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NPEAUCIIOBHUE

CrioBo «Gudypkalus» O3HAYaeT «pa3NBOEHHE» U YHOTpebJseT-
Csl KaK HaspaHHe JII0O60r0 CKaykooGpa3HOrO H3MeHEHHs, IPOHCXOAA-
HIero NpH IJIaBHOM H3MEHEHHH IapaMeTpoB B JIOOOH cHcTeMe: HH-
HaMHYECKOH, 3KoJorugeckoh u T. A. Hawr o0630p mocesuier 6udyp-
KauusiM ($asoBbIX NOPTPeToB AHd¢epeHNHaNbHEX YypPaBHEHHH — He
TOJNIbKO OH(YpKALMAM NOJOXKEHHH PAaBHOBECHS M IpeLeJbHBIX LHK-
JIOB, HO NepecTPOMKAM CHCTEMHl B LI€JOM H, IIPEXKAe BCEro, ee HH-
BAPHAHTHBIX MHOXKECTB H aTTPaKTOpOB. TakKas IOCTaHOBKa npobJe-
MBI BocxoauT K A. A. AHIpOHOBY.

Cessu ¢ TeopHeli GudypKalHii NMPOHH3BIBAIOT BCE €CTECTBO3HA-
Hue. lndpdepeHuyanbuble ypaBHeHHsS, OIHCHIBAIOLIHE peasbHHE
¢usnyecKue CHCTeMBI, Bcerja COAep:KaT NMapaMeTpH, TOYHbIE 3Ha-
YeHHs] KOTODHIX, KaK IPaBHJO, HeH3BecTHHl. Ecau ypanHeHue, Mo-
JeJqupyiolliece (pU3HUECKYI0 CHCTEMY, OKa3blBaeTcs CTPYKTYPHO He-
YCTOHYHBLIM, TO €CTb IIOBeJeHHe ero pelleHHH MOXKeT Ka4eCTBEHHO
H3MEHHTBbCS IPH CKOJb YrOJHO MaJjiOM H3MeHEeHHH NPaBOH YacTH, TO
Heo0X0AuMO TOHATH, KaKHe OHpypKauuu ¢(a3oBOro moprpera mnpo-
HCXOJST NIPH M3MEHEeHHU IapaMeTpoB.

Yacro MoaesbHblE CHCTEMBI OKa3bIBAIOTCS HACTOJBKO I'DOMO3J-
KHMHY, YTO He AONYCKAIOT COJEepkKaTesJbHOro HCC/AefOBAaHHSA, Npex-
Jle Bcero H3-3za OOMJHS BXOJSAUIMX B HHUX NepeMeHHbIX. IIpu mayde-
HMH TaKHMX CHCTEM YacTb NIEPEMEeHHBIX, MaJO MEHSIOLIHXCS B XOAe
npoiecca, Kak NpPaBUJO, NOJaralT IOCTOSHHEIMHM. B pesyabrare
AoJIyyaeTcss CHCTEMAa C MEHbIIMM KOJIHYeCTBOM IIepeMeHHHX, KOTO-
past u uccaenyercs. OfHAKO yyecTb BJHSHHe OTOPOIIEHHBIX YJEHOB
B HCXOJAHOH MOJEJH, pacCMaTpPUBaeMOH «HHAUBHAYyaJbHO®, 3aya-
CTYI0 HEBO3MOXKHO. B 3TOM ciydae oTOpOILEHHBIE UJIEHBH MOXKHO
paccMaTpHBAaTb KaK THIHYHBIE BO3MYLIEHHS, H OIHCLIBATH HMCXOX-
HYIO MOJeJb cCpeAcTBaMH TeopHH O6udypKauuh.

ITepedpasupys usBectHhle ciaoBa Ilyankape o nepHoaMdYecKHX
pelIeHUsiX, MOXKHO CKas3aTh, 4T0 OudypKauuH, Kak ¢akemasl, ocBe-
IIal0T OYyTh OT HCCJIELOBAHHHIX JHHAMHUYECKHX CHCTeM K HeHccJe:
JOBaHHBIM. DTy poJb Teopun OudypKauMii  HCIOAb30BAJH
JI. 1. Jlannay u mnosxe 3. Xond, NpeiJOXKHUBIIHE 3BPHCTHYECKOE
ONmHCaHHe NepeXofa OT JIaMHHAPHOTrO Te4eHHs K TypOyJeHTHOMY NpPH
Bo3pacTaHud uhcia Peilinonbica. B cuemapuu Jlamgay sror mepe-
XOJ OCYLIecTBJsACA depe3 OGuypkauuu TOPOB Bce BO3pacTarollel
pasMepHocTH, Ilocsie Toro, Kak 300MapK AMHAMHYECKHX CHCTEM H
ux Gudyprauuil Heo603pUMO paspoccs, NOsBHJIAck Macca paboT;
ONKCHBAKIUINX, B OCHOBHOM Ha (PH3HUYECKOM YPOBHE CTPOrOCTH,
nepexox OT PEryJsipHOro (JaMHHADHOTO) JABHXKEHHS K XaoTHYe-
ckoMy (TypOyseHTHOMY). C NOMOIIBIO HCCJIEAOBAHHSA IENOUYKH OH-
dypKauuii 00BICHEHO XaOTHUYECKOe NOBEJEHHe TPEeXMOJOBOH MOZe-
Jiu JlopeHIla KOHBEKTHBHOTO JBHIXKEHHs; 3TO OObsICHEHHEe He BOILIO
B HacTosAWMH 0630p, HOCKOJBbKY B HEro, o coo0paxkeHHsIM 06beMa,
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He BKJIOYEHH GH]YDKalHH B CHCTEMAaX C CHMMETDUAMH: CHCTEMa
JlopeHila HeHTPAJbHO CHMMETPHYHA. ’

K Tteopun Oudypkanuii, B KoTopo#i mapaMerph He MeHSIOTCH C
TeYeHHEM BDEMEHH, TeCHO IPHMHIKAeT TEOPHs peaKCallMOHHBIX KO-
ne6anufi, H3yyamollas CeMEHCTBa, B KOTOPHX NapaMeTphl C TEUeHH-
€M BpeMeHH MelNJIeHHO MeHAIOTCH (3TH mapaMeTphl Ha3bIBAlOTCA
«MeJJIEHHHIMU IIepeMeHHHMH»). B’ «6HCTpO-MelJieHHbIe» CHCTEMbS
TEOPHH peJaKCAllHOHHBIX KoJe6aHHH BXOAHT IapaMeTp MeNJEeHHO-
CTH — XapaKTepHas CKOPOCTb H3MEHEHHs MEJICHHHIX IePEeMEHHHIX.
Ilpn HysneBOM 3HaueHHH STOro HapaMerpa OHCTPO-MelJIeHHAst CHC-
TeMa IpPeBpalllaeTcsi B CEMeNCTBO, H3yuaeMoe B TeOpHH GHypKa-
IHH; IIpH HEHYJEeBOM BO3HHKAIOT cneun<1mqecxne SIBJIeHAs, HHOIJa
Ha3bIBaeMhble «THHAMHYeCKUMH OHYypKauUuaMH».

B o63ope cHCcTeMaTHYeCKH MCNOJb3YETCHA CBA3b TEOPHH Oudyp-
Kallui ¢ TeopHel ocobeHHOcTed. PelieHde MHOTHX, B OCHOBHOM, JIO-
KaJIbHHX, Npo6JeM TeopHH OHpypKallHd COCTOMT B TOM, 4YTOOB:
NPeAbABHTh H HCCIEfOBaTh TaK HAa3hBaeMOe IJIaBHOe CeMeMCTBO —
CBOEro poja TONMOJIOTHYECKYIO HOPMAaJIbHYI0 (opMy AJs ceMeHCTB
HceaenyeMoro Kijacca. Teopus ocob6eHHOCTeH NO3BOJISIET yrajiaTh B
YacTHYHO HCCIefOBaTh TIJaBHble ceMefictBa. OHa omHuchHIBaeT Tak-
Xe OUpypKalUHH NOJOXKEHHH PaBHOBeCHs, OCOOEHHOCTH MelJIeHHOR
TIOBEDXHOCTH, MEAJICHHBE [BHIKEHHA B Teopnu peJlaKCaluOHHBIX
KoJe6aHuH H T. J.

OTrMerHM Takxe, 4TO MJS HeJIOKaJbHOA Teopun Oudypraumit
OKa3hBAaIOTCA OCOOEHHO I0JE3HBIMH KOHEUHOIVIaJiIKHe HOpMaJibHble
¢opMH JIOKaJNbHBIX ceMeHcTB JH(¢epeHHHANbHEIX YpPaBHEHHH.
OTH HOPMaJibHBle (OPMEI 3HAYHTEJHHO YNPOINAIOT OTHICKAHHE H HC-
ciefoBaHue OHQypKalMi, a TakKe OOOCHOBaHHe H HCCJIeNOBaHHE
NOJIy4eHHHX pe3yabTaToB. C APyro#l CTOPOHHI, HeJIOKAaJbHAsl TEOPHS
6udypKanHil NO3BOJSET BHAENHTb 3afayd TEOPHH HOPMAaJIbHRIX
¢opM, BaxHHe AJas npuiaoxeHHA. Ha Ham B3ryifh, CBS3b MEXAY
TeOpHeH HOpPMAaJbHHIX (OPM H HeJOKaJbHOH TeopHell GMbypKauni
B HacToslllee BpeMsl HCNOJb3yeTcst HeJOCTaTOYHO.

Hapsany ¢ u3BeCTHRIMH, 0630p. BKJIIOYaeT Psifi HOBHLIX pe3yJibTa-
TOB; HEKOTOphle H3 HHX M3BECTHHl aBTOPaM H3 YaCTHHIX cOOGILe-
HUA. K HUM OTHOCATCA: NHOJIHOe HCcJefoBaHHe GUpYpKaUHi mOJo-
JKeHHHl paBHOBECHS B THIUYHHEIX ABYIapaMeTPHUECKHX ceMeHCTBax
BEKTOPHBEIX NOJIeHl Ha IJIOCKOCTH ¢ ABYMsS IepeceKaloliMMHCS HHBa-
pPHaHTHBHIMH NPSMBIMH (TaK Ha3blBaeMasi PeIyUHPOBAaHHasi 3afaua
0 IBYX MHHMHX napax, JKosongex, n.n. 4.5, 46 raasu 1); mo-
CTpOEHHE KOHEWHOIJIaJKHX HOPMaJIbHBIX (popM ¥ QYHKIHOHAJIbHHIX
MOZy et Cl-knaccHOHKALMU JIOKAJbHEX CEMefiCTB BEKTOPHHIX TNO-
Jgefi u pupdeomopdpusmos (cosmectro ¢ C. 0. Skosenxo, m.n. 57—
5.10 raaBH 2); NOCTPOEHHE TONOJOTHYECKOTO HHBapHAHTA BEKTOP-
HEIX NOJIeH C FOMOKJIHHMYECKOH TpaeKTopHeHd celJia, HMeIOUIEro
KOMIUIEKCHbIE COOCTBeHHble 3HauemHsi (1. 5.6 IyIaBH 3); ONHCaHHe
THNOHYHOH JAByNapaMeTpHueckoi nedopMalmMH BEKTOPHOro MNOJsA C
IBYMsl TOMOKJIMHHYECKHMH KPHMBHIMH cefijla, NIpHYeM 6u(ypKalHOH-
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Hasi Adarpamma gedOpPManuy¥ = COAEPXKHT KOHTHHYYM KOMIOHEHT
(. B. Typaes, JI. I1. IllnabuukoB, 0. 7.2 riaBul 3); ONpeleseHHE
«CTATHCTHYECKH IPeAeJIbHOTO MHOXKECTBA» — BO3MOMKHOTO KaHIHIA-
Ta Ha NOHATHE «(pH3HUECKOro aTTpakropa» (m. 8.5 raasH 3); ykasa-
HHe CBSI3H MeX/y TEODHSIMH HEeSBHBHIX YPABHEHHH H pPeJaKCAUHOHHKX
KoJeOaHHH W HOPMaJIM3alHs MeJJIeHHHX ABHXEHHH AJs OHCTpO-
MEJJIEHHBIX CHCTEM C OLHOH H ABYMS MeNJeHHHMM IepeMeHHHIMH
(mn. 2.2—2.7 raasu 4); HOpMaJu3anus GHICTPO-MeJJeHHHX ypaBHe-
HHH, HanHCaHHe H HCCIeJOBaHHE CHCTEM IepBOTO NpHGIHKEeHHS
(nn 3.2—3.5 riaBH 4); mccaefoBaHHe 3aTSATMBAHHA TNOTEPH YCTOH-
9MBOCTH B THIHYHHIX OHICTPO-MeJJIEHHBIX CHCTeMaXx MpH Iepexoje
nape coOCTBEHHBIX 3HaueHHH YCTOHYHBOH 0COGOH TOUKH OBICTPOrO
YPaBHeHHsl uepe3 MHHMYIO OCbhb (JuHaMHyecKas OHdypKauus pox-
Eenust nukaa; A. Y. Hefimuraar, § 4 rnaeun 4). OTMeTHM Takxe
runoresy o OudypKanusXx B THIOHYHBIX MHOrONapaMeTpHUYECKHX
ceMeHCTBaX BEKTOPHBIX MOJEH HA IJIOCKOCTH, TeCHO CBfI3aHHYIO C
wecTHagnaTtod npobiaemoit I'manbepra (1. 2.8 raasu 3).

- Ham o630p, ecTecTBeHHO, SIBJAAETCS HEMNOJHBIM. MBI He BKJIOUH-
JIH B HETO, CPAaBHUTEJbHO HEMHOTOUHCJEHHBIE, Pa6OTH O JOKaJAbHBIX
6udypKauHax B TpexmapaMeTpPHYECKHX CeMeHCTBaxX U O HeJOKaJb-
HHIX OMQypKalUHsaX B AByllapaMeTPHYECKHX CeMEHCTBaX; HEKOTOpHIe
CCBIJIKH JaHBl B CIHCKe JIHTEPATypH. B onmHcaHHH HeJOKaJbHBIX OH-
(pypKauu# MBI OrPAHHUYHJIHCH TOJBKO TEMH, KOTOpPble MPOUCXOAAT Ha
rpaHuie MHoXecTBa cucTeM Mopca—Cwmeiina. Teopusi takux Ou-
¢ypkanuii B 3HaUHTeJbHOH YacCTH 3aBepillleHa, XOTd H HEeJOCTaTOod-.
HO INHPOKO H3BeCTHAa: INOCBAINEHHBle eH paboTH MaTeMaTHKOB
TopbKOBCKO# IIKOJIE 3a4aCTyi0 MyOJHKOBAIHCh B TPYAHOAOCTYIHBIX
_Hcrounukax. He HcelenoBaHa Ta 4acThb TPaHMIBI MHOXKECTBa CHC-
TeM Mopca—CuMeiina, Ha KOTOPO# BO3HMKAET CYETHOE MHOMKECTBO
HeOJyXAaloIMX TPAeKTOPHH; 3ToH mnpobiaeme noceaued § 7 ria-
8ol 3. [lasi cOXpaHEHHs! e[MHCTBA CTHJI Mbl GOPMYyJNHpyeM H3BECT-
HBlE Pe3yJbTaThl 3aYaCTyIO HE B TOM BHJE, KaK B NI€DBOHCTOYHHKAX.

Fmaset 1 n 2, kpome n. 1.6, mamucansr B. W. ApHoabmom #

10. C. Unbsimenko. I'maBa 3, B ee OKOHYaTeJbHOH pelaKLUy, Ha-
nucana B. C. Appamosuuem u 0. C. Unbsiienko npu yuacruu
B. U. Apuoabga u JI. I1. Huapaukosa. I1ynkr 1.6 rmaBn 2 Hanu-
can B. C. Adpaitmosuuem. ITaparpadsi-1 U 2 raaspl 4 HamHCAHBL
B. HU. ApnoasmoMm, § 3, kpome n. 3.7, 0. C. Habsguen-
ko. [Tyskr 3.7 raaem 4 wHanucan H. X. PososmmMm, § 4—
A. U. He#tmrragrom, § 5— A. K. 3BOHKHHEIM. ABTOpH IpH-
HOCST MM CBOIO HCKpeHHIOW  GaarogapHoctb.  CHHCOK  JH-
TepaTypsl He INpeTeHAyeT Ha IIOJHOTY.  lIpu ero cocraBieHHH
MHE KHCXOJMJIH M3 TeX Ke [PHHHHIOB, 9YTO H B o630pe [26]
"B YaCTHOCTH, HCIOJIb30BaJiaCh CHCTEMAa ABOJHHIX CCHUIOK — [a:b
uinu [a, ctp. b]. IlepBoe 0603Hauaer pabory [b] u3 cmucka nutepa-
Typel B [a], BTOpoe — pabory, LuTHpOBaHHYI0 B [a] Ha ctp. [b].
3Hak A YKa3hBaeT KOHEI HeKOTOPHX (OPMYJIHPOBOK.
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Taasa 1
BU®YPKAUHHU IOJOXEHHMN PABHOBECHA

Teopus 6ugpyprayuii JUHAMHYECKHX CHCTEM ONMHCHIBAET KayecT-
BEHHble, CKayKooGpa3Hble H3MeHeHHs (a30BBIX HOPTPeTOB audpde-
PEeHIHAJbHLIX YpPaBHEHHH IDH HelpepLIBHOM, NJIABHOM H3MEHEHHH
napaMerpos. Tak, npu norepe yCTOHYHBOCTH 0COGOH TOUKOH MOKET
BO3HHKHYTh NpeNeJbHBIH UMKJ, a IPH NOTEpe YCTOHYMBOCTH mpe-
HeNbHEIM LHKJOM — Xaoc. Takoro poja H3MeHEHHs Ha3HBalOTCA
bugyprayuamu.

B 3T0#t M caenyiolliell riaBax paccMaTpHBAIOTCA TOJBLKO JIOKAJb-
Hple GudypKaluuH, TO ecTh OudypKauuu (hDa3oBHIX MOPTPEeTOB BOJH-
3H 0COOBLIX TOYEK H NpeldeNbHBIX LHKJIOB.

B auddepenuuanbEbx ypaBHEHHSX, OIHCHBAIONHX peaJsbHBEE
¢usuyecKHe sIBJIeHHS, Yallle BCErO BCTPEYAIOTCS 0COOBIE TOUKH U
IpeNebHble UHKJIb OOLIEro NMOJIOXKEHHS, TO €CTb THnepGONHYecKHE.
Onunako BcTpewaloTcst M CHelHalbHBE KJIacCh AH(¢epeHUHaTbHbIX
yDaBHeHHH, rlle Aejo oO6cTOHT HHade. TakoBbl, HalpuMep, CHCTEMEL,
ofsafawliye CHMMETPHSIMH, CBS3aHHEIMM C IPHPOJAOH ONHCHIBaA-
€MOro SIBJICHHS, a TaKXe IaMHJbTOHOBH YPaBHEHHs, o6paTHMBlE
' CMCTEeMBHl, YpaBHEHHs, cOXpaHswomHe (a3oBHH o6beM. Tak, Hampu-
Mep, pacCMOTPHM OJHOIapaMeTPHUeCKOe CeMeHCTBO AHHAMHYECKHX
CHCTEM Ha NMPSMOH ¢ CHMMeTpHel BTOPOro mopsaKa:

x=u(x, &), v(—x,e)=—v(x,¢).

