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Ilnsa ypaBHeHus cBoGoaHOM yacTuusl (2) omneparop (pemeHue — da-
30Bafd TOYKA) R 9
By :R; — R
onpejelnAeTcA TAKUM e 06pa3oM.

B 3Tux 0o6o3HaueHUAX BellleCTBEHHBII oniepaTop MoHoApoMuu M ompe-
JelfeTcA KOMMYTaTUBHOU AuarpaMmoil u3oMopdu3MoB.

RZ
NG
RZ, g1 RZ,
By By
M

R3 R3

3}166]3 J 0O3Ha4YaeT TOUYRY x JieBee HOCUTeJIA, a 1 — IIpaBee. Ot BbIﬁOpa
9THUX TOYER omepaTop M ue 3aBUCUT.

Teopema. Onpedeaumens onepamopa morodpomuu ypasHenus Ilpedun-
2epa pasen 1.

JTOKA3ATEJIBCTRBO.

B mpocTpaHcTBe BellecTBEHHBIX COCTOAHUN CBOGOJHON YacCTHUIIBI ]Rig
BrIGpaH Gasuc e; = coskx, e; = sinkxz. B BemecTBeHHOM (ha30BOM Mpo-
cTpaHcTBe R3 BhIGpanb KoopauHaThl ¥, ¥, cle0BaTeNbHO, TaK#e OTMe-
yeH Gasuc. Marpuna oneparopa B} umeer B 3ToM Gasuce BUJ

@ coskzx sin kx
55 = ( ).

—ksinkx kcoskx
CnenoBatenbHo, det BY = k He 3aBUCHUT OT x. B yacTHoCTH, onpemenu-
TeJu JIeBOT0 U MPaBOro BepTUKAIbHBIX H30MOpP(PU3MOB B JUarpaMme OAU-
HaroBbl. CiegoBatennHo, det M = det g¥ (mnarpamma kommyTaTusHa). Ho
(a3oBbIil IOTOK COXpaHAeT miowanyu mo teopeMe Juysunna (B ypaBHeHHe
MIpenunrepa He Bxoaut uien ¢ V¥.). 3uauut, det gl = 1. CaenoBarein-
Ho, det M = 1. |

/. CpoiicTBa onepaTopa KOMILIeKCHO!I MOHOJPOMUH.

JTOKABATEIBLCTBO TEOPEMBI 06 (1,1)-yHutapHocTu us m. B.
KomniexcHbrit ornepaTop MOHOAPOMHUHU €CTb KOMHJ’IBHCI/I(I)I/IP{HHI/IH Be-
mecTBeHHoro (cM. 1. B).
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Marpuua onmepatopa MOHOAPOMUHU B BellleCTBeHHOM Oasuce (e1, €s)
npuHagaemut SL(2, R) (cm. n. E). CnexoBarenbHo, MaTpuua 3Toro ome-
paTopa B KOMIUIEKCHO COTpAeHHOM Gasuce (fi = e; + iea, fo = e1 — iea)
npunagnexut SU(1, 1) (em. n. I, cnexctsue). [}

3a1A4YA. JlokasaTh, yTo y ypaBHenusa llpenunrepa (1) He MoxeT GbITH He-
HYJI€BOTO pelleHHH, COBIaJaomero ¢ ae'"® neBee HocuTens u ¢ be” **® mpapee

HocuTendA (YacTHlla He MOMKET NPUXOAUTh, HEe YXO/A).

PEIIEHUE. Onepatop MoHoapoMuu coxpauseT (1,1)-s3pMuToB KBagpat
|z1|% = |22|2. Ho (ae™*®, ae’*®) = |a|?, (be~?**, be ™) = —|b|? (cm. temmy m. T.).
CrnemosaTensHo, |a|’> = —|b|?, T.e. a = b= 0.

3. RKoadoduirieHTh! IPOX0KAEHUA U OTPaMeHUA.

Onpenenenuie. ['0BOpAT, 4YTO YacTHlla, NPUIIEANIAA CIE€BA, C UMITYIb-
coMm k > 0 nmpomuna 6apbep ¢ kosdPuyuenmon npoxoscdenusn |A|? u kosd-
duyuenmom ompasxcenun |B|?, ecniu ypasuenue Illpenunrepa (1), B KoTO-
pom E = k?, umeer pemenue ¥, paBHoe

e’k 1 Be~* pepee Gapbepa,
Aetk® npaBee Gapbepa (puc. 35).

JIemMma. Pewenue ¥ u KomnaercHole nocmoswnsvie A u B, ydosae-
meopawujue ONUCAHHbLM YCAOBUAM, Cyulecmeylom u eJuHCMEEHHbl Npu Ai0-
oom k > 0.

TOKA3ATEIBCTRO.
PaccmoTpuM yXxopaAiiyio BIpaBo YacTUILY
(peuienue, paBHoe e*® npasee 6apbepa). Ciepa

U
_113> . oT Gapbepa 3TO pelleHHe, KaK U nmﬁoe Apyroe,
- A UMeeT BUI JUHEHHOH KoMOuHanuu e** u e"’kz,
| x

npuyeM KoadbdunuenT npu eF* oTanyen ot Hy-
na seupy (1,1)-yHuTapHOCTH omepaTopa MOHO-
Puc. 35 apomun (cM. 3agauy B . /R).
Pa3fienuB Ha TOT OTIAUYHBIA OT HyJIA K03 GUIUEHT, onyYaeM Tpeby-
eMoe pellleHHe.

Hrak, koadpounuentst A u B onpepeieHbl OAHO3HAYHO. ]

3AJAYA. JokasaTh, 4TO K03 GUIMEHT IPOX0K JeHHUA Bcerja OTINYEH OT HYIA.

PEIEHUE. Ecan ¥ = ( cnpaBa oT 6apbepa, To ¥ = 0 u cieBa.
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Teopema. Cymma kodfduyuenmos npororycdeHUs U OMPAKHCEHUA PABHA
edunuuye.

I OKA3BATEJILCTBO.

Jlemma. Mampuua onepamopa monodpomuu 6 Oasuce (f;=-e*®,
fo=e~ %) guipancaemcs wepes Komnaercrvie kosdPuyuenmvt A u B no dop-
Mmyae

1A -B/A
-B/A 1/A4

T OKABATEIBLCTBO.

Ilo onpeeneHiio koa3hduuueHToB A n B, onepaTop MOHOAPOMUH Aeii-
CTByeT Tak, 4To f; + Bfy — Af; IlockonbKy omepaTop MOHOAPOMUH Be-
IeCTBEHHbIH, MbI MOeEM HaiiTH U 06pa3 KOMIUIEKCHO CONPAMKEHHOrO Bek-
Topa. YUUTHIBaA, 4To f; = fo, HonydaeM fo+ Bf; — Afs. lenana A #0
u A # 0, norydaeM MaTpHUIly 06paTHOTO K MOHOAPOMUH OllepaTopa

1/A B/4

(M) = B/A 1/4

[UT06BI 06PAaTUTL YHUMOAYIAPHYIO MaTpPHUILy BTOPOro MOpAIKa, J0CTa-
TOYHO MOMEHATH MeCTaMHU JUaroHalbHble 3JeMEHThI U U3BMEHUTH 3HAKU He-
IuaroHalbHbIX:

a b d -b\ _(ad-bc 0
c d) \-¢ a) 0 ad —bc) ’ ]
Yenosua M € SU(1, 1) malor 1/|A]> — |B|?/|A]? = 1. n

3AITAYA. Boruncauts Ko3((PUUHMEHTD! NPOXOA/JEHUA U OTPaMKEHUA I II0-
TeHUuana, paBHoro koHcraute Up npu 0 < = < a ¥ HyJIIO B 0CTalbHBIX MeCTax
(puc. 36).

OTBET.

A = L :
14+ UZ sin® ak;
4E(E — Uy)

rae E = k*, E—U, = ki (upoxoas Haji 6apbepoM, yacTHIa 3aMe/IACTCA, IO3TOMY
INIOTHOCTL BEPOATHOCTH HATHU ee B mpefelnax Gapbepa Goibire, yeMm BHe). Ilpu
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Uk UA
o vk i 1
E:k2 E_*kZ

| o _ ¥ 0 a _

A\Re¥ x x
1+|B|2 ARe*P
V] 4 [\ [\

DO\ O\ L
Puc. 36 Puc. 37

6oapmux F roadounueHT oTpaseHud crpeMurca K 0,

Us

~——9 _ in’ak;
4E(E — Up) ’

2
|B|
Ecau sHeprus yacTuIbl MeHbIIE BICOTHI 6apbepa, TO K03 QUINEHT MPOX03H-
JIeHUA dKCIIOHEeHIIMalbHO Mail:

2 4k> 5
A" = — 2\ 12 2_27
(k* + 5¢°) sh® ase + 4k ¢

rae E = k?, Uy — E = s* (puc. 37). XotAa K03)PUIMEHT NPOXOKIEHUA Yepes
BBICOKMI U IHUPOKUI Gapbep Mail, OH Bce e Bcerja OTINYeH 0T HylA («TyHHeIb-
HbIA 3 heKTr: KBAHTOBafA YACTHUIA (MPOXOIUT MOJ Gapbepomy, Helpeom0duMbIM
IUIA KIACCUYECKOIA).

M. Matpuia pacceaHus.
Hapany c npoxomjeHueMm uepe3 Gapbep cie-

U 1 Ba HAIpaBo, MOMHO pacCMaTPUBATDL IPOXOHIEHUE
- -
A, __, cmpaBa HaieBo. CooTBeTcTBylollee peineHue Vs
B, paBHO
x —ikx ik
e + Bse npaBee Gapbepa,
Puc. 38 Age~ ke neBee Gapbepa (puc. 38).

Onpepenenvie. Mampuuyetl pacceanus (nnu S-mMaTpulieit) Ha3bIBaeTCA

ManI/Iua
A B
§= (Bz Az)'
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3AMEYAHHUE. Mcxona us cranuonapHoro ypaBHeHud lllpenunrepa, He-
JIeTKO NOHATD, KaKoil ollepaTop COOTBETCTBYET 3TOI MaTpHlle U TOUYeMy 3Ta
MaTpula obi1afaeT 3aMevaTelbHBIMH CBOMCTBAMH, KOTOPbIe MEI cefiyac Jo-
KaskeM. OGbACHEHUE COCTOUT B TOM, UTO S «peobpa3yeT NpUXOAAIIUe Yac-
THUIBI B YXOAAIIMEY — BTUM CIOBaM MOMKHO HPHUAATh TOUHBIN CMBICI, €CIU
paccMoOTpeTh HecTallMOHApHOE ypaBHeHHe (Yero Mbl fenaTh He Gyaem).

Teopema. Mampuuya pacceanus yHumapHa, npuiem kodgduyuenmot
nporoxcleHus ciesa HANPABO U CNPABA HA.1e60 00uHaKosvl: A = As.

ITOKA3ATEJIBCTBO.
OnepaTop MOHOIPOMHU JeHCTBYeT TaK:

Az fo — fo+ Bafi, Asfi — fi + Bafo.

CiemoBaTelbHO,

[ 1/Ay By/A
on) = (g Bie).

CpaBHMBafA ¢ BLIYMCIEHHON B JeMMe N. 3 MaTpHlleit, MonyyaeM
Az = A, By = —BA/A.

Hockonbky |A|2 + |B|? = |A2|? + |B2|?> = 1 u AB3 + BA; = 0, matpuna S
yHUTapHa. ]

3AMEUYAHHE. MbI paccmaTtpuBainu ypasHenue lllpenunrepa (1) ¢ BemecTBeH-
HBIM 3HAaYeHHMEM CIeKTpalbHoro mapamerpa E = k’. OueHb MOI€3HBIM OKa3bIBa-
eTcA TaK:;Ke pacCMOTPeHHe KOMIUIEKCHBIX 3HaueHMii k. IIpu aTOoM okasbiBaercH,
4YTO CBOMCTBA YHHUTApPHOCTU U CHMMETPHUU MaTPUIbl paccedHHUA HUMeEIOT MecTo
U npu KoMIuleKcHbIX k. Kpome Toro, S oGinafaeT CBOHCTBOM «BellleCTBEHHOC-
iy, S(—k) = S(k), n «ananmuruusoctuy: A(k) ABIAeTCA Npe/elbHBIM 3HaYEHHEM
(GYHKIMHU, aHATUTHUECKOM B BepXHeill noaymiockoct Im k > 0, umeromeit KoHey-
HO€ YHCJIO TOJI0COB Ha MHUMOIi OCH.

IlockonbKY K03 GUIUEHTHI IPOXOHIEHUA U OTPAKEHUA MOMHO U3MEPATD,
BO3HUKaeT T.H. o6paTHaA 3ajaya TEOPUU PacCefAHUA 00 OIpe[eleHUd NOTeHIua-
1a U mo matpuue paccesanus S(K).

Mortenuuan U 3amaeTcA BeumleCTBEHHOH (YHKIMEH Ha BelECTBEHHON NpA-
MOii MK IBYMA BeIleCTBEHHbIMU (GYyHKIUAMU Ha moiynpamoii. Kosdpuuuentsr A
u B — 3To0 ABe KoMILIeKCcHbIe GYHKIMH Ha nmoxyocu k > 0, T. e. 4eThIpe BellecT-
BeHHble GYHKIHU Ha moiyocH. Yciosue yuutapHoctu |A|2 4+ |B|?> = 1 cuumaer
YKCIO0 BEIeCTBEHHbIX (QyHKIMI Ha NMOIYOCH C YeThIPEX [0 TPexX.
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Mockoabky 3 > 2, MOKHO 0’KMAaTh, UTO He BeAKad mapa A, B ¢ ycnoBu-
em |A|? +|B|? = 1 cooTBeTCTBYeT NOTeHIMANy; 1A BOCCTAHOBICHUA NOTeHIHANa
no A 1 B Hy#HO HallOKUTh Ha 3TU KO3 (PUIMEHTHI eme OJHO ycioBue. Takum
YyclIoBHeM U OKa3bIBaeTCA YCIOBHE aHAIUTUYHOCTH.

Kak 3To HM ynuBHTeNbHO, IPUBeJEeHHbIE 3[eCh IpyOble 3BPUCTHYECKUE CO-
o6GpasieHnsd, OCHOBaHHbIe Ha IOJCYETe YKCIa NMPOU3BOILHBIX GYHKIHUI, yIaloCh
IpeBpaTUTh B TOYHO HOpMyIupyeMble U JoKa3aHHbIe TeopeMbl (BbIXOAAIUE, OfI-
HaKo, 3@ paMKH Hallero Kypca).

K. CBA3aHHbIe COCTOAHUA.

Paccmorpum Temepn mnotennuan B Buge puuutTHoi Amer (U(x) < 0,
U(oo) = 0). I'oBopaT, uTo uactuua Harodumcsa & ame, ecmn ¥ — 0
npu x — £o00 (puc. 39). flcHo, YyTO YacTHLa MO}KET HAXOAUTHLCA B AME JIHLIb
ecnu ee 3Heprua F ompuyameavna. JleBee U npaBee AMBI pellleHUe UMeEET
BU/]| JTUHEIHOH KOMOWHALMU BKCIOHEHT e**, e~ *% rpe w? = —E, »x > 0.
CrnemoBaTelbHO, YCIOBHE HaXO#JAeHUA YaCTHUILI B IME COCTOUT B TOM, UTO
JeBee AIMbI oOpallaeTcA B HylIb KO3G(PUIUEHT NMpH pacTyllei BIeBO 3KCIO-
HEHTe, a IpaBee AMbI — IpU pacTylleil BnpaBo. PelleHre ¢ TakUMU CBOM-
CTBaMHU cYI[eCTBYeT He MpU BCAKOM OTPHUIATEILHOM 3HAUEHUU DHEPTrUu.

U U
0 a

_WE o é *

//\//\U/\\/\ _ \/\\/\\/\;

Puc. 39 Puc. 40

OxasbiBaeTcd, eclM AMa JOCTATOYHO Iiy6oKa M MHMPOKA, TO CyL[EeCT-
ByeT KOHEeYHOe YMC/I0 OTPULIATENbHbIX 3HaUeHuil sHepruu E, npu KoTopbIx
YacTHIlA MO#ET CTAaMOHAPHO HAXOAUTbCA B AME; STUX 3HAYEHHH TeM 60Mb-
e, yeM riy6#e U mUpe AMA.

CooTBeTcTByIOmNe 3HAYeHUA F Ha3bIBAIOTCA CMAUUOHAPHBLMU YpPO6-
HAMu, a BonHOBble dyHKuuM U, samyraowue npu r — 00, HA3BIBAIOT-
CA CEAIAHHBLMU cocmoanuAmy (B clydae, eclu AMa He GUHUTHA, TpeGyeT-
ca [|¥]2dz < o0).

3A7AYA. OmpenenuTs cTalMOHAPHbIE YPOBHYU SHEPTUU B IPAMOYTOILHOMN fiMe
ray6unsl Uy, pacnonoxenHoit mexay ¢ = 0 u x = a (puc. 40).
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2
46—2 — Uy, roe £ — KOpPHU ypaBHEHHI

a
. 1 4
cos¢ = £9¢, sing =+ ('v= i)

(tg & > 0 pna nepBoro ypaBHeHud, tg¢ < 0 gaA BTOporo).

OTBET. E =

3alA4YA. JlokaskuTe, 4TO BOMHOBBIe OYHKINH ¥, COOTBETCTBYIOIIE CBA3AH-
HBIM COCTOAHMAM € Pa3sHbIMH yPOBHAMH SHEPT UM, opToroHanbHel: [ U1 W, dz = 0.

3A1A4YA *. Kak cBA3aHbI CTAalMOHAPHbIE YPOBHY HEPIUU CBA3AHHBIX COCTO-
AHUI U TodIoca S-MaTpHUIbl HA MHHUMOI1 ocH k7

8§ 6. I'eomeTpua auddepeHuraJIbLHOro ypaBHEeHUA
BTOPOro IopAAKa U reoMeTpPUA Hapbl NoJeit
HanpaBjeHUil B TpeXMepHOM IIpocTpaHCTBe

3nech 0o6CyKOalOTCA JOKalbHble CBOicTBa pemeHuil quddepeHIUaIbHOro
YPaBHEHMA BTOPOIo MOPAAKA, KOTOPbIe ABIAIOTCA F€OMeTPUYECKUMH, T. €. MHBa-
PHUAHTHBIMU OTHOCHUTENbHO AU deomMophU3MOB INIOCKOCTH 3aBUCUMOI U He3aBH-
CHMOH IepEeMEeHHbIX.

C ramapIM auddepeHUaIbHBIM ypaBHeHEM BTOPOro MopsAjKa CBA3aHa Na-
pa IoJeii HanpaBlIeHUil B TPeXMepHOM IIpOoCcTpaHCTBe. 3ajava JoKalbHOM KiIaccH-
(yranuy ypaBHeHU BTOPOro NopAjKa ¢ TOYHOCTBIO A0 AuddheomMophU3MOB II0C-
KOCTH OKa3bIBaeTCA 3KBUBANEHTHOI 3a/aye JOKaJbHOI KIaccupuKanuy nap mnojaei
HanpasjleHUli 001ero NojoeHuA B TPEXMEPHOM IIPOCTPAaHCTBE ¢ TOYHOCTLIO [0
nuddeomopdusmoB npoctpaHcTBa. Huse paccMaTpuBaloTCA HHBapUAHThI U «<HOP-
MajbHble (GOPMbI» B 3TUX [JBYX dKBHMBAJCHTHBIX 3ajayax.

A. KoHdurypauuoHHbIe CBOMCTBaA pelIeHUt

JIMHEMHBIX ypaBHEHUH.

d2
Fpa(pI/IHI/I pelileHUli ypaBHeHUA d—:l; =0 (HpﬂMbIe) YIOBJIETBOPAIOT KOHDU-
€T

rypauuonsbiM teopemam (Ilanma, [lesapra u T.J.) IPOEKTUBHON reOMeTpPHUH.

Teopema. Cemeilicmeo zpaduros scex pewerull 4106020 AUHeH020 00HOPOO-
HO020 YpaeHeHUs 8IMOpP020 NopAdka

d’y dy
5 ta(z) == +b(x)y =0
dx dx
A0KaabHo (8 okpecmHoCcIMU A1060T MOYKU T = Xo) dudPeomopPro’ cemeticmsy
) . d’y
epaduroe ecex pewenull npocmetiezo ypasnenus —5 = 0.
dx
IT.e. cymecTByeT auddeomMopdusM OKPECTHOCTH MpPAMOH & = X9 Ha IUIOCKOC-

™ (2, y), NepeBOAAMMUN rpadUKU PelIeHUIl B NPAMBbIE.
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CnencrBue. Kondueypayuonnvie meopemv. NPOEKMUBHOU 2e0MeMPUL 6bl-
noansaiomes (10Ka1bHO) 044 2padukos peuteHull 4106020 AUHETHO20 YPABHEHUA 6MO-
pozo nopadka, wanpumep, das cemeticme kpusewr y = Asinxz + Bcosz uau
y = Ae” + Be™”.

ITOKA3BATEJBLCTBO.

