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Ecin a <0, T0 a = —a® u

2z =Cichat + Csshat = Die® + Dye™ L.

9T GopMYJIbI COfepsKaT, B YaCTHOCTHU, YTBEPH/JIEHUE TEOPEMBI.

Ecnu ¢opma U nonoskuTenbHO onpeeleHHasA, TO BCE aj MOTOMUTENbHBI
U TOUKa & coBepllaeT n He3aBUCUMbBIX Koje6GaHUIl M0 n B3aUMHO NepIeH-
IUKYNAPHBIM HANpaBlIeHUAM €, ..., €, (puc. 180). ITu KoneGanusa Ha-
3bIBAIOTCA 2406HbLLMU WU COOCIMBEHHbIMU, a YHUCIa Wi — COOGCMEEeHHbLMU
yacmomanmu. OHU yIOBIETBOPAIOT ypaBHenuto det |A — w?E| = 0.

Tpaextopus Touku ¢ = ¢(t) B R" (roe ¢ — pewenne ypasuenus (7))
neuT B napamenenunene |zp| < X, rie X — ammiutyaa k-ro co6eT-
BeHHoro konebanuA. B yacTHocTu npu n = 2 — B NpPAMOYTOIbLHUKE.

Ecnu yactoThl wy; M ws COU3MEpPUMBI, TO TPAEKTOPUA — 3aMKHYTasf
kpuBaf. OHa HasbIBaeTCA B 3TOM ciiydae kpusoil Juccasxy (puc. 181).

Ecnu me w; ¥ wy Hecou3aMepUMbI, TO TPAeKTOPUA 3aNOJHAET IPAMO-
YTOIbHUK BCIOY IUIOTHO. JTO BBHITEKAET U3 TeOopeMbI § 24.

e Xy

s U G

Puc. 180. Hanpasaenusa Puc. 181. Ogna u3 KpUBBIX
co6CTBEHHbBIX KojgebaHUit Juccamy ¢ we = 2w1

U IUHUM YPOBHA IOTEH-

HUalbHOI BHEpPruu

3A8A49A 1. HapucoBaTb KpuBble Jluccamy mifa w; = 1, wy = 3 u w1 = 2,
w2 = 3.

3AJAYA 2. Jloka3aTb, UTO cpeJu KPUBBIX JlHccamy ¢ ws = nwi ecTh rpapuk
MHOro4/JeHa cTelleH! n. ITOT MHOTOWIeH Ha3bIBaeTcH MHO204AeHoM YelObliulesa,

T, (x) = cosn arccos x.

3a1A4A 3. Kak BRITIAAAT TpaekTopuu @ = (t) B ciydae U = z7 — x3?

37444 4. IIpu kakux U nonoxeHue paBHoBecusa x = & = 0 ypaBHenusd (7)
yeToitunBo a) 1o JlAanyHoBy? 6) acCUMITOTUYECKHU?
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8§ 26. 0 KBa3suMHOTrouwjIeHax

IIpu pemeHun TMHeHHBIX ypaBHEHUIl ¢ MOCTOAHHBIMU Ko3ddulueHTa-
MM HaM Bce BpeMA BCTpeyaluch KBa3MMHOrouleHbl. MbI BbIACHUM Telephb
NPUUYUHY 3TOT0 ABIEHUA U JaiUM €My HeKOTOpble HOBble MPUJIOKEHUA.

1. JIuHeiiHoe npocTtpaHcTBO ¢GyHKIUI. PaccMoTpuM MHOKecCT-
Bo F' Bcex GeckoHeuHO nuddepeHNMpPYeMbIX GYHKIMN Ha BelllecTBEHHO
ocu R ¢ KOMIIEKCHBIMU 3HAaYEHUAMHU.

MHosecTBO F' UMeeT eCTECTBEHHYIO CTPYKTYPY KOMIIEKCHOTO JUHE-
HOT'0 IPOCTpaHCTBa: eciu fi; U fo — dyHkuuu us F', To yHKUMA ¢ f1 +C2 fo
(c1, ca — woucrante! u3 C) Tarme npunagaemut F.

Onpeneanenuvie. Oyukuuu fi, ..., f, € F HasbIBalOTCA AuHellHO He-
3a6UCUMBIMU, €CTH OHU TUHEHHO He3aBUCHMbI KaKk BEKTOPbI JMHEHHOr0 Mpo-
ctpanctBa F, T.e. eciu

(afi+...+cnfn=0=>(ca=...=¢c,=0),

rge ¢y, ..., cp € C.

3A71A49A 1. Mpu kakux «, B ¢dyHkuuy sin ot u sin Bt 1MHEHHO 3aBUCUMBI?
3a7AuA 2. JlokasaTs, uTo GyHEmUE e, ..., e’? IuHeitHO He3aBHCHMBbI,

eClii BCe Ak nonapHoO pa3janYHBbI.

YrasaHue. JTO BbITEKAeT U3 CYNIECTBOBAHUA IUHEHHOIO ypaBHEHUA N-T0
nopAnka ¢ pemenuamu e, ..., et (em. m. 2).

Cpenu »1eMeHTOB IpocTpaHcTBa F' uMeloTcA KBa3UMHOIOYIEHBI ¢ II0-
KazaTejeM A

v—1
t) = eM cktk
f(
k=0

u, 6osiee 0OMIUM 06p330M, KOHeYHbI€ CYMMBbI KBa3UMHOI'OYJIEHOB C pa3HbIMHA
IoKasaTejlaiMUu

k Vl—l
f(t) = Ze)‘lt Z Cl,mtm, )\z 75 )\j. (1)
=1 m=0

3a1A49A 3. JlokamuTe, 4TO Kamaand yHKuuaA Buja (1) 3anuchiBaeTcA B BUIE
cymmsbl (1) equHcTBeHHBIM 06pa3oM. HHave rosops:
Ecau cymma (1) pasna 0, mo kaxdvii kosgduyuenm ci,m pasen 0.
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Ykaszanue. OIHO M3 BO3MOMHBIX pemleHMi cM. B I. 2 (caeacTBue Ha
cTp. 254).

2. JIuHeiiHOe NpocTpaHCTBO pelleHuil JUHeliHOro ypaBHeHUA.

Teopema. Mnoacecmeo X ecex pewenuil aunelinozo ypasHeHus
™ 4+ a2 4 taz=0 (2)

cocmasasem 8 F' auneiinoe noﬂnpocmpancmeo KOHeYHOll pasmepHocmu n.

JJOKA3ATEILCTBO.
Pacemotpum onepatop D: F' — F', nepeBoaAmuil Kamayo GyHRIUIO
B ee MpousBojiHy0. Onepatop D nuHeeH:

D(cifi +cafa) = 1D fi + c2D fo.

Paccmotpum MHorouseH ot oneparopa D:
A=a(D)=D"+a; D" ' +...+a,E.

Onepatop A ecThb nuHeiiHblii onmepatop A: F — F. Pemenus' ypaphe-
HuA (2) — 3T0 3neMeHThI fAifipa onepatopa A. Urar, X = Ker A.

Ho saapo Ker A nuneiiHoro oneparopa ABIAETCA JMHEUHBIM MPOCTPaH-
ctBoM. [losaTomy X — nuHeiiHoe npocTpaHcTBo. [lokamem, uto X nsoMopd-
o C".

IIyects ¢ € X. ConocraBuM (YyHRIUU ¢ Habop m 4uceld: Ha-
6op 3HaueHuit B Touke ¢ = ( GYHRUMU ¢ U ee NPOU3BOJAHBIX (p, =
= (¢(0), (D)(0), ..., (D™ 1p)(0)). Mlonyuyaem oToGpaseHue

B: X - C", B(p) =g

dTo oTobpamenue nuHeitno. O6pa3 otoGpasenua B — 3To Bce mpocTpaH-
ctBo C". M60 mo TeopeMe cylllecTBOBaHMA CylecTByeT pelieHue ¢ € X
¢ MOObIMM JAaHHBIMU HavalbHBIMH YCIOBHAMU Q.

fAnpo orobpamenua B HyneBoe. 160 mo TeopeMe eIMHCTBEHHOCTHU Ha-
yasibHble YCaoBHA @, = 0 onpenensioT peuenue (¢ = 0) ogHo3HauHo. UTak,
B — uzomMmop¢usm.

Teopema nokaszaHa.

1M1 3apaHee 3HaeMm, UTO Bce pelleHUA ypaBHeHHA (2) GeckoHeuHo AuddepeHUUpYye-
MBI, T.e. npuHagaexkat F (cm. §25,4).
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CaepgcrBue. [ycmov A, ..., A\, — KOPHU TapaKmepucmuieckozo ypas-
nenua a(A) = 0 duddepenyuaavnozo ypasnenus (2) u vy, ...,V — UT
kpamuocmu. Tozda kasxcdoe pewenue ypasnenus (2) eduncmeerHwvLM 00pa-
3om 3anucvieaemes 6 eude (1) u kaxcdas cymma keazumuozotiernos euda (1)
ydosaemeopsem ypasHeHnuio (2).

I OKABATEJIBLCTBO.

®opmyna (1) sagaer orobpamenne &: C" — F, comocraBidmwomiee Ha-
6opy n K03QOULNEHTOB ¢, GyHRIUIO f. ITo oToOpaseHue nuHeitHo. Ero
o6pa3 colep#uUT NpocTpancTBo X pelnenuii ypasuenus (2). U6o cornac-
HO § 25 Kamjoe pelleHne ypaBHeHus (2) sanucsiBaerca B Buje (1). Ilo Teo-
peMe pa3MepHOCThb MpocTpaHcTBa X paBHa 7.

Jluneiinoe oTo6pasmenne npoctpadctBa C" Ha npocTpancTBo X TaKoi
e pa3MepHOCTU ecTh uzoMopdusm. Ilostomy P ocymectBiaseT nsomop-
¢usm C" u X. 3To U ecTb yTBep#AeHUE CIeICTBUA.

3. UHBapuaHTHOCTbL OTHOCUTEJIbHO CABHUIOB.

Teopema. Ilpocmpancmeo X pewenutl JufdepeHyuarvbHozo ypasHe-
Hus (2) uHeapuaAHMHO OMHOCUMEAbHO cd8u20s, nepesodawur Gynkyuio o(t)
8 o(t + s).

JleficTBUTENLHO, CABUT pellleHUud OyaeT pellleHueM, Kak W A BCAKOTO
aBTOHOMHOro ypaBHenus (cp. § 10).

[Ipumeps! nmognpocTpaHcTB NpocTpaHcTBa F', MHBapUaHTHBIX OTHOCUTEILHO
CIBUTOB:

MpuMEP 1. OmHOMepHOe mpocTpaHcTBO {ce™t}.

IpuMEP 2. IIpocTpaHcTBO KBasuMHoroureHoB {e*'p, ()} pasmepHocTH n.

ITpuMEP 3. IlnockocTh {c1 coswt + co sinwt}.
ITPuMEP 4. IpoctpancTBo {p<n(t) coswt + g<n(t) sinwt} pasmepHocTu 2n.

MoskHO moKa3aTh, YTO BCAKOE KOHEYHOMEPHOE IOANPOCTPAHCTBO IIPO-
cTpaHcTBa F', M”HBapHaHTHOe OTHOCUTEIbHO CABUIOB, €CTh INPOCTPAHCTBO
pelieHuit HekoToporo AuddepeHnraTbHOro ypaBHenus (2).

HubiMu cnoBamu, Takoe MOANPOCTPAHCTBO BCeraa pacnajgaeTca B NpA-
MYIO CyMMY IPOCTPaHCTB KBa3UMHOI'OUJIEHOB. ITUM U 00bACHAETCH 3Haue-
HU€e K3a3MMHOIOWIEHOB Il TEOPUU JMHENHbIX YPaBHEHUH ¢ NOCTOAHHBIMU
KO3 pULIMeHTaMU.

Ecnu raroe-mu6o ypaBHeHHe MHBapUaHTHO OTHOCHUTEILHO KaKkoU-1160
rpynnsl npeo6pa3oBaHuii, TO IpU pelleHUU 3TOr0 ypaBHEHUA BaxKHYIO POJb
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OyoyT UrpaTb NpocTpaHCcTBa GyHKINU, UHBapHAHTHbIE OTHOCUTEILHO 3TOMN
rpynnsl. TakuM Iy TeM B MaTeMaTHKe BO3HUKAIOT pa3inyvHble clieUalbHble
¢yurnuu. Hanpumep, ¢ rpynnoii BpamieHuii cepsl cBA3aHbl chepuluecKre
GYHKRIUM — KOHEYHOMepHbIe MpPOCTPaHCTBa GYHKIUU Ha cbhepe, MHBApU-
aHTHbIE OTHOCUTEILHO BpalleHUid.

3AZAYA *1. HailTu Bce KOHEUYHOMEpHblE IOANPOCTPAHCTBA NPOCTPAHCTBA
raagkux (QYHKIOUA Ha OKPYKHOCTH, WHBapMaHTHble OTHOCHUTEIbHO BpalleHUil
OKPY#HOCTH.

4. Uctopuueckoe 3ameuanue. Teopus nuHeitHbIX auddepeHnuaib-
HBIX YpaBHEHHUH ¢ MOCTOAHHBIMU K03 dunreHTaMu Gbliia co3ana Jinepom
u Jlarpan:;xem [0 Toro, Kak Gblia NOCTPOEHA *KOpaHOBa HOpMalbhHasA hopMa
MaTpHil.

Paccympanu oHu craepytromum obpasdom. Ilyctb A;, Ay — 7aBa Kop-
HA XapaKTepUCTUYecKOro ypaBHeHHA. IM cOOTBeTCTBYIOT pemeHus e’?,
e*?*, Ha KoTopele B mpocTpaHcTBe F' HaTATUBaeTcA AByMepHaA ILIOCKOCTh
{c1eM? + cpe??t) (pue. 182). IlycTh Temeph ypaBHeHHe MeHAETCA Tak,
4TO Ao NpubAumaerca k A;. Torna e*?* mpubnumaerca k eM? u npu Ay = Ay
MIIOCKOCTh BBIPOMIAETCA B MPAMYIO.

BosHuukaer Bompoc: He cylecTBYET JU MPeJelbHOrO0 MOJI0MEeHUA MI0C-
KOCTH, Korga Ag — A7

) et KerA A'f
teﬁ‘t /7

e Lot || A 2 L lima
{c,e" "+, te) ?xl L,
Puc. 182. [IpenensHoe nomnose- Puc. 183. finpo u o6Gpas onepatopa A

HHE IIJIOCKOCTH HaTHHyTOﬁ Ha
JAB€ 3KCIIOHEHThI

A1t Aot

Bmecto e u e?2! B kauecTBe Gazuca MOMHO B3ATH (IPU A2 7# A1)
eMt y et — eMit Ho et — eMit x (Ay — Ap)teM?. Basuc mameii mioc-
koetu (eMt, (er2t — eMt)/(A\y — A1) mpu A2 — A; mepexoauT B Oa-
auc (eM?, terM?) npepmenbHoil maockocTy. [l03TOMY ecTecTBEHHO OMHUIATh,
4TO pelleHUA NpefelbHOr0 ypaBHeHUA (C KPaTHBIM KOpHeM Ay = A1) Gy-
OyT lleaThb B IpeJelbHONH NIOCKOCTH {cle’\lt + czte’\lt}. Korga popmyna
HamnucaHa, ee MOMHO IPOBEPATH NOJCTAHOBKOI B ypaBHEHUe.

At
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Takum #e o6pa3oM oOLACHAETCA BO3HMKHOBeHHe pemlenuii tFelt
(k < v) B ciiydae v-KpaTHOTO KOpPHA.

[IpuBeneHHbIe paccyskAeHUA MOKHO ClelaTh BIOIHE CTPOrUMH (HaNpH-
Mep, COCNAaBIIUCh Ha TeopeMy 0 AudbepeHupyeMoit 3aBUCUMOCTH pellleHu i
OT mapamerpa).

5. HeogHopoaHble ypaBHeHuA. Ilycts A: Ly — Lo — nuHeiiHblit
onepatop. Pemenuem HeomHoponaHoro ypaBHeHuA Ax = f ¢ mpaBoil yac-
ThiO f Ha3biBaeTcA BCAKUM mpoobpas x € Ly snementa f € Lo (puc. 183).

Beskoe pelieHyie HEOJHOPOIHOTO YPAaBHEHHA €CTh CyMMa YacTHOTO pe-
HIEeHUA X1 U 06lIero pelieHuA ofHOPOAHOTO ypaBHeHusa Ax = 0:

A7'f =z + Ker A.

HeonHopoaHoe ypaBHeHMe pas3pelinMo, eclid f IpPUHAMICHUT JMHEHHOMY
npoctpanctBy Im A = A(Lq) C Lo.
PaccMoTpuM, B 4acTHOCTH, JuddepeHnnantbHoe ypaBHeHNe

2™ 4+ a2V 4 4 a,x = f(t) (3)

(unetinoe neodHopodnoe ypasHeHue n-20 NOPAOKA ¢ NOCTMOAHHBLMU KOdPPu-
yuenmamu).

Teopema. [ycmv npasas wacme f(t) ypasnenusn (3) ecmo cymma kea-
sumnozowaenos. Toeda ecakoe pewenue ypasHenus (3) asasemces cymmot
K6A3UMHO20UACHOE.