Tunuynas 6udypralHs CHMMETPHYHOIO INOJOMKEHHS PABHOBECHS
B Tako# cucreme («rpesybey») wusobpaxena Ha puc. 1 (v=
=x(e—x?)). OHa COCTOHT B TOM, YTO OT TEPSIOLIEr0 YCTOHUHBOCTD
CHMMETPHYHOIO TOJIOXKEHHSI PAaBHOBECHS OTBETBJSAETCS NBa HOBHIX,
MeHee CHMMETPHUHBIX, [OJIOXKeHHs paBHOBecHs. IIpu atoM cummer-
PHYHOe MOJIOXKEeHHe DAaBHOBECHS COXpaHseTcs, HO TepseT YCTOHYH-
BOCTb.

Puc. 1. Budypkauus NoJOXeHRE paB-
HOBECH:l B CHMMETPHYHOM CHCTEMe

B TtunuyHOM opHOmapamerpHueckoM ceMeiicTBe oG6IHX (necum-
METDHYHEIX) CHCTeM Tpe3yGusl He BCTpeyaioTcd. IIpH THIHYHOM
MaJIOM BOSMYLIEHHH CeMeHCTBAa (XOTs Obl YyTh-4yTh HapyuIaolieM
CHMMETpHIO) Tpesybel Ha pHC. | NpeBPATHTCA B OZHY H3 YeThpex
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KpHBHIX (pHc. 2). W3 3THX PHCYHKOR BHJHO, UTO SIBJIEHHS, IPOKCXO/-
HlHe NPH IJaBHOM, MeJJEeHHOM H3MeHEeHHM NapaMeTpa B H€aJM3H-
POBAHHOM CTPOTO CHMMETDHUHOH CHCTeMe M B BO3MYLIEHHOH CHC-
TeMe, KaYeCTBEHHO pa3jnyHel. [1o3TOMy yuer BJAHSHHMSA MaJblX Hapy-
HIeHHH CHMMeTpHH HeOOXOAMM AJsl aHaju3a OHypKauMid B CHM-
METPHYHOH cHCTEME, €CJIH TaKue HapylleHHs BOOOILle BO3MOXKHEHIL.
C [pyrofi CTOpPOHE], HHOTAA BCTPedalOTCsl H CTPOTO CHMMETPHYHEIE
0 CaMOH CyTH [esa MoJend (TaKOBHI, HalpuMep, HOpMaJibHbIEe
dopmsl; cM. HHKe § 3). B 3THX cayuasix HEOGXOAMMO HCC/IEROBATh
6u(pypKalLHH CUMMETPHYHBIX CHCTEM B KJacce BO3MYLIEHHH, He Ha-
pYIIAOUWHKX CHMMETPHH.

T

Puc. 2. Budpypkauun noJjoxkeHH# paBHOBeCHs B CHCTeMe, OJH3KOH K CHMMeT-
PHYHOH

BrlpoXK/eHHbIe CIyuad HEYCTPAHHMBI MaJbIM IIeBeJIEHHEM, eCJH
paccMaTpUBaeTCs He HHIHBHAyaJbHOE YPaBHEHHe, a CEeMEHCTBO
ypaBHeHHH. JloaToMy npH HcClIeAOBaHMH BHIPOXKIEHHOIO cJjyyas
OCHOBHYIO II€HHOCTb NpPEeACTaBJsfeT He H3yyeHHe MHIAHBHIYaJbHOIO
BBIDOK/JEHHOIO YpaBHEHHSI, a aHaau3 Oudypkanuii B ceMedcTBax
o6LIero MoJIOXKEHHS, B KOTOPHIX NMOJ0OHOe BBIPOXKJEHHe BCTPedaer-
csl HEYCTPAHUMBEIM 06pa3oM. TeXHHYeCKH 3TO HCCJeNOBaHHE IPOBO-
JUTCS C TIOMOIIBIO NOCTPOEHMSI CNeLHAJbHBIX — TaK HA3bIBaeMBIX

BepcalbHbLIX — Ae(opMaliii, B HEKOTOPOM CMBICJIEe COJEPKalluX BCe
oCTaJjIbHbIE.

§ 1. CemeiicTBa n aedopmaiuu

B atom naparpacde ¢opMyJaHPYIOTCA TEOPEMHl TPAaHCBEPCAJbHO-
CTH H «IPHHUUI CBEAEHHS», NO3BOJSIOLINH MOHHXKATh PasMePHOCTh
($ha3oBOro nMpocTpaHCTBA 3a CYET CBOEro pofa oTépacHBaAHHS HeCy-
11eCTBEHHBIX (THNEep6OJHUECKHX) NepeMeHHbIX. v

1.1. CemeiicTBa BeKTOPHBIX moJel. PaccMoTpum cemeficTBO
auddepeHIMaTbHBIX YPaBHEHHH

x=1v(x,¢8), x6UCR", eEBCR®*.

O6aacty U HasbBaeTcs (as3ossim npocTpancrsom, B — npocrpan-
cTéom napamerpos (uau 6asoii cemeticrea), V — cemelicTBOM Bek-
TOpHEIX ToJieli Ha U ¢ 6asoit B. Bcioay Rajee, eclH He OTOBOPEHO
NIPOTHBHOE, PacCMATPHBAIOTCA TOJBKO TIJajKkHe cemeiictBa (v KJac-
ca C~). '

1.2. MpocrpanctBo crpyit. Ilycrs U u W — obnacTn  Beluect-
BeHHO JHHeHHBIX npoctpaHeTB R* m R™. Ecau B mpocrpanctBax R*
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1 R™ Bui6paTh cHCTEMBI KOOPAMHAT, TO R-cTpysi oto6paxenus U—W
B TOYKe X OyHeT 3aJaBaTbCsi BEKTOPHHIM TeHJOPOBCKHM MHOroyse-
HOM cTelleHH <<k B TOYKe x. TeM caMBIM, MHOXECTBO BceX R-CTpYyH
orob6paxenuii U B W oroxpaecrBasercsi c¢ mpousselenneM UX
X {0pocTpaHCTBO M-KOMIIOHEHTHEIX BEKTODHBIX MHOFONJIEHOB OT 1t
nepeMeHHBIX cTeleHH He 6ojbile k ¢ mpHHamdexamuM#a W cBoboa-
HBIMH YjleHAMH} U NOTOMY sBJfeTCcs TJIaJKHM MHOroo6pasueM.
Muoeoo6pasue k-ctpyii orobpancenuid U B W obosznauaercsi yepes
MU, W) . _

Anasornuno onpeaensiercss MuorooGpasue J*(M, N) k-crpy#
otoGpaxeHH# raajgkoro MHoroo6pasus M B raagkoe MHOroo6pa-
3ue N.

1.3. Jlemma Capna u Teopembl TpaHCBepcaabHOCTH. PaccMoTpuM
rnagkoe otobpaxenue f:U—W. Touka-mpoobpas HasbiBaeTcs He-
pezyaaprot, eciu ob6pa3 NPOH3BOAHON B 3TOH TOUKe — HE BCe Ka-
caTeJIHbOE€ NIPOCTPAHCTBO K 06pasy:

Fua)TUFTrnW.

3HaueHHe [ B HeperyJsipHO# TOUKe HA3LIBAETCS HEPEryJsIPHEIM
3HaYEHHEM. -

Jlemma Capna. MHOXKeCTBO HeperyJsipHBIX 3HauyeHHH rJaj-
KOro oto6pakeHus uMeeT jeGeroBy Mepy HyJb.

Ha »3710if neMMe ocHOBaHBE (OpMyJHpyeMEle HHKE TeOpeMHl
TPAHCBEPCAJIBHOCTH.

Onpepenenune. Jlpa auHelHBIX moanpoctpanctBa X u Y au-
HeHHOTO NPOCTpaHcTBa L Ha3BIBAIOTCS TPAHCBEPCAAbHbIMU, €CTH HX
npsiMasi CyMMa ecTb Bce npoctpaHcTBo: X@Y=L.

Bciony B 3TOM nyskte A B B — rnagkue muorooGpasus, C—
riajgkoe nogMuoroodpasue B.

Onpepnenenune. OroGpaxenue f:A—B HasbiBaeTcst TPaAHC-
gepcanstoin K C B Touke a u3 A, ecnn au6o f(a) He NMpHHAMIEKHT
C, nu6o KacateabHas MIOCKOCTb K C B Touke f(a) M o6pas Kaca-
TeJbHOH TIJIOCKOCTH K A B TOYKE @ TPaHCBEPCAJbHBL:

S+ (@T A®T 1(4)C =T f(0)B.

Onpenenenue. Oro6paxenne f:A—B TpancBepcaabHo K C,
€CJId OHO TPaHcBepcanbHO K C B KaXI0H TOYKE U3 MHOroo6pasus —
npooGpa3sa.

3ameuande. Eciu dimA+dimC<dimB u oro6Gpaxenue
f : A—B tpancsepcaabHo C, To nepeceuenue f(A)NC nycro.

OGosnauum yepes C"(U, W) npoctpaHcTBO r-rilafkux otobpa-
xenuit U B W,

CnaGas teopeMa TpaHCBepcaJdbHOCTH gaAstiobna-
ctrefi npocrpaHcTtBa R" Ilycts C—raagkoe nogMHOroo6-
pasue B W. B npoctpanctBe C'(U, W) Bcioly mIOTHOE CYETHOe
nepeceyeHHe  OTKPHITHIX =~ MHOXecTB 06pasyloT .oToGpakeHus

D Takue nepeceueHHsl HAa3HBAIOTCH HHOMLA 2YCTHIMU MHOMCECTSAMU.
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f: U=W, tpancsepcaasurie C (npu ycaoBHH, yto r>max (dim W—-
—dim U—dim C, 0)).

Cna6Gas TeopeMa TPAaHCBEPCAJAbHOCTH AJs
MHOroo6pas3ui. Ilyctb A — KoMnakrHoe mHorooGpasue u C —
KOMIaKTHOe NoAMHOroo6pasue B MHoroo6pasuu B. Torma ortoGpa-
xKeHHd [ : A—B, tpaHcBepcasibHbe K C, 00pa3yi0T OTKPHTOE BCIOAY
NJIOTHOE MHOXECTBO B NPOCTPAHCTBE BCEX r-IVIaAKHX OTOOpaXKeHHH
A B B (r>max(dim B—dim A—dim C, 0)).

3ameuanne. Ecan onno ua Muoroo6pasuit A uau C HekoM-
NaKTHO, TO <«OTKPLITOE BCIOAY IJIOTHOE MHOXKECTBO» HY:XXHO 3aMe-
HUTb Ha «TYCTOE MHOXKECTBOY. '

[Myete M u N — rnapkue muorooGpasusi (MiaH 06JacTH B Bek-
TOPHBIX IpocTpaHcTBaX). C KaXABM OTOOpaxKeHHEM CBS3aHO €ro:

«k-cTpyiinoe pacwupenue» f: M—-J*(M, N); touke x u3z M cono-
cTaBasieTcsl k-cTpys otobpaxeHus [ B TOUKe X.

Teopema TpaucBepcanbHocTH Towma. Ilyers C—
co6CTBEHHOe II0AMHOroo6pasue mnpocrpactsa crpyd J*(M, N).
Torpa mHOXecTBO oTo6paxenuil [ : M—N, k-cTpyfiHbie pacuinpeHust
KOTODPHIX TpaHcBepcasbHbl K C, 06pa3yer Tyctoe MHOXKECTBO B IIpoO-
cTpaHCcTBe Bcex oTobpaxenuéi us M B N ¢ Cr-tonosoruei (npu
yCJIOBHH, UTO r>ro(kR, dim M, dim N)).

1.4. Mpocrefimine NpuaoKeHUs:: ocoOble TOUKH THIMYHBIX BeK-
TOPHBIX NoJei. BCloAy B 9TOM NYHKTE TUNHYHbBIE NMOJSA HJIH ceMek-
CTBa» — 3TO TOJII HJH ceMeHCTBAa M3 HEKOTOPOro I'yCTOr0 IMOAMHO-
’KEeCTBa COOTBETCTBYIOLLEro (YHKUHOHAJBHOrO IpOCTpaHcTBa. Bek-
TODHBIE NMOJS 3afal0Tcs Ha o6JacTn npocTpaHcTBa R™.

Teopema. Jasg THONHYHOrO ceMefcTBa BEKTOPHBIX MOJIEH MHO--
JKEeCTBO OCcOOBIX TOUeK HoJieH ceMelicTBa obpasyeT ryajkoe NOAMHO-
roo6pasue B HPAMOM [pOH3BefleHHH ()a30BOro NPOCTPAHCTBA Ha
IPOCTPAHCTBO NTapaMeTPOB. :

4 MHOXecTBO OCOGLIX TOYEK TMOJIeH ceMelcTBa MMeeT BHA.
{(x, &) Iv(x e) =0}. Ilo nemme Capza MHOXKECTBO KDPHTHUECKHX
3HaYeHHH OTOOpaxKeHHss v HMeeT Mepy HyJb. CJlel0BaTeIbHO,
CYIIECTBYeT BEKTOP & NpPOM3BOJIBHO MaJOH AJHHBE, MAJSI KOTOPOTO °
—-0 — HEKpUTHUECKOe 3HaueHHe oToOpaxeHduss v. MHOXeCTBO
{v(x, &) =—8} — rnagkoe MHOoroo6pasne 10 TeOpeMe O HESIBHOM
¢yukuud. Ho 310 MHOroo6pasne ecTh MHOXKECTBO OCOGHIX TOYEK:
BEKTOPHBIX NoJiell ceMelicTBa v (X, €)46. p

IIpoekTHpOBaHHE NOCTPOEHHOTO MHOTrOOGpAa3usl PaBHOBECHH Ha
IPOCTPAHCTBO NMapaMeTPOB fBJsSeTCA IJaAKHuM oToOparkeHueM. Teo-
pMsi oco6eHHOCTeH r1afkuX oToOpaxeHuil (B YaCTHOCTH, NPOEKIHI)
JAOCTaBaseT KIacCHHKAUUI0 KDHTHYECKHX TOYEK THIHYHBIX oTOGpa-
XeHHH (a caeqoBaTeJbHO, H OHdyprauui TOJIOXKEHHI pPaBHOBECHS
B THIHYHBIX ceMefCcTBax).

Hanpumep, eciu napaMeTp BCEro OJNWH, TO THNHYHas GHdypKa-
ilMsl, C TOYHOCTbIO JO PACCJIOEHHOr0O Hal OCblo Mapamerpa Augdeo-
Mop¢pu3Ma, TaKasa ke, Kak B CeMeHCTBe C KPHUBOH DaBHOBECHH g=
==4x2? (poxJeHHE HJH CMepThb napbl paBHOBecuil). Ecam mapamer-
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‘POB ABa, TO INPOCKTHPOBAHHE NMPUBOAHUTCHA K OJLHOH U3 HOpMaJibHBIX
$opm

g= + X2 (cKaadka),
g,=x%te,x (cOopra Yumnu).

Teopema. Bce ocobbie TOUKM THOHYHOrO BeKTOPHOro MOJS
“HEBLIPOXK/EHE (He HMEIOT HyJIeBBIX COOCTBEHHBIX uHCes).

« [lycts v—BekTopHOe moJse ¢  (asoseM npocrpancteom U.
‘PaccMorpum otobpaxenne v:U —R". B xauvecTse nojaMHOroo6pasus
C paccemorpuM touky O. [Ilo craboii TeopeMe TpaHCBepCa/bHOCTH,
-oTOOpa:ieHue v oOLIEro mOJOXeHust TpaHcsepcasbHo C. Ho 310 u
-03HAyaeT HEBHIPOXIEHHOCTb OCOOBIX TOUEK BEKTOPHOro moas v. P

Teopema. Bce ocof6ble TOYKH THIMYHOIO BEKTOPHOTO IiO-
J1st — runepboanyecKye.

- 4 Paccmorpum 1-cTpyiiHOe pacuivpeHue omépamemm v da-
3oBoro npocrpaHctBa U B R™. Ilpocrpancteo J!(U, R*) coctouT H3
‘Touek BHAa (X, y, A), rae x€U, yéR", A¢€Hom(R", R"). O6pas ¢a-
30B0ro mpocrpaHnctsa U mox meficTBHeM |-CTPYHHOro pacllHpeHHs
+OTOOPaXKeHUsI ¥ COCTOHT U3 Toyek (X, v(x), dv/dx(x)). O6o3Hauum
yepes C aare6panyeckoe nopmuorooGpasue B J!(U, R*), cocros-
1ee u3 tTouek BHAa ((x, 0, A)| onepatop A umeer xotTsi 661 OJHO
CcOGCTBEHHOE 3Ha4YeHHe Ha MHHMOH ocH). JDTo ajre6panuecKoe MHO-
TOo06pa3sue MMeeT KOPa3MepHOCTb fi+1; OHO He sIBJSETCS IJIaJKHM
MHOroo6pasueM, HO sIBJsSeTCH 06’be,ZIPIHEHHEM rJIafiIkHX, BOOGILE To-
BODSsl, He KOMIIAKTHBIX MHOroo6pasuif KOpa3MepHOCTH He MeHbIIe
n—+1. Pasmeprocts U paBHa n. Ilo TeopeMe TpancBepcaJbHOCTH

'06pa3 9 (U) nast BeKTOPHOTO moJisl v o6LIero INOJOXKeHHs He mepece-
kaer C. P '

1.5. Tomoaoruyecku BepcajbHble Aedopmanuu. PaCCMOTpHM
ceMeiicTBO AudxbepeHyaIbHBIX YPaBHEHH x-—w(x g).

JlokareHbiM cemelcT80M BEKTOPHBIX ToJselt (U; Xo, &) Ha3H-
BaeTCs POCTOK MOJISI U B TOUKe (Xo, €) NPSMOro mpoudpeldeHus a-
30BOr0 NPOCTPAHCTBA M INPOCTPAHCTBA IlapaMETPOB; IIPEACTABHTE-
JISIMH TaKHX POCTKOB SIBJISIIOTCE CeMeHCTBAa BEKTOPHBIX moJeil.

