PUIMEHTHI NpHU €, MOMyvaeM ypaBHeHHe B BapHalHAX ¢1 = 1 — @1
¢ HauanbHBIM yciaoBueM ¢1(0) = 0 (mouemy?).

OTBET. 1 — et

3AMEYAHHUE. Ou3uk NpUBeJeHHbIe BbIUUCIeHUA 0popMui 6ol Tak. flcHo, uTo
npu a = 1+¢ pemenue x = 14y mano orauyaercd ot 1. [IpeHeGpeskeM oTaHINEM T
nepej cko6Koil B ypaBHenuu ot 1. [lonrydaem npubnuzieHHoe ypaBHeHUe & X a —,
yxe—y,oThymay ~e(l —e™?).

TpaaunuoHHaA MaTeMaTUUeCKaA «CTPOTOCThLY 3alpelaeT npeHebperaTh OT-
IUYMeM OT eQUHUIIBI MEPBOTO & B ypaBHeHUH, HO He BToporo. Ha camom pene
«pu3nUecKoey paccyJeHue NPaBUIbHO — OHO NPOCTO ABIAETCA yJ0OHOH CTeHO-
rpaMMoii IpUBeI€HHbIX BbIIIE BbHIUKUCIEHUI.

3A1A4YA 2. HaiiTu OpOU3BOAHYIO pEIleHUA yPaBHEHUA MaATHIKA C IOCTOAH-
HBIM KPYTHAIIUM MOMeHTOM, § = a —sin § no moMeHTYy @ npu a = 0. B HauanbHbI
MOMEHT MaATHHUEK mokoutca (6 = 6 = 0).

PEMIEHUE. 6 = ay+...,a) =a—ay,§j=1—y,y—1=12,2= —z,2(0) = —1,
2(0) =0, z = —cost, y =1 — cost.

OTBET. B nepBoMm npubamskeHun 3¢ ¢deKT Maaoro KpyTALNEro MOMeEHTa Co-
CTOUT B CABUIe IOJOKEHUA paBHOBeCHA B TOUKY a, IPUYeM MaATHUK cOBepUIaeT
Maible KojleOaHUA ¢ 4acTOTol 1 BOKPYT 3TOl TOYKH; [I03TOMY IPOM3BOAHAA pe-
nieHud 1o a paBHa 1 — cost.

[IPENOCTEPEMREHHUE. CTporo roBops, Bce HaIlld NPUOIUsKEHHbIE pelle-
HUA 060CHOBaHbI TeOpeMoii 0 Aud hepeHUpPyEeMOCTH TOIbKO IPU MAalbIX |¢
B nmelicTBUTENbHOCTU HETPYAHO 060CHOBAaTh MX MAJA JIO00r0 KOHEUYHOTO UH-
TepBana BpeMeHH |t| < T, eciiu TOIbKO BeTMYNHA BO3MYLIEHHUA € HE PEBOC-
XOAUT HEKOTOpOii, 3aBucAIeit ot T', Benuuunbl. Ha 3TOM uHTepBaie BpeMe-
HU MOTPeNIHOCTh EePBOro NPUOIUsKEHUA TeOPUU BO3MYIEHUI OlleHUBaeTCA
cBepxy Beauuunoit O(e?), Ho KoHcTanTa B O pacrer ¢ poctoMm 7.

Kpaiine puckoBaHHO pacnpocTpaHATh NONYyUYeHHble TAKUM 06pa3oM BbI-
BOJbI Ha OECKOHEYHBI!l MHTepBal BpeMeHU: IepecTaBIATh NpefelbHbIe Te-
pexonbl £ — 00 u € — () Henb3A.
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IIpuMEP. PaccMoTpuM Bellpo ¢ BOOOM, B JHE KOTO-
poro uMeeTcA MalleHbKas JIbIpKa paauyca € (puc. 71).
Ilna ao6oro T cyiecTByeT CTONb Majoe €, 4YTO B Teye-
HUe 60JNbIIOro BpeMeH! (t < T) BeJipo nouTH nosHo. Ho
npu n06oM ¢uKcUpoBaHHOM € > () BeApOo CTAaHOBUTCA
Puc. 71. Acumnro- MNOYCTBIM, KOr'la BpeMA CTPEeMHUTCA K 0ECKOHEYHOCTH.
TH4YecKoe IoBeJe-
HHUe pelleHuil BO3-
MYLIEHHOT'0 YpaB-
HeHUA

PEmEHNE. TouHoe pemeHue naetca Gopmyimnoit § = coswt. CregoBaTelbHo,
NMpou3BoAHaA paBHa —t sint.

Ecau 6p1 MBI 3HanIu TOYHOe pellleHHEe TOJIbKO NpH w = 1 u cTamu Gbl Hc-
KaTb pelleHue Iid w = 1 4 ¢ MeToJOM Majoro mnapameTpa, TO Mbl NOJYYUIU
661 6 = cost — et sint. MbI Morau 651 HOAYMaTh, YTO UCTHHHOE pelleHHe He orpa-
HUYEHO, eciy Gbl 3a0bLIM, YTO NMPUGIUMEHNEM MOKHO N0Jb30BaThbCA TOJILKO NpU
MaibIX €t.

t—>co

3AIAYA 3. HaiiTu nponsBojHyIO pelleHNdA ypaBHEHUA
ManbIx KoneGaHuii MafTHHRA 6 = —w?f ¢ HaYaTBLHBIM yciIo-
BueM 0(0) = 1, 6(0) = 0 mo mapamerpy w npu w = 1.

6. Teopembl 0 mpojoi:keHHH. PaccMoTpuMm auddepeniuaibHoe
ypaBHeHue & = v(t, x), 3ajaHHOe TIaJKUM II0JeM HalpaBleHuil B oGuac-
T U pacmupenHoro ¢asoBoro npoctpancTBa. llycts I' — nogMmHosecTBO
obnactu U.

Onpenenenue. Pemenue ¢ ¢ HayalbHBIM ycioBueM @(tg) = xo npo-
doaxcaemcs eneped (naszad) mo I', eciu cymecTByeT pelleHHe C TeM #Hie
HayalbHBIM yClIOBHMEM, rpaduK KOTOpOro mepecekaercA ¢ [' B Touke, rie
t > to (<to)

Pemenne npodoascaemcs eneped (nazad) HeoepaHuvenHO, eclu Cy-
H[eCTBYeT pellleHHe C TeM K€ HayalbHbIM YyCIOBUEM, ONpefeleHHOe Mpu
Beex t > to (mpu Beex ¢ < to).

IlpuMEP. Hu ofHo pemleHue ypaBHeHHA # = x2 + 1 He mpojonmaeTcs
HEOrpaHUYEHHO HU BNEpe], HU Hasaj.

Onpe,ueneHHe. MHo#ecTBO Ha3bIBaeTCA Komnarmom, eCiu U3 no60-
ro ero MNOKPbITUA OTKPBITBIMHU MHOMKE€CTBaMH MOMHO BbIﬁpaTb KOHe4YHOoe
IOANIOKPBITHE.

KomnakTHbIe INoAMHOMeCTBa €eBRJIMOBa IMPOCTPpaHCTBa — J3TO e€ro
3aMKHYTbIe U OrpaHU4YeHHble MHOMeCTBa.
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Fpanuuezi MHO#eCTBa Ha3dbIBaeTCA MHOMECTBO TOYEK, B no6oit OKRpeCT-
HOCTH KOTOPLIX €CTb KaK TOYKH, IIpUHaM/Jexalmne MHOMMEeCTBY, TaAK U He
IpuHagjemamue eMmy TOYKH. N3 ocHoBHOI TeopeMbl O BBIIPDAMJIEHUU OYe-
BUJHO BBITERaeT

CnenctBue 7. PeweHnue ¢ HA4AAbHBLM YCAOBUEM U3 KOMNAKMA 6 pac-
wupeHHom $aszoeom nPocmpaHcImee MO#CHO npodosxcums eneped u Hazad do
2PAHUYBL 21020 KOMNAKMA.

NHpiMU cioBaMU, Yepe3 4100y BHYMPEHHIOWD MOY-
Ky Komnakma npoxrodum uHMezpaibHAs KpPUeds, ne-
pecekanuwaa 2paHuyy KOMnAkKma kak ¢ 00HOU, mak
u ¢ dpyeoti cmopoHsl om HavaabHoU moyku (puc. 72).

IIpodoasicenue eduncmeenHHo 6 mMoM cmbicae, LMO
6cakue 06a peuwleHus ¢ O0UUM HALAABHBLM YCAO8UEM
cosnadaiom eciody, 2de o6a onpedeaeHbl.

oK

K4
ltyz,)

Puc. 72. IIponon:se-
HUe pelleHUA [0
rpaHuIbl KOMIIAKTa

3AJAYA 1. BepHo 1, 4TO MHTerpalbHYIO KPUBYIO J0GOr0 riiagKkoro mnojs Ha-
npaBjeHU B 06;1aCTH eBRINAOBa IPOCTPAHCTBA, IPOXOAAIIYIO Yepe3 TOUKY KOM-
nakTa K, MO#HO NPOJOIKUTH JI0 €r0 IPaHHIbI?

OTBET. Hetr, nmpumep — mone HampaBieHUii (a30BbIX KPHUBBIX MaATHHKA
B obimacTu 1‘% + x% > 0, K — roabnpo 1 < :1:% + m% < 2.

Takum o6pa3oM, A CIPaBeJINBOCTH TEOPEMBI CYIECTBEHHO, UTO TOJe Ha-
IpaBlIeHU B pacuIipeHHOM (a30BOM NPOCTPAHCTBE «HEBEPTUKAIbHO).

I OKABATEJIBCTBO CJIEICTBHUA 7.

Buauaine AJOKaxeM e€eIMHCTBEHHOCTBD. PaCCMOTpI/IM TOYHYIO BEpPXHIOIO
rpaHb 3Ha4YeHUu BpeMeHU, P KOTOPLIX OBa peleHuda C 06].].II/IM Hayailb-
HBIM ycCJOBHEM coBmajaloT. JleBee 3Toil TOUKHU pellleHUA coBnagalT. Ecau
B 3TOil TOuke 00a ompeJeleHbl, TO OHU COBMNAAAIOT U B Hell, TaK KaKk OHU
HenpepbiBHbl. Ho Torna oHu coBmamaioT u mpasee (10 TOKalbHON Teopeme
e,HI/IHCTBeHHOCTI/I). 3Ha‘{I/IT, YRa3aHHafd TOYKa — KOHel OJHOI'0 u3 MHTepBa-
JIOB OIlpeleeHuA. JTo AJOKa3bIBaeT €eJUHCTBEHHOCTb IIPOJOMHEHUA BIIEpe[]
()ll'lﬂ MIpoaoJi:KeHUA Hasald pacCy:IeHUuA aHa.TIOl"I/I‘{H])I). Tenepb MOCTPOUM
nmpoaoJi:ieHue.

Ilo noranbHOiI TeopeMe CYIIeCTBOBAHUA y KamI0i TOYKU pacllvpeH-
HOTO q.)a3OBOFO IIpoCTpaHCTBa €CTb TaKad OKPECTHOCTb, YTO pell€eHue C Ha-
YyalbHBIM yCJIOBHEM B JI000I U3 TOUEK 3TOH OKPECTHOCTHU MPOJOKAaeTCA
BIepel W Haszaj] Ha oOIMUIl AJA BCEeX TOYEK DTOU OKPECTHOCTU UHTEpBal
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BpeMeHU. /13 NOKPBITUA KOMIIAaKTa TAKUMH OKPECTHOCTAMH BbIGHpaeM Ko-
HeYHOoe NOANOKpbITHe. I3 KoHeuHOro HaGopa WHTEPBAaJIOB BPEMEHH, COOT-
BETCTBYIOI[UX BbIGPAHHBIM OKPECTHOCTAM, BbIOMpaeM caMblii KOPOTHHIA.
O6o3HauyuM ero yepes €.

Pemenne ¢ HavyanbHBIM yCIOBHEM B HCXOJHON TOUKE NMPOJOIKAETCA
Blepel Ha € (Tak KAk 3Ta TOYKA NPUHAMIEHUT KOMNAKTY U, 3HAYUT, MO-
KpbITa OJIHOI M3 HaNIMX OKpecTHOoCcTel ). Bo3bMeM 3HaueHUe 3TOTO pellleHus
uepe3 BpeMA /2 nocie UCXOAHOTO MoMeHTa. Eciu cooTBeTCcTBYyIOIAA eMy
TOYKa MHTerpalbHOIl KPUBOI elle JIeKUT B KOMIAKTE, TO peElleHUe C Ha-
JalbHBIM yCJIOBHEM B Heil NPOJOIKaeTCA Brepes elle Ha € (MTOro Ha 3¢/2
oT ucxogHoro MomMenta). OnATh caBuraeM Bpems Ha €/2 (T. e. paccmaTpuBa-
€M 3HaueHue MPOJIOJKEHHOTI0 PelIeHNA B MOMEHT Yepes € Moclie HCXOJHOIO0)
U ONATH NPOJOJHAaeM pellleHUe Ha €, U T.. Uepe3 KOHEUHOe YKCIO IIaroB
HHTerpaibHafd KpUBasA MOKMHET KOMIAKT (TaKk Kak ero NpoeKUuA Ha oChb ¢
He MoeT ObITh HeorpaHMYeHHOIl, a { HAa KamIOM IIary yBeluWuuBaeTCH
Ha €/2). CienoBaTenbHO, HACTYNUT MOMEHT, KOrjJlJa MHTerpaibHasA KpUBaf
nepecevyeT I'paHUIy KOMIAKTa, YTO U TpeGoBalIoCh.

3A1A9A 2. [lokamuTe, uyTo M060€e pemeHue ypasHenusa & = v (¢, T), 3agan-
Horo noiem HanpasiaeHuit B R x R™, mpojonskaeTca HeOrpaHUYEHHO, eCIIH ¥ PacTeT
Ha GECKOHEUHOCTH He ObICTpee, YeM IepBafd CTeNeHb &, T.e. ecad |v(t, z)| < k|z|
npu Beex t U |z| > r, rie r U k — IOCTOAHHBIE.

YxaszaHnue. CpaBHUBafA C JBUKeHHEM B Iojle & = kz, IOCTPOUTH KOMIAKTHI,
10 TPaHUIl KOTOPBIX NMpHUAeTcA No6UpaThCcA CKOJIb YTOJHO JOJTO.

[Ipeanonomxum Tenepb, 4To 06IaCTh ONpeeTIeHUA MPABOI YacTH ypaB-
Henus & = v(t, x) conepmut uumanuap R x K, roe K — xkoMmnart B dazogom
IPOCTPAaHCTBe.

Onpepgenenue. Pemenne ¢ ¢ HayaabHBIM ycloBueM ¢(tg) = o mpo-
momiaeTca Bhepel (Hasaj) OO rpaHUIbl Kommakta K, ecinm cylecTByeT
peLIeHHe ¢ TeM e HaYalbHbIM YCIOBHEM, IPUHUMAOIIee 3HaUeHNA U3 Tpa-
Hunsl kKomnakta K npu HekotopoM ¢ > by (t < o).

ns clleJCcTBUA 7 O4YeBHJHO BbITE€KaeT

CnencrBue 8. PeweHue ¢ HAYAAbHbLM 3HAYEHUEM U3 OGHHO20 KOM-
nakma K e gazosom npocmparcmee npodoaxcaemcsa eneped (Hasad) au6o
Heo2paHuienHo, aubo do zpanuyb. Komnarma K.
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I[IpuMEP. Pemenve ypaBHeHMA MaATHUKA &7 = T2, £3 = —I; C Ha-
YyalbHBIM ycloBUeM 1 = 1, £9 = () He MpoAoM#KaeTCA 10 rPaHUIbl KOMITaK-
2 2
Ta ¢ + x5 < 2.

HOKABATEJIBCTBO CJIEICTBHUSA 8.

PaccmoTpum oTpes3ok A = [a, b] ocu t, conepsamnii to. uauuaap A x K
B pacuirpeHHoM (a3oBoM npocTpaHcTBe (puc. 73) xomnakTeH. Ilo mpenbr-
Aylieil TeopeMe pellleHHe POAOIKAETCA 0 ero IPaHuUlbl. Ta rpaHULEa co-
cTouT U3 ABYX «TopuoBy (a X K u bx K) u «6okoBoii noBepxHocT» A X (0K)
(no dopmyne Jleit6uuna, O(A x K) = (0A) x K + A x (0K)). Ecau npu
ao6om b > ty uHTerpanbHaa KpuBas mepeceder topel b X K, To pemeHue
NPOJIOJIKaeTCA BIepe]] HeOr PAHMYEHHO: eCid #e MpU KakoM-1u6o b mepece-
4yeT GOKOBYIO MOBEPXHOCTh — TO [0 I'PAHMIbBI KOMIIAKTA.

CaenctBue 9. PeweHue asmonomMHO20 Ypas-
HeHua & = v(T) ¢ HAYAAbHBLM JHAYEHUEeM U3 AI060-
20 komnarma $aszoeo020 npocmpancmea npodosxca-
emcs eneped (ra3ad) aubo HeoZPAHULEHHO, AUG0 00
2PAHUYBL 91020 KOMNAKMA.

N6o nunmuaap R x K npuHaAQIeUT paclid-
peHHOMY ($a30BOMY MIpPOCTPaHCTBY aBTOHOMHOTO
ypaBHeHHA AjaA dio6oro komnakta K B ¢a3zoBom
MpPOCTpPaHCTBe.

Puc. 73. Ilpomonsxenue
0 rpaHulbl (Ha3oBoro
KOMIIaKTa

3A8AYA 3. Jokamure, YTO BEKTOPHOe Ioje ¥ onpefelseT (a3oBblil NOTOK,
€CIIi Bce pelleHUsA ypaBHeHUA & = v () HPOJOIKAIOTCA HEOTrPaHUUYEHHO.

7. BeinpAMieHre BEeKTOPHOro mojAa. PaccMoTpuM riaakoe BeKTop-
Hoe nosie v B o6nactu U.

Bunpamaenuem nond HazbiBaeTcA AuddeomMopdusM, npeBpauiaromuii
€ro B MoJe napajjielbHbIX BEKTOPOB OJJMHAKOBON IIUHBI B €BKINI0BOM MPO-
cTpaHcTBe (puc. 74).

U3 ocHOBHO# TeOpeMbI 0 BHINPAMIEHUHU JIETKO BhITEKAET

CnenctBue 10. Bcakoe zaadkoe sexmopHoe noae A0KAAbHO BbLNPAM-
ASEMO 8 OKpecmHocmu, kaxdol Heoco6ol mouku (mouku, 2de 6eKmMop noas
OMmAUYEH OMm HYAR).

T OKA3BATEJBCTBO CIEACTBHA 10.
BEHTOpr IoJiA B OKPECTHOCTHU Heoco00il TOUKU OTJIUYHBI OT HYJA WU,
3HauUUT, ONpeleNAlOT IoJle HalpaBieHUN B 3Toi obnacTu (a3oBoro Imnpo-
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| | |

> > [>]>

= | = | = |

—> | >
Puc. 74. BeinmpAmieHue Bek- Puc. 75. IlocTpoeHue BbI-
TOPHOT'0 MOJA HNPAMIAIOMUX KOOPAUHAT

ctpaHcTBa. [lo ocHOBHOI1 Teopeme 3To moie BeIIpAMIAeMO. BrIMoOaHNM BbI-
npAMaAomui tuddeomopdusm. Mbl 1o6beMcA mapaliedbHOCTH BEKTOPOB
1oJid, HO UX JJIUHBI Oy Ay T, BooOGllle roBopA, 3aBUCeTb OT TOUKHU. B BrinpaAm-
JIAIOIMX KOOpJUHATaX ypaBHeHUe, 3aJJaHHOe HAIllUM [0JeM, IPUMET BUJ

1 =u(r), Za=-:-=2p=0, npudem u(0) # 0.

BBeneM BMecTO 1 HOBYIO KoOpAnUHATY &, onpenenuB &(x) Kak BpeMA IBuUzie-
HUA OT miIockocTU 1 = 0 10 Touku x (puc. 75). Pelias ypaBHeHUe, HAX0AUM

T
dn

——— . B KoopaMHa-
u(n; Ta,..., Ty

910 BpeMmA no ¢popmyie HooTona: £(z) = /
tax (¢, ¢a,..., T,) ypaBHeHUe NpUHUMaET BUA & = 1, &y = -+ = &, = 0,
T. €. [0JIe BBIMPAMIEHO.

3AMEYAHUE. Teopema o BHINPAMIEHUU BEKTOPHOI'O MOJA — ellle 0JHa
nepeopMyIMpPOBKA T€OPEMbI O BBINPAMIEHHH IOJA HanpaBieHUi (YTOGbI
BBIBECTU BTOPYIO U3 MEPBOIi, JOCTATOYHO BBIOPATH N0 BEKTOPY, ragKo 3a-
BHCAlIeMY OT TOYKH, Ha IPAMBIX JTaHHOTO N0/ HallpaBleHHil, YTO JOKalIbHO
Bcerjia Jierko cenath).