PaccmoTpum pemenue yi, He obpamaionieecs B Hylb B TOUKe X, U Apyroe
peleHue, y2, obpamaroneeca B ) B TOUKe Lo, HO He paBHOE HYJIIO TOKAECTBEHHO.
Dopmy bl

) Y2
=0 X = o
3aJal0T UCKOMBIH auddeomoppusm. |

3AMEUYAHHE 1. Koopaunate! (X,Y) ompefeneHbl ¢ TOYHOCTBIO 10 APOG-
HO-TUHEHHOro npeo6pa3oBaHuf (KOTOPOMY OHM MOJBEPralOTCA NpPU 3aMeHe pe-
WEHUN y1 U Y2 UX TUHEHHBIMU KOMOUHauuAMHU). B wacTHocTH, KoopaunHata X
3a/laeT Ha OCU T CTPYKTYPY JOKaIbHO MPOEKTUBHOI'0 OTHOMEPHOI0 MHOr006Gpa3usd
(ataac, B KOTOpOM (byHKIMH IIepexo/ja — IPOeKTUBHBIE IPe06pa3oBaHUA IPAMOIA,
T. €. JPOGHO-IMHENHbIe (QyHKIHH.)

To4HO Tak #e Ha MIOCKOCTU (T, y) TUHEHHOE OJHOPOJHOE ypaBHEeHHe BTO-
poro mnopsjka 3ajaeT CTPYKTYPY JOKaIbHO IPOEKTUBHOM IIOCKOCTH.

3AMEYAHUE 2. JK8UBALEHMHOCMbI0 JTOKAIbHO NPOEKTHUBHBIX MHOroooOpa-
3uil Ha3pIBaeTcA AuddeomMoppu3M, IepeBOIANNI OJHY JOKAIbHO IPOEKTHUBHYIO
CTPYKTYPY B Ipyrylo.

3AAYA. IlepeuncauThb Bce pa3ivyHble CTPYKTYPhI JOKaIbHO IPOEKTUBHOIO
MHOroo6pasuf ¢ TOYHOCTbHIO [0 SKBHBaJIEHTHOCTH a) Ha NPAMOI, 6) Ha OKpY#KHOC-
TH.

Yra3zanue. Bce nokanbHO NpOEKTHBHbBIE CTPYKTYPBI Ha PAMOI HHIYIHPO-
BaHbl 0TOGpanseHNeM B IIPOEKTUBHYIO NPAMYIO (T. €. B OKPY#HOCTh) ¢ He oGpama-
Iolleiicd B Hy/lb IPOM3BOJHOI; YKCIO NIP00OPa30B TOUKU OKPYMKHOCTU IIPU 3TOM
oTo6GpaskeHNH — WHBapUaHT CTPYKTYPBHI.

JIBy1McTHOe HaKpBITHE NIPOEKTUBHOI NIPAMOIi 3a1aeT Ha OKPYKHOCTHU CTPYK-
TYPpY J0KajlbHO IPOEKTUBHOI0 MHOI006pa3nf, He BKBUBAIEHTHYIO CTPYKTYpe IIpo-
eKTHBHOI npsAMoii. OfHaKo He BcAKadA JOKalbHO NPOEKTUBHAaA CTPYKTypa Ha
OKPY#HOCTH MHAYLHUPYETCA U3 CTPYKTYPbl IPOEKTUBHOI npaAMoil. Kiaccuduka-
IUA JOKaIbHO NPOEKTUBHBIX CTPYKTYP Ha OKPYKHOCTHU CBA3aHa ¢ KiIaccupUKaIy-
el ypaBHeHuit Xuinia (IMHEHHbIX YpaBHEHH BTOPOro NMOPAAKA C HEPHOJNYeCKUMU
K03 punMeHTaMu). YKe YypaBHEHHUA C NOCTOAHHBIMHU K03} (PUIMEHTaMH 3afaioT
CTPYKTYPBl, He HHIyIUpyeMble ¢ IPOeKTUBHOI MPAMOIi.
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B. HopmaabHaa ¢opma KBagpaTHU4HOIi yacTH ypaBHEeHHA BTOPOro
nopAfKka B OKPECTHOCTH JaHHOro pelleHHA.
PaccmoTpuM Teneps npousBoiIbHOE HellMHeiiHOe ypaBHEHNe BTOPOIo OPAAKA

d’y ( dy)

— =2 T, Y, = |-

dwz dx

Mb1 COﬁI/IpaeMCH ucciaegoBaTb reoMeTpulo By XnapaMeTpu4yecroro ceMeiicT-

Ba KPHUBBIX, 3a[JaHHOr0 TUM YypaBHEHHeM Ha IIockocTu (x, y). B uacTHoCcTH,
Hac HHTepecyeT BOIIPOC, BBINOJHAIOTCA JU B 3TOM ceMeiicTBe KOH(I)I/IpraI_lI/IOH-
Hbl€e TeopeMbl U MO#HO J1HU 3TO ceMelicTBO BBIIIPAMUTDB (HpeBpaTI/ITb B CeMeKCcTBO
HOPAMBIX) MOAXOAAMUM AnudbeoMopPU3MOM MIOCKOCTU. Mbl YBUIMM, UTO TaKoe
BBIIIPpAMJIEHHE BO3MOMHO He BCerjga, U yRa:ieM HWHBapuaHTbl, U3MepAIoIue «UH-
(GUHUTE3VMAaNTbHYIO Hele3aproBocThy (HapylleHHe KOHGUIYPAIIOHHBIX TEOPEM).

Teopema. Beakoe duffepenyuarvnoe ypasnerue 8mopozo nopsadka e oxpecm-
Hocmu Ka#0020 aunelnoz0 saemenma (T, y, p) NAOCKOCMU 3A68UCUMOT U He3A8U-
cumotl nepemerHol Mmoxcem Oblmb npusedeHo A0KaAbHblM JudPeomopdusmon smotl
naockocmu K eudy

d2y

d
=A@y + Oy 1o, p= 2y

T dx
6 oxpecmnocmu saemenma (x =0,y =0, p=0).

IOKA3ATEIBLCTBO.

1°. Yuuumooicenue AuHeHbLT YAeHOB.

[MaHHbIA IVHEHHbINA 3JeMEHT ompefelsAeT eJUHCTBEHHOE pelleHue, rpapui
KOTOPOT'0 MOKHO NPUHATH 3a 0Ch T. JIMHeapu3yeM NaHHOe ypaBHEHHE B OKpeCT-

HOCTH 3TOro pemenus. [lonyyeHHoe TMHeiiHOe ypaBHEHUe, [I0 TeopeMe II. A, MO-
2

d
HO JOKalIbHO BBIIPAMUTHL (OPUBECTH K BUAY d—z = 0) mogxoaAmum BbIGOpoMm’
T

CHUCTEeMbl KOOpAMHAT. B 3Toi1 cucTeMe KOOpAMHAT Halle ypaBHEHHe BTOPOro IO-
pAnKa uMeeT npasyio 4actb ®(z, y, p), KoTopas obpamaerca B HyIb npu y = 0,
p = 0 BMecTe ¢ IPOM3BOAHBIMH IO y U o p. TakuM o6pa3oM, B paccMaTpHBaeMoii
cucTeMe KOOpAWHAT pasnoxkeHue ® B paxn Teitnopa 1o y u p HaUMHAETCA C YIEHOB
He HHKe BTOPOi CTeleHU:

&y

i A(z)y® + B(z)yp + C()p” + O(ly|* + Ip*)-

1llna nanbHeiimero moaes3Ho 3aMeTHTb, UTO eClM NpaBad 4yacTb $ 6bl1a MHOrOUYJIEHOM
cTeneHu n > 1 1Mo apryMeHTy p, TO U B HOBBIX KOOPAMHATAaX, IOCTPOEHHBIX B I. A, GyneT
BBINOJIHEHO TO K€ CBOWCTBO.
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2°. Ilpeobpasosarnue He3asucumol nepemerioi.
PacemoTpum nokanbHbli quddeomopdusm nnockoctu (, y), 3aJaHHbIH MOJ-
CTaHOBKOM

z=FX,Y), y=Y
(mepeBopAmMIA TOURY ¢ KoopAuHaTaMHu (z, y) B TOUKY ¢ koopauHatamu (X, Y)).

Jlemma. Ypasnenue

d’y dy

E=<I>(w, Y, p), p=a

npeobpasyemca YKa3anHHol nodcmaHnoekroll 8 ypasHeHue
&’y _ = _dy
dX2 _<I)(X7 Ya P)a P_ﬁ7

3 " U 2
A (F,Y £)+F +2PFY+P FYYP;

(I)(X7KP):F‘I) 7A F,

30ecy A = F' + PFy, wmpux 06031a4aem wacmuyio npoussodnyno no X, apzymen-
mamu F u npoussodnvix F aeasawomea X uY.

JJOKABATEIBLCTBO.
Mycts y = u(x) — pemenue ucxoqHoro ypasuenus, Y = U(X) — ero o6pas.

Tornpa iU i
_dau _ du
P= dX dx

du

'
-(F" + PFy), e

F

F(X,U(X))

CrnenoBaTenbHO,

42U Ad_du

2
i % (F”—F?F;’/P-FFYYPz +Fy 4 U) :

dX? T dXdz|p ik yixy 4
Hanee,
d du d’u ( X
d_du =2 A=9(F(X,UX)),UX), —) A.
dX dz|px vxy da’|p A
HUrax,

PFy\ d*U ig p
(1_ AY) ixz = (B U g ) A+ X (F"+2PFy + P'Fyy),

OTKyZa U BbITEKaeT NpHBeJeHHadA Bbllle Gopmyna. [
N3 norasanHOt HOpMyIbl HENOCPEACTBEHHO BBITEKAET

CnencrBue 1. Ilycmvs ® = 0. To2da ® — mnoeouren He evlule mpembvell
cmeneru omuocumeasro P.
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CaencrBue 2. [lycmv & — mHozowren He 8blule mpembell cmeneHu OMHOCU-
meavHo p. Tozda ® — mHoz0w1eH He 8blule Mpembell cmeneHy omHocumeavto P.

3AMEYAHHE. MHorouineHsl cTelleHU He Bbllle 1 > 4 Mo p NpuU HalleM Npeo6-
pasoBaHuu ¢ — P yike He mepexoAAT B MHOIOWIeHbl oTHocuTelabHo P. [eiict-
n

A

P
BuTeIbHO, A® (— — He MHOro4leH oTHocuTelbHo P mpu n > 3.

CaencrBue 3. Jufpepenuyuarvioe ypasnerue emopozo nopadka 3adaem Ha
2padure Kaxidozo ceoezo peweHus CmMpPYKmMypy AOKAALHOU NPOEKMUBHOU NPAMOl
U HG HOPMAABHOM PACCAOEHUU K 2padukry — CMPYKMypy AO0KAALHO NPOEKMUBHOLU
naockocmu.

JJOKABATEIBLCTBO.

PaccmoTpuM ypaBHeHUe B BapuanufX BAOJIb JaHHOI'O pelleHUA. ITO — JIH-
HeliHoe 0THOPOJHOe ypaBHeHHe BTOPOro MopA/Ka, H03TOMY Ha INIOCKOCTH 3aBUCH-
MOif ¥ He3aBHCHMOil NlepeMeHHOil BO3HHKaeT CTPYKTYpa JOKalbHO NPOEKTHUBHOM
INIOCKOCTHU, @ BJO0JAb HCXOQHOTO pellleHHsA — CTPYKTYpa J0KajlbHO MPOEKTUBHOM

opAMoi (cM. 1. A).
2

B o6o3HaueHnAX J1eMMbl ypaBHeHHEe B BapUallMAX HMeeT BU[ d—z = ¢,
roe & = &; + &, + ... — pasnomeHue B PAJ [0 CTENEHAM Y U P. v

PaccmoTpum Tenepr HOpMalbHOe paccloeHHe rpaduka paccMaTpUBaeMoro
peueHuA Ha miaockocTu. HopmanbHoe nmpocTpaHcTBoO nogAMHOroo6pa3ud B HEKOTO-
poit ero Toyke ecTb (aKTOP-NPOCTPAHCTBO KacaTeJbHOr0 INPOCTPAHCTBA K 00b-
eMJI0leMy MHOTroo6pa3qio o MOJY/II0 KacaTelbHOIo IPOCTPaHCTBa K MOJMHOI0-
o6pasuio B paccMaTpuBaemoil Touke. HopmanbHoe paccioeHne nogMHoroo6pasmus
ecTb 06beJHEHe HOPMaJlbHbIX [IPOCTPAHCTB BO BceX TOUYKaX MogMHoroob6pasus
(cHaOseHHOE eCTeCTBEHHOM MpOeKINeil Ha IogMHOroo6pasue).

Pemenue ypaBHeHUA B BapHalUfAX MOHO CYHUTATh NPUHUMAIONUMU 3Haye-
HHA B HOpMaJlbHOM pacciloeHuu rpadguka paccMaTpuBaeMoro peleHus HCXOAHOr o
YypaBHEHUHA.

B camoM pene, ypaBHeHHe B BapHaluAaX ONpeaeasloch IPU NOMOIY CUCTEMBI
KoopauHaT (x, y), B KOTOPOii 0Ch x 6blIa rpadMKOM paccMaTPUBAEMOr0 PeIIeHUA.
3HaueHUe pelleHNd ypaBHEeHUA B BapHalliAaX B TOUKe — 3TO KacaTelbHbIN K 00b-
emJIoneil MJIOCKOCTU BEKTOP Yy-HalpaBleHUA B paccMaTpUBaeMOil TOYKe OCH .
Ero npoeknua B HopMalbHOe NMPOCTPAHCTBO K OCU T B 3TOU TOYKe olpejeinseT
BEKTOP HOpMalbHOI'0 paccioeHuA. PemeHusa ypaBHeHUA B BapHalUAX OIpeneld-
10T, TaKUM 06pa3oM, KpHBble B IPOCTPAHCTBEe HOPMAIbHOro paccioeHusa. OKasbl-
BaeTCA, 9MU KPusBble He 3A8UCAM OM MO020, KAKAA CUCTEeMA KOOPOUHAM UCTLOAb3IO-
8a4aCh 048 UX NOCMPOEHU; UMEHHO B TOM CMBbICIe Mbl ¥ TOBOPUM, YTO Yy paBHEHHe
B BapuallAX MOMHO paccMaTpuBaTh KaKk ypaBHeHUe B HOPDMajlbHOM paccloeHUuH.
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JlokasaTelbCTBO BBIEIEHHOI'0 YTBep:K/IeHUA Jerko M3BjledYb, HAlIpUMep, U3
JIOKa3aHHOH BbIlNIE JEeMMBI.

B o6o3HauyeHHAX leMMbl [oOKa3blBaeMoe YTBep:kJeHHe O3HayaeT, UTO ec-
au F(X, 0) = X u ®; — nuHeinblii m0 y u p uneH pasnomenusa ® B pan Teitnopa
o y U p, TO </151(X7 Y, P) = (X, Y, P). llocieanee paBeHCTBO JIETKO CIEIYET
u3 GopMy 1eMMBbI.

Wrak, 3agaHHasA ypaBHeHHEM B BapHallUAX CTPYKTYpa JOKalbHO-NPOEKTUB-
HOU INIOCKOCTH 3ajaHa Ha HOPMajlbHOM pacclOeHUH. [

3°. Ilpeobpasosanue 3asucumoti nepemeHHol.

PacemoTpuM nokanbHbli quddeomopduaM nnockoctu (., y), 3aJaHHbIH MOJ-
craHoBroit y = G(X, Z), x = X, nepeBoafAmuii TouKy ¢ KoopauHaTamu (z, y)
B TOYKY ¢ Koopaunatamu (X, Z).

Jlemma. Ypasmnenue

d’y _ _dy
@ —‘I)(.’IZ, Y p)a p= %7

npeobpasyemca yra3anHuol nodcmanosroll 8 ypasHerue

&’Z dz
dX2:<I>(X, Z, 10), n:ﬁ,

20e

$(X, 7, 1) = GL[<1>(X, G(X, Z), G' +TGz) — G" — 2MGy — I2G z7];
z
30ect WmMpuxr ecmdv 4acmHas npoussodnas no X, apeymenmanu y G u ee npous-
800nbLx 6ciody asaawmea X u Z.

IIOKA3BATEJBLCTBO.
Oyctb y = v(x) — pemenue ucxogHoro ypasueuus, Z = V(X) — ero o6pas.
Tornpa

W _ G VG,
dx

(3mecy u manee aprymentsl y G u ee npoussBoausix — X u V(X)). Hanee,
d*v

= G +2G,V' +GzzV? + GV = 8(X, G, G' + XG3).

Haxons V"' us nocaennero paBeHcTBa, norydaeM GopMyiry, IpUBEIeHHYIO B IeMMe.
|
W3 norasaHHOI1 1eMMbl HelOCPeJCTBEHHO BhITEKAlOT
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CaepgerBue 1. IIycmv ® = 0. Toeda & — mHoz20w1eH He 6blute 8moOpol cme-
nenu omuocumeasvro II.

CaencrBue 2. Ilycmv & — mHo204AeH He 8blule N-U CMeENneHU OMHOCUMENb-
Ho p, n > 2. Tozda ® — mHozouren He eviuwe n-i cmenenu omuocumeavro I1.

4°. Bouiuucaenue K6a0pamuiHble 4AeHO8.
PaccmoTpum nokanbHblil quddeoMopdusM MIOCKOCTH, 3aJaHHBINA MOJACTa-
HOBHKOI.

e=F(X,Z) =X+ f(X)Z +0(|Z]"),
y=G(X, Z)=2Z+g(X)Z* +0(2°).

Jlemma. Ypasnenue
d?y

da?

dy

= ‘1)(17’ Y, p)7 p= do’

@ =0(ly” +IpI*)

npeobpasyemca yra3anHol nodcmaroekoll 6 ypasHeHue

’Z _ - 4z
7 G L) &

20e
(X, 2, 1) = (X, Z, )+ QX, Z, )+ 0(|Z° + 1I1]°),

O = aZ? + BZI1 + 4117,

a=-g", B=-4g+f", ~y=-2g+2f
(6 kavecmee apzymenma y f, g u ux npoussodnvix nodcmasaeno X).

HOKASATEJII:CTBO nojay4daeTcHa IIpPIMeHeHPIeM JeMM O HpeOﬁpaSOBaHI/II/I CHa-

yaja HeBaBPICPIMOfI, a 3aTeM 3aBHCHMOI HepeMeHHOﬁ. Pasnaraﬂ HpaBbIe yacTu
MOy YeHHBIX TaM ¢popmya B pAf o (Z, I1) u ocTaBifAaA auib KBagpaTUUHbIE Yile-

HbI, IIONYYUM B KayecTBe N0GaBKM K KBaJpaTUYHbIM WieHaM P yKasaHHYIO Bbllle
Beauuuny §). u

5°. Ilpusedenue kK6aAOPAMUUHBLL LAEHOS.
0603HauMM KBaJpaTUYHbIe YIEHbI UCXOQHOMN mpaBoil yactu ¢ yepes

Py = Ay2 + Byp + C’pz.
Torpa KBagpaTU4HbIe WiIeHb] A Npeobpa3oBaHHOrO ypaBHEeHUA OyOyT
Uy =(A—g")2° + (B —4g' + f")ZI + (C — 2g + 2f")II°

(v dyurnuit A, B, C, f, g 1 UX NPOM3BOJHBIX B KayecTBe apryMeHTa MOACTaB-
JIeHO coBnajalolnee, BIpoYeM, ¢ & BAOIb paccMaTpuBaeMoro pemeHnus). Hemo-
X7 ’ ’ H

cpelCTBEHHO IIpOBepAeTCA
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JIemma. Beauuuna
I=6A—-2B"+C"

He meHaemca npu nepexode om Py k Vs

Bri6upas npousBoiabHble GYHKIUYU f U g, MOAKHO aHHYIMPOBATh [Ba U3 TPeX
roaddunuentos A, B, C (coxpanas semuuuny I). B yacTHOCTH, BbIGepeM f U g
us yenosuit 4g' — f = B, 2g—2f' = C. Torna nonyuum ¥y = AZ%, A = é, 4TO
U JIOKa3bIBaeT TEOpeMY. n

B. UndpuHuTe3duMalbHafA HeJe3aproBOCTh.
CucTema KOOpAUHAT, B KOTOPOIl AuddepeHIMaIbLHOE ypaBHEHNE BTOPOTO I10-
PAIKa 3anuchiBaeTcA BOIM3U rpaduka GUKCHPOBAaHHOI'O CBOEro pelleHUuA B BHUIE
dzy 2 3 3
i A@)y" +O(lyl” +pI"), p
T

_ %
T dx’

onpefeneHa HeoqHO3HauyHo. McciemyeMm, B Kakoif Mepe KoaddummeHT A, mpe-
NATCTBYIOIMI BBINPAMIEHHUIO ceMelicTBa pelleHWIl U M3MepAIMUNA WHPUHUTe-
3UMajlbHYIO HeJle3aproBOCThb B JaHHOU TOYKe II0 JaHHOMY HallpaBjeHHIO, HHBapU-
aHTeH, T.e. He 3aBUCHUT OT criocoba NpUBeJeHUA K HOpMalbHOU dopMe.

Teopema. Jupdepenyuarvnas gopma cmenenu 5/2 edoav epadura nyreeozo
pewerusn
w = A(z)|dx|*?

onpe@e/zeua UHBAPUAHMHO, C MOYHOCTbIO do .My/zbmun/zulcamueuou“ NOCMOAHHOIL.

NubiMu cnoBamu, ecau (X, Y) — apyrasa cucreMa KOOpAHHAT, B KOTOPOWH
YpaBHeHHe TaK:;Ke 3allMChIBA€TCA B HOpMalbHOI dopMe, npuyeM pemeHuio Y = 0
orBeuaeT y = 0 u Koadpduunent A(z) samenex Ha A(X), To
5/2
dx

A(X) = CA(2) | 5%

rae C' He 3aBHCHUT OT Z.
Mb1 GyneM HasbiBaTh GopMy w «Fopmoll nedesapzosocmu 8004b JAHHO20 pe-
WeHURY.