JKBUBANEHTHOCTL JIOKAJBHBIX ceMeHCTB (v; X, &) u (W; Yo,
To) 3aJlaeTcsi pOCTKOM reMeoMopdHoro otobpaxkenus H npoussese-
HHs (a30BOro NPOCTPAHCTBA M NPOCTPAHCTBA NapaMeTPOB IEPBO-
ro ceMeHCTBa Ha aHAJOTMYHOE INIPOM3BEJEHHE IJIs BTOPOrO ceMei-
€CTBa; POCTOK paccMaTpHBaTcs B TOuke (Xq, &0); H (X0, €0) = (Yo,
No). IlpencraBurens poctka H paccioeH Hax 6a3oil ceMeficTBa, TO
ecTe H:(x, €)= (y, n)=(Hi(x, &), Hy(e)). Orobpaxenue
H (-, ¢) — romeoMop®u3aM, nepeBoASLIHH (a30Bble KPUBHIE BEKTOP-

D HO,L‘L‘{epKHEM pas.rmqne MEXAY JIOKaJbHEIM ceMefiCTBOM H CceMeHCTBOM pocT-
KOB BEKTOPHBIX oJiell: NMOJA JIOKAJBHOrO CeMeidcTBa onpene/iesh B obuiei OerCT-
HOCTH TOYKH X¢, He 3aBHCHILEH OT €, AOCTATOYHO 6JIH3KOI‘O K €g. [Tons «ceMmeiicTBa
POCTKOB» 3THM CBOMiCTBOM He 00./1a1a10T.
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Horo noJs v(-, ¢) (B obaactu onpenenenusi ) B pa3zoBbie KpUBHIE
BEKTOPHOIo nojsf w(-, €¢) ¢ COXpaHeHHEM HAUpPaBJEHHUS JIBHKEHHUS.

3aMeTHM, UTO IIPH £7=g¢ TOYKA Xo He 06S3aTeNbHO NEPEBOAMT-
cs1 oro6pakenueM H (-, ¢) B TOUKY Yo.

Carabas 3K8UBANEHTHOCT6 JIOKAJNbHBIX CEMEHCTB BEKTOPHBIX TIO-
JIeH OonpefiesisieTcsi TaK e, TOJBKO pPOCTOK H He JoJKeH OhITb He-
IIPEPBIBHEIM: NPEACTaBHTEJb pOcTKa f1 — ceMelictBo AxddeoMop-
-pu3mMeB H (-, €), onpeneneHHHX B OOIEeH OerCTHOCTH TOUKH X,
HO He 06532TeIbHO HePEPEIBHEIX TIO &.

HBa snoKanbHEIX ceMeHCTBA CTPO20 IKBUBAACHTHbL, €CNU OHH 3K-
BUBAJNEHTHH, HMEIT o0ulyio 6asy, W CONpsralliui rOMeOMop(pHsM
H coxpansier 3Hauenue napamerpa: H(x, &)= (H(x, €), ).

Jloka/nibHoe cemelCTBO (1; Xo» Mg) HA3BIBACTCH UHOYYUPOBAKHbLM
M3 JIOKAJbHOTO ceMeficTBa (¥; X, €g), €CIM CYILIECTBYeT POCTOK
B TOYKE Wy HENpephiBHOro orobpaxenust P mpocTpaxcTBa napamer-
POB B NPOCTPAHCTBO MapaMeTpoB: w—e=P (u) Taxkoil, 4TO

1 (x, @)= (x, P @), P (io)=¢p.

JlokanbHOe ceMeHCTBO Ha3bIBAeTCs TONOAO2U4YEeCKU OpOUTANLbHO
sepcasbHoli (Kopoue, IPOCTO gepcassroli) AedopMauuell pocra no-
Js vo=u(+, g) B TOUKE Xo, €CJH BCIKOE LPYroe JOKaJbHOE ceMeli-
CTBO, COAepIKalilee TOT K€ POCTOK, CTPOrO 3KBHUBAJIEHTHO HHAYILH-
POBAHHOMY H3 AaHHOTO.

Caabo sepcarvras pedopmauust pocTKa onpefensercss Tak e,
TOJIbKO «9KBUBAJIEHTHOCTb» 3aMeHsieTcsi «cjJaboH  3KBHBaJIEHT-
HOCTBIOY.

Paccmorpum rpynny G puddpeomopdusmoB - MHOroobpasus
M, HanpuMep, rpynny JHHEHHHIX NpeoGpa3oBaHUN NPOCTPAHCTRA
R*, ckaxeM rpynny S, CHMMeTpPHH NJOCKOCTH OTHOCHTEJNBHO (HK-
CHDOBAHHOH NPSIMOH, NpPOXOAsilledl yepe3 HyJb, HJH rpynny Z, no-
BOPOTOB ILJIOCKOCTH Ha yrasl 2mp/q. Eciu B npeablaymiux onpeje-
JIEHHSIX POCTKH BEKTODHBIX TIIOJieH W roMeoMOp(HU3MOB CYHTaTh
G-5KBUBapHAHTHBIMH, TO NOJYuHTCA onpeieneHHe G(-IK8UBAPUAHT-
HoU sepcanvrold depopmayuu G-3KBHBaPDHAHTHOrO POCTKAa BEKTOP-
Horo nossi. (HamoMuuM, uto BeKTOpPHOE NoJe Ha M MM ero pocToK
B Touke 0 (G-5KBHBapHaHTHH, €CJH MoJe (POCTOK) MEPEeXoAMT B ce-
65 npu Bcex oTo6paxenusix g€G. Poctok romeomopdusMa B TOUKE
0 npocrpanctBa R™ G-3KBUBapHaHTeH, €CJIH OH NEPECTAHOBOUEH CO
BCceMH OTOOpaxKeHHsaMHU rpynnsl G.)

VYKasaHHe M HCCIeLOBaHHe BepcaNbHON AedopMalHM  pOCTKA
BEKTOPHOI'O TOJISl fBJSETCS CIOCOO0M KOHLEHTPHPOBAHHOTO Ipen-
CTaBJIEHHS pe3yJbTATOB OYeHb HOJHOTO HCCJIeNOBaHHA OH(ypKamui
¢da3oBoro noprpera.

1.6. Teopema cBepennsi. PaccMoTpUM ceMeHCTBO BEKTOPHBIX MO-
Jefl, 3aBHCALIMX OT KOHEYHOMEpPHOro mnapaMerpa. llpexnmosoxkum,
yro nose v (-, 0) umeer ocobyrwo Touky ¥=0 H YTO COOTBETCTBYIO-
lliee XapaKTEPHCTHUECKOE ypaBHeHHe HMeeT S KOpHell B JeBOH mo-
JYIJIOCKOCTH, # B INPaBOH IOJYMJOCKOCTH H ¢ Ha MHHMOH OCH.
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Ounpenenenus. 1. Hadcrpolixa cedaa (c S-MepHBIM YCTOH-
YHBBIM H U-MepHBIM HEYCTOHYMBEIM MHOrooGpasueMm, $=0, u=0)
Haj, CeMeHCTBOM ‘
' X=w (X, €)

Ha3biBAETCA CeMEeRCTBO
x=mw(x,¢€), y=-—y, z=2, YER’, zER%
2. Henmpanrsuoim  mHO2000 pasues  JOKAJIbHCTO  CeMefCTBa

(v; 0, 0), ©(0, 0)=0, maswBaeTcas UEHTPaILHOE MHOrOOOpasue:
B touxke (0, 0) coOTBeTCTBYyIOLIE! CHCTEMBI

x=av(x, &), e=0.

Teopema cBegéunus ([117], [20]). JlokanbHOE ceMeHCTBO:
BekTOpHBEIX mogselt (v; 0, 0), v (0, 0) =0 TomosoryuecKy 3XBHBAJIEHT-
HO HaJCTpOiiKe celJla HajJ OrpaHHUEeHHeM CceMeHCTBAa Ha €ro IeH-
TpaJibHOe- MHOrooGpasue. 2T0 orpaHuueHde (OOO3HAUHM  €ror
(@; 0, 0) npencrasasier cofofl J0OKanbHOE CEMEHCTBO C C-MEPHBIM
(pa30BEIM [OPOCTPAHCTBOM, THA€ C-— Pa3MEPHOCTb LEHTPaJbHOIG:
MHOroo6pasuss poctka v(-, 0)). Ecam J0KajabHOE CEeMEHCTBO
(w; 0, 0) sBasieTcst BepcasibHOH Aepopmaimedi poctka w (-, 0), 1o
ucxonnoe cemeiicto (v; 0, 0) sBasieTrcss BepcanbHOH AedopManuer
poctka v (-, 0). A

3aMeuanue. POCTOK B HyJie CHCTeME

E=w(E, ¢), e=0
TONOJIOTHYECKH KBHMBAJEHTEH POCTKY OTPAHHUEHUS CHCTEMBI
x=uv(x,¢), =0

Ha ee IeHTpaJbHOe MHOroo6pasue B Touke (; conpsAralomlui roMmeo-
Mopdu3M COXpaHseT &. ‘ )

1.7. Tunuunple M raaBHbie cemedcrsa. HauneM c ompeneenus.
PaccMOTpHM ceMelicTBO BEKTOPHBIX moJiel v (-, ). TonoJjorudeckas
opOHTa/lbHAs SKBHBAJIEHTHOCTb WIH cnabasi 3KBUBAJEHTHOCTbL Ompe-
Iejsier pasbHeHHe NPOCTPAHCTBA IIapaMeTPoOB HAa KJaacch. ITo
pa3CHeHHe Ha3BIBAeTCst OuUdyprayuoHHol ouazpammoli cemeHCTBa.
Ecan He ckas3aHO, Kakoe OTHOIIEHHE 3KBHBAJEHTHOCTH HCIIOJIb30Ba-
HO IpU MOCTPOEHHH OUdYpKAUMOHHOH AMArpaMMbl, TO NOJpasyMme-
BaeTcsl 06bI9HAasA 9KBHBAJIEHTHOCTb. '

[Tonnoe Tomosoruyeckoe HcclefoBaHHe AedopMalHii  POCTKOB:
BEKTOPHBIX HOJieli B 0COOOH TOuKe (B cjayyae, KOTjJa ero yjaaeTcs.
OCYIIECTBHTb) NPOBOXUTCSH IO CJAEAYIOLIEMY MJIaHY.

1. Knacc nedopMHUpyeMBIX POCTKOB, HMEIOIHHX TO HJH HHOE
BHIPOXJIeHHE, HallpHMep, HyJeBoe cOOCTBEHHOe 3HauyeHHe B 0COB0H
TOUKe, AeNUTCSH HA JBa MOAMHOXKECTBA: THNHMYHBIX U BLIPOXKAEHHBIX.
TunnyHble pOCTKH 06pasyioT B PaccMaTPHBAEMOM KJacce OTKPHITOe
BCIOAY NJIOTHOE ~MHOXKECTBO, a BHIPOKIEHHBIE — IIOAMHOXKECTBO KO-
pasmepHocTs 1 ‘mau BeHme. Hanpumep, B Kilacce  pOCTKOB
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(ax?+ ...) 0/0x BekTOpHBIX NOJEeH B 0cCOGOH TOYKE C HyJe-
BBIM COOCTBEHHBIM 3HA4YCHHEM Ha NPSMOH THIHYHLIE POCTKH BHe-
aswrca tpeboanueM as=0, a BeIpoXAeHHBE — TpeboBaHHeM a =0,

2. BHIIHCHIBAIOTCS 24Q8HbIe CemelicTéa, COOTBETCTBYIOIIHE [aH-
HOMY KJaccy. DTO — CTaHAapTHHIE CeMeHCTBa, HrpalollHe POJb «TO-
HOJIOTHYeCKHX HOPMAJbHHIX (GopM» 1 pAepopMalui . THIHYHHIX
POCTKOB H3y4aeMoro kKJacca. PocTok, TOmoJoruyeckH 3KBHBAJIEHT-
HHH JedopMHpyeMOMY, COOTBETCTBYeT B IJIaBHOM CeMeHCTBe HyJe-
BOMY 3HaY€HHIO IapaMeTPoB.

3. HMayuarorcs GudypKalUOHHBIE XHAarpaMMBL JJIsl TVIaBHBIX Ce-
MEHCTB H (ha30BHEe NOPTPeTH ypaBHeHHH 3THX ceMeiicTs. [ljs omH-
CaHHHIX HHXe IVIaBHBIX CeMelCTB HeKOoTopasi OKPeCTHOCTb HYJS B
6ase cemeiicTBa pa3bHBaeTcs HA KOHEUHOE YHCJIO MOAMHOMKECTB
(cTparoB). O6befnHEHHE OTKPHITHIX CTPATOB 06pasyeT JONOJIHEHHE
K O6MdypKauHOHHOH AmarpaMme. Jlio6ble ABa HOJIsl, COOTBETCTBYIO:
IlHe 3HaYeHHsAM [apaMeTpPoOB H3 QAHOIO CTPaTa, TONOJOTHUECKH
5KBHBAJICHTHLI B HEKOTOpPOH (0OLiel Aas BceX GJNH3KHX K HYJIIO 3Ha:
YeHHH napaMeTpOB) OKPECTHOCTH HYyJAs B (Da30BOM NpPOCTPaAHCTBE:

4. lng KaxJOro crpaTa ONHCHBAeTCs (C TOYHOCTBIO OO FOMEO?
Mopousma) ($a30BbIH NMOPTPET COOTBETCTBYIOILErO BEKTOPHOTO NOJIS.

PesyabraTel Hecllel0OBaHHS Pe3IOMHPYIOTCSI HHXe B BHAe TalJIHIL
H DHCYHKOB. PasMepHOCTb (pa30BOro NpocTpaHCTBA YpaBHEHHUI, IpH-
BOJHUMBIX B TabJHlax, paBHa Pa3MepPHOCTH LEHTPAJbHOIO MHOIO-
o6pasus AepopMHpyeMoro poctka. B mepBoM croanbie TaGJHIH
yKa3blBaeTcst Kjacc Je(popMHPYEMBIX POCTKOB, BO BTOPOM — €0 KO-
pasMepHOCTb v, B TPeTbeM ONMCHLIBAIOTCS THMNHUYHBIE POCTKH, B YeT-
BEPTOM YKa3biBaeTCsl TONOJIOTHYecKass HOpMaJsbHas dopma gedop-
MHPYEMOTro POCTKa, B NATOM — IJlaBHble Aedopmannd. bupypkans-
OHHBIE  JAMarpaMMbl H COOTBeTCTByioliHe (pa30BHlE IOPTPETH
H300paXKaloTcsl Ha pHCyHKaX, HOMepa KOTOPHIX YKa3blBalOTC B
wectoM crojibue Tabaunbl. CBA3b MeXAY THIHYHBIMH H TJIABHHIMH
JdedopMalMsIMH /I PACCMOTPEHHBIX HHXKe KJACCOB TaKOBa.

1. B TMOHYHBIX JIOKAJbHHX v-IapaMeTPHYECKHX ceMeHCTBax BeK-
TOPHHIX II0JIeH BCTPEYAIOTCH TOJBKO THIHYHBIE POCTKH paccMaTpH-
BaeMoro KJjacca.

2. Jlio6as v-napamerpuyeckas AedOpMalHsi THIMYHOTO POCTKA
3TOro KJacca, TPaHCBepca/ibHas KJaccy, 3KBHBaJeHTHa HaACTPOH-
Ke cefnal Hajl ORHOH H3 IJIaBHBIX AedopMauuii U SBJAsSETCS Bep-
CaJbHOH.

3. TunnuHas v-napaMeTpHyeckas gedopMauus THIHYHOTO POCTKA
TaKOr'o KJacca TpaHCBepcasbHa KJaccy.

CooTBETCTBYIOLIHE NPOCTEHIIMM KJaccaM THNHYHBIE pPOCTKH,
rlaBHBle CEeMeHcTBa, MX OH(ypKalLHOHHBlE AHarpaMMH H (a3oBhie
NopTpersl ONHCAHBL B IpUJaraeMoil Huxe TabJuile.

D Ecnn HaAcTPOfika cennia (aKTHUECKH Hé TPOH3BOAMTCA, TO AJA eAHEO0G-

?aaux GyneM TOBODHTh; UTO NpPOM3Be/leHa HAACTPOHKA «TPHBHAXLHOIO CEAla»
0}.
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. MlHorna paccmartpuBaeTcsi Kjacc POCTKOB, SKBHBAPHAHTHHIX OT-
FQCMTEJNLHO HEKOTODOH rpynnel cuMMerpuii. Torga Bce AedopMaluu
K conpdraiollie OoTOOpPaXKeHHs CUHTAIOTCSI SKBHBADHAHTHBIMH OTHO-
CHTEJNHHO TOH Xe TPYIIHL

§ 2. budypkauun 0co6bHIX TOYeK B THNHYHBIX
ofHOMapaMeTpHYEeCKUX CeMeHCTBax

B THNMYHBEIX OAHONApaMETPHUECKHX CEMeHCTBAaX BEKTOPHEIX 110-
Jeil BCTPEYAIOTCs HerunepGoauyecKue ocoOble TOUKH ABYX THIIOB:
OJlHO COOCTBEHHOEe 3HaueHHe 0COCOff TOYKH PaBHO HYJIO HJH JBa
YHCTO MHHMBIX, OTJIHYHBIX OT HyJsi, a OCTaJIbHble He JIeXKaT Ha MHH- -
Moil ocu. B atom naparpade onucan BepcasbHbIe ,ue(pop'vxaunu
Tauux POCTKOB U OOCYXKJaercsi sIBJIeHHE MSAIKOH M JKeCTKOH motepu
YCTQHUHBOCTH HOJIOXKEHHS paBHOBECHS.

Orciofa M KO KOHIA BTOPOH IJIaBbl, €CJAM HE OrOBOPEHO IHPO-
THBHOE, «THIMYHOE CeMeHCTBO» — 3TO CeMEHCTBO H3 HEKOTOpOro OT-
EPHTOrO BCIOAY IIOTHOTO MHOXKECTBA B IIPOCTPAHCTBE CEMEHCTB ¢
Cr-ronosorueit (r — /060e YHCJO, GOJblIee HJIH DaBHOE CTENeHH
NOJHHOMUAJIbHEIX BEKTODHBIX NoJefl, 3ajalolluX rJaBHble Jedop-
Manuu).
© 2.1. TunHYHbIE POCTKH U IIaBHbIE CEMEHCTBA.

Teopema. Kimacc Bcex pPOCTKOB BEKTOPHBIX NOJI€H B Herumep-
6onxueckoli (MMelolleil Jexalllee Ha MHHMOH OCH cOGCTBEHHOE
WHUCJI0) 0CO0OK TOUKe NpeACTaB/seTcss B BHAe OGbeIHHEHHsS ABYX
OTKPHITBIX MHOXECTB M OCTaTKa KOPa3MEpPHOCTH BhIlle eJIHHHLBI B
NPOCTPAHCTBE BCEX POCTKOB B 0cobo# Touke. IlepBoe MHOXKeCTBO
-COOTBETCTBYET HYJIeBOMY COOCTBEHHOMY 3HAU€HHIO O0CO0OH TOYKH,
BTOpOE — Iape YHCTO MHHMBIX. THUIHUHBIE DOCTKM B TOM U APYroM
-cllyyae NPHBOAATCA Ha LEHTPAJbHOM MHOroo6pas3ui K yKa3aHHOMY
8 Tabmauue 1 Bupy (crpoku 1 um 2). D,eq)opmauuu TaKUX POCTKOB B
THOHYHLIX OJAHOIAPaMeTPHYECKUX ceMeHcTBax cTabuabHO (C  TOY-
HOCTBIO JI0 HAJCTPOHKH celes) SKBHBAJEHTHLI BHIHCAHHBLIM B Ta6-
Jimue 1 riaBHBIM JlecpopmauuﬂM H BepCaJ/ibHBI.

