Teopema. Ecin v JneXuT Ha rpaHHlle MHOXKECTBA CHCTEM
Mopca—Cmeitna, TO AJs AOCTATOYHO MaJOH OKPECTHOCTH U MHO-
KecTBo H; TakxKe NPHHAMJEXKUT IpaHHUlle MHOXKeCTBa cHcteM Mop-

Puc. 55. Bektoproe mosne ¢ mByMs ro- Puc. 56. Budypxauuorras aparpamma,
MOKJIMHHUCCKH ML TPACKTOPHAMH CeAJIa  JByNapaMeTPHUYECKOro ceMeHcTBAa BeK-

THna «6abouka» TOPHHIX DOJIeH, HMeoas KOHTHHYa/b-
Hoe MHOXKECTBO O YPKANHOHHBIX
KPHBBIX

ca—CMellla B JIeXKHT B 3aMbIKaHHH MHOXeCTBa GH(YpPKAaLHOHHBIX
NOBEPXHOCTEH, OTBEYAIOIHX FOMOK/JIHHHYECKUM KDHBHIM cejJna. [Lis
THIUYHOTO. AByNapaMeTPHUecKoro ceMelcTBa, [POXOASALIEro uepes
v, 6HypKaUHOHHOE MHOXECTBO JOKaJbHO TOMeOoMOpPdHO (Bcioay,
KpOMe KOHEYHOTO MHOXKeCTBa KPHBBIX) NpSIMOMY NPOH3BEAEHUIO
KaHTOpDOBAa MHOXKeCTBa Ha OTPe30K; IPH 3TOM T[PAaHHYHOH TOUKe
KaHTODOBa MHOXeCTBa OTBeYal0T CHCTEMBl C TOMOKJHHHUYeCKOH
KpHBOIl celljla, a BHyTPeHHeH TOuKe! — CHCTEMBI C HeTPHBHAJbHBHI-
MH ycroiuuBeiMH 1o Ilyaccony tpaekropusiMi (cM. puc. 56).

SIasioTCS M raajkKuMd OH(YDKalLUOHHBIE MOBEPXHOCTH, OTBe-
galouiye CUCTEMaM ¢ HEeTPUBHAJbHBIMU ycToHuuBBIMM no Ilyacco-
HY TPAaeKTOpHUSIMM, HJH XOTs OBl COOTBETCTBYyIOWHE OHQYpPKaLlMOH-
Hble KpUBBlEe B OOILUX JAByIapaMeTpPUYeCcKHX ceMeHcTBaxX — HeUs-
BECTHO. ,

3ameruM, 410 OHPYpKaUUOHHBIE <«MOBEPXHOCTH», OTBeYaloliHe
HaJIuuYuo OeCKOHEUHOTO MHOXKeCTBa HeOJyXKAalolHX TPaeKTOPUH,
#eJJOCTHIKHMEI BO BCEX TOYKaxX, KpOMe D.

B nyukte 7.2 npuBenennl pesyabtatel . B. TypaeBa w
JI. T1. IInnsuukoBa (1985 1.).

7.3. Cucremnl ¢ artpakropamu Pefirenbayma. IassectHo, 4TO
6eCKOHEUHAasl NOCJAeA0BATENbHOCTh OHpYpPKaLUi YABOCHHS IIEPHOAA

1) ['paHHYHBEIE TOUKM KAHTOPOBA MHOXeCTBA — 3TO KOHUBI CMEXHLIX HHTepBa-
J10B, .OCTaJbHble TOUKH — BHYTpPEHHHE.
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TIepHOJIHYECKUX TodyeK (Kak rosopsit, cleHapuit @eiliren6ayma}
MOXKeT IPUBOJHTL K BO3HHKHOBEHHIO HETPUBHAJLHLEIX YCTOHUMBHIX
no Ilyaccony tpaexropuit (cM. 06 atom § 6, ra. 2). Ilpu srom nra
CeMEeHCTB TNaJKHX OTOOpaxKeHH OTPe3Ka 3TOT ClEeHapuii siBJaserT-
Csl CTPYKTYPHO YCTOHUMBBIM. MOXKHO [0Ka3aTh, UTO €CJAH CEMEHCTBO
rajkux oTobpaxKeHHH «rtuma napaboJrl» IpereplleBaeT GeCKOHEU-
HYIO [OCJIe[0BaTeJbHOCTh OU(ypKalui yABOEHHS MEPHOAA, TPHUBO-
JAIIYI0 K BOSHMKHOBEHHIO MHOKECTBA HETPHBHAJbHBIX YCTORUHBHIX
no Ilyaccony tpaekropuii (uau arrpakropa Qeiirenbayma), 1o xKe
CrpaBeMJIMBO Jst Jo6oro C?-MaJoro BO3MYHIEHHSI 3TOTO CeMeHCT-
Ba. Kpome TOro, BIIOTh O MOMEHTa BO3SHHKHOBEHHS aTTPaKTOPa
QefirenbaymMa HeOJyxKjaalolllee MHOXKECTBO KOHEYHO: >HIOMODP(H3-
MBl OTpe3ka ¢ arrpakropaMud Pelirenb6ayMa JjexarT Ha rpasHue
MHOXKecCTBa «3HIoMoppusmMoB Mopca—Cmeitna».

CrnpaBeanuso jd 310 X0Ts 6B 178 Qu¢pdeoMopHH3IMOB AHUCKAE, —
HeHu3BeCTHO. B0O3MOKHO, YTO emie 4O TOro, Kaxk mpousoiiger 6ecko-
HEUHOe MHOXKecTBO OHdypKauuil yIBOeHHS NePHOLA, Y»Ke BO3HHKa-
et OecKoHeuHoe HebJsyXKJalollee MHOMKECTBO 3a CYET KaCaHHs MHO-
roo6pasuii cefJIOBHIX TOYEK.

7.4. PoxpeHne HeGJAYXKJAOMKUX MHOKECTB. B 3TOM H Cleayio-
WHUX Tpex NYHKTax OOCYXKAaeTcs BO3MOXKHOCTb DOXKJEHHSI HHBa-
PHAHTHHIX MHOTOMEDHHIX TOPOB «H3 CTYLICHHS TPaeKTOPHH».

TeopeMma. B npocTpancTBe TIafKHX BEKTOPHBIX Mojel Ha 06-
JacTH €BKJHAOBa npoctpancTBa R™ (M Ha sn060M n-MepHOM MHO-
roobpasuu) anas Jgoboro m<n—1 cyulecTByeT MHOXKecTBO ¥, OT-
Kpbitoe B Cl-TOMOJIOrHH, TOJsS KOTOPOrO HMEIOT MHHBAapHAHTHHIR.
m-MepHBI TOp, a rpaHuua % HMeeT HeNmyCToe NepeceyeHHe ¢ rpa-
HHIEeH MHOXKecTBa cHcteM Mopca—Cwmefina. Bosee toro, cyuiectBy-
eT riafikoe (Ype3BbUaHHO BBIPOXKAEHHOE) OJHCHApaMeTPHUYECKOe
cemeiictBo d (ot degenerated), mosss KOTOPOro NpH LOKPHTHYECKHX
3HaYeHUsX Iapamerpa 3afawT cucteMl Mopca—CwMmefina, a npu
3aKPUTHYECKHX — NpHHaLJIexKarT U.

- CaepcrBue. PaccMorpuMm NpPOH3BOJbHYIO HAedopMallHio ce-
meicTBa d, TO ecTh AByNapaMeTpHYECKOe CeMeHCTBO 0 ypaBHEHHi
¢ mapamerpaMu g, wu, Kotopoe npun u=0 copnapaer ¢ d. Toraa ma-
JOMY HEHYJeBOMY 3HAaueHHIO NmapaMeTpa W COOTBETCTBYET OJHONa-
pamerpuyecoe  ceMeHcTBO U, (C IapaMeTpoM g) M 3HAYeHUS
e”(n) u et(n) Takue, yro: npH e<g (u) Bce YpPaBHEHHs ceMei-
cTBa vu, 3ajaior cucrembl Mopca—CMeiliia; 1npu  e>e*(u) Bce
ypaBHEeHHs ceMelicTBa v, HMEIOT HHBapHaHTHHIH Top; &*(u)—0npu
u—>0 (puc. 57).

3aMeuanue §Bienus, npecxoasiiue Ha uareppajge (e~ (p),
et (), IpH m>2 COBEpIIEHHO He HCCJAeNOBaHbl; OPH =2 3HAYH-
TesqbHasi HHpopMauus coaep:xkurcs B paborax Illancume (m. 2.3,
ri1. 2). OgHaKO W B 3TOM cJydae, HaCKOJBKO HaM HU3BECTHO, He TO-
JyueH OTBeT Ha CJeAYIOUIHIl BONPOC: 4YTO MPOHMCXOAHT B THIHYHOM
ceMelicTBe Ipu NepBOii GHUGyPKAlUMH, BBHIBOAALIEH H3 MHOXECTBa:
cucrem Mopca—Cmetiaar '
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[To-BupuMOMYy, rylafKuil NPHTACHBAIOUMEA TOD, HMELUicsS B ce-
MeHcTBe v, IpH e>e* (W), IPH yMEHbIUEHHH p TepsieT IVIaAKOCTb H,.
NpexAe 4YeM HCYE3HYThb, IpeBpalllaeTcsi B CTPAHHBIA aTTPakTop.

Puc. 57. JleBas BhiZesneHHasi 4acCTb ce-
MeficTBa vy, COCTOMT H3 IoJse# Mopca—
CwMefiia, npaBas — u3 NOJeH, HMEIOIHX
HHBAPHAHTHBI TOD. 3Be31C<Ka O3Haua-
€T HeHCCJIeAOBaHHBIH HHTepBal, Ha KO-
TOPOM HPOHCXOJHMT OnpypKauus

7.5. CoxpaHende M rJaaJKoCTb HMHBAPHUAHTHbBIX MHOTroo0pasui
(no ®ennyemo) [144]. dopMynupyemas HHXKe TeopeMa yTBepxKaa-
€T, YTO IIPHTATHBAIOllee MHBADHAaHTHOe MHOroo6pasHe COXPaHAETCH
NpH MaJIOM BO3MYIIEHHHM, €CJIM CKOPOCTh NPHOJIHIKEHHS TPAeKTOPHi
K MHOTroo6pasuio H3BHe 00Jbllie, YeM CKOPOCTb COJHKEHHUS] TPAEKTO-
puit Ha camMoM MHoroo6pasud. Umcna, xapakTepusyloulhde 3TH CKO-
POCTH, HA3BLIBAIOTCSI <NOKa3aTeJNsIMH THIIA JANYHOBCKHX» H OIpe-
JesISII0TCs CAeyIOIUM 06pa3oMm.

Onpenenenue 1. MHoroo6pasne ¢ KpaeM Ha3blBaeTcsl OTDPH-
HaTeJbHO HHBADHAHTHBIM HAJISi BEKTOPHOTO NOJI, €CJM IoJie BO
BHYTPEHHHX TOYKAax MHOroo6pa3Hsi KacaeTcs €ro, a Ha Kpaw Toxe
KacaeTrcst 1 HalpPaBJeHO HaPYXY.

Onpenenenne 2. OTpunare/JbHO HHBAapHaHTHOE MJA INOJS U
MHOroo6pasue ¢ KpaeM Ha3blBaeTcs HPHTATMBAIOIINM, €CAH Cylile-
CTBYeT OKPECTHOCTb MHOroo6pasusi M, HeoTpHuarteapHass (QyHKLHS.
p B 3TOH OKDECTHOCTH M IOJIOXKHTENIbHOE ! TaKue, 4TO

p (%) =0w=sx€g!M; L,p<O Bre giM.

ITycts TM — kacatensroe u N — HopManpHoe K M paccioeHue,.
T — orpannuenve Ha M KacaTeJbHOTO pacc/joeHdHs K  (asoBOMY
npocTpaHcTBy; p:T—N — onepaTop NpPOEKTHROBaHHsA BRoab M.

Onpeneneunne 3. [Toxaszaresem npuTANesus OTPHLATEILHO
HHBapPHAHTHOrO MHOroo6pasus M jajs moss v Ha3bHBaeTCds YUCIO

- t ot
o — sup 110 In || pgf (g-tx) & || .
86T

Onpenenenne 4. [Toxasamenrem COAUNCEHUS TPAEKTOPHH
Ha M Ha3LIBAETCS YUCIO
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— —t !
}‘aT: Slip lim ll'lng* (X)E{l
e e IED

86TM {0}

O6o3HaueHHsi MOAYEPKHBAIOT, YTO MePBLIA IOKazaTeJb XapaKTe-
PH3yeT cxKaTHe B HalpaBJeHHH, HOpMaiabHOM K M, a BTOpOH —'B
KacaTeJbHOM.

