/2 /4

=—§5£-a" S cos® P dp g cos®> @ sin® ¢ do +
-—Tt/2 0
/2 /4
+—§:—a5 S cos® P sin? P dyp S sin® ¢ do +
—1/2 0
/2 /2
+3—;a" S cos® P dp S cos’ o do +
—/2 /4
B /2
-+ 32a¥; S cos® Psin? P dyp S cos® pdop =
Y —my2 /4
9\ 1)
—32a° F(Y) F(T) i 2 2 )2
=— T %) Scos ¢ (1—cos? @) d‘coqu———

/4
32 T(7/2)T (3/2) 1 —costo) d
- ) § (1 —cos®@)* dcos ¢+

F9/2) T (—;-) /2

+i:-a° e S (1 —sin? ¢)* dsin o+
/4
39 T7/2) T (%) ift,/‘2
i S S l_ in2 2d 1 —
+ 5 @ T 5 (I —sin®g)*dsing
/4
1 1
a2 /7 5 3 1 ¢ 5 3 1 1
L N A 1—72)242 A 1—122 gt
5.24<22225( t)tdt+2222g( Y dt+
V22 V272
i 1
138 a3l [ aepa =
+222QS(1 t)dt+2222 ( ya)
V3272 Va2

1
9abr 9abm 2 1 —/ 1 1
= 1—22 = — _— —_—
- S‘( 2 di = == [1 —+— 1/2<2 =+
V32

1 3abn 5
+_4_0~)]= = (64—437/2).
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4, O6Go6uIeHHBIMH chepUUeCKHMHU KOOPAHHATAMH TOYKhA
M(x, y, 2) =R® naspiBaetcs Tpofika uuces r, @, |, CBsI3aHHAas C YHC-
JaMHu x, y, 2 GopMyaamu

X =ar cos® ¢ cosP P, y=>brsin®¢cosP, z=:crsinf.

Ipu s1om r>=0, yroa ¢ meusiercsa B npomexytke [0, 2a] nan [0, nu/2},
yroa ¢ — B npomexyrtke [—n/2, n/2] unn [0, n/2] B 3aBHCUMOCTH OT
napaMerpoB o H B aHAJOTHYHO TOMY, KaK 3aBHCEN IPOMERYTOK H3-
MeHeHH$ VyIjla @ B OOGOOIIEHHHIX MOJSIPHBIX KoopAuHaTax  (cM.
c¢. 53). Tak Xe, KaK B ABOHHOM HHTerpaje, NpH nepexoge X 0606-
HMIeHHBIM cepHUeCKMM KOOPAMHATAM MOXeT BO3HUKHYTb HecOOCTBeH-
HBIl MHTErpajJ OT HeOTPaHHUeHHOH (YHKUHH II0 JKOPAAHOBY MHOXe-
ctBy (koTophifi Bcerna cxoaurcs). SIkoGmaH mnpH mepexofe K 0606-
LeHHBIM cepHyecKUM Koopaunartam pasen abcafr® cos®!gsin®—lo X
X sinP—1p cosb—11p,

Ilpumep. Bouucaum wuHTerpan gﬂzdxdydz, rire D — o6-

)

JIacThb, Jiexkallasi B nepBoM okradte (x>0, y>0, 2>0) u orpaHuyeH-
Hast KOOPAHHATHBIMH IJIOCKOCTAMH M ITOBEPXHOCTHIO

XY 2N XY
(a+b+c) h k°

Pewenue. [Toaoxum
x=arcos? ¢ cos?y, y=">brsin®@cos?P, z=crsin®.
B mepeMeHHHX 7, ¢, Y YpaBHeHHe JAaHHON NOBEPXHOCTH NPUMET BHL
a b .
r= (—h- cos? P sin? (p) cosZ,

JlonoNHUTEeNIbHEIX YCJAOBHH Ha Yrod ¢ HeT, CJeJOBaTesibHO, VP&
&[0, 7t/2). Yron ¢ nojxKeH yAOBJIETBOPATb ABYM YCJIOBHSIM:

¢o<=|[0, 7/2] u %cosch——%sinztp},(),

caenoBarenbo, [0, qo, rae o= (0, 7t/2) u
a b .
e cos? Po——~ sin? @, = 0.

Urak, npooGpasoMm MHoxkectBa D npu mepexofe K 0600LIEHHHM
NOJIIPHBIM KOOPAMHATAM SIBJIETCS MHOXECTBO

Dy={(r, o, P): 0<Y<<n/2, 0Ko<< @, 0Sr <7 (9, W)}
rae uepes (¢, ) 0003HAUEHO AJ1s1 KPATKOCTH NPOH3BE/IeHHE

a 2 P2 2
- cosTe—— sin cp) cos?{, H, CJIEJIOBaTebHO,
\

Qo r{®,)

/2
SSS 2dxdydz= S d S do 5‘ cr sin® ' 4aber? cos @ sin @ sin X
D 0 0 0
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/2 r{op)
X cos® P dr = 4abc? g cos® P sind dp S cos @sing dg S r3dr=
0 0

n/2 Qo
= abc? g coslltpsin3mpd1|>5 (—:— cos"‘cp—%sin%p)%oscpsin pde=
0 o

_ab® T(6)T (2) %(i_<i+ Z)sm2 ) d(sin® ¢) =

4 T (8) . h h
2 1 / . 150 2pc2h
_ _ abc (i_<i+_”_> sine | ___ atk
4675 (a b\ h h k ) lpe 840 (ak -+ bh)
Y

B sTOoM Hu ciaexylomux DyHKTax OydeM paccMaTpHBAaTh Tesa M3
R3, orpannyeHHble KYCOYHO-TIAAKHMH 3aMKHYTHIMH NOBEPXHOCTSIMH.
Kak caenyer u3 mpeawsiayulero (cMm. c¢. 8), Takue Teja ABJIAITCSA
JKOpJAHOBBIMH MHOXK€CTBAMH, H AJs JIOOHX OrpaHMYeHHHIX (QYHKIHA

u=f(x, y, z) ¢ He Gojee ueM CUETHBHIM MHOXECTBOM TOYeK pa3pHBa

(B uacTHOCTH, HENpEPHIBHEIX) CYLIECTBYET “S f(x, y, 2)dxdydz.

3. O6bem Teaa

O6vem |V| tena V (43 yKa3aHHOro BHILE KJ1acca) BHIUHCJASETCH
no gopmyne
V] = SS dx dydz (xkak o0beM KOPJAHOBOrO MHOXKeCTBa).
v

[Tpumep. Haltnem o6veM Tena V, orpaHHyeHHOro noBepXHOCTH-
MH

z=x"4+9, 2(®*4+-y¥) =2, x=y, y=2x, z=Ah,

HaxoJsIerocsi B IEPBOM OKTaHTe.

Pemenune. Cnoco6 I. IIpoexuus tena Ha maockocts XOY u306-
paxeHa Ha puc. 36.

Paszo6bem teno V ua asa tena Vy u Vo Vi={(x, y, 2):(x, y) =
€Dy, ¥+y’<z<2(x2+y?)} u Vo={(x, y, 2):(x, y)ED,, *+y?°<
<<z<Ch}, rae obaactbs D) orpanuueHa JUHUSMH y=X, y=2x u 2(x2+
+y?)=h, a ob6acte Dy orpandueHa JHHHMAMH y=x, y=2x, x2+y2=~h
" 2(x2+y?)=h.

B cBowo ouepenb o6macte D) npeicraBuM Kak oOGbendHEHHE ABYX
obaacteit D! u D;2:

={(x, Y):0<x << \/% x<y<2x},
[ h h AT
R R A !

2
l
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a obsnactb Dy, — Kak ob6beiMHeHHe Tpex obaacreit

Di=|ex, o) 1—’;<x<‘/{—, \/—’;~—~x2<y<2x},

2 /-—h‘ /71_ E h ey
Dy=(x, y): V *5—<x<l/ o *"2‘—)52<!/<'l/h—‘x2},

DS:{<x, y): \/%<x< \/_;1 x<y<1/h—x2}.

y y=2x Y g2
y=x
2P ytsh el g y=x
/' D. x2+ yZ:a
x2+y2=2é V) l g 3 S(a)
2(x¢+y¥=a
i l | (xiey 2
ph
I —z - ‘ _
0 1/h /b h WA x x
i B /2 ) ]l
a J
Puc. 36
Teneppb o6bem Tena V nafizem caenyiomum o6pasom:
VR0 2x 20x*dy?) ViFE ViR 20t
Vi=§ arSay § det [ ax § a4y [ aet
0 X xz_!_tyz ]/h/_ﬁ) X x4y
Vhis 2x h Vh/a Vh—x2 f‘
+ §ar $ay Caer Ve [ ay § et
VHIo  Vep—x 44 Vs Vin—a ety

V—h?— Vi—x? h

-+ ‘ dx g dy K dz.
yE B owdv
4

He Bblunc/sis uMHTErpaJsioB, 4YuTaTe/ib YKe MOXKeT BHAEThb HepaiHos
HaJIbHOCTb HpPeJJIOKEHHOTo crocoba peleHus.

Cnoco6 II. CeuenuneM naHHOrO Tesa IJIOCKOCTbIO 2=a, 0<a<Hh,
asasercss ¢urypa ABCD=S(a), npeacraBienHass #a puc. 36,6.
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Torpa uckoMnlll o6bem Halizercst mo GopmyJie

|V]:§da \f dxay.

0 S(a)
Hnurerpan Xj‘dxdy pasen [S(a)| — naomanu S(a). Ary nmo-
S(a)

o1aaAb MOXKHO BBIYHCJ/IHUTb KaK Pa3HOCTb oL agel IBYX prI‘OBbIX

CEKTOPOB C LEHTPAJbHHM yrjom @=arctg2—mn/4 u papuycamu Va
¥ Va/2 cooTBeTCTBEHHO, T. e.

! a RN
|S(a)] ——2—<a—?) (arctg 2—m/4)= . arctg 3

Clie10BaTe IBHO,

B
a 1 h? 1
V] _ST arctg—g—da——Tarctg—?’-.
0

3ameuanue. IlockoabKy rpanuuamua obaactu S(a) ABAAIOTCH
JIMHHY YPOBHSI (YHKLHH

=x2+y? u  v=y/x,
TO AJsT BBIUHCJCHHUS SH dxdy cnenaem 3aMeny x2+ y?=u, y/x=v.
{

(&)

OroGpaxcune

@:u=x2+y?, v=y/x ecTb GHeKuHSI 00JaCTH
D={x, y):a2<x+ ¥ <a, 1 <yx<2}

#a obJactb

Di={u, v):a22<u<<a, 1<v<?2}.
Tak Kak

1

Dix,y) D@ o _| 2 20| o o4

D(u, v) D(x, y) —ylx* l/x x2’
TO

V| = daSdedy SdaSHw Sdu=

S(a) a/2

0
h
! @ ga CEN R e L
—§—§<arctg2-—-—>—2—da— 5 (arctg? 4) 5 arctg 3
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Cnoco6 III. Ilepeiinsa K uunnnﬂ,pmeCKHM KOOp AHHATAM, HMeeM
arctg2 vV h/2 2rt arctg2

V= S do S rdrg dz+ S do S rdrgd
/4 m /4 Vez o
Vhi2 I VE
— (arcth_-—> (_r__ + (/ hr? __{4_) _
4 /\ 4o . 2 4 ViTs
h? h? he he he
= (aretg 2= ) [+ — =+ )=

ht LR h? 1
— TN Y arcte—
=3 (arcth . ) s arctg—-.

Crnoco6 IV. ChgesiaeM 3aMeHy NepeMeHHBIX

: | $
2+yi=u, x—_:i——zv, —i—zw.

Orob6paxeHue

4
X

2 2
x+y,w=
4

Qiu=x*44y% v=
aBasercs Ouekuued gaHHOH obaactu V Ha ob6aacTb

V,={(u, v, w):0<<u<h, l<w<?, u< L < min(Qu, h)}
U

H
D 2x 2 0
202 ‘(“’ 2. ‘:; =| 2z 2z —(P+ )P |=

X, Y,
! —y/x® {lx 0
=x’—|—y’ (2 + 2y’> 2 (1 4 w?) v?
2 u )

Yenosue u<u/v<min(2u, h) 5KBHBAJEHTHO YCJOBHUSIM

—;—<v<1, ecmn 0<u <h/2;

uh<v<<l, ecnu hj2 <u<<h.

CiefoBaTeabHO,
h/2 1 1 2
|V|=S deSd 2v’(l+w’) degdww(l+wz)
1/2 h 2 u/h 1
(arctg2—-—~) (2—1) “——+ (arctg 2— J: ) X

h h? 1
X S (7 e 1) udu-——é-arctgwa—.
h/2
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ITpumep. Halinem o6beM Tesa, OrpaHHYeHHOTO HOBEPXHOCTBLIO

x2 2 22 R
(Fr et =ty @<t

Pewenue B cuny cuMMerpuu TesJa OTHOCHTEJNbHO KOOPJHHAT-
HHIX IJIOCKOCTeH PacCMOTPUM ![g ero wactbh, Haxoasumylocs B I okraH-
te. IlepeliieM K UMJAMHADHUYECKHM KOODJAHHATaM, TOTAA HMeeM

2\2 22 2 2z
rPdal4+=) =4=—, r.e. rP{at—="
c2 c? c? c

OTKyJa
2 2
r= ———-————oc’, ecJIH -—2—2———2——05“>O.
c c?
3TO 03HaAvaer, 4To
_._+ az
T. €.
1—YT—e2<<z/c <] —}—'[/1—(12_
CaenoBartesbHo,

ctcVi—at /2 V2zjc—2t/c—al

[V]=38 S dz Sdcp j rabdr=
0

c—cV 1=t 0
ctc Vi—ar .
— 8ab-a1/4 22 o) de=
¢ c?
e—c Vi—o?
2 3 Vicod
=2ﬂab<-5~—-i;——a22.> credime =8—“ab0(1—-a2)3/2.
c PSS

[Ipumep. Hafinem o6beM Tesa, OTPaHHYEHHOTO MOBEPXHOCTAMHU

XYy 2N x 9 \® — — —
(a+b+c) (h k)’ *=0, y=0, z2=0.