PaCCMOTpI/IM IIPOCTPaHCTBO (Cm BCeX KBA3UMMHOI'OYJIEHOB
mo__ At
C™ ={ep<m(t)}

CTeleHN MeHblile m ¢ MoKasaTeleM . JluHeiiHbiit onepatop D (mepeBoas-
Uit BeAKY0 QyHKIUIO B ee mpousBoHy10) nepesogut C™ B ce6s. [loaTomy
omeparop

A=a(D)=D"+a; D" ' +... 4+ a,E:C™ - C™

TakKe ABIAETCA JTMHEHHbIM onepaTopoM us C™ B ce6a. Mbl MoskeM Tenepb
3anucatb ypaBHenue (3) B Bume Ax = f. Jl1a ucciegoBaHuA ero paspeuiu-
MocTH Hy:HO HaiiTu o6pasd Im A = A(C™) oTobpamenus A.
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Jemma 1. [lycmv A — He KOpeHb TAPAKMEPUCTNULECKO20 YPABHEHUSL,
m.e. a(\) #0. Toeda A: C™ — C™ — usomopdusm.

JTOKA3ATEJILCTBO.

Marpuna omneparopa D: C™ — C™ B noagxopdumem 6asuce — #op-
JaHoBa KieTKa ¢ A Ha auaroHand. B Tom e Gasuce omepatop A mmeer
TpeyroabHyo Matpuny ¢ a(\) Ha guaronanu. Urak, det A = (a(A))™ # 0
u A — usomopdusm.

CnenctBue. Fcau A — He KopeHv rapakmepucmuveckoz2o YpasHeHUs,
mo ypasnerue (3) ¢ npasoti wacmovio 6 eude KEAIUMHOLOUACHA CINENEHI MEHb-
we m c nokazameaem \ umeem iacmuoe peuleHue 8 sude K6aA3UMHO204.1eHA
cmeneHu MeHbUle M C NoOKA3amesem A.

JJemma 2. Ilycmv A — KopeHd rapaxmepucmuieckozo yYpaeHeHUS
kpamuocmu v, m.e. a(z) = (z — A\)¥b(z), b(A) # 0. Toeda AC™ =C™™".

JTOKA3ATETLCTBO.

A = a(D) = (D — AE)*b(D). Tlo nemme 1 b(D): C™ — C™ — wuso-
Mopduam. Ocraerca morasars, uto (D — AE)YC™ = C™™". Ho maTpuua
onepatopa D — AE B 6Gasuce

e xe

=€ 0<k<m,

€L
ABJIAETCA HUIBLIIOTEHTHON AOpPJaHOBO KJIETKOM, T. €. 3TOT oepaTop AeHcT-
ByeT Ha Gasuc Kak cABUT: 04 eyg< €14 ... < e, 1. Onepatop (D — A\E)”
JefCcTBYyeT Kak CABMI Ha v MecT u oTobpamaer C™ na C™ ™.

CnencrtBue. Ilycmv A\ — KopeHb KpamHoCcMU V XAPAKMEPUCTNIUYECKO20
ypasnenus, a(A) = 0. IIycms f € C* — keasumnozowaen cmenenu menvue k
¢ nokasameaem . Tozda ypaswenue (3) umeem peweHue ¢ € CH" 6 sude
K6A3UMHO204.1eHA C NoKa3amesem \ cmeneHu menvwe k + v.

InAa mokasaTenbCTBa HY#HO MOJOKUTL m = k + v B 1eMMe 2.

I OKABATEJIBCTBO TEOPEMBI.

PaccMOTpUM MHOMECTBO Y BCEBO3MOMHBIX CyMM KBa3MMHOTOUJIEHOB.
dTo — nuHeliHOe GeCKOHEYHOMEpPHOe MOANpPOCTPAaHCTBO NMpocTpaHcTBa F.
o npepbiagymemy ciepctBuio o6pa3 A(X) omepatopa A =a(D): ¥ — X
COIepUT Bce KBa3MMHOIrOWIeHbl. ByIyduu JMHEHHBIM NPOCTPAHCTBOM,

17 3akaz Ne 117
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A(X) coBnagaer c¢ Y. Ilostomy ypaBHenue (3) uMeeT 4acTHOe pelleHHe,
ABIAIOIeecA CyMMON KBasuMHorouneHon. OcTaeTcA mo6aBUTb obliee pe-
eHue 0OJHOPOJHOro ypaBHeHuA. OHO ABIAETCA CYyMMON KBa3UMHOTOY/IEHOB
coriacHo §25.

Teopema n0KasaHa.

3AMEYAHME 1. Eciu f = e Mp_i(t), To cymecTByeT yacTHOe pelieHne
ypaBHenus (3) Buaa ¢ = tVe Mgy (t).

HNeficTBUTENBHO, 110 TeMMe 2 CyI[eCTBYET YAaCTHOE PellleHHe B BHJie KBa-
3UMHOTOWIEHa CTelNeH! MeHbIIe k + v; HO claraeMble CTeNeHH MeHbIIe U
YIOBIETBOPAIOT OZHOPOJHOMY ypPaBHEHHIO (CM. CI€ACTBUE II. 2), I03TOMY
UX MOMHO OTKUHYTb.

3AMEYAHUE 2. Eciu ypaBHenue (3) u A, BellecTBEHHbI, TO pelle-
HUe MOHO HCKaTh B BH/e BelleCTBEHHOro KBasuMHorouwieHa. Eciau e
A = a +iw, o B BUge e“t(p(t) coswt + q(t) sinwt). [lpu 3TOM CHHYC B pe-
MEeHUU MOMKET MOABUTHCA lae M B TOM Clydae, KOrja B IpaBoil yacTH ObLl
TOIbKO KOCHHYC.

3AJAYA 1. B KaroMm BH/Jle MO#HO 3alycaTb YacTHbIe pellleHUA CledyIOmUX
13 ypaBHeHuit:

1,2) &+ax=t% 3,4) iFtx=e™
5,6) &dx=te 7,8) i+ x=tsint;
9,10) &+ =te'cost; 11, 12) & = 2iz = t%e' sint;

13) 2"V + 4z = t%e’ cos t?

6. MeTox KOMIJIEKCHBIX aMIUIMTYA. B ciyyae KOMIIEKCHBIX KOP-
Heil 0ObIYHO MPOIE NMPOBOJUTH BHIUHUCIEHHUA CIEAYOMUM 00pa3oM.

Oycts ypaBuenue (3) BemecTBeHHO U hyHKUUA f(t) mpelcraBieHa Kak
BellleCTBEHHAA YacTh KoMIlekcHoi dyHruuu, f(t) = Re F(t). Ilycts ® —
KOMIUIEKCHOe pelieHue ypaBHenus a(D)® = F. Torja, B3AB BelleCTBEHHY IO
yacTh, y6espaemes, uto a(D)y = f, rue ¢ = Re® (mockonbry a = Rea).

Hrar, ymo6ul Halimu, peweHus auHeliHo20 HeoOHOPOOHO20 YpaBHEHUA
¢ npaeotil wacmoeio f, docmamoyHo paccmompems [ Kak eewecmeeHHYIO
yacmo Komnaexcroll Pynkyuu F', pewumsv ypasHenue ¢ npaeoil wacmoio F'
U 83AMb 8eW,eCMBEHHYI0 1ACMb PeUleHUS.
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[TpuMEP 1. Iyers f(t) = coswt = Reet“!. Crenenb KBazuMHOrOUlIeHa
F(t) = e paBua 0, nostomy pemenue ® mMoxHo uckath B Buge Ct”ei?,
rae C — KoOMIUIeKCHaA NMOCTOAHHAA (KOTopad U Ha3bIBAETCA KOMMNAEKCHOU
amnaumydoti), v — KPaTHOCTb KOPHA iw. OKOHYATENLHO

©(t) = Re(Ct”e™?).
Eciu C = ret?, 1o
o(t) = rt” cos(wt + ).
Takum ob6paszoM, KoMIIeKcHad amnauTyaa C cogepuT nHGopManuio u 06
ammautyne (1), 1 o ¢ase (f) BeuecTBEHHOr0 PEIIEHUA.

ITpumMEP 2. PaccMoTpuM noBefieHuEe Ma-
ATHUKA (puc. 184) (unm uHOM NMHeHHON Ko-
nebaTenbHO CHCTEMBI, HalpUMep rpysa Ha
NpYKUHE WM 3IEKTPUIECKOr0 Koe6aTelbHOro
ROHTyE)a) IpY BO3[eHCTBUU BHELIHEH epuofu- Fx
YeCKOH CHIBL:

&+ wlx = f(t), f(t) =cosvt =Ree™. -

Z
XapakTepuctruueckoe ypaBHeHne A2 +w?=( m%

UMeeT KopHM A = +iw. Eciu v? # w?, 10 <
yacTHOe pellleHHe cleqyeT MCKAaTh B BHIeE

® = Ce't. lloncrasnas B ypaBHeHUe, HaX0AUM Puc. 184.  Koxebarenpnas
cucTeMa IO JelCcTBHEM
C= # (4) suemmeit cunbt f(t) = cos vt

w? —v?

Bennunny C' Mo#HO 3amucaTh B TPUrOHOMeTpudeckoM Buje: C = r(v)e?? (™),

Cornacuo dopmyie (4), amnautyna r u ¢dasa § UMeIOT yKasaHHbIe Ha
puc. 185 3nauenun'. BemecrBennas yactb ® paBua r = cos(vt + ). Urak,
ofliee pelleHHe HEOJHOPOJHOTO YPaBHEHUA UMeeT BU

x = rcos(vt + 0) + Cy cos(wt + 61),
rae C; v ) — NPOU3BONbLHbIE IOCTOAHHBIE.

CrnenoBaTenbHO, Koiebanue Maamuukra nod eosdelicmeuem eHewHel cu-
Abl COCIMOUM U3 (BbIHYHDeHH020 Koaebanuay v cos(vt+6) ¢ wacmomoil enew-
Hell cuabl U «c80000H020 KOALEOAHUAY C cOOCMBEHHOU wacmomol w.

!Bobi6op § = — (a He +7) npu v > w oNpaBiaH NPUMePOM 3 HUe.
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AN

Puc. 185. Amnaiutyna u ¢pasa MaATHUKA 0€3 TpeHUA KaK QYHKIUA YacTOThI BHEIl-
Hell CUIbI

(4] v

3aBUCUMOCTh aMIUTUTY/bl T BBIHY#JIEHHOTO KoJeGaHUA OT YacTOThI
BHEIIHEe CUJIbI ¥ UMeeT XapaKTepPHbIl Pe30HAHCHBIH BUA: yeM OJIHKe 4acTo-
Ta BHeIIHel CUIbI K COOCTBEHHOI YacTOTe w, TeM CHIbHee OHa pacKkauuBaeT
CUCTEMY.

JTo ABIEHUE pe30HaHCa, HAOMIOJAeMOro NpU COBMNAJEHUU YacCTOThI
BHEIIHe# CUJbl C COOCTBEHHOU YacTOTOU KojeGaTelbHON CUCTEMBI, NMEeT
oueHb Gonbllloe 3HaueHUe B npuioxkeHuax. Hanpumep, npu pacyeTtax Bcd-
KOI'0 pojla COOpY:KeHUI NMPUXOAUTCA ClIeJUTh 3a TeM, UT00bl cOGCTBEHHbIE
YacTOThI COOPY:KeHUA He ObLIN OMM3KU K YacTOTaM BHEIIHUX CUI, KOTOpbIe
OHO Oy[eT HCHOBITBIBATHb. B NpPOTUBHOM ciy4ae [ae Maiafd cuia, JedcT-
Byf B TeUeHHE MIUTEIbHOI'0 BPEMEHH, CMOMKET pacKauyaThb COODPYKEHUE U
pa3pyuuTh ero.

Puc. 186. Cymma ABYX rapMOHHUK ¢ GIN3KHMU vacToTaMu (GHEHUA) U ee Ipejel
B clyuae pe3oHaHca (pacKadyka)

®aza BbIHY#JAEHHbIX Koje6aHuU € cKauyKkOM H3MeHAeTCA Ha —7 HpH
nepexojie v yepe3 pe30HaHCHOe 3HaveHHe w. llpu v, GIU3KUX K w, HAOIIO-
nalorca «6uenusy (puc. 186): ammautyna KoneGaHuii MaAsTHHKA TO PacTeT
(moka cooTHoueHNe (a3 MaATHUKA U BHELIHEH CUIbl TAKOBO, YTO BHEIIHAA
culla packauyuBaeT MaATHUEK, coo0liad eMy 3HEpruio), To yObiBaeT (Koraa
cooTHolIeHUe Ga3 MEeHAeTCH TaK, YTO BHEIIHAA CU/a TOPMO3UT MAafATHUR).

Yem Oaumske 4acTOTHI ¥ U w, TeM MeJleHHee MeHAETCA COOTHOIIEHUe
¢a3 u TeM 6oabie nepuop 6uenuii. llpu v — w nepuon 6ueHuit cTpeMuTCA
K 6€CKOHEYHOCTH.
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[pu pesonance (¥ = w) cooTHOuEHNE (a3 IOCTOAHHO U BHIHYHIEHHbIE
Kole6aHiA MOI'YyT HapacTaTb HeorpaHudyeHHo (puc. 186).
HNeficTBUTEeNbHO, O 00IEMY NpaBUIy IPU ¥ = w YacTHOE pelleHHe
1
(2iw)’
OTKRyJa T = L sinwt (puc. 186). Beiny# neHHbIe KoTeGaHUA HEOT DAHIUYEHHO

2w
HapacTaloT.

umeM B Bufle ¥ = Re Cte't. llogcraBnsada B ypaBHeHue, HaxoquM C =

ITpumMEP 3. PaccMOTpUM MasTHUK C TpPeHUEM I+
+ki + w?x = f(t). XapakTepucTuyeckoe ypaBHeHUe
A2 + kX + w? = 0 umeer kopuu (puc. 187)

2
A2 = —a£if), rge a:_g’ Q= wz_k;_

MpeanonosumM, yTo KO3QPUUUEHT TPeHUA k MOIO-
mutenen u nesemuk (k? < 4w?). Paccmorpum rapmo-
HUYeckylo BHemHiolo culy f(t) = cosvt = Ree'?.
Eciu roadduument tpenusa k otamden ot 0, To iv He
MO#€eT ObITh KOPHEM XapaKTepPUCTUYECKOr0 ypaBHEHUA
(Tak Kak A; 2 UMEIOT HeHy/IeBble BellleCTBEHHbIE YacTH).
IloaToMy peleHue ciefyeT HcKaThb B Bule x = Re Ce™?.
MopcraBada B ypaBHeHUe, HaiijeM

Puc. 187. Co6-
CTBEHHbIE YHCIa
YpaBHEHUA MafT-
HUKa C TPeHUeM

1
C= ——F——. 5
w? —v? + kiv (5)

3anumem C B TpuroHomerpuueckoii popme: C' = re. I'paduku 3aBucu-
MOCTH aMILTUTYJbI 7 U ¢asbl  BoIHY# I€HHOTr0 Kole6aHHuA OT 4acTOThI BHEII-
Hell CHIIbI UMEIOT, cornacHo (5), Bui, usobpameHHbIil Ha puc. 188.

r -0
T

| 17} v 7] %

Puc. 188. Ammiutyna u ¢asa BbIHYI€HHOI0 KoleGaHUA MaATHUKA C TPEHHUEM
KaKk (YHKIHUM YacTOThI BHEIIHEH CHIbI
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JTH rpadUKMU MNOCTPOEHHI clelylomuM obpa3oMm. PaccmoTpum 3Hame-
HaTelb Apobu (5), T.e. 3HaYeHHe XapaKTePUCTUYECKOr0 MHOrO4IeHa p Ha
MHHUMO# ocu. 06pa3 oTobpasenus v — p(iv) = w? — v? + kiv HasbiBaeTcA

kpueoll Muzxaiitosa. 3 popmyisl (5) BUAHO, 4TO 3Ta KpuBaf (1A Hamie-
ro ypaBHeHus) ABiafAeTcA napaboinoii. OHa usoGpaskena Ha puc. 189. Ecau
K03ppunMeHT TpeHUA k mai, napaboia «6MuM3Kay K JBaIbl POHJEHHOMY
Iy4y BellleCTBEHHOH ocH.

Tenephb Nerko MOCTPouTb o6pa3 oToGpa-
menua v — C(v) = 1/p(iv) — sra Kpu-
BaAd Ha3bIBAeTCA AMNAUMYIHO-Pa3060l Xapak-
TepucTUKON. [IA ee MOCTPOEHUA JOCTATOUHO
npojenaTh ¢ KpuBoii MuxaiijloBa HHBEPCHUIO U
oTpaeHUe B BelllecTBeHHON ocu. YacTb Kpu-

p(iv)=0*~v4kiv Boit MuxaiinoBa, 61uskas k 0, MOYTH HEOTINYHU-

Ma OT Hapbl OTPE3KOB MPAMbBIX U COOTBETCTBY-
Puc. 189. 3nauenus xapak- et okpecTHOCTAM pajMyca NopAfka k Touek w
TEPUCTHIICCROTO MHOTORIE™ i —¢ ocu v. llpn MHBepcuM NPAMbIE IEPEXOAT
Ha Ha MHHMOM 0CH B OKDPYHHOCTH, II03TOMY aMILTUTYIHO-(a3oBag
XapaKkTepUCTUKA COIEepMUT [Ba yYacTKa, OMU3KUX K GOJBIIMM OKPYHHOC-
taAM (auamerpa 1/(kw)) (puc. 190). Ha ocu v 9T OKPY}KHOCTH OTBEYAIOT
ManbiM (MopAnKa k) OKPECTHOCTAM PE30HAHCHBIX 3HAUYEHUl, w U —w: BeA
ocTallbHafl 4aCTh OCH V COOTBETCTBYET COEIMHAIOIIEH OKPYHHOCTU mepe-
MbIYKE U KOHIIEBBIM JyraMm.

