<3acosq@. W3 ycnoBusa r>0 u BTOPOro HepaBeHCTBA MOJydYaem, 4YTO
—n/2<@<m/2. Tak KaK # NepBoe, H BTOPOE HEPABEHCTBA OrpaHHYH-
BAIOT r CBEpXY, TO, OObeAuHssl HX, noayudaem, uro 0<r<min{a(l+
+cos @), 3acos ). Kak u panblle, pasobGbeM HHTEpBaJ H3MEHEHHS
@: (—mn/2, n/2) Ha NOABIHTEPBAJbl TaK, YTOOH FPaHHUB H3MEHEHHs
r 3aMMCHBAJHCh C IOMOIIBIO MPOCTOro BHpamkenud. [ns sroro Hai-
IeM, Ha KaKHX IOJHHTepBajiax HuHTepBaia (—mn/2, n/2) QyHKuus
min{a(1+cos ¢), 3acos ¢} coBnagaer ¢ ¢ynxkuueir a(l+cos¢) U Ha
KaKux — ¢ QyHkiuueii 3acos@. Tak kak HepaseHctso a(l+cosg)<
<3acos ¢ cupasemauBo aas —n/3<@<mn/3, a HepaBencTBo a(l+
+cos @) >3acosp— aaa n/3<|g|<n/2, o D=D,UD.UDs, rae

Di={r, ¢) :—n2<pL—n/3, 0<{r<C3acosq},

Dy={(r, ¢) :—n3<<op<n/3, 0<<r<<a(l+cosg)},

Dy={(r, 9): m/3< o <<n/2, 0<r<<3acos ¢}
CrienoBaTenbHO, ’

/3 3acosp

SS fx, yydxdy= 5 do 5 f(rcosg, rsing)rdr+
D —n/2 0 .
n/3 a(1+4-cosq)

-+ S do K f(rcose, rsing)rdr--

—5/3 0
/2 3acose

+ Y do § [ (rcosg, rsing)rdr.
/3

C npyro#l CTOPOHH, W3 MCXOAHBLIX HEPaBEHCTB moJyuaeM, 4To 0<
<r<2a, cosp>max{r/3a, (r/a)—1}. Onsatb pasobbeM HHTEpPBAJ H3-
merenus r: (0, 2a) Ha Taxkue IOABIHTEPBAJH, HAa KOTOPHX (DYHKIUA
max {r/3a, (r/a)—1} coBnanaer ¢ oxHo# H3 QyHKnui r/3a uan r/fa—1.
TTonyuuM, a0 D=D,|JDy, rre

Dy={(r, ¢): 0<C r<C3a/2, cosp>2/3a},
Dy={(r, 9):3a/2<<r<2a, cosg>r/a—1}

H, cJiejoBare/ibHO,
3a/2 arccos(r/2a)

SSf(x. y)dxdy= Q dar f(rcosg, rsing)rde-+
D 0 ,

—arccos(r/3a)
2{1 arccos gr/a— 1)
+ x dr S f(rcosg, rsing)rde.

3a/2 —arccos{r/a—1)

Ha ueprexe Bce 3TH paccyXieHHs RarJsnHu. JIyd ¢=qo nepece-
kaer D npn —n/2<po<<n/2. Econ 71/3<|qo|<n/2, TO 3TOT NYY Te-
pecekaerca ¢ D Nno OTpe3Ky, HauaJlo KOTOPOTO B Hadaje KOOPAHHAT,
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a KOHeIL— Ha OKPYXHOCTH r=3acosq, T. e. 0<r<3acosq, ecsaH
xe —n/3<Jpo<<n/3, To MO OTPE3Ky, HAYaJ0 KOTOPOTO B Hauaje KOOp-
JAHMHAT, 2 KOHel — Ha KapAHOH/e

r=a(l+cosg), 1. e. 0<<r<La(1+cos ).

C apyro#t CTOpPOHH, MHHHMAJBHOE paccTosiHne TOuYeK (r, ¢) D
OT HA4aJjia KOOPAMHAT pPaBHO HYJIO, MaKCUMaJjbHOe — 24, T. e. 0
<r<C2a; okpyxHocTh r=C mepecekaercssi ¢ D mo Ayre, KOHHIH KOTO-
poit mpu 0<CC<(3a/2 nexaT HA OKDYXKHOCTH r=3aCOos@p, T. e.
—arccos (r/3a)<<p<Carccos(r/3a), a npu 3a/2<C<2a—no ayre,
KOHIN  KOTOpO#  JieXXat Ha Kapauouiae r=a(l+cosg), T e
—arccos (r/fa—1) <<g<Carccos(r/fa—1).

ITpumep. INepelinem K noasipHBIM KOODAHHATAM H DAacCTaBUM

npenesbl MHTETPHPOBAHMS B ABOHHOM WHTerpaJe SS f(x, y)dxdy, rne
D
obnactb D orpaHHYeHa KDUBHIMH

r=asin(¢/6), r=a9/3n, 0<9<3n, a>0, u f=C(D)

(nexapToBa M MOJSIPHASE CUCTEMBbI COBMeEIEHH ).

Pewenune Cnenaem ueprex obaactu D (cm. puc. 19). ITo gep-
TeXY BHAHO, YTO HauboJee NPOCTble YCJAOBHS HAa KOOpAMHATH (r, @)
TOYeK obsactH D Buiraapsir tax: 0<¢<<3m, aq/3n<r<asin(p/6).
Ho Takas sanuce dopManbuo Hapyniaer Tpe6oBanue, 4ToGL MpH me-
pexoje K MOJSIDHHIM KOOPAMHATAM UJIMHA HHTEPBajd H3MEHCHHMS yr-
Jla @ He mpeBocxogusa 2m. 310 TpeboBaHHe CBA3aHO C TeM, UTOGH
HapywleHye OHeKUMH NPH Nepexoje K NOJSPHKM KOODAHHATAM  Npo-
HCXOiitn0 ¢aMoe GoJbliee Ha MHOKecTBe ofteva  avan, Q1uaka 8
AAHHOM CJy4dac, Kdk XOpOuldy BHINLO H3 HePTeARa, oy AT

D, ={{r, 9): 0<<o<3m, apBrn<r<Lasin(g/6)) -~
D={(x, y): x=rcosg, y=rsing, (r, p)D,}
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Kak pa3 OuekTuBHO. [IpH 3TOM BCe YC/JIOBHA NMEPBOH TeopeMbl O 3a-
MeHe mepeMeHHhX B KPAaTHOM HHTerpajie BBHIIOJHEHH H, CJlefoBa-
TeJLHO,

3n asin(@/6)

Sgi(x, y)dxdy=3dcp > f(rcosq, rsing)rdr.
) 0 ap/3n

D

MoxHO 0GOCHOBATb 3TO PABEHCTBO H YMCTO aHaJWTHUeCKH. [lis
9TOr0 NpeACTaBHM MHOXecTBo D kKak ob6beaunerue D=D, D, rue

D,={(r, ¢): 0<< o< 2n, ap/3n < r<Casin(g/6)},
D,={(r, ¢): 2n << 9 << 3m, ap/3a<r<asin(gp/6)}.

Jlas Kaxa0ro H3 3THX MHOXKECTB IepeXxoj K IOJIspHOH CHCTeMe KOop-
JUHAT yXe He HMeeT (OpMaJbHBIX NpPENsATCTBHH, CJel0BaTeNbHO,

SDSﬂx, y)dxdy=§)ﬂf(x. y)dxdy+§)§f(x, y)dxdy=

25t asin(@/6)

=S do g f(rcosq, rsing)rdr-+
0 ag/3n

3n asin(@/6)

+ g do f f(rcoso, rsing)rdr,
on agp/3x
TaK KaK BHYTpDEHHHe MHTeTpaJH B [IepBOM H BTODOM CJlaraeMoOM OJH-
HAKOBH, TO, NOJb3YsiCh aJAMTHBHOCTHIO OJHOMEPHOrC HHTerpaja, Mno-
Jyuaem, uTo

an asin(@/6)

SSH“" y)dxdy=g do S f(rcose, rsing)rdr.
0

D ag/3n

OG6o6IEeHHHMHE MOJIPHHME KOOpAMHATAMH Ha3nBaerca napa (r,
¢), CBs3aHHAss C KOOPRHHATaMH X, y GopMyaaMu x=ar cos*q, Y=
=brsin“g. Ilpu 31OM r>0, a @ npoGeraer auGo npoMexyToK [0,
2n] ([—=, n]), nu6o npomexytok [0, m/2] B 3aBHCHMOCTH OT 3Ha-
YeHHUs] NIOCTOSIHHONH « Tak, YToOH (YHKIHH COs%Q H sin“@ HMeJaH
CMhiCA 4 00a paBeHCTBa sin*@y=sin®g;, Cos*@e==Cos*®; OJHOBPEMEH-
HO BBINOJIHSJINCH TOJNBKO NIPH

=04 ¢, =20 (9= —mn, ;=) wm §,=0 u @, =ma/2.

Ilepexon X 0606leHHHM NONSPHHIM KOOpAHHATaM JAeJaercd B ocC-
HOBHOM TOrja, Koria ypaBHeHHe KDHUBOH, orpaHuyuBaloumied o6aactb
uHTerpuposanus [, B HOBBIX TIEDEMEHHBIX IpPH COOTBETCTBYIOLLEM
BHIGOpE HOCTUSHHBLIX 4, b, a CTAHOBHTCS CylllecTBeHHO 6oJjiee TIpO-
CThiM. Tak Kak o0uOlleHHble NOJSADHBlE KOOPAHHATH HE HMelT Ha-
TASIAHOIO TCUMETPHYECKOTro CMBCJA, TO FPAHUUB HX H3MEHEHHS IJst
TOUeK (X, y) H3 JAHHOTO MHOxeCTBA D ONpene/siloTCs aHajduTHYe-
ckuM nyteM. Ecau npu nepexoige K NOJSPHHM KOOpAHHATAM MBI
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OCTaBJAJAH o0003HaueHHe MHOxXKecTBa [ 6e3 H3MEHEHHS, TO TeIeph,
Kak H B ofllleM cJydae 3aMeHH IepeMeHHHX, OylJeM COOTBETCTBYIO-
mee MHOXeCTBO 3HaueHH#d (r, ¢) o6o3Hauath uepe3s D). SIko6Guau
NpH Hepexojie K 0606MeHHHM NOASPHHM KOODAHHATAM PaBeH

aabr cos®=1 ¢ sin®—1 @,

Tl p u Mep. Buuncanm

NERE

rge D —o6aactb, nexaumas B nepBoM kBaapaHte (x>0, y>0) u
OTDAHHYEHHAS OCAMH KOOPAHMHAT M KDHBOH (-’2‘—-{-_:_)‘: (');:’{'92)-

Pemenue. ITonoxum x=2rcos?p, y=>5rsin’p, torna ypasue-
HHe 3aJaHHON KPHBOH NpDHMeT BHA r? =%cos4q>+25 sin® ¢. ®yHk-

uuu cos?q M sin?p uMeioT cMHCa npu Jio6om ¢([0, 2r], HO, YTOOH
HX 3HAUeHMsA He NOBTOPSAJHCH, KaK OHJIO YKa3aHO BHIIe, HeOGXOIHMO
BHIIOJIHERUE YyCa0BHA 9 [0, n/2].

OGo3sHauas 1Js ynpoOUeHHs 3anucH g(g) = (—;— cost @+ 25 sin4 q>> ”2,

noJgy4aeM, 4To
n/2 &9

SS (i_‘__y_.)adx dy=5-2-2-§ dq>/§ ricos@singdr =
2 5 :
D 0
/2

0
/ s 2
=5 S (_g_cos4 ¢+ 25 sint (p) cos@sing dy ==
0

80 ¢ 1000 "%
TH S cos® @sinpdp 5 S cos® @ sin® o do -
0 - 0

n/2
. _ 8 , 6% 500 I'(3)r(3) __
+3125§sm peos@dp=—r+——+t——r% =
_ 8 625 50 - 50941
=awt 3 T 162 °

[Mpumep. JIBofiHOR wuHTErpan ‘H fx, y)dxdy, rue D—o6aacts,
D

OrpaHHueHHas KpHBOR x2/3/4 4 2y%3=(2x—y)'%, npencramum B BHAE

TIOBTOPHOTrO, Mepeiiss nmpeaBapHTeJbHO K OGOGIIEHHEIM  HOJISADHBIM
Koopaunatam (feC(D)).
r

Pewenue. Ionoxum x=8rcos?q, y= 23 sin®@, Torza ypaeHe-

HHe 3ajaHHO# KpHBo#M mnpuMer BHA 7= (16 cos¥p— (sind )2 1/ )2,
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Dyuxuun cosdp ¥ sindg MMeT CMHCJ NpH BCeX Q&(—n, ), H Ha
3TOM e MPOMEXYTKe BHIIIOJIHEHO YCJOBHe HeMOBTOPAEMOCTH HX 3Ha-
4YeHHH oaHOBpeMeHHO. Kpome Toro, ypaBHeHHe KDHBOH [JaeT OrpaHH-
yeHHe Ha MHTepBaJl H3MEHEHHS @: TaK KakK JieBas 494acTb B 3TOM ypas-
HEHUH HEOTpHUATeJbHA NPH BCEX X H Y, TO NOJXKHO BHIOJHSTBCS He-
paBeHCTBO 2x—y >0, OTKYAa noJydaeM, 410 —7 4@y <X ¢ K Qs THE
(p0=arctg(4/16/2). Hrak, npoo6pasoM MHOXKecTBa D sBAsAeTCs MHO-
KEeCTBO

Dy={(r, 9): =+, <9< 9y, 0<r<(16cos® p—(sin? )2 2)"}

H, CJe[0BaTEJNIBHO,

($fee pdeay=
D

TR (16cos?p—sind@/2V 2) 1/2 _
= g do S f(8rcostq, r(sin®g)/2 Y 2) x
“'“"‘}‘\’o 0

%6V 2 cos? @ sin? @.rdr, @,=arctg U@,

Ecnin mpn mnepexoze K 060CLIeHHEM INOJSPHHM KOOPAMHATaM
3HAayeHHe o MEHblIe eIHHHIH, TO B YCJOBHfAX INepBOH TeOpeMH O 3a-
MeHe TepeMeHHBIX B KPDATHOM HHTErpajie Hapyliaercss He TOJNbKO Tpe-
GoBaHKe OHEKTHBHOCTH OTOGpaMeHus, HO M Tpe(GOBaHHe €ro TJajixo-
ctH. B 3TOM cayuae, onsith HpUMEHSS BTOPYIO TeopeMy, IoJydaeM,
BooOlle roBopsi, HeCOGCTBEHHBIH [NBOAHOH HHTErpaJ 10 OrpaHH4YEeHHO-
My KOpAaHOBYy MHOXecTBY D; or Heorpanuuennoi ¢yHkuuu f (ar cos®: @,
br sin® @) abe cos* ! @ sin®—! @. IlogpoGHee Bompoc o HecoOCTBEH-
HHX KPaTHHX HHTErpajsax pacCMOTPHM HeCKOJbKO I03Xke, 3JeChb 3a-
METHM TOJbKO, YTO B JAHHOM CJyyae 3TOT HHTerpaj HMeeT CMEICHA H
paBeH NOBTOPHOMY HHTerpaJy, NpHYeM HHTEerpas IO IepeMeHHOMY @
6yner HecoG6CTBeHHHM. AHAJOTHYHHIM SIBJIsIeTCS H OGIMUHA cayuail, Ko-
raAa npH 3aMeHe x=x(u, v), y=y(u, v) 1poo6pa3oM KOpJaHOBA MHO-
xectBa D={(x, y)} sBasierca kopaaHoBo MHOxecTBO D;={(4, v)},
HO YCJIOBHS TJIAAKOCTH oOTo6paxeHus ¢:D,—D Hapymawrcs Ha
MHOXecTBe o6beMa Hyab. Ilpu stomM o6a OZHOMEpPHHX uHTerpaia B
NOBTOPHOM MOTYT 6HITb HeCOOCTBEHHHIMH, HO (GopMyJa 3aMeHH mepe-
MEHHHX OCTAeTCsl CIpaBeAJHBOM.

