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KOJIMYeCTBO COOGCTBEHHBIX YHCel ornepartopa Ac OTpHHaTeHbHOﬁ BellleCTBEHHOM
4acCThlO.

3A10A49A 2. Ilycts A: R® — R™ — auHeiiHblli aBTOMOP)HU3M B €BKINI0BOM
npocTpaHcTBe. Onpeneaum oToOpasxeHue eJUHUUYHOI cdepbl Ha cebA GopmMynoit
f(z) = A(z)/|Ax|. Haiitu crenens otobpaseHusa f B TOUKe Z.

OTBET. deg, f = deg A.

3a71AuA 3. HycTsb f: S"~' — S"~! — orobpamenue, nepeBosiee KaIyO
TOUKY cdepbl B AMaMeTpajlbHO MPOTUBONOIOM#HYI0. KakoBa ero cremedb B TOU-
Ke x7

OTBET. deg, f = (—1)".

3a7144A 4. IIyets A: C" — C" — C-nuneiinbiit aBToMop¢usm. Haiitu cte-
IleHb ero oBellecTBICHUs ©A.

OTBET. +1.

PaccmoTpuMm Temeph Kakylo-HUOYOb TOYKY ¥y MHOroo6pasua-o6pa-
3a M3. Toura y € M3 Ha3bpIBaeTcA pecytapHblM 3HAYEeHUeM 0mobpaice-
HusA f, eclu Bce TOUYKM ee IoaHOro npoo6pasa f~ 'y peryaapusl. Hanpumep,
Ha puc. 271 Touka y ABIAETCH PEryJAPHbIM 3HAUEHUEM, a TOYKa Y’ HeT.

[IpennonosuM Tenepb AOMOJHUTENLHO, YTO Halld MHoroo6pasua M7
u MJ woMnakTHbBI U cBA3HBL. Toraa umMeer Mecto

Teopema.

1. PezyaapHole 3HaveHusA cywecmeyom.

2. Yucao mover npoobpasa pezyiapHo20 3HAYEHUA KOHEYHO.

3. Cymma cmenenell omobpasxeHus 60 8cex Mo4kax npoobpasa pe2yap-
HO020 3HAYeHUs He 3A6UCUM OM MO020, KAKOe UMEHHO pe2yiipHoe 3HadeHue
Mbl paccmampusden.

HorazaTelbCTBO 3TOI TeopeMbI OOBOJBHO CJIOMHO U He 6y11eT 3[1eChb

NIPpUBOOUTHLCA; OHO UMeeTCHA B yqe6HI/max TOI'IO.TIOI‘I/II/II.

3AMEYAHHUE 1. B geificTBUTENbHOCTH PeryifApHbIMU 3HAYEHUAMH AB-
JAIOTCA MOYTU BCe TOUKU MHOroo6pasusa My': HeperyiApHble 3HaueHUA 006-
pasyoT MHO#ecTBO MephI 0.

3AMEYAHHUE 2. YcioBHe KOMIAKTHOCTH CYI[€CTBEHHO He TOJNbKO A
BTOPOro, HO M [JIfl TPETbero yTBepx#eHusa Teopembl. (Paccmorpure, Ha-
npyMep, BIOKEHNE OTPULATENLHOM MOMYOoCH B YHUCIOBYIO MPAMYIO.)

1CMm., nanpumep. «OcobenHocTu guddepeHunpyemMbix oTobpaxenuin (M.: Mup, 1968,
cTp. 38-40).
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3AMEYAHUE 3. Yucino Touek npooGpasa (6e3 ydyera 3HAKOB) IJA pas-
HBIX PeryifpHbIX 3HaYeHUil MomeT GbITh pa3HbIM (Hampumep, Ha puc. 271
y 3HAauYeHHUA Yy UX 4eThIpe, a ¥ 3HaueHud y'' Bcero aBa).

Onpeneaenuie. Cymma creneHeii oTro6pasenud f Bo Bcex TOYKax Mpo-
o6pa3a peryiAapHOro 3HaUeHUA Ha3bIBaeTCA CMENEeHbi0 0MmoOpaxceHus:

degf= Y deg,f.

z€f~1ly

3a1A49A 5. Haiitu cTemenb oToOpaseHUA OKDPYKHOCTH |z| = 1 Ha cebs, 3a-
nanHoro gopmynoit f(z) = 2", n=0,+1, £2, ...

OTBET. n.

3AJAYA 6. HaiiTu creneHp oToGpasieHUA eNUHUYHOI cdepbl B eBRIHAO-
BoM mpocTpaHcTBe R" Ha ce6d, 3agaHHoro ¢opmymnoit f(z) = Az/|Az|, roe A:
R™ — R™ — HeBbIpO#/A€HHbIN IUHEHHBI 0MepaTop.

OTBET. deg f = sgndet A.

3AJAYA 7. HaiiTu cTeneHb oTOOpameHUA KOMILUIEKCHOM IMPOEKTHBHOMN IpHA-
moit CP! Ha ce6s, saganHoro dhopmyinoii a) f(z) = 2"; 6) f(z) = z".

OTBET. a) m; 6) —n.

3AJAuA 8. HaiiTu cTenens oTo6pamenus KoMiLIekcHoi npamoii CP! Ha ce6s,
3aJaHHOT0 MHOTOWJIEHOM CTENEeHH 7.