U3yuuB takum ob6pasom otobpamenue v — C(v), Mbl yme 6e3 Tpyza
uccieyeM 3aBHCUMOCTh OT ¥ MOIYJA U apryMeHTa KOMIIEKCHONH aMILIU-
tyasl C: ux rpaguku u npuBejeHbl Ha puc. 188.

O611iee peleHre HEOTHOPOMAHOTO ypPaBHEHHUA

x = rcos(vt + ) + Cre™* cos(t + 6;)

noiyyaeTcd fo6aBleHHEM K YaCTHOMY PEIIeHUI0 06I[ero peleHud 0JHOPOI-
Horo ypasHenua Cie~ ! cos(t + 6;).

IIpu t — +00 3T0 cnaraemoe ctpemutcs Kk 0, Tak YTO OCTaeTCA TOIbKO
OJIHO BBIHY:JeHHOe KoneGanue x = r cos(vt + ).

CpaBHUM MOBelieHNe MaATHUKA NMpu HyleBoM (puc. 185) u mpu moio-
sutensHoM (puc. 188) 3HaueHusax ko3 duULUEHTa TPEHUA.

Mg1 BUAUM, UTO 8AUAHUE MAA020 MPEHUR HA PE3OHAHC npusodum K mo-
MY, ¥mo amnaumyda kore6aHUll Npu pe3oHaHce pacmem He 6eCKOHEYHO, a 00
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onpedeaeHHOl KOHEYHOU B8eAUTUHbL, 06PAMHO NPONOPUUOHAAbHOU KoIPPuyu-
eHmy mpeHus.

lleiicTBuTENbHO, OyHKRUUA T(V), BbIpamaouman
3aBUCHUMOCTb aMIUIUTY/bl yCTAHOBUBIIUXCH Kole-
6aHuil OT YacTOTHI BHEIIHEH CHUIIbI, UMeeT BOIU3H
V = w pe3Ko BbIpaseHHbI MakcumyMm (puc. 188).
U3 ¢opmyast (5) BHAHO, YTO BBICOTA 3TOr0 MaKCHU-
MyMa pacTeT Npu yMeHbluleHuu k, kak 1/(kw).

C «busnveckoiiy TOYKM 3pEHUA KOHEUHOCTh aM-
MIATY/IbI YCTAHOBUBIIUXCA BBIHY#/IEHHBIX Koleba-
HUll TIpU HEHY/IEeBOM 3HaueHUH KoddduiueHTa Tpe-
HUA JIeTKO MpeBUAeTh, IOJCYNTaB GanaHc IHEPTUH.
[Ipu GoabKX aMIIUTYdaX MOTEePA IHEPTUM HA Tpe-
Hue Goiblle, yeM 3Heprud, coobaeMas MagsTHURY
BHeIHeit cuinoii. [loatomy ammiuTyna 6ynetT ymMeHb-
mAaThCA, NOKA HE YCTAHOBUTCA PEMUM, B KOTOPOM
MOTepH HEPTUM Ha TPeHUe ypaBHOBENIMBAIOTCA pa-
6oToll BHelHel cuiabl. BennunHa aMnauTyael ycra-
HOBUBIINXCA KoleGaHMM pacTeT 006paTHO MPOMOp-
[[MOHAIBHO K03 (GUIMEHTY TPEeHUA, KOra OH CTPEeMUTCH K HYJIO.

CaBur dassl § Bcerjja oTpuniaTeleH: 8biHyxcleHHOe Kole0aHUue omemaem
om sblHYydHcOaouell cuabl.

Puc. 190. 3aBucu-
MOCTh  KOMILIEKCHOM
aMIUIUTYAbl OT YacTo-
ThI BHEIIHEHN CHUJIbI

3A1A49A 1. JokasaTh, 4TO BCAKOe pellleHHe JIMHEIHOl HeoJHOPOJHOM cuc-
TeMbl YpaBHEHMil ¢ NMOCTOAHHBIMU Ko3(dHIMeHTaMH U IpaBOil YacThbIO B BHe
CyMMbl KBa3MMHOTI'0UJIEHOB ¢ BEKTOPHBIMU K03(¢ pULHeHTaMU

f= Z et Z ckyltk
l k

ABIAETCA CyMMOﬁ KBa3MMHOI'O4YJIEHOB C BEKTOPHBIMHA HOBQJCI)I/II.II/IBHTHMI/I.

3AJAYA 2. JlokasaTh, UYTO BCAKOE pellleHHE ITUHEHHOT0 HEOJHOPOIHOr0 BO3-
BpPaTHOr0 ypaBHEHHUA C IIPaBOil YacThIO B BUJEe CYMMbl KBa3UMHOI'0OU/IE€HOB

Tn 4+ 01%n-1+ ...+ arTn_t = f(n)

AIBAAETCA CyMMoii kBa3uMHorouieHoB. HaiiTu ¢opmyny aas obuero uieHa nocie-
nosarenbHoctu 0, 2, 7, 18, 41, 88, ... (Tn = 22p—1 + n).

7. IlpuMmeHeHHe K pacueTy cjab6o HeJlUHeIHbIX KoJebGaHHIA.
IIpu uccnenoBanuy 3aBUCUMOCTHU pellleHNA ypaBHEHUA OT apaMeTpoB Npu-
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XOAUTCA peliaTh JUHeliHble HEOJHOPOJHbIE YPABHEHUA — ypaBHEHUA B Ba-
puanuax (cm. §3). B yacTHOCTH, eclii «<HEBO3MYIIEHHAA» CUCTEMa JUHEIHa,
TO 33/lauya 4acTO CBOAUTCA K PellleHUIO JTMHEHHbIX YpaBHEeHUil ¢ paBoii yac-
ThIO B BUJIe CYMMbI SKCIOHEHT (WX TPUTOHOMETPUUYECKHX (QYHKUUN) UIn
KBa3MMHOI'OU/JIEHOB.

3A71A49A 1. HcenemoBaTh 3aBUCMMOCTD Nepuoja KoneGaHUN MaATHUKA, OMU-
ChIBAEMOr0 ypaBHEHHEeM I = — sinx, OT aMIUIUTYAbl A, cYUTasA MOCIeIHIOK Ma-
JIOM.
_ A? 4
OTBET. T =27 1+E+O(A ) ).
Hanpumep, npu yrie orkionenus 30° mepuoj 6oiblie Meproja MajibIX Kole-
6anuii Ha 2%.

PEIIEHHE. PaccMoTpuM pelleHne ypaBHeHVA MagTHUKA ¢ HaYalbHBIM YCIIO-
BueM z(0) = A, £(0) = 0 kar ¢pyHruUO oT A.

Ilo Teopeme o0 aud depeHIHPYeMOoii 3aBUCHMOCTH OT HavalbHBIX yCIOBHUIi 3Ta
¢byHEnuA riagkas. Pasnoxum ee B pap Teitntopa mo A B6ausun A = 0:

@ = Az1(t) + A’z2(t) + A%z3(t) + O(AY).

Torpa
&= Aiy + A%is 4+ A%i3 4+ 0(A4Y),
&= Ai1 + A%is 4+ A%i3 4+ 0(AY),
sing = Ay + A%xy + A® (w3 — %m"i}) +0(AY).
YpaBHeHue I = — sinx BbInodHeHO npu d06oM A. OTcioma HaXoouUM ypaBHEHUA

oA r1, T2, T3:

b= w1, E2=—w, = —aa+ got. 6)

HavanbHoe ycnoBue z(0) = A, #(0) = 0 BoinoaseHo npu ao6om A. Orcrona
HAaXoJMM HavalbHble YCIOBUA MiA ypaBHeHuUi (6):

1‘1(0) = 1, 132(0) = £L‘3(0) = .’121(0) = iL‘z(O) = .’Es(o) = 0. (7)
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Pemas ypaBuenud (6) npu ycaosuax (7), Haxooum z1 = cost, x2 = 0, a gad 3
noiydyaeM ypaBHEHUe

I3+ x3 = %cos3 t, x3(0) =x3(0) =0.

Pemas 310 ypaBHeHue (XOTA 6bI METOIOM KOMILIEKCHBIX aMIUIUTY ), HAXOIUM
z3 = a(cost — cos 3t) + Btsint,

rge a = 1/192, 8 =1/16.
HUrak, BinAHve HeauHeiHOCTH (sinz # x) Ha KoleGaHUA MaATHUKA CBONUT-
ca® k mo6apnenuio craraemoro A3z; + O(A*):

@ = Acost + A®[a(cost — cos 3t) + Btsint] + O(A*).

lepuon ronebanuit T HAXOAUTCA KaKk TOYKA MakcuMmymMma z(t), 6nuskas K 27w
npu Maneix A. dra Touyka Haxogutea us ycaosusa £(T) =0, T.e.

A{—sint + A’[(8 — a)sinT + 3asin 3T + BT cosT] + O(A®)} = 0.

Pemum 570 ypaBueHue npubianxenHo npu Mansix A. [Moxomum T = 27 +u. Jasa u
HOIy4YUM ypaBHeHHe

sinu = A’[21 + O(u)] + O(A?).

2
Ilo Teopeme o HesBHOI byHEmME = 2 BA%+O(A%), T.e. T =271 (1—}- %+O(A2)) .
Beuny uetnoctu T mo A, o(A?) = O(A*).

3A7AUA 2. HcenenoBaTh 3aBUCMMOCTD MepHoa KoleGaHUul OT aMIIUTY (bl A
Il ypaBHEHUA
. 2 2
# 4wz +az® + bz = 0.

2w 5a? 3b 2 2 ]
OTBET. T = =~ |1+ — == ) A° 4+ 0(A%)|.
w [ (12w4 8w2) 4%

3A8A4A 3. IlomyuuThb Te e pe3yabTaThl U3 ABHOI GOPMYIBI A MepHoja
(8§12, m. 7)

13pech Mose3HO BCMOMHUTL O ABIPABOM Befipe (cM. MpenocTepesseHue B § 9, m. 5): us
MOABJIEHUA «BEKOBOTO» claraemoro tsint B ¢opmyJe OiA T3 Helb3A AelaTb HUKAKUX BBI-
BOZIOB O TNOBeJeHHN MaATHUKA npu t — oo. Hame npubnuskeHue crnpaBeJIMBO JUIIL Ha
KOHEUHOM MHTepBaje BpeMeHH; Npu Goapmux t ciaraemoe O(A%) craHoBuTcA Goabmum.
W peficTBUTENbHO, HACTOAIEE PelleHUe ypaBHEHUA KojlebaHUil MaATHUKA OCTAaeTCA Orpa-
HUYEHHBbIM (BeaMunHON A) npu Bcex ¢, Kak 3TO BUAHO M3 3aKOHA COXPaHEHWA SHEPryH.
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8§ 27. JIuHeiiHble HeaBTOHOMHbIE ypPaBHEHHUA

Ta yacTh Teopuu NUHEHHBIX ypaBHEHUIl, KOTopad He 3aBUCUT OT WH-
BapUaHTHOCTH OTHOCUTEIbHO CIABUTOB, JETKO IIePeHOCUTCA Ha JUHeHHbIe
YPaBHEHHUA U CUCTEMBI C IepeMeHHbIMU K03b pUulreHTaMu.

1. Onpepenenuvie. Junetinoin (00HOPOOHVIM) YpAEHEHUEM C NeEpPeMEeH-
HbLMU KodPPuyuenmanul Mbl 6yfeM HasblBaTh ypaBHeHUe

&=A(t)z, =R, A(t):R" > R" (1)

rje t IpUHAIJIeUT UHTepBany I BelleCTBEHHON 0CH. TOT UHTEPBAI MOKET
COCTaBIATH BCIO och R.

TeomeTpuyecky peuieHua ypaBHenus (1) uzobpazkarOTcA MHTErpalb-
HBIMU KpuBbIMU B nojoce I x R™ pacmupeHHoro $asoBoro npocTpaHcTBa
(puc. 191). Kar o6b1un0, MbI 6y 1eM npeanonaraTh gpynknuio A(t) raagkoi’.

7
R
Z
x |
|
|
1
1
!
X
x, i
Tty It
Puc. 191. UnTerpans- Puc. 192. Ravenu Puc. 193. Henpononka-
Hbl€ KpUBbI€ JIMHEeHHOo- eMoe pelleHHe ypaBHe-
ro ypaBHeHUA HuA & = z°
IIpuMEP 1. PaccMoTpuM ypaBHeHHe MaATHUKA i = —w?x. YacToTa w
onpeenseTcA JINHOI MagTHUKA. RonebaHuA MaAsTHHUKA TepeMeHHO# JIUHBI
ONMKMCHIBAIOTCA AHAJOTUYHBIM ypaBHeHHeM: ¥ = —w?(t)z. ATo ypaBHeHUe

1M1 npeanonaraem, 4To k03¢ UIMEHTH! BemecTBeHHbI. KoMlekcHBIi ciyyaii Bro-
He aHaJorMyYeH.

2locTaTouHo 6bLI0 GBI MpeanonaraTh GyHkuMio A(t) HenmpepbiBHOH (cM. Hume § 32,
n. 6. ctp. 313).
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MoziHO 3anucaTh B Buje (1):

{Zzzzmxl, A(t):<—wg(t) 3)

[IpumepoMm MaATHUKA MEePEMEHHOI IIUHBI ABIAIOTCA Kavyelu: U3MEHAA MOo-
JIOKEHUE CBOEro IIeHTpa TAMECTU, YeJIOBEK Ha KaudelfAX MepPUOAUYECKH H3-
MeHAeT BelU4uHy napamerpa w (puc. 192).

2. CymecTBoBaHue pemenuii. OnHo peniediie y ypaBHenusd (1) Bu-
HO cpasy: HyJeBoe. [lif 100bIX HaYalbHbIX ycloBuil (tg, @p)) u3 I x R™ no
o6IUM TeopeMaM Til. 2 CyLlecTBYeT pelleHue, OnpejieleHHOe B HEKOTOPOi
OKPECTHOCTHU TOYRHU tg. [l1A HelUHEHOro ypaBHEHUA 3TO peIleHUe MOMKeT
He mpojoiaTheA Ha Bech nHTepBai I (puc. 193). Oco6eHHOCTHIO THHENHHBIX
ypaBHeHUl ABIAETCA TO, UTO JAJA HUX yX0J B GECKOHEUHOCTDb 38 KOHEUYHOe
BpeMA HEBO3MOKEH.

Teopema. Bcakoe pewenue ypasnenus (1) moxcno npodoaxcums Ha
eecv unmepean I.

IIpyunHa 3akialO4YaeTcA B TOM, UYTO /A JUHEHHOTO YpaBHEHHA
||| < C||2||, u nosToMy pemenue pacTer He GbicTpee eC?.

AKKypaTHOe [0Ka3aTelbCTBO MPOBOAWTCA, Hanpumep, Tak. Iyctsb [a,b] —
KOMIIaKTHBI# oTpesok B I. Toraa Ha oTpeske [a,b] Hopma' omepaTopa A(t) orpa-

HHUYeHa:

1A@®)| < C = C(a, b).

JlokaxeM clenyomyo ATPHOPHYIO ONEHKY:
Ecau pewenue @ onpedeaeno na ompesxe [to, t] (a < to <t < b) (puc. 194),

mo
C(t—
@Il < e lg(to)- (2)
Jlnss HyneBoro pemenus 3to oueBuaHo. Ecau ¢(to) # 0, To o(7) He oGpamaerca
B 0 o Teopeme eguHcTBeHHOCTH. omomum 7(7) = ||¢o(7)||. @yuruua L(r) = Inr?

onpepeneHa npu to < 7 < t.

Mo yemosuio L < 2r7/r? < 2C. Tosromy L(t) < L(to) + 2C(t — to), uTo 1
JOKa3bIBaeT alpUOPHYIO OLEHKY (2).

MycThb Temeps ||2o||*> = B > 0. PaccMOTpiM KOMNAKT B paclIMpeHHOM ¢a3o-
BoM mpocTtpaHcTBe (puc. 195)

F={t,z:a<t<b, ||z <2BC~9}.

1M1 npennonaraem, uto B R” Bhi6paHa kKakaA-HUGYIb eBKIMA0BA MeTpHKA.
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t
Ca ot t bt
Puc. 194. AmnpuopHaa oleHKa Puc. 195. IIpomonseHue pe-
pocTa peuleHuA Ha [a, b meHuda go t = b
Ilo TeopemMe npoponzkeHWs, pelleHWe ¢ HadalbHbIM ycioBueM @(to) = @ Ipo-
JoasaeTcA Brepej M0 rpaHunbl nuiuaapa F. Ipanuna nqunungpa F coctout us
TopuoB (t = a, t = b) u Gokosoit mosepxuoctu (||z|> = 2Be*°(®~%)). Ha 6o-

KOBYIO [I0BEPXHOCTb DelIeHHe BBIHTH He MOMET, TaK KaK, COTJIACHO allpUOPHOi
onenke, || (t)]|?> < Be*“~9). Urar, pemenue npoponmaerca Bupaso o t = b.
AnanoruuHo JokasblBaeTCA NMPOJOIAEHHe BIEBO [0 t = a.