JOKA3ATEJIBLCTBO.
Hau6onee o6muit nuddeomopdusm, ocraBiadommii Ha MecTe och y = 0, me-
peBoauT TOYRY (, ¥y) B TOURY

X =fol@)+yfi()+..., Y =yg(@) +y’g@)+...
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BeKkTOp HOpMalbHOTO PAacCIOeHUsA, PUIONEHHDIH B TOYKE T U UMEIOIWHA y-KOM-
HOHEHTY &, MePEeXOJUT MpPU 3TOM B BEKTOD, NPUIOHEHHBIH B Touke fo(x) U ume-
IOVt y-KOMIIOHEHTY g1(x)E.

[IpoeKTHBHAA CTPYKTYpa HOPMAILHOTO PACCIOEHUA ONpe/eleHa MHBapUaHT-
Ho (cm. n. B), mostomy npeoGpasoBanue (z, £) — (fo(z), g1(x)€), nocTpoenHoe
no gudpdeomoppusmy (x, y) —> (X, Y), nepeBoadmemy HeKOTOpoe ypaBHEHHe
B HOpMalbHOH (opMe B ypaBHeHHe B HOpMalbHOH (popMe, NOM#HO ObITh IpOEK-
TuBHBIM. OTCIO[Ja MBI HAXOAUM

_ax+b . C
f T cex+d gl_cz—l—d'

Bearuit nuddeomopdusm, ocraBagromuii Ha MecTe ock y = ( U coxpaHs-
IOIUI NIPOEKTUBHYIO CTPYKTYPY €€ HOPMAalbHOI'0 PaccIoeHUfl, MOKHO MO3TOMY
NpeAcTaBUThL B BUJle IPOM3BeJeHUA CllellMalbHOI0 Npeo6pa3oBaHuA

X =fo(z), Y =ygi(z)
u jupdeomoppusmMa, coxpaHAIOIIero HOpMajlbHOe pacciloeHre I0TOYeYHO:
(X,Y)— (X +Yfi(X)+..., Y + Vg0 (X) +...).

Ilocnenuuit nuddeomopdusM MoxKHO INpeNcTaBUTh B BuUIe IPOU3BeIeHUA
npeoGpa3oBaHUil 3aBUCUMOM ¥ He3aBUCUMOIl TepeMeHHOM, pacCCMOTPEHHBIX B II. b.
[losTomy cocTaBaeHHBIN U3 KBaJpaTUYHBIX [0 y U P WIEHOB IIPaBOIl YacTH ypaB-
HeHusa unapuant I (cm. n. B, 5°) npu stom auddpeomopdusme He MeHAETCA.

Hcenenyem noBenenue I npu crenualbHOM IPOEKTHUBHOM Npeo6pa3oBaHUU.

BCHKOG IIPOEKTUBHOE HpeoﬁpaBOBaHne HpHMOﬁ pasiaraeTcsa B IIpOH3BeJ€eHHe
1
Z

BeJ‘II/I'-{I/IHa I HMHBapuaHTHa OTHOCUTEIBbHO CABUIOB, a IIPU PaCTAMMEHUAX T
n y IUllb YMHO?HaeTCA Ha IMOCTOAHHYIO. HOSTOMy AO0CTaTO4YHO pacCMOTpPeTh ee
1 _Y
x' YT x
ay  dpP _ &’y
dX dX dXx?

CIBUTOB, pacTAMeHUI U Npeo6pa3oBaHuA & —»

InoBeeHue Ipu 3aMeHe r —

Boruucaaa npousBogueie P = , HaxoguM P = y — pzx,

dP _ y-3dp _dy
ix = X e (roe p = dw)' CiemoBaTelbHO,
2
d’Y _ -3 1 Y 3 3
e =X A(X) (X) +O(|Y]>+1|P)).
Mostomy Koaddunuent npu Y2 pasen X5 A(x). ]

5 B. . ApHoabp
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I'. IlocTpoeHue cralAPHbBIX UHBapUaHTOB.

13 onpenenenHoii Boile nuddepeHuanbHOi GOPMbI w MOMKHO NOMYYUTH CKa-
JnfpHble GYHKIUM, UHBapUaHTHO CBA3aHHble C ypaBHEHUEM.

IIpesxs e Bcero 3ameTHM, 4To ¢ Aud hepeHraIbHOR hopMoit w (M060i cTeme-
HH) Ha 0JHOMEPHOM MHOr006pa3uil HHBapUaHTHO CBA3aHO BeKTOPHoe noie (Gopma
creneHu —1): 3HaueHe HOPMbI Ha BEKTOPE 3TOr0 MOJA B KaKI0# TOUKe paBHO 1.

Hanpumep, ¢ dopmoii A(x)(dx)*/? uuBapuanTHo cBsizano mome () Og’
x

roe v = A5,
Teopema. [Tycms v(z) 9 _ eexmopHoe noae Ha npamoi. Tozda caedyio-

ox

wue ckaaapusvle GYHKUUU CBA3AHBL C NOAEM UHBAPUAHMHO OMHOCUMEAbHO NPOEK-
MUBHBLT NPeodpa’osanull npamoi:

" 12 "2 1
L=2vv—v", Is=2v"v", ..., I,=vl,_4,...
3decw wmpux o3Havaem npouaeoauyzo nox.

IIOKA3BATEJBLCTBO.
I/IHBapI/IaHTHOCTb Iz JerK0 IIpOBEePUTH HEINOCPEeACTBE€HHbIM BBIYHCICHHEM:

1
A0CTaTOYHO pacCMOTpPEThb 3aMeHY ¥ — —-, TaAKk Kak HUHBaAapPUaHTHOCTb OTHOCHUTE/Ib-
X

HO COBUTOB U pacTf;eHHil oueBHHA. [[ponsBonHasA ¢GyHKUMHU BAOJAbL 3aJaHHOI'O
oJiAl cBA3aHa ¢ pyHKIMe U 10JleM HHBaPUAHTHO He TOAbKO OTHOCUTEIbHO IPOoeK-
THUBHBIX IIpeo6pa3oBaHUli, HO U OTHOCUTEIbHO Bcex AuddeoMoppr3MoB NPAMOH.
[ToaTomy nHBapuaHTHOCTH BceX I, BeITekaeT M3 MHBapHaHTHOCTHU Is. [ |

3AMEYAHUE 1. nBapuanT [» mocTpoeH U3 cleAyOMmUX coobpaseHuit. Am-
0 0 201

rebpa JIu NpOEKTUBHOI IpyNIbl NPAMOIl HOpoOMJeHa HOIAMU - —, TH5—

x .
0z’ "0z’ Ox
IoaToMy Ka#0e BEeKTOpPHOE Moje B 10601 TOUKe ¢ TOYHOCTBIO 10 KBaJpaTUUYHBIX

YJIEHOB BKIIOUHUTEIBLHO MOMHO alllPpOKCHMHPOBATh MPOEKTHBHBLIM moaeM ([oleM
U3 anre6psl JIM IPOEKTUBHOMN IPYIIIbI).

1CooTBeTcTByIOmMUe OfHONApaMeTPUYECKHe TPYMbI MPOEKTUBHBIX MpeoGpa3oBaHumil
uMeloT B apuHHBIX KoopauHaTax BUA glz = z + t, glz = ez, glz = (z/1 — tz)
u, cllefIoBaTelbHO, B OMHOPOAHBIX KOOPJMWHATAaX 3aal0TCA YHUMOAYIAPHBIMU MaTpULaMU

BTOPOro MOpAfKA
1 ¢ exp(t/2) 0 1 0
0 1)’ 0 exp(—t/2) )’ -t 1)°

IlosTomMy MaTpuIbl MPOU3BOAANIUX OINEPaTOPOB CYyThb

(6 o) (5 ) (40):
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IIpu npoexTUBHBIX Npeobpa3oBaHUAX NPOEKTHBHOE IoJe, allllPOKCUMUPYIO-
mee MCXOJHOE I0Jie B UCXOOHONH TOYKe, IIEPeXOJWT B HOBOE NMPOEKTUBHOE IIOIe,
anmnpokcuMUpYylolee Ipeo6pa3oBaHHOe 10Jie B TouKke-o6pa3se. [leficTBie NpoOeKTUB-
HBIX IIpeo6pa3oBaHuii MPAMOI Ha TPEXMEPHOM IIPOCTPAHCTBE IPOEKTUBHBIX MoJei
ecThb NpHcoeJuHeHHoe JelicTBIe IPOeKTUBHOII rpynnsl Ha cBoeil anre6pe JIu. Ho
TakKoe JeiicTBHe coXpaHAeT KBaJpaTH4HYIO ¢opMy Ha aiareGpe. [eiicTBUTenbHO,
ecilM 3alMChiBaTh NPOEKTUBHEIE Npeobpa3soBaHUA MaTpPULlAMU BTOPOro IOpANKA,
a MPOeKTUBHbIE MOJAA — MaTPUIlaMHU COOTBETCTBYIOMMX UM NPOU3BOIAAIIUX Olle-
paTopoB oJHONapaMeTPUYECKUX IPYII, TO AeficTBUe Npeobpa3oBaHUA g Ha MoJe v
3anrchIBae€TCA KaKk IpOU3BeJeHne MaTPHUI] gvg_l. Ho det gvg_1 = det v. [TosTomy
olnpefelnTelb MaTPUIbl v ABIAETCA KBaJpaTU4HOI ¢opMoii Ha aare6pe JIu npoek-
TUBHBIX I0Jed, ”HBAPUAHTHOH OTHOCUTEIbHO IPUCOEJUHEHHOI0 MpeaCcTaBIeHUA.
CrnemoBaTelbHO, 3TOT e ONpefelnTelb, BEIYMCIEHHbIN I TPOEKTHUBHOIO 10/,
annpoKCcUMUPYIOLIEro 3aJaHHOe BEKTOPHOE 10Jle, ABIAETCA CKalAPOM, CBA3AHHLIM
C JaHHBIM I10JeM WHBAPUAHTHO OTHOCHUTEIbHO NMPOEKTUBHBIX Ipeo6pa3oBaHuUiA.

Annpokcumupyiollee IPOeKTHBHOe Mojle UMeeT B yKa3aHHOM Bbllle Gasuce
anre6psl Jlu komnoHeHTHI (v, v', v’ /2). CooTBeTCTBYIOmAA MO0 MAaTPULA UMEET

II03TOMY BHU[
v'/2 v )
—1)”/2 —'UI/2 9

ee onpeneinuTeab U eCTb I (C TOYHOCTBIO JO HeCYIleCTBEHHOI'0 MHO}KHTeJIH).

3AMEYAHEE 2. Ilo-Bugumomy, BcAkasa pyHKUNA (MHOMOWIEH, PAL ...) OT 3Ha-
YeHU v U KOHEUHOT'0 YKcia NIPOU3BOJHBIX ¥, HHBaPHAHTHO CBA3aHHAA C MOJEM U
OTHOCHTEILHO NMPOEKTUBHBIX Npeo6pa3oBaHUil, BbIpaskaeTcA Yepe3 MOCTPOEHHbIE
WHBapuaHThI I.

3AMEYAHNE 3. IIpoekTuBHble NHBapUaHThl GYHKIUM HAa NIPOEKTHBHOI NpA-
MO¥ MOMHO MOCTPOUTH TaK: PyHKIMM comocTaBiadercd ee auddepenuuan (1-pop-
Ma), hopMe — 1oJje, 010 — UHBapuaHThl Ij,. B uacTHOCTH, IpocTeiimuM UHBa-
pUaHTOM GYHKIUHU f OTHOCHTEIbHO IPOEKTUBHBIX peoGpa3oBaHUil He3aBUCHMOM
rnepeMeHHOIl ABIAeTCA

1 g1 "2
27 —3f
"
(STa BeJIM4YHHAa OT/IM4YaeTCHd OT HpOI/I3B0,HHOI71 IHBapua, PIHBapPIaHTHOfI OTHOCHUTEJb-

HO IPOEKTHUBHBIX NpeoOpa3oBaHUil OCH 3HaYeHUIl GYHKIUM, TUIIHUM MHOKHUTE-
2
nem f'° B 3HaMeHaTene).

L[f] =

3AMEYAHUE 4. IlocTpoeHHble Bbille UHBapuaHThl Iz, I3, ... NpU yMHOMe-
HUM BEKTOPHOI'O IIOJA Ha YHUCIO A\ YMHOKAIOTCA Ha A2, A3, ... U3 HUX lerko
COCTaBUTh KOMOMHAINH, yi#e HeUyBCTBUTEIbHbIE K YMHOMEHHUIO MOMA Ha YUCIIO,
nanpuwmep, J = I3 /13.
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Bennuuna J, cooTBeTCTBYIOmAdA MOII0O v, HocTpoeHHOMY 1o (5/2)-dopme w,
AIBIAETCA CKaIAPHOI GyHKIMe Ha IPOCTPaHCTBe JUHEHHBIX 3J1eMEeHTOB III0CKOC-
TH, y:#e coBepIIeHHO He 3aBUcAIIeil OT BbI6opa KOOPAUHAT, HO JUIIb OT UCXOJHOIO
oud depeHIMaTLHOT0 ypaBHEHUA BTOPOro MOpAgKa.

. YpaBHeHHA, Ky6H4yecKkHe OTHOCHTE/IbHO NMPOHU3BOIHOI.
O6paieHue B Hy/Ib IOCTPOEHHOI Bbllle GOPMbI HeIe3aproBOCTH w BIOIb JIO-

60ro peleHua He06GX0JUMO MJIA BHIIPAMIEHUA YpaBHeHUA (IPUBEIEHHA €ro K BU-
d?y
dz?

Teopema 1. Ilpednoaoxcum, wmo duddepenyuarvroe ypasHenue

ny = 0), HO, KaK MbI ceiiyac yBUIUM, HEJOCTATOYHO.

d’y dy
@—‘D(wayap) ( =

npusodumes  eudy d°y/dz® = 0 dugdeomopdusmon naockocmu. Tozda & — mrmo-
2044eH He 8vlile mpembell cMmenenu OMHOCUMEAbHO P.

WupiMu cioBamu, nuddepeHnualbHoe ypaBHeHHe ceMeiicTBa BceX MPAMBIX
Ha IIJIOCKOCTH, 3alllCaHHOe B JI000H cucTeMe KPUBOJIMHEHHBIX KOOpJUHAT, UMe-
eT NpaBoOi YacTbI0O MHOI'OY/EH He Bbllle TpeTbell CTelleHH OTHOCUTEeJIbHO INepBOil
IIPOU3BOJHOMA.

Teopema 1 BeITeKkaeT u3 cieayomero (yIUBITeIbHOr0) dakTa:

Teopema 2. I[Ipednososcum, wmo npasas wacme duddepenyuarvrozo ypas-
HeHUus
d—xz =®(z, y, p)
— MHO20U1eH He 8blule mpembell cmeneHu omHocumeavno p. Tozda nocae aw6o-
20 dugdeomopdusma naockocmu ypasHenue neperodum 6 ypasHeHue MAKO20 He
euda, m. e. Npagas 4aAcmv OCMAEMCA MHOZ0YAEHOM He 6blule mpembell Cmenenu,
OMHOCUMEAbHO NPOUIBOOHOU.

JJOKA3ATEJIBCTBO.

Teopema 2 BbiTekaeT u3 aeMM I. b o gelicTBUM 3aMeH He3aBUCHMOI U 3a-
BUCHMOI IlepeMeHHON Ha MpaByIo YacTh ypaBHeHHUA (CM. ciefcTBUA B 1. B), Tak
Kak 1100001 JoKaabHBIN OuddeoMopPrU3M MIOCKOCTH MOMHO NOIYyUYUTh, MOCIEN0-
BaTeJbHO NIPUMEHAA Takue 3aMeHBbl. [ |

IIOKA3BATEJBLCTBO.
Teopema 1 BeITeKkaeT u3 TeopeMbI 2u TOI'0, YTO HOJIb — MHOI'OY/IEH H€ BbIIIE
TpeTbeﬁ CTelleHU OTHOCUTEJIBbHO P. | |
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3Aa71A4A. CnenaTh B ypaBHEHUU

dZ
Y — aoy’”® — a1y’ + buy’ — bo
dz

(rme a;, by — pyHKRUNYU OT x, y) 3aMeHY (z, y) — (y, ©).

d’y
YPaBHeHUA K BUAY — =
dx

OTBET.
2
3 2
dz 923 =boz'” — b12'" + a1z’ — ao.
dy
_ d'e _
3AMEUYAHHME. MOHO IOKa3aTb, 4TO yciloBuA w = 0 u F = (0 He3aBUCU-
4
Mmbl. [loaToMy yciaoBue w=(0 HeAOCTATOYHO A NpPUBEJIEHUA ypaBHEHUA K BU-
d?y
ny —=0.
dx?
d‘e
O6a ycnoBus {w =0, — = O} BMeCTe ye N0CTaTOYHBI JAJIA NPUBEIeHUA
2 4

dTo MOKHO ycMoTpeTh u3 dopmyn n. B (mocae
HEKOTOPbIX BBIUNCIEHMIA).

3AJAYA. JlokamkuTe, YTO KamJoe ypaBHeHHe BTODOro MOPAJKAa JOKalb-
Ho (B okpecTHocTH TOoukM z = 0 pemenud y = () OPUBOAUTCA K BUAY
2
% =p’B(z,y,p), p= Z—Z-
E. I'eomeTrpuAa napsl noJieii HanpaBjJeHUH
B TPeXMEepPHOM IpOCTpPaHCTBe.

PaccmoTpuM napy moieit HanmpaBileHHUil B TpexMepHOM IpocTpaHcTBe. Oka-
3bIBaeTcH, JOKalbHasA KiIaccupUKaluA TaKUX map o6Iero moxoeHuaA (¢ TOYHOC-
ThIO 10 AuGHeoMopPU3MOB IPOCTPAHCTBA) SKBUBAIEHTHA JOKaIbHOM Kiaccudu-
Kauuyu auddepeHnuaIbHbIX YpaBHEHUI BTOPOro mopAgka (¢ TOYHOCTHIO 40 gud-
(peomopPpU3MOB NIOCKOCTH 3aBUCUMONA U He3aBUCHUMOH IepEeMEHHOIl; JOKalbHO =
BOIM3M NaHHOM TOYKU C HalPaBIEHUEM).

IIpese Bcero comocTaBuUM Ilape Iojeil HalpaBleHUil B TpeXMepHOM IIpo-
CTpaHCTBe AByXIlapamMeTpHU4YecKoe ceMelCTBO KPUBBIX Ha IIOCKOCTH.

C 3Toif Hedbio BRINPAMUM IepBoe Ioje ¢ MOMOIIbIO JoKajlbHOro guddeomop-
¢u3Ma npocTpaHCcTBa, lepeBoAAIlero ceMeiicTBO HHTerpajbHbIX KPUBBLIX II€PBOr0O
N0JIAl B ceMeiCTBO Napa/lebHbIX BepTHKaIbHbIX NpAMBIX. [focie aToro cnpoekTu-
pyeM MHTerpajbHble KpMBbIe BTOPOI'0 I0JA Ha FTOPU30HTAIbHYIO INIOCKOCThL BJO/b
BEPTHKAIbHBIX NpAMbIX. Ha ropusonTanbHoil miockoctu (Ha GaKkTOpP-II0CKOCTH
IPOCTPAHCTBA [10 UHTErpalbHbIM KPUBBIM [IEPBOIO [0JA) HOLYYUM By XIIapaMeT-
pUYeCKOe CeMeHCTBO KPUBBIX.
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Tenepb mocTpouM o JByXIapaMeTpPUUYeCKOMY ceMeiCTBY KPHUBBIX qudde-
peHIMalbHOe ypaBHEeHHe BTOPOro NOPANKA, I KOTOPOIr'o 3TU KpPUBble ABIAIOTCA
rpadpuKamMu penieHui.

C 3Toii neabio 3aMeTUM, 4YTO B 00LIeM JOKaIbHOM [BYXIapaMeTpUYeCKOM
ceMeificTBe KPHMBBIX Ha IUNIOCKOCTH BOIM3M KakAOro JIMHEHHOro 3leMeHTa (TOUKU
Y HaNpaBlIeHNA) KPUBOIi ceMeHCTBa Yepe3 KaAyI0 TOUKY INIOCKOCTH [0 Ka J0OMYy
HaNpaBIEeHUIO NPOXOIUT KPUBafA ceMefcTBa U NMPUTOM OJHA (A 3TOro [OINEH
IUb He 00pamaTheAd B HYIb COOTBETCTBYIOMMIA onpenenuTelb ko6u).

Ecau cemeiicTBo — o6llee B yKa3saHHOM cMblcie U (T, y) — KOOPAUHATHI Ha
2

Y " . .
INIOCKOCTH, TO 3Ha4YeHUe ) Ha KpHUBOU ceMeHncTBa ABJIAETCA I'NIaJKOU prHKI.lPI-
dz
. dy
€l OT paccMaTpuBaeMoro sjeMeHTa, T. €. OT T, Yy, d_ . MI:I nmojady4dyaeM TaKUM
X

2
d
o6pasoM auddepeHIUaIbHOE YpaBHEHE BTOPOro MOpAIKA d—‘z =3¢ (w, Y, d_y>
€T €T

I'paduku pemeHuii 3TOro ypaBHeHNA ABIAIOTCA KPUBBIMU ceMeiicTBa (10 TeopeMe
€ANHCTBEHHOCTH).