IIpaMep. Buuncaum

=2y + AP —

ot dx dy,
SDS VEre Y

rie D — o6aacTtp, orpanuueHHas KpHBOR (x84 y8)2= (x—y)2.

Pewenne. Oyuknns f(x, y)=x‘ - xsy-—l‘}%xys sy (opmabHO He
f(x, yp, £+ y*5=0;

0 , B2+y*=0
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H NpOBEpHM, YTO Tak onpenesneHHad ¢yHKuns F (X, y) HenpephBHa
Ha D. HenpepusHocts F BO BCeX TOYKaxX, KpOMe Hayajla KOOPAMHAT,
ClleflyeT HenocpeACTBEHHO H3 ee 3anaHHs. UYToOH NpOBEpHThL Hempe-
puBHOCTE F mpu x=0, y=0, npome Bcero mepedTH K OGHYHHM IO-
JSAPHHM KOOpAHHATAM

r (cost p—cos? @ sin @--cos? @ sin? — cos ¢ sin® p-}-sint @)

/cos$ ¢ +sin @ :

f(rcosg, rsing)=

Orciona noaydaeMm OLEHKY

—_‘—_5_r_—“—__— <
V1=3]4sin* 29
KOTOpas H NOKa3HBaeT, YTO

lim F(x, y)=lmf(rcosy, rsing)=0=F (0, 0).
(x,)—>(0,0) r—0

|f (rcos @, rsing)|<< 10r,

Hrak, KaK OblJIO yKa3aHO BHINE, MOXKHO CYHTATh, YTO NOA 3HAKOM
MHTErpaJjia CTOMT HelnpephBHASA QyHKUHSA

fx, y), 24420,
Fx, y)= 0 , x*442=0.

ITonoxuM x=rcos'/3 ¢, y=rsin!/3 ¢, Torna ypaBHeHHe 3aJaHHOH KPHBOM
npumer BHA r®=cos!/3¢p—sin!/A¢. Tak Xe, Kak H B NpeALIAYIUEM MNpH-
mepe, JenaeM BHIBOA, uto —3n/4< @< n/4 ¥ B KauecTBe mnpooGpasa
MHOXecTBa [ MOJIyuyaeM MHOMKECTBO

Dy={(r, 9): —3n[da<<p<<n/4, 0 r3<(cos!/® p—sin!/A g)}.
Hraxk, :

SS’ AP+ edy—
D

Vg
/4 (col”aw—sln1/355'1/3
1 .
=3 V do S (cos*® p—-cos @sin'B @4
—3n/4 0

+ cos?/ g sin2/3 p—cos!/3 @ sin'p + sin*/3 @) r? cos—2/3 psin—¥3 ¢ dr.

BugncauM BHYTpEeHHHR HHTErpas

1/3¢_51n|/3w) 173

(cos
(cos*/® p—cos @ sin!/3 ¢ -}- cos2/3 @ sin?/3 ¢p—
0

—cos!B @sin @ --sin/3 @) r2 cos—2/3 p sin—2/3 p dr =
= % (cos5” @ +sin%/3 @) cos—%/3 psin—2/3 g =

= —;— cos @sin—2/3 ¢ 4 —;— cos—%3 ¢ sin @.
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3aMeTHM, YTO MOJ 3HAaKOM BHEIIHEro HHTEerpaja CTOHT HeorpaHHdYeH-
Hasl QYHKUHS

-—;— cos @ sin—%3 ¢ +—;— cos—2/3 @ sing.

Buiuncaum HHTErpaJ otr nepBoro cjaraeMoro

/4 [

. . i . .
— cos @ sm*2/3cpd(p=—3— S sin—2/ gdsing 4
—3n/4 —3q/4
1 ! 2
in—2/3 ine=sin!/Bol® in1/8 VY =
+?S sin—3 o dsingp=sin!/ cp]_:m“—}-sm/ @l _'2/5‘
0

TouHO TaK e BHYHCJASAETCA HHTEerpaJi OT BTODOrO cJaraemoro, cjnae-
AOBaTEJbHO,

X — 13y + 2y — xyP + oY 14 2y®
(§ Vit drdy =5 :

I1puMep. Bouncaum

(1= (23]

rae

~ {(x, ) 1x30, y>0, (—3)3/2+(—%)8<1}.

Pewenue Cpnenaem sameHy nepeMeHHHX: x=au?3, y=>bo!/3,
U3 ycnoBuit Ha XoOpAHHATH ToueK (X, y) =D moayuyaem, YTO MHOXKe-
CTBOM H3MeHeHHs mnepeMeHHHXx (u, v) sasaserca D ={(u, v):u>0,
v>0, u+ v<l}. Slko6uan oto6paxkenuss ¢:D,— D paBeH
9 w33, Yrak, na orpeskax u=0, 0<Cu<<l u v=0, 0<Cu<l,

ABJsIOIKXCcA npoo6pasamMu oTpe3koB x=0, 0<y<b n y=0, 0<<x<a,
YCJIOBHS [JIafKOCTH HapyulamoTcs. TeM caMHM Takasd 3aMeHa HpUBO-
JHT K HeCOOCTBEHHOMY HHTErpasny:

Sj (1— (%)3/2—(%)3)1dxdy=5§ (1 —u—o)x

1 I—u
Su—‘/f’du S (1 —u—v)v—23dy,

0 0

2ab
9

Xu—13v=23 dy dy =
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B nanHOM ciyuae W BHEWIHME, H BHYTPEHHHH HHTerpaias — Hecol-
CTBeHHbie. Buiuncsss HX, OAHOBpeMeHHO ybexkjaeMcs B HX Cymiect-
BOBaHHH

J—u
(1 — u—v) v—2/3 dv=3(l—u)v”3|é"“-—-%v‘/3|5""=

0
= 9/4 (1—u)*?,

1 /2
—z—abj%(l—u)mu—‘/3 du=ab S sin!/3fcost1 At df =
0 0

=Lb_,_._1___4_,_1_1" L\“ T (_2_ =M_nab
2 2 3 3 3 3 27

3. Ilaomanp NMoBepXHOCTH U ee BHIYHCJICHHE

\

Onpenenenune. MHoxkectBo SCR® Ha3HBaeTcs NOBEPXHOCTLIO
B R3, ecan nas mo6oli ToukH SES cylieCTByeT OTKPHTOE MHOXKeCTBO
V{s), sV raxkoe, uro V(s S=r(D), rae D={(u, v):u?+v?<1}—
3aMKHYTHH Kpyr B R? u r:R2-»R3?—romeomopdpusMm, T. e. GHEKTHB-
HOe OoTO0paxeHHe, HeMPEPHIBHOE BMecTe C 0OpaTHHIM.

B kxypce ananusa orpaHHYuMcs paccMOTpeHHeM 6oJiee  Y3KOro
KJ1aCCa — KYCOYHO-TJIAJKHX NTOBEPXHOCTEH,

Onpepnenenue. IloBepxHocTs S HasHBaercsi MPOCTOH raaj-
KOH IIOBEpPXHOCTbIO, eciH S ecTh o6pa3 3aMuKaHua o6iactu DcR%
S={r(u, v); (4, v) =D} 4 BHIOJHEHH yCJIOBHSI:

1. o6iacte D xopraHoBa,

2. oro6paxenue r: D—S romMmeomopuam;

3. orob6paxenue reC'(D);

4. nas Bcex Touek Mo=(uo, vo) =D paHr matpuuH

x, (Mo) y, (Mg) 2, (My) )
rM =( Y v v aBeH IABYM (BeKTOpH r’y u r’
M=\ s, M)y, Mz, ) ) P yu (mexcrop ’
HeKOJIJIHHeapHH ).

Oro6paxenne r=r(u, v):D—S Ha3HBaeTcs napaMeTpPHYECKUM
NpeACTaBJeHHEM IOBEPXHOCTH S; NepeMeHHHe 4 W U— HapaMeTpaMH
S; obaacts D —o6aacTbio 3HaueHHs napamerpoB #, v. [lapamerpH-
YeCKOe 3ajaHHe NOBepXHOCTH S GyaeM 3aUHCHBATH CJELYIOIHM 06-
pasom: S={r(u, v), (4, v) =D} uan

S={x, y, )1 x=x(u, v), y=yu, v), 2=2(, v); (4, v)eﬁ}.

Toukn s<S, sBaswoumuecss o6pasamu Touek D, 6yleM HAa3HBATb
BHYTPEHHHMH TOYKaMH S; TOUKH S&S, ABisiomHecs o6pa3aMH MHO-
xkectBa 0D=D\D (rpannun D) — rpaHuuHBIMH TOYKaMH S.

Bosuukaer Bonpoc, moxer M mpocrast riaakas [0BEPXHOCTb,
paccmarpuBaeMasi Kak ONpe/leJleHHOe MHOKeCTBO TOYeK TPEXMEpHOro
HpPOCTPAHCTBA, HMETb HECKOJbKO PA3JMYHHIX NapaMeTpHYeCKHX MHpej-
CTaBJIEHHH.
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Onpenenenre. Ilyetb D u D;—XopianoBu ofmactu B R2
Oro6paxennst r:D—R3 u p:D~>R? Ha3HBAOTCH 3KBHBAJECHTHLIMH,
eCqH cymecTByer Takoi nuddeomopdusm ¢:D—D,, uro @(D)=D,,
¢ (D\D)=D,\D, (BHyTpeHHHe TOYKH IePEXOAsT BO BHYTPEHHHE, Ipa-
HHYHHE — B rpaHuuHbie) u r(M)=p(p(M)) ans mobofi Toukn Me
&D.

W3 HarJsiiHBIX reOMETPHYECKHX COOGpaXKeHHH MOYKHO 3aKJIOYHTh,
9TO 3KBUBaJIeHTHHE oTOGpaxkeHus r:D—R® u p:D,—R® sajaor on-
HY H Ty e OPOCTYIO INVIaAKYI0 MOBEPXHOCTD.

Huppeomopdpusm ¢ :D—D;, OCyIIeCTBAANMIKA 3KBUBaJCHTHOCTb
r(u, v) u p(&i, vy), HA30BeM AONYCTHMHIM Ipeobpa3oBaHueMm Tnapa-
METPOB.

Onpeneaenue. [loBepxHocth S, ABJAKNINAACT KOHEYHBIM 00Db-
elHHEeHHeM NPOCTHX IVIaJKHX HoBepxHocTed S, 1<<g<<Q, HasuBaer-
Csl KYCOYHO-IJIafKOH MOBEPXHOCTbIO, €CJH BBINOJHEHH YCJOBHS:

1. noBepxHoctH S H Sp, p7¢q, He HMEOT OOIIHX BHYTPEHHHX TO-
YeK.

2. ecau MHOXeCTBO Lp =SS, colepxur 6ojsee OLHOH TOUKH,
T0 Ly, o NpeAcTaBAsieT cOO0H KyCOYHO-TVIAAKYIO KPHBYIO.

IlpocTeie rnagkue NOBEPXHOCTH S, OyleM Ha3bBaTb KOMIIOHEHTa-
mu S; KpuByi0 Ly ,— JHHHe#l mepeceueHHss KOMIOHEHT Sp H S,

W3 onpenenenus nmpoctoé raaakoii nosepxHoctd S={r(u, v), (u,
v) =D} chaeayer, YTO B KaXKAOH TouKe So=S, So=r(uy, Uy) NOBEpx-
HOCTh S MMeeT KacarTesjbHYI0 IJIOCKOCTb, KOTOpAsi SBJAAETCS IJIOC-
KOCTbIO, HATSIHYTOH Ha BEKTOPH 'y (o, Vo) U 7'y (i, Vo).

[lycte S={r(u, v), (¥, v)=D}— npocras riankas NOBePXHOCTb;
P<(a, b)) X[as bg] u T,—pasbuenne orpeska [a;, b)]: a1=ue<
<u<ug< ... <Upmby, T,— pasbuenne orpeska [as, bs]:ar=1v,<
<1< ... <Upymmby, *—Tu v— pasbueHHe mnpsMoyroJibHuKa [ay,
bl] X [az, bz]

BosbMmeMm Touky (u;, v;)eD, 1<i<n—1, 1<j<m—1, u o0603ua-
UMM Aui=u;4—Ui, Avj=v;.—v0;. Jlunefinoe oroGpaxenue r’'(u; v;)
HNepeBOJUT MHOXKECTBO BEKTOPOB IIOCKOCTH R?, BHIXOAAIIMX H3 TOUKH
(ui, vj), B MIOCKOCTb, KacaTeJbHYIO K NOBEPXHOCTH S B TOUKE S$ij=
=r(u;, v;). TIpAMOYroMbHHK U QUSUiq), U;CUIUjp;  NEPexOpHT
OpH 3TOM B HapaJJeJorpaMM  oO;;, INOCTPOEHHHH Ha BeKTOpax
r,(us, v;) Ay, r,(u;, v;)Au;. [Mnomanp |[o;;| »TOro mnapanneno-
rpamMa pasHa |[r, (u;,up) Xr, (Wi 9;)]] Ay, Av;([r;xr;] o6o3Hayaer Bek-

£

TOpPHOe NPOU3BeAeHHEe BEKTOpOB r, H r)). OG03HAaUUM CHMBOJIOM Z

i
CYMMY, pacHpoCTDaHEHHYIO Ha Te HHAeKCH i, j, 1<iKn—1, 1<j<<
<m—1, pasa KotopHx (u;, v;)D.
Onpenenernne. Ilnomaneio |S| mosepxmoctH S HasbiBaercs

lim ¥, 1oyl [7, (r 0)Xr, (@, v)]lAu; Avy,
AMT)y-»0 N

rae A(T) —napamerp pasGuenus T.
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BeeneM ofo3HaueHus:

’ '3 .3 /3 ’ .3 .8 2
E=\r*=x, 4y, +2z,; G=|r*=x,+y,+2,;
F=(ryr)=xx,+Yy4,+22,

TOrZa nJjomanb noBepxHoctH S={r(u, v), (#, v) =D} BHuncAsgeTCA
no gopmyJae

181 = (\ VEG=F du do. )
D

{ITockoarky B ¢opmyse (1) nox 3HAKOM HHTErpajia CTOHT HelpepHiB-
Has QyHKHHS H HHTerpan Oepercs IO XOpPAaHOBOH o6nracTH, TO B
N aHHOM CJEyYae HHTErpaJ eyulecTBYeT.)

IMnomanes NpPoCcTOR KYCOYHO-IJIAAKOH NOBEPXHOCTH OIpeessieTcs
H BHUYHCJASETCS KaK CyMMa MNJollajedl COCTABJAIONIUX ee NPOCTHX
rJajKuX HOBEPXHOCTEH.

BeauuuHa nJjomany NOBEPXHOCTH NOJIXKHA OHITh, KOHeuHo, (ak-
TOM BHYTpPeHHeH IeOMeTPHH IOBEPXHOCTH, T. €. He 3aBHcAllef or
PasiaHYHHX CcNnoco6oB ee NpelcTaBjeHus. [eficTBUTENbHO, NMPH pery-
JAspHOM otobpaxeHun ¢ :D—D, Beauunna unrerpana s ¢opmyae (1)
He usMensiercd. CiefoBaTesbHO, NPHBEJEHHOE ONpejiesieHHe MO ALK
noBepxsHoctH S={r(u, v); (u, v)=D} KoppekTHO (He 3aBHCHT OT BH-
6opa mapaMeTpH3ALUH).

3aMeTuM, YTO HAlOTCA M JpYrHe, SKBHBaJIEHTHHE IpPHBEICHHOMY,
HO (OJiee «reOMeTpHUECKHe» ONpejeseHHs IJOMAaAH NOBEPXHOCTH.

