H3 3toro yeprexa BHIHO, UTO MOBEPXHOCTb S COCTOHT U3 TpeX TJai-
KHX nOBepXHOCTEH: 9aCTH MJOCKOCTH

Si={(x, y, 2):2=0, x*+ y®> << 2a%,
RacTH noJsycdepn

Sy={(x, 4, 9:2=V2W——?, <2}y < 23,
98CTH KOHYCa

Si={(x, y, 2): 2=V L+ <a?.

B cuay csofictBa 3

[Sety+2ds = [{@+y+2ds +

S Sy

+{{e+y+29ds + {{ x+9+2)as.
S, Sl

BH'-IH‘CJIHM OTACJNBHO Kaxaoe H3 TpexX CJjaraeMhix, 0JIb3YSACHh CBOM-
CTBOM 3.

1. Iaa S; umeeM, 9TO
dS=VTFEP &P dedy = dxdy,

N, CALLOBATE/NbHO, B CHJIY CHMMETDHH 06JIaCTH HHTETPHPOBAHHSA H He-
SeTHOCTH NOANHTerpadbHOR GyHKIHU

(fet+y+adas= ([ G+yady=o.
S

Y
2. 1nsa Se uMeeM, 49to

X

. , Yy o 2
g — - 7= — o ATV TGP G drdy=-Y deay
H, CJeJ0BaTEJbHO,

SQS (t+y+2)dS = a’sxi‘g‘@' { —Vﬂ—‘f_.h +1) 8V Zdedy=

=a’n 2.

3. Oas S; uMeeM, 49T0

L=2, 5= L 4=V TTE T @) drdy=V Tdrdy

2
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H, CJIieJO0BaATEJBHO,
SS(x+y+z)dS=V§ SS 5+ VT ) dedy =
S vyrat ‘

2% a —
=1/‘2‘J‘ do 5,24,2_293_21/_2.
0 0

Hrak, OKOHYATENbHO,

_ 5asn /2 .
Lg(x+y+z)ds

3

[Mpumep. Buaucaum ﬁ' 23xy?%dS, rme S—4dacThb TOBEPXHOCTH UH-
N

auuapa x2+y?=2ax, nexamas BHYTPH KoHyca y2-+2%?=x? u BHIe
naockoct z=0 (a>0).
P eureHHe. 3anumeM noBepXHOCTb S B BHIE

S:{x, y, 2):x*F+yP=2ax, P +22<x% 2>0}.

Kak yxe ropopusoch paHblie, HauGoJjiee NMPOCTHM H 4acTo ynorpe6-
JAsieMBIM C€rnoco6oM NapaMeTpH3aldH HUJIHHAPA ¢ 00pa3ylolluMH, Ha-
pansiesbHBIMH ocH OZ, ABJsieTCs CJelyIOMHuil:

x=x({), y=y(), 2=h, t=|a, b], h=R,
rae x=x(t), y=y(t), t =|a, 8]
— napaMeTpHYecKoe 3ajaHHe JIHHHH TepeceyeHHsl 3TOro UMJHHApA C

niockocteio XY. B naHHOM ciaydae TaKHM Cmoco6oM IoJgydaeM napa-
MeTpH3aLHI0 HHIHHAPA:

x=a(l4-cost), y=asint, z="h, t[0, 2a], h=R.

Yro6w Hafith o6nacth D 3HaueHH#t nmapamerpoB ! H h, mepeiiieM K
nepeMeHHHM { U h B HepaBeHcTBe Y2+ 22 x?% Ilosyuum HepaBeHCTBO

a®sin? t+h2<a?(14-cos t)2, unu h® < 4a®cost cos? —;— Ilocnennee He-

pPaBEHCTBO NMOKa3HBaerT, 4to cos >0, T. e. t=[—n/2, n/2]. HUrak,
S:(r=r(t, b)), t=s[—n2, n/2), he= [0, 2acost7]/€6§},
r(¢, h)=(a(l 4-cost), asint, h).

Orciona noaysaem, 9410
r;=(—asint¢, acost, 0); r,= (0, 0, 1);
E=|r|*=a* G=|r,|*=1;, F=(r;-r)=0;
dS =1V EG— F? dtdh = adtdh.
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CaenoBaTebHoO,

j S xy2dS = S g 138 (1 - cos f) sin® tadtdh —
S D

2a cos - Veos
/2 2

=qt 5 (1 4 cos f) sin® tdt S h3dh =
—3/2 0
/2

@ (1 +cos?)sin®¢ - 16atcost 12— cos? tdt =

4
—n/2
/2 /2
== g8 f (1 4 cos?)3sin?¢ cos? {df = 2a8 S [cos?tsin® -+
1]

—1/2

43 cosd¢sin?t 43 cost ¢ sin? ¢ 4-cos® £ sin® £] dt =
—a° [F(3/2)r(3/2) +3 r@ree g I'(5/2) T (3/2) +

T (3) I (7/2) T (4)
TR | _ g[8, 2]
+ T (9/2) ] a [16+21]'

IIpumep. Buuncaum

§§ v

rie S — MOBEePXHOCTb, MOJyYeHHass HPH BpallleHHH AYyr'd napaGoiH
x=acos*t, y=asin*t oTHocuTesbHO ocH OX (a>0).

Pemenue. O603HauuM BO H30exKaHHe NYyTAaHHUH vepe3 x*(f)=
=qa cos*{, y*(f)=asin*{ mapamerpuyeckoe 3azaHHe KpPHBOH Ha ImJjoc-
koctd XY, a uepes X, Yy, 2— KOODJAHHATH TOYeK B IPOCTPAHCTBE
XYZ. Bocmosb3yeMcsi BHBEIAEHHHIMH paHblle (IPH pPacCMOTPEHHH
TJIOIIAH MOBEPXHOCTH) COOTHOIIEHHSMH: €CJIM IIOBEPXHOCTb S, moJy-
YeHHYI0 BpalieHueM BOKpPYr ocH OX Kpusoit x*=x*(f), y*=y*(t),
t=[a, b], napaMeTpu3oBaTh cjaeLyiONUM 06pa3oOM:

x=x*{t), y=y* (f)cosg, z=y"* (f)sing, t=]a, b],

¢ = [0, 2=],
TO

dS=VEG—F* dtdp= |y*| dsdg,
rae ds= ]/(x:’)"’ + (y;')? dt— nuddepennman nyru kpupoit x=x"(f), y=
-y ()

B naHHOM cayuae mosyuaem, uTO

S={(x, y, 2): x=acos*t, y=asin®fcosyp, z=asinttsine,
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t=[0, /2], =10, 2n]};
=4a}/ costtsin?t -4 sin® f cos® ¢ df =
= 4acos ¢ sint Y/ cost t +sin*{ df;
dS =4a?sin®t cost )/ cos* { +sin* ¢ dtde.
CnenoBaresbHO,

25 /2 —
ds 4a?sind ¢ cos ¢ V cos'Z + sin® ¢
A s+Vypra s ; cost {4 sind ¢

w2 .
=__naa§ (1 — cos 2)? sin 2¢ df = na? (=2t

P T 1 . T Y2 9 Vi+23
o T
1
na? 1422
= —dz= [le+22+ln|z+1/1+z’|]| =
V2 3 Vi+a 2V2

=na=<1+7L-1n(1+V§)).

IMpumep. HafireM KOoOpAMHATH LieHTpPAa TAXKECTH YacTH CpepH
224 y2+4-22=a?, jexaumeh B nepBoM okxkTante x>0, y>0, 2>0, ecan
MJIOTHOCTD p (X, ¥, 2) =2%(a>0).

PemeHue 3anuuiemM paccMaTpHBaeMyio 4acTh CepH B BHAe

S={x, y. 9):z2=VF—x"—¢, (x, y) =D,
D={(x, y):x>0, y=0, 2 +y*<a¥}.
B Takom cayuae

¢ = —L 4aSs=ViF@ )+ () drdy = ~——-dxdy,

z=-———

M= SSp(x, Y, 2)dS= ng’dS ISal/a’-—x’—— ?dxdy =

/2 a

=a S do SVa’—r’rdr— ———-(a’ — ¥z — i =_n:si’
0
W= [t 4 as=([{ras={(a@—r—yary=
S S D
=a :S/zdcp af(a‘r-—ar’) dr= i‘é’_ [%-—-%] = _u_;n_’
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N _ 3a
4

s(l}= 4 v Yy = =
o Lfr)(x y,2)ydS SSS y2dS

=SD5 ay Y F—F— ¢ drdy =a 5[ (—(@—xr— g2

/2

=-“_a 2 4 2)3/2 gy = Cidt —
30S(a x2)3/2 dx 3 Scostdt

@ 1 T(5/2T(1/2) _ mad
3 2 T (3) 16 '

_ _ » _
I SSSp(x, Yy, 2) xdS SSS x2*dS
=Sfaxl/mmdy=%,

D

H 3a

x°=-———-—-__

8

3AJAYHN *

§ 1. MapameTrpuyeckoe 3afanne KPUBOH

Hanucarh Kakoe-nu60 mnapaMeTpHuYecKOe 3ajgaHHe B Buze L=
={x(?), y(t), t<T} caenyome#t JuHuH (ecAM KpPHBAsA 3ajlaHa ypas-
HEHHEM B MOJSIPHOW CHCTeMe KOODJAHHAT, TO X H Y €CTb KOODJHHATH
TOUeK 5TOH KPHBOH B COBMELIEHHOM 1eKapTOBOH CHCTeMe) :

1. orpe3ka AB, COEJUHSIOUIETO TOYKH
a) A(1, 2) u B(—1, 3);
6) A(2, 3) u B(5, 3);
B) A(—1, 2) u B(—1, 5).

2. yactu mapaboan y=x2, coenunsomeii Touku A (1, 1) u B(3, 9).

3. runep6o.b i——— =

* Bee OykBeHHHEe NapaMeTpn B AaJbHeilleM CYHTAIOTCHA MOJOXKHTEJBHHIMH.
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18.

19.
20.

"/___{_% _-‘/_:1 ot Touku A(a, 0) no tourw B(0, b).

Xx2/5 - Y5 = g5,

a) (x4 y)R—(x—y)2B=as; 6) 2(x+y)= (x—B).
a2yt = x* (a2 — x?).

(y—x)’=a—x2.

x*— 4 xy=0 or tourn A(}'2/15, 2¥/2/15) no rouku B (0, 0).

. xt=axyt 4 ayd.

. X3=axy—ay’.

. X84 yb = a4 4 b2yt
. Y*la—x)=x%(a+ x).

. r=acosq.
. r=a(l+4cosq).
. r=acos 3.
aQ
L r= , 9>0.
I+¢ ¢
g sin®

cosp
(447 =2xy.
(68 =20 ()

Hanucars Kaxoe-1HG0 NapaMeTpHuecKoe sajanue B BHAE L= {x=-
=x(t), y=y(t), z=2(t), teT} cnenymoumed JHHUH:

21.

22,

23.

24.

orpeska AB, COeIMHSIOWIErO TOYKH
a) A(l, 2, 3) u B(—1, 3, —4);
6) A(—1, 2, 1) u B(—1, 2, 4);
B) A(l, 3, ——l)nB(2 3, 0)
a) x2+y2_R2 Z_'

6) *+4*=R?, x+y=2

a) X+ +2=FR?, x”+y=—2 2>0;

6) x2+y +22=R? x—{-y—}—z-
B) xz ! 7 +Z2 R2 x2+y2_xR

24 yP=cz, ———tg-— OTTquHA( ——, ‘/—— c")

0 TOYKH B(xo, Yo zo)



25. 22— y2=9/82%, (x—y)=a(x-+y) or Touku A(0, 0, 0)mo TOU-
KH B(xo, Yo, 20).

26, x?+y*+22=a? Y x4 4ich (arctg—)—a (z=0) or TOYKHM
A(a, 0, 0) po Touru B(x,, Yy 2o).

§ 2. Boiuncaenne KPUBOJHHEHHOIO HHTErpaja NepBoro poja

Buuncauth KpHBOJMHEHHBIH HHTerpajs NEepBOro poja IO yKas3aH-
HO# KpuBO# L:

=(0) _2)1 B:(4' 0)'
28. jyds, L={(x, y):y=sinx, 0<x < ).

L
29. ﬁ(xz—}—y) ds, L ects otpesok AB, rae A=(0, 1) u B=(—2, 3)

30. S xyds, L ecTb KOHTYp KBajpara, OrPaHHYEHHOT'O JIHHHSIMH X ==
L
+y=1, xy=—1.

31. fxyds, L ectb 4eTBepTh OKpyxKHOCTH x®+y?=1, Jexamas B

(IepBOM KBajJpaHrTe.

32. l{yst, L={x, y):y=max(2Vx, 2x), 0<<x<<2).
33. szyds, L={(x, y):x=4cost, y=sin2{, x>0, y>0}.
L

34. des, L ecrb pyra nmapabonsl y?=2x or ToukH A(2, —2) 1o
i
vouku B (8, 4).

35. i(x—f-y)ds, L={x, y):x=acost, y=asint, 0

< 12},
36. § (4 —y¥ds, L={(x, y): x=acos®t, y=asin®s).

37. Sﬁtxyas L= {(x y)iy= mm( ]/?az_:;), x>0}.
88. §(x“+y2)”ds, L={(x, y):x=acost, y=asint}.
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39.

[3=]

j’xyds, L={x, y):x=t—sint, y=1—cost, =0, 2n]}.
L

40. Sﬁ‘sy’—, L={(x, y):x=cost+tsint, y=sini—tcost, 0<<
L

<t<< 2.

41. ‘ xds, L—pBepxHaa nonosHHa Kpueod r=1-cosqp (0 <op < n).

42, Y(x+4y }ds, L—npaBasi netsst KpUBO#H r?=cos2¢ (x >>0).
L

43. § y3ds, L—netna KpuBoii r=a cos 4¢, nepecexkaiomias MOJIOXKHu-

TeJbHYI0 och OX.

44, ! ly| ds, L—~xpuBas r=a (2 cos ¢).
45. S(x3+ v ds, L={(x, y): (x+y?)? = 2a%y, x>0, y>0}.
L
tl
46. §(2x—-22y)ds, L= {(x, Y, 2), x=7, y=

=2Tﬂt3’2, 2=t 0<t<1}.

47. §(x"+y2+z’)ds, L={(x, y, 2):x=cost, y=sint, z=t, 0<

<1< 2n}.

22ds _ o o B
48.§ PRI L={x, y, 2):x=acost, y=asint, z=af, ta.
[0, 2xn]}.

49, j(x”+y’+z’):ds, L= {(x, Y, 2):x=a(t—sint), y=a(l —cost),
L
z2=4asin t?} or toukn A(0, 0, 0) mo Touxu B(2an 0, 0).

50. szds, Lz{(,, 9, 2): r=a(l4cosg), z=4a(l—cos%)}.
L

51. ‘s'ye-”‘ds, L={x, y):x=In(1+2#), ly=2arctgt—t43, 0

L
<t<1).



62. (yds, L={(x, 4, 2), #+y*+2=0a’ x+y+z=a}.
L

53. g'}/ﬁ—i—yz ds, L={(x, y, 2):x=Vzcos V'z, y=Vzsin Yz} or
L
touku A (0, 0, 0) no roukn B(—m, 0, n?).

54. ( lylds, L={(x, y, 2): & +y'=2" 2"+ 4’ =ax}.
L

§ 3. MexaHHueCKHE NPHJIOKEHHS KPHBONHHEHHOTO HHTErpana
nepBoro popa

55. Hafitu Maccy yuactka kpuBoit y=Inx, 0<x<Ky<Cxp, ecan
NJOTHOCTb KpHMBOfl B Kax[oi .TOYKe paBHA KBaApary aGCHHCCH
TOYKH.

56. Halitn maccy Koutypa TpeyroJibHHKa ¢ BepmuHamu A= (0, 0),
B=(3, 0), C=(0, 4), ecau ero nuotHoctb B Toyke M(x, y) paBHa

44
3+4'

- o a
57. Haiitu Maccy yvacTka LEMHOH JIMHUH y=—2—(e"/“+e“"/“), ecJnz
NJIOTHOCTb p B KaXJAo# Touke paBHa k/y.

88. Hafitu Maccy noayokpyxuoctH x2+y?=R?2, pacnosiokeHHOH B
BepXHeH MOJYNJIOCKOCTH, €CJH ILIOTHOCTb B KaXIOH ee TOUKe Ipo-
nopLUHOHAJbHA KyGy OpAHHATH 3TOH TOYKH.

59. Haiitu Maccy Ayru BHHTOBOH JIHHMH
x=acost, y=>bsint, z=>bf, 0t 2m,

ecJH: a) MJOTHOCTb B KaXKJOH ee TOYKe pPaBHA KBaJpaTy alllJIHKaThHl;
6) DJOTHOCTb B Kax/OH ee TOUKe paBHA PaAHYCy-BeKTOPY TOUKH.

60. HafiTu craTHueCKHli MOMEHT OJHOPOJHOH MOJYOKDYXHOCTH
x2+y?=R?, y>0, WIOTHOCTU p OTHOCHTEJbHO ocH OX.

61. Haiita cratHueckue MOMEHTH OJZHOPOJHOH AYrH 3JIJIHICA
x? 2 .
?+—Z2— = | IJIOTHOCTH p, PACNOJOXEHHOH B IepBOM OKTaHTe, OT-

HOCHTEJIbHO ocell KoopauHat (a>b).
Haiith MOMEHTH HHEpUHH OJHOPOIHHX Ayl L IJIOTHOCTH p.
62. L={(x, ) : x+2y=3, 1 <<x< 2} orHocureapHo ocu 0X.
63. L={(x, y):y*=x, 1<<x<2} ornocuremHo ocu 0X.
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64. L={(x, y): x*—y-+1, 0<<x <1} a) orHocuremvHo ocu OY;
6) oTHocureabHO ocH OX.