Bort eme nBe oueBugHBIE MepedopMyanpoBEM caeacTua 10:

CaenctBue 11. Jwobbie dsa 2aadkux 6eKmMOpHbLT NOASA 8 064ACMAX 00U-
HAK0B8020 Hucaa usmeperuil nepesodamcs dpye 6 dpyea dugdeomopdusmanu
8 00CMamovHo MAAbLT OKPECTNHOCMAL A100blT HeocoOblx moiek.

CunepctBue 12. Bcakoe duddepenyuarvioe ypaswenue & = v(x) mo-
Jcem Gblmb 3aNUCAHO 8 HOpMaAbHOU dopme £ =1, &g = -+ = &, = 0 npu
nodxodauem svibope K0opduHam 8 00CMAMoOYHO MaA0l oKpecmHocmu 40601l
Heoco60l MmoiKu noas.
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UHpiMu clioBamu, 8cakoe ypaeHerue i = v(T) L0KAAbHO IKBUBAAEHMHO
npocmetiwemy ypasHenuio & = v (v # 0 He 3a8ucum om ) 8 okpecmHocmu
4100601l Heocololl MmoiKU.

3A7AYA 1. BolopAMUTL BekTOpHOe Iole (Ha30BoOii CKOPOCTH MAaATHHUKA
220/0x1 — 10/0x2 B okpecTHOCTH TOYRHU 1 = 1, £ = 0.

PEIIEHKE. logAaTca nonapHbie KoopauHathl. [IycTh £1 =7 cosf, z2 = — rsinf
(r >0, |6| < w). B sTux KoopauHarax ypaBHeHue nmeer Buj i = 0, = 1, mos-
TOMY I0JIe BBIIPAMIEHO: OHO uMeeT Bun 0/06.

3ATAYA 2. BeinpAMUTH monsA

1) 10/0z1 + 2x20/0x2 npn z1 > 0;

2) 9/0x1 + sinz10/0x2;

3) £10/0x1 + (1 — «3) 8/0x2 npu 3 < 1.

8 8. IIlpuMeHeHUA K ypaBHEHHAM BbIllIE IIEPBOTO
nopAaka

OcHoBHbIE T€OpEMBI 0 cUCTeMAaX JM0GOro Yucia ypaBHEHU M060ro mo-
pAKa BBIBOAATCA 3[€Chb U3 aHAJIOTMYHBIX TE€OPeM [UIfl CUCTEM ypaBHEHHI
EepPBOro MOpAIKA.

1. 9KBUBaJIEHTHOCTb ypPaBHEHUA N-Io MOPAJKa U CHUCTEMbI
T ypaBHeHUIil IIepBOro nopAajaka.

Onpepneaenue. Juddepenyuarvrvim ypasHeHuem n-20 nopadka Has3bl-
BaeTcA ypaBHEHUE

d"z _ . dx d" 1z
W—F(t,w,a,...,dtn_l). (1)
rpe F' — npuddepenuupyeman (knacca C”, r > 1) (pyHRUMA, 3aJaHHad B 00-
nactu U npocTpaHcTBa pasmepHocTd 1+ n (Bpems ¢ ¥ MPOU3BOAHbIE HEM3-
BeCTHON QyHKUUU MOPAAKOB 0T 0 10 7 — 1 BRIAIOYHUTENHLHO).

Pewenuenm ypaBuenusa (1) naswiBaerca C™-ortobpamenue p: I — R
WHTepBaja BellleCTBEHHOI 0CH B BelleCTBEHHYIO OCh, JJIA KOTOPOro
1) Touka ¢ Koopaunatamu (7, (7),...,0" (7)) npunasaexut obnac-
™1 U npu nwob6oM 7 u3s I;
2) npu mo6om T u3 I
d"p
n
at™ |,_

=F(r;50(1),..., " }(1)).

T

8 3araz Ne 117
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[TPUMEP. Peiiennem ypaBHeHUA MalbIX KoJeGaHU i
MafTHUKA, ¥ = —x, ABnAeTcA QyHruud o(t) = sint,
a tarxe ¢yHKUUA ©(t) = cost (puc. 76). CrenoBarens-
HO, 2paduku peuleHull YpasHeHUA 8MOPO20 NOPAJKA MO-
2ym nepecekamoca (B OTIAUYHE OT T'padUKOB peIleHUi
ypaBHEHUA MEPBOro MOPANKA, T.€. HHTErpanbHbIX KpU-
BbIX, KOTOpbIE 10 TeopeMe eJUHCTBEHHOCTH 1ubo He me-
peceraroTcA, 1160 COBNANAIOT HA L[EI0M HHTepBale).

Puc. 76. I'padurn
IBYX pelLieHUit
ypaBHeHUIl BTOpO-

ro NopAAKa ®a30BbIM NPOCTPAHCTBOM YypaBHEHUA MaATHUKA

ABIAETCA IIOCKOCTh € KOOpAWHAaTaMu (%, £): 3alaHde 3TUX JBYX YHCel
B HavyalbHBIIl MOMEHT ONpe/ielfeT Bce [JBHMeHHe MaATHUKA. PaccMoTpum
BOIPOC 0 pa3MepHOCTH (a30BOT0o NPOCTPAHCTBA AJA 001Iero ypaBHeHHUA N-T'0
nopaaka (1): cKoIbKO Yycen HYHO 3a4aThb B HaYalbHbI MOMEHT, YTOGBI
O/THO3HAUHO ONpPENENUTh pellleHHe BO Bce MOMEHTHI BpEMeHU !

Teopema. Ypasnenue n-20 nopadka (1) skreusarenmuo cucmenme
n ypasHenuil nepeozo nopadka

iiilzibz,...,."Bn_l:IBn, :i)n:F(t, :171,...,11,'”_1) (2)

8 oM cMblCAe, Ym0 ecal @ — peweHue ypasHerus (1), mo eexmop us npous-
600HBLT (P, D, ..., " 1) — pewenue cucmemvt (2), a ecau (p1,..., Pn) —
pewenue cucmemst (2), mo ¢ — pewenue ypasrerus (1).

okasaTenbCcTBO OYEBUHO.

Urak, pasoBoe nmpocTpaHCTBO Mpoliecca, onuchiBaeMoro auddepeHnu-
albHBIM ypaBHEHHEM IOpAJKa 7., UMeeT Pa3MEPHOCTh 7: BCe TeUeHUe Ipo-
necca () omuchIBaeTcA 3afaHUeM B HayalbHbIH MOMEHT BpeMeHH ¢y Habo-
pa m umucen — 3HauyeHUil IPOU3BOAHBIX ¢ NMOPAAKA MeHbIlle 1. B TOUKe {p.

3AMEYAHUE. [IpuunHa, mo KOTOpOIl ANA OJHO3HAUHOI'O ONpeJeleHUs
pellleHUA ypaBHEHUA n-T0 NMOPAAKA HYMHO 33laTb B HavalbHbIH MOMEHT
N HavalbHbIX YCJIOBUM, CTAHOBUTCA, OBITH MOMKET, HOHATHEE, €CIN PACCMOT-
peTh nuddepeHUaIbHOE ypaBHEHUE KaK Npeel PasHOCTHbIX.

3adurcupyem uuciao h > 0 (HasbiBaemoe marom). Ilepeoii pasnocmoio
IaHHON (YHKUMM ¢ c maroMm h HasbiBaeTcA GYHKUUA, 3HaYeHHe KOTOPOWH
B Touke ¢ paBHO @(t+h)—(t). llepBas pasHocTh 0603HauaeTca Ay. Bropas
pasHoctb A2y onpenenserca kak A(Ap).
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3ama4A 1. JlokasaTs, uto (A%p)(t) = @(t + 2h) — 2p(t + h) + ©(2).
AHanoruyso onpejienseTca n-A pazHocTh A"p = A(A™ L),

3AIAYA 2. Jokasatb, uro A" = 0, eciu u Tonbko eciu ¢(t + kh) — MHO-
roujleH cTelleHU MeHblIe n oT k € Z.

Hanpumep, eciii BbIIMCATh MOAPAA 3Ha4YeHus k2, CTPOUYKOIl HUMe — X pas-
HOCTH, 3aTeM Da3HOCTHU Pa3HOCTEMH, TO B TpeThell CTpOKe OyIeT BCIOAY CTOATH
4pclo 2; ecu HauyaThb ¢ k3, To B YeTBepTOi CTpoKke — BCIOAy 6, U T. II.:

1 4 9 16 25
3 5 7 9
2 2 2
1 8 27 64 125
7 19 37 61
12 18 24
6 6
Pasnocmuoe ypasHenue nepeozo nopadka — 3TO ypaBHeHHe BHUJA
t+h)— et
% =v(t, p), T.e. w = v(t, ¢(t)). U3 Taroro ypaBHeHus, 3Had

ofHO uucao ¢(tg), MoxHO HalTu @(ty + h), no Hemy ¢(to + 2h), u T. 1.
IIpu h — 0 pasHocTHOe ypaBHeHHe NepexoauT B auddeperunansuoe. [los-
TOMY HeyIUBHUTEIbHO, YTO U 1A Aud(depeHnalbHOro ypaBHeHus MepBoro
NOPAJIKA pellleHre olpe/lelfAeTcsA 3HaUeHneM B HayalbHbIl MOMEHT OIHOIO
umcia.

Pasnocmuoe ypasHerue 6mopozo nopsadka uMeeT BUJ

Ao . Ap
(At)2 —F(ta 2 A_t> 9

p(t+2h) —20(t+h) + o) _ (t. p(t+h) — w(t))
h2 - i (Pv h M

3Had 3HauyeHHA ( B IBa pa3fielleHHbIX HUHTepBajloM h MOoMeHTa BpeMme-
HU, Mbl MO}€eM HaliTH U3 3TOr0 ypaBHEHUA 3HaUeHHe  ellle Yepe3 Bpemd h.
Urax, Bce 3Hauenusn ¢(ty + kh) onpenenAioTca AByMA NEPBbIMH M3 HUX.

IIpu h — 0 pa3HOCTHOe ypaBHEHHE BTOPOI'0 NOPAJKA NEPEXOJUT B AUd-
¢epennuanbsHoe. [loaToMy HeyIUBUTENbHO, YTO U JiA JuddepeHInantbHOro
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YpaBHEHHUA BTOPOro MOpAJKa pellleHHe ONpefielfieTcA 3aJjaHieM B Haualb-
HBI MOMEHT ABYX ukcel (n 4ucen Aj1A ypaBHeHUA n-ro nopsagka). Teopema
Ha cTp. 114 KaKk pa3 u 00OCHOBLIBAET BO3MO{HOCTh MEpexoia K Mpejery
npu h — 0.

3ana4A 3. JlokasaTb, uTo ypaBHeHuio d"z/dt" = ( yooBIeTBOPAIOT Bce
MHOT'OY/IEHbI CTENIeHN MeHbIE 71 U TOAbKO OHU.

3AAYA 4. HaiiTu pasMepHOCTh MHOT000pa3usA pelleHuil ypaBHeHuA ['enbM-

c'? u 3 u
= = +
rojbna am 6 >

AHUA OO0 Ha4dala KooOpauHarT.

+u =0 B o6mactu z> + y> > 0, 3aBUCAMHKX TOILKO OT PaccTo-

PEmEHNE. Hckomaa yHKIMA OT 7 DONHHA yIOBIETBOPATH Yy PaBHEHHUIO BTO-
poro nopsaka, cilefioBaTelbHO, PelleHUA ONpeelfAoTcA ABYMA YUCIaMHU.

2. TeopeMbl cyLIeCTBOBaHUA U eAUHCTBEHHOCTU. U3 Teopembl
1. 1 1 TeopeM CyleCcTBOBaHVA U €IUHCTBEHHOCTHU Il CUCTEMBI YPaBHEHU I
nepBoro nopsAnka (§7) BeITeKkaeT

CaenpctBue. Ilycme u = (ug; u1,..., Up) — moura obaacmu U onpe-
deaenus npagoti wacmu ypasnenus (1). Pewenue ¢ ypasnenus (1) ¢ navaas-
HbLM Ycaosuem

p(uo) = w1, P(uo) =u2, ...y @n-1(v0) = un (3)

cywecmeyem u eQuHcmeeHHo (6 MOM CMblcAe, YMO 6CAKUE 064 peuleHUs
¢ O0WUM HALAABHBIM YCA0BUEM CO8NADAIOM HA NepeceyeHul UHMeped.nos
onpedenenus).

[Ipn 3anucu HavyalbHOTO ycioBUA ypaBHeHHA (1) OOGBIYHO BMECTO ¢
HUIIYT .

ITpuMEP. Pemenusd cost u sint ypaBHeHUA MaATHUKA & = — & yIOBIe-
TBOPAIOT pu ¢ = /4 HavanbHEIM yeaouam z(m/4) = V¥, i(r/4)= — V¥,

u z(m/4) = V?,, i(r/4) = V¥, coorBeTcTBenHO (puc. 76). ITH HAuATbHDIE
YCIOBHA Pa3iNyHbI, O3TOMY HEyIHBUTEIbHO, YTO rpadUKy pelIeHNHU Ie-
pecekaloTcs, He coBnagasn. Teopema eIMHCTBEHHOCTH [JIA ypaBHEHUA BTO-
poro nmopsAika 3anpeljaeT HecoBNAJAIOMUM rpaguKaM JIHIIb HMETh B TOUKe
nepeceveHud ofuyio KacatelbHyo. ['paguku pelreHnN 0JHOTO ypaBHEHHA
TPeThero MOpAAKa MOI'YT KacaThCH, HO Torja o6A3aHbl UMETh B TOUKE Ka-
caHUA pa3Hble KPUBU3HBI U T. .
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3a71449A 1. IlyeTs usBecTHO, uTo ypaBHeHue (1) ume-
eT pemeHUAMHU ¢yHKnuu ¢ u sint. Haiitu nopsagor ypas-
HEHUA N.

PEIEHUE. Y ¢yHknuu ¢ u sint B HylJe coBmajaioT
3HayeHUA NMPOU3BOAHBIX MopAnkoB 0, 1 u 2. Ecau 6b1 oHH
YIOBIETBOPAIU OGI[EMY ypPaBHEHHIO TPEThero MOpAIKa,
OHM coBINajfanu Obl [0 TeopeMe eIUHCTBEHHOCTHU. YpaBHe-
HUe NopAKa n > 4, KOTOPpOMY yIOBIeTBOPAIOT 0be dhyHK-
LM, IPUAYMaTh HecloHo, HanpuMep, £ + z(*~2) = 0.

Puc. 77. HeBoamosm-
HOe pacIlojoKeHue
rpadpuKoB

OTBET. n > 4.

3AIAYA 2. MoryT 1u rpadukM ABy X penleHuit ypasuenud & + p(t)z + q(t)z=0
HMMeThb U300paseHHbIN Ha puc. 77 BUA?

PEmEHNE. HeT, Tak Kak pelleHUsA cp; U @2 UMeIOT 06lee HavYalIbHOE YyCIIO-
BHe U He COBNAjaIoT.

3A71AYA 3. Pacecmorpum ypasHenue 2x = t°%. Pemenua z = 0 u = = £ o6a
YIOBIeTBOPAIOT HavyalbHOMYy ycioBuio z = & = (0 npu ¢ = 0. [louemy oHu He
coBHafaT?

PEIMEHUE. TeopeMa eIMHCTBEHHOCTH OTHOCHUTCA K ypaBHeHuAM Bupaa (1),
T.e. ypaBHEHUAM, pa3pelleHHbIM OTHOCHTEIbHO cTaplleil NMPOM3BOJHOI, a pac-
cMaTpuBaeMoe ypaBHeHHe Hellb3fl 3alicaTh B TAKOM BHe (B OKPECTHOCTH HYIIA).

3A0AYA 4. PemuThb pasHocTHOe ypaBHeHne A3p = ) ¢ HaYaNbHBIM YCIOBHU-
em ¢(0) =0, (Ap)(0) =0, (A%p)(0) = 2 npu £, kpaTHBIX mary h = 1.

PEIIEHHE. ¢ = a + bt + ct?, Ap = b+ 2ct + ¢, A%p = 2¢. U3 HavanbHbIX
yeaoBuit c=1,b=—-1,a =0.

OTBET. ¢ =2 —t.

3. Teopemsnl quddepeHIPYeMOCTH U npojoakeHuA. Ilockonb-
Ky Y#e yCTaHOBJIeHa KBUBalE€HTHOCTh ypaBHEHHA n-To NOpANKa CUCTe-
Me ypaBHEHUi MepBoro nopAaka, Mbl 3aKkjI04yaeM, 4TO peliieHle YpaBHEeHUA
1-TO MOPAJKA I1aJKo 3aBUCUT OT HavyalbHbIX YCIOBUN U mapaMeTpoB (ecau
npaBafl YyacTh IAJKO 3aBUCHT OT [apaMeTpPOB); YMTaTelb JErko chopmy-
JUpYyeT U TeOpeMy O MPOJOJHEeHHH.

3AJAYA 1. HaiiTy B nepBoM NpHUGIHMKEHUHU 10 € BIMAHUE Maloro CONPOTUB-

nenus cpensvt eF(x, ©) Ha OBUKEHHe MafaloOWEero ¢ BbICOTHI h Tela.

PEIIEHUE. Peub uper 06 ypaBHeHuu & = —g+ eF(x, ) U HaYaabHBIX YCIO-
Busax z(0) = h, £(0) = 0.
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Ilo Teopeme 0 auddepeHUUPYyEeMOCTH [0 NapaMeTpy, pelleHHe HMeeT BUJ
o=po+epi +..., Tme po(t) = h — gt?/2. MopcraBaas = = o(t) B ypap-
HeHWe W [pPUPABHUBAA WIEHbl pAjfa Mo €, HaxoauM $1 = F(po, po), OTKyna

t s
e1(t) = [ [ F(po(T), ¢o(7))drds. Hanpumep, eciun F = —i, 10 ¢1 = gt* /6. 3na-
00
4NT, OTCTaBaHHMEe BO BPEMEHHU [afleHHsA B IEPBOM IPUGIMKEHNUH TIPONOPLUOHATLHO
BIcOTe: —£1/P0 = €t®/6 = h/3g.
3A7AYA 2. [lokauTe, YTO BCe PENICHHA YPaBHeHUA MaATHUKa, f = — sin 6
NPOJIOIKAIOTCA HEOT PAHMYEHHO.

3A1A4A 3. IIpu rakuX HaTypalbHbBIX kK HeOrpDaHUYEHHO NPOJOIAAIOTCA BCe
pellleHus ypaBHeHHA & = x*?

OTBET. Toabko npu k = 1.

4. Cuctemsb! ypaBHeHuil. [lox cucmemoti dugdepenyuarvnoixr ypas-
HeHuil Mbl 6yleM IOHUMAaThb CUCTEMY ypPaBHEHUI OTHOCUTENbHO N HEU3BECT-
HbIX PYHRUUH

dniJ}i
dt™

re cpeau apryMeHTOB Kamaoil U3 QyHKuuit F; HaXxogATCA He3aBUCHUMOE
nepeMeHHoe t, 3aBHCHMbIe NlepeMeHHble ; U UX NPOM3BOJHbIE IOPAJKOB
MeHblle n; (j =1,..., n) COOTBETCTBEHHO.

Pemenue cucremsr onpepensaercd, kak B 1. 1. CieqyeT noJuepKHYTh,
YTO pellleHUeM CHUCTeMbl fiBIfieTcAd BEeKTOpHasA (pyHKUUA, 3alaHHaA Ha WH-
tepBaie. Takum o6pasom, (p1,...,p,) — ITO He N PElIeHHIi, a OJHO pelle-
HUe CUCTeMbl 1 YpaBHeHUIl — 3aMeuaHue, paBHO OTHOCAIleecHd K cucTeMaM
anrebpauyeckux u quddepeHUalbHbIX ypaBHEHU.

IIpexzne Bcero BoiicHUM, Kakoe (a30Boe POCTPAHCTBO COOTBETCTBYET
cucteme (4).

=Fi(t; z,...), i=1,...,n, (4)

n
Teopema. Cucmena (4) sxeusasenmua cucmeme N = > n; ypasHe-
Hutl nepeoeo nopadxa. =1

WupiMu cioBaMu: pasmeprocme $azoeoeo npocmpancmea cucmemst (4)
pasHa N.

lInsa pokasaTenbcTBa HaJO BBECTH B KayecTBe KOOpJUHAT B (azoBoM
NpPOCTPAHCTBE NPOU3BOJHBIE X ; NOPAJKA MEHbIIe 7.