Ilyets S={r(u, v), (u, v)=D}, orobpaxenne r:D-»R3— romeo-
MopdHu3M u Ha MHoXectBe E, EcD, njomanu HyJb HapylieHH YCJI0-
BHA ero ruajakoct. IToab3ysicb MOHSATHEM NJIOIMAAH NMPOCTOH IJajKoH
NOBEPXHOCTH, ONpelessieTcss NMOHSITHE NJOLUIAAH M AJs NOBEPXHOCTEH
Takoro Kjacca. Ecau npu stoM uHTerpaa (1) cymectByer xoTda GH
KaK HeCOGCTBeHHBIH, TO ero BeJIMUMHA paBHa mJjomaau |S| mosepx-
HoctH S. TouHO Tak e RONMyCKaeTcs He TOJNBKO perysspHoe mpeoG-
pasoBaHHe NapaMeTpPoB B IPENCTABJEHHH IIOBEDXHOCTH, HO H TakKoe,
NpPH KOTOPOM YCJIOBHe GHEKUHMH HJIH YCJOBHE IVIaJKOCTH HApYIIATCA
Ha MHOXecTBe mJyomans Hysab. Ilpu 3ToM uHTerpan (1) npeoGpasyer-
Csi B YCJOBHSIX BTOPOH TeopeMHl O 3aMeHe HepeMEeHHHX B KPaTHOM
HHTerpaje (cm. c. 15).

Ecan nosepxHocTh S 3ajnaHa SBHHM ypaBHeHueM: z=[(x, y), (x,
y)eb, 1. e. S={(x, y), f(x, y), (¢, y) =D}, To dopmyna (1) npuHm-
Maer BHJ

151 =SV TFEFFEpdrdy.

D
Ilp uwMmep. Halinem niomanp wactu noBepxHOCTH

ab

Va2 1 b

x=acosu(l—cosv)+ sinusinu,
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y:asinu(l——cosv)—_ﬁ-—b—acosusinv,
a
a?sinv
z2=bu ,
+ |/ ’+b2
ec/H

I<un, 0o 2m,

Pewenue. ViMeeM

’ . '!flab ¥
xu=—asmu(1—cosv)+v cosusmt,
x’—acosusinv—}-—-—fb—sinucosv
v Va® F bt ’
2 —b 2= a?cosv

T Vet
, ab . .
yu=aeosu(l—cosv)-}-—v_T—_—smusmv,

a? -+ b?
y,’,=asinusinv—va—zb_’_§cosucosv,
E=a2(1——cosv)2+m-sinzv+b2=

a
{(a® 4 b® — a? cos v)? a2b?
at 4 b a®+ b2’
2 9 9 at cos® v 2
G=atsinfv-+ ’+b' cos v+——.+bﬁ =a?,
2h . alh l' fwt @3 §
F = —=2— sin? y— —e—e—r (1 —cos ) cos v S COSU =
Vs O (e s
alh
'l/an b2’
55 _ a{a®+4 b*—a’cosv)
VEG—F = Vo :
T 2n
a
|S| ——=F5‘du5 (@*+ b*—atcosv)dv=
a? 4 b® g
0 0

.21 (2% 4 %) = 2n%a Y aF + 07,
I[ITpumMep. Haltnem naomans wacta chepu x2+y2+2°=R?2, ecau
le@, ly|<b, a?+b2<R2,

Pewenune Luaunap, mocTpoeHHHH Ha rpaHuUe INPSIMOYroJb-
HHKa {—a<Cx<Ca, —b<Cy<Cb}, Bhipesaer Ha BepxHeHd H HHUXHell Io-
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Jaychepax dactu oOfMHAKoBOH miomand. IlpeacTaBum  ypaBHeHue
Bepxuefl mosiycepn B sBHOM BHe: 2=} R*—x*—P. Torza _Zz_ =
X

e 2 =Y Taggakman

‘l/m ’ a -Vm . IIpAMOYTOJIbHHKE
x| <a, |y|<b( a2+b2<R2) YCJIOBHS TJIAAKOCTH (DYHKUMH 2 BHIIOJ-
HEHH, TO

|S|_2de \/1+ "*‘2” dx dy =
——X
—a

=2R de Ssz_xz_yz—_— S rcsm ‘xzdx—

b x2dx ’

=4 _—

R [x arcsin Vi1l SVRZ—bz—xz T }

a
= 8aR arcsin ———— W——;L"ZT-——:_'?_
. dx . dx

—2bR? . 2hHR? e ==

R S (R—x) VRE—p% — = R S R+ VR ==
= 8aR arcsin ———— VR + - 8bR arcsin —————- e —b’
4R . BP—RE4faR b® — R* —aR _

R (arcsm (R—a) Vo arcsin Ria /R >
= 4R [2(1 arcsin -'\/I{”—«—— ~+2b arcsin %—‘—b;
— R arccos

R? (R? — g% — b?) — a?b?
(R?—b?) (R? — a?) ]

[Ipumep. Halinem miomags yacTd KoHyca 2=V x5 ecnu
— 1<y + x5, —3<y—x<3.

Pemenue. Muoxectso D={—1<x+y<5, ——3<y—x<3}
npeicraBisier co6Goii KBagpar ¢ Bepurmmamu: A(—2; 1), B(l; 4),
C(4; 1), D(1; —2). Iaa nosepx%ocm S { ), VE2F+4 (e

e D) umeeM — = —F___ 2 - B Ttouke 0(0; 0)e=

o VALt 1/:c2+yz '
€D raaakocTb 0TOGpaxeHus (x, y)—>(x, y, Y ¥+ ¢?) uapywaercs.
Ho rak kak ans swo6o#t toukn M= (x, y)eD, KpomMe Hauaja KOOp-

numar, 1 + ( ax) + (%)2=2, TO QYHKIHSA ‘/1 + (%)24-(%;—)2
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Jjoolnpelesnsiercs B HadajJe KOODAHHAT MO HENPEPHBHOCTH 3Ha-
genneM J2. Takum o6pasom,

“ VI+ @)+ ) dedy= KS V2 dxdy =
P D

=12|D|=V2|AB|>=18V2

W paccMaTpHBaeMasi OBEPXHOCTb HMeeT IJiolanib IS] =18Yy2.
[TpuMep. Hafitu nmomanr uactu konyca 2%=x2—y? ecanm

2x2—22<_R2,

Kak u B mpuMepe Ha c. 61, uununap 2x2—z2%=R? Bhlpe3aeT Ha
BepxHeli 2> 0, z=1/x“’—y2 u Huxpei 2<<0, 2= —1 x*—4* no-
JIOBHHAX KOHYy€a 9acTH OAHHaKOBOl njomanu. ITostomy pacemorpum
TOJbKO BEPXHIOI nosoBuHy. Ona 3ajgaercs gopmynoli 2= ¥4 42,
Hafinem, Ha Kakoe MHOXKeCTBO NJaocKoctH XY mpoeuupyercsi naHHas
9acTb 3TOH NOBEPXHOCTH, T. €. HaliaeM MHOxKecTBO D U3MeHeHHs mna-
paMeTpoB X, Y, B 3alaHUH PacCMATPHBAEMON NMOBEPXHOCTH:

S={(x’ Y, sz—!ﬁ), (x’ y) &= D}

Ipoekuuedi Bceii noBepxHocTH z2=7 X*—y® Ha miockocth XY
ABasieTcs MHOXKectBo M={(x, y), |x|=|y|}. Tpoekuus paccmarph-
BaeMOH 4YacTH KOHyca OTCeKaeTCsi OT MHOXectBa M mpoekuuedl Ha
nAoCcKoCTh XY NHHHH nNepeceueHHA KoHyca 2°=x2—y? ¥ nuiuHgpa

—_ 5 2.
2x2—2?=R?2, Uckmouas z H3 CHCTEMH ypaBHEHHIl 2=V ¥ —y"
24t —2 = R?

nosyyaeM ypaBHeHHe 3TOH mpoekuuu x2+ y2=R?, Urak,

D={(x, y), x| = lyl, 24+ <R}
Hanee,
0z x 0z —y

o V-9 oy  Ve-g’

, na _ o 24yt V2 x|
R VAR LT

Ha juunAX y=x, y=—x, ABASIOMWEXCS IPaHAUAMH MHoXectBa D, ye-
JOBHSl TIJIaJIKOCTH OT06pa}KeHI/IH (x, )~ (x, y, sz—yZ) Hapyia-
Vo | x| dxdy
wres. HMuaterpan e —
sz__yz
BHYHC/IEHUS] — H OJIHOBpeMeHHO IPOBEPKH CXOAHMOCTH — BOCHOJIL3Y-

EMCs1 CHMMeTpHeH MHOXeCTBa [ H YETHOCTbIO OTHOCHTENbHO X MOLBIH-
TerpajibHOH OYHKLUHH H NIepelifieM K MOJAPHBIM KOODAHHATAM

ABJISETCSH HECOOCTBEHHBIM. ,U,JIH ero

63



SS______ﬁlxl dxdy=41/§:3/'4dq)R—-—————'°°sq’ dr=
s Vid—yp : p V cos 2p

=2R*V2 S _#M___ = 2R? arcsin (/2 sin ) ‘m =nR?,
(]

2sin?

Hrak, niomans naHHOH yacTH KOHyca paBHa 2mR2,

3aMeuaHue BubGop B KauecTBe mapaMeTpPoB IepeMeHHBHIX X H
y norpe6oBaj HEKOTODHIX YCHJAHH [Js HaXOXIeHus MHoxecTBa D uX
usMeneHusi. O6paTHM BHHUMAaHHE HA TO, YTO ycJoBHe 2x?—22< R?, BH-
Jensiolllee pacCCMaTPHBaeMyl0 4YacTb IIOBEPXHOCTH KOHYCa, CBA3HBAeT
TOJIbKO IIePeMeHHBle X H 2. DTO NOACKA3BIBaeT, 4TO YAOOHee HMEHHO
nepeMeHHHe X H 2 BHGpaTh B KauecTBe napaMeTpoB. Mcmoab3ays, Kak
¥ BHIlle, CHMMETDHIO IOBeDXHOCTeH, mosydaem, uro |S;| — niomans
MOBEPXHOCTH Si={(x, Vx*—2% 2), 2*—22<CR%:, x> 2>0)—
cocraBasier 1/8 wactb Bceft HcKomo#t muontanu. Mmeem

oy x oy  —z i V2x
x ya—g 0 ya—a’ VIi+ErF+6) = Va—a
H
|S|=8Sdz _V3x 8'[/2ij2—22 dz =
0 2 Vx -2

R
=8Y2 S YV R*—2%dz=2nR2.
0

O6mero npaBusia JJs Iepexoja OT HEeSIBHOTO 3aJaHHs NOBEPXHO-
cTH S ypaBHeHHeM BHAa F (X, y, 2)=0 H HEKOTOPHIMH HepaBeHCTBAMH
Ha KOODIHMHATH X, Y, 2 K IapaMeTpHuyecKoMy 3aganuio S={r(u, v),
(u, v)e=D}, Booéme roeopsl, He cyulecTByer. Ilpu TakoM mepexoxe
HeOOXOJHMO YUYHTHIBATb IIPOCTOTY KaK aHAJUTHYECKOrO BHIPaMKeHHs
otobpaxenus r:D—R3, Tak W omucanus MuoxectBa D. B paccMor-
pPEeHHHIX NpUMepax HesBHHE YPAaBHEHHS 4acTH chephl M KOHyca NpH-
BOIHJIHCb K NapaMeTPHYECKOMY HpEACTaBJEHHIO IPOCTO paspelle-
HHEM 3THX YPaBHEHHH OTHOCHTENbHO BBHIGPAHHOIO IIEPEMEHHOro X, Y
uan z. Kak GHJAO MOKasaHO B NpHMepe, BHOGOD 3TOr0 MNEpPEMEHHOro
onpejessiercsi yno6CTBOM IpeACTaBJeHHS MHoxXecTBa D uameHeHus
HapaMeTpoB.

PaccmoTpuM elle 1Ba Ksacca 4acTO BCTPEYAIOLIHXCS IIOBEPXHO-
crefl.

a) Ilosepxnocth Bpamenus. Ilyctb B miockoctn XY 3agana Kpu-
Basg x=x(f), y=y(t), To<I<T|, He uMelollasi camolepeceyeHut U He
nepecekamomnias ocb 0Xx. IToBepxHocTe S, nosnyueHHas BpalleHHEM
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3TOH KpHuBOH BOKpYr ocu OX, uyallle BCero mapaMeTpH3yeTcsl Cleaylo-
ILHM o6pasoMm:

S={&x=x(), y=y({)cosp, 2=y (f)sing,
t=[Te Ti], 9 =[0, 2n]}.

[lapameTpsl f ¥ @ B 3TOM IPEACTABJEHHH HMeIOT IIPOCTOH reo-
METPHUYECKHH CMBIC/I. 3HaueHHe fy ONpejeisieT II0JOMKEHHE HJIOCKO-
CTH, NepIeHAUKYJSPHOH OCH BpallleHHs, B KOTOPOH JeXHT TouKa
So(%o, o) =S, HaxXOAAMWANCA Ha OKPYKHOCTH, ONHCAHHOR NpH Bpalle-
HuH Touko# (x(%), y(fo))<T'; 3HaueHHe @, €CTb yroJ, Ha KOTOPHI
HaJ0 NMOBEPHYTb BOKDPYr OCH BpamteHust Touky (x(f), y(f)), utoGu
HOJY4HTb TOUKY So(fo, Qo). )

Jas Takofi mapaMerpusauuu nopepxHoctu S umeem E =x;'+y 5
G==y2(f), F=0, cJaenoBaTe/bHO,

VEG—Fdtdp=y®)) Vi +yi dtde=|y| dods,
rae ds ectb auddepennuan aAyra kpusoit I'. I{is moBepXHOCTH Bpa-
wenus umeem [Ty, T1], o=i[0, 2r], u ee niomanb pasHa

2n Ty

T,
[ de\ lyl ds=2n\ |y] ds
1} To T

— (popMmyJia, KOTOpasi HeCKOJBKO APYTHM myTeM Oblia HoJyuYeHa IIPH
pPacCMOTPEHHH OZHOMEPHOro HHTEerpaJa.

I[Ipumep. [loBepxHocTb S mosyyeHa BpaleHHeM HaCTH TpPaK-
TpucH x=a(Intgt/2+cost), y=asint, x>0, %gyga OTHOCH-

teabHo och OX. Haiinem miomanp ee wactu S;, 3a1aHHOH yCJIOBHEM
y>af2.

Pewenue. IlapamerpusyeM NOBepXHOCTb BpalieHH S, KakK G-
JIO YKa3aHO BHILUE:

S={a(Intg(t/2)+ cost), asintcosp, asintsing,
M2 <t <LHnf6, 0<Cop << 2}

Ina kpuBok x=a (Intg(¢/2) 4 cost), y=asin{ umeem

acos?t

x, =2 asint = "=qacost
! sint » Y N

sin ¢
ds=a—_—,cﬂs—t dt, |y(t)| ds= —a’cos tdt.
sin{

W3 ycaoBus y>a/2 nonyuaem, yro ajst S, nmapamerpsl ¢ 0 ¢ ROJIKHH
YAOBJIETBOPATb HePaBEHCTBY sinfcos@>1/2. ITockosbky n/2<t<

<5n/6, 10
0 << @ <Carcceos (1/2sin¥),
2m—arccos (1/2sint) <o << 2m.
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Wrak,
5x/6 arccos(1/2 sin ?)

S| = S dt (— a?cost)ld =
n/2 —arccos(1/2 sin ¢)
551/6 2
= —2q? 5‘ arccos (1/2 sin f) cos tdf = a? 1Sarccos /2)dz =
/2

= g? (z arccos (I/z)ﬁ—f—_l—/—j__z—_—l> =a? (Eg——ln @ +1/§)> )
1

6) Llmauuapuueckas nosepxHoctb. Ilyctbh B maockoctu XY 3anana
kpuBaa I':x=x(t), y=y(!), t|[To, T\l Uununapuueckas noBepx-
HOCTb (MJIH, KOPOTKO, HHJMHAP) S, o6pa3oBaHHas NpSMEIMH, mapanx-
JAenbHEMH ocH OZ M mpoXOAsIIMMH Yepe3 TOYKH KpuBoH I', HauGosee
4acTo MapaMeTpH3yercs cJaeAyILIUM o6pa3oM:

S={x=x(t), y=y(t), 2=h, t=[T,, Ti], h=R}.