BBuny npousBoiabHOCTH @ ¥ b, Teopema JoKasaHa.

3. JIuHeiiHoe mpocTpaHcTBO penleHuii. PaccMoTpuM MHOmecT-
Bo X Bcex pemenuil ypaBHenus (1), onpeneneHHbIX Ha BceM uHTepBane I.
MockonbRy pelieHns — 3To oToGpazenus ¢: I — R™ co 3HaueHuAMU B 1u-
HeilHOM (a3oBoM mpocTpaHcTBe R™, To HX MOMHO CKIAAbIBATL U YMHOMATh

Ha uucna: (11 + c2p3)(t) = 11 (f) + 205 (1)

Teopema. Mnoxcecmeo X ecex pewenuti ypasmwenus (1), onpedeaen-
HWLT Ha uHmepease I, asasemca AUHETHbLLM NPOCMPAHCIMBOM.

JTOKA3ATEIBCTRO.
JTO OYEeBUOHO:
d . .
5(01901 + C2py) = 1Py + 2y = cLAP + 2 AP, = A1y + C23).
Teopema. Juneiinoe npocmpancmeo X peuwleHull AuHelHO20 YpasHe-
Hua usomopgro gasosomy npocmpancmey R™ smozo ypasnenusa.

JTOKA3ATEIBCTRBO.
IIyeTb t € I. PaccmoTpum oToGpasxeHune

Bi: X — R”, Bip = (1),

COIlIoOCTaBAIOIIee KamJOMy pPelIeHUIO @ ero 3HayeHrne B MOMEHT t.
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OtoGpaskenue B; nuHeliHO (Tak Kak 3HaYeHHE CYMMbI peLIEHUN PaBHO
cyMMe ux 3uadenuit). Ero o6pas — Bce dasoBoe npocTpancTBo R”, Tak Kak
10 TeopeMe CyLIeCTBOBaHUA JUiA M060ro &y € R™ cymecTByer peienue ¢
C HavyalbHBIM ycinoBueM @ (tg) = @y. flapo orobpamenun B; paBuo 0, Tak
KaK peIlleHre ¢ HYJIeBbIM HAYalbHBIM yclIoBueM p(tg) PaBHO HYJIO TOHi-
JIeCTBEHHO 110 TeopeMe eIMHCTBEHHOCTH.

Urar, B; — usomopdusm X na R"™. 3To — 0CHOBHOI pe3ylbTAaT TEOPUU
JIVHEeNHbIX ypaBHeHUl.

Onpepenenve. @yndamenmarvroil cucmenotl pewenudl ypaBuenus (1)
Ha3bIBaeTcA 6a3uc TMHEHHOTO MPOCTPaHCTBA pelleHuit X.

3a1A4YA 1. HaiiTu pyHIaMeHTanbHYIO cUcTeMy penieHuii ypaBHenus (1), rae

N3 porasaHHOI TeOopeMbI BbITERalOT:

CuenctBue 1. Beakoe ypasnenue (1) umeem gyndamenmarvHyio cuc-
memy u3 n peuleHull P, ... , @,,.

CaegcrBue 2. Bearoe pewenue ypasnenus (1) asasemces aunetinot
KombuHayuetl pewerull GyHIAMEHMAAbHOU CUCTIEMDbL.

CaencrBue 3. Beakue n + 1 pewenuil ypasnenus (1) aunetino sagu-
cumbl.

CnepctBue 4. Coomeemcmesyouue R
ypasnenuio (1) omobpaxcenus 3a epems om to

do t; (puc. 196) 9, W
gl =B, B;":R" - R"

o t t t
ABAAIOMCA AUHETHbLMU UOMOPPUIMAMU. 0 !

4. OnpenenuTtenb Bpouckoro.llycts Puc. 196. Jluueitnoe npeoGpa-
€1, ..., €, — HEKOTOPbIil Gasuc B (asopom 30BaHME (asoBOro MpoCTpaHcT-
npoctpanctBe R™. Bribop Gasuca ¢purcupy- Ba Ocymfcmmem’le pelieHH-

n €M JHWHEWHOI'0 YypaBHEHUA 3a
eT eIMHHUIy ofbeMa W opueHTanuio B R".
N BpeMA oT to H0 t1

IMosToMy Kamablil napajiieienunen B ¢aso-
BOM [POCTPAHCTBE UMEET ONpeJeleHHbIH 06heM.

PaccmoTpum n BekTop-¢yHKIuit @,: [ - R™ (k=1,..., n).
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Onpepneaenue. Onpedeaumenem BpoHckozo cucTeMbl BeKTOp-GYyHK-
uuil ¢, HasbiBaeTcA uuciaobaa ¢yHkuua W: I — R, 3sHaueHue KoTopoii
B Touke I paBHO (OpHEHTHPOBAaHHOMY) 00beMY Napallielenuneaa, HaTAHY-

TOrO Ha BEKTOPHI @, (), ..., p,(t) € R",
p1a(t) . Pnalt)
W)= ... e |
P1a(t) oo Pnnlt)

er(t) = pra(t)er + ...+ @rn(t)en.

B yacTHoCTH, MycTh o, — pelnenua ypaBHeHuA (1). x o6Gpassl mpu
NOCTPOEHHOM Bblllle K30MOppu3aMe By — 3T0 BeKTOpHI (Ha30BOro MpoCTpaH-
cTBa @, (t) € R™. OHn AuHENHO 3aBUCHMBI, €CIM M TONLKO €CIH ONpeNenu-
Tenb Bponckoro paBen 0 B Touke t. OTcioga:

CaepctBue 5. Cucmema pewenutl @4, ..., @, ypasuenus (1) aeas-
emca gyHdamenmanvHoll mozda u moavko mozda, ko20a ee onpedeiumeddp
Bponcrozo omauven om 0 e kakoti-Hubyds mouxe t.

CnenctBue 6. Ecau onpedeaumeav Bponckozo cucmemvl peuwreHutl
ypasnenusn (1) pasen 0 6 odnoti moure, mo on pasen 0 moxcdecmeenHo npu
scex t.

3AAYA 1. MoskeT au onpefeiuTenb BpoHcKOro cucteMsl JUHEHHO He3aBU-
CHMBIX BEKTOP-GYHKIHUI (0, TOKIECTBEHHO PaBHATHCA HYTIO?

3A1AYA 2. JlokamuTe, 4YTO onpejenTenb BpoHckoro ¢pyHIaMeHTanbHOI cHUC-
TeMbl pellleHUil NPONOPIMOHaJeH oNpeenuTelNo Npeobpa3oBaHUsA 3a BpeMA OT to
zo t:
W (t) = (det g1,) W (to).

Yraszauue. Pemenue cm. B 1. 6.

5. Ciyuail ofHOro ypaBHeHHUA. PaccMOTpUM OJHO ypaBHEHUE 71-TO
nopAnka
™ 4+ a12" Y 4+ 4ae=0 (3)

¢ ImepeMeHHbIMH, BooGliie roBops, Koaddunnentamu ay = ag(t), t € I.
HeroTopsie ypaBHEeHUA BTOPOro NOpAJKa ¢ IepeMeHHbIMU K03 dpUneHTaMU
CTOMb YacTO BCTPEYAIOTCA B IPUIOKEHUAX, UTO UMEIOT cOGCTBEHHbIE UMeHa, a UX
pellleHUA U3y YeHbl U 3aTabyIMpOBaHbl He MeHee IOAPOOGHO, YeM CHHYC U KOCHHYC
(cm., nanpumep, E. Iuke, @. Imae, Tabnuusr ¢pyurnmit. — M.: Hayra, 1977).
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2
I[TpuMEP 1. YpaBHenue beccens: & + %x + (1 - 't/_?) z = 0.

[TpuMEP 2. I'unepreomerpuueckoe ypaBHeHue ['aycca:

(a+B+1)t—v, of B
-1 “Tw-nc="

IpuMEP 3. YpaBHenue Matbe: & + (a + bcost)z = 0.

Mb1 Morau Gbl 3anucaTh ypaBHeHue (3) B Bue CUCTEMbI 1 YPaBHEHUN
EePBOro NOpAJKAa U NPUMEHUTh NpPeAbIIyIINe paccyKIeHu.

MoskHO, 0lHaKO, pacCMOTPeTb HENMOCPeJCTBEHHO MpocTpaHcTBO X pe-
mweHuit ypasHenus (3). ITo — nuHeitHoe npocTpaHcTBO GyHKLUi : I — R.
OHO ecTecTBEHHO N30MOPGHO MPOCTPAHCTBY pelleHUil SKBUBaNIeHTHOHN cuc-
TeMbl n ypaBHeHuil. U3omopdusm 3agaetcd comoctaBieHueM GYyHRIUU @
BeKTOp-PyHKRIMU @ = (p, P, ..., <p("_1)) U3 IPOU3BOAHBIX . UTak:

CaenctBue 7. [Ipocmpancmeo X pewenuil ypasnenus (3) usomopgro
dasosomy npocmpancmey R™ ypasnenus (3), npuwem usomopdusm moxcHo
3adamp, conocmaeann kaxcdomy pewenuio ¢ € X Ha6op 3HaveHUl npous-
B800HbLT 68 KAKOU-HUOYIb mouke ty:

Y= (‘p(tﬂ)v QO(tO)a LR <)o(n_l)(tﬂ))

Onpepneaenune. Basuc nauneiiHoro npoctpaHcTBa X HasbiBaeTcAd @yH-
damenmanvroti cucmemoll pewenuti ypaBuenud (3).

3AAYA 1. YkasaTb GyHIaMeHTaIbHYIO CUCTeMY pelleHUH ypaBHeHHA (3)
B ciIyuae, Korja ko3¢ uiueHTsl ) nocroaHuel. Hanpumep, nna & + ax = 0.

OTBET. {t"eM}, rme 0 < r < v, ecit A — KOpeHb XapaKTePUCTHYECKOTO

YpaBHEHMA KPaTHOCTU v. B ciydyae KOMIUIEKCHBIX KOpHeH (A = a % {w) HY#HKHO

samennuts et Ha et coswt u €*! sinwt. B wacTHOCTH, HAA E + ax = 0

coswt u sinwt, ecmt a=w? > 0;
chat u shotume**ue *, ecm a=-—a’<0;
1 u t, eciu a = 0.

Onpeneaenuie. Onpedeaumenem Bpouckozo cucmemvt GyHryul oy :
I - R, 1 <k < n, HaspiBaeTcd uucioBasa ¢pyHkuua W: I — R, 3HaueHue
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KOTOpOil B TOUKe { paBHO

QOl(t) QOn(t)
w=| 20
() I Gl ()

WHpIMM cllOBaMU, 3TO — ONpeAeInTelb BPOHCKOr0 CUCTEMBI BEKTOP-
byuruuit ¢, : I — R", momyueHHbIX U3 @) OOBIYHBIM 06Pa3oM:

@i(t) = (pr(®)s @), o, (@),  k=1,...,n

Bce crasanHoe 06 ompenenutene BpoHcKoro cucTeMbl BEKTOPOB-
pemtennii ypaBHeHusa (1) mepeHocuTcA Ge3 M3MeHEHUH Ha ONpelelUTeNb
BpoHckoro cuctems! pemenuit ypaBHenus (3). B yactHocTu:

CnencrBue 8. FEcau onpedeaumeav Bponckozo cucmemvl peuwrenuil
ypasnenus (3) obpawaemes 6 0 xoms 6 00HOU MouKe, MO OH MOHIECMBEHHO
pasen Hyaio npu ecex t.

3A1A4YA 2. Ilycts onpeneautens BpoHckoro nByx ¢yHknuit paBeH () B Tou-
Ke to. CreqyeT a1y 0TCIO/Ia, YTO OH TOMAECTBEHHO paBeH 07

CnenctBue 9. Ecau onpedeaumeav Bponckozo cucmemvl peuwreHutl
ypasnenus (3) obpawaemca 6 0 romv 6 00HOU MouKe, MO MU peUeHUR
AUHEUHO 3a6UCUMbL.

3A7A4YA 3. IlycTh onmpefenuTtenb BpoHckoro AByX (GyHRIUI TOAeCTBEHHO
paBeH (. CiexyeT a1 oTciofia, 4TO 3TH QYHKIUU JHUHEITHO 3aBUCUMBI?

CuepctBue 10. Cucmenma n pewenutl ypasnenusa (3) gyndamenmans-
Ha, ecau U MoabKo ecau onpedeaumens Bpouckozo omauiern om 0 xoms 8 00-
HOU mouke.

ITPuMEP 4. PaccMoTpum cuctemy byHrnuii eM?, ..., er?t. dtu hyHK-

uun o6pasyioT (yHJaMEeHTalbHYIO CUCTEMY PelIeHUi JTUHEHHOro ypaBHe-
uudA Buga (3) (kaxoro?). IlosToMy OHM JHHEHO He3aBUCHMBbL. 3HAYUT, HX

onpeenuTenb Bponckoro orauyen ot 0. Ho 3ToT onpenenuTens paBeH
eMt ernt 1 o1

W= Aert D _ CitetAnt A1 oo An

n—1_Xit n—1_,Ant n—1 n—1
APTlet o An=lghn AL A
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CaenctBue 11. Onpedeaumenv Bandepmonda

1 e 1
A D
At ant

omauien om 0, ecau A\p nonapHo paziuyHol.

IIPEMEP 5. PaccMoTpuM ypaBHeHMe MaATHHKA i + w?z = 0. Oyn-
JlaMeHTallbHaA cucTeMa penieHuit: (cos wt, sinwt). Onpenenurens BpoHcko-
coswt sin wt .
ro W = . = w NOCTOAHHBIN. ITO HEYJUBUTEILHO, TaK
—wsinwlt w coswt

Kak (a30BbIi TOTOK ypaBHEHUA MaATHUKA coxpaHAeT miomanu (cMm. § 16, 4).

IlocmoTpum Tenepb, Kak MeHAeTcA 06beM GUryp $a3oBoro mpocTpaH-
cTBa NoJ JeificTBUeM IpeoOpa3oBaHUl g,fo 3a BpeMs OT tg Oo t B oOueMm
ciyyae.

6. Teopema JIuyBuaaa. Onpedeaumenv Bponckozo cucmemut pewse-
Hutl ypasnenus (1) aeasemca pewenuem duddepenyuarvHozo ypasHeHUs

W =aW, rage a(t)=trA(t) (caed A(t)). (4)
CunencrBue.
j'a('r) dr j'a(r) dr
W(t) = e W(to),  detgj, = e : (5)

lleiicTBUTENLHO, YpaBHeHYE (4) erKo PEIUTh:

¢
= adt, InW —InWy = /a(T) dr.

to

aw
W

Mempay npouum, u3 ¢opmyas! (5) cHOBa BHJHO, YTO ONpPEIEIUTENb
Bponcroro cuctemsl pentenuii nu6o paBeH () TomgecTBeHHO, 1160 He 06-
pamaercaA B ) HU B OTHOIN TOUKe.

3AJAYA 1. Haiitu o6bem o6pasa eguHuuHoro ky6a 0 < x; < 1 nox meiicTBu-
eM npeoGpa3oBaHuA 3a BpeMA | $Ha30BoOro NOToOKa CUCTEMbI

1 =2T1 — X2 — T3, L2 ==T1+ X2+ T3, X3 =T1— T2 — T3.

18 3akaz Ne 117
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PEMIEHME. tr A = 2, nostomy W (t) = W (0) = .

NIEA JOKABATEILCTBA TeopeMbl JInyBUIIA.

Ecian kos¢hdunueHTsl MOCTOAHHBI, TO ypaBHeHue (4) — 3T0 dopmy-
aa JIuysuina us § 16. «3amopasuBasy kodspduuuentsr A(t) (mM010KUB UX
PaBHBIMU 3HAYEHUAM B HEKOTOPBIA MOMEHT BpeMeHH (7), yOeAUMCA B cIpa-
BeIMBOCTH paBeHcTBa (4) mpu 1060M T.

JIOKA3ATEIBCTBO.

PaccmoTpum nmHeiiHoe mnpeoGpasoBaHue
dasoBoro mpocTpaHcta grtS: R® — R™
(puc. 197) 3a manoe Bpems ot 7 g0 7 + A. 3T
npeoGpa3oBaHye NEPEBOAUT 3HaUeHHe T6O0ro
pemeHns ¢ ypaBHeHud (1) B MOMeHT T B ero
3HavyeHue B MoMeHT 7 + A. CoriacHo ypaBHe-

auo (1),
Puc. 197. IeiicTBue ¢dasoBoro (T +A) = (1) + A(T)(T)A + o(A),
MOTOKA Ha NApallenenunel, Ha- o ,r+A _ p | A A(7) + o(A)

TAHYTBHI Ha ¢QyHAaMeHTalb-

. CnenoBaTenbHO, coraacHo § 16, koaddu-
HYIO CUCTEMY pelleHui

[UEHT pacTAMeHNA 06beMoB Ipu npeobpa3oBa-
unu g7 T2 pasen det 772 =1+ Aa + 0o(A), rae a = tr A.
Ho W (7) — »To 06beM mapannerenunesna I, HATAHYTOro Ha 3HaYeHUA Ha-
Iei cHCTeMBbl pelleHnii B MoMeHT 7. llpeoGpasoBanue g7+ mepeBogut 5TH 3Ha-
YeHHA B CUCTEMY 3HauyeHHUIl TOU ke cUCTeMbl pemeHuit B MoMmeHT 7 + A. Ilapan-
aenenunen I1; { A HaTAHYTHIA Ha 3TU HOBble 3HaueHUA, uMeeT o6beM W (T + A).
Hrak,
W(r +A) = (det gZ )W (7) = [1 + a(1)A + o(A)]W (1),
orkyna W = aW, uTo u Tpe6oBaiocs.