Hanpumep, nycts n = ny = ny = 2. Toraa cucrema uMeeT BUJ

&1 = Fi(t; x1, &1, ®2, £2), &2 = Fa(t; 1, %1, T2, ©2)
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U 3KBUBAajleHTHA cUCTeMe U3 Y4eThIpeX ypaBHeHUil
&y =w3, Ty=1mx4, 3=F1(t;x), @4=F(t; ),
rae € = (x1, T2, T3, T4).

ITpuMEP. Cuctema n auddepeHnUalbHbIX YPaBHEHUI BTOPOro MOpA-
Ka MexaHuku HrroTona

. oU .
mis = — 5 i=1,...,n, (5)
qi
rae U — noTennuanbHas 3Heprus, m; > 0 — macchl, SKBUBajleHTHa CUCTe-
Me 2n ypaBHeHMii ['aMunbToHa

_9H . _ 0H

q.i_a_pia pl__a_qia izlw"a”a

rae p; = migi, a H = T + U — nonnas sueprua (T = Y m;¢?/2 =
= Y"p?/(2m;) — runernueckas sueprus). Takum o6paszoMm, pa3MepHOCThb
(aszoBoro npoctpaHcTBa cucteMbl (5) paBHa 2n.

TeopeMbl 0 CyLIeCTBOBAHUY, €JMHCTBEHHOCTH, JUddepeHnrpyeMocTH
[0 HayalbHLIM YCIOBUAM M NapameTpaM, a TaKkie TeOopeMbl O MPOHOJIHe-
HUU IEPEHOCATCA Ha CUCTeMbI Bi/a (4) aBTOMaTUYeCKU: [1JIAl OJHO3HAUHOIO
Olpefie/leH|sl PEelleHUs JOCTATOYHO B HavalbHbIfi MOMEHT 3aJaTh IPOU3-
BOJHbIE T; OPANKA MeHbIe n;. Hanpumep, nna cuctems! ypaBuenuit Hoio-
ToHa (5) M0CTATOYHO 3aJaTh 1 KOOPAUHAT U 7 CKOPOCTEH B HaYalbHBIi
MOMEHT.

3A7A4YA 1. Ha MaTepuaibHYIO TOUKY Macchl m, JBUAKYIIYIOCA OTHOCUTEIbHO
3eMiIH CO CKOPOCThIO v, JeiicTByeT (B CBA3aHHOM ¢ 3eMieill cUCTeMe KOODAMHAT)
cuna Kopuoanca F = 2m[v, 2], rae £ — BeKTOp yriIoBoil CKOPOCTH 3eMIH.
Kamennb Gpomen (6e3 HayalbHOU CKOPOCTH) B MAaxTy ray6uHoi 10 M Ha mupore
Jenunrpana (A = 60°). Hackoabko cuna Kopuoanca OTKIOHUT ero oT BepTHKAIU?

PEmEHUE. Ilo ycnoBuio & = g+ 2[&, ©]. Bernuuny yrioBoii ckopoctu 3em-
au, Q ~ 7.3-107° ¢!, cuntaem maneiv mapamerpom. Ilo Teopeme o auddepen-
nupyemoct, € = ®o + Qy + O(Q?), &y = gt?/2. llogcrapnAa & B ypaBHeHuUe,
nonyyaem Qi = 2[gt, 2], y(0) = §(0) = 0. 3uauur, Qy = [g, N]+>/3. Caenosa-

TellbHO, [Qy] = %|h||ﬂ| cos .
OTBET. Kamenb oTKIOHMTCA Ha BocTOK Ha (0.3 MMm.

3AMEYAHHE. 3ajgaya o6 OTKIOHEHHWU KaMHA ChIrpala BbIJAIOMYIOCH pOIb
B UCTOpPUH GU3UKHU. IDPEKT OTKIOHEHHA KaMHA Ha BOCTOK (a He Ha 3amaj, Kak
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9TO KasKeTCHA Ha IepBbIi B3raaxn) 6eu1 npenckasad HeloToHoM B mucbMe k I'yKy ot
28 Hos6pA 1679 roga; HeioToH npocua I'yka npojenaTh sKCIepUMeHT ¢ KaMHEM
A JOKa3aTelbCTBa BpallleHUA 3eMid, TorJa He 06IeNpU3HaHHOTO.

B orBerHoM nuckMe (oT 6 AnBapa 1680 roma) I'yk chopmynupoBan 3aKoH
BCEMUPHOro TAroTeHUA. HbIOTOH B TO BpeMsA HETOYHO IpecTaBiIAl cebe opOUTy
kaMmHA. BosHukmana guckyccus 3actaBuila HbploTOHa oTKasaThcA OT ero HaMepe-
HUA OCTaBUTh 3aHATHUA HAyKOU U IMOCIyKHiIa [OBoJOM HanucaHusa «MaTemaTu-
YeCKUX Havajl HaTypalbHoi ¢uiocobuny — 3HaMeHUTHIX «Principiay, ¢ KoTopsix
Hayvajlacb COBpeMeHHasd (pu3uKa.

B mucbme ['yka mpaBuibHO yKaszaH NoKa3aTelb —2 B 3aKOHe TATOTEHUA
(8 Principia HbioTon numer, yto Bpen, I'yk u lanneii He3zaBucuMo ApYT OT ApyTa
HaULIH, YTO TPeTUil 3aKoH Kemiepa cOOTBETCTBYyeT MMEHHO 3TOMY MOKa3aTello).
Kpome 3akona Kenmepa, I'yk ccblnaeTca Ha HaGmomeHusa ['anneda o6 oTcTaBaHUU
MaATHUKOBBIX YacoB npu nmoauATuu Ha ropy CB. Enenst. B nucbme ['yka ABHO cka-
3aHO, YTO KaMeHb JIBUKET Ta ke CHa, KOTOpasA 3acTaBiAeT IJIaHeThl JBUraThCA
[0 KEeIUIEPOBBIM 3JLIMICAaM; KPUTUKYA HapucoBaHHYI0 HebloToHoM cmupanb, I'yk
YTBep:#/al, YTo opOUTOIl KaMHA B OTCYTCTBHE CONPOTHUBIEHUA BO3Ayxa Gyner
«IKCLHEHTPUUYECKUI SIUNITOUIY.

HbroToH ncTONKOBan »MIMNTONA KaK 3/UIMIIC U 3aMHTepecoBaicA, Kak ['yk
Hamtes op6uTty. Ilocie Gonbmux TPyAoOB eMy ydaloch JoKa3aTb, YTO opbuTa jaeii-
CTBUTENbHO /IUMC (KaK NP NajleHuy Ha 3eMII0, TaKk U BHYTpHU maxThl). [lokasa-
TeILCTBO ObLIO (M OCTAeTCH) CTOIb TPYNHBIM MaTeMaTH4eckH, 4To HbloTOH mpu-
el K 3aKIIOYEeHHIO, uTo ['yK «yTBep##aan 6onbiie, Hexenu 3Hamy. B manbHeitniem
OH HHUKOTJa He cchltancA Ha nucbmo ['yka. B mucbMme k anneio o cBoeit auckyc-
cun ¢ 'yrom HbioToH nan onmucanue pa3HHIBI MeKIy INOIXOAaMH MaTeMaTHKa U
¢U3MKa K eCTeCTBO3HAHUIO, OCTAIONIeeCAd aKTyalbHbIM U cerogHdA: «MaTemMaTHKH,
KOTOpBIE BCE OTKPHIBAIOT U yCTAHABINBAIOT U NPOAEILIBAIOT BCIO PaboTy, JOIAKHbI
JI0OBOJIbCTBOBATLCA POJBIO CyXUX BbIUMCIHUTeNell U YepHOpPabo4uX; Apyroii, KOTO-
pBIil Bcero JHMIIb BCe CXBaThIBaeT U Ha Bce NpeTeHAYeT, IpUcBauBaeT cebe Bce
n306peTeHNA KaKk CBOUX IOcieloBaTeleil, TAK U CBOUX IPeAIIeCTBEHHUKOBY.

I'yr 6pocain cranbHble mapsl ¢ BoIcoThl 10 M 1 yTBep#iJal, uTo Habaronal cuc-
TeMaTH4YeCKoe OTKIOHEHHE Ha I0ro-BOCTOK (YTO NPaKTUYeCKH HEBO3MOMKHO M3-3a
KpaifHeil MaJOCTHU 3TOr0 OTKJIOHEHHUA I10 CPaBHEHUIO C a’3poAMHaMHYeCKUMU 3¢-
¢dexTamu). B oTcyTCTBHE CONPOTUBIEHUA KaMeHb BHYTPH WAXThl B OJHOPOIHOMN
3emie nogunHALCA bl 3aKOHY I'yka (cHia NPUTAMEHUA OPAMO MPONOPLIHOHATb-
Ha PacCTOAHHUIO [0 LeHTpa 3emiH), HO caM ['yk BpAg au Mor o6 3TOM 3HATh.
Op6uTa KaMHA B 3TOM cilydyae — 3Iuic (B HeBpamamomeica ¢ 3emueil cucreme
KOOpP/IMHAT), C HEHTPOM B LeHTpe 3eMIH U Maloil monyocsko okono 400 kM (moue-
My?); op6HUTa IPOXOJUTCA 3a TO e BpeMs, 3a KOTopoe 061eTaeT 3eMIII0 GIM3KHi
CIyTHHUK, T.e€. 3a HoiaTopa 4aca (mouemy?).

3ATAYA 2. U3 rasetr U3BeCTHO, YTO KOCMOHABT JIeOHOB, BBIN/IA B OTKPBITHI
KocMoc, 6pocun K 3eMile 3arIylmKy OT KMHOKaMmepbl. Kyna ona monetena?
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PEIIEHUE. dTo 3a1aya 0 BIUAHUM MAL020 BO3MYIEHUA HAYAJIbHOTO yCIOBUA
Ha pelleHue. YpaBHEHUE BUMEHHA [0 3aKOHY BCEMUPHOTO TATOTEHUH MOKHO
zamucath B Buje i = —yr/r>. JIBUKeHHe U KOCMOHABTa, W 3arTylIKU TPOUC-
XOOUT B IIOCKOCTH KpPYTOBOH OpGHTHI, HO3TOMY MOHHO CUMTaTh, 4To T € RZ.
3anuimeM ypaBHeHHe IBUEHHA B MOIAPHBIX KoopauHaTtax. [JIA 3TOro BBegeM
OpTHl €, = 7 /T ¥ NepIeHJVKYIAPHBI €My e,, HalpaBIeHHBI BIEpel BIOIb
KpyroBoii op6utsl. flcHo, 4TO €, = Ye,, €, = —¢e,. IudbdepeHuupysa Beau-
YHHY 7 = T€,, Mbl HAXOAUM T = f-€, + Tpe,, ¥ = i'e, + 2rpe, + rpe, — roe,.
CrnenoBaTelbHO, ypasienue Hviomona 6 noaaprulx koopduHamaxr NPUHUMAET BUI
cUCTeMBbI IBYX ypaBHEHUI BTOPOro MOpAAKa

F—rd® = —yr%, 1@+ 2o =0.

BriGepeM 3a eJUHMIy AIMHBI pafuyc KpyroBoit op6uts! cranuuu (= 6400 kMm).
Enununy BpeMmeHH BbIGepeM TaK, YTOObI YTioBasg CKOPOCTb ABHEHHUA IO Op-
6uTe Gbula paBHa equHuLle. Toraga ABUKeHHe N0 opGUTe omuchiBaeTcA Gopmyia-
Mu r = 1, ¢ = ¢, u, 3HauuT, v = 1. HavanbHele yciaoBuaA aia ctaHuuu (1 KOcMo-
naera): r(0) = 1, 7(0) = 0, ¢(0) = 0, $(0) = 1. HauanbHble ycI0BUA Al 3ariym-
KM O0TIMYaloTcA aumb TeM, 4yto 7(0) = —v — cKoOpocTb GpoCKa, T.e. HaYalbHasd
CKOPOCTh 3ariyIIKU OTHOCHTEIbHO KocMoHaBTa. IIpeimonozkuM, 4To CKOpPOCTh
6pocka, ckaxem, 10 m/c. Torga v = 1/800 (Tar Kak Hama eJUHHWI@ CKOPOCTHU
6IM3Ka K MepBOil KOCMUYECKOH CKOPOCTH, T.€. COCTABIAET NPUMEPHO 8 KM/c).

Bennunna 1/800 mana mo cpaBHeHMIO ¢ 1, MO3TOMY MbI JOIMHBI HCCIE0-
BaTb BIHUAHUE MA.1020 UMEHEHUS HAYAAbHO20 YCA08UA HA HEBO3MYIIEHHOE pelle-
Hue r =1, ¢ =t. Ilo Teopeme o gudpdepeHnUpyeMOCTH O HavalbHOMY YCIO-
BUIO, pellleHHe, OIM3KOe K HEeBO3MYINeHHOMY, MmleM B Bujge 7 = 1 + 71 + ...,
@=t+ @1 +..., Ille TOYKH 03HAYAIOT Maible nopsAaka v>. [loAcTaBaAA BTH BbI-
pamseHus B ypaBHeHus HbloToHa ¢ ¥ = 1 u oT6pachiBaa Maible MOpAAKa v, Mo-
Iy4aeM YpasHeHUA 6 8apuayuar

1 =311+ 2¢1, ¢1+2r =0.

Pemenvie ypaBHeHHiT B BapHalMAX ¢ HaYalbHbI-
mu ycaoBuamu 3saraymru (r1(0) = ¢1(0) = ¢1(0) =0,
71(0) = —v) nerko HaiiTu, 3ameTus, yto $1 + 2r1 =0 u,
3HAYUT, ©*1 — T1. DTO pelleHHe UMeeT BUA T1 = —wvsint,
p1 = 2v(1 — cost). Ilo Teopeme o aubPepeHIUPYEMOCTH,
HCTUHHOE penieHue ypaBHeHuit HbioToHa oTiuyaeTcs OT
HalileHHOT0 MalbIMU TopAAKa v> (IpU He cIUmEKOM Goab- Puc. 78. [IBumenue
mux t). CiregoBaTenbHO, 3ariyllika ONKCHIBaeT OTHOCH- 3allyIIKH OTHOCH-
TeIbHO KOCMOHaBTa aiuIc (puc. 78) ¢ moayocAMu v ¥ 2v. TEIbHO CTaHLIUU
Hama epuHuua nauHbl — paguyc op6utsl, a v =~ 1/800.
3HaYUT, [UIMHBI MOXyoceil 3I1I1Ica COCTABIAIT 0Kolo 8 U 16 KM.
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Buauvaine saraymka gBuercd BHU3 (K 3emile), HO 3aTeM HauyHWHAeT OGrOHATD
KOCMOHAaBTa U YXOIUT Ha 32 KM BIepe] I0 op6uUTe: HAKOHell, OHAa BO3BpallaeTCH
CBEpXY, OMKCAaB MPUMEPHO CTOKUIOMETPOBBIN AIIUIC KaK pa3 3a BPpeMA OJHOTO
o6opoTa cTaHIUU 110 opOuTe.

PasyMeeTcs, B 9TOM pacuyeTe Mbl IpeHeOperay BeIMYHMHAMU HOpALKA v°,
YU Ha caMoOM [ielle BUKeHHe 3arilylNIKUd OTHOCHUTEIbHO KOCMOHaBTa He GyIeT Ime-
puoaMYecKUM (BUTOK He 3aMKHETCH, IPHYeM IOrpemHocTs GyaeT nopaaka 1/800
0T pasmepa 3JIuIca, T.e. 3arjlylIka poJleTUT Ha paccTogHUU mopAaka 10 M oT
craHuuu). Mbl npeHeGperan Takme MHOTUMHU 3¢ deKTaMu (CBETOBBHIM AaBIeHU-
eM, OTIMYHWEM HampaBieHUA GpocKa OT BepTHKalM, OTANYHNEM OPOUTHI CTaHI[UU
OT KPYTOBOH U T. [I.), JAIOMMMHU GOJbIINE OIPEMIHOCTH.

B. B. Benenukuii, u3 yBieKaTelbHOU KHUTU KOTOPOro «OuYepKH O NBUMEHUH
KocMHUecKuX HeGecHbIx Temy (M.: Hayka, 1972) saumcTBOBaHa 3ajaya o 3ariaymi-
Ke, 3aMeyvaeT, UTO 3ariyIllKa BpAX Ju Gblia BUJHA HA pacCTOAHUU 6OJbIle KHIO-
MeTpa, a MepBblii KUIOMEeTp 3JIUIcAa OYeHb GIM30K K IPAMO, nmo3ToMy JleoHOB
YBUeI, Kak GpollleHHasA UM 3ariyIllKa noaemeaa npamo ¥ 3emae.

5. TepMuHoOJOruyecKue 3amMmeuaHtA. PaccMOTpeHHbIe BbIllle ypaB-
HEHMA U CUCTeMbI MHOT 14 HAa3bIBAIOT HOPMAAbHbLMU UIU PAPEULEHHbLMU OTT-
HOCUMeAbHO CMAPUUL npouseodHsir. B 3ToM Kypce HUKakue Apyrue ypas-
HEeHUA M CHCTeMbl He pacCMaTpUBAIOTCA, TAK YTO TEPMMH ypaBHEHHE WU
cucTeMa Beera 03HayaeT HOpMalbHYO CUCTEMY WK CUCTEMY, SKBUBaICHT-
HYI0 HOpMailbHOH (Kak, HanpuMmep, cucrema ypaBHenuil Hoiotona (5)).

@DyHKUNU, BXOJAIIME B NpPaByl0 4acTb CUCTEMbI, MOI'YT 3aJaBaThCA
pasHbIMU cnocobaMu: ABHO, HEABHO, IapaMeTPUUYECKU U T. II.

IIPUMEP. 3anuck 42 = x ecTh cokpalleHHOe 0603HaueHUe ABYyX pas-

HbIX AubbepeHnUalbHbIX YPaBHEeHUH, & = /T U & = —/x, Ha3oBbIM IPO-
CTPaHCTBOM Ka#{J0T0 U3 KOTOPBIX CIY:KUT noaynpamad ¢ > 0. ITu ypaBHe-
HUA 3a/1al0TcA ABYMSA pa3HbIMU BEKTOPHBIMU MONAMHU, MNIaAKUMU Ipu & > 0

/AN

Puc. 79. HHTerpaibHble KpHUBble [BYX ypaBHEHUU, OOGbeIUHEHHBbIX 3aliu-
coi0 32 =z
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IIpu HeABHOM 3aJlaHNU NMPABOI YacTH CliellyeT BHUMATENbHO OTHOCUThb-
CAl K BHIACHEHUIO ee 00/1acTu onpeeleHUA U OCTePeraTbCcd ABYCMbICIEHHBIX
00603HaYeHUA.

Puc. 80. UHTerpanbHble KpHUBble JBYX ypaBHEHHil, 3allUCAHHBIX BMeCTe B BHJe
ypaBHeHus Kiepo

[IPUMEP. Ypasnenuem Kaepo nasviBaercsa ypaBHenue x = &t — f(&).
YpaBuenue Kiepo

=it —i?/2 (6)

eCThb KpaTKaf 3alMch ABYX pasHbIX AM(GepeHNUalbHBIX ypaBHEHWMH, 3a-
nanubix npu x < t2/2. Kammoe U3 HUX YIOBIETBOPAET TeopeMe CyIecT-
BOBaHUA U €[MHCTBEHHOCTH B obiacTu moa mapabomoit, = < t2/2 (puc. 80).
Yepes Kam/Iyr0 TOYKY 3TOMl 06lacTv INPOXOAAT [Be KacaTelbHble K Hapa-
6ose. Kampman KacaTelbHas COCTOMT M3 JBYX NojlyKacaTelbHbIX. Kamman
nojlyKacaTelbHaAd — WHTerpajbHaA KpUBasA OMHOTO U3 ABYX ypaBHEHMWIA,
o6beuHeHHbIX popmyoii (6).

3anaua 1. MccnegoBaTh ypaBHenue Kiepo © = @t — 4.

3AMEYAHUE. IIpu uccieloBaHUU ypaBHEHWIi, NpaBag YyacTh KOTOPBIX
3ajaHa HefIBHO, T.e. ypaBHeHuit Buga F'(t, x, &) = 0, yacTo GbIBaeT moxes-
HO paccMaTpHBaTh 3aJlaHHOe 3TUM ypaBHEHHeM Iojle HalpaBieHWH He Ha
IIOCKOCTH ¢ KoopauHaTamiu (t, ), a Ha noBepxHocT E B TpexMepHOM mpo-
cTpaHCTBe ¢ KoopauHatamu (¢, x, p), 3aganHoi ypasuenuem F(¢, x, p) =0
(puc. 81).