TaruMm obpa3om, Mbl CONOCTaBUIMU Iape Iojeil HalpaBleHUH B TpeXMePHOM
npocTpaHcTBe AuddepeHIIMaTIbHOE ypaBHEHNE BTOPOro NopAAKa, I HEKOTOPOM
YCIOBUM HEBBIPOMIEHHOCTH: JOM#EH ObITh OTIWYEH OT HYJIA COOTBETCTBYIONIUM
onpeaenuTenb ko6u.

Onpenenenue. Ilonre HanpaBileHHil B TpeXMEpPHOM INPOCTPaHCTBe Ha3bIBa-
eTCA HegblpoXcIeHHbLM OMHOCUMEeLbHO 8ePMUKAAU, €CIU HalpaBleHUe N0JA HUT e
He BePTUKAaIbHO U IIPU 3TOM T'OPU30HTajJbHaA NPOEKIMA HalpaBleHUA MOJA I0-
BOPAYMBAETCA C HEHY/IEeBOH CKOPOCTLIO NP ABUKEHUN TOYKH NPUIOAEHUA BJOIb
BepTUKaJIbHOW IPAMOIL.

Ilapa moneit HanpaBleHUT B TPeXMepPHOM IPOCTpPAaHCTBe Ha3bIBAeTCA Hegbl-
podxcdennoil, eciu nociae auddeomopdusMa, Jenaiomero nepBoe 1noje BepTUKAIb-
HBIM, BTOPO€ CTAaHOBUTCH HEBBIPOA#iJE€HHBIM I10 OTHOIIEHUIO K IIepBOMY.

3AMEYAHME. HeTpyaHo BUIeTh, YTO ompedeneHre KOPPEKTHO: eCld BTOPOe
[ojle CTAaHOBUTCH HEBBIPOJEHHBIM II0 OTHOIIEHHUIO K [IEPBOMY IOCIe HEKOTOPO-
ro nuddeomoppusma, BHIIPAMIAIONIEr0 HHTEr palbHble KPUBBIE NIEPBOro I0JA, TO
OHO CTaHET TAKOBLIM U MoOcCie M06Goro apyroro nuddeomopdusma, BIIPAMIAIO-
mero nepBoe nojge. HeTpylHO NpoBepUThL TaKike, YTO HEBBIPOAEHHOCTH Iaphl
coxpaHfeTcd NPYU U3MeHEeHUH MOPANKa Holei (T. e. YTO BCe PaBHO, KaKoe U3 ABYX
HOJ€l BBIIPAMIATS).

Beimme MbI conocTaBUIN KaI0il HEBbIPO#JEHHOM Nape JOKalbHbIX I0Jeil Ha-
npaBleHU B TPeXMepHOM IpocTpaHcTBe Aud depeHIalbHOe ypaBHEHHE BTOPOIo
nopAanka. [leficTBUTeNbHO, Hallle yCIOBHE HEBBIPOKJEHHOCTHU B TOYHOCTH COBIIa1a-
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!
oy, y')
€T ¢ OTINYNEM OT HyuId onpefeautens ko6u ———, rae (u, v) — mapaMeTpbl
A(u, v)
ceMmeiicTBa. HOHa?HeM Tenepb, 4YTO 9TO0 COOTBETCTBHE yCTaHaBJIUBAET IIOJHYIO 3K-
BHBaJEeHTHOCTb 3ajJayd o JIOKaJlbHOI K.TIaCCI/I(pI/IKaHI/II/I nap nojaeu HaﬂpaBﬂeHI/Iﬁ B RS

U JuddepeHaIbHBIX YPaBHEHU BTOPOro MnopAajKa.

Teopema. Kaxcdoe ypasHerue 8mopozo nopadka noayiaemcs onucartol ewi-
we KoHcmpyryuell u3 nodrodawiell HeswvlPONHOeHHOU napvl noael HANPABAEHUL
8 mpexrMepHOM npocmparcmee.

Ecau dee napwt noaeil nepesodamecsa oona e dpyeyio duddeomopdusmon npo-
cmpancmea, mo coomeemcmeyuiue YpasHeHus nepesodamca o0no 6 dpyzoe dud-
deomopdusmom naockocmu. O6pamno, ecau dea ypasHeHus 8Mmopo2o NOpadka nepe-
sodamecsa 00Ho e dpyeoe duddeomopdusmom naockocmu, mo awbvle dee napvl noaell,
omeeyawuue um, nepesodamcsa odna 8 dpyeyio dugddeomopdusmom npocmpancmea.

Takum o6pa3om, mapa noJeil BoccTaHaBIUBaeTCA 110 YPaBHEHUIO OJTHO3HAYHO
(c TouHoCcTBIO MO AP PeoMophI3MOB NIPOCTPAHCTBA).

JJOKABATEIBLCTBO. 2 d
Yy _ Y
Jl1sa ramkgoro ypaBHeHUA E =& |z, vy, P paccMOTpUM B TPeXMEPHOM
npocTpadcTBe 1-cTpyii ¢ KoopauHaTamu (z, Y, p) CEMEHCTBO «BEPTHKAIbHbBIXY M-
HUii p-HanpaBieHua (r = const, y = const) U ceMelCTBO UHTErpalbHbIX KPUBBIX

CHCTEMbI @ =p, @
dx dz

IIpu nmpoekTHpoBaHUM BIOJIb BEPTUKAIbHOr'0 HalpaBleHUA MOIYYHM ceMeii-
cTBO rpadMKOB pellleHUil Hamero ypaBHeHus. HTak, 1A KaJ0ro ypaBHEeHUA Mbl
npeAbABUIU NAapy IoJieil HalpaBjleHU, U3 KOTOPOIl OHO IOy YaeTcH.

Ouddeomopdusm MpocTpaHCTBA, MEPEBOJAMMN KaMIyl0 BepPTHKAIbHYIO
NPAMYIO B BepTUKAaIbHYIO, 3aJaeT Auddeomop UM ropu3oHTalIbHON MIIOCKOCTH.
losTomy u3 nudpdeomopdusma IByX map moieii B R3 cienyet auddeomoppusm
COOTBETCTBYIOUIUMX yPaBHEHUH.

O6patHo, quddeoMopPu3M rOpU30HTANBHON IMIOCKOCTH NeHCTBYyeT Ha JU-
HeliHbIe BleMeHThl (HanpaBleHNA) KPUBLIX Ha ILocKocTH. [loaTomy nuddeomop-
¢pu3M, nepeBoIAININII IepBOe YpaBHeHHe BO BTOpoe, olipefeaseT uddeomMopdusm
TPEeXMEepHOro MPOCTPAHCTBA C IIEPBOi Iapoii Nojeli HanpasieHuii Bo Bropoe. [Tou-
Ke IIepBOro IpOCTPaHCTBa OTBeYaeT 3JeMeHT KPUBOH Ha IIOCKOCTH, Auddeomop-
($13M NepeBOJUT ero Ha HOBOe MeCTO, M0y YeHHbIH 3/leMeHT ABJAEeTCA NpoeKIuei
HanpaBjleH’d BTOPOro I0JA BTOPOI Napbl B eMHCTBEHHOH TOYKe BTOPOIO IpO-
CTpPaAHCTBa — 3Ta TOYKA U COIOCTABIAETCHA UCXOXHOM. | [ |

= &, »BKBUBaIeHTHOI ypaBHEHUIO.

13 mokasaHHON TeopeMbl cleqyeT, YTO BCe ONMUCAHHbIE BbILIE Pe3yIbTaThbl
0 reOMeTPHUU CeMeiCTBa pelleHUil YpaBHEHHUA BTOPOro HOpAJKa MOTYT ObITh Iie-
pedopMyiInpoBaHbl B TePMHUHAX ['€OMETPHH HEBBIP O AEHHOI Naphl MoJaeil Hanpas-
JeHWi B TPeXMePHOM IpOCTpaHcTBe (MM, eClIM yroJHO, B TEDMHHAX FeOMeTPUU



72 TI'nasa 1

CHCTEMBI JBYX yPaBHEHUI [IePBOro NOPAIKA, He Pa3pelleHHOH OTHOCHTENLHO TIPo-
U3BOJHBIX, B IpOCTeiIIeM ciyyae, KOrja IPOU3BOAHbIE 3aBUCAT 0T KOOPIAMHAT
IBY3HAUHO).

3aMeTHM TaKke, YTO HEBBIPOMJEHHafA [apa Ioleil HanpaBleHUH 3ajaeT
B TPEXMEPHOM IPOCTPAHCTBEe KOHTAKTHYIO CTPYKTYpY (BIOJIHe HeMHTerpupye-
Moe IoJle III0CKOCTeM, HATAHY ThIX Ha JaHHble HallpaBleHus, IOAPOOHee CM. TIL. 2).
HuTerpanbHble KpyBble HAlIUX I0Jeil 06pa3ylOT B CMbICIE 3TON CTPYKTYpBI Je-
HAHAPOBBI paccnoeHusA . [I03TOMY MbI Mo#seM mepedopMyTMpPOBATH MPe/bILYIHe
pe3ynbTaThl KAaK Pe3yIbTaThl 0 TeOMeTPUM TIApHI NekaHPOBLIX paccioenuii B R®.

M. JIBOiicTBEHHOCTb.

Bolme MbI MOCTPOWIN 1A KassI0H HeBBLIPOKIEHHON Maphl Mojel Hampabie-
HUN B TpeXMepHOM INpOoCTpaHcTBe AuddepeHNnaIbHOe ypaBHEHHE BTOPOro II0-
pAIKa, BBIIPAMIAA IepBOe Mole U NPOEeKTUPYH UHTerpalbHble KPUBbIE BTOPOrO.
OnHaKo MOM#HO 6bLIO OBl MOCTYNHUTL HA060POT: BHIPAMIATL BTOpPOE II0J€e, a IPo-
€KTHUPOBaTh MHTerpaibHble KPUBbIE NEPBOro. B pesyiabTare momydurcd, BooOuie
roBOps, APYroe ypaBHEHHE BTOPOro IMOPAIKA.

TaxuM o6pasoM, QA Kamaoro quddepeHnualbHOr0 ypaBHeHUA BTOPOTo Mo-
pAKa UMeeTCA ABONCTBEHHOE €My YpaBHEHUe.

B TepMuHax map moieil HampaBlIeHUNH B TPEXMEPHOM MPOCTPAHCTBE MEPEXO]
K JIBOHCTBEHHOMY YPaBHEHMIO CBOAMTCA K TOMY, YTO Mbl MEHfieM MeCTaMH II0-
1A mapel. JIpyroe onucaHue ABORCTBEHHOTO yPaBHEHUA COCTOUT B CleLyIOLIEM.
MpeamnonosuM, 4To CeMeHCTBO pellleHUui ypaBHEHWH BTOPOro mopanka maa y(z),
3aBUCAIIMX OT ABYX mapameTpoB (u, v), 3anucano B Bupe F(z, y; u, v) = 0. By-
IeM Telepb CUMTATh IapaMeTpaMu T U ¥, a MepeMeHHbIMU u U v. Torma 3To
7K€ COOTHOIIEHHe ONpeIeNUT IByXIapaMeTpHUUYecKoe ceMeHCTBO GYHRuMA v(u).
JTO ceMeiCTBO ABIAETCA CEMEHCTBOM pelIeHUil yPaBHEHUA BTOPOro HOPANKA; 3TO
ypaBHEeHME U eCTb ypaBHeHUe, NTBOHCTBEHHOE UCXOJHOMY.

3A0AYA. JokramkuTe, 4TO popMa He[qe3aproBOCTHU w ypPaBHEHUA BTOPOro IO-
panka (cM. . B) paBHa HyIIO TOrJa M TOIBKO TOrJa, KOrja IpaBaf YacThb [JBOM-
CTBEHHOI'0 ypaBHEHHA — MHOT'OUJeH He Bblllle TPeTbeil CTeleHU OTHOCUTEIbHO
NIPOXU3BOLHOM.

Takum 06pa3oM, ycilIOoBHe BBIIPAMIAEMOCTH ypaBHEHHIl BTOPOro NOpAAKa

MOHO c()OpMYIHUPOBaTh TaK:
2

d’ d
Ypasnenue d_a:y =& (a:, Y, i) npusodumcs k eudy d_a::g =0, ecau u moas-

2 dx
KO ecal npasas 4acmo ABAAEMCA MHO204AeHOM He 8blule mpembell cmeneHu om-
HOCUMeAbHO NPOU3eodHOl KaK 0af JAHH020 YpasHeHUus, mar U 0as J60UCMBEEHH020

YpasHeHus.

LJleskaHapoBEIM MOAMHOr006pa3eM KOHTAKTHOM CTPYKTYPhI HAa3bIBAETCA MHTErpab-
HOe moAMHoroo6pasue HauGoubieil BO3MOHON pasmepHocTu. JlemkaHapoBo paccioe-
HUE — HTO PacCiOeHUe C JeKaHPOBbIMHU CIOAMH.
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3. 0630p.

leomeTpusa ypaBHeHUA BTOPOro HNOPAAKA NMOCIYHUIa HCTOYHHKOM pAla Ma-
TeMaTH4YeCKUX TeOpHUil.

1°. A. Tpecce, yuenur C.JIu, B quccepranuu «Determination des invariants
punctuels de 1’équation differentielle ordinaire de second ordrey, Leipzig, 1896
(cMm. Takmxe ero craTbio «Sur les invariants differentiels des groupes continues des
transformations», Acta Mathematica, 1894, 18, 1-88) mocTpoun Bce «moxyHHBa-
PHAHTHI» yPaBHEHHUH.

(MonyunBapuanTom nopsanka k HasbpiBaeTcA QYyHKUHUA OT 3HAYEHHA IPAaBOif
YyacTH ypaBHEHUA U ee NPOM3BONHBIX NMOPAJKA He Bbllle kK B JaHHOH TOYKe IpO-
ctpancTBa (x, y, p), obpalleHre KOTOPOi B HyIb A AaHHOTO YpPaBHEHWA B JaH-
HOI TOYKE 5TOr0 TPEXMEPHOI'o IPOCTPAHCTBA 3JIEMEHTOB BlIeUeT 3a co6oii ee o6pa-
IeHHe B HYIb 1A npeobpa3oBaHHOro auddeomMopdpu3aMoM MIIOCKOCTH ypaBHEHUA
B Mpeo6pa3oBaHHOM 3leMeHTe. )

OP{aBbIBaETCH, nmMeeTcHa pOBHO ABa (pyHKHPIOHaJIbHO He3aBUCHMBIX l'IOJIyI/IHBa-

‘P
puaHTa yeTBepToro nopanka. OouH U3 HUX ?9—4. I pyroit — cranfApHbIil UHBapU-
P

anT I, nocTpoeHHbIH 0 popMe UHPUHUTE3UMANbHON Hefe3apropoctu (cm. 1. I').
2

Jlns ypaBHeHHA B HOpMalbHOH dopMe % = A(z)y® + O(ly|® + p|®)
z

" 12 -2/5
IL=2v"v—v", v=A /;

clIejoBaTeNbHO, MOLyMHBapuanToM ABafeTea bAA" — 1242,

Tpecce Hamel eme TpU MOLyWHBapHaHTa MATOrO MOPAAKA, a mpu k > 5

eme K —k—8
2

dyHnruun ot >TUx. Tpacce ykasblBaeT TaK#e, YTO BCe TOLYHHBADUAHTHI (BBIBO-

IOATCA U3 TPeX NpoCcTeHmux» AudpepeHunpoBaHUAMHI.

2°. 3anaua o reomeTpuu AU pepeHaTLHOTO ypaBHEeHUA BTOPOTo MOpA/Ka
npusena 9. KapTana k Teopuu MHoroo6pasuii npoekTuBHoii cBazHocTH (E. Cartan.
Sur les variétés a connection projective. Bull. Soc. Math. France, 52, 1924,
205-241; Oeuvres, III, 1, Ne 70, Paris, 1955, 825-862).

IIpoeKTUBHAA CBA3HOCTh HA MHOr006pa3uyd ecTh CONMOCTABICHHE KaIOMY
riajkoMy MyTH Ha MHOT006pasuy TPOEKTMBHOTO OTOGpa#eHUA KacaTelbHOTO
IPOCTPAHCTBA B MCXOJHOM TOYKe IIyTH B KacaTelbHOe POCTPAHCTBO B KOHEUYHOM
TOUKe, IJIaKO0 3aBUCANIETO OT MyTH' . B 4acTHOCTH, 3AMKHYTOMY ITyTH OTBedaeT
NpoeKTHBHOE Npeo6pa3oBaHKe UCXOIHOTO KacaTelbHOro NPOCTPaHCTBa, a 06X0Ly

IIOJTYUHBapuaHTOB IIOpAOKa k’; BCe Mpoyue IoJdyuHBapuaHTbl —

lYnoBneTBopAIONee HEKOTOPHLIM €CTECTBEHHBIM YCI0BUAM, KOTOPbIE MbI 3/leCh He MpH-
BOJUM.
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10 «GeCKOHEYHO MaloMy NapalileJorpaMMy» 0TBedaeT «0eCKOHEeYHO Malloe IMpPOeK-
THBHOe IpeoGpa3oBaHuey, Ha3biBaeMoe GOpPMOil KPUBU3HBI CBA3HOCTH.

[IpoekTHBHAsA CBA3HOCTHL Ha3bIBA€TCA CBA3HOCTHIO G€3 KPYUeHHA, eClIi Hava-
JI0 KOOpJMHAT KacaTelbHOro NPOCTPAHCTBA OCTaeTCA PH 06GHOCE N0 3aMKHY TOMY
nyTd Ha Mecrte. Cpenu Bcex cBfA3HOCTell 6Ge3 KpydeHHA KapraH BblgelnfeT HOp-
MajbHble CBA3HOCTU. B IByMepHOM ciydyae HOpMalbHOCTH CBA3HOCTH O3HAYaeT,
YTO KaskJad NpAMas, BbIXOJAIlad U3 Havajla KOOPAMHAT KacaTelbHOH INIOCKOCTH,
npu o6Hoce 10 3aMKHYTOMY IIyTH IIepEXOIUT B cebs.

Teone3nyeckoii TMHMUEN CBASHOCTH Ha3bIBaeTCHA JIUHUA Ha MHOroo6pasuu, Ka-
caTelbHafA K KOTOPOii IpU IepeHoCce BIOMb STON IMHUY IIEPEXOJUT B KacaTelbHYIO.

OxasbIBaeTCA, reofe3dyecKre NMPOEKTHBHON CBABHOCTH (e3 Kpy4YeHHA Ha
IUVIOCKOCTHU ABIAIOTCA rpadpuKaMy pelleHUil ypaBHEHUA BTOPOro NOpAJKa, paBas
YacTh KOTOPOr0 — MHOTOYWIEH He BbIlE TPEThell CTENeHW OTHOCHUTENbHO IpO-
u3BoAHOI. O6GpaTHO, BCAKOMY ypaBHEHUIO BTOPOr0 MOpAJKa C NMPaBOil 4YacThIO
B BHUJe MHOrOYIeHa He BbINI€ TPeTheil CTENeHU COOTBETCTBYeT B TOYHOCTH OJHA
HOpMallbHafA MPOEKTUBHAA CBASHOCTb 6€3 KPYUeHNsA, IJIA KOTOPOii reoje3nuecKy-
MU AIBIAIOTCA rpadUKH peuleHui.

Uro kacaercA o6IUX ypaBHEHUII BTOPOro MopAika, To UM KRapraH Tome of-
HO3HaYHO COIOCTABIAET HOPMaIbHYIO IPOEKTUBHYIO CBA3HOCTE Ge3 KpyYeHHUd, HO
HepeHeceHUe NBYMEPHOIl INIOCKOCTH ONpeJelfAeTcA yike BAOIb IIyTell B TpexXMep-
HOM TPOCTPAHCTBE 31eMeHTOB (MOAPOGHOCTU CM. B IMTHPOBaHHON pabore Kap-
TaHa).

3°. IlepeBox Teopuu Tpacce Ha A3BIK Mapbl Molel HampaBleHUil B Mpo-
cTpaHcTBe mnponerad Bomem (G. Bol. Uber topologische Invarianten von zwei
Kurvenscharen in Raum. Abhandlungen Math. Sem. Univ. Hamburg, 9, 1 (1932),
15-47).

B srToit Teopuu, mo-BUAUMOMY, OCTalICA HepEIIEHHBIM BOIPOC O NMPOCTPaH-
cTBe OPGUT, B YaCTHOCTH, BOIIPOC O TOM, CKOJIbKMMU NlapaMeTpaMH HyMepyIOTCA
Op6uTHI k-CcTPYH ypaBHEHHUA BTOPOro MOpAAKa (MOoA JeiicTBHEM rpymHnsl Auddeo-
MOpP}U3MOB IIOCKOCTH Ha NMPOCTPAHCTBE k-CTPYH ypaBHEHHUIl) B OKPECTHOCTH
TOYKH 0O6IIero NoJoeHUA NPOCTpPaHCTBa k-cTpyil.
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YpaBHeHI/Iﬂ C YaCTHBIMHM IIPOU3BOAHBIMU
IepBoOro nopsAagka

YpaBHeHMA ¢ YACTHBIMU MPOU3BOAHBIMU M3YUYEHbI FOPA3a0 Xy#e, 4eM
0ObIKHOBeHHbIe OuddepeHunansuble ypaBHeHuA. OOUH U3 pe3ylbTaToOB
5TOI TEOpUHM — TEOPHUIO OJHOTO YPaBHEHMA C YACTHLIMH IPOU3BOJHBLIMU
IepPBOro MOPAJKA — YJAeTCA CBECTH K U3YYEHWIO clelUalbHbIX OOBIKHO-
BEHHbIX IU((epeHnalbHbIX YPAaBHEHU, TaAK Ha3bIBAEMbIX YpPaBHEHUI Xa-
pakTepucTvk. CyIUIHOCTb 3TO CBA3M COCTOUT B TOM, YTO CILUIOLIHAA cpeja
U3 HEeB3aMMOJEHCTBYIONMX YaCTHI[ MOHET ONKMChIBATLCA KaK ypaBHEHHEM
B YaCTHBIX MPOU3BOJHBIX /A MOJA, TAK ¥ OObIKHOBEHHBIMHU ypPaBHEHUAMHU
IUIA YacTHIl.