65. L—unomanass ABC, coemuHsuoinas Toukn A(l, 1), B(2, 3),
C (4, —1) a) orHocurenbHo ocu OX; 6) orHocuresnbHO ock OY.

66. L={(x, y): x=acost, y=asint, 0<{{<a} a) OTHOCUTEJBHO
ocu OX; 6) orHocuresnbHO ocH OY.

67. L={(x, y): x=a(t—sint), y=a(l—cost), 0t x/2} orHO-
curesbHo ocu OX,

68. L={(x, v): Vx+Vy=7a 0<x<al orHocurensro ocu 0X.

69. L={(x, y) : x¥3 4+ y23=0q?3, x>0, y=>=0} a) OTHOCHTE/IBHO
ocu 0X; 6) orHocutesnbHO ocu OY.

70. L:{(x, Y, 2) 1 x=acost, y=asint, zzg—i, O<t<2n}

a) oTHocHTeMbHO ocH OX; 6) orHocHTenbHO ocu OY; B) OTHOCH-
TensHO ocu OZ.
71. Ha#iTu MOMEHT HMHepLUHH BHTKA KOHMYECKOH BHUHTOBOH JIHHHH -

x=atcostn, y=atsinnf, z=>bt, 0 <t << 2n

€ ILIOTHOCTBIO p==FR2: a) oTHoCHTeJbHO ocH OZ; 6) OTHOCHTEJbHO
njaockocte XY; B) OTHOCHTENBHO HAayaja KOOPAHHAT.

HaliTn koopaHHaTH LeHTpa MacC Ayrd OZHOPOAHOH Kpusod L,

€CJIH

72. L={(x, v) : *+y*=R?, x>0, y=>0}.

73. L={(x, y):y=-‘;—(ex/a+e-x/a),—-a<x<a}.
74. L:{(x, y):y:-—;—(e"/“—{—e—’/”), O:gxga},

75. L={(x, y) : y¥* =ax®—x4}.

76. L={(x, y):x=——1—y2—ll—lny, 1<y<2}.

71. L={(x, y): x=a(t—sinf), y=a(l—cost), 0t n}.
78. L={(x, y): x=a(t—sin}), y=a(l—cost), 0t < 2n}.

79. L=|(x, y>:1/5+1/§=1/5}.

80. L= {(x’ y) < x2/8 +y2/3 = a2/3 0}

81, L={(x, y): x23 4 y%/3 = a3, x>0 y=>=0}.
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83. L={(x, y, 2) : x=acost, y=asint, z=>5t, 0 <1< 2n}.
84. L={(v, y, 2): x=efcost, y=etsint, z=¢, f'°°<t~<q}.'
85. L={(r, ¢): r=a(l+cosq), 0o} o h
86. L={(x, Y, 2): P42 =a? |y|l=x, 220}

87. HaiiThH KOOpAMHATH WEHTPA MACC AYTH BHHTOBOH JIHHHH -
x=acost, y=asint, z=">0, 0 <t <m,

€CJH ee IJIOTHOCTh B KaXAoH TOuKe NponoprHoHaJbHa aNIJIHKaATE.
3TOH TOYKH.

88. HafiTu KoopANHATH LEeHTPa Macc AyTH
L= {(x, Y, 2) 1 x=a(t—sinf), y_—_-a(l—-cos_t), z=4asin ~t2—

<t<2n},

ecJan ee NJIOTHOCTb B KaXJo#H TOYKe NMpoNnOpLUHOHAaJbHA &lIlJIHKaTe.

89. Hafitu KOODIHHATEl CHJIB TPHTSKEHHS OLHOpPOAHON noJy-
OKDYXKHOCTbIO Maccoit M u paguycom R MaccH m, nomemeﬂﬂou B
L[eHTPe COOTBETCTBYIOLER OKPYKHOCTH.

90. HafiTH KOOp/AMHATH CHJIbI TIPHTSKEHHs GECKOHEUHOH OAHOPOA-
HO¥ NpsAMO} NJOTHOCTH p MAaTepHaNbHOH TOYKH eJHHHYHOH MAcCCH,
HaXxousAWeNCa OT NPSIMOA Ha PACCTOAHHHA hA.

91. HafiTh KOOpAMHATHl CHJB NDHTSAXKEHHS AYrod acTpoOHAN x=
=qgcos®t, y=asind®f, 0<{¢{<m/2, eNMHHYHOH MacCHl, NMOMEHIEHHOH B
HauyaJjle KOOpDAMHAT, €CJH INJOTHOCTb AacCTPOUAH B KaXJ0i ee TOuke
paBHa Ky0Oy pacCTOsHHUSA 3TOH TOYKH OT Hauajla KOOpJAHHAT.

§ 4. BoiyucaeHne NAOIWAAH NIOBEPXHOCTH C MOMOIUbIO
KPHBOJIMHENHOTO HHTErpaJjia nepBoro poaa
Hafitn naomanp uuauHIpuyeckoii mosepxnoctu F(x, y)=0, orpa-

HHUYEHHOH CHH3Y NOBePXHOCTBIO 2=[i(X, y) U CBEpPXYy — NOBEPXHOCTHIO
z2=f9(x, y), ecan

92. F(x, y)=y*—2x, [,=0, f,(x, y)=‘|/2x—4x2.

93. F(x, ) =RP—x*—¢*, [1=0, fo(x, y)= 2R
0. Fx, ))=gP— (c—1), =0, ,=2—Vx.
5. Flx, g)= Ri—riif, fy=0. fy= R4

211



96. F(x, yy=x—y, 1 <x<2, ,=0, fi=x+y.

97. F(x, y)=y—~8—x2, 0<<x <4, [1,=0, f=x.

98. F(x, y)=x*+yt—ax, fi=—V@——, fi=Va——,
99. F(x, y)=y—x2 [,=0, fo=x, 0<<x <1, y=0.

100. Hafity njomajnbs 49acTH UHJAHHAPA ;?"‘%_—'1’ 3aKJIIO9eH-

- x? 22
HO#t BHYTPH UHJHHADA :a—+—cs— =1.

§ 5. BoiuHC/I€HHEe NOBEPXHOCTHOrO MHTErpaJja MmepBoro poaa

BouHCIHTD HHTErpan
1. ({42 424s,
S

TAe S-— NoBepXHOCTb, NOJNYYeHHAas BpallleHHeM KapAHOHAH r=a(l+
+ COS @) OTHOCHTEJBHO MOJNAPHOH ocu (AeKapTOBA W MOJspHAs CH-
£TeMBl KOODAHHAT COBMEILEHH) .

102. S \ Gy 4 yz+-2x) 4,

={x, g, 2: 2=V EF P, 2+ y* <2ax].
103. SS(xz-{— y?) dS, roe S—rpanuna tena
)

V={& 9, 2: V¥@+ @ <z<l|
104. Xj(y—{—z)ds, rie S—uJexamas B nepsoM OKTaHTe (x>0
S

y>0, 2>>0) yacTb NOBEPXHOCTH, NOJIyYeHHas BpalleHHEM apKH
IMKJIOHABE X = a ({—sinf), y=a(l—cos?), 0<C¢<C2n, BOKpPYr
ocu 0X.

ds
105. ] ===

rie S ecThb MOBEPXHOCTh, NOJNYUYeHHasa BpalleHueM JuHud L= {(x, y):
:y=sinx, 0<Cx<{a} orHOCHTe/IbHO OCH OX.

106. S-S yzdS,
s

rae S — yAOBJIETBOPSIOIAs YCJAOBHIO 2>y >0 yacTb MOBEPXHOCTH, IO-
JY4YEeHHO! BpalleHHeM KDHBOH y=cosX, |x|<m/2, OTHOCHTEJBHO OCH
OX.
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107. SS (x2+y2—|—z—-;—)d8,
s
rae S—uacth nmapaGosoupa 2z =2—x*—y? 2>0.
108. j} (x?+y*+2)dS, rae S—sepxuasa noaycdepa:
24422 =a? 220,
109. Sj (343 4 542 4 322—2) dS,

rie S—uacTh KoHyca y=TY x*-+42®, Jexaulas MeXAY TJIOCKOCTAMH
y=0, y=b.

110. jj' ‘/1 +%+—z}ds,
8

] : ]
rue S—-tIaCTb napaéonoyma z2= —’25-—— g , x>0, Jexamaa BHYTPH
p’ ¢ "o )

ut ([v@+@Tads,
S

rae S—uactb napaGonoHia ax = yz, Jexaulads BHYTPH uMaHHIpa (y°+
+ 2% = 2b%y2,

112, {{ xyz s,
S

roe ' S —qac'rb KoHyca 2?=2xy, z>0, Jexamas BHYTPH 'WHJHHApA
Oty =at

113. Ssg (xy+ yz+ x2) dS,

rie S—uactb KoHyca x*+4y?=23, 2>0, sexauas BHYTPH LUUJIHHAPA
x4+ 4 =2ax.

114. jsg (t+y+2)dS,

me2 S—uacte KoHyca x®=y?--2% Jexamias BHYTPH UHIHHApDA X+ 4% =
= 2ax.

115. ngxzds,
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rge S—uacte umMpApa X2+ y?=2ax, Jexamas MeXKJY KOHYCOM z=

— 2 ] 2
=V x*+4* ¥ napaGomougoM z=— '—x——;l )
a

116. (| (x—y2+29dS,
i

rie S —uwacTh HuAuHIpa X2+ y?=a?, x>0, jgexainas Mexay HJOCKO-
CTAMH x+2=0, x—2z=0.

n7. [{yxas,

rie S —wu4acrb LHAMHApPA X2+ y?=2ax, Jexamias BHe THIep6OJOHIa
x2+ y2_22=a2. .

118. jsg (x—y)dS,

rae S—uactb UMAHHAPA X2+ y?=q@?, Jexamass BHYTDH LHJHHApA
2?=a(a—x).

119. jsg|xy|ds,

rie S — moBepXHOCTh TeJa, OOpPa30BAHHOTO IiepecedyeHHeM IHJIHH-
ApOB x2-22=q2, y?+2?=a?
120. {{1x+ylas,
S

raie S—uacTb NOBEPXHOCTH TeJIHKOHAA X==UCOSV, y=usinv, z=v,
0<o<2m, O<u<l.

121. jsf (x 4y +2)dS,

rie S—uactb Topa x¥=(b+acosPp)cose, y=(b+acosy)sing, z=
=asiny, x>0, 2>0 (b>a).

§ 6. Mexannueckue NPUJOXKeHHs NMOBEPXHOCTHOrO HHTErpaja
nepBoro popa
122. Haiitu maccy 9acTH OZHOPOZHOTO mapaGosioHpa 2= —12—(x’+y2),
0<<z<{1, nyotHOCTH p.

123. Hafitu Maccy uwactu uuiausHapa x2+422=2a2, nexaulefi BHYT-
pu KoHyca x2-+ y2=22, eCJin IJIOTHOCTb p=|y|.

124. Hahitu maccy 4acTu Komyca x2=y2422, jexxamefi BLYTPH
nuauEApa x2+4 y2=2ax, eCIH NJIOTHOCTb p==X.
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125. Hafitu maccy wactu KoHyca x?+ y?=22, 0<{z<C4, ecad MJOT-
HOCTb B KaXk/J0H TOUKe paBHA KBAApaTy PACCTOSHUSA A0 BEPUIHHHL.

126. HafiTu cTaTHyecKHil MOMEHT 4YacTH LuJaMHApa, x%+y?=2Ry,
Jdexalell MeXAy NAoCKocTAMH 2=0 M z=C, OTHOCHT@JbHO IJIOCKOCTH
XZ, ecay nioTHOCTD p=y-+ 2. ‘

127. HaliTH MOMEHT HHepPUMH OJHODOAHON NOBEPXHOCTH X2+ y?=
=2ax, x2> y?+ 2% NNOTHOCTH p OTHOCHTeJBHO ocH OZ.

128. Hafitu MOMeHT HHepPLHH OAHODPOZHON NOBEPXHOCTH MJOTHO-
CTH p, TIOJAYYEHHOH NDH BPaUIeHHH OXHOH apKH UHMKJIOHAB X=a(p—
—sing), y=a(l—cos @) Bokpyr ocu OX, otHocutenbHo ocH OX.

129. HaliTy MOMEHT HMHEpLHH 4acTH OJHOPOAHOIrO LHJAHHApPA X2+
+y?=ax IJOTHOCTH p, Jexallei BHYTPH chepH x2-+ y?+22=a® oTHO-
CUTEJBHO MJIOCKOCTH XZ.

130. HaliT MOMeHT HHepUHMH 4YacTH OAHOPOJHOH BepXHeH mHoJy-
chepnl x2+ y?2+22=a?, 2>(0 NJOTHOCTH p, Jiexalleil BHYTPH IHJHH-
Apa x%+4 y?=ax, OTHOCHTENbHO IIOCKOCTH YZ.

131. HaliTu MOMeHTHl HHEPLHH OTHOCHTENBHO MJOCKOCTH XY uacTH
OJHODOAHOTO KoHyca x%2+y?=22t{g?q, x2+4y2<{R? (0<a<m/2), mac-
colt M.

132, HalltH MOMEHT HHEPUHH OZHOPONHOH TOBEpPXHOCTH Xx=(b+
+acosy) cos, y=(b+acosyp)sing, z=asinP(b>a) miorHocTH P
oTHocHTeabHO ocH OX.

133. Hafith MoMeHT HHepuuu OZHOpPOAHOro mapagonouaa x2+ y2=
w=2¢2, 0<{2<{C NJOTHOCTH p OTHOCHTeJbHO ocH OZ.

134. HaliTh MOMEHT HHepUHH OIHOPOAHOro cermMeHTa ctepnl x2+
+y2+2?=R?, 2> H (H<R) nnorHoct# p oTHOoCHTeabHO ocH OZ.

135. Hafitu KOOpAHHATH IEHTpa MacC OAHOPOAHOR moJaychepH
X4y 4+ 22=R?2, 2>0.

136. Hajitn KoopaMHATHI LleHTPAa MacC 4acTH OLHOPOAHOW CdepH
X2+ 2+ 22=R2, x>0, y>0, 2>0.

137. HaliTu KOOpAHHATH ILEHTpa Mmacc BepxHell moaychepw x2-+
+y?+22=R?, z>0, ec/ii MOBePXHOCTHAsS IJIOTHOCTb B KaX[A0H ee TOY-
Ke paBHa pacCTOAHUIO OT 3TOH TOuKH 10 ocH OZ.

138. HafiTH KOOpDAMHATH LEHTPa MAacC OZHOPO/JHOM MOBEPXHOCTH,
NOJIyUeHHOH OT BpailleHHsl AYTH KpuBo# y2=2px, 0<x<p, oOTHOCH-
TeabHO ocu OX.

138. Halitu koopaunaTH IeHTpa Macc 4acCTH OLHODOJHON MOBEPX-
HOCTH X2+ y2==2cz, (0<lz<c.
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140, Hafiti KoOopAUHATH HeHTPa MacC 4YacTH OAHOPOAHOIC KO-
HyCa

B4y= 22 0<z<H.

141. Hafity XoopAHHATH LEHTPa MacC OJHODPOAHOH IOBEPXHOCTH
x=ucos v, y=usinv, z=av, 0<u<a, 0<<v<<n.

142. Tlo noBepXHOCTH KPYroBOTO UMJHHAPA, paJHyC OCHOB2HHSA
KOTOpPOro paBeH R u BHCOTa KOTOPOro paBHa h, pacnpejeseHa Macca
¢ NOCTOAHHOK IJIOTHOCTBIO y. Halith npursaxkeHHe, HCIHTHIBaeMoe CO
CTOPOHH NOBEPXHOCTH €AMHHYHOM MacCOH, pacHOJIOXKeHHOH B LeHTpe
OCHOBaHHSA LHJHHIPA.

OTBETHI

1. a) x=1-2t, y=2+4¢, t<]|0, 1]. 6) x=243¢, y=3, t<|0, 1]
mbo x=x, y=3, x=[2, 5]. B) x=—1, ly=243¢, t<=|0, 1}
mbo x=—1, y=y, y=|[2, 5]. (2. x=x, y=4x% xe]l, 3].

8. x=acht, y=>bsht, t =(— o0, - o0) npaBas Bersb; x-——acht
y=Dbsht, { =(—o0, +00) nepas BerBb. 4. x=acostt, y= bsm‘t
t=|[0, n/2). 5. x=acos*t, y=asin®f, t<]0, 2n]. 6. a) x=

=—‘2'-(ch8t+sh3t), y=a(ihf—t:2'-ml), t & (—o0, + o); 6) x=

—qt, g=fi—t, t(—oo, +o) mbo x=-2TL, 4
vt — 20/

=22 v & (—00,3400). 7. x=a cost, y=acost VY [sinf] X

Xsign (sinf), f=[0, 2n]. 8. a) x=acost, y=a(cost-sinl),
" |
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9. x= ‘/ T y=t ‘/ , t=[2, +0). 10. x=af®+at®,

y= at®+ att, -—oo<t<+oo 1. x=at—at?, y=atr—af’,
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y=acos2t, t = (0, n), mmbo x_____a_(_t:—_l)_' _a@—1 te
1+ 1 46

& (—o0, +). 14. x=acos’p, y=acosgsing, ¢ [-—-—’;—

/2|, 15. x=acos@(l+cosq), y=asing(l+cosg), ¢ [0, 2x].
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21.

22.

30.

37.

40.

47.

x=acospcos3p, y=asingcos3e, ¢ = [0, n/6] Y[n/2, 5m/6]U
3n 1in ap ap .