ATo TpexMepHoe NPOCTPAHCTBO HAa3bIBAETCA MPOCTPAHCTBOM l1-cTpyitl
¢dyuruuii. Ero ToukM — 3T0 BCeBO3MOKHbIe HeBEpTUKANbHbIE (T.e. Hena-

lk-cTpyeit dyHruuM HasbiBaeTcA ee MHorouleH Teiinopa crenenu k.
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pajlielbHble OCH ) HalpaBieHUA BO BceX TOUKax miockoctu (¢, x). Tou-
Ka (t, x, p) — 9T0 HanpaBienue npamoil dr = pdt B Touke (¢, ). 1-¢dop-
Ma a = dx — p dt 3a1aeT ONUCAHHYIO HUME KOHTAKTHYIO CTPYKTYPY B MHO-
roo6pasuu l-ctpyit. BekTopsbl, npunoxeHHble B TOYKE TPEXMEPHOTO MpPO-
CTPaHCTBa CTPYii, HAa KOTOPBHIX 3Ta (hopMa o6pamaeTca B Hyllb, COCTABIAIOT
miockocTh. OHA Ha3bIBAETCH KOHMAKMHOL naockocmeio. KonTakTHad mioc-
KOCTh BepTUKabHA (COEPHUT HANpaBieHue ocu p). Bce KOHTaKTHbIE MII0C-
KocTH 006pasyioT noie KOHMAKMHbLY NA0CKOCMel B NPOCTPAHCTBE CTPYH,
OHO ¥ HA3bIBAETCA KOHMAKMHOL cmpykmypoi.

[IpeamonosxumM, dYTO MOBepX-
p Kowmaxmnuas HocTh F, 3apmaoomas ypaBHeHUe,
raagkafd (3TO ycClIOBHE BBINOJIHEHO
nisa ypaBHenuit F'=0 c F o6mero
nojioxenus). PaccMoTpUM MpPOeKTH-
poBaHue moBepxHocTH F Ha mioc-
KOCTh ¢ KoopauHaTamu (¢, x) mapai-
lelbHO p-HampaBieHutlo. Touka Ha
MOBEPXHOCTU Ha3bIBaeTCA pe2yasap-
Holl, eclu B Hell KacaTelbHasA IIOC-
KOCTh MOBEPXHOCTU HE BePTUKANb-
Ha (T.e. HE CONEPKUT NPAMYIO p-Ha-
npaBieHus). B oxpecTHocTH pery-
JAfAIpHOI TOYKM MpPOEKTHpPOBaHHE —
Puc. 81. llosepxnocts E u caens! kKoH-  nuddeomopdusm (o Teopeme 0 He-
TaKTHBIX IIJIOCKOCTEH Ha Hel ABHON (QYHKLMHU), 8 TOBEPXHOCTb —
rpaduk raagroit pyHruuu p = v(t, ). dta pyHruud 3agaet guddepennu-
anbHoe ypaBHeHMe & = v(f, ) (B OKPECTHOCTH NPOEKIMH paccMaTpUBaeMoit
peryinfpHoil TouKkd). B Ty #e TOYKY MIIOCKOCTU MOTYT NMPOEKTHPOBATHCA
Ipyrue TOYKU MOBEPXHOCTHU, peryilApHble uiu HeT. Kamjmoil perynsapHoii
TOYKE COOTBETCTBYET CBO€ MoJjie HampaBieHUI HA MIOCKOCTU U CBOe AUd-
(depeHnuanbHOE ypaBHeHHe; B ypaBHeHurn F' = 0 o6berHEHbI Bce 3TU pas-
anuHbIe quddepeHnraibble YpaBHEeHUA.

PaccmoTpuM B peryiifipHoit Touke MoBepXHOCTH F KOHTaKTHYIO MJIOC-
KocTh. OHa mepecekaeT KacaTelbHYIO INIOCKOCTb Mo npAMoi. Takum o6-
pa3oM, B OKPECTHOCTH PerylfApHoil Touku Ha F BO3HUKaeT riajfkoe ImoJie
HalnpaBleHNit — Mmoje cileJJoB KOHTAKTHBIX MmiIockocTeit. OueBuaHA

“ermuasn rpuedt

Teopema. Ilpu npoexmuposanuu noseprnocmu E, 3adannotl ypashe-
Huem p = wv(t, x), Ha naockocms (t, x) 6doav ocu p noae c.iedog KOH-
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makmuuix naockocmell na E neperodum e noae HanpasaeHull ypasHe-
Hus dx/dt = v(t, ) Ha naockocmu.

CJ'IeI[CTBI/Ie. Yrasanuoe npoexkmuposaHue nepeeoﬁum uUHmezpaivbHbvle
Kpuevle noas caedos Ha E 6 UHmezpaibHvle Kpussvle YpaeHeHusA HA NA0C-
rocmu.

RacarenbHad niocKocTh NOBEPXHOCTH F/ B HEPeryIApHbIX TOUKaX Bep-
TukanbHa. Ho oHa Bce paBHO MOKET IepeceKaTbcA ¢ KOHTAKTHOM IIOC-
KOCTBIO 10 HpAMoi (maa moBepxHocTu E 06LIEro MmoloeHUA MONHOE COB-
najieHue KacaTelbHON IMIOCKOCTH C KOHTAKTHOU OyIeT NMUllb B OTAEIbHbIX
HCKIIOYUTENbHBIX TOYKAX).

B OKpecTHOCTH HEMCKIIOUMTENbHOM HeperyifApHONH TOYKM HA MOBEpX-
HocTu F ciiebl KOHTAKTHBIX MIOCKOCTEH 3a7al0T riIajKoe moje Hampasie-
Huil. Takum o6pa3oM, mole cileoB KOHTAKTHBIX IIOCKOCTell Ha MOBEpX-
HocTu E mpojon#aeTcA B HEUCKIIOUUTENbHbIE HeperynapHble Touku. IIpo-
JOJeHHOoe ToJle Ha3blBaeTcA noaem Hanpasaerull ypasnenus F = 0 na E,
ero MHTerpaibHbie KPUBbIE HA3BIBAIOTCH UHME2ZPAAbHbLMU KPUBbLMU YPABHE-
Hua F =0 na E.

[Ipoeknuu KycKOB 3TUX KPUBBIX Me#Ay HeperyJifipHbIMM TOUKAMH Ha
IIOCKOCTh (¢, ) NOKAJIbHO ABIAIOTCA UHTErpalbHBIMU KPUBBIMHU COOTBET-
CTBYIOIKMX ypaBHeHuit dx/dt = v(t, x) (B 1eI0M 3TO HEBEPHO, Jame eclu
HeperylfpHbIX TOYeK HeT!).

[Tepexon oT miockocTu K moBepxHocTH F yacTo GbIBaeT MONE3eH Kak
IJIA UCCleIOBaHUA, TaK U JJA pellleHUA YpaBHEHUA.

3AnA4A 2. HaitTu uHTerpaibHble KpUBble ypaB-
HeHMA &> = t HA MOBEPXHOCTH P> = t M UX NMPOEKIHH x
Ha MI0CKOCTh (¢, ).

PEMEHNE. 3a koopauHaThl Ha F npumMmeM p u x.
B sTuX KoOpAUWHATaX ypaBHEHHE ClIeJOB KOHTAKTHBIX .-
nnockocreil (dx = pdt) npunumaer Bug dr = 2p%dp. =1
HUuterpanbubie kpusble: & + C = 2p®/3. Ux npoex- -
UM — nonyky6udeckue napa6oast (x + C)? = 4t%/9
(puc. 82). HeperyaapHble TOYKH 06pasyioT IHHUIO
p = 0. Bce OHU HEHUCKIIOYHTENBHBIE.

IIpoeKuA TMHUY HePEryIAPHBIX TOUEK Ha MIIOCKOCTS (£, ) Ha3biBaeTcA duc-
KpumuHanmuoll xpusoll. B naHHOM ciyyae JUCKPUMHUHaHTHa#d KpUBafA — OChb .

Touka Bo3BpaTa JeIUT NMOIyKyGuUecKylo napaboiry Ha jABe yacTd. Ramjas
U3 HUX — HHTerpajibHas KpUBasg 0JHOTO U3 [BYX ypaBHeHHH & = v/t (w1 —+/t)

Puc. 82. IIpoexkuuun uH-
TerpajibHbIX KPUBBIX
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B noixymiockoctu t > (. MosHo moKa3aTh, YTO IPOEKIHNHU Ha INIOCKOCTh MHTEr-
palbHBIX KpPUBBIX Ha F 1A ypaBHeHUA 00ILIero Nojo;KeHUd UMeIOT B o0meil To4-
Ke OUCKPUMUHAHTHON KPUBOH TOYKY Bo3BpaTa (6olee TOro, B OKPECTHOCTHU Ta-
KOU TOYKU ypaBHeHUE NIPUBOAUTCA K BULY 2=t nudpeomMoppr3MOM IIOCKOC-
tu (¢, )). OqHaKO 5TO BepHO He A BCEX ypaBHEHHUH.

3A1AYA 3. Haiitu uHTerpanbHble KpuBble ypaBHeHusa Kuaepo z = ti — f(%)
Ha MoBepxHOCcTH & = pt — f(p), UX MPOEKUUH Ha MIOCKOCTH (f, ) ¥ JUCKPUMU-
HAaHTHYIO KPUBYIO.

PEIIEHUE. 3a KoopauHaThl HAa F/ npuHUMaeM p U t. YpaBHeHUe ClIeI0B KOH-
TaKTHBIX TockocTeit (dx = pdt) mpunumaer Bua tdp + pdt — f'dp = pdt
umu (t — f')dp = 0. Heperyaspusie Toukn: ¢ = f'. Bce oHM UCKIIOYMTENbHbIE.
Uuterpanbubie kpuBble HAa E: p = const (B o6aactu, rae ¢ # f'). dTo npaMsle.
Nx npoekuuu Ha miockocth (t, ) — Takmse npamele: z = tC — f(C). YpaBHe-
Hue Kiepo — 3To mpocTo ypasuenue cemeiicmea npamuvle, 3anapamMempuio8arHble
MAH2EHCOM Y2ad HAKAOHA K ocu albcyucc. JJMCKpUMUHAaHTHaA KpUBad MapameT-
pudecku 3amaerca ypasuenuamu t = f'(C), x = tC — f(C). B okpecTtHocTu
Touku, rae f' # 0, 3TH GopMyIIbl 3a/]AI0T TIAAKYI0 KPUBYIO, ABIAIONLYIOCA Ipa-
durom dynruuu r = g(t). HeiicTBuTenbHo, B6au3u Touku, rae f' # 0, Mo#HO
Bbipa3uth C uepes t u 3aTeM x uepes t. Ipaman x = tC — f(C) racaerca auckpu-
MUHAHTHOU KPHUBOii B Takoi Touke (mouemy?). Utak, duckpumunanmuas kpueas
ypasnenus Kaepo aeasemca ozubaiowell cemeiicmea npamblr, ONUCHLBAEMO20 IMUM
ypasHeHueM.

Mepexon ot dyHrnuu f K GYHKIUHN g Ha3bIBaeTCA npeobpaszosanuen Jexrano-
pa. llpeo6pasoBannem Jlesxanapa pyHrunu g 6yaer cuosa f (nokamurte). [losTomy
¢yHKIUU f U g Ha3bIBAIOTCA dgolicmeeHHblMU Opye dpyey.

3AIAYA 4. Berumciauts npeo6pasoBanue Jlemanapa pysknuu |p|®/a (a > 1).
OTBET. [t|®/B, rne @™ + 871 = 1.

TeomeTpuyeckmii cMbica npeobpasoBanusa Jlessanapa COCTOUT B CI€AYIOMEM.
PacecMoTpuUM MHO#€CTBO BCeX HEBEPTHKANbHBIX (He MapainelbHbIX OCH T) MpA-
MbIX Ha miIockocTu (t, ). llpAamas 3agaeTcA cBouM ypaBHeHueM . = al — b.
Takum 06pa3oM, HeBepTHUKalbHble NMPAMbIE MOAHO pacCMaTpUBaTh KaK TOUKH
Ha [UIOCKOCTU ¢ KoopauHaTtamu (a, b). ATa MIOCKOCTb HasblBaeTCA deolicmeen-
nott K ucrodnotl naockocmu. KoopauHaThl a U b Ha3bIBAIOTCA MAH2EHUUAAbHBLMU
Koopdunamamu npamoi.

Ilnockocth, ABolicTBeHHasa K muockoctu (a, b), ecThb HcxXogHad mIoOC-
KocThb (, ), BBUAY MONHONW CHUMMETPUM ypaBHeHUA T + b = af OTHOCHTEIbHO
3ameHs! (¢, ) — (a, b): npAMasA Ha NIOCKOCTH NPAMBIX €CTh TOYKA HCXOXHOM
IIOCKOCTH.
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Pacemorpum Ha maockoctu (£, ¢) raaaryio kpusyio, x = g(t). Kacarenn-
Hafd K 3TOil KpUBOI1 MeHAeTCA NpH JABHKeHUH BHoJIb KpuBoil. CooTBeTCTBYyIOmMan
KacaTeJbHOH TOYKa [JBONCTBEHHOIl INIOCKOCTH ONUCBIBAET MPH 3TOM HEKOTOPYIO
KpUBYIO. OTa KpUBad Ha3blBaeTCA 0solicmeenHol K ucroonol xpueoi. Kpusas,
IOBOMCTBEHHasA K IOCTPOEHHON, — McXoAaHasA KpuBafA. Ecau mi1sa ucXomHO# KpH-
Boit g’ # 0, To nBolicTBeHHasa KpuBaA ABIAeTcA rpadukrom dynruuu b = f(a).
Oyurnuu f u g — npeo6pasoBanud Jlemanapa gpyr apyra.

JokasaTeabcTBO 3TUX (AKTOB (MMEIOUIHUX MHOTOYKCIEHHble 0GOOLIEHUA U
IPUI0EHNUA BO BceX 061acTAX MaTeMaTHKH) OCTaBIAeTCA M0603HaTeIbHOMY YHU-
TaTello B BHJe 3aJayu.

8 9. da3zoBbie KpPUBble aBTOHOMHOI CHCTEMBI

31ech paccMaTpHUBalOTCA MpocTeiilliie reoMeTpUUECKHe CBONCTBaA (a-
30BBIX KPUBBLIX aBTOHOMHBIX CHCTEM, T.€. CUCTEM, MpaBble YACTH KOTOPBIX
He 3aBUCAT OT BPeMeHHU.

1. ABTOHOMHEBIE CHUCTEMBI.

Onpepnenenuie. Cucrema nuddepeHIanbHbIX YDaBHEHUN Ha3bIBaeT-
CAl ABMOHOMHOL, eclii OHA NEPEeXOAUT B ceOf MpU MPOU3BONbHBIX CABUTaX
BJIO/Ib OCU BpeMeHH.

Nupivu cjloBaMu, CUCTeMa Ha3bIBaeTcCH aBTOHOMHOﬁ, eClIu ee IpaBasd
4YacTb He 3aBUCHUT OT BpPeMEHMH. Haan/IMep, aBTOHOMHO€ ypaBHE€HUHEe Nn-TO
nopAaxKa — 39TO ypaBHeHHe

™ = F(x,..., ™).

3AMEYAHHE. IIpu onucaHuy 3BOMIOLMOHHBIX NpolleccoB AuddepeHn-
albHBIMU YpaBHEHUAMHU 00bIUHO BOSHHKAIOT UMEHHO aBTOHOMHbIE CUCTEMBI:
HE3aBUCUMOCTD NpaBOil YacTu OT ¢ OTpaaeT He3aBUCHUMOCTH OT BpPeMeHU
3aKOHOB Hpupoabl (6e3 4ero HEeBO3MOMHO HAay4yHOe ee udydenue). Tepmun
«aBTOHOMHBIH» O3HAUAET «CaMOCTOATENbHbIHY U OTpaxaeT HE3aBUCUMOCTH
3BOJIOIUU COCTOAHUA paccMaTpUBaeMoll CUCTEMBI OT BcexX Apyrux. HeaBro-
HOMHbIE CUCTEMbI BO3HUKAIOT NPU ONMUCAHUU TPUPOJIbI Yallle BCETO CIEYI0-
mum obpasoM. Ilpeanonosum, 4To MbI paccMaTpuBaeM yacTh 1 pusnveckoit
cuctemsl I+11. Toraa, XoTA 3aK0H 3BOJIONUYU Beell cCTeMbI CO BpeMeHeM U
He MeHAeTcA, BauAHMe vyacTu II Ha vacTb I mMozkeT mpuBecTH K TOMY, UTO
3aKOH 3BOJIONUU YacTH | GyneT MEHAThCA CO BPEMEHEM.
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Hanpuwmep, Bauanue JIyHbl Ha 3eMiI0 BbI3bIBaeT NMpUIUBBLI. MaTeMma-
THYECKU 3TO BIMAHUE BBIPAKAETCA TE€M, YTO BEIUYUHA YCKODEHUA CHUJIbI
TAMKECTH, BXOJAAIAA B YpaBHEHUE IBUKEHUA 3eMHbIX 00BEKTOB, CTAHOBUT-
cA NepeMeHHOi.

B Takux cnyuyasx roBopAT, UTO BbljieleHHas yacTh 1 HeaBToHOMHA. [lo-
3TOMY ¥ BCE CHUCTEMBbI, IpaBafd YacTb KOTOPHIX ABHO 3aBUCUT OT BpPEMEHH,
Ha3bIBalOTCA HEaBTOHOMHBIMU. Pa3zyMeeTcs, HeaBTOHOMHbBIE CUCTEMBI MO-
ryT NONYy4YUTbCA U B JPYTUX clydasX, HalpuMep, B Ipoliecce npeobpaso-
BaHWUU TIPU pelleHUN aBTOHOMHBIX cucTeM. [Ipumep: nepexo] K HEaBTOHOM-
HOMY YpaBHEHUIO C pa3lelAIMMUCA IEPEMEHHbIMU PU UHTErPUPOBaHUU
cuctembl Jlorka—Boabreppa (o. 7 §2).

3A,IIA'~IA 1. ABTOHOMHO Iu YpaBHE€HHE B BapualuAaX MJA MaJjoro BOSMYyIleHUA
penieHusn aBTOHOMHOM CHUCTeMbI IIpyu MaJIoM HU3MEHEHUU HadalbHbIX yCJ'IOBPIﬁ?

OTBET. Ecau HEeBO3MYIIIeHHOE penleHrue — COCTOAHHE paBHOBeCHA, TO aBTO-
HOMHO, B o6mem clydyae — HeT.

2. CaBur no BpeMeHu. Haunem ¢ npumMmepa. PaccMoTpuM aBTOHOMHOE
yPaBHeHNe 1-T0 MOpAJIKa

™ = F(z, &,..., 2" Y). (1)

Teopema. I[Ipednoaoxcunm, wmo x = sint — pewenue ypasnenus (1),
moeda PyHkyus x = cost — modice peuleHue.

JTo cpa3dy clefyeT U3 CleJyIOLero npeloieHns.

Teopema. Illycmv ¢: R — U — pewenue asmoHomMH020 YpasHeHU:
& = v(x), 3adannozo eekmopHuLM nosem v 6 dasosom npocmpancmee U,
u nyemos h®: R — R — cdeue ocu epemenu, h®(t) = s + t. Tozda ¢ o h®
npu 41060M S Modxce peuleHue.

NupiMu coBamu, ecnu ¢ = ¢(t) — peunleHue, To ¢ = @(t + s) — Toke
peleHue.

,HOEA?)ATEJII)CTBO.

JTo O4YeBUIHO: I10JIe Hal’IpaBJ’[eHI/Iﬁ aBTOHOMHOI'O YpaBHEHUA NepexoguT
B cebA Ipn caBurax BAOJb OCHU BpPEMEHH, cjleJoBaTellbHO, UHTerpajlbHbIe
KpHBbIE IepexXonAT MMPpU TaKUuX CABUraX B MHTerpalibHble KPpUBLIE.

CunepnctBue. Yepes kaxndywo mouky $azoe02o npocmpancmea agimoHoM-
HOU cucmembvl nporodum o0Ha U MoAbKO 00Ha $a3oeas kKpueas.
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3AMEYAHUE. 3[ech U HUME BCIOAY UJET peuyb 0 MaKCHMalbHbIX (a-
30BBIX KPUBBIX, T.€. 0 (a30BbIX KPUBBIX, ABIAKOUIUXCA 00pa3aMu pelleHni,
HeIpOoJOoIKaeMbIX Ha Gojee OMMHHBIN uHTepBan (peienue ¢: I — U moxer
He TPOJ0JKAaThCA MM60 OTOMY, UTo UHTepBan I yae BedA npama, au6o mo-
TOMY, uTO () noaxoaut k rpanune obaactu U, Korja ¢ HOAXOAUT K KOHILY
HWHTepBala).

HJOKA3ATEJILCTBO CJIEICTBUA.