ITpumep. Paccmorpum runep6osudeckyio ocoOylo TOUKY BeK-
TOpHOro noJjs B R" ¢ ycrofiuusbiM mHOroob6pasmeM W* U HeyCTOM-
yuBeiM W*. Ilepeceuenue M HeycTOHUHBOrO MHOT0O6Pasdsl ¢ HEKO-
TOPOH OKPECTHOCTBIO 0COOO TOUKH NOJS SABJsSETCS OTPHUATEJbHO
HHBapHAHTHBIM MHOrooOpasueM. IlycTp A; — cobcTBeHHBlEe 3Haue-
HHSI 0COOOH TOUKH C OTPHIIATENBHOH, a W; — C NOJOXKHTEIbHOH Be-
mecTBeHHOH uacThio. Torga moxazaTesu NpUTsKeHHss Kk M u c6.u-
JKeHHS1 Ha M HMeIoT B[

Av=—maxRe}; Ar=—minRep;.
j j

Teopewma. [lycrs v — roagkoe BekTOpHOE mnoJe, M — ero or-
pHLaTeJbHO HHBAPHAHTHOE MHOroo0pasHe ¢ KpaeM, Ay H Ar — COOT-
BETCTBYIOLIHe NOKasaTesH, H HaTypaJbHOE r YIOBJETBOPSET YCJO-
BHUIO

rir<<Ay.

Torpa nw6oe CT-6au3koe K v noje umeer CT-ryiafikoe OTpHLa-
TeJbHO HHBapHaHTHOe MHOT0OOpasue, 6;113Koe K M.

3aMeuanue MexaHHsM NMOTEPH IJIAaJKOCTH — TAaKOH Ke, Kak
B I 5.2, ra. 2.

7.6. BblpoxkaeHHOe cemellCTBO M €ro OKPEeCTHOCTb B (PyHKIHO-
HAJbHOM MNPOCTPAHCTBE. 31ech JOKa3aHa TeopeMa NyHKTa 7.4.

ITocTpouM cHauyasa BCIOMOraTesbHOe CeMeHCTBO BEKTOPHBIX
noJieil B npsiMom npousBegenuu [XD orpeska |t|<C2 Ha (n—1)-
mepHbil wap |lxl|<<1, x6R""!. PaccMOTpUM riajkoe BEKTOPHOE IIO-
Je v B D, paBHOe HyJIO B HEKOTOPOH OKPECTHOCTH TpaHHubl D,
UMelollee IJaJAKuii MHBAPHAHTHHEIE (n—2)-MepHBI TOp C HOJIOXKH-
TeJbHBIM IIOKasaTesjeM INpUTAXKEHHs; Toje v Ha Tope Juddeo-
MOPDHO NOCTOSHHOMY IIOJIO, 3alajOLIEMY YCJHOBHO I€PHOAUYE-
ckylo o6moTKy. OTclofa cjenyer, 4TO IoKasaTesib COMHKEHHS Tpa-
eKTODHH T0Jisi Ha TOpe paBeH HYJIO H BCe TPAEKTOPHH HA TOpE —
Hebayx aniue.

Yepes V' o6o3nauuM 1moJe Ha mnpoussesenuu [ X D, KacaTenb-
HOE K ¢BepTHKaJbHbIM» caosam: V =(v, 0). Ilyery . u @, —mge
raaaxue ¢yukunn Ha [; P (cooTBerctBenHo ¢,) pasmsercsd 1 B He-
KOTOPOM OKPECTHOCTH TOYKM —1 (COOTBeTCTBEeHHO --1); HOCHTENH
dysxuuit ¢. U P, — HemepecexaloUecs OTPe3KH, Jexamue CTPoro
BayTpu [; ¢, (— x)=9_(x). IlycTh P —raajoe ceMeHCcTBO (YyHKIHEH

1
Ha [ c 6asoft |e|< 4 Ye()=(tL1P—e mpn |f +1|<—5; dymk-

154



1
UMM e YETHBl M TNOJIOXHTE/NBHEl BCIOAY BHe OTpeskoB |t+1] {5

¥ paBHEl 1 B HEKOTOPOI OKPECTHOCTH KOHUOB oTpe3ka /.
. o 0
Paccmotpum cemeifictso noqeit Vi, B I X D: Ve="egm +9.V—

—@_V. Tlona cemeficTBa 064aal0T CAELYIOMMMH  CBOACTBAMM:
a) 3ananT o6paTUMyIO cucTeMy (moJe V. MeHsieT 3HAK NPU CHMMETPHH
(¢, x)~ (—1, x)). 6) B okpectHocTH Tpanuipl o6aactu D X [ mone Vg

cosnajiaer ¢ 5-. B) Ilpu €< O onpenesero npeo6pasopanue MOHOAPO-

mad noast Ver {—2} X D —{2} X D, coxpansiomee x B CHJly CHMMeT-
pur 1o Ve Ilpy e=0 nose uMeer noayycTOHumBbIE TOp (M Jdaxe
JBa TAKMX TOpa) C YCJAOBHO mNepHoauueckoit obmorkoft. [lpn &€>0
nosie V. uMeeT JiBa OTTAJKMBAIOIUX TOpPAa M J[BA NPUTATHBAIOLUIMX

noKasareseM NpUTsnKerus  Ve.

[Toctpoum Temepp omicaHHOEe B TeOpeMe BBIPOKAEHHOE ceMeil-
cTBO d Ha MHOrooGpasus M. JIjs 3TOrO BO3bMEM IPOH3BOJILHOE
BEKTOPHOe NoJie w Ha M, 3ajamoliee cucteMy Mopca—CwMmeiina, u
paccMoTpuM ee TpyOKy Tpaektopuii B, nudoeomopdHyo npousse-
JAEHHIO JHCKAa Ha OTPe3OK, Bce (pas3oBble KpHUBHle KOTOPOH mpobera-
10Tca 3a BpeMa 4. Mamenum nose w B 3108 TpybKe CJeAyIOLINM
ob6pasoMm. Ilycte H — nudpdeomopdusm B—/ XD, BHIPAMASIOUIUT

none w (nepeBOASIUUH €ro B 57 )» IyCTh G=H"". Tlosoxum
w BHe B,
Vo=
|G,V BHyTPH B.

OueBuaHo, nose v, rJIaAKo H INIAJKO 3aBHCHT oT &. Ilpn e<0
noJie v, 3ajaer cuicreMy Mopca—Cwmefina, IOCKOJNBKY IIQJIe W 3TUM
CBOHCTBOM o6JlaZaeT, W Npeobpa3oBaHUsi MOHOJADOMHH JAHA TPYyOKH
B Ha ee xpriuKy y moseit v, u w coBnagaioT. Ilpu ¢=0 noJae v,
¥MeeT OCCKOHEYHOE MHOXKECTBO HebJyXJAaOUUX TPAaeKTOpH#H, 3a-
NOJHAKIHX yeThipe Topa. CeMeHCTBO d IOCTPOEHO.

HccnenyeMm tenepb OKpecTHOCTh ceMelicTBa d B (YHKIHOHAJb-
HOM IIpOCTpaHCTBe. ‘B cHIy CTPYKTYpHOH YCTOHYHMBOCTH CHCTEM
Mopca—Cwmefiia Kaxaoe U3 nojell v, npu <0 UMeeT OKPECTHOCTD,
cocrosmyto U3 cucreM Mopca—Cwmetina. [Ipu £>0 Kaxnoe U3 mo-
Je#l v, HMEeeT OKPeCTHOCTb, COCTOSIILYIO U3 TOJIel ¢ HHBapHaHTHEIM
(n—2)-MepHBIM TOpOoM. DTO ciaenyer H3 TeopeMbl PeHHuens, mo-
CKOJIbKY NOKasaTeslb NPUTSKEHHSE K HHBAPHAHTHOMY TOPY U, NpPH
>0 1oJNIOoXKHTENEH, a NOKa3aTeslb COJMKEHHS TPaeKTOPHH Ha TOpe
paeen gyJiwo. Teopema noxasaHna.

7.7. Poxpenue topoB B TpexmMepuom (pa3soBOM MNPOCTPAHCTBE.
PaccMoTpuM aBynapaMeTpHUecKOoe ceMeifiCTBO BEKTOPHLIX TOJeH Ha
TPEXMEPHOM MHOroo6pasuy, B KOTOPOM NPOMCXOAUT NOTEPS YCTOH-
YHBOCTH TPELEJbHLIM UHKJIOM IPH NPOXOXKAECHHH NAaphl MYJbTHILIH-
KaTOpoOB Yepe3 MHHMYIO OCb B CJydyae JONOJHHUTEILHOTO BEIPOXKIE-
HHS B HEJMHeHHBIX uyJieHaX, omdcaHHoro B 1. 2.3, ra. 2. Ecau ce-
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MeHCTBO THHHYHO, TO B €r0 THIHYHOM OJ(HONapaMEeTPHUECKOM
noaceMefictse (BLIICJCHHOM JKHDHOH JHHHEH Ha pHc. 22) mpowuc-
XOAAT ciaenyiollue sBaeHud. JIisg Bcex 3HauyeHHH napamerpa, MeHb-
LIHX HEKOTOPOTO &_, LUKJI COXPaHAET YCTOHYHMBOCTb, AJISI BCEX 3HA-
yeHUH, GOJNBIILX HEKOTOPOro £,, ypaBHEHHe ceMelcTBa HMeeT JBa
HHBapHaHTHBIX Topa. [lepecTpOHKH, COOTBETCTBYIOUIME HHTEPBAJIY
(e-, €4), MO-BUAUMOMY, BecbMa CJOXKHHBL (cM. KOHel m. 2.3, Ia. 2),
nepBag OupypKauHs U 31eChb He ONHCAHA.

§ 8. ArTpakTopsl M MX OGHpYypKaLuM

CoracHO WIHPOKO PpacHpOCTPAaHEHHOH THIOTe3e, HpelelbHOE
NIOBEAEHHE TPAEKTOPHH TUIHYHON AHMHAMHUYECKOH CHCTEMbl Ha KOM-
IaKTHOM MHOTOOGpasHH ONHCHIBAeTCsl CJAeAylIHM o6pasoM. 3a
KOHEeYHOe BpeMs KaxJas HOJIOXKHTeJbHas NOJyTPaeKTOPHs Honaia-
€T B OKPEeCTHOCTh NPHUTATHBAIOLIET0 MHOXKeCTBa — aTTpakTtopa. Ec-
JIH aTTPaKTOp JAOCTATOYHO MACCHBEH — OTJIHYEH OT KOHEYHOro 00b-
eJMHEeHHs] OCOOLIX TOYEK M NpefeJqbHEIX LHKJOB, — TO HOBEJEHHE
(a30BBIX KPHBLIX Ha aTTpPakKTope W BGJM3H HEr0 XaOTHYHO. AHaJjo-
THUHAsl THNOTe3a MMeeTcs AJIS  JHCCHIIATHUBHBIX cHcTeM, ¢ha3osoe
IPOCTPaHCTBO KOTOPHIX — KOMIIAKTHOe MHOroo6pasue c KpaeMm, a
ToJie CUCTeMBI HalpaBJeHO BHYTPh Ha Kpalo. '

ItH runorespl He AOKaszaHbL. BoJjiee TOro, oOLIENPHHATOrO OIpe-
Je/leHHsT aTTpakTopa He cyulectByer. IIpo6iema npepenbHoro nose-
JeHHs1 TPaeKTOPHH Hccjepyercst ¢ ABYX cTOpoH. C OAHOH CTODOHH,
ONpeJesIeHHs] aTTpakTopa AaloTcsl TakK, YToOBl Kaxnias JAHCCH-
naTHBHAsl cHcTeMa (AJs IPOCTOTH HHIKE peub HAET HMEHHO O Ta-
KHX cHcTeMax) ¥Meja arrpakrop. IIpu aToM aTTPakTOp HE JOJKEH
collepXkaTh «JHIIHMX TOYEK» H JOJIXKeH COBHNajaTb C TeM «IpOCT-
PaHCTBOM YCTAaHOBMBIUHXCS PEXKHMOB», KOTOpoe Habjawojgaercs B
YHCJICHHOM MJH HaTypHOM 3KcmepuMeHTe. HampuMep, MaKcumalb-
HBIH  aTTPAKTOD JMCCHNIATHBHOH CHCTeMbl — IlepeceuyeHHue Bcex
CABMIOB Morjolmiaonlieii obaactu npeodpa3oBaHHAMH (Has30BOro I0-
TOKa 3a [OJIOXKHUTEJbHOE BpeMs — MOXeT OBITb TIopa3fo lHpe
«IPOCTPAHCTBA YCTaHOBHBIUHXCSI pexkHMOB». Ha puc. 58a mnoka-
3aHa AMHAMHUYECKash CHCTEMA C NOTVIOILAIOLIHM  KOJBIIOM, MaKCH-
MaJibHBIH aTTPaKTOp KOTOPOH — OKPYKHOCTh, COJAepiKaliiasd NBa Io-
JIOXKE€HHSI paBHOBecHs — ceJJjio U y3es. Pas3oBble KpPUBLIE CTpPeMsAT-
cs K CeAJsy H3 MHOMKECTBa HauaJbHBIX YCJOBHH MepH HYJb, NOYTH
Bce (B cMbicae Mepwl JleGera) daszoBble KpuBble CTPEMSTCA K Y3y,
KOTODHII H CJIelyeT CUHUTATh «(PH3HUECKHM aTTPAKTOPOMS.