7x/6, —] [ 2:1} 17. x=—=—cos@, y=——sing,

o=[0, +o0). 18. x-asmcp“/tg(pcoscp, y=asinfep Y igo,

o= [0, ﬂ/2)U{ﬂ —32“—) 19. x=7/sin2pcos ¢, y=7sin2psing,

=0, /2] U [n, —%n—] 20. x=ai/2c052cpcoscp, Y=
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—_— 29
2 —
InyYT+4n®, 41. n. 42. V2. 43. 16( +—_ ,ﬁ In(4

—VT5)). 44. 640" 45. 2o, 46, AV2 4 V2 | T
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TJIABA 111
KPUBOJIMHENHbIN U NOBEPXHOCTHBIA HHTEIPAJIBI
BTOPOTO POJIA. BEKTOPHBIA AHAJIH3

§ 1. OPHEHTALLHA KYCOYHO-TJIALKOA KPUBON LR H
KYCOYHO-TJIALKOH MOBEPXHOCTH ScR?3

Onpenenenue Ilyctb L—HesamkHyras KpuBas Ge3 TOYeK
caMonepeceuenusi, Jexamasi B R3, ¢ xounamMu B Toukax A u B. Bu-
6op B nape (A, B) HauanbHOf H KOHEYHOH TOUEK HA3HBAETCH OpHEH-

tanuefi Kpusoii L. Bupaxenus L=AB u L=BA sBasloTCsl 3aNHChIO
KPHBOH C NPOTHBONOJOXKHBIMH ODHEHTALHAMH.

Harasiaso, 3anaTh opHeHTanuio kpuBo# L=AB — 3To 3Ha4HT yKa-
3aTh, KaK HanpaBjieHa (MJM KaK TPOXOAHTCS) 3Ta KpuBas OT TOYKH
A x Touxke B, uau or Touku B K Touke A.

3aMKHYTYI0O KpPUBYIO, KOTOpas nocle yaajeHus JioGok cBoed Tod-
KH («pa3pe3aHHs» KPHBOM B 3TOH TOUKE) CTAHOBHTCS He3aMKHYTOR
KpHUBOH 0e3 TOuUEeK caMoNlepeceyeHMs, 4aCTO HA3HBAIOT KOHTYPOM.
KOHTYp MOXHO ODHEHTHPOBATh, paspe3aB ero B NPOH3BOJLHON TOYKe
M ODHEHTHPYsS MOJYYEHHYIO He3aMKHYTYIO KpuBylo. Ecau KoHTYp Je-
JKHT Ha IJocKocTH XY, TO OH ABJseTCS I'paHHLiell OLHOCBA3HOH orpa-
HHgeHHoH o6nactd DR2, B Takom ciaydae opHeHTalis KOHTYpa da-
Ile 3a/aeTcsl HanpapjeHHeM ero o6Xona: MOJOXHTEJIbHHM HanpasJje-
HHeM 06X0/a TPHHATO CYMTaTh TaKoe, NpH KoTopoM oGaacte D ocra-
eTCs clieBa, U OTPHLATENbHREM — NPOTHBONOJIOXHOE.

Ilycte L R® — npocrad raaakas Kpunas, T. e.

L={(x, y, 2):x=x(8), y=y({), 2=2(t), t<|a, b]},
rae a<b, orobpaxenue r={x(t), y(¢), 2(t)}=Cl[a, b], |r/|#0, n
KoHueBhe ToukM A u B kpuofi L ectb coorBercrBeHHO 006pasH TO-
ek a u b. Toraa opuerranus L=AB cootsetcTByeT opueHTauuu [a,
b], a opueHTauus L=BA — opuenraunu [b, a] otpeska u3MeHeHHS
napamerpa ¢ #a npamoii R. ['oBopar, 9to KpuBas L=AB IPOXOLHTCSH
IpU BO3paCTaHHH, a KpHBas L=B7f—npn yIGHBa}mu napamerpa L.
Torna BexropHoe none T ={1}, rae 1= Tt {_d’_‘_, Ay E.] H
|,;‘ ds ds ds

ds=1/(x;)2+(yt)“‘—}—(zt)2dt-— aupdepenuuan AJHHH ayru L — ABadA-
€TCsl 3aJ]aHHHIM Ha L HenpepHBHHIM NOJieM KacaTeJbHHX K L exu-
HHYHHIX BEeKTODOB, IIPH 3TOM HampaBJieHHe BEKTOPOB T COBNAaAaeT <€

D et
HampaBJieHHEM JBHXKeHHs N0 KpuBoi L=AB npu yBeiudyeHHH mnapa-
Mmerpa f, Tak kKak a<b. Takum o6pa3oM, Ha NpoOCTO# ry1ajKO# OpHEH-

-
THPOBaHHOH KpuBOH L=AB 0aHO3HAYHO ONpelesieHO COrJlacoBaHHOe
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C ee OpHeHTallHell HeNnpephHBHOE NOJIe €AMHHYHBIX KaCaTe/bNHX K L
BekTOpOB. BextopHoe mnose T={—t} sBaserca 3agaHHHM Ha L He-
NpepHBHEM NOJIeM KacaTeJbHHX K L eIMHHUYHBIX BEKTOPOB, Hampas-
JeHHe KOTOPHX COBNaJaeT C HampaBjeHWeM JBHKeHus =no L mpm
yMeHbllIeHHH napamerpa {.

Kycouno-ryiafikasi OpHeHTHpPOBaHHas KpHBas L Takxke OAHO3HAY-
HO onpejenseT COrMACOBAHHOE C ee OpHeHTanuell BekTopHoe mome T
eIHHHUHHIX KacaTeJbHHX K L BEKTOPOB TOJbKO yXKe, BoOOlle rOBOpS,
onpejieleHHOe He BO BCeX TOUKax L H HempepHBHOE Ha MHOXeCTBe
cBoero ompeaenenusi. OpHeHTHPOBaHHYI0 KpHBYIO L BMecTe € COOT-
BETCTBYIOILMM TNoOJieM €IMHHYHHIX KacareJbHHX BeKTOpPoB Oynem 060-
3Hauath (L, T).

I[TpumMep. 3anuuieM Kakoe-HHGyIb NapaMeTpHYeCKoe NpeACTaB-
nenue x(t), y(¢) neram xpuBoh x%+y3=3axy tak, 4roObl 3Ta NETIH
NpOXOAHAACh B MOJIOXKHTENLHOM HamnpaBJieHHH NDH BO3PaCTaHHH MNa-
pamerpa ¢ (a>0).

Pemenwune. Ecau mnomoxkurs ¢=y/x (x>0), TO mNOJy4YHUM, 4YTO
x=3at/(t®+ 1), y=3at?(*41). Ilpu stom nerns kpuohi x3+y3=
=3axy pacnojsoxeHa B NepBoM KaajapaHurte x>0, y>0 u npoxoaurcs
npu u3MeHeHuu ¢ Ha ayue (0, +o0). Tak Kak aas 0TI  uMmeeM
0<x<y, To o6XoA MeT/JIH HAYHHAeTCsd MO TOH ee 4YacTH, KoTopas Je-
JKHT HHXKe GHCCEKTPHCH Y=X NEPBOr0 KOOPAMHATHOrO yrja H, CJeflo-
BAaTeJbHO, JefCTBHTENBLHO NPH BO3pAaCTaHMH ! NeTasa 06X0AHTCA B HO-
J0XKUTEJBHOM HalpaBJeHHHU.

IIpumep. 3anuileM HDapaMeTpPHYECKOoe TIPEICTABJEHUE JIEMHH-
ckaTH; (x24+y?)?=2a%xy Tak, 4TOOH Ka)<aas ee NeTJAs NPOXOAHIACH
B INOJOXHTEJbHOM HanpapjeHHH NpPH BO3pacTaHUM mapamerpa (a>
>0).

Pewenune. Tak xak B NOJSIPHHX KOODAHHATAX YpaBHEHHE JeM-
HHCKaTH eCThb: r?=a?sin 2¢, T0 145 NpaBoH MeTJU HMeeM

=acos ¢ 'l/sirl 29, y=asin cp:'[/sin 20, 0<<op<m/2,
a Jana JeBod—
x=acosQ Y sin2¢, y=asing Y sin2¢, 7o <<3n/2.

Ilpu sToM, Koraa ¢ Bospacraer or 0 xo m/2, To mpaBas neras
NPOXOJAHTCSA B IIOJOXKHTEJbHOM HaNpaB/eHHH, MOCKOJbKY H3MEHEHHIO
t ua [0, m/4] cooTBeTCTBYeT YacThb JIEMHHCKATHI, JexKaluas B [epBOM
KBajJpaHTe HHXe NpAMOH y=x. Tak ke npoBsepseTcs, YTO JieBasA HET-
J51 NPOXOAHUTCS B IMOJOXKHTEJbHOM HaNpaBJieHHH IIPH BO3pACTaHHH !
oT n 10 3m/2.

I[Tpumep. 3annmem napamMerpuueckoe NPEACTaBJeHHE KOHTYpa
kBanparta: |x|-+|y|=a (a>0) Tak, ur06B 3TOT KOHTYp NPOXOAHJCH
B NIOJIOXKHTEIbHOM HampaBJIeHHH NPH BO3pacTaHWH napamerpa i.

Pewenue. Tlon6epem ¢ynkuuio x=x(t), Takyio, 4To6H mOpH
BO3pacTaHuM ¢ 3HauyeHHs x(f) cHauaJja yOHIBaJH OT a A0 —@, 3aTeM
BO3pacTanH oT —a A0 a; HalpuMep, MOXHO HOJOXHUTb X(f)=a cost.
Uro6u To4YKa x(f), y(f{) ABHranacb Mo BepxHelfl TIpaHHlle KBaApara
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|x| +|y|=a, xoopaunara y=y(t), t<[0, n], KOMKHA YHOBJETBO-
PSITH COOTHOIIEHMIO y=a—|x|, T. e.

y()=a—a|cost| =asgnsin{—a |cost].

Ha wuxueil rpanulle Ksajapata KoopauHata y=y(t) mosxHa
YIOBJIETBOPSATb COOTHOLIEHHIO Yy=—a+ |X|, T. e. y=—a-+a|cost|,
tei[n, 2n]. O6benunsss obe MOJyYeHHBe GOPMYJEl, 3amuileM mapa-
MeTpH3alHI0 KOHTypa KBajpara CJAeAYIOLUIHM 06pasoM:

=aqacost, y=asgnsinf—acostsgn (sin 2¢), t=[0, 2n].

OpueHTauus KyCOYHO-IJaAKOH noBepxHOCcTH B R3
Ilycte S R?® — npocras raagkasi IOBEPXHOCTD, T. €.

S={(x, y, &):x=x(u, v), y=y(u, v), 2=z 4, v), (4, v)= D},

rae obnacte DcR? xkopaaHoBa, roMeoMOpHHIM
r={x(u, v), y(, v), 2(, 0)} =C*(D) u [ry X r] %0, (4, v) =D.
[ry X 1)
Torna BekropHoe noje N=!n:n=———— gBjserca onpeseleH-
[r, X ryl
HBIM Ha S HENpEepHBHHIM NOJeM €IHHHYHBIX HOPMAaJIbHEIX BEKTODOB
x S.

Onpenenenne. 'nagkas (1. e. UMewLasi B KaxJAoOH TouKe Ka-
€aTeJbHYIO IIJIOCKOCTb) IOBEPXHOCTh SCR? Ha3mIBaeTCsl OpHEHTHpYye-
MOH WJH ABYCTODOHHeH, eCJH Ha HeHl MOXKHO 3ajaTh HeNpepHBHOE
noJie eJHHHYHHX HOPMAaJbHHIX BEKTOpOB. Takoe moje O6yaeM Ha3H-
BaTb OPHEHTHPYIOIIUM NOJEM HopMmadeit S.

Kak caeayer u3 BBIIECKAa3aHHOTO, NMPOCTasi IViajKasi NMOBEPXHOCThb
opuenrupyema. Jluct Mebuyca sBJseTcss NpUMepoM IJIaiKoi#, HO He-
OpHEHTHPYeMOH — OJHOCTOPOHHEH — MOBEPXHOCTH., DTO, B YaCTHOCTH,
fioKaseiBaer, 4To JHCT MeGuyca Henb3si 3aJaTh KaK IIPOCTYIO IJaj-
KYyI0 MOBEPXHOCTb HHKAKHM CIIOCOGOM NapaMeTpH3anHH.

Tak kak B KaxXZOH TOYKe IVIaAKOH NOBEPXHOCTH MMEIOTCS HBa H
TOJbKO JABa DPA3JHYHBIX €IAMHHYHEIX HOPMAaJIbHBIX BEKTOpAa NPOTHBO-
IIOJIOXKHOTO HANpaBJIEHUs, TO AJIST OPHEHTHPYEMOH NMOBEPXHOCTH Cylile-
CTBYIOT JBa M TOJBKO JBa ODHEHTHPYIOUIHX HOJIsI HOpMaJsed N, u N,
IpHYEeM BEKTODH 3THX HOJeH B JAaHHOH TOUKe So&S B3aHMHO IIPOTH-
BOMOJIOKHEL. [l MPOCTOil riafKoii NOBEPXHOCTH TAKUMH HOJNAMH SIB-
Jasmoores noas N, = M

[ry X 1yl
N,= n:n=——[£5’7><—ri,]—

fry X ryl

Onpenenenne. OpueHTHpPYeMass IOBEPXHOCTb ¢ BHEIGPAHHHIM

ODHEHTHDYIOIHM TIOJIEM HOpMaJell Ha3BIBAETCSI OPHEHTHPOBAHHOH MO-
BEPXHOCThIO.
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OpHeHTHDOBAHHYI0 TOBEpXHOCTh GyaeM oGo3HauaTh mnapoh (S,
N), roe N — BHOpaHHOe OPHEHTHpYIOILlee 110Jle HopMaJel.

He cTporo MOXHO cKa3aTb, 4YTO BbHOOp HalpaBjeHHs HOPMaJH
onpenessieT CTOPOHY noBepxHocTH. [losTOMY OpHeHTalHIO MOBEPXHO-
CTH YacTO HA3HBAalOT BHIGOPOM CTOPOHHB NMOBEPXHOCTH — OTCIOAA Tep-
MHH «IBYCTOPOHHsISE IOBepXHocTb»., Hampumep, Ha cdepe MOXHO 3a-
JaTh HENpepHIBHOE IOJie BHEIIHMX — HalNpaBJieHHBIX OT LeHTpa—
HOPMAaJbHBIX BEKTODOB HJH CKa3aTb, YTO 3a/laHA BHEIIHAS CTOPOHA
cdepbl; ecaH XKe 3a1aTb [0Je BHYTPEHHHX — HaNpaBJ/ieHHHX K LeH-
TPY — HOpPMaJIbHEIX BEKTOPOB, TO MOXHO CKa3aTh, YTO 32JaHa BHYT-
peHHsisl CTOpOHA CepHl.

Onpenenenne. Touky s NOBEpXHOCTH S HA30BeM BHYTpDEH-
Hell, ec1M y Hee CylIecTBYeT Takasi oKpecTHOcTb U (S), 4T0 MHOKeCT-
Bo U(s)\S HecBsizHo. Touky s noBepxHocTH S Ha30BeM rpaHHYHON
(xpaeBo#), ecan Aaas J1060i ee okpectHoctH U(S) MHOXecTBO
U (s)\S cBs3HoO.

Onpenenenune. Ilyctb KOHTYp L JeXHT Ha moBepXHoctH S.
Ecan gacte S; nmoBepxHocTd S, Aas KOTOPOH TOYKH L — rpaHHuHbIe,
He HMeeT APYTHX I'DAaHHYHBIX TOYEK H SBJISETCA CBS3HBIM OI'DaHHYEH-
HEIM MHOXECTBOM, TO CKajKeM, YTO KOHTYp L orpaHHuuBaeT 4acTh.
S, noBepxHOCTH S MJIH UTO NOBEPXHOCTb S; HATSAHYTa HAa KOHTYp L.

Ecnn HesaMkHyTass MOBEPXHOCTb S OpHEHTHPOBaHa, TO AJS J1060-
ro KOHTYypa, Jexauero Ha S, omnpejessieTcsl NOJOXKHTeNbHOe (corja-
COBaHHOe C opHeHTaluuedl S) HampaBJjeHue 06XOxa Takoe, YTO Orpa-
HHYEHHasi 3THM KOHTYPOM 4YacTh [OBEPXHOCTH S ocTaBajach CJeBa
OpH 06X04e KOHTypa II0 COOTBETCTBYIOHMIEH CTODOHE MOBEPXHOCTH.

Onpenenenune. [Iycth He3aMKHYTHEe OpHEHTHDOBAaHHHE IIO-
BepxHOCTH S; H Sy mepecexarorcs nmo KpuBoit L. Bosbmem Ha S; u S,
KoHTYpnl C; u Cy COOTBETCTBEHHO TakK, 4TOGH KpHBas L WJIH ee 4acTh
cocTaBJjsjza 4acTb Kak KoHTypa Cj, Tak u kourypa C,. Ecan monoxH-
TeJbHOE HanpasJjenue obxojxa KoutypoB C; u C, unayuumpyer Ha L
NPOTHBONOJIOKHbIE OPHEHTALMH, TO OPDHEHTAaLHH NOBepXHOCTeH S; H
S; Ha3BIBAIOTCS COTJIACOBAHHBIMH.

Q

Onpenenenne Kycouno-rimagkaa nosepxuocts S = | S,

q=1

rae S, 1<<q<<Q, — mpocThle ryiafikne NMOBEPXHOCTH, HA3bIBAeTCA OpPHU-
GHTHPYEMOH (ABYCTODOHHeH), eclH Ha KaxKAO# H3 NOBepXHOCTel S,
1<<g<<Q, moxHO BHOGpath opueHtauuio (S, N,) Takum obpasom,
4To0Bl Aasi J060# mapsl Si, S;, HMeoLlell JUHHIO TNepeceueHHs, OpH-
€HTaUHH OblJH COrJIaCOBAaHHBIMH. BekrtopHoe mose N, cocTaBjeHHOe
noasimMu N, (1<{g<<Q), Ha3oBeM OpHEHTHPYIOIUHM [OJEM HOPMa-
aei S.