OTBET. n.
3A1AUA*9. JlokaskuTe, YTO MHIEKC 3aMKHYTol KpuBoii v: S — U’, onpege-

JIeHHBIH B II. 7, COBIIAJaeT CO CTENEHbIO CleAyIoNero oToopaseHua h OKpY#HHOCTH
Ha OKPY#HOCTb.

Mycts f: U' — S' — mocTpoenHoe B 1. 7 ¢ MOMOMbBIO BEKTOPHOTO TOMA ¥
B o6nactu U’ oro6pamenue. onomum h = fo~: S* — S, Torza

indy = degh.

Onpepneaenue. Huderxcom uszoauposannoll oco6oii mouku () BeKTOp-
HOro nojsa v, 3aJaHHoro B cojep:kameii () obnacTu eBKJIMJ0OBa NPOCTpPaH-
cTBa R", HasbiBaeTCA cTeNeHb COOTBETCTBYIOLIETrO MO0 OoTOoOpameHud h
cheprl Manoro paguyca r ¢ ueHTpoM B Touke ( Ha cebsa. Ortobpa-
menue h: S"1 — §nTl) Gn=l — Lo € R"™: |z| = r} samaerca dopmyuoit
h(z) = rv(ar)'

|v(z)
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3A1A4YA 10. IIycTe omepaTop v.«o IMHeiHOI YacTH moid v B Touke () HeBBI-
posgeH. Torga nHaeKc oco60ii Touku () paBeH CTeleHU 3TOr0 oIepaTopa.

3AAYA 11. Haiitu unpekc oco6oit Touku 0 moaa B R™, cooTBeTCTBYyIOMEr0
YPaBHEHHIO & = —.

OTBET. (—1)"

IlonATue cTemeHu Mo3BojafAeT cHOpMyIH-
poBaTb MHOTOMEpHbIE aHAJOT'Ud PaccMOTPEH-
HBIX BbIIle IBYMepHbIX TeopeM. [lokazaTenbeT-
Ba MOMHO HaliTU B yueOHUKAX IO TOIMOJOTHUU.

B uacTHOCTH, cymMma uHOeKCO8 0COOBLT MO-
4exK, 6eKMOpPHO20 NOASA HA KOMNAKIMHOM MHO20-
o6pas3uu 10601 pasmepHocmu He 3a8ucum om
8bL00pa noas u onpedeasemcsa Ce0UCMeamMu ca-
M020 MH02000pa3us. TO YUCJIO HA3bIBAETCA I1i-
Aeposotl rapaxmepucmukoill MHOroobpasus.

YT06bI BHIYMCIUTH DHIEPOBY XapakTepuc-
TUKY MHOroo6pasuf, 10CTaTOYHO UCCIeJ0BaTh
ocobble TOUKM KaKkoro-HuOyab ogHoro audde-
PEHIIMAIbHOTO ypaBHEHUA, 3alaHHOI'0 Ha HEM.

Puc. 272. Jluneapusanus
nuddepeHnalbHOIO0 ypas-
HeHUA Ha cepe BOIM3U ero
0coObIX TOUEK

3A0A4YA 12. HaiiTu sitnepoBy XapaKkTepUCTHU-
Ky cdepbl S”, mpoekTuBHOro npoctpanctsa RP", topa T".

OTBET. x(S™) = 2x(RP™) =1+ (—=1)", x(T™) = 0.

PEMIEHKE. Ha Tope mo6oii pasmepHocTH ecTh AuddepeHnMralIbHOe ypaBHe-
Hue 6e3 0co6bIxX Touek (cM., Hanpumep, § 24, m. 5), moatomy x(T") = 0.

flcuo, uto x(S™) = 2x(RP"). [eficTBHUTENbHO, PACCMOTPUM OTOGpaMeHue
p: S™ — RP", nepesoaamee kamayio Toury chepsl S C R™1! mpamyo, coequ-
HAIOIYIO ee ¢ HavaloM KoopauHaT. OToGpaskeHUe p NoKalTbHO AU DeoMopdHO;
[pU 3TOM Npoo6pa3s KazkIoi TOUKM NPOEKTUBHOrO IPOCTPAHCTBA — 3TO JABE [Ha-
MeTpalbHO IPOTHUBONONOMHbIE TOYKU cdepbl. ClefoBaTelbHO, BCAKOE BEKTOPHOE
none Ha RP" onpemenut Ha S™ mnoie ¢ BABOe GONBLIIMM YHUCIOM OCOOBIX TOYEK,
IpruYeM MHIEKCHI Ka/J0il M3 JBYX NMPOTHUBOIOJOMHBIX 0COGBIX TOUeK Ha cdepe
OyoyT Takue jke, KaK MHIEKC COOTBETCTBYIONEl UM TOYKU B IPOEKTHUBHOM IIPO-
CTPaHCTBE.

Yro6b1 cocunrath x(S™) 3amagum cdepy ypaBHeHHeM 3 +...+x2 = 1 B eB-
wiugoBoM mpoctpanctse R™1! u pacemorpum dynrunmio zo: S* — R. CocTaBum
nuddepeHnnalbHOe ypaBHeHNe Ha cdepe

& = grad zo

23 3akaz Ne U117



354 TI'nasa 5

U uccienyem ero ocobbie Touku (puc. 272). BektopHoe mnone grad xo o6pamaercs
B 0 #Byx Toukax: B ceBepHoM noiatoce N (zg = 1) u B tomHoM S (o = —1).
JIuneapusysa nuddepeHnnalbHoe ypaBHeHE B OKPECTHOCTH CEBEPHOT'0 U IOHHOT0
HoJI0Ca COOTBETCTBEHHO, NOIYYUM ypaBHEHUA

E=-¢ €EE€R"=TyS"; f=n,neR" =TsS".