B rabuuue 1

Py(x, e)=g--epx 4. .. --eyxVL - (6)

Saumeugangusa [. Cemeiicto (1) HoJyyaeTcs H3 (1—) obpa-
menHeM napamerpa. OpHako npH OZHOH U TOH Ke HaACTPOHKe cefl-
Ja mepBOe CeMeHCTBO CTAHOBHTCH, BOOOULE TFOBOPS,, HEIKBHBAJIEHT-
HEM HHAYLHPOBAHHOMY H3 BTOPOrO.

2. Cewefictsa (2*) ¥ (27) moayuatorcs Apyr u3 jpyra obpaiie-
HHEM BpeMeHH: f—>—f, cHMMeTpuefl: 2~z u oOpauieHuemM napamerpa:
g—>—¢g; OJHAKO Mbl HCC/IeJyeM HX OTHENbHO, NOCKOJbKY MOTeps
YCTOHUHBOCTH B 3THX CeMeHCTBAaX CONPOBOXKAAETCS NPHHUHIHAIBHO
pa3HbIMH SIBJICHHSIMH.

/2.2, Mfirkas ¥ KecTKas noreps yCTOPl‘lHBOCTPI PaccMmorpuMm ce-
MeflCTBO (2-). Tlpu e<0 ocobas Touka 0 aCHMNTOTHYECKH YCTOMH-
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Puc. 3. Budypranuonsine AuarpaMMu H (a3oBhe NOPTPETH JAAS IVIaBHHX
ceMeficts (1) u (1")

9uBa, KaK M npu £¢=0; npn ¢>0 oHa CTAaHOBHUTCA HEYCTOHYHBOH.
Oxnnako HEKOTOpast OKPECTHOCTh OCOGOH TOUKH MPH MAJIBIX e>0
oCTaeTcs HorJomapmel: ¢asopble KPHBbHIE ¢ HayajJoOM Ha ee rpa-
HHLle BXOJAT B 3Ty OKPECTHOCTb H HaBcerja B Hell 0CTalOTCs; TOJb-
KO 'Telepbh OHH HaMaTHIBAIOTCA He Ha 0CoOyIo TOYKY, a Ha Ipeaelb-

HBIA LHKJ — OKPYXHOCTb pajuyca Je. ®PHU3HKH . ropopsTr, 4TO B
3TOM CJyyae IIPOUCXOAUT MArKOe BO3HHKHOBEHHE aBTOKOJeOaHHH
U msexaa norepsa ycroduusocru (puc. 46).
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Puc. 4. BudypkanHOHHBle  JHarpaMMBl H (a30Bble  NOPTPETH MAs IVIaRHBIX
cemefictB (2+) u (27) ‘

Paccmorpum Tenepn cemeiictso (2*). Ilpn e<<0 ocoas Touka
0 ycroiiunsa, ofHako ee Gaccefin (00JaCTb ee NPHTSIKEHHS) IPH

&~ 0 craHoBUTCS MaabM (paauyca Y—=¢). Ilpu =0 ocobas Touka
0 meycrofiuuBa, Kak H npu ¢>0; Bce (a3oBble KPHUBLHIE, KPOME MO-
JIOXKEHHSI paBHOBECHs, NOKHAJIOT HEKOTOPYIO OKPECTHOCTb - 0c060ii
TOYKH NPH BCeX AOCTATOYHO Majbix £=>0. JTa CHTyauHs Ha3bIBaeT-
Cd XKECTKHM BO3OYXAECHHEM HJH oecTKOU noreped ycroidusocTu:
NpH NPOXOXKIEHUH € Yepe3 HyJb CHCTeMa CKayKOM IepexOjHT Ha
Apyroit peHuM (CTallHOHApHBIH, MEePHOAHUCCKHHA HJH 0oJiee CIIOXK-
HEIH), JaJeKHil OT H3y4aeMoro IOJIOKEHHS paBHOBecus (pHc. 4a).
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§ 3. Budypxanun 0co6bIX TOYEK _
B MHOTONapaMeTPHYECKHX ceMeHCTBax OOHIero noJoXeHus
NpH OZHOKPATHOM BbIPOXKJEHHH JMHEHHOH 4YacTH

B sTom naparpacde paccMaTpHBaeTCs Kjace HEerMnepGOJHuecKHX
‘POCTKOB BEKTODHBHIX NMOJieH, HMEWUIHX TaKue XK€ BbIPOXKIECHUSA JIH-
HEHHOH 4HacTH, KakK H B IpelbiAylieM naparpade, H, KpoMe TOro,
JONOJIHUTEJNbHble BLHIDOXKAEHHS B HeJHHEHHHIX uJeHaX.

3.1. FnasHble cemelicTBa.

Teopema. PocTkH ¢ OfZHHM HyJIEBHIM COGCTBEHHBIM UYHCJIOM
(c onHOH Mapoi YHCTO MHHMBIX COOCTBEHHBIX 4MceJ) pa3GUBAIOTCH
:Ha GecKOHeYHOe YHCJO KNaccoB, NMPHMHBKammMux Apyr K Apyry:

A1<—'A2-<— e
Bl4—B2<—- .« e

Kaace A,(B,) uMeeT KOpaaMepHOCTb J B NPOCTPAHCTBE POCTKOB
¢ oco6o#t touko# 0. OH onpeneasiercss TEANTOPOBCKHM MHOT'OYJIEHOM
nona crenedd p+1 (2u+41) B ocoboil Touke: B NOAXOAALIUX KOOP-
JUHATaX YypaBHEHHE Ha LEHTPAJLHOM MHOroobpasduu AOJKHO 3afu-
CbIBaThCS B BHJAE, yKa3aHHOM B crTosibue 3 Tabmauubl 1 (cTpoxd 3 H
4). Knaccer A, ¥ B, BcTpeyaloTcsi HEYCTPAHHMEBIM MaJibiM lIeBeJie-
HHeM 00pa3cM B ceMeficTBaX, 3aBHCSIIMX OT He MeHee yeM | Ma-
paMerpop. THIHYHOe ceMeHCTBO, COAepxKallee POCTOK Kjacca A,
CcTa0H/IbHO (C TOYHOCTBHIO IO HAJACTPOHKH ceAsia)’ JIOKaJbHO TOMO-
JIOPHYECKH SKBHBaJIeHTHO (yka3aHHOMY B TaGuuue 1) rnaBHOMYy
CeMEHCTBY H fIBJAETCH, KaK M OHO, BepcasJbHOH Aedopmanuedl cBo-’
€ro CaMOro BBIPOXKJEHHOTO INoJist. AHaJOrMYHOE YTBEPXKAEHHE CIpa-
BeAJIHEO JAJs1 CeMelCTB, COAepKallMX PpOCTOK Kmacca B, TOJbKO
«3KBUBAJIEHTHOCTb» CJefyeT 3aMeHHTb  «cjJaboH SKBHBAJEHT-
HOCTBIO». A

Knaccndukanus JoxkanbHBIX p-NapaMeTpHUECKHX ceMeHCTB, co-
IepKallUXx POCTKH KJjacca B, ¢ TOUHOCTBIO A0 OOLIYHOH, a He
c1abof, KBHBAJIEHTHOCTH, HMeeT (YHKIHOHAJBHBIE MOAYAH TpU
u>=4. 1o ssjeHHe obcyxaaercss Huxe B 1. 5.11 rtmasu 2. Ilpu
u<4 «cuaalbylo 3KBHBAJEHTHOCTL» AJs AedopMaliil POCTKOB KJac-
ca B, MOXHO, NO-BUAUMOMY, 3aMeHUTh OOBIUHOH; NpA pu=1 310 A0-
KazaHo (cM. 1. 2.1 Beie).

D Onpenenenne npumbikausi B [26, ctp. 71] pacxoaurces -¢ o6eNnpUHATOHR
TepMHHOJOTHEH, ero ciepyer YMTATh TakK:

Ilycte A U B — 1Ba HemepeceKamwIHXCsl Kjacca POCTKOB BEKTODHBIX MOJeH
B ocoboit Touke 0. Ckaxem, uTo kjaacc B npumbikaeT K Kaaccy A (nuimercs
B—A), ecnn AJT KaKIOro pOCTKa v Kiaacca B cymecTByer HenpepeBHas aedop-
MauMs, BHBOAAIWAA 3TOT pocTok B kaacc A. TouHee, cyumiecTByeT HempephIBHOe
cemeiictBo pocTKOB {v:[1€[0, 1]} Takoe, 4T0 ¥o==0 M U; — POCTOK KJacca A npm
8cex 16[0, 1]

Ha puc. 15 [26] cnenyer M3MeHHTb HalpaBJeHHe CTPEJIOK.
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3.2. BudypkanuoHHble AMATPAMMBI IJaBHbIX ceMeiicTB  (3*).
MHox)ecTBO 0cOGHIX TOUeK ToJied Jioboro H3 ceMelicTBa (3*) 06-
pasyer rJjajkoe HOAMHOroo6pasHe B TpPOH3BEACHHH (Ha30BOTOr
npocTpaHCTBAa Ha IPOCTPAHCTBO MNapameTpoB. Dudypranuonnas
AHarpaMMa JJisi TJIaBHOro ceMefictBa (3*) (MHOXKECTBO 3HaUYeHHH
napaMerpa, IpH KOTOPHIX OcoGble TOYKH ceMefcTBa CJMBAIOTCA) —
3TO MHOXKeCTBO KO3((UIMEHTOB MHOTOUJIEHOB CTeneHH p+ 1, HMe-
IOLUX KpaTHble KOpHH. IIpH p=1 3TO MHOXecTBO — OJlHa TOUKa,
OpH p=2 — noJykybuueckass mapaboJa, mpH WK=3 — JACTOUYKHUH
xBoct (puc. 5). Jedopmaluu BeKTOPHHIX NOJEH Ha NPSIMOHA C BHI-
pOxKAeHHOH 0CO00H TOYKOH BO3HMKAIOT B TEOPHH peaKCalHOHHBIX.
KoneGaHuil, KaK «ypaBHEHHsI MeJJIeHHBIX ABHXKEHHH B OKPECTHOCTH
TOYKH Ha CKJagke MeAjeHHoH moBepxHoctH» (§ 2, ra. 4). B m. 3.1
yKazaHbl TOJBKO TOIOJIOTHYeCKHe HOpMaJibHble (OpPMBI TaKHX Je-
dopmanmii. [as NpUIOXKeHHH CyHleCTBeHHBl TaKikKe IJafiKHe HOp-
MaJibHble GOpPMEBI; OHM Hccaeaytorcs B § 5 raaBel 2 M 0KasblBaloOT-
Cs1 OUeHb NMOXOKHMH Ha IJIaBHBIE ceMelicTBa (3%).

Ilpu p=2 6udypkaunuoHHass auarpaMma H IHepecTpoHKH ¢a3o-
BBIX HOPTPETOB B ceMeHcTBe (3~) mokasaHbl Ha puc. 5, 6.

3.2. BudypxauuoHHble AHArpaMMbl (OTHOCHTEJbHO CcJabOH 3IK--
BHBAJIEHTHOCTH) M (a3oBble MOPTPeTbl IJNaBHbIX CceMedHcTB  (4%).
HccnenoBanne GudpypKaUMOHHBIX AHAIPaMM H nepecTpoek ¢aso-
BbIX NOPTPETOB B IVIaBHBIX ceMelcTBax (4*) cBOJAMTCA K aHAJOTHY-
HOH 3ajiaue AJs ceMeHcTB (PAKTOPCHCTEM OTHOCHTENbHO IepeMeHHOM:

E—,A

B

[}

Puc. 5. BudypkaunuoHnsle AMarpaMMel IJIaBHBIX CeMeHCTB (3~) npH v=2 ¥ v=3:
a. TMonyxyGuueckasi mapaGosa, 6. JIacTOYKHH XBOCT.

p=2Z. DT ceMelicTBa HUMEIOT BUJ,

0=20 (£ ¥ e+ ... 4-guph), (7*)

p>0.
OcoGoit Touke po>>0 TaKOro ypaBHEHHs COOTBETCTBYeT Npejelb-
HBIH UMKJ ypaBHeHHs (4%) — okpyxHocTh |2|2=p,. Xapakrep-

YCTOHYMBOCTH COOTBETCTBYIOLIMX APYr HAPYry TOYKM H LHMKJa OLH-
HaKOB; JJif UMKJIa peub HJAET, KOHeYHO, 06 op6HTa/bHOH yCTOHYH--
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Puc. 6. ®asosne mopTpeTH ypaBHeHHit cemeficTBa (3-) mpy v=2

Puc. 7. BudypkaunosHass pguarpamma  Puc. 8. ®asoBrie noprpeTh $aKTOpCHC-
r7aBHOrO cemefictBa (4~) mpu v==2. TeM IJs nojceMedictBa BHAa (4~), cO-
Kaxpao#f HeToYeyHOH KOMIIOHeHTe OH-  OTBETCTBYIOLIErO OKDYKHCCTH € IEHT-
GypralHOHHON AHArpaMMbl Ha PHCYHKe poM 0 Ha IJIOCKOCTH NapaMeTpoB
CONOCTaBJIEHO THCJAO — KOJHYECTBO LHK-

JIOB B ypaBHEHHH IJIaBHOrO CeMelCTBa,

COOTBETCTBYIOLleM HAGoOpy NapaMeTpoB

H3 3TOR KOMIIOHEHTH

BOCTH. ToukKH OHYPKAalMOHHOH AMarpaMMbl ceMeHcTBa COOTBET-
CTBYIOT KPaTHBIM LHKJaM MJH, YTO TO K€ CaMoe, KPaTHBIM 0OCO-
6biM  TOuKaM  cooTBeTcTBYIOUieH  ¢pakTopcucteMel  ((pasosoe
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TIPOCTPAHCTBO KOTOpOH—HOJIO}KHTeJIbHaH noayoce). Tem cambiM,
Ou(ypKalOHHAast AHarpaMMa ceMedcTBa (4%) — 3TO  MHOXECTBO
MHOTOYJIEHOB, MMEIOIIHNX HEeOTpUIlaTeIbHbie KpAaTHBIE KOPHH HJIH
HyJeBOH KopeHb. Hampumep, npu p=2 5TO — NOJOBHHA IOJYKY-
Ouyeckol napaboJsl U npamasi g;=0 (puc. 7).

§ 4. budypkauuu ocoGBIX TOYEK BEKTOPHHIX NOJei
C JBYKPATHBIM BbIPOKJEHUEM JHHEHHOM' HacTH

He Bce 6Gudypxanun, onucaHHbe B 3TOM naparpa(be HCCJIeH0-
BaHBl 0 KOHLA. :

4.1. Cnuncok Bmpoxmeﬂuu B. THnMYHBIX JABynapaMeTpHYecKHX
ceMeiicTBaX OGLIEro NOJIOKEHHs BCTPEYalOTCs POCTKH — BEKTOPHBIX
nojeft B 0cof0fi TOYKe, MMEIOIHE ABYKPaTHLIE BBIDOXKI€HHS JIHHEeH-
HOW YaCTH TOJIbKO OLHOTO M3’ CJAeAYIOIHX Tpex TPIHOB

1. JIBa cOOGCTBEHHBIX 3HAYEHHS PaBHBI Hy.mp, LeHTPAJIbHO®
MHOroo6pasue ABYMEPHO; COOTBETCTBYIOLIMHM 670K JMHeAHOH ua-
CTH — HHJIbIIOTEHTHAS XKOPAAHOBA KJeTKa.

2. OgHo HyJeBoe M Napa YHCTO MHHUMBIX COGCTBEHHBIX 3Hauye-
HHJ; IleHTpaJibHOe MHOroo6pasHe TpexMepHO.

3. JlBe napel YHCTO MHHMBIX COGCTBEHHBIX 3HAYEHHH; LEHTpaJb-
HOe MHOroo6pasue YeThpexMepHO.

[Tonnoe onucanve GHpYypKauui NOJYYEHO TOJIBKO IJIsi [EPBOTO
U3 3THX KJjaccoB. [lJisl pOCTKOB JIBYX HPYTHX K/JACCOB aHaJOTHUHOE
ONMCAHHE, NO-BUAMMOMY, HEBO3MOXKHO. Teopus HOpMaJbHBIX (GOPM
A2eT B KauecTBe YNPOLIEHHOH MOAeNH AJsi HCCe0BaHHs Jedop-
Malldi POCTKOB 3THX KJ4CCOB BCIOMOraTeJbHBIE JOKaJbHbE ceMei-
CTBa 3KBHBapPHAHTHHIX BEKTODHBIX IOJeH Ha NJOCKocTH. [lepexon
OT BCHOMOTraTeJbHEIX CeMeHCTB K MCXONHBIM TakxKe He6e300HIeH.
Hccenenosanne * "BcoMOraTesibHBIX — CeMEfCTB — TpPyAHash — 3ajada
H3-3a 6UGypKaLuil NpeAeNbHBIX LHKIOB.

4.2. JIBa HyJ1eBbIX COOCTBEHHKbBIX 3HAUYEHHUS.

Teopema ([43]). B Tumuunbix ABynapaMeTpHuecKux cemeil-
CTBAaxX BEKTODHHIX II0Jiedl BCTpeyaloTCsl JHULIb TaKHe POCTKH ¢
JBYMSl HYJeBLIMH COOCTBEHHBIMH 3HAYEHHSIMH B 0COGOH  TOuKe,
orpaHuHyeHHe KOTOPBIX Ha IeHTpaibHOe MHOroobpasde B JOAXOAS-
KX KOOpJAMHATaX uUMeeT BHA, yKa3aHHbH B Tabuauue 1 (crpo-
ka 5). JlepopManus TaKHX POCTKOB B THIHYHBIX ABYnapaMeTpHye-
CKHX ceMeficTBaX cTabGHMJBHO (C TOYHOCTHIO A0 HAJCTPOHKH celel)
5KBHBaJEHTHLl BHIIHCAHHLIM ‘B TalJulle INIaBHHIM JehopMauusiM H
BEPCAJbHBL.