H1si KYCOUHO-r1aAKOf MOBEPXHOCTH S OpUEHTHDYIOLIee [oJie HOp-
MaJjied onpelesieHo H HeNPepPHBHO Ha S, 3a uCKJOueHHeM, ObITb MO~
JKET, KOHEYHOro 4YHCJIa KYCOYHO-TVIAAKHX KDUBBIX, JexKalmux Ha S.
Tak ke, Kak W s TAaAKOH OpPHEHTHPYeMOH MOBEPXHOCTH, AJS Ky-
COYHO-TVIAAKOX  ODHEHTHPYeMOH IIOBEPXHOCTH CyILIeCTBYIOT JABa H
TOJIbKO /Ba OPHEHTHUDYIOIIHX NO0JS HOopMmaJde#d Ny u N, cocTaB/eHHble
B3aUMHO IIPOTHBONOJIOKHBIMH BEKTOPaMH.
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Onpenenenue. [Tapa (S, N), rae S — opueHTHpYeMasi Kycou-
HO-TJIafiKasi MOBEPXHOCTb M N — BHIOpaHHOE OpHeHTHpYoulee IoJse
HopMaJiel, Ha3LBAeTCs OPHEHTHPOBAHHOK IOBEPXHOCTHIO.

Tak ke, Kak Ha rJiaJkoil He3aMKHYTOH ODHEHTHDOBAHHOH NOBEpX-
HOCTH, ONpeesseTcsi MOJOXKHUTENbHOe HampaBjieHHe 06X04a KOHTypa
Ha HEe3aMKHYTON KYCOUHO-TJIaZKOH OpHEHTHDOBAHHOH IOBEPXHOCTH.

JIio6asi KycOuHO-rJIafikasi 3aMKHYTas IIOBEPXHOCTb OpPHEHTHpyeMa.
Ilpu sTOM ONHA OpHEHTAlWsi COOTBETCTBYET BHIOOPY BHEIIHHX HOpMa-
nefi (BHeWIHsisT CTOPOHA IOBEPXHOCTH), ApYyras — BEHIGODY BHYTpeH-
HUX HOpMalie#i (BHYTpEHHSISI CTOPOHA IIOBEPXHOCTH).

Jlns yka3aHusi opHeHTauuH (CTOPOHBI) INIOBEPXHOCTH 6yaeM MHOJb-
30BaThCA CJEAYIOUIel TepMHHOJOTHEN.

Jlnsi 3aMKHYTHIX NOBEPXHOCTeH, KaK yxKe TFOBOPHJOCH, ONpeaess-
JOTCS BHELIHSs] M BHYTPEHHSS CTOPOHBL. DyneM cumTaTh 3TO OTHpeje-
JIeHHE HacJAeJCTBeHHBIM JJist JIOGHIX yacTell 3aMKHYTHIX TI0BEPXHOCTeH,
Hanpumep, BHyTpeHHSIZ CTOpOHA nosycdeps — 3TO CTOPOHA, COOTBET-
CTByIOIasi BHIGODY HOpMaJiel, HanpaBJeHHHX K LeHTPY. aa ansaum-
THYECKHX LHMJHHApDA H Napabonouja, ABYXIOJOCTHOrO H OJHONOJOCT-
HOro rumepOOJIOUJOB H SJJIHITHUECKOr0O KOHyCa BHYTpPEHHelt Hop-
MaJIbl0 CUHTAeM BEKTOpP HOPMaJiH, HampaBJIeHHBI BHYTPb IIOJOCTH, H
COOTBETCTBEHHO OINpeJessieM BHYTPEHHIOIO H BHEUIHIO CTOPOHH,
OnpeneneHusi BHELIHeH M BHYTpeHHell CTODOHH Takke OyAeM CUH-
TaTb HACJeACTBEHHHMH [Jif1 JIOOHX uacred TaKHX noBepxHocteidl. Ec-
Ju (S, N) —opueHTHpOBaHHAasl NMOBEPXHOCTh H KOCHHYC YIJja BEKTO-
pa n ¢ ocblo OZ He MeHseT 3HaKa 14 neN, To Ha3oBeM COOTBET-
CTBYIOIIYIO CTOpOHY S Bepxue#i, kKoraa cos(n, OZ) >0, u HHXHeH, Ko-
taa cos(n, 0Z)<{0. AHaJOrHYHO Ha30BeM CTOPOHY MOBepXHOCTH (S,
N) npaso#i, koraa cos(n, OX)>0, neN, u Jaeso#f, xorna cos (n,
0X)<0, n=N. B uacTHOCTH, €CJIH IOBEPXHOCTb S 3a7aHa SBHOH
pyuxumed 2=2(x, y), 1. e.

S={r:r(x, )= y 2(x, y)), (x, y) =D},

— roXr —2 2.1
z(x, yy=C*(D), 10 mose N=[n:n= [f "} = {_"_2_”__3 3ana-
lre X 7,1 ]/1 +z, + 2,
~ roXr. 2z, 2, —1
€T BepxHIo, a none N = {n: n= ["f ",] = {i__’_}i_ — HHX-
rexrl Vit 42

HIOI0 CTOPOHHI S. TouHO Tak XKe s NOBEPXHOCTH

S={r:r(y, 2={x@, 2, 4. 3, (4 =D}, x(y, = C (D)

[rixr] {1, —x,, —=x,
qone N = [n: n=-—4_ % - _ya___’_: 3ajaeT Mpasyio, a NoJe
Iry X7 Vl‘-{—xy + x,
~ Ir. Xr,l —1, x, %}
N={n:n= — = { ——2 2| —sesyio croponsl S.
Iry Xl V1+xy +x,2



NMprmep. Onpenennm, BHEWHSAA WIH BHYTDEHHAsT CTOpOHA To-
BepxHocTH S={(x, y, 2) : ¥*+22=2az, z<a} aABaAserca BepxHelr (a>
>0).
;Z’emeﬂae. Ycnosue z<a MOKa3hHBaeT, UTO OPHEHTHpYIOUIee IO-
Je HopMaJsiefi K S, olpesensiollee BEPXHIOI CTOPOHY, ecth N={n},
n={—x/a, 0, (a—z)/a}. BHellHss ¥ BHYTPEHHss CTOPOHHE MOBEPXHO-
cth S Kak vacth nmameapa {(x, y, 2) :x2+22=2az} onpepeasoTca
noneM HOpMaJiel, HalpaBJeHHBIX COOTBETCTBEHHO OT OCH CHMMETPHH
3TOr0 IHJHHAPA U K OCH CHMMeTpuH. OCbI0 CHMMETPHH LUMJHHAPA SB-
JseTcst npsAMasi z=aq, Jexalllas BHIIe TOYeK MOBEPXHOCTH S, Caeno-
BaTelIbHO, BeKTOp n={—x/a, 0, (a—z)/a} manpasaen K 3Toli mpAMOAi.
Hrax, Bepxuas cropona S — BHYTpenHas (cM. puc. 42).

z Za

Puc. 42 Puc. 43

IIpumep. Onpenenum, mpaBast Hiu JeBasi CTOPOHA MOBEPXHOCTH
S={(x, y, 2): x2=y?+ 22, x>0} sBAsIETCA BHyTPEHHEI.

Pemenue. IloBepxHocts S sBasercs wacThio KOHyca x2=y24
+2?, cnexoBaTeNbHO, BHYTPEHHAS CTOPOHA S ONpenesseTcss IOJeM
HopManellt N={n}, manpaBJleHHHIX BHYTPb IIOJOCTH 3TOrO KOHYCa,
T. e. K ocu OX. Takolt Bekrop n={n,, n,, n,} B Touke (x, y, 2) =S,
2>0 ROMKeH MMeTb OTPHUATENbHYI KOODAHMHATY f,. OTClOAa noJy-
HaeM, 49TO OPHEHTHUDYIOUIUM IOJIEM HOpMaJjeH BHYTPEHHeH CTOPOHEI S
Apngercs none N={n}, n={1/y2, —y/x, —z/x}. Tak xax n,=1/J2>0,
TO BHYTPEHHAS CTOPOHA S siBAsieTcs NpaBoft (cM. puc. 43).

ITpuwmep. Tlposepum, yto cropoua NOBEpPXHOCTH

S={(x, y, 2)1x=acosucostv, y=asinucosty, z=asin*y,

I<u<n, 0<v<<m/2y,

ry X1,
onpexeseHHas nojem N = I [ u ,’,]
lry Xyl

, —BEpXHAS.
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[ry Xyl
Pemenune. Koopaunara n, BeKTOpa nn= ———— paBHa

l[ry Xrgll

1 - .o 1 .

—(x Y, —xy,)=————— 4a’cos’ vsinv >0.

[lry X7l [[ry Xyl

IlTonyyeHHOe HepaBEHCTBO MOKa3BBAET, YTO COOTBETCTBYIOLLAA CTOPO-
Ha S — BepxHsA.

ITpumep. IloBepxHOCTh S eCThb YaCTb NOBEPXHOCTH Teja V=
={{x, y, 2):2x242y2<az<x?+y?+a?}, yIOBJETBOPAIOIIAS YCJOBHIO
y>0. Bekrop HopMaJu, ONmpeieJsIOIIHA OpHEHTAUHIO S, B TouKe M=
=(0, a/2, 5a/4) o6pasyer ocTpblii yroa ¢ ocbio OZ. Jlagum xapakTte-
PHCTHKY OpHEHTAUHH IJaiXuX HOBEDXHOCTEH, COCTABJSIOWIUX KyCOu-
HO-TJIaJKyI0O OPHEHTHDPOBAHHYIO NMoBepxHOCTh S (a>0).

Pemenune. IloBepxnocth S cocrouT u3 uactu S, nmapaGonouia
az=x?+y?+a? u wacta Sy mapabonouna az=2x2+2y2 (cMm. puc. 44),

Puc. 44

JuHuel nepeceueHuss S; ¢ Sy ABAAETCA NOJYOKPYXKHOCTb X2+ y?=a?,
2=2a, y>0. OGe noBepxHOCTH S; U S; 3aiaHbl SBHBIMH (DYHKLUAMHE

Sl={<x’ Y Diz=+(2+p4a), R4pr<a, y>0},
a
8y = {(x, ) iz=2(+p?), £+1r<a, y>0}.
a

ITosToMy HX OpHeHTalHsi XapaKTepH3yeTcsi yKa3aHUeM -— PacCMaTpH-
BAeTCH BEDPXHSSI HJIM HHXKHAS CTODPOHA COOTBETCTBYIOUIEHl MOBEPXHO-
CTH.

Touka M= (0, a/2, ba/4) nexur ua S,, cienoBareJbHo, Ha S; 3a-
JAaHa BepxHAS cTopoHa. YToGH ompeneNuTh COIJIACOBAHHYIO OpHEHTa-
IMI0 IOBepXHOCTH Sy, BO3bMeM Ha mapabogoupe az=x2+y?+a? KOH-
Typ L, cocraBieHHHH ayroft AB snuuuu nepecevennsi S; ¢ S, u napa-
6oaoit ABW: az=x?+y?+a?, y=a/2, a Ha mapabojoune az=2x2+
+2y? — KoHTYp Ly, cocraBieHHBHI Tok ke ayroi AB wu mapaGoJoh
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AB®: az=2x?+2y?, y=a/2. Koopausaru Touex A u B naxomstcs u3
CHCTEeMH: y=a/2, x>+ y’=a?, z=2a, 4TO faer A=(a 1/3/2, aj2, 2a),
B=(—a 1/3-/2, a/2, 2a). Ha Bepxueit cropone napabosnonna az=x2-+
+ y2+a? — noBepXHOCTH S;— INOJOXKHTeNbHOe HanpasjeHHe 00Xoaa

KOHTypa Ll PIHILYU.preT HanpasJieHHe AB OYyTH TOJYOKPYXKHOCTH
X2+ yi=qa? z=2a, y>0—.nmmn nepeceuenus S; ¢ Sy, cnenoBareib-
HO, INpH COI‘JIaCOBaHHOH opueHTanuu mnapaonoua az=2x%+2y%—
NOBEPXHOCTH Sy — MOJ0XKHTEIbHOE HalpaBJeHHe obxona KoHTypa Lo

JOJXKHO MHAYUUPOBaTL HamnpasaeHue BA stofi nyru. OxasbiBaercs,
KOHTYp L ¢ NOJNOXHTeJbHBIM HanpaBJjeHHeM 00X0la HAaXoAHTCA Ha
HUXKHell cTopoHe mapabojouaa az—=2x2+2y2 Hrak, 3ajgaHHasi opH-
€HTHPOBAHHAsI KyCOYHO-IJ1aAKasi MOBEPXHOCTb S COCTOMT H3 BepXHel
CTOpPOHBI 4acTH napa6osoupa az=x2-4y?>4a? u HHXKHeH CTODOHH Ya-
cru napaGosoupa az=2x2+2y% (£2+ y2<a?, y>0).

IIpumep. Halinem mapaMerpuueckoe IpeACTaBjeHHEe OKDYXKHO-
eru L={(x, y, 2) : x*+ y?+22=a?, x+y+2=0}, Taxkoe, uTOOH HaNpas-
JeHue ee 00X01a NP BO3PACTAHHU Iapamerpa GbLIO NOJOKHTENbHEM
Ha BepXHel CTOpOHE IJIOCKOCTH X+ y+2=0 (a>0).

Pemwenune Touka O=(0, 0, 0) JexuT BHYTPH paccmarpuBaeMoi
OKPYXXHOCTH, C/IefOBATEJbHO, HA BEPXHEeA CTOPOHe ILIOCKOCTH  BeK-

top MO u3 touku M oxpyxuoctd L B Tourky O uaer HaleBO OT Bek-
TOpa T, KacaTesJbHOrO K OKPYXHOCTH L B Touke M H HampaBJeHHOrO
B CTOPOHY BO3pacTaHusl napamerpa. Haiinem oaHy H3 mapamerpusa-
uuii okpyxkuoctu L. Mckiaouasg z us cucreMnl x2+y?+22=qa2, x+y-+
+2z=0 nosyyaem, 4TO KOODAMHATH X H Y TOYEK OKDYXKHOCTH CBsi3a-

a2
HB ypaBHeHHeM x2—{—y2—{—xy:—2—, D10 ypaBHeHHe Ha maockocTH XY

omnpejesser JJHNC, TJaBHHE OCH Koroporo o0pasylor yroa m/4 ¢
OCSIMH KOOpAHHAT, IO3TOMY

X = v_ cost -

sint M y=-——=cost———

p B«
V3 V—- V§ sint,

rae o H f-—1oayocH 3Toro sJaunca. Jlas BBIYHCAEHHS o H B, MOA-
CTABHB BEIPAXKEHUS! X H y B YpaBHEHHE 3JIJIHICA, nonyqaew COOTHOLIE-
2

Bet2 a?
HHe —— cOos?t sin? f=-%  orkyga o =-——, B=q. Urax
T2 + 2 ya V3’ B ’

a
—sint, y=——cost—

={(x, y, 2): x——ﬁ—cost—{— %

—T;Q:sin t, 2= — "/—g—cost, 0<<t<<2m;-

Jast_Tpebyemoro nanpasiennst o6xoxa BEKTOp p={px, Py, Pa}=[TX

XMO] ponxkeH GHITb HAaNpaBJieH B Ty e CTOPOHY OT IJIOCKOCTH X+
+y+2=0, 4T0 U HOpPMAaJbHBIA BEKTOp 3TOH NJOCKOCTH, CIpEAesio-
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Uii# BEDXHIOIO ee CTOPOHY, T. €. JOJKHO BHIIOJHATHCA HEDaBeHCTBO
p.>0. Tak xax

T—{ﬁ d_y _dg_]_{__ asint+acost
dt > dt ' dt Ve vz

_asint 2_ cos f, /i sint}
VE | l/ 3

— dx oy a? .
0 MO={—x, —y, —2}, 0 p,= (—y—&t—-— + 17) = ——73_-< 0;
TakuM 06pa3oM, MOJyuYeHHasi NapaMeTpu3alHs OKPYXKHOCTH L jaer
npu Bospactarud { or 0 10 2 NPOTHBOMOJIOXHOe Tpe6yeMOMy Ha-
npasjenye o6xofa. 3ameHss { Ha-—u, NojyyYaeM CAedyiollee napa-
MeTpPHUYECKOe Npe/iCTaBJeHHe OKPYKHOCTH:

L={(x, Y, z):x=% cos u——;—gsinu, yz-l—/%_—cosuﬁ-'

+ a . V? u}
—Sinu, 2= — — COS
V2 3

H TOCKOJIbKY CAenaHo npeofpasoBaHue TMapaMeTpa C OTPHUATEJ]b-
HO# TNPOH3BOAHOMN, TO TaKas NMapaMeTpU3aLlus 3a1aeT UPOTHBOMOJIOK-
HYIO mpeablayiuell, a 3HauyuT, TpebyeMyl0 OpHEHTalHI0 OKPYKHOCTH

L::{(x! Y, Z)ix+y+2=0. x2+y2+22=a2}.

I[Ipumep. HafizeMm mapamerpuueckoe IpeicTaBJeHHe BepXHel
neriun xpuBoii Busuanu L={(x, y, 2) : x2+y>+22=4a?, x2+y?=2ax,
2>0}, takoe, uro6H HamlpaBJeHHe 00XOJAa NpPH BO3pacTavHH napa-
Merpa Ha BepxHeH CTopoHe BepxHell mnoaychepnr S={(x, y, z) 1 %2+
+ 4%+ 22=4a2, 2> 0} 6blJ10 NOJOKUTEbHEIM (a>0).