CaenctBue. Onpedeaumeav BpoHckozo cucmemvl peweHutl ypashe-
Husa (3) pasen .

3HaK MUHYC MOABIAETCA U3-3a TOrO, YTO IPH 3anuch ypaBHeHus (3)
B Bufe cucreMsl (1) npuxoautcs nepenectu a;x® 1) B mpaByio yacTh. Ha
JuaroHaly MaTpUIbl NONYYUBIIEHCH CUCTEMBI

0 1
1

—Qp ... —Aa1
CTOUT TOJBKO —aj.
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IpuMEP 1. PaccmoTrpuMm ypaBHenue kaueneii & + f(t)x = 0.

Teopema. Iloaosxenue pasHosecus v = & = 0 Hu npu karkom f He
Moscem Oblmb ACUMNMOMUYECKU YCMOULUBLLM.

JTOKA3ATEJILCTBO.

Paccmorpum kakoii-Hubyab 6a-
3uc €, 7 B IIOCKOCTH HAYalbHBIX
yenosuit R? (puc. 198). Yeroiiuu-
BOCTh O3Hayama Obl, uTo gf & — 0
u gfon — 0. Torga mnAa cooTBeT-
CTBYIOIEH (pyHIaMeHTalbHOU cuc-
teme W(t) — 0.

Hawe ypaBHeHHe SKBHBAIEHTHO Py, 198. MazoBblil MOTOK ACUMITOTH-

cucremMe YeCKU YCTOMYHBOI TUHEHHOH CUCTEMBI
&1 = X2, B2 = —f(t)m1
. 0 1
¢ matpuieit A = —f o) Hockoabry tr A = 0, To W(¢) = const Bompe-

ku W — 0.

3a71AuA 2. PaccmoTpute kauenu ¢ TpenumeM # + a(t)i + w?(t)z = 0. Tlo-
KamuTe, YTO aCUMITOTHYECKAA YyCTOHYMBOCTL HEBO3MOMHA, €CIU K03 GUIHEHT
Tpenud orpunarenet (a(t) < 0 Vt).

BepHo 11, YTO NpH MONOKUTETLHOM K03 QULUEHTE TPEHNA NOI0MEHNe PaB-
HoBecusd (0,0) Becerga ycTodunso?

3AMEYAHHUE. Jueepeenuueli BEKTOPHOI'O MOJIA ¥ B €BRJIUIOBOM IpPO-

crpaHctBe R"™ ¢ mekapTOBBIMU KOOpAMHATAMH &; HasblBaeTCA (yHK-

. L (9’1),‘

nusa dive = Y .
i=1 ami

B uwacTHOCTH, 048 AuHeliHO020 sermopHozo noas v(x) = Ax Jueepeen-
yua — amo caed onepamopa A:

divAz = tr A.

HI/IBepI‘eHHI/IH BEKTOPHOI'O MOJIA ollipeaenfdeT CKOPOCTb pacTAMEHUA
00beMOB COOTBETCTBYIOIIUM q)a30BbIM IIOTOKOM.
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I;\t\yt
1~/

Puc. 199. ®a30Bblif NOTOK BEKTOP- Puc. 200. Pemenus ypaBHe-
HoOro noid auBeprennuu () coxpaHs- HU dz + 2 =0
eT IIomanu

Ilycts D — o6GnacThb B eBRIMJOBOM IPOCTPAHCTBE ypaBHEeHUA & = v (&)
(e o6sa3aTenbHo anHeitHoro). O603HaunM uepes D(t) o6pas obaactu D nox
meficTBHeM (asoBoro notoka u uepes V(t) o6vem obaactu D(t).

3A70A4A *3. JlokamuTe CliefyIOUyIO TEOPEMY.

Teopema JInyBuniad.

czl_‘t/ = / div v dz (puc. 199).

D(t)

CnenctBue 1. Fcau divv = 0, mo dasoswiii nomok corpansem obsem
10601l obaacmu.

Taroii a30BblIil NIOTOK MO#HO IIpeJCTaBUTh cebe KaKk TeyeHue HeCKU-
MaeMoi «pa3oBoil MUIKOCTHAY B (a30BOM IPOCTPAHCTBE.

CaenctBue 2. Pazoeviili nomok ypasuenutl I'amuivmona

_OH

- . _ OH
Pk = qu’ qr =

ope k=1,...,n,

corparnsaem o0sembl.

I OKA3BATEJILCTBO.

.~ OH _ _9H
dlvv_za%apk OprOqr 0

JTOT paKrT urpaet QyHIaMeHTAILHYIO POJIb B CTATUCTUYECKOI HU3UKeE.
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7. Teopemsnl IllTypma o HyJaAX pelleHUIl ypaBHeHUii BTOpPO-
ro nopaaka. PerieHusa nuHeNHbIX ypaBHEHUI BTOPOTo MopAAKa 0061agaloT
cBoeo6Gpa3HbIMU cBoiicTBaMu KonebaemocTu. LIITypm roBopun o «reopemax,
HUMA ROTOPBIX A UMeEIO YeCTh HOCUTH).

PaccMoTpuM ypaBHEHUA ¢ MOCTOAHHBIMU KO3 punrertamu (puc. 200):

&+ wlz =0, &— Kz =0.

Pemenua nepBoro ypaBHeHUA UMeIOT OeCKOHEYHO MHOro Hyieii. Paccros-
HUEe MeJAy OBYMA MOoclIel0BaTelbHbIMU HYJIAMH MOGOr0 €ro HeHyJIeBOro
peleHus paBHO 7 /w. Kamgoe peuieHre BTOPOro ypaBHEHU A, HE PABHOE HY-
JI0 TO#IeCTBEHHO, MMeeT He Goliee oqHOro Hyld. B oGoux ciayvaax mMemmay
Kam/JIbIMU ABYMA HYJIAMH I11000r0 He PaBHOT'O TOK/JECTBEHHO HYIIO pellle-
HUA ypaBHEHUA eCTb HYJb J060Tr0 JPYToro peuleHu .

Teopewms! IlITypma noxkas3siBalOT, UTO aHAJOTUYHbIE ABIEHUA HUMEIOT
MeCTO U Ald ypaBHeHUI ¢ IepeMeHHbIMU K03 unreHTaMu

Z+qt)r=0 (6)

(6onee obmee ypaBHenue & + p(t)& + q(t)x = 0 1erko NpUBOAUTCA K BH-
ay (6)).

Pacemorpum A ypaBHenusa (6) ($a3oByio IIOCKOCTb ¢ KOOpAUHATA-
Mu (x, y = ). ®a3oBble KPUBbIe HEABTOHOMHOT'O YPaBHEHUA MOT'YT Iepe-
ceraTbeA. TeM He MeHee HEKOTOPYIO MH(GOPMALMIO 00 ITUX KPUBBIX A
yPaBHeHHA BTOPOro MOPALKA MOIYYUTh MOKHO. ITa MHPOPMALVA U JEKUT
B ocHoBe TeopeMsl IlITypma.

IIpennoskenue 1. @Paszosvie kpussie ypasnenus (6) nepecerarom ay
r =0, y >0 e cmopony eospacmanus z, a ayv x =0, y < 0 — 8 cmopony
ybvleanua x.

I OKA3BATEJIBCTBO.
3anuuem ypaBHeHue (6) B Bije cHCTEMbI

T =y, Y= _Q(t)x'

Ha npamoit £ = (0 BekTOp (a3oBoil CKOPOCTU NpPH JIOO0M Yy MMEET KOMIIO-
HeHTHI (y, 0) (puc. 201), uTo U JoKasbiBaeT mpejnoxeHue 1.

3ameTuM, uto npu y 7# 0 BekTOp daszoBoit ckopocTu Ha ocu = = 0
otanued ot Hy’A. [loaTomy Hymu m06oro (He paBHOrO HYJIIO TOMAECTBEH-
HO) peureHuA ypaBHeHudA (1) M30aMpOBaHBI M Ha MOGOM OTpe3Ke ocH t UX
KOHEYHOEe YHUCIO.

U3 npennoxenus 1 HemocpeACTBEHHO BHITEKAET
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Yy

s x
Puc. 201. ®azsosas Puc. 202. [oxa-
IIIOCKOCTL ypaBHe- 3aTelLCTBO TeO-
HuA &+ q(t)z =0 pPeMbI 0 HYJIAX

IIpennosxkenvie 2. H3 awbvixr deyr nociaedosameavHblr nepecedeHull
npanotl x = 0 gdaszosoll kpusoll odno npoucxodum npu y > 0, a dpyeoe
npu y < 0.

0603HaunM uepes ¢ HOJIHprIfI yroJa, OTCUMTBLIBAEMBINA OT NOJOMKUTENb-
HOT'O HalpaB/IEeHUA OCH Yy B CTOPOHY IIOJOMHUTEJNBbHOI0O HalmpaBJeHUA OCU I.
ns npenjoxeHuda 2 BbITEKaeT

IIpennoskenue 3. Mexcdy deyma nocaedosamenbHvlMU NepeceteHUAMU
ocu ¥ = 0 dasosoil kpusoll seautuna ¢ 60oab $Hasoeoll kpusoll yeeauiusa-
emcsa Ha .

N3 sToro npenjoxeHua O4YeBUJHO BBITERaeT

Teopema. Ha ompeske medxncdy deyma nocaedosameabHbMU HYIAMU
4106020 pewenus ypasuenus (1) ecmo Hyav 1106020 Opy2o020 peuteHus.

HNeficTBUTENBbHO, 3aMeTaOIUI MOTYIIOCKOCTE JYyY J0J:KEH B Ipolecce
IOBUMEHUA 000rHaTh J1000# nyd, ocTalomuiicA B 9TOI MOITYIIOCKOCTH.

IJORA3ATEIBLCTBO.

PaccMOTpUM TONApHBIA YTOI (o BAOAb MEPBOT0 M BTOPOr0 pelleHUsd
(puc. 202), ¢ = a(t), ¢ = B(t). Iycts Hyau mepBoro pemeHUA COOTBET-
cTByIOT ¢t =t1 u to. llpeamonoxum, 4TO OIA NepBOro pelleHUA Npu t = ¢
y > 0 (ecam »TO He Tak, U3MEHHM 3HAK NepBoro pemeHus). Torga MbI Mo-
seMm cuntaTth «(t1) = 0. Ilo mpennoxenuo 3 a(t2) = . Mbl MoseM CUMTATh,
uyto 0 < B(t1) < 7 (ecau 3To He Tak, UBMEHUM 3HaK BTOPOTO PelIEHHUH).

Ecau pemeHud ITUHEHHO 3aBUCHMbI, TO HYIU UX COBHAJAIOT U BCe AOKa3a-
Ho. Eciu ke pemieHusA TMHEHHO HE3aBUCHMBI, TO COOTBETCTBYIOI[UE UM BEKTOPbI
Ha ($a30BOii IJIOCKOCTH B 110001 MOMEHT BpeMeHH Toie JUHEHHO He3aBHUCHMBI.
CrepoBaTenbHO, B 3TOM ciydae npu mobsix ¢ SB(t) # a(t).
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Urak, B(t1) < m = a(tz2) < B(t2). CrepoBaTenbHo, Ha oTpeske [t1, 2] cy-
mecTByeT t3 04A KoToporo (3(t3) = m; 9TO ¥ ecTh HylIb BTOPOr0 pelIeHHS.

Btopoe cooGpaseHnue, nemamee B ocHoBe TeopeM lllTypma, coctout
B TOM, YTO YIJOBafg CKOPOCTh [JBUeHHA (a30Boil TOYKU ypaBHeHus (6)
BOKPYT Haudala KOOpAMHAT MO#eT ObITh ABHO BbIUHCIEHA.

Ilpennoskenue 4. 0603Havum wepes P CKOPOCb UIMEHEHUS TOAAPHO-
20 yeaa ¢ npu dsuxcenuu Paszoeoii mouru (x(t), y(t)) ypasnenus (1). Tozda
3Havenue O 00uHaKo6o 0as ecexr 6ermopos (, y), KOAAUHEAPHLLY JAHHOMY,
u pasHo
. qt)a® + P
g2 4 y? :

HOKA3ATEIBLCTBO.

Ecau » — paauyc-BekTop $ha30BoOil TOUKH, TO YIBOEHHAA CEKTOpUAlb-
Hafg CKOPOCTb paBHa [r, 7| 1 B TO #e BpeMA — r2<,b (mTocKoCTh OPHEHTH-
poBaHa KoopaAuHaTaMu (.Z‘, y), a yroja ¢ OTCUMTBIBaAeTCA OT OCHU Y K OCH $)
IlosTomy

r oy
N L I
¥ 2 2+

YTo U TpeboBaloCh NOKa3aTh.

W3 npennosxenus 4 cienyet, YTO Npu pasHbLY 3HAYEHUAT NOAAPHO20 Y2-
aa @ # kmw paduyc-eexmop $azoeoti moiku moz20 YpasHEHUA 6PAULAEMCA
ovicmpee, y komopozo koddduyuenm q 6oavule.

Otciofa nerxko BbITeKaeT

TeopeMa cpaBHEHUH.
Paccmompun dsa ypasnenus euda (6)

&+ q(t)xr =0, i+ Q)x=0

u npednoaoxcum, wmo Q > q. Toeda na ompeskre medxcdy aw0bimu deymsa no-
c1e008aMeALHLLMU HYAAMU 4100020 PeUleHUs NePe02o YpasHeHUs (¢ MeHbULUM
kosdduyuenmon, q) ecmsv Hyab 4100020 pewlerUs 8MOPO20 YPABHEHUS.

ITOKA3BATEJBLCTBO.
Ilpepnonoskum BHavaize, 4ro () crporo Goabuwe g mpu Beex ¢. OGo3HaUNM
yepe3 ¢ = «(t) MONAPHBIA yroa BAOIb IEPBOro peureHud U 4epes ¢ = A(t) —
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BIoab Broporo. Kak Beime, Mbl MomeM cuurtatb, 4To «ft1) =0, a(t2) =,
0 < A(t1) < m. B HavyanbHbIi MoMeHT t; umeeMm A(t1) > «a(t1). B nanbneiimenm,
npu t1 < ¢t < t2 A(t) 6yner ocraBarbea Goabiue «ft). leficTBUTENbHO, ecan Gb
(GYHKLMA o B HEKOTOPBI MOMEHT BPeMeHHU T BIepBble 06orHana 661 A, TO B 3TOT
MOMEHT BpeMeHH 3HaueHUA a U A coBmany 6bl U Gbliu 6bl oTaMuHBI 0T kw. Ho
TOr[a B MOMEHT 06roHa pafinyc-BeKTOp JOTOHAIONIEN TOUKY Bpamalicsa 6bl CTPOro
memnennee (A(1) > é(r) cornacHo npeanosenuio 4, Tak Kak () > g) U 06roHa He
npousomio 6s1. Urar, A(t2) > a(tz) = m. Ho A(t1) < w. 3Hauur, cymecTByer
MOMeHT t3 € [t1, t2], rae A(t3) = . 9To U ecTb HyiIb BTOPOro ypaBHEHHH.
JlokazaTenbcTBO B ciydae () > g NOLyyaeTCA NMpelelbHBIM [epexolIoM OT

cayyvasa @ > q.

CuneactBue. Paccmoanue medxncdy ao6vlmi 08YMa nocae006amenbHbLMU
Hyaamu ypasHenus (6)

a) e Goavwe m/w, ecau q(t) > w? Vt,

6) ne menvwe w/, ecau q(t) < Q% Vt. B wacmnocmu, ecau q(t) < 0 Ve,
HO Hukakoe pewenue ypasrerus (6), Kpome moxcdecmeeHHO paeHO20 HYAIO,
He obpawaemcs 8 HYab 08axcobl.

HJOKA3ATEJIBLCTBO.

a) [ycTb cTporo Memay mociefoBaTelbHbIMU HYIAMHU MOKHO BCTa-
BUTb OTPE30K JIUHBI 7 /w. 1A 11060ro oTpe3ka MIUHBI 7/w MOMKHO MO-
no6paTh pelleHue ypaBHeHUA # + w?z = ( Tak, UTO 3TOT OTPE3OK GyaeT
orpaHuyeH IOCJIeJ0BaTeIbHbBIMI HyaAMU pelleHud. Ha aToM oTpe3ke ypas-
Henue (6) ¢ He MeHbIIMM, YeM w?, K03)PUINEHTOM ¢ He UMeeT Hyleil.

JTO MPOTUBOPEYHUT TeOPeMe CpaBHEHUA. 3HAYUT, OTPe3Ka JJIMHBI T /w
BCTaBUTh MeHIYy HYJIAMH ypaBHeHHA (6) Helb3f.

6) JlokasbIBaeTCA aHAIOTUYHBIM CpaBHEHHEM C ypaBHeHueM i+Q2r=0.

HccnepoBanue co6cTBEHHBIX KolebaHUi cIIon-
6@ HbBIX cpejl (3aKpeIIeHHON CTPYHbI) TPUBOAUT K Clle-
nytomeit sadayve IlImypma—Jduysuaas.
Puc. 203. Co6cTBeHHBIE Haiimu pewenus ypasnenus

Ko1e6aHUA CTPYHBI i+ (q(t) + Nz =0, (7)

obpawaroujueca 8 HYab Ha kKoHUax danHozo ompeska 0 <t < .