CnenoBaTennHo, WHJEKC ceBepHOro momoca paseH (—1)", a 1omHOro pa-
BeH (+1)", snaunut, x(S™) =1+ (-1)".

B yacTHOCTH OTCIO/Ia BBITEKAET, UTO 6CAKOE BEKMOPHOE NOAe HA YemHomep-
not cepe umeem xomsv 0dny 0cobyn0 MOUKY.

3A7AYA 13. TocTpouTh Ha HeueTHoMepHoit chepe S2"~! BerTopHOoe moie
6e3 0coObIX TOYEK.

Yrasanue. Paccmorperhb auddepeHnuaisHoe ypaBHeHHe BTOPOro MOpAgKa
&=-—x,x€R".



IIporpamma 3K3amMmeHa

1. Teopema o Bemmpamiaenuu (§ 7, n. n. 1, 7) u ee gokasateabcTBo (§ 32, m. 5).

2. TeopeMbl 0 cymecTBOBaHHH, €IUHCTBEHHOCTH U OuddepeHnUpyeMocTH
(87, m. m. 2-5 u §31, n. n. 1-8; §32, n. m. 1-4). CsxaTsle oTobpaenus (§ 30).

3. Teopema o mpogonzenuu (§ 7, m. 6) 1 TeopemMa 0 TOM, UTO BEKTOPHOE TONe
Ha KOMIIaKTHOM MHoOrooGpasuu 3agaeT ¢asoBblit notok (§35, m. m. 1-3).

4. ®a3oBble KpUBble aBTOHOMHOI cucTeMbl. T'eopeMa 0 3aMKHYThIX ¢a30BbIX
kpuBbIx (§9).

5. IlpousBoiHasA Mo HamnpaBileHHIO BEKTOPHOI'O IOJIA U IepBble WHTerpaibl
(§10, §12).

6. DKCcIOHeHTa JIMHeiTHOro omepaTopa. JKCIIOHEHTa KOMILIEKCHOIO0 4Yucia U
SKCIIOHEHTa xopaaHoBoit kaeTku (§14; §15, . m. 4, 5; §25, m. 1).

7. Teopemsb! 0 cBA3M (Ha30BbIX NOTOKOB, JHUHEHHBIX YPaBHEHUIi, OJHOIapa-
MEeTPUYECKUX T'PYIII IHHEHHbIX peoOpa3oBaHmii U sKcnoHeHT (§ 4, m. o. 2—4; §13,
o. o. 1-3; §15, o. om. 1-3).

8. CBA3bL ompenenuTend, SKCIOHEHTHI U cilena. Teopema JlnyBunis o6 ompe-
neautene Bponckoro (§16; §18, m. 4; §27, m. 6).

9. Knaccuduranua ocoObIX TOUYEK IMHEHHBIX CHCTeM Ha IuockocTu (§2,
n. o 4, 5; §17, o. 2; §19, n. 4; §20, n. m. 3-5).

10. PemeHune TMHEHHBIX 0OJHOPOIHBIX aBTOHOMHBIX CHCTEM B KOMILIEKCHOM U
BellleCTBEHHOI 00JacTH B cilydae NPOCTBIX KOPHeHl XapaKTepHUCTHYECKOro ypas-
Henua (§17, o. 1; §18, n. 5; §19; § 20).

11. PemeHue nuMHEHHBIX OJHOPOJHBIX aBTOHOMHBIX YPaBHEHUH M CHCTEM
B clly4yae KPaTHBIX KOPHeHl XapaKTepUCTHUYecKoro ypaBHenus (§25).

12. PemeHue nuHeHHbIX HEOJHOPOJHBIX aBTOHOMHBIX YpPaBHEHMIi ¢ MpaBoil
YacThIO B BUJE CYMMbI KBasuMHoOrouieHoB (§ 26).

13. JIuneiiHble oJHOPOJHble HeaBTOHOMHbIe yYpaBHeHUA U cucTeMmsbl. Onpene-
autens Bpouckoro. Ciyyaii nepuoaudeckux kos¢ouuuentos (§27 u §28, m. 1).

14. PemeHnune nuHeiiHBIX HEOJHOPOJHBIX ypaBHEHHIl C NOMOIIbIO BapHalUU
nocroAaHHbIX (§29).

15. Teopema 06 YCTOMUYHNBOCTH 10 IUHEHHOMY npubauxenuo (§ 22, m. m. 3-5;
§23).

16. ®a3oBble KpUBble IWHEHHOI0 ypaBHEHUA C YHCTO MHHUMBIMU KOPHAMU
XapaKTepUCTUYECKOro ypaBHeHUA. Maible KoileGaHUA KOHCEPBAaTHUBHBIX CHCTEM
(8§24 u §25, m. 6).