Peurenue Touka M=(a, 0, ay3) Jexur BHYyTpH TOH vyacru
BepxHeli nojaychepn S, Koropas orpaHuyeHa KpHBO# L, cienoBaTelb-

—

HO, Ha BepXHeH cropoHe S BekTop AM, rne A —Touka Ha L, NOMKeH
MATH HaJIeBO OT BEKTOpa T, KacaTeJbHoro X L B 370l Touke H Ha-
IIDaBJIEHHOIO B CTOPOHY BO3pactaHusi mapamerpa. Hailizem onHy H3
napamerpusanuii kKpusoii BuBmauu L. Ycnosuio x?+ y?=2ax yposje-
TBOpSIeT NapaMeTpHueCcKoe MpPEACTaBJeHHe KOOpAHHAT x=2acos’? H
y=2acostsin{, rae t=[—mn/2, 7/2] nau t=]0, n]. 13 cooTHOMmEHHS
x4 y2+22=4a% nosyuaem, uto 22=4a2?sin?f; yuyHTHBAs YCJOBHE Z>
>0, mosyyaeM OKOHYATENbHO, YTO

L={x, y, 2):x=2acos?t, y==2acostsin{, z=2asint,
0t < ).
Ins tpeSyemoro HamparJeHHs o6XoJa BEKTOPHOE MPOH3BE/IeHHEe BEKTOPa

dv d dz
T= f——w 2L —J, KacaTeabHoro K L B Touke A (x, y, 2), 4 BekTOpa

L dt ' odt’ dt
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—~—> — —_—
AM={a—x, —y, aV 3—2z} Bek10p pP=(p,, p,, P.)=[v X AM] nox-
eH MMeTb IOJIOKHTENbHYI0 KOODAMHATY p,, TaK KaK BEKTOp p J0J-
XeH GHTb HalnpaBJeH B Ty JKe CTOPOHY OT noaycdepn S, 4T0 H HOp-
MaJibHHE BEKTODH, ONpeAe]sIollHne ee BEPXHIOW CTOPOHY. Buumciss
p., UMeeM, 4TO

ey ) YN
P2 ( y— (a x)dt) at>0,

T. €. MOJIy4eHHAas apaMeTpu3aluus KpuBo#i Busuauu
L={(x, y, 2):x=2acos*, y=2acostsint, z=2asin{, 0<<{n}

ABJIAETCA UCKOMOH.

Hanbrelimee usnoxenune § 2—>5 ucnoab3dyer moustHe Auddeped-
IHaJbHOH (OpMH, OmHpalolleecs Ha ONpedesNeHHe H CBOHCTBa KOCO-
CHMMeTDHYeCKOH IMOJHJAHHeRHOfi (GOpMBl H3 Kypca JIHHEHHOH aJjred-
pu. Takoe paccMoTpeHHe KPHBOJIHHEHHOrO H NOBEPXHOCTHOTO HHTe-
rpajioB BTOPOTO pPOAA BKJIIOUEHO B OOIlMe CTPYKTYphHl Te€OMETpPHH H
TE€OpHH HHTETPHPOBAHHA H INHPOKO HCHOJb3yercst B COBDeMeHHOH Ma-
TeMaTHke. IIoCKONbKY B HEKOTODHX Yy4yeGHHKAaX H3JIOXKEHHe TeMH
«KpuBoNHHEHAHEI ¥ IOBEPXHOCTHBIA HHTErpajili BTOPOrO poja» Be-
jgercs 6Ge3 UCMOJAb30BaHUA anmnapara auddepeHuuanbHbx $HopM, TO
napanaseybHo B § 2%, 3% 4* npoBeseH aHajiM3 COOTBETCTBYIOUIHX MNO-
HATHH W pa3bop 3ajnau B Taxkol ¢opme. [lapaanennsm H3J0XKeHUs
MOAYEPKHUBAETCS] NIPSIMBIM NOBTOPEHHEM TEKCTA TaM, IAe 3TO BO3MOK-
HO, H pa3bopoM OJHHX H TeX XKe IPHMepOB.

Cpenn 3anay, MOMeLIEHNBX B KOHIE 3TOH TJaBel, 3agaun Ne l—
35 MOCBsILEHBl HEMNOCPEACTBEHHBIM NEeHCTBHUSAM C aare6paudyecKUMH H
nupdepennnanbHbiME (POPMaMH — OHH OTHOCATCS CYry60 K MaTepHua-
ay § 2. Ocrauabnble 3agaun, Hauuuas ¢ Ne 36, —3T0 3a44ud  HHTe-
TPaJIbHOrO MCYMCJEHMS; OHH peHlaloTcd TaK Xe, Kak pasobpaHHble
NpUMepHl, ¥ T€M H APYTdM MeTOJOM, B 3aBHCHMOCTH OT (POPMBI H3JI0-
KeHusi TeMbl «KpnposuHeHHH H NMOBePXHOCTHBIH HHTErpass BTOPO-
ro poiaa.

§ 2. IHPPEPEHUHMAJADHBIE @OPMbl B KYPCE AHAJIU3A,
HHTETPUPOBAHUE HUPPEPEHIIHAJIbHBIX $®OPM. OBIIHE
CBEJEHHUs

A) Aare6panueckue (GpopMbl

HanoMruM HekoTopble HeoOXoAMMHEE [Js AajbHelilero GakTH H3
Kypca aarebphl.

Onpenenenne. Ilycte X u Y — sunefinnie npoctpancrsa. Ilo-
Jaunnneiinas ¢opma L:X9—Y nopsinka g, onpexesneHHas Ha ymopsi-
AoueHHnX Habopax (&, & ..,&¢) BekropoB u3 X W NPUHHMAKOMLAA
3HAYEHHs B Y, HasbiBaeTCA KOCOCHMMETPHUECKOH (opMoil, ecau ee
3HaYeHHe MeHseT 3HAK NPH NepecTaHoBKe J0GOH Naph apryMeHTOB,
T. e. L (’5'1, veny §1;, ceey gj, wery §q) =-——L.(§1, very §j, ceey Ei, veey §q) .
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B uwactHOCTH, ecan E;=E; NpH HEKOTOPHIX [ H j, TO HE3ABHCHMO OT
OCTaJbHHIX BEKTODOB 3HaueHHe KOCOCHMMeTpHyeckoll ¢opMH DaBHO
HyJIO, CJeROBAaTeNbHO, KOCOCHMMeTpHYecKass ¢opma, MOPSAOK KOTO-
poft Gosiblle pasMepHOCTH NMpPOCTpaHCTBA X, paBHA HYJI0 Ha JIOO60M
Habope BeKTODPOB (TaK KaK CpelJH BEKTOPOB, Ha KOTODHIX OHA 3a/aHa,
no KpadHefl Mepe ABa BeKTopa 005g3aTeJNbNO COBNAAAIOT).

Hanpumep, eciu X — nBymepHOe NMOANpOCTPaHCTBO R3S, TO BeKTOp-
Hoe mpou3BefeHue [§;XE;] BekropoB EeX, E;=X ecThb KOCOCHMMe-
TpHYeCKasa (opMa BTOPOro NOpPsIKA .CO 3HAUEHHSIMH B OPTOTOHAJIb-
HoM gnonosHenuu X. B camom nese, BO-IepBHIX,

[E+ B) X Bl =[& X B]+[E X &]

B0 X E+E)]=[8 X &) +[& X &,

T. €. BeKTODHOe NPOH3BeJeHHe JIHHEHHO OTHOCHTEJbHO KakK TepBOro,
T@K M BTOPOTO COMHOMKHTENS M, BO-BTOPHIX, [E;XEs]=—4[E2XEi].
BellecTBeHHO3HAYHYI0O KOCOCHMMETpHUYeCKyl0 (opMy IOpsLKa ¢

KOpDOTKO OyleM HasuBaTb ¢-popmoil. MHoXecTBO ¢-popM sBJgeTCS
JIMHEHHBIM NPOCTPAHCTBOM.

JInnelinyo GopMy eCcTecTBeHHO Ha3bBaTh 1-HoOpMOH.

Onpenenenune. Ilyers Ly, Ly,...,L,— 1-hopmbl. Buelrnee npo-
ussenenve Ly ALy;A ... ALy ectb g¢-dopma, Koropas Ha BeKTopax
(&1, &2y ..r Eg) MPHHHUMAET 3HAUEHHE

Li€) L) Ly(&)
LyANLy ... NLjEwLE ... E)= LiE) L&) .- Lg(E) )

L) Loy --- L&)
Hs onpejpc/ieHusd cjieayer, UTO CipaBeNJIUuBbI paBeHCTBA:
LyANLy... NLioo. ALy NLg=—L AL, A ...
AL ANL... AL, .
(Lot L) AL ALy .. NLg=LiNLy... AL+
+L ALy A ... AL,

B cuay ausefiHOCTH HpocTpaHcTBa §-QopM BCAKHH OJHOPOAHHIY
MHOrouJleH cremeHu ¢ ot l-dopMm ectb g-dbopma. M3 cpoiicTB BHelHe-
ro npousBefeHus l-¢popM cjenyer, UYTO BHelllHee IIPOH3BeleHHe §-
¢opM HaxoAHTCA MO NpaBUJaM YMHOXeHHS ajire6pauyecKUX MHOrO-

9jIeHOB C Jo0aBjieHHEeM YCJOBHS COXPaHEHHS INOpsAKa COMHOXKH-
Tesel.

[Tpumep. ¥npoctuM BHpakeHHe

(Ly N Ly—2Ly N\ Ly) N (2Ly—4L5+3Ly),
rae Ly, Ly, Ly, Ly — 1-dpopmbl.
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Pemenue. PackpbiBasi CKOOKH C COXpaHEHHeM INOpPAJKA COMHO-
XKUTeNeH, NoaydaeM, 4To

(La N Ly—2L N L) N (2Ly—A4Ly +3L) =20 N Ly N\ Ly—
—A4L N Ly N\ Ly— 4Ly N Ly N Lo +8LI N Ly N Ly+
+3Li N Ly A Ly—6Ly \ Ly A\ Ly

YuuTeBasi, YTO IIpH IlepeMeHe MeCTaMH JABYX COMHOXKHTeJsell BHel-
Hee NPOH3BeJeHHe MeHsleT 3HAK, H, CJeJ0BaTeJbHO, BHelllHee HPOH3-
BelleHHe, BKJIOUAOllee NBAa OJHHAKOBBIX COMHOXHTEJS, PaBHO HYJIIO,
OKOHYATeJbHO MOJIy4aeM, 4TO

(Ly N Ly—2Ly N\ Ly) N\ (2Le—4L;+3Ly) =
= —'2L1 /\ L2 /\ L4+4L1 /\ Lz /\ La+ 4L1 /\ La /\ L4—
“6L1 /\ Ls /\ L4=4I_‘1 /\ Lz /\ L3—2L1 /\ Lz /\ L4—2L1/\ La /\ L4-

CumposoM m;, 1<in, GymeM 0603Hayatb Omepatop NPOEKTHPO-
BaHus NpoOCTpaHCTBA R™ Ha KOOpAMHATHBIE OCH, T. €. Hasi  x= (X,
X2, .., Xn) ER™ 1o ompegnesieHuo m;(x)=x;. Ilpoekropm mn; 1<i<n,
npeacraBssiior coGoi npocrefimine 1-dopmel. Besikas g-dopma mpen-
CTaBJIsIeTCS B BHAe JHHeHHOH KoMOuHamuu npocrefiinx ¢-popm —
BHEWIHUX NpoHu3BeneHHH 1-bopM m; (OAHOPOAHBIM MHOIOUJEHOM CTe-
HeHH g OT m;):

L = Z Qi i, iqﬂil/\ﬂ:t}/\ /\J‘Li.

q
1<l <Tig<<... .<iq

Taxoe npeacraBJeHHe Ha3biBaeTcs KOOpﬂI/IHaTHOﬁ 3aluCblO  HJH

3aMHChI0 B KOOPAHHATHOM BHAE (opMbl L.
M3 onpenenenus caepyer, uto

Elvfxgl,in e El,iq
T, /\ T, /\ . /\ 3Tz'q (El’ E21 e ,gq)= gg’i‘gg’i’ e EQ.iq ,
gq,i,gq,i, LA gq,i

=G &2 En) 1<y

ITpumep. Hailnem snauenne 3-popmbl

O=41; A\ 5ty \ 7tg—3my N\ 1ty \ g7y A 1y A 7ty + 5y A\ mig A 7
Ha BeKTopax

&=(,0,3, 0); &=(5, 3, 4, —3), &,=(2, —1, 1, 2).

Pemenue. Tak xak

AT N\ g @ &, By = = —26,

N Ot —
— W o
N O
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| 0 0
T N\ Ay € By )= |5 3 —3|=3,

2 —1 2

13 0
By Ny Ay, &, E)={5 4 —3|=—37,

21 2

03 0

3"52/\:”::«1 An4(§1, §27 Ea)" ? ‘% 3 :_9,

TO
o= —104—9—37—45= —195.

[Tpumep. Ilycrp [§ X &]—BekTopHOe mnpoH3BefieHHE BEKTOPOB ;=

= (&1 &ror E1p) € R® ¥ &= (B, Epos Gog) =R

3anuuieM B KOOPAHHATHOM BHAe 2-DOPMBI

7y ([Er X &), 71 (& X &), 73 ([&1 X &

Pemenue. Tak Kak

(15 Bl B Eul [En B
6 x &) =( |7 Bo| B0 B (B Be)),
TO
Bk
iy (5 Bl)=| B2 B,
C ZIpyroit CTOPOHEI, MO ONpeJEJEHHIO
|y B |2 &
o N s G B = 08 w6 B Bl

CrnenoBarensno, 7t ([& X &) =mn, A 713, &)-
AHaJOTHYHO TOJNYUHM, YTO

7y ([8 X B =15 A\ 511, 73 ([& X &) =m A 7.

B) Huddeperunanphbie Hopmbl

Ilycte o6nacts D nexur B R". COBOKYNMHOCTb BCeX f-MEDHHIX BeK«
TOPOB, NPUJOXKEHHHIX B TOYKe XoeD, HA3BIBAIOT KacaTeJbHBIM IIpO-
CTPAHCTBOM B TOYKe Xp M 0GosHauaior TD. . KaHoHHYeCKHM (asHcOM
B TD., sBasercs Gasuc e(xo), es(%0), ..., €n(%o), e e;(xp) — Bek-

TOp, KOJJIHHEapHH BeKTOpy e; 6asuca e, ey ..,e8, HCXOLHOTO IpO-
. cTpaHcerBa R,

[lycts fe=CY(D), D=R". Torna nuddepennnan df(x,) ompene-
JIeH B Ka}KlIOf/'I TOYKe xOED u fBJsieTcs JIHHEHHOH GopMOi »

0i

df (xo) = A (xo) dx, + LR (xo) dxy+ . + (xo) dxn,
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onpenesieHHOH Ha BEKTOpe cMellcHHA A= (dXydX,, ... ,dx,) & TDy,.
IIpu mepexoze oT TOYKH K Touke B obGnactH D dopma df(x), BooG-
me rosopsi, MeHsiercs. TakuM o6pasoM, riaikas @yHKupa f:D—>R,
OPOXKAAET moJie JHHeHHBIX (opM HJAH l-hopm, onpeneseHHHIX Ha
COOTBETCTBYIOLIMX KacaTeJbHBIX npocrpanctsax ID,, xeD. C mo-
MOIIbIO BHEUIHEro YMHOXKEHHS OT 3alJaHusi l-popM MOXKHO TNlepeHTH
K 3ajaHuio g-GQopM.

Onpenenerue. [Iuddeperunanbias ¢opma nopsaika g (aud-
bepenunanbuas ¢-popma) o 3agana B obaacty DcR™, ecan ans
Kaxao#l Toukn xD 3anana g-popma

o(x) : (TDy)?—>R.

Coraacuo onpesenenuo auddepenunan df(x) ¢ysxuun f: DR,
feCi(D), ectb auddepennuannias ¢Gopma nepBoro mopazka (auod-
¢epenunanbras 1-popma), sanansas B obaacta D.

ITycts B obaactn D—R® 3anano BekropHoe noje A=(A., 4, A,).
Takoe noJse nopoxaaer B D aBe uacro ynorpebaseMmble guddepernn-
aJbHbBle GOPMBI:

a) ecau nose A paccMarpuBaTh Kak CHJIOBOe MOJie, TO HJISl Maso-
ro Bekropa heTD, cMellleHHA OT TOUKH x&D ckajasipHoe IpPOH3Beje-
nue (A - h)y= A,y (h)+ A,y (h)+ Ang () naer Beamuuny paGoTh mO-
aa A, orBesarouiell 3ToMy cMmelenuo. Ilockoabky B R® h={dx, dy,
dz}, r. e. w (h)=dx, ny(h)y=dy, nz(h)=dz, To

(A-h)=Adx+ Ady+ Adz.

Huddepennnanpuas 1-popma o),==Adx+ Ady+ A.de, 3anannas B
D, yacto HasweBaercs ¢Gopmoii paGoThl BeKTOpHOro mojs A;

6) ecau nose A paccMarpuBaTh KaK HoJie CKOpoctell YCTaHOBHB-
LIerocss TeYyeHus KHUAKOCTH, TO [IJf ABYX MajeiXx BektopoB h&TD,,
heeTDy, x=D, cMelianHoe npoussenenne <(A-hy-hyd naer BeJHUHHY
o0beMa XKHAKOCTH, NMPOTeKawliel 3a eJHHHIY BpEMeHH Yepe3 mapaj-

JIeJIOTpaMM, HATAHYTHI Ha BEKTOPH A1, hs.
Taxk kKax

(A hyohy)= A [y X byl + Ay [hy X ho] -+ Agwg [y X By,

TO, HCNOJb3Yys pe3yJbTaT NpHMepa c. 232, nosyuaem XOOPJAUHATHYIO
3anmuch 5ToH 2-HopMH Ha BeKTopax hy, hy

(A Iy - hy) (A, N\ g+ Ay N\ w4 Ay N\ 1) (B, ho).
Hockonery w4 () = dx, 7y (h)=dy, 7,(h)=dz, TO
iy N\ w5y, hy)=dy N dz,
1tg A\ 1y (Ay, By)=dz A dx,
T N\ 7 (hy, o) =dx N\ dy.
Hraxk, oxonyateabHO
(A-hy-hyy=Ady N\ de+Adz \ de+Adx |\ dy.
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Juddepenunanvaas 2-popma 03 =Ady \ dz+Adz N\ de+ Ade A
N\ dy, 3anannas B D, wacto HasbiBaercss (opMOH NMOTOKA BEKTOPHOTO
noas A.