Pemenune. [Monoxum

x = ar cos? ¢ cos® P,

y = br sin® ¢ cos? 1,
=crsin?,

Toraa
x z |8 X ; by
(7_*_%4._0_) =9, _____y_=r(-z—cosz<p.._l;gsm2q>> cos? ¥,
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U3 ycnous

x oy
V>

h k

fnoJjydyaeM ycCJIOBHe Ha HU3MEHEHHE @

—:—cos“’cp—-——z-sinzq3>O, T.e. [tgo|<<V ak/bh

u, cherosaresbHo, 0 <@ <Carctg Vak/bh.
Takum o6pasoMm, uMeeMm, 4TO

—— (a—cos’cp—— —{L sinlfp)scos“’\b
arctg Vakjbh ~ m/2 R k

V| = 4abc S do S dy Y r?cos® P cos ¢ X
0 0

0
sab arctg Vak/bh /2 s
X sin @ sin Y dr = ‘;" S d(p;S (—?cos”cp—%sin%p) X
0 0

/2
X cos33 1 cos @ sin @ sin P dp == 4;’” S cos® P sin P dp X
0

aretgV ak/bh b 5 b
a . on /! a .
X —cos? p— — sin? d | — cos? ¢ ——sin? >><
( h ¢ k '(P) ( h ? 3 ?

x 1 ; . —hk dabe (@ o

2(1 _9_) £2 (ak +bh) 3-3¢-16 | A

h k
. 16 |arctg V ak/bk f \ 16
—-E—SIH"'(p) arctg V ak/ _ abe 1 (5_\ .
k 0 24.34 i+_£L h )
h k

4, MexaHHueCKHE NPUIOKEHUS TPOHHOTO UHTErpaJa

Iycts ckanspuas Bequunna P (V) pacnpenenena ua xopaaHonch
obnactu V ¢ miaoTHOCTBIO 0 (X, Y, 2), siBAsomefics HEeNPePHIBIOH (yHK-

1Hel, Torna
P(V)= QBS p(x, y, 2)dxdyda.
1%
Ecanu teno sanumaer o6vem V uo(x, 4, 2) —— Ua0THOCTE €TO B TOY-
ke (x, Yy, 2), TO 10 3TOH (popMYyJie BBIUHCJSAETCS MacCCa Tead.
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Koopa#HaTH LEHTpa TSNKECTH Xo, Yo, 2o TeAa V BHUUCAAIOTCS IO
dbopmyaam

Xo = %SSS o(x, y, Q)xdxdydz,
Vv

y":ﬁSSS“O(X' Y, 2)ydxdydz,
v

1

2= ‘“S o(x, y, 2)zdxdydz, tae M-—wmacca Teja.
1%

MoMeHTaMH HHEDUHH TeJa OTHOCHTEJbHO KOODIHHATHHIX MJOCKO-
creit XOY, YOZ nu ZOX Ha3bIBalOTCS COOTBETCTBEHHO HHTErpaJibl

o7xoy=§SSp(x, Y, 2)2*dx dydz, ayoz=§§§p(x, Y, 2)x*dx dyde,
14 14

e‘Yzox=SSXp(x. Yy, 2)y*dxdydz.
\%

Mowmenrtom HHEpUHUH TeJia V otHOCHTENIbLHO OCH [ Ba3hBaeTcs HHTErpan

J,:SSQ p(x, y, 2)r*dxdydz,

rjle r—paccTosiiHe MepeMeHHON TOYKH (X, y, 2) Teaa V  or ocu [,
p(x, y, 2) — nnotHocTh Tesa.

MowmerToM HHEPpLUHH TeJa V oTHOCHTeJbHO HayaJja KOOpAHHAT Ha-
3bIBACTCA HHTErpan

o= 5§§ p(x, y,2) (P +y?+2)dxdydz.

HbrotonoBeiv notenunanoM U tena V B touke P(x, y, 2) nHasu-
BAeTCs UHTEerpaJ

v={{{o@ n =0,

-

rae ¢ (x, Yy, 2)—IJIOTHOCTE Tena U r="T (E—x) |- (m—1)? | (7 .2}
MaTepHaanaﬂ TOYKa Macco#l m opuIarunpzer e 10 ¢ ('ff',"i()'u
F(X,Y, 2)

X=hkm --jﬂ =km sg pE M O ix dsdv it
« re

x J
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rd

yzkm%‘yf_zkmggfp@, 1, §) 2=L drdndg,

Z=km—§%=km55$p(§. v, §) 2= dednd,

r8

rje k — TOCTOSIHHASI 3aKOHA TATOTEHHS.
I[Tpumep. HaiineM KoopaHHATH LEHTPA THAXKECTH OJIHOPOXHOTO
TeJia, OrpaHHYEHHOr0 MOBEPXHOCTAMH

Btyr=z, x+y+2=0.

Pewmenne. Ilpoekuueit nanHoro tena Ha mnaockocts XOY sim-
asiercsa obnacre D : 2+ y2<—x—y, T. €. KPYT

x + L)z_l_ <y + L)2<L
( 2 2) S 9"
HOSTOMy B CHJy CHMMETDHH TeJia OTHOCHTEJbHO NJOCKOCTH X=Y HUMe-

eM Xo=Yg.
IHonoxum x=rcosg—1/2, y=rsing—I1/2. Macca aaunzoro Tesa

paBHa

om 1/ve t—r(cosp-+sing)
M=SSSpdxdydz=decp S dr-r S dz=
v 0 0 r3—r(cos@+-sing)-41/2
o 1/V?2
=p j do S r(l—r(cos@-+sin@)—r*+r(cosp-+sing)—1/2) dr =
0

0

v 1 B oA\ nVE  mp
— 1 — J T =10
—2npg<r r 2r)dr 2:1;9(4 4)0 8.

0

Janee
x0=y0=—1:4-SSprdxdydz=
1
2% 1/V2

=1 _ L eyar=L ___‘4)
Mdecp 5 r(rcoso 1/2)(2. r)_dr Mp2n( 5 X
0

1/Ve _
cor 3 ap  r? ,4) vz 1
—_— dr=———- e —— e = —
% 5 ( 2 ) M ( 4 4 /o 2"
0
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. on 1/ V2 1—r(cosp-+sing)
Z°=FSSSPdedde_ 5 S S r-zde=
r*—r(cosg4-sing)-1,2
2n 2
= §
n
[}

(1 —2r(cos @ 4sing) - r2-- —;~) (l ——rL—%) dr =

I

OL.’-;<

. on 1/vVe [ e 5
=214 —r(r+ — =2
u§q>§(r r(r+2>>dr e

Htak, KOOpAHHATH HEHTPa TAKECTH: Xo=Yo=—"/3, 20=>3/s.
[Tpumep. HafimeM Maccy ¥ MOMEHT WHEPUHH OXHODOJHOTO Tela,
OrpaHHYEHHOr0 MOBEPXHOCTAMH

4y?2=2z2 u x24+y’=22

OTHOCHTEJNbHO NpsiMofi x=0, 2=4,
Pemenue. Macca M Tesna paBHa

2n 2 r
szgggdxdydz——-p; d(pa(drrg/2 z_2npS( ~———) dr =

0 3

MowMmeHT nHepuuu J LaHHOTO TeJsa HalifeM Ho ¢opmyJae
J= S?S pridxdydez,
v

rie r — paccTosiHue OT TOYKH (¥, y, 2) Tena V po mpamoilt x=0, z=
=4, Ksajgpar 3T0ro paccrosiHus Haxciurcs no dopmyae r2=x24-
+ (z—4) 2, noatomy

g=0 SSS (4 (z—4)) dx dy dz =

r

2
2 Ane? —4)2dz =
(j S r(ricos® ¢+ (z2—4))*dz

re/2
2 \
(r—ays (,2“_4)3>

2

5
S r(r‘cosch—-%cosch—}—r —r
0

ll
OQ/‘;;

3 3

II
og/)g
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=0 S (——— r cosch——2— cosch—i—r——l—;)s——{—

f2 44 2
4(r——4){__< 2 ) do = 40mp

+ 4.3 2.3-4 3

lo

IIpumep. Hafizem HbloTOHOB morenuuana B touke P(0, 0, z), 2>
>R HeoaHOpPOAHOro Hiapa X2+ y?+22=R?, ecau NJOTHOCTL ero o (g,
n, §) mpomopuHoHaJbHa KBaApary pacctosHus Touku (E, m, §) 4o
naockoctH XOY, T. e. p=£kE2.

Pewenue. [loreunuan Hafizem no ¢popmyae

dE dn dt
ve. o, z)ZkS§S§2 VeinrCo2?

[Tepexonss B maHHOM HHTerpaje X c(hepHUeCKHM KOOpPAMHATaM, HMe-
eM

E=rcos@cosyp, N=rsingcosy, {=rsiny,
/2

R
E ¥ résin® cos dr _
U@©, 0, 2) kj‘ do; S/2d¢S Vricos? ¢ + (rsinp—a)? B
_n 0

R /2

=2nk5r4dr S sin? b d (sin )
» VrE—2arsiny - a®
-1,

Hanee waxonaum, nogaras f=siny, a sarem 2%—=r%-+a®>—2art

12 dt (r* 4 a2 —2%)% dz—
r? 4 a*— 2art S 4a3r®
= | @2 (P ) (@ P =) +
a'r
—1—((a+ r)? —(a—r)5)] I[r4+2r2a2—}-a4—
5 23 |

—= (3a2r2 +3at+ A+ )+ —— (5a‘ + 10a%* + r‘)]

4 2
— -+ S-at].
Rty

1 s 8 .. 4] 1
=—— |rt—d3ra | =
IO R

203r? 3 a
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CrieloBaresbHO,

R
_ amk 422_a_2_d_4nk(_2__g7_ @R\ _
U—agff(ls“fg)’ s w7t R )

(e

§ 4. HECOBCTBEHHDbIM KPATHbIH HHTEFPAJ

Onpeanenenue. [locnenoBarenbHOCTh XKOPAAHOBBIX MHOMKECTB
{D,}m=1, D, =R, mnasbiBaerci HcuepnaHHeM MHOxecTBa DR,
o0

eI Dy D,—...cDp,cD n U D, =D,

m==1
Onpenenenue 1. Ecau ¢ynxuus f:D—R HeuHterpupyema B
cMbicie Pumana Ha mHOXKectBe DcR”, HO aas qo6oro ucqepnaﬂmi
{D.,} muOxectBa D, ypoBaerBopsiomero ycaoBuio [e&R(Dn), cyue-
CTBYeT

lim gfdx (1)

m-»00 D

TO BeJUYHHA 2TOTO Iipenena o603Ha4YaeTcss CHUMBOJIOM dex, Ha3bl-

D
Baercsi HeCOOCTBEHHBIM HHTErpaJoM OT QYHKuMH [ mo mMHokecTBY D.

Toraa roBopsrt, uto 3ToT MHTerpa \ fdx cxoxutcs. Ecan cymectsyer
D

rakoe ucuepnauue {D,} MHOXecTBa D, uro mas qaoGoro m:feF(Dm),
HO mpeles He CYIIeCTBYeT, TO TOBOPST, YTo HHTerpaa \fdx pacxo-
D

JAUTCA.

Bmecro BbIpaxKeHHsI «HHTerpal S/‘dx CXOAUTCA» YNOTPebaA0T-
b

¢Sl Takhe: <HHTerpas Sf dx cylllecTByeT B HEeCOGCTBEHHOM CMBHICJIE»
D

M «byHKIuS [ uHTErpupyemMa B HeCOGCTBEHHOM CMEICTe Ha D».
3ameuanue l. Hto6u onpeneneHHe HecOGCTBEHHOrO HHTErpa-
Ja OnJo KOppeKTHHM, (opMabHO Haxo 6vuio Gul fo6aBuTh TpeGoBa-
HHe He3aBHCHMOCTH BeJIMUMHEI Ipefena oT BeGopa ucuepnauus {D.}.
Oxnako 310 TpeéoBaHHe H3JMHIIHEe, TaK KakK ecau AJs IBYX Hcueplna-

Huh {Dm} H {Dm} CYLIECTBYIOT HECOBNANAIOUIUE TIPeJebl

11m dex u lim Sfdx

Dl
m

TO Halaercsi Takoe ucuepnanue {D.}, aas Kortoporo npepea (1) ne
cyutectByet. s MATIOCTpALHK PACCMOTP UM
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IIpumep. HccnenyeM cxomumMoCTh uHHTErpaJsa Sgi dedy, rme
X

D={(x, y):x>1, —l<y<l}.
Pemenue. [TocnenoBarenbHOCTD

{Dn}, Dn={(x, ) : 1<x<m, —1<y< 1)
H TIOCJIeL0BATEJIbHOCTD
(D2}, DL=DLU{kx, p) : m<x<2m, O<Sy<<1}
(cM. puc. 37) ABASIOTCS HCUepNAHUSMU MHOXecTBa D
f(x, y)_— E%(Dm) uf(x,y) =~ e%(D ) Aas Joboro me N.

Ho

11m SS—dxdy='£i_{r;§—ii Slydy:O,
1 —1

2m 1
lim SS—y~dxdy=lim [SS-”—dxderS:“ijydy]:Lmz
m-—>oo f X m—»o0 X X v 2
D m

Ya .‘/‘P

T+ 1 ,
G5

01///////.'17

72 .
//////// mes

RY
5

Puc. 37

PasnauunMe 3ITHX TpeNeJOB yxke TOBOPHUT O TOM, UTO HHTErpaj
S.S'—y—dydx pacxonutcs. JleficTBHTeNLHO, BO3bMEM NOCJEN0BATENb~
X

HOCTb {Dm}:ng_1=D;h,D2k=D§k. OTa TNOCNe10BATEJbHOCTh  SIBJASA-
eTcsi HeuephaHueM D; [(x, y)=y/x=R(Dm) nna moboro meN u
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Tim (L drdy= lim Sg%dxdyzlim Sg%dxdy—:%ln&

m—>oo o X ko0 k—o00

Dm Dzh ng
lim SS dx dy =lim SS dx dy=lim jg-y—dxdy=0,
Moo ko0 k-0 X

Dm Dopa !