Onuweym Oupypkaiuu B riaBhom cemeiictee (5%). Budypxa-
LUMOHHAs AuarpamMma pasOuBaeT IUIOCKOCTb &= (g, €;) Ha HYeThIpe
yactd, o6osnavenusix 4, B, C, D=D,UD,JD; na puc. 10. ®azosbie
NOPTPETHI, COOTBRTCTBYIOIIHE KaXKAOH H3 YETHIPEX YacTell IJIOCKOCTH
&, nokasanbl Ha puc. 10. BeTBu OGH(pYPKANMOHHOH nHMarpaMMbl co-
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Purc. 9. ®a3oBuifi NOpPTpPeT BEeKTOPHOrO0  NOJASA Ha IJOCKOCTH € HHJIBIOTEHTHOR
JHHEHHON YacThl0 H HEJHHEAHOCTbIO OOWIEr0 MOJOXKEHH:

‘

OTBETCTBYIOT CHCTEMAaM C BRIPOXIEHHSIMH KOpasMepHOCTH 1, H30-
6paxennsiM Takxe Ha puc. 10 (P, Q, R, S).

Budypkauun B riaBHoM ceMefictBe (5~) NOJYYalOTCA H3 ONH-
CaHHBIX M3MeHEHHeM 3HaKOB { H X,.

4.3. Penykuuu K AByMEpHbIM cHcTeMaM. Budypkamum oco6mX
TOYeK C OJHHMM HYJEBEIM H NapoH YHCTO MHHMBIX COOCTBEHHBLIX
3HaYeHHH, a TaKxe ¢ JBYMS YHCTO MHHMBIMH NMapaMH JOCTATOYHO
H3y4aTh B TPEXMEPHOM M HEThIpEXMEPHOM INPOCTPAHCTBAX COOTBET-
cTBeHHO (o TeopeMme cBeféHus). Merox Ilyamkape npuHBOAMT B
9TOM CJydae K BCIOMOraTeJbHOH 3afaue. CeMeHCTBO ' ypaBHeHHH
X=v(x, ¢) TpeBpallaeTcs B CHCTEMY '

x=v(x, ¢), e=0.

Srta cucreMa IPHBOAHUTCS K HOPMaJbHOM Gopme ITyankape—
Hionaka ¢opmanbHOli 3aMeHOH, coxpaHsiomell e. 3ateM oT6pachi-
BalOTCS YJEHb AOCTATOYHO BEICOKOTO NOPSiiKAa HO X (BHLE Tpex
NS HYJs ¢ MHHUMO# Iapofl M BhILIe TATH AJS ABYX MHHMBIX IIap).
[Tonyuennoe noJMHOMHAJbHOE BEKTOPHOE IIOJie HHBADHAHTHO OTHO-
CHTeJbHO [PYyINIbl BpallleHUH, u3oMopdHOA TOpY, PasMepHOCTb KO-
TOPOr0 paBHa uHMCAy MHHMBIX nap. COOTBeTCTByMOILAs (DaKTOpCH-
cTeMa IpeicTaBasieT cOOOH ceMelCTBO ypaBHEHMH Ha IJIOCKOCTH,
VHBaDHAHTHOE OTHOCHTEJBHO HEKOTOPOH KOHEYHOH TIpyNIbl  XBH-
>KEeHUl IJOCKOCTH. B Kiacce TaKHX CceMeHCTB H3ydaeTcsl BepCab-
Hast  jpedopmanus (HAKTOPCHUCTEMEl, COOTBETCTBYIOLIEH pPOCTKY
v(-, &). Ilooxenuss paBHOBecHS M MHBapHaHTHBIC KDHBEIe (PaKTOP-
CHCTEM HMHTEDHDPETHDPYIOTCSI KaK NpHGJHKEeH!s] K HHBaPHAHTHBIM TO-
paM u TrHIOEPIOBEPXHOCTAM ypaBHEHUH HCXOLHOrO ceMelicTBa.

Kak ykasweiBaJoch BhIlIe, OTOpachiBaHHE CTapUIMX UYJEHOB B
3To#l mpouesype HebGesonacHo, Jljas CHCTEM HCXOAHOrO  ceMeHCTBa
CyllecTBOBaHHE HHB2DHAHTHBIX TOPOB, ‘COOTBETCTBYIOLIMX MOJOXKe-
HUSIM PaBHOBECHS BCIOMOTaTeJbHBIX (DaKTOPCHCTEM, BHIBOAMTCH M3
Teopemul Kpnlnosa—Dboronw6osa (H. H. Boroawo6os, 10. A. Mur-
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Puc. 10. Budypkauun BeKTOPHHX NOJel ¢ HHJIBIOTEHTHON JHHEHHON 4YacTbio Ha
IVIOCKOCTH

porniosibeku#, [26:17]). Oanako riafKHe TODPHI, COOTBETCTBYIOLIHE
IUKJaM HCXOZHBIX CHCTEM, NO-BUIHMOMY, CYLIECTBYIOT IPH 3Haue-
HHSIX NapaMeTpoB, OJM3KMX K JHHUH POXKAEHHS HUKJIOB, HO MO-
I'YyT paspyuiaTbCs paHble, YeM HCYE3HYT COOTBETCTBYIOIIME IHK-
asl. [To aToMy noBomy cMm. [157] ¥ LMTHPOBaHHYI0 TaM JIMTepa-
TYPY.

4.4. Hynesoe u mapa 4YHCTO MHHMBIX COGCTBEHHBbIX 3HavyeHuil (no
XXoaonaexy [72]). Onucanuas Bbillle Ipolieiypa IpeBpallaer Je-
dopMaLuI0 POCTKA BEKTOPHOTO NOJSI C OJHHM HYJEBHIM H INapoH
YUCTO MHHUMBIX COGCTBEHHBIX 3HAYEHWH JUHEHHOH YacTH B ocofoi
TOUKE B CEMEHCTBO ypaBHEHHH, HHBapHaHTHOE OTHOCHTENbHO IpyI-
N S, ABHXKEHHH NJOCKOCTH (X, r), IOPOXKAEHHOH cHMMeTpHeR
(x, r) — (x, —r). PocTKy ¢ HyJeBHIM H napof UHCTO MHUMBHIX
COOCTBEHHLIX 3HAaueHHH COOTBETCTBYET S,-3KBHBAPHAHTHHIA  poO-
CTOK C HyJIeBOH JIHHEHHOH YacTbhiO. HA NJIOCKOCTH.

Teopema. B rTunuusblx [ABynapaMeTpHYecKHX ceMeficTBax
S»-3KBHBAPHAHTHBIX BEKTOPHHEIX NOJEH Ha IJIOCKOCTH BCTPEYalOTCH
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JIHIIL TaKHe DOCTKH C HyJeBOH JIMHEHHON 4acThi0o B 0CO6OH TOUKe,
3-CTpysi KOTODHIX HMeeT BHA, YKa3aHHEI B Tabauue 2 (MHOTOTO-
uHeM 0003HauyeHBl HeCylUecTBeHHbie ujeHH). [edopMaumuu TakKux
POCTKOB B THNHMYHBIX [JByNapaMeTpHYeCKHX Sy-3KBHBaPHaHTHEIX
CeMelCTBAaX 3KBHBAJIEHTHH [JIABHBIM JIe(QOpMalHsAM H BepCaJbHH.

Ta6uauia 2
TunuuHbifi pocTOK .
TaasHBIe Sp-2KBIT- E{',‘EYA"H“;}‘;';":Z
Kaace Hopmanusosan-| TpeGosanus BapAaHTHbBIE Mbi H (Da30BE e
Has CTpyH THIHYHOCTH CeMencTBa MOpTPeTH
S,-aKkBuBapu- X=ax®+ abd#<0 | ¢t _¢g +g x4 |Puc. 11,12
aHTHBIE BEKTOp- +brry ¢=0 nmpu tax?
HBlE [OAsl Ha fexd4...| >0 Frraxd
MJIOCKOCTH  (Sq- F=2dxr+ . ®)
CHMMETpHSA - r=—2xr
(%, ry—>(x, —r)) a=+1
X =g +e,x-+ |Puc. 13, 14
+ax?—r? ©
X =—2xr
aG{—3; —1; 1}

3ameuanua 1. Tomosoruueckoe pasinyHe TJaBHHIX — ce-
MmeficTB (9) npu a=-—1 u a=-—3 HabawofaeTcs TOJbKO NPH HyJe-
BOM 3HAaYeHHWH TapaMeTpa: CM., ¢ OJHOH CTOpOHBbl, puc. 13 u, ¢
APYroii CTOPOHBI, PUCYHKH- 14 6, 14 8, oTiMyaloUiHecss CTPYKTypoi
MHOXecTBa 0-KPHBHIX.

a=1 a=-1

Puc. 12. Jlokanbuuie ¢asoBHe NOPTPeTH TIAaBHEIX Sp-3KBHBAPHAHTHBIX BEKTOp-
HEIX TO0Jed, COOTBETCTBYIOLIHX HYJEBOMY 3HAaYeHHIO NApaMeTpa, npH Oudyprauns:
KOTOPHX POXKJAIOTCS LMK/

2. YpaBHenus ceMefictBa (9) B AOCTAaTOYHO MaJjoil OKPECTHO-
CTH Hyasl (1O X, 2 M ¢) He HMeIOT NpeJebHbIX IHKJOB, YPABHEHUS
ceMmelicTBa (8) — He GoJjiee OJHOrO LHKJIA.

3. B uccneposannu cemeiictBa (8) npu a=—1 CyIIECTBEHHO:
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yKa3aHHe GOPMbI OKPECTHOCTH:
(-, I')EUG——{ 1 x2—Lr2<62} g —L82<%62;

1
npeblyllas TeopeMa JAJs 3TOTO cJydas CIpaBefJHBa NpPH JI06OM
AOCTaTOYHOM MaJjoM §. PopMa OKPECTHOCTH CYIIECTBEHHA NOTOMY,
YTO B PAaCCMaTPHBAEMOM ceMeficTBe NPOHCXOAUT cleluduyeckas 6H-
GbypKauus: BHIXOA NpeAeJbHOrO LHMKJAa Ha rpanuny obaactu U,
NP CKOJb YLOAHO MaJblX 3HAUEHHAX IapaMeTpoB. DTa OHPYpKa-
LiMst IPOMCXOAMT Ha KpUBOH N (puc. 11 mas a=—1).

4. TloguepkHeM emie pas, 4TO B THNHYHBIX ABYNapaMeTPHUECKHX
CeMEHCTBaxX, COCTOSUINX M3 Sp-2KBMBADHAHTHBIX BEKTOPHBIX TO.EH,
BCTPEYalOTCA TOJBKO TaKHE POCTKH, IPEACTAaBUTENH KOTOPHIX B He-
KOTOPOH OKPECTHOCTH HyJssl, o6llef AJs BceX DOCTKOB ceMeficTBa,
HMEIOT He 60Jjiee OJHOI'O IpPeIeNbHOr0 LHK/IA. DTa YacTh TEOPEME
JXononaeka — HauGosee cofAep:KaTeTbHHH M TPYAHO JOKa3biBa-
emblit pakr (I'ykenxeitmep u Xosmc [1568, ctp. 352] owmmnGouso
YTBEPXKIAKT, 4T0 OblBaeT ABa LMKJIa.) AHAJOrduHLIE pe3yNbTaThl
(Ho 6e3 mOKasaTeJbCTBA TEOPeMbl O UHCJe UMKJIOB) OBLIH MOJIY-
yensl H. K. I'aBpunoBeiM [59].

4.5. ke unucTO MHHMMBIX mapbl. PaccMOTpUM BeKTOPHOE IoJie ¢
ABYyMsl NapaMy 4YHCTO MHHMMBIX COOCTBEHHBIX 3HaueHHiI B ocoboi
touke 0 mpocTpancTBa R* Pepyxkuuu nm. 3.4 npuBOAAT K caeaylolleH
3ajaue: H3yudUThb OHQYpKalUUH (a30BBIX INOPTPETOB B THIHYHBIX
JIByapaMeTPHYECKHX CEeMEHCTBAX B 4YeTBEPTH IJIOCKOCTH x>0,
y==0 (moJse Kacaercs oceil KOOPAHHAT):

x=xA (X, ),

=yB (%, y)-

Cucremnr (10) BcTpedaloTcst Takike B SKOJOTHH (MOJENH THUIA
Jlorka—BouabTeppa), rae orpannuenne x==0, y==0 BLI3BaHO pe-
aJIbHBIM CMBICIOM (PA30BBIX [I€PEMEHHBIX (BEJIMUHHBI NONYJSLHUi
XHIIHHKA U XKEePTBH).

KomMentapui JBymepuas cucrema (10) moayyaercs us
4YEeTHIPEXMEPHOH CHCTEMBl ¢ JBYMsS MHHUMBIMH NMapaMH COOCTBEHHBIX
qHCceJ CJeAYIOIHM 06pa3oM: X 03HauaeT KBaApaT MOAYJS TepBOii,
a y— BTOpPO# (KOMIJIEKCHOH) KOODAMHATHI NOCJHEe NpPHBENEHHS CH-
CTeMBl K HOpMaJbHO# ¢opme Ilyankape—/lionaka. B npenmoso-
JKEHHH HEeCOM3MEeDHMOCTH YacTOT (OTHOMIEHHE PAasHYHBIX 0 MO-
LyJI0 YHCTO MHHMBIX COOCTBEHHBIX 3HAUEHHH HPPaIUOHAJBHO)
pPE30HAHCHBIE YJeHBl BHIPAXKAIOTCH Yepe3 X ¥ Yy; NMOITOMY HOPMaJib-
Hast ¢opMa GdakTopu3yeTcs N0 YKA3AHHOH ABYMEPHOIl CHCTEMHL.

Bosuukalollasg 3afaga 0 BeKTOPHEIX MOJSX B YETBEPTH IJIOCKO-
cTH (GopMasJbHO SKBHBAJIEHTHA 3ajade O BeKTOPHBIX MHOJAX Ha
IVIOCKOCTH, NMEPEXOASIIHX B ce6si Q1P OTPaXKeHHH IJIOCKOCTH B
KaxJaof u3 ocell. [leficTBUTENbHO, 0603HAUAsi 4Yepe3s X W Yy KBal-
paThl KOODAHMHAT, MBI NPUBEAEM COOTBETCTBYIOUlee MOJIO YpPaBIie-
HHe K Buay (10).

(10y

31



@

& /N
© @ ., @ @
v V),

® ><
A~ /N
0 ®
a=1
&
®
@ 6 o
@ _._®

€4

A I
® ®

ae{-1,-3}

Puc. 13. Budypkanun S»-5KBUBapDHAHTHHIX BEKTOPHBIX MOJeH (UHKJH He DOXK-
JapTcs)

budypkauun B THOMYHBIX JAByIapaMeTpPUYECKHX ceMeHcTBaX
(10) wsyuenn auub HepasHo (MKosonnpek, 1985)7. IMoayueHn cie-
IylOlllie pe3yJbTaThl. B THOHYHOM JBynmapaMeTpPHYECKOM ceMeM-
crBe cucrem (10) ¢ynkumun A u B oxHOBpeMeHHO oGpallalorcs B
0 B HyJe JHIIb NIPU OTAENbHHIX 3HAUEHHsIX Imapamerpos. Paccmor-
PHM TaKoe 3HAYeHHe NapaMeTPOB, CKaxKeM, HyJeBoe, H 3amuileM

CHCTEMY B BHJE

I} YacTHble pe3yJabTaTH noaydedsl B pabotax [19], [60], [105), [157], [158]
u B. H. llpenosreiM B AumIoOMHOH paGore, MIY, 1983, 15 c.
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Puc. 14. JlokaapHele da30BHe MOPTPETH INIABHHX S3-3KBHBADHAHTHHIX BEKTOPHHIX
noJiefi, COOTBETCTBYIOUIHX HYJIEBOMY 3HAYEeHHIO NapaMeTpoB, NPH OHDYpPKauKH
KOTODHIX He POXJIAeTCsl IHKJOB

x=x(@x+by+ +-...)
y=y(cx+dy-i...).

s TUNWUYHBIX CHCTeM Takoro Buna ads=£0. PactsikeHuem ocefl
Y U3MeHeHHeM, eCAH By:KHO, 3HaKa BpeMeHH, MOXHO AOOUThCA pa-
BeHCTB @=1, |d|=1. 3Hak d wurpaer CyIIECTBEHHYI0 pOJb; pac-
CMOTPHUM CHCTEMBI :

X=x(x+by+t...),
y=ylcxty+...).

3amenodt (X, yr>(y, X) MOKHO A0OUTHCA TOro, uto B cucreme (11%)
Oyner b>c; Toro xe HepaseHcTBa B cucTeMe (117) MOXHO HOGUTHCH
TOH e 3aMeHOH W oOpauieHueM BpeMeHH.

[Monoxum: A=bc—1. Cucremst (11*), nnst kotopbix bcA=0, u
cucteMn (117), anst Kotophix b(b—1)c(c—1) =0, — HCKIIOUHTEND-
Hble, OHH HE BCTPeYalOTCs B THIMYHBIX JBylNapaMeTPHYecKHX ce-
MmeficTBax ypaBuenu#i Buxa (10). HencknounTtenbHEHE CHCTEMbI
(11*) u Te HenckmountTenbHole cucremn (117), ans koropeix A<O,
Ha3hBAKOTCA CHCTEMAaMM s€rKOTO THIA; OCTaJbHble HEHCKJIOUMTE/b-
#ele cucremst (117) — TpyaHoro Tuna.