FeomeTpuuecky 3HaueHue fy onpenessier Ty o6pa3ywoIYI0 LHAHHI-
pa, Ha KOTOpOHl JeXHT paccmMaTpuBaeMas Touka Sp(fy, ho) =S, a
ho — OTKJIOHEHHEe TOYKH Sy OT HauaJbHOH (HyJseBo#) muockoctH XY.

Jsa taxoft mapamMerpH3aUMH IHJAHHApPA S uMeeM sz;’—}—y’:, G=1,
F=0. CnenoBarenbHo,

VEG—F dtdh= x] +y didn.

TaxkuM o6pa3oM, mJoLIaab YacTH LHAMHApPa S, onpenenenHof ye-
aosueM (¢, h) <D, Buuncasercs no dopmyae

KS V %"+ 4 dtdn. )

ITockoasky nuddepenuuan ds ayru Kpusoit I' pasen ]/x + Y, 'dt,
TO npuBeleHHas ¢opmyaa (2) Moxer GHTb 3anKcaHa B BHIE

be dsdh.

INlpumep. Hafinem mmomans vactd uuauHapa (x2+4y?)?=
=a?(x?—y?), ecnu x*+y2—z22+a?=0,

PemeHne.

Ins napamerpusanun kpuBoi (x24y?)2=a?(x*—y?) B IJIOCKOCTH
XY 3anumeM ypaBHeHHe 3TOM KpHBOH B NOJADHEIX KOOpAHHATaX:
r=a'[/cos 29, oTkyaa monyyaeMm, 4TO

x=a ]/cos 2¢0cos @, y=a '|/cos 2¢ sing,

—_— 2 . :——a@
ds Vr +r, do Veocse "
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Hrak, naHHHA OHAMHAD NapaMeTpHYECKH 3aMHCHLIBAETCH CHEAYIOLIHM
obpasom:

{a 1/cos 2¢cosg, a Vcos 29sing, A, —a/4 << <<
</, 3n4<L9<bn/4, heR)
H IIPH 3TOH mapaMeTpH3aluH VEG—F2 dodh = adq)dh/‘[/cos 20.
Hcnonpayst cummerpuio nmosepxHocred, BuauM, uto |S;| — miao-
majab 9acTH JaHHOH MOBEPXHOCTH, JeXallefi B NepBOM OKraHTe x>0,

y>0, 2>0 cocrasager !/3 yacth Bcelt mcKoMmoli niomaau. Muoxect-
BO 3HaueHHH mapaMeTpoB ¢ W h nas S; ompenensiercss YCJAOBHSIMH

x>0, y>0, 2>0,
Pt yP—224a? >0,

oTKyAa mnoayuaeM, uto 0 <Ko << /4, 0<Ch<Cay/ [ +cos2¢. Urak,
Si={a} cos2¢cos ¢, a} cos2psing, h; 0o /4,
0<h<<a Y/ T+ cos2¢)

H
/4 a V14<os 9¢ "
1S1=815:1 =8 { do Ve
0
e /4 _
— 82 V2cosg dg— 80 d (/2 sin @) _
V cos 20 ) Vi=2sing

= 8a?arcsin (Y 2sin¢)|§* = 4na?.

B atoM u cienyromux nyHKTax OyldeM paccMaTpHBaTh IJIOCKHE
obaactu D, orpaHHYeHHBIe KYCOUHO-TJIAZKHMH 3aMKHYTHIMH KPHBHI-
mH. Kak cieayer u3 mpeasiaymero (cM. c. 7), Takde 06JacTd  sB-
JSI0TCA KOPJAHOBHIMH MHOXKECTBAMH M AJs JIOGHX OrpaHHYeHHBIX
oynkuuil 2=f(x, y) c He GoJiee UeM CUETHBIM MHOXKECTBOM TOYEK pas-
pHBa, B YACTHOCTH HENPEPLIBHBLIX, CYLIECTBYET

SS f(x, y)dxdy.
D

4. Maomanpb niockol GUrypsl 1 06’beM NPOCTPAHCTBEHHOIO TeJa

[Tnomaae |D| mmockoit ob6nactu D (M3 ykasaHHOro BHILE KJiac-
ca) BHUHCJseTcs Ho (opMmyJe

SS dxdy

D

(xaK o6beM X0p1aHOBOrO MHOXKECTBA, CM. C. 9).
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Onpenenenue Tenmo VcR3, orpanuyeHHOe CBepXy HelpephiB-
HOH moBepXHOCTBIO 2=f(x, y), f>0 cHu3y — maocKocthio 2=0, a ¢
60KOB — HMJHHADHYECKOH INOBEPXHOCTBIO, C O6pA3yOMUMH, Napas-
nenbHeiMH ocH OZ, Buipesalollefi Ha maockoct XOY o6aacrs D yka-
3aHHOrO Bhillle THIIA, OyAeM Ha3HBaTh nuanHApougoM. Takoe Teno fB-
.&I)HeTCH JKOPJaHOBHIM MHOXECTBOM H ero o6bveM | V| BHIUHCASeTCH MO

opMmyae

VI="ff G o) dudy.
D

Takum o6Gpa3oM, BhHuHCJeHHe MJOMAfell MJOCKHX (GHryp H 06b-
€MOB LHJMHIDOHAOB CBOAHNTCS K BBHIYHMCJEHHIO JIBOMHEIX HHTErpaliop,
KoTopoe noapoOHo GhIO pacCMOTPEHO B Hauwase 3Toro maparpada.

[Tpumep. Hafinem niomans S ob6aactu, orpaHuueHHON KPUBBIMH

Xtyt=1, P+yt=2, y=2x, y=3x,
HAXOASILYIOCS B NMEPBOM KBaapaHTe.
Pemenne. Cnoco6 1. O6macte, myowanb KOTOPOH HaAo HalTH,

npexacrasieda Ha puc. 20. Halinem TouxkH mepeceuenuss HpsIMBIX € OK-
pyxHocTsiMU. COOTBETCTBEHHO HMeeM

() 2(VE 2 el )

(Y £ L)

Puc. 20

3amerum, uro abcuuccsl Touek B u C omunakoBhl. Ilpeacrasnss o6-
aactb D; B Buie obGbenuHenusi o6jacreft ABYX KPHBOJHHEHHHIX Tpe-
yronbHukoB ABC u BDC, naxoauM mjolajib MCKOMOH obaactu cije-
Aywouium o6pasoMm:
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S= dx S dy—+ S dx S dy=
) V1o Viee® 1) Vs 2
Vs Vs
- S (Bx—V T—) dx + S (VY IT——2x)dx =
1, V10 1/ V5
3x2 1 — 2 i 5
—_-( d xV/1T—2 ——arcsinx) UVS_
2 2 2 1/V10
V2= . 2) Va5
st aresin ——x =
+( 2 t Ve yVs

1

L arcsin ——— arctg
2 7°

SV

Croco6 2. TI'panuua obaacta D, cocraBjeHa JHHUSIMH YPOBHS
byuxuuit f(x, y)=x2+y? u g(x, y)=y/x. BBeneM HOBHle HeH3BeCT-
Hble u=x2+y? u v=y/x. Orobpaxenue @:u=x2+y? v=y/x ectb OH-
exuust o6aacty D, Ha o6aactb

Dy={{u, v): l<<u<<?2, 2<<v<3}.

ITockosbky
D, v) _ _ . 2
D(x, v) —J/x2 l/x\ 24 =22
T0 Dix y) _ L H, CJeJl0BaTesbHO,
D (u, v) 2 (1 +vB)!

D (x, y) . 1 —
&' dxdy = 'LS b dudo _‘5)’ i dude
2 8

=1 (arcto3— =1 1
SduS S dv = 5 (arctg3—arctg 2) 5 arctg =
2

Cnioco6 3. B nossipHoil cHcTeMe KOOPAMHAT HMeeM

Di={r, 9): 1 <r<Vy2, arctg2 < ¢ < arctg 3}.

CrefoBaTeibHO,
arctg 3 V2
S = X dep g rdr = —-21-(arctg3-—arctg2)=—%—arctg—;—.
arctg 2 1

M3 Bcex mpeasoxkeHHBIX cnoco6oB TpeTu#l, KaK BHAHO, ABJAETCH 8-
MHM IIPOCTHIM.
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ITpumep. Haiizem niomans S o6nactu, orpanuueHHOf KpuBoi
bx® + ay® = 6c%xYy.

Pemenue. B cuny cuMMerpHu KpHBOH, orpaHuuuBaiouiefi aaH-
HyI0 ofJsacTb, OTHOCHTENbHO ocH OY paccMOTpUM KPHUBYIO TOJBLKO B
nepBoM KBaipanTe (MOCKOMABKY y>0); HOJOKHM

xme (B reostBo, y= a)"" rsiniq,

TOraa B 00OOLIeHHOH NOJIAPHOH CHCTeMe KOODAHHAT YpaBHEHHE JaH-
HOM KPHBOH HMeeT BHJ

r="06c* —— cos*® ¢ ——sin'Bp=Acos*? ¢sin'A g,
b2 a
rae
6¢?
A=—.
V ba

Ilockonbky sikoGHaH OpH Nepexoje K HOBHIM KOOpDJIHHATAM DaBeH
1 1

ERTR%

rcos—2B g sin—2/3 ¢,

TO
/2 Acos?/3 ¢ sinl/d g
§—=—2 j do S rcos—28 @sin—2RB pdg =
31‘7;1; 0 0
/2
2 36¢4

= S cos? q>dcp=——3m4
IR ye— "
3V a 2V t%a® § v
MMpumep. Hafinem o6bem Tesna, orpaHHYeHHOTO NOBEPXHOCTAMH,
— i LA -
Z—CSIH(TC(—;’——F‘I;T)) Hz=0
xﬂ y2
MpH YCJOBHH, YTO k<T+bT<k+l, ke N.
a

Peumenue OGbeM AaHHOro Tes1a HafaeM o GopmyJie

2 3
V= SS |2| dxdy, rze D={(x, y):k<%+—z—2—<k+l}.
D

BBexeMm HOBHE nepeMeHHHE r B ¢ 10 GopMyaaM
x=arcosQ, y=>brsing.

Toraa B cuny cumMerpuu o6aactu D n ueTHocTH QyHKUMH
2 2
h(x, y)=|csm (n (—i—;——i——%—)) I
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OTHOCHTeJNbHO 060HX HepeMeHHBIX HMeeM

"3 Vil Vi1
V-4jd(p S rabelsinnrzldr=4abc% S r |sinar?} dr =
VR Vi
— 1)kH1 1
= 2nabc-(—§1—)—— (cos mr?) V'i“ =
o

= abc (— 1)**1(cos @t (k- 1) —cos k) = 2abc (— 1)k+2 cos mk = 2abc.
5. MexaHHuecKHe NPHIIOKEHHS ABORHOTO MHTErpaaa

[Tycte ckanspuas Benuuuna P (D) pacmpenesneHa Ha XOpaaHOBOR
o6aactd D ¢ NJIOTHOCTBIO p(X, y), sABAsAONIeNics HenpephBHOH (YHK-
HHeH, Torna

= “ p(x, y)dxdy.
D

Hurerpann
J& = w o (x, y)rdxdy, k=N,
‘D

r11e p(x, y) — nJoTHoCTb pacrnpelesneHuss maccel obnactu D (p He-
epuBHa H HeoTpuuaTeabHa B D) u r(x, y) — paccrosiHue TOYKH
(x, 2ED A0 HeKoTopo# mnpsiMofi Q, Ha3LIBAIOTCH MOMEHTaMH IIO-
paaka R o6nactu D otHocuresbHO mpsiMoit Q.
Macca M nnacrunkn D ¢ MJIOTHOCTHIO p — MOMEHT HYJEBOro Io-
pAalKa — BHIYHCAsieTcs: 1o dhopmydie

M=% ={{p(x, y)drdy.
D

MoMeHTH NepBOro NOpSiAKA HA3BIBAIOTCS CTATHYECKHMH MOMEHTa-
MH, MOMEHTHl BTOPOro IOpsiiKa — MOMeHTaMH uHepuud. KoopauHa-
TH leHTpa Macc o6aactd D ¢ IJIOTHOCTBIO p(X, Y) BHIYHCJSIOTCS IO
dopmynam

9(1) 1

Xo= o =T SS xp(x, y)dxdy,
7 D
y(l) 1

Yo=—r- =—M—Sj.yp(x, y) dxdy.
7 D

- (g . -
MowmentH HHEPIHH Jo* u ,g'7((;y) obaactd D ¢ miaoTHOCTBIO p (X, Y) OT-
HocHTesnbHO oceil OX u OY COOTBETCTBEHHO HaXOAATCA MO ¢GopMyaam

&6k = gg )yrdxdy m 9= 0 y)r*dedy.
D
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Huoraa paccmartpuBaercd B NPHIOXKEHHSX IEeHTPOOGEXHHIH MOMEHT
HHEepIHH

o/ xy = yj‘p(x, y) xydxdy
D

H MOMEHT HHepLuH oTHocHTeabHo Toukd O (0, 0)

& ={{o@x 902 +y) dudy.

D

IIpumep. HafiteM MOMeHTH HHepLHH OTHOCHTENBHO ocefi Koop-
AMHAT ORHOPOJHOH NJAcCTHHKHM IJOTHOCTH p, HMelolled dopMy obnaa-
CTH, ONpeJeieHHOA HepaBeHCTBAMH

(- 52 < 2axy, x>0,

Pemenwue. [laHnaa mniacruHka, 3aHumawouiasi obnacte D, u3o-
6paxkeHa Ha puc. 21. YpasHenune KpuBoH (x2+y?)2=2axy, pacnoo-

!q\

x

Puc. 21

JKeHHOH B NepBOM KBaJpaHTe, B NOJSIPHOM CHCTeMe KOODJAMHAT, COB-
MellleHHOH ¢ AeKapTOBOH CHCTEMOH, eCTh

r=aysin2¢, 0<<op<< m/2.

B CHIY CHMMETDHH NJACTHHKH OTHOCHTEJbHO 6I/ICC€KTpHCbI nepBoro
KOODAHHATHOIO yria HMeeM

/2 a Vsin 29

é7g3<=e'75§3=pSSx2dxdy=deqa 5 r3 cos® pdr =
D 0 ]

w2 2
_ S sin? 2¢ cos? cpdcp=pa4S sin? @ cost pdg =
4 0 0
_ 0 aTETER)
2 T (4) 32
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ITpumep. Hafizem mMaccy m KoOpAMHATHI lleHTpa MAacc OJHOPOA-
HOH NMJAAaCTHHKH IJIOTHOCTH p, NpeAcTaBJsiollell co60f 3aMKHYTYyIO 06-
J1lacThb, ONpeJeNIsieMyl0 HepaBeHCTBAMH

By <Lby, x—y>0, x—2y<<0, x>0.