T. €. IpeJena NOCAeI0BAaTENbHOCTH SS dxdy He cyllecTByer.

3ameuanue 2. Ecau ana (byHKqu f:D—R, DcR", ue cymecr-
ByeT HHM ORHOro Takoro Hcuepnanusi {Dn,} MHoxkecTBa D, uT0o AJs Jio-
6oro m:feR(Dm), TO BOIpOC, CXOAHUTCSH HJIH PACXOAUTCS HHTErpPas

fdx, He HMeeT CMBICJIA; B TAaKHX CJaYUasiX NPHMEHHM TOJbBKO Tep-

MHH «QYHKIHS HEHHTerpHpyeMa B HeCOOGCTBEHHOM CMbicjie Ha Ds».

Ecnun {Dn} — takoe ucuepnanue muoxecrBa D, uro feH(D,) npas

ao6oro n, To MHOXecTBO M, Touek paspmBa ¢yukuuu [ Ha D, ectb
o

MHOXKeCTBO Meph HyJab. [lockonbry D= U D,, To MHOXecTBO TO-
n-=1

(o]
uek paspuBa [ Ha D ecth M= |J M,. Crenoatensno, M ecth MHO-
n=:1

3KEeCTBO MepH! HYJIb,

[TostoMy HeuHTerpupyemoctb no Pumany o¢yekuuu f ua D Mmo-
XeT ObiTb, KAK H B OJIHOMEPHOM CJyyae, OGyCJIOBJIeHa TOJbKO HBY-
Msi IDHYHHAMH: HJAH MHOXecTBO D He XXOpAaHOBO, B YaCTHOCTH HeEOr-
panuueHo, uan QyHkuns f HeorpaHuuena Ha D. OGe 3TH 0COGEHHOCTH
MOT'yT HMEeTb MECTO H OJHOBPEMEHHO.

Sameuanue 3. Econ f=& (D), to npenen cyuecrsyer Ajs Jio-
6oro ucuepnanus {D,} MHOXecTBa D u paBeH gfdx.

Taxum o6pasoM, NOHATHe HEeCOGCTBEHHOrO HHTErpaJja sBJAeTCS
o6o0ileHreM NOHATHSI MHTerpana Pumana.
MHoxecTBO GYHKUUH, HHTErpHpyeMblXx Ha D B cMbicie Pumana

UM B HecOOCTBEHHOM cMbicie, o6o3HaunM uepes £ (D). #(D) ectw
nHHelHOe npocTpancTeo M (GyHkuuonan @ (/)= \fdx suHeeH, 1. e.
D

Aas moOHX ABYX (QyHKUMH f,E??(D), fze@(D) H JIOOHX JBYX 4YHCEN
o, f uMeeM, UTO

ofy+8fs =B (O) 1 §(@f Bl dx=a§ Fde+p ( fa.
D D D

CpaBHuBas onpejesneHue KpaTHoro (n>2) W OJHOMEPHOro Heco6-
CTBEHHOI'0 HHTErpaJioB BHAHM, YTO B OJAHOMEDHOM cJyuyae 6epeTcn B
KayecTBe MHOxeciBa D TOJbKO NPOMEXYTOK M ucdyepnanue D mpous-
BOJIHTCSI TOMBKO [IPOMEXKYTKAMH. DTO CBSI3aHO C TeM, YTO B OZHOMEp-
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HOM IIpOoCTpaHCTBe (HA NpPAMOH) TOJNBKO OTPAaHHUEHHBIE NPOMENKYTKU
SIBAAIOTCH OTPaHHYEHHLIMH CBA3HBIMH MHOXECTBAMY H T€M CAMBIM €C-
TECTBEHHO BLIZENAIOTCS U3 OCTAJbHHX KOPAAHOBBLIX MHOXecTB. BEHI-
Jlenenne BGosiee y3KOro Kjacca HcYepnaHui NPHBOAUT B OJHOMEPHOM
cjydae K 6oJsiee LIHPOKOMY Kjaccy (YHKUMH, WHTErPHPYEMHBIX B He-
CcOOCTBEHHOM CMBICJIE, HMEHHO MOSIBJSETCSl IOHSITHE YCJOBHO CXOHSI-
Lerocsi UHTErpaJa.

B MHoromepHoMm ke ciayuae (n>2) HMeeT MeCTo

Teopema Ecau nas ¢dyuxuuu f:D—R, DcR® (n>2) cxopurcs

HHTErpaJ \fdx TO CXOQMTCS H HHTErpas Y | fldx.

CMEICH 3TOH TEOPEMH B TOM, YTO B f1- MepHOM (n>2) npocrpan-
CTBe NOHSATHE CXOAHMOCTH H aGCOJIOTHOH CXOAUMOCTH HeCOGCTBEHHO-
ro HHTerpaja COBNAJAIOT, T. €. OTCYTCTBYeT MOHATHE YCJOBHOH CXO-
JUMOCTH.

B onmHoMepHOM ciayuae cHoOpMynupPOBAHHAS TeOpeMa  BHIMVISAHT
TaK. .

ITycrs ¢ynruus f:D—~R, DcR u nocaenoBarenbHocts {Dm} xop-
JaHOBBIX MHOXKECTB YAOBJETBOPSAIOT YCJAOBHAM:

l. feR(D,,) aas mocoro m e= N;

2. D,cD,—=...=D,=...<D, \UD,=D
n=1

Ecau mna mob6oit Tako#t nocnenosarenbHoctd {D.} cywecrByer mpe-
xen lim Sfdx, TO cyuiecTByer M mpefes lim \|f|dx.

4o
Hrak, 06paTuM BHHMaHHE Ha TO, 4YTO CHUMBOJI 5 f (x)dx umeer
a

ABAa pasHBIX OIpeAEJeHHA!

Jim K f () dx

—>°0a

lim S F(x)dx
n~—>o00 Dn

rae D ucyepmanuc ayva [a, - coj.

UroOB NOSCHHTL PAsHBIY MEXIY HCUeDHAmieM 5Yua . ponMeKyT-
KaMu H UDOHU3BONbHBIMH HKOPJNAHOBBIMM MHDKCCTRAMY, DACCMOTDHM
CNnenynImi

[Ipumep. Ilycts

I/n, xe=[n—1, n—1/2),
Iin, xe=[n—1/2, n), n<N.

fo={ "
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Torpa gas B>0 umeeM, uTO
LB}

1
j'f(x ) dx = Sf(x dx+5 £ x)dx—0+_\f(x) < T
EBj 93]
CJe0BaTEJbHO,
B
lim dex 0,
B—>oo i

_{,

T. €. HHTerpan K f (x)dx cxomurcs. C Opyro#i CTOpOHHI, TaK Kak Psj

0
oo

Ei PacXoJHMTCs, TO CYIIeCTBYyeT CTPOTO BO3pacTaiollash MOCJeJOBATEe/b-
n=1 "
HOCTb IlesBlX yucena p(m), Takas, 4TO
p(m+1)
p(l)=0 u 2 —k~>m.
=p(m)+1
Tlomoxum
p(2)

D, = { [k—1, k—1/2],
k:

p(3)
Dy=[0, p@IU(_U)  [e—1, k—172]), ...,

p(m+1)

Dp=[0, p(mIU(_UJ  [e—1, k—1/2]).

Torpa ana aw6oro meN mMHOXKecTBO D XKOPHAHOBO KaK OObenrHe-
HHEe KOHEeYHOro 4vuciaa orpeskoB, Dp_,[0, p(m)]=Dn,. CnenoBarennb-
HO, {Dn} ectb ucuepnanue ayya D=[0, +o00). Tak kak

pim) p(m+4-1) k—1/2

(Twac=( r@at ), ( Fewae=
o o
D, 0 k=p(m)+1k—1
p(r{_—H) 1
i ". m
=0t ) kT
k=p(m)--1

TO HOCJEL0BATENbHOCTD Sf(,\') dx pacxomurTcsl.
Dm
Hockoanry i MnoroMepHOro Caydasi HMeeT CMBICT TOJbKO ab-
COJIIOTHASI CXOLUMOCTb HeCcOOCTBEHHOrO HHTerpaJja, TO BCe AaJjbHe#-
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mige CBOHCTBA 3TOTO HHTErpasna (GOpMyJHPYIOTCA AJsI HEOTPHILATENb-
HuX QyHRuui f:D—R+, DcR" (n>2).

Teopema. Ecau f:D—R*, DcR", To H3 CyIeCTBOBaHHS npeje-
Jaa pas oaHoro Hcuepnanusi {Dn} MHOXecTBa D caexyer ero cyuiecr-
BOBaHHe AJas JO60ro JAPYroro HcuepnaHHus, T. €. CXOAHMOCTb HHTe-
rpanaa

Sfdx.
D

TeopeMa cpaBHeHHMs (MaXODaHTHBIH NPH3HAK CXOJMMOCTH
HecoGcTBenHoro uHterpaga). Ecau oyukmuu f:D—R+, g:D—~R+, D=
R uHTErpHpPYeMH Ha OLHHX M TeX e KOPLAHOBHX TOJMHOXeECT-

Bax D u f(x) <g(x), xD, 10 3 CX0AUMOCTH HHTErpaJa xgdx cae-
D

JlyeT CXOJHMOCTb HHTerpaja Sfdx.
D

ITp umep. Hcenenyem cxoaumocts uHTErpana

SS S (= : y’y:z)’)” dxdy dz,
rape
D={(x, y, 2): 2+ y*+2*>1}
(x, =D, feCD), 0OSM, <[ (%, ¥, ISM
Pemenmne. ITockonbky
M, 3 1f (%, 9, 2)| < M, ,
(R+y+ Z’)” (B+Bp+22)P " (PP
TO PacCMaTPHBaeMBIH WHTErpaj CXONHTCS HIH DPAaCXOAHTCH OXHOBpe-

dx dy dz
MEHHO C HHTerpaJom ‘ S —_—
(£ + 42 4 2%)P

HocTh {Dn}, Dm={(x, y, 2):1<x2+y?+ 22<m? siBAsieTCs HCYEPNaHH-
eMm MHoxectBa D. Ilepexoxss K cdepuuyeckKHM KoopAuHaTaM, mojyua-
eM, 4TO

_ dxdydz ¢ dr
SSI (24 g3+ )P qu) S COStlellJS P2 4HS ree—2 e
1

_n/

ITocaenoBarenb-

cJie1oBaTeJdbHO,
¢ 4 Nl
lim _ _dxdydz i 4nS———2 '2 =4nS o :2
m-»oc0 (x“‘+y"’+22) m—»oo : ref— 1 reP

OTKyJla TOJIyYaeM, YTO pacCMaTpPHBAaeMbiii HHTerpas CXOLMTCS npu p>
>3/2 u pacxoputcs npH p<3/2.
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I[Tpumep. Hecneayem cxomumocTs HHTErpana

S f(x, y)dxdy
(2 +ytP 7

riae

D={(x, ) : 0<®+ << 1} u pyia yoboro x=D, 0 <M, <<
<If(x, y, 2I<M, f=C (D).

Pewenue Tak XKe, Kak H B NpPeAWAYLUIEM [pHMepe, N0JdyyaeM,
9TO paccMaTpHBaeMbili HHTerpaJjl CXOAHTCS HJH PaCXOAUTCHA OJHOBpe-

dxdy
MEHHO C HHTerpaJjiom —_— .
(224 y)P
D

IocaenoBarempHocts D, = {(x, Y, 2): —12— <B4y 1} fB-
m

JISIETCA HCYepllaHHeM MHOXKeCTBa D. Hepexozm K HNOJIAPHBIM KOOpAH-
HAaTaM, NoJjsiyyaeM, 4To

”(dxdyy')p 5 S e _2“S =

1/m

CanenoBaTtesbHoO,

1 1
. __dxdy : dr dr
,,1,1_2, SS (x2 + yﬂ)p "lan;lo 2n S r2p—1 - QRS f?p—l ’
i/m [{]

OTKyZAa NOoJyuaeM, YTO PaCCMaTpHBaeMHiH HHTerpaj CXOAMTCHA IpH

p<l u pacxomurcs npu p>1.

TeopeMa o3aMeHe NepeMEeHHBX B HECOGCTBEHHOM
unterpaane. Ilyctb muoxectsa D cR* D,cR"” u orobpaxenue
@:D,—D, ynoBNeTBOPSIOT YCJIOBHAM:

1. MuoxecrBa D, u Dy OTKpHITHE.

2. Cymecrsylor MHOXecTBa S; H Sy MepH HyJIb TaKHe, 4TO MHOXKe-
crBa Dy N\ S; u D; \S, — orkpHtHe H ¢:D;\ S;=D, \S; —
nudpdeomoppusM.

Torpa pas moboft QyHKIHH f:D2—+R‘: H3 CXOAHMMOCTH HHTerpaJa

\ fdx cnenyer cxonmmoctb HHTerpana Sf(cp ®)19’ (t)|dt u pasen-
Dy

CTBO BeJHYHH 000HX HHTErpaJios.

IIpamenp. HsuneM yC/JIOBHe Ha NapaMeTpH p H ¢, OPH KOTOPOM
x dy

HHTErpana SS——)—————, riae
Ix1” 41917

D={(x, y) : 0<|x] + JyI<< 1}
CXOAHTCH.
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Pemenue. B cuny cuMMerpuH MHOoXectBa D M YeTHOCTH NOABIH-
TerpajbHOH (YHKIMH KaK IO X, TaK U NO Y CXOAMMOCTb AAHHOrO HH-

dx d

Terpa.na 3KBHUBAJEHTHA CXOAHUMOCTH HHTeraJla SSTl_px—}-—!f—q’ rae
x yi
1
={x, y) :0<]x| + |yl<]1, x>0, y>0}.
Ecnu xorsl 6bl 0ZHO H3 UHCEN p H ¢ HENOJOXKHTEJNbHO, TO HYHKIHS
1
I (x, y):w HenpephiBHA M OrpaHHYeHa Ha XXOPAAHOBOM
X I}

MHOXecTBe Dj, caefoBaTesNbHO, HHTerpupyema B cMbicie Pumana Ha

D,; mostoMy 6yaeM paccMaTpHBaTb JaHHBIA HMHTErpajJ mpH YCJo-

Bun p>0, ¢>0. Oasa mobofi taxkoll maps (p, g) CYLECTBYET YHCIO

a>0, Taxoe, yto KpuBay |x|?+ |y|9=a nexur B MHOKecTBe D.
Ilyctb

D={(x, ) Ix|”+1yl"<a, x>0, y=>0},
1aK Kak jas (x, y) e D, \ D

[x1P+1y|"=>a
TO (pyHKLIHUA
1
X, Y)=——m——or
Hx g) 1217 4 1y

uHTerpupyemMa B cMbicne Pumana ma D,\D, caegoBarenbHo, CXojaH-
MOCTB paCCManHBaeMOI‘O HHTerpasa 3KBHBaJIeHTHa CXOXHMOCTH HH-

Terpana SS xp+y4 .

