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NPEJHUCJIOBHE

B 1988 r. B UsgatessctBe MI'Y Bhillesq B cBeT COOPHHK aBTOPOB
«3asauy ¥ yOpaXKHeHHs IO MAaTeMaTHYeCKOMY aHaju3y». B sToT
COOPHHK BOLIeJ Marephaj, COOTBETCTBYIOIIMA mepBOMY roay ofyue-
HHSI HO KYpPCYy MaTeMaTHYeCKOro daHaJii3a Ha MeXaHHKO-MareMaruue-
CKHX (aKyJbTeTax YHHBEPCHTETOB.

Hacrosmu#i 3afa4HdK COOTBETCTBYeT KypCy MaTeMaTHYeCKOoro
aHaJu3a, M3JaraemMoro Ha BTOPOM Kypce, H COOTBETCTBYeT MaTepHany
onHoro cemecrpa. COODHHUK HOCBSAIIEH HHTErpajJbHOMY  HCUHCJIEHHIO
Gbyaxkuuli MHOrux nepeMeHHHX. OH COIEDXKHT CJeAyIOIIKE Das3fieibi:
«Kpatunlii uHrerpan», «KpuBosHHeHHBIH H IOBEPXHOCTHHE HHTErpan
nepsoro pona», «KpHBonuHeHHBIA U MOBEPXHOCTHHI HHTErpaj BTOPO-
ro posaas.

Tax ke, KaK U B NepPBOH KHHTe, aBTOPHl CTABHJH CBOEH HeJbl0 HE
TOJLKO NPHBECTH CNHCKH 3aja4 M JaTh OTBETH, & CTPEeMHJHCh IIpH-
BECTH HeOOXOJUMble TeOpeTHuYecKHe CBEJEHHf M, IJaBHOe, AaTb HO-
JpoCHBle METOJHYECKHe YKA3aHMsA, NPHUBECTH THUIIHYHbie AJTODHTMHI,
NpUroJHele st pelleHHil HeJablXx KiaaccoB 3anady. Obpauiaercs BHH-
MaHHe HA TUNHYHBEe OWIMOKH, NOIyCKaeMble NPH pelleHHsX, pasobpa-
HB Hau6oJlee XxapaKkTepHble 3a1a4H.

Benen 3a uanmokeHHeM MeTOIMYECKUX YKasaHU NpHBOAATCS 3a-
Jaud H YIOpa’KHeHHs BBIYHCJIHTEJNbHOTO Xapakrepa. Bce mpeajsarae-
Mble 3a71a4y CHaOXeHbl OTBETaMH.

Crenyer 3aMeTHTh, YTO B OCHOBHOM 3alaYH W YNpDaxKHEHHsl paHee
He BCTpeuYaslHCh B H3BECTHHIX 33JaYHHKAX [0 MaTeMaTHYECKOMY aHa-
JH3Y M ABJAIOTCS B ONpPeNeJeHHOM CMBICJe HOBBIMH.

B cGopHuke umeercs elne oxHa ocoGeHHOCTb., Matepunan Tperbelt
IJIaBHl H3JIOXKeH ABYMs crnocobamu. MHTerpasbiioe HCUHCJEHHE CTPO-
HTCS C HCNOJb30BaHMeM AuddepeHuuasbHbx ¢opM H B Gojee KJjac-
CHYECKOM BHJe — 6e3 HX HCIHOJb30BaHHA. ITO COOTBETCTBYET CJO-
KHBIIEHCH CHTYaUHH YTeHHS AAHHOrO pasjejia MaTeMaTHYeCKOoro
aHaJH3a B YHUBEPCHTETAX CTPaHHI,

CTpyKTypa NOCTPOEHHS MNpPEIJIOKEHHOr0 3a4ayHuKa aHaJOTHYHa
CTPYKType yIOMHHaBLUeHcs KHUMM «3afauyd W yNpakKHeHHs IO MaTe-
MaTHYECKOMY aHaJHU3y>,

ABTOpDH BHIPAXAlOT HCKPEHHIOH G6J1aroJapHOCTb COTPYAHHKAM Ka-
¢enpbl MaTeMaTHYECKOro aHAJH3a MeXaHHKO-MaTeMaTHuecKoro ¢a-
Kyabtera MI'Y um. M. B. JlomoHocoBa 3a moJse3nbie 3aMeuaHus,
IpeJIOXKeH s, ydacTHe B OOCYXIeHKH. ABTopbl 0c060 6JarolapHu
I0. A. KaspmuHy, npoyHTaBileMy DYKONHCH H CAenaBuieMy psif 1O-
JIC3HHX NpefJioXeHHil W 3amevanu#, a rtaxxe M. I'. IlaprkoBy ™
B. E. Ilononbckomy 3a ofcyxienne OTAGNbHHX 4acTeli PYKONHCH.



[JIABA 1
UHTETPAJIbHOE UCYUCJEHHUE oYHKIUHHA MHOTUX
NEPEMEHHBIX

§ 1. ONIPENEJIEHYE U OBLIUE CBONCTBA HHTETPAJIA
OT ®YHKHHUH f: R >R

Onpenenenune. MuoxecrBo [={x, x&R", a;<x; by, 1<<i<n}
HA3BIBAETCSl CTAHJAApPTHBIM OTHOCHTEJBHO ocell KoopauHat OpycoM B
R™ (n-mepHbiM OPYCOM, WM TIPOMEXKYTKOM).

Eciu HeoOXOAMMO OTMETHTb TOUKH a=(a,, dg,...,dn) H b=(by,
by, ..., by), TO npuMensieTcss o6o3Hauenue [, p.

Lpyrumu cioBamu, HpoMeXyTOK B K™ ecTb A€KapToBO TNPOH3Be-
/leHHe OTPEe3KOB, JIeKAallHX Ha Koop;mHaTHblx oCsIX.

Onpenenenue. Uucio H(b —a;) Ha3biBaercs n-McpHbIM O6b-

emoMm Opyca Iqp U 0603HaqaeTc>1 ap].

Ecau pasmepHocth Gpyca sicHa M3 KOHTEKCTa, TO BMECTO TEPMHHA
«N-MepHBLIH 00beM» HCIIOJBb3YEeTCs TEPMHH «00BhEMY.

Onpenenernune. Ilycts 3anan 6pyc [, Rm". Pasbuenua T,
1<i<{n, KOOpAMHATHBEIX OTpe3KoB [a;, b;], I<{i<Kn, ¢ anamertpom
2(T;) unnyuupyioor pasbuenne 6pyca [,, Ha Gosee MeJsikHe IpoMe-
Kytkn [9, 1<{g<{Q, mnoJsyualouuecs JAeKapTOBBIM MPOH3BEIEHHEM
[POMEeKYTKOB pasfHeHust 0oTpe3koB [a;, b;], 1<{i<{n. [IpeacraBiaenue

Q

6pyca lop B Buze Il.p= |J /7 wnaswizaercst pasGuennem Gpyca Igp
g=1
H o6osnauaerca cuMposoMm T. Beauuuna A(7)= max A(T;) Ha3uBa-
1<i<n

eTcs napaMerpom pasbuenust T,
ITycts ¢yuxuus f:/—R orpanuuena Ha /| u T — pas6uenue [. ITo-
JIOXKHUM

M—supf(x) 1<‘7<Q1 mq:inff(x), 1<q<Q,

xel? xel?

Q
S(T, H= VMjm, s(T, H=Y, m,|1,
g=l1

g=1

O §t@ar=ints@, =, @) ids=swps(r, =9
I 1

Has no6oi orpanuvennofl Gpynkuuu f: [-R ameem <.
Onpenenenue. Ecan I=9=9, 10 dyuxuusa f:I--R HasuBpa-

eTCs uuTerpupyemofi no Pumany Ha [/ H uucjo J Ha3bBaeTcs HHTe-
rpanom Pumana ot f no I u o6osnauaercsa §fdx.
1



DTo omnpejnejeHHe 3KBHBAJEHTHO TakoMmy: Inycth T — pasbuenue
H {Eq}f;z:. — COBOKYNHOCTb ToueK §,, 1<{g<{Q, rTakux, uto §,&19,
Q

1<g<Q; bynxuus [, [-~R" unterpupyema Ha /, ec.rliTimoz FENY
(i g=1

CYIIeCTBYeT H He 3aBHCHT OT BHI6Opa TOuEK {Eq}f,?=1 u pasbucuus T.

JlanHoe ompezesNeHHe AHAJOTHYHO ONIpEAEJEHHIO HHTerpasa Pu-
maHa Ha otpeske [a, b] (a<b), T. e. cayvao n=1. CxoacTBo omnpe-
Ae/JeHHS INOJY4eDKHYTO M (OpMOH 3amHCH HONBIHTErpaJbHOTO BHpa-
xeHus fdx. PaBHocHJbHBlE, HO 60Jlee pasBepHyTHE OGO3HAYEHHs pac-
CMaTpPHBAEMOTO HHTErpasa Takue:

Sf(xl. Koy ooy Xp)dxydx, ... dx,,
i
HJIH
S....fi(xl, Xy« vy Xp)dxydx, ... dx,.
npas

1

Gamevanue. Aasg dyukune ojHofi nepeMmedHodl [:R—R u
b

npomexyTka [a, b]<R, a<b, uMeer CMBICI KaK CHMBOJ (fdx, TakK
a

a b
H CHMBOJI Sfdx: ——5 fdx, 1. e. unterpan Pumana or QyHKUHH 0Oj-
b a

HOro NeHCTBHTEJNLHOrO MEPEMEHHOTO ONpejensieTcsi M0 HanpaBJeHHO-
MY NIpPOMeXYTKYy. B npocrtpaHcTtBe e R", n>2, NOHITHEe HalpaBleH-
HOro npoMexkyTka He BBOJHTcH. Ecsau W B npoctpancrBe R paccmar-
pHBATb TOJLI:O TaKHe NPOMEXYTKH [a, b], aas KoTophix a<<b, 10 B
JanbHeHdlleM IpH PACCMOTPEHHH R™ MOXHO CuUHTaTh n JIOOLIM HaTy-
paJbHBIM 4YHMCJOM, B TOM UHCJE H eIHHHIEH.

Yro6pl NOAYEPKHYTb, YTO peub HIeT 06 uHTerpaje OT (GYHKIH
MHOTHX TlepeMeHHBIX Ha Gpyce [R™ (n>2), rosopsTt, 4TO 3TO KpaT-
HEIl muTerpan (ABOMHHOM, TPO#HON W T. A. B COOTBETCTBHH C pa3Mep-
HOCTbIO R*).

Onpenenenue. MuoxectBo McCR™ HasbBaeTCs MHOMXKECTBOM
MepH HYyJb B CMEIC/Ie Jlefera (kopoue, MHOMKECTBOM MepPH HYJb),
ecqu masd Jjioboro €>0 cyinecTByer NOKpHTHe MHOXKecTBa M He Go-

Jee yeM cUeTHOH cucreMO# {/%};/i n- MepHHX INIPOMEXYTKOB, CyMMa
(<]

006bEMOB KOTODBIX Z [/9] me nmpeBHIlIaeT &.
g=1
Hekotopule cBoficTBa MHOMKECTB MepHl HYJAb B cMmbicje JleGera.
1. TouKa eCTb MHOXKECTBO MEpLi HYJIb,
2. O0beqrHeHHe KOHEYHOro MJIM CYETHOTO YHCHA MHOXKECTB MepH
HYJb €CTh MHOXKECTBO MepHl HyJb. B uyacTHOCTH, BCaKoe He Gosee ueM
CYeTHOE MHOXKeCTBO €CTb MHOXKEeCTBO Mephl HYJIb,

6



3. IToAMHOXeCTBO MHOXKeCTBa Mepbl HY/b €CThb MHOXKECTBO Mephl
HYJb. :

4. Ilyetb PCR™ — 3aMKHYTOE OTpaHHYEHHOE MHOKECTBO H (YHK-
s f: P—~R nenpeprisHa Ha P. Torma MHOXeCTBO

Mc R i M={(xy, %o ..., Xny )i X=Xy, Xay ..., X,) &P,
y=F(x)

(rpadux ¢ysKuuHu y Ha P) ecTb MHOMKECTBO MEDHl HYJb.

3ameTuM, UTO HHKaKOe OTKPHITOE MHOXeCTBO GR™ He siBAseTcA
MHOXKECTBOM MepHl HyJsb. Tak, Hanpumep, unrepBaa (a, b) =R ecrtb
OTKPBITO@ MHOXKeCTBO B NIPOCTPAHCTBE R M TeM caMbiM He ecTb B
5TOM IpOCTPAHCTBE MHOXKeCTBO MepH HyJsb. Eciin ke B3Tb MHTEpPBaJ
(a, b) na ocu OX B aByMmepHOM mpocTpaHcTBe R2, To OH 6yleT MHO-
»KeCTBOM MepHl HYJb, HO 3TOT HHTepBaJ B R? yxKe He eCTb OTKPBITOE
MHOXKECTBO. :

Onpenenenue. ITyctb MHOXecTBO DR™. ®ynkuus yp:R"—>
—R

I, xe=D,

=19, rzp

Ha3bIBACTCH XapaKTepHCTHYeCKol (yuKuueH MHoxecTBa D.
Onpenenenue. MuoxectBo DCR™ Ha3HBAeTCs KOPJAaHOBLIM
MHOXKECTBOM, ecnr D orpanuucHo H QYHKUHS ¥p HHTErpHpyemMa Mo

Pumany Ha awbom 6pyce /R, taxom, 94ro D/, Beauwuuna VX, dx
Y Py D

7
HashIBaeTCa n-MepubiM obbemMoM uaH Mepoi B cMblcie Kopaasa
mHoxecrsa D u oBosnauaercst |D| uwau V(D).

Bennuuna BXDdx He 3aBHCHT OT BHOOpa Opyca [, comepxaniero
I

mHOXecTB0 D, u, CnefoBatenblio, JaHHOe ONpeleseine KOpPPeKTHO.
MoxxHO MoKasaTh, UTO JJs TOrO, 4TO6H MHOMXKecTBO DCR"™  GHJIO
JKODAAHOBBIM, HCOOXO/IUMO H JIOCTATOYHO, YTOOK OHO GHLIO orpaHuue-
HO ¥ MHOZKECTBO €ro rpaHu4yHblX TOUYeK OBIIO MHOMKECTBOM MepH HYJb
B cMEIC/e JleGera.

IIpuBesem Temepb 9KBHBAJIEHTHOE ONpeleJeHHe A-MEPHOrO 06b-
eMa, He HCNOJIb3ylollee NOHATHE HHTerpaJa.

OGosnaunm uepes Hj, MHOXKECTBO BceX GpycoB I, ,R™, nis Ko-
TOPHIX a,zﬁ—, bi:—%-l—, reZ 1<<i<n. JLJst MHOXKeCTBa
DcR™ uepes Hy(D) o6osnauuM obbepunenne Beex 6pyco u3 Hy, Ko-
TOpbie LeJHKOM BXOAAT B D, uepes Hy(D) — o6beanHenne Bcex 6py-
coB u3 M, Kotopue mepecekaiorcs ¢ D. O6vem Hy(D), paBHHIH CcyM-
Me 00bEMOB COCTABJIAIOLUIHX €ro 6pycoB, 0603HAYHM Vi(D); o6bem

H,(D)—V, (D). Ecau ;iml_/k(D)=’£im Vi (D), To muoxectBo D 3K0p-

7



AaHoBO W uHcao V (D), paBHoe 3HAUYEHHIO 3THX IIpPeesoB, €CTb ero
n-MepHbIH 00'beM.