Pemenune. O6nacts D, onpenenseMas NaHHBIMU HEPaBEHCTBAMH,
nsobpaxkeHa Ha puc. 22,

Puc. 22

IlepefizeM K NOJAPHHIM KOOpAHHATAM X==r COs(, y=rsing. Tor-
Aa, MOCKOJbKY

< BOC = arctg (1/2), < AOC = nj4,

uMeeM
n/.4 6sing /4
M=pgjdxdy=p S de S rdr=18p S sin? gdg =
D arctg(1/2) 0 aretg(1/2)
=18p (L(p__f‘llﬁ’_) W
2 4 arctg(1/2)
= 18p (i———l———l— arctgi—l— ! ) 9p (arctg ———1—>
8 4 2 2 5 10
| /4 6sing
Xo= o SSxdxdy = % S do g rtcos gdr =
D aretg(1/2) 0
6% “ /4
= f sin® @ cos pdp = A‘; sint @ =
arctg(1/2) arcte(1/2)
_2 1
D arctg L-—-L '
10

73



/4 6sing

= L :__p_ 2 of -
Yo v, pS;Sydxdy M S do S r?sin gdr=

arctg(1/2) 0
1 1
oo ¢ Barcy 5 — -
=t sint pdop =
B { it edo Wl L
arctg(1/2) arcig 3 —_ 10

HHorpa mpu pelueHHWH 3ajnau NOJE3HO HCHOJB30BaTh CJelYIOLIHE ABA
yrBep:xkJaeHHsa (teopeMH I'ynbauna):

1. BesnynHa MOBEPXHOCTH, NOJYUEHHOH OT BpallleHHs KPHBO#H OT-
HOCHTeJIbHO He IlepeceKaolllefl ee OCH, pPaBHa HJHHe AYrH 3To#l KpH-
BOH, YMHOXeHHOH Ha JJHHY OKPYKHOCTH, ONHCAHHOH LEHTPOM TioXe-
CTH KDHBOH.

2. O6peM Tena BpalleHHA NJOCKOH (DUrypE OTHOCHTENLHO He Ile-
pecekamwlllel ee OCH, paBeH NPOH3BEACHHIO NJAOIIAAH 3TOH (HrypH Ha
JJIHHY OKDY*HOCTH, ONHCAaHHOH LEHTPOM TSXKeCTH (HUIYpHL.

ITpumep. Ilnomany nmoBepxHocTH S, NMOJYYeHHOH OT BpAlLEHHA
OAHOPOJHOH apKH IHKJIOHIH

L={(x, y):x=a(t—sin¢), y=a(l —cost), 0 <t 2n}
Bokpyr ocu OX ectb

o5t
|S] =2ng @ (1 —cos )Y (1 —cost)?+sin? tdt =

0

64ma?
3

21
= 2na® S 4 sir13-t5~ dt=

IMaomanb urypw S;, orpanuueHHoit kpusofi L u ocbio OX, ectb

1
| 8] =§ a® (1—cos t)? dt = 3na?.
0
Jnuna L ectb

2n y
|L] =2a OS sin—- dt = 8a.

O6bem Tena V, moayueHHOro npu BpalleHHH GUrypH S; OTHOCHTEJb-
Ho ocu OX, ectb

21
V| = na® 3 (1 —cos t)® dt = bna®.
0
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IpuMensiss nepByw TeopeMy I'yabAHHA, AJis HAXOXKAEHHS KOODAH«
HaTH 1) UEHTPa TSXKECTH AYyrH HMeeM COOTHOLIEHHE
o,
4
| 8| =2nn8a, otkyna M= =—a.
16na 3
B cuny CHMMeTPMH H OZHOPOAHOCTH LMKJOHIH HMeeM E=mna. Hrak,
IeHTp TsKeCTH KpuBOH L Haxoaurcs B Touke (ma; 4/sa).
[pumensst Bropyio TeopeMmy [yabAnHA, AJs KOOPAHHATH 1) LEHT-
pa TsxkecTH Guryps S; HMeeM COOTHOLIEHHe
5n2ad 5
=— a.
6n3g? 6

|V | =3na®2nm, otkyga m=

B cuay cMMMeTpHH H ORHOPOAHOCTH Maomanku HMeeM &=mn/a. Urak,
5
LEHTp TsKeCTH QUrypH S| HAXOAHUTCHA B TOUKE (na; ry a).

B rex ciaydyadax, Koria 3apaHee H3BE€CTHO IOJMOXEHHE ILEHTpa TA-
XeCTH, TEOpEMH I“ym:}uma MOXHO HCNOJb30BaTb IJs OIpene/€HHS
nJjolaay NOBEPXHOCTH BpalleHHUsA H ofbeMa TeJa BpalleHud.

PaccMoTpuM, Hampumep, TOp, T. €. TeJjO, OrpaHHYeHHOe MOBepX-
HOCTBIO

x=(a+bcosv)cosu, y=(a-+bcosv)sinu, z=">bsinv, (a>"b).

DTO Teso IOJy4YeHO BpallleHHeM OTHocuTeabHo ocu OZ xpyra ¢
ueHtpom B Touke (a, 0, 0) u panuycom b. LlenTp Macc OKpPYkHOCTH
JIEXKUT B ee LEHTPe, T. e. B Touke (a, 0, 0), nAHHA OKPYKHOCTH €CTb
2nb. CnexoBaTenbHo, no nepsofl Teopeme I'yibauHa mJoliaib mo-
BepXHOCTH TOpa ecThb |S|=4n?ab. LlenTp Macc Kpyra /exHT TaKke B
ero 1eHTpe, T. €. B Touke (a, 0, 0), ¥ IpH BpallleHHH ONHCHIBAeT
OKDYXKHOCTb AJHHOH 2na, nuowaib Kpyra ectb mb2 CienoBaTesbHO,
no sTopo#i Teopeme I'yabauna o6bvem topa ectb |V|=2n?b2%a.

§ 3. TPOMHOM MHTETPAJI. ETO TEOMETPHYECKHE H
MEXAHHUYECKHME NMPHIAOXEHUSA

1. O6mue ceoiicrea. Teopema Pyounn

IIpy paccMOTPEHHH HHTErpPajibHOro HCuHCJAeHHs OGyHKumA f:R3-—>
—R npo6JieMbl, aHAJOTHYHBIE TEM, KOTOpHe OblaM NOAPOGHO mpoaHa-
JIM3HPOBAHH B NpeiHAylleM naparpade aia ¢yskuui f:R2->R, pas-
6upatorcss Gonee Gerso, 4yTOGH 3a0CTPHTL BHHMaHHe Ha OCOGeHHO-
cTAX HMeHHO TpofiHoro uHTerpana. ®ymkunmio f:D—>R, DcR® Gynem
o6GosHauarb f(x, ¥, 2) 4 1o Gosbliell yacTH He OyieM CIENHAJbHO Oro-
BapHBAaTb, YTO PACCMATPHBAEMOE MHOXKeCTBO D JIeXHT B RS,

daxTHYECKH aHAaJH3 TPEXMEPHOro HHTEerpaJja Majo yeM OTJHYaer-
€A OT aHa/ju3a N-MepHOro MHTerpaja AJs HPOH3BOJBHOTO n>>3, TaK
KaK HarJsJHbHe reoMerpHuecKie NpeICTaBJeHHs B OCHOBHOM YyCTyma-
IOT MECTO aHaJHTHYECKUM COOTHOLIGHHAM.
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HenocpencTBenHo h3 omnpeneseHHuss TPOHHOTO HHTErpania CHeRyerT,
aro ecau [R (D) u mHOXKecTBO D CHMMETPHYHO OTHOCHTENbHO ILJIOC-
koctu XY (XZ, YZ), 10 u3 paBeHctBa f(x, y, 2)=f(x, y, —=2)

(f(x’ Y, z)=f(x, —Y, 2), f(xv Y, z)=f(—x, Y, 2))
CJelyeT, 4To

§3§1 60 9, 2 dedyde=2 (§§7 (v, 9, 2 dedydz
D tD‘

rue
D,=DN{(x, y, 2), =0},
(Dy=D0{x, y, 2), y=0} Di=DN{(x, 4, 2), x=0}),
a M3 paBeHCTBa

f(xn Y, Z)=—f()€, Y, ———Z)
(f(xv Y, z)=-—f(x, —Y, Z)’ f(xv Y, z):_f(_xv Y Z))

CJEAYeT, UTO
F (s, gy 2)dxdydz—0,
S;g x, y, 2)dxdy

Briunc/eHHe TPOWHOTO WHTErpaja NMPOU3BOAUTCHA C MOMOUIBIO TEO-
pemu ®y6unu (cM. c. 11). INpocrpanctBo R® mpexacraBniserca Je-
KapTOBHIM IIPOM3BEJEHHEM IBYX INPOCTPAHCTB MeHblled PasMepHOCTH
aByms cmocob6amn: R3=R!XR? u R3=R?XR!. Tloxpob6no paccmor-
pUM TpeACTaBJEHHS R*=R{.., X R%z) u R*=R{; X Rixy), NOCKOIb-
Ky BCe OCTajbHble BAPHAHTHl NpeACTaBJeHHA R? mosydaiorcs H3 3THX
JABYX NepecTaHOBKOH oGo3HaueHuii oceft xoopaunar. Chopmyanpyem
teopeMy QDyOuHH LJs paccCMaTpHBaeMbiX TpPEACTABJEHHH B mpocTei-
UIMX YCJAOBHSX Ha MHOXKECTBO HMHTETDHPOBAHHMS H HHTErPHPYEMYIO
GyHRIHD. 32 UCKAIOUEHHEM eJIHHHYHBIX CyuaeB, MMEHHO 3TH YCJIOBHS,
JLONOJIHEeHHBle CBOMCTBOM AaNJHTHBHOCTH, NPHMEHSIOTCS MJs BHYHCIE-
HHI.
Teopema Oy6uHu (418 TpeACTABJICHHS R®=R{:.y X Rin).
Ilycrb D, <= R}.,,)— 3aMKHyTOe 3KopaaHOBO MHOXecTBO, @;&C (Do),
qMECA(DO):

(Pl(x’ y)<cp2(x7 _1/), (x1 y)EDO’ D={(xv Y, z):(x, y)EDO’
(pl(xs y)<z<%(x, y)}! fEC(D)

Toraa
f égf(x, Y, 2) dxdydz=SD§ dxdy:((gz:f(x, g, 2)de.
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OTMeTuM, YTO IpPH AAHHHX YCJOBHAX MHOXecTBO D KOpZaHOBO
@3(x,5)

{(cM. cBofictBo 4 c. 8), uHTErpan K f (x, y, 2)dz npencrasasier

91(%.,9)
coGoil HenpepHBHYIO ¢yHKuuio Ha D, caenoBarejbHO, BCe HHTErpa-
JIbl, BXOASAIIYE B PAaBEHCTBO, HMEIOT CMBICJ.
I[MTpumep. O6macts D orpaHuyeHa IJIOCKOCTAMH

x=0, y=0, x+y+z=a, x+y—2z=a
BriuncauM TpofiHOA HHTerpasn

SSS x.:y - dxdydz,

HOJb3YsICh €ro NpeAcCTaB/JeHHEM B BHAE

@s(x,4) X + y
o § e
Qi(x,y)

Pemwenue. Hafinem cucreMy HepaBeHCTB, KOTOPOH YAOBJETBOPS-
10T KoopAHHATH Touek M(x, y, 2)eD. Ilnockoctn x+y+2=a u x+
+y—=2=a nepecekaroTca No npsaMod x+y=a, =0, cjeroBaTeNbHO,
anst touek M(x, y, 2)D win x+y>a u —(x+y) +a<z<x+y—a,
g x+y<a u x+y—a<z<a—(x+y), uHaue OfHA U3 MJOCKOCTEH
x+y+2=a, x+y—z=a OKaxercsi B YCJOBHH JHmiHeH. YcJoBus
x+y>a, a—(x+y)<z<x-+y-—a npu mo6oM YyCIOBHH Ha 3HAK KOOP-
JIHHAT X H Y ONpelessiloT HeorpaHHYeHHYI0 06JacThb, CJef0BaTeJbHO,
IJIST XapakTepuUCTHKH KoopauHat M(x, y, 2)=D HyxHO B3fTb Hepa-
BeHcTBa x¥+y<a, x+y—a<z<a—(x+y). Ecan npu stom xors OH
OZHA H3 KOOPJAMHAT X WJH Yy OTpPHLATEJbHA, TO ONSTh MOJyYaeM He-
orpaHuueHHyo obaactb. Hrak,

D={x, 9, 2), (x, y)& Dy, x+y—a<z<a—(x4y)
rie

D,={(x, y), x>0, y=>0, x+y<<a} (cm. puc. 23).

IIpuMensia TeopeMy DyOunu, nosyqyaem, uro

(e O

- [ e ) [

a—-(x+y) dx dy=
= < _*ty
= — ig (x -+ y)arctg (1 . ) dxdy.

x+y—a

4
~1



Tlpumensisi teopemy Py6buHH K 1BOHHOMY HHTerpany, moJydaem, 4To

-i—SS (x+y) arctg (1 — x—':—y——) dxdy =
D,

Pue. 23

Hanee,

a—x

2 5 (x+y)arctg<1 _x_;{—y_) dy=S2t arctg (1 — iﬂ-) dt =
(] x

= t”arctg(l —-%) z+f-ﬂ%)7dt=—x”arctg(l —_ «E—)-I—

+a(@—x)—a?ln (1 + ( a;x >2) ,

¢ x3 XN a—x \2 —
(5[(a—x)———a—arctg(l a) aln(l-}-( - ))]dx

1
aS[at—-a(l—t)zarctgt—aln(l + )] dt =
0

A—=0° 4__
e dt

1
Y I () l‘_LS
a[2+ 3 arctgt9 30
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\‘(t+9)dt~1n2+

L
—_
=)
—~~
—
—+
~
B
-+
e L
=
| S——
|
Q
-
L omeamunny |
v |~
+
0 | =

(=¥ ]

Teopema ®y6uHH (15 npeacTaBaenns  RP= Rz X R(x 0)-
[Tycts D — o6uacTh, orpaHuyeHHast KYCOUHO-TJIafKOH 3aMKHYTOH TO-
BepXHOCTbIO Ge3 camonepeceuenn#i, u f=C (D). Torna

q
.y, 2)dxdydz—=( d .y, 2)dxdy,
”)Sf(x y, 2)dxdydz ;z,&{f(x y, 2)dxdy

rie uHTEpBaN (p, ¢) ecthb oproroHaspHas npoekuus D na ock OZ;
Dyy={x, y, 2): (x, y, )= D, 2=2,} ecrb nepeceuenne D ¢ mioc-
KOCTbIO 2=2; (ceuyeHHe D TrOpPH3OHTaJbHON IJIOCKOCTBIO 2=2;).
OrMeruM, yTO IPM JAaHHBIX YCJIOBHSX MHOXecTBa D, ze(p, q)
OrpaHHYeHB KYCOUHO-IJIaJKHMH 3aMKHYTHIMH KDHBHIMH 06e3 caMore-
peceuenuit (cBs3Hocth D, He o6f3aTenbHa), CAENOBATENbHO, ABJISIOT-
Cfl XKOPJAHOBBIMH MHOXECTBAMH TaK XKe, Kak M o6nactb D (cM. cBofi-

ctBo 6 c. 8); uHTerpax f(x, y, 2)dxdy npexcraBisier HHTErpu-
p

pyemylo (Heo6s13aTenbHO HereprBHyIO) ¢ysxkuuo Ha (p, q), caeno-
BATEJbHO, BCe HHTErpaJibl, BXOJSIHe B PaBEHCTBO, HMEIOT CMBICJ.

I[Tpumep. O6nactb D orpaHuyena uumauHApaMH x2+422=a? H
y?+ 2%=q?. Bruucaum tpoiinofi unTerpan

dxdydz
SSS 24z

Pewmenune. TIlonwmurerpanbnas ¢yukuus f(x, y, 2)=1/(2a+2)
3aBHCHT TOJIbKO OT nepeMeHHOH 2. IlpencraBum naHHBIA HHTErpan B

1
BHIE Sdz ngdxdy' Tak kak orpaHuuenHas o6aactb D Je-
p D

XKHUT BHYTPH OOOHX IHUJHHADOB, TO KoopAHHATH Touek M(x, y, 2)&D
YAOBJETBOPAIOT HepaBeHCTBaM x2+22<a?, y?+22<a? (puc. 24,a).