C npyroil cTopoHEI, ONpeiefeHHs aTTPaKTopa AakoTcd Tak, 4To-
61l 06ecreynTh XaOTHYHOCTD NOBEJEHHs TPAEKTOPUHA Ha HeMm (M, MO-
xeT OBiTh, BO3Je Hero). Tak BO3SHHKAIOT TunepGoJHuecKud, crToxa-
CTHYeCKHil M Apyrue atTpakropsl [100}, [101], [198]. Heussect-
HO, OJJHAKO, THIHUHBI JIH CHCTEMBI c X20THYECKIM HOBeJleHHeM Tpa-
eKTODHH Ha aTTPakTope B Kjacce CHCTEM, aTPaKTOPHI KOTOPRIX He
COCTOSIT H3 KOHEYHOTO YHCJa TOYeK W IUKJOB.
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B sTom naparpade oGcyxkpaiorcs pasHsie OnpenefeHHsi aTTpak-
TOPOB, 4 3aT€M ONHCHIBAIOTCA OUPYpKaUHU aTTPaKTOPOB.

8.1. BepositHocTHO mpepenbHble MHOXKecTBa mo Muanopy [174].
Ilycts muccunaTuBHAsh CHCTeMa 3ajaHa HAa KOMIIAKTHOM IJIaKOM

a 5

Puc. 58. Ilorsomaioimee KoJbllo; MaKCHMaJbHHA aTTPAaKTOP B HEM — OKPYX-
“HOCTb, BEPOSITHOCTHO NpeJe/NbHOe MHOMKECTBO — y37le B caydae «d» H CeAno-
y3en B cayyae «6»

MHOro06pasuu ¢ KpaeM. PaccMOTpHM NPOHM3BOJBHYIO INIAAKYI0 MEpy
Ha MHOroo6pasdH, TO €CTh Mepy, HMEIOIUYI0 TIJIaAKYyi0 IJIOTHOCThb
OTHOCHTEJIbHO MepHl JleGera B KaxkA0# KOOPAUHATHON OKPECTHOCTH.
Knacc H3MepHMBIX MHOXECTB H MHOMKECTB MEpHl HYJb HE 3aBHCHT
OoT BbIGOpPA IJIOTHOCTH; 3TOT BHIOOD AJsl AajibHEHIIETO HE BaXKeH.

OnpeneneHnue. BepoaTHOCTHO npedesbHOe MHONMECTB0 AMHA-
MHYECKOH CHCTEMBbl — 3TO HaHMMeHblllee 3aMKHYTOe MHOXKECTBO, CO-
lepxailee @-npejebHble MHOXKECTBA AJs NOYTH BCeX TOUeK (aso-
BOT'O IIPOCTPaHCTBA.

D10 onpejlesieHHe HMeeT CMbICJI He TOJBKO AJIsi MOTOKOB M HH(-
¢eoMOphH3MOB, HO H AJIst NIPOU3BOJBLHBEIX INIaJKHX OTOGpaXKeHHH.

BeposiTHOCTHO mNpefesibHOe MHOXECTBO He SIBJSETCss YCTOHUH-
BbIM, KaK MNOKa3biBaeT puc. 586. 34ech BepOSATHOCTHO Ipelelib-
HBIM MHOXKECTBOM SIBJISI€TCS NOJIOXKEHHE DaBHOBECHsl THIA CeLJIO-
y3ed. ,

8.2, CTaTHCTHYECKH mpejesabHble MHOXKECTBA. B BHIUHCJIHTENb-
HBIX KCHEpHMeHTax NpelelibHble MHOXecTBa yacto (ororpadupy-
forcs. JLJs 9TOr0 BBIYHC/ASIETCS OJHA HJIH HECKOJIBKO TPaeKTOpHH, H
3HaYeHHs KaKUX-HHOYAb ABYX ¢(yHKIUH (HampuMep, ABYX KOOpPIH-
HAaT) B TOYKAX HTHX TPAEKTOPHH, BHIBOJAATCS Ha 9KpPaH OCUUJJIOrpa-
tda. Ha sKkpaHe BCOBIXMBAIOT M TacHyT TOYKH (TOYHee, MaJjieHbKHE
asitHa). O6beKTHB annapaTa OTKphIBaeTcs: yepe3 Gosbllioe BpeMs
nocJie Hayajia cueTa M B TEUEHHE JOJIrOro BPEMEHH OCTaeTCst OTKPHI-
TeiM. Te TOUKH, KOTOphIE B TeUeHHE 3TOr0 BPEMEHH BCIBIXMBAJH
MHOTO pa3, moJyuartcsi Ha (oTorpadui; peiKOo BCIHIXHBaBIIHE TOY-
KH — He MoJyYaTcs.
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Paccmotpum, HanmpuMmep, NUHAMHYECKYIO CHCTEMY Ha cdepe ¢
norjouawleli 06/1acTbi0, UMeIed MaKCHMAaJbHLIA aTTpakTop B
BHJe Napel IeTeJb THnepfosudeckoro cegja  (BOCbMEpKa, CM.
puc. 59a). Ha dotorpacduu, caenanHoi 0 ONHCAHHOMY METOAY, MO-
JY4YHTCS IOJIOXKeHHe PaBHOBECHS H UeTHIpe HHTepBaJja cemapaTpuc
(pac. 59 6). Uem Gosblie BpeMsi CheMKH, TeM MeHblIe 3TH HHTEp-
BaJibl, IOCKOJBKY OTHOCHTeJIbHOE BpEeMsl, IPOBOAHNMOE TPaeKTOPHUS-
MH BOJH3H cefjla, pacTeT. BepoATHOCTHO NpejesbHOE MHOMKECTBO:
B 3TOM IIpHMEpEe — BCS BOChMeEpKa.

X

Puc. 59. BexTopHOe moJe C MaKCHMAaJbHHIM aTTPAaKTOPOM H BEePOSTHOCTHO IIpe-
JeJbHBIM MHOXECTBOM THIIA BOCbMEDKH; CTAaTHCTHYECKH MpeJeJbHOe MHOXKeCT-
BO — CelJI0

CkaxeM, YTO NOJIOKHTeJNBHAA INOJYTPAeKTOPHS TOUKH X TOZ
AedictBueM (aszoBoro motoka {g‘} NpOBOAHT B CpPeiHEM TOJOXKHU-
TeJIbHOe BpeMs B obsactH U, ecan OTHOCHTeNbHAas Mepa TexX 3Haue-
Hui ¢ u3 orpeska [0, T], aas KoTopeix g'x€U, uMmeer HeoTpuua-
TeJNbHbIA BepXHUK npefena npu T—oco:

T
— 1 )
7152 T-OS Yuogixdt >0.

3nech Xy — XapakTepucTuueckasi GpyHKIus MHOKectBa U.

Onpeaenenune (0. C. HUapsmenko, 1985). ITycts aunamu-
yecKasi CHCTeMa Ha KOMIIaKTHOM TIVIaJKOM MHOroo6pasuu ¢ KpaeM
AMCCHNATHBHA W m — rJaajKas Mepa Ha 3TOM MHOroo6pasuu ¢ Io-
JIOXKHTEJIbHOH IJIOTHOCThIO. OTKpPBITOE MHOXKECTBO I Ha3bIBaeTcs
CYULeCTBEHHbIM, €CJH TOJOXHTeJIbHA Mepa MHOXKECTBAa TeX TOYeK,
NOJIOXKUTENIbHEIE IIOJNYyTPAEKTOPHH KOTOPBIX IIPOBOAAT B CPeLHEM
NOJIOKHTENbHOE BpeMs B obmactu U. CrartucTudeckum npedesbvrolm
MHOXECT80M  Ha3blBaeTCsl  JONOJHEHHE K  MaKCHUMAaJbHOMY
HECYI|eCTBEHHOMY OTKDBITOMY NOJAMHOXE€CTBY ()a3oBOTO MNpPOCT-
paHcTBa.

CratucTdyecky npefejbHOE MHOXKECTBO B NpeAbIAyIleM IpHMe-
pe — cenJjo.
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3aMeuvanue. OTKPHTOE MHOXKECTBO HMEET HENyCToe mepece-
YEHHE CO CTATHCTHYECKHM IIPEAeJbHBIM MHOXKECTBOM, €C/H H TOJb-
KO €CJIH 3TO OTKPHITOE MHOXKECTBO CYLIECTBEHHO.

JleMma, CraTHCTHYeCKH mNpelesbHOE MHOMKECTBO BCerga MpH-
HaJUIeXKHUT BePOSATHOCTHO NPEJebHOMY MHOMKECTBY.

4 Ilpeanonoxum nportusuoe. IIycTh HeKoTOpas TOYKA CTaTH-
CTHYECKH IIPEeLEeJbHOT0 MHOXKECTBAa He IIPUHALJEXHT BePOSATHOCTHO
npeneabHoMy. BosbMeM okpectHocts U 3TOH  TOUKH, 3aMBIKaHHE
KOTOPOH He IepeceKaeTcs C BEPOSITHOCTHO IPEeJbHBIM MHOMKECT-
BOM. JTa OKDEeCTHOCTb CYILECTBEHHA; CJIeOBATEJbHO, CYLIECTBYET
MHOXXECTBO NOJOXKHKTEJbHOH Mepbl, HOJOXKHTEJNbHAs IOJyTpaeKkTo-
pus 060K TOUKH KOTOPOro npoBoAHT B U B cpeimeM INOJONKHUTENb-
HOe BpeMs; o-TIpeJleJbHOe MHOXKeCTBO KaXJAOH TaKOH TOYKH HMe-
€T HemycToe lepeceueHne ¢ obmacTeild U, 4TO NMPOTHBOPEYHT BHIGO-
py aToit obaactu. W

8.3. Buyrpennune GudypKanund u Kpusuchbl aTTpakropos. B ocras-
uiefica gactv maparpada obcyxpatorcs SudypKau¥H aTTPaKTODOB..
Ilpu stom mon aTTPAaKTOPOM MOHHMAeTCs MAaKCHMaJ/bHBIH aTTpak-
TOp B morJouamued o6aactd. Hanomuum onpenenenusa. O6osHa-
yuM uepe3 {f'} MOTOK, MOPOKAEHHBIH BEKTOPHBIM IIOJEM U.

Onpenenenune. Obmacts B HasbiBaercsi noeaoujaroujedl, eciu
BB, t>0. MakcumarbHoim arTpaKTopom B Morjomaimoniei obmaa-
c¢Td B naswiBaetca muHoxkecTBO A=(|f'B. MHOXecTBO Ha3bIBaETCH

{00
aTTPaKToOpoOM, ecld CyUlecTByeT morJjomamouas o6jacTe, MakCH-
MaJIbHBIM aTPaKTOpOM KOTOPOi oHO sBjsieTcsi. O6aactero npurs-
acenus arTpaktopa A HasmBaercsi MHO:ecTBO U(A), cocrosiiee us.
BCEX TOUeK, uepe3 KOTOpble MPOXOAST TpaeKTopHH cTpeMsiuiyiecss K
A npu t—oo0. :

ITpocrefimiimMu aTTpakTopaMu OYAyT OYEBHAHO: YCTOHYHBOE MO-
JIOXKeHHe PaBHOBEeCHS, YCTOHUMBHIA INpeAesNbHBIA ULUKJ, NPUTACHBa-
JOIIKHA ABYMEpPHHIH TOP.

Onpenenenune. ATTPaKTOp HA3LIBAETCH CTPAHHbIM, €CJAH OH
OTJIHYEH OT KOHEUHOro OO'befHHEHHs TJIaJKuX noamuoroofbpasuil ¢a-
30BOr0 NMPOCTPAHCTBA.

Jast mpocTOTH, AajbHellllée wu3JjokeHne OyJeM BeCTU Ha s3blKe:
OZIHOTIAPAMETPHYECKUX CeMeHCTB JMHAMHuecKMX cucteM. HMrak, nvers.
{f!}—noTox, 3apucamuit oT CKanspHOro mnapametpa. [lpeamonoxum,
yro: 1) npu 0<<e<e* cymecrsyeT arTpakrop A., Anas KOTOpOro CY-
IeCTByeT MNOrJomaKnmas 06.1acTh Be, Takas yTo AJd Jo6or & < e¥,
int (1t Bgy=B,; 2) e*—O6udypxanuoHHOe 3HaueHHe NapameTpa,

e-»g’
npuueM Ag+ MMeeT HeNyCToe lepeceueHue C HocuTeseM Oudypxauuu
(eMm. § 2) noroka {f.}, rne As*_ lt Ae.