JIro6oit 6pyc I, p,R™ siBnsercs XOPAAaHOBBIM MHOXKeCTBOM, H

ot
onpeneseHHblii Bole ero o6veM |lap| =11 (b;—a;) coBnazaer ¢ 06b-
i=1
eMoMm V (I, ), onpeaensieMblM IO NPHUBEIEHHOMY BHIUEe NPABHJY [Js
o0beMa KOPJAAHOBHIX MHOXKECTB,

Hcnonb3ysi ykaszauHbie Bhlllle CBOHCTBA MHOXKECTB Mepbl HYJb,
MOXHO IOJYYHTh CJeIYIOUINe CBOHCTBA XKOPJAHOBBIX MHOXKECTB.

1. JlomosHeHHe XOPJaHOBA MHOXeCTBa A0 JIIOOOTO BKJIOUYAKILETO
ero 6pyca ecTh XKOP/JaHOBO MHOXKECTBO.,

2. O6benrHeHHe U TepeceyeHHe KOHEWHOrO YHCJA JKOPAAHOBBIX
MHOKECTB €CTh KOpJaHOBO MHOMKECTBO.

3. Ecmn M — x0pLaHOBO MHOXKeCTBO o6beMa HyJb, TO JiobOe ero
NOJIMHOKECTBO €CThb JKOPJaHOBO MHOMKeCTBO OObeMa HYJb.

4. Tlyers M; < R"—3aMKHYyTOE KOPIAHOBO MHOXKectBo, ¢, & C(M,),
Goe=C(My), 9 (x)<<(x), x&M,. Toraa mHoxectBo M={x, x==
= (X1, Koy «-vy Xny Xpg1) P M= (Xg, Xy, ..., X, ) =M1, ¢ (¥) < Xppy =<
< ¢, (X)} KOPAAHOBO.

5. Tlyerb M{c—R™ — orpannuenHoe MHOxKecTBO U C -— KOHCTaHTA.
Torga MHOxeCTBO M={x:@x=(X|, Xg,...,%n, C):m={(X1, Xz, .., Xn) =
M} ecTb KOpPJIAHOBO MHOXECTBO 00'beMa HYJb.

6. MuoxectBo MCR? rpaHulied KOTOPOro sBJIsieTCS CHpsiMJsie-
Mas (B YacTHOCTH, KyCOYHO-IJajKas) 3aMKHyTasi KpuBasi Ge3 camo-
nepeceyeHHl, ABJSETCS KOPAAHOBBIM MHOXKecTBOM. MHoXectBo M
<R3, rpauuuefi KOTOpOro sBJsieTcst KYCOYHO-TJafKas 3aMKHyTast Ho-
BEPXHOCTb 0e3 caMonepeceyeHHH, SIBJAETCS XKODPAAHOBBIM MHOXECT-
BOM,

7. Ecnin 21— xopaiaHoBO MHOXKecTBO, TO M (3aMbikanue M) #
MP (MHOXeCTBO BHYTPEHHHMX TOYeK M) — TakKiKe KOPLAHOBH MHOXKeE-
cTBa 1 06beMbl MHOKecTB M, M u M° pasHuH, 1. e.

M| =[|M|=|M°|.

Tak, wanpumep, orpe3ok [a, b] ocu OX ecTb KOPAAHOBO MHOMKE-
¢tBO o6bema (b—a) B OJHOMEDHOM NPOCTPAHCTBE R H XKOPAAHOBO
MHOXeCTBO o0beMa HyJb B JByMepHOM mnpocrpanctse R? (M mobou
Rm™, n>2) (cBoiictBo 5); kpyr {(x, y) :x®+y2<la?} u MHOKeCTBO D=
={(x, y) :0<x®+y?<a? HABAAOTCH KOPAAHOBHIMH MHOXKECTBAMH
ob6vema ma? B R? (cBoicTBo 6).

Hecpsisnoe MHOXKecTBO, fBJsiOIIeecss OObelHHEHHEM IBYX IIapOB
{(x, y, 2) : 2+ y?+22<a? n {(x, y, 2) : x2+y2+22—8az+ 15220},

eCTh 2KOPJaltoBO MHOXKECTBO 06beMa Fy na® B R*  (cpoficta 2 u 6).

Onpeaenenne. Oyukuus [:R"—>R uurerpupyema no Pumany
Ha DcR®, ecan D —KOpAAaHOBO MIOKECTBO M (DYHKLHSI [-xp HHTe-
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rpupyema no Pumany Ha 6pyce [, TakoM, uro DI, Hucno SfXD dx
/

HasbiBaercss uHterpasoM PuMana ot f no D u o6o3nauaercs j.fdx‘.

MoXKHO MOKasaTb, UTO CYILeCTBOBAaHME ¥ BeJHUYMHA HHTerpaja
{fdx ne saBucsit or BrGopa npomexyrka I, ecin Dl
D

U3 onpenesneHuss ¥ cBOHCTBAa 7 KOPAAHOBBIX MHOXKECTB CJeayer,
410 (YHKUHS [ OJHOBPEMEHHO HHTerpupyeMa HJH HeT Ha BCeX Tpex
MuoxectBax D, D u D° rme D—3amukanue Muoxecrsa D, a DO —
€ro BHYTPEHHOCTD, T. €. MHOXKEeCTBO BHYTPeHHHX Touek D H

Sfdx:Sfdx—~ \.fdx.
b D Do

ITosToMy B maJsibHeHllleM NpH KayeCTBEHHOM aHaJ/u3e HJH BbIUHC-
JIeHUM WHTerpasia no obsactu D Mbl gacto OyAeM HepexOAuThb K pac-
CMOTPEHHI0 HHTerpaJja Io 3aMblKaHuio D 3ToH o6jaacTH, He OroBapu-
Bas CHOENUajJbHO 3TOr0 nepexoxa. MHOXKeCTBO HMHTErPHPYEMBIX IO
Pumany na muoxecrtBe D yHkuuil 6ynem ob6osnauarh % (D).

Buumanue! 3anuceiBasg cuMBos %(D), nmoxpasymeBaeM, 4TO MHO-
»KecTBO D »KOp/JaHoBO.

Kpurepuii JleGera unrerpupyemocty no Pumany

[Tyets D — xopnanoBo MHOXKeCTBO W [:D—R. Ilns uurerpupye-
mMoctH o Pumany ¢yskuuu f Ha D Heo6X0AMMO H IOCTAaTOYHO, UTO-
6p [ Oblsla orpaHilucia M MHOXKECTBO ee TOYeK pasphiBa OBIJIO MHO-
JKeCTBOM MEpH HYJIb.

W3 xpurepus uHTerphpyemoctu JlicGera u CBOJCTB MHOXKECTB Me-
pPBI HYJIb OJIydaem

CnenpctBue 1. OrpaHnuenHass ¢yHKuusi, umeronias He GoJee
yeM CYeTHOEe MHOJKECTBO TOUEK Da3phBa Ha JKOPAAHOBOM MHOXECTBE
D, uurerpupyema no PuMaHy Ha 3TOM MHOXKeECTBe.

Cneactsue 2. Econ fe&(D), 10 f=R (D) nas moboro xop-
naHoBa MHoxectBa DD,

OcHoBHbIE CBOIICTBA KPATHOrO HHTEerpaaa Pumana

1. Eciu fe# (Dy) u feR(Dy), 10 &R (DUDs); ecan MHOXKeCT-
Ba)Dl 1 Dy He HMeOT OOIIHMX BHYTPEHHHX TOueK (He IepeKphBaloT-
cs1), TO

S fdx= ff dx+ \[dx (apammuBHOCTH HHTerpana).
D,UD, Dy D,

* Econ dynkuus f sajnama Ha noaMmHoxectse ECR™, 1o poonpefensieM ee Ha
BCe MPOCTpaHCTBO, noJaras f(x)=0 ana awboro x=E.



2. Ilyems feR (D) v g=R (D), torna f-g=R(D);, s molhHX
nocrostuunx C; v Co (Cif+ Cog) =H (D) u

5 (Cif +Cog)dx=Cy ( fdx+C, f gdx (JMHEAHOCTb HHTerpasa).
b D b
3. Ecm fe= RB(D), 10 |l BR(D) u

| {7 ax|< \ir1ax,
D D

4. Iycrs feRD), geRD) v f(¥)>=g(), x=D, Torna

dex>5gdx.
D D

5. Eom fe B(D) v m=inif, M=supf, To
D D
m|DI< \ fds < M|D).
D

6. lycrs f&= BRD), g &R (D), g(x)=0 ama moboro x < D, m=
=inff, M=supf, Toraa
D D

mfgdxg gﬂgdng\;gdx.
b b b

Ecan npu stom D cesizuo u f & C (D), To Hafigercsa Touka E e D, Takas, 4To

S [-gde=[() f g dx (Teopema O cpenem).
b D

BamMeuanune YCJIOBHE CBSI3HOCTH, KaK IIOKA3HIBaeT CHAEAYIO-
Ui npuMep, cyulecTeeHHo. B camom gese, aast  dysruum f(x)=

=signx u muoxkecrBa D={x:x=[—2, —1]U[l, 2]} umeem Sfdx:
D

=0. OxHako He CyllecTBYeT TAaKOH TOUKH &, NmpuHajjlexamiell MHO-
xkectBy D, uto f(E)=0.

7. Tlycts g=R (D) u orpanuvennass ¢yuxuus f:D—R coBnaaaer
c g mas Bcex x&D KpoMme MHO)KecTBA o6beMa HYJab, TOraa [&
eR(D) n

ffdx=g gdx.
b b

B uactHocTH, eciM Ha XOpAaHOBOM MHOXecTtBe D ¢yuxuus f:
: D—R orpanuuera u coBnagaer ¢ ¢ynkuueit g=C (D) Bcioay, Kpo-
Me MHOXKecCTBa o6beMa HyJ b, T0 feR (D).

ITostoMy B naJjbHeiiileM (DYHKIHIO, aHAJMTHUCCKOE BbIpaZKCHHE
KOTODOH TepsieT CMBICA B TOUKAX MHOXecTBa o0beMa HyJb, BCeraa
OyaeM mnpejnoJaraTh JIOONpE/IeNIEeHHON B TOYKAaX 3TOrO MHOXKeCTBA;
TaM, I'jle BO3MOXIO, — IO HCIPEPHIBHOCTH, TaM, I'le 3TO HEeBO3MOX-
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HO, — IIPOU3BOJbHHM 00pa3omM, Jullib OBl MOJydeHHass ¢yHKuuA OHaa
OrpaHHYeHHOH.

3ameuaHnue. TpeGoBaHHe orpaHHueHHOCTH (YHKUHH f(X) Ha
D B cBoiictBe 7 cymiecTBenHo. Tak, Hanpumep, nyctb g(x)=1,

1

u D ectb orpesok [0, 1]. @yuxuusa f(x) coBmamaer ¢ HHTErpUPyeMOii
Ha [0, 1] ¢ynkuned g(x) Bcioay Ha orpeske [0, 1], Kpome MHOKe-
crBa M={x, x=1/2", n=N}, 0o6beM KoTOpOro paBeH Hymw0 (Ipose-
puthl) HO [(X) Kax HeorpaHudyeHHas (YHKIUS He SIBJSETCA HHTETPH-
pyemoit na [0, 1].

Teopema ®y6unu Ilyctb X—6pyc B R?, Y —6pyc B R™
u oynkuusa feR(XXY). O6osnauum uepes W(x) ¢yuxuuio ¥:X—
—R, paBHymo sf(x, y)dy nns tex 3HaueHHH xe&X, ;A KOTOPHX

Y

3TOT HHTerpaJj CyUIeCTBYeT, H PAaBHYIO NPOH3BOJBHOMY UHCJIY H3 OT-

peska [(L)Kf(x, y) dy, (U)Kf(x, y)dy] nast tex xeX, AN KOTOPHX
Y Y

uarerpaln {f(x, y) He cymecrByer. OGo3Hauum uepes @ (y) dyHKuuio
Y

~

®:Y—>R, paBmyw 5f(x, y)dx pnst tex suadvenuii yeY, mas Koro-
X

PHX 3TOT HMHTErpas CyLIeCTBYeT, H DaBHYIO IPOU3BOJBHOMY YHCJY H3
()Tpe31<a[(L)(;f(,v, y)dx, (U)Sf(x, y)dx} ang  T1ex yeY, nas xoro-
X X

ey

PBIX HHTerpaJg

VY(x)=s%(X) n

3 1 pdxdy= {0 ) dy={ ¥ (v ax.
XXY Y X

f(x, y)dx ne cymecrsyer. Toraa ®@®(y)esR(Y),

>

Yr1o6b OTJHYHTL KpaTHHI MHTerpas mo (n-+m)-MepHOMy IpoMe-
KyTKy X XY OT noc/1ea0BaTC/HbHO BHUKHC/SIEMEIX HHTErPaIOB

(0@ dy §1P(x)dx
Y

COOTBETCTBeHHO mo 6pycamM X u Y, NPHUHATO TH HHTErpPadH HAa3H-

BaTb NOBTODHEIMH HHTerpajaMH oT [(x, y) u o6o3HauaThb COOTBET-
CTBEHHO

VO wdy=Jdy\ e pde n { V) ar=[ae (s gy,
Y Y X X X Y

Ecan n=1, m=1, 10 1eopema OyOuHH CBOAUT BHIUHUCJICHHE ABOf-
HOTO HMHTerpasa K NOCNeJ0BaTeJbHOMY BBIYHCJEHHIO ABYX OXHOMEp-
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HBIX HHTErpajoB. B ofmieM ciayuae NOBTOpHOe NMpHMeHeHHe 3TOH Teo-
peMbl MPUBOAUT BHIUHC/JEHHE 7-MEPHOTrO HHTerpasa K NOCJel0BaTte/ib-
HOMY BBIYMCJICHHIO /1 OJHOMEDHBIX HHTErpPasoB:

S f(xy %oy ooy Xn)dxy ... dxn,=
Tap

by by bn
—_—S dxlg dxas S Flxq, .., X,)dx,.