Orclona nosyyaem, 4To OpPTOroHaJbHOW Npoekuued D Ha och OZ siB-
JseTcsl HHTepBaa (—a, a) u

D={(x, y, 2): —a<z<a, (x, y) =D,},
e

D,={(x, y, u):u=z, |x|<V &—2, [yl<V a"— 2}
(cM. puc. 24,6).
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Hrak,

SSS _dxdydz §dz SI dxdy
2a 42 2a+z
-a D,

BeJsmunHa “dxdy ecTb MJollaab Ksagpara D, cirenoBaTenbHo,

D,
S dz Sdedy:fl S i A P
2a+4 2 2a -} 2z
—a Dz —a
=4 f(?a—z)dz—lQaz \g dz = 4a? (4—3 In3).
Do 2a4-2
—a
z
yw
a
// 2= 22

N
\

_
07/// T

FEa=—AnA y Va2
—r= /
~Va2-72
-a
x
a J

Puc. 24

Ilpumep. TpofiHo# uHTerpadn KSSf(x Y, 2)dxdydz, rpe D —
D
o6aactb, OrpaHHueHHas moBepxHocTAMH a(x2+y?)=xz(a—z2), xz=

=ay, yz=ax U cojepxkamas touky Mq(a/8, a/12, a/2) u [=C(D),
NpPEeACTAaBHM B BHIE NOBTOPHOIO!

fdz ng(x, Y, 2)dxdy.
» D

Pemenue. Koopaunate xo=a/8, yo=a/12, 2y=a/2 Toukn M,
YAOBJIETBOPSAIIOT HEpaBeHCTBAM

a (xg‘i'y%) <x2,(a—2y), X2 <alYy, Yo2o<axo.
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CaenoBsatesbHO, AUt KOOPRUHAT X, Yy, 2 JI0GOH ToukH H3 obaactu D
JOJI3KHEl BHIOJIHSITLCS] HEP aBEHCTBA:

a4yl <xz(a—2), x2<<ay, yz<ax.

Tak Kak neBass yacTb IepBOro HepaBeHCTBAa HEOTPHIATeabHA, TO OT-
cloaa noayuyaeMm, yto uian 0<z<<a u x>0, uau

2e(—oo, O)U(a, +o0) u x<<0. Yenosua x <0, 2<<0, x2>ay,
yr<<ax u x<<0, 2>a, x2<<ay, yz<<ax

onpenessiloT HeorpaHHYeHHbie 061aCcTH.
CuaezmoBaTednbHO,

D={x, y, 2): x>0, 0<2z<a, a(x*+ ) <xz(a—2), xz2<<ay,
yz << ax}.

Orcoona BUAHO, YTO oproroHasbHofi mpoekuued D Ha och OZ siBisier-
csi untepBan 0<z<a. Quxcupyem z,(0, a), Torna nepeceueHuem
ob6nactd D ¢ ropH30HTaNbHOH TMJOCKOCTBIO 2=2, SIBJISETCA IJIOCKas
obaacTb

Dy ={(x, 9, 2), 2=2,, a(x*+¥*) <x20(a—20), ¥2,<ay, yz,<ax},

2o (@a—2)
T. €. 94aCTb Kpyra C LEHTPOM B TOYKeE —_——

2
, % (a—2) c —=
COM "‘—'—"‘2"——', Jexamas B NJOCKOCTU 2=2y MeXAy NpAMBIMHK

, 0, zo) H pajnuy-

X2p=ay u yzo=ax (cM. puc. 25). Hrak,

'(ij(x, Y, ?) dxdydz_-—_fdz ij(x, y, z)dxdy.
b 8

D,

Y\ yz,=ax

Puc. 25

[Tpumep. Buuncaum TtpoitHO# HHTErpan S” 2dxdydz, r,ué D—
b

o6s1aCTh, OTpaHHYEHHAsl YaCTAMH IJOCKocTell 2=0, 2=a, 2=3a,
yacTelo mapabosnonna az+ (x2-+y?)=2a? nexameli MeXAy IJOCKO-
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<TAMH 2=0 H z=a H 4acTbi0 KoHyca 2?=3(x2+ y?), nexamei

MeXay
AJIOCKOCTAMH 2=a H 2=3a (cM. pHc. 26,a).

Z, % Z}‘

a3

mwa’
— na’
- 3
¥ [} Z
x a g

Puc. 26

Pewenne. M3 ycnosus BHAHO, uTO oOprOroHasbHON NpoeKuueil
o6aactu D na ocb OZ siBnsiercst unrepsan (0, 3a), a ropusoHTanbHASA
TIJIOCKOCTb 2=2; Nepecekaer D no Kpyry, paauyc KOTOPOro paBeH

V3i—az pa 0<z<<a u z/¥3 nna a<<z<3a. CnenoBaTesbHO,
@ (2) =szdxdy=z B dxdy =

D, D,

nz(2a?—az), 0<z<a;
nz3/3, a<Lz<<3a.

OGynxuusa P (2) paspuBHa B Touke 2=a, HO HHTerpupyeMa Ha (0, 3a)
{cM. puc. 26,6). OkoHyaTenbHO,

3a a 3a
t— = — AL ==
Sgg 2dxdydz OS D (2)dz § (2na*2—maz?) dz + § dz

3

4 4 4
= nat— na + 27na L 22 nat,
3 4 12 3

3anuueM ABOHHOK HHTerpaj B IPEeJACTABJEHHH TPOMHOIO HHTerpa-
J1a Kak nosropuui. Torjaa TpofiHOH HHTerpax

Pa(x,4)

SSfﬂx, Y, Z)dxdydz=SSdXdy S fx, y, 2)dz=
D Dy

¢ (1,5

] D

= S'dszf(x, Y, 2)dxdy
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NPEeACTAaBUTCS B BUJAE TPEX MOCJAeNOBATEJNbHBIX OXHOMEDHBIX HHTErpa-
JIOB:

Sggf(x, Y, 2) dxdydz:fdxmiﬂ dywi’y)f(x, Yy, 2)dz=
D

2 g elny

d x3(y) [ NEN)] x3(2) ys(x,2)
=.(dy S dx g f(x, v, z)dz—Sdz (dx g fr, y, 2)dy =
e nly ey P ;2 Bilx,2)

1 iz x3(y,2)
= Sdz 5‘ dy K f(x- Y, z)dx,

P O N AT )

rae Xi, Yi, @i, i=1, 2, — HeKoTOpHle (GYHKIUH COOTBETCTBYIOUIHX ap-
TyMEHTOB.

Hcnonb3sysi npeacraBiieHus R}*=R{,» X R(x) u R® = Rin X Ry,
noJyyaeM ellle JBe BO3MOXKHLIE MOC/AEN0BATENbHOCTH OTHOMEDPHEIX HH-
TerpaJjos:

d z,(‘y) x3(y,2) b Z,(x) vs(2,2)
de § dz S fx, y, 2)dx, de S dz S fx, y, 2)dy,
¢ 2,(y) x1(y,2) a z1(x) #1(x,2)
rAe 2i, %i, Yi — HEKOTOpHE (YHKUHH COOTBETCTBYIOUIHX apryMeHTOB.

KaxaoMy  TakoMy INpeACTaBJeHHMIO  TPOHHOrO  HHTerpaja
S“f(x. Y, 2)dxdydz cooTBeTcTByeT onpeleneHHas ¢opma 3anHCH

ycnoaaﬁ Ha KoopauHaTH Touek M (x, y, 2)eD:

D={(x,y,2):a<x<b, 1 (0)<y<<ya(0), 01 (%, ) <2< g (x, )
D={(x,y, 2):c<y<d, 5 () <x<x3(y), 01 (%, Y <2< (%, H))s

D={(x,9,2):p<z<q 51 Q)<x<x(2), 4y (v, <Y<y (x, 2}
D={(x,9,2):p<2<q 11 (<y<y:(2), 1y, 2)<x<xa (4, 2
D={(x,y,2):c<y<<d, 21(9) <22 (y), 51 (9, )< <% (9, 2}
D={(x,y,2):a<x<<b, 2 () <<2 K5 () v1(x, )<y<yp (v, 2},

H, Ha06OpPOT, 3aMUCh TPOHHOrO HHTerpasa B BHJAE TPeX IOCJIelOBa-
TeNbHHX OJHOMEPHBIX CHpeJeJisieT COOTBETCTBYIOIIHE HEpPaBEHCTBA Ha
KOOpAHHATH TOYEK MHOXKECTBa, 10 KOTOpOMYy Gepercs HHTerpaJ.

IlpencraBieHde TPOHHOrO HHTerpaja B BHAE INOCJEJOBATEIbHOCTH
TPeX OXHOMepHHX 6yneM Ha3biBATb PacCTAHOBKON NpenesoB B TPOH-
HOM MHTerpaJe. IIpu 3ToM, Kak H B JBYMEpPHOM CJyuae, MOApasyMe-
Baercs TpeGoBaHHe, YTOOH (QYHKUHH, ONpefensiolue TPaHHUH OJHO-
MepHHIX HHTErpaJjios, OBUIH IVIaJAKHMH.,
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Kaxpasi mocsiefoBaTeNbHOCTb OJHOMEPHHIX HHTErpaos, Tpea-
CTaBJsollas AaHHBIH TPOHHOH HHTerpaJj, Moxer ObITb NOJyYeHa ABY-

b ya(x)
M3 nytsimu. PaccMoTpuM, HanpHMmep, HHTerpasn g dx dy X
a yi(x)
@s(x9) '
X S f(x, y, ?)dz. Takasg nocaeZOBATENBHOCTb OJHOMEPHHIX HHTE-
Qs(x,y)

TPanoB NoJiydaeTcss U3 NMOBTOPHOro HHTErpaJa
q))(x-y)
(Saxdy § 7(x, 9, 9de=({ O, y)dxdy
bo Qi(%,y) Do

fipM NOpeACTaBJeHWH JABOHHOIO HHTerpaja XS D (x, y)dxedy B Buge

D,
b Ya(x) b N
dx S @ (x, y)dx ¥ U3 NOBTOPHOIO HHTErpana de “ f(x, y, 2) dydz
a yi(x) a bx
TpU TNPEACTaBJECHHH JABOMHOTO HHTErpana SS f(x, y, 2)dydz B BUHLE
D

Bt 0y *

dy § Flx y, 9z
41(x) Pi(x,y)
STa ABOHCTBEHHOCTb HO3BOJIET CBECTH pellleHHe 3aAayd NepecTaHOB-
KH TOpsiika MHTErPHPOBAHUS B TPOMHOM HHTerpaje K MepecTaHOBKe
Nopsiika WHTErPHPOBAHHS B JBOHHOM HHTerpajie, MeHsis MeCTaMH JiH-
60 mepsbie JBe, Au60 TOCJAefHHE ABe U3 TpeX KoopauHat. IIpemmyuie-
CTBO TAKOTO METOJd B TOM, YTO pellleHHe 3aJayd NMepeCcTaHOBKH Mpe-
JIe0B HHTErPHPOBaHHS B [BOMHOM HHTerpase cyllleCTBeHHO obnerua-
€TCSl HArJISJHBIM TeOMeTpPHUeCKHM IpeJCTaBJEeHHEM COOTBeTCTBYIOLIe-
IO MHOXeCTBA Ha IIIOCKOCTH, a4 reoMeTpHiecKoe H3o06parkeHue Ipo-
CTPAHCTBEHHOH 06J1aCTH Ha NJIOCKOCTH CTPAHHLB HJHM JOCKH M3-32 He-
130eKHBIX HCKa)KeHH# uvacro He obJieryaer, a 3aTpyAHsieT Iepexof
¥ HY>XHBHIM HEPABEHCTBaM Ha KOODIMHATHl TOYeK paCCMaTPHBAEeMOro
MHOKeCTBa.

[Ipumep. PaccraBum npepesnl HHTErPUPOBAHHS BO BCeX BO3-
MOXHBIX NOpSAJKax B TPOHHOM MHTerpaJe E“f(x, Y, 2)dxdydz, rne

D

D — o6mactb, orpaHHueHHAas NOBEPXHOCTAMH ¥x=0, x=a,

y=0, y=Vax, z=0, z=x+y, f=C(D).

Pemexnune. JlanHbe NOBEpXHOCTH fABJAIOTCA IPaHHILIAMH OrpaHH-
yeHHOH obnacTH

D={(x, 9, ?:0<x<a, O<y<Vax, 0<z<x+y}
U3 storo npexncraBienusa 061acTu noxydaem, 4to

a Yax xly

a) S§§f(x, v, z)dxdydz=§dx og dyog i(x, y, 2)de.
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3anuuemM:

D={(x, y, 2): (x, y) =Dy, 0<z<x+y},
[ 9: (]

Dy={(x, y): 0<x<a, 0<y<Var)
M

D={(x, y, 2): 0<x<a, (y, 2)=D,},
rae

D,={(y, 2): 0<y<Vax, 0<z<x+y}

DTUM npeicTaBieHAsM D COOTBETCTBYIOT NpeJCTaBJEHHS TPOHHOrO
gHTerpana

SKS f(x, y, 2)dxdydz = Sgdxdyxgyf(x’ y, 2)dz= SS @ (x, y)dxdy
b Do 0 De

21

§33 76 o, 2 dxdde—?de(x v, 2)dydz.

0

Yro6nl  H3MEHHTL  TOPSAOK  HMHTErpHPOBaHHA B HHTerpane
SS(D(x, y)dxdy, cpenaem ueprexx MHoXectBa Do (cM. puc. 27),

OTKyAa noayuuM, uto Dy={(x, y): 0<y<a, y*/a<<x<a} m, caeno-
BAaTeJIBHO,

. . *+y
6) S‘“f(x, Y, z)dxdydz=xgdxdy 5 f(x, y, 2)dz=

a

fdy g f(x Y, z)dz—\’dygy X, y, 2)dxdz,

0 yi/a

TIe
Dy={(x, ) Pla<x<a, 0<<z<<x+y}.

¥
VE
.
0 // /A z
a x
Puc. 27
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Cmenaem ueprexk mHoxectBa D, (cM. puc. 28). HUs 3rtoro uepre~
Ka MoJyyaeMm, 4To

D,={(x, 2): 0z <<y +ya, yla<x<a}l
U {(x, z)=y+—y;—<z<y+a, z—y<x<a}

H, CJEJ0BaTeJbHO,
B) “‘S‘f(x, Yy, z)dxdydz=§dyy+§’/adz ff(x, Y, 2)dx+
D 0 0 y/a
+ gdy hr dz Sa fx, y, z)dx=“dydz f f(x, y, 2)dx+
ytyt/a  z—y De w/a
+ [(dyd j f(x, y, 2)dx,
.

22—~y

rae
Dy={(y, 2): 0<<y<<a, 0<<2<<y + y%/a},

Dy={y, 9:0<y<a, y+y/a<z<y+a)-

T=z+y

Puc. 28

Cnenaem ueprexx MHOxectBa Do (cM. puc. 29). M3 3toro uepre-
Xe ToJyuaeM, uTo

Dy={(yg, 2): 0Kz 20, y(5)<<y<<a),
rae y(2)= % (1/a2 +4az — a)—pemwenue ypaeuemis y® -+ ay — az=0,
YAOBJIETBOPAIOILEE YCA0BHIO ¥ (2) = 0.
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Cae0BaTeJbHO,

Sdedz Q f(x, v, z)dx—;dz f dy ( f(x, y, 2)dx.

y*/a 0 y(2) y*/a

Cnenaem ueprex muoxectBa Do* (cm. puc. 30). M3 storo uepre-
3Ka MoJy4aeM, 4To

Do={(y, 9:0<2<<a, 0<y<y(PU
U, 29 :a<<z<<2a, 2—a<<y<<y(2)}

az=ay+y?
Zy ’ )
Z=Y+ = 2=y+a
20f——— Ly
|
a 4 =
4 |
z -7 7 :
)
1) a 7
Puc. 29 Puc. 30
®, CAeJ0BATEJbHO,
a a y2) a
(Cdydz § fx, g, 9ydx=(dz § dy [ fx, v, )art
D; 22—y [*] 6 22—y
22 y(z) a
+\dz \ dy \ [(x, y, 2)dx.
aS z§a z§y

O6benuuss nonyyeskble paBeHCTBA, MOJyYaeM, 4TO

r) Sggf(x, 9, z)dxdydz=Sdedz g f(x, y, 2)dx +
D D,

yi/a
a

+ Sgdydz f fx, v, z)dx=2§adz j dy f f(x, y, 2)dx+

0 t3
. y(2) ¥/a

¥(z) 2a y(2) a

+Sdz { dy S e, g 2)det Yo § dy § Fen g, 2.