1/p

Hepexo;m K TNEepeMEHHbIM 7, ¢ N0 (opMy/aM x = (r cos® ) y=
=(r sin? ¢)'”?, monyuaem, uto
Sj dx dy! . _..2_ SS cosg2/r—1 P sin2/4—1 q;rl/ﬂ‘}'l/‘l—? d(p dr,
Ex*+y?  pq
rie

G={r, 9): 0<p<<m/2, 0L r<Ca}.
[Tocnenoparenpnocts {Gp},
G,={(r, 9): 12n<o<<n/2—1/2n, a2n<r<a},

SAIBJSACTCA HCUEpIIaHHEeM MHOXKeCTBa G. Tak kak

Sj cos?/P—1 @sin?/a—1 @ ri/PT1/4=2 dodr=
n
n/2—1/2n a
cos¥/e—1 g sin/4—1 ¢ do ) ri/o+1/0=2 dr

1/2n a/2n

I
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TO

lim SS cos?/P—1 @ sin?/d—1 @ r1/P+/9=2 do dr =
n—»oo
n
2 e
= { cost/o—1 g sinz/e—1 dg) \ 1ot 112 g,
0 b

IlepBBlll COMHOXKUTE/D SBJSIETCA CXOAALIMMCS HHTErpasoM NJist JM060#
napk (p, q), p>0, ¢>0. Ilna BTOporo COMHOXHUTe/Is1 HEOOXOAUMBIM H
JOCTATOUHBIM YCJIOBHEM CXOJHUMOCTH SBJISIETCS BBINOJIHEHHE HEpaBeH-

crBa 1/p+1/g—2>—1 (p>0, ¢>0). Urak, unrerpan Sg?%?
D

cxoaurcss Ags napu (p, g), ecau min(p, ¢) <0, uwmn 1l/p+1/g>1, u
pacxoaures, ecau 1/p+1/g<l u min(p, q)>0.

[loBTOpHBIA HETErpan de S f{x, y)dy HasmBaercs CXOASIIHM-
M M(x)

Csl, ecld HHTerpalg > f(x, Y)dy cxonurca ans Bcex xe&M\E, rne
x)

EcM — MHOXeCTBO MepHl HYJb, H CXOJAUTCS HHTErpaJ S(D (x)dx, rne

M
f(xv !/)dy, xe= M\ E;
D (x)= 1 mln
0 , x=E.
CxoZuMocTb TNOBTOPHOTO HHTETpajia -— 3TO CYLIeCTBOBaHHe IMpenena

lim SS f(x, yydxdy no Hekoropomy wucuepnanuio {D,} mHOXKecTBa
n-—>c0 Dn

D={x, y): x=M, y=M\x)}.

Teopema (cBeieHne HeCOGCTBEHHOrO KPAaTHOroO HHTerpaJja K Io-
sTopHoMmy). Ilycte

D={(x, y):x=M, ye M)} u [, =0, (r, y =D.

Torza cooTHOLIeHUe

i paray=Sax § v, ay @)

D M M(x)

CIpaBeJUIHBO B TOM CMEBICJe, YTO JHGO KPATHBIH W IOBTOPHBIH HHTe-
rpajibli OMHOBDEMEHHO pAacXoAaTcdA, JHOO OJHOBPEMEHHO CXOAATCH H
PaBHHl 1[I0 BeJIMYHHE.

Hrax, nna HeotpHuaTeJbHOH (YHKUHH Nepexol OT KPaTHOTO MHTe-
rpajia K DOBTOPHOMY JaeT BO3MOXKHOCTb HJIM BBIYHCJHTb KPATHHIH HH-
TerpaJ, HjiH yCTaHOBUTb ero pacXOAHMOCTb.
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HpuMep. Buiuncaum uau YCTaHOBHM pacxoAMMOCTb HHTerpasa

o ot pcacms m et
Vit (49 :

Pemenne. ®ysxuna f(x, y)=y/Vy+4® (£* + y?) HeoTpHuarensa
Ha MHOXeerBe D. B cuny npeabifynieii TeopeMbl

S S ydxdy =§ ydy +§° dr

Vite @iy ViTE 3 At

= S————y L arctg X +°°dy=S——————ndy =
J V@ v Yl © VYT s

Sl )= ()

Vitak, wnTerpan SS ydxdy CXOJMTCS H paBeH V5 (—l—) .
ViF o (2 +¢7) 2 4

Mpumep. BbmncnnM HJH YCTAHOBHUM DaCXOJHMMOCTb HHTErpasa
SSS dxdydz
(2 4 ) (2 + 2) (g2 + 2%)

D {(x, y, 2) 1 24+ y> <22, z>0}

Pemenune Pyukuusa f(x, y, 2) HeOTPHIATeJbHA HA MHOXKeECTBE
D. B cuny TeopeMu

S 3‘ S dxdydz — OSQ dz SS dxdy
(22 4 42) (22 4 22) (5 + 22) () (2 ) (4 2)

rre D,={(x, y) : x* + 4y <<%}, ¥ TaK KaKk HHTerpa.

dxdy —( do dr
.DS (2 + ) (£* + 2%) (v +2°) S (S’ (22 +r? cos® @) (2% + r¥ sin ¢)
0
2

pacxopurcs, TO, CTJE€AOBaTesIbHO, PAacXOIHTCA H HHTErpas

SSS dxdydz

(x4 y?) (22 4 2%) (92 + 2°)

Ecnu ¢ynkuus f(x, y) Ha MHOxecTBe D He coxpaHseT 3HaKa, TO
PacxXoAMMOCTb TOBTOPHOTO MWHTerpajia B COOTHOLIEHHH (2) MOKasH-
BaeT, YTO ¥ KPaTHLIf HHTErpaj pacXoAHTCH, a CXOAHMOCTh NMOBTOPHO-
ro HOKa3blBaeT TOJABKO TO, YTO B CJlyyae CXOAHUMOCTH KPatHOro HHTe-
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rpaja ero BeJHYHHa paBHa noBTopHoMy. IlosTomy B Takom cayuae
Heo6X0AHUMO y6eauThCcss B CXOAMMOCTH KpaTHoro uHrterpana. Ham6o-
Jiee TIPOCTHM H PaCIpOCTPAHEHHBIM METOJO0M /Jisl 3TOTO SIBJISIeTCs pac-
CMOTpEHHe HHTerpajia S]f(x, y)|dxdy B cuny SKBHUBaJEHTHOCTH CXO-
D

JIHMOCTH KDaTHOTO HHTerpaja H aGCo/oTHOH ero cxozumocTu. Cxo-
JUMOCTb HHTErpaja oT HeoTpuuarenbHoil dyukuuu |f(x, y)| uccre-
AyeTcsl WM CBeAeHHeM K IIOBTOPHOMY, KaK OBIIO PacCMOTPEHO BHINIE,
MM OpDHMEHEHHEeM MaXKOpaHTHOrO IpH3HaKa.

[Tpumep. Hccaenyem cxoanmMocTb HHTErpana VS cos(x+Y) g

oy
rhe
D={(x, y): x+y>1}.

Pemenue. Caenaem moBopoT ocedl KOOPAHHAT TaK, YTOOH KOCH-
Hyc cran ¢QyHKHMeH OAHOrO apryMmeHTa; a HMEHHO, TOJIOXHM

x+y=uV2, x—y=0v)Y2. Tak Kak NOBOPOT — H3OMETPHUECKOE
npeoGpasoBaHHe MJIOCKOCTH H CyMMa KBaADATOB KOOPAHHAT sIBASeT-
Csl HHBAPHAHTOM 3TOTO Npeo6pasoBaHHs, TO

oS (X +Y) 4 g cos (V2 u)
SS o) dxdy = ig gy dudv,

rie

Dy={u, v): u>1/)/2, —oo<<v<+ o0}

I/Iﬂrerpa.u S.S M CXOAHTCSE HJIM PaCXOAHTCA OAHOBPEMEHHO G

(u? +o*)P
[’mrerpanoml
Jcos V2 u| .
SS Y dudv = S' ‘cosv2u] S (u’-}—v’)” .

v

Jenas B uuterpae

+o0
du
S (@* 4 0%)?

3aMmeHy v=uitg {, noaydaem, 4To

~+o0 d 1 a2
v
= cos?P—2 {dt.
5 @y el f
—c0 —n/2
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DTOT HHTErpasJ CXOJHTCH TOrAa H TOJNBKO TOTAa, Korga 2—2p<<l, T. e.
p>1/2, u paBen npu srom ycaosuu K(p)/u?r—1, Urak, naa p<<1/2 uc-
XOIHHIH HHTErpaa pacxoiurcs, a ajas p>1/2 umeeM, uto

S’S ]cosyf2 ul dudo = K (p) S ]coszgul du,

(w2 4 0)P _
1/V2

/2
K{p) = jl cos??—2¢ dt.
—/2

SToT MHTErpaJ CXOAMTCS TOFAA W TOJBKO Toria, xorma 2p—I1>1,
T. e. p>1.

Hrak, unTerpai Sj‘z—oz—(fi;)—y%dxdy CXOZHTCH MPH p >>1 H pacXomuT-
Y
D

ca npu p<Cl.
3ameuanne 1. O6paTure BHHMaHHe Ha TO, YTO NOBTODHH HH-
Terpasn

K 5 " do ¢ cos cos (VT u)
j cos (V2 u) duS ey S g K(p)du
v —o vve

cxopuress npu p>1/2, Ho npu 1/2<p<1 uHTerpan

S‘o cos (V2 u) K()

u2o—1
yve

CXOIHTCS YCJOBHO. 31eChb ONATb HIpaeT poJb OTCYTCTBHE YCJIOBHOH
CXOJHMOCTH B N-KPaTHOM (n>2) HeCOOCTBEHHOM HHTerparne.
3ameuanue 2. ¥YTBepKIeHHEe, YTO pacCMaTpHBAeMBbIH HHTErpa
CXOAHTCA NPHU p>1, MOXKHO IONYUHThb, HCIOJb3Ys] MaXKOPAHTHHE NpH-
| cos (x + )| dxdy

3HAK: T < TR a HHTerpasa 5;5—(72:—;2—)—"— ¢Xo-

autcst mpd p>1 (cm. Boite), Ho Takum o6pa3oMm Hesb3st NPOBEPHTH,
YTO 3TOT MHTerpaJ pacxoiurcsi Aasl p<1. MaxxopaHTHHH NpU3HAK B
J@HHOM CJiydae JaeT TOJbKO [OCTATOYHOE YCJOBHE CXOJHMOCTH MHH-
Terpasna.

I[Tpumep. Boluncaum uau yCTaHOBHM DPacXOLHMOCTb HMHTErpaJsioB

a) SS 2=V gxdy; o) ( S—_dedy,

rjae
D={x, y) : x+y>1, x>0, y=>0}.
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Pemenue. [NocaesoBareJbHOCTD

D,={x, py) :x+y>1, 0<x<<n, O<y<n}
ABJdeTCs HcuepliaHHeM MHoxectBa D. Tak Kak MHoxectBa D, cum-
METPHUYHBI OTHOCHTENIbHO TPSIMOH y=x, a NMOIBHTErpasbHbe GYHKIHR

KaK B NepBOM, TaK H BO BTOPOM HHTErpaJge MEHAIT 3HAK IIpH nepe-
CTAaHOBKe MeCTaMH lepeMeHHbIX X H Y, TO

—y _ (0 x—y
SS 2+ gt dxdy = SS x4yt dxdy =0

H, cJeaoBaTeJIbHO, €CJIH IlaHHblﬁ HHTerpaJ CXOAHUTCHA, TO OH paB€H HY-
awo, Hrak, guas pewieHHst 3ajaud OCTAJOCh HCCJIeN0BaTh CXOAHUMOCTH
HHTErpaJoB

971=S Iz+y2l dxdy u &/, = &f' Jldxdy
D

B cuny yKasasHO#H BHIIlE CUMMETPHH HMEEM, 4TO
e/1=255 “ry” dxdy, 0'72=2SS 4+y4 dxdy,

rue
Di={x, y):x+y>1, x>0, 0<y<x}.
Tak kak noaeiHterpa/jbHble GYHKIUH B OGOHX HHTErpajnax Hempe-

PHIBHBI NpH (X, y)=D;, TO CXOAUMOCTb 3THX MHTETPAaJOB KBHBAJEHT-
Ha COOTBETCTBEHHO CXOAHMOCTH HHTErpaJioB

ﬁ" Ly =& n js—ﬁi’-‘—dmy I,
D

rae
Dy={x, y) : *+y*>1, x>0, 0<y<<x}.

HepeXOI(H K NOJIsIpPHBIM KOOpJAHHATaM, rnoJyuyaeMm, 4TO
/4

071—5 (cos p—sin @) dcpS'dr

— HHTerpaJ pacxOiuTcH,

/4 0

0,7 S _cos@Q—sing dcpj‘d_r

cos® @ + sint¢g r2

— HHTEerpaj CXOAHTCH.
X =
Hrak, unrerpan YS
L3 xz
D

y2 dxdy pacxomutcsi, a uHTerpan Sj =9 dxdy
Y

x4yt
CXOIHUTCA U paBEH HYJIIO,
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[Tpumep. Beuncaum nin ycraHOBHM PacXOLHMOCTb HHTErpasa
5 “ (sin x) e=*"w*+2) dxdydz,
PR

rIe
D={x, y, 2): x>0, y>0, 2>0}.