Moxuno copmynaupoarh teopemy PyOHHH M TOrRa, KOrja HHTe-
rPHpPOBAHHE NPOU3BOJAUTCS He 1O NpoMexyTkKy IcR™™, a mo npous-
BOJILHOMY XKOPJaHOBY MHOxKecTBY DCR"™™ HOo ¢opmysupoBKa cTa-
HOBHUTCS upe3BHUadHO rpomo3nkofi. Ilosromy orpanuunmcs (Qopmy-
JIUDOBKOH AJS YacTHOro, HO HauboJjee HIMPOKO HCHOJb3yeMOro CJay-
qag:

Teopema. Ilyctb PCR™— 3aMKHyTOe XOpPJaHOBO MHOXKECTBO,
dyukunu ¢ =C(P), ¢.=C(P), ¢i(x)<<g2(x), x&P, mHOXKecTBO M=
={x:x=(X1, X2, o, Xn, Xn11):

m=(xy, Xy, ..., Xp) & P, @ (m) < Xnsr1 < @y (M)}
Ecau feC (M), to

Crde= {7 oo 50y dur) diyde, .. diy dtug, =
M M

. q),([n)
= S dxldxz PN dxn S f(xl, x2 “e ey xnv xn-{—l)dxn+].
P @(m)
3aMeTuM, UTO B YCJOBHSIX TEOPEMBl MHOXKeCTBO M KOpaaHOBO
Pz(m)
L]
(cM. cBOicTBO 4 XKOpPIAHOBHIX MHOXECTB, C. 8), HHTerpasn f (xq,
¢y (m)
Xy vy Xny Xnp1) AXngy CyIIecTBYeT MOJS1 BCeX M=/(X|,..,Xn)E
&P u sBasiercs HenpephlBHOH ¢GyHKHHeH Ha P, mostomy Bce BXOas-
HiMe B GOPMYJIHPOBKY TEOPEMBI HHTErpajbl CYIlleCTBYIOT.
Cnencreue 1. Ilycte xopaanoBo wmHoxectBo D={[a, b] X
X D.}, roe Dy=D\{x,==x} xopaanoBo npu jaw6om xj[a, b], 1 PyHK-
uus [ : D—R 3aBHCHT TOJIBKO OT MEPEMEHHOrO X1 :
f(x1, X2, ey Xn) =[*(x). Toraa B cuny teopemsl ®yGunu

b
§ f(x)dx= S dx, DS f*(x)dxydxs ... dx,.

Tak kKak ¢GyHKuUHA [*(X|) He 3aBHCHT OT NepeMeHHBIX HHTEerpHpoBa-
HHS Xg, X3, ..., Xn, TO

§ Foadrs - dia =P § diy . di = [(0) 1D,

x x
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Takum ob6pasoM, B 3TOM C/JAydae KpaTHBIi HHTErpas CBOAUTCA K OJ-
HOKPAaTHOMY:

b
Vi de={ 7010, dx.

n
Cnanencreue 2. Ecmu Ha Gpyce 1=n[a,~, b;] dynxuusa

i=1
f(xlv DR ] xn):fl(xl) fn(xn\! B f;EC[ai’ bl]
AJIst BCeX I, 1<i<n TO
Kf(v)dx [ Qf (x,) dx;.
i= la

Ilpumep 1. Bouncauts
X (% -+ Xo + X5+ %) dxy dxy dx; dxy,
M
rae
M:{x: Xy, Xgy X3 Xg) 1 0CX < 0<<r <, 0<y<],
Xy Xp— Xz X <Xy X+ Xgp < RY

Peutenue.
= 5 (%1 %3 + X3+ xg) dx; dxy dxz dxy =
M

Xyt Xyt

= S dxy dxy dxs S (X1 Xa X5 + x,4) diyy
I Xy-HXg—xa
rae / ects TpexmepHbfi mpoMexyTok: 0<C{x <<l 0<Cxo<{l, O<xs<l.
TTockosbKy
XytXatxg

(21 X+ x5 + X4) dxg = (X + Xg -+ xg) - 225+

+ ‘12" (g x5+ X2 — (xg -+ Xy — x5)%] =
= 205 (X1 -+ Xp + Xa) + 2 (x; + Xxg) X5 = 43 (%1 1+ 2xp) + 27‘%:

TO

J = S [4xg (%14 %) + 2x3] dx, dxy dxg =

I3



1 1
dx, S. dx, S [2 (%) + %5) x5+ x3] diy =
0 0

lI
°<~/7...

1 1y 2 il
=25dx1g[(x1+x2)_3+—3.l dxy=
2 3 1o
0 0
1 1 + | | 1 5 -
X X M
—_—Qdels Rz ML S +?> dx2:TS<3x1x2+7x§+2x2) . dx, =
0 0 0

= —:;S (351 +7/2) diy = -+ 7/6 =573,
0

ITp uwMep. Boruncanm
S(x1+x2+ o b a2 dxy dxy .. dxy,
1

rue

I={{xq, ..., %) 0T x; <1, Y <Ci <}

Pemenue [ns duxcupoBanubx [ u j, 1<{i<n, 1<(j<{n, MHo-
XKecTBa ]ai =IN{x=a, 0<a; 1} n lai,b]. = I“i N {x;=0b; 0<hy<C 1}
ectb OpycH o6beMa | B mpocrpanctBax R™ ! u R"—2, COOTBETCTBEH-
Ho. ITpumenss caencreue 1, noayuaem, 470

1

1
>xfdx= Crzdn i) = [ =13, 1<in,
0 0

1 1 1 1
gx,x;dx= S X; dxij'xj dx,-l[xile = ( X; dx;j xjdx;=1/4, i=#j.
I 0 0 0 0

Orciona noJyuaeM, 4To

5(2;; dx—ZSxde+2Z Z S xpxjdx =

=1 f=i+l]
I n(n—1) n n—n 32+ n

T S T B ST

w[a

Onpenenenue. BuektuBHOe (B3aUMHO OXHO3HAYHOE) oOTOGpa-
xeHue ¢:D—>D,, Di=¢(D)=R", DcR™ Ha3HBaeTcs peryJaspHHM
orobpakeHueM, uaH auddeomopdpusmom MHoxectBa D, ecan g
&C!'(D) u sixoGuaH ¢ (onpenesUTeJb MATPHIK JHHEHHOro oTOGpa-
keHus @’) He ofpamaercs B HyJb Ha D.
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CBo#cTBA peryasipHoro oro6paxeHns

ITycts @ — peryasipuoe orobpaxenue obaactn D (1. e. CBsIZHOrO
OTKPHITOro MHOXecTBa) Ha obsacth D). Toraa

1. Ecaiu McD, 1o BHyTpeHHHe TOukd MHOxectBa M mepexoxdr
BO BHYTpeHHHe TOUKUM MHoxectBa (M), rpannunbie Toukn M —B
rpanuunbe @(M); orciona cieayer, uro o6pas OTKPBEITOTO MHOXECT-
Ba — OTKPHITO€ MHOXKeCTBO, 00pa3 3aMKHYTOrO — 3aMKHYTOe.

2. Ecan McD u M —xopaadoBo MioxecTBo, T0 ¢ (M) — Kop-
JaHOBO MHOXKECTBO.

3. OroGpaxenue ¢! : D—D peryJspHo.

ﬂepsau TEopeMa 0 3aMeHe NepeMEeHHbIX B KPAaTHOM HHTErpaJe

Iycrb x=x(f) — peryasipHoe ortobpaxkenue obaactu D;CR™ Ha
o6aactb DycRm. Ilycts panee M —— kopaaHOBO MHOxKecTBO, M Dy,
F — sigko6uan otoGpaxenus x(1) u fe#(M). Torpa

feye R M) n (fde= | fox||dt.
Vide=

* 1 (M)

npaKTH‘leCKH JAOBOJIbHO YacTo BO3HUKAET HEOOX0HMOCTb 3aMEeHH
IepeMeHHbIX IIpH [OMOILH 0T06pa'1xe}mﬂ, KOTOpOEe He ABJSACTCHA pery-

JAPHBIM Ha Bcel oGaactu D;. B stom caydae moxer GHIThb NpHMeHe-
Ha cjelyiomas TeopeMa.

Bropaﬂ TeopeMa ¢ 3aMEcHe nepeMEeHHBIX B KDATHOM HHTErpaJe

Ilycte x=x(f) — oro6paKeHue KopjaHoBa MHoxecTBa D;—R™ B
}KOpAaHOBO MHOKectBO D, Rm™ Ecan CyllecTBYIOT MHOXKeCTBAa Me-
pu nyab SiD, u S;=Dy, rakue, uto: 1) D\ Sz u D;\St OTKpHITEIE
MHO2KeCTBa;

2) oro6paxenue x: D\ Si—>D:\S, peryasipo;

3) sikoBuaH F ortoOpakeHUs X ONpeleseH ¥ orpaHudeH Ha Dy, TO
aas moboit dyukuun feR(D,) dynruus

(Fex)- 3 ()= RAT) HDSfdx= f(fox)- | |dt.

x Dt

OTMeTuM, UTO H B IepBO#, ¥ BO BTOpPOH TeopeMe O 3aMeHe mepe-
MEHHBIX B KDAaTHOM HHTerpaJje YTBepxK/J1aercsl He TOJbKO DPaBeHCTBO
HCXOTIHOTO M Npeo6pa3oBAHHOIO HHTErpaioB, HO M CYLIeCTBOBaHue
Npeo(pa3oBaHHOTO HHTErpasia, B YACTHOCTH TO, YTO MHOXKECTBO H3-
MEeHEeHHS HOBLIX NepeMeHHBIX XOPJAaHOBO. Ha NpakTHKe HacTo cyule-
CTBOBaHHE O0OHX MHTErpaJjoOB YCTAHABJHBAETCS HENOCPEACTBEHHO H
BOIIPOC HAET TOJNbKO 06 HX paBeHCTBe. B 3TOM cJyuyde HCIOJb3yeTcs
cleyIouias

Teopewma. Ilyete Dy H Dy — OTKpHITHE MHOXKecTBa B Rm, 6u-
eKTHBHOe orobpaxenune @ :D,—D,, ¢ =C'(Dy). Ecnu nns MHOXKe-

crBa McD, oba unrerpana ff((p(t))lcp' #)}dt n S f(x)dx cyuwecr-
M (M
BYIOT, TO OHH paBHHL. ¥
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Ilepexon B KpaTHOM MHTeErpase gfdx= Yf(xl, Xg, ooy Xp)dXq ...

...dx, K TepCMCHHBIM 7, @, (pg,...,A(,;')n_l, C]§H38HHI>IM C TIepeMeHHHBI-
MH X), X2, ..., X, hOpMyaamu
Xy =1 COS ¢y,
Xo = o 1 SiN @, COS @y, 1)
Xp_y= rSin@,sing, ... sin@,_CcoS @,
X, orsin@sing, ... Sin @, osin @,—:,

HA3LIBACTCS MEPeXoJOoM K NOoJsSpHbBIM (MHOTAAa Ha3biBaeMBIMH cdepH-

YCCKHMH) KOODAMHATAM, a NEPEMeHHBIE 7, @), (g, ..., Pn—j — NOJTIPHHI-

M (chepuueckuMH) Koopaunaramu B R7™. Otobpaxenne :T—Rn

6pyca T={r, @1, ..., Pn_y : r>0, 0<;<<at (1<ix<n—2), 0o, 1<L2m}

B R", 3agaBaemoe dopmysnamu (1), nHe OGHeKTHBHO, Hanpumep, obpa-

3oM rpanu storo 6pyca TO{r, ®1,..., ®,—1, r=0} siBJAsieTCs €NHHCTBEH-
n—2

"Hast touka 0(0, 0,...,0). Sdxo6uan p paBen r*—! IE sin"——lg;; oH
i=1

obpallaercss B HyJib Ha MHOXeCTBe

TNA 9 ooy Que1 i r >0, 0 g, < (l i< n—2)}.

Bce 10 mokasmBaer, UTO [Jis [POH3BOJBHOrO KOPJAAHOBA MHOXKECT-
Ba M oroGpakeHue ) He YIOBJETBOPSET YCJIOBHUSAM I[EPBOH TEOpeMb
0 3aMeHe IepeMeHHBIX B KpaTHOM HHTerpaJe. JLjisi 060CHOBAHHUSI BO3-
MOKHOCTH Nepexoja K IOJAPHBIM KOOpJAHHATaM B KPAaTHOM HHTerpa-
Jie OTMETHM CJIeJylolliHe CBOHCTRA OTOOD aXKeHHs .

1}  MuoxectBo T*=T\{r, @1y, Pn1:7>0, 0<q;<m (1<Ci<n—
—2), 0<@p_1 <25} ecTh MHOXECTBO Mephl HYJIb.

2} Orobpaxenue §: {T\T*}>Rr—¢(T*) peryaspuo.

3) Haa a;wboro a>0 o6pa3oMmM KOPAAHOBA MHOMXKeCTBa [,=

=TO{r, @1,.0, Pny 1 r<a} SABJSETCS OTKPEITOE KOPAAHOBO MHOXKECT-
n
Bo: M, == {xl, Xgy vovy X0 Y‘ x%<a2},
(=1
.
4) Muoxecrso T, =T "N\ {r, ¢y, ..., Qu—1 : ¥ <_a} 3aMKHYTO, CIEL0-

*
BaTte/AbHO, B CHJY HENpephIBHOCTH OTOOpaxkeHHa P MHOxecTBO P (T,) 3aMK-

o * *
HYTO H B cu/y cBoHcTBa 3 MHOMKECTBO Mg =M, \ { (T’;) OTKpHTO.
5) P(T*) ecTb MHOXKECTBO MEpPH HYy.Jb *.

* CpoiictBo 5 ectb yrBepxJenne TeopeMei Capma: ecain DR™ — oTkpbiTOe
MHOXecTBO;, oToGpaxenue f:D-R*, feCY(D) u S={x, x&D, delf (x)=0}, 70
f(S) ects MuoxectBo Mepw HyJsb. Ho Jis oT06pamenus | BMECTO CCHIIKA Ha Teo-
pemy Capna MOXHO HPOCTO 3aMeTHTb, YTO Y (7*) ecTb NOAMHOMECTBO MHOXECTBA

n
E= U Ei, rae Ej=={x3, x5, ..., xp:x; =0}  (runcpnaockocib B R™), u Tak
(e
Kax Bce E; cctb MioxectBa Mepuw nyub, To E u ero noamuoxectBo P (T*) ects
MHOXCCTBA MePL! HYJlb.
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PaccMoTpum Temepb HHTErpas Sfdx. Tak Kak MHOXKecTBO M
M

JKOpPAAHOBO, TO HalijeTcs TaKoi OTKPHTHH 1ap Maz{xl, Xgy vy Xps
n

x), x& M,
Exf<a2}, utro M M,. Ilyets g (x)= {f( ) ’ Tor A2
] 0, xeM\M,
Qfa’x: X;g dx. M3 cBofictB 1—5 otobpakeHusi ¢ ciaenyer, 4To
M Ma

MHOXecTBO M, u orobpaxenue ¥ :Tq—>M, yLOBICTBOPSIOT YCJOBHAM
BTOpOHl TeopeMbl O 3aMeHe NepeMeHHBIX B KpaTHoM uxrerpane. Cie-
JOBATENbHO,

Sf(xl, Koy vovy XpYdxydx, ... dx,= gg(xl, KXoy o vy Xp)dxy. . .dx,=
M M,

. ne-2
= B g ¢ ooty Payr! l—[ sint——1lo,drdg, ... dop,—y =

T, i=1

n—2

= 5 P, o oy @ra)rn! H sin"™—i—1o;drdo, ... dep,—1,

M i=1

rie
g'(n Pry ooy (Pn—l):
=g (rcos@,, rsing;cosg,y, ..., rsing, ... sin@P,—),
F (ry ©1 ooy Qn—1)=f(rcos@,, rsing,cosq,, ..., rsin @, ..., Sin Qp—1}

u M*cT ects npoo6pas M Ha mHOxKecTBe T.