*
O6pa3s1bl 3K3aMeHallMOHHbIX 3ajay

1. Ina ocTaHOBKHM peYHBIX CyJOB Yy NPUCTAaHU C HUX cOpachIBalOT KaHarT,
KOTOpbIil HAMaThIBaIOT Ha cTOJ6, cTOoAmMUII Ha npuctanu. Kakana cuna GyneT Top-
MO3UTH CYJHO, eciii KaHaT felaeT 3 BUTKa BOKPYT cToiaba, K03dPULleHT TpeHUA
KaHaTa o cToJ0 paBeH 1/3 1 pa6ouyuil Ha NpUCTaHU TAHET 3a CBOOOJHBIN KOHeI]
KaHaTa ¢ cuioit 10 Kre?

2. HapucoBaTh Ha NMOBepXHOCTU IMWIMHApPA (da30oBble KpUBble MaATHUKA, HA
KOTOPBIH JelCTByeT NOCTOAHHBIA KPYTAIUNA MOMEHT:

=14 2sinz.

Kaxue OBUMEHHUA MaATHUKa OTBeYalrOT KPUBBIM pPa3HbIX TPIHOB?
3. Beruncauts MaTpuny et | roe A — naHHas MaTpHIa BTOPOrO WM TPETh-
ero nopsAaakra.
4. Hapucosatb o6pa3s kBanpaTta |z;| < 1 npu npeo6pasoBanuu $azoBoro mo-
TORKa CUCTEeMbI
T1 = 2xa, To = x1 + T2

3a Bpema t = 1.

5. CROIbKMMH [eCATUYHbIMU 3HaKaMU 3alllChbIBaeTCA COTBIN UjeH Iociaelo-
BateabHocTH 1, 1, 6, 12, 29, 59, ... (£n = Zn-1+ 2&n_2 +n, 1 = 2 = 1)7

6. HapucoBaTb $a30ByI0 KpUBYIO CHCTEMBI

t=z—-—y—2 Y=z+y, z=3x+z,

npoxojAmyio yepes Toury (1,0,0).

7. Haittu Bce a, (3, vy, Ipu KOTOPBIX Tpu GYHKIUU sin at, sin B¢, sinyt au-
HeWHO 3aBUCUMBI.

8. HapucoBaTh Ha miockocTH (T1, T2) TPAEKTOPHIO TOUKH, COBepIIAIONIEH
MaJble KoneGaHusA:

U U= (522 — 8z122 + 5x3)
6.’17," o 2 :

= —

Havanbusle yenoBusa: ©1 = 1, 2 =0, &1 = &2 = 0.

*
Bo Bcex uMcioBBIX 3afauax Aonyckaercd norpemHoctb B 10-20% oTsera.
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9. Ha nepBoHayaibHO MOKOMBIIUIICA MaTeMaTHUeCKUil MaATHUK JJIMHBI 1 M
U BecoM 1 Krc B TeyeHHe 1 ¢ JeiicTBoBala ropusoHTanbHas cuiaa 100 r. Haittu am-
INIUTY Dy Kojeb6aHUil, KOTOpble YyCTAHOBATCA MocCie NpeKpalleHUud NefCTBUA CUIbI

(B em).
10. HccaenosaTh, ycToitunBo nu no JIAMyHOBY HyleBoe pelleHHe CHCTEMbI
1 = T2, w(t) = 0,4 mpu 27k <t < (2k+1)m,
&y = —w?r1, T 1 0,6 mpu (2k — 7w <t < 2k,
k=0, +1, +2, ...

11. HaiiTu Bce ocoOble TOUKH CHUCTEMBI
i=zy+12, §=a+y® —25.

HcenenoBaTh UX YCTORYMBOCTD, ONPEEIUTh THIbI 0COObIX TOYEK U HApHUCOBAThb
(basoBbIe KpUBBIE.
12. Haiitu Bce ocoGble Touku cucteMs! Ha Tope {(z, y) modd 2r}:

= —siny, y=sinx+siny.

HcenenoBaTh MX yCTONYHUBOCTDH, ONPENEIUTh THUIBI 0COGBIX TOUEK U HAapUCOBAaTh
(¢a3oBble KPUBBIE.

13. I3 srcnepuMeHTa M3BECTHO, YTO NPU IPEJIOMIEHUHU CBeTa Ha I'paHHUIle
pasfena ABYX Cpel CHUHYCHI YIJIOB, 06pa30oBaHHBIX MAaJalOMUM U [PeIOMIEHHBIM
IydYaMHu ¢ HOpMalbiO K MOBEPXHOCTH pasfeia, 00paTHO MPOMOPIHOHANbHBI MOKa-
3aTeafaM INpeloMIeHUA cpel: ni Sinai = na sinas.

HaiiTu ¢opMy CBETOBBIX Iydeil Ha IIOCKOCTH (&, ¥) C IOKa3aTeleM IPeIoM-

aenus n(y). Pacemorpers cayuait n(y) = % (B moaynmockoctu y > 0 ¢ Takum

[0KasaTeleM MpeloMIEeHHUA pealusyeTcd reoMeTpusa Jo6aueBcKoro).

14. HapucoBaTh 1y, BRIXOJANIKE 110 Pa3IMYHBIM HalpaBleHUAM U3 Hadaia
KOOPJMHAT Ha INIOCKOCTH C ToKasaTeleM mperomienus y* — y* + 1.