IIpennonomxum, 4To yepe3 TOURY NPOXOAAT ABe ¢a3oBble KPUBble —
06passbl pelieHni ¢ 1 1), ONpeeleHHbIX HA Bcell MpAMOil (ciyJail, Korga pe-
IIEHUA He MPOAOIKAIOTCA HeOr PAHIYEHHO, OCTaBiAeTcA ynTartento). Toraa
CYIIeCTBYIOT MOMEHTHI BpeMeHU a U b, Takue, uto p(a) = 1(b) (T. K. 06e
KPUBbIE IPOXOIAT Yepe3 oJHy TOYRY). CIBUran ofHO U3 PEIleHuil BIOIb OCH
BpeMeHHU, MbI I0Iy4aeM HOBoe pelieHue, poh® %, JTo pemenne numeer c pe-
meHUeM ) oOlllee HavyalbHOe yciaoBue npu t = b. 3HAUUT, OHU COBNAJAIOT.
CnepoBaTenbHO, 1 TMonyvyaeTcA U3 ¢ COBUTOM BIOJNb OcH BpeMeHU. UTak,
o6pasbl oToOpameHuii p 1 1) COBNAAalOT, UTO U TPeOOBAIOCh JOKa3aTh.

3AMEYAHUE. ®a3zoBbie KpUBble HeasmMoHOMHOL cucTeMbl (06pasbl pe-
mweHuit B $a30BOM MPOCTPAHCTBE) MOTYT IepecekaThbcd, He coBnajgas. [los-
TOMY 3a pelleHMAMHU HeaBTOHOMHBIX CUCTEM JIYYllle CIeANTh 110 MHTerpaib-
HBIM KPHUBBIM.

3A1A4A 1. IlycTh uepe3 KamAylO TOUKY $a30BOro NpoCTPaHCTBA CHCTEMbI
Z = v(t, ) IPOXOAUT OIHA U TOIbKO OfiHa (azoBas Kpusasa. CliefyeT Iu U3 3TOrO,
YTO CHCTEeMa aBTOHOMHa?

OTBET. Her, npumep: & = 1 + ¢

3. 3aMmkHYThIe pa3oBbie KpuBble. MbI yie 3HaeM, YTO pas3Hble da-
30Bble KPUBbIe aBTOHOMHOI CHCTEeMbI He lepecekatoTcA. [locMoTpuM, MomeT
1M nepecekaThb cebf onHa (asoBas KpuBad. IHBIMU cll0BaMU, MOKET JIU pe-
IIeHre aBTOHOMHON CHCTeMbI MEPBOro MOPAAKA HECKOIbKO pa3 MPUHUMATD
OJIHO U TO e 3HaYeHUe.

Teopema. MakcumasvHas gazosan kpueas a6moHOMHOL cucmemsl AU-
00 He camonepeceraemcs, AuUG0 c800umca k 00HOU mouke, AUGO ABAAEMCA
samrHymot gasoeoil kpueotl (duddeomopdroti okpyrcrocmu).

C mpumepamMy 3aMKHYTbIX ()a30BbIX KPUBBIX MbI y#ie CTalKHUBalUCh
(nanpumep, npejenbHbIe HUKIBI, CM. § 2).
JlokazaTenbCcTBO TeOpPEeMbl OCHOBAHO Ha CleJyIOUINX YeThIPEX JeMMaX.

9 3arasz Ne 117
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JIemmMma 1. PeweHue o a8moHoMHOU cucmemsl nepeo2o nopadka, 08adxc-
Ovt npunsguiee odno snawenue p(a) = p(b), b > a, moxcHo npodoascumo
Ha 6cl0 ocb 6pemeHlU, 8 6ude nepuoduieckozo omobpaxcenus ® c nepuo-
dom T =b— a.

JJOKA3ATEJILCTBO.

BcAaroe s ogno3HayHo npegctaBuMo B Buge s = nl'+o0,0 < o < T. Ilo-
aoxuM P(a+s) = p(a+0). Torna & — pemenue nepuona T', coBnagaromiee
¢ ¢ Ha oTpe3ke [a, b]. leiicTBuTensHo, ® coBmagaer co CABUIOM PEIIEHUA ¢
B OKPECTHOCTHU Kai/I0fi TOUKM U, 3HAYUT, CAMO fIBIAETCA pelieHueM (II0
TeopeMme 1. 2).

[onyueHnHoe pelieHre MOeT UMeTb, kpome T, npyrue mepuoabi. Us-
YUYUM MHOECTBO BCceX MEPHOJ0B 0TOGpameHnA MPAMOH.

Jlemma 2. Muoocecmeo ecex nepuodos 1106020 omo6paj;ceHus npamou
asasemea nodzpynnotl epynnut R.

IIOKABATEJILCTBO.

qI/ICJIO T saBndercsa nepuoaom OTOﬁpa;KeHI/IH f, €CqiIn U TOJBKRO ecCin
caBur npamoit Ha T mepeBoaut f B ce6a. CaBuru, nepeBoasmue f B ceb,
06pa3yoT MoArpyIiy rpymnnbl Becex caABUroB. U6o ecau 1Ba ciBUra nepeBo-
AT f B cebA, TO U UX MpOU3BeJeHNe, U o6paTHble UM CABUTHU TepeBoAT f
B cebA.

3AMEYAHHME. JTO paccy:#jleHUe NMOKa3bIBaeT TaK#e, UTO eClU Kakaf
YTOJIHO rpymna AeiicTByeT Ha KaKOM YT'OJHO MHOM€eCTBe, TO Bce mpeobpaso-
BaHUA I'PYIIbI, OCTABIAIONINE HA MeCcTe (PUKCUPOBAHHBIN 3JIeMEHT MHOKeC-
TBa, 06pa3yloT NOArPYNIy MCXOJHOH IPyNnbl. JTa NOArpylna Ha3biBaeTcA
cmayuonapHoil epynnoti GUKCUPOBAHHOIO eMeHTa.

JTemma 3. Muoxcecmso secexr nepuodos HenpepvleH020 0MOGpPaHcEHUA
npamoill 3amMrHymo.

JTOKA3ATEJIBCTRBO.
Ilycth mociemoBaTenbHOCTb mepuogoB T; oToOpameHuA f CXOAUTCA
K yncay T, torga f(t +T) = lim f(¢t + T3) = lim f(¢) = f(t) upu ao6om ¢.
Urax, muoxcecmeo ecexr nepuodos HenpepvieHo20 0moOpaxceHus npamoll
asasemcsa 3aMKHYmMOU nodzpynnoil npamoii.

JIemma 4. Beakas samrnymas nodepynna G epynnvl 6eu,ecmeeHHbLT
yucea R ecmv aubo R, aubo apudmemuyeckas npoepeccus, o6pazoeannasn
UeablMU KPAMHBLMU HEKOMOopo2o ducaa, aubo {0}.
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HOKA3ATEIBCTBO.

Eciu G # {0}, To B G ecThb noiomuTenbHble 3IeMeHTHI (BMecTe ¢ ¢
B G Bxomut —t).

BoaMmosHbIe nBa ciryJas:

1) B G ecTb ckoiab yroauo 6auskue K () NOMOMKUTENbHBIE DIEMEHTBI;

2) paccrosanud oT () 1o BceX MOMOMUTENbLHBIX 9J€MEHTOB I'PYIIbI 60Jb-
[Ile HEKOTOPOI'0 IOJOKUTENbHOr0 Yucia.

B nmepBoM ciyuae G comepmuT apudpmeTnyec-
KHe IPOTPeCcCUU cO CKOJb YTOJIHO MajlbIMU Pa3HoC-
TAMH, clleloBaTelbHO, 3J1eMeHThl G ecTh B J1060i
OKpeCcTHOCTH Jr000i Touky npaMoii. [lockoabky G
samkHyTa, G = R. Bo BTopom ciyuae paccMoT-
puM Gaukaiimuit kK (0 HoJoKUTeNbHBIN 3neMeHT T
rpynnsl (OH CYIIECTBYET, TAaK Kak Cpymna 3aMK-
HyTa). ApudmMeTryecKas NIporpeccus HeIbIX KpaT-
HbIX 3JeMeHTa T npuHaane:kut rpynme. Jlokamem, Puc. 83. 3amkmyTas
YTO HUKAKMX [PYTHX DJEMEHTOB B TPYNNe HeT. ponrpymma MIoCKOCTH
HeiicTBUTENLHO, MI06G0E Apyroe 4ucio t mpeacTa-
Bumo B Buge nT + 7, rne 0 < 7 < T.Ecmt € G, ot —nT =7 < T —
MOJIOKUTENbHBIA BJEeMEHT I'PYyMIbl, BONPEKH MUHUMAalIbHOCTH 3jemMeHTa T .

Xy

Xy

3a7a9a 1. Haittu Bce 3aMrHyTBIe moarpymmsr: 1) mrockoctu R?, 2) mpo-
crpancta R", 3) okpymuoctu S* = {z € C: |2| = 1}.

OTBET. 1) u 2) — mpsAMbIe CyMMbI 3aMKHY TIX IOATPYNN npamMoii (puc. 83);
3) NpaBUJIbHbBIE N-YTOJLHUKH, 06pa30BaHHbIe KOPHAMM cTeneHu n u3 1, u S*.

O6benuHAA 1eMMbI 2, 3 1 4, MbI 3aKII0YaEM, UTO MHOHCECBO 6CEX Ne-
puodoe HenpepvieHO20 Nepuoduieckozo omolpaxceHus NPAMol Aubo cocmoum
U3 6CET UeAbLT KPAMHLLL 00H020 HAUMEHbUle20 nepuoda, AuGo cocmaeisem
6cio npamyio (Toraa orobpaxeHe — KOHCTAHTA).

B yacTHOCTH, pemenne ® neMMbl 1 160 MOCTOAHHO (M TOrAA COOT-
BeTCTBYIOIaa (asoBad KpUBafd — IMOJOMEHNEe PaBHOBECHU:A), IUGO MMeeT
HauMeHblKi nepuon . Onpemenum oroOpasieHue A OKpPyHHOCTH Ha da-
30ByI0 KpuByio dopmynoit A: (cosa, sina) — P(af/27). 1o oTobpase-
uue A omnpegeieHo, Tak kKak ® umeer mepuon 6. A nuddepenuupyemo,
Tak kak ® — pemenune. OTo6panenre A B3auMHO OJHO3HAYHO OTOOpa#aeT
OKDY?KHOCTb Ha (a3oBYIO KPUBYIO, Tak Kak ® He MomeT NBaIbl NPUHATD
O/IHO 3HauyeHKe BHYTDH HauMeHblero nepuoga (1o iemme 1).
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IIpousBonHaa A no « BCIOAY OTIMYHA OT HYIf, MHAYE pelIeHHE MpU-
HuUMano Obl 3HauYeHue, fABJAIOLIeecA M0J0}EHNEM paBHOBeCHUdA, U TOrja Io
TeopeMe eJUHCTBEHHOCTH 6bL1o Obl KoHcTaHToil. Ilo TeopeMe o HeABHOI
byurnuu, A noranbHo nuddeomopdHo oToOpanaer och « Ha o6pa3 P B da-
30BOM IIPOCTPAHCTBE, T. €. Ha (a30Byl0 KPUBYIO. 3HAUUT, oToGpaseHue, 00-
patHoe A, nuddepenuupyemo, T.e. A — nuddeomopdusm.

TeopeMa norasaHa.

HezamkHyThIe ¢a3oBble KpUBble, XOTA U He MOT'YT caMollepecekaThcH,
MOT'YT CIO#HbIM 00pa3oM HaBUBAaTbCA caMu Ha cebA.

3A0AYA 2. HaiiTu 3aMblkaHuA (a3oBbIX KPHUBBIX J[BOMHOI0O MAaATHHUKA,
E1 = —x1, Tz = —2x2.

OTBET. Touka, okpy#HocTH 1 Topbl. CM. §24 u § 25, m. 6.

§10. IIpousBoaHad No HanpaBJeHUIO BEKTOPHOIO I0JA
U NnepBble NHTErpalbl

MHorue reoMeTpryecKkue NOHATHA MOKHO ONMUCHIBATb IBYMA crocoba-
MM: Ha A3bIKE MoYek MPOCTPAHCTBA UIIH e C IOMOIIbI0 GYHKEYULl, 3aJaHHBIX
Ha HeM. Takas Ayanusanud 4acTO OKa3bIBaeTCA MOJNE3HOI B caMbIX Pa3HbIX
oTJenax MaTeMaTUKU.

B uwacTHOCTU, BEeKTOpPHbIE MOJNA MOKHO ONUCHIBATH HE TOJLKO C MOMO-
MbIO CKOPOCTeil ABUsKEHUl, HO U Kak dugddepenyuposanus GyHKIUI, a oc-
HOBHbIE TeopeMbl Teopuu AU epeHlnanbHbIX YPaBHEHU MO#HO copMy-
JMpOBaTh B TEPMUHAX NepevlT UHME2Pa.Los.

1. IlpousBogHadA no HampaBJeHUIO BEKTO-

_ IR pa. IlycTe v — npunoseHHbIi B Touke x obaactu U

f f(x)  BEKTOp, M MyCTh f: U — R — nudbdepenunpyemas
¢oyuruud. lyets p: I — U — Krarasa-nu6o mnapa-
7 %¢ MeTpU30BaHHaA KpuUBaf, BbIXOAAIIAA U3 T CO CKO-
1\ ¢ pocthio v, Tak 4to ¢(0) = z, ¢(0) = v. Bosuu-
- KaeT CKBO3HOe oToOpajkeHue MHTepBana I BelecT-
Puc. 84. lpousognan BEHHOH OCH B BeleCTBEHHYIO OCb, fop: I = R,
dyukuuu f o nanpas- (f © ©)(t) = f(¢(t)), T.e. BemecTBenHaa GyHKRIUA
JI€HUIO BEKTOpa v BeIleCTBEHHOr0 nepemMeHHoro ¢ (puc. 84).

Onpeneaenue. Illpoussodnoti gynkyuu f no nanpasaeruio eexmopa v
HasblBaeTCA NPOU3BOAHAA MOCTPOEHHOI QYyHKIUU B HyIIe.
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10 uncao obozHavaetca yepe3d L, f (L — B yects Codyca Ju). Uto-
ObI OompaBAaTb ITO ONpefielieHue, HA/l0 MPOBEPUTH, UTO MONYUYEHHOE YHCIO
3aBUCHUT TOJIbKO OT BEKTOpa ¥, a He OT CIEelHalbHOr0 BbIOOpa KPUBOU .
JTO0 BU/IHO, HAPUMED, U3 BbIpa#EHUA NPOU3BOJHOM M0 HATIPABIEHUIO Yepe3
KOOpAMHATBI: M0 MpaBuily AudbepeHupOBaHUA CIOHHON DYHRIUN

N Of
=Of090—§8—$i%

rfie IPOU3BOHbIE OepyTCA B TOUKE MPUIOMKEHUA BEKTOPA: 3eCh T; — KOOp-
IVHAThl B OKPECTHOCTH 3TOM TOYKHU, ¥; — KOMIOHEHTBI BEKTOpPAa CKOPOCTHU
B 3TOU cHcTeMe KOOpAMHAT.

To s#e caMoe MO#HO BbIpa3uTh WHAUe, CKasas, uTo L, f ecTb 3HaueHUe
1-bopwmbl df Ha BekTOpe v.

va:%

t

3ATAYA 1. BeluncanThb npousBoanyio pyHKIuu H 1o HanpaBieHHMIO BEKTopa
v OH 0 _0H 0
dpi; 0q;  0qi Op;

OTBET. 0.

2. [IpousBoaHaA 1o HanpaB/eHUIO BeKTOPHOro noJusd. Ilycts Te-
nepb v — BeKTopHoe noie B o6iactu U.

Onpeneaenue. Illpoussodnoti gynkyuu f: U — R no nanpasaenuio no-
45 v HasbiBaeTcA HoBaA ¢yHruua L,f: U — R, 3HaueHne KOTopoil B Ka-
10t TOYKe X PaBHO MPOU3BOJHON QYHKIMK f MO HAMPaBIEHUIO PUIOHEHHO-
ro B Touke x BekTopa nons: (L, f)(x) = Ly(y)f. @yukuus L, f HasbiBaeTcA
Takme npoussodnoil Ju pyuruuu f.

MpuMEP. Ilycts v = 0/0x; — 6Ga3ucHOe BEKTOPHOE I0J€, KOMIOHEH-
ThI KOTOPOr'0 B cHcTeMe KoopauHat (xi,..., ,) paBHsl (1,0, ...,0). Tor-
na L,f = 0f/0x, — vactHasa npousBogHaa GpyHruuu f.

IIPEJOCTEPEKEHHUE. IIpu pa6oTe ¢ 4acTHBIMM NPOM3BOAHBIMH HY#Hi-
HO TBepJo IOHMMAaTh, UTO B CaMOM HMX 0003HAYEHHU KPOETCH ONAaCHOCTh:
YyacTHad NPOU3BOAHAA GyHKIUU f [0 x; 3aBUCUT He TOJLKO OT TOro, KaKkas
(GYHKIMA B paccMaTpUBaeMoii o61acTy IPUHATA 3a KOOPAUHATY X1, HO B elle
Goublleli Mepe oT Toro, Kak BhIOpaHbl poune KoopauHaThl. Hanpumep, Ha
INIOCKOCTH ¢ KOOpAUHAaTaMu (¥, y) YacTHaA npousBoaHas 0 f /0x dyHKIMU y
paBHa Hy IO, HO YacTHad npousBoHad d f /Ox Toit e GYHKIUN TOYKH IIIOC-
KOCTH II0 TO¥i e [epeMeHHOl & B ciucTeMe KoopauHart (x, z), rjae z = -+,
paBHa —1. CnegoBano 6b1 mucathb 0 f/0x|y=consts 0f /0| =const-
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IIpousBoaHad ¢yHKUUM N0 HAMpaBiIeHUIO BEKTOPHOrO MOJA JHIIeHa
YKa3aHHOro HeJlocTaTKa 4acTHOIH MPOU3BOJHOM: 3TO reoMeTpUUYeCKUl 00b-
€KT, 110 caMOMYy CBOeMY OIlpejielIeHUIO He 3aBUCAIIMN HU OT KaKOH CUCTEeMBI
KoopauHat. Ecnu riaagkue dyuruud f u none v 3agaHul, To L, f — BhonHe
onpenenennasn Gpyuruua (knacca C™1, eciu f u v waacca C™). Uupimu ciio-
BaMu, ecnu Aupdeomopdu3M nepeBoIUT HA HOBOE MeCTO BEKTOPHOE MoJIe U
(yHKLMIO, TO IPOU3BOJHAA IlepeHeCceHHONH (GyHKIIMHU 10 HalpaBJeHHUIO Tepe-
HECEHHOI'0 IN0JIA COBNafiaeT ¢ NlepeHeceHrueM NPOM3BOJHONH MCXOJHON (QyHK-
MU [0 HalpaBleHUIO HCXOJHOrO Mmojd. JTO CBOHCTBO omepanuu gudde-
pPeHLUpOBaHUA MO HaNpaBleHUIO Ha3bIBaeTcA ecmecmeeHHocmuyio. [Ipyrue
NpUMepbl eCTECTBEHHBIX Ollepalluii — clloeHHe U yMHOMeHne GyHKIUA,
clloxeHue Nojeil 1 yMHOMeHe QyHKIUN Ha MoJe.

3. CBoiicTBa NpoM3BOAHOI1 N0 HamnpaB/JeHHIO. 3[JecCb MbI ONATh
3alimeMcA ¢opmanusanueii oueBUAHBIX ¢arToB. O603HauMM uepe3d F' MHo-
#eCcTBO Bcex OeckoHeuyHo auddepennupyembrx yuruuit f: U — R. JTo
MHO#€eCTBO HUMeeT eCTECTBEHHYIO CTPYKTYPY BelleCTBEHHOI'O JIMHEeWHOro
npocTpaHcTBa (Tak Kak ciomeHHe GyHRIMIA coxpaHAeT auddepeHnupye-
MOCTb), ¥ Jame Koiblla (Tak Kak NpousBeleHre OecKOHEYHO AuddepeH-
nupyeMbix GyHKUUN nuddepeHnnupyemMo), uin, Iydile cKa3aTb, R-aare6psol
(rombLa, 0JA 3IEMEHTOB KOTOPOro ONpe/ielleHO YMHOMEHNE Ha YKciaa, yI0B-
1eTBOpAOllee 00bIYHBIM TPEOOBAHUAM).