159



. 3pecs 1t Ce u 1t Co—romosoruueckuit npejfen W, COOTBETCTBEHHO,
BepxHufl Tomosoruueckuii npenen cemeiicrsa {C.}V.

Onpeneneunne. 3uauenne e =e* HA3HBACTCHA BHYMPEHHUM OU-
QDyprayuonnoim 3Ha4Le uen, ecnu Ag—arrpaxkrop. B npoTusHoM Cay-
1ae OHO Ha3bIBACTCA KpU3SUCHOIM OUpyprayuonnoim 3Hnasenuem. Co-
'OTBETCTBYWIUMe OH(ypKaluy HA3HIBAIOTCS BHYTpexned bugypka-

yuel U KpusuUcom cemelcrsa arrpaKTopos.

3aMeTuM, yTO 006JIaCTh NPUTSKEHHST aTTPAKTOPa MOXKeET KaK Me-
HAITh, TaK H He MEHSTb CBOH TONOJIOTMYECKHH THI IPH €0 BHYTPEH-
Heft 6u¢pypkauun. Hanpumep, Ajs MOTOKa Ha AHCKE IIPH POXKAEHHH
YCTOHUHBOrO NPeIeJbHOro LHKAA H3 (OKyca OHa H3 OLHOCBSA3HOW
CTAHOBHTCS ABYXCBSI3HOH, a NpH BO3HMKHOBEHHM TOUKH THHA CeX-
JI0-y3eJ1 Ha YCTOHUHBOM IpeJesIbHOM LIHKJe OHa ABYXCBSI3Ha H 10, H
nocsae 6udypKauuu.

B pesysbraTe KpHsHca CHCTeMa NEPEXOAHT HA APYrodl PexHUM —
‘M306paxkawiias TOYKa MOXKET YXOAUTb B «HOBYIO» 006JjacTbh (a3oso-
ro IPOCTPAHCTBA.

8.4. BuyrpeHnue GudypKanuu ¥ KPU3UCHI NOJOKEHHH pPaBHO-
BECHS M LMKJOB. B COOTBETCTBHH ¢ IpHBEJeHHBIMHM B IL. 8.3 ompe-
JeJieHHAMH, pa3o0beM OH(MYpKaLMH LHKJOB Ha BHYTPEHHHE H KpHU-
3UCH. DymeM roBOpHTb, YTO HMeeT MeCTO MATKHH (XKeCTKMH) cJay-
Yya#H,.ecJH B MOMeHT OH(YypKalMH IOJOXKEHHe pPAaBHOBECHS HJIH
LUK YCTOHYUBH (HEYCTOHUYMBH).

"IlonoxeHHS paBHOBeCHS.

1. budyprauusi Angporopa—Xonda: B MATKOM CJydyae — BHYT-
‘peHHsAs OupypKauus, B KEeCTKOM — KPH3HC.

2. O6pasoBaHue ceAsio-y3Jia H ero HCUe3HOBEHHe — KPH3HC.

IlpenenbHblEe I HK.JBHL

1. CnusiHEe YCTOMYHBOrO IMKJNA C CEJJIOBBIM M OOOWJAHOE HC-
'ye3HOBEHHE — KPH3HC.

2. budypkanus yABoeHHs nepHoAa M OudypkalHs PpOXAEHHUSA
TOpa H3 LHKJA: B MSTKOM cJyyae — BHYTpPeHHsss OH(pypkauus, B
JKECTKOM — KPH3HC.

3. «Buunanue» npemesbHOTO IUKJIa B FOMOKJIHHHYECKYIO Tpaek-
TOPHIO Cefsia — KPH3HC.

4, «Baunapue» NpPeJeJbHOrO 1HKJa B FOMOKJHHHYECKYIO TpaekK-
TOPHIO CELJI0-y3Ja — BHYTPeHHAs 6udypKauus.

5. Karacrpoda rosyboro He6a. MoxHO NOKa3aTh, YTO B NpHMe-
pe n. 7.2 BepXHMM TONOJOTHYECKHM IIpeiesoM ILHuKjaa L(e) mpn
.e—¢* Gyner Bca GyThuika Kiefina (e* — 6ubypKalnoHHOe 3Have-

1) HanoMHHM, YTO MHOXKECTBO HA3bIBAETCH TOIOJOTHUECKHM MpEHesOM, eCJH
.OHO ONHOBPEMEHHO SIBJISETCS M BEPXHHM H HHIKHHM TONOJOTHYECKHM IIpeJesoM.
MHOXecTBO HA3LBAETCA BEPXHHM (HHXKHUM) TONOJIOTHYECKHM TIpeliesoM cemeft-
-ctBa {Ce}, €ciu 3TO MHOMKECTBO BCeX TOYeK, JJd J0GOH OKDPEeCTHOCTH KaXAoH H3-
KOTODHIX CYHIECTBYET CKOJb YroiHo Osuskoe K &* 3HaueHHe £ TaKOe, 4YTO mepe-
cegenue C, C STOH OKPECTHOCTHIO ' HEMYCTO (HAUMHAs C HEKOTOPOTO gp<<&¥, me-
pecederue C, ¢ 3TOH OKPECTHOCTbIO HEMYCTO NPH go<e<g*).
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HHe, OTBeualollice MOMEHTY HCYe3HOBEHHs LHKJa), H, BooOIle, AN
JI060ro OJHONapaMeTPHYECKOro ceMeHCcTBa cHcTeM 6e3 IOJIOKeHHH
paBHOBecHs Ha K2%, B KOTOPOM OcCyIleCTBJIsieTCsl YKasaHHas Gupyp-
Kallusi, OHa OyJeT BHyTpeHHe#. Tak M 370 B o6lueM cJaydae HJIH XO-
T Obl JJsi cHCTeM Ha JBYMEDHOH IOBEDXHOCTH, OTJHYHO# OT
6yToiiku Kiefina, HeH3BeCTHO.

3ameuaHue. Jnd rpagueHTHHIX CHCTEM KPHU3HCHl MOKHO
TPAKTOBaTh KaK KaTacTpodwl.

8.5. budypxauun aByMepHOro topa. [IpeinoNOXKHM, YTO IOTOK
{f.'}, ckaxem, npu 0<Ce<e*, smasiercss cucteMoit Mopca—CMeiina
¥ uMeeT NPHUTATHBAKOWNH wHBapHaHTHRIA AByMepHHH TOp T..
ITpeanosnioxuM, uto, npn 0<Ce<e* Ha TOpe CyllecTByeT raobasnbpHas
cekyiias. B sTom Cayuyae yucio BpalleHHS panHoHajaeHo, Ha T,
HMeeTCsT 4eTHOe YHCJIO NMpeAesbHBIX IHKJOB, NOJOBHHA H3 KOTOPHIX
YCTOMUHBHI, IOJOBHHA — HEYCTOHUYHBH  (CEAJIOBLIE TIO OTHOLIEHHIO
KO BceMy ¢asoBoMy npoctpanctsy), n T, o6paszoBaH 3aMbIKaHHEM
HEYCTOHYHBLIX MHOroo0pasuii 3THX ceJJIOBbHIX UUKJAOB. IlpexnnoJo-
KHM TakKxke, 4To £*-OM(PYypKalHOHHOE 3HaueHHe lapaMerTpa, U IpH
e=¢g* ocylecrpasercs OHQypKallHs Kopa3MepHOCTH | — ojHa 3
paccMoTpeHHbIX Beme. CleqoBaTeJbHO, 3T0 Ju60 GHpypKauus OA-
HOTO H3 NpeJeJpHBIX IUKJOB, Jexalux npu e<e* Ha T, sHub60
6udpypkKanus, cesg3aHHas ¢ o0pa3oBaHHEM FOMO- W TeTepOKJIHHHYe-
CKOIl TPaeKTOPHH Ha HEyCTOHUYMBOM MHOIoOOpasHH OJHOIO H3 cel-
JIOBBIX IIMKJIOB. '

BHyrpesnue 6udyprauuu AByMepHororopa (cm.
[34],{123] u m. 1.6, ra. 2).

1. CMeHa ycTOHYMBOCTH YCTOHYMBOrO IpejieJbHOrO LIIMKJA Ha TO-
pe — ylABOeHHe nepuoia, nubo poxjAeHHe TOopa. B stoM caydae
cyulecTByeT 3HaueHHe g;<e*, IpH KOTOPOM MYJBbTHIJIHKATOPHI LHK-
Ja craHoBATcA KoMmmieKchuMu. [lpu e>e; T. He sBasgercs riaan-
KHM, HeyCTOHUYHBOe MHOroofpasHe CeNJIOBOro LIUKJIAa HaKPy4YHBaeTCs
Ha yCTOHYMBHIH LHKJ, a He IJaJAKO HPHMBIKAET K HeMYy.

2. CiHdHHe YCTOHYHBOIO M CeAJIOBOIO LHKJIOB, JeXallUX Ha TO-
pe, ¥ 06pa3oBaHHe LHKAA ¢ MYJbTHIJAMKATOPOM 1, KOTOPHI MOXKeT
OBITb KaK S-KPHTHYECKHM, TaK ¥ HEKDUTHUeCKHM. B mepsom cayuae, .
€cJIi BCe TPAEKTOPHH Ha HEYCTOHYMBOM MHOXKECTBE — I'OMOKJMHHYE-
CKHe, TO IIPH &>&* MOMKET BO3HHKHYTb CTPAHHBIH aTTpakrTop (eM.
§ 4). Ecoan npu 0<e<e* Ha T, aexur Oosbllie ABYX LHKJIOB, TO
npu e>>&*, NO-NpeKHEMY, CYILIECTBYeT TOP, Ha KOTOPOM Ha JBa UHK-
Jia MEHbIIE,

3. Kacanue HeycTOHYHBOTO MHOroo6pasusi CeAJIOBOrO ILHMKJA C
YCTOWYHMBHIM MHOrooGpasdeM TOTO e CaMOro HJH JPYroro ceiJjo-
BOTO IHKJAa. B mepBoM ciiyuae BO3HUKAeT FOMOKJHHHYecKasl TpPaek-
TOpHs, H NPU &>&*— HeTPHBHAJbHOE TrunepObOJHIeCKOe MHOXECTBO,
BO BTOPOM — TeTEpOK/JIHHHYECKass TPaeKTOPHs, U NpH €>&* aTTpak-
TOp Yy2Ke He SIBJIsTeTCS TOPOM.

[Ipumep. Orobpaxenue
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(x, 8)—(e" (x-+asing), (07— x--asing)mod2x)
komsna 0< x < xq T I»1, >0, Xo> "%, Mofeaupyer oTo-

6paxeHHe TIOCJAENOBAHHSI B OKPECTHOCTH «pa3pyUIaiolllerocs» Topa.
Jlerko npoBepuTh, YTO Aasa JMOGOTO 2EZ Ha IJIOCKOCTH NapaMeTpoB
(r, a) xpusas B*:a=-4 (2rk—r) - (1—e™") siBAsieTcss OHdypKauH-
OHHOH KDHBOH, OTBedalmllell HaJHYHIO IHKJOB (HENOABUIKHHIX TO-
YeK) ¢ MYJbLTHIVIHKATOpoM + 1, a KpuBas B™: a?=(2nk—r)?(1—
e ")2+4(1+e7)2 — ¢ myaprumiaukatopoM (—1). MoxxHO moxasaThb
TaKXe, YTO CYLIeCTBYIOT JBe GHQYypKalHOHHBE KpPHBHE By, oTBeUa-
I0lllUe KAaCaHUI0 HEYCTOHYHBOTO MHOroo6pasusi celJOBOH HEIOJBHK-
HOH TOUKH M ee YCTOHYHBOrO MHOr0oOpasHs «C PasHBIX CTOPOH». bu-
(PypKaLHOHHAS KapTHHA NpHBeJeHa Ha pHc. 60

Kpusuch.

1. IToreps ycTOHUYMBOCTH HpelesbHBIM LHUKJIOM Ha TOPE, MPOHC-
XOAsiIas XKeCTKHM 00pasoM: IpH e—-e* K YCTOHUHBOMY UHKJY, Je-
KallleMy Ha TOpe, «INOATSATMBaeTCs» CeLJOBOH IHHKJ  yABOEHHOTO
nepdoaa, Jubo HeyCTOHUYMBHIH TOp, JeXallMH Ha rpaHuile 06JacTH
nputsikenust T, npu e<e* U npH e=¢* mepegaer CBOIO HEYCTOHYH-
BOCTb 3TOMY IIpeJebHOMY LHUKIY.