Pemenune PaccmorpuM MOBTOPHBI MHTErpaJ

~+oo ~o00 /2 0o
S sin xdx e+ dydz = g sinxdx Q do Se“x”’ rdr.
0 y>0,2>0 0 0 0
e e
Wurerpan S de Se—"”’ rdr cxoaurcs nas Beex x>0 u paBeH m/4x?, a
b 0

o0
T sinx
HHTErpan | — ——
4 x2
0
pacxozurcs,

IIpumep. Briuucnum uau ycTaHOBMM DacXOAMMOCTb HHTErpaJja
S;S cos (X + y—2) e~ ' +4*+2" dxdydz,

dx pacxoautcsa. Wrak, paccmarpuBaeMblii HHTErpal

THe
D={(x,y,2): —o0o <x <<+ 00, —00 <Y< + 0, — 00 <2< + 0}

Pemenue. Haunem ¢ mpoBepKH CXOAHMOCTH 3TOrO HHTerpana.
‘Tak xak

| cos (x -+ y— z) g— (x*+yt+2%) l < e—(xtHyttar)

H HHTerpan

K 5 S e~ (02 dxdydz — 2Sn do HSQ cos Ydy of e ridr
) ) —2 0

€CXOAUTCA, TO CXOAUTCHA HHTErpaJ

S S'S €os (x + y—2) e~ +0*+2*) dxdydz.
D

CresnaeM NOBOPOT KOOPAHHATHBIX OCefi TaK, YTOGH KOCHHYC 3aBH-
ceJl TOJIbKO OT ORHOrO HepeMeHHoro, T. €. ocb OU Gepercs mepneHiH-
KYJSIPHO K IJIOCKOCTH x+Yy—2=0, a ocu OV u OW Gepytcst mo uito-
601 Tape OPTOrOHAJILHBIX BEKTOPOB B IJIOCKOCTH X+ y—2=0. Tak KaK
TOBOPOT KOOPJAHHAT — H30MeTpHUecKoe Mpeo6pa3oBaHHe NPOCTPAHCT-

Ba H CyMMa KBajJpaToB KOOpAMHAT SIBJAETCS HHBADHAHTOM 3TOro Ipe-
-06pasoBaHus, TO

126



S§ S €os (x + y—2) e~ "2 dydydz =
= S;S cos (u V'3 )e—w+v+v dudvdw.

I'Iepexo,na K OBTOPHOMY HHTErpaJay, nojydaem, 4ro

(¢ V'3) e~ +v4om gudydy =
y}ig Cos \u e~ uavaw

+o0 2n oo
= ( cos(uV3)e (do Serdr=
)

—0

= 2n S cos(uV3)ew=n)n e34
0

3AJJAUH **

§ 1. PaccTaHoBKa mpejesioB HHTErPHPOBAHHS B JBOHHOM
HHTEerpaJe ¥ ero BbIYHCJIEHHE

B craeayromux 3agauax B ABOHHOM HHTerpale ng(x, y) dxdy,

rie ¢yHkuus f(x, y) HenpepniBHa B o6sacTH D, paccTaBHTh Npelesn:
HHTerPUPOBAHHA B TOM H B JAPYroM HOps/AKe Jisl YKa3aHHHX 3aMK-
HyThXx obusactet D (mox D Bcerna Gyzer mojpa3yMeBaThCs OFpaHH-
yeHHas CBSI3HAsl KOMIOHeHTa MHOXectBa {(x, ¥) @ @;(x, y) >0, i=1,

2, ..., n} eCJIH ycsioBHe Ha D 3a1aHo B Buje
¢ (x, y) =0, i=1, 2, ..., n
1. D—rpeyroapuuk ¢ Bepuusamu O (0, 0), A(0, 1), B(l, 0).
2. D—rpeyrompuuk ¢ Bepumzamu O (0, 0), A(1, 1), B{l, —1).
3. D={(x, y): x2+yr<xl)
4. D={(x, y): X+y>1, 0<<y<], 0 << 1)
5. D={(x, »): x|+ Iyl <1}
6. D={(x, y): P+ >2x+2y—1, 0<x<!, 0Ty <Ly,

—+-00

—ax

2
* BeanunHna HHTerpanag e cos bxdx wpaxomurcs MerToAOM AuddepeHunHpo--
.

0
BaHHs MO MapaMerpy.
** Bce GykBeHHBlE MapaMeTpPHl B AaJbHEHLIEM CYHTAIOTCS IOJOMKHTENbHBIMH.
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7. D={x, y): 2+ y*>2x+2y—1, 1<<x<L2, 0Cy <1}
8. D={(x, y): 0<y<<l/x, y=9, x>0, y—2x <0, y—1/2x > 0}.
9. D={(x, y) g y<—2—x2+-§—}.

10. D= {(x, Y)Yy = X8 y<—;—*x2—{—~l—, y}—xz-i———;—, x}O}.

2
1. D={(x, y): 2+ y*=1, x—22+>1, (x—2*+@y—2>1,
4+ y—27 =1}
12. D= {(x, ) : ¥+ y*<4a®, (x—aP+y2>=a?, (x+a)’+y*=>a?

13. D={x, y): 2+ 2y* << 8a? x*—y*>>2a%, M(2a, O)=D.
14. D={(x, y) : x>+ 2y2 << 16a® x*—y?<a?}.

15. D orpanuuena juHusmMu 2x =sinym, y=(14-x)? y=0.
16. D orpaHuueHa JHHHUAMH X == COS 1Y, y2»-—i-——x=0.

17. D orpanuuena aunusmd x = |y|, y*=4(x—1), M(1/2, O)=D.

18. D orpandueHa gauuusMu y= |x|—1, y=cos (nx/2).

19. D orpanuuena muHuamu (x— 1P +(y—1p2=1, 2+y=1, y=0.

20 D={(x, §) : #+ * < a?, (x—aP+(y—aP <),

21. D={(x, y) 1 x—y—1<<0, x+y—1<0, y*<<2x+1}.

22. D={(x, y) : (x+12+2>1, x—124+y2>1, 0<<y<1}

23. D={(x, y): ¥+ >=a? y*<<a¥—ax/2}.

24. D={(x, y): P*<x+2, y=4x.

25. D={(x, y) : (x+ 1P+ —1)>1, x+y—1<0, y=>0}.

26. D={(x, y): 2+ <1, x+y—1<0, y=>0}.

27. D={(x, y): ¥+ *< |, x+y—1<0, x+-y+1=>0}

28. D={(x, y): —x <2y <x, ¥—y*<1}.

29. D={(x, y): 2+’ <1, (x+1P+(y—1P=1, y=0}

30. D={(r, y) 1 *<<2x—4, Yy > 4x+4}).

[TepeMeHuTh NMOPSAOK HHTETPHPOBAHUS B CJAEAYIOWIMX HHTErpa:
Jax: o ? o

31. degf(x, y)dy. 32. de \ f(x, y)dy.

o 6 ¥ oo1n
2
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33.

35.

317.

39.

41.

43.

44.

45.

46.

48.

50.

52,

54.

6 x—1 ? 4—y2
de K f(x, y)dy. 34. de S' f(x, y)dx.
0 2076—1 ¢ 4292
i Xt 1 2y— yt
degf(x, y)dy. 36. de S f(x, y)dx.
0 x ) by
1 cos (ny/2) 2 (x—;l)'
de g f(x, y)dx. 38. {dx 3 F(x, y)dy.
0  _1+vVy 0o 8
2 x+2 2 3‘{’;“
S dx § f(x, y)dy. 40. gdx \ o F gy,
—1 xt 0 Vax—xt
1 2+ Vi—by—yt 1 V3iz e
gdy ik pax 42. de Q f(x, y)dx.
=7 e VTG v ——.y'
2
gd” fx y)dx+§dy§ Fx, 9)dr.
= T
7 3 9 10—y
§dy§ f(x, y dx+7§dy WAL
8/y 9y
Y32 Viey 0 Vi
§oay  7epdet § dy § fix, g)ar
b P —V32 ~y
2 Igl—xi e 2a¥/(a}-x?)
j'dx j f(x, y)dy. 47. B dx 5 f(x, y)dy.
0 (=D —a e arctg |-
9 a
5m/4 Sll’.lx } 3—2y
de \ f(x, y)dy. 49. de ( fx, ydx
/4 cos x 0 1;;‘
n sinx ¥ 25—y*
(ax § 7(x o)y, 51. gdy \ Fix par.
0 0 Vo=
a V2ax—x* a at+ Vai—xt
f dx S f(x, y)dy. 53. de K [ (x, y)dy.
a/2 0 ¢ Ve
a/2 Vaizg Va—g
Vag (1 Dt | dy j fx, g)de
0 Va’—‘—ﬂay a/2

129



a a—Va—gp a 2

55. fay  §  Feogax+fay § fe gart

0 ¥/4a O apvaTE
a V2 2a
g S X, yydx.
a y2/4a

Briuncauts HHTErpaJnl:

2 4 1 2 2
56. a)de ¥ __, 57. a)jdxg x|
. (x-+9) 5 1+ 42
4 2 2
6 deS . deg XY
) +y)2 % 1442
3 1 0
1 —x
58. de Xy . 59. de j xydy.
g (a2 A

G&wameDﬂwwwm+m<w

61. jgxﬂdxdy, rae D={(x, y): |x| + |y|<1}.

62. \S‘S xydxdy, rae obsactb D orpaHHYeHa OCSAMH KOODJHHAT M KpH-
BO# x =acos?t, y=asin®f, 0 <t < m/2.
63. SS([x]—}—[y]) dxdy, rae obaacte D ecTb KBazpaT € BepUIHHAMM
? 0, 0), A0, 2), B2, 0), C(2, 2).
64. 5'5 sgn (x2+ y*—4) dxdy, rae D={(x, y) : x2+ 12 << 9}.
D

65. ’[Sle—yzl dXdy, rae D:{(x, y): Iyl<1, O<x<2}
D

66. S‘S[xz-l'_lﬁ]dxdy, rie D={(x, y):x+y<<3, x=0, y=0}.
D

B nBoiiHoM uHTerpaie “. f(x, y)dxdy nepeiiTh X TOJAPHEIM KOOpAH-
D

HaTtaMm r H @, noJarass x =r cos @, y:rsin ¢, H 3amucarb HHTErpaa B BHAC
Qg 72(@)

do \ g(r, @)dr.

¢y (o)
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67.
68.
69.
70.
71.
72.
73.
74.
75.
76.

77.

78.
79.
80.
81.
82.

D={(x, y): *+ y? << a?.

D={x, y): *+y*<<a? y=0}.

D={(x, y): X+ y*<a® y<O}.

D={(x, §) : #+y* <ax}.

D={x, y): 2+ y*<ay}.

D={(x, y): X+ 2 <1, ¥*+(y—1/2* = 1/4}.

D — tpeyroasHuk ¢ sepumaamu O (0, 0), A(1, 0), B(0, 1).

D — tpeyronpuuk ¢ BepumHame O (0, 0), A(1, 1), B(—1, 1).
D — tpeyrosibhuk ¢ Bepumnamu O (0, 0), A(1,0), B(1,1).

D — xsagpar ¢ sepmunamu O (0, 0), A0, 1), B(1, 0), C(, 1).

D={(x, P+, y—2x <0, y——;— x>0, x> 0}.

D={x, y): x—1P+¢*<1, 2+ (y—1)’<1}.

D={(x, y): (x—1P+* <1, 0<x <1}

D={(x, ): (x— 1P+ <1, 1<x< 2

D={x, p): x— 1P+ <1, $®*+y*>1}.

D — o6aactb, Jexawas BHYTPH OKpyxHocTH x2+y?=1 u BHe

KpHBOR r==Cc08 3¢ (CHCTEMbI COBMELLEHHI).

83.

D — o6nacth, aexauiasi BHe OKpYXKHOCTH x?-+y?=a? W BHYT-

pu Kpupo#i (x2+y?)2=2a2(x>—y?).

84.

D — obaactb, Jexalasi BHe OKPYKHOCTH X2+ y?=a? U BHYT-

pH KpHBOH r=2asin 3¢ (cucTeMbl COBMEIIEHH).

85.

D —o6nactp, Jexalasi BHe OKPYKHOCTH x2-+4 y?=a? W BHYT-

pH KpuBo# r=2a(l+cos¢) (cucreMbl COBMEIEHbI).

86.
87.

88.

89.
90.
e1.
02.

93.

D={x, p): ¥ +y*>1, 0<<x<<], Oy <1}
D={(x, Y 1<+ <4, y—x <0, y———;—x>0}.
D={(x, y): ¥+ <1, 2+ @y—1< 1}
D={(x, y): *+y—1<1, —1<<x<<O}.
D={x, y): (x«—1+4*<1, y+x>0}.
D={(x, y): (@4 ) < a’xy}.
D={(x, y): |x—1]+|y| <1}.
D= {(x, y): @<+ <a(y+V 7+ P}
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94. D={(x, Y x2+yt << aﬂf <3a? x>0, y>0}.
X
95. D={(x, y): x*+ y? << max {2ax, 2ay}}.

96. D={(x, y):min[a (Y 2+ £ +x), 3a(VPFr—1)] <
<x2+ 2 << 4a?.
Ilepexoxs K MONSIPHHIM KOODAHHATAM, BHIYHCJHTH HHTErpajibl:

97. “ cos (x4 y¥) dxdy, rae D={(x, y): x*+ y* << a?%.
‘D

98. U In(1 +x2+4 y?) dxdy, rne D={(x, y): *+y*<a?.
D

x2
9. ({ =1
D

100. SS'[/xL}—yzdxdy, rae D={(x, y): 2+ y* << ay).
D

dxdy, rae D={(x, y): x>+ y* <ax}.