OrMeTHM, YTO BCe IpeabIAyLHe PAacCy:XKAeHHSI OCTaloTCs B CHIe,
€CJIH OCHOBHBIM NPOMEKYTKOM H3MEHEHHs yria ¢, sBiasercs He [0,
2n], a [a, a+2x] npu a06oM q.

[Tpumep. Bruncaum
§ (2 433 x2) diy vy iy dixg,
M
rae
M={x, x=(x1, X, Xy, Xg) 1 X2 F+x2+2x2 +x2<2ax,, x3>0}, (@>0).
Pemenue. MHoxectBo M 3KOpZaHOBO, TaK KaK yacTb Hiapa B

TpexmepHOM npoctpanctBe: My={x, X¥=(Xp, X3, Xg): xi+ 2+ x3<ad,
X320} sBASETCS KOP/LAHOBEIM MHOXKECTBOM H

M={x, x=(%1, Xp, X3 X;):m=1(%, X3 X)) =My,

a—VE—ET R A <u<aLVE—(0F E+ D)
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(cM. cBoiictBa 6 u 4 XOpAaHOBHX MHOXecTB, c. 8). Cnenaem B
JAHHOM HHTECTpaJe Iepexo/l K NoJsipHEIM KOOpAHHATAM!:

Xy ==TCOS y; Xp="Sin @, COSQy; Xg==rsin @y sin @, cos Pg;

Xy=rsin @, sin @, sin g;.
W3 ycnoBHH, HaJOXKEHHHIX Ha IepeMeHHBe X, X, X3, X4, YUHTHBa,
uro >0, 0<<o <<, 0<Qo<ov, TOJYYHM YCJIOBHS AJsl HEepPeMEeHHHX 7,
Q1, P2, ¢3:r<c2acos @, cosg;>0, cosps>0. Ecau ocHOBHEM Hpo-
MEXYTKOM H3MeHeHHs yraa @s Gepercs mnpoMexyTok [0, 2x], To
yciioBHe €0S ¢3>0 BHIMOJHSIETCS HA JBYX OTAEJEHHBIX APYr OT JApyra
npomexyrkax [0, /2] u [3n/2, 2xt]; ecaum xe B3ATb B KauecTBe OC-
HOBHOTO IPOMEXYTKa H3MEHCHHS (3 NPOMEXRYTOK [—mx, ;]|, TO ycso-
BHe COS @3>0 BHIIOJHSETCSI Ha CBSISHOM MHOMXKECTBe — IIDOMEKYTKe
[—n/2, m/2]. D10 0OGCTOATENBCTBO AenaeT BBIKJIANKH Gojiee yIOGHH-
mu. HMrak, B KauecrBe mpoo6paza MHOXectBa M mnpu mepexoxe K mo-
JSIPHBHIM KOOpAHHATAM OepeM MHOXKEeCTBO

M ={(r, 91, 93, 95): 0P, K /2, 0T <,

—R2 < Q< 2, 0<<r < 2acos gy}

H NOJyYyaeMm, 4rto
S (xi+ X5 4 X3+ x3) dx,dx,dxgdic, = :\ r* . r¥sin? @ sin @, drdg,dg,deg.
M M*

Tak kak
M ={(r, ¢, Ps, @5):m =(P1, g, Q) =1, OSr <r(m)},

rie
== {(¢r, @z ) 0K << /2, 0T <, — /2 <C @y T TW/2),
r(m)=r(p;, ©y @) =2acose,

TO B cuay TeopeMbl (DyGUHH

2a CQ,S Py
S r® sin? ¢, sin @,drdg,de,dp, = S sin? ¢, sin @, do;d@,dp, 5 rodr =
M* 1 ]

32ab

= g sin® @, cosbq, sin @, dQ;dQ,dp,.
1

[Tpumensisi cieacraue 2 u3 teopembl Dy6unH K Opycy /, mojydyaeM OKOH-
4aresbHO:

S(xg + x4 2 xD) diydogdgdox, =
M

18



a1 n/2

= 323‘18 Ssm2 @y €03 @, d%gsm @z dp,- 3 doy =
0 0 —/2

_ 32a% 5m . 5n2a8

T T T e

ITpumep. Haiinem o6rem n-MepHOro wmapa paguycoMm R:

D" = {(xl, cea Xp)l )f: x2 < RZ}.

i=1
Pemenne Orpesok {x:x?<CR?’ ecTb XKOpJaHOBO MHOXeCT-

o 2 2 2
Bo. Jleymepumii map (xpyr) D® ={(x;, x):xi +5<CR%} ecrn
O(’)Be,'LHHeHHe JABYX KODHAAHOBBIX MHOXKeCTB:

D ={(x, %): A<R, 0< <) RR—i3)

H
Dy = {(xy, Xp): X< R?, _"I/Rz"'}%gngo}

(cM. cBOiicTBO 3 KOPJAaHOBHIX MHOXKECTB), CJIEA0BATENbHO, KOPHa-
HOBO MHOXKeCTBO. Paccy:xnasi o HHAYKUMH, NOJydYaeM, 4TO rn-Mep-
Hbld wap D® —xopaaHOBO MHOXKecTBO. IIpoo6Gpasom wapa DO
IpH Nepexofie K NOoAAPHEIM KOODAHHATAM fBJSETCs1 6pycC:

I={0<r<{R, O0Co;<{m, 1 —1, 0 ppy << 20},
Ilpumensis caeactBue 2 TeopeMu OyGHHH, NOAyYaEM, 4TO
n—2
|D?| = Sa!xldx2 v dxy —S r—l (ﬂ sint—i—1 o, ) dedg, ... dpp—; =
) i=1
R 2n n—2 W
=Sr"—1 drS de,_, E Ssin"*"i—l @ do; =
0 0 i=1 0

. n—i 1
__ onRn ﬁ r( 2 >r<7> _ op/2Rn ¥
n n—i41 ~nl‘(n/2)
i=1 F<——2—‘—')

* Ilpn pelleHHH NPHMEPOB YacTO NPHXOAMTCS BHUHCAATL WHTETPAIH BANA
/2

x cosP xsinfxdx (p>—1, g>—1).
0

Aas #X EBHYHC/ACHHS YJOGHO HCIO/IL30BATH (GOpMyJy

1s



Paccmorpum Gosiee moapo6Ho mpoctpaHcrBa: R? — maockoers XY
H R® — nmpoctpanctBo XYZ.

§ 2. ABOMHON HHTErPAJI. ETO TEOMETPUYECKHE H
MEXAHHUYECKHUE MPUJTOXEHUA

1. Teopema PyouHM

ITockoneky B 3TOM maparpade paccmMaTpUBaeTcsl HHTErpaJjibHoe
Hcuucaenue ¢yuruui [:R2—>R, 10 mo Goabuieil yactTH He Gyger cie-
LHAaJbHO OTOBAaPHBATBLCS, UTO pPACCMATpPHBAeMOe MHOXKECTBO JIeXKHT B
R?. dymkuuio f:R?>—>R GyneMm oGo3Hauath f(x, y); ABYMepHHH Mpo-
MeXyToK OyleM Ha3bBaTh NPSIMOYTOJLHHKOM, B CJlyYae paBeHCTBA
€ro CTOPOH — KBaApPaTOM; JBYMEPHHI 06beM — IIOLLaLbIO.

C uenbro nosicHeHHsl MOHSITHH BepXHeHd W HUXKHeH CyMM, KpUTepHUs
uHTerpupyemoctu Jlap6y u omnpeneseHHs IBOHHOrO HHTerpajia pac-
CMOTPHUM CJIeLyIOLHA

ITpumep 3. Briuucaum usTErpad

dxdy,
{§ sy

rae D — npsamoyroabuuk [1; 2] X[1; 3], noassysicb HenocpeacTBeH-
HO omnpejeseHHeM IBOHHOTO HHTerpasa.

Pemenune. O6osnauum uyepes T, pasbuenne D, HHAYIUUPOBAH-
HOe pa30HeHUsAMH:

n+2 2n—1

T,: 1< <. <

<

ntl <2HT‘/:1<
n

< < <. .. << <3,

n

n-42 nt4 3n—2
n n

p+1 g+1
Ll

COS” X SIn% X = ’
o P

+o0
rae I' (x) = S ¢ le™Y dx (x > 0) — dynkuus Diiepa o CACAYIOUMMH CBOHCTBAMMS
0
I (n)y=%n—1)!, n=N;

F(x4+1)=xI(x), x>0

F(x)T(1—x)= y 0<<x <.

sin mix
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T. e. pa3CueHue D Ha mpsIMOYTOJBHHKM HOPAMBIMH X=14 — H y=
n

=142, 1<i<n—1. Ta kak A(T) =—nA(T,) = =, 10 A(To) =
n n

1 2 2
= max (—n— —n—) = —

QO6o3Hayum yepe3 D;; NMPSIMOYTOJbHUK

[n«}—i——l <x< n;}l—iJX[ n+2,(1j——1) <y nt J

n n

HmeeM D= U U D, Dyl =

=1 j=1

Myy=sup(eg) = 1+ — (1 + 3’—)

Dyy N
m=jaf =1+ 55 (14 SE )
S (xy, n)—EEM,,lD,,z—EZ(w )1 +%)%=
fe==] j==i =1 j=1

R DR R

i==1 j=1

. n(n;—l) >= Q(QZZ—FI) 2<1 +_%_>=

x<n+—2—
n

n n?

_2(n41) n(n1) \_ @n41) Bntl)
o n? <n+ ,)— !

L——-I\

s(xy, n)_E Emu [ Dijl 2—23(

=i j==i

n n
2(j—1)y \ _ 2 i—1 2n{n—1)\ __
x Y1+ A = E V() ()

j==1 i=1

nin—1) >=

=%(2n—1)§(1 + —‘:——1—>=n—22(2n—1) <n +—

_ (2n—1) (3n—1)
= - i
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Taxk kak
6=sups(f, T,)<<sups(f, T)<infS{f, T)<<infS(f, T,)=6,
n T T n

TO, CJE0BATENLHO,
sups(f, T)=1inf S (f, T)=6.
T T

B cusny obuero onpenesieHds nenaeM BHBOA: GYHKUHA f(x, y)=xy
HHTerpHpyeMa no PuMaHy Ha HDSAMOYTOJbHHKE D: 1, 2]X][1, 3] =u
“xydxdy=6.

o

D

Pasymeercsi, cnocof BBIYUCJIEHHSI MHTerpaja, pacCMOTPeHHHd B
JAHHOM MpHMepe, He fIBJseTcs NpaktHyeckuM MeroaoM. Ha mpakru-
Ke BbIUHCJEeHHe ABOMHOTO HHTerpaja OCYLIecTBJAETCS INPHMEHEHHEM
Teopemsl OyGunn. PaccMoTpeHHe 3TOrO MeTOAA BHIYHCJIEHHs ABJSIET-
Cs1 OCHOBHBIM COJIep2KaHHeM JaHHOro maparpada.

HenocpeacTBeHHO M3 onpejlesieHHs [ABOHHOrO HMHTerpaja Cleiyer,
uro ecan feR(D) u MHOXKecTBO U CHMMETPHYHO OTHOCHTEJBHO OC:H
OY, 10 u3 pasenctsa f(x, y)=f(—x, y) (ueTHocTH GYHKUMH f(X, yr)
OTHOCHTEJbHO IIepeMeHHOH X) cieiyer, 4To

\C7 (v pydxdy=2 (3 f(x, 4) dedy,
D Dy

rie
D,=DN{x, y): x=0},
a u3 pasencrBa [(x, y)=—f(—x, y) (ueuetHoctu f(X, y) oTHOCHI-

TEJIbHO TepeMeHHOH X) Caeayer, 4To w f(x, y)dxdy=0.

D
Tak, Hampumep, Cpasy MOXKHO YTBepXKJAaTh, YTO HHTErpal

(S xB(1 4+ x%+ y?)* dxdy,
D

rae

D={(x, y): x*+y* <*¥*+ 47}
paBeH HYJIO, a HHTErpas

(V@ + g xiyeddy,

D

rae D={(x, y): («*+ y?)? << 2x%y}, pasen

2 ) S (%2 g2 x4ytdxdy,

Dy

rae

D,=Dn{{x, y): x>=0}.
22



AHasoruyHble paBEHCTBA CHOpPaBeAJIMBH, eciad o6gacts D chu-
MeTpHYHA OTHOCHTEeNbHO ocu OX, a ¢ynkuus f(x, y) yerHa wam He-
4eTHA OTHOCHTEJbHO HEePEMEeHHOH ¥.

MHoxecTBO

G={(x, y):a<<x<<b, P (x) <y <P, (x)},
rape
¢, =Cla, b], 9, =Cla, b]

OyneM HasbiBaTb 006s1aCTbIO, CTaHAApPTHOH oTHOCcHTEABHO ocH OX;
MHOKeCTBO

G={{x, y)ic<y<<d, % (y) <x < (9)},
rie

wm e Cle, d], »,=Cle, d],
— ofnacrtbio, CTaHaapTHoil orHocHTenbHO ocu OY. CranpaptHas ot-
HOCHTE/IbHO TOH HJHM HHOH KOOpPAHWHATHON ocH 06JiacTh M ee 3aMHKa-
HUe SIBJISIOTCS XKOPAAHOBBIMH MHOXKecTBaMH. Ilast craHpaptHoit 06-

Jgactd TeopeMa DPy6uHH (GOPMYJHPYETCS CJAEAYIOUIUM 0Gpaszom:
Ecan

D={x, 9):e<x<b, () <y<P (W)}, 91 =Cla, b],
¢, =Cla, 0] n f=C (D),

TO
o b alx)
W("" ydedg={de \ [(x, y)dy.
D a G (x)
Ecau

D={(xy):c<y<<d, m(y) <x <% ()},
®Cle, d], »,=Clec, d] u [ =C(D),

TO
d t2(y)
[§7 0 aray={dy '\ 7es, .
D c %1(g)

Feomerpuueckn ob6macts G, cTaHmapTHasi OTHOCHTeJbHO ocH OX,
G={(x, y) :a<x<b, ¢ (x)<y<gpy(x)} xapaxTepusyercs caeayio-
muM obpasoM: ecad wuHTepBaa (a, b) ectb npoexkuud G Ha och OX,
TO s J000#H TOYKH X9 (a@, b) BepTHKa/b, NMPOXOLAlIAs Yepe3 3Ty
TOYKY (mpsiMast x=x;), Nepecekaercsi ¢ G HO €JHHCTBEHHOMY HHTEp-
Bany (a(xo), P(%0)), KOHUB KOTOpPOro, BOOOLLE TOBOPS, 3aBHCAT
OT Xp.

YrBepxieHne, cpopmyJHpoBaHHOEe B TeopeMe DyOHHH, MOXKHO
onucarb Tak: noJjarasd X IOCTOSIHHHIM, OepeM HHTerpaJ/ MO HHTepBa-

23



(a(x), B(x)) cuusy BBepx u nosyuaeMm ¢yHruHio @(x), KoTopylo
HHTErPHPYEM CJeBa Hampaso Mo HHTepBaly (a, b) H3MeHenus x.
AHanOrMYHO HHTEpPNPeTHPYETCst NOBTOPHBIA MHTerpan no o6JjacTy,
cTaHAapTHOH oTHOcHTesbHO ocH OY.