2. budypkauus ycTOHUHBOIO LHMKJIA Ha TOpe, NPH KOTOPOH cel-
JIOBOH LMKJI, JleKallluii B rpaHuue 00JacTH NPUTAXKEHHsT TOpa, IOA-
TATHBaeTCs K YCTOHYMBOMY LHKJY, CJUBAaeTCs C HHM M HcHesaerT.
MyapTunaukatop B 3TOT MOMEHT CTaHOBHUTCS paBHBIM (—1).

3. budypkanus cennoBoro LHKJAA Ha .Tope, NPH KOTOPOH YyCTOH-
YHBble IPU AOKPHTHUECKHX 3HAUeHHSIX NapaMeTpa LHKJB Ha Tope
He TepsIOT CBOIO YCTOHuHBOCTb. [IpH e—e* K celyiOBOMY ULHKJAY
NOATATHBaeTcs Ju60 APYrof UMK/, JHOO TOp H CJAHBAeTCs € HUM
npu e=¢*. (MyJbTHNIHKATOP B 3TOT MOMEHT MOXET CTaTh PaBHBIM
u (41), 1 (—1), ue)

4. Kacanne HeycTOHYHBOro MHOroo6pasusi LHKJIa Ha TOpe H
YCTOHYHBOrO MHOroo6pasusi KOpa3MepHOCTH | MOJOXKeHHS paBHO-
BeCHd HJH IHKJa, JeXauero B rpanuue obsactu npurtsxenus T,
npu g<e*.

Bce yeTwlpe ciyuast MOI'YT, O4eBHJHO, HEyCTPAHHMbIM oOpa3om
peanu30BLHIBATLCS B OXHOMAPAMETPHYECKHX CceMeHCTBax AuHAMHYE-
cKUX cucteM. IlpuBeseM npruMep Ha cayyai 3.

I[Tpumep 1. Caenyioliee oroGpakeHHe MOXKHO TPAKTOBATb Kak
oToOpakeHue 10CAEAOBAHHA B OKPECTHOCTH TOpa (TOpPY IPH 3TOM
OTBeyaeT MHBApUaHTHAst KpHBas)

(x, 8)—>(bx-+x25-ccosB, (0--asing)(mod 2mw)), .
rie a > 0,5 >0, ¢ >0. HerpyiHO npOBepHUTE, YTO npU ¢ <(—b:4l)—

oTOo6paXeHHe KMeEeT WEBAPHAHTHYIO 3aMKHYTYIO KPHBYIO, HA KOTOpPO#HX
JieXaT HEeNMOABMXKHBIE TOUKH

”11=(1—b—V§1—b)2~4c’ O), M2=(1—b——1/(1—b)2+4c, n),

2 2
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2mk T

Puc. 60. budypkauuonnas auarpamma ABYNapaMeTpHUeCKOro ceMeiictsa nuddeo-

MOphH3MOB KOJbila. PasHEIM ee YaCTAM COOTBETCTBYIOT pPa3jMYHbE MEXaHH3MH

NI0TePH TJaJAKOCTH H pas3pyIICHHs 3aMKHYTOH  HMHBapHAHTHOH KDHBOH, Takxe
NOKa3aHHbHle Ha PHCYHKe

Puc. 61. KpH3suc 3aMKHYTOM HHBaDHAHTHOH KPHBOH (HHXKHAS KpHBas Ha Je-
BOM M CpefHeM PHCYHKaX); ciydyai 3. ToukaMu oOTMeyeHa oOOJIaCTh NPHTKE-
HHS aTTPaKTOpa
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npuueM M;—cenno, a My—ycTohuupuifi y3en. B rpanmty o064acTH
TIPUTSOKEHYs] 3TOM KPUBOH BXOJSAT HENOJBHXKHBIC TOUKH

p1:<l—b+V(1_—b)’~_4c’ o), p2=(1—b+1/(;—b)2+4‘c, n)

’

2
—b)2
npuueM P,—ueycrofiumBeifit ysel, a Py,—ceznno. Ilpu e ==

4
(1—5)
TOukH P, u M, caMBAIOTCA M IPH >~ WCUE3AIOT.
Mcuesaer w 3amMkHyTas uHBapuaHTHasi kpuas (cM. puc.  61).

‘Moxno nokasark, uro C2-BO3MyIlueHWE JaHHOTO  CeMeiiCTBa
oTOGpaXeHnil (B KOTOPOM IIapaMeTpsl @ M b (HUKCHPOBaHH, a ¢ —Me-
HfeTCA) TIpeTepmeBaeT NOAOOHYIO Ondypkauumio, T. €. CeMEHCTBO

. —_b)2
CTPYKTYPHO YCTOHYMBO B OKPECTHCCTH TOUKH c=——4—) B NPOCTpPaH-

CTBE NapaMeTpoB M B HEKOTOPOM KOJblle B (Pa30BOM NPOCTPAHCTBE.
[Tpumep 2. Ananoruunsiii IpuMep Ha Cyuail 2 3amaer oToOpa-
WeHne
(x, 8)—>(bx-+x2+csing, (0 acos @) (mod 2n)),
a>0, >0, ¢>0.
— 132
Jlerko moxasaTk, YTO NpH e<l 41) CYILECTBYeT WHBAPHAHTHAS KPH-

Basi (SBJSIONAACSH 3aMBIKaHHeM HeyCTOHUMBOIO MHOrooGpasusi HemoJ-

BWXHOH  TOUKHU (l—b—V(Ql—b)2+4c, ?%T) Ha KOTODOH JIeXKHT
yCTOHUMBAsl  HENOABMKHAA  TOUKA P=<1_b~1/(;—b)3—-4c’ {;—)
Tlpu c—»(b";l)z K P noararuBaeTcs CeAsopas TOuKa Q=
= 1"”+V(21_b)2_4c, %),'npu c=(—’3-:4—1)—2 OHW CAWBAIOTCH, H

. (6—1)?
NPH € > ——— — 1CYe3aloT (CM. PHC. 62).

H—ﬂ)z-
u

(1-8)2
0>

C<

Puc. 62. Kpu3uc 3aMKHYTO{ . MHBaDHAHTHOA KpDHBOK; ciydafi 2
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3ameuanue Dudypkallid CTPaHHBIX aTTPAaKTOPOB TaKxke
MOXKHO Da30HTb Ha BHYTPeHHHe W KPH3HCH (cM., Hanpumep, [120],
[155]). Onnako 3TH GHYpKAUWHM TIPOHCXOAAT B KJIACCe CHCTEM €
OECKOHEUHbIM MHOXKECTBOM ILHKJIOB, H HX ONHCaHHe BHIXOAHT 33
paMkH 3Toro 6630pa. ‘

T'rasa 4
PEJTAKCAILHOHHBIE KOJIEBAHHA

B Teopuu Gudypkanmuit o6bIYHO PacCMATPHUBAIOTCA CHCTEMBHI, 3a-
BHCAIIHE OT NapaMeTPOB, 3HAUEHHUS KOTOPHIX CO BPEMEHEM He Me-
HsloTCsl. OHAKO B NPHJOXKEHHSX 4acTO BCTPEYAIOTCS CAYYaH, KOF-
La caMu napaMeTpsl MeJJICHHO 3BOJIOLHOHHPYIOT C TeYeHHeM Bpe-
MeHH. B 3TOH CHTyallHlH BO3SHHMKAalOT HOBLIe SIBJIEHHS — HalpHMep,
YyCTOHYMBOE paBHOBeCHe IO Mepe HM3MEHEHHS INapaMeTpa MOXKer
HCYe3aTh HJH JAesaTbCsi HEYCTOHYUBHIM, H TOTAA COCTOSIHHE CHCTe-
MBI JOJIXKHO GBICTPO (II0 CPAaBHEHHIO CO CKOPOCTbIO H3MEHEHHS Na-
paMeTpOB) IePeHTH K HOBOMY peXHMMy MABHXEHHS (aTTPakTopy)-.

Hasi cucreM ¢ MeJIeHHO MEHSIIOLIMMHUCA NapaMeTpaMH Xapak:
TEPHO NPHCYTCTBHE JBYX MacuITa0oB BPEMEHH H JBYX CKODOCTeH:
ObICTpBle ABHIKEHHS OIPEAeJSIOTCS B OCHOBHOM <3aMOPOMKeHHOH»
CHCTEMOH, B KOTOpOH napamerpaM («MeIJIEHHBIM IIeDEMEHHBIMY»)
IpHAaHbl (UKCHPOBAHHLIE 3HAYEHHS, SBOJIOLMS XKe IapaMeTpPoB ¢
TeYeHHeM BpeMeHH ONHCHIBAeTCs KaK «MeJJIeHHOe [JBHXKeHHe» (Xxa-
pakTep KOTODOrO MOXKeT, OJHAKO, 3aBHCEeTb OT COCTOSIHHA OHCTPOra
JBUXKEHHS) .

Cpenu Takux cHcTeM ¢ OBICTPEHIMH M MeJJIeHHBIMH JBHKeHHAMH
BBLIEJAIOTCS CHCTEMBbI, B KOTOPHIX OBLICTDOe ABHXKeHHe NPHBOIHT K
YCTOHUMBOMY COCTOSIHHIO PaBHOBecHsi. IIpHMepOM MOryT CJYXHTb
CHCTEMBI C OJHOH GHICTPOHl IepEeMEHHOH, T. €. ¢ ONHOMePHHM (a3o:
BBIM MPOCTPAHCTBOM ObICTpOro ABuKeHus. Takaa cucrema ofuiero
NOJIOKeHHUs] NpH (HUKCHPOBAHHOM 3HAUYEHHH MeNJIeHHHIX TNepeMeH-
HBIX OBLICTPO NPUXOJUT K YCTAHOBHBLIEMYCS COCTOSIHHIO IIOKOS.
SToT mpouecc GHICTPOrO YCTAHOBJEHHS DAaBHOBECHS  HA3bBIBAETCHA
penakcanuell. B mpomecce H3MeHeHHS MeAJICHHBIX TEPEMEHHHIX
yCTOHUYHMBOE paBHOBecHe MOXKeT (uepe3 Gosblloe B MacuiTabe GHCT-
PbIX IBHXKEHHH BpeMsi) HCYe3HYTb WJH IOTEPATh  YCTOHUHBOCTb.
Torga cHOBa MPOH30MAET penakcanus (CKayoK K APYroMy COCTOs-
HHIC DaBHOBeCHsi) ¥ T. A. Bo3HHKalOIMH NpPOLECC, COCTOSILUN H3
NepHOJOB, B TeUeHHe KOTOPHIX OBICTPas CHCTeMa HAXOJAUTCS B KBa-
3HPABHOBECHOM COCTOSIHHH (OTpPeJlaKCHPOBaJia) M IMOUTH MIHOBEH-
HBIX ([0 CPaBHEHHIO C THMH IIePHOJAMH) CKAauKOB H3 OJHOro CO-
CTOSIHMSI DaBHOBecHsi OBICTPOH CHCTeMbl B JIPyroe HasbiBaeTcst
IpoleccoM peJaKCalHOHHBIX KojdeGanuit  (TepMuH, NpHHALIERKA-
muit Ban gep ITomo [206]).

PesakcallMOHHBEIe KOJeOaHusl MoOryr OBITb IeDHOJHUECKHUMH,
OZHAKO BO3MOXKHO H 0oJiee CJOMKHOe NOBeJeHHe (HampHMep, CTO-
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XacTH3alHus DeJaKCalHOHHBHIX KoseOaHuH, KOrga IIPOMEXYTKH
MeXJy HocJeJOBaTeJbHLHIMH IepeCKOKaMH BRITJASAAT KaK cayyai-
Hasl II0CJ/IeJOBATE/bHOCTD),

[Tpu usyuenHH peslakCallMOHHHX KoJeGaHH{I OGBIYHO HaHOGOJb-
IHA MHTepec INPEACTABJSIET ACHMITOTHKA MEIJICHHOIO JBHIKEHHS
IpH cTpeMJIEHHH K HYJII0 MaJjoro HnapaMerpa &, ONPeelsiomero
OTHOIIeHHe CKOPOCTeH OBICTPOTO M MEIJIEHHOro ABWXKeHus. Ilpu
3TOM BaXXHO HCCJIEJOBATh NOBEJCHHE CHCTEMH 33 BpeMs, IPH KO-
TOPOM CHJIPHO MEHSIOTCH MeJJ1eHHbEe NepeMeHHble (159 TepHOnH-
YeCKHX peJIaKCALHOHHBIX KoJebGaHHH — 3a MHOro nepuojoB). Ecuu
maciiTa6 BpeMeHH BbLIODAH TaK, YTO XapPaKTepPHOE BpeMs OLICTPOro
JBHXeHHA nopsifka 1 («OplcTpoe BpeMdA»), TO MelJleHHOe [BHKe-
HHe cJeJyeT M3yYHTb Ha BpeMeHaX, OOJIBIINX IIO MeHblel Mepe IO
CPaBHEHHIO C BpeMeHeM /e 3aMeTHOrO M3MEHEHHS] Me[JIeHHBIX
NlepeMEeHHbBIX.