IIycts v — 6eckoHeuHo Aud epenupyemoe BekTopHoe noie B U. Ilpo-
u3BoJHaA GpyHKUUU U3 F' mo HampaBieHUIO MOJA ¥ CHOBA NMpUHAANEKUT F
(3mecwh cymecTBeHHa GecroHeunad auddepenuupyemMocts). Urar, audde-
peHIMpoBaHue IO HampaBleHWIO M0JA v ecTh oTobpaskeHue L,: FF — F
anre6pbl 6eckoHevyHo AnddepeHIUpYyeMbIX QYHKIUN B cebAa. PacecmoTpum
HEKOTOpbIe CBOICTBA 3TOr0 0TOOpa#eHu:

L L,(f+8) =Lof +Lug; 2. Ly(fg) = fLug + 8Lu f;

3. Lyyy =Ly +Ly; 4. Ly, = fLy; 5. LyLy = LyL,

(f u g — rnagkue QyHKUMM, ¥ U ¥ — TrJaJKde BEKTOPHbIE MOJA).

3AIAYA 1. Joramute cBoiicTBa 1-5, KpoMe TOTro U3 HUX, KOTOpOe HEBEPHO.

TEPMHUHOJIOTMYECKOE 3AMEYAHUE. AnreGpancThl Ha3bIBalOT 0TOOpa-
skeHHe (KOMMYTaTHUBHOr0) Koiblia B ceba dudidepenyuposanuen, eciv OHO
obnamaer cBoiictBaMu 1 U 2 otobpamenusa L,. Bce nuddepenuupoBaHus
KOlIblla 06pasyioT #odyab HaJ 3TUM KOIbIOM (MOAYIb HAJ KOIbIOM —
o6061eHre NUHEHHOro mpocTpaHcTBa Haa R: ameMeHTBI MOLYJIA MOMKHO
CHKJIa[bIBaTh Me#AY c0o00i U YMHOMATh Ha 3ME€MEHThI KOJbIIa).
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BexTtoparie nonsa B U obpa3yoT monynb Hax R-anre6poit F' ¢yHROuUi
B U. CBoiictBa 3 u 4 o3HaualT, 4To onepaunuA L, mepeBoaAmas mojie v
B nuddepennuposanue L,, — romomopdusm F-Monyis moieit B F-Moayib
Bcex auddepennupoBanuii anre6pol F'. CBoiicTBO 5, eclid OHO UMeEeT MecCTO,
o3Hauaet, 4To auddepenuuposanud L, u L, KOMMYTHUPYIOT.

3A1AYA *2. flBnserca au romomopdusm L usomopdusmom?

AHanuTUKU Ha3bIBalOT oToOpaseHue L, auHelHblm 00HOPOOHBIM Jud-
depeHyuaivHbLM ONEpamopom nepeozo nopadka. To Ha3BaHUe 00bACHAETCA
TeM, UTo, corjiacHo 1 u 2, onepatop L,: F' — F R-nuneeH. B koopauHaTax
9TOT omepaTop 3anuceiBaeTcd Tak: L, = v19/0x1+- - -+v,0/ 2y, Boiuie mbl
U caMO BEKTOpPHOE molie ¥ 0603HAYMIN TAKUM #e CUMBOJIOM (cTp. 77): mone
4acTo OTOHJECTBIAIOT C onepaTopoM auddepeHpoOBaHUA BIOIb HEro.

Ananoruunbiii L, onepatop mpousBoaHo# Jlu BIOJAL BEKTOPHOIr0O MO-
I ¥ MOMHO ONpEJeNUThb He TONbKO Ui GYHKIUN, HO IJIA MPOU3BOIbHBIX
nudbepeHnuaIbHO-TeOMeTPIUYECKUX 06bEKTOB, IEPEHOCUMbIX Auddeomop-
¢usmamy (BEKTOPHBIX Molei, GOpM, TEH30pPOB) — MPOU3BOAHAA Ka#JOro
o6berTa GyaeT 06HEeKTOM Toii #e mpupoabl. @paHily3bl Ha3bIBAIOT olepa-
Top L, mpousBogHOI pbiGara: pprlGak CUAUT Ha MecTe U auddepeHnUpyeT
00BEKThI, MPOHOCUMbIE MHUMO HEro (Ga3oBbIM MOTOKOM.

4. Anre6pa Jlu BekTOpHBIX mnoJeii. CBOHCTBO 5 A4 BEKTOPHBIX
noieil w u v BblIOAHeHO He Bceraa. Hampumep, niasa noneit u = J/0x
U v = z0/0x Ha ocu & UMeeM

L,L, = 89z + x9*/9z, L,L, = ©9*/dz>.

3A0A4YA 1. Jloramure, uyTo auddepeHnuanbusiii onepatop LoLy — LyL, —
He BTOpPOro MOpAAKa, Kak 5TO KakeTCA Ha TIepBblii B3rJIAL, a MOEPBOro;
LoLy — LyL, = L., rie ¢ — HeKOTOpOe BEKTOPHOE I0Je, 3aBUCALIee OT Moileil a
u b.

Onpepneaenne. Ilone ¢ HasbIBaeTCHA KOMMYMAmopom v ckookot Ilyaccona
noneit @ u b u o6o3Havaercs [a, b].

3AAUYA 2. JlokaskuTe TPM CcBOiicTBa KOMMYyTaTopa:

1. [a, b+ Ac] = [a, b] + A[a, c], A € R (auneitHoCTB).

2. [a, b] + [b, a] = 0 (KOCOCHMMETPHYHOCTb).

3. [[a, a], c] +[[b, ¢], a] + [[e, a], b] = 0 (ToxamecTBO fIKOGH).

Onpenenenue. JluHeitHOe IPOCTPaHCTBO ¢ GMHApHOI onepanueii, o61agaio-
meii cBoiicTBamu 1, 2 u 3, Ha3bIBaeTcA axzebpoil Jlu.
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Urar, sexmopnble noasn c onepayuetl Kommymuposarus o6pasyiom aazeopy Ju.
JTa onepanud cToIb ke QyHIaMeHTalbHa AJId Bcell MaTeMaTHKHU, KaK CI0KeHUe
U YMHOKEHHUe.

3A0AYA 3. JloramuTe, YTO TpeXMepHOe OPHEHTHPOBaHHOE €BKINOBO IIPO-
CTPaHCTBO CTaHOBUTCcA anre6poii JIu, eciu onpenenuThb onepanuio Kak BEKTOpPHOe
poU3BeJeHUE.

3A7A4A 4. JokamuTe, YTO MPOCTPAHCTBO KBaApPAaTHBIX MaTpHIl MOpAKa 7
cra”HoBuTcA anre6poit Jlu, ecnu onpenenutsb onepauuio kak AB — BA.

3AAYA 5. Ob6pasyioT au anre6py JIu cuMMeTpUYHble MaTPULIBI C TaKOM Ke
onepanueii? Kococummerpuueckue?

3AJAYA 6. 3Haf KOMIIOHEHTHI N0JIeil @ U b B HEKOTOPOI1 cucTeMe KOOpPAMHAT,
HalTH KOMIOHEHTHI UX KOMMYyTaTopa.

OTBET. [a, b]1 = Zaj(‘)bi/ﬁxj — bjaai/a.’ltj = Labi — Lbai.

3ana4a 7. Hyers {g'} — ¢asoswiit moTok noas a, {h*} — mona b. Noka-
MUTe, YTO MOTOKM KoMMyTHpYIoT (g'h® = h°g') Torma u Tombko Torma, korma
KOMMYTAaTop Moiei paBeH HYIO.

3A1A4A 8. IlycTh @, — mole cKoOpocTeil TOUeK Tela, Bpallalomerocd C yr-
JOBOi CKOPOCTBIO w BokpyT Touku 0 B R®. HaiiT KoMMyTaTOp moneit aq, ags.

OTBET. [@a, @3] = a, I'lle ¥ — BeKTOpHOe NpousBejeHne  u (3.

5. IlepBbie uHTerpadasl. IlIycTb v — BekTopHOe nose B o6aactu U,
f: U = R — nuddepennupyemasn byHKIuUA.

Onpepenenvie. OyHruua f HasbIBaeTCA NepevlM UHMe2ZPALOM YPaB-
HeHuA & = v(x), eciu ee MPOM3BOJHAA [0 HAINPABIEHHUIO NMOJNA ¥ pPaBHA
Hymwo: L, f = 0.

CTpaHHOe HaUMeHOBaHUeE «IIEPBBIN HHTErpal»y 0CTal0Ch OT TeX BPEMEH,
KOT'/la MbITANUCh PEMUThb Bee AuddepeHinanbHble ypaBHEHUA Iy TeM HHTer-
pupoBaHufA. B Te BpemeHa uHTerpanom (MiId YaCTHBIM HHTErpaioM) Ha3bl-
Balll TaKke TO, YTO MbI Telepb Ha3bIBaeM pelleHHeM.

Caenyrolire ABa CBOWCTBA IEPBOT0 MHTErpajia OUYeBUIHO 3KBUBANEHT-
HbI cooTHoMmeHno L, f = 0 u Morau 6bl 6bITH IPUHATHI 3a €ro onpeaeieHue.

1. @yuryua f nocmosaumna edoav kaxcdozo pewenus p: I — U,
m. e. kaxdasa gyuryua f o ¢ nocmosauHa.

2. Kaxcdan dasoean kpusas noas v npuHadLexwcum 00HOMY U MOALKO
o0Homy mHoxcecmey yposHa Pynryuu f (puc. 85).
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<A

IR

Puc. 85. ®azoBasa kpuBas Ie- Puc. 86. Cucrema 6e3
AUKOM JIEKMT Ha OJHOM IIOo- MePBbIX UHTErpajioB
BEPXHOCTH yPOBHA UHTerpaia

[TpuMEP. PaccmoTpum cucTeMy, $a3oBbIM HPOCTPAHCTBOM KOTOPOIl
ABIAETCA BCA MIOCKOCTh, &1 = X1, &3 = X2. Pa3oBble KpuBbie (Iy4H) U3-
ob6pasensl Ha puc. 86. Ilokaskem, 4To 3Ta cucTemMa He MMeeT HU OJHOIO
NepPBOro MHTEerpaia, OTIUYHOrO OT MOCTOAHHOU. [elicTBUTENLHO, MEPBBIi

HHTerpajg — HellpepbIBHaA Ha BCeil MIOCKOCTH (t)yHHIII/IH, IIOCTOAHHAA Ha
KamaoM Jyue, BbIXOoJAAlleM M3 Havaja KOOpAWHAT, cjedoBaTeJlbHO, — IIO-
CTOAHHAaA.

3A%AYA 1. JloxkamuTe, UYTO B OKPECTHOCTH IPENEIbHOI0 [IUKIa BCAKUMN Iep-
BbIil MHTErpal HOCTOAHEH.

3A10AYA 2. [lpu kakux k cuctema ypaBHeHWH &1 = %1, £2 = kx2 Ha Bcei
IJIOCKOCTU MMeeT HEMOCTOAHHBIN MepBblii UHTerpain?

OTBET. Ilpu k£ < 0 (cm. puc. 30 Ha cTp. 42).

3AIAYA 3. JokamkuTe, UTO MHOECTBO BCeX IIepBbIX HMHTErpajoB JaHHOTO
nosua obpa3syeT anrebpy: cymMMa U Ipou3BeJeHNe IepBbIX MHTerpajloB — IepBbIil
HHTerpai.

Henoctosanukeie IepBbie MHTErpalbl BCTpedaloTCA pPeaRro. 3aTto B Tex
ClIyJdafdX, Korjga OHd eCTb U Korja ux ygaeTcsa HaﬁTPI, Harpaga ObIBaeT BeCh-
Ma 3Ha4YuTeJNbHOIA.

Opumep. Ilycte H — puddepennupyemas (r > 2 pas) ¢yHruua 2n
nepeMeHHbIX (P1,..., ¢n). CHcTema 2n ypaBHewuit p; = —0H/dq;,
¢; = OH/Jp; naspiBaeTcA cucmemoti kaHoHudeckux ypasreruil amuavmo-
na. (FamMunpToH Nokasai, yto AuddepeHlMATIbHbIE YPABHEHUA GOIbIIOTO
yycnaa 3ajad MexaHUKH, ONTUKY, BapUallMOHHOTO UCUUCIeHUA U APYTUX 06-
JTacTelt ecTeCTBO3HAHUA MOMHO 3amucaTh B TakoM Bupe). Oyuruua H Ha-
3viBaeTcA gynryuet] l'amurvmona (B MexaHuKe 3T0 0GbIUHO IOJIHAA SHEPTUA
CHUCTEMBbI).
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TeopeMa (3akoH coxpaHeHUA 3Hepruu). Pyuryus [amusvmona
ABAAEMCA NEePeblM UHIMeZPaioM CUucmeMmbl KanoHudeckux ypasHenull l'a-
MUABMOHA.

I OKA3BATEJILCTBO.

OH ;. OH ~[om (_om\ , oHoH] _
L,H = Z( pz+aqq) ;[api< qu)+8qi8pi] 0,

4TO U TpeGoBaloCh.

6. JlokanbHble mepBble MHTerpaibl. OTCYTCTBHE HENOCTOAHHBIX
IepBbIX HHTETPajoB CBA3AHO C TOMOJOTHYECKUM YCTPONCTBOM (hasoBbIX
KpUBBIX. B o0wmem ciydyae (asoBble KpPUBble He YKIafbIBAIOTCA B LEIOM
Ha NMOBEPXHOCTH YPOBHA HUKAKON (YHKUUM, IOITOMY HENOCTOAHHOTO Iep-
BOro MHTerpana u HeT. OHAKO JIOKAIbHO, B OKPECTHOCTU HEOCOGOH TOUKH,
(a3oBble KPUBbIE YCTPOEHbI MPOCTO U HENOCTOAHHBIE NEpPBble HHTErpaibl
CYLIECTBYIOT.

Ilycts U — o6nacTb B n-MepHOM NPOCTPAHCTBe, ¥ — AU depeHnupy-
eMoe BekTopHOe nose B U, xy — Heocobaa Touka noad (v(zg) # 0).

Teopema. Cywecmeyem makas okpecmuocms V moyku xg, 4mo ypas-
Henue & = v(x) 6 V umeem n — 1 PynruuonairvHo Hesasucumvili nepewii
unmeepan, fi,..., fn—1, npuiem 4060l nepevili unmezpas ypasHenus 8 V
ecmb gynryua om fi,..., fn_1.

[HaGop m ¢yHKUUR PYHKUUOHALLHO HE3a8UCUM B OKPECTHOCTH TOY-

KM Zg, €ClIM pPaHl NPOU3BOMAHON B TouKe T oroOpamenua f: U — R™, 3za-
JTaHHOTO 3TUMM QYHKUUAMHE, paBeH m (cM., Hanpumep, . M. DuxTeHrombi.

Rypc nuddepennunanbaoro u uHterpanbHoro ucuucienusa. — M.: Hayka,
1970, T. I, ra. 6)].
T OKA3ATEJIBCTBO.

IIna crangaptHoro ypasHenua B R™ ¢ = 1, ¢ = -+ = g, = 0, 3710
OYEBHJHO: IlepBble UHTerpanbl — JI00ble riajkue QYHRIUU OT Ya,. .., Yp.

To e BepHO [JIA 3TOT0 ypaBHEHUA B 060N BIMyKI0# ob6aacT (o61acThb
Ha3bIBaeTCA BBIMYKION, eclii BMecTe ¢ JIOObIMU TOYKAMU OHA COJEPHUT
COeIMHAONUI UX OTPE30K). B BhimyKioil obractu 11060i HHTErpal cTaH-
OapTHOTO ypaBHEHUA CBOOUTCA K QYHKIUHM OT ¥a,..., Y,. BCAKOe ypaB-
HeHHUe B MoAXojdAlleil OKpecTHOCTH HeocoOoil TOUKHU 3amuchiBaeTcAd B MOJ-
XOAAIIMX KOOpJMHATaX Yy B cTaHJapTHOM Buje. OKpPeCTHOCTb 3TY MO#HO
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CYMTATh BBIIYKION B KOOpAWHATAX y (€Cau 3TO He Tak, 3aMEHUM MeHbIIell
BBIMY KJION).

OcTaercA 3aMeTUTD, YTO Kak CBOMCTBO QYHKUNK ObITH MEPBBIM MHTEr-
panoM, Tak 1 pyHRUMOHANLHAA HE3aBUCUMOCTD, OT CHCTEMbI KOOPAMHAT He
3aBHCAT.

3A71A4YA 1. IIpuBeauTe npuMep 061acTH, B KOTOPOil CTaHJapTHOE YpaBHEeHHe
HMMeeT MepBbIil MHTerpal, He CBOAAMUNCH K QYHKINH OT Y2, ..., Yn-

7. llepBbie nHTerpaisbl, 3aBucAilue oT BpemeHu. [lycts f — nud-
tdepennupyemas GyHRIUA HA pacuIiMpeHHOM ()a30BOM MPOCTPAHCTBE ypaB-
Henuf & = v(t, ), BooGIlle rOBOPA, HEABTOHOMHOT'O.

CocTaBMM aBTOHOMHYIO CUCTEMY, (a3oBble KpUBbIE KOTOPOi GYIyT WH-
TerpajibHbIMU KPUBBIMU UCXOTHOTO ypaBHeHUA. [1iA 3TOro pacuupum ypas-
HeHHe, 106aBUB K JaHHOMY YPaBHEHHIO TPUBHalbHOE ypaBHeHue { = 1:

X=V(X), X=(=z), Vi) =(1,o).

Onpenenenvie. OyHKIUA [ HAa3bIBAETCA 3ABUCAUUM O BPEMEHU Tep-
8blM UHMezpaiomM ypaBHeHUA & = v(t, ), eCiu OHa ABIAETCA MEPBBIM UH-
TerpajioM pacliiPEeHHOr0 aBTOHOMHOro ypaBHeHus (puc. 87).

NubiMu cioBamMu: Kasxcdas uHmezpaibHaA KPU-
848 UCTO0HO020 YPAGHEHUS NeHCUIT 8 00HOM MHONCEC-
mee ypoeHa PYHKUUU.

BerkTopHoe moine V' B Hynb He ofparnaercs.
IlIo Teopeme n. 6 6 oxpecmuocmu wkaxcdoii mou-
KU pacwupennozo ¢$a3osozo npocmpancmed ypas-
Henue & = v(t, ) umeem cmoavko GYHKUUOHAAL-
HO Hesagucumvlx nepevlr unmezpanos (3asucawur Puc. 87. UHTerpanbubie
0m epeMeHU), KAK0B8A pa3mepHocms $a3oeozo npo- HKPUBBIE HA TOBEPXHOC-
cmpancmea (4UCA0 KOMNOHEHM éeKkmopa x); npu- TH YPOBHA IepBOro MH-
wem rkawowitl (3asucawull om epemenu) nepewit; TCTPaNd, SABHCAIIETO OT
UHIMe2pal 6bpaXcaemcs 4epes dmu cneyudiviote —PoVoid
8 YKA3aHHOU 0KpecmHOoCmu.

B uacTHOCTH, aBTOHOMHOE ypaBHEHUE C Ni-MePHBIM (pa30BbIM IIPOCTpaH-
CTBOM MMe€ET B OKPECTHOCTH J11000i1 (He 06A3aTelbHO HE0C000i1) TOUKH N 3a-
BHUCAIIUX OT BpeMeHU PYHKIMOHATIBLHO HE3aBUCHMBbIX MEPBbIX MHTETPAaJoB.

[epBbiM uHTerpanom auddepeHnualbLHOr0 ypaBHeH!A (MU CUCTEMBbI)
11060r0 NoOpAAKa Ha3bIBaeTCA NMEPBBI MHTErpal 3KBUBAJIEHTHOH CHCTEMBI
HepBOro nopsaka.




140 TI'nasa 2

3A1A4A 1. Jokakute, uTo cucteMa ypaBHeHuit HeloToHa 7 = —r/r3 nuMeeT
TepBEbIi HHTerpaj, KOTOPBIil B MOIAPHBIX KOOPAMHATAX 3alUChIBAETCA B BUJE 12
(r € R?).

JTOT MHTerpai, Ha3bIBaeMbIil cekmopuaavroll ckopocmbvio, oTKpbL1 Kemiaep
u3 HaGaoneHuit 3a nBumenneM Mapca («BTopoii 3akon Kemrepay).

3AIAYA 2. JlokazkuTe, 4YTO CEKTOpPHalbHAasA CKOPOCThb ABIAETCA NEPBBIM HH-
TerpaioM ypaBHeHHA 7 = ra(r) npu 1:060M Buie QyHKIUH a.

CuioBoe noie Buga ra(r) HasplBaeTcA yeHmpaavHuim. llpenviayman 3agava
MmoKa3bIBaeT, MoYeMy M3 BTOpPOro 3akoHa Kemiepa Helb3fA U3BIeYb 3aKOH BCEMHP-
HOT'0 TATOTEHUA: HYKEeH TPeTHUii.

3A0AYA 3. JlokamiuTe, UTO NMpPU JBUKEHUHM B TI0O60M IEHTPalbHOM IIOJe
B TPEeXMEpPHOM INPOCTPAHCTBE KaJad U3 KOMIIOHEHT BEKTOPHOr0 IIpOM3Beje-
HUA [r, 7| ABIAETCHA NEPBbIM HHTErpaioM ((3aKOH COXPAHEHHWA MOMEHTa KOJIH-
YecTBa ABUKEHUAY).