Pemenue sToil 3agaun o6bAcHAET ABIeHUe Mupaska. IlokazaTear nmpenomie-
HUA BO3AyXa HaJ IyCTbIHEll HMeeT MaKCUMyM Ha HEKOTOPO BBICOTE, TaK Kak
B 6oiee BBICOKUX U B 6Gojlee HU3KUX TOpPAYHMX CIOAX BO3AYX 6Golee pa3perkeH,
a MoKasaTelb MpeJoMIeHUA 06paTHO IponopluKroHaieH ckopocTH. Koine6anus myua
BGIM3M CI0A C MaKCUMalbHBIM 3HaueHHeM II0Ka3aTelsd IPEeJIOMIEHUA U BOCIPH-
HUMAalOTCA Kak MHpak.

Ipyroe ABieHUe, 00BACHAEMOE TEMHU e KoleOaHUAMM Tydya, — 3BYKOBOM
KaHal B OKeaHe, [0 KOTOPOMY 3BYK paclpoCTpaHAeTCA Ha COTHU KHJIOMETPOB.
[IpuuuHa 3TOrO0 ABIEHUA — Urpa TeMIepaTypbl U AaBileHNA, IPUBOAALIaA K o6pa-
30BaHUIO CIOA C MaKCHMalbHBIM IOKa3aTeleM IpeloMiIeHUA (T.e. MUHUMAaIbHOM
CKOpOCTBbIO 3BYKa) Ha riaybune 500-1000 M. 3ByKOBOi1 KaHal MOMHO HCIOIb30-
BaTh, HallpUMeP, A NpegyNpesIeHud 0 IyHaMu.
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15. HapucoBaTb reomesnueckue Ha Tope, Nolb3yfAck TeopeMmoil Kiepo: mpo-
u3BeJleHHe PacCTOAHUA [0 OCU BpallleHHA Ha CHHYC yTJa reoje3n4ecKoil ¢ MepH-
JMaHOM BJIOJIb Ka#iIoil reojle3nyecKoil Ha IOBEPXHOCTU BpallleHHA MOCTOAHHO.

16. BeINpAMUTDL (a3oBble KPHUBble YPaBHEHHA & = x — 2° B OKPECTHOCTH
Touku x =0, ¢ = 1.

17. BeinpAMUTHL UHTerpaibHble KPUBbIE YpaBHeHUA & = & + oS t.

18. BrImpAMUTH Molle HaTpaBleHUil ypaBHeHUA & = x + te’.

19. BemmpAMuTb noie ($a3oBON CKOPOCTU ypaBHeHMA & = & BOIM3U TOY-
ku z = 0.

20. B xakux KoopJuUHaTax pa3felfAlOTCA epeMeHHble B YpaBHEHUH

Cdl_::lyc — 2% 4y

21. Pemnts ypaBHeHue & = x + 0(t — 2).

22. HaiiTu npou3BOAHYIO pellleHUA ypaBHeHUA i = %> + Ax® ¢ HavaTbHBIM
ycaosuem z(0) =1, £(0) =0 no A npu A = 0.

23. HaiiTu co6cTBeHHbIe YKcIa U BEKTOPhI ollepaTopa MOHOJAPOMUY 27-TIepu-
0JUYECKOro pellleHUA ypaBHeHUA & — x = sint.

24. Pemuts ypaBHeHue & = Atx + x, rae A: R" — R"™ — nuHeiiHbIi onepa-
TOD.

25. MoryT au onepatopsl A U B He KOMMYTHPOBATh, €CIH

A B A+B
et =P =P = F?

26. HaiiTu Bce He 3aBHCAILlMEe OT BpeMeHU HellpepbIBHble Ha Bceil ¢da30Boi
IUIOCKOCTH IIepBble MHTerpalbl CUCTEMBl & = ¥y, ¥ = & + .

27. Yncna 1 u i — co6eTennsle maa A: R® — R®. Hmeer nu ypabHe-
HUe & = Az HempepbIBHbIe B R HemocToAHHbIE NepBhle HHTErpabl?
28. Uucna 1 u —1 — coberBennsie aia A: R® — R3. Hmeer 1u ypabHe-

HHe & = Ax HenpephiBHble B R® HemocTofHHbIE ITepBble MHTErpaibi?
29. Pemnts 3amauy Komu

Tus +uy =0, wul|,_,=sinz.

30. Ypapuenne (™ = F(t, %, ..., z"V) umeer pemenns ¢ u sin¢. Omnpe-
JeIUTh 7.

31. IpoJon#aloTcs I pellleHHA ypaBHeHUA & = x° sinx Ha BCIO 0Ch BpeMe-
Hu?

32. Ilpopgomalorca au Bce pemeHud ypaBHeHusa Hbiorona = —gradU,
U = 1 + z122 + =3, HeorpanuuenHo?

33. IIpomonmaloTcA 11 HeOrpaHUUYEHHO Bce pellleHUA ypaBHEHUA

=14 2sinz?



06pasyvl 3K3AMEHALUOHHBLE 34004 359

34. Mosket 11 nosoxkeHUe paBHOBecHus ypaBHeHHA HbloToHa 6BITH ycTOHYH-
BbIM 10 JIANyHOBY, He GyIy4M TOYKOH JOKalbHOr0O MHHMMYMa NOTEHIHaIbHOM
SHeprum?

35. MoseT 1M nepuoguyeckoe pellleHHe aBTOHOMHOII cUCTeMbl, U300pasae-
Moe Ha $a30Boii INIOCKOCTY IpeJlebHBIM IIHKIOM, GbITh aCUMITOTUYECKH YCTOM-
YUBBIM?