3HaueHUA CNEeKMmpaLbHo20 napamempa A, Ipyu KOTOPbIX Takue (He TOH-
JeCTBEHHO PABHBIE HYIIO) PEIIEHUAl CYLIECTBYIOT, HA3bIBAIOTCH COGCIMEEH-
HbLMU 3HAYEHUAMU, @8 CAMU PellleHUA — COOCMBEHHbLMU GYHKUUAMU.

3AAYA 1. HaiiTu co6cTBeHHble GQYHKIUM U Yuciaa B ciydae q = 0.

OTBET. Co6cTBeHHbIE QYHKIMM CYTh sin+/Art (puc. 203), a co6cTBEHHbIE
uncna A\p = k%A1, A = (/1)
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PEIERUE. #+Az =0, 2(0) = z(I) = 0= A > 0 = = = a cos VAt-+bsin vV t;
z(0) =0=a=0= VAN =kr = A\, = E*(n /)%

Teopema. [Jas w60t eaadkol Ha ompeske [0, 1] dynryuu q 3adava
HImypma - Juysuarsn umeem GeckoHetHOe KOAUYECBO COOCTNMBEHHBLT HUCeN:
coomeemcmsyioujue co6cmeerHvle PYHKUUL UMEIOM HA IMOM Ompeske Kak
Y200H0 MHO20 HYy.ell.

IIOKABATEJILCTBO.

Paccmorpum pemenue ypaBaenus (7) ¢ HauanbHbIM yeiaoBueM z(0) = 0,
#(0) = 1. OGosnauum uepe3 ¢ = «(t, A) 3HayeHHe MOJAPHOrO yria
BI0Jb (ha30Boii KpUBON miA 3Toro pemenus; nyctb (0, A) = 0. OyHx-
uuA « HenpepbiBHa. Paccmorpum 3uavenue «(l, A) Kak GYHKUUIO OT .
Ipu A\ — +oo Benrnuuna «(l, A) crpemurca K GeckoHeunoctu. JeiicTBu-
TeNbHO, MycTh ¢ + A > w?. Ecim w 10cTaTo4yHO BElIUKo, TO OTPE3oR T/w
GyneT ywiaaabiBaTbcA Ha oTpeske [0, /] kak yroaHo Gomblnoe yucio pas k.
3HAUYMT, YUCIO HyNell ypaBHEHHUA CO CTONb GOMBIIAM A\ HAa 3TOM OTpe3Ke He
MeHbIe k (Teopema cpaBHeHnus). CnegoBarensHo, a(l, A) > 7k (npennomse-
uue 3). Urar, a(l, \) — 0o mpu A — +00. 3HAaUUT cylecTBYeT GeCKOHEY-
HbINt HAG0p COGCTBEHHBIX uMcen Ay, AaA KoTopbix a(l, Ax) = wk. Teopema
JIoKasaHa.

3amaua 2. JlokaszaTs, uto lim Ag/k* = (7/1)>.
k— o0
3a1A4A 3. IlepeHecTu pe3ynbTaThl Ha ypaBHEHUA BHUA
(pt) + gz =0, p(t) > 0 VL.

Yrasanue. PaccmoTpers $a3oByIo mIockocTs (z, y), TAe y = pi.

§ 28. JIuHeiiHble ypaBHEHHA C NMepUOJHYECKUMU
KO3 PpunreHTaMu

Teopua nuHelHbIX ypaBHeHUil ¢ MepuoJUYECKUMU Ko3dduiueHTamu
06’[)HCHHET, KaK HaJgo pacKayuBaThbCA Ha KaydeldX U IoyeMy BepXHee, 00bIU-
HO HeyCTOﬁ‘lHBOG, IoJio}ieHne paBHOBEeCUA MafATHHKaA CTaHOBUTCHA yCTOﬁ-
YUBBIM, €CJIM TOYKAa IoJBeca MafATHHKa coBepliaeT JOCTaTO4YHO 6bICprIe
KoJjiebaHuA 10 BE€pTHURAaJH.

1. Oro6paskeHnue 3a mnepuoa. Paccmorpum auddepeHuanbHoe
ypaBHeHue

z =v(t, ¢), v(t+T, z) =v(t, x), z € R", (1)

¢ MeproJNYecKH 3aBUCAILIEll OT BpeMeHHU mpaBoil yacTbio (puc. 204).
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IIpuMEP 1. ]IBuskeHue MaATHUKA

¢ IepuoJUYecCKM MeHAI[UMUCA Mapa-

(x=¢(t) meTpamu (HanpuMep, IBHKeHUE Kaveneil)
ONHKCLIBAETCA CHUCTEMOHl ypaBHEHHIl BU-

na (1):

ST

A
8
i
HTHITITS
=
AN
CLEEECEEETELE

1 = @9, £y = —w?(t)a1; @)
wt+T) = w(t).
Mbe1 6yneM npepnoaaraTh, 4YTO Bee pe-
Puc. 204. Pacmupennoe dasosoe WEHHA YDaBHEHUA (1) npogonaioTes He-
IIPOCTPAHCTBO ypaBHeHNA ¢ epy- OTPAHMUYEHHO: 3TO 3aBEIOMO Tak MJA K-
oJUYeCKUMHU K03 pulieHTaMu HEeMHBIX ypaBHeHPIP'I, KOTOpbI€ HaAcC ocobeH-
HO UHTEepecyIoT.
HepI/IO).II/I‘{HOCTb npaBoﬁ 4YyacTHu ypaBHEHHA IIPOABJIAETCA B Clienralib-
HBIX CBOjicTBax (azoBoro noroka ypasnenus (1).

0 T 2T t

JIemma 1. Ilpeobpasosanue gaszosozo npocmparcmea 3a epema om tq
0o to ngz R™ — R™ ne mensemca npu odHospemenHoM yYeeaudeHuu ti u to
Ha eeauwuny nepuoda T npaeotl, wacmu ypasnenus (1).

HJOKA3ATEJIBLCTBO.

Hy:uo morasatb, uyto cuBur ¥(t) = @t + T)
pewenud ¢(t) ua Bpema T asnserca pemennem. Ho
CIBUI pAaCIIMPEHHOro ($a3oBoro npocrpancTsa Ha T
BIOJAb OCH BPEMEHU NEPEeBOAMT MoJie HanpaBleHHiH
ypaBuenus (1) B ce6a (puc. 205). llosTomy caBuny-
tanA Ha T uHTerpaibHas KpuBasa ypaBHeHnus (1) Besge
Puc. 205. Oto6pase- KAacaeTcAl TMOJA HaNpaB/eHuil H, clefoBaTelbHo, 0CTa-
HHe MOHOJPOMUU eTcA HHTerpalbHO KPUBOM.

Urar gffi% = gff, 4yTo U TpeboBanoch A0Ka3aTh.

PaccMoTpuM, B 4acTHOCTH, IpeobpasoBaHue gi , ocyllecTBagemMoe da-
30BBIM IOTOKOM 3a BpeMdA ofHoro nepuoga 1. dto mpeobpasoBaHue GyneT
UrpaTh BaHYIO POIb B JalbHeiilieM; Mbl GyJjeM Ha3bIBaTb €ro 0modpace-
Huem 3a epems T u o6o3HauaThb (puc. 205)

A=gl:R" - R"

ITpuMEP 2. JIna cucrem

€ry = T2, T2 = —T15 L1 ==T1, T2= —T2,

KOTOpPbI€ MOMHO CUUTATh NepUOIUYECKUMHU C J100bIM nepruoaomM T, 0T06pa—
menne A ecThb IOBOPOT " rnnepﬁonnqecm/m NMOBOPOT COOTBETCTBEHHO.
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Jemma 2. [lpeo6pasosanus gt o6pasyiom epynny ght = A™. Kpome
mozo, gy ** = gigp”

JTOKA3ATEILCTBO.

Cornacuo nemme 1 gzgﬁ g5 Moatomy ghT+e = gZ%Jrng = gignT.
Monaras s = T', HaxoAuUM g("+1)T = AghT, orryna no unaykuuu ghl = A™.

Jlemma goxasana.

BceBo3MoKHBIM cBoMiCcTBaM pelieHuil ypaBHeHus (1) COOTBETCTBYIOT
aHalorM4Hble cBoiicTBa oToGpasenna A 3a nmepuo.

Teopema. 1) Tourka xy ecmv Henodsuxinas moika omobpaxcerHus A
(Amy = @) mozda u moavko moeda, Kozda pewenue ¢ HALAAbHBLM YCAOBU-
em x(0) = &y ecmv nepuoduveckoe, ¢ nepuodom T'.

2) Ilepuoduyeckoe pewenue x(t) ycmoiiwueo no Janynosy (acumnmomu-
Yyecku ycmoiiiueo) moezda u moavko mozda, ko2da HenodeuICHAR MOYKA Xy
omobpaxcenua A ycmotivusa no Janynosey (acumnmomuyecku ycmotiuuea)®.

3) Ecau cucmenma (1) auneiina, m.e. v(t, €) = V(t)& — aunetinas
Pynryua x, mo omobpaxnenue A aunetino.

4) Ecau, kpome moeo, caed aunetinozo onepamopa V (t) pasen nyaio,
mo omo6paxcenue A corpansem obsem: det A = 1.

JIOKA3ATETHCTBO.

YrBep#aenus 1) u 2) BHITEKAIOT U3 COOTHOWEHUA gy ° = giA M u3
HENPEPBIBHOI 3aBUCHMOCTH pelleHHA OT HavyalbHbIX YCIOBHI Ha OTpes-
ke [0, T7.

YTBepsaeHne 3) BbITEKAeT U3 TOro, YTO CyMMa peLIeHUi THHEHHON
CHCTEMbI €CTh CHOBA pelleHHe.

YrBepa#aenue 4) BbITeKaeT U3 TeopeMbl JIMyBHIIA.

2. YecaoBua ycroitunBocTH. IIpuMeHNM [OKa3aHHYIO TeopeMy
K oToGpamennio A $hasoBoil MIOCKOCTH 1, T2 Ha cebf, COOTBETCTBYIOLIEMY
cucteme (2). Tak kak cucrema (2) nuHeilHa U cilel MaTPHUIbI IPABOR YacTH
paBex 0, moxyyaem

CnencrBue. Omobpaxenue A auHeliHo u coxpaHsem naowadu
(det A = 1). Jas yemotivueocmu nyaeeo2o pewenus cucmemsl ypasueHut (2)
Heo6zoduma u docmamoyna ycmoivueocms omobpaxcerusn A.

lHemopBusHaa Touka Ty oToGpameHHs A HasblBaeTCA ycmoiiwueoil no Janywosy
(cooTBeTCTBEHHO acumnmomuiecku ycmotuueod), ecin Ve > 0 39 > 0 Takoe, uTo
u3 |® — | < 0 BhITekaer |[A"x — A"xg| < € maa Bcex 0 < n < 0o cpasy (cooTBeT-
crBeHHO eme A"x — A™xy — 0 npu n — 00).



284 TI'nasa 3

3AJAYA 1. JlokasaTh, UTO IOBOPOT INIOCKOCTH — YCTOHYMBOE 0TOOpaseHue,
a runep6oaryYecKil IOBOPOT — HEYCTOWYHUBOE.

N3yunMm Tenepb noapobHee nuHeliHble 0TOOpaMeHNA MIOCKOCTHU Ha ce-
61, coxpaHAoLIYe MI0MAb.

Teopema. [lyemv A — mampuua corpansowezo niouwads AuHelHo-
20 omo6pascenun naockocmu na cebs (det A = 1). Toeda omobpaxncenue A
ycmotivuso, ecau |tr A| < 2, u Heycmoiiuueo, ecau |tr A| > 2.

TrA>9 JTOKA3ATEJIbCTBO.

Ilycts A1, As — coGcTBeHHble unciaa A.
OHU y[OBIETBOPAIOT XapaKTEPUCTUYECKOMY
ypaBHeHuio A2 — tr A\ + 1 = 0 ¢ BemecTBeH-
HbIMHU KO3 PureHTaMu

o>

<

A1+/\2:tI'A, )\IAz:detAzl.
TrA<2

o~

KopHu A1, A2 »Toro BellecTBEHHOI'0 KBajapaT-
HOI'0 ypaBHEHUA Bel[eCTBEHHBbI mpu |tr A| > 2
I ¥ KOMILUIEKCHO CcONpsseHbl npu |trA| <2
(puc. 206). B mepBoM ciyuyae ofiHO M3 cOGCT-
BEHHBIX 4Yucen Golblie, a Apyroe MeHbiie 1 mo
MoJynio; oToOpasenue A ecTb rumnepbonuyec-

=)
S
S

Puc. 206. Cob6cTBeHHble KHIT OBOPOT U HeycToitunBo. Bo BTOopom ciy-
Yyycla MOHOAPOMUH yae coOCTBEHHbIE 4ucia JekaT Ha eIMHUYHOU
OKPY#HOCTH:

1=AAs = A = A2

OTobpaenue A >KBUBAIEHTHO MOBOPOTY Ha yroa a (rme Aj,z = e*i®),
T.e. CTAHOBUTCA IIOBOPOTOM IIPM COOTBETCTBYIOIIeM BbIGOpe €BKIUIOBOIt
CTPYKTYPbI Ha miockocTy (mouemy?). Urakr, oHO ycToN4MBO.

TeopeMa norasaHa.

TakuM o6pa3oM, Becb BONpPOC 00 yCTOMYMBOCTH HYJEBOr'O pelIeHHA
cucTeMbl (2) cBelcA K BbIUUCIEHMIO ciefia MaTpuibl A. K comanenuio, Bbl-
YUCAUTD ITOT CJie]] ABHO yJaeTcA IUllb B clelualbHbIX caydaax. Ero Beer-
Ja MOMKHO HaiiTH NpUOIUH#EHHO, YUCIEHHO UHTErpUPYA ypaBHEHHe Ha OT-
peske 0 < ¢t < T. B BamuoMm ciayuvae, Korga w(t) 61M3Ka K IOCTOAHHOIA,
[OMOTraloT NpocThle obimue coobpaxeHu .

3. CunbHO ycToiiuuBble cHcTeMbl. PaccMOTpuM nuHEHHYIO cHc-
temy (1) ¢ aBymepHbIM (pa3oBbIM mpocTpaHcTBoM (T.e. ¢ n = 2). Tarasa
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cyucTeMa HasbIBaeTCA 2AMUALIMOHO060L, €IV NUBEPreHlud v paBHa HYIIO.
JI;1A raMUIIbTOHOBBIX CHCTEM, KaKk YKa3aHo Bbllle, (a3oBblii IOTOK COXPaHA-
er miomanu: det A = 1.

Onpepenenue. HyneBoe pelienue nuHeiiHONl raMuiIbTOHOBOI cucTe-
MBI CUAbHO YCMOUYUBO, €CIIU OHO YCTOHUMBO U Y BCAKOH ONM3KOM JUHEHO#
raMUJIbTOHOBOH CUCTeMbl HyJleBOe pellleHue Toxe yCTOHYUBO.

W3 npenpiaymux gByX TeopeM BbITeKaeT
CaepctBue. Ecau | tr A| < 2, mo nyaeeoe peutenue cuivHo ycmotvuso.

W60 ecau |tr A| < 2, To ana oro6pamenua A’, cOOTBETCTBYOIIEr0 J0-
CTAaTOYHO GIU3KON CHCTEMe, TOH€e BBINOIHEHO ycnoBue |tr A'| < 2.

[IpumeHUM 3TO K cHUCTeME C MOYTU MOCTOAHHBIMU KO3 ULUEHTAMU.
PaccmoTpum, HanpuMep, ypaBHeHUe

= —w?(1 +ea(t))z, ek, (3)

rae a(t + 27) = a(t), Hanpumep, a(t) = cost (MaATHUK, YACTOTa KOTOPOTO
KosIe6IeTeA OKOJIO w ¢ Maloll aMILIUTYI0i U ¢ nepuogoM 27)L.

Rampayro cucremy (3) Gymem usobpaarTh TOYKOIl Ha MIOCKOCTH Ma-
pamMeTpoB &, w (puc. 207). O4yeBUAHO, yCTONUNBBIE CHCTEMBI ¢ |tr A| < 2
06pa3yioT Ha IMIOCKOCTH (w, €) OTKPBITOE MHOMKECTBO, TAK #e Kak U He-
YCTONYMBBIE CUCTEMSBI ¢ |tr A| > 2.

I'panunna ycToiiunBoCTU JaeTcA ypaBHeHHeM |tr A| = 2.

Teopema. Bce mouku ocu w, uckamo4as uyeasvle U noayyeivie mMoYKU
w=k/2,k=0,1,2,..., coomsemcmsyiom CuibHO YCMOULUBLLM CUCME-
mam (3).

TakuM 06pa3oM, MHO#ECTBO HEYCTONHUNBBIX CUCTEM MOKeT MOAXOIUTh
K OCH w TOJbKO B TouKax w = k/2. IHpIMHu cloBamMH, packayaTb Kauelu
MalbIM MNEPUOJAUYECKMM H3MEeHEeHHeM MJIUHBI MOMHO JHIIbL B TOM CIyyae,
KorJia OJUH [epHoJ U3MeHeHUA IIUHBI OIU30K K [eJI0OMYy YHCIy HOTyIepuo-
I0B coOCTBEHHBIX KojleGaHUl, — pe3yabTaT, BceM U3BECTHBIN U3 BKCIepU-
MeHTa.