B HacroAmeii rnaBe u3lokeHa 3Ta Teopus (B MaTeMaTHYeCKOM OTHOLIEe-
HUU CBOJANIAACA K T€OMEeTPUM TaK HA3bIBaeéMbIX KOHTAKTHBIX CTPYKTYP).
PaccMmarpuBaeTcd Tak#e BOIPOC 06 HHTErpUPYEMOCTH MOJA TUIEPILIOCKOC-
Teit (Teopema Ppobenunyca).

8 7. JIuHeliHble U KBa3WJIHNHeliHble YpaBHEeHUA
C YacTHbBIMU NPOU3BOJAHLIMHU MEePBOro nopsAjaka

HuTerpupoBaHue ypaBHeHUA ¢ YaCTHHIMU POU3BOAHBIMU MEPBOTO IO-
pAIKa CBOJUTCA K WHTErPUPOBAHUIO CUCTEMbI OOBIKHOBEHHBIX OuddepeH-
OUATbHBIX yPaBHEHUI — TaKk Ha3bIBaeMbIX YpPaBHEHHI XapaKTepPUCTHH.
B ocHoBe 3TOr0 CBeleHN A JeaT IPoCThle reoMeTpUYecKre cooGpaxeHud 06
o6pa3oBaHUM NMOBEPXHOCTEl M3 ceMelcTB KpUBBIX. MbI HAUHEM C 3TUX reo-
MeTpUUYECKUX coobpaskeHUil, a 3aTeM NPUMEHUM UX K YPaBHEHHUAM C YacT-
HBIMH [IPOU3BOJHBIMU.

A. NHTerpaibHble NOBEPXHOCTH 10/ HanpaBieHUIl.
IIyers X — rnagkoe mHoroo6pasue, V — mnone HanpaBieHuii Ha X.
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Onpenenenue. I'magkoe mogMHoroo6pasue Y C X HasbIBaeTcA UH-
mezpaavHoll noseprHocmyio MojA V, ecin KacaTelbHasA MJIOCKOCTb K Y
B Kam/I0il TOUKe coflepuT Hanpasienue mona V (puc. 41).

Teopema. Illodmnozoo6pasue Y C X asasemca unmezpaivHoll nosepr-
Hocmbuio noasa V. mozda u moavko mozda, kozda oHo emecme c Kaxdoil ceoell
moyKoil codepicum uHmMepeas UHmMe2paabHol kpusoll, npoxodauell vepes smy
moyky.

T OKA3ATEILCTBO.

YTBep}HHeHHe TeopeMbl JJOKAJIbHO U HHBAPUAHTHO OTHOCUTEJIbHO 111/1(1)—
CpeOMOp(I)I/IBMOB. HOBTOMy ero JoCTaTo4HO JOoKa3aThb OJA CTaHJapTHOI'O MIOJA
napaiieJibHbIX Hal'[paBJ'IeHI/Iﬁ B JIMHeliHOM IIpoCTpaHCTBe. Ho B 3TOoM cllyyae
yTBep:#/eHHe TeopeMbl 0YeBUIHO (OHO CBOJUTCA K TOMY, YTO (GyHKINA,
3alaHHad Ha HHTepBalje, IOCTOAHHA Torga M TOJbRKRO Torjaa, Korga ee Iipo-
U3BOJHAA paBHa HyIi0, puc. 42). [ |

VA
X —————

Puc. 41 Puc. 42 Puc. 43

IIyetb I' — k-mepHoe mopmHoroo6pasue B n-MepHOM MHoroo6pasuu X
(puc. 43). I" Ha3bIBaeTCA rUMEPIOBEPXHOCTHIO, ecin k = n — 1.

Onpepenenue. 3Jadayetl Kowu nna mona HanmpaBieHuil V c Havaldb-
HBIM MHorooGpasuem I' HasbiBaeTcs 3agava 06 orvickauuu (k + 1)-mepHoro
HHTerpalbHOro noaMHoroo6pasud mnoias V', cofep:kallero HadalbHOe INOJ-
MHorooo6pasue I'.

3aMeTHM, UTO HHTerpailbHble KPUBLIe, Ipoxojdmue yepe3 I', He Bcerza
o6pa3yloT noaMHoroo6pasue aaxe JOKaIbHO, B OKPECTHOCTH HayalbHOIO
MHoroo6paszus I' (cm. puc. 44).

Onpepnenenune. Touka HayalabHOrO MHOr006pasud Ha3bIBAETCA IAPAK-
mepucmuyeckoil B Nojle HanpaBJieHuil V, eciu HanpaBieHue noiad V B sToit
TOYKe KacaeTcsA HavyalbHOI'0O MHOTr000pa3us.
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Teopema. [lycmv dana Herapakmepucmuiec- [
Kaa e noae HanpasaeHull V mouka k-meprHozo Havasb-
Ho20 mHo2000pasus. Tozda cywecmeyem (k + 1)-mep-
HAA UHMEe2PAAbHAA NOBEPTHOCMb NOAR, COdepicauasn Puc. 44
OKpecmHocmy 2motl MoYKU HA HAYAALHOM MHO2000-
pasuu. Ima noeeprHocmsd eJUHCIMEEHHA 8 MOM CMblcae, 4Mo aiobble Jse
UHMezpaabHble N0BEPTHOCU, codepicaujue OKPECIMHOCMU YKA3AHHOU MOoYKU
HA HAYAAbHOM MHO2000DA3UL, COBNAJAIOM 6 HeKomopoll okpecmuocmu 3moti
MoYKU.

JJOKA3ATEILCTBO.

YTBepaieHne JOKaIbHO ¥ MHBAPUAHTHO OTHOCHTEIbHO AU deoMop-
¢usmoB. [l0aTOMy €ero [0CTaTOYHO N0KA3LIBATH IJIA CTAHAAPTHOrO IOJIA Ma-
pajllielbHbIX HalpaBieHUil B JUHEHHOM NpocTpaHcTBa. B 3Tom e ciyuae
yTBepH#aeHne oueBuHO (nouemy?). ]

B. JIuneiinoe ogHoOpogHOe ypaBHeHUe IIEPBOro MopAgKa.

Onpenenenuie. JuHellHbiM 00HOPOOHBLM YpaBHeHUEM NePB020 NOpAdKa
HasbIBaeTCA ypaBHEHMe

Lou =0, (1)
rage a — 3aJjaHHoe BEKTOPHOe II0Jie Ha MHOF006p83I/II/I M
Oycre mome a uMeeT B KoopauHATax (%i,...,%p) KOMIIOHEHTBI
(a1,... ,ay); KAMIAA KOMIOHEHTA ABIAeTCA GYHKIUeN oT KoopauHat. Tor-
Ia ypaBHeHue (1) 3anuchiBaeTcA B BHJE
Jdu du
a7+ ...+a,7— =0. (2)
oxy oxy,

Onpepneaenue. Illone a HasbiBaeTcA xapakmepucmuieckum 6eKmop-
Holm noaem miA ypaBHenus (1), a ero ¢asoBble KpuBble HA3bIBAIOTCA Id-
pakmepucmuramu. YpaBHeHue & = a(x) Ha3bIBAETCA YPAGHEHUEM LapaKme-
pucmuk 1Ifl ypaBHEHUA ¢ YAaCTHBIMU NpousBogHbIMU (1).

Teopema. Pyuryusa u seagemcsa peuleHuem AUHEUHO20 YPAGHEHUSA
nepeoz2o nopsadka mozda u MoAbK0o mozda, ko20a OHA ABAAEMCA NEPeblM UH-
mezpaaom YpasHeHUR TAPaAKmepucmuk.

IIOKA3BATEJILCTBO.
STO onpeneneHye NnNepBbIX MHTErpalioB. | ]
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Onpenenenuve. 3adayeil Kowu nnsa ypaBuenusd (1) na-
3bIBaeTCA 3a[aya 0 HaXOMJAEHUU PelIeHUA U, yIOBIETBOPA-
IOLEro YCIOBHUIO u|y, = , TAe ¥ — HEKOTOpafd IiajKaf I'i-
nepnoBepxHocTh B M, a ¢ — 3agaHHafA raagxas QyHKLIUA
Ha 3TOl TUIEPIOBEPXHOCTH.

T'uneprnoBepXHOCTD Y HA3bIBAETCH HAYALbHOL 2unepno-
6epTHOCMbI0, @ PYHKIMA ¢ — HAYAIbHBIM yCJIOBUEM.

Puc. 45

3aMeTHM, YTO TaKkad 3ajjaua He Bcerjia IMeeT pelleHHe.
HNeficTBUTENBbHO, BOOIb KaMI0H XapakTepUCTUKY peleHue u noctosHHo. Ho
XapakTepUCTHUKA MOKET NepecekaTb HaYalbHYIO MOBEPXHOCTD Y HECKONbKO
pa3. Eciu 3HauyeHuA 3agaHHON GYHKINHM ¢ B 3TUX TOYKAaX pa3iuYHbI, TO
COOTBETCTBYIOIIAA 3aiaua Koy He MMeeT pelleHUA HU B Kakoil o6iacTi,
cojiepaleil yKasaHHYIO XapakTepucTury (puc. 45).

Onpepnenenne. Touka x Ha HavyanlbHOIl T'MIEPIOBEPXHOCTH <y Ha3bl-
BaeTCA Hexapakmepucmuieckoll, eCliy XxapakTepUCTUKa, IPoXoaAliad yepes
9Ty TOYKY, TpaHCBepcaibHa (He KacaTelbHa) K HAYalbHON TUIEPIOBEDPX-
HOCTH.

Teopema. [lycmv x — Herapakmepucmuieckas moika Ha HA1AAbHOU
2unepnoseprrnocmu. Tozda cyuecmeyem makas oKpecmHOCMb MOYKU T, LMO
3adava Kowu dan ypasnenus (1) 8 amotl okpecmnocmu umeem peuteHue,
U NPUmMoOM MoAbKO 00HO.

I OKA3BATEJILCTBO.
Ilo TeopeMe o BbIMpAMIEHUM MOKHO BbIGPATh BOAU3U & KOOPAUHATHI
TaK, YTO KOMIIOHEHTBI oA a 6yayT umetsb Buf (1, 0, ... , 0) u ypaBHeHHe v

npumeT Buf ;1 = 0 (puc. 46).
3anauya Komu B 3THX KOOpAMHATAX NPUHAMAET BHUA

Oou
_—= 0 u = . 3
6271 ’ x1=0 L4 ( )
EnuncrBennoe (B Bhimywrioit obaactu) peuenue: u(zi, ') = @(a'),
rae ' = (X2, ..., Tp)- [ |

3AMEYAHHUE. Pemenusa 1060ro o0bIKHOBEHHOTO AMGdepeHnantbHOro
ypaBHeHHA 06pa3yloT KOHeYHOMEPHOe MHOroo6pasue: Ka#aoe pelieHue 3a-
JaeTcA KOHEYHbIM HabOPOM HavalbHbIX yciaoBuit. Mbl BUAMM, UTO Yy JUHEH-
HOT'O OJIHOPOJHOI'0 ypaBHeHUA IepBOro NopAAKa C YaCTHbIMU NPOM3BOJHBI-
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MM OTHOCUTEJNbHO QYHKIUU OT 7 IEPEMEHHBIX «CTOJbKO pelleHuil, CKOIbKO
cymecTByeT QyHRIOUN n — 1 mepeMeHHBIX).

Mbl yBUOUM Jajiee, YTO aHAJOTUYHOE FABIEHUE
HMeeT MecTO U AiA oOUIMX ypaBHEHUU C 4YacTHbIMU VAx
MPOU3BOAHLIMU NMEPBOr0 MOPAAKA.

u
. 4
B. JIuneiinoe HeoqHOpPOAHOE ypaBHeHUe Mep-
BOr'o MOpAJKa. . o
xl
Onpenenenue. JIMHeHHbBIM HEOTHOPOAHBIM ypaB-
HeHMeM [epBOro MopsjgKa Ha3bIBAaeTCA ypaBHEHHe Puc. 46

Lyu =1, (4)

rle a — 3aJaHHOE BEKTOpPHOe moJjie Ha MHoroo6pasuu M, a b — 3amaHHasA
¢yuruuda Ha M. B koopauHaTHO# 3anucu

ou ou
a1—1+...+an—a n—b, (5)
rae ay = ag(T1,y .. 5 Tp), b=0(z1, ..., xy).

3anauya Kowmn nna ypaBHeHus (4) cTaBUTCA Tak e, Kak 1A OXHOPOI-
Horo ypaBHenus (1).

Teopema. 3adava Kowu dan ypasnenus (4) ¢ docmamouno marol
okpecmHocmu 10601 Hexapaxmepucmuieckol MoYkU Ty HAYALbHOU NOBepx-
HOCMU 7y uMeem peuleHue, U Npumom edUHCMBEHHOe; OHO daemca dopmyaoll

u(gle, 1)) = p(@) + / b(g(z, 7)) dr,

2de g(x, t) — 3HaveHUe pewleHUA YpasHeHUA TapaKmepucmur (¢ HAYaAbHbLM
ycaosuem g(x, 0) = r Ha HALAALHOU NOBEPTHOCU) 68 MOMEHITL BPEMEHU t.

I OKA3ATEJILCTBO.
ITocae BBIIPDAMJIEHUA II0JIA a IPUXOOAUM K 3aaaye

Ou _ — ol
0xy b, Y =0 ().
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X E,III/IHCTBGHHOB peuienue

x t
~ g(a,t)

U(:El, xl) = (p(m’) + b(€7 J"’) dg.
/ .

NubiMu cnoBamu: ypaBHeHue (4) o3Havaer,

Puc. 47 4TO NPOU3BOJHAA PELIEHUA BIOJIb XapaKTepHc-

THK — u3BecTHad QyHruuA, b. Cramo GbITh NpHpalleHHe PeleHUus BIOIb

OTpe3Ka XapaKTEPUCTUKY PABHO HHTErpaiy oT GYHKIUH b BAOIb 9TOr0 OT-
peska (puc. 47).

I'. KBa3suiuHeiiHoe ypaBHeHHe NepPBOro NOpPAIKa.

Onpenenenue. KeasuauHelHblM ypasHeHuem Nepeozo nopadka Hasbl-
BaeTcA ypaBHEHUe

Lou = /67 (6)

rae a(x) = a(z, u(zr)), B(x) = b(x, u(x)). 3necs © — Touka MHOrooGpa-
3ua M, u — HeusBecTHad GYHKUUA Ha M, a — 3aJaHHOe BEKTOPHOE MOJle,
KacaTenbHoe K M, 3aBucAilllee Kak OT mapamerpa OT TOYKH u € R, b —
sajannaa dyuruua va M x R = J°(M, R).

B roopauHarax KBasuiuHeiiHoe ypaBHeHue (6) MMeeT BUJ

ou ou
a1 (x, u)=——+ ...+ ap(z, u)=— = bz, u). 7
(., 0) 2 (e, 1) 2 = bz, w) Y
OTnvyre OT JMHEIHOr0 ypaBHEHUA JHIllb B TOM, YTO K03GhPUIMEHTHI ag U b
MOT'YT 3aBHCETb OT HEeM3BECTHOU QyHKIINH.

IIPUMEP. PaccMOTpUM OJHOMEpPHYIO cpefly, COCTOALIYIO U3 YacTHIl,
JIBYYLIMXCA 10 NPAMOH II0 MHEpPIMU, TaKk 4TO CKOPOCTh KamJoil dac-
THIbLI OCTaeTCA NoCcTOAHHONH. 0603HAUNM CKOPOCTL YaCTHIbI, HAXOJALIEH-
cA B MOMeHT ¢ B Touke x uepes u(x, t). 3anumem ypaBHeHue HbioToHa:
yCKOpeHHe 4yacTuubl paBHO Hymo. Eciun = ¢(t) — nBUMeHHe YacTHUIbL,
10 ¢ = u(p(t), t) n

ou . , Ou Ju |, Ou

=Gy Gu_,Juy Ju

Ox ot 0z ot
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C.T[eIIOBaTeI[bHO, 1oJe CHOpOCTeﬁ u cpenbl U3 HeB3aI/IMOHBI7[CTBy10HII/IX
JyacTul yaoBiieTBoOpAeT EBaBHJ’[HHeﬁHOMy YpaBHEHHIO

uty + ug = 0. (8)
uy “
| 3 =t
x T >
g &tv(d),
Puc. 48 Puc. 49

3a1a4A. [Toctpouts rpaduk pyHruuu u( -, t), ecau rpapur pyHruun u( -, 0)
UMeeT TpeJCcTaBlIeHHbIHA HA puc. 48 Bu..

OTBET. CMm. puc. 49. Ilpu ¢ > ¢, raagkoro pe-
meHud He cymectByeT. Hauunasa ¢ sToro momenra Ul
YyacTHLBI B cpejie cTarkuBaioTcd. [Dusnyeckoe ycio-  —
BUe IBUKEHUA MO0 WHEPIUU, T.€. OTCYTCTBUA B3a-
HMOJAEHCTBUA MEMAY YacTULAMM, CTAHOBUTCH He-
pealMcTUYeCKUM M JOIKHO ObITh 3aMeHEHO Opy-
ruM pU3UYECKUM YCIOBHEM — ONMCAHUEM XapaKkTe-
pa cTonkHoBeHuA. Tak BO3HUKAIOT TaKk Ha3bIBaeMble Puc. 50
yaoapHbie BOIHBI — (GYHKIMHU BUa, U300paneHHOro
Ha puc. 50, yOBIeTBOpAIOINe ypaBHeHUIO (8) BHe pa3pbiBa U AONOIHUTENbLHBIM
ycaoBUAM (HU3MYECKOr0 MPOUCXOMIEHNUA Ha pasphiBe. |

aY

. XapaKkTepUCTHUKM KBa3sWINHelHOro YypaBHEHUA IIepBOro
nopAgka.

MbI TOALKO YTO BHUAENH, KaK MOJE3HO MepeiiTH OT MoiA CKopocTei
K JBUMEHUIO YacTUI JiA CNeNnalbHOr0 KBa3uiIWHEHHOro ypaBHeHusa (8).
HeuTo momo6Hoe MoxHO cleiaTh U B ciydae oGmero ypaBHenus (6). Ipu
3TOM POJIb JBUMKEHUA YacTUI] UTPAIOT HEKOTOPbIe KPUBbIE B MPAMOM IIPOU3-
BeleHUH 06J1acTH ONpeeNeHuA 1 06JacTH 3HaUeHU it HeM3BEeCTHOM Gy HKITNH;
3THU KPUBbIE HA3bIBAIOTCA XapaKTepUCTUKAMHU KBa3sWIMHEHHOTO ypaBHEHUA.

KBasununeitnoe ypaBHeHue (6) OTHOCUTEIbHO HEM3BECTHOH GYHK-
uun u: M — R

La($,u(w))u = b($7 u(;v)) (6)

6 B.U. ApHoabpg
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03HAyYaeT, YTO €CIM TOYKA T BBHIXOAUT M3 To U HAuWHAeT ABUraThed Mo M
€O CKOPOCThIO a(Tg, Up), TO 3HAUEHNE PENICHUA U = Uy HAYMHAET MEHAThCA
€0 cKopocThio b(xg, ug).
WubiMu crioBamu, BekTop A(zg, ug), IPUIOKEH-
RA HbIN B TouKe (g, ug) MpocTpancTBa M X R u nume-
IO KOMIOHEHTHI a(Lg, ug) BIoab M u b(xg, ug)
Bronb R, racaerca rpadura pemenus (puc. 51).

b] | 2

Onpepenenve. Bektop A(zg, yo) HasbiBaeTca
ZAPAKMEPUCTMULECKUM 6eKMOPOM KBa3WIMHEHHOro
ypaBHenus (6) B Touke (g, yo). XapakTepucruuec-

M x,  a KUe BEKTOPBI BO BceX TOUkax nmpoctpaHctBa M x R
06pasyoT gexmopHoe noae A. JTo none Ha3bIBAETCA
Puc. 51 xapaxkmepucmuieckum 6eKmMOPHbLM TNoLeM KBa3UIH-

HeiiHoro ypaBHeHus (6). ®a3oBble KpUBbIe XapaKTEPUCTHUUECKOr0 BEKTOP-
HOT'0 TOJA Ha3bIBAIOTCA TAPAKMepUCMuUKaMy KBa3UINHENHOT0 ypaBHEHUA.

luddepenunansHoe ypaBHeHue, 3aganHoe noneM GasoBoit ckopoctu A,
Ha3bIBAETCA YpPABHEHUeM TAPAKMepUCmuUK.