36. MoskeT 11 nepuofndeckoe pellieHe aBTOHOMHOII cCTeMbl ObITh HEYCTOM-
4yuBbIM N0 JIANyHOBY, eciu Ha (a30BOi IIOCKOCTH OHO M300paaeTcA Npefelb-
HBIM L[MKJIOM, Ha KOTOPBIN CHapyKHM U M3HYTPU HaMaThIBAIOTCA CHHPAIbHO MPH-
Gauaomecs K UUKIY NpU ABHEHUU B HalpaBlIeHHWH BO3PACTAHUA BpPEMeHU
(asoBble KpuBble?

37. MomeT a1 HeycToitunBoe 1o JIAMyHOBY NojoeHNe paBHOBECHUA CllelaThb-
cA 1ocie THHeapusaluy yCTONYMBBIM? aCUMITOTUYECKH yCTONYMBBIM?

38. MoseT 1M aCUMNTOTHYECKHU yCTOWYMBOE IOJOEHUe PaBHOBECUA CTaTh
HeyCTOHUYUBBIM 10 JIAMYHOBY Hocie IuHeapu3anuu?

I[OHOJIHI/ITGJIBHBIE dagayu

1. ImeeT 11 orpaHruYeHHble Ha Bceil 0CU BpeMeHU HeHyleBble pellleHHs ypaB-
HeHHe B BapHalUAX AJAA ypaBHeHUA & = —sinz BAOIb pelleHHA C HadalbHbIM
ycaoBuem xo = 0, o = 27

2. meeT 11 HeorpaHUYeHHble pelleHUA ypaBHeHUe B BapuUallAX BIOIb pe-
MIeHUA ¢ HavalbHbIM yciloBHeM xo = 0, £o = 1 Toro e ypaBHeHUA?

3. Pemuth ypaBHeHue B BapHanuax 3ajgauu 1.

4. HaiiTu co6cTBeHHbIe YKcla U BEeKTOPBI ollepaTopa MOHOJPOMMH /A ypaB-
HeHHUdA B BapUalUAX 3afadd 2.

5. HaiiTu nponsBogHyIO 27-IepHOANYeCKOr0 pellleHUA YPaBHeHUA & +sinx =
= ecost, obpamatomeroca npu € =0 B x = m, no € npu € = 0.

6. Haiitu HanGonbliee 3HaYeHUe ¢, IPU KOTOPOM pellleHHe 3afgauu Komu

Ut + uty = —sinx, ul,_, =0

npoponaeres Ha [0, t).

7. HaiiTu Bce KOHeUHOMepHbIe NOANPOCTPaHCTBA IPOCTPaHCTBa 6€CKOHEYHO-
auddepeHnrupyemMbix GpyHKIUI Ha NpAMOI, MHBapUaHTHble OTHOCHUTEIbLHO BcCeX
CABUTOB IIPAMOM.

8. IlycTp dyHKUMA v UMeeT B HyJe 2-KpaTHbIil KopeHb. [lokauTe, 4TO
ypaBHeHue & = v(x) nuddeomMopHHU3MOM OKPECTHOCTH HYIA NIPUBOJUTCA K BUAY
§ = y> + Cy® (noctosunas C ompeenseTca moiem).

9. lloramuTe, 4YTo HYIU JUHeiiHON KOMOMHALUU NEPBBIX 7N COGCTBEHHBIX
¢yurnuit 3agaun ltypma —JIuyBuinis

Uee + q(z)u = Au, w(0) =u(l)=0, ¢>0

neasat orpesok [0, I] He Golee YeM Ha n yacTeil.
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Yrazanue (.M. 'eabdann). Ilepeiitu k pepmu-yacTunam, T.e. K KOCo-
CHMMETPUYECKHUM pelIeHUAM yPaBHEHHA Y, Ugz;z; + D ¢(Zi)u = Au, U BoCIOIb-
30BaThCA TeM, UTO ero IepBad coOCTBeHHadA QYHKIUA He UMeeT Hyleil BHYTpHU
¢yHaameHTanbHoro cuMiuiekca 0 < 1 < ... < xyp <.

10. (H. H. BayTun). [loramure, yTo 0606menHasn cucrema Jlorka— BonsTeppa

t=z(a+kx+1ly), y=yb+mz+ny)

He UMeeT NpeJebHbIX IUKJIOB: ee 3aMKHYThle HeToueuHble (a30Bble KPUBbIE, KOT-
Jla OHM eCTb, 3allOJHAIOT LIeJUKOM KojblieoOpa3Hble 061acTH.

11. PaccMoTpuM JBUiKeHUEe MaTepUH 10 OKPYKHOCTHU IOJ JefiCTBUEM Iepe-
HOCa 1oJeM cKopocTei U Manoit auddysuu. [JokamuTe, YTO €CIU MOJNe CKOPOCTEMH
“MeeT cTalllOHapHble TOUKH M 0011ero MnojoeHus, ToO IOUYTH BcA Macca cobepercsa
B KOHIle KOHIIOB B OKPECTHOCTH OJHOI U3 NPUTATCUBAIONIMX TOYEK.

[YpaBHeHHe BOMIONNY NIOTHOCTH: € = EUgq — (UV) g, TOe v0/ 0z — 1oIe CKO-
pocteii. Ha HakpbiBalomeil OKpYHOCTb NPAMOI Ioje NOTeHUHaabHo: v = —U,.
Ecau none cropocTeil moTeHnuaabHo, T.e. pyHKuua U nepuoanyHa, TO CTalUo-
HapHoOe pellleHNe JaeTcA pacnpejeieHnem ['u66ca

-v
u(w) = Ce” V@),
IIpu ManbIX € 3TO pacHpe/eleHre cOCpeoToYeHo B6IM3M MUHUMYyMa ToTeHI[hana.
Ecau ¢yuruusa U cTpemMuTes K —00 Ha —0O0, TO CTAlIOHAPHOE pelIeHue
uMeeT BU[

w(z) = C / JVO-UEN/E ge.

— 00
OHo cocpenoToyeHo BOIU3M TAKOro JOKAaIbHOI'0 MUHUMYyMa NOTeHLHana, JIA KO-
TOPOro IpeBbllIeHHe MaKCHMalbHOI'0 3HaUeHUA MOTEHIMala Ha IOIyOCH JeBee
9TOr0 MUHMMYMa Haj 3TUM MUHMMalbHbIM 3HaYeHHEM MaKCHMalbHo.|

12 (A. A. laBb1aoB). Husoawyueil HazbiBaeTca AuddeoMophusm, KBagpaT Ko-
TOPOro — TOKJAeCTBeHHOe Npeobpa3oBaHue. IHBOIIONUA IOCKOCTU Ha3bIBaeTCHA
donycmumotl OTHOCUTEIbHO BEKTOPHOTO IOJfA, €ClId HEMOJBUKHbIE TOYKU HWHBO-
JonUHM 06pa3yoT KPUBYIO U MO AeACTBUEM MHBOMIOINU BEKTOPBI MOJA B TOUKAX
3TOU KPUBOIl MEHAIOT 3HAaK.

IokamuTe, YTO B OKPECTHOCTH HEOCOGOI TOUKHU IMOJAA BCe JOMYCTHUMbIE MH-
BOJIOLUH OOILIEr0 IO0J0KEHUA SKBUBAIEeHTHbI (IIepeBOAATCA OPYT B Apyra coxpa-
HAOMUME KaMIyIo $pa3oByio KpUBYIO noas guddeomopdusmamn).

[Pemenue »Toil 3amauu A0CTaBIfAeT HopMalbHYyIO dopMmy p° = x ypaBHe-
HUA, He pa3pelleHHOT0 OTHOCHUTEILHO NMPOM3BOAHOMN, B OKPECTHOCTHU Heperyisp-
HO# ToukM o61ero noiozxenus (oxa Haiinena JI. apa u }0. Bpoxckum). YpaBHeHue
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F(x,y, p) = 0 ompelenfeT MOBEPXHOCTh B TPEXMEPHOM INpPOCTPAaHCTBe. B He-
peryinApHoOii TOYKe ee KacaTelbHaf IIOCKOCTh BepTHKaibHa (KacaeTcA OCH p).
B okpecTHOCTU HeperyinfapHOil TOUKHU OGIIEro MOJOKeHUA BO3HUKaeT WHBOIIOLUA
(oHa mepecrtaBafeT GAM3KHE TOYKU IepeceveHUA [MOBEPXHOCTU C BepTHUKAIbHOM
OpAMOIt). 3Ta HHBOMIOLHUA JOILYCTUMA OTHOCUTEILHO BEKTOPHOrO MONA, KacaTellb-
HOT'0 K MHTerpalbHbIM KPUBBIM ypaBHeHHA Ha noBepxHocTu. lIpuBeneHune MHBO-
JIOIMU K HOpMalbHOU (popMe 3KBHBaJeHTHO HOpMajlu3allUU ypaBHEHMA JOKalb-
HbIM auddeomopdusmMoM miockoctu (z, y)].

13 (npopomsenue). IlycTh HemogBUKHAA KPUBaA WHBOMIOLMH, JOILYyCTHMOM
OTHOCHUTEIbHO BEKTOPHOI'0 MOJA ¢ 0c060ii TOUKOHl THNA GOKYC, Cello UIU y3el,
MPOXOJUT yepe3 0coGYIO0 TOUKY, MpUYeM MOAYIN cOGCTBEHHBIX UMCeN celia UIu
y3/1a pa3iuyHbl.

HoramuTte, 4To M0ObIE IBe TaKle HHBOMIOIUY SKBUBAJIEHTHBI B OKPECTHOCTHU
0c060ii TOYKHU, eclIM KacaTeJbHble K MX HENOJBUKHBIM KPUBBIM B 0c000i1 TOUKe
He pasjielleHbl cOGCTBEHHbIMM HallpaBIeHUAMU.

[9Ta Teopema [aBbinoBa HocTaBifeT HopMalbHYIO (opmy (p — kx)? =y
ypaBHeHUA 00IIero IMoJoeHUf, He pa3pelleHHOro OTHOCHUTEIbHO IPOU3BOJHOIA,
B OKPECTHOCTH HeperyiApHO TOYKH, B KOTOPOIl MIOCKOocTb dy = pdx KacaeT-
cA noBepxHocTd F' = 0; k — eAMHCTBEHHBIH MOAYIb (MHBapUaHT OTHOCHUTENLHO
nuddeomMopPU3MOB) BOZHUKAIONIETO (CIOMEHHOr0 (OKyca, ce/la Ulu y3iay, 06-
Pa30BaHHOIO NPOEKIMAMM UHTErpalbHbIX KPUBBIX Ha IIOCKOCTH (z, y)].

Pemenusa 3amau 12-13 pgocTaBiaAIOT Takke HOpMalbHble (GOPMBI CeEMeNCTB
TpPaeKkTOPUII MeJJEeHHOI'0 ABUKEHUA B TEOPUU pellakCallHOHHBIX KolebaHUil oO1e-
ro NoJOKeHUA NPU JBYX MeJJNEHHBIX IepeMeHHbIX. B 3Toii Teopuu B Tpexmep-
HOM IIPOCTPaHCTBe, PacclO€HHOM Ha BepTHUKa/lbHble NPAMbIe Haj «IIJOCKOCTbIO
Me/[IeHHBIX MEePEMEHHBIX» 3a/[aH0 [Ba BEKTOPHBIX MOIA: OAHO («ObICTpOE») Bep-
THUKalIbHO, a Apyroe («Bo3aMylaiouiee») mpon3BoibHo. Hynu GbicTporo moaa o6-
pa3yioT «MeJleHHYIO NoBepXHocThby. [ln1ockocTH, HaTAHYThle Ha BEKTOPbI 060MX
nmoJieil, BbICEKAIOT Ha MeJJIeHHOI NOBEPXHOCTHU I0Jie HalpaBleHU# «MeIJIeHHOro
OBUKeHUA». Peub umer o cemeiicTBe MpOEKINiT MHTErpalbHbIX KPUBBIX 3TOr0 IO-
JIf ¢ MeJJIeHHO} NOBEPXHOCTHU Ha IJIOCKOCTb MeJeHHbIX IepeMeHHbIX.

KpuTtnyeckue 3HaueHUA NPOEKTUPOBAHUA MeAJeHHOU IIOBEPXHOCTH Ha IIIOC-
KOCTb MeJUIEHHBIX II€PEMEHHbIX 06pa3yioT (B cucTeMe OGIIero IOJOKEHUA) IHC-
KPUMHMHAHTHYIO KPUBYIO C OTAelbHbBIMH TOYKaMU Bo3BpaTa. B okpecTHocTu
o0meil TOUKU 3TOH KPUBOI ceMeiicTBO npoekuil auddeoMopdHO ceMeicTBY Io-
IyKyOuueckux mapa6oa (y — c)2 = g° (sTO0 crenyer u3 HOpMaabHOM (GOpPMBI 3a-
naun 12). B oTgeabHbIX TOUKax rIaJKOCTH JUCKPUMHUHAHTHOW KPUBOH ceMeii-
cTBO npoekuuit nuddeomopdHo cioskeHHOMY GOKycy, ceqny uiu ysny (3ana-
ya 13). Kpome Toro, B cucTeme oO6LIEro IOJOMKEHHUA BCTPEYAIOTCA OTHelbHbIe
TOYKU TJIaJKOCTU AUCKPUMHHAHTHOU KPHBOIl, B OKPECTHOCTU KOTOPLIX ceMeii-
CTBO MOKHO OIIMcaTh cleAylomuii o6pa3oM. 3aHyMepyeM HHTerpajlbHble KpUBbIe
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apaMeTpoOM ¢ U PACCMOTPUM CEMEMCTBO UX NMPOEKUUI Ha INIOCKOCTh (z, ¥) Kak
[OBEPXHOCTb B TPEXMEPHOM IIPOCTPAHCTBE C KoopauHatamu (z, y, ¢), pa3bUuTyIo
Ha IUHUU ¢ = const. ITa MOBEPXHOCTh AUddeomMopdHa (I0KaIbHO) MOBEPXHOC-
TH «closeHHOro 30HTHKay u’ = v3w?, pas3éuToit Ha IMHUM u + v + w = const.
HakoHen, B OKpeCTHOCTU TOYKM BO3BpaTa IUCKPUMUHAHTHON KPHUBOIl ceMeicT-
BO IpPOEeKIUIi onuchbiBaeTCA aHaJOTMYHbIM 06pa3oM IIpu NOMoImU pa3bueHHdA IO-
BEPXHOCTH «IaCTOYKMHOr0 XBocTay (u, v, w: A+ uA? + v\ + w umeer KpaTHBIA
KOpeHb) Ha KpuBble u = const. [locieqHee ceMeHCTBO MPOEKLUi, B OTINYHE OT
ONMCaHHBbIX paHblle, MMeeT 6eCKOHeYHOe UHCI0 MOAY/ell fAaxe OTHOCUTEIbHO Io-
MeoMOp(PU3MOB IIOCKOCTH (T, y) (B ciydae CIO#EHHOTO 30HTHKA MOIYIeHd HeT
¢ TOYHOCThIO [0 6eckoHeUHO-IN (D pepeHIpyeMbIX AU deomoppu3MOB, HO B aHa-
IUTUYECKOM Ciydae NMOABIAETCHA GECKOHEUHOE YKCI0 He3aBUCUMBbIX MOLYIei).

Pemenus 3agau 12 u 13 onuchIBalOT Taki#e 0COOEHHOCTU ceMeiicTB acHMII-
TOTUYECKUX JTUHUHA Ha MOBEPXHOCTHU TPEXMEPHOIo MPOCTPAHCTBA (CeMeHCTBO Io-
IyKyOnueckux napa6oa B oOiieii Touyke mapaboiuyecKoi JWHUU U CIOEHHBIN
doryc, y3eaq niu cellio B OTAENbHBIX TOUKaX KacaHUA aCUMITOTUYECKOr0 Halpas-
J1eHUA NapabonaudyecKoil TUHUN).
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