Ecau mepefitu K «MensieHHOMY BpeMeHH» tT=glf, TO B IIpejele,
npu e—0, pesakcanus 6yaeT NPOHCXOAHTb MTHOBEHHO H JABHXKeHHE
CHCTEMB! OyHeT ONHCHIBATHCS KaK KYCOUHO-pa3pbiBHOe. OOBIYHO B
NPpUJIOKEeHHAX HauboJiee BaJKHO HUMEHHO 3TO IpejelbHOe KYCOYHO-
paspeiBHOe JABMXKEeHHe, B ImpoMekyTKax MexXAy cKauyKaMH OHO
onmHchiBaeTcs AHddepeHIHaNbHBIMH YPaBHEHUSMH ¢ (a30BHIM NPO-
CTP3HCTBOM MeHbllefi pa3MepHOCTH  (paBHOH UHCIAY MeAJIEHHBIX
nepeMeHHEIX), OJHAKO NEePeCKOKH B MOMEHTHl pa3phiBa OIpeaess-
I0TCs1 OBICTPHIM JIBHKEHHEM.

Onucanve kKoje6aHHH KaK peJakCallMOHHBIX IIHPOKO IPHMEHs-
I0TCSt B €CTECTBO3HAHUH H TeXHHKe (MOJEJH TOPMO3HOrO YCTPOHCT-
Ba B MeXaHHKe, MYJbTHBHOpaTOpa B pafuodu3uKe, peakiuu bemo-
ycoBa—)Kab0THHCKOIO B XHMMHH, (YHKUMOHHPOBAHHS HEPBHBIX
KJIEeTOK B GHOJIOTHH H T. [.).

IlepBuie nBa maparpada »toil ryaBnl Hamucanel B. M. Apnoub-
oM, § 3 (xkpome m. 3.7) —IO. C. Unpsawerko, n. 3.7.— H. X. Po-
30BeiM, § 4 — A. WM. He#ituragrom, § 5— A. K. 3BOHKUHBIM.

§ 1. OcHOBHbIE MOHATHS

Haunem ¢ npumepa.

1.1. Mpumep. ¥Ypasuenue Ban gep Ioas. Ilpocrefimum mpume-
pPOM CHCTeMH,*coBeplLiaioiiell peJaKkCalUOHHble KOJNeOaHus, SABJISET-
ca cucreMa Bau pep Ilonst

X=y—x34x, y=—ex.

IMpu e=0 MesnnenHoe mepeMeHHOe y CTAHOBHTCS [apaMeTpOM.
BricTpoe nepeMeHHOe X peslakcupyeT TOTJa K yCTOHYHBOMY IIO-
JIOXKEHHI0 paBHOBecHsl (pHc. 63)
Ecan >0 (#Ho manad), To OTpesaKkCHDOBaBIIasg CHCTeMa Mel-
JEeHHO JBHXXeTCs BJAOJb KPHBOH COCTOSHHH DaBHOBeCHSI OBICTPBIX
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Puc. 63. Cucrema Bau nep Iloas Puc. 64. Cucrema Ban nmep [loas
npu e=0 npu MajoM g>0

asuxenuft (I' Ha puc. 64) BJeBO Ha BepxHell U BHPABO HAa HUXKHeH
yactu Kpusoi I'. B TOykKax KPHBOH € BepTHKaJbHOH KacCaTeJbHOMH
CHCTeMa COBeplllaeT CKaykH. B pesyabraTe (opMHDyeTCA Npeiueb-
HHH nuka (puc. 64)

1.2, BoicTpble M MeAJeHHble ABHIKEHHS. PaccMOTPHM cHCTeMy
OOLIKHOBEHHBIX AM(p(PepeHIMaNbHbIX YPaBHEHHH, 3aBHUCALLYID OT
napamerpoB. MHBIME c0BaMH, NyCTh JaHO IJIafKOe pPacClOeHHe
E—B u BepTHKalbHOE (Kacalouleecsi C/10eB) BeKTOpHOe mojie Ha E.

Onpenenenue. YpaBHeHHe, 3aJaHHOE BePTHKAJbHBLIM [I0JEM,
Ha3bIBAEGTCA HEBO3MYULEHHbIM YPABHEeHUem WU YypasreHuem OblCT-
poLx O8UMCEHUL.

I cucremst Ban nep Iloas £ —asosas niockocts, B —och y.
Ypapueune ObICTPHIX JBIKEHHA: X =y —x°-x, y=0.

B ofumeM cayyae (okanbHsIe) KOOPAUHATEL HA £ MOXHO BHIOPATh
TaK, YTO HEBO3MYyIIEHHOE ypaBHeHHe ObiCTPLIX JBWXKEHH{l MpPUMeT BHJ

E=f(x, ) §=0 (1)

(y€R™-— koopauHaTel Ha 0ase, x€R!— Bnoab ciaos). IlepeMennnie
X Ha3bBalOTCS OBICTPHIMH, Y — MeJAJeHHBIMH.
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Onpenenenne. BoamyujeHHbin ypasrenuem WM ypasHeru-
em ¢ bvicTpoimu u MeONeHHbIMU OBUNCEHUAMI HA3BIBAETCH OHO-
napaMerpuyeckass AedopMauusi ypaBHEHHsS OBICTPHIX JBHMKeHHIH.

Takas pebopmanus 3agaercs OJHONapaMETPHUECKHM CeMeHCT-
BOM IIOJIeH, COAepXKaUlHM HCXOJHOe BepPTHKAJbHOe IoJe NPH HyJe-
BOM 3HaueHMH napamerpa’. B KoopaumHaTaX BO3MYIIEHHOe YpaB-
HeHHe HMeeT BH/[

x=F(x, y, €), y=¢G(x, ¥, ¢), @
F(x, y, O0=f(x, y).

1.3. MeaneHHAas NOBEPXHOCTh H MeEJJEHHOe YyPaBHEHHE,

Onpenenenne. MHoXKecTBO 0COObIX  TOYEK ypaBHEHHS
OLICTPOTO JBUIKEHHSI HA3BIBAETCH MEOACHHOU NOBEPXHOCTHIO.

Has cucremsr Ban gmep Iloasi — 3710 KyGuueckass mapaGosa I
JlJ1s BepTHKAJbHOrO MOJsI OOLIEro NOJIOXKEHHS MeJJIeHHAs! IIO0BepX-
HOCTb — IJIajlkoe MHOrooGpasue. PasMmepHOCTb 3TOro MHOroo6pa-
3Hsl paBHa DasMepPHOCTH 6a3bl paccHOoeHHst (YHCIAY MeNJIeHHHIX
nepeMeHHBIX). B TOukax o0uiero NOJIOXKEHHST MeJJIeHHasl IIOBepX-
HOCTb JIOKAJbHO SIBJISIETCSl CeueHHeM paccjoeHud, T. e. guddeo-
MOpP(HO NPOEKTHPYyeTcs Ha 6asy.

OzHako B Lie/loM IPOeKTHPOBaHHE, BOOOLIe TOBOPs, He aupdeo-
mMopduoe. Hanmpumep, KyOuueckas mapabosa cucreMbl BaH aep
ITons uMeer ABe TOYKH C BEPTHKAJbHOH KacaTeJdbHOH.

PaccMOTpUM TOYKH, B OKDECTHOCTH KOTOPBIX MeJJIeHHas IIO-
BEPXHOCTb mnpoekTtupyercss AupgeoMopdro. TakoBb TOUKH, B KOTO-
PBIX OTJHYHBI OT HyJs BCe COOCTBEHHBle 4YHCJA JIIHeapU3aluu
ypaBHeHHd OBICTPHIX ABMXKEeHHH Ha (PUKCHPOBAHHOM cJjoe (T. e. IIPH
(UKCHPOBAHHBIX 3HAYEHHSIX MeJAJIEHHBIX NEPEeMEeHHBIX) — IO Teope-
Me O HeaABHOH (yHKuUMH. Takue TOUKH HA30BeM pecYyAAPHbIMU,

B peryJspHBIX TOYKax Ha MeIJIeHHOH NOBEPXHOCTH BO3HHUKaeT
BEKTOpHOe TII0JIe — IoJle MeAJIeHHOH ckopocTH. OHO olpejenseTcs
npoeKnuefl BO3MYILEHHUS HCXOJHOI'O BePTHKAJbHOTO IIOJS Ha Kaca-
TeJbHYIO IJIOCKOCTh MeJJICHHOH IIOBEPXHOCTH BIOJb CJOEB pac-
CJIOEHHSI.

Onpenenenune. Bekropom medsennol cKOpOCTU B Perynsp-
HOH TOUKe MeJJIEHHO! NOBEDXHOCTH Ha3blBaeTcsl NMPOH3BOAHAst IO &
npu £=0 NpOeKHHH BEKTOpa BO3MYILEHHOrO NOJS Ha KacaTeJbHYIHO
IIJIOCKOCTb MeJJ/IEHHOH IIOBepXHOCTH BJOJb CJOS DPacCa0eHHs.

1) B aeHCTBHTeJIbHOCTH  peJNaKCALMOHHBIE KOJeGaHus MPOHUCXOAAT BO BCEX
cucremax, OGJH3KHX K HCXOJHOH, M cJeaoBajo OB M3y4aTb NPOCTO OKPECTHOCTh
HEBO3MYILUEHHOTO MNOJs B MOAXOJSLIEM (DYHKIHOHAJIBHOM INpocTpaHcTBe. OIHAKO
3meCh, KaK M B JADYIHX 3aJadyax TeODHM BO3MYHUIEHHH, pajaMl MaTeMaTHYeCKOro
yno6cTRa GOPMYJIUPOBKH Pe3YJIbTaTa HCCJAENOBAHHSA KAaK ACHMITOTHYECKOrO OOBIYHO
BBOAHUTCA (60Jiee HIH MeHee UCKYCCTBEHHO) MaJiblil TapaMeTp €& M BMECTO OKpecT-
HOCTH DPacCMAaTpHMBalOTCS onHomapaMeTpHueckHe pedopmanuu. [loJsioxkeHHe 37Hech
TakKoe e, Kak C [OHATHeM BapHALMH: NPOH3BOAHAS IO HAalPaBJEHHIO BEKTOpa
(muddepennuan TaTo) npexpllecTByeT npou3BOAHOH OTOGpaxkenus (auddepen-
nuany @Ppeme) B HCTODHUECKOM Pa3BHTHH.
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Takum o6pasoM, MeJJIeHHAsl ITOBEPXHOCTh CHAGXKaeTCs BEKTOP-
HBIM II0JIeM MeJJIEeHHOH CKODOCTH (OIpe/eIeHHBIM B DeryJispHBIX
TOYKax). DTO MoJe 3ajaerT Ha MeIJeHHOH MOBEDXHOCTH MedAeHHOoe
ypasHerue. B KoopAHHATaX, BBEJEHHBIX BHILIE, MeJJIeHHOE ypaBHe-
HHE HMeeT BH[

f (%, y)=0, gg=g(x, ), 3y
g(x, =G (x, y, 0).

I[Ipumep. YpaBHeHHe MeJJIEHHOTO ABHIKEHHS CHCTEMB Bam
nep Iloas:

B Ay .
Yy=x—x, Z=—X
3iecb T=¢gl — MellJIEeHHOE BpeMsl.

YpaBHeHHe MeJJIEHHOTO [BUXKEHHS €CTh YpaBHEHHE SBOJIIOLHH
Me/JJIeHHBIX TepeMEHHBIX IPH YCJAOBHH, YTO OBLICTPBHIE NOAJepXKUBa-
I0TCS1 B PABHOBECHBIX COCTOSIHUAX, (OCHOBHOH 3aMBICEJ TEOPUH pe-
JIAKCAI[HOHHBIX KoJieGaHUH — IOCTPOEHHe AaCHUMIITOTHK  HCTHHHOTO-
BO3MYILEHHOTO [BHKEHHS W3 CMEHSIOIHXCS OTPe3KOB OBICTPOro H
MeIJEHHOT0 JBHKEHHH.

IIpu nmoxxome K HeperyJspHHM TOYKaM OOIero MOJOXKeHHS
(ckaagkaM IPOEKTHPOBAHHUSI) CKOPOCTb MEAJEHHOrO  ABHKEHHS
(mo oTHOIIEHHIO K MeNJIEHHOMY BpeMeHH) CTpeMHTCS K OecKoHed-
HOCTH 00paTHO IPONOPUHOHAJLHO PACCTOSIHHIO O CKJIAJKH BAOJb
MeJJIeHHOH NMOBEPXHOCTH.