OpuMEeP. Ilycts M ectb R™ ¢ Koopaunatamu (1, ... , ). Xapakre-
PUCTHYECKOE MMOJie 3alaeTcA CBOMMU KOMIIOHEHTaMM; UX 3HaYeHUA B TOY-
Ke (x, u) paBHBI

ay(z, w), ..., an(z, u); b(z, u).
YpaBHeHHe XapaKTePUCTUK UMeeT BUJ

1 =a1(x, u), ..., &n=ap(z,u); o=0b(z,u).

3A0AYA. HaiiTu xapakTepHCTUKU ypaBHEHUA cpelbl U3 HEB3aHUMOJAEHCTBY-
IOIUX YacTHIl Uy + ut = 0.

OTBET. & = u, t = 1, & = 0. XapakTepucTUKH — NpAMble & = a + bt, u = b.

3AMEYAHME. JluHeliHoe ypaBHeHMe ABIAETCA YAaCTHBIM ClydyaeM KBa-
3UINHEHOT0, OJHAKO XapaKTepPUCTUKHM JIUHEHHOro ypaBHEHUA — HE TO
K€ caMoe, YTO XapaKTePUCTUKU TOr0 K€ ypaBHEHHUA, paccMaTpPUBAeMOTro
KaKk KBa3WIUHelHOe: XapaKTePUCTUKU JIUHEHHOro ypaBHeHUA jexatr B M,
a kBasuiauHeiiHoro — B M x R. XapakTepuCTUKY JIUHEHHOTO ypaBHEHUA —
3TO MPOEKIUU XapaKTEPUCTHUK TOTO #e yPaBHEHUA, PACCMAaTPUBAaEMOro Kak
KBasuiuHeiinoe, us3 M x R na M.
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E. UHTerpupoBaHHe KBa3WJIHHEIIHOro ypaBHeHUA
IepBOro nopAaaka.
IIycth A — xapakTepuCTHYECKOE BEKTOPHOE MOJe KBa3WIMHEHHOro
ypaBuenus (6). [Ipegnonosum, 4To 3T0 Noile HUre He o6pallaeTca B HYb.
Torzga 3To BEKTOpHOe M0JIe oNpefiendeT MoJe HalpaBleHUH.

Onpepnenenue. [lone HampaBreHUN XapaKTEPUCTHUYECKOTO BEKTOPHO-
r'0 110/ KBa3WINHEHOT0 ypPABHEHNUA Ha3bIBAE€TCA TAPAKMEPUCUTLECKUM NO-
JAeM HANpasieHull 3Toro ypaBHEHUA.

XapaKTepI/ICTI/IHI/I KBa3WJIUHENHOTO YpaBHeHUA ABIAIOTCA WHTerpalb-
HbIMH KPUBBIMH XapaKTEepPUCTUYECRKOI'O I10JIA HaIIpaBJIeHI/Iﬁ.

[IPUMEP. YpaBHeHMe XapakTepucTHUK B ciydae M = R" ¢ koopaunara-

MU (21, ..., Tn) IPUHATO 3ANUCHIBATL B TAK HA3BIBAEMOM CUMMEIMPULHOM
eude

dry  dxy _dwn_@

ay a2 T an ~— p°’

O3HayawueM KOJJIWHeapHOCTb KacaTelbHOH K XapaKkTepucTHKe C XapaKTe-
PUCTUYECKUM BEKTOPOM.

TeopemMma. @Pynkyua u mozda u MoOAbKO Mo20a ABAAEMCA peuleHuem
K6a3UAUHelH020 YpaBHeHUA, Ko20a ee 2padiuk ABAAEMCA UHMe2PaibHOl no-
8ePTHOCMbI0 04 TAPAKMEPUCTMULECKO20 NOASA HANPAGAeHU.

I OKA3BATEJILCTBO.
JTo o4YeBUIHO, Tak Kak ypaBHeHUe (6) BbIpamaeT KacaHue rpaduka
C XapakTepucTUu4YeCKUM BEKTOPOM. [ ]

CnencrBue. @yuryua u mozda u mMoavko moz20a ABALEMCA pPeuleHueM
K6a3uAUHellH020 YpaeHeHUs, Koz20a ee 2padiuk codepicum emecme ¢ Kaxcool
ceoell moukol uHmMepsas raparmepucmuku, nporodawell yepe3 smy mouky.

ITOKA3BATEJIBCTBO.
CMm. m. A. ]

TakuM obpa3oM, HaxomeHHe pellleHUH KBa3WIMHEHHOTO ypaBHEHUA
CBOAUTCA K OTHICKAHUIO €ro XapakTepUcTUK. Eciu xapaKkTepuCTUKM U3-
BECTHBI, TO OCTAeTCA JHIIb COCTABUTh U3 HUX NMOBEPXHOCTh, ABIAIONIYIOCA
rpaduroM GyHKUUM: 3Ta GyHKIUA OyJeT pellleHreM KBa3uIMHEIHOTO ypaB-
HEeHUA, U Bce pellleHUA NModyyaloTcAd TaKUM CIoco60oM.
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M. 3apaua KRomwu nia KBa3su/IMHeHOro ypaBHeHUA

IepBoOro nopAanka.

[Mycts vy C M — runepnoBepXHOCTH ([OJMHO-
roo6pasue KopazmepHocTH 1) B MHoroo6pasuu M u
nycTh : v - R — rnagraa pyusuua (puc. 52).

Onpepenenue. 3adava Kowu nnAa kBa3uiu-
HeliHOro ypaBHeHus (6) ¢ HauwaavHbLM Ycaosuem ¢
Ha@ 7 COCTOUT B TOM, YTOGBI OTHICKAThb pelleHue u,
KOTOpoe Ha <y obpalaeTca B .

Puc. 52 Pewenyie 3Toil 3a1a4u J1erko CBeCTH K pellle-
HuI0 3agauy Kowm 1A mons XxapakTepuCTUYECKUX HaNpaBleHHH.
Pacecmorpum rpadur dyHruuu ¢: v — R. 9T0oT rpadur ABafeTcA ru-
IepPIOBEPXHOCThIO B MPAMOM mpousBeaeHun v X R. IlockonbKy 7y Blo#eHO
B M, MbI Mo#eM paccMaTpuBaTh rpaduk I' pyHKIMH ¢ Kak MOAMHOrooG-
pasue (kopasmeproctu 2) B M X R (puc. 52).

Onpepnenenue. HauaabHbim nodmrozoo6pasuem N1 HaYaIbHOTO YCIO-
BUA ( Ha y Ha3blBaeTcA nmogMHoroobpasue I' C M x R, aBafiomeecd rpa-
¢urom ¢ Ha 7.

TakuMm o6pa3om, HaualnbHOe MHOroo6pasue I' 3agaeT kKak runepnoBepx-
HOCTb Yy B M, Tak U HavyalbHOE YCIOBHE ( Ha 7.

Omnpepenenue. HauanbHoe ycnoBue (7, () Ha3bIBAETCA Hexapakme-
pucmuyeckum 0aa Keasuauneiinozo ypasrenusn (6), 6 mouke xoy u3 vy, eciu
BeKTOD a(Zg, ug) (uo = ¢(x¢)) B 3TOi1 TOUKe He KacaeTCA MOBEPXHOCTHU 7y
(puc. 52).

[3BAMEUAHHE. Ecau ypaBHeHue nuHeiiHO, TO BeKTOp a(xg, Ug) He 3a-
BUCHT OT g U MOITOMY MO{HO ONPEIeIUTh HeXapaKTepruCTHUYeCKe TOYKU
noBepXHocTH . A KBasUIMHEHHOTo #e ypaBHeHHA XapaKTepUCTHYeCKOH
WY HeXapaKkTepUCTHYECKOl ABIAeTcA Touka (X, o) € I', a 0 xapaxTepuc-
TUYHOCTH TOUKM Ty € 7y TOBOPUTH HE NPHUXOJUTCA.|

Teopema. Pewenue keasuiuneiinozo ypasnenus (6) ¢ nexapaxmepuc-
muyeckum 8 moike ry HA4AIbHbLM YCAOBUEM 8 OKPECMHOCMU MOl MOYKU
cywecmesyem U AOKAAbHO eJUHCMBEHHO.

IIOKA3ATEJILCTBO.
Hs HeXapaKkTepuCTUYHOCTU HavdajJbHOI'O YCJIOBUA B TOUYKE I CledyerT,
qTo:



§8. HeauHelinoe ypasHeHUue ¢ YACTMHbLMU NPOUIBOOHbLMU Tepeozo nopadka 85

1) XapakTepuctuyeckoe noie A He ofpamaeTca B OKPECTHOCTH TOY-
KU (2o, Yo) B HyIb. [l03TOMY B OKPECTHOCTH 3TOi TOUKH ONpeeleHo riaj-
KO€e M0Jle XapaKTepUCTUUYECKUX HalpaBIeHUIA.

2) XapakTepucTHUYeCKOe HallpaBleHne He KacaeTCH HaYalbHOrO MHOTO-
o6pasusa I' B paccMaTpuBaeMoil TOUKe U, ClIeI0BAaTENbHO, B €e OKPECTHOCTH.
[MosTOMy cylecTByeT W eIMHCTBEHHaA loKalbHaA WHTerpaibHad MOBepX-
HOCTh XapaKkTepHCTUUYECKOro MOJA HalpaBieHWi, cojepanias HavalbHOe
MHoroo6pasue I' (cMm. m. A).

3) KacatenbHas NIOCKOCTb K WHTErpalbHON IOBEPXHOCTH B TOY-
Ke (zg, up) HeBepTURaIbHA (He comep:kUT ocu u). [loaTomMy umHTerpanbHan
MOBEPXHOCTh ABNAETCA rpaduKoM QyHKIUU. ITa QYHKIUA U €CTh UCKOMOE
pemenue (cMm. m. E). ]

3AMEYAHHE. [Jloka3aTelbCTBO COJEPHUT TaK:ke NMpoleLypy HocTpoe-
HUA pellleHNA 3afauyu Komu 118 KBa3WIMHEHHOro ypaBHEHUA.

8§ 8. HeinunHeilHoe ypaBHeHUe ¢ YacTHbIMU
IIPOU3BOAHBIMH IIEPBOro NnopAaKa

Henuneiinble ypaBHEeHUA ¢ YaCTHBIMU NPOU3BOAHLIMU IIEPBOTO MOPAL-
Ka, Kak U JWHelHble, MHTETPUPYIOTCA pU moMomiu xapaktepucTuk. Ho ec-
¥ XapaKTePUCTUKU JHHEHHOr0 ypaBHEHUA OTHOCUTENbHO QYyHKIUU Ha M
nexaT B M, a kBazunuHeiinoro — B M X R, To anA o6uiero HeJlnHeHHOro
YPaBHEHHA € YAaCTHBIMU NPOU3BOAHBIMU NEPBOI0 MOPALKA XapaKTEPUCTURU
nemaT B MHOroo6pasuu 1-cTpyit dynkuuit, J1 (M, R).

Muoroo6pasue 1-cTpyit GyHKIUN MMeeT eCTeCTBEHHYIO KOHTaKTHYIO
CTPYKTYPY.

B ocHoBe uHTerpupoBaHuA HeIMHENHHBIX ypPaBHEHUI C YaCTHBHIMH MPO-
M3BOJHBIMU MEPBOr0 MOPAAKA JeaT MPocThbie PaKThl TeOMETPUU KOHTAKT-
HOH CTPYKTYPBI, C KOTOPBIX MbI U HAYHEM.

A. RoHTaKTHBIe MHOroo6pasus.

KouTakTHBIM MHOroo6pa3ueM Ha3bIBaeTcA MHoroobpasue, cHabxeHHOe
M0JIeM TUIEPIIOCKOCTENl B KacaTelbHBIX NPOCTPAHCTBAaX, YIOBIETBOPAIO-
MMM YCIOBHUIO «MaKCUMalbHONH HEHMHTEr DPUPYEMOCTH).

[one niaockocTeit (B OTIMYKE OT MOJA OJHOMEPHBIX HAIpAaBIEHUit) MO-
#eT He UMeTh MHTerpajlbHbIX IOBEPXHOCTElH, pa3MepHOCTh KOTOPBIX paBHA
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pa3MepHocTH miaockocTeil. UToObI U3MepUTh NPENATCTBUE K CYyI[eCTBOBa-
HUIO MHTEerpajbHbIX F'MIEPIOBEePXHOCTEH y MoJiA rMIepIlyioCKoCTel, npoje-
JaeM clefyoulylo KOHCTPYKIHUIO.
BBegem B oKpecTHOCTHM HHTepecylollelt Hac
Touku () MHoroo6pasuf KOOPAMHATHI TaK, UTOOBI
mIocKocTh nmoifA B O crana KOOPAMHATHON Trumep-
NJOCKOCTBLIO; MbI OyJieM Has3bIlBaTb COOTBETCTBYIO-
] 1ye KOOpANHAThI 20pU30HMAAbHbLMU, 8 OCTABLUIYIOCA
/ OJ@/ KOOPAMHATHYIO OChb HAa30BEM 8epMUKAAbHOU.
¢ Nns n060r0 My TH B TOPU3OHTATLHOI IIOCKOCTH
NOCTPOUM LWIMHID Hal 3TUM IIyTeM C BepTHUKalb-
Hoi1 oOpasytomieii. Ciieq HalIero MojiA MIOCKOCTElH Ha
NOBEPXHOCTHU HWIMHApPA €CThb Iojle HampaBieHuil. UHTerpanbHble MOBepX-
HOCTH (€ClIM OHU CYIIECTBYIOT) NepeceKaloT LMIMHAD M0 MHTErpalbHbIM
KPHUBBIM 3TOr0 I0/A HanpaBieHui (puc. 53).

TakuM o6pa3oM MbI MoeM NOAHATHL M0G0 MyTh ¢ FOPU3OHTAIbHOMN
IIJIOCKOCTH Ha UCKOMYIO NIOBEPXHOCTD.

Oycts Tenmeps (£, 7)) — OBa BeKTOpa HA TOPU30HTAILHON KOOPAUHAT-
HOU IJIOCKOCTH B paccMaTpHBaeMoil Touke. PaccMoTpuM mapainienorpamm,
HaTAHYTHIA Ha (£, ). U3 paccMaTprBaeMoil TOYKM B IPOTUBOIOJIOMKHYIO
BeplLIMHY NapajJjenorpaMma BelyT [Ba IIyTU [0 CTOPOHAM MapaJielorpam-
Ma. [logHuMasA 3TH MyTH, MBI MOXYyYUM HaJA OPOTHUBOIOJIO#HON BEPUINHO,
BooGIIle TOBOPA, IBe pa3Hble ToukU. X pa3nuuue U ecTh NpenAaTCTBUE K IO-
CTPOEHMIO UHTErpajlbHOI MUIeprnoBepXHOCTU WU, KaK NOBOPAT, K «MHTer-
PUPYEMOCTHY NOJA T'UIIepIIOCKOCTEN.

PaccMoTpuM pasHocTb BepTHHKANbHBIX KOOPAWHAT JABYX IOJIYYEHHBIX
Touek. ['aBHasA, GunuHeiiHag (OTHOCHTENbHO £ W 7)) 4YacTh ITOH pasHOC-
TH U3MepAeT cTelleHb HEMHTEerpupyeMocTHu noida. YTobsl 1aTh GopManbHOE
onpejeleHue, IpojelaeM cileaylollee IOCTPOEHNUE.

ITone racaTenbHBIX FUNEPIIOCKOCTENH HA MHOI006pa3uy IOKAILHO 3a/1a-
eTcAa quddepennuanbHoit 1-popmoit a, He obpamjaroielica HUT e B HYJIeBY IO
(opMy U ollpeeleHHON ¢ TOYHOCTBLIO [0 YMHOMEHUA Ha He oOpalamouly-
I0CAl HUTIe B HYIb (QYHKIMIO: INIOCKOCTHU MOJA — 3TO HyId Gopmbl (m01-
[IpOCTPaHCTBa KacaTeJlbHOr0 IPOCTPAHCTBA, HA KOTOPLIX 3HaueHue (HopMbl
PaBHO HYIIIO).

Puc. 53

IpuMEP. PaccmoTpum B mpoctpanctse R*™ 1! ¢ koopaunatamu (21, ... , Tn;
Uy P1y - -« , Pn) 1-dopmy a=du—pdz (rze pdz=p1dzi+...+p, dzy,). 1-dopma «
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HU B ofiHO# Toure B R?" 1! ne o6pamaerca B HyneByio GpopMy u, cliefoBaTenbHO,
3afaeT mone 2n-MepHbIX maockocTeil a = 0 B R*"*! (puc. 54).

Onpepenenue. [JuddepeHnuanbHana
1-bopma «, He obpamarwiiasaca Hurge P
B dopmy 0 Ha MHoroo6pasuu M, Ha3bIBa-
eTcA KOHMAKMHOU, ecly BHEUIHAA MPOU3-
BoaHasA da GopMbI o oIpefendeT B Ka# A0
mI0cKoCTH « = () HEBLIPOMAEHHYIO BHEII-
HIOIO 2-popmy.

[Bununeitnaa ¢opma w: L x L — R
HeBbIpOsaeHa, ecan V¢ € L\ 03y € L:
w(&, n) #0.] %

HeBbIpos/ieHHAaA KococMMMeTpHUUec-

Kafg 2-bopMa Ha JIMHEHOM NPOCTPAHCT- Puc. 54
Be Ha3bIBaeTCA TaKKe CUMNIeKMULEcKOl
cmpykmypoti.

ITpuMEP. [locTpoeHHasa B mpenbigymeM npumepe ¢opma KoHTakTHad. [eii-
CTBUTEILHO, BHEIIHAA NPOU3BogHaA (OpMbI v paBHa

dri Ndp1 + ...+ dxy A dpn.

B mmockoctu @ = 0 KoopauHATaMM CIY#aT (T1, ... , Tn; P1, --- 5 Pn). MaTpuna
¢dopmbl w = dat|a=0 B 3THX KOOpAMHATAX UMEET BUJ (g _OE) ,rae E — egunnyHasn
MaTpula nopaaka n. OnpejenuTtenb 3Toit MaTpulbl paBeH equHule. ClegoBaTenb-

HO, 2-popMa w HeBBbIPOK/EeHa.

3AMEYAHUE. HeBbIposk/JeHHbIE KOCOCUMMETpUYECKHe GHINHEeHHbIE Gop-
MbI ObIBAIOT TOJBLKO B YemHoMepHbLx IpocTpaHcTBaX. [loaToMy KOHTaKTHbIE
¢ opMbl GLIBAIOT TOJILKO Ha He4emHoMepHbLX MHOT000pa3umx.

Teopema. Ilycmv o — konmarmuas gopma, o f eciody omauunas om
Hyaa gynryusa. Toeda fo mosce konmarmuas gopma. lIpu smom cumnaer-
mudveckue cmpykmypol

dala=o, d(fa)|fa=0

Ha naockocmu o« = 0 omauyaiomca Ha He oﬁpamamwuﬁcn 68 HYAb MHOMCU-
meJb.
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I OKA3ATEIBCTRBO.
ITo ¢opmyne Jleit6Huna

d(fa) =df N a+ fda.

Ho df A a na mnockoctn a = 0 ecth HyneBag 2-popma. CiemoBaTenbHo,
2-popmbl da u d(fa) Ha naockocTu @ = ) OTANYAIOTCA HA HEHYIEBOH MHO-
surtens f. B uactHoctu, 2-dopma d(fa)|a=0 = fda|a=0 HeBbIpomeHa,
noaToMy fa — KOHTaKkTHad dopma. [

Onpenenenue. Kowmaxmuot cmpykmypoill Ha MHoroo6pasuu M Ha-
3bIBaeTCA IOJIe KacaTelbHbIX THIEPIUNIOCKOCTEl, JOKalbHO 3alaBaeMoe Kak
MHOKECTBO HYJeil KOHTaKTHOIl 1-¢opmbl. ['unepmiockocTH MojiA Ha3bIBa-
I0TCA KOHMAKMHbLMU 2unepnaockocmamu. Mpl 6ygeM 0603HaUYaTh KOHTAKT-
HYIO THIEPILIOCKOCTh B Touke x 4epe3 II,. (puc. 55).

3AMEYAHUE 1. U3 npeapiayiieit TeopeMbl cleny-
eT, 4YTO cBOiCTBO 1-dhopMbl, 3afalolieii moje MIoCKoC-
Teii, ObITh KOHTAKTHOI He 3aBUCHUT OT BblOopa ¢hOpMbI,
HO omnpeJenseTcd caMUM [0JeM KOHTaKTHBIX IJIOCKOC-
teii. [leficTBuTENbHO, eciiu 3 — Apyras ¢popma, 3aaaio-
iaf To #Hie mole, To (0KaibHO) 3 OTIMYAETCH OT (¢ HA
He ofparmaionuiicA HUTe B Hylb MHOMUTENb; CleJo-
BaTelNbHO, PopMbl 3 U @ KOHTAKTHbIE (UM HEKOHTAKTHBIE) OJIHOBPEMEHHO.

Puc. 55

3AMEYAHHUE 2. KoHTaKkTHbIe CTPYKTYPHI ObIBAIOT TOJLKO Ha HEYETHO-
MepHBIX MHoroo6pasufx.

Onpepneaenue. [logMHOroo6pasue KOHTAKTHOIO MHOT000pa3uA Ha3bl-
BaeTCH UHME2PAAbHbIM MHO2000pA3UEM NOASL KOHMAKMHLLT NAocKocmell, ec-
11 KacaTelbHas IJIOCKOCTh K NMOJMHOroo6pasuio B KamJ0i TOUKe NpUHAA-
JeUT KOHTAKTHOU MIOCKOCTH.