ITo aHanomH C TpeXMepHEIM CJyuaeM [Jisi BEKTOpHOTO noia A=
={Ai, Ay, .., Ay}, onpegenennoro B obmactu DR, dopmoii paboTH
H (popmoii HOTOKa HACTO HASHBAIOT COOTBETCTBEHHO Anq)q)epenunanb-

HBe 1-hopMy o} -—2 Adx; u (n—1)-popmy %= Z Adxy N\ dxo N\

i==1

T~
N ... dx;... ANdx,. (3dak “™ 1@OKas3bIBaeT, 4TO HMEHHO 3TOT CO-
MHOXHTEJb B JJaHHOM CJaraeMoOM OTCYTCTBYET.)
Buelnee npoussenenne Andpepeninanos KoopAHHAT dXy, . .., dx;,,

I<i<i,<...<i, saBasercs mnpocreiiliell nuddepeHUHANbHOR
g-doopmoii. Ilpencrasaenne audpdepesunanbHoll g-QopMbl ® B BHAE
JUHEeHHOH KOMOHHALHU

0 = Z ai‘,ig,...,iq (x) dx,-‘ /\ dxi, cee /\ dxiq

1<z <. -<iq

Ha3bBaeTCd KOOPIHHATHOM 3aIuchlo, HJIH 3aNHUCBI0O B KOOPAHHATHOM
puse. DyHKUHU a;;,, .. g (¥) masnBaloTcst KoadbunueaTaMu GHOpMH

o. Ilopsakom riaakoctu q)oprl ® B o6nactu D Ha3bBaercs Hau-
MEHBIIHA K3 MOPSAJAKOB TIJaAKOCTH ee Ko3dduumerto. MHOXKeCTBO
nuddepennuasbHEx ¢g-popM B D ¢ Koapdunuenrtamu knacca C*(D)
o6osHauaercs Q4(D).

IIpumep. IlpuBeseM K KoopAHHAaTHOMY BHALY IudgepeHnnanb-
HYIO (pOopMy

o= (Xgdxy \ diy+xgdy \ dxg+x.dx; N\ dxy+ xsdxy N\ dx+
+xgdxy N\ dxg+xadxg \ dxg) N\ (Xadxy 4 X3d%, + X4dixg + x1dxy).
Pemenune. [lo cBoiicTBaM BHeLIHero IPOM3BENEHHsS HMeeM, UTO
o =x2dx; \ dxy \ dxy+ xgxodxy N\ dxg N\ dx,+
+ xyxdxy N\ dixy N\ dxy + xgxadi, \ dxy \'dxy +-
+ xaXedxy N\ dxy N\ dxy 4 xgxedxs N\ dxs N\ dxy+
+ xyXodXy N\ dxy )\ dxy+ x020dx, N\ dxg \ dx -
+ xpxzdxy N\ dxy N\ dxy - x2dx, N\ dxg \ dxp+
+ xsXgdxy N\ dxy |\ dXo+ x3dx, N\ dxs N\ dxy+
+xux5dx, N\ dxg \ dxy+ Xyxgdxg N\ dxy N\ dxy -
+ XoXodxy N\ dxy N\ dXg+ Xgxedxy )\ dxs N\ dxy+
+x2dxy N\ dxg N\ dxg+ xgxedx, N dxg N\ dxg+-
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+x2dxy N\ dxg N dxy + xyxadxs N\ dieg \ dxg+

+ xpx1dxy N\ dx, N\ dxg+ xx5d%, N\ dxg N\ dxg+

+ Xy x4dxy N\ dxg N\ dxg+ 2 x5dx, N\ dxg N dxg+

+ Xy xdxy N\ dxg N\ dxg+ x3dxg N\ dxg N\ dxy=

= (XgXy— X34 XoXg) dxty N\ dxy N\ dxg 4 (XpXg— XaXg =+ Xp%1) X

X dxy N\ dxy N\ dxg+ (X, — 224 x1%5) dxy N\ dxg \ dxy+

+ (g — X2+ X xg) dxy N\ dxg N\ dxy.

Bhiknaakd ynpoIaioTcsi, €CAH Cpa3y Y4YHTHIBAaTb, UTO BHellIHee
NpoHu3BelieHue, COAepiKalllee JBa OJHHAKOBHIX COMHOXHTENsd, DaBHO
HYJI0:

(xodxy N\ dxg+ x5d%; N\ dxg x4dx; N\ dxy+

+ Xadxy N\ dxg—+ x4dxy N\ dxg+ xdxg N\ dxg) N\ (Xpdxy - x4d%y +

+ Xydxy+ xydX,) = XXqdxy N\ dxg N\ dxy+ Xoxedxs N\ dxg N\ dx; -+

+ xixodxg N\ dxg N\ dxy+x2dx; N dxg N\ dx,+-

A Xgxydxy' N\ dxg N\ dxg -+ x1x5d%5 N\ dxg N\ dxy--

+ xgodxy N\ dxy N\ dxg+x3dx, N\ dxg N\ dxg—+-

4 x2dxy, N\ dxy N\ dxg4-x6dx; N\ dxs N\ dxy+

+ xyx,dey N\ dxg N\ dxg -+ x64dx5 N\ dxg N\ dxyg=

= (XgXg— X2 4 X4Xp) dxy N\ dxg N\ dxg+ (Xoxy— Xgty + X1X5) X

X dxy N\ dxg N\ dxg+ (3, —x2 4 x0x5) diey \ dxg N\ dxg+

+ (2x1x,—x2-F X1Xg) dXy N\ dxg N\ dx,.

IIpumep. llpuBesem K KoopauHatHOMY BuAY auddepeHIHaNb-
uylo gopmy

d(xix3x2xg) N\ d (32— 2+ xZ—x32).

Pemenue.

d(xtxixix) N\ d (0 —x2+x2—x))=

= (4x3x3x2 x,dxy + 3x3 x2x2 xdxy 4 2x1 43 xax,d X5

+ 23302 dxg) N\ (2105, — 2x,d %y +- 2xgd x5 — 2x4dx,) =
= 6xx2x3 xXydxy N\ dxy - 4x5x3x5x,dx5 N\ dxy+

+ 25553 x2dxy N\ dxy—8x3xiadx,dx; )\ dxg—
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— Ax{ledxpx,dxy N\ dxy—2x{xix3dx, N\ dx,+

4 8x3x3 3 xydxy N\ dxg6x3x2x3x0dx, N\ dxs 4

+2x}x3x3dx, N\ dx3—8x§xg)f§x§dx1 N dxy—

—6xtx2 2 xldx, N dxy—Axixdx,xidxs N\ dxg=

= —2x3x2x2 %, B3 4 4x dxy N dixg + 43 X3 x5, (25— x]) dxy N\ dxs—
— 23352 (x2 - 4x2) dey N\ dxy+ 2010 5%, (263 4+ 3x2) dxy N\ dxy+-

+ 2x}x2x2 (v3 4 3x2) dxy N dicy—2x}x3x5 (x4 2x3) dxy N\ dx,.
I[1puwmep. Buuncaum sHauenne nuddepeHnHaNbHOR GOPMH

0= X, X,dx; \ dxy - xgx9dxy N\ dxg—+ X3XdXy N\ dxg -+ x5X0dxy N\ dxy
Ha mape BeKTOPOB

g=(,4,10ugE=(2 0 3 1),

E, &L, =TRi(, 0, 2, —1).

Pemenue.

S
sl =los] =2
At gl =
shenfggl=lodl=*
=1, ,=0, x,=2, x,=—1

CaenoBaTtenbHO,
0=—1:(—8—2.1242.110.4=—14.

Yenosumess nox aunddepeHnnanpHolt GopMON  HYJEBOro NOPAAKa
(0-¢opmoit) B o6mactu D monumarth Gpyukuuio f: D—R.

Onpeneanenne. Ilycte ¢ynkuus fe=CY(D). HuddepeHnuaiom
(BHemruM auddepennnanom) O-¢popmu [ HaswBaercs 1-¢opma B D,
a uMeHHO, auddepeHLHan NepBoro nopsAaxa df QyHKUHMH .

Onpenenenue. Ecau KoadduiueHts g-Gopmel

w = Z Aiyig, ..., [q ()C) dxi‘ /\ dxiz /\ e /\ dx,-q,
IS << <,
sajlanHoii B D, nuddepennupyemsr B D, T0
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auddeperiinan (BHewHud gHddepeHnnan) do GOpMH o ecTb JHd-
¢epenunanbuas (g-+1)-dopma B D, onpenensieMasl paBEHCTBOM

do = Y: d(a,.i,,... i (%)) /\ dx;, \ dx;, /\ .o /\ dxiq.

l<i1<£:<...<iq
Ilpuwmep. Hafinem dow, rae
0= x2xx,dxy \ dig—x3x5x4dx, )\ dxg -
+x2xpx2dxy N dxg—x3x5dx, N\ dixy
Pewedune.
do=d(x3xZx) N\ dxg N\ dey—d (F5x3%9) N\ dxy N\ dxg+
+d(x3xxd) N\ dxy \ dxg—d (3x9) A dxy N dxg=(2x,x3%,d%, +
4+ 22 x,x4dxg -+ X2x2dxg) N\ dxy N\ dxy— (3% xgx,d%y 4 X3 x4d x5 +
+ x3x5dxy) N\ dxy N\ dxg - (2xxexidxy + xix3dx, +
+ 253 xyxgdig) N\ dxy N\ dxg— (3x3x2dxy 253 Xadxg) N\ dxy N\ dxy=
=2x3xgx,dxs N\ dxy N\ dxy~+ x3x2dxy \ dx; N\ dXp—
—3x2xgxydxy N\ dxy )\ dxg—x3x,dxy N\ dxy N\ dxs+
- x3x2dx, N\ dxy N dx, - 253 xox5dxs N dxy N\ dxg—
—3x3x2dxy N\ dxg N\ dxg—2x3x5dxy \ dxa N\ dxg=
= —xlxgxydx, N\ dxy N\ dxg—2x2x,x5d%) N\ dX3 \ dXg—
—3x3x2dx, N\ dxy \\ dxg+ xixgdx, N dxs N dx,.

Ecau nmopsgok raankoctH ¢OpMBEl ® He MeHblle JBYX, TO, Kak
clelyeT M3 TEOpPeMbl O PaBeHCTBE CMEUIaHHHIX MPOHU3BOJAHBLIX, HMeeM
d(do)=0.

Onpeneaenue. duddepenunansuas p-hopMa o, 3aiaHHas B
ob6aactu D, HasplBaercss TOUHOH B 3TOH 00J1aCTH, €CJHH CYILIECTBYeT
Takasa (p—!1)-dopma w;, 3aganHas B D, uyto doj=o.

M3 npenmiayiiero paBeHCTBA CJelyeT, YTO eCJH rjaafkas ¢opma
o TouHasd, T0 do=d(dw)=0, 1. e. ycaosue do=0 HeoOXOZUMO JJs
TOYHOCTH TIaAKoH (HopMEL

[lokaxeMm, 4ro 3TO yc/oBHe He fBJseTCs JAOCTATOYHBIM AJS TOY-
HOCTH Taaigkoi ¢opmel. B kauecrBe npuMepa paccMoTpuM ¢opmy

xdy — ydx
2%yt

B obaactu D={(x, y) : 1<x?+y2<2} (puc. 45). Torna dopMa o=
Q' (D) u

O =
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do — (x2 + y?) dx — 2xydy — 2x%dx
(2 + )2

L= (x® 4 y?) dy + 2xydx - 22y
(%% 4 y%)?

ety — 24y _
= ey TNWT T N =0

N dy+

N dx=

dy — yd -

Tak xak npu x =0 umeem, uro d arctg—y— :M:m,‘ a u3 yc-
x x4 g2 ’

aoBus dg=0 ciaeayer, uro g=C, TO YAOBJIETBOPATb YCJIOBHIO dz=@

Yp

73
22| p2)

-z
Puc. 45

MOXeT TOJbKo ¢yHKuusi 2=f(x, y)+C, rae f(x, y) —raankas ¢yHk-
oua B D m

arCtg _éf_’ (X, y) EDD D'l:{(x1 !/):(x, !/)ED, X>O},
X
f(x’ y)=
arctg -4k, (¥, y) & Dy, Dy={(x, ): (x, y) = D, <O},

ITokaxkeM, 4T0 HUKAKOH BHIGOD IOCTOSIHHOM k2 He nacT ¢QyHKuHio f(x,

y), HenpephBHy (u TeM GoJjee, raaakyw) B obgactu D. HeficrBu-

TeJbHO, Tak Kak  lim  f(x, y)=n/2u lim [(x, Y= —n/2+k,
x>0+, y>>0 x=0~, y>0 _

TO jJIs1 HempepblBHOCTH [ B Toukax mutepBana (1, }2) ocu OY, ue-

:xkaniero B D, neobxonumo, uto6u k=n. Ho Torna

lim f(x, yy=—mn/2, lim [f(x, y)=7/2+4k=3n/2
0

x—>0+4, y<<0 x—>0—, y<<

M f paspeIBHAa BO BcexX TOYKax mHTepBana (—J2, —1) ocu OY, Takke
Jgexantero B D.

dy — yd
Wrak, xors l-popma o = 25

24y
o=Q!(D), n do=0, x&D, onHako He CyIIeCTBYyeT IJafKol (yHKUHE
2:D—R—0-popmu B D, ana Koropoit Dz=qw.
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Onpenenenue. Jupbepennnasbnas ¢opMa o, 3afaHHas B
o6aactd D u ynosmerBopsiomiasi ycnosuo do=0, aaa scex x&D Ha-
3BIBAETCSl 3aMKHYTOH B 9TOH 00JiacTH.

Teopema (nemma Ilyankape). Ecau Ougpgpepenyuanvras ¢op-
MQ 3AMKHYTA 8 wape, TO OHA TOYHA 8 HeM.

dra TeopeMa sBJeTCs YACTHHIM ciydaeM Oosee obliefi TeopeMHl
[Iyankape o CBsI3H CBOHCTB 3aMKHYTOCTH M TOYHOCTH Auddepedu-
anbHEIX QopM, 3afaHHBIX B obnactu D. B npusenerHoit dopmynupos-
Ke B3sirta npocrefimias ofnactb — map. O6mas Tteopema llyankape
BHIeNIeT HEKOTOPHIH KJaacc obJacreil, s KOTOPHX 3aMKHyTas AH-
¢$epernnansyas Gopma, 3anaHxas B 3Tofi oOsnactd, sBJAAETCE  TOU-
HOM. DTH Kjacchl ofmacreft aas mnpoctpaHeTB R? u R® 6yayr pac-
CMOTPEHBI TIPH H3JIOKEHHH HMHTErpaJjbHOrO HCUYHCAEHHS ubdepeHIn-
AJBHBIX QOpM.

Ilycte o6aacts U nexur B R™, ob6aactb V sexur B R, Ilycts
sagaHo orobpaxenue ¢:U—V u ¢ymruusa f[:V—R. Onpenennm
omepauuio f—¢*f coorHoweHneM

@HW=iew) ue.

CumBos ¢@*f, B orvinuue or OGBLIYHOH 3aNMMCH KOMMO3HUMM (YHKUHUH,
[OKasplBaeT, YTO MBI HMeeM JeJo ¢ npeoGpa3scBaHHEM MHOMKECTBA
$yHKUu#, ompedeseHHHX Ha V, B MHOXecTBO (YHKUHH, onpeneneH-
HHX Ha U, 1. e. ¢ (DYHKIHOHAJOM, ONPEAEJECHHBIM OTOGpAaXKEeHHEM ¢.
IMosb3ysicb BBe/eHHOH BBIle TEPMHUHOJOrHeH, CKaxeMm, yro oTo6pa-
xenue @:U—V mopoxgaer orobpaxenue ¢¥:Q%(V)—>Q%(U), npe-
obpasywouiee 0-popmer, 3aganable Ha V, B 0-dbopwmbl, 3anannbe Ha U,
Ecau ¢:U—V —raankoe otoGpaxkenne, TO A KakAOH TOUYKH
ueU onpeneneno COOTBETCTBYIOLlee OTOGPaXKeHHE KACATENbHBIX NMPO-
ctpalCTB TUy—TVyeony. Kaxmot g-popme o, sanannoit B U, toraa
MOXHO CONOCTaBHTb §-$opMy ¢*w, 3aJaHHYIO B V, COOTHOLIEHHEM
(p'(l) (U) (vlv st LS 'Vq):(D((P (U)) (q), (U) V1, (pl (U) '\?2, v ey CP’ (U) ’Vq).
Hrak, kaxnoe raagkoe orobpaxenue ¢:U—V nopoxpaer oTo6-
paxenue ¢*:Q4(V)—>Qa(U), npeobpasyiomee g-bopMb, 3anaHHHe

Ha V, B g-bopMul, 3asanHble Ha U. D10 0TOGpaXKeHHe HA3BIBAIOT Ie-
peHocom ¢dopm ¢ V ua U.

OcHoBnbie cBoiicTBa oToGpaKenust * : Q2 (V)—>Qa(U)
L ¢* (014 o) =0* (01) +i¢* (@) .

¢" (o) =Arp* (©), A=R.