101. Sgy2‘1/R2 x*dxdy, rne D={(x, y): 22+ y* << R?.

102. SS Vaﬂmxdy e p—— rae D={(x, y): 2+ 12 < ax}.

—_—x2

BBecTn HOBble NepeMEeHHBE ¥ M U U BBIUHCJAHTH CJAEAYIOLIHE HH-
FerpaJni:

103. H'(x"’y“‘—}-yZ) dxdy, roe D={(x, y): 1/x <y << 2/x, x<{y<3x).
D
104. Sgwidxdy, rae D={(x, y): 1 —x <
X

TY<<3—x, x2<y<<2x}.
105. jg(x“’—{—y?')dxdy, rae D={(x, y): 22 <<y << 3+,

1/x << 2y << 3/x},
106. Bjxy(x-i—y)dxdy, rae D={(x, y): -1 <x—y<1,
D

I <y <<2/x}.
107. ‘U x%dxdy, rne D={(x, y): ® <y <243, x<C2y<6x}.
D
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108. SSxy(x—i—y)dxdy, rae D={x, y):x—1<y<<x+1,
D

—i—1<<y<< —x+1}
109. Ssxydxdy, rre D={(x, y): a® <<y <bsx® px<<y* <gx}.
b

110. Sfxydxdy, rae D={(x, y): a® <y << be?, ax <y <<Px}.
D

111. Ssi‘—z—sm—xy—dxdy, rae D={(x, y):ay <2< by, px <<y << gx}.
y

D
— —\8
112. Boiyuc/jutb SS ( \/i—}— “/—%—) dxdy, rne D ectb 067acTsh,
a
D

orpaHHueHHas napabosioH \/—x—-+ ‘/%=1 H OCSIMH KOOpPJHHAT.
a

113. Bniyucautb SS xydxdy, tne D —ob6nacth, oOrpaHuyeHHas
D

. X2 y?\?2 X2y .
meTJyieil KPHBOH (_2+_b;) =-——~» HaxoAAmefics B NePBOM KOOp K+
a

HATHOM yrie. -
114. BuuucauTh IS V Vx+ 7V ydsdy, rae D —=o6nacts, orpans
D

WeHHas oCSIMU KOOPAHHAT M KpHBO# Yx+Vy=1.
115. IlokasaTth, YTO

1
(S oty oyt didy=B(p, 9 { o@urtedu,
D. 0

rie ¢(u) — nenpepusnas Ha [0, 1] ¢yrknua u D ecTb TpeyroNbHHK
¢ Bepinaamu 0(0, 0) A(1, 0), B(0, 1).
116. 1okas3aTh, 4TO
/2 7/2 a/2
S cos (2z sin @ sin 6) dpdb = [ S cos (zsin k) d?»r.
b b 6
117. Beruncauth SS xPy? (1 —x—y) dxdy, rae D ectb obnactb, orpa-
D (p>0, ¢>0, r=>0)

BHUEHHAs OCSMH KOOpPIHMHAT M NpsMoi x+y=1.

§ 2. BHluHCJeHHe MIOWAAH IIOCKOH 06aacTH

INepexonss K MOJSIPHNM KOOpAHHATAM X=rCOS @, y=rsin¢ Jau6o
06001e KM TOJAPDHEM KOOPAHHATAM X=ar cos* @, y==brsin* ¢, BH-~
QHCAHTh IJIOLIAAb oﬁnacm, Ol‘paIHHﬂ«IeHHOI‘/’I CHeAYIOINMHA KPHBBIMH:
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134

118.
119.
120.

121.
122.
123.
124.
125.

126.

127.
128.

129.

130.
131.

132.

133.

134.

135.

136.

137.
138.

(¥®4 y?)% = 2ax3.

(¥ +97)? = a® (x* 1 y).

(¥4 ?)° = 4a®x%y2.

¥4y=ax, 2+y*=by, M (—g— —Z—) = S.
(g2
e

(E )=+

(G +5) ==

(g =ik
T A

at b e
St
Sedeir

(F )it
(543
R
R R
(e df -k

o1/ e
Ve

b2t + ayzn =3 (xy)n—l_

bx® 4 @yt = c3x2n—2 4 d3yn—2



Haifitn nnomanp netyin KpHBoOi:

139.
140.
141.

(x+y)* = ax’y.
(x+y)’=axy.
(x+y)° = ax’y.

IIpousBoasi HajJeaKaIMyl0 3aMeHY HepeMeHHBX, HaliTH IJIOIHaib,
JTPaHHUYEHHYIO CAENYIOIIHMH KPUBBLIMH:

142.

143.
144.
145.

146.

147.

148.

148.

150.
151.

152.

xy=p, xy=gq, Yy*=ax, y*=bx, 0<p<<q, 0 <a<<b.
xy=p, xy=q, y=ax, y=Ppx, 0<<p<<q, 0<<a<P.
x*=py, X*=gqy, y=ax, y=Ppx, 0<p<q, 0<a<p.
y=ax® y=>bx3% P=px, P=qx, O<a<h 0<p<yq.

x5 X8 s Y

y—*'aT’ y—-;;—, X—?, X= A x>0, y=>0,

O<a<h, O0<c<<d.

y= x , Y= i’ yzzi’ yz_-_—x_a’ 0<a<b’ 0<c<d.
a b c d
3 3 2 2

y= xz , Y= x_’ y:.x__’ yzi.’ 0<a<b’ O<C<d
a b? ¢ d

x4

x4
y=—m y=-pg xy=c, yy=2d x>0, y >0,

O<a<b 0<c<d.

XBtyi=ay, 2+ yi=by, x=ay/x=0y, 0<a<b, O<a<<P.
Y =2p(x—p/2), y* =24 (x—q/2),

P=2r(x—r/2), 0<p<g<r (x>0, y>0).

a) (x+2y— 1P+ @r+y—2P=9;

6) (x— 2y+3)2 + (3x + 4y— 1) = 100.

§ 3. Boiuncaenne o6beMa ¢ MOMOLIbIO ABOHHOIO HHTErpaaa

Haiitu o6beMH Tea:

153.
154.
155.
156.

157,

0<<z<Ca?, x+y<<h, x—2y>=2, y>0.
xt+y+z<<a, 3x+y>=a, 3r+2y<<2a, y>=0, 20,
x+y<<l K43, x>0, y=>0, 22>0.
x+y<<a, 0C22<<y? x>0, y>=0.
2 2px, y<Lx<a, y>=0.
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158.
159.
160.
161.
162.
163.
164.

165.

166.
167.
168.
169.
170.
171.
172.
173.
174.
175.
176.

177.
178.
179.
180.
181.

182.

183.
184.
185.

2>2x, 2>2qy, 0<2<<a, x>0, y=0.
P <2q(a—x), 22 2px.

I<z<ay, y<<r<L.

PHyP<a’, 220, x+y+2—4a>0.
PHyr<ad, rtyt+z<<a, 2>0.

24y < a2, O0<<az<Ca®—242.
(x2+y2)2<a2(x2—y2) 0<bz <2412
<L S+l <

a? b?
dx =y, 4y >3, nggy.

220, x4z, x>

ax <Py < 2ax, 0 < bz < xty?

g+ 2232, x4y << a2

X4+ <azr<h

0oy, 24 2 << 2ax.

Ly <, 0<Caz <<+ 12,

—ISY<y, PP <ae <23 422, 2 << A,
PLay <<bx, B4y < he <2024 242,
Pty <a<<aV Py

0z — o2, 2x+y< 1.

0<<e<CT4—ux%, X*— 12 >0, x>0
3x+4y<<12a, 0<Caz<<a®>—?, x>0, y>0.
(x—a)*+ y* < az << 20— 2ax.

0<<e<Cl—¢?, 0K 2—2.
B<Laz<<4a?— 12— 2

O<ar <4l —x2— 32, az4- 2 < o

AL+ <P, R—y2—22>0, x>0,
P+ 2<<ak 24y >a(a—22).

a) X+ +22 <202, X2+ y*>2az(a<c < 20a);
0) X*+ 2+ 22 << 22, X2+ y*>2az (c > 2a).



186.

187.

188.

189.

190.

191.

192.
193.

194.

185.

196.
197.

Y 2
AN -
nggcsln (a_z—*—?), 7"{" P Qn.

nggesin(n i +—y—2¥-)-
a

yb: <(1 — 1_>2<1 —_’52—>, x>0, 2>0.

¢ a?
0<z<csm—sm———, x| <a, |y <b.

1
0z » 0T <C2a, 0Ty <28
U ek (y+ by
E>1, I>1.

Oz Cayet=>—19, w44y < R
O<z<< (2t y)e ™2, ¥4 PR x>0, y>0
0<<{z<ysin (n (i)4>, nx < > < mx,
[’}
By <x<ay, m>n>0, 0<Pfp<a<l.
0 2 (24 4), ay<*<Py, m<y<m
Y

O<a<B, O<<m<n.
r<<asinde, rP<a*—22, 0<Co<<m/2.

a) r<aVcosQ(p, 0I<me<<a®—r?, —n2<g<<{n/2;
6) r<<al2cos2q, 0<ar<<al—r?, —n2<<o < n/2.

§ 4. Boluneaenne naomanmu noBEPXHOCTH

Haiiti niomans noBepXHocTH:

198.
199. 2

200.

201.

202.

203.

=2xy, econ 0<<x<a, Oy <o
'l/m ecin x® 4 12 << 2ax.
2z=1x% ecomn x <2y <hx, x<2V2.
cz=yxy, ecmn (x4 22 < 2%y, 2>0.

(224 y?) =224, ecmm X412 < —16-

202 =x*+4?, ecmn (PP <a?(2—y?), x>0.
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204.
205.
206.
207.
208.

209

210. 2
211.
212.
213.
214.
215.
216.
217.
218. x%
219.
220.
221.
222.
223. x?=
224. x*=
225.

226.
227.

228.

229.

230.

2az =x+4y?, ecm P+ yrt<{a? y<x, x>0, y=0.
202 =x*1y?, ecau x%+ y? 422 < 2c2.

X4 yP?P+22=R? ecomt x+y<<R, x>0, y=>0.
P42+ 22=R? ecu 2yt <L2Htga, 22>0.
x2_|_y2+22:R2 eCJIH (x2+y2)2 R2(y2__ 2)

24+ y? 22 =2Rz, ecim —a——i- 5 < z

c?
P=x*+a% ecmu P20+ a?) <L ¥ 0< e
Y +22=2ax, ecm y2<lax<a
P44 =a? ecmn x*<alP—b%?, a<b.
B4y 2=a? ecom y:>a(a+ x).
P4+ +E=a% ecn Bbyr<la¥x, b>a.
¥+ y?=2ax, ecmm 222412
YrA4xt=2ax, ecmu 0<Caz<<x2+ 42
P=y+22, ecmm X*—yP<a? |y|<<b.
=y*+2% ecm x*+y?<ak

=yt 2%, ecnn x2<ay.
2422 =2ax, ecan y*<2px.
X234 223 =q23, ecam y* < 2p«x.
x2/3 4223 = 2/3 ecqu y23 + x23 L a?h3,
2c(c—z), ecmn 0Ly <Coax, 2>0.
2c(c—z), ecan 2 >0, x2y%* < ax%—c2.

x=rcosQ, y=rsing, z=~he, eum a) 0Cop<r,
0<r<L 6) 0CeoC/4, 0Cr<Co.

x=ucosv, y=usinu, z==4v, 22>0, 24+ 4*<<9.

x=(a+bcosv)cosu, y=(a+bcosv)sinu, z=bsinv; 0o <y,
0<<u<n/2 (a>b).

x=acos*ucosp, y=acosusing, z=asinduy, 0<Cu<m/?2,
O0<<op<Cmcosu.

x=a(lnltg%l+cost>, y=asintcos@, z=asinfsing,
0<TECm/2, 0Cp<Cm/2.

x=3u+3uv*—ud, y=0v®—3v—3ut, z=3wW—1?), O<<v<l,
0<<u<uv.



231. Hajitn o6beM H mJjowiajb MOBEPXHOCTH Teja BHUBHAHK
242422 <A4a?, 224 y? << 2ax.

232. Haiitin o6beM ¥ nJomaib NoBePpXHOCTH TEJA
R+2<a? 2y <at

233. Haiitu o6beM M nJolaab NOBEPXHOCTH Teda

nggaarctg—%, P4+ PR, x>0

234. Hafitn o6beM ¥ nioniaab NOBEePXHOCTH Tesa
X+ 2ax, x2>yt+2%

235. Hafitu o6beM ¥ nnoWaab NOBEPXHOCTH Tesa
X+ <22, e <28 — (2 +y).

§ 5. Mexannueckue ¥ ¢U3HUECKHE NPHIOXKEHHS ABOHHOrO
HHTerpaja

Hafitn maccy NJacTHHKH NJOTHOCTH p, OTPAaHHYEHHON JHHUSIMH:
236. y+x2 x+y=2, y—x=2 (x>0), ecoi p=x-+42.

237. x=y, x—3y=1, y=1, y=3, ecsin p=y.

238. X* 4+ yi=4x, °+yr=4y(xy>0), ecom p=x.

239. Y*=x+4, y*=4—x, y=0@y=0), eciu p=y.

240. -xi—}—y—zzl, —f;——{—y?z:l, ecan o= 4x%4 942,

241. ¥+ 2=1, X*4y?=9, x=0, y=0 (x=0, y>0), ecu p=

242. (X2 + = y: )2=—xi— i (x>=0), ecmn =x2

b2 a? b2

243. Halitu maccy Xpyrsiofi mJacTHHKH paauycoM R, ecan mJoOT-
HOCTb 3TOH NJACTHHKH B KaXAOH TOYKe NPONOPUHOHAJbHA pPacCTosi-

HUIO OT 3TOH TOYKH [0 HeHTpa nJaCcTHHKH H paBHA pp Ha Kparw nJja-
CTHHEH.

244, Tlnockoe KOJbUO OrPaHUYEHO JABYMS KOHUEHTPHUYECKHMH
OKPYKHOCTSIMH, PaavyChl KOTODBIX PaBHE COOTBeTCTBeHHO 1 u 3.
3uas, uTo NMJOTHOCTh MarepHasja NpPONOPUHOHAJAbHA pPAcCTOAHHIO OT
ueHTpa oxpy:kHOCTEH, HAllTH Maccy KoOJbla, eCJH IIJIOTHOCTL Ha
OKPYKHOCTH BHYTPEHHEro Kpyra paBHa ealHHLe.

245. Haiitn maccy niacTHeKE, uMeolleli (opMy Koabua, paguy-
CH BHYTpEHHCil M BHeUIHell OKDYXKHOCTH KOTOPOTO pAasHbl COOTBET-
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CTBEHHO r H R, €CJIM NJOTHOCTb NJIACTHHKH B KaXKAOH TOYKe O6paTHO
nponopiuHoHanbHa pacCTOAHHIO OT 9TOH TOYKH IO IleHTpa KOoJbla.