[IpencraByenne aBofiHoro (B oOlleM C/yuae KpPaTHOrO) HHTerpa-
Jla B BHJI€ TOBTOPHOTO:

“ f(x, y)dxdy = §dx %fx) fy— fdy xajy) .
’ ¢ m ¢

HA3LIBAIOT PAaCCTAHOBKON MpefeJOB HHTErPHPOBAHHMS B ONpejeleH-
HOM TNOpfAAKe. 3ajaua PACCTAHOBKH INIpeJesOB HHTErPHPOBAHMs [10-
IyCKAET HEeCKOJbKO BAPHAHTOB.

1. 3anan aBoitHOl (KpaTHBIA) wHTerpan no MBoxecrBy D. Pac-
CTaBUTh TpeJe/B UHTETPUPOBAHUS B TOM H APYTOM IOpsiIKe.

Kak csenyer U3 BHIIECKA3aHHOTO, PaBEHCTBO

b @a(x) d %2(y)
fdy=(dy | flds
a @1(x) ¢ #1(¥)

HMeeT MeCTO AJA MHOXKecTBa D, aBjafdIollerocsi 3aMblKaHueM o6Jia-
CTH, CTaHAAPTHOA KakK OTHOCHTeJbHO ocH OX, Tax U OTHOCHTE/bHO
ocu OY:

D={x, y):a<x<h 11 () <y<y, ()} =
={(x, p):e<<y<d, 5 (<2< x0)

Ecau D ne gBasgercss MHOXKeCTBOM TAaKOro BHJAA, TO npnéeraloT K
NpEeACTaBJICHHIO €ro KakK KOHE4YHOTO 00beIHHEHUS HenepeprIBan-

wuxcs (6e3 o6IHX BHYTPEHHUX TOYeK) MHOXKeCTB D = U D,, xax-
=2

JIoe H3 KOTOpHIX eCTb 3aMEIKaHHe 006/1aCTH, CTAHAAPTHOH OTHOCHTEJb-

HO TOil uan Apyro# ocu. Torza B CHIY agAHTHBHOCTH

Q
(CFex pduay=y (S fdxdy.
D a=1 D,
ITockoabKy 06JacTb, CTaHAAPTHAsI OTHOCHTEJNLHO OJLHOH M3 ocell, He
o0si3aHa OHITb CTAHAAPTHOH OTHOCHTEJbHO JADYroH, TO pasbHeHHE

Q
D= U D, 3aBucuT OT KeJaeMOro HopsijKa pacCTAaHOBKH IPellesioB

PIHTCI‘pPIpOBaHHH EcrectBeHHO, }KenaTeano yTO6GH KOJHYECTBO KOM-

MOHEHT B NpeacTaBjennu D = UD 6b10 MunuMmanbHeiM. Ho mpwm
g=1

paccMOTpPCHHH KPATHOTO HHTErpaja Mo KOHKPETHOMY MHOXECTBY IO-

ABJSETCS CIUe JIOTOJHHTeAbHOe TpeGoBaHHe: HeOoOXOAUMO, 4TOOH

(GYHKUMH, ONMpejeJsiIolilie npeje/ibl HHTETPHPOBAHHUS, ObIJIH He TOJb-

KO HEeNpepBIBHLIMH, HO 11 TJIaAKUMH (roBopst HeCTporo, QyHKUHAMH,
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3a1aHHBIMH JIOCTATOYHO MPOCTHIM aHAJMTHYECKHM BhIpaxKeHHeM). IJTO
tpe6GoBanue, (hopMasbHO He BHICKa3aHHOe, HO IOJApasyMeBalolleecs,
MOXKET NPUBECTH K HeOOXOZHMOCTH JONOJHHTEJNbHOro pa3OHeHHus
MHO)ecTBa Dj,, XOTsi 2TO MHOXECTBO U sABJAETCS 3aMBIKaHueM o0Jia-
CTH, CTAHAAPTHOH OTHOCHTEJNbHO PacCMaTpHBAEMOIl OCH.

AnanutHyeckast 3anuch obsactH D, ctaHAapTHOH OTHOCHTEJbHO
oct OX uau ocu OY, cocTtour B mpeiCTaBJEHHH 3aJaHHBIX YCJOBUH
Ha KOOpAMHATHl TOYeK 3TOfl 06JaCTH CHCTEMON HEpPaBEHCTB CIelHasb-
HOTO BH/IA

{a<x<b, () <y<p(¥)} wmt {c<Ty<d, %:(y) <x <X (¥}

BosMoxKHO JM Takoe mpejicraBjieHHe HMJH HeOOXOLMMO DasJjloXkKHTb
paccMaTpHBaeMoe MHOXKEeCTBO Ha COCTaBJSAIOIIHE, KAKOB KOHKDETHBIU
BHJ, 5TOTO IPEACTABJICHHS BCEro MHOXKECTBAa HJH OTAEJNbHBIX €ro ua-
CTeH, — OTBET Ha 3TH BONIPOCH YacTO CYILEeCTBEHHO YyIpouiaercs NpH
H300paxKeHUH MHOKecTBa [ Ha uepTexe.

IIpumep. O6aacte D jexutr B OpaBol TOAYIJIOCKOCTH (T. e.
x>0) 4 orpaHuyeHa KpPHBBIMHU:

3y=x?% 3y=—x%, ¥*+y*=4.

B 1aBofiHoM wuHTerpa.e Xjf(x, y) dxdy, [ = C(D), paccraBuM
D
npejensl HHTETPUPOBAHHS B TOM H APYroM MOpsiJKe.

Pewenune. IlepeiineMm K HepaBeHCTBaAM, KOTODBIM  JOJIXKHBI
YIOBJIETBOPATbL KOOPAMHATH (X, y) ToueK MHOXkecTBa D 6e3 mOMOLIH
yepTe)ka — aHaJuTHYeCKH. lcmoabsyeM TO, UTO KOOpPAMHATH TOYEK,
JiexKalluxX N0 OJHY CTOPOHY oOT KpuBOoH 1Y (x, y)=0, yAOBJIETBOPSIOT
OJIHOMY H3 HepaBeHCTB P (X, y) >0 uan ¢(x, y) <0. Tak Kak u3s Hepa-
BeHCTBa y<—x?/3 cnenyer HepaBeHCTBO y<x?/3, a M3 HepaBeHCTBA
Y>x*3 — HepaBeHCTBO y>>—x2/3, TO YCJOBHMS Ha KOODAHHATH TOUEK
paccmarpuBaeMod 06JMAaCTH JO/KHBL MMeTb BHA —x2/3<y<x%/3, B
IPOTUBHOM CJlyyae OJHA M3 AAHHBIX Napabod oKaxkercs JuliHell. Ec-
JIH K 3TOMY HEPaBeHCTBY AOGABUTb HepaBeHCTBO X2+ y2>4, 10 moJy-
YHM HeOrpaHHYeHHOE MHOXKEeCTBO. YuuTHIBasg, yTo D seXHT B NnpaBoH
NOJIYIJIOCKOCTH, OJNYyYaeM OKOHYATENbHO, YTO

—_ x2 x2
D= {(x, y):x =0, ——3—<y<T, P+ 4}~
IlpuBoas mosyueHHble HepaBeHCTBA K SKBUBAJEHTHON CHCTeMe Hepa-

BEHCTB, XapaxTepusyiolled 00/1aCTH, CTaHAAPTHHIE OTHOCHTEJBbHO KO-
OPJAHMHATHBIX OCeH, IOAydaeM, uTo

5:{(x, y):0<<x <2, max{——i;i, —V4~x_2} <
<y<mm[—";—, Vi—all,
HJIH

D={ix, y): ~1<y<l, VI <x<Vi—¢}.
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Kak yxe genanoch pawbliie, pa3obbeM HHTEPBAJbl H3MEHEHHS Hep-
BOH KOOpAMHATH HA TaKHe NOJBHTEPBaJB, YTOOH TPAHUIE H3MeHe-
HHUSL BTOPOM KOODJAMHATBHl 3aIIHCHIBAJHCH TIPH IOMOILM NpOCTOR aHa-
JUTHYeCKol QyHKUHH. FMenHO

b= {(x, ):0<x<V3, —<y<S-]u

Ullr, 9): V3<s<2, —Vi—2<y<Vi—x

H
D={(x, y): —1<y<<0, V=3y<s<V4i—}U
U, ):0<y<<t, Var<x<Vi—o.

Hrax,

V3 x2/3

2
(CFee wardy= §ae | foe gy [de § Fe pdy =
D 0 V3 ,

—x3/3

0 Vizgt 1 Vieyp
= S dy S f (x, y)dx+de 5 [(x, y)dy.
—1 vV 3y 0 V3y

[Tpeasnaraercss caMoOCTOSITEJbHO clejarb veprexxk obnactu D u ybGe-
JHMTbCS, YTO €ro HCIOJb30BaHHe oOJeruaeT Imepexo] K IOBTODHOMY
uuTerpasy. Booflue, ecin MHOXKecTBo D, mo koropoMmy Oepercsl HH-
TerpaJ, 3aLaHO HepaBeHCTBAMH Ha KOODAMHATH BXOASINUX B HEro
TOYEK, TO Mepexoj K MOBTOPHOMY HHTerpajy MoxKeT OHITb IPOBEAEH
YHCTO AHAJUTHYECKH, XOTS 4YepTeX M B 3TOM CJjayuyae JesiaeT HEeKOTO-
pbie mepexoabl GoJsiee HardsiAHbBIMH. Ecau ke Muoxecrso D onucane
KaKk «00/iacTb, OrpaHHYeHHAas JAHHBIMHM JIHHHSAMH», TO HarIsgHoe
npeacrapiesde D Ha yepTexe JaeT CyUIECTBEHHYIO NOMOWIb B mIepe-
XO0Je K IMOBTOPHOMY HMHTErpajy WJu B Ilepexojie K MOJAPHOH cHCTeMe
xoopauHar. IIpy 3TOM NOApa3yMeBalOTCsl CJAEAYIOLIHE Ba)KHelllue
ycJioBust: 06JacTh AOJKHA ObITh OTDAHHUYEHHOH, T. €. JeXaTb B HeKo-
TOPOM KBajpare; rpanura o6JjacTH AOJKHA COAepxaTb He BHIPOK-
JCHHBIE B TOYKY AYI'H BCE€X KDHBLIX, YKA3aHHEIX B YCJOBHH, T. €. HH
0/ Ha KpHBas B YCJOBHH He HOJXKHA sBJsATbCA JuiuHe#d. Ecaun  1pm
9THX TpebGoBaHUSX 06JacTb BCe-TaKH OJHO3HAYHO He OIpeaensercd,
10 JHOO yKasnlBaeTcsl TOYKa B TOH 006J1aCTH, KOTOPYIO XKenalT pac-
cMaTpuBaTh, JubO ONpeaesseTcsl pacnoJiokeHue oO06JacTH  OTHOCH-
TeJbHO ocell koopauHart. HakoHel, ecad BCe 3TH COOOpaXKeHHs He
NPHBOMASIT K OAHO3HAYHOMY oOIpejieeHHio o06aacTH, HaJ0 paccMoT-
peTh BCe BO3MOXHbBIE BAPUAHTHL

IIpuwmep. Paccrasum npesnenbl HHTErPHPOBAHHS B TOM H ADY-

TOM Hopsifike B ABOHHOM HHTErpaJe “f(x, y)dxdy, rne
R

D={(x, y): *+y*< 4 u f =C(D).
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Pemenue MuoxectBo D (cM. puc. 1) siBasiercs 3aMblKaHpeM
o6JiacTH, CTaHAAPTHOH KaK OTHOCHTEeNbHO ocH OX, Tak u OTHOCH-

TeJbHO ocH OY:

D={(x, y): —2<x< 2, —Vi—22<y<Yi—x;
2

D={(, y): —2<y<?2 —V4i—pP<x<Vi—4.

Y

2
b)) ?\/,'l
7
-2 0/2 X

Puc. 1
ITosTomy
e 2 Vz_T—Z?z 2 ViTp
VUi pdedy= [ dv \ fte, ydy=(dy P, g
D -2  _yi—a -2 _yigp

[Ipumep. Paccrasum npejenn HHTerPUPOBAaHHA B TOM H Ipy-
TOM MOpANKE B JIBOIHOM HHTErpase SS f(x, y)dxdy, rne
D

D={(x, ): 2+ 12 <9, x>+ (y+4?>25} u [ = C(D).

Pewenue MuoxectBo D (cM. puc. 2) sBAseTcs 3aMBKauHeM
006/1aCTH, CTAHAAPTHON OTHOCHTEJbHO ocH OX:

D={(x, y): —3<x <3, VB—rF—4<y <Y I—23).
{lostomy

. 3 Vo—x
Vi paray=(de | ix pay.
D =3 Vx4

Tak kak ob6nactb D He sBJsIETCSl CTAHAaPTHOH OTHOCHTEJbHO ocH OY
(nanmpuvep, ropusoHTa;b y=1/2 nepecekaercs ¢ D mo ABYM Hemepe-

: = 5 - i M
CEeKaIIHMCs OTPE3KaM [— 1/235; — 1/29 J, [ V;Q; 1/235 ]). TO,
AJIA TOTO 4TOOHI PACCTABHTh NpeJe]bl HHTETPHPOBAHHS B APYLOM Io-
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psiake, HeO6XOAUMO IpPEACTABUTE MHOXKeCTBO D Kak ofbeiuHenue
MHoxectB: D=D|JDoJDs, rae

Dy={x, y): 1< J<3 —VI—rF<x<VI—1,
D, ={(x, ):0<y L, =VI—@<x<—VI=8—4}
Dy={(x, 9):0<y<<1, VI=8y—F<x<VI—¢2,

N
N
R
o
“
Nofea

Puc. 2

K KaXIOMYy H3 KOTOPHIX yKe IpuMeHHMa Teopema DyOuHH (Kaxiuoe
Dy k=1, 2, 3, yXe ectb 3aMbIKaHue 006JaCTH, CTaHJAPTHOH OTHOCH-
TenbHo ocu OY) u, clieqoBaTesbHO,

3 Vo—y2
[$ie pardy=(dy  f(x, yde+
D 1 — Vo
| = Vi 1 =
+fay  § feopder\day \ T(x ).
0 Vi L T

IIpuwmep. PaccraBuMm mnpepnesnnl HHTErPHPOBaHHS B TOM H JApY-
roM MOpsjiKe B HHTErpae S?f(x, y)dxdy, rne
)

D={(x, y): Ix]+ 1yl <1} u fec (D).