1.4. MepJjieHHOe JBHIKEHHE KAaK ANNPOKCHMalus BO3MYILIEHHOIO.
PaccMOTpHM ypaBHEHHe Me[JIEHHOTO JBHKEHHS N0 MeJJIeHHOH mo-
BEPXHOCTH

e 9=0. F=g(x v

[Ipeanonoxum, uto 1) pelleHue 3TOr0 ypaBHEHHS ONpele/eHO
Ha orpeske 0<<t<<T u 2) Bce TOuKH ()a30BOH KPUBOH 3TOTO Mex-
JIEHHOTO ABHXKEHHS HAa MeJJIEHHOH NOBEDXHOCTH SBJSIOTCS TrUIep-
6OJUUECKUMH TPHTATHBAIOUIMMH TOYKaMH JJsi OGBICTPOrO [BHIKEHHS
(co6cTBEeHHBIE 3HAUEHHST OCOOBIX TOUeK OBICTPOTO ypaBHEHHs Jexkar
B JIeBOH IOJIYIJIOCKOCTH).

IIpumep. Has cucremnl Ban gep Ilosas a1 ycsnoBHS BHINOJ-
HEeHBI, ecJu cooTBercTBylOIIHH 0<<t<<T otrpe3oK $a3oBoi KpHBOPI
MeJJIEHHOTO  [JBMXKEHHSl .He Ilepecekaercs € JPYroi Mex-
Jengofi kpuso#t I', coenuHsIONled HeperyJiipHble TOUKH, TAE
kacatelpHass K I' BepTHKa/jbHa — HHLIMH  CJIOBaMH, H3yYaeMoe
MeJJIeHHOe JABHIKEeHHe IPOHCXOIUT An60 LeMHKOM NO CaMOH Bepx-
Heit, MO0 LEJMKOM [0 caMOH HHXKHEH W3 Tpex BeTBell MeaJeHHOM
KpUBOH.

Teopema ([53], [68], [102]). IIpu ycaoBusx 1 u 2 cyllectBy-
er Takas (He 3aBHCSAs OT €) OKPECTHOCTb PacCMaTpPUBAEMON
(a30BOil KPHBOH MeJJIEHHOTO [ABHKEHHS, YTO AJs JOCTATOUHO Ma-
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JIBiX £>0 pelneHHe BO3MYIEHHOTO ypaBHEHHS C JIOOLIM HAYaJb-
HHM YCJOBHEM H3 3TOH OKDECTHOCTH, JIeKAIIMM B CJ0€ Haj Ha-
YaJbHOH TOYKOH paccMaTpHBAeMOH (ha30BOM KPHBOH MeAJEHHOTO
ABHXEHHs, onpejeseHo npu 0<<t<<T © oTJHYaeTcs OT paccMaTpu-
BaeMOro Me/JJIEHHOrO JBHXKeHUs He OoJblle, ueM Ha C;e Ha BCeM
STOM OTpe3Ke BPEMEHH, HCK/I0Yas KOPOTKHH (B MeLJIEHHOM Bpe-
MeHH) Haya/bHBIH OTpe3ok 0<<t<XCgelne, Ha KOTOPOM pelleHHe
6JM3KO K GBICTPOMY JBMIKEHHIO BIOJbL HAuaJbHOrO cJ0si (31eCh
KoHcTaHTe Ci>0 u Cy>0 He 3aBucsar or ¢>0 ¥ OT HauaJbHOH
TOYKH, @ IPH €CTeCTBEHHLIX YCJOBHSIX PAaBHOMEPHOCTH MpUTSKe-
HUS He 34aBHCAT M OT HCXOJAHOH ()a30BOH KPUBOH MeNJIEHHOTO IBH-
XKeHHs). MCKIIOUHTENBHBI HAyasbHBIA OTPE30K BO3HHKAET MOTO-
My, 4TO OBICTPOji cucreMe Tpebyercsi BpeMsi mopsiaka In(l/e) anas
peJakcaluy X HeBBIPOXKACHHOMY pPaBHOBeCHIO A .

1.5. SiBnenue cpbiBa. Kpome yCTOHUMBBIX IOJIOXKEHHI DaBHOBe-
CHsi OBICTPOTO IBHIKEHHS, MeJJIeHHAasi NMOBEPXHOCTb COAEPIKUT, BO-
-o0ue rosopsi, u Heycroiuusbie. [ToaToMy ¢pazoBast KpuBass MejJeH-
HOrO [BHKEHHSI MOXeT 3a KOHeYHOe Me/JeHHOe BpeMs IONacTb
Ha TpPaHHIy YCTOHYHBOCTH OLICTPOrO JABHMKEHMs, W TOrAa IMpejb-
Ayulas TeopeMa [eJaeTcss HeMPUMeHHMOMH.

IIpumep. [Jas cucremnl Ban gep Ilons jaBukKeHHe mo Bepx-
Hell BeTBH MeJJIeHHOH KDUBOH HAIpPaBJEeHO BJIEBO ¥ HPHBOIHT B
HEPETYJ/ISPHYIO TOYKY, 3a KOTOPYI0O MeJAJIeHHOe J[BHXKEeHHE He IIPO-
JO/KAeTCH.

B sTom mpuMepe BO3MylLIeHHOe JBUIKEHWe, HauHHAs C yKa3aH-
HOrO MOMEHTA, TepseT CBA3b C MEJJICHHBIM: NPOHCXONHT «CpbLE»
C MeJJIeHHOH KpHBOH (peJaKcaumus K APYroMy IHOJIOXKEHHIO PaBHO-
BeCHs, T. €. IePECKOK Ha HUXKHIOIO BETBb).

AHaJOrHuHOE SIBJEHHe cpbiBa NMPOHCXOJHUT H B JAPYTHX CHCTEMax
obuero mnoJsoxeHHsi. B cooTBercTBHH ¢ 0OIelt TeopueH, noTeps
YCTOHYMBOCTH IOJOXEHHS PABHOBECHS CHCTEMBl ypaBHeHHH obie-
ro IIOJIOJKEHHs, 3aBHCSILIMX OT NapaMeTpoB (B JaHHOM ciaydyae —
ypaBHeHHH OBICTPOro [BHKEHHS), NPOHCXOAAT HA JBYX THIepHo-
BEPXHOCTSIX NPOCTPAHCTBAa HapaMeTpPoB (B AAaHHOM cCJyyae — IIpO-
CTPAHCTBA MeJJIeHHBIX IleDeMeHHBIX ).

OpnHa W3 3THX THIEpIIOBEPXHOCTEH COOTBETCTBYET CTOJIKHOBE-
HHMIO YCTOHUMBOTO MOJIOXKeHUS PABHOBECHS C HEYCTOHUMBBIM, NOCJ]E
KOoTOoporo oGa MOJIOXKEHHUSI DaBHOBECHS HCue3aloT  (CTaHOBATCSA
KOMILJIeKCHBIMH). Ha MelJeHHOH IIOBepXHOCTH 3TO sIBJEHHE Ha-
O6nronaercss B*HEPETYJSPHBIX TOUKAaX (KPDUTHYECKHX TOYKAX MPOEK-
THPOB2aHHI MeJJIEHHOH TOBepPXHOCTH Ha 06a3y); B STHX TOUKAX
JIHHeapusanus OBICTPOTO YpaBHEHHS B CJIO€ HMEeT HyJiepoe COOCT-
BeHHoe uucsio. Hanpumep, nasa cucremsl Ban pep [loss cpoiB npo-
HCXOJIHT B TOYKAX BEPTHKAJbHOCTH KacaTeJbHOH K MeAJIeHHOH
KpUBOH.

BTopas runeprnoBepxXHOCTb NOTEPH YCTOHUHBOCTH COOTBETCTBYET
nepexoiy JBYX KOMILIEKCHO CONPSIKEHHBIX COGCTBEHHBIX —YHCel
JHeapu3anud OBICTPOTO YDPABHEHHS B INIOJIOXKEHHH DaBHOBECHS H3
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JIEBOH IOJIYIJIOCKOCTH B INpaBylo. DTo sBjeHHe HaOJI0gaercs, BO-
ofie roBOpsi, B HEKOTOPHIX PEryJfAPHHIX TOYKax MeIJICHHOH Io-
BEPXHOCTH, 00pasylOllNX Ha 3TOH MOBEPXHOCTH MOAMHOT006pasne
KOPa3MePHOCTH OfuH (moapo6ree 06 stoM cM. § 4). Ha moagmuo-
xKecTBax OoJiblIedl KOPa3MEPHOCTH NPOHUCXOAST H O0Jee CJOKHBIE
sIBJIeHUs, HANpHMep, COYeTaHHe HYJEBOTO KODHS C MHHMOH mapoi
HT A

B o6oux ciyyasix BO3MYUIEHHEe [BHMKEHHS TOCJHE TOTepH
YCTOHYHBOCTH COOTBETCTBYIOILErO COCTOSHHSI PaBHOBECHs GHICTPO-
ro NBHIKEHHs CPHIBAIOTCSI C MENJIEHHOH INOBEPXHOCTH, HO HX HaJlb-
Hefliue cyibObl, BOOOIIE TOBOPS, Pa3JH4HHL.

B nepBom cuayuyae (uCYe3sHOBeHME DaBHOBECHs) MOTePs YCTOM-
YHBOCTH BCerja fABJSETCS «KeCTKOH»: OLICTPOe ABHIKEHHE, BOOOIIe
roBOpS, NPUBOAUT (a30BYI0 TOUKY Ha KaKOH-IHGO APYro# aTTpak-
TOp (a MHOrAa BHIKHIbIBaeT «Ha GECKOHEYHOCTb», UTO (DH3HUECKH
O3HauaeT B3PHIBHOH XapakTep mnpouecca). DTOT aTTPAKTOP MOXKET
0Ka3aTbCsl, HaOpUMep, NpedeJbHbBIM LHUKJIOM HJH TOPOM, H TOTAA
JAJISt M3YYeHHUS AaJbHEHIIEro IBHXKEHHS MOXKHO HCIOJb30BaTh TeX-
HUKy meroja ycpennennsa (H. H. Boromwo6os, 0. A. Murponoss-
ckuil [26:17]).

Hosoifi aTTpakTop MoOXeT OKa3aTbCsi M NPOCTO JeXalUlHM B -
CTOPOHE YCTOHUUBHIM IOJIOXKEHHEM PaBHOBECUS OBICTPOTO ABHKEHHS.
Hmenno Tak obcrout nesio anst cucremel Ban gep Iloas u, Boobue,
AJIsL CHCTeM C OJHOH OBICTPOH mepeMeHHOH (TakK KakK THIHYHBIE
JOBHXKEHHsI CHCTeMBl OGLIero INOJOXKEHHS € OJHOMepPHBIM ()a30BHIM
NPOCTPAHCTBOM INPHOJHAKAIOTCS K HEBLIDOXKJAEHHHIM  YCTOHYHBHIM
TIOJIOJKEHUSIM PaBHOBECHS),

B ciayuae MHOrMX OBICTPBIX NepeMeHHBIX JBHIKEHHe PeJaKCHPY-
€T K PaBHOBECHIO, KOrja OhicTpas cucTeMa SIBJSIETCS I'PajHeHTHOH:

* aU x! , 8 *
x=——-%x—y—l, y=¢eG (x, y, €).
Takernc [204] Ha3Bas 3Ty CHCTEMY <«CUCTeMOL CO CBA3AMUS.
Bropofi cayyalt — norepst ycToHuMBOCTH 0CcO60¥ TOYKOH OBbICT-
poro ABHKEHHS ¢ IIePEeXOAOM Naphl COOCTBEHHBIX 3HaueHUH uepes
MHUMYIO OCb, HCCJieJ0BaH B § 4.

§ 2. OcoGeHHocTy OGLICTPOr0o U MENJEHHOTO JBHKEHHH

31ech NpuUBe/ileHE HOPMaJjbHbie (OPMBI PasJHYHBIX OOBEKTOB
BOJIH3H HeDeryJsApHHIX TOYEK MeIJeHHOH MOBEPXHOCTH, I'le MOXKeT
NPOUCXOAUTL CPBIB. MBI paccMaTpuBaeM CHCTeMbl OOLIero moJsoxe-
HHsl M TOKa3blBaeM, KakHe pe3yJbTaThl jgaeT oOLas TEOpPHsl 0CO-
OenHoCcTell B NPUMEHEHUH K pPeJaKCallHOHHOH CHUTYaUHH.