—a  a—y
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BosbmeMm Tenepb paBeHCTBO

576 0 o . e

e D,={(y, 2): 0<y<<Vax, 0<z<x+g} U CHeJlaeM uYepTex
mHoxkectBa Dy (cM. puc. 31). M3 atoro yeprexa noaydaem, 4to

D,={(y, 2): 0<<z<<x, O0<Sy<<Vax}U
Uy, 2 x<z<x+Var, z—x<y<Vax)

z‘r
=%
b ———
7
4,
0 p o
Puc. 31 Puc. 32
H, CJen0BaTeJbHO,
a x Vax
1) S:)Sf(x’ Y, z)dxdydz:degdz g F(x, y, 2)dy +
h>) 0 0 0
a x4} Vax Vax Vax
-i-jdx j’ S f(x, y, 2)dy= wdx‘dz . f(x, Y, 2)dy +
0 X z—x 0
Vax
+ dexdz 5 fx, y, 2)dy,
D(; z—x

rae
Dy={(x, 2): 0<<x<Ca, 0<<2<<Cx})
H
Dy={(x, 2): 0<x<a, x<z<x+Vax).

Crenaem ueprexx MHOXKectBa Dy (cM. puc. 32). M3 storo yeprexa
noJyyaeM, 4To

Dy={{x, 2): 0<<z<<a, z2<<x < a}
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H, CJIEJJ,OBHTEJIBHO

a Vax
.”dxdz S fx, y, 2)dy = Sszdx j f(x, y, 2)dy.
0
Cnenaem ueptexx MHOXectBa Do* (cM. puc. 33). M3 storo uepre-
¥a ToNyyaeM, YTo

Dy={(x, 2): 0<<z2<a, x () <x <2} U
Ulx, 9 a<<z<2a, x()<<x<a},

rae x(2) =-5—(22 +a— Va?+ 4az ) —peienue ypasuenua x-+ ) ax=:

Puc. 33
Cenopare/bHO,
Vax 2 Vax
dexdz j' fx, y, 2)dy= Xdz 5 dx X f(x, y, 2)dy+
DO 2—X x(2) 2—Xx
a Vax
+5d25 dx I fx, y, 2)dy.
x(2) 2—x

OObefHHAA MOJyUYEHHbIE PABEHCTBA, MOJAYYaeM, YTO
a Vax

€) SSSf(x Y, z)dxdydz—-sdz‘xdx j‘ fx, y, 2)dy+

a z Vax

a Vax
+(dz { d (v, 4, 2)dy+(dz | d . 4, 2)dy.
ojz“jz)xzj_xfxyZ)y agz x § P g, 2)dy

x( 7) ZX
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PagenctBa a), 6), B), r), A), €) U LAIOT BCe BO3MOXKHHE BapHaH-
Thl PacCTAaHOBKH IIpeleJIOB HHTEIPHDPOBAHHS B DPacCMaTpPHBaeMOM
TPOHHOM HHTErpagne.

ITpumep. Pyukuua f=C(D), rae D={(x, y, 2):0<x<a, O0<
<Y<x, 0<z<y). [IpoBepum paBeHCTBO

jadxfdyff(x, Y, z)dz=<ld2 ady ff(x, y, 2)dx.
o6 6 0 6z Y

Pewenune 3amaua cBOJUTCT K H3MEHEHHIO NMOpsAKA HHTETPHPO-
BaHHUsA B TPOHHOM HHTerpate. Ecii npoBOAHTb pellieHHe METOAOM Ie-
PECTaHOBOK COCeJHHX NepeMeHHBIX, KaK B NpeJAblIylieM INpHMepe, TO
norpebyercs cienaTh TPH NEePECTAHOBKH: XYy2—-yxz—»yzx—>2yx. B nau-
HOM CJyuyae, KOIAa NPOMEXYTOYHHE IIePeCTAHOBKH HAC He HHTepe-
CYIOT, a YCJOBHsS Ha IepeMeHHHle X, Y, 2 HOCTATOYHO NPOCTH — BCE
HepaBeHCTBA JHHEHHH, — MOXHO INIPOBECTH HYXHYIO IepecCTaHOBKY
aHAJIHTHYECKH, He NpHOeras K reoMeTpuuecKuM coobpaxkenusm. Ief-
CTBHUTEJIbHO, H3 COBOKYIHOCTH BCEX TPeX HepaBEHCTB CJeAYeT, 9TO MH-
HHMaJIbHOEe BO3MOXHOe 3HauyeHHe 2 ectb 0, MakcuManbHOe — @, T. €,
0<{z<a. M3 nepBHIX ABYX HEDABEHCTB MOJYyYaeM, YTO MaKCHMaAbHOe
3HauyeHHe y €CTb @, a M3 TPeTbero,— YTO0 MNPH (UKCUPOBAHHOM 2
HOJIXHO OHT 2<Yy, HTAK, 2<y<a. HakoHen, U3 mepBoro u BTOPOro
HEepaBeHCTB cJeayer, uTo y<sLx<<a. Urak,

D=((x, y, 2): 0<z2<a, 2<y<a, y<x<a}

H, CJIeJOBAaTEJILHO,

a X y
HS f(x, y, 2)dxdydz = B dx Kdy Y}(x, Yy, 2ydz=
iy § o o

’H a a
=Sdz5dyjf(x, y, 2)dx.
0 z y

XapakrepHble OWHOKH B pelIeHHH 3aJau Ha pPacCTaHOBKY MNpeje~

JIOB HHTErPHPOBAHHUS Te XKe, 4To OBIH mojapo6HO pa3obpaHbl Npu pac-
CMOTpEHHH ABOHHOrC HHTerpasa (cM. c. 41).

2. 3amena nepemenHbix. Ilepexon K HHAMHAPHYECKUM,
chepryeckuM U 006001IeHHBIM c(hepUYECKUM KOOPAMHATAM

Taxk e, Kak 4 B JBOHHOM HHTErpaje, OCHOBHOH npo6/eMoft mpu
3aMeHe IepeMeHHBIX B TPOHHOM HHTerpaje $BJAETCS HAXOMXKAeHHe
MHOXKECTBAa 3HAaUeHHH HOBBIX TNlepeMEeHHBIX.

ITpumep. Buunucaure unrerpan dupuxie

S j g xPy?" (1 —x —y—2)°* dxdydz,
D
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tae D — obaacrb, orpaHHueHHas IJIOCKOCTAME X+y+2=1, x=0,
y=0, 2=0, nonaras x+y-+z=u, y+z=uv, 2=uUvw.

Pewenwue. JlauHble ueThipe IVIOCKOCTH SIBJSIOTCS —T'PaHHUAMH
OrpaHHYeHHOTO muoxectBa D ={(x, y, 2), x=0, y=0, z2>0,x+y+
4+2<{1}. Tak Kakx MuUHUMAaJbHble 3HAaYeHHS: X, Yy H 2 paBHH 0, TO H
MHHHMaJbHHE 3HaueHus u, v U @ paBHH 0. I/Ia COOTHOWIeHHHA X+ Y+
+2=u, x+y+2<1 caenyer, uro u<1. Tak Kak MHHUMAaJbHOE 3Haye-
HHe X paBHO 0, TO NpH QUKCHPOBAHHOM 4 MaKCHMAaJbHOE 3HAYEHHE
Y+2 paBHO 4, OTCIOZIa U U3 COOTHOIIEHHS Y-+ 2Z=UV CJelyeT, YTO MaK-
cHMaJbHOe 3HaueHuwe v paBHO 1. Tak kak MUHHMAJbHOE 3HAUeHHE Y=
=(), TO MakKcHMaJbHOE 3HaueHHe 2 NpH (QHKCHPOBAHHHIX U H U PABHO
4V, OTCIOAA H H3 COOTHOLIEHHS Z=4UW MNOJy4aeM, 4TO MaKCHMaJbHOEe
8Hauesue w pasHo l. Mrak, toukam (x, y, 2)D cooTBETCTBYEeT MHO-
XKecTBO Touek (4, v, W): Dl._{(u v, w): 0oL, O0<Cux], 0K
<w<l}. Bupaxasa x, y, 2 yepe3 u, v, W, NOJAydYaeM, YTO 0T06pa>xe-
Hue @:D=>D ectp x=u(l—v), y=uv(l—w), z=uvw. fxobHaH ¢
paBeH

l—v —u 0 l—y —u 0 1 0 O
V— oW U—UWw —uv | = v u Ol=lov u O]|=u
vw uw uv VW uw uv W uw U

BuekrusHocTh OTOGpaKeHus ¢ Hapywaercs Ha pebpe y=0, z=0, O<

<x<1 nupamuau D, npu stom ToukKa x=0, y=0, 2= 0 Asasercs 06-
pasoM kBajpara: u=0, 0<v<l, O<w<], a Touka x=x,>0, y=0,
2=0 — o6pa3oMm orpeska u=x,, v=0, O<w 1. IlpumeHas BTOpYIO

TeopeMy O 3aMeHe TnepeMeHHbIX B KpaTHOM HHTErpaJe, I0JydaeM,
910

SSSx"yqz’ (1 —x—y—2)°dxdydz = SSSu" (1 —v)? u® X
D D,

X (1l —w)yfuvw (1 — u) utvdud:dw =
1 1 1
= ju»+a+r+2(1 —uy duSv”"i'l(l—v)p dvgw’(l —w) dw=
0 0

9

1 1
= Sw’“‘f'H'H'2(l——u)s du S B(r+1, ¢+ 1)ovttrti(1 4-v)’ dv* =
0 0

1
* Bera-pyuxuua diynepa B (x, y) =S =1 (1 — )7 dt cpasana ¢ ramma-gyn-
]
I'(x) T (y)
EnEell coorHowendnem B (x =
* 9 ="TGry
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1
=B(r+1, g+ ) fwterte(l—uyB(g+r+2, p+ 1 du=

=B(+1, ¢+ 1)B@g+r+2, p+)Bp+gt+r+3, s+1)=
_ T+ DT+ Yr@g+r+2T(p+ HI(p+g+r+3HP s+ _
T(r4+qg+2)T(gtr+p+3)T(p+gtr+st+4)
T+ DI+ )T+t
P(p+g+r+st+4)
3aMeuaHue. le/l BBHIYUCJICHHH HHTErpana

Q § g w42 (1 — ) v+ (1 — o) o (1 —w)? dudvdw

MH 110Jb30BAJUCh T€M, UTO MHOXHTEJH, He 3aBHCALIHE OT IepeMeH-
HOH MHTErpHPOBaHHSA, MOXKHO BBIHOCHTb 3a 3HaK COOTBETCTBYIOLIEro
HHTErpaJa 1o 3Toil epeMeHHOH.

PaccmoTpuM HauboJsiee 4acTO NpHMEHsIOMIHECS NpPeo6pa3oBaHUS
nepeMeHme B TPOHHOM HHTerpawge.

. I'pannnamu mEoxecTBa D sBJAAIOTCA NMOBEPXHOCTH YPOBHS TpeX
HeBaBHCHMbIX oyurumi @i (%, y, 2)=a; u @i(x, y, 2)=by, i=1, 2, 3.
Torpa

D={(x, y, 9):a, <@, (%, y, )<Kby, K< Palx, Y, )<Dy,
a3<q)3(x1 Y, Z)<b3}

u oto6paxeHue P:u=qi(x, ¥, 2), v=02(x, ¥, 2), w=@s3(x, y, 2) pery-
aspHo. B aTOM cayvyae mepexoa K NepeMeHHBIM u, U, W NEPEBOAUT
MHOXKecTBO [) B NIpOMEeKYTOK

I={u, v, W) :a, <ULy, A <Cv<b,, ag<KW< by}
H

§§§7 ¢ v, 2 dedyaz= §> (£ @ v, ©)]%|dudod,
D

rie
i‘(ur Y, w)=f(x(u, v, UU), y(uv v, w), Z(Lt, (D w))

H }— SIKOOHaH OTOGpaxKeHHR |~
ITpumep. Buuncnum tpoiio#i uurerpan

SSS d+1 dxdydz,
b *

rae
D={(x, y, 2): 0<x <Cy<C8x, 0<C2<C3 (v +y) <62,
1<z (v +y) <4}
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Pemenue PaccMorpum orobpaxenue
\P:u=-~y—~, v=—x—+—y—, w=z(x-+y).
X F4

Toraa nonyunm l<u<3, z3<v<2, !/y<w<|, oro6paxenne
Vv ix=Vwlu+1), y=uVow/u+1), 2=V,

sko6Guan P! pasex

Ve 1 ‘/E 1 ‘/Z
(u+1)2 2(u41) v 2(u-t+1) w
Ve yfe /e Ve
@+D* 2@+ v 2(u+1) ¥V w Yv (et DHE

1 w 1
0 e — Dy T——
2v ‘/ v 2'\/vw

Cie0BaTe/bHO, 0TOGpaXKeHHe § PeryJsipHo H

2 ! 172
SSS 21 dxdydz——SduS duS (@) (At D0wr” gy
1
3

2 1/2 2
Vs T viuvwe (u+ 1)

2 3 2 1
5 S wa/zdw+S_E‘_S d"g dv
u u U3/2 w1/2
1/3 1/4 i 1/3 1/4
2 R 1 2 1
= .2 {9 _ B W ([
5(V3 41/2)5( 32)+

+ 1n3-2-(1/3————1—/1—_2—_—>2(1—-—;—)=
—ing (T Ly,

200 1600

2. HlpuHApHIECKHMH KOOPJMHATAMH TOUKH M(x, y, 2) =R® nasH-
BaeTcsl TpOKa uHcen r, @, i, CBI3aHHAs C YHCJAMH X, Y, 2 popmyna-
MH

x=rcosQ, y==rsing, z=h.
QakTHueCKH MHAMHAPHYECKHE KOOPAHHATH — 3TO IOJSPHBIE KOOPAH-
HaTul b nJjockoctd XY u o6blyHAs JeKapToBa KOOpAHHATaA B OpPTOrO-

HaabHom jgonosneduu njaockoctd XY — ocu OZ. ITlepexox X WHIAHHA-
PHUYECKHM KOOpAHHATAM B TPOHHOM HHTerpale

S§S f(x, y, 2)dxdydz
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- 3TO ﬂepexo}l K NOJAPHBIM KOoopaHHaTaM B ﬂBOﬁHOM HHTerpaJe
SB [ (x, y, 2)dxdy,
b,

€CJIH TPOHHOR HHTErpaJ NpeAcTaBJeH B BHIE

q
, Yy 2)dxdydz=\d Y, ‘
S§Sf(x Yy, 2)dxdydz ,,S z;Sf(x y, 2)dxdy

2

HJIH B ABOHHOM HHTErpaJse

SS @ (x, y)dxdy,

D,

€CJIM TPOHHOH HHTErpaJs npejcrasjieH B BHIe

SS S f(x, y, 2)dxdydz = SS dxdy %(gyy) [x, y, 2)dz=
b Ds

%(x.y)

= SS(I)(x, y) dxdy.
Do

DToT mepexo] HHYUEM He OTJHYaercsd OT NOAPOoGHO paso6paHHOrO B
npeiHAylUieM naparpade nepexoia K NOJNSPHHIM KOOPAHHATaM B JBY-
MepHOM cayuae. SIkoGHaH mepexoja K LMJIHHADHYECKHM KOODAHHATaM
paBen r. O6paTuM BHMMAaHHe TOJIBKO Ha TO, YTO €CJH TepexXox He-

Jaercs B HHTerpaJje BHJa ggf(x, y, 2)dxdy, rne obnacrs D. 3aBu-

D,

CHT OT 2, TO W Tpeje/h HHTErPHPOBAHHS MO NepeMeHHHM ¢ H I, BO-
of11e roBops, AOJIKHBEI 3aBUCETb OT Z.