3AAYA 4. [oramuTe, 4YTO ecau PyHKUUA ['amMuIbTOHa He 3aBUCUT OT (i,
TO p; — MEpBBIl UHTEerpal ypaBHeHuit ['amMunbToHa.

3a7144A 5. Ilpeamonoskum, YTO Kamaoe pelieHue ypaBHenusa & = v(t, x)
¢ n-MepHBIM ()a30BBIM MPOCTPAHCTBOM MOMSHO MPOJOMMHUTh Ha BCIO oChb t. [Joka-
JKUTE, YTO TAKOE ypaBHEHIe UMeeT BO BCEM pacliipeHHOM (a30BOM NPOCTPAHCTBE
n (QYHKIMOHATLHO HE3aBHCUMBIX IEPBbIX WHTErpaloB (3aBUCANIMX OT BPEMEHH),
yepe3 KOTOpble Bce ero (3aBUCANIME OT BPeMeHH) MepBble MHTEerpanbl (yHKIHO-
HalbHO BBIPAKAIOTCH.

8 11. JIuneiiHble U KBa3WJIUHElHbIe ypaBHEHHUA MEPBOTO
InopAAKa ¢ 4YacTHbIMU IIPOU3BOJAHBIMU

YpaBHEHUA € YAaCTHHIMM NPOU3BOJHLIMY M3YYeHbI I'opa3lo Xyi#e, yeM
¢ 0ObIKHOBEHHBIMU. T'eOpHIO ONHOTO YpaBHEHUA C YACTHBIMU MPOU3BOIHbI-
MM IIepBOro MOpAAKA yAaeTCA CBECTU K UCCIeJOBAaHUIO ClEUaTbHbIX 0ObIK-
HOBEHHBIX AudGepeHUalbHbIX ypPaBHEHU, Tak Ha3bIBaeMbIX YpPABHEHUl
zapaxmepucmuk. CyImHOCTh CBA3M MEMKIY yPaBHEHUEM C YacTHBIMU MpPO-
W3BOAHBIMU U ypaBHEHUEM XapaKTePHCTUK COCTOUT B TOM, UTO JABUKEHUE
CILIOLIHOM cpelbl MOHO ONUCHIBATb KaK C MOMOLILIO OObIKHOBEHHBIX JU(-
(depeHIIMANbHBIX yPaBHEHUIl IBUEHUA ee YacTHIl, TaK U C IOMOLIbLIO ypaBs-
HEHHUA C YaCTHBIMU NMPOU3BOJHLIMU 1A noiA. Huxme mogpo6HO pa3oGpaHbI
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npocTeiillivie YacTHbIe clydal JUHEHHbIX U TaKk Ha3bIBA€MbIX KBa3WJIUHEH-
HBIX ypaBHEHHU ¢ YaCTHBIMHM IMPOU3BOAHBIMHU MEPBOTO MOPANKA U TaKikKe
NpUBeJIEH pelenT pelleHuA o6Iiero ypaBHeHUA.

1. JIuHeiiHOe ogHOPOAHOE ypaBHeHUe.

Onpepenenue. JureliHblm 00HOPOOHBLM YpasHeHUeM NEPB020 NOPAJKA
B obnactu U HasbiBaeTcA ypaBHeHUe Lo,y = 0, rie @ — u3BeCTHOe BEKTOP-
Hoe mnoiie B o6nactu U, a u — HeusBecTHasA ¢pyHKuNA. B KoopauHaTax oHO
umeet BuA a10u/0x1 + -+ + an0y /0%, = 0, a, = ag(x1,..., x,). PasoBsie
KPHUBbIe BEKTOPHOTO MOJA @ HA3bIBAIOTCA XAPAKMEPUCMUKAMU yPAaBHEHUA
L,u = 0. YpaBuenue & = a(x) Ha3bIBAaeTCH YPAGHEHUEM TAPAKMEPUCTIUK.

3AMEYAHUE. [IpunaratenbHoe «xapakTepUCTHYECKHUil» B MaTeMaTHKe
BCcerjia 03HavyaeT «CBA3aHHbINA NHBapUaHTHOY (B JAHHOM CIIy4yae HHBapHaHT-
HO OTHOCHMTEJbHO BbIGOpa crcTeMbl KoopauHat). Tak, xapakTepucrudeckas
noJrpyImnna rpynnsl — 3To NOATPyNNa, nepexojAllasa B cedA NPU BcexX aBTO-
Mop®duaMax rpyninbl, XapakTepUcTHYeCKoe ypaBHeEHe MaTPUIlb] ollepaTopa
He 3aBUCUT OT BbIOopa 0a3uca, XapaKkTepUCTHUYeCKUe KJacchl B TONOJOTUU
nepexonAT B ceba npu auddeomopdusmMax 4 T. 1.

XapakTepuctuku ypaBHeHusa Lo,u = () cBA3aHBI C HUM HHBapUaHTHO OT-
HOCUTelbHO AuddeomopdpuamMoB: eciu gudpdeomMopdusM epeBOIUT cTapoe
YPaBHeHME B HOBO€, TO OH [IePEeBOJUT XapaKTepPUCTUKYU CTaporo ypaBHEeHUA
B XapakTepuUcTUKM HOBoro. MoxHo maxe BOo6aBOK yMHOMKHUTH MoJe @ Ha
He oOpaliaiouyoca B HyJlb QYHKIHNIO — 3TO He U3MEHUT HU pelleHuil, HU
XapaKkTepUCTUK ypaBHEHUA.

3a1A49A 1. HaiiTu xapakTepucTHKHU ypaBHeHus Ou/0z = y Ou/dy.
PEmEHUE. £ =1,y = —y; y =Ce™".

Teopema. @Pyuryusa u aeasemca peweruem ypaswenun L,u = 0, ecau
U MOAbKO ecal OHA ABAACMCA NEPEblM UHIME2PAAI0M YPABHEHUSA TaAPAKMmepuc-
muxk.

HOKA3ATEILCTBO.

3T0 olnpene/ieHye 1nepBoro HHTerpaiJa.

HeCMOTpH Ha O4YeBUOHOCThHb 3TOU TeopeMbl, OHa OYeHb II0JIe3Ha, TaK
KaRr pemiaTb 0ObIKHOBEHHOE YpaBHeHHe XapaKkTepHuCTHR Jierdye, 4yeM peniaTtb
HNCXO0JHO€ ypaBHeHHe ¢ YaCTHbBIMHU NMPOU3BOAHBIMHU.
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3AAYA 2. PemuTh ypaBHeHUe 3amauu 1.

PEIIEHNUE. u = ye” — peleHue, Bce pelIeHUA UCUYEPIBIBAIOTCA GYHKINAMU
OT BTOTO.

3AIAYA 3. Pemnth ypaBHeHue y Qu/Ox = x Ju/dy Ha Bceil MIOCKOCTH.
OTBET. Pemenus — dynknuu ot z° + y2.

3a1A9A 4. UcyepnbiBaloTes nU pelleHUA ypaBHeHHA x Ou/0x = yOu/dy
Ha R? ¢pynruuamu ot zy?

OTBET. Hert, cymectByeT pemenue, qida kotoporo u(l, 1) # u(—1, —1).
2. 3agaua Komu.

Onpepneaenue. 3adaveil Kowu nna ypaBHeHusa L,u = ( Ha3biBaeTcA
3ajaya 00 omnpeneieHnd GYHKIMM u 110 ee 3HAUYEHMAM Ha TaHHON Tumep-
noBepxHocTH (rumepnoBepxHocTbio B R™ HaswiBaerca (n — 1)-mepHad mo-
BepxHOocTb. Hampumep, B ciydae n = 2 I'HIEPNOBEPXHOCTb €CTh KpHUBaf,
npu n = 3 — 0oGbIYHAA MOBEPXHOCTh).

3ajjaHHaA TUNEPIOBEPXHOCTh HA3bIBAETCHA HAYAAbHOU 2UnepnoseprHoc-
molo, a 3aJjaHue Ha Heil MCKOMON GYHKIUU — HAYAAbHLIM YCA08UEM,
uly = . DYHKIUA @ Ha3bIBaeTCA HAYaAbHOU PyHkyuell, oHA 3aaHa Ha Ha-
YyalbHON T'UIEePNOBEPXHOCTH.
3amaua HKomwu He Bcerga uMmeeT perneHue. [eiict-
BUTEIbHO, BIOJbL Ka#A0il XapaKTepUCTUKU 3HAUYeHHe u
noctogHHo. Ho xapakTepucTukra Mo;keT IepeceKaTh Ha-
) JalbHYIO IOBEPXHOCTh HecKoibko pa3 (puc. 88). Ecau
4 3HaueHUd HavyalbHON GYHKIMM B 3THX TOUKaX pas3iny-
HbI, TO COOTBETCTByIomad 3agaya Komu He umeeT pe-
IMeHUA HU B Kakoil obinacTu, cojepiialleil YKa3aHHYIO
XapaKTepUCTHURY.

a

Puc. 88. Hepas-
pemumMas 3afa-
ya Komu
Onpepenenne. Touka Ha HavyalbHON TUNEPIOBEPXHOCTU Ha3bIBaeT-
cA Hexapakmepucmuieckoil, eclld XapaKkTePUCTUKA, IPOXOAALIaA yepe3 3Ty
TOYKY, TpaHcBepcaibHa (He KacaTelbHa) K HAaYalbHOI MMIEPIOBEPXHOCTH.

Teopema. [lycmv x — Heraparmepucmuieckas moika Ha Ha4aibHOL
eunepnoseprruocmu. Tozda cyuecmeyem makas OKPecmHOCMbd MOYKL T, YN0
3adava Kowu 6 smoil okpecmnocmu umeem peuleHue, U NPUMOM MOALKO
odHo.
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I OKA3ATEIBCTRBO.
Ilo Teopeme o BhIMpAMIIEHUMH MOM#HO BhIOPAThb KOOPAMHATHI B OKPECT-
HOCTH TOYKH X TaK, YTO noie a OymeT umMeTb KommoHeHThl (1, 0,..., 0),

a HavyalbHafA TUNEPIOBEPXHOCThL mpuMeT Buj x; = 0. B 3Tux KoopauHa-
tax 3agava Koumm npunumaet Buj Ou/0x1 = 0, |z, =0 = ¢. EnuncTBeHHOE
B BBIIYKIO# o6nacTu pemenue: u(xi,..., Tn) = @(Ta,..., Tp)-

3a1a49A 1. Pemuts 3amauy Komu u|,—o = siny naa ypaBHeHusa Ou/0z =
= y Ou/dy.

PEmEHUE. Ha xapakTepuctuke y = C'e”“; coriacHo HauyalbHOMY YCIOBHIO,
u = sinC.

OTBET. u = sin(e”y).

3a71A4A 2. Kakue Touxu npaAmoit ¢ = 1 ABIAIOTCA HeXapaKTepUCTHUECKUMHU
nas ypaBHeHus y Ou/0z = x Ou/dy?

OTBET. y # 0.

3a1A49A 3. Hmeer au pemeHue 3anada Komu u|q=1 = y? 1A TOro ypaBHe-
uua Ha R? u equHcTBeHHO MM pemenue?

OTBET. Pemenune CymecTByeT, HO He €JUHCTBEHHO.

3AMEYAHUE. Pelienusa o6bIKHOBEHHOr0 AU depeHInalbHOro ypaBHe-
HUA 06pa3yloT KOHEeYHOMepHOe MHOrooGpasue: KaxJoe pelleHKe 3agaeTcs
KOHEYHbIM HaGopoOM uucen (HaYalbHbIX YCIOBHIi). Mbl BUAUM, UTO Y TUHEH-
HOT'0 OJJHOPO/IHOTO ypaBHEHUA C YaCTHHIMU NPOU3BOAHBIMU NMEPBOrO MOPAL-
Ka OTHOCUTEIbHO (QYHKIMH OT 7 MEPEMEHHBIX «CTOJIbKO PelIeHUi, CKOIbKO
cylecTByeT pyHREIUI OT 1 — 1 mepeMeHHbIX». AHAIOTUYHOE ABIEHUE UMe-
eT MecTO M Ui OGI[UX YpPaBHEHUN C YACTHBIMU MPOU3BOAHBIMH MEPBOIO
HOpAIKA.

IIpuuuna cTaHOBUTCA ACHOM, eclM paccMOTpeTb AuddepeHIanIbHOE
YpaBHeHHe Kak npefel pa3HOCTHBIX. Te e coobpameHUA NMOJCKa3bIBaIOT,
YTO [/ YpaBHEHUA C YACTHBIMU IMPOU3BOAHBIMU BTOPOTO MOPAAKA HYH-
HO 3aJlaBaTh Ha HAYalbHON 'MIEPIOBEPXHOCTH [Be (GyHKUIMM (3HAYEHUA
pellleHrA ¥ ero MpoMU3BOJHOI MO TpaHCBepcalbHOMY HayalbHOU TUIepIo-
BEPXHOCTU HANpAaBIEHUIO), U T. 1. Pasymeercs, 3Tu coobpazieHUs He 3aMe-
HAIOT [0KA3aTelbCTB COOTBETCTBYIONIMX TEOPEM CYyIeCTBOBAHUA U eJUH-
CTBEHHOCTU pelIeHUH. JTH [0Ka3aTelbCTBAa MOMHO HalTH B yuyeGHUKaX
[0 TEOPUU YPaBHEHUIl ¢ YAaCTHBIMHU MPOM3BOIHBIMH, HANPHUMEpP, B KHHUTE
P.Rypanta u [I. Tunn6epta, «<Metoast maTematnueckoit pusurm» (M.: Toc-
Texusgat, 1951).
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3. JIuHeiiHOe HEOJHOPOAHOE ypaBHeHHe.

Onpepnenenue. Jurelinblm HEOOHOPOOHBIM YpPABHEHUEM NEePBO20 NOPAJ-
ka B obnactu U HasbiBaeTcA ypaBHeHue L,u = b, rie @ — 3ajaHHOe BEK-
TOpHOe Tone, b — 3aganHana GyHKIUA, u — UcKoMana GyHKuA B obnactu U.
B koopaunaTHo# 3anucu: ay Ou/dxy + -+ + apdu/dx, = b, roe ap u b —
u3BecTHbIe QYHKIUU OT L1,..., Lp.

3angaua Komu cTaBuTCcA Tak Me, Kak IJA OJHOPOAHOI'o ypaBHEHUA.

Teopema. B docmamouno maroti okpecmHuocmu 10601 Hexapakmepuc-
muyeckotl MoYKkU HAYAAbHOU NOBepIHOCMU peuleHue cywecmeyem U eduH-
CMBEHHO.

JTOKA3ATEJIBCTRO.

IIpousBonHan Hen3BeCTHON GYHKIUHU 10 BpeMeHU JBUMEHUA BIOIb Xa-
PaKTepUCTUKHU U3BecTHA (paBHa b), H03TOMY ee mpupalleHue BIOIb OTPe3Ka
XapaKTepUCTUKM PaBHO MHTerpaily oT b Mo BpeMeHU ABUMEHUA BIOJb 3TO-
ro orpe3ka. Hanpumep, ecin a; # 0 B usyuyaemoil Touke, TO yKa3aHHOe
npupaiienue pasHo [ b/a; dzy BLoab 0Tpe3ka XapaKTepUCTUKHU.

3a1Aa4A 1. Pemuts 3amauy Komu u|,—o = siny naa ypaBHeHusa Ou/dz =
=you/dy +y.

PEMEHUE. [Ipu u3MeHEeHUH & cO CKOPOCThIO 1 3HaUeHHe u Ha XapaKTepUCTU-
ke y = Ce” menserca co ckopocThio Ce™ *. CiefoBaTelbHO, pUpaleHe % BIOIb
3TOl XapaKTepUCTHKY NpHu usMeHenuu x oT 0 1o X pasuo C(1 —e™%).

Toura (X, Y) nemur Ha xapakrepucture, rage C = e*Y. B aroii Touke
u=sinC +C(1 —e ¥).

OTBET. u = sin(e”y) + y(e” — 1).

4. KBasuiuHeiiHoe ypaBHeHUe.

Onpepenenue. Keasuauneiinvim ypaeHenuem nepeozo nopadkd Hasbl-
BaeTcA ypaBHeHune Lou = (3 OTHocMTenbHO GYHKUMA u, Tae afr) =
= a(z, u(x)), B(x) = b(x, u(r)). 3mecb @ — BeKTOpHOEe MOJE B Z-TPO-
CTpaHCTBe, 3aBHUCAIIEE OT TOYKM OCH U, KaKk OT mapaMeTpa, b — QyHRIuUA
B Z-TIPOCTPAHCTBE, TaK#e 3aBUCAINAA OT TOUYKM OCH 4, KaK OT mapamerpa.
B KoopaMHATHOl 3anucu ypaBHEHHEe UMeeT BU]L

Ju Ju
a1(x, u)7— + -+ an(z, u = b(x, u).
(o w) 21 s ) 2L bz, u)
OTinyne OT JMHEHHOro ypaBHEHUA TOJbLKO B TOM, 4TO Kod@duuuen-
mut @ u b mozym sasucemsv om 3HALEHUA HeueecmHol PyHKEUUL.
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[TPUMEP. PaccMOTpUM OJHOMEPHYIO Cpely M3 YacTHIl, ABUMKYUIHNXCA
10 MPAMOIl M0 UHEPIUH, TaK YTO CKOPOCTb KaM/Ioi YacTHUIbI OCTaeTCAd He-
u3MeHHoit. 0603HaUYNM CKOPOCTh YacTHIIbl, HAXoJAllelicA B MOMEHT ¢ B TOY-
Ke x, uepe3 u(t, z). 3anumem ypaBHeHne HbloTOHa: ycKopeHHe 4acTHUIBI

paBHo Hymo. Eciu & = ¢(t) — nBumenue yactunsl, To ¢ = u(t, ¢(t)),
5 _ Ou duy _ Ou ,du ; _
N ot T Yo Utar, noae cropocmeil cpedol, us He

83aumodelicmeyWUT Yacmuy yo0os.iemseopaem Kea3uiUHEeHOMY YPABHEHUIO
up + utt, = 0.

3A1A4A 1. [MocTpouth rpadur pelmeHud
B MOMEHT ¢, eciu u = arcctgz npu ¢ = 0.

PEmEHUE. Quddeomopdpusm IIIOCKOCTH
(z, w) = (z + ut, u) cOBUraeT KamAylo MpsA-
MyIO0 u = const BIOIb OCH % Ha ul U HepeBo-
auT rpaduk pemeHud B MoMeHT (0 B rpaduk pe-
IWeHUA B MOMEHT ¢ (3ToT nuddeomMopdusM ectb Py, 89. I'padur pemeHud
He YTO HHoOe, Kak npeoGpasoBanue GasoBoro mo- pojqyuaerca u3 rpaduka Ha-
Toka ypapHeHuA HblOToHA NIA YaCTUL; INIOC-  yajbHOrO YCIAOBHA AEHCTBH-
KOCTb (, u) — (a3oBasd IIOCKOCTh YaCTHIBI). eM (ha3oBoro MOTOKa

OTBET. CMm. puc. 89.

3AMEYAHEE. lIpu ¢ > w/2 raagkoro pemeHunsa He cymectByeT. Haunnas
C 3TOr0 MOMEHTa, YaCTHIIbI CTATKNUBAIOTCA, U NPEJIoNo#eHne 06 0TCY TCTBUM B3a-
HMOJIEACTBUA MeKIy HUMHU CTAHOBUTCA (GU3NUYECKHU HepealnucTUUeCKUM. B aTux
YCIOBHAX ABUMKEHUE CpPelbl ONHMCHIBAIOT TaK Has3blBaeMble yJapHble BOJIHBI —
pas3pbIBHbIE pellleHUsA, yIOBIETBOPAION[ME ypaBHEHHUIO jJeBee M IpaBee pa3pbiBa
U YIOBIETBOPAIOININE Ha pa3pbiBe JOMOMHUTEIbHBIM yCIOBUAM GU3NYECKOrO MPOo-
HCXO#JeHUA (3aBUCANIMM OT XapaKkTepa B3aMOAENHCTBUA PU CTOIKHOBEHUHU Yac-
THL).

3AJA4YA 2. CocTaBUTh ypaBHEHMe 3BOJIOLUH IOJA CKOPOCTEH cpelbl U3 He-
B3aHMOAEHCTBYIOMUX YaCTHI[ B CHIOBOM Moxe ¢ cunoit F(x) B Touke .

OTBET. ut + uu, = F.

3AIA9A 3. Pemuthb 5T0 ypaBHeHHe C HayalbHBIM YCIOBHEM uli=o = 0 maa
cuasl F(z) = —x.