Pemenue. Muoxkecrso D sBiagercs 3aMblKaHHeM 006JacTH,
CTAaHZAPTHOH OTHOCHTEJbHO OGOMX OCeH KOOpauHAT (cM. puc. 3):

D={(x, y): —1<<x<], — 14+ x| <y<<l—|x]}=
={lx, »): —I<y<], -—1+ly|<x~<1——lyl}-
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ClenoBarelbHO,

1—|x] 1 {—lyl

f(x, y)dxdy=\ d [, yydy=\ dy [ (x, y)dx,
SK X, y)dxdy= S x_é,” jl _,§,|yl

HO TaKoe NpeJCTaBJIeHHE CONEPXKHT Heriaikue OGyskuun 1x|x| n

Puc. 3

1+|y|. Uto6ul u36aBuTLCS OT TakuX (GyHKUuH, npexcraBuM D B Bu-
ne D=D,UD,, rae

Dy={x, y): —1<x<<0, —1—x<C<y<<l 44},
Dy={(x, y): 0<<x <1, —1+x<<y<<1l—ua},

NI PACCTAHOBKM NPejesioB HHTErPHPOBAHUSL B NOpPSAKE X, Y U B BH-
ne D=D,UD,, rae

Di={(x, 9): —1<y<0, —1—y<s<l+y}
Dy={(x, 1): 0<y<<l, —1+y<<x<<1+4},

JJIST PACCTAHOBKH NpeJesOB HHTETDHPOBAHHS B NOpPSAKE Y, X
B urore mosyunm, 4to

1—x

NAGE y)dxdy—gdx j f(x, y)dy+gdx { 1t ) dy=
D — —l—x ~—1-bx

0 14y 14y *
={dy | fx, y)dx+g { e gdx.

-1 =y —l+ty
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Ilpuwmep. PaccraBum mnpejessl HHTErpUPOBAHHS B TOM H ApY-
TOM NOpPSAKe B ABOAHOM HHTerpalge SS [ (x, y)dxdy, rne
D

D={(x, y): 2+ 12 <25, 3x<C4|y|} u f=C(D).

Pemenue MHOXecTBO D eCTb 3aMHKaHHe 00JaCTH, He ABJSAIO-
mefcst CTaHAAPTHOH KaK OTHOCHTENbHO ocH OX, Tak H OTHOCHTEJbHO
ocu OY. Ilang Ka)kA0ro u3 IOBTOPHBIX HHTErpasioB clenaeM CBOe pas-
Ouenue MHOXKectBa D (pHc. 4).

Y Yy

Puc. 4

IlpeacrtaBuB MHOXKeCTBO D B BHjE D=D\Dy\)Ds, rue
Dy={x, y): —5<x <0, —VB—@E<x < VB~
D,={(x, 4): 0<<x <4, B x <y <V 2B—x?,
Dy={(x, 1) : 0<x <4, —VB—F<y<—(3/4) x},

foJlyaaem, 4TO

0 V25—t
($ie pdedy=Cae \ [0 0)dy~
D =5  _V—x
¢ VoA 4 —3/4 x
+yde { T opdy+Qde (TG )dy.
0 3/4 x 0 —V 5—x2

IlpenacraBuB muoxecTBo D B BHie D=D,UDsUD3UDys, rne

Dy={x, p): —5<y<—3, —VB—p;<x <) 25—y
_— 4

Dy = {(x, §): —3<y<0, VB <x<— ),
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Dy=[(x, ):0<y<3, —VB=g<sr<2y)

Dy={(x, 1) :3<y<<5, —VB—p<x<VB—y%

noJiyyaem, 4TO

. -3 V25—
[\t pasdy=Sdy  \  fe gde+
) =5 oy

0 —4y/3 3 4y/3

+{dy ( Fw pdetfdy | fex, g)det

=3 _yiep ¢ _op

5 Vo5—y

+{dy  ( f gax

3 Vg

2. 3anan nABOHHON (KparHEIH) HHTerpas mo muoxecrsy D. Pac-
CTaBHTb NpeJeJbl HHTETPHPOBAHUS B KaKOM-JH60 MOpSIKe.

[Tpu Takoii mocraHOBKe 3ajayd MH HMeeM IIpaBo BHOOpA HOPSA-
Ka B NOBTOPHOM HHTerpajle H eCTeCTBEHHO CTpeMHMCs K HaubGojee
IPOCTOMY NPEACTABJICHHIO 3aJaHHOrO HHTerpajsa. Brifop Moxer
OnpenensaThCss KakK BHAOM MHoOXectBa D, Tak U CBOHCTBaMH IOJBIH-
TerpasbHoil QYHKUMH, HanpuMep, pacCTaHOBKA NPEIENOB B OJHOM
nopsinke tpebyer pasbueHHs MHOXKecTBa [) HA MeHbliee YHMCIO CO-
CTaBJIAIOMIMX, YeM paCCTaHOBKAa B JAPYIOM MOPSIAKe, HJAH IOAbIHTe-
rpanbHas (PYHKUHST YeTHAa OTHOCHTENBbHO KaKOH-JTHGO KOOpAHHATH H
MHOKeCTBO [) CHMMETPHUHO OTHOCHTEJNbHO COOTBETCTBYIOLIEH OCH
T I

ITpumep. PaccraBuM npepesbl HUTCTPHPOBAHHA B HHTerpaje

wf(x, y)dxdy, rae D — obnactb, orpaHuyeHHas JHHHSIMH:
‘D

2+y?=10y, y=2x—5, y=0u f=C(D)

(cM. puc. 5).

Pemenue O6nacte D crangapTua oTHOCHTENbHO ocH OY u me
ABJIACTCS CTAHAAPTHOH orHOCHTedbHO ocn OX. Iloaromy mast paccra-
HOBKH NIpeJeJIOB MHTETDUPOBAHHA B MOPSIAKE Y, X MOMHO He pas3bu-
Bath D Ha cocraBaslomue 006JacTH, a AJs APYToro NOpAAKa paccra-
HOBKH NpEJeJIOB HHTeTPUPOBAHHUA TaKoe pasbuenue Heobxonumo, Mc-
XOAsl H3 3TOr0, BEIGHpAeM Nopsiaok Y, x. CaMoll BepXHeH TOYKOH MHO-

HeCTBA D sABJAETCH HUXKHsST H3 TOYEK IePeceyeHHsi OKpYKHOCTH x2+4
2 2 .
Y X = 10y;
+y?=10y u npamoit y=2x—5. Pemas cucremy {2 +y5 y no-
x—5=y,
Jyuyaem KOOpAHHATH TodeK nepecedenusa: (3, 1) u (5,5). Caenona-
TeJIbHO,

D={(x y:0<y<l, wa—yzgxag-;—ws)}
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1 (%1-5)/2
([ Fe pdxdy=\dy \ (e 9
D

0 V10y—y*

Ilpumep. PacctaBuM mpepednl HHTErPHPOBAHHST B HHTErpaje

ng(xzﬁ-y?) dxdy, rpe D —o6nactb, orpannuyeHHas JHHHAMH: 3y —
D

— 4x=0, 3y+4x=0, x*+y?+9=10x, comepxamwas Touky M (1/2, 0)
{cM. puc. 6), u f=C[0, 10].

Puc. 5 Puc. 6

Pemenue. O6nacte D He siBisieTcs CTAHZAPTHOH HH OTHOCH-
TeabHo ocH OX, Hu oTHocutenbHO ocH OY, HO CHMMETpHYHA OTHOCH-
TesbHO ocH OX. Tak kak moxwiHTerpanbHas QyHKuus @(x, y)=f(x2+
=+ y?) YeTHa OTHOCHTEJBHO KOODPAMHATH

yu M={x, y): x>+ y>*<< 10} > D,
TO

\§ £+ 9) dedy =2 (7 (2 + 4) dxdy,
D D,
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rie D;=DN{(x, y), y>0} — Bepxuas nososuxa obaactu D. Obaacrb
D, yxe saBjsieTcsi CTaHIapTHON oTHOcHTenbHO ocu OY. HMs cucremu

3y—4x=0;
{ R—10x+42+9=0
HAaXOQHM, YTO caMasl BepXHAs Touka MHoxkectBa D, ectb (9/5, 12/5).
Orciona moaydaeM, yto D, = {(x, Y): 0<y<1T2, Jyt<x<<bh—

—Vlﬁ—y“} H, CleR0BaTENLHO,
($7 e+t dedy=2 (( F (2 +5?) dxdy =
D D,

12/5  5— V16—y?

=2{dy | [G+p)ds

0 @4y
{7 W:‘(x’
3. 3anaH NOBTOpHBIE HHTErpau de S fx, y)dy. IlepemeHuts
a P1(x)

B HeM HOpSAAOK pAaCCTAaHOBKH IpeaesOoB HHTErPUPOBAHHA,
,aJIH peurenus TaKoH 3ajayd CHavaJa JAejaeM nepexon OT 3alaH-
HOro IMOBTOPHOIO HHTErpaJa K ﬂBOﬁHOMY:

§ dx q’](") flx, yydy= QS f (x, y) dxdy.
& el D

¥cnoBust Ha kKoopauHaTH TOYeK (X, y) MHOXKecTBa D moayyaem Hc-
XOZAS M3 33JlaHHOT'O MOBTOPHOIO HHTErpasa:

D={(x, )ia<x<b, o, (x)<y<qg,(x)}.

B nosnyuenHoM 1BOfiHOM HHTerpajie NpuBeleM DacCTAaHOBKY IIpelesioB
HHTErpHpOBaHHsl B TpefyeMoM IOpAAKe TaK, KakK GBJIO pa3obpaHO
Bhiwle, TakuM o6pas3oM, cuurasi JJs NIPOCTOTH 3amucH, yro D — 06-
JlacTh, CT@HAAPTHAs OTHOCHTeNbHO 06Geux ocedl OX u OY, moayuaem
HENOYKy paBeHCTB

b P2(x) d %s (9)
(e § Fee 9)ay=C(7 e g)dedy=[dy | Fx ydr.
a @) D ¢ xu

OGHYHO CpejHHII Y/IeH 5TOH LENOYKH — KPATHBI# HHTErpas — TOJNBKO
noapasyMmenaercsi (kak oflllee 3HayeHHe PaBHBEIX MOBTOPHBIX HHTErpa-
JIOB), HO He 3alHCHBAETCS,

ITpumep. VaveHnM NOPAZOK MHTErpUPOBAHHS B HOBTOPHOM
HHTErpaJe

V2 Vig _
5 dy f f(x, y)dx, f=C(D).
0 Y
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Pewmenune HayweMm ¢ toro, 4ro 3amnumiem yc/joBHE HA KOOpPIU-
HaTH ToueX (¥, y) M3 MHOxKecTBA D, no KotopoMmy Gepercsi HHTErpan:
D={(x, v): 0<Yy<V2 y<x<V4—¢%; wmuoxecrso D (puc. 7)
€CTb 3aMbKaHHe 006J1aCTH, CTaHIapTHOH KaK OTHOCHTeNbHO ocH OY

Y

Y

Puc. 7

(3TO BHAHO W M3 3amMCH NOBTOPHOrO HHTErpaja), Tak H OTHOCHTeJb-
Ho ocu OX:

D={(x, ) : 0<x<2, 0<y<min(x, Vi—x?)

ITockonbKy, KaK yKasuiBaJoCh BHIlle, (YHKUHH, ONpejesiolliye Tpe-
JleJibl MHTErpHPOBAHMS, NOJKHE OBIThb TJIaAKHMH, HPeICTaBHM MHO-
xectBo D B Buae D=D,|JD,, rae

S —

={x 9):0<x<V 2, 0<Y <,
I<y<<

D2={(x, Y):V2I<x<2, 4— x%}.
Hrak,
V2 Viz3 ) x 2 14—x’
(ay § Feeopdx= | dxsf(x y)dy + 5 dx 5 f(x, y)d
¢ 0 i

Ecnu nmoamiHTerpadbHas (QyHKUHS B JABOHHOM HHTErpaje 3aBHCHT
TOJIBKO OT OJHOTO MEPEMEeHHOro, TO, KaK OBIJI0 YKa3aHO B oflieM #-
MEpHOM cJiyuae, NMpH COOTBETCTBYIOUIEM IOPALKE PacCTAHOBKH Ipeje-
JIOB WHTErPHPOBAHUA JABOMNHOH HMHTErpajs CBOJMTCH K OJHOKpPATHOMY.

Ilpumep. Caemem uHTerpan ﬁ:/‘(x)dxdy, rie ofaacte D

D
OTrpaHHYeHa JIHHHAMH y=2x, y=x, y=2 (cM. puc. 8), K ORHOKpAT-
HOMY.
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Pemwenue. B cuny cregerBusa | u3 Teopemn PyOHHH Hoay-
4aeM, 4TO

“ f(x)dxdy = ff (x) @ (¥) dx,
0

D

y=2x

e — —
[N U —

Puc. 8

rie ¢(a) — anuHA MHTEpBasa, MO0 KOTOpOMY mnpsamas x=a, 0<C{a<(2,
nepecekaercs ¢ o6aacteio D. Tak kak

2a—a=a, 0<<a<]l;

a)—
v { 2—a, 1<a<?,

TO OKOH4YaTeJbHO

ng(x) dxdy = gle (x)dx + Qf(x) (2—x) dx.

2
I

D 0
2a Vaax
IIpumep. CBesem HHTErpan gdx ( Fdy x onmorpar-
o VQa:w.c—x’
HOMY.

Pemenue B cuay crenctsus 1 us teopems ®y6unu nosydaem,
eT0

% ¥ 2ax

far { fwday=\iewa.
0

J Vaax—xt
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rie ¢(a) — AJMHA HHTEPBAaJa, IO KOTOPOMY HpaAMas y—a, 0<la<2aq,
nepecekaercs ¢ obmacteio D={(x, y} : 0<x << 2a, V2ax—x*<<ly <
<V2ax} (cm. puc. 9). Has 0<<a<<a umeem

2 —
¢ () =2a— —;;——-2 Va—o?; na a<a<<2a umeem

@ (o) =2a — o
2a
I\
= 2u-x
af————— :
=@
N
ab
x=0
o \
/3
a 20. x

Hrak, OKOHUYATEJbHO,

2a ¥ 2ax

gdx S f(y)dy=§(2a——y“——2 Va— y%)f(y)dw
0

0 Ty 2a
2 2 2 .
+ [ (2= 3= ) Twdy= (1 w) (2a— L) dy—

—2{1wVE=¢ ay.
0

PaccmorpuM Tenepp IpreMBl BBIYMCJEHHS JABOMHOTO HHTerpana
“‘f(x, y) dxdy B cJjydae, Korza o6jsactb D orpaHHueHa 3aMKHY-
D

TOH KPHUBOIl, 3aAaHHOH NapaMeTpHUYeCKHU:
F: {(X, y)’ X = x(t)9 y=y (t)v te [TO’ Tl]}v
x@)&CT,, Th], y(W)eC Ty, Ti}, x(To)=x(Ty), y(T)=y(T:).

Ionpo6Ho pasbepem mnpocrefiwmuii cayuaii: orpesok [Ty, T] aeautcs
Toukoit 1t (To, T,) Tak, uro Ha [T,, 1] dyHKuusa x({) crporo yOhi-
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Baer, a Ha [t, T,] — ctporo Bospacraer. Torna kpusas I' cocTouT H3
ABYX BETBeH:

Y= =y x), x=[x@), x(T)l, t=[To 1]
H

Y=9 )=y x), x=[x@), x(T)]=[x(v), x(Ty)], te]r, Ty].
MpennonoxuM eme, 4t0 yi(x) >y2(x) ana Becex x&[x(t), x(To)].
Ipu stEX ycaoBusx Kpusasa I' npoxoautcs Tak, uro obaacts D ocra-

eTcsi cjeBa (MOJIOXKHUTeJNbHOE HanpasjeHHe o6xoma), Korja t BO3-

pacraer ot Ty no Ty, u oGuacts D cranzapTHa OTHOCHTENbHO OCH
OX:

D={(x, v) : x(®) <x<x(Ty), Yo(x) <y <y, (x)} (cM. puc. 10).