ITpumep. Beruucaum TpofiHOH HHTErpan

Ség 2 (x2 4 y?) dxdydz,

rae obaacte D orpanuuena NMOBePXHOCTAMH X2+ y2=az u (x24y?)%=
=@2®, MoJb3ysACh NepPeXOAOM K LHJIHHADHYECKHM KOODAHHATAM.
Pemenune. [Tockoabky ofe NOBEDXHOCTH, OrpaHHuHBaIoulue 00-
nacte D, sBAAOTCS MOBEPXHOCTAMH BpallleHHsi oTHocutenbHo ocu OZ,
TO CclleslaeM YepTeX MepHAHOHaJbHOro ceyeHus D (cMm. puc. 34).
JluHue#l mepeceyeHHs 3aJaHHBIX NOBEPXHOCTEH SIBJISAETCS OKPYX-
HOCTb 2=a, x4 y?=a?, opToroHajbHOH npoekuueit D Ha och OZ siB-
asercs uutepsa’a (0, a), a Ha naockocte XY — xpyr x%2+y?<a?, ro-
PH30OHTaJbHAS IJIOCKOCTb 2=2p, 2o (0, a) mepecekaer D mo xpyro-
BOMY KOJIbIy C HeHTPOM Ha ocdi OZ, BHYTPEHHHM DagUyCcOM

a2y u puewmnuM— ¥ az, . CaejoBarenbHo,
D={, y, 29):0<2<a, ad <<(x*+7)*<a’2}
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3 /3L s
b ={(x' Y, 2) 4y <, —x%__yz’<z<l/_(3—i;'w_2} ,

OTKYyJAa 1noJy4aeM, 4to

S“ 2(x* 4 y*) dxdydz = Szdz KS (¥®+ y?) dxdy,

Dy

D

Puc, 34

rpe
D,={(x, y) : a2® < (x*+ y*)* < a’2%}

YV @iga
S YS z (22 4+ y¥dxdydz = S S (2?4 y?) dxdy § zdz,
D Dy x34-12

re
Dy={(x, y): ¥* +y*<<a?}.

HepexozmM K HUJHHIAPHUYCCKHM KOOpAHHATaM B oboux npeacras-
JIEHHUSIX:

Van

- a 2n
SiSSz(xz—}—y%dxdydz:—-(Shdh; dcp4 S——r"'dr
}/aha

. Vi
g 3 g 2 (%2 + y?) dxdydz = 2§n do X redr ( hdh.
b 0 ¢ "

a
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OkoHuare/bHo noJsyudaeMm, 4TO

a

SSS 2(x*+y?)dxdydz = % 2n § h (a®h*—ah3) dh =
D

?

40

S;Sz(ﬂ-{— %) dxdydz=_;_ on 5r3 < r

6( 3 1 niab
=maf {— —— | = .
20 8 40
[Tpumep. Buuucaum TpofiHOH HHTerpan (SS ydxdydz, rre
‘b
D — ob6aactb, orpaHHYeHHast MOBEPXHOCTAMHU
a(x*+y¥)=xz(a—2), xz=ay, yz=ax

# conep:xkauast rouky Mg (a/8, a/12, a/2).

Pemwenne. B npumepe (cM. c. 81) nanublii TpofiHo#i uHTerpas
Obl1 IpuBefieH K BUAY

a

S dz SX ydxdy,
DZ

0

rae

D,={(x, y) : a(*+yP)<xz(a—2), xz<<ay, yz<<ax}.

[Tepexosiss K UWMJIMHIPUYECKMM KOOpAMHATaM, NOJyYaeM, UTO

a arctg(a/h) h(a—h)cos @
SSS ydxdydz = S dh S de S risingpdr=
D 0 arctg(h/a)
a arctg(a/h)
—;—Sdh j h¥(a—h)3cos® psingpde =
0 arctg(h/a)

f

arctg(h/a)
dh =
arctg(a/h)

f

—112— S h*(a—h)3 cost @
0

l

I

TP 1 . i _
1 Sh(a ") ((1+h2/a=)° (1+a2xn2)2)dh
0

(]
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=-——SW( LRy ZHLS( —3KSa -t hta? 4 Bhiad —
0

12 a? + h? 12
0
4ha? 4a8
— 4h2at — 5 6 . —
at—4ha® -+ 4a% + P e >dh
1oL/ 1 1 5 4 T
= _—— e — = 2 2In2—4-—~}=
12a<7 2+5+4 3 +4+2ln 44)
a’ 1159
- 2in2—m).
12 ( 420 + n n)

3. CepuueckuMu KoopauHaTamMu Toukun M(x, y, 2)=R® Hasm-
paeTcs Tpofika uucea r, ¢, \, CBI3aHHAs C YHCJAAMH X, Y, Z dopMmy-
JamMu

x=rcosgcosy, y=rsinpcosyP, z=rsiny. (H

CpaBHuBast 314 (opMyJbl ¢ GOpMYyJaMH CBA3H JAeKapTOBHIX H IIO-
JSIPHBIX KOOPAHMHAT B N-MepPHOM TpocTpaHcTBe (cM. c. 16), Buamm,
uTo CchepHyecKue KOOpAHHATBHI HepexoidaT B TpPeXMepHble IOJspPHBIE

11
KOOpAUMHATHl NpeobpasoBaHueM X1=2, Xa=2X, Xy=1, (plz—i————“,
¢, =¢. OTCi0a MOXHO CleJaTbh BHIBOJ, UTO fKOGHAH F INpH Nepexo-
ne K chepHuyeCKHM KOOpAHHATAM eCTb rlsing,=r?cosp u s Jw6o-
ro xopaaHosa MHoxecrBa D R?® u ¢yukuun feC (D) nMeeT MecTo
paBeHCTBO

\CF(x, g, 2)dxdydz =\\\ f (rcos@cos, rsingcosy, rsiny) x
i i3S

1

]

X r¥cos P drdeodyp,

rie
Dlz{(r» (py \P)} - {(r9 (Pv ‘p) : r>oo —ﬂf’2<’lp<n/2,
oL o< a+2n)

— mpoobpas D.

Tak e, Kak NoJsipHble KOOpAMHATH (7, ¢) TOYkKH M Ha mJocKo-
crH, chepuueckue KoopauHatel (7, @, P) To4kH M B mpocTpaHCTBe

HMEIOT NPOCTOH I'eOMeTPHYECKHH CMBIC/]: r — JJHHA PajHyca-BeKTo-
pa u3 Hagaja KOOpAHHAT B TOUKy M, ¢ — yroa 3Toro BeKTopa C
naockoctbio XY (mupora), ¢ — yrosa MpoeKUHH pajdyca-BeKTopa Ha

naockocTb XY ¢ mosoxurteabHbBIM HanpasJjenuem ocu OX, paBHBHIA
yIJly BepPTHKAJbHOH MOJYNJAOCKOCTH, COJAepKalllel paauyc-BeKTOD C
HAYaJbHOH (HyJeBOfl) MOJMOXKHTEJbHOH mosymaockocrelo XZ, y=0
(mosrora).
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Vinoraa cdepriveckdiMi KOODAHHATaMH Ha3BHIBAIOT HEMNOCpeACTBeH-
HO TpeXMepHHe NoJApHble KOOPAHHATH B TAKOH HyMepalHH:

X=2X,=rsinycosQ, y=xy=rsinPsing, 2=x;=rcosP(r=0,
o<y, 0o 2n).

Ilpu TakoM mepexoje OT X, Y, 2 K 7, ¢, P AKOGMAaH BHUHCISAETCH 10
o61ell hopMyJsie n-MepHBIX NOJSPHBIX KOODAHHAT, T. €.

F=r?sin.

Bciony B nanbHefimieM 6yneM HCIONB30BaTh CdepHYECKHe KOOP-
JNUHATH, ONpejeasieMble ¢ HOMOLIbIO paBeHeTB (1).

[Tepexon K UMJAHHAPHUYECKUM HJIH cdepHUECKHM KOODAHMHATaM B
NpPOCTPAHCTBE TaK e, KaK IepeXof K MOJAPHHIM KOOpPAHHATaM Ha
IJIOCKOCTH, MOXKHO paccMarpHBaThb KaK Ilepexoj, K COINIACOBAHHHIM
C [eKapToBOH IHJHHAPHYECKOH HJH chepHUYeCcKOH cHCTeMaM KOODIH-
Hart. ITostomy, KaK u B npelbiaylleM naparpade, 1Js MHOXeCTB 3Ha-
ueHU# 7, ¢, A u r, ¢, } He GyseM BBOAHTb HOBOrO 0603HaueHHus, a
6ynem paccMaTpuBaTh MHOXKecTBO D Kak B BHIE

D={(x, y, 2):...}, mak u B Buge D={(r, @, h):...} u D={(r,¢’
P)}:...} c ykasaHHeM YCJOBHA Ha COOTBETCTBYIUIHE KOODAHHATHI.
IIpumep. Paccrasum npefesbl HHTErpHPOBAHHSA B chepuueckont
cHCTEME KOOpJAHHAT B HHTerpaie S“f(x, y, 2)dxdydz, rae fe
)

eC(D), D—ob6nacte, orpanuueHHas coepoil x?+y?+2?=a?, napa-
6onounom 2(x?+y?)=3az 1 maockoctbio 2=0.

7 - 2x%=3az

Puc. 35

Pemwenue Tak Kak BCe NOBePXHOCTH, OrpaHHuUBaIOUIHe 06-
Jactb D, ABJAIOTCSA NMOBEPXHOCTSMH BpallleHust oTHocuTeabHO ocH OZ,
TO CllesiaeM uepTex MepHAHOHasbHOro ceuenust D (cm. puc. 35). OG-
Jactb D jeXuT Bhle TaoCKocTH 2=0, BHe napaGogouga 2(x2+ y?)=
=3az u BHYTPH cheph x2+ 42+ 22<a?, 1. e.

D:{(x, 9y, 2):2>0, 22+ 2+ 22<<a? 2(x® + y?) > 3az}.
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[Tepeiinem B HepaBeHCTBAX, ONpeAeNsIOIIMX YCJ0BHS HAa AEKAPTO-
BE KoopAMHATH Touek obiactu D, x chepnuyeckuM koopaunaram. Ilo-
Jyuaem, 4T0 r, @, Y MOJKHB YAOBJIETBOPATb HEpaBeHCTBAM: rsiny>
>0, r2<a?, 2r? cos?p>3ar sin .

JononHuTe bHBIX OrpaHuyeHul Ha YroJ ¢ 3TH HePaBeHCTBa He Ja-
10T, caenoBaTesbho, 0 <p<2m, — TeoMeTPHUECKH 3TO BHIHO U3 TOrO,
4TO paccMaTpuBaemast 06JacTb eCTb TeJ0 BpalleHHs OTHOCHTEJIbHO
ocu OZ. CnenoBatenbHs, ecan touka MeD, to v Bee touky M, nas
KOTOpHEIX panuyc-Bexktop OM; mosyuaercs noBOpOTOM paiUyCa-BeKTo-
pa OM ornocurensro ocu OZ, rakxke npuaapnexur D. Tax kak r>0
i —n/2<¢y<m/2, TO cucTeMa HepaBeHCTB SKBHBaJeHTHa cHcrteMe 0<
<r<a, 0<yp<mn/2, 2rcos*y>3asiny. IlepBoe U Tperbe HepaBeHCT-
Ba MOIYT BBINOJHATLCS OJHOBPEMEHHO TOJbKO MpH YCJIOBHH 2c0s)h>
>3sinvy, oTkyaa noayuaem, 4to sinPp<{!/p. YuuTbIBaf BTOpOe Hepa-
BEHCTBO, MOJyYaeM OKOHUATENLHO, 4TO

D= {(r, o) 0< o< 2, 0P /6, H <r<aj
COS
#, CJIef0BaTebHO,

S“ f(x, y, 2)dxdydz=
oo
2?’( /6 3

:S do S dy S f (r cos @ cos,rsin @ cos P, rsin) r? cosPpdr.
0 0 3asimp/2cos? P

[Tpumep. Paccrarum npegensl HHTErpHpoBaHus B cdepHUeCKOf
cHCTeMe KOOpJMHAT B HHTErpaJe

jgff(x, Y, 2)dx dydz,

D
rae
D={x, y, 2: x>0, ($*+ >+ < a®?(X2—y?), >+ 1> <22
2>0) u feC(D).

Pemenne. IlepefizeM B HepaBeHCTBax, ONpeAe sIOLIUX YCJIOBHA
Ha JeKapTOBH KOODAHMHATH TOYeK MHOXecCTBa D, K cepHYecKHM Ko-
opAHHaTaM. YuHuTuiBas ycaosue r>0, mosyuaeM cucteMy HepaBeHCTB:

r2< a®sin® Y cos 2¢, cos? P <sin®YP, sinp >0, cospcosPp>0.

M3 nepBoro HepaBeHCTBa cJjeayeT, uTo cos 2¢>0, H, yUuTHBasA ycJao-
Buss r =0, —n<o<<n, —a/2<CY<Cm/2, nosyuaem, 4To

D={r, ¢, ¥): — A <o < /4, W/4<Pp<w/2, 0<<r<<
< asiny Y cos 2¢}.
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CoeaoBarebiio,

S“f(x, y, 2)dx dydz=

/4 rEQ asing cos 2¢
= 5 do \ dy Q f (rcos @ cosp, rsin@cosp, rsinyg)x
—n/4 w4 0
X r2cospdr.
[Ipumep. Briuucaum wunrerpan
“‘B (x4 2% dx dy dz,
b

rie D —o6aactb, aexaulasi BHYTpH obeux chep x2+y?+22=2ax u
x24y?+ 2?=2ay, HONb3YACh MepPeX0AOM K ChepuvyecKHM KOOPIHHATAM.

Pemenune Tak kax touku obsacri D jexar BHyTpH o0eux
cdep, TO UX JI€KAPTOBBI KOOPAHMHATH JOJIKHBI YIOBJETBOPATb CHCTEME

4yt 422 <2ax, X+ yr+22<2ay.

[lepefinem B 3THX HepaBeHCTBAX K cepHUECKAM KOOpAHHATAM, ¥uH-
ThIBast ycjaoBue r>0, nojydaeM CHCTEMY HepaBEHCTB:

0<<r<C2acos@cosy, 0<Cr<C2asingcosy.

B cuny yenoBus —a/2<p<n/2 uMeeM, uTo cos >0, caexoBareln-
HO, yToJl @ [0J2KeH YAOBJeTBOPSITh HepaBeHcTBaM: cos @>0, sing>
>0, otkyna noaydaem, uto 0<<@ < m/2. HakoHel, nockojbky o6a He-
paBeHCTBa OTPaHUYMBAIOT 7 CBEPXY, TO 3TOH CHCTEMe 3IKBHBAJEHTHO
HepaBeHCTBO

0<<r<<2acosymin(sineg, cosey).

Yro6bl rpaHullbl HHTErPUPOBAHHS BHIPAXKAJUCh TVIAAKHMH (YHKIHA-
MH, KakK # Bbllue, pa3obbem HHTepBad (0, m/2) H3MeHEHHS yriaa @
Ha NMOJBIHTEPBaJHl, e GYHKUHsA min(cos ¢, sing) coBnanaer ¢ 0aHOH
H3 GYHKUHA cos ¢ uau sin ¢. OKOHUATEbHO 110Jy4aeM, UTO

D={(r, ¢, ¥): —n2<p<<7/2, 0<< o< /4,
0<r<2asingeos Gy U{(r, 9, ¥): —12<p<w2,
n/4 <o <<m/2, 0<r=<C2acos ¢cosp}

H, CJej0BaTelbHO,

a/2 /4 2asing;cosﬂ;
SSS (®+2)dxdydz = 5 cos P dy S do 3 7t (cos? ¢ cos®* P+
D —1/2 0 0
/2 T2 Qacosg;coswj;
~+ sin?y) dr S cos P dy ‘\ de 5 r4 (cos? ¢ cos? +sin® ) dr =
-2 a4 0
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