NokazaTtenbcTBO chOpMYIMPOBAaHHON TeOpeMbl OCHOBAHO HAa TOM, UTO
npu € = () ypaBHeHue (3) UMeeT MOCTOAHHbIE KO3()(UIUEHTHI U ABHO pemia-
eTcA.

IB cayuae a(t) = cost ypaBHeHue (3) HasbiBaeTcA ypasunenuem Mamve.
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3AJAYA 1. Berumcauth JiA cucre-
™Mbl (3) ¢ € = 0 maTpuuy npeobpasoBanua A
3a nepuon T = 2w B Gasuce (z, &).

DO |—
—
IO

PEmEHHUE. O6mee pemeHue:

x = C1 coswt + Cs sinwt.

YacTHoe pelleHue ¢ HaYalbHBIM YCIO-
BueM x = 1, & = 0:

Puc. 207. O6nacTs HEyCTONUYUBOCTH x = cos wt, T = —wsinwt.

IIpyu nmapaMeTpu4eCKOM pe3oHaHce
YacTHoe pelieHre ¢ Ha4YajdbHBIM YCJO0-

BueM x = 0, & = 1:

z = (sinwt) /w % = cos wt.
OTBET. A — cos.27rw sin 27w /w ‘
—wsin2rw  cos2Tw
Hostomy |tr A| = |2cos2wnm| < 2, eciu w # k/2, k=0,1, ..., u Teo-

pema BBITE€KaeT U3 NMPEAbIAYLIEro clIeJCTBHUA.

Bonee BHUMaTenbHbIi aHanus' NokasbiBaeT, 4TO, BOOOIIE TOBOPA
(u, B wacTHoCTH, npH a(t) = cost), BOAU3M Touek w = k/2, k =1,2...,
o6nacTb HEyCTOWUYMBOCTH (3alITpUXOBaHHafA Ha puc. 207) OeficTBUTENLHO
MOXOANUT K OCH w.

TaxuM 006pasoM, IPU HEKOTOPbIX COOTHOLIEHHAX MEMIY YacTOTOH
U3MeHEeHHA NapaMeTpPoB M cOOCTBEHHON uacToTOil Kavenedt (w = k/2,
k=1,2,...) HuMKHee NOJOKeHNE DABHOBECHA HAealU3UPOBAHHBIX Kaue-
neit (3) HeyCTOYMBO U OHM pacKauMBalOTCA NPU CKOJIb YTOXHO MaloM Iie-
PHOIUYECKOM M3MEeHEeHHH NJINHBL.

JTo fABNeHUe HA3bIBAeTCA NAPAMEMPUYECKUM PE3OHAHCOM. XapaKTep-
HOH 0COGEHHOCThIO NapaMeTPHUYECKOro pe3oHaHca ABIAETCA TO, YTO OH
cHIbHee BCero MPOABIAETCA B Clydae, KOrJia 4acToTa H3MeHeHUA napamer-
poB v (B ypaBHeHuHu (3) yacToTa v paBHa 1) BIBoe GoJblie cOGCTBEHHON
4acTOThI w.

3AMEYAHHUE. TeopeTuyecku napaMeTpuuyecKuil pe3oHaHC HabIroaeT-
cA npu GecKOHEeYHOM Habope cooTHoweHu# w/v = k/2, k=1, 2, ... Ilpak-
TUYecKH HabiiogaeMbl 0GbIYHO IHLIb cliydau, koraa k uesenuko (k = 1, 2,
peske 3). [leno B ToM, UTO

1CMm., Hanpumep, paszo6paHHy0 Hue 3adauy 1 1. 4.
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. &
a) npu Goabmux k o6racTh HEYCTOHUUBOCTU

NOJXOOUT K OCU w Y3KUM fA3BIKOM U [JA Pe30-
HAHCHOI 4acTOThI w MOJIYyYalOTCA OUeHb ECTKUE
npenenst (~ e* nas a(t) = cost B (3));

6) cama HEYCTOWYHBOCTL clabo BbIpameHa
npu Gonbiux k, Tak Kak BenuuuHa | tr A|—2 HeBe-
IvKa 1 co6cTBeHHbIe yucaa 6iu3ku K 1 npu 60ib- L
mux k;

B) CKONIb YTOJHO Maloe TPeHHEe NPUBOJUT K Pyc. 208. BiuAHme Maio-
TOMY, UTO JJIi BO3HNKHOBEHHUA NapaMeTPUUYECKO- ro TpeHMA Ha 061acTh He-
ro pesoHaHca k-ro mopAgKa UMeeTcA MUHUMAlb- yCTOHYHUBOCTHU
HOe 3HaueHMe aMILTUTY bl €¥: Ipu MeHbIIUX € Ko-
nebanud 3aTyxaT. C pocToM k € 6pIcTpO pacTeT
(puc. 208).

3aMeTHM Taksie, U4TO JiiAd ypaBHeHuA (3) B HEYCTONUMBOM cilyyae Be-
JAUYUHaA & pacTeT HeorpaHuueHHo. B pealbHbIX cucTeMax KojleGaHUA NOCTH-
raioT JUIIb KOHEYHOH aMIMUTYObl, TaK Kak IpU GOAbLUINX T caMo JHUHea-
pU30BaHHOE ypaBHeHUE (3) TepAeT CUIY U HYKHO y4YUTHIBATH HEJUHENHHbIE

3¢ (PeKTHI.
4. BeiuMciaeHuA.

&

N[ —
—

3AAYA 1. Haiitu Bug o6nacTeil ycTORUYMBOCTH Ha MIOCKOCTH €, w A CHC-
TeMbl, OIIUChIBAEMOI1 ypaBHEeHUEM

B=—f(t)w,  f(t+2m) = f(t), )
w+e mpu 0Lt <,

t) = € 1.
f® w—¢ npu w<t<2m, <

PEMIEHUE. U3 pemenusa mnpensiaymeit sagaun (1 m. 3) caenyer, uto

A= AyAq, roe
A, = ( c Sk/wk)’
— Wk Sk Cr

Cl, = COS TWk, Sk = SinTwg, w12 =w=xe.
IlosToMy rpaHuiia 30HbI YCTORYUBOCTH UMeEET ypaBHEHHE
|tr A| = |2¢c1c2 — (wi/w2 + w2 /w1)s182| = 2. (5)

Tak Kak € < 1, umeeM w1 /wr = (w+¢)/(w—¢) = 1.
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BBemem oGosHaueHue wi/ws + w2/wi = 2(1 + A). Torga, Kak lIerko co-
cuntath, A = 2¢%/w? + O(¢') <« 1. Tlonb3yAck COOTHOMEHUAMH 2CiCr =
= co0s 2me + ¢os 27w, 25152 = €0 2me — oS 27w, NepenuieM ypasHenue (5) B Buze

—Acos2me + (2 + A) cos 2w = £2

uiu
cos2rw = (2 + Acos2me) /(2 + A), (61)
cos 2w = (—2 + Acos2me) /(2 + A). (62)
B mepBom ciyuae cos2nw = 1. [losatomy nonosum w = k + a, |a] < 1;

cos 2w = cos 2ma = 1 — 27w%a® + O(a*). Hepenumem ypapuenue (61) B Bume

—1__A q_
cos2mw =1 2+A(1 cos 2me)

78605
2r%a® + O(a*) = An’e® + O(eh).
Moncrasnas sHavenne A = (2¢%/w?) + O(e?), maxomum a = +e?/w? + o(e?),
T.e. w =k e’ /k? + o(e?) (puc. 209).
Ananornuso pemaercd ypaBHeHue (62); B pesyabTaTe NOIydaeM

w=sxte/(msx)+ o(e), x=k+1/2.
2 1 2 2

Puc. 209. O6aacTh HeycTOWUUBOCTH [iA ypaBHeHud (4)

3AJAYA 2. MoskeTr 11 BepxHee, 06bIUHO HEYCTOIUMBOE, MOJOKEHUE PaBHO-
BeCHA MaATHHUKa CTaTh YCTOWYMBBIM, €CIM TOYKa NoJBeca KoaeOleTCA B BEPTHU-
KalbHOM HampaBieHuu?
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PEmEHNE. IlycTh aauHa MaATHUKa [, aMIUIMTyJa KojdeOaHUN TOYKU IOJ-
Beca a < l, mepuon KomeGaHMI TOYKM MogBeca 27, NpPUYeM B TedeHHE Kanms-
JOT0 TMONyNepUoJa YCKOPeHHe TOYKM IoJBeca MOCTOAHHO U paBHO *c¢ (Tor-
na ¢ = 8a/7?). OkasblBaeTcA, NPH JOCTATOYHO GBLICTPHIX KOJMeGaHUAX MoaBeca
(7 € 1) BepxHee M0/0}€eHUE PAaBHOBECHA CTAHOBUTCH YCTOMYMBBIM. YpaBHEHHe
IBUAEHNA MOKHO 3amicaTh B Buje i = (w” + a®)z (3Hak MeHAeTcA yepes Bpe-
ma 7), rae w? = g/l, a® = ¢/I. Ecin kone6aHuA momBeca MOCTATOYHO OBICTPEI,
10 o > w? (a? = 8a/(IT?)).

Amnanoruuno npenabinymeit 3agaye, A = A> A, raoe

A = chkr k™ 'shkr A, = [ cos Qr Q7 'sinQr
'~ \kshkr  chkr )’ 27 \—QsinQr  cosQr
k2 =a® + W, 0 =a? — Wi

Ycnosue ycroitunBocTH | tr A| < 2 UMeeT Mo3TOMY BHJ
|2ch kT cos Qr + (k/Q — Q/k)shkrsin Q7| < 2. (7)

[Tokasem, YTO ycCiIOBHE 5TO BBINOIHEHO NPU AOCTATOYHO OBICTPHIX KoleGaHHAX
TOYKHM IIOJBeca, T.e. Korja ¢ > g. BBenem Ge3pasMepHble IepeMeHHbIE €, fi:

a/l = < 1, gle=p’ KL 1.
Torna kt = 2v/2e4/1+ p2, Q1 = 2v/2ey/1— p2, k/Q — Q/k = 24> + O(pu*).

[TosTomy npu MainbIxX €, p CIpaBelINBbI Pa3I0eHUA C TOYHOCTBIO o(€4+u4):
chkr =144e?(1 4 p?) +2e*/3+...,
cosQr =1—4e?(1 — p?) +8*/3+...,
(k/Q = Q/k)shkrsinQr = 16e%p® + ...

Urak, ycaoBue yctoiiunBocTy (7) mpUHUMAaeT BUA
2(1 — 16e* + 16e*/3 + 8 p® +...) + 167 p” < 2.

IIpenebperaa MaiabIMU BbIcHIero MNOpAJKa, HaXoAUM (2/3)16:—:4 > 32p%¢? wm
p<e/V3, um eme g/c < a/(3l). dTo ycloBHe MOMKHO TepemucaTh B BHJe
N > /3/32wl/a = 0,3wl/a, rae N =1/(27) — uncio kone6aHUil TOYKU HoJBeca
B efuHULy BpeMmeHu. Hanpumep, eciu nnuHa maaTHuka [ = 20 cM, a aMImuiuTyaa
KoneGaHMil TOUKM noaBeca ¢ = lem, To N > 0,31,/980/20 - 20 = 43 (roneba-
HMIi B ceKyHIy). B yacTHOCTH, BepXHee MooeHNe paBHOBECUA yCTONYHUBO, €CIn
4yucio KojlebaHUIl MojaBeca B cekyHAy Goabie 50.

19 3akasz Ne 117
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§29. BapuauuAa nocToOAHHBIX

IIpu uccienoBanuu ypaBHeHHIl, OAU3KUX K y#e HUCCIENOBaHHBIM, «He-
BO3MYIUIEHHbIMY YpaBHEHUAM, 4yacTo Moje3eH cieaymoomuii npuem. IlycTs
¢ — TlepBbIil UHTerpal «HeBO3MYIlleHHOro» ypaBHeHud. Toraa nia 6Au3KUX
«BO3MYIEHHBIX» ypaBHeHUH (GYHKIUA ¢ y#e He OyleT NepBbIM HHTerpa-
aoM. OlHAKO YacTo yAaeTcA y3HaTh (TOYHO WM MPUOIUMEHHO), KaK MeHf-
I0TCA co BpeMeHeM 3HauyeHuf ¢(p(t)), rie ¢ — pelleHre «<BO3MYIEHHOr0»
ypaBHeHUA. B yacTHOCTH, eciiy UCXOHOe YpaBHeHNe — JMHeiiHoe 0IHOPO/I-
HOe, a BO3MYIlleHHOe — HEOJHOPOJHOe, TO 3TOT NMpHUeM NMPUBOAUT K ABHOM
dopMyile 0JA pelleHUd, IPUYEeM B CUIY JUHEHHOCTH ypaBHEHUA HUKAKOH
«MaJloCTH» BO3MYIleHUA He TpebyeTcH.

1. IIpocTeiimuii cayuaii. PaccmoTpuM npocrteiiiiee J1HeHOe HEO-
HOpPOJHOE ypaBHeHUe

z=f(t), =zeR", tel, (1)
COOTBETCTBYIOIlee NIpocTelllieMy OJHOPOJHOMY ypaBHEHUIO
& =0. (2)

VYpaBHenue (1) pemaerca KBagpaTypoii:

o(t) = plto) + / F(t) dr. (3)

2. O6mwii cayyaii. PaccMoTpum nuHeliHOEe HEOAHOPOJHOE ypaBHEHUE
=AMz +h(t), =zecR tel, (4)

COOTBETCTBYIOIlee ONHOPOJHOMY YpPaBHEHUIO
= A(t)x. (5)

[penmonosuM, 4TO Mbl yMeeM pellaTh OAHOPOAHOe ypaBHeHue (5)
u x = @(t) — ero peuenne. Bribepem HavanbHble yciaoBua ¢ = @(to)
B KauyecTBe BHINPAMIAIOLINX UHTerpaabHble KpUBble ypaBHeHHUA (5) KOOp-
nuHar (e, t) B pacmupeHHOM (asoBoM mpoctpancTse (puc. 210).
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B HoBbIX KoopauuaTax ypaBHenue (5) mpu-
meT npocteiimuit Bug (2). Ilepexoq k BbimpAMIA-
IOIUM KOOpJUHATaM OCYLIeCTBIAETCA ITUHEHHBIM
no & npeobpasoBaHueM. [[03ToMy B HOBBIX KOOpIU-
HaTax HeOJHOPOJHOe ypaBHeHue (4) mpuUMeT mpoc-
reiimuit Bug (1), 1 MBI €r0 CMOMEM PELIUTh.

3. Beruncaenusa. BygeM ucraTb pelleHue
HEOIHOPOJHOro ypaBHeHus (4) B Bue

Puc. 210. KoopaunaTsl
TOYKH C ABIAIOTCA Mep-
BBIMHM HUHTErpalaMu Of-
HOPOJHOT'0 YpaBHEHUA

p(t)=get), e:I—=R", (6)

rge gt: R® — R™ — iuHeiiHbli onepaTop npeo6-
pasoBaHUA 3a BpeMdA OT to [0 ¢ JiA OAHOPOAHOro ypaBHeHus (5).
Quddepenuupysd no ¢, HaxoauM

p=get+gle=Aglc +gc=Ap + gle.
Moxncrasnaa B ypaBHenue (4), HaxoguM g'e = h(t). Urak, nokasana

Teopema. @opmyaa (6) daem pewenue ypasnenus (4), ecau u moavko
ecau ¢ ydosaemeopsem ypaenenuio ¢ = f(t), 2de f(t) = (g*)~th(t).

Mocnennee ypaBHenue umeeT npocreiimuii Bup (1). pumensas dopmy-
ay (3), monyuaem

CaenctBue. Pewenue HeoOHOpodHoz0 ypasHeHus (4) ¢ HA1@ALHBIM
ycaoguem @(to) = ¢ umeem eud

t

o) =g [ e+ / (&))" h(r) dr

To

3AMEYAHHUE. B koopauHaTHOU (opme JOKa3aHHYIO TEOPEMY MOH{HO
chopMynupoBaTh Tak:

UmoGvt pewums auneiinoe HeodHopoOHoe ypasHeHnue (4), smaa @dynoda-
MEHIMAAbHYI0 cucmemy pewenutll o0HopodHozo ypasnenusn (5), docmamod-
HO nodcmasums 6 Heo0HOPOOHOe YpasHeHUe AUHEUHYI0 KOMOUHAUU peule-
Hull gynoamenmanvHoll cucmemsl, cHumasn KoIGPuyueHmsl Heu38eCcmHblLMU
dynryuamu epemenu. JJaa onpedeaenus smux koddduyuenmos noayiumecs
moeda npocmetiwee ypasnerue (1).
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3A1A4YA 1. Pemuts ypaBuenue & + ¢ = f(t).

PEMIEHUE. CocTaBUM OJHOPOAHYIO CUCTEMY JBYX ypPaBHEHHIA:
1 = T2, Ty = —x1.
Ee ¢pyHmaMeHTanbHas cucTeMa pelleHHi U3BeCTHA:
(1 = cost, 2 = —sint); (1 = sint, x2 = cost).
Ilo o6meMy npaBuily UIIEeM pelleHUe B BU[e
x1 = c1(t) cost + c2(t) sint, z2 = —c1(t) sint + c2(t) cost.
Jlas onpefeneHus ¢1 M ¢z HOIy4aeM CUCTEMY
¢1cost + éasint = 0, —éysint + éa cost = f(t).