Teopema. B TumnynoM ABymapaMeTpPHUECKOM ceMeHCTBE CH-
creM Jlotka—Boabteppa (10) BcrpeualoTcs JHIIL TakHe Aedop-
MalH¥ CHCTEM JIETKOTO THIIa, KOTOPHIE TOIOJOTHYECKH DKBHBAJICHT-
.Hbl OLHOMY M3 IJIaBHHIX JIOKAJIbHBIX CeMeHCTB

|

(11%)

X=X (&, +x £ by),
y=y(e+cxty)
3--30 33
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Puc. 15a. Budypranuonnpie AMarpaMMul 1 Ha3oBHE NOPTPETH AJs JEeTKHX
raapHeX ceMeficts (12) npu d>0. 6. PasbueHne NOMYR/IOCKOCTH TNdPaMeTPOR:
(b,c), bz=e

C JABYMsl IapaMeTpaMH € H & (TONOJOTHYECKAS 3KBHBAJEHTHOCTH
COXpaHseT NepBhIl KBaJpaHT; AONYCKAalOTcs o6pallleHusi BPeMEHH).
Stu AedopManuyu, Kak U HX HopMaJjbHbe ¢opmbl (12%), TomnoJo-
rH4ecKd BepcasibHBL. [IBa ceMeiicTBa (12*), cooTBeTCTBYIOILIKME Ha-
6opam (b, ¢) U3 ORHOM «JETKOH» CBA3HON KOMIOHEHTHI MHOXKECTBA
HEHCKJIOUHTEJNbHBIX  3HAaYeHHH, TONOJOTMYECKH 3KBHBAJEHTHBHI.
I'naBHble pedopMauuyu ypaBHeHHH JIETKOTO THIA He MMEIOT LHKJIOB:
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B HEKOTODOH OKPeCTHOCTH HyJs, He 3aBHCsLieH OT TapaMeTpoB,
BugypkanuonHme auarpaMmbl M NEpPecTPOiiKM B TaKHX ceMeficTBax
n306paxeHH Ha puc. 15a, 16a. A

Ha kaxnom u3 pucyrkos 15, 16 uso6paxkens 6ubypKalHOHHHE
AHarpaMMbl, 1OJ HHUMH — (a30Bble NMOPTPETH; BHHU3Y — pasbHeHHE
NOJIYIJIOCKOCTH nmapaMerpoB (b, ¢), b=c, Ha KJacch TOIOJIOTHYe-
CKOH 3KBHBAJIeHTHOCTH <«JeErKHX» cemeiicts (12%). Q6aacTH, co-
OTBETCTBYIOLLIHE TPYAHHIM ceMelcTBaM, 3amTpuxoBaHk. HoMep ot-
KPHITO# 06JacTH Ha GMQYPKALHOHHOH AHAarpaMMe — 3TO HOMEp CO-
OTBETCTBYIOLEro (ha30BOro noprpera M3 HHXHed wgact; 2/, 37...
0603HayaT (a30Bhie MOPTPETH, NMOJyuaeMble H3 2, 3, ...CHMMeT-
puedl (x, y) ~ (y, x). Ilpu nepexopge uepes ocu e H e, 6e3 Hyas
Ha TIOJIOXKHTENbHBIX IOJIYOCHX X H Y POXKAAIOTCS H3 HyJA OCOOHeE
TOYKHM HJIM TPOHCXOAUT 0OpaTHHIN NpolLecc; IpH Mepexoxe yepe3d
ayu II; (IIz) ot oco6oii ToukH Ha OcH y (Ha OCH X) OTAeJISieTCS HJH
B HEH HcuesaeT ocobasi TOYKA, PACNOJOXKEHHAsh CTPOrO BHYTPH
nepBoro KmajapaHrta. Jlerkue ceMefictBa (127) Ttuma 2 u 2a, a
TakKe THHa 3 M 3@ OTJIHYAKTCH APYr OT Apyra TOJBLKO NpH HyJe-
BOM 3HAY€HHH NapaMmeTpa; MHOxecTBa 0-KPHBBIX COOTBETCTBYIOLIUX
BBIPOKJAEHHBIX CHCTEM HE3KBUBaJIEHTHH (pHC. 16, e, 0)

[lns KaXa0ro HeHCKJIIOYHTENbHOro HaGopa (b, ¢), npHHAAJE:
JKallero OJAHOH M3 TPYAHLIX KOMIOHEHT, CYHIeCTBYIOT CKOJIb YrOAr
HO MaJible 3HauYeHHsl IapaMeTpa, IPH KOTOPHIX ypaBHenne (127)
MMeeT NepBBIH HHTErpaj M UesJoe ceMeHCTBO IMKIOB. Takde ypas-
HeHHsI He MOIYT BCTpedaTbcsi B THIIMYHBIX KOHEYHO NlapaMeTpHUe-
CKHX ceMeHCTBaXx.

4.6. TI'naBubie nedopmanuu ypaBHEHHH TPYAHOTrO THNA B 3aja-
Ye 0 BYX MHHMBbIX napax (mo )XoJsoHgexy).

Teopema. PocTok B HyJle THIHYHOrO 2-mapaMeTPUYECKOTO ce-
MEHCTBAa «TPYAHOro THNA» NPHBOAMTCS K HOPMaJbHOH (opMe —
«TPYIHOMY IJ1aBHOMY ceMeHCTBY»

X =x (&4 x—by),
Y=y (ea-Fcx—y + fa(x, Y &))-

(13
YpaBHEHHST «TPYAHOrO I'IaBHOTO ceMeficTBa» HMeIOT He Gosee Of-
HOro ILHKJa B HEKOTOPOH OKPECTHOCTH HyJss, o6uiel AJga Bcex
ypaBHeHH# ceMmelicTBa. 34ecb f; — OJHOPOAHBII MHOrOYJIEH BTOPOH
CTENEHH OT TPeX HePeMeHHHBIX ¢ KO3()PHUIHEHTAMH, 3aBHCALHUMH OT
b U ¢; TOYHBIH BUL €T0 YKa3aH HUKe. A

OcranoBumcss noxpoGHee HAa TNOCTPOEHHH H  HCCJELOBAHHH
TPYAHBIX [JI4BHBIX ceMeHCTB. 3aMeHa MepeMeHHBIX M YMHOXKEeHHE
Ha MOJIOXKHTENbHYI0 QYHKUHMIO HE MEHSIOT TONOJIOrMH (hasoBoro nopt-
pera. ITostomy B cemefictBe (13) ocraBjieHbl KyOuueckHe YJEHH,
«JIONOJIHUTEJNbHBIE» K TeM, KOTODHE MOXHO YHHUTOXHTbL 3aMeHaMu
nepeMeHHblXx M BpeMeHd B cucreMe (11) (Tem ke cmoco6oM mo-
CTPOEHO TJIaBHOE Sy-3KBHBapHAHTHOe ceMeHcTBO B 1. 4.4.) B Kax-
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Puc. 16. a. BudypraunoHune AnarpaMMul H (Ga3oBHe NOPTPETH IJisl JIerKHX
raasHEXx ceMelicTB (12) npum d<0. 6. PasbueHHe NOJMYNJOCKOCTH NapaMeTpos
(b,¢), b=c. 6. JinHuu ypoBHA TraMHJbTOHHaHAa H, COOTBETCTBYMOLHE OZHOMY W3
ypaBHenu#t cemefictea (12-) npu b<0, ¢<0. ¢,d. DasoBHe NOPTPETH ypaBHe-

HHH JIETKHX IJIaBHEX CEMeﬁCTB, COOTBETCTBYIOIHX HYJICBOMY 3HAa4Y€HHIO napamerpa:
2 aas oGaactelt 2, 3; 0 — ans p6nacredr 2a, 3a



AOM H3 <«TPYNHEIX» HEHCKAIYHTeJbHEIX ceMelictB (13) npm nepe-
X0lle napaMerpa yepe3 HEKOTOPYIO JIHHHIO ¢ KOHLOM B HyJe Ha
IJIOCKOCTH & NPOHCXOAHT CMeHa YCTOHYHBOCTH OCOOOH TQUKH ¢ Ile-
pPexofioM mapbl COOCTBEHHBIX 3HAUEHHH Yepe3s MHHMYIO OCh H DOXK-
AeHdHeM uMKJaa. [IBa cemefictBa (13), oTAHyammpecs: JHUIL 3HAKOM
nepen f, TOMOJOTHYECKH HEIKBUBAJIEHTHBI: B OJHOM M3 HHX MOTe-
P yCTOHYHBOCTH MsATKas, a B APYroM — xectkas (cM. § 2).

O6aacte mpocTpaHcTBa (X, y, €), B KOTOPOH CYHIECTBYIOT Ipe-
JeJbHBIE IUKJBL. «IVIaBHOIO JIOKaJbHOTO ceMelctBay (13), momxo-
JHUT K HYJI0 Y3KHM A3bIKOM. 3aMeHa BpPeMeHH, KOOPAHHAT H napa-
MeTpOB NpeBpallaeT «TPYAHOe IJaBHOe ceMeHCcTBO», paccMaTpHBa-
eMoe B 3T0fi 06sacTH, B MaJjioe BO3MylileHHe HHTEIPHPYeMOro ypas-
HeHHs. BoimyumeM 3Ty 3aMeHy M 9TO Bo3MylleHHe npu b<0, ¢<0,
A>0. B aToM ciayyae HMHTepecyOUIHH HAacC A3bIK Ha IJIOCKOCTH Ma-
paMeTpoB PacroJioXeH B NMOJNYNIOCKOCTH &< 0.

Ecmz—’+2—_—ll-=0, 1O cucreMa (12-) mmeer nepBrifl MHTErpast (OH

L Th—

BLINHCAH HHXKe, TNOCJAe u3MeHeHuss Macura6a). Crenaem 3ameHy
B NPOCTPAHCTBE MapaMeTPOB TaK, 4TO O/IMH Napamerp OyJeT H3MepATh
OTJIMYHE BO3MYyLIEHHA OT HyJs, a TNPOM3BE/leHHe NEPBOro Ha BTOPOH
— OTKJIOHEHHE CHCTEMBb! OT HMHTEerpHpyemoi

gy=—8, 8,=05=1--6p, 5>0.

MMocae 3TOro 3aMena mMacuwraGa TiePEMEHHBIX U BPEMEHH
x=0u, y==06v, 1=>~0¢
nepesoAut cemeficteo (13) B cemeficTBo
W=u(—14u—>bv),

v’=v(\%+cu——fa+u+6f2(u, v, —-1)). (14)

[Tpu (8, p)=0 cucrema uHTErpHpyeTcs; ee nepBhlid uHrerpan H
M MHTETPHUPYIOLIMA MHOXHTEIb 7. COOTBETCTBEHHO DaBHBI

1 1—b
H-—-Fu%-Fj (——H—u—{—]—_—c 7)),
m = u%=1ok-1,

raie . = — ﬁz—z—.

B cayuae A>0, a<0, B>0 u 3aMKHyThble IUHHA YPOBHS [aMHJBTO-
HHaHa [ 3anoJHfAOT TpeyrosbHUK (puc. 168). CooTBeTCTBYIOLLYIO
o6nacte 3HaueHuii H o6o3HauuM uyepe3 o. Pa3oBble KPHBBHIE CHC-
TeMbl (14) — 3TO MHTErpasibHble KpHBbe YPaBHEHHSN

dH +4-po, 48w, =0,



rae o,=u*"'vbdu, w,=u-10bf,(u, v, —1)du. [lpeneasHsle NUKABL
BOSMYIIICHHOTO ypaBHEHWsl POXAAIOTCHA M3 3aMKHyTOH (a30BOH KpHBOM
Y, H = h HeBO3MyLIEHHOTO YyDaBHEHHsl, €CJ HHTerpas

I(c)= 5‘ do, o=pe;} dw,,
H<e .
MMeeT npu =c npocToR HyJab. [lonoxum:
+&)? (x+e)b b2y |
Falx, g )= ﬁel) —2 B+1; Ny T X

L= [ do, Ie)= [ do,.
H<e He

[onyuum

I,(c)=—p | us—1ob-1du p\do,

He

Le)=— [we1ob-1z%dupndo, z=—1+u—bo.
, s

Oyukuun I, u I, TUHE/iHO He3aBHCHMHI Ha OTpE3Ke O; MO3ITOMY
nprk noaxoasiux (8, w) vHTerpas / HMeer, IO KpadHEA Mepe, ONHH
NpOCTOH HyJhL Ha 3TOM 'OTpe3ke. BoobGie, ecqn k GyHKUMHA Ha
OTpe3Ke JHHeHHO HE3aBHCHMBI, TO CYIIECTBYeT HMX JIHHEHHasg KOM-
6uHanus, HMelollas, noikKpaiuefi mepe, k—1 mpocTof HyJb.

Teopema. Unrerpan / umeer He Gosiee ORHOro HyJs Ha OT-
peske o. '

Tpynrsle cemefictea (13) mpu >0, ¢>0 wuccaexyorcs aHa-
JIOTHYHO. '

3ameuanune. Ecau BMecto Ky6uyeckux ujseHoB —+yf, B cu-
creme (13) nonHcaTh NPOU3BOJIbHEIE KYOMYECKHE YJI€HbBI, HE BBHIBO-
aamue cucteMy u3 kaacca (10): xFa(x, y), yGa(x, y), rne Fy n
Gy — OJJHOPOAHHE MHOTOWIEHL BTOPOH CTeNeHH, TO MNpeAblayliee
NOCTPOEHHE MNpPHBEAET K CeMelcTBY ypaBHeHu# Buaa dH+w=0,

(T) =l (.01‘+ 6?1)2, :02'_——‘ m ('UGQdu— qud‘U), m = u““lve—l. (1 5)

dopMa @ siBasercs JWHEUHOR KoMmOMHanued cemu dopm: modu,
mwidu, mv2udu, mowidu, mvudv, mouidv, muidv. [duddepen-
UHaJdH 3TUX GOPM MNOPOXKIAIOT YeThPeXMEePHOE NPOCTPAHCTBO.
TlosToMy npOCTPAHCTBO HHTErpaJoB OT JHHEHHBHIX KOMOHHAIMH
atux ¢opM mo JIGOMY ceMeHCTBY 3aMKHYTHIX KDHUBHIX He OGonee
geM udernipexmeprHo. OAHAKO OHO He 4YeTHIPEXMEPHO, a JABYMEpHO
Ans paccMaTpuBaeMoro ceMefictsa KpuBHXx {H=h} (u mortomy

HeJb3s 3aKJIOUHTh, UTO CyllecTByer ¢gopma o Bupga (15), uurer-
pas KOTOpOi HMMeeT TpH HyJs Ha o, Kak yTBepxpaercs B [158,
cTp. 409]).

a.



‘'§ 5. MNoka3sarean MATKON M JKECTKOH NOTEPH YCTOAYMBOCTH

OnpenensieMble B 3TOM Naparpage NokasaTesH ONHCHIBAIOT CKO-
POCTb, ¢ KOTOPOH IPOHUCXOJHT NOTEPS YCTOHYHUBOCTH B THNHUYHBIX
v-lapaMeTpUUeCKHX CeMeHCTBaX BEKTOPHBIX HoJieH ONpH v<I3.

5.1. Ompenenennsi. TIpOoCTPaHCTBO DPOCTKOB BEIECTBEHHBIX BEK-
TOPHbIX NOJe# B 0cOO0H TouKke pasjensieTcs Ha TPH dacTH: o06-
J1aCTh YCTOHYHMBOCTH, 06J1aCTb HEyCTOHYHBOCTH U TpaHHLa 06JacTH
YCTOHYHBOCTH. ITa IPaHHIlA COCTOHT M3 TAaKHX DOCTKOB, ONEPATOP
JHHEapH3allud KOTOPHIX He HMeeT COOCTBEHHBIX 3HAUEHHH CTPOTO
B NPaBOH MNOJNYIUIOCKOCTH, HO HMeeT XOTs Obl OAHO COOCTBEHHOe
3HayeHHe Ha ee TpaHHLE.

Onpenenenune 1. PocTok v BeKTOpHOro moJjs B ocoboil
Touke O, npuHajJexamuil rpaHune 06/71aCTH yCTOHUMBOCTH, MAZKO
TepseT ycroiuuocTh npu Jedopmauuu V ={v.|e6BCR% 0B,
“Vy="7}, eCIH CYWIECTBYeT TaKAs OKPECTHOCTh U ocoboft Toukn O
u Takoe cemefictBo oxpectsocrelt {U:|e6B\ {0}, crarusamomeecs
‘K Hy/mo npu e—>0, uro

1. Okpectrocts U — moryiomaromas A Beex nonen V.. Kax-
',u,asx NOJIOXKHATE/IbHAS IOJNYTPAEKTOPHS TOAS U, ¢ Hauanom B U
LeJIHKOM npuHaiaexur U.

2. Ilpn &0 Bce nonommenbume no.nyTpaeKTopHH nons v, ¢
HayasioM B U nonapator B U, 7 TaM OCTalOTCA.

Onpenenenune 2. PocToK v BEKTOPHOIO 1I0Jisi B 0COGOH TOY-
ke 0, TpHHAaMIeKallleli IPAHRIE OGIACTH. YCTOHUHBOCTH, = HECTKO
TepsieT ycTOHYMBOCTb NpH Aedopmauun V= {v.|e€BCR*, 068, vy=
=0}, eClH CYUIeCTBYIOT TaKasi OKpPecTHOCTh U ocoGoil Touku 0 u
-OnpejesIeHHOe IS BCeX J0OCTaTOYHO Majbix €70 cemeilicTBO Ha-
YaJIbHBIX YCJIOBHH X,, |X.|—0 npu &0, Takoe 4TO MOJIOKHTEIbHAS
NOJYTPAGKTOPHUS NOJS U, C HAYAJbHBIM YCJOBHEM X, IOKHJaeT
OKpECTHOCTD U.

Onpeneneﬂne 3. Uucno » HasbiBaeTca noKA3aTeAem MAT-
KO#l (KeCcTKOH) NOTEepPH YCTOHYMBOCTH POCTKOM U, €CJH s 060
deopMaluu 3TOro POCTKAa cyulecTByeT Takoe C (3aBucsiiee oOT
dedopMaluu H OT METPHKH B (pa30BOM NpPOCTPaHCTBE H IIPOCTPAH-
CTBe HapaMeTpoB), u4TO OKpecTHocTH U, u3 onpepeneruss 1. (Ha-
YanbHbIE YCJOBHS %, U3 ONpejejeHHsl 2) npHHajJJexar IIapy
|x| <C|el*. Bepxusisi rpaHb TAKHX x HA3BIBAETCS MAKCUMAALHLLM
‘TIOKa3aTeJeM MACKOH (XKECTKOH) NOTepH YCTOHYHBOCTH POCTKOM.

3aMeuvanus. 1. MakciMaJbHBI II0KasaTeJb HE 3aBHCHT HH
OT AedopMallid, HH OT METPHKH.

2. ACHMITOTHUECKH YCTOHYHBHIH POCTOK BCErAa MSTKO TepseT
ycroitynsocts [83] .

3. Uem 6oJiblie noKasaTesb MSTKOH NOTEPH YCTOHUMBOCTH, TeM
Me/lJIeHHee C POCTOM & PAacTyT pasMephl aTTPaKTOpa, 3aMEHHBIIETO
0Cco0yi0 TOUKY, TeM Msrye Tepsercs YCTOHYHBOCTD.
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Uem GoJblue MOKA3aTe/b -XKECTKOH TNOTEPH YCTOHYHBOCTH, TEM
6bicTpee ¢ yOpiBaHHEM & NPHOJMKAETCS K MOJOXKEHHIO DPaBHOBECHS
«OllacHas 30Ha» HayaJbHHIX YCJAOBHIH, H3 KOTOPHIX pelleHHe BuiOpa-
CHIBaeTCs 3a INpelesinl (HKCHPOBAHHOH OKPECTHOCTH, TeM IKecTye:
TepseTcs yCTOHYHBOCTD.

4. «OnacHas 30Ha» HavaJbHBIX YCJOBHH IPH KECTKOH 'morepe
YCTOHYHBOCTH MOKeT OBITb OUYeHb Y3KOH; ee ObiBaeT Heserko oGHa-
PYXHTb NpPH BBIYHCJIEHHAX. B 3TOM — cyllleCTBeHHas  pasHHLa&:
MeXJy YpPaBHEHHSIMH, JieXallMMH BOJIM3HM TPAaHHUB YCTOHYHBOCTH,.
H YpDaBHEHMSIMH, HeyCTOHUHBHIMH IO JIHHEHHOMY NPHOJHXKEHHIO, C
60JbIINM HHKPEMEHTOM (MaKCHMaJIbHOH BellleCTBEHHOH YacThio
co6CTBEHHOrO 4HCJIa).