2.1. OcoGeHHOCTH GLICTPOrO HBHMIKEHHSI B TOYKAX CPLIBA CHCTEM
¢ onHOi GuicTpoii nepemMenHoi. OcoGeHHOCTH NPOEKTHPOBAHUSA MeJl-
JIGHHOH TIOBepXHOCTH Ha 0a3y omuceiBaloTcs oObliefl TeopHeil oco-
Gennocrell auddepenuupyembix orobpaxkenuin [25]. Ecau Grictpas
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nepeMeHHas OAHd, TO HMEeTCid KOHEUHBIH CIOHCOK TaKHX OCOGeH-
HOCTeH, BCTpeyalollUXCss B CHCTeMax oOllero noJokKeHHd. B mogn-
XonsAmux (rJaafkiax, aHaJduTHUeCKHX) JIOKaJIbHHIX KOODAHMHATax
MeJJIeHHasi IOBEPXHOCTh 3aIHCHIBAETCS B BHAE HOPMAAbHOL op-
mor Yurnu P,(x, y)=0.
Pp=xbF -ty xb—t 4oL .

3nxecsk (Y1, ..., Yu) — MeLJIEHHBIE IepeMeHHbIe (6BITh MOXKeT, YacThb
MeJJIeHHBX II€PEMEHHBIX); 3HaueHHEe |, He JOJIXKHO IPeBOCXOJIHTh
pa3MepHOCTH 6a3bl, HO MOXeT ObITh MEHBILINM.

IIpuBenenne MenJeHHOH IOBEDXHOCTH K HOpDMaJbHOH (dopme
YUTHHA OCyLeCTBJIsIeTCS JIOKAJbHBIM DacC/JOeHHBIM AuddeoMopdhus-
MOM, T. e. Au(p¢PeoMopPH3IMOM NIPOCTPAHCTBA PACCAOEHHd, NepeBo-
ASWAM cJiod B caou: x=h(X, Y), y=Fk(Y).

IIpumep. B cucremax oOlmero MOJOXeHHsT ¢ OJAHOM ObICTPOH
U OJHOH MemJIeHHOH NepeMeHHOH peajusyercs TOJNBKO CKJajgKa
(x24+y=0), kag B TOUKAX C BEPTHKAaJbHOH KacaTeJbHOH Ha Mel-
JeHHOH KpuBo# cucteMbl Ban jaep Iloas.

B cucremax o6uiero noJiOXeHHs ¢ OZHOH ObICTPOH M ABYyMS
MeJJIeHHBIMH ITIePeMeHHBIMH peaJu3ylorcst ckiaaka (¥2+y,=0) u
H cbopka (x*+xy;+y.=0). Heperyasipuele Touku 006pasynT B
3TOM CJyyae NIAIKYI0 KPHBYIO — AUHUIO CKAQOKU -—— HA Me[JIeHHOH
TIOBEPXHOCTH. B OoTHeNbHBIX TOoukax cOOpKu 3Ta KpHBAs BepTHKaJb-
Ha (KacaeTcs CJIOSI paccjoOeHHs; cM. pHuc. 65). MHOKeCTBO KpHTHYE-
CKHX 3HAUeHHH NPOEKTHPOBaHUs (HA IIOCKOCTH MeJJIeHHBIX Ilepe-
MEHHBIX y) MMeeT B NPOEKIHsX COOPOK OCTPHs (TOYKH BO3BPATa).
B OKpecTHOCTH OCTPHSl JHHHS KPHTHYECKHX 3HAYEHHH IMPOEKTHPO-
BaHusi aupdeoMopdua nonykybuueckoi napabose.

VpaBueHHe OBICTPHIX ABHXKEHHH aHaJUTHUECKOH CHCTeMH OO-
IIEro IOJOXKEeHHs B OKPECTHOCTH MeJJIeHHOH MOBEePXHOCTH MOXKHO
aHAJUTHYECKHM DPAaCCHOCHHBIM AH(PHEOMOPPUIMOM  NPUBECTH K
HOpMaJbHO#H (opme x=P/E, rae P — ¢yHKuus HOpMaJjbHOH ¢op-
MB YuThH, a E=+1+C(y)x*

Harnpumep, npu oxHO# GBICTPOH H OJHOH MeNJEHHOH NepeMeH-
HOH:

x=C (y) x (pery.isipHas TOuKa),
x=(x2--y)(1--C () x)! (rouxa cpuisa).

dyukuuonaapubiii napamerp (Moaysan) C B 3TOM ciayuyae Heycrpa-
HuM, 60 cymMma BbueToB auddepennuannuoii Gopmul di B 6au3-
KHX K HYJIO TOYKaX — HHBAapUaHT JU(PpGHeOMOPOhHU3MOB OCH X.

Ilpu oxno#l GHICTPOH U JBYX MEAJIEHHbIX NEPEMEHHBIX B OKpecT-
HOCTH OOllell TOYKH CKJIaIKM HOpMaJjbHas ¢opMa ObICTPOro ypas-
HEeHHsI

x =24y 4+ (C ) £,
rae C yxe He QYHKUUA, a YHCIIO.
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Puc. 65. C6opka MeaJIeHHO MOBEPXHOCTH

2.2. OcoGeHHOCTH NPOEKTHPOBAHHS MeAJIEHHOH IMOBEPXHOCTH.
[lpu GosbuieM efMHHLE YHCJe k GBICTPHIX NEPEMEHHBIX HOPMAaJib-
Hasi ¢popMa MeNJEeHHOH INOBEPXHOCTH CHCTEMBI OGLIEro MOJIOXKEHHS
ocTaeTcsl TaKOH XKe, Kak BhLIe (J00aBJAOTCS JIHIIb YPaBHEHHS
X9= ... =xp=0), ecau pasMepHOCTb fZpa IPOEKTHPOBAHHA MeJ-
JIEHHOM MNOBEPXHOCTH Ha IIPOCTPAHCTBO MeJJICHHEIX NEepPEeMEHHBIX B
paccMaTpHBaeMOH TOYKe paBHa 1, T. e. ecyHu HyJeBoe COGCTBEHHOE
YHCJIO JIMHEeapU3alMH ypaBHEHHMS OBICTPOTO ABHMIKEHHMS B paccMart-
pHBaeMOM TIOJIOXKEHHH PABHOBeCHA NPH (DUKCHPOBAHHEIX 3HAUYEHHSX
MeJJeHHBLIX NepPeMeHHBIX OJHOKPaTHO.

[Tocnenuee ycioBHe (OIHOMEPHOCTb siipa) BHIIOJHSETCS aBTO-
MaTH4YeCKH AJs cHcTeM OOllero NOJOXKeHHS Ipu Jio60M YHcne
ObICTPEIX IIepeMeHHBIX, KOTJa 4YHCJIO0 MeJJIeHHBIX INePeMeHHLIX He
Goapiie Tpex. Takum 06pasoM, B THIHYHBIX CHCTEMax C OJHHM,
IBYMsl U TpPeMsl Me[JIeHHbIMH NepeMeHHBIMH ypaBHeHHe Me[JIeHHOH
IIOBEPXHOCTH JIOKAJbHBEIM DAaCCIOeHHBIM AH(deoMOpdHIMOM NPUBO-
JHUTCA K OQHOMY M3 BHIOB

Xy=...=x,=0 (perysspuas Touxa),
xi;)-‘l_ylxl "‘:‘_’/2:x2:xk=0 (C60pKa)y

/f ~{—y1.¢c% Loy Fys=xo=... =X, =0.

B nmociepnem ciaydae MHOXKECTBO KPHTHUECKHX 3HayeHHUH IIPOEKTH-
poBaHUA — MOBEPXHOCThL B R3, HasbiBaeMas JIaCTOYKHHBIM XBOCTOM
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(puc. 56). Ilpu yernlpex MeAJIEHHHIX IIePEMEHHHIX BIIePBHIE IIOSB-
As10TCs 6oJiee CJAOXKHBIE OCOGEHHOCTH (C JBYMEPHBIM SIpPOM), HO
CIIMCOK OCTA4eTCH KOHEUHHIM BIJIOTH JO 9 MeJJeHHBIX IepeMeHHBIX.

2.3. MepJjeHHOE JBHXKEHHE CHUCTEM C OJHOH MeJNJIEHHOH mepe-
MEHHOIA.

Teopema. B OKDeCTHOCTH TOYKH CpPHIBA ypaBHEHHe MeJJEH-
HbIX JBHJKCHHH CHCTEMBl OOGIIEro MOJOXKEHHS ¢ OZHOH OBICTPOH H
OJHOH MeJJeHHOH TNepeMeHHOH paccjoeHHHM IuddeoMopPhuIMOM
Me/IJIeHHOH KPHUBOHA NMPHUBOAUTCA K BUILY

y=x% y=+1+xA(@)

npuueM A sBJseTCs MHBAPHAHTOM [EeHCTBHS IPYNINL TaKHX 3aMeH.
Mpusoasmuii guppeomopdrsm raagok (aHaIHTHUEH) AJsA TJal-
KO#l (aHaJHTHUECKOH) CHCTEMEI.

CanencrBue. MenneHHoe JBHMKeHHe NPHBOAUTCH K BHAY y=
=+1+1%2a(t), a ecan ponyctHTb C™-3aMeHBl BpEMeHH — TO K
BHLY

y= £t

JlokasaTesbCTBO TEOPEMHb U CAEACTBUSA U3 HeEE:
1°. lpencraBuM MeJ/I€HHOE ypaBHEHHE B BUJIE
y=x% y=>b(y)+xa(y).

DTO PABHOCH/IBHO pa3buennio (yHKIuM g(x, X?) HA YETHOE U He-
yeTHoe caaraembie. [1/1s cuctemsl o6uiero noaoxenust b (0) = 0. 3amenoit

y=z(co+6z+...), x=u(do+du?...)
MeJ/IeHHOE YPaBHEHHe MOXHO TpPHBECTH K BUILY

z2=u?, z= +1+uA/(2).

JIBa MemJieHHbIX YDaBHEHHS C pasHbBIMH A He IepeBOAATCS APYT
B Jpyra nocjolHeiMd JgupdeoMopdusMaMud MeAJeHHOH KPHUBOH,
nockoabky ornouienue (l+wud(z))/(l—uA(z)) HHBapHAHTHO OT-
HOCHTEJbHO TakKux AHddeomMoppuamMoB. DTO NOKa3bIBaeT TeOpeMy.

2°. YpaBHeHHe MeJJeHHOTO IBHXKEHHS MOXKHO 3allucaTh B BH]e
(mamem cHoBa (X, y) BMecTO (2, 4)):

* dt 2x

—y2 &t __ X
y=X*> ax +1+xA(y -~

O1ciona
t(x)= + x2-}- x3B (x),
Y (x)=x2.

ITo rteopeme Hw¢ypa [140] C=-samenamu z+2(y), t=1(?)
napy ¢yukuuii f, y (A1 CHCTEMH OOLIErO MOJOXKEHHsI) MOXKHO
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NPHBECTH K BUAY
1(x) =x24x3,
2(x)=x2

CrencrBue J0oKa3aHo.

3ameuanue. AHaJOTHYHAST HOPMAJH3alHs C NOMOIUBIO aHa-
JHUTHYECKOH 3aMeHBI, KaK NPaBHJIO, He BO3MOXKHa [56].

2.4, MepneHHOE JBHIKEHHE CHCTEM C ABYMsi MEAJEHHBIMM Hepe-
MCHHBIMH. B 3TOM cjlyuae MOXKHO HOBOJBHO IOAPOGHO H3YUYHUTH
CeMeACTBO (a30BHIX KPHUBHIX MENJIEHHOIO MBHIKEHHS: BONPOC CBO-
JAUTCS K TeOpHH JAud¢epeHNMaNbHEIX yPaBHeHHH, He paspenieHHbIX
OTHOCHTEJIbLHO MPOU3BOAHOH. JIJisT MPOCTOTHl MBI CUHTaeM, YTO GhICT-
pas mepeMeHHas ojHa. MejisleHHOe JIBHXKEHHE B CHUCTeMaxX OGILEro
MOJIOKEHHSA C JIOOBIM YHCAOM OBICTPBIX NEPeMEHHBIX H BCEro ABYMS
MeIJIeHHbIMH TaKoe e, KaK B cJyyae ¢ ORHOH OHICTpOH TepeMeH-
HO#. [lelicTBUTENBHO, MJs1 CHCTEM OOLIEr0 IOJIOXKEHHS MeHee ueM
C YeTHPbMS MEJJICHHBIMH IlepEMEHHBIMH SAPO INPOEKTHPOBAHHS
MeJJIeHHOH MOBEPXHOCTH OJHOMEPHO.

ITostoMy Bce ObICTpHle NepeMeHHbIE, KPOMe ONHOH, MOYXKHO BHI-
6paTh TakK, 4TO OHH OyAyT PaBHHL HYJIO HA BCell MeIJIEHHOH MOBEpX-
HoctH (cM. BHlle m. 2.2). IloBemeHue CHCTEMBI I[IPH HEHYJEBHIX
3HAYEHHAX 3THX IleDeMeHHBIX He CKa3blBaeTCsi Ha MeJJeHHOM IIo-
Jle, IO3TOMY INPH HCCJAELOBAaHHH MeAJEeHHOTO