246, Haiitu maccy KBaApaTHOH NJIACTHHKH CO CTOPOHOH @, eCAH
IJIOTHOCTh MNJIACTHHKH B KaXKJ0fl TOYKe HPONOPIMOHAJbHA KBajapary
paccTofHHA OT 3TOH TOYKH MO ONHOH M3 BEepLIHH KBajapaTta M paBHA
Qo B LIGHTPe KBajpara.

247. Ha#itu craTHuecKHii MOMEHT OJHOPOAHOTO INPSMOYroJbHHKA
IJIOTHOCTH p CO CTOPOHAMH 4 M b COOTBETCTBEHHO OTHOCHTEJIbHO €ro
CTOPOH.

248. Hafitu cratuueckKufi MOMEHT OJHODOAHOH MNJACTHHKH IJIOT-
HOCTH p, 3aHHMaloueil 06JacTb, OrPaHHYEHHYIO OJHOH apKOH LHKJIOH-
IH, x=a(f—sint), y=a(l-—cos{) u orpeskoM npamoi y==0 OTHOCH-
TeJbHO ocH OX.

249. Hajity craTuueCcKHil MOMEHT OJHODOJHOH IJIACTHHKH MNJOT-
HOCTH p, 3aHMMalollell 06JacTb, OIPAHHYEHHYIO JHHUAMH Yy=x2 H
y = 2 orHocuTenbHo ocu OX.

14 x2

250. BriukcauTh MOMEHT HHEpPLUHH OLHOPOAHOrO Kpyra maccodi M

H paauycoM R OTHOCHTEJbHO TOUKH Ha €ro OKPY2KHOCTH.

BHYHCANTD MOMEHTH HHEpLIHH OTHOCHTEJbHO 3aJaHHOH npsAMoR
ONHOPOAHOM MJIACTHHKH Maccoil M, orpaHuyeHHOH JHHUSMH:

251. x2+4y?=R? OTHOCHTEJbHO NpPSIMOH, NIPOXOAsIleH yepe3 UEHTP
Kpyra u Jexalle#i B ero IJi0CKOCTH.

252, x2+4y2=R? OTHOCHTEJbHO KAacaTeJbHOH K OKPYXKHOCTH 3TOr0
Kpyra. :

x3 3 o Y .
253. —s—{——[!i—z-:l OTHOCHTEJIbHO OOJIBLIOA H MaJjcil ocel.
a

254, y=sinx, 0<{x< n, y=0 OTHOCHTeJbHO NpPAMOH y=1.

255. ay=x2, x+y=2a OTHOCHTEJbHO KaXJOH H3 OCeil KOODAHHAT.
256. x2=2py, Yy*=2px OTHOCHTEJbHO KaxJOH U3 ocefi KOOpJHUHAT.
257, r=a(1+ cos @) OTHOCHTEJbHO NOJSPHOH OCH.

258. r2=a? c0s 2¢ OTHOCHTEJbHO NOJSPHOH OCH.

259. xy=4, xy=8, x=2y, x=y, (y>0) otHocuresbHo ocu OY.

260, IlnoTHOCTE B Ka)K/[OH TOUYKe HPSIMOYIOJbHHKA IPONOPIHO-
HaJlbHa KBAaJpaTy PacCTOAHHMS OT 3TOH TOYKH 10 OAHOA H3 ero Bep-
muH. HaliTh MOMEHT HHepIMH 3TOr0 IDPSMOYTOJbHHKA OTHOCHTEJbHO
€ro CTODOH, NPOXOASINIHX yepe3 3Ty BePLIHHY, AJHHB KOTOPHX COOT-
BETCTBEHHO PaBHHI a U b.

261. HajfiTu MOMeHT HMHEpDUHH OTHOCHTEJbHO HauyaJa KeOpAUHAT
ONHOPOZHOH NJACTHHKH IJIOTHOCTH p, 3aHHMAaWINed 06/1aCTb, OTpPaHH=
9eHHYIO JHHHAMH

x2+y2=9, x+y=0, x—y-—"o (x>0)°
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262, HafiTu KOOpPAMHATH LEHTPA TSKECTH OZHOPOAHON MJaCTHHKH,
3anuMalomed 06sacTh, OPPAaHHYEHHYIO JHHHAMH: y=X, y=-—x, x=1,
€CJIM NJOTHOCTh IVIACTHHKH B KaKAOH ee TOYKE YHCJIEHHO paBHA pacs
CTOSIHHIO OT 3TOH TOYKH A0 Hayajia KOOp/JUHAT.

263. Hafitu KOOpAMHATHI LEHTPA TSKECTH OLHOPOAHOH MJIACTHHe
KH, UMelollell (OpMy KPYroBOro CeKTopa C YIJIOM « H pagnycoM R.

Haiitu KOOpAHHATBl LEeHTpa Macc OllHOpOIlHOiI NJ1IaCTHHKH IJOTe
HOCTH p, OFpaHH‘-IEHHOﬁ JHUHHAMH:

264. y=x2, y=23x% y=23x.

265. y=2x—1, y*=x, y=0,
266. y=4—x? y-+2x=4.

267. y=V2x—12, y=0.

268. y=4x+4, y*= —2x+4.
269. y=x2, y=2x% x=1, x=2,

270. —g—+z—:=1, x=0, y=0 (x>0, y=>0).

271, 24 ¥ 1 y=0 (y>0
.=+ , Y (y=0).

a? b2
LA -
272 =+ =1, 342 =6, x>0, y>0.

w&%+%=hf+%=z§=i“ﬁ*i.

o
2
o

274. PP=axd?—x4,

275. x=acos’t, y=asin®*f, x=0, y=0 (x>0, y=>0).

276. x=a(t—sint), y=a(l—cost), y=0, x=na (O<x<na).
271. x=a(t—sint), y=a(l—cost), y=0, 0<<x << 2na.

278. (*+ y*?=2a%y, x =0, y=>0.

279. ¥+ y*=3axy, x>0, y>=0.

280. (i+-ly7—>’="—‘;, x>0, y>0.
a a

281. 'i+_yi=£_y_’ >0

at o »§=0.

282. (%:Jr—z:—)”:%, x>0, y>0.

283. r=a(l4cosp), 0<Co<m, =0,
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284. r=a(l-+cosq), O<Ceo << 2m,
285. rP=a%cos2¢p, 0<Cop<Cu'd, ¢=0.
286. r=9cosq, r=4cosq.

287. r’=a%cos2¢, 0<Cp<Ca/2.

288. Haiitu Maccy W KOOpAHHATHl LEeHTpa Macc NJACTHHKH B ¢op-
Me TIpAMOYIOJILHOTO TPeyroJbHHKa ¢ KateTaMu a u b (a>b), ecan
AJOTHOCTh B KaXKJIOH e€e TOYKe paBHA DACCTOAHMIO e€e OT MeHbLIero
Karteta.

289. TlnactuHka JeXHuT B nJjockoctw XY, 3anumast o6uacts D,
OrpaHHuYeHHYI0 KpuUBBIMH x¥==2, y?=2x, y=0 (y>0). Ha nnacrunke
pacmpejeneH 3JeKTPHUYECKUA 3apsA C NOBePXHOCTHOH IJOTHOCTBIG
o=x+y/2. Hafitu nosHb# 3apaa NJAACTHHKH.

290. [InacTuHKa JexuT B mJjockoctH XY, 3auumas obaacts D,
OTpPaHHYeHHYIO CJeAYIOWHMH JuHusMu: x=1, y=0, y=2yx. Ha naa-
CTHHKE pacrpejeseH 3JeKTPHUYECKHH 3apsj ¢ NOBEPXHOCTHOH mJOT-
HOCTBIO 0=7X-+ Y. BEIUHCOUTD NOJHBIA 3apsa/a NJIACTHHKH.

291, [InacTHHKA JeXUT B NJockKocTH XY, 3anumas obaactb D,
OrpaHUuYeHHYI0 KpHBbIMH y=0, y=2, x=0, x+y=4.

YiaeabHasl TENJOEMKOCTb MJAACTUHKU MeHfeTCs MO 3aKOHY c=2x-
+3y. Hafitu KoauueCTBO TelJa, [IOJydYaeMoe NJACTHUHKOA IpH ee
HarpeBaHuH OT TeMIepartyph ¢;=10° g0 Temmeparyphl f,=20°.

292, C KakKol CHJIOH MJAOCKHE AHCK paauycoM R u Maccoit M mpu-
TACMBAET MAaTepUaJbHYIO TOYKY MAaccod m, KoTopas JeXHT Ha Mps-
MO}, NepneHAHKYJSPHOH IHCKY H INpPOXOAsluedl depe3 ero LEHTD, Ha
pPaccTosiHUM @ OT LeHTpa.

293. Ilnacturka B (GopMe TPeYroJbHHKA TNOrPY:KeHa BepTHKAJbHO
B BOJAY Tak, YTO ee OCHOBAHHE JIEKHUT HA NOBEPXHOCTH BOABL. OCHO-
BaHMe NJACTHHKA @, BBICOTA /1. BHUHCAHTDL CHJY AaBJeHHS BOABI Ha
KaXXyl0 U3 CTOPOH NJAaCTHHKH.

294, [IpsiMoii KpyroBofi UHMJHHAP NOTPYX€H B HANOJHEHHBIH XKUJI-
KOCTBIO COCYZ Tak, UTO €ro cepeinHa — touka M -— Haxoaurcs Ha
raybuHe ¢ IOJ IOBEPXHOCTBIO JKHAKOCTH, a4 OCh LUJHHAPA COCTaB-
JseT C BepTHKanbio yrog «. JnnHa HuauHApa paBHa [, paguyc OCHoO-
BaHHS a. BHUHCJUTL AaB/eHHe HAa HHUXKHee U BepXHee OCHOBAHUSA IH-
JHHAPA, €CJIH NJOTHOCTb XXHUJAKOCTH paBHA yq.

295. Ilnacrunka, umetonias GopMy .NOJAYKpyra paguycoMm 4, Io-
rpyxeHa BEPTHKaJbHO B XKHIAKOCTb Tak, 4TC I‘OpHSOHTaJIbeIIU{ Jua-
merp AB, cayxaluii ee OCHOBAHWEM, HAXOAWUTCA BHYTPH KHAKOCTH,
a BepiiuHa O NOJNYKpyra CONPHKACAeTcsl C INOBEPXHOCTHIO JKHUAKOCTH.
Brluncaurs AaBJiecHHe  Ha INJACTHHKY, €CJH IJOTHOCTh KHAKOCTH
paBHa yo.
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296. Onpejesidtb CHUJY NaBjeHHs BOABI Ha OGOKOBYIO CTeHKY x>0
LUUJAMHAPHUECKOTO cocyaa x2+ y?=a? z=0, ecau ypoBeHb BOAHW z=FH.

§ 6. PaccraHoBKa NpeAeJOB HHTErPUPOBAHMA B TPOUIiOM HHTErpaJe
M ero BblYHCJEHHE

BbluBCcaUTh CllefyIolHe TPOHHBIe UHTErpaJH:

1 2 3 1 X Xy
297. de&dygxyzdz. 208. degdyg(x—{—y-kz)dz
& & ¢ & ¢ ¢
1
2y p 0 6 zy
2 0 2 ~e
299. degdx S pTEoros 300 5 dySdz Sy cos x dx.
1 Y —1 0
Vit 3—2z  3—y-—-z

301. Sszdx S 2xytdy. 302 Sszdy S mdx
0

1—z

PaccraBuTb BCeMH BO3MOXKHBIMH CIOCOOaMH Ipejesibl HHTerpHpo-
BAHHUA B CJEAYIOIUHX TPOHHBIX HHTerpajax B J€KapTOBOH cHCTeMe
KOOpAHHAT *:

1 1—.x I—x—y 1 X y
303. §dx § dy § fe, 9, 2dz. 304, $ax (dy\fex, y, 9z
0 0 0
4—x 4—x—y I—{y—1|

1 1 2
305. (ar (ay § 7(v, 0 2dz 306 (x| ay § Fx, g, 2)dz.
- | [ 0 0 0

2 2—'x—1| R V R—x2 x’+y'

2 )
307. \dr\dy § Fee,p2)dz 308 \ax § éf(x, ¥, 2) de.
0 0 0

0
R VR—&  R-VRi—xi—yt
309. S dx § dy S [, y, 2) dz.
(1]

R _yF==
8 V R*—22 14 R2—z2— g2

s1. Ve § ay § i g 2ax
0 — VR — VR —g_

PaccraButh BceMH BO3MOXHBIMH CIIOCOGAMH Ipefesibl HHTErpH-
1§osamm B IUJUHJIPDHUYECKOH cuHCTeMe KOODAHMHAT B HHTerpaie

KS f(x, y, 2)dV, ecnu
V .

* Beiony B maspueitieM ¢ynxuus f(x, y, 2) npepmosaraeTcsi HempepuHBHOA B
COOTBETCTBYOUEH 06J1aCcTH.
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3. V={{x, y, 34+ <R, 0z H}
312. V={(x, y, 2) X’ + <<k, 02 H)}.
313. V={(x, y, 2): x* - " << R? *+y?+22<C4R%}.
314. V={{x, v, 2): X L+ 22 <2z, x*+ <27
315. V={(x, y, 2): x*+ 12+ 2*<4R? 2> R}.

316. V={lx, y, 2): P+ y*+22<4R?, x*+ y® <<2Rxj.

PaccraButh BCeMH BO3MOXHBEIMH CHoco6aMH Ipelesibl HHTE-
TPUPOBaHHA B cdepHYeCKOH cucTeMe KOOPAMHAT B HHTErpane

SXS fx, y,2)dV, ecan
17
317. V={(x, y, 2): x*+y*+22<C4az, x>+ y* << 32%.
318. V={(x, y, 2): X*+y*+2*<CR?, zZ>R/3}.
819. V={(x, y, 2) : 2®*+ 1P <CR?, O0<<z<CH,(H=R)}.
3anucaTth HHTErpalg ngf(x, Y, 2)dxdydz B BHIOe ONHOro U3 NO-
v :

BTOPHBIX B L{MJIHHJADHUECKOH CHCTeMe KOODAHHAT, eCJH
320. V={(x, g D)+ <1 x>0, g0, z>0}_
321. V={(x, y, 2): B2+ y* <<z, O0<<2<CH]}.
322. {(x, ¥, 2): 0<<x<< 1, O<Cy<, 021}
323. V={(x, y, 2) : x—RP+y*+22<<R%, x*+(y—RP+22<R%.
324. V={(x, y, 2): ¥*+y* < 2ax, $*+y*<<a’—az, 220}
325. V={(x, y, 2): 4x*+ 32+ 22 <C48, 0<C22<C4x* 4397}
826. V=|(x, y, 2): 12| <<5—V3x"F3¢?, 222+ 1),
3anucaTtb HHTErpalg SKSf(x, Y, 2)dxdydz B BUIe OJHOIO H3 NO-

v

BTOPHHIX B ChepHUYECKOH CHCTeMe KOOPAMHAT, eClH
327. V={(x, ) S+ E <1 x>0, 930, z>0}.
328. V={(x, y, 2): 2+ 2+ 22<<4Rz, ®+ 1P+ 22 >Rz, 4+ *<<

< 2%3}.