3AIAYA. [oKamuTe, UYTO PA3MEPHOCTMb UHMEZPAAbHO20 MHO2000pa3UA
noas KOHMAKMHbLX NAocKocmel Ha KOHMAKMHOM MHO2000pA3UL PA3MEPHOC-
mu 2n + 1 He npesocxodum n.

PEmMEHUE. Ha Takom MHorooGpasuu Y dopma i*a (rge i: ¥ —
— M1 — promenue) paBna Hymo. Iloatomy i*da = di*a = 0. Io3-
TOMY Ka#Jble [Ba BEKTOpa KacaTelbHOI'0 MPOCTPAHCTBA KOCOOPTOrOHAIb-
ue: w(&, 1) = 0. OTcioga cieayeT, YTo pa3MepPHOCTh KacaTelbHOro Mpo-
cTpaHcTBa He Gonbine n (cM. Hume 1. I, 3agava 2).
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3AMEYAHUE. UHTerpanbHble MHOr0oGpasud pa3sMepHOCTHU 7 KOHTaKT-
Horo nong B M2"*! cymecTByloT. OHM Ha3bLIBAIOTCH .1eXHAHOPOGHLMU TLOO-
MHO2000pasuamu. Kak Mbl celiuac yBUIUM, Kam /0l GYHKINN COOTBETCTBY-
eT Jle;kaHpoBO NoAMHoroo6pasue B MpocTpaHCTBe 1-cTpyil.

B. KoHTaKTHaA cTPyKTypa Ha MHoroo6Gpasuu
1-cTpyit pyHRIMII.
IIyetb V' — n-mepHoe MHoroo6pasue. PaccmoTpum MHoroob6pasue
1-cTpyit dynkuuit na V, J1(V, R).
l-ctpya oyuruuu f Ha V omnpenendercA Toukoit x € V, 3HaueHU-
eM u = f(x) yuruuu f B 3TOi To4Ke U mepBbIM AuddepeHraIoM QyHK-
uuu f B Touke x. Takum o6paszom, MHOrooGpasue 1-cTpyit pyHkuuit na V

umeer pasmepHoctb 2n + 1. Ecau (1, ..., ,) — JOKalbHbIE KOOPIU-

HaTel Ha V, To l-cTpya ¢yukuuu f Ha V 3amaetca Habopom 2n + 1 uu-
of

cel (L1, .-« s Tpj U5 P1y -« 5 Pn), TOE D = 67(.15)

Onpepnenenne. (mandapmuotl Konmakmuoil gopmoti Ha MHOroobGpa-
auu 1-ctpyit dyuruuit J*(V, R) nassiaetrca 1-dpopma

a=du—pdr (pdr=pidxs+...+p,dzy).

Brime MbI y#e BUIOEIH, YTO 3TO nelcTBUTEIbHO KOHTaKTHaA I—Q)OpMa
B R2n+1

HerpynHo Bupethb, 4yTo dopma «, onpe[eleHHasA ¢ MOMOIIbIO KOOPAH-
HAaT, B AefCTBUTENbHOCTH OT BbIGOpa (1, ... , T,,) HE 3aBUCHUT U ONpEeNeHa
B II€JOM.

Onpeneaenwue. 1-zpagurom pyuruuu f: V — R HaszbiBaeTcA NOAMHO-
roo6pasue, coctaBieHHoe u3 1-cTpyit yHKnuu f BO Becex Toukax us V.

Takum o6pasom, 1-rpaduk GyHKIUU 1 EPEMEHHBIX ABIAETCA N-Mep-
HOM [OBEPXHOCTHIO B (21 + 1)-MepHOM NpOCTpaHCTBe.

Teopema. CmandapmHnana KoHmakmuas d¢opma Ha MHO2000pA3UL
1-cmpyid gynryuu n nepemenHsvlx o6paujaemcs 6 HYab HA 6Cex KACAMELb-
Hblx naockocmar k 1-epaguram Pynkyuill. 3amvikanue o6veduHeHun kKaca-
meavHulx naockocmetl ko ecem 1-epaduram gynryull cosnadaem c Hy.seblM
nodnpocmpancmeom amoii gopmot (8 kaxidol mouke npocmpancmea cmpyi).

ITOKABATEJIBCTBO.
IlepBaa yacTb BbITEKaeT W3 oOmNpejeieHUA MOJHOro AuddepeHnurana
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¢yuruuu, du = pdr. Bropasa cienyer u3 cyuecTBoBaHUA GYHKIUU C JIO-
ObIMHU YacCTHBIMM NMPOU3BOJHBIMU B TOUKE. [

W3 mokasaHHOIl TeopeMbl cllellyeT, UTO ToJe IIOCKOCTel, 3aJaHHOe
CTaH/JapTHON KOHTAKTHOHN (GopMoil B IpocTpaHcTBe 1-cTpyil, HE 3aBUCUT OT
BbIOOpA CUCTEMbI KOOPJUHAT, yYaCTBOBABIIEIl B ONpe/leIeHUU CTaHJapTHOI
KOHTaKTHOI ¢opMbl. ITO MO3BOJNAET BBECTH clleflyiolee

Onpepnenenune. (mandapmuotl KOHMAKMHOU cmpykmypoii Ha MHOTO-
o6pasuu 1-cTpyit pyHruuit Ha V Ha3bIBaeTcHA Moje TUNEPIUIOCKOCTEH, ABIA-
omuxca 00beINHEHUAMYU KacaTelbHbIX IIOCKOCTell K rpapuramM GyHKUMI
Ha V.

3A7A4YA. I'pynns! guddeomopdusmos npocTpaHeTB V u R ecTecTBeHHO Oeii-
CTBYIOT Ha MHoroo6pasuu l-cTpyit GpyHKuuMiA Jl(V, R). Nokaure, 4TO cmau-
dapmHan KOHMAKMHAA cmpykmypa npocmparcmea l-cmpyil uneapuanmua ommo-
cumeabHo 3mozo delicmeus.

Kpome Toro, crangapTHas KOHTakTHasA 1-¢opma o MHBapuaHTHa OTHOCH-
TelIbHO AeiicTBUA rpynnsl auddeomopdU3MoB NIpocTpaHcTBa V, a Ipu AelicTBUU
nuddeoMopdusmoB npAmMoil R ymHomaeTca Ha QyHKIUIO, He oGpallammyocs
B HYIIb.

B. T'eomeTpua Ha runepnoBepXHOCTH B KOHTAKTHOM MHOIoO-
o6pasuu.

BepHemcs K 06meMy KOHTAKTHOMY MHO-
roo6pasuio M?"*1, Mlyers E?" — raagkad ru-
neproBepxHocth B M 2"t (puc. 56).

Onpenenenue. Ilosepxnocts E2" B KoH-
TaKTHOM MHoroo6pasuun M?2"*+1 naspiBaercs
Herapakmepucmuyeckoll, ecliu ee KacaTelbHad
INIOCKOCTh U KOHTAKTHAsA MIOCKOCTDb B Kai 0
TOUKe X TpaHcBepcalbHbI (T.e. B CyMMe JaiOT
Bce KacaTelbHOe IpocTpaHcTBo K M7+, yu,
Puc. 56 4TO TO iKe, epecerarnTesa 1o (2n —1)-MepHOMY
npocTpaHcTBy).!

1Ha noBepxHOCTH 06IIero MoloeHuA B KOHTAKTHOM MPOCTPAHCTBE MOT'YT GBITH OT-
NelbHble TOUKH, B KOTOPbIX KOHTAaKTHad MJIOCKOCTh COBMAafaeT ¢ KacaTeldbHO# U ycloBHe
TpaHCBepCaJlbHOCTU HapyllaeTcA — o0coOble TOUKM ypPaBHEHUA C YacCTHBIMU IPOU3BOJ-
HBIMU, 3aJaHHOI'0 [TIOBEPXHOCTHIO.

JlnAa noBepXHOCTHU 0OIIEero MoJo#eHNA B OKPECTHOCTU TaKOW TOUKU KOHTaKTHafd CTPYK-
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Onpe,uenemzle. HepecequI/Ie KacaTelbHOU IJIOCKOCTU K HexapanTe-
pI/ICTI/I‘IeCHOﬁ TUIIEepPIIOBEPXHOCTHU C KOHTAKTHON IIJIOCKOCTbIO B TOYKEe T'U-
NEepnoBepXHOCTH B KOHTAKRTHOM MHOFOOﬁpaSI/II/I Has3bIBaeTCA xaparkmepuc-
muyieckoll niocKkoCcmbio B 3TOil TOUKe:

P, =T, EnNIl,.

Tarum o6pa3oM, XxapakTepUCTHUUECKHE INIOCKOCTU Ha TUIEPIOBEPXHOC-
1 B M?*"*! o6pasyior mone (2n — 1)-MepHBIX IIOCKOCTel HA 2n-MepHOM
MHOTo06pa3uu: 3To IoJie MIOCKOCTel, BbIceKaeMbIX Ha KacaTelbHBIX MPO-
CTPaHCTBaX T'UNEPIOBEPXHOCTH KOHTAKTHBIMHU IIOCKOCTAMHU.

OxasbpiBaeTcAd, KOHTAKTHAA CTPYKTYypa olpejeisaeT B KamI0oi U3 3TUX
(2n — 1)-MepHBIX IIOCKOCTEI ele H36PAHHYIO MPAMYIO — TaK Ha3bIBAEMOE
rapakmepucmuieckoe HaAnpasieHue.

I KocoopToroHaibHble J0IOJHEHUA.

YToObl ONpenenuTh XapaKkTepUcTHUYeCKOe HampaBileHHe, HalOMHUM,
YTO B JMHEHHOM IPOCTPAHCTBE C HEBbIPOMAEHHOU OUIMHENHON ¢dopmoi
OIpeielleHbl OPTOrOHANbHBIE [JOMONHEHUA (OPTOrOHANBLHOCTDL Maphl BEKTO-
POB ompejenfAeTca KAk PaBEHCTBO HYIIO 3HaYeHUA (GOpPMBI Ha ITOI mape).

OpuMEP 1. IMyers (L,w) — eBRIMIOBO HPOCTPAHCTBO, T.e. L — nu-
HeliHOe MPOCTPAHCTBO, a w — CKalfApHoe NpousBejeHue. Kammgomy BeKTo-
py & cooTBeTcTByeT 1-hopma w(€, ) — cranApHOe NpOU3BeJEHUE C BEKTO-
pom &. 3HaueHue 3Toit 1-popmbl Ha BekTope 1) paBHO w(€, 7).

Hanpuwmep, grad f — 310 BekTOp, cooTBeTcTBYIOMUil 1-hopme df.

[Ipsamoit B L cooTBETCTBYET OPTOrOHANBHOE AOTONHEHHUE K TOM NPAMOi
(= nnockocTh Hyneil 1-hopMbI, COOTBETCTBYOLIEIl BEKTOPY MPAMOii).

Typa U MOBEPXHOCTb BMecCTe NPUBOJATCA AMddeoMopdu3MOM K CTaHJapTHOMY BHAY

dt = pg day, — gk dpr,t = Q(p, q),

rze () — HeBBIPOM/eHHAaA KBaApaTu4yHada Gopma oT p U ¢ (B KOMIUIEKCHOM cilydae MOKHO
CYMTaThb, YTO Q@ = Y ApPrqk)-

B kuaacce raagkux (GeckoHeuHo AuGepeHUUpPYeMbIX) (YHKLHMA 5TO YyCTaHOBHI
B. B.JIptuarun B 1976 rogy (cm. B. B. Jeiwazun. JlokanbHasa kiaaccupuKaLuA ypaBHEHHIA
¢ YacTHBIMM IPOU3BOAHBIMHU HepBoro mopagka. YMH 1975, 30, Na1, cTp. 101-171 u
B. H. Aproavd, A.B.T'usenmaas. CummiekTudeckaa reoMeTrpua. UToru Hayku M Tex-
Huku. CoBpeMeHHbIe Mpo6ieMbl MaTeMaTuku. PyHpameHTanbHble HanpasieHua. T. 4,
cTp. 5-140, M.: BUHUTH, 1985.). Ha anaautuueckunii cayyvaii Teopemy JlbiyaruHa mnepe-
Hec M. fl. Mutomupcruii (OyHKUNOHANBbHBIN aHAIN3 U ero NpuiIok., 20, 2 (1986), 65-66).
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& Kampasa nnockocTh Kopa3MepHocTu 1 B L ABiAeTcA
OPTOrOHAIbHBIM JOHOIHEHUEM K mpAMoit (puc. 57).

0 3aMeTHM, YTO NpPU YMHOMEHUU w Ha OTIUYHOE OT
HYJIAl YMCJIO OPTOTOHANbLHOCTHL BEeKTOPOB coxpaHdeTcA. [lo-
3TOMY COOTBETCTBUE MEMIY NPAMBIMH M UX OPTOT'OHAIb-
HBIMHU JIONONHEHUAMU He MeHAeTcA NPU YMHOKEHUU CKa-
JAPHOr0 NPOU3BeleHUA w Ha OTIUYHOE OT HYIA YHUCIIO.

Puc. 57

OpuMeP 2. lycrs (L, w) — CUMIIEKTHYECKOE IPOCTPAHCTBO, T. e. L —
AMHeRHOe NPOCTPAHCTBO, 8 W — KOCOCKaNApHOe NpousBeneHue (OuInHeN-
Hafg KOCOCHMMeTpUYecKasa HeBbIPOKAeHHAA (popma).

Ramgomy BexTopy & cooTBeTcTByeT l1-dopma
w(&, -) — cranfApHoe NpousBeeHNe ¢ BEeKTOPoM &. 3Haue-
HUe 370l 1-hopmbl Ha BekTope 1) paBHO w(E, 1) (puc. 58).

Hanpumep, ramunbToHOBO mojie ¢ ¢yHkuueit I'a-
MuibToHa H — 3T0 mone, cooTBeTcTBylomee 1-¢op-
Me dH.

[Ipamoit B L COOTBETCTBYET KOCOOPMO20HAAbHOE 0ONOAHEHUEe K DTOi
NpAMON (= IIIOCKOCTb HyJeidl 1-hopMbl, COOTBETCTBYIOLIEH BEKTOPY NpA-
Moii). Raxan nmockocTb KopasMmepHocTd 1 B L ABIAETCA KOCOOPTOrOHAIb-
HBIM [OTMOJHEHHEeM K eJUHCTBEHHON MPAMOA.

3aMeTuM, UTO NPU YMHOMKEHHH w Ha oTaAu4dHOoe oT () YKclIo opToro-
HalbHOCTb coxpaHfeTcA. [loaToMy cooTBeTCTBUE Me#AYy NMPAMBIMU M HX
KOCOOPTOTOHAILHBIMU [ONOJHEHUAMU He MEHAETCA MNPU YMHOMEHUH CHM-
MIEKTUYECKON CTPYKTYPhI w Ha oTauyHoe ot 0 yucio.

Puc. 58

3AIAYA 1. JlokamuTe, 4TO Ka#0as NPAMAA ACHCUI 8 CE0eM KOCOOPMOZOHALD-
HOM OOTLOAHEHUL.

PEMEHEE. w(§, &) = —w(¢, &) = 0.

3AJAYA 2. [lokamuTe, YTO ecau 6ce 8eKmMOpb. NOONpocmpawncmsa 2n-mep-
H020 CUMNAEKMULeCK020 NPOCMPAHCIMBA NONAPHO KOCOOPIMO20HAAbHbL dpye dpyey,
Mo pasmepHocms 9Mmoz0 NoOnPocmpancmed He nNpPegocrodum n.

PEmEHUE. KocooproroHaabHoe gononaHeHue K k-MepHOMY HOANPOCTPAHCTBY
uMeeT pasMepHOCcThb 2n — k (nelicTBUTenbHO, BoIGepeM Gasuc (e1, ... , €;); TOrAa
ypaBuenus w(e1, £) =0, ..., w(ex, £) = 0 06pa3yioT k He3aBUCUMBIX YpPaBHEHUIA
OTHOCUTEIbHO ¢, TaK KaK M3 3aBUCHMOCTH Me KAy YPaBHEHHAMH BbITeKana Gbl
3aBUCHMOCTb MEKIY BEKTOPaMH €;, BBUAY HEBBIPOMKAECHHOCTU GOPMBI w).

Ecau k > n, To pa3aMepHOCTb OPTOTOHAILHOI'O IOMOIHEHHUA MEHbILIE 1L U [IPO-
CTPaHCTBO He MOMKET GbITh KOCOOPTOrOHAILHBIM CaMoMy cebe.
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3AMEYAHHE. KocoopToronanbHble cefe moJIpocTpaHCTBa pa3MepHOCTH 7
B 2n-MepHOM CUMILIEKTHYECKOM IPOCTPAHCTBe cymecTBYIOT. OHU HasbIBalOTCA
AA2PAHIHCEBLLMU NOONPOCMPAHCBAMLU.

. XapaKkTepUCTUKN Ha THUIePHNOBEPXHOCTH B KOHTAKTHOM
npocTpaHcTBe.
BepHemcsa k reoMeTpuy Ha HexapaKTepUCTUUECKO T'MIIepIOBEPXHOCTH
B KOHTAKTHOM MHoroo6pasum M27+1,
B kamioit TouKe 3Toi TunepnoBepXHocTU F2™ MbI onpeleluiy Xapak-
TepucTUYecKyio (2n — 1)-MepHyio miockocTh P: nepecedeHue KOHTAKTHOM
IIOCKOCTH M KacaTenbHoil miockoetu K E2" (puc. 59).

Onpegenenve. Xapaxmepucmuieckum HANPAGAEHUEM B HeXapakTe-
PUCTHYECKON TOYKE X HA UIEPHOBEPXHOCTH B KOHTAKTHOM IIPOCTPAaHCTBE
Ha3bIBaeTCA KOCOOPTOrOHANLHOE JIONOJHEHNe K XapaKkTepUCTHUeCKol mIoc-
KOCTHM B KOHTAKTHOH MIocKocTU (KOCOCKAIAPHOE NPOU3BEJIeHNe ONpe/ens-
eTcA Kak dajqa=o):

I, = KocoopToroHanbHoe fomonHenue B 12" &k P2"~! = T, E>" N 112",

3aMeTHM, YTO XapaKTepPUCTHYECKOe HalpaBleHUE JEKUT B XapaKkTe-
pucTuyeckoit miockoctu (cm. n. I'); B ciiydae n = 1 xapakTepucTudeckoe
HampaBlleHHe NPOCTO COBINAJAeT C XapaKTePUCTUUECKO MIOCKOCTHIO.

Puc. 59 Puc. 60 Puc. 61

B obiiem cnyyae xapakTepuCTHYeCKHUe HaNMpaBieHHUA BO BCEX TOUYKAX
HexapaKkTepUCTUUYECKOM TIaJKkoii TUIepnoBepXHOCTU B KOHTAKTHOM MpO-
cTpaHcTBe 00pa3ylOT riajgkoe IoJie HalpaBlIeHWH Ha 3TOU THIEPIOBEpPX-
HOCTH; XapaKTepUCTUUYECKOEe HalpaBleHUe B Kam/JA0U TOUKe NPUHAMIEHUT
TaKe KOHTAKTHON 'UIEpPINIOCKOCTH B 3Toit Touke (puc. 60).
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Onpepenenue. HTerpaibHble KpUBbIEe IMOJA XapaKTePUCTHYECKUX
HamnpaBleHUi Ha HeXxapaKTepUCTUYECKOW rumepnoBepxHoctu F B KOH-
TaKTHOM MHOT00Gpa3uy Ha3bIBAIOTCA LAPAKMEPUCTNUKAMU 2UNePno8epIHOC-
mu E.

Iycts N* — k-MepHoe HHTerpanbHOe MHOrooGpa3sie I0JIsS KOHTAKT-
HBIX IJIOCKOCTeii, Nekamee B F27,

Onpenenenue. Touka x € N* naspiBaerca nerapaxmepucmuueckotl,
eciIi KacaTelbHafA [IIOCKOCTh K N B 3TON TOUKe He CONEPHHUT XapaKkTepuc-
THYECKOro HampaBieHus (puc. 61).

3AJAYA. [oKkakuTe, YTO €CIN L — HEXapaKTepPUCTHUUYECKAasA TOUKAa MHOT006-
pasus N*, To k < n — 1, 1 npuBeuTe IPUMED 7-MEPHBIX HHTErPalbHBIX MOBEPX-
HOCTeil KOHTaKTHOT0 MojA miockocTeit B M2+, nemamux 8 E*".

Ora3sbiBaeTcA, XapakTepUCTUKH, IPOXOJAlINE Yepe3 TOUYKU UHTerpalb-
HOTO HexapaKkTepUCTHUYeckoro MHoroo6pasua N¥, camu o6pasyioT (okaib-
HO) unmezpaavhoe (k + 1)-mepHOe moAMHOroo6pasue MOIA KOHTAKTHBIX
IIocKocTeil, Jemallee Ha runeprnopepxHocTu E?". Uro6bl 3To 10Ka3aTh,
HaMm norpebyeTcA ojHa npocrasd obmasA JeMMa 00 MHBApUAHTHOCTHU IIO-
11 MJIOCKOCTell OTHOCUTEIbHO OfHONapaMeTpuyeckoil rpynnsl guddeoMop-
(pusmoB.

E. OTctynieHue: yciioBe HHBapUaHTHOCTH I0J1A J0CKOCTeIA.
IIycts @ —nuddepennuannuas 1-¢opma, He obpamaromasca B 0. Ta-

KaA Qopma 3ajaer moie rumepmiaockocteil. IlycTb v — BeKTOpHOe moue,
He obpauamomeeca B (. Takoe none 3ajaeT mole HampaBieHui (T.e. moje
MPAMBIX).