9" (a(v)o)=a(® @) ¢* ().

(Vo) =¢" %", (Y ()" =0" (V")).

Q" (do)=d(9"w).

. Q)' (dUi‘ /\ dU,’, /\ ‘e /\ dU[q)=

o O W

_ 0(vyvy, ... viq) J y 4
= Z @(u,-‘u;,u,-q) Ui, /\ Ui oo u,q.

I<hKi<.. <ig
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7. Ecnn dopMa o 3amucana B KOOPAHHATHOM BHE

0= E iy, (ydo, Ndoi, A ... A dvl.q,

l€£.<l.<...<iq

TO KOOpAHHATHAs 3anuch GopMbl @*wm Noaydaercst u3 KOOPAHHATHOR
3aluCH  HOPAMOH 3aMeHOH IlepeMeHHHX v==¢(4) C IOCJeNYIOIHM
npeo6pasoBaHueM B COOTBETCTBHH CO CBOHCTBAMH BHEIUHEr0 IpPOH3-
BeJleHHUs.

ITpumep. Ilycrs obnacts U gsexur B R3, obnacts V nexur B RS,
oro6paxenue ¢ : U—V 3anaercsa dopmynamu

Uy = UTlglly, Uy=ut—ul+-ul,

Ug== U] Uy —U3, Uy= WUy, Us=Uilyud;
puddepenuuanpaag gpopma

=0, dv; \ dvy \ dvg+ (v, +vg) dv, N\ dug N\ dvg+

+ 3205 dvy N\ dug \ dvs+(ve +05) dvy \ doy N\ dvg—

—U dvy N\ dvs |\ dvy+ (vs—0,) duy \ du, N\ dug

sajgana B V. Hafitu dopmy ¢*w, 3anannyio B U.
Pemenue.

dvy = 2u,uyuy duy 4 wlug du, 1 ulu, dug,
dvy = 4u? duy — 4u’ du, - 4ud du,,
dvg = 4u? duy +- 4u3 du, —4ul dug,
dvy = uluy duy - 2uyuytg du, + ugul dug,

dvg = uyti3 duy + uyu2 du, -+ 2uugu, dug.
Orciona moayyaem, 470

2 2
2uyugug  uluy  ulu,

doy \doy N\ dug=| 4 —a§ 4] \du, \ duy N dus=
43 —4ud —4ud

= 32u? (uf -+ ul) duy, N\ duy N\ dug,
2ugugug  ulug  uluy

dvl /\ dvd /\ dU4= 4u? 4u3 —_4ug dul /\ duZ /\ du3=
ulug  2ugupug  uul

=4uiulug (3ul +u+ud) duy \ du, \ dug,
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Quugiy  ulug  uiu,
do, \ dug \ dug=]| U3lds 2ustisus uy  \duy N\ dug N\ dug =
uui  uul 2u,u5u,
-*3”3) du1 /\ du2 /\ du;;,
dud  —4u?  Au}
do, N\ dug N\ dvg=| 443 4ul  —4uidu, A du, N dug=
uiug 2uugy  wul
= 32 utu, (u} + 2ud) du, N\ du, \ dug,
4ud —4ul  4ul
dv, N\ dog \ dvg=| 44} 44y —4ud \du, A\ duy \ dug=
Ul wu?  2uyugly

= 32ulu, (2uf -+ ud) duy N\ dug \ dus.

= 4ululu, (ui—u

DO

IMoxcraBasii BEIpaXKeHHs! NEepeMeHHbIX Uy, Ug, Us, Uy, Us U€pe3 nepe-
MEHHBIE U], Ug, Uz B KO3 pHUHEHTH (OPMH o M 3aMeHss Npocrefinine
auddepenunanbable 3-GOpPMH IEepeMEHHBIX Uy, Ug, Us, Us, Us NOJYYEH-
HbBIMH BhIpaxKeHussMH uepe3 3-dpopmy du,/A\dus/\dus, OKOHYaTEJIbHO
noJiyyaeM, 4To :

o = [uulug-32 (ufud + usul) 4 2uf (12u2u2ud + duuu, + 4uduiu,) +
+ 32uu5u? - duduiud 4 2ut (duuduy,— dululu, — 12u3ulud) —

— ulugug (32utud -+ 64utugul) 42 (ud—uf) (64uiulus + 32utuf)] x
Xduy N\ duy N\ dug=16utug [uSul —2uluuf 4 8uj+ 4uju; —

Ecau mopsiiok ¢ GopMH ®, 3anauHoii B obaactu VR™, 6oabiie,
gyeM pa3MepHocTb obmact UcR™, to aast moboro raaakoro oro6pa-
xkerus @: U~V dopma ¢*w Gyner myaeBoii. C apyroil CTOPOHH, ec-
an @ : U=V — puddeomopdusm, T. e. cymecrsyer ob6paTHoe Triaaf-
Koe oroGpaxenue ¢~!: V—U, 10 orob6paxenus ¢*:QP(V)—>Qr(U) n
() *:Qr(U)—Qr(V) B3aumHo oGpaTHH, T. €. oTobpaxkeHue ¢*:
1 QP(V)—>Qr(U) GHEKTUBHO.

Onpenenenune. [lycte ScR3-—mpocrass raagxas IOBepX-
HocTh., Jduddepenuuanbuas 2-dopMa o 3ajmaHa Ha S, eCJH HA BeKTO-
pax miockoctu TS, KacaTesbHOH K S B TOUKe S, cnpeneneHa 2-¢op-
Ma o.

Ecnu noeepxnocte S Kycouno-rsaakasi, To AuddepeHunanbHas
2-¢opma 3anana Ha S, ecau sTa (opma 3ajaHa Ha KaXAOH W3 raaj-
KHX COCTaBJsAIOMHX S.
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IIpumepom auddepennnanbuoit 2-QopMHE, 3aXaHHOH HA NPOCTOH
rIaikoNH NOBepXHOCTH SCR?3, MOXKeT CAYXKUTh OAHA H3 KOOpJHHAT
BeKTOpa HopMaJsu K S, eC/H 3TOT BEKTOp OINpejleNsieTcsi KaK BeKTop-
HOe MNpou3BeleHHe ABYX HEKOJIJIMHeapHBIX BEKTOPOB COOTBETCTBYIO-
el KacaTeJbHOH MJIOCKOCTH.

Ilycrs raanxas mnoBepxHOocTh ScR3 nexur B obnacth DcCR3 u
gupdepenunanpuas 2-popma o 3axasa B D. Torpa ans aio6of Tou-
Kd S&=S uMmeer mecto BKawudenue T'S;=TD, u, caeioBaTebHO, MOXK-
HO paccMmoTpeTh cyxeHHe (opMbl o Ha TS, Takoe cyxenue mnpen-
crasaser co6oii GopMmy, 3anaHnyio Ha S; 3Ty GOpPMY HA3HIBAIOT CY-
XKeHHEM © Ha S u 0603HAYAIT ®]s. Ecan S= fo(u, v), (u, Y=} —
napaMeTpHYECKoe NpeACTaBIeHHe NOBEPXHOCTH S, 10 MOXxHO cae.naTb
nepeHoc ¢*w n @ *o|s opM w 1 w|s na U, npu stom qooprI oo H
¢*0|s ToxamectBeHubl. I[lockosbky orobpaxenue @ :TUq, =TS
eCTb H30MOp()H3M, TO MOXKHO HepeHoCcHTh (opME Kak ¢ S mna U, rtak
u ¢ U na §; nostomy opMBbl Ha IJIaJKOH NPOCTOH MOBEPXHOCTH O6BIU-
HO 3a7a10TCA B 00JIACTH H3MeHEHHs ee I1apaMeTpoB.

Touno Tak xe onpenensercd 3afaHue AuboepeHnnanbHon 1-pop-
Mbl Ha KpHBOH LCR3 u ee mepeHoc Ha 06sacTb H3MEHEHHs IapaMer-
pa. ITokaxkewm 310 Ha npumepe.

ITpumep. Haltnem cyxeune dopMe w=y22dx—xyzdy-+ x22dz Ha
KOHHIE)ECKYIO BHHTOBYIO JIMHUIO x=aetcost, y=aetsint, z=qe*
(a=>0).

Pemenue. dx=a(—e*cost—e-tsint)dt,
dy=a(etcost—e~tsint)dt, dz=—ae—'dt.
Caie joBaresHO,

o= —ate=3sin’¢ (e~ cost{-e—*tsinf) dt —
—a*e3!sinfcost (et cost—e~tsinf) df—
—ate—¥ coste~tdi= —ate—*(sint 4 cos t) dt.

[NpuMep. Hafizem cyxenue GopMbl o= Xy dx A dy+yz dy N\ dz+
+ x2dz A\ dx Ha XOHYC Xx=uv, y=u?4v? z=ud—102
Pemenne. dx—vdu+udv, dy=2udu--2vdv, dz=2udu—2vdv.

CrnenoBaresbHO,

dx \ dy=‘20u' quldu A do=2(@—u2) du N\ do,
dy \ dz= 2” 20 ,du/\dv——Suvdu/\dv,

dz \ dx=

20” —;LQUldu A do—=2 (@ o) du N\ do

o0 = 2uv (U +0v*) (*—u?) du N\ dv—(u*—ov*) 8uvdu A\ du--
+ 2up (Ut —0%) (P +0?) du N\ dv= —8uv (u*—v*)du A do.
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C) Hurterpuposanue auddepenunanbusix gopm. OpueHranus
npocTpaHcrea R». [IpocToe opueHTHPOBaHHOE MHOr000pa3ne
B R». UxTterpaa no mHoroo6pasuio

MruoxectBo 6a3HCOB B mpocTpaHcTBe R™ pasCuBaercss Ha AB&
KJacca SKBHBAJIEHTHOCTH TakuM o0pas3oM, 4TO OHpeleJHTe]b MaTpH-
LK mepexona OT Gasuca OJHOro Kjacca K 6a3ucy TOro ke Kjacca no-
JIOXKHUTeJeH, a K 6asucy ApPyroro Kjaacca OTpPHUIATeNeH. DTH KJI4acCH
3KBHBAJEHTHOCTH HA3bIBAIOT KJAacCaMH OpHeHTalHH 0a3ucos.

Onpenenenune. OpHeHTHDOBAHHHM IIPOCTPAaHCTBOM R™ HasH-
BaeTcsa NMPOCTPaHCTBO R™ ¢ (UKCHPOBAHHBIM KJ/JaCCOM ODHEHTAallUA
ero 6a3uCoB.

ITockosibky KJiacC OpHeHTauuH 0a3ucOoB OIpejeseH YKa3anuem
OJHOTO M3 HpHHAJJexallux emy 0asucoB, TO OPHCHTHDOBAHHOE IPO-
CTPaHCTBO R™ 3anaercss KaK IHPOCTPAHCTBO R7g g, .., a, € PHKCHPO-

BaHHEIM 0a3HCOM dj, Gg,...,0n. g KPATKOCTH IPOCTPAHCTBO R™ co:
CTaHAAPTHHIM (a3ucoM ey, €, ..., e, GyneM Ha3bIBaTb NMPOCTO OPHEHTHU-
poBaHHBIM mpoctpaHcTBoM R»., Basuc ¢ukcupoBaH, Korna 3ajlaHh
COCTABJISIIOLINE ero BeKTOphl W MX nopsigok. basuc ay,..,aq; ..., Q...
.y Opn, TOJYYeHHBIH u3 6Gasuca ay,...,q;,..., 4, ...,0n, [NEPECTAHOBKOHN
JI060H Napel BEKTOPOB, HPHHANJIEXKHT JPYroMy KJjacCy 5KBHBAJEHT-
HOCTH, T. €. IPOCTPAHCTBA RZ,,...,aj,...,ai,...,an u Rz‘l,...,ai,...,a,.,...,an OpH-
€HTHPOBaHBI IPOTHBOMOJIOKHO.

B onHoMepHOM cayuae Ga3ucaMH pa3HHX KJA4CCOB OpHeHTallHH
ABJISIIOTCA HeHYJIeBOH BEKTOp @ H IPOTHBOMOJIONKHO HanpaBJieHHHHR
BeKTOp Aa, A<<0. I'eomerprnuecku, 3a1aTh OPHEHTAIHIO HAa MPOMEXKYT-
Ke {a, b>=R —»3T0 yKa3aTb, NPOXOJHTCH JIH 3TOT IPOMEXYTOK CJEBa
HalpaBoO HJM CNpaBa HaJeBo, T. €. YKa3aTh HAaYaJbHYI0 H KOHEUHYIO
TOYUKY JABHMIXKEHHA [0 NpOMEXYTKy. B mpoctpaHctBe R™ (n>2) mnpo-
CTefilIMM METOJOM Iepexoja OT OAHOTO KJjacca OpHeHTallHd 6a3ucoB
K JpYyroMy sBJseTcs NepecTaHOBKa BEKTOPOB CTaHAapTHoro Gasuca,

B asymepHoMm ciaydae, mepecTaBiisisi BeKTOpPH (asuca, HoJydaeM
ABAa NPOTYBONOJIOXKHO ODHEHTHPOBAHHBIX IPOCTPAHCTBA Riy H Rf,x.
B rtpexmepHOM ciyuae uMeercsl IIECThb I[I€PECTAHOBOK XYz, YyzX, 2Xy,
X2y, yxz, 2yx BEeKTOPOB 0Oasuca ¢ LIeCTb OPHEHTHPOBAHHHIX NPO-
CTpauCTB pas3buBAarOTCs Ha jgBa KJacca Rfyz, Rgzx, R‘Z’xy H Rgzy, R:,x,,
ngx' TaKuM 006pasoM, 4TO MPOCTPAHCTBA B OJHOM KJacCe OPHEHTH-
pOBaHBl OJHHAKOBO, a4 OpHeHTalHs JI000H NaphH NPOCTPAHCTB H3 pas-
HBEIX KJACCOB NPOTHBONOJIONKHA.

Onpenenenne. Harerpan or n-popMbl w=f(x)dx; AdxA ..

. A\dx, mo oBnacth DCR™ o6o3Hauaercs \ ® H onpefpessercss pa-
D
BEHCTBOM Sm = \f(x) dx.
D D

Ecim U u V—o6aactn B R*, To nudodeomopdusm (peryaspsoe
oroOpaxenue) ¢:U—V sanaer mepexom or 6asuca du,, dus,...,dun
K Oasucy dv, dvs,...,dv,. PaccmarpuBas 1M aBa Gasuca B R™, BU-
AMM, 4TO OTOOpa)eHHe ¢ COXpaHsdeT opHeHTaUuw R, ecau det (¢’) >
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>0, u uamensier ee, ecnu det(9’)<0. Ilpu astoMm @*(dv; AdvsA ...
w AdUy) =det (¢7) duy Adug\ ... AN\du,.

dopmyaa
{ @ de= [ @) det(e)at
D=q(Dy) Dy

3aMeHBl NMEpPEeMeHHbLIX B KPAaTHOM HHTerpaje HpH YCJAOBHM, 4YTO AUG-
¢deomoppuam ¢ : D—D coxpansier opHentanuio R* (T. e. det(¢’) >
>0), moayuaercsi (opMaJpbHOH HOACTAHOBKOH x=@(f), U ee MOXHO

3anucaTtb B BH/e s W= g‘(P*CO. B takom BHJAE 3Ta (i)OpMYJIa Ciipa-
@(D) D
BeIJuBa H JAJ4 J.IH(P(I)EOMOP(I)I/BMEI ¢, H3MEHJAKLIEro OpHeHTalHIo,
b a

T. e. ecqu det(¢’) <0. B wacrrnoctH, ¢opmyry gf(x) dx= —-j f(x)dx

a b
MOXKHO paccMaTpHBaTh Kak 3aMeHy INIepeMeHHOro ¢ :x—-(-—x), Me-
HAOMIYIO OpHeHTaHHUIo NpocTpaHcTBa Rl

Onpenenenue. MuoxectBo McR™ HasnBaercss IPOCTHIM
rnajkuM MHorooGpasueMm mopsinka ¢, ecaiun M ecTb o06pa3 XoppaHO-
Bo#i obsactdH (uau ee 3aMbiKaHusl) DcCR? mpu TraAajkOM HEBHIPOXK-
HeHHOM orobpaxeHuun ¢:D->Rm (1. e. ¢=C'(D) u paHr MaTpulH
SIko6u ¢ pasen ¢). 3anuch M={p(x1, Xo,...,Xq), (X1, X, ..., Xq) =D}
Ha3plBaeTcss DapaMeTpHueCcKUM npexncraBjeHneMm M, o6macts D — 06-
JIacTbIO 3Ha4eHHUi nmapaMerpos M. :

Onpenenenue. ['nagkie HEBHPOXJCHHbBIE OTOGPANKEHHS
:U—~Rn, U=Re, u ¢ : V>R", VR, Ha3HBalOTCA SKBUBAJECHTHHMA,
ecau cyuiectsyer Taxoli auddeomopdusm f:U—V, uro ¢(u)=
= (f(u)) mna scex usU,

Ecan ¢ u ¢ — 5KBUBaJIEHTHBIE OTOOpaXKEHHS, TO BHIPAKEHHUS
{o(u, ugy o utg), (w0, gy . ug)sUY 1 {$(v1, vg .., vg), (01, Cgyen
wa Ug), (01, Uy, .., Ug) &V} ABNAIOTCS PA3NHUYHBIMA TAPAMETPHYECKHMHU
NpeaCTaRJeHHAMH OJHOTO M TOTO XKe IPOCTOro IJIaJKoro MHOroo6pa-
sus M. Judodeomoppusm f, cBA3HBaIOWKA OTOGpaxKeHUst ¢ H ), Ha-
spBaercs  au(hpeomopdusMoM mnpeoGpa3oBaHus NapaMmerpoB, HJH,
KOpOte, Ipeo6Da30BaHUEM MAPAMETPOB.