320. V={(x, y, 2) : 2+ + 2 < R%, x*4- 22 <C22R}.
330. V={(x, y, 2): 2*+ 12+ 22> R?, X®+y*+22<C22R}.
331. V={(r, y, 2): 2®+ 11+ 22 <<2YR, P+ 2 <22}
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332. V=/{(x, v,

2) 4y 22 < 2R, ¥+t =22
333. V={(x, y, 2) : x2 4+ 12 +2<L82—8, 3(x*+y%) <<2%.
B caenyomux mpumepax tpelyercs 3anucaTbh TPOHHOH HHTerpak
“S (x, ¥y, 2)dxdydz B Bume mnoBTOpHOro. TakK XakK MOJAKIHTE-

rpaanaﬂ GyHKUHSI KOHKPETHO He 3aiaHa, To BHIOOp, B KaKo# cHCTe-

Me — J1eKapTOBOil, HUJIHHAPHYECKOH HJIH

cdepuyeckoil — 1 NOPAAOK.

3alKCH 9TOr0 MOBTOPHOTO HHTErpaja NPOH3BOJHUTCSA TOJbKO H3 pac-
cMoTtpenuss obaacru unrerpuposanus V. [log V Bcerna 6yner nogpa-
3yMeBaTbCs OrpaHHYeHHas CBsA3HAs KOMIIOHEHTa MHoxkecTBa {(x, Y,

2) 19i(x, y, 2) >0, i=1, 2

Qi(x, y, 2) >0, i=1, 2,.

334.
335.
336.

337.
338.
339.

340.

341.
342.
343.
344.
345.
346.
347.

348.

349.
350.
351.
352.

V={x, 4,
V={x,
V={x, y,
y=0}.

V={x, y,
V=A{x, g,
V={x, v
x =0}

V={«x, y,
V={(x v,
V={x, y,
V={, y,
V={x, v,
V=A{x, y,
V=A{kx, y.
V={, y,
a) V=|(,
6) V={kx,
V=A{x, v,
V=A{kx v,
V={x, 4,
V={x, v,

:0<2 4—x2, x2—y? >0, x >0}
0<CeCd—x, P<<2x-+2}.
txty+z<<?, 0<<4e<<4—x2—y?, x>0,

0T e <A —2—¢2, [x+yl<2).
(x> Yt 2t B <4y 42
PP <<a(R—y?), 0<<az<<4(¥*+4%),

0 e Ty, x+4y+2<<1}.
1023V 2, x<y).
P4, AP y2 <16}
0<<eC2—y% x>0, y=>2x—1}.
D, PP —22 >0, x>0}
tx2 Y2 > 322, x4yt —22 < 2).

Y2432 <0, X2+ y* 422 < 2ay).

222 2ax, KP4 yP<Ca?).

2) 402+ <2, 0<z< 1+ VP T5);

2) 14 (4 <2?, 4 yP—22+22—12>0).
122 P KRR, 2422 <CRY.
12y + 23R, Re<C2(y° 429}
X4 ar—x2 <0, 2>0}.

Ptz x<<a, x>22>0}

n}, ecyqu ycqaoBHe Ha V 3ajnaHo B BHAE

145



353. V={(x, 4, 2) . (@ + P <a?(2—y%), 0<Caz<C4(x®+ 7,
x =0},
Bruncsurs
354. ng(ﬁ—}—yz)dxdydz, V={x, y, 2): 2+ <<2, 0<<z<<2}.
%
355. SQS(xZ-—4xy+y2)dxdydz, rae V={(x, 4 2): 0<x<],
O<y <1, 0z 1}
356. S“xdxdydz V={x, 4, 2): 0<Cy<<h, x+2<a, x>0,
>0}.
357. ngxyzdxdydz, V=A{x, y, 2): 2+ 2 +22<<aV3x x2+
vV
+ ¥+ 2 <ay, 220}
358. \\§ (242t drdyds, V=i(x, 4, 2): 2+ +2 <R,
Vv
Yr22<Cal x>0}
359. SSSzdxdydz V= {(x Y, 2): z2> (x2+y2) 0<z<h}
360. X“‘z"’dxdydz, V= {(x, Y, 2): (-—’f—)z-l—(L)zg(i)z,
v a b ¢
0z, x>0, :y>0}.
361. S‘Uzdxdydz, {(x Yy, 2): i: +2 - <1, z>0},
v
362 2 dxdydz, V= [(x AR
' m‘ bt a0 _{( At
p
+F<l}'
363. ngzzdxdydz, V={x, vy, 2): 22+ P2+22>R% X+ 2+ 22
14
<< 2Rz}
364. Sgg(x-}—y—{—z)zdxdydz, V={x, y, 2): *+y><2az, x*+4
14
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365. SSS xyz dx dy dz, V—reno, orpaHuyeHHOE NOBEPXHOCTSMH,
v

yz=ax, yz=ax, a>a; >0,

zx =by, ax=by, b>b,>0,

XYy=cz, xy=1~¢42, c>¢,>0,
nonaras

u _ Yz 2x Xy

366. Sggx”y”z’(l—x—y—z)sdxdydz (>0, ¢>0, r>0, s>0),
v

V—rteno, orpannuenHoe mjockocTsaiMu x+y+z=I1, x=0, y=0, z=0,
nonaras, x+Yy-+z=u, y-+2Z=uv, 2=Uuvw.

367. Sggxdxdydz, V={x, gy, 2):a<<xyz<<b, cx<Ly-2<dx,
17

my <<x <ny}, y>0.

§ 7. BpluHcaeHue 06beMa ¢ MOMOLILIO TPOHHOrO MHTErpaJa

Hafitu o6peM CleAYIOLINX Tew:

368. V={(x, y, 2): x*+ 2> —22 < a?, x¥+4 2y*>47%).

369. V={(x, y, 2): 202+ 2¢) < 2a:<3a ) @—x*—242).
370. V={(x, y, 2): ¥+ 42 <2?, a*<<x*+4y* 422 << 9a?).

371. V={(x, y, 2) : X+ y*+22<<2Rz, 2@ a x4 y? <22 g% P,
I<a<<P<<m/2}.

372. V={(x, y, 2) : 2+ *+22<CR%, X*+4 P+ 22<C2Rz}.
Hatitu 06beMHl TeJi, OrpaHHUeHHEIX NOBEPXHOCTAMH:
373. (4P +2H)?=a%.
374. (x2+y*+ 2?)P=a’xy2.
375. (x4 P+ 22 =axyz.
376. (x*+ 2+ 222 =az(x*+ 4?).
377. (x*+y*+ 253 =a?t.
378. (P +y*+2°)P=az (¥ + 4
379. (X2 y?+2%)°% = a?y*P.
380. (x2+ y* 222 =ad (x*+1?).
381, (24 y2+2%)° =a’z (x2—y?).
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382. (x4 y?+ 2 =a%z (x4 ¢).
xt4-g1
383. (x2+y2+22)2=a323—7~ﬁ’i—7.
384. (44 +2)° =asin® [VJZT“T“}
2

385. (¢ +y7 24 =2a®,
386. (x*+ 47+t =a*(y—x).
387, (¥4 y?)*+ 28 =3a%2.
388. (x*+4*)*+2° = a’xyz.
389. x+y+2f=ay, x=0, y=0, 2=0 (x>0, 2>0).
390. (x2+y3+z4)2:22.
. x4 yz 2\2 52
391. (;“‘;JF‘,;;) -2,
392, (& + 490+ 290 =a* (2 + ).
393. ((x24 2+ 2*) = a2 (x® 4 y2)2.

xﬁ y2 Zg 2— xyz
394. (§+F+F> —
305 (D4 LV 2 &
-395. ( -+ ) - .

a? b? ct
396. (i;-+—y;+z—:>2=i sin % .
a b c k 2 S 2
| ‘Vaeateta
x2 42 2 \4 21
W (St s )
(F )
() -3
a b c h
X .8
x y z \3 . n( a + b )
399. (—+——+—> =sin , x=0, y=0, 2=0
a b c ad Y,z
7+ b + c

x>0, y=>0, 2>0).

400. (—:——}—%-{——%—)s:exp[(——;—:(%—i-%—}—f—))] (x>0,
y>0, 2>0).
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401. <V _i_V ) i.__l, x:O, y=0, z2=0 (Z>0).

402 (24 L) 4=t =0, y=0, 2=0,

]
(x=0, y=0, 22>0).

403. * i)z _Ez_z—x———--y— = = =

0. (L) 4 H ="t x=0, y=0,2=0,
x=0, y=0, 22=0).

AN PP ] 2 2
404, [ X4 Y _=_Z_ d Y\
4 <a" T ) + p (h“ k?
3 2 \3 28 z x? 2
05. [X- _L) ____;__(___y_)
4 (a’ + b2 + ct p \ Ak 2

406. x4+-y+z=a, x+y+z=2a,
x+y=2z x+y=22 x=y, y=3x.

407. 2 <<xy<<B?, pr<<xy<<gz, ax <y< Pr,
0l<a<h 0<p<yg, O<a<h.

408. r=asing (14 cos).

409. r=asing y/ cos.

410. r=sing (asin® Y+ bcos® ).

411. (_x’_+_y2_+_zt>s= 22

a? b2 c2 x2/a® + 267
(=2l (3] o
[ a b

arz (£ (L) (L) =,

§ 8. Mexanuueckue ¥ (hU3HHECKHE NPHAOKEHHS TPOHHOTO
HHTErpaja
Haiity mMaccy Tesia IJIOTHOCTbIO P, OTPAHHYEHHOI'O MOBEPXHOCTAMH

413. z=22412, 2+ X2+ yP=6, 220, ecm p=2.
414. z=——+—9—, z2=23, ecsn p=x2,

415 . z=x*+y% z=2y, ecu p=y.
416. x+y+z2=2, x=0, y=0, z=0, ecmn p=x-+y+=2.
417. x=y?, x=4, 2=2, z=05, ecm p=|y}.
418, 2=6—x2—y?, 22=x2+y%, 2>0, ec p=2,
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419. 2x+z=2a, x+z=a, *=ax, y=0 (y=0), ecau p=y,
420. 2x? + 2y —4dax—4ay -+ az=a?, *+y2—2ax—
—2ay+az=0, 2=0, M(a, a, )=V, ecmu p=22

421. Hafitu maccy Ky6a co CTOPOHOH @, eCJM INIOTHOCTb €ro B.
KaX/[0H TOYKe paBHA KBAJApaTy PAaCCTOSIHHS 3TOH TOYKH A0 (HHKCHPO-
BAHHOII BepLIHHH Kyba.

422. Halitu maccy mapa paauycoM R, eCiid INIOTHOCTb €ro B KaxK 10
TOYKe DaBHA yIBOEHHOMY PACCTOSIHHIO STOH TOYKH [0 NOBEPXHOCTH
wapa.

423. Hafitu maccy cdepuueckoro cjaos Mexay cohepamu x2+y?+
+22=a? n x?+y?+22=4a?, ecyH IJIOTHOCTb €ro B KaxXJA0¥ TOYKe 06-
PaTHO NPONOPLHOHAJbHA PACCTOSHHIO TOYKH OT Hayaja KOOpPAHMHAT H:
Ha BHelllHeH cdepe pasHa pg.

424. Ha#itn maccy konyca R?(z—H)2?> (x*+y?) H?, 0<{z<{H, ec-
Jiil TIJIOTHOCTh paBHa p==|xy|.

425. Halitu maccy npsiMoro KpyroBoro LHJHHApPA, BHICOTA KOTOPO-
po paBHa H, a paauyc ocHoBaHHUsl R, eCJM ILIOTHOCTb B JIOGOH TOUKe:
paBHa KBajApaTy PacCTOSIHHS 3TOH TOYKH OT UEHTpa OCHOBAHHMA LH-
JIMHJpa.

426. Halitn cTratHuecKHH MOMEHT OTHOCHTEJbHO IJaocKocTH XY on-
HOPOAHOTO TeJia NJOTHOCTBIO p, OrPAHHYEHHOTO NOBEPXHOCTAMH

Bty =2az, L= g o, - P =22 1@ P (O<a < P<<i/2).

427. HafiTu cTaTHYeCKHH MOMEHT OTHOCHTEJbHO NJOCKOoCTH XY
O/IHOPOJHOT'O TeJjla MJIOTHOCTH Q, OTPaHHYEHHOTO MJIOCKOCTAMH

ity+z=1, x=0, y=0, 2=0.

HafiTh MOMeHT MHEpUHH OTHOCHTEJbHO 3aJaHHOH OCH OXHOPOLHO-
ro Tesa IJOTHOCTBIO p, OIPAHHYEHHOrO 3aJlaHHBIMH TIOBEPXHOCTAMH

428. x=0, x=aqa, y=0, y=0b, z=0, z=c
OTHOCHTENLHO OCell KOOPJHMHAT.

429. y=7Vx, y=2Vx, =0, 2+ x=4 oTHOCHTEHLHO oOCell KOOp=
JMHAT.

x? 2 2% - .
430. —, —}——ij—n- +5= 1 oTHOCUTENIBHO OCeH KOOpJMHAT.
a 4

431. ¥*+y*—ax=0, 22=2ax, z=0 (2>0) orHoCUTEe/LHO OCEHl KO-
OpJHHAT.

432. 2=—;-(y2+x2), 2=1 orHocutesmpno ocu 0X.

433. x+y+2z=2, 2=0, x*+y*=2 (2>0) orrHOocuTeabHO OcH OZ.
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