CrnenoBaTenbHO,
¢1 = —f(t) sint, é2 = f(t) cost.
OTBET.
t

z(t) = x((])—/f(r) sinTdr| cost + i’((])+/f('r)cosrd‘r sint.

0
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llokazaTeJbCcTBa OCHOBHBIX TeopeM

B »T0i1 rnaBe nokas3pIBalOTCA TEOPEMBI O CYLIECTBOBAHUU, €IMHCTBEH-
HOCTHU, HENIPEPBIBHOCTH U AU depeHnupyemMoCcTy penieHnii 0ObIKHOBEHHBIX
JuddepeHnuanbHbIX ypaBHEHUH, a TaKk#e TeOpeMbl O BBINPAMIEHUU BeK-
TOPHOT0 MOJIA U NO0JA HalpaBJeHU.

NokrasaTenbcTBa cofepkaT TaKMke cnocod NpUGINKEHHOT0 MOCTPOeHUA
pelleHui.

§ 30. CixaTtble oToOpakeHUA

PaccMoTpeHHBIi HUME METOM OTBICKAaHUA HEMOABUKHON TOUKU 0TOOpa-
#EeHUuA MeTpPHUYeCcKOoro IpocTpaHcTBa B cebA NpUMeHAeTcd jAanee MJA IO-
CTpOeHUA pellleHUH AU PepeHINaTIbHBIX YpaBHEHUN. Ax

1. Onpepenenue. Ilycte A: M — M — oro-
GpaskeHne MeTpuyeckoro mpocrpasctBa M (c met-
puKoii p) B ce6a. OTo6pasnenne M Ha3bIBaeTCA CoHa- A
mblM, eclid cyllecTByeT mocTofiHHag A, 0 < A < 1,

Takas, uTo x

Az, Ay) <\ v M. 1
p(Az, Ay) < Ap(z, y) Vo, y€ (1) Pric. 211. Henomsua

Ipumep 1. IIycts A: R®™ — R™ — BemecTBeHHAaA yag Touka CKATOrO
(GYHKINA BelleCTBEHHOro mepeMenHoro (puc. 211). Ecan 0TO6pazkeHNA
npousBofHaA A mo Momylio Bclogy MeHblle 1, To oToGpaseHne A MoseT U He
6b1Th caaThiM. Ho oHo 6ynet caareim, ecan |A'| < A < 1.

IpuMmeEP 2. Ilycte A: R™ — R™ — nuHeiinsiit onepatop. Eciu Bce co6et-
BeHHbIe uKcia A nedaT cTporo BHyTPU e[IMHUUYHOIO Kpyra, To B R cymecTByeT
Takas eBKAMJ0Ba MeTpuka (pyHruusa JlanyHosa, cM. § 22), yto A — ckaToe 0TO-
OpasieHue.

3a1449A 1. Kakue us caeqyromux oTo6pakeHuil NpAMO (¢ 06bIYHON MeTpu-
KOi1) B ce6s cmaThl?

1) y = sinz; 2)y=va2+1; 3) y = arctgx.

3A7AYA 2. MoxHo 14 3aMeHUTDb 3HaK < B HepaBeHcTBe (1) Ha <7



294 T'nasa /

2. TeopeMa o cxaTbIX oToGpaskeHuAX. Touka © € M Ha3bIBaeTcA
HenodsuxcHoti moukotl oTobpamenua A: M — M, eciu Ax = x.

IIlyemy A: M — M — cocamoe omoGpascenie noaH020 MEMPULECKO20
npocmparcmea M 6 ce6s. Toeda A umeem HenodsuixcHyo Moiky, u NPuMoM
moavko 00ny. Aaa awboii mouku r us M nocaedosameavHocms 06pa3os mod-
ku x npu npumenenuu A (puc. 212)

z, Az, A%z, Az, ...

cxodumcea K HenodsudxcHoll moike.

JIOKA3ATETBCTBO.
Mycts p(z, Axz) = d. Torpa

p(A™z, A" ) < A"d.

o0

Pan > A™ cxoputea. llostomy nocnenoBatenbuocts A"z, n=0,1,2, ...,
n=0

fABnAeTcA nocinenoarenbHocThio Kommu. [IpoctpanctBo M monxo. IlosTomy

cymectByet npegen X = lim A™z.
n—o0
IMokasmem, uro X — HenmoaBumHaA Touka A. 3aMeTHM, 4TO BCAKOE

ciaToe oTobpazeHe HenpepbiBHO (MO#HO B3ATh § = €). [loaTomy

AX = A lim A"z = lim A"z = X.

n—o0 n—oo
2
Ax Ax
M AZd 3
X x \ Ax
1
1
X
2
A% Ax x
Puc. 212. Ilocaenmo- Puc. 213. Onenka To4yHoC-
BaTelbHOCTh o6Gpa3oB TU NPUGINKEHUA T K Helo-
TOYKHU X NPU MOBTOPEHUU IBUMHOI Touke X

caToro orobpaenuns A
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IToramem, uTo BcAKaA HenmoABUMHaA Touka Y coBnajgaeT ¢ X. [leiict-
BUTEJIbHO,

(X, Y) = p(AX, AY) < Mp(X,Y), A<1= p(X,Y)=0.

3. 3ameuanue. Tournu z, Az, A%x, ... HasbIBalOTCA nociedosamenn-
Hownu npubaudceruamu ¥ X. IlyeTb & — npubiaumeHue K HeMOJBUMKHON
Touke X cikaToro orobpamenna A. TouHOCThL 3TOro NpubIUMEHUA JIETKO
OLIEHUTDb Yepe3 paccTofHue d Memay Toukamu x u Ax:

plz, X) < %,
160 d+ Ad + XN2d+... = % (puc. 213).
x _(4p
Lo 4
t, t t
Puc. 214. Uuterpainnb- Puc. 215. Otob6pameHnue
HafA KpuUBafg ypaBHe- Murapa A

Hua & = v(t, x)

§ 31. JlokazaTeJbCTBO TE€OpPeM CyI[eCTBOBaHUA U
HellpepbIBHON 3aBHCHUMOCTU OT HadalbHbIX
yciaoBui

31ech CTPpOUTCA TaKoe c}iaToe oToOGpameHHe IOJHOI0 MEeTPUUECKOro
[IPOCTPAHCTBA, YTO €ro HeloJBUKHAaA TOUKA ONpefenseT pelleHre JaHHOI0
quddpepeHUalbHOIO0 YPaBHEHU .

1. IlocaenoBaTteabHble npubauskenua IIukapa. Paccmorpum
audbdepennuaibHoe ypaBHenue & = v(t, &), 3agaHHOe BEKTOPHBIM IIO-
JeM v B HEKOTOpOH o0nacTU pacliipeHHoOro $a3oBoro npocTpaHcTBa R™*!
(puc. 214).
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HasoBem omobpascenuem llukapa otobpamenue A, nepeBogdinee yHK-
LUIO @: { — = B QyHKIUIO A(p: t— x, roe

t

(Ap)(t) = 2o + / o(r, (7)) dr.

to

TFeomerpuuecku nepexon ot ¢ K A (puc. 215) o3HauaeT mocTpoeHue
o KpuBo# (@) HOBoi KpuBoil (Ap), KacaTellbHasA KOTOPOi NPH KamIOM ¢
napaiuielibHa JaHHOMY I0JII0 HallpaBleHuii, HO He Ha camMoii KpuBoit (Ap) —
Torja A GbLI0 ObI pelleHreM, — a B COOTBETCTBYIOIIEi TOUKe KPUBOii ().
Hmeem
(p — peweHue

€ HavabHulM yeaosuen <> (p = Ayp).

p(to) =z
B,HOXHOBJIHHCI: TeopeMoﬁ 0 CHaThIX OTOﬁpaH{eHI/IHX, paccMOTpuUM IO-
clefjoBaTelbHOCTD npubauscenutt lluxapa @, Ap, A%p, ... (nauaB, ckaeM,
Cp=x).
xh xpet] |A%p Ap
x
£ =X [T AT
7 =5 3 T ATTTTT
g =
= I = L1714 77777
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Puc. 216. Ilpubauxenue IIu- Puc. 217. Ipubnusxenue lura-
Kapa 1ad ypaBHeHus & = f(t) pa AlA ypaBHeHUA & = T

t
IpuMEP 1. & = f(t) (puc. 216). (Ap)(t) = xo + [ f(7)d7. B aToM ciayuae
to
yiKe IMepBbIi Mar NPUBOJUT K TOUHOMY peLIeHHUIO.

IIPUMEP 2. & = @, to = 0 (puc. 217). Cx0AMMOCTH NPUOIMNSEHUIA B 3TOM
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cly4yae MOKHO YCMOTDPETh HENOCPEJCTBEHHO; B TOUKe ¢
p=1
¢
Acp:l+/d7’=1+t,
0
t
2 t2
Ap=14+ [(t+1)dr=1+t+ ok

n t? "
A cp=1+t+§+...+m,
lim A"p =€’

n—00
3AMEYAHHUE 1. Takum o6pa3oM, ABa onpejeleHUd SKCIOHEHThI

n 2
. t t
1) e = lim (1~|—— , 2)et=1+t+2+...
n—00 n 2
COOTBETCTBYIOT ABYM CNOCOGaM MpPUOGIMMEHHOTO peIleHUuA NpPOCTeilero
nauddepeHINanbHOro ypaBHeHUA & = x: cmocoly JoMaHbIX Jilnepa U Mo-
ciefoBaTenbHbIM npubnmxenuamM [ukapa. HcTopudecky ucxonHoe onpee-

JleHle DKCIIOHEHTHI ObLIO IIpocCTO:

3) e! ecTb pelenue ypaBHeHHA & = 2 ¢ HayadbHBIM ycaoBueM x(0) = 1.

3AMEYAHHUE 2. AHaloru4yHbIM 06pasoM MOKHO [0Ka3aTh CXOAMMOCTD
npubnumenuit A ypaBHenua @ = kx. IIpuumHa cxommmocTu mocienoBa-
TelbHbIX NPUGIMMEHUH B 006I[eM cllydae 3aKJII04YaeTcA B TOM, UTO ypaBHe-
Hue & = kT «camoe ILI0X0ey: IocjieJoBaTelbHble NPUGINAKEHUd A 110600
ypaBHEHHUA CXOJATCA He MeJJeHHee, 4eM IJIA HEKOTOPOro ypaBHEHWA BU-
na & = kx.

I[.TIH JOoRa3aTeJbCTBa CXOAMMOCTHU IoOcjedoBaTelIbHBIX HpI/IﬁJII/I?HeHI/Iﬁ
MBbI IIOCTPOUM II0JTHOE MEeTpU4YeCKROo€ NMPOCTPaHCTBO, B KOTOPOM 0T06pa}ﬂe—
Hue lemapa cMaro.
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Brauvaile HallOMHIO HEKOTOpble (GaKThl U3 Kypca aHalu3a.
2. IIpeaBapuTelbHbIE OLEHKH.
1) Hopma. Bymem 0603Ha4aTh HOPMY BEKTOpa & €BKIM[I0BA POCTpPaH-
n n )
crBa R™ uepes |z| = /(x, ¢). [IpocrpancTBo R™ ¢ meTpuroit p(z, y) =
= |& — y| — nonHOe MeTpUUECKOe IPOCTPAHCTBO.
OTMeTUM [Ba BamHbIX HepaBeHCTBA: HEPABEHCTBO TPEYTOJbHUKA

|z + y| < |z| + |y
u HepaBeHcTBO IlIBapral

|(, )| < |=||y]-

2) Bexmopnuwiti unmeepaa. lycts f: [a, b] - R™ — BekTop-dyHKUMA
co 3HaueHuAMH B R", HenpepbIBHAA Ha [a, b]. BekTop-unTerpan

b
Iz/f(t)dteR”

onpeneiadeTca 0OBIYHBIM 06p830M (C IIOMOIIbIO UHTErpajlbHbBIX CyMM).

JIemma.

b b
/ F(t)dt] < / F(0)] e (1)

I OKABATEJIBLCTBO.
CpaBHUM HHTerpalbHble CyMMbI C IOMOIILIO HEPABEHCTBA TPEYIOlb-
uka: | Y. f(t)Ai] < X |F(E:)]|As], uTo 1 TpeGoBanoch fOKa3aTh.

lHanoMHUM [0Ka3aTelbCTBO 3THX HepaBeHCTB. IlpoBeeM uepe3 BEKTOPHI & U Y €B-
K/JIMJ0Ba MPOCTPAHCTBa ABYMEPHYIO MIOCKOCTb. JTa IUIOCKOCTb HaciaenyeT us R™ eB-
KAUOO0BY cTpyKTYypy. Ha eBKangoBoii miockocTu o6a HepaBeHCTBAa M3BECTHBI U3 BJIEMEH-
TapHoii reoMmeTpuu. TeM caMbIM 3TH HepaBeHCTBa [OKa3aHbl U B JIO60M €BKIMAOBOM
npoctpaHcTBe, Hanpumep B R™. B uacTHOoCTH, MbI JoKasaiu 6e3 BCAKUX BbIUNCIEHUH,
uTo

2
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3) Hopma onepamopa. llyers A: R™ — R"™ — numeiinblii onepaTop
M3 OJIHOT'0 eBKJIUJ0BA MPOCTPAHCTBa B Apyroe. Mbl Gynem o603HaYaTh ero
HOpPMY 4Yepe3 |Az|
|A| = sup .
zER™\0 ||
Torpga
|A+ B| < [A|+[B|, |AB|<|A||B|. (2)
MHomecTBO IHHelHbIX onepaTopoB u3 R™ B R™ cTaHOBUTCA MONHBIM
MeTPUYECKNM IIPOCTPAHCTBOM, eciu noioxuth p(A, B) = |A — B)|.

fx)
Ax
A
PlI —_— Dy
Y Ay .
R
Puc. 218. YecinoBue Puc. 219. IIpousBognasa otoGpamenusa f

Junmuna p < Lpy

3. YeaoBue JIunmuna. [lycte A: M; — My — oTobpaseHue MeT-
pudeckoro mpocTtpancTBa M; (¢ METPHUKON p1) B MeTpUUYECKOE MPOCTpaH-
cTB0 My (¢ MeTpuKoii p3) U L — NOJ0MKUTENbHOE BEllleCTBEHHOE YUCIIO.

Onpepnenenne. Otobpamxenne A ydosaemsopsem ycaosuio Jdunwuya
¢ nocmosannoi L (mumerca: A € Lip L), ecii OHO yBelIU4YMBAET PACCTOAHME
Mem Iy Mo0bIMU AByMA Toukamu M; He Goiee, yem B L pas (puc. 218):

p2(Az, Ay) < Lpi(w, y) Vo, y € M.

OtoGpasenue A ydosaemsopsaem ycaosuio Junwuya, eciu cyuecTByeT
nocroguHaa L tarad, uto A € Lip L.

3AJAYA 1. Y@oBieTBOpPAIOT U ycaoBuio Jlunmuna cienyioniye oTo6pa;eHna
(meTpuka Besne eBraumosa)?

)y=a>; zeR; 2)y=vz, x>0

3)y=/al+a}, (21,22) €R* 4)y=[al -2}, ai>al;
zlnz, 0<z <1,
5) e=
0 z =0;
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3AAYA 2. Jlokamkute, 4TO

cicamocmsv = ycaosue ./Iunwuua = HenpepvLeHOCMb.

4. duddepennupyemocts u yciaosue Jlunmuna. I[lycte f:
U — R" — runagroe (knacca C", r > 1) oroGpaenue obnactu U eBriIu-
nosa mpoctpaHeTBa R™ B eBRAum0BO mpocTpancTBo R™ (puc. 219). Kaca-
TelbHOE MPOCTPAHCTBO K €BKIWIOBY MPOCTPAHCTBY B Ka#/oil Touke ca-
MO MMeeT €CTeCTBEHHYIO eBRINIOBY CTPYKTYpY. lloaTomy mpousBoanas f
B Touke ¢ € U C R™
f*z: Tx]Rm — Tf(m)Rn

€CTh JMHENHBIN oMepaTop W3 OJHOrO0 €BKJIKAOBA MPOCTPAHCTBA B APYTOE.
OyeBupgHa

Teopema. Henpepvisho duddepenyu-
pyemoe omobpaxcenue f Ha 6cAKOM BbLNYK-
AOM KOMNAKMHOM nodmHoxcecmee V 00-

R" aacmu U ydosaemsopsem ycaosuio Junwiu-
ya ¢ nocmoanHoil L, pasnoil eepxneil epanu
Puc. 220. U3 HenpepbiBHO# aud- npoussodnoil f na V:

depeHNUpYyeMOCTH BBITeKaeT

BbINOJIHEHHE ycloBUA Jlunmuna L = sup |fuel-
(9%

HOKA3ATEIBLCTBO.

Coequnum Touku , y € V orpesrom (puc. 220). z2(t) = = + t(y — x),
0 <t < 1. Ilo popmyne HrioTona—Jleit6Huna

f(y) :O/Idi dT—/f*ZT)z

N3 ¢popmya (1), (2) 0. 2 u u3 Toro, 4To 2 = Yy — *, UMeeM

oo-

1

/f*z n(T /L|y—z|dT—L|y—:1:|,

4yTo U Tpe60Banoc5 JOKa3aThb.