Me1 npednoaoscum, wmo HanpasieHue noas v 68 Kaxcdoll moike npunad-
AeJcUm 2unepnaockocmu Hyaeil gopmol a 8 amoil moike:

a(v) = 0.

JIemma. /Jlas mozo umobvl noae Hyaell gopmvl a 6bli0 UHBAPUAHITIHO
omHuocumeavHo $azoe020 nomokra noas v, Heo6xodumo u doCMamovHo, Lmo-
oot da(v, &) = 0 daa ecex & us naockocmu noas, a(§) = 0.

HOEABATEJIBCTBO.
YTBepH{}:leHI/Ie JeéeMMbI JIOKaJlbHO U MHBApPUaHTHO OTHOCUTEIBbHO }:lI/ICp-
(l)EOMOp(pI/I.’iMOB, MIO3TOMY ero JoCTaToO4YHO AJOoKa3aThb A CTaHJapTHOIO II0-

JAvV = ai B €BRJIMJOBOM IIPOCTPaAHCTBE C KOOpAUHaTaMunu ($1, ceey ZEn) (HO
1
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TeopeMe O BhINPAMIEHUU BeKTopHOro nois). [lycts a = ardzi+. . .+ andzy,.
Toraa no yciaoBuio a3 = 0 (1. &. a(v) = 0).

3AIA4YA. [JoKramuTe, YTO 3HAUEeHUe BHelIHell MpoU3BOJHON (HOPMEI a

Ha mape (v, &) (rme v = Bi:vl’ a(v) = 0, £ — 060§t BeKTOp) COBIAfaeT co
3HAYEHMEM YacTHON NMPOU3BOAHOlM [?_al Ha BeKTope £.

PEIIEHUE.

(da =2 gij dxj A d:ci) — (da(v, £) = 3‘“ Lo - 8“1 g,)
Ho a; = 0.

[Ipyroe, 6bITh MO#eT, Gollee TOHATHOE, PELIEHNe [0y YaeTCA [PU MpU-
MeHeHun ¢opmyasl CToKca K mapajiienorpaMMaM €O CTOPOHAMHU v, &.]

YcnoBue WHBaApUaHTHOCTHU IOJA Hyneﬁ (t)OprI a OTHOCUTEJBbHO CIOBU-

Oa_

roB BOOJb OCU 1 COCTOUT B TOM, YTO 4YaCTHad NMPOHU3BOAHAA p) OOJIdHa
1

obpamaTbca B HylIb Ha MIOCKOCTH TodiA, a = (.
Oda_

3Has, 4To
dz1

(&) = da(v, &), MBI BUOUM, 4TO yCIOBHE HHBAPUAHTHOC-
TH UMeeT BUJ

(a(§) = 0) = (da(v, £) = 0).

M. 3agaua KRomu nAa nojd XxapaKTepUCTUUYECKUX
HalpaBJ/IeHUIi.
BepHeMcAa K HexapakTepucTHuYeckoil rumepnosepxHocTu FE2" B KoH-
TaKkTHOM MHoroo6pasuu M2"+!, Ilycts N*¥ — uHTerpanbHoe mogMHOroo6-
pasue ToJA KOHTAKTHBIX ILIOCKOCTeil, Jexamee B 27,

Onpepenenue. 3adava Kowu paAa rumep-
nosepxHocT E?" B KOHTakTHOM MHOT006pa-
3un M?"*! ¢ HavanbHbIM MHorooGpasuem N7~!
COCTOUT B OTHICKAHUU MHTErpalbHOI0 MHOroo0pa-
3ufg Y™ moiad KOHTAKTHBIX ILNIOCKOCTel, Jeskalle-
ro B E?" u comepmaliero HaualbHoe MHOr0o6pa-
aue N"~! (puc. 62).

Teopema. Ilycmv x — Hexaparmepucmuiec- Puc. 62
kas' mouka HauaavHo2o0 muozoobpasus N"'. Tozda cywecmeyem ma-
kas oxpecmuocms U mouku x, wmo pewenue 3adauu Kowu das E*" NU

1

IOHPB,E[BIIEHHG HeXapakTepUuCTH4YeCKUX TOYEeK JaHOo B II. Il
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¢ HavaavHbli yeaosuem N1 N U cyuwecmsyem u A0KGABHO eFUHCTIBEHHO
(m. e. awo6vie dea pewreHus ¢ 0OWUM HALAABHBLM YCAOBUEM COBNAOAIOM 6 He-
KOMOpOLl 0KpecmHoCmu MoYKU ).

Mmnozoobpasue Y™ cocmoum u3s rapakmepucmuk, npoxodaujuxr iepes
MOYKU HAYAAbH020 MHO2000pasus N™ 1,

IIOKABATEJILCTBO.

CemeiicTBO XapaKTepUCTHK, NMPOBEJEHHBIX UYepe3 TOYKH HavalbHOI'O
MHoroo6pasufi, o6pa3yeT B OKPECTHOCTH TOUYKHU & IJaJKoe NOJMHOroo6pa-
3ue Y™ pasmepHoctu n B E?". JlokameM, 4To 3T0 MHOroo6pasue ABlAeTcA
WHTerpalbHbIM [ MOJA KOHTAKTHBIX TUNEPIIOCKOCTEI.

PaccmoTpuMm KoHTakTHYI0 1-dpopMy @, 3a1aromyio B OKPECTHOCTHU TOY-
KU & KOHTaKTHOe MoJe runepmiockocteii. 0603HauuM uyepes a cyskeHue dop-
MBI (@ HA OKPECTHOCTh TOUKH & B runeprnosepxHoctu E2".

®opMma a He obpamaercs B 0, Tak Kak runepnobepxHocTs E2™ Hexapak-
Tepuctuyeckan (cM. m. B). Ira dpopma onpepenser na E2" none kacareinb-
HBIX TMIEPINIOCKOCTeH (3TO clielbl KOHTAKTHBIX TMIepIuIocKocTel Ha E27).
Ilone xapakTepucTHUYECKUX HampapieHuil Ha E?" jlesuT B mole HyJeBbIX
miockocTeil popmer a (em. m. ).

PaccMOTpPUM B OKPECTHOCTH TOYKU x Ha FE2"

N , HKaroe-1n00 BEKTOPHOE I0Je v, HallpaBjeHue BeKTO-
Y pa KOTOpOro B Kam ol TOUKe XapakTepUCTHUYeCKOoe.
o 0 0603HaunM yepes {gt} olpefeleHHYyIO NoJeM v JI0-

KalbHYIO0 OfHONapaMeTpuuecKylo rpynny auddeo-
mMopdusmos Ha E?" (g* onpenenena B okpecTHOCTH
Puc. 63 TOYKH % TpH t, 6iuskux K 0), puc. 63.
Ramayio Toury MHoroo6pasusa Y™ MO#HO IO-
JIy4UTh U3 HEKOTOPOI TOUKM HavyalbHOr0 MHOroo6pasud NocpeAcTBOM MOJ-
xopAmero auddeomopdusma gt.
Jlemma A. @opma a pasna Hyawo Ha kKacameabHol naockocmu ¥ Y

68 MOoYKax HA1aaAbH0O20 /mmeoodpaauﬂ.

Jemma B. Judgpeomopdusmo. gt nepeeodam nyaesvie naockocmu gop-
MbL @ 8 HYAeBble.

HJOKA3ATEILCTBO.
A. Ha BekTopax, KacaTelbHbIX K N" "1, ¢opma a paBHa 0, Tak Kak
MHoroo6pasue N unterpanpHoe. Ha BekTOpe v dopma a paBHa HyIIO, Tark
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KaKk XapaKTepUCTUYEeCKOe HalpaBiieHHe JeHUT B KOHTAKTHOU THMEpILIoc-
KocTU. 3HAuUUuT, popMa a paBHa () Ha cymMme T, N + Ru. [ ]

B. PaccmorpuM Kakoii-HuGy b BeKTOp &, Ha KOTOpoM (opma a obpa-
maetcA B () (mpuioeH bl He 06A3aTENbHO B TOUKe HAYalbHOr0 MHOT006pa-
3uA). Beruucnum 3uavenue da Ha nape (v, £) B 3T0it Touke. [lo onpenenenuio
¢bopMbI @ = g, 9TO 3HaYeHNEe PABHO 3HAYEHHIO NPOM3BOJHON KOHTaKTHOM
dopmbl da(v, €). Ilo onpeeneHnIo XapaKTEPUCTHUECKOTO HAlpaBIeH KA, T10-
cnenHee yucno paBHo 0 A mo6oro BekTopa ¢ B KOHTAKTHOH MIOCKOCTH.
Ilo nemme 1. E, a = 0 unBapuanTHo oTHOocuTenbHo {gt}. [

N3 nemm A u B BbiTekaeT, uTo ¢popma a obpaimjaetca B () Ha Bcex Kaca-
TelbHBIX BeKTopax Kk Y. CiegoBaTelbHO, MHOrooOpasue Y™ HHTerpaibHOe.

HrtaK, Mbl IOCTPOMIIY UHTETr palbHOe NoAMHoOroo6pasue Y™ C E?™ nonsa
KOHTaKTHBIX T'UNEPILIOCKOCTel, IPOXofsAllee Yepe3 HavyalbHOe MHOroobpa-
sue N"1,

3. HokasaTejbCTBO €IUHCTBEHHOCTH.

JIemMma. KacameavHaa naockocms ¥ A1060MY N-MePHOMY UHMEZPALb-
HOMY MH02000pA3UI0 NOASL KORMAKMHBLT naockocmetl, aexcaweny 6 E**, co-
depacum raparmepucmuieckKoe HanpasieHue.

T OKA3ATEIBCTBO.

CymeHre KOHTAKTHON 1-dopMbl o Ha M06G0e cBoe HHTerpajibHOe MHO-
roo6pasue paBHo (. CyseHnue 2-¢hopMbl da Ha 3T0 MHOr0oOpa3ue paBHO MpPo-
HU3BOAHON cymeHua ¢popMbl «, TO ecTh Hydi0. CilegoBaTelbHO, M06GbIe ABa
KacaTellbHbIX BEKTOpPa K HHTErpajbHOMY MHOI000pasuio KOCOOPTOrOHAb-
HbI (B CMbIC/Ie KOCOCKAIAPHOro NpousBeeHnA dalqy=o).

BeKkTop XapaKkTepHCTHYeCKOro HampaBieHus Ha F2™ KocoopTorosasieH
BceM BekTopaM u3 E?", nemamum B miockocT o = 0. Ilpeanonomum, uTo
OH He MPUHAJNE}KUT KacaTelbHOH MIOCKOCTH K MHTErpajlbHOMY N-MEPHOMY
MHOroo6pasuio MojiA KOHTAKTHBIX IIOCKOCTeil, nekamemy B 2", Hatany-
TO€ Ha 3TOT BEKTOP M HA 3Ty KacaTelbHYIO IJIOCKOCTb HOANPOCTPAHCTBO
nMeeT Torjga pasMmepHocTb m + 1. Ho Bce BEKTOpPBI MOCTPOEHHOrO MOAMPO-
CTpaHCTBa MONApHO OpTOroHanbHel. CoraacHo 3agade 2 1. I, pasaMepHOCTDb
TaKoOro MOATIPOCTPAHCTBA HE MPEBOCXOIUT 7N. [

U3 nemMmbl clieiyeT, UTO BCAKOE UHTErpajlbHOE N-MepHOe MHOrooopasue
0JIA KOHTAKTHBIX IUIOCKOCTel, nemalnee B 2", colepuT BMecTe ¢ Kam-
IOil cBOell TOYKOI MHTEPBal XapaKTePUCTUKH, NPOXOAAIIeil yepe3 3Ty TOY-

7 B.U. ApHoab g
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RY. OTCI'OIIa cilegyeT €eJUHCTBEHHOCTb HHTErpalbHOI'o MHOFOOﬁpaSI/IH, CO-
Jep:;amero jaiHHoe HadallbHOoe MHOF006p83I/Ie.

H. IIpuMmeHeHNe K HeJWHEHHOMY YPaBHEHHIO € YacTHBIMU
NMPOU3BOAHBIMHU [€PBOr0 MOPAIKA.

PaccmoTpuM Tenephb HelMHeHHOe ypaBHEHUE C YAaCTHBIMU MPOU3BO[-
HbIMU NI€PBOTO NMOpAAKA OTHOCUTENbHO GyHKRINHN u: V™ — R rar runepmo-
BepxHocTh E2" B MHOroo6pasuu 1-ctpyit M2+l = J1(V™, R), cuabuen-
HOM CTaHIapTHON KOHTAKTHOW CTPYKTYPOH.

Oycrts (21, ... , ;) — JOKaIbHBIE KoOpAUHATHI HA V™, u — Ha R; 06o-
3HayuM uepesd (L1, ..., Tnj U P1, -« - 5 Pn) COOTBETCTBYIOUINE OKAIbHbIE
KOOpAMHATHI B mpocTpaHcTBe 1-cTpyit. Toraa auddepennuaibHoe ypaBHe-
Hue (JOKallbHO) 3alKChIBAETCA B BUJIE

®(z, u, p) = 0. (1)

OTbIckaHMe pellleHUl 3TOr0 ypaBHEHUA CBOJUTCA K OThICKAHUIO HHTET-
palbHBLIX MOBEpXHOCTeil MoJIA KOHTAKTHBIX IJIOCKOCTel, Nexamux B E2" u
ABnAomuxcaA 1-rpapuramu gysruuit (cM. nyHkT B).

Hamu obuiue TeopeMbl CBOJAT OThICKaHKe pelleHUil 3TOro ypaBHeHUA
K IOCTPOEHHUIO XapaKTepHCTHR Ha F2", 171d yero HyHO HaiiTU HHTerpajib-
Hble KpUBbIE N0JIA HanpaBleHuii Ha F2" (T.e. pemuThb cucTemy 2n — 1 06bIK-
HOBEHHbIX AnddepeHnalbHbIX ypaBHEHUIT).

Teopema. Pewenus ypasnenusn (1) — amo dynryuu, 1-zpaguru ko-
MOpLLT COCMOoAm u3 xapaxmepucmuk Ha F>".

I OKA3BATEJILCTBO.
CMm. mn. B, A, H. [

K. 3apaua Romwu giA HelWHENHOro ypaBHEHHMA € YacTHBIMU
NMPOH3BOAHBIMH IE€PBOro MopAAKa.
Ilycts y"~! C V™ — (n-1)-mMepHoe NogMHOroo6paszie MHOT006pa-
aua V", ¢: y"~! - R — rnagkaa ¢oyusuua, E2" C JY(V", R) — raaakasa
HexapaKTepUCTHYeCKaA UIEePIOBEPXHOCTh, 3a1aHHan ypaBHeHueM (1).

Onpepnenenue. 3adavei Kowu nna ypaBuenus (1) Ha3biBaeTcA 3aaya
oTbIcKaHuA pemienuda u: V — R, KoTopoe Ha y o6Gpamaerca B .

Onpepenenue. HavaavHvim mHozoo6pasuem N, NOCTPOEHHBIM MO Ha-
JanbHOMY yciloBHIO (7, ), HasblBaeTCA MHOMECTBO, COCTOAINEe U3 Bcex
l-ctpy#t ¢yHrumit Ha V", yHOBIETBOPAIOIWHUX CIENYIOMWUM YCIOBHAM
(puc. 64):
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1) Touka npulOMeHUA CTPYU JEHKUT
n—1

Ha 7y
2) 3nauenue GYHKIUYU B 3TON TOUKE paB- (w,p)4
HO 3HAUEHUIO .
3) 3uauenuwe mnonHoro audGepeHuana
(YHKIUU B 3TON TOUKE TAKOBO, UTO €ro Cy:H#e-
HHe Ha KacaTelbHYIO INIOCKOCTh K y™ ! paBHO
nonHoMy JuddepeHnNany HadalbHOTO YCIO-
BUA .
4) Ctpysa npuHagnemut FE2",

Puc. 64
Onpepnenenvie. Touka HauaabHOr0O MHOrooOpa3uA Ha3bIBAeTCA Hexd-

paxmepucmuyeckoil n1ua ypaBHenus (1), ecain NpoeKkUuA xapakTepucTHYec-
KOro HalpaBieHHUA B 3Toil Touke Ha V TpaHcBepcalbHa K 7. (JTo ompeje-
JeHUe OTINYaeTCA OT AaHHoro B m. II.)

3AMEYAHHUE. I'0BOpAT, YTO «IPOU3BOAHBIE HCKOMON GyHKINH 1O N — 1
HanpaBleHUIO BJOJb 7 ONpefeNA0TCA HayalbHbIM yCIOBHEM, a IPOU3BOJ-
Haf 10 NoCJIeJHEeMY HampaBleHHIO (TpaHCBepcalbHOMY <) ONpeelfAeTca U3
ypaBuenus (1)».

ITpuMEP. IlycTh 7 3agmano ypaBHeHueM x; = ( B IpOCTpaHCTBE C KO-
opaunHatamu (x1, '). Torga N 3agaeTca ycioBuaMu

,_ Op

z1 =0, u = ('), p= o

p1 onpefensierca u3 ypaBHenusa ®(x, u, p) = 0.

Teopema. I[Ipednoaoscum, wmo moura (xg, g, Po) NPOCMPAHCIEA
1-cmpyii asasemea Hexapakmepucmuieckoll moikol HA1aLbH020 MHO2000Da-
sua N. Tozda pewenue ypasnenus (1) ¢ HavaavHbLM Yyeaosuem N 6 Hekomo-
poti okpecmuocmu U HavaavHOl movku x(y cywecmsyem U A0KAAbHO €0UH-
cmeenHo (6 mom cmbicae, YMO 6CAKUe 064 PelleHUs YPABHEHUA, YJoe.1emeo-
paowjue HAYAALHOMY YCAOBUIO u|UM = <p|Um, u(zo) = up, du(zo) = po,
cosnadawm 6 HeKomopol 0KpPecmHoCmu MOYKU Xo).

IIOKA3ATEJILCTBO.

JTO BBITEKAET U3 TeOpeMBI II. H{, KOTopaA JaeT TaKMe U crnoco6 mo-
CTPOEHHUA pelieHum. | |
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JI. BeruucaurenbHbie GpOpMYyJbl.

3AJAYA. Breimucath fABHO guddepeHnNanlbHOe YpaBHEHHE XapaKTepPHCTHK
nas ypasuenus ®(z, u, p) = 0.

OTBET.
&= <I>P7
p = _<I>€'J - p(bu,
= pP,.

PEIIEHHUE. PaccmoTpuM BeKTop, KacaTelbHbl kK MHoroot6pasuio ®=0. [Iaa
TaKoro BeKTopa ¢ Komnonentamu (X, U, P)

¢, X+2,U+2,P=0.

ITOT BEKTOp J€KUT B KOHTAKTHOM IIOCKOCTH, eClid Ha HeM o6GpalaeTcAd B HYIb
¢opma du — pdx, T.e. eciu U = pX.

Urak, ycinoBue, HeoGXoAumMoe M [AOCTATOYHOE JIA TOr0, YTOOBI BeK-
top (X, pX, P) neman B mepecevyeHUH KOHTAKTHOI IIOCKOCTH ¢ KacaTelbHOM
K MHoroo6pasuio ¢ = 0, ecTb

XapakTepuctudeckuiit Bektop (&, 4 = px, p) ONpefelAeTCA YCIOBHEM pa-
BEHCTBa HYIIO KOCOCKAIAPHOr0 NPOU3BeJeHUA co Bcemu Bektopamu (X, pX, P),
YIOBIETBOPAIOMMMY NpPeJbIAYIIeMYy PaBeHCTBY.

Ho »3T0 KocockansapHoe npou3sBeJeHNe paBHO 3HaueHHUIo da = dx Adp Ha nape
BeKTOpOB (&, & = p&, p), (X, U = pX, P), T.e. paBHo P — pX.

Uraxr, ypaBHenue (2) orHocutenbHo X u P [NOMHO GbITh 3KBHUBAJIEHTHO
YPaBHEHUIO

@—pXxX = 0. 3)
CienoBarenbHo, K03 duurentsl npu X u npu P B ypaBHenusax (2) u (3) npomop-
[MOHANbHBI. ITO U JlaeT NpPUBEIEHHbIN 0TBET, BBULY PABEHCTBA U = pi.
M. YecaoBUA HeXapaKTePUCTHYHOCTH.

3AJAYA. BreimucaTh fABHO yciaoBuA Ha 7y, ¢ U P, mpu KOTOPBIX TOUKa
(w0, uo, po) ABIAAETCH HeXapaKTEPUCTUYECKOH mafA ypaBHenua P(z, u,p) =0
¢ HavYaJbHBIM YCJIOBHEM ¢ Ha 7.

OTBET. ®,(xo, uo, po) He KacaeTca vy B o (puc. 64 Ha crp. 102).

PEmMEHNE. CnpoeKkTHpyeM KacaTelbHYIO IUIOCKOCTb K IOBEPXHOCTH, 006-
pa3oBaHHON XapaKTepUCTUKaMM, IMPOXOJAINMMU Yepe3 HadyalbHOE MHOroobpa-
3Me, Ha Z-NpPOCTpaHcTBO. Eciu mnoBepXHOCTb — l1-rpaduK pelleHUA U TOY-
Ka (Zo, wo, Po) HeXapakTepUCTUYECKafA, TO KacaTelbHadA IJIOCKOCThL MOPOMAeHA