PEIMIEHUE. ®a30Bblii IOTOK COCTOMT U3 IIOBOPOTOB, M03TOMY rpaduk u(t, ) —
npsAMas c yrioM HaklIoHa —t.

OTBET. u(t, z) = —x tgt, |t| < /2.

10 3akaz Ne 117
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3A0AYA 4. Haiitu markcumanbHyo mupuny momocel 0 < ¢t < C, B KoTo-
poil cyllecTBYyeT pellleHHe ypaBHEHUA Ui + UlU, = SINZ ¢ HavalbHBIM YCIOBU-
eM ul¢=o = 0.

OTBET. C =7/2.

5. XapaKkTepucTHKH KBa3uWiMHeliHOro ypaBHeHHdA. Pazo6paH-
HBIi IpUMep NOKa3bIBaeT, KaK MOJe3HO NepeliTH 0T ypaBHEHUA ¢ YaCTHBIMU
[POU3BOAHBIMU AJIA MOJA CKOpocTell K 06bIKHOBEHHBIM YPaBHEHUAM JBUHE-
HUA yacTul cpejbl. HeuTo aHamornynoe Mo#HO celaTh U B cilydae o6IIero
KBa3WINHEHHOr0 ypaBHEHHUA MEPBOro MOPAJKA.

YpaBuenue Lg(y, u(z)t = b(z, u(x)) osnaya-
€T, UTO eCli TOYKAa ¥ BBIXOJUT U3 Ty CO CKOPOC-
TbiIO @9 = a(xg, Ug), '€ uy = u(xg), TO 3HAUE-

Hue u(r) HAYMHAET MEHATBLCA CO CKOPOCTBIO by =
= b(xo, up) (puc. 90). UHbIMU croBamu, MpHIO-
JKeHHBI B Touke (zg, ug) BeKTOp Ao NPAMOro
NpPOU3BeJEeHNA T-NPOCTPAHCTBA M OCH U, C KOM-
NOHeHTaMu @y u by, KacaeTcA rpaduKa peleHus.
Oyctb Ag # 0.

Puc. 90. I'eomerpuuec-
KU CMBICI KBa3WiIu-

HEHHOro ypaBHEHMHA. Onpepenenue. IIpavad HanpaBleHUsA BEKTO-

pa Ay Has3LIBaeTCA TAPAKMEepPUCTNUYECKUM HANPA6AeHUeM KBA3UIUHEHHOTo
ypaBHeHHUA B Touke (Zg, Ug)-

XapakTepucTuyeckue HalpaBleHUA BO BceX TOYKax o6iacTu ompeje-
JIeHNA K03 PUINEHTOB ypaBHeHUA 00pa3yIoT IoJje HalpaBieHuil. ITo moie
Ha3bIBaeTCA XAPAKMEPUCUYeCKUM NoAeM HAnpasieHull ypaBHeHUA. B Ko-
OpIUHATHON 3amucU XapaKTepUCTHYeCKHe HalpaBleHUA — DTO Halpablle-
HUA BEKTOPOB MN0JA

0 0
A= a(x, u)=— + b(z, u)—.
Y x5+ b, w) 2
IIndpdepenunanbHoe ypaBHeHMe, 3aJaHHOe IojJeM XapakTepucThyec-
KNX HalpaBleHuil, Ha3bIBaeTCA YPaEHeHUeM TAPAKMEePUCIIUK, 4 er0 UHTer-
palbHble KpUBLIe — xapakmepucmukamu. Tarum o6pa3oM, XapaKTepUCTH-
KU ABJIAIOTCA (a3oBbIMU KPUBLIMU BEKTOPHOIO 10JaA A.

3A7AYA 1. HaitTu xapakTepUCTHKM ypaBHEHUA Cpefbl U3 HEB3aUMOMAEHCT-
BYIOIIMX YaCTHUL, Ut + Uty = 0.
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PEIUEHHE. & = u, { = 1, & = 0. XapaKkTepucTHKN — TpAMbIe & = To + uol,
U = uop.

3AMEYAHHUE 1. JIluHeliHOe ypaBHeHHe — YacTHBIA cilyyail KBa3uiu-
HEeHHOro, HO XapaKkTepUCTUKHU JUHEHHOro ypaBHeHUA, paccMaTpuBaeMoro
KaKk KBas3u/uHellHoe, OTIWYalOTCA OT ero XapakTepUCTUK KaK JMHeWHOro
YPaBHEHHUA: NepBble lemaT B (X, u)-MPOCTPAaHCTBE, a4 BTOPble — UX MPOEK-
LMY B Z-NIIPOCTPAHCTBE.

3AMEYAHUE 2. KBasuiuHeiiHble ypaBHEHUA COXPaHAIOT KBa3WJIUHEN-
HbIfl BUI Ipu JuddeoMopdpusMax z-MpoCTpaHCTBA U Jame NpU Iupdeo-
Mop¢u3Max NpocTpaHCTBa-NIPOU3BeleHU A, I'je olpeleleHbl ero Koadounu-
eHThI a U b. XapakTepuCTUKY WUHBApHaHTHO CBA3aHbI C YPABHEHHEM: €ClH
Takoi JudeoMopdu3M nepeBOJAUT cTapoe ypaBHeHUe B HOBO€, TO XapaKTe-
PUCTUKU CTaporo nepexoJAT B XapaKkTepUCTUKU HOBoro. boxee Toro, ypas-
HeHHe MOHO YMHOUTb Ha He oOpamamouyloc B HylIb (QYHKLHUIO OT T
U 4 — TOpPU ITOM HU pellleHWA, HU XapaKTepHUCTHKU He MEHATCA (XOTA
BEKTOpHOe Tolle A MeHAETCA).

3AJAYA 2. [lokamuTe, YTO KBa3UIMHeiHOe YpaBHEHYEe IPUBOAUTCA IIOAXO0IA-
UM J0KalbHbIM AupdeoMopu3MOM NpOCTPaHCTBA-IPOU3BEIEHUA K CTaHAApT-
HoMy BuAy Ou/0z1 = 0 B okpecTHOCTH M0GOH Touku (x, u), B KOTOpPOH 3Haye-
HUe a HeHYJeBoOe.

6. UnTerpupoBaHie KBa3WJIMHEIHOT0 ypaBHEHUA. YpaBHeHUe
XapaKkTepUCTUK 1A ypaBHeHUA Y. arpOu/0x; = b NPUHATO 3amUCHIBATH
B Tak Ha3bIBAEMOM CUMMEMPUIHOM 8Ude

dvy _ _drn, _ du

ar — T Tan T 0

BbIpajkaloleM KOJIHHeapHOCTh KacaTelbHOH K XapaKTepPUCTHKe C Xapak-
TEPUCTUYECKUM BEKTOPOM (ITHU COOTHOLIEHUA 03HAYAIOT PAaBEHCTBO 1-hopm
Ha BEKTOpax, KacalollNXCA XapaKTEePHCTHKY, el 3HaMEHATelIN OTIMYHBI
OT HyIA).

OHpeI[eJIeHI/Ie. HOBEpXHOCTb Ha3bIBaeTcAa uumeeplmbuoﬂ noseprHoc-
mbuvio 1OoJA Hal'[paBI[eHPIfI, €CJ/IM HallpaBJ/JIeHUue II0JIA B Kam ol TOUKEe JIeHUT
B ee KacaTeJbHON IJIOCKOCTHU.

Teopema. Ymobv 2nadkas noseprHocms Oblia UHMEZPAALHOL NOBEPI-
HOCMbl0 24040K020 NOAA HANpas.ieHull, Heo6xodumo u docmamoiHo, <molsl
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Kaxcdas uHMezpaibHas Kpusds, UMenwds ¢ No6eprHOCmbl0 06Uyl MoKy,
yeaukom Ha Hell aedxcard.

T OKA3ATEIBCTRBO.
ITo TeopeMe 0 BBIIPAMIIEHUU MOJe MO#HO AuddHeoMopdru3MOM NpeBpa-
TUTh B I0JIe MapallelbHbIX NpAMBIX. A Takoro monAa Teopema oyeBUIHA.
W3 onpenenenua xapakTepUCTUUECKOr0 HalpaBleHUA BbITEeKaeT

Teopema. Dynryua u mozda u moavko mozda A6AemMCA peuleHUeM
K6a3UAUHelH020 YpaBHeHUs, Koz20a ee 2padiuk ABAAEMCA UHIMeZpaibHOll no-
8EDTHOCIMBIO0 NOAA TAPAKMEPUCTMUYLECKUT HANpaeaeHUll.

ns OBYX IIOCJeJHHUX TeopeM HeloCpeaACTBEHHO BbITEKaeT

CaengctBue. Dynkyusa u moeda u moabko mozda A6AAEMCA peuleHuem
K6a3uAUHelH020 YpasHeHUA, Kozda ee zpaduk codepicum emecme ¢ Kaxicdoil
ceoell moukoll uHmepsa.n xapaKmepucmuku, nporodaujell yepes smy mouky.

Takum oGpa3om, Haxo#JeHUe pelIeHU{ KBa3WIMHEHHOro ypaBHEHHA
CBOJUTCA K HAXOMIEHUIO €ro xaparTepucTuk. Eciu xapakTepUCTUKHU U3-
BECTHbBI, TO OCTAETCA JNHUIIb COCTABUTh U3 HUX MOBEPXHOCTh, ABIAIONIYIOCH
rpapukrom GyHKIUM: 3Ta QyHKIMA GyIeT pelleHreM KBa3UIMHEHHOr0 ypaB-
HEeHWA, ¥ BCe PelIeHUA MONydaloTCA ITUM CIIOCOGOM.

3amayA 1. JlokasaTh, uTo 3amava Komwu m1A KBa3UIWHEHHOro ypaBHEHUA
[epBOro NOpAJKAa UMeeT pelleHHe W IPUTOM TOJbLKO OJHO B JOCTATOYHO MAJoH
OKPECTHOCTH TaKOH TOYKH T HAYAIbHOH T'MIEPIOBEPXHOCTHU U IIf TAKOro Ha-
YalbHOr'0 YCIOBHUA, YTO BEKTOP a(Zo, u(To)) He KacaeTcA HAayalbHOW THUIEPIO-
BEPXHOCTH.

3AMEYAHUE. B oTiauume oT IuHETHOTO ypaBHeHUdA, OJIA KBa3uWJIUHEHHOr 0
YpaBHEeHHUA HeJIb3A I'OBOPDUTH O XapaKTEepUCTHYHOCTH CaMHUX TOYER HayvajlbHOH
runeprnoBepXHOCTH: 6y/:[eT JaHHasg TOo4YKa XapaHTepI/ICTI/IquHOﬂ WK HEeT 3aBUCUT
TaKMe U OT HavyalIbHOI'o 3Ha4YeHH .

7. HeauHeliHoe ypaBHeHUe ¢ YacTHbIMH INPOU3BOJHBIMU Iep-
BOr'o nopAjka.

Rak u 1uHeiiHble UM KBa3uJIMHeliHble YpaBHEHNA, HEIMHEHHbIE ypaB-
HeHUA camoro obuiero Buaa, F(x, du/dx, u) = 0, ”HTErpUPYIOTCA PH MO-
Mol XapakTepucTuk. Ho eciu xapakTepucTUKYU TMHEIHOTO YpaBHEHUA OT-
HocuTenbHo pyHkuuu B R" nexar B R", a kBasununeiinoro — B (n+1)-mep-
HoM npoctpaHcTBe R™ X R, To XapakTepUCTUKHU 00LIEro HEJIUHENHHOr0 ypaB-
HeHUA ABIAIOTCA KPUBBIMU B (2n+1)-MepHOM mpocTpaHeTBe 1-cTpyii GyHK-
Ui, Ha KOTOPOM ONpe/ielieHa 3afaioulad ypaBHeHue ¢yHKuua F.
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Onpepnenenue. [IpoctpancTBom 1-cTpyit dyHRIU OT ¢ = (21,..., Tp)
HasbiBaeTcA (2n + 1)-MepHOE MPOCTPAHCTBO ¢ KOOPAUHATAMU (L1,. .., Tp;
Plye--s Pn3 Y). 1-CTPyA GOYHKOUM u B TOUKe & — 3TO TOYKA HTOTO MPO-

CTpaHCTBa ¢ KoopauHataMu (x, p = du/0z, y = u(x)). MHo)kecTBO 1-cTpyit
GYHKIUY u BO BCeX TOYKax ¥ ee 00JacTu onpe/leleHusA HasbiBaeTcA 1-2pa-
Purom 310l PyHKIUH.

YpaBuenue F'(z, Ou/0x, u) = 0 onpefenseT B npocTpaHCcTBe l-cTpyi
runepnosepxuoctb E, rue F(x, p, y) = 0. Pemenue ypasuenua F = 0 —
9TO pyHKIHUA, 1-TpaduK KOTOPON MPUHAMJIEHUT TUeploBepXxHocTH F.

Me1 Gyzmem npefdmonaraTb, YTO BEKTOP NPOU3BOAHBIX F), (¢ KOMIIOHEH-
tamu OF/0p;) otnuven ot Hynsa: 6e3 3Toro TpeGoOBaHNA ypaBHEHUE MOTJIO
Ob BOBce He cofepaTh Ju/Ox u He Gbuto Obl OUbdepeHnnaTbHBIM. 13
ycaoBus F, # 0 BbITeKaeT, YTO TUNleploBepXHocTh F — raankad (mo Te-
opeme o HeABHON ¢GyHkuUK). CamaA TpyOHafA 4acTh TEOPUU HEIUHEHHOTO
ypaBHEHUA ¢ YaCTHBLIMH MPOM3BOAHBIMM IEPBOr0 MOPAAKA — MPUAYMAaTb
cnefyiolee

Onpeneaenue. Xapaxmepucmukamu ypaBHeHusa F' = () Ha3bpIBaioTcA
(pazoBble KpUBbIe clefylollell TPyJHO 3allOMUHaeMoil cucTteMbl JUdpdepen-
[UalbHBLIX ypaBHEHUI Ha rumnepnoBepxHocTu F B mpocTpaHcTBe 1-cTpyii:

"b:Fpa ﬁ:_Fz_prv g):pF.

3AZAYA 1. JloramuTe, 4To pa3oBad KpUBaAA 3TOH CHCTEMbl, HAUMHAIOMAACH
Ha runepnoBepxHocTu E, nemuroMm nemut Ha E.

PEMEHUE. F = Foi + Fpp+ F,5 = 0.

3AJAYA 2. JlokamkuTe, uTo l-epaduk raxicdozo peweHnus ypasHenusa F = 0
codepacum emecme ¢ Kaxdol ceoell Moukol uHMePsaL TAPAKMEPUCTMUKL, NPOLO-
dawell wepes amy moyky. O6pamno, ecau l-zpadur Pynryuu cocmoum u3 yeavlr
xapaxmepucmuk, mo GyHKUUL — peweHue.

PEIIEHUE. Bpons 1-rpaduka pemenus dy = pdx u dp = (0°u/0x?)dz. Ina
XapaKTepPUCTUYECKOr'0 BEKTOpa IepBOe YCIOBHE OYEBUJIHO BBINOJIHEHO, a BTOpOe
BbITEKaeT U3 paBeHCTBa HYIIO cy:keHUA dF Ha l-rpaduk: cymenue Fydx + F,dp+
+Fydy nHa 1-rpaduk umeet BUJ

(Fr 4 pFy)dx + Fpd*u/02’ dx.

IoxkaszaTeabcTBO 06PAaTHOrO (@ TaK#e reOMETPHUYECKY O MOTUBUPOBKY CTpaH-
HOTO OIpeJeleHUA XapaKTePUCTHUK) MOHO HaiiTu B kHure B.U. Apnoabaa «[lo-
MOJTHUTENbHbIE [aBbl TEOPUH OGBIKHOBEHHBIX AU epeHINalbHbIX YpaBHEHUI»
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M., 1978, §8, unu B kuure B.U. ApHoabna «MaTemaTnueckrue MeTOAbI KIacCH-
yeckoil MexaHukuy, M., 1974, ctp. 333-334: oHU OCHOBaHBI Ha reOMeTpPUH MOJIA
KOHTaKTHBIX INIOCKOCTEN B MIPOCTPAHCTBE CTPYIl.

PesynpTaT 3amauu 2 cBOAUT WHTErPUPOBaHNe HeIUHEIHOI'0 ypaBHEHHUA Iep-
BoOro nopfAjkxa (HalpuMep, OThICKaHUeE pelleHNA 3a1a4n Komu) K HHTerpiupoBaHUIo
cucTeMbl OGBIKHOBEHHBIX MU} epeHInalbHbIX YpaBHEeHUN — ypaBHEHU Xapak-
TepucTUK. [lo HayalbHOMY YCIOBUIO CTPOMTCA NOAMHOroo6pasue NMpoCTpaHCTBa
1-cTpyii, mpoxojAmue yepe3 HEro XapakTepUCTUKU 06pa3yioT 1-rpaguk HCKOMOTo
pelIeHUA.

3AJAYA 3. JlokazkuTe, YTO XapaKTePUCTUKU HeINHEITHOro ypaBHEHUA, fB-
JAIONerocs KBa3WIMHEHHBIM, IPOEKTHPYIOTCA B XapaKTePHUCTUKU 3TOr0 KBa3H-
JAMHEWHOTo ypaBHEeHUA NPH 0To6Gpaenuu (z, p, y) — (z, y).

3A7A4YA *4. JlokasaTh, 4YTO XapaKTePUCTUKM HelWHeHHOro ypasHenusa F = 0
VHBapUaHTHO CBA3aHbl ¢ ypaBHeHHeM: IpH auddeoMopdusMax r-IpoCcTpaHCTBA
WU Jake MPOU3BeNEeHUA L-MPOCTPAHCTBa HA OCh 3HAUYEHUI (QYyHKIINU NPOU3BOJ-
Hble [Ipeo6pas3yloTcA TaK, YTO XapaKTEPUCTHUKU CTApOro ypPaBHEHUA NEPEXOIAT
B XapaKTepUCTUKHU HOBOro; NMpU yMHOxeHuM F Ha He o6pamaiomyiocA B HYIb
GOYHKIHUIO XapaKTepUCTUKU HEe MEHAIOTCA.

3AMEYAHHE. B neiicTBUTeIbHOCTH CBA3b MemAy T'MIEPIHOBEPXHOCTBIO F un
XapaKkTepUCTUKaMU Ha Hell MHBapuMaHTHa OTHOCHUTeJbHO elle 6ojee IMMPOKOMH
rpynmnsl 11 deomMoppu3MoB IpOCTPaHCTBA CTPYH, Nepely ThIBalollell apryMeHTbI
He TOJbKO CO 3HAaYCHUAMM, HO U C NPOMU3BOAHBIMM: Ba#HO JHUIIb, YTOObI JUd-
(eomMopdu3M NpOCTPaHCTBA CTPYH COXPaAHAI [olle KOHTAaKTHBIX IIOCKOcTel (3a-
naHHbIX ypaBHeHueM dy = pdx). Taxkue nuddeoMoppu3Mbl HAa3bBIBAIOTCA KOH-
maxmublmu U 00pasyroT KOHMAKmMHY0 2pynny, GyHIaMeHTalbHYIO IJIA TEOpHUU
YPaBHEHMH C YaCTHBIMH NPOM3BOAHBIMU II€PBOro NOPAJKA U IJIA reoMeTpuyec-
KO ONTHUKH.

Onpenenenuve. YpaBHeHueMm ['amuiabToHa—flko6u Ha-

u(x) 3pIBaeTCA ypaBHeHHe C YacTHBIMU NPOM3BONHBIMU IEPBOT0
> nopsAjKa, B KOTOpoe AIBHO He BXOAUT 3HaueHUe Hel3BeCTHOM

GbyHKLMY, T.e. ypaBHeHue Buga H(z, Ou/dz) = 0.
Puc. 91. Pemenne 3AJAYA 5. [lokasaThb, YTO paccTOAHHE OT TOYKM ILIOC-
YypaBHeHUA l'a-  gocru mo riaakoir KpUBO# Ha miockoctu (puc. 91) ymosie-

munbToHa - fIk06KM  1Ropmer ypaBHenmio I'amunbrona—fAko6u Y (du/dz;)? =1
B OKPECTHOCTH 9TOH KpUBOii (MCKIIOYaA caMy KpPHUBYIO).

3AIA4YA 6. JokazaTb, YTO pacCTOAHHE OT TOUKH €BKIKMJ0Ba IPOCTPAHCTBA [0
rIagKoro MoAMHOroo6pasus (1060 pasMepHOCTH) B 3TOM IIPOCTPAHCTBE YAO0BIIe-
TBOpAeT ypaBHeHmIo I'amunbrona—fAko6u Y (du/0z;)? = 1 B okpecTHOCTH TOM-
MHoroo6pasus (MCKIIOYasg caMo MoAMHOroo6pasue).