IIpumep. budpypkauus poxjaeHus LHKJIa B OLHONApaMeTpH-
4EeCKOM ceMeHcTBe oOlllero IOJOXEHHS CONPOBOXKAAeTCs MSATKOMH
HJIH XKeCTKOH NoTepel - yCTOHUHBOCTH ¢ MNOKasatejgeM 1/2  (cm.
nm. 2.2, 2.3).

Ha QopmasbHOM fA3biKe MakCHMaJbHbie IIOKa3aTeNd %, H %
onpefiensiorca caeaylomum obpasom. Ilvers o (x, €)= Zedopmanusy
poctka v (x, 0) ¢ ocoboit Touko#t 0, @, .—Tpaexropus noas (-, €)
¢ HavaJaoM X:®P.e(0)=x. Ecau pocrox v (-, &) ycroiluus, TO cyIe-
cTByeT morJjoinaionias oxpectHoctb U/ moJoxkenus paBHosecus. Ecam
pocTok v (-, &) HeyCTOHAuUMB, TO CYINECTByeT TaKas OkpecTHoCcTh U/
NOJIOXKEHH DABHOBECHS, A/l KOTOPOA HalJeTcs MNOJOXHUTe/NbHAS
NOJIy TPAEKTOPUA CO 'CKOJIb YrOAHO MajibiM HayaJbHBIM YCJOBHEM,

noxuaawomas . B 3tux o6o3naueHudax

J— Inlg (£) |
%, =lim sup .__;"_BL)__

e~0 $QOU ne

40 £G0,0)

[Mycte E (x, e)—noayunreppaa ocu R*, sBasiomuiics «Makch-
MaJbHOH 00/aCTbI0 ONPEAe/eHHs] OTPHLATEJBHOM MOy TPAEKTOPHH.
@, .. CO 3HaueHusiMu B U»

E(x,8)={t<0|9, . (v)6U mpu t<1<0}

Torna
— Info, ()]
no=lim sup —FE—.
e-0 x@oU ne
E3?‘=0t615(.wr,e:)

5.2. Ta6auua noxasaresnei. .

Teopema. B THOHYHHIX TpexnmapaMeTpHuecKHX cemeHCTBax
BCTPEYAIOTCS TONBKO TAaKHE POCTKH BEKTOPHBIX Mojiedl B 0co6oit
TOUKE, JieXKallde Ha rpaHHle 06JacTH yCTOHYHBOCTH, KOTOPhIE NpH-
HajJJiexkaT OAHOMY H3 KJAacCOB, IIePeYHCJEHHBIX B Tabauue 3.
Ecnu poctok ycrofiuus, OH MSATKO TepsieT YCTOHUHBOCTb, €CJH He-
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Ta6auna 3

v Kuaace Ky n_ Kaace 7% ®_
1 woe | | 1| e |0 !
. 1 2 2 2 ’5
1 1 1 1
0; — ) /3 —
W, 0 3 2 w3 4 4
. 3 . 1
2 Wy — I wiiis — b
-1 1 1
IRS — — 30, —
Wy D) D) L — 7
1 1 1 5.
730 _ 2.2 J 2
W5 4 37 W3 - 6
1/(3 1 1 Tr1y
1,7 _ 212 0,730 2 e =
L2 >2(4> W 3 2’>3(2)
1 1 1 1 /1
3 4 1 7 Az T (3> z(vz)
A; - 1 A4 — 1
1 1 ¥
g - g0 =
4s 2 3 LE - 2
1 1 1 1
10,7 ~— - 1:0,0 = it
We P) P) W 3 6

Kaaccn Ay, «.eo A5 Onpeneness 8 |26, § 5 ra 3l.

YCTOHYHB — XKeCTKO; COOTBETCTBYIOIME MaKcHMallbHble NOKasaTe-
JH TOXe HPHBeAeHb B TabJiuue. ‘

B TaGaume 3 v — KOpa3MepHOCTb BBIPOXAEHHS, X, — Mak-
CHMaJIbHbIA TIOKa3aTeNb MArKOH, . — XecTKOH IIOTepH YCTOH-
yuBocTH. [Ipoyepk o3HavaeT, YTO B paccMaTpuBaeMoOM KJacce
HET YCTOMYHMBHIX pPOCTKOB . (BCTpeuaeMBiX B TpexnapaMeTpH-
YeCcKHX ceMelicTBax o6miero moJsioxkeHusi). IlepeurcienHoie B Tab-
aune 3 Kaaccw onpenenensl B [26, § 5, ra. 3]. HanomuuMm paciud-
POBKY HEKOTOpHiX o6o3HaueHHH. HuXHHMI HHAeKC B O0O0O3HaueHHH
knacca W ' yKa3pBaeT Pa3MEPHOCTb LEHTPaJbHOTO MHOroobpa-
3uS; BEPXHHE CHMBOJIBl IO TOYKH C 3ansToH 00603HAYalOT BHIPOXKJe-
HUs JdHelHo# wactH: O —— HyseBoe COOCTBEHHOe 3HaueHue, [ —
napa YHCTO MHHMBIX, J — HUJILIIOTEHTHasl KOPAAaHOBA KJeTKa, Io-
PANOK KOTOPOH YCTaHaBJIHBAeTcss MO Pa3MEPHOCTH LEHTPaJbHOro
MHOrooGpasus. 3HaK * [OcCJe TOUKH C 3alATOH CHMBOJH3HPYET
OTCYTCTBHE BHIPOXK/JEHHH B HEJMHEHHBIX 4JeHaX; YHCJO HyJe# noc-
Jie TOYKH C 3aNlsiTOf PaBHO YHCJAY BHIDOXKJAEHUH B HeJHHEHHHIX
YJeHax.
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Kommentapui. 1. B ckob6kax yKasaHbl [HIOTeTHUYECKHE
3HAYeHHs1 MaKCHMaJbHHIX NOKasaTeses.

2. MakcuMaJbHbIE TOKAa3aTeJd MACKOH M IKeCTKOM NoTepu yCTofi-
YUBOCTYM He 006A3aHbl COBMAJAaTh AJA BCEX POCTKOB OJIHOTO KJjacca
{BCTpeUaeMbiX B obliero noJoxeHua 3- napaMeTpuuecxux ceMelCT-

pax). Takoe HecoBmajeHUe HMESTCSi B KJ/accax W3" u, BO3MOXHO,
W10

3. JKupHele JnHUH B Tab/Hue PasfensioT KJacchl Pa3HOH Ko-
Pa3MEepHOCTH.

OmnacHble H Ge3onacHbie 30HBl TPAHHLBI 06JaCTH yCTOHYABOCTH
(npu nepexofe 4epe3 KOTOPHle NPOUCXOJHT COOTBETCTBEHHO KeCT-
‘Kasg. 0 MArkas 1oTeps YCTOHYHBOCTH) BIEPBHIE  HCCIEJOBAHH
H. H. bayruusnu [35].

Hacroamuii naparpad usnaraer pesyiasTatel JI. T. Xasuna H
2.-9. WWrons [103].

T'rasa 2

BU®YPKAIIMHX TNPEJEJbHBIX LHUKJIOB

budypkanun $as3oBHX NMOPTPETOB B OKPECTHOCTH * LHMKJIA TNOJ-
"HOCTBIO OMHCHIBAKOTCA GHAYpPKaLMIMH COOTBETCTBYIOLIEIO Tpeobpa-
30BaHua MoHoApoMuu. II03TOMy OCHOBHBIM OOBEKTOM- M3yueHHs B
3TOH rJaBe sBJAAITCA OHPYpKalMH POCTKOB JubpdeoMopdusmos B
HENOJABMKHOM Touke. JIOKa/bHBIE ceMefcTBa POCTKOB AHGGeomop-
-pU3MOB, - X SKBUBAJEHTHOCTb, cJabas 3KBHBAJIEHTHOCTh, MH-
JNYUMPOBAaHHBE M BepcajbHHE AeOpMalHHd DOCTKOB OINpeResisioTcs
TaK e, KaK ¥ Ul POCTKOB BEKTOPHBIX mosied (cM. 1. 1.5). asa po-
“‘CTKOB nmpq)eomop(bnsmos B HeNOJABHKHOH TOuKe cClipaBelJIMBhI aHa-
Jory teopem cpedenusi ([26, n. 2.4, ra. 6] u n. 1.6, ra. 1). Orpaun-
yeHue pocTKa AU(pdeoMopdu3Ma Ha LEHTPaJbHOE MHOrooGpasue
" HasblBaercst pedyyuposanruim poctkom auddeomopdusma. Ortme-
THM, 4TO PeAyUHPOBAHHBI POCTOK MOXKET MEHSTh OPHEHTALHIO, Aa-
Xe ec.rm HCXOJHBLIH DOCTOK ee He MeHsJ; Ipumep: x~ diag(l; —I;

2, — )x x€R*. Huxe onuceiBalorcss OHQYPKALMH POCTKOB H(-

‘Q)eOMOp(I)I/BMOB, a 3aTeM NOJYyYEeHHbie Pe3yJbTAaTHl NEPEeBOAATCS Ha
SA3LIK JuddeperinaJbHbBIX ypaBHEHUH.

[Tateif naparpad DocBsillieH «KOHEUHOLJIaAKOH» TeopHH. B HeM
MCCNIeyIOTC HOpMaJbHEE (POPMBL JIOKAJbHBIX CEMEHCTB BEKTOPHBIX
nosed u nmbcpeomop(pnsMoa K KOTOPBIM ceMeHCTBAa MOTYT OBITb NIPH-
BeJleHhl KOHEYHOIVIaJKOH 3aMeHOH KOOpAHHAT B (pa30BOM HPOCTPaH-
-CTBe. DTH HOpMaJibHble (OPMEI NOJIE3HBI AJIST TEOPUH HEJOKAJIbHRIX
-6H(ypKalui H peNaKCaUHOHHBIX KoJeGaHui.

ITaparpad 6 mocssilieH TeOpHH (Denrenéayma B OCHOBHOM, IJis
‘HEOJHOMEpHBIX 0TOOpaKeHU .
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§ 1. budypkanuu npegeabHbiX HUKIOB
B THIOMYHBIX OJHONAPAMETPHUECKHX CeMeHCTBAX

B oanomapaMeTpHUECKHX ceMeHCTBax OOINEro TOJOXKEHHS IpH
OT/[eJIbHEX 3HAYEHHSIX NTapaMeTpa BCTpedaloTcs NpeldesibHBE IHKIIB,
¥MeloIllHe OAHH MYJbTHIIHKATOPY, paBHBIH IJIIOC MK MHHYC €JHHH-
e, WJIH Napy JexalluX Ha eNHHHYHOH OKPYXKHOCTH KOMIJICKCHO
CONPSIXKEHHBIX MYJbTHINIMKATOPOB eXxp(zkiw); OcTajbHble MYJbTH-
IVIHKATOPH! He JieXKaT Ha eAUHUYHOH OKPYXKHOCTH.

Budpypkauuu c NpoxoxXJeHHEM Hepe3 eAUHUYHYIO OKPYXHOCTb
KOMIIJIEKCHO CONPSKEHHOH Naphl MYJIbTHIVIMKATOPOB TOJIE3HO H3Y-
yaTh B AByNapaMeTPHYECKHX ceMeHCTBaX: INEPeCTPOHKH, KOTOphIe
KaXyTCs HeJOKaJIbHBIMH DU OJHONMapaMeTPUYECKOM NOAXOAe, NMOA-
IATC HCCIeIOBAHAIO JIOKAJbHBIMH - METOJZAMH, €CJIH paccMaTpu-
BaTh 3ajady, Kak ABynapameTpHueckyio (m. 1.5 nuxe).

1.1. Myabtunaunkarop 1.

Onpenenenue. I'aBHOH OJlHONapaMeTpHYeCKOH JHedopma-
uueit poctka aHpdeomopdusMa NPAMOH B HENOABHKHOM TOUKE C
MyJbTHIJIMKATOPOM | HasbiBaercsi OAHO H3 JABYX CeMeHCTB

XX X2t 1
Win

X=X+ x2—e. (1)

Hapcrpofiko#i cepnia (c S-MEpHBIM YCTOHYHMBEIM H U-MEDHBIM He-
ycroituuBelM MHOrooGpasueM, s==0, #=>0) Hajx cemeHcTBOM
xX—w (X, €)
HA3LIBAETCA CEMEeCTBO
1 1
(%, ¥, 2, 4, v)'-'((wx, £), 5l —5 2 2, —2'0),
(y, 2)6Rs, (u, v)eR“

Teopema. B THNHYUHHIX OJHONapaMeTpPHUYECKHX ceMeficTBax
JuddeoMophU3MOB BCTPEYAIOTCS TOJIBKO TaKue POCTKH JHDpeoMop-
¢$H3MOB B HENOABUKHOH TOYKE ¢ MYJbTHIJIHKaTOpOM 1, KOTOpHIE C
[HOMOLIbI0 roMeoMOpbH3Ma NMPUBOAATCA K BUAY X — x-+x2 Iedop-
MaUHH TaKHX DOCTKOB B THNMYHBIX CeMeHCTBaX 3KBHBaJEHTHHI
rJIaBHBIM AehopMalysaM U BepCaJbHH.

TpeboraHusa TtuUmHYHOCTH. 1. PeayunupoBaHHBIH po-
cTOK aHpdeoMopPpH3Ma ¢ MYJIbTHINHKATOPOM 1 HMeeT BHA

x—x+ax?-+..., x6R, 0), a+0.
2. CeMelicTBO TpaHCBepcaJbHO MHOroo6pasHio POCTKOB, Bbije-
JeMbIX NpeAbAyIiuM TpebOoBaHHEM.
D) HanoMHHM, YTO MYJLTHIUIHKATOPH — 3TO COGCTBEHHHE 4HC/Ia npeobpaso-
BaHH MOHOJDOMHH OTOGpaXKeHHsI TPAHCBEPCAJbHOH WHKIAY NJOMAAKH B Cebs.
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3ameuvanue. JoKa3aTelbcTBO TeopeMbl He MpocTo. Kpowme
TOTC, cupaBefiuBa (GopMynHpyeMasi HIXKe HEOXHIAHHAs <«TeopeMa
0 XKecTKocTH». POCTOK riajgkoro auddeomopdusmMa NPSIMOR B He-
TIOABHXXKHOH TOuKe X —>x-+ax?+ ..., a0, 0OpelcTaBHM B BHJe
cliBUra 3a eXHHHYHOE BpeMs 10 ()a30BBIM KDHBEIM IJI4JKOTO OAHO-
3HAYHO ONPENEJEHHOTO BEKTOPHOIO NOJS U, Ha3bIBaeMOTO NOPOXK-
RAOmMHM: U(X) =ax?+ ...

Teopema ([180]). TomeomMopdusm, conpsramwoIuil THNHYHBIE
oJHONapaMeTpuyeckue aepopMalHd POCTKOB

f:xmx+ax®+ ..., g:x—x +bx24 ..., x6(R, 0), ab+#0,
COOTBETCTBYIOLIMX HYJEBOMY 3HAUeHHIO mapaMerpa JedopMalMH e,

IVIafloK N0 x NpH €70 B NPOKOJOTOH OKPECTHOCTH HyJs Ha mps-
MO# H CONpAraeT NOPOXAAIOILHe NOJSA POCTKOB [ U g.

s s ‘ ¥

Puc. 17. Op6uT rpynn crefesefi pocT KOB
nuddeomopdusmon cemeiictBa (1+)

budypkauun opbur auddeomopduaMoB B ITaBHOM ceMelCTBe
(1*) m3o6Gpaxensi Ha puc. 17. Ilpu oTK/IOHeHHH & BIPaBO OT HYyJd
HeNOJABHXKHAs TOYKa HcYe3aeT, a NPHU OTKJIOHEHHH BJeBO pacha-
JaetTcd Ha fBe runepGojHuecKye: NPUTATHBAIOILYIO H OTTAJKHBAIO-
mylo. J1oi nepectpoiike B COOTBETCTBYIOLeM ceMelicTBe auddepen-
IHaJIbHBIX YPaBHEHHH Ha IJIOCKOCTH OTBEYaeT CTOJKHOBEHHE ABYX
NpeXesibHBIX LHKJOB — YCTOHYHBOrO U HeycTohuHBoro c o6pasosa-
HHEM Ha MrHOBEHHEe TOJYYCTOHUYMBOrO HMKJAA Y MOCAeAYIOUIUM €re
‘Hcue3HOBeHHeM Ipu £>0.
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1.2, MyabTunaukatop —1 u Gudypkanus yaBoeHusa nepuopa.

Onpenenenne. InaBHOM onHONapaMeTpHuecKoil nepopMma-
uuell poctka audpeoMopduaMa NpPsMOH B HEMOABHIKHON TOUKe C
MyJbTHIVIHKaTOPOM —1 HaswiBaercss OAHO H3 ABYX ceMmeHcTB {f.}:

Sfex—(—1--e)x+ x5 2%)

Teopema ([20], [180]). B THOHYHBIX OXHONmapaMeTPHYECKHX
ceMedctBax auddeoMopdu3MOB BCTPeUalOTCs] TOJABKO TaKHE POCT-
Ku gupdeoMopdH3MOB B HENOABHKHOH TOYKe ¢ MYJIbTHUILJIHKATOPOM
—1, KoTOopple ¢ NOMOLIbI0 TOMeoMOp(HOH ~3aMeHb -KOODAHHAT
NpPeBpPALIAIOTCH B OZUH H3 POCTKOB X +— X¥+x% mwin x+— x—x3. Jle-
($opMalHH B THIHYHBIX CeMeHCTBAaX TaKHX DOCTKOB 3KBHBAJEHTHHI
rJIaBHBIM JAedopMalUsiM H BepCaJbHHL

" TpeGoBanusa THNHYHOCTH. 1. Peaynuposanusifi POCTOK
RubdeoMopdusmMa ¢ Myabruinkatopom —1 umeer Bum x> f (X),
TpuyeM

frxeox-taxd..., a#0.

2. CeMeficTBO TpaHCBepcaJbHO MHOTro06pasHio POCTKOB, BHIAEJS-
€MBbIX NPEeABIAYIIHM TPe6OBaHHEM. :

3ameuanne. [logpoGHoe N0Ka3aTesbCTBO TeOpPeMHl B JIHTE-
paType OTCYTCTBYeT, XOTs TeOpeMa Ipollle HpelAbAylled M  JO-
KasblBaeTcs TeMH ke Metofamu (cm. [180]).