ITonatne MHOroo6pasusi eCTb 060GIIEHHEe NOHATHH KPHBOH H IO-
BepxHocTH. MMeHHO mpocrast roajgkasi KpuBasi L ecTh MHOrooSpasue
NepBOro IMopsjka, mpocras TrJaikas IIOBEPXHOCTb S~ MHOrooGpasue
BTOPOTO IOPS,IKa.

[Tyctb
M={p(uy, ty, ..., ug), (thy, Uy, ..., u)=U} n
M={b{vy, vy ..., ), (U1, Oy, ..., D)=V}

— [ABa DA3NHUHBIX HapaMeTpPHYeCKUX NpEeACTABJEHHS OJHOrO MNPOCTO-
ro raagkoro MHoroobpasus nopsazka g. Orobpaxenue [=yp~lp—
nuddeomophusm npeofpasoBaHus MapaMeTPOB, CJAEAOBATE/NbHO, SKO-
6uan f, det(/’), He menser smaxa Ha U. Bce BosMOXHBIC mapamer-
pHUYeCKHe MNpeAcTaBJeHHs pa3bMBAIOTCS HaA JBa KJacca 3KBHBAJeHT-
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HocTell Tax, 4To siKoGuaH [ AsiA mpeiacTaBieHHI OAHOro KJacca HoJo-
JKUTeJIeH, a JJis TPeICTaBJEHHH Pa3HbIX KJaccoB oTpHuaresed. Ta-
KHM 06pa3oM, Ha NMPOCTOM IyagKoM MHoroo6pasuu M Tak ke, Kak B
npoctpaHcTBe RY, onpelefioTCs ABe OpPHEHTALMH.

Onpenenenue, [Ipocroe ranankoe mHorooGpasne M ¢ BrOpaH-
HOl (3amaHHOH) OpueHTAUMeH Ha3bIBaeTCs OPHEHTHPOBAHHBIM [pO-
CTHEIM MHOroofpasuem.

Opuenrauus MHorooGpasust M 3ajmaercs mopsakoM BeKTOpPOB Ga-
3uca, HJH, 9TO TO XKe CaMoe, NOPSAKOM 3alHCH KOODAHHAT B 00JaCTH
3HaueHUuH napamerpos, Taknm o6pasoM, BEIpaxKeHUs

{o(uey ooy ug), (g, wgy ooy Uy ooy Uy, oo, vy =U)

{o (g, ooy uyg), Uy, Usy .oy Uy, oo, Uy ..., u)EUY

SIBJISIIOTCH 3aMHCbI0 OJHOrO H TOFO Ke MHOroo6pasus C IPOTHBOMNO-
JIOXKHBIMH OpHEHTALHSMH.

Onpenenenue. Ilycte B obnacth DcR» sanana puddepen-
HHasbHas q dopMa » H ODHEHTHPOBAHHOE HPOCTOe MHOroofpasue HO-

paaka g:M={g(u,,..,4,), (uy, . ug) €U} (M=D). Torma unterpat
oT @ 0o M oGosnauaercs j ® | ONpeleNAeTCcs paBeHCTBOM f ®==
M M

=j‘ ¢*0, rae ¢'o— nepeHoc GOPMB ®, MOPOXKIEHHBH oTOGpaKe-
U
HUeM (.

M3 cooTtHomenunit nepenoca (opm H 3aMeHB NEPEeMEHHBIX B KpaT-
HOM HHTerpaJje cJeiyeT, YTO BeJHYHHA HHTerpana {o He 3aBHCHT OT

b

BbI6Opa NMapaMeTpPHYECKOro IpeiCcTaBJeHHs MHorooGpasus M, T. e.
omnpejesieHHe 3TOrO HHTerpajia KOPPeKTHO.
[IpuMep. Bruncaum

S XoXgdxy N\ dxg N\ diy—xy,dxy N\ dxg N\ dxg+ %%, dxg N\ dxy N\ dxo,

M

rae
M={x,=ulugy, Xy==uudug, x3=uwuul, x,=uduy x5=udly,
Xo=usU3, X, =w U3, xXg=1u,ul, xg=udy, (U, ty, Uy) =
=100, 1.6 0y, <1, i=1, 2, 3.
Pewenune. Jenaem nepesoc ¢*w GpopMul
O =XoXo dXy |\ dxs |\ ditg—x1x 4dxy N\ dixg N\ dxg+x4xydxy \ dixg N\ dxg

¢ R? na Ig,0,0y,(1,1,1), TOPOKACHHEI} oroépameHHeM ¢ : R®— R® Kkoto-
poe 3anaer MHoroo6p33He M, @ :xy=uluyu,, Xy = Uyl ua, Xy= UlaUul,
Xg=ully, xy=udu,, xh—_uluz, Xq =133, Xg=uyl3, xo=udu, Beruncaum
MOC/IEN0BATENbHO CJlaraeMele ¢ w:
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2usuqug Uluy ulu,
2 3
Xy dxy N\ dxgNdx,=uwudul| Suiuy  up 0
3 2
u; 0 3Buul
Uy Uylly Uy,
=ujudu? Suy w0 lduy A duy A\ dug=
- 3 2
u; 0 3uyu?
- 6,,6,,5"
= —4ufudul duy N\ du, \ du,,
2
Uiy 2uglyug U
. 3 2
XXy dxg N\ dxg \ deg=udu,u? | 45 Buuy 0
3 2
0 uy  3ugul
Uy 2uuyg Uil
=uSubu?| Y 3wy O Ndu A du, \ dug=
3 2
0 uj  3uj
= 4ubulud du, \ duy N\ du,,
U2 uu? 2uusug
2 3
x1x2 dX3 /\ dX4 /\ dXQ :u?ugu?} 3ulu3 0 ”.'mul
2 3
0 3Bulug ud
Uglly Wl 2UjlloUg
2 3
=ujudud | 341 O u duy \duy \ dug=
2 3
0 3ul ul
= 12u8ulus du, N\ du, \ dus.
CiietoBaresnbHo,
@ 0 = 4ububul du, N\ du, \ dus.

Hrak, no onpepenenuio

yxzxgdxl N dxs N\ dxg—xixgdxy \ dxg N\ dx,+

M

duy N\ duy N dug=

duy N\ dug \ dug=

du, N\ dug \ dug=

+xx, dxs N\ dxg N\ dxg= S 4uSuug duy N\ dug A\ dug

1(0,0,0),(1,1,1)
i MO OnpeJe/eHHIO
4ubulul du, N\ duy \ dug=
1(0,0,0),(1,1,1)
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4ubuSul du, du, duy =
1(0,0,0),(1,11,)

1 1 1
1 1 1 2
= 6 ub du, \ uddug=4.—.—.—=——,
4S“td“1,§ Qd“S 3..‘?.8&.._._;7 76 147
0 0 0

3ameruM, yro, 0600IIasg HOHATHE KacaTeNbHOH IJIOCKOCTH K IOBEPX-
HOCTH, AaeTcs NMOHATHE KAacaTeNbHOrO TIPOCTPAHCTBA K MHoroofpa-
amio. OnpenensiioTcst TakKe NOHATHSR AH(depeHunanbHOR (OPMH Ha
MHOroo6pasin H cyxeHus AudbepenuuasbHoid ¢opmbl #3 ob6JaacTy,
comepxameil MuorooGpasue, Ha MHoroo6pasue. Ho mockosnbky mnpax-
THUECKH BCerja Mul MMeeM jAeqo ¢ (popmMaMi, oNpelesieHHBIMH Ha 006-
JlacTH, BRJOYAKOUed paccMarphBaeMoe MHOroofpasue, TO Ha 3THX
HOHSITUSIX OCTAaHaBAUBAThCS He OyaeM.

§ 3. KPUBOJIUHEVHbIM UHTEIPAJI BTOPOTO POJA

Eme pas ob6paruM BHHMAaHHe HA TO, YTO MaTepHaJ, H3JIOXKEHHbIH
B »ToM naparpade, paccmorpeH B § 2¥ B TepMHHOJIOTHM BEKTODHBIX
noje#. YuraTteaio mojie3do CPaBHHTh ONpeJeJeHHs, OCHOBHBE CBOH-
CTBa paccMarpHBaeMBIX NOHATHI U XOJ pelleHHs IIPHMEpOB.
[Ipocras raagxas KpuBas

L={rt), t=]a, b], rC]a, b}, |r,|50},

KaK yxe TFOBODHJIOCH, fIBJiAeTCS HNPOCTHIM TJIaJKUM MHOroo6pasueMm
nepsoro mopsiaka. Kak mHorooGpasme mepBoro Imopsiaka KpuBas L
OpUeHTHpYeTCsl 3aJaHHeM OpDHEHTALHH B O0JACTH 3HaUeHHs NapaMer-
pa t. O6aacth 3HAYeHHs napaMerpa {— OTpPe3OK; opHeHTanus [a, b]

3TOro OTpe3Ka CcooTBercTByer opuenrauuu AB, A=r(a), B=r(b),

-
KpuBoi L, a opueHtauns [b, a] —opuenramun BA kpusoit L. Takum
o6pa3oM, NOHSAITHE ODHEHTALMH NPOCTOH IVIafKoH KpHBOH L KakK on-
HOMEpPHOro MHoroo6pasus coslajaeT ¢ BBeleHHHIM B § 1 noHsruem
OpueHTalUuH KpuBOH. B jasnbHefiieM moJx TepMHMHOM «OpPHEHTHPOBaH-
Hasi KpuBass L» OyneMm moHuMartb BHIGOp opueHTallHH Ha L B 060HX
CMEICTIaX.

Onpepenenne. Ilyctb L — KycouHO-TsiajKasi OpHEHTHDOBAH-
nag kpuBasi U L4, 1<{g<CQ,— mpocTele TJIafiKHe OpPHEHTHPOBAHHEE
KpHBhie (IpOCTBHIE TIJaJKHe OpPHEHTHPOBAHHBE MHOroo6pasus) Ges
o0mux BnyrgeHHHx TOYeK (HelepeKpHIBAIOLUIHECS), COCTABJSIOMINE

L, e L=ql:j1 L,. Hurerpanm or 1-popMBl ® IO OpPHEHTHPOBAHHOH

KpuBOH L HJIM KPUBOJMHEHHBEI MHTErpajJ BTOPOTO poja oGo3Hadaer-
csi | ® u olpenenaseTcs paBeHCTBOM

Jo=X Jo

q
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OnpenencHHe KPUBOJHHEHHOrO HHTerpaja BTOPOrO pPOAa NO Ky-
COYHO-I'M8AKOH OpHEHTHPOBAHHOH KPHBOH XODPEKTHO, T. €. €r0 BejH-
YHHA He 3aBHCHT OT crnocoba INpeAcTaBJsieHHs KpHBOX L B BHIe 00b-
€IHHEeHHs1 NPOCTHIX TJaiKHX OPHEHTHPOBAHHBIX MHOrooGpasuii (mpo-
CThIX MJ1a/JKHX KPUBHIX L,).

OcHoBHble CBOHCTBA KPHBOJMHEHHOro HHTErPaJia BTOPOro poaa

W/
S

1. sz — s‘w (HanpapJeHHOCTh HHTErpana).
AB BA

2. Y 00y - Loy = Oy ‘S‘ O+ 2y g ®,, TIe O) H Oy— NOCTOSIHHBIE (JIH-
L L L
HEHHOCTb MHTErpasa).

3. Ecanu L=AVBUBVC, TO jm= S ® -+ j(o (2L IUTUBHOCTL HHTE-
L A B BC

rpana).

4. Eciu dopma o TouHas, T.e. o=df (M), To

} o=fB—FA).

A'B

B uwacrHocTH, AJs1 KOHTYpa L ¥ TOUHOH (OpDMH © HMEeM szo

L

(He3aBHCHMOCTh MHTErpajia OT IYTH HHTErpHUPOBaHUA).

O6partHo, ecan Ajs J060Oro KycoyHo-riajkoro KoHtypa LoD
BepHO paBeHCTBO §w=0, T0 Popma o Touna B obaactu D.
L

5. Ilycts L — opueHTHPOBaHHAsA ryajkas Kpupas, t={cosa, cosf,
COS y} — €AUHHYHBII BEKTOp, KacaTeJbHHIH K L W HanpasJeHHHH co-
OTBETCTBEHHO OpHeHTauuu L, H w=a, dx,+ a,dx,+ azdxg. Toraa

Xco: S(al cos a - a, cos f 4 agcos y) ds
L L

(cBS3b KPUBOJMHEHHBIX MHTErpaJjoB NEPBOTO H BTOPOro poja).
I[Ipumep. Bouncaum

{ (0 +200) det (2 —2x9) dy,
AB
rie AvB—nyra napaGoast y=x2 or touku A(l, 1) mo touku B(2, 4).
Pemenue Kpusas AB ectb mpocroe rjaikoe OpPHEHTHPOBAH-

Hoe MHOrooGpasue mepBoro mopsiaka: AB=(x=x, y=x2, x&(1, 2)).
HenaeMm mnopoxjenHui oro6paxenueM ¢: (1, 2)—»R?:x=x, y=x? ne-
penoc ¢dopmbl o=(y%+2xy)dx+ (x>—2xy)dy nwa npomexyrok (1, 2).
Tak kax y=x?, dy=2xdx, 10 @*o=(x*+2x3)dx+ (x2—2x8)2xdx=
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= (4x%—3x*)dx ¥ Mo onpele/eHHIO KPUBOJMHEHAHOrO HHTErpaia BTO-
poro poja

2
S (% + 2xy) dx + (X*—2xy) dy = S (4x3—3xY) dx = ——158—,
A B -1

ITp uwmep. Buuncaum

[ g+ 32+ 12) dx+ (2 — ) dy,

L

rie L —xontyp Ttpeyroabuuka OAB: 0=(0, 0), A=(1, 2), B=(0, 2)
€ NOJIOXKHTeNbHBIM HampaBJieHHeM o6xoaa (cM. puc. 46).

B

8(0;2)9 A(1,2)

0(00)

Puc. 46

Pewmenne. Kpusass L cocraBjieHa H3 TpeX OpPHEHTHPOBAHHBIX
raajKkux KpuBbX: otpe3skoB OA, AB, BO. 3anuuem KaXAbllf H3 HHX
KaK OpHeHTHPOBAaHHOE MHOroofpasHe:

OA={x=x, y=2x, xe (0, 1)}

AB={x=x, y=2, x=(l, O)};

BO={x=0, y=y, y= (2,0)}.
O60o3HauuM CyKeHHe NOABIHTErpanbHoli GopMB ®= (xy-+x2+y2)dx+
+ (¥2—y?)dy Ha COOTBETCTBYIOLIHE OTPE3KH 4Yepe3 ®oa, Wap, VBO,
Toria Ha orpeske OA uMeem dy=2dx u woa=(7x2—6x2)dx—x2dx

Ha otpeske AB:dy=0 u wap=(¥*+2x+4)dx Ha orpeske BO :dx=0
4 wpo=—1y?dy. CrenosaTenbHo,

1 0
Sm: Sw-}— ga)-}— fco:jnxzdx—]—‘s (®*+2x+4)dx +
L 0A AB BO 0 1

0

1 2
+{(—pay=—{ @+ 9a+[pdy=—78.
0 0

2
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[Tpumep. Buuncaum

S ydx—=xdy,
L

rae L —acrponga x¥3 4 y*3=qa%3 ¢ TmOJOXKHTeNbHBHIM HAampasJe-
HueM o6xona (a>0).

Pewenue 3anuieM acTpouiy B NapaMeTpHUYECKOM BHAe: X=
=qcosdt, y=asindf, Npu 5TOM IOJOXKHTEJIbPHOMY HampaBJieHHIO O6-
X0/la acTPOHAH COOTBeTcTBYeT M3MeHeHue t or 0 go 2m;. Hrak, L=
={x=qacos®{, y=asin®t, {=[0, 2xn]} ecTb 3anuCh aCTPOHIAH KaK OpH-
eHTHPOBaHHOrO MHOroo6pasus. Tak kKak

dx = -—3acos’tsintdt, dy=3asin?fcost,
Yy dx—x dy = (— 3a®cos? £ sin* {—3a? cos* £ sin®f) df =
= —3a%cos®{sin?t dt,

TO
25
Sydx—xdy: —3a2S cos?tsin?t df = _12a2L_I‘_(3/_2)I‘_Q/3)_ =
) 2 T (3)
_ —3na?
4

Il puwmep. Buuucanm

{ @+ de—(x—p)dy,

L

rie L — nerasi KpuBOH r=a cos 3¢, nepecekalouias NOJsIpHYIO OCh, C
II0JIOXKMTEJIbHBIM HAmpaBjeHHeM o00Xxona (ZeKaproBa M IOJspHast CH-
CTEeMBl KOOpJIHHAT COBMelleHH) (a>0).

Pewenue 3anumieM ypaBHeHHe KpPHBO{i L B nmapaMeTpHUECKOM
BUZE:

Xx=acos3¢pcosQ, Yy=acos3psing.

Ilpx 5TOM MOJIOXKUTEJIBHOMY 06XOAY 3aLaHHOH NeT/IH COOTBETCTBYET
u3MeHenne ¢ ot —n/6 no n/6. Urak,

L={x=acos3¢cos9, y=acos3¢sing, ¢ =[—n/6, x/6]}

€CTh 3amKCh KPHBOH KaK OpHEHTHPOBAHHOro MHoroo6pasus. Tak Kak
dx= —a(sin2¢ +2 sin4¢) dp, dy=a(2cos4p—cos29)dey,
(x+y)dx—(x—y) dy = —a®cos 3¢ (cos ¢ -+ sin ¢) (sin 29 -
+ 2 sin 4¢) de — a? cos 3¢ (cos p— sin @) (2 cos 4p—cos® @) dp =
= —a?cos 3¢ (6 sin 3¢ + 2 cos 3¢) de,
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