H
)Y
Bf-———y
\°| f
x(t\_ 0 (%) x
\%(x/
Puc. 10

Ilycte @ (x, y) ecrb nepBooGpasHas aas ¢yHkuuH f(X, y) OTHOCH-
TeNbHO NepeMeHHoH y, T. e. Dy(x, y)=F(x, y), Toraa

1§ 7t paxdy="\"a"} prs, ay—
D

() wln
x(To)
= \ [®@ y:1()—D(xy Yo (x)]dx=
X(;o)) x(Ts)
= | o n@dr— { 0@ g w)ax.
=0 (1)

B KaxmoM H3 NOJYYeHHHX OJHOKPATHHX HHTErpajioB CAeJaeM 3aMe-
By x=x(t). Toraa

i o dxdy;gofb(x ), y () xdt—
D T

Ty Ta
— 5 Qx@), yO) xdt=— 5 D (x(2), y (1)) xdt. 1
T T,
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I1p uMep. Buuncanm

4x® + xudxd ,
SDSx'I/fix + xydxdy

rae D — ob6nactb, orpaHudeHHas npaBo# netJell KpUBOH:
I'={(x, y): x=acost, y=asin2f}, x=0.

Pewenue. [IpaBag nmerns xpusBofl I' mpoXoauTcst B I0J0KH-
TEJIbHOM HAaNpaBJeHHH HpH H3MeHeHuH ¢ oT —n/2 g0 /2 (cMm.

i

=TT A
|/ \ '
I/ \' 2% |

!
= 0 a a x
\ N
|
>Nz 1 - A
-0
Puc. 11

puc. 11). 3ameruM, 910 i Touku (x, y)eD cunpaBeijHBO Hepa-
BEHCTBO:

x2

ly|<<asin <2arccosi) = 2x 1 —

a

al

¢J1e J0BaTeJIbHO,
4+ xy=> 4x*—x|y| = 2x? (2 — \/1 — —x:— ) >0,
a B
. e. dynkuua f(x, y)=xV 4x*+ xy omnpejeneHa H HenpephwHa B D.

TlepBooGpasnas aTof ¢yHKUMH 10 mNepeMeHHOHA y ecrb GYHKUHA
(4x2 4 xy)3/2 . 5 CaenoBatenbdo, ucnoabdys dopmyay (1), moay-

yaeM, 410
9 /2
SSx Vax* 4 xy dedy = — Y S (4a®cos®t - 4a?sin t - cos?£)¥2 x
D —n/2

n/2
X d{acos t)=-13§— at S (1 4-sin¢)®2sint - cos®t dt =
—1/2
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Vi V2
at S 24(22—1)(222—z4)dz=—%a‘ S (828 —210—22%) dz =
0 0

=32 Lz L v 2 ogma ]
3 1 7

_ %6 ap(2 4 2y _2VE
( ) 9.11.7
Ecau 3aMKkHyTas KpHBas T={x, y): x=x(), y=y(t), t [T,
T} n©poxoaHTCs B MOJOXKMTENBHOM HampaBJeHHH TpH BO3pacra-
uuu napamerpa t ot Ty go Ty, T. e. ob6nactb D, orpanuuennas T,
oCTaercsl NPH 3TOM CJieBa, TO, NOBTOPsAA INpHBeJeHHBIE BhHILe pac-
CYXAEeHHuA, NoayduM popmyay

T
(576 sy = 0. yO)y Ot @
D 0

rae ¥(x, y) —nepeoobpasnas ¢GYHKUHH [(X, y) OTHOCHTeJbHO Ile-
PEMeHHOH X.

®opmyna (1) cnpaBeaauBa u Torga, Korga obaacts D orpanunde-
Ha KpuBoii I'={(x, y):x=x(t), y=y@®, te|T,, T:]} u npamo#
x=C, ecnu KpuBas I' mpu Bospacranuu ¢ or T, no T, mpoxoautcs
Tak, uro ob6aacrte D ocraercs caera. Popmyna (2) cmpaBenausa, ec-
Jau obaacts D orpanuyena kpusoii I'={(x, y):x=x(), y=y(l), t=
€ [T,, T,]} u npsimoit y=C npu TOM XKe YCJIOBHH Npoxoxaenus I

[Tpumep. Buuncaum

2a®—ay dxdy,
EDSx'[/a ay dxdy

rae D — o6aactb, orpanyueHHas ofHOH apko#i nukjaouiel I'={(x, y):
ix=a(t—sint), y=a(l—cost), t [0, 2n]} wu ocvw OX.

Pemenne. Ilpu Bospacranuu ¢ or 0 no 2n kpusass [ mpoxo-
OUTCS CJeBa HANpaBo, Tak 4To o6aacte D ocraercss cnpasa ot I
(cM. puc. 12). Ilostomy ¢opMysa npUHHMAET BHJ

o

2n
(V7Gx gdedy=—\ ¥ (x (1), y(O)y @)t
D 0

TlepBooGpasuoii nas ¢ywkuun f(x, y)=x}/ 2a®—ay orHOCHTE/bHO
J 2 [
nepemenHol x sBjsiercs Gyukuus V(x, y) =i2— V 2a*— ay- Wrak,

2n
SSx V2a*— ay dxdy = — S jli‘:f’_'ﬂ’_ V a®+a*cost-asintdt=
D $

39



2% 2n
=_“_2‘S t’Vl—|—costsintdt+a‘S tsin®t Y/ TFcos? dt—
0 0

2%
— a—;S sin®t Y/ T+ cos? dt.
0

Y
20— ——
p))
%’//
0 e ma x

Puc. 12

Bruucaum OTHAEJIbHO KaXXJABIH H3 HHTErpaJos:

2n 2%
—_ Q sin®t |/ l+costdt=§ (l—cos’t)]/H—cost dcost=0,
6 0

2n 2n
_S t21/1+costsintdt=—§—g #2d (14 cost)¥/2 =
0 0

2
- %’—(l—}—cost)‘*/? 2”_%5 £ (14 cos£)¥/2 dt.
0 0
Tax kak

P13 11 2%
j £(1 +cos 32 dtz‘g't(l—l—cos tyor2 dt—.l—y £(14-cos £ dt =
0 0 F14

O Gy,

T
=Lt + costyyrzat + S(?n-—z)(l +cos2)%/2 dz =
0

1 n e
=2nS(l +-cost)¥2dt =2n S2 VY2 cos? -—é— dtzlen—;/z-.
0 0
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TO

2n

-—S AY T costsint df =~ 1:/32 i 64“9'/2 =

_ l6n/2 (ﬂ_ 4 )
3 3/
Hanee nmeeMm

2n n
S tsintt )/ T+ costdt = | tsin?t YT+ costdt +
0 0
2n n
+ S tsin?t YT —|—costdt=Stsin’tV1+costdt+
n 0
11 - [, .
+ S(2n-z)sin’z Vi+ coszdz=2nSsin2t V14 costdt=
0

0

n
= o (sin? 2o cost2-d () =
16]/2ngsm 5~ cos 2d(2)
0

—8YT T(3/2r@ _ 3272 n
I (7/2) 15

O6benunss NOJIy4EHHLIe pe3yJbTaThl, OKOHYaTEJNbHO HMeeM, 4YTO

SSxVdedy=a4(8Vf“’ LA 3“/2"):

15;

SV_““ V2 1d 15y 904 12)= S‘z"“‘ (155—8).

06pa'mM Tellepb BHHMaHHe Ha HauboJiee XapakTepHHe OMHOKH
NpH pacCcTaHOBKe IpeJeJioB B zuaoﬁmom HHTErpaJje:

ng(x y) dxdy= de K f @ y)dy.
a 01(%)
1. HenpaBusibpHO, eciM IPH HEKOTODHX 3HaueHHAX xo=[a, b]
@s(x)
- [ad
HHXXHHA npejes BO BHYTPEHHeM HHTerpalie \ f(x, y)dy Goabue
Pulx)
BepxHero: @;(xg) >@z(xo). d1a omu6Ka BO3HHKAET OGLIUHO HPH OT-
CYTCTBHH HJIK HENIpaBHJIbHOCTH YepTexa.
2. Cnenyer 4eTKO NIPEACTABJSITh, YTO MOCTOSAHHHE, He 3aBHCSIIHE
OT X TPaHulbl ¢ U d BO BHYTPEHHEM HHTerpajie, GHBAXOT TOJNLKO TO-
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rna, KOTAa COOTBETCTBYIOIIAN (BepXHSS MM HUXKHSAA) IPpaHHLA MHO-
*KectBa D npencrasiser cofoil oTpe3ok NpsMOH, napaJsJenbHOH OcH
OX, 1. e. oada uad ob6e dhyskuun @ (x), @2(x) npeacrasiasior coboh
KOHCTaHTH. Ecjau ke 3Td JHHHH He SIBJASIOTCS TNapaJjjeNbHLIMH  OCH
OX, 10 rpaHHUBH HHTErPHPOBAHHA BO BHYTPEHHEM HHTerpase o06s3a-
TeJIbHO NpeACTaBaAloT co00# QyHKuuu or x. SlBasercs omnOKoH, ec-
JH BMECTO OYHKUMHA ¢i(¥) ¥ @p(x) 1OCTaBUTb HX 3HAUYEHHSs B KOHIe-
BHX Toukax (@i(a), gs(a) uiu ¢ (b), ¢2(b)), van max ¢.(x), x<|a,
b] u ming (x), x<{[a, b], 1. e. rpaBuuN npoexkuun D wa ocv OY.

HeﬂpaBHﬂbHO, eCJIH rpasuln BHYTPEHHEro HHTerpana
$a(x)

\  [(x, y)dy 3aBHCAT He TOABKO OT X, HO M OT Y HJIM [PAHHUUH
EXE)
BHELIHEr0 HHTerpajia He ABJSIOTCS NOCTOSIHHEIMH. Ecam  npH 3ToM
OpOBECTH BCe YKa3aHHHE ONepaldH, TO B pe3y.abTaTe MNOJY4YHTCA He
9HCJI0, 2 QYHKUHS OT X HJH OT Y, HJAH OT OOOHX NepeMeHHBX X H Y
B 3aBHCHMOCTH OT JONYLIeHHON OWIHOKH.

4. Ecsn MHOXecTBO D CHMMETPHYHO OTHOCHTEJNBHO OJHOH H3 KO-
OPAMHATHHX ocefi, HO He 1aHO YCJOBHEe YeTHOCTH . GyHKUUH f(x, Y)
OTHOCHTEJIbHO COOTBETCTBYIOILeH ITepeMeHHOH, TO paBeHCTBO

\\ e prdedy=2 [( 7, y)drdy,

D D,

rie D, gacth MHOoxectBa D, nexamias 0o OfHY CTODOHY OT COOTBeT-
CTBYIOLIEH OCH, BOOOLILe TOBODPS, HEBEPHO.

5. Ecan MHOxecTBo D mpolme npeicTaBUTh He B BHAe oObeauHe-
HHSl 3aMBIKAHH# CTAaHJA4DTHHIX OTHOCHTEJbHO TOH HAM UHOH KOOPAH-
HaTHOH ocu obJjacTefl, 2 B BHJAe Pa3HOCTH TakKUX 3aMbikauuii: D=
=D\D,, 10, BOOGIE TOBOPs, HeNb3si BMECTO MPEACTABJIEHHUT HHTE-
rpaJja

§§7 . ) drdy
(]

B BHA€ CYMMH JeJarb [IpeacTaBJicHHe B BUAE PAa3HOCTH

\\ 7, gy dedy=\{ [(x, y)dedy—\| [ (x, y)dxdy,
b D, B,

NOCKONMBbKY ychioBue [=F (D) He jaer mpasa HHTerpupoBatbh (HyHx-
HHIO [ Ha MHOXecTBe D\DD. Ecau ke H3 YCJAOBHS 3a1a4d  MOXHO
yTBepxaath, uto feR(D,), To npeacrasenue

w F(x, y)dedy=|
D

106 g dxdy— ¥ [ (x, y) dxdy
D D,

1

3aKOHHO M MOXKeT OBITb HCHOJIb30BAHO MUJIA YIPOUICHH A BBIYHCJCHH,
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2. 3ameHa nepemeHHbIX B ABoiiHOM unTerpade. lepexon,
K MOJSPHOA M 0006IEHHON NONAPHOH CHCTEMAM KOOPAMHAT

3aMeHa mNepeMeHHBIX B [BOHHOM HHTerpaje NPHBOAHT KaK K H3-
MEHEHHIO IOABLIHTErpaJbHOIO BHIpAXKEHUS, TAaK H K M3MEHEHHIO MHO-
KeCTBa, IO KOTOpOMY Gepercs HHTerpaJ. B oriuume OT OZHOMEPHOrO
HHTerpasia, rje CBf3b JBYX IPOMEXYTKOB HHTErpUPOBAHHS yCTaHaB-
JIHBAETCsl NPOCTO, AJii MHOI'OMEDHOrO HHTerpajia HalTH MHOXKEeCTBO
H3MEHEHHS HOBBIX NePeMeHHBIX ROETATOYHO TPYAHO, MO3TOMY TIJaB-
HOe BHHMaHHE NDH BHOOpe 3aBHCHMOCTH MEXKAY HOBBIMH H CTapHMH
HepeMeHHEMH ofpalaeTcss HMeHHO Ha HaXOXKAEGHHEe 3TOr0 MHOXKecCT-
Ba. HauGosee mpocTHIM cayyaeM SIBJASIETCS TOT, KOr4a TPaHHIAMH
MHOXecTBa D, mo xoropomy Gepercss HHTerpaj, sBJIAIOTCA JHHHH
YPOBHS NOCTAaTOYHO TNafKuX QyHRUHH: @i(x, ¥) u g2(x, y¥), T. e.

D={(x, y)a< oy (x, NESA C ux, y)gd}t
npuueM orobpaxenue ¢ : D—R?, ¢ :u=q,(x, ), v=@,(x, y) peryasp-
Ho. B 3TOM ciyuae orofparenne @ :u=@,(x, y), v=e,(x, y) nepeBo-
QMT MHOXeCTBO D B NPOMEXYTOK

I={u, v):a<<u<<h, c<<o<d}.