B cemeficTBe (2%) npu nepexole nmapaMerpa cjeBa Hanpaso ye-
pe3 0 IPOMCXOAHT MsTKas IOTEPS YCTOHYHBOCTH. A HMEHHO, NpPH
e<C0 menojsuxuas Touka 0 poctka f. ycroiiuusa.IIpu ¢>0 ona Te-
PSieT YCTONYHBOCTb, HO BO3HHKAeT «YCTOHYHBHIH LHKJ IepHOAa 2»:

napa ToYeK, GMH3KHX K —-Ve, nepecraBnseMbx AuddeoMopdusmom
fe. Mas puddeomopduaMa KaxAasi U3 3THX TOYEK HENOABHIKHA H
ycroiiuuBa. OT1of IepecTpoiiKe COOTBETCTBYeT MArkas morteps
YCTOHYHBOCTH TNPeAeJbHBEIM LHMKJIOM (B NpPEANOJOMKEHHH, YTO IpH
e<C0 Bce ocTasipHble MYJBTHILIMKATOPH IO MOAYJIO MeHbule 1).
ITpu £>0 ucxoaHblH LHKJ COXpaHSeTcsl, HO CTAHOBHTCA HEYCTOWYH-

BBIM, a PSAOM C HHM Ha pacCcTOsHHH IOpsiiKa Je nosBasercs
YCTOMUMBBIH NpefelbHblii KA NPHMEPHO BABOEe 6OJbBLIEr0 NEpHOLA
(puc. 18.) ’

@ejiren6aym [143] OTKPBLI, 4TO B THUNHYHBIX OXHONIapaMeTrpHye-
‘cKux ceMeiicTBax AudpdeoMopdu3MOB Ha KOHEYHOM HHTepBalje HU3-
MEeHeHHs NapaMeTpa MOXKeT NMPOUCXOAUTh OecKOHedHOe YHCAO OH-
dypkauuil yasoeHus nepuopa. Jlisi KOHKPeTHHIX OTOOpakKeHH# Imo-
CJICIOBATENBHOCTH yABOEHHH OBUIM YHCAGHHO OOHApyXeHH 33 .
HecKoJbKO JetT 1o toro skogoramu (IHamupo A. Tl., Maremaruue-
CKHe MOJeJM B KOHKypeHuuu. — B Kuiure «ynpasJjenue u uupopma-
uusi>. Baammsocrok, ABHIL AH CCCP, 1974, Bmn. 10, 5—75;
May R. M., Biological populations, obeing difference equations:
stable points, stable cycles and chaos: J. theor. biol,, 1975, 51,
511—524). '
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Prc. 18. Budypkauns yasoesns nepuoia

StoMy ¥ GJIH3KUM SIBJCHHSIM MOCBAILeH § 6.

1.3. Tlapa KOMNJEKCHO CONPSIKEHHBIX MYJbTHINIMKATOPOB. [le-
¢opmanuu poctkoB muddeoMopdHUIMOB ¢ NapOi KOMILIEKCHO CO-
OPSKEHHBIX MYJbTHIIHKATOPOB HMEIOT TONOJIOTMYeCKHH HHBapHAaHT,
npoberamwuil eJHHHYHYIO OKPYKHOCTb (apryMeHT MYJIbTHILIHKATO-
pa, 0 MOAYJIO PABHOTO'efMHHIE), H Aaxke B KJacce POCTKOB C Na-
pofi MYJIbTHILIMKATOPOB €*'® (@ (PUKCHPOBAHO) KOHEYHO NapaMer-
pHYECKHe BepcaJbHble AeOpMalMH He NOCTPOEHH H, BHAHMO, He
CYLLeCTBYIOT.

B THIMUHBIX OJHOMapaMeTPUYECKUX CeMefiCTBAX BCTpEualoTCs
POCTKH C Tapoii MyJAbTHIVIMKATOPOB e+i®, yIoBJeTBOPSAIOMHUE ClIe1YI0-
meMy TPeOOBAaHMIO OOLIHOCTH NOJIOXEHHS: 3aMEHOM KOOPJAUHAT POCTOK

TIIPpUBOJAHUTCA K BHAY
e~etoztaz|zp+0( 2. @

«CousMepuMOCTh 4acTOT» ®/2%=p/q C LEJIHIMH p H ¢ Ha3bl-
BAETCA PE30HAHCOM NOPAOKA (. Pe30HaKc HA3LIBACTCA CUAbHBLM,
€C/IM €ro NopaioK He 6oJsbile 4.

Tpe6oBaHHA THIHYHOCTH.
1. OTcyTcTBME CHIBHOTO pe3oHaHca:
0#=2np/q npu ¢<4; (3a)
2. Rea+0. (36)
Bciony B 3TOM nNyHKTe NpeRrosaraercs, YTO CHJbHBEIH pe3oHaHC
OTCYTCTBYeT; OH MNOSIBJAETCS HEYCTPAHHMHM O6Pa3oM TOJbKO INpPH
IByx (u 6oJsiee) mapameTrpax.

Iledopmanus poctka (3) ¢ NOMOIIBIO IVIaAKO 3aBHCAMIEH OT na-
paMeTpa 3aMeHbl KOODAHHAT NPUBOAUTCA K BHAY

278 02T 0 (2], *)
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rie g. —cCHBUr 3a eAWHWYHOE Bpems BJOJb (Aa30BHIX KPHBbIX BeK-
TOPHOTO NOJst V:

v(2, e)==zlio-+A(e)+ A (e)p], (5)
p=2z, A(0)=0, A@O)=a, Reas0.

Jaas tumnureix cemeficts Re)’ (0)=£0. Ilpu npoxoxaenun e uepes O
B CEMelicTBe ypaBHEHUH

z=19(z, € (6)
POXJIaeTcs TIpefeJbHbIA IUKA— OKPYXKHOCTb € nentpoM O u paauy-
coM, mponopuuonasseM e (m 2.2, ra 1). Crenoparenrwo,
B ceMmeiicTBe (4) c or6poumleHHBIMH crapuumu wienamu O (]z]4)
NpH TMPOXOXJAEHHH NapaMerpa uepe3 O poxkjaaercs riaikas KpuBas
(oxpyxHoCcTh), KoTOpyw AHpdeoMopdH3M NOBOpauHBaEeT HA Yrodl,
3aBHCAIMH OT & (NOCKOJIBKY noJsie v{(-, €) HHBApHAHTHO OTHOCH-
TEJhHO MOBOPOTOB).

Budypranun B HCXOXHOM cemelicTBe cymeCTBeHHo CJIOXKHee.
lF'omeomopdHast OKPYKHOCTH HHBAaDHAHTHAsi KpHBasi JEHCTBHUTENLHO
poxjaercs, HO He sBJsieTcss raaikod. Orpasuuenue guddgeomop-
¢u3Ma Ha Hee He 00f3aTeJbHO 3KBHBaJeHTHO mnoBopory. Yucno
BpallleHHs AvpdeomopdpraMa Ha MHBAPHAHTHOH KDHUBOH 3aBHCHT OT
napaMeTrpa M CTPeMHTCSl K ®/2m, Korja mnapaMeTp CTpeMUTCs. K
KPHTHYECKOMY 3HayeHHIO 0.

Teopema ([87], [173], [191], [192]). PaccmoTpum JOKa/b-
Hoe ceMeilcTBO pudpdeomopdusmon (f; 0, 0):

f(z ey=elotr®zta(e) 2o+ 0 (D), 4(0)=0

Hycrs pocrok f(-, 0) YAOBJIETBOpsiET TpeGOBAHUAM THIHYHOCTH
(3a) u (36), a camMo ceMelCTBO YAOBJETBOPAET c.nezlyfomemy ycao-
BHIO Tpaucsepca.nbnocm

Re A’ (0) 520

Torna B nokajbHOM cemeiicTBe (f; 0, 0) npH NIPOXOXKIAEHHH &
gepe3 0 (Bnpaso, eciu Re)’(0) Rea<0 u Bneso npu o6GpaTHOM
HEPaBEHCTBE) pOXKJaeTcss UWHBAapHaHTHAsi KPHBas, romMeoMopdHas
OKPYKHOCTH B ob6xomsulast 0. I'magkocTh 3TOH KpHBOH, BoOGILE ro-
BODS, KOHeYHA, HO CTPEMHTCS K GecKOHeUHOCTH mpH e—-0.

Teopema ([180]). Eciu xBe THOHYHBIE OJHONAPAMeETpHUECKHE
aepopmanuu pocTkoB Auddeomopousmor (R2 0)—(R? 0) ¢ mapoit
HEBEUIeCTBEHHBIX MYJbTHIIHKATOPOB Ha eJHHHYHOH OKpPY:KHOCTH
TOMOJIOTHYECKH 3KBHBAJIEHTHBI, TO MYJbTHIIMKATOPH Ae()OpMHPY-
€MBbIX POCTKOB COBIIaZaloT.

dra TeopeMa CJAEAyeT H3 TOMOJOTHYECKOH MHBAPHAHTHOCTH YHC-
Jia BpauleHus Aas Audbdeomopdu3ma OKPYKHOCTH.

1.4. Henokaabnble GudypxauMd B OJHONADAMETPHYECKHX Ce-
meiictBax auddeomoppusmon. Uncao BpameHus auddeomopdusma
ceMeficTBa (4) Ha ero MHBapHAaHTHOH KDHBOH MEHSIETCH C H3MeHe-
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HHeM napaMerpa. Koraa oHO HppaluonanbHO, OPGHTH FPYNNHI CTe-
nenedi poctka AupdeoMopdusMa BCOAy NMJIOTHH Ha HHBapHAHTHOR
KPHBOH; KOrja OHO DalHOHAJbHO — TOTLA B THIHYHOM ceMefCTBe,
B- OTJIHYHe OT ero ykopouenus (4), (5), (6), Bo3HHKaeT KOHeuyHOE
YHCJIO AJHHHOMEPHOAHYECKHX LHKJOB (IIEPHOL pPaBeH 3HAMEHATeJIo
HECOKpPaTHMOH Apo0H, 3afamollell yHcJa0 BpaUIeHus).

310 siBAeHHe yAOOHO M3yyaTh, pacCMaTpHBasi [BylapaMeTpHue-
ckoe ceMelicTBo AH(pPeomMoppH3IMOB, B KOTOPOM NapaMeTp Npomnop-
LHOHAJIEH JiorapH(My KOMILJIeKCHOTO MYJIbTHUILIMKATOPA: ero Belle-
CTBEHHass 1 MHHAMasi YacTH — /iBa BellleCTBEHHBIX MapaMeTpa ceMeii-
cTBa. 3aMeHOH KOOpPAMHAT TaKoe CeMeHCTBO NMPHBOJAHTCA K BHAY

z—etz+ A (e)zp+0( 2], @)
€CJH ¢ IpoberaerT OKpecTHOCTh JiI06Oro 3Ha4YeHHsT ® Ha OTpe3Ke
[0, 2n], He comepxalllyl0 «TOYEK CHJIBHOTO pe30HaHCa» e7=2np/q
npu 1<<g<<4. llycts ReA(w)<0. Torna wuHBapHanTHasA KpHBasi
poxnaeTcs: NpH Nepexole NapaMeTpa € W3 HHXKHEH B BEPXHIOIO NO-
JIYNJIOCKOCTh BOJIM3H TOYKH @. MOXHO J0KasaTb', uTO 3Ta KpHBast
KOHEUHO TJIaJlKO 3aBHCHT OT napameTrpa g, npoberailero mnepece-
'YEHHe HeKOTOPOH OKDECTHOCTH TOUKH @ C BEPXHel IMOJYIIOCKOCTBIO.
O6nacTeio pesonaHca p/q HasblBaeTCs MHOXKECTBO 3HAaueHHH Mapa-
MeTpa g, AJA KOTODELIX 4HCJIO BpalleHu# Anddeomopdusma (7) Ha
.€T0 HHBapHaHTHOH KpuBOH paBHO p/q. OG6nactb pesoHaHca pfq
pacnoJiokeHa B ‘BepXHel MOJIYNJOCKOCTH H MOJXOIHT K BellecTBEH-
HOH ocHM B TOUKe 2mp/q Y3KHM SI3bIKOM: OrpaHHYMBalOLIYe €ro Kpu-
BBle KacaloTcsl, Kak ABe Hapaboanl crenenu (¢g—2)/2 (puc. 19).
Pacrnosioxxenve 3THX 30H HANOMHHAET PAcHOJIOXKEHHE PEe30HAaHCHBIX

30H s ceMefictBa Aud¢peoMOpdU3MOB OKPYKHOCTH, 3aJaHHBIX

TPHTOHOMETPHYECKUMHU nonmomamn TO €CTh HAalOMHHAeT 3ajayy
tuna Martbe B cMbicae [23]; (cM. puc. 11 u3 [26]).

TunuyHoe oJHONMapaMeTpHYecKoe CeMeHCTBO, HHAYIHUPOBAHHOE
u3 (7), momajaer B CYETHOE YHCJO PE30HAHCHBIX 30H Ha JMIOGOM HH-

Imé

\ Re&

Puc. 19. BupypraunoHHass nuarpaMma cemeiictBa Au¢pdeomopdpuamos (7) u co-
OTBETCTBYIOLLETO ceMmelicTBa Au(pdepeHiHaNbHbX YpaBHeHHH. )KupHO#A JHHHEH BH-
nelteHH 6asa OJHONAaPaMETPHYECKOro ceMelCTBa M BellleCcTBEHHAs OCh

1) 3To Jerko cjelaTs ¢ TOMOIIbI0 paccyxaenui [173, ra. 6], Ho, Kaxercs,
siBHBle (OPMYJHPOBKA H [0Ka3aTeJbCTBO B JHTEpaType OTCYTCTBYIOT.
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TepBaJje, COAepKalleM BeUIeCTBEHHOEe 3HayeHHe MapaMerpa, OT/AHY-
HO€ OT CHJIbHO pe3oHaHChoro. IIpH mpoxoxjeHuu mapaMerpa uepes
3TO 3HaYEHHE POXKIAETCH M yMHUPAeT CYETHOE YHCJIO LUKJOB, NEPHOA
KOTOPBIX TeM OGoJiblle, yeM OJiHXKe NapaMeTp K BELIECTBEHHOH OCH
(B. C. Kossikur [20, cTp. 283]); cm. puc. 19.

1.5. Henokanbhble 6udypkanun nepuopnueckux peumennii. ITycrs
NpYH HYJEBOM 3HAYEHHM NapaMeTpa B THIHYHOM OJAHONApaMeTpHye-
CKOM ceMmelcTBe Au(depeHnMaNbHEIX ypaBHEHHHA B TpeXMepHOM (a-
30BOM INPOCTPAHCTBEe HMeEeTCs YCTOWUHMBHIH NpeAENbHBIH LUK C
Napod MyJbTHIUVIHKATOPOB e*'® Ha eAHHHYHOH OKDPYKHOCTH (ycTOH-
YHBOCTH MOXKHO A0OHMTbCs o6GpaniendeM. BpemeHH). [TocKoJBKY ce-
MeACTBO OJiHONMapaMeTPHUeCcKoe W THIHYHOE, MOXKHO CYHTaTh, YTO
07 2np/q npu ¢=4. Torga npH npoxoxieHnd napamerpa uepes 0
B HanpaBJieHHH, COOTBETCTBYIOUEM TePeXOAy MYJbTHIUIMKATOpa
H3HYTPH €IVHHYHOH OKPYXKHOCTH HapyXky, PsAOM C NpelelbHbIM

IMKJIOM BO3HHKaeT MHBAPHAHTHHH TOp TOJIUHHH DOpsinka Ve, rae
& — napamerp ceMeidcrBa. Ha 3ToM TOpe npu H3MEHEHHH NMapaMert-
pa B GECKOHeUHOM KOJHYecTBe POXKJAAIOTCS U YMHPAOT AJHHHONE-
pUOAMYecKHe npejejpHue HUKJAB. IIpu nasibHelinleM BO3pacTasHuH
napaMeTpa TOp Tepser IVIAAKOCTb H MOXKeT NpPeBPaTHTbCSI B CTPaH-
HBIM aTTPaKTOP, Kak 3TO ONHCAHO HUXKeE.

1.6. budypkauuu pacnajga MHBApHaHTHBIX TOpPOB. IlycThb B TH-
NUYHOM JBynapaMmeTpHiecKoM ceMefictBe C*-riialkKuX BeKTOPHEIX
noJsiei, k=>4, npu HyJeBOM 3HAUEHHH TlapaMeTpa & NpeAe]bHbIA
IHKJ TepAeT YCTOHYMBOCTh U POXKAAETCS YCTOHUMBBIA HHBAapHAHT-.
i TOp. Torxa, Kak OBUIO NOKa3aHO BHIIIE, Ha MJIOCKOCTH Iapa-
METPOB CYyIIECTBYIOT PE30HAHCHHIE S3BIKH, OTBeyalollhe HAJHYHIO Y
BEKTOPHOTO MOJISI HEBHIPOXKAEHHBIX NpPeAeJbHHX IHKJIOB, JieXallHx
Ha Ttope. Ilpu 3TOM caMm TOp sBAsieTCST OOBEJMHEHHEM HEYCTOHUH-
BHIX MHOroo6pasufi CeiJIOBHIX LHMKJIOB C YCTOHYMBEIMH IMKJaMH.

ITpencraBisier Goabluoil HHTEpPeC BHISICHEHHE CUEHAapPHEB NEPEXo-
Ia OT MepUOJMYECKOrOo PeXHMa, OTBeYalollero HaJH4yHI0 YCTOHYHBO-
ro HMKJa Ha TOpe, K peXHMMY HenepHOAHYECKHX KoJeOaHW#, KOTO-
pOMYy MOXKET COOTBETCTBOBAaThH CTPAaHHWIH aTTPAKTOP. DTO BaXHO, B
HepByI0 ouepellb, IOTOMY, YTO YHCJAeHHOe M JabopaTopHOe UJIH fa-
JXe HaTypHOe HCCJefoBaHHe GOJBLIOrQ KoJHuyecTBa (H3HYECKHX U
Apyrux 3apau (reyeHne KysTTa, KOHBEKIHS B NJIOCKOM CJI0€ XKHAKO-
CTH, I'eHepalHsl KoJeOaHHH M paauoTexHuueckux U CBUY reneparo-
pax U T. A.) NOKasplBaeT, YTO BO3HHKHOBEHHE CTOXACTHUECKHX
KoneGaHHH NPH pa3pylleHHH ABYMEPHOrO TOPa, Ha KOTOPOM YHCJIO
BpallleHUs! PailHOHAJbHO, — HINPOKO pacHpOCTPaHEHHOe sBJIEHHE.
Ilpexne, yeM WHBAapHAHTHHIA TOpP paspyIIHTCH, OH HOJKEH MOTe-
PSAThL TJIaZKOCTh, OCTaBasiCh €llle HEKOTOpPOe BPEeMS TONOJIOTHYECKHM
noamMHoroo6pasueM ¢aszoBoro mnpocrpaHcTBa. Crnocobn noTepH
yr1o6HO AeMOHCTPHPOBAaTh Ha NpPHMepe oTOoOpa’KeHHs KOJbLa B ce-
651, KOTOpOe NPH HayaJbHBIX 3HAYEHHSIX NapaMeTPOB HMeeT rJjajk-
KyIo HHBapHaHTHYI0 KpuBylo. KoHKpeTHbIHi BHA OTOOpaKeHHS 34ecCh
HeCYLIECTBEH, HaNpHMep, OHO MOXKeT ObIThb TaKuM, Kak B [34], uau
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