ITp u M e p. Buiuncaum

({2 + v dxay,
D
riae
D={(x, »): 1<xy <2, 0<r <2y <4}
(cm. pue. 13).
LY
y=2x
21—\ —
2y=x
V7
T/t
- Xy=)
vz T L llz .
0 11v2 2 x
V2
Pro. 13
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Pemenue PaccMorpuM orobpamenue ¢: (4, v)—(x, y), o6-
paTHoe K oro6paxeHHl0 u=xy, v=y/x:x=VYup, y=Vuv. WHs
¢opMya, BHpAXKAWOUHKX X, Yy 4Yepe3 u, v, BUAHO, 9TO AJS MHOXKECTBA
D, nexamiero B NepBOM KBaJDaHTe H OTAEJEHHOIO OT KOODJAHHATHHIX
oceit, cymectsyer obaactb G ,DD, B KoTOopo#i oTo6paxkeHue ¢ sB-
Jasercsi GUeKTHBHHM. ['eoMeTpHueCKH OHEKTHBHOCTb OTOGpaxeHHs ¢
BHAHA M3 TOTO, YTO MPOH3BOJbHAS JHHHS YPOBHS (GYHKLUHH U — MpS-
Mmasg y=C,x ¥ NPOU3BOJbHAS JIHHHS YPOBHS OYHKIHH u— runepGosa
xy=C, npu ycaoBuu x>0, y>0 nepecekaloTcsi TOJIBKO B OLHOH TOUKe.
Kak HepaBeHcrsa 1<xy<2 12<y/x<2, TaK u reoMerpHye-
ckHe cooGpaxenHusi (rumepGoasl xy=C, u npsmbie y=C,x nepecexa-

I0TCSA ¢ MHOXKecTBOM D Torjga M TOJNIBKO TOTHAA, KOraa - <C <, 1L

< C,<2) mnokasHBawT, 4T0 npoofGpasoM D npH OTOOpaKEHHH @
SBAsIeTCS MPSIMOYTOJBbHHK

1={(u, 0):1<u<?, —;—<u< 2}.
Ianee, nas sKko6HaHa @ CNPaBeAJHBO COOTHOLIECHHE
Ly
2 2 3
Vuv v I R
— - 2v
1 ‘/ v L ‘/ i
u 2 v
Hrak, oto6paxenue @ peryJspHo H

SS(x=+y=)dxdy_SS( +uv) « - dudo =

2 2 2
1 1 __ 63
-——2"'511(1“ 2(———+l) ";5(‘—'{"_“) udu = —-—16
/

-

Pasymeercsi, MOXKHO GOBIIO OBl BBIYHCJAHTb 3TOT HHTerpaj H He
NpoM3BOAS 3aMeHH mepeMeHHBX. Ho Torna muoxecrso D aas mpej-
CTaBJIEHHS JBOHHOTO MHTErpajia B BHIE MOBTOPHOIO HYXHO pa3bHTb
Ha Tpu: D=DJDsJDs, rae

II

1
{(x, y): V2— <x< —;<y<2x},

Y 1<x <

H

il

1
D, | V2, ;
5 2
Dy={(v, 9): V2 <x<2 S <y<—|
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IIpuwmep. Buuucaum

(§ @2y +xy") dady,
D

riae
D={x, y): x>0, y =0, 4x>—3y* << 4, 4y*—3x* <4}
(cMm. puc. 14).

Puc. 14

Pewmenne. Tak XKe, Kak H B IpeiblAyllleM NpHMepe, AJs HENO-
CpPeNCTBEHHOr0 NpHMeHeHus teopeMbl OyO6uUHH K NAHHOMY HHTerpasy
Heo0xoaHMO pa3b6utb MHOXecTBO D Ha cocTaBidioliye, NOCKOJLKY
OHO fBJSIETCS] 3aMEIKAHHeM O006JIacTH, He SIBJSmEeHACs CTaHAapTHOH
OTHOCHTEJIBHO KaxXJIOH H3 KOOpAHHATHHIX oceit OX u OY.

IToxaxeM, 4TO mepexo] K NepeMeHHBIM U H v IO dopMyJaM

u=4x2—3y, v=4y?—3x*

yNpoInaeT BHIUHCJIeHHe RAHHOTO HHTerpaJa.
ITockonbky

x=V/ 4u+3v’ y:‘/3u+4v
7 7

H x>0, y>0, T0 oToGpaxenue ¢: (X, y)—(u, v) ectb Guexinuss D—
~q(D).
M3 HepaBenctB 4x2—3y%<(4, 4y>—3x"<{4 cnenywT HepapencTna
u<4, v<{4; NOCKOJIbKY
=i vy
¥ ‘ » Y ‘ 7

’

7
TO HEOOGXOAHMO, YTOOR BHINOJHSJIOCh YCJOBHE

4u+3v>0, 3u--4v>=0.



O61benuHsss BCe INOJyYeHHble COOTHOLIEHHS, MoJaydaeM, 4To o6pa3om
¢ (D) mMHO)ecTBa D sIBIsIeTCH MHOXKECTBO

Dy={(u, v) : 4u+3v>0, 3u+40>0, u<<4, v<<4}
8 —6y

—6x 8y
Ha D sToT siKoGuaH o6paliaercss B HYJb, TO YCJOBHS NepBOH Teope-

(cM. puc. 15). Sixobuan @ paBeH = 28xy. Tak xak

4\

:///
;//

Puc. 15

MH O 3aMeHe IlepeMEHHBIX B KpPaTHOM HHTerpaJie He BHINOJHEHH, OA-
HaKO BHIIOJHEHH YCJOBHA BTOpOI';I TEOpEMHI, €CJIH

DA\S;={(u, v): u<4, v<4, 4u+3v>0, 3ut40>0}.
Hraxk,

X S ( +0) dudo = {  (4x2— 3y + 4y° — 3x*) 28xydxdy=
Dy ‘D
=28 S S (x*y + xy3) dxdy.
D
CnenoBaTenbHo,

0 4
SDS (*%y +xy®) dxdy = —21; SS (u+v) d”d":%j du _i/a (u +v)dv+

4 4 \

oo § ey flo (o o) rom et

+S[u (4+L4—u) +8——3?2—u2}du=—2—é——53(4u+8)du +

+ -Eg 0-— utdu + — 4~—
-—3 0
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B sToM npumepe (akTHYeCKH paccMATPHUBAJOCh He 0TOOpaxeHHe
@: (4, v)—>(x, y), a obpatHoe orobpaxenue W=q=': (x, y)—(u, v).
XoTsi B XOfe pelleHHusl OBLJIH MOJYUEHB! SBHBE BHIpakeHUs Kak QyHK-
uuit u(x, y), v(x, y), Tak u byskuui x(u, v), y(u, v), Ho nuddepen-
HHpoBaHHe oToOpaxkeHus W TexHuyecku npoile AuddepeniHpoBaHUA
oToOpaKeHust .

Ecnu cBa3b nepeMeHHBX (X, y) W (4, U) 3a4aHa COOTHOLIRHHAMH
BHAA u=u(x, y), v=v(x, y), TO AJd BBIYKCJEHHS SIKOOHAHA ¥ =
- D(x, 9)

D(u, v)
(u, v). B HexoTOpBHIX Ciyuasix npolle HalTH siKoGHaH Fw 0OPATHOTO
oto6paxenus W=¢~':(x, y)—(u, v) H BOCIOJb30OBATLCA paBEH-

; i

CTBOM PFy=—.

HEOOXOAUMO HalTH ABHYK 3aBHCHMOCTb x=x(u, v), y=y

Ilpumenp.

o3 3xy? 98
Briyucaum 55 B3 20 vy, rae D —o6gactb, OrpaH-
xy
D

49eHHasl JUHUAMHU y=1/x2, y=4/x2, y=x—1, y=x+1.
Pewenue. lpanuna obsnactu D cocraBieHa H3 JUHUH YPOBHS
GyHRUHA u=yx? 4 v=x—yY:

D={x, y): 1<yr®’<<4, —1l<x—y<!}
(cM. puc. 16). Doaee rtoro, Kaxpas Touka (x, y) obaactn D JeKHT

TOJbKO Ha OAHOH Kpupol Buaa yx?=C,;, 1<{c,<{4, H TOJBKO H4 OAHOH
KPHBOH BUJA x—y=C,, —1<{Cy<1.

y

Puc. 16

Takum o6pasom, oToGpakeHue ¢ :u=yx?, v=x—y eCcTh OuEKUUA
obnacth D ua obGaacts Dy={(u, v): l<<u<<4, —1<<v<1}. He
BhIpaxasn sIBHO NepeMeHHble X ¥ Y uyepe3 u u v (3TO Tpebyer pelue-

17



. D(x, v
HHST KyOMYeCKOro ypaBHeHus1), HalaeM sikoGHaH Dw v’ PaBHBIA

1/)(det ¢’). Tak kak

2
detg'=| ¥ = —x@yta,
TO
] D (x, y) _ 1 _ 1
D (u, v) x (29 + %) 2 (u, v) + 2% (u, v)y(a, v)

Cle]0BaTeNIbHO, OHEKTHBHble OTOGpa)keHusl ¢ U ¢~! ecThb coOTBer-
CTBeHHO Auppeomopdusmbn D—D; u D—D. Hrak, ycinoBust nepsoit
TeopeMbl O 3aMeHe NepeMeHHHIX B KPAaTHOM HHTerpaJe BHIOJHEHH, H
103TOMY

§ =22 vy = [ 2EE2 oy ) dedy =
D ¥ D i

= SSM . (x2+2xy) dxdy =
AR )

_ S_i’_ 2 (u, v) +2x (¢, v) y(u, v) . dudy —
S u 2 (u, v)+2x (4, 0) y (4, 0)

l

1 4
szdv e 2 g,
R : u 3

Haxoxnenne npoo6pasa mHoxectBa D mpu Iepexojne K Ionasp-
HBIM KOODJHWHATaM Ha IJIOCKOCTH, T. €. IPH OTOOGPaXKEHHH X=r COS @,
y=rsin ¢, objeryaetcsi NPOCTHIM I'eOMETPHYECKHM CMBICJIOM Iapame-
TPOB 7 U @. FIMeHHO r ecTb AJuMHA pajHyca-BeKTOpa H3 Hauaja Koop-
AMHAT B TOUKY (X, ¥), @ @ — yroJ MeXIy 5THM BEKTOPOM H IOJOXKH-
TenbHHM HanpasjeHueM ocu OX. Kak yxe yKashwBaJaoCh Nmpu 06IeM
PaCCMOTPEHHH MOJISIPHBIX KOODAMHAT B A-MEPHOM IPOCTPAHCTBE
(c. 17), nas aoboro xkopraHoBa MHoXectBa DCR? u dysxuuu f—
<C (D) uMeer MecTO PaBEHCTBO

S g f(x, y)dxdy= “ f(rcos o, rsing)rdrde,
D D,

rae D\={(r, ¢)} —npoo6pas D, ecau r>0, a yron ¢ H3MeHseICs B
HpOMeXyTKe IJUHOH He 6oJee 2m:

o< <o+ 2m.

(Yame Bcero Gepyrcsi 3HaueHus «, paBHHe 0, —mn WM —mx/2 B 3aBH-
CHMOCTH OT paclojioKeHHs1 MHOxecTBa D.)
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PaccTaHOBKY NpENeNOB B MOJSIPHBIX KoopAMHartax OoJbliued ya-
CTbIO [eJIal0OT B BH/E

q r3(Q)
jd(P § g(r, @)dr,
a o)

NOCKOJIbKY 3aBHCHMOCTb 7 (@) yalle BCero aHaJHTHYECKH Bbipaxaer-
cs1 mpolte, ueM ¢ (r).

3aMeTHM, uTO Nepexojl OT NepeMeHHHX X H y K IlepeMeHHBIM I H
@ MOXKHO paccMaTpHBaTh KaK IlepeXOA K COrJIaCOBAHHOH € AeKapTo-
BOH DOJISIPHOM CHCTEeMe KOOpAMHAT, a He KaK Npeo6pasoBaHHe MHO-
xkectBa D. IlosToMy jJas ynpolleHusl 3anucH He 6yneM B faJjibHeH-
IeM H3JI0XeHHH BBOJHTb HOBOe 00O3HaueHHe IJIE MHOXKECTBa H3Me-
HeHHs r 1 ¢, a O6yaeM paccMaTpHBaTb MHOxecTBO D kak B Buie D=
={(x, y):..}, rak u B Buge D={(r, ¢):..}, TAe BMeCTO MHOrOTOYHA
CTOSIT YCJIOBHSI Ha KOOpPAHMHATH (X, y) H (7, ¢) COOTBETCTBEHHO.

I[Ipumep. B nBoiinoM nHTErpale SS f (x, y)dxdy, rne
»

D={(x, y): ¥+ y* >0, ¥+ *<2ay, a>0} u f=C(D)

(cM. puc. 17) mepefileM K NOJAPHBIM KOOPAHHATAM M DPACCTaBHM
npefessl HHTETPHPOBAHHUS B TOM H IPYroM NOpAIKe.

Ip

Puc. 17

Pemenue 3anumweM ycaoBus Ha KOOpAHHATH Touek (r, )eD
B NOJSIPHBIX KOOpIHHaTax: r2x=a? r’<2arsing, T. €. B cuay yclo-
Busi >0 umeeM a<{r<2asin . M3 ueprexxa BHJAHO, UTO JIyY @=q,
Iiepecekaercss ¢ MHOXKeCTBOM D rtorpa u TosbkKo Torga, xorga /6 <
SPo<<On/6. Kaxawii Takoil syu mepecekaercs ¢ D 1O OTpesKy
[a, 2asin gg]. Urak,

D={(r, ¢) : n/6 < o< 5r/6, a<r<2asinq}
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87/6 2a sin @

SSf(x, y) dxdy = 3 dy ‘\ f(rcosg, rsing)rdr.

D n/6 a

HOast paccraHoBKY NpeLenoB HHTErPHPOBAHHA B APYroM IIOPSIAKE CHO-
Ba o6paTtuMmcsl K 4eprexky. MuHMMaJpHOE pacCTOSHHE TOUEK MHOXKe-
ctBa D oT Hauyaja KOOPAMHAT PABHO @, MaKCHMaJsibHOe — 2a, CJEX0-
BaTeJabHO, uMeeM a<r<2a. Jlunus r=C — okpyXHocTb paguycom C
¢ UeHTPOM B HauaJe KOOpJZHHAT— Hepecekaercs ¢ D mno nyre (a,
n—a), rae a=arcsin(C/2a). Urak,

D={(r, 9) : a<{r<{2a, arcsin(r/2a) <o <

< m—arcsin (r/2a)} u Sj.f(x, y)dxdy =
D

n—arcsin(r/2a)

2%
=5 dr ? [ (rcoso, rsing)rde.
a

arcslri(r/?a)
ITpumep. B nBoiiHoM uuterpase “: f(x, 9)dxdy, rae D —06-
D

JlacThb, Jiexkaulasi OJAHOBPEMEHHO KakK BHYTpH Kapauouasl r=a(l-+
+cos @), TaK H BHYTpPH OKpyxHoctH x2+y’=3ax, a>0 u f=C(D)
(cM. puc. 18), mepeiizeM K MOJSPHLIM KOODJHHATAM H PACCTaBHM Ipe-
JZesbl MHTerPHPOBAHHS B TOM H JPYyroM mopsake (mzekapToBa H IO~
JISIpHAsi CHCTEMHl KOODPAHHAT COBMELLEHH ).

4

Puc. 18

Pewenue 3amuuieM ypaBHEHHC OKDYXKHOCTH B JOJSPHHX KO-
opauHatax: r=3acos @. Tak Kak touku (7, ¢)D nexar BHYTpH 006-
JIaCTH, OTPAaHHYeHHOH o6eHMH KPHBHIMH, TO HX KOODJAHHATH AOAKHE
OJHOBPEMEHHO YAOBJETBOPATL HepaBeHCTBaM: r<a(l+cosg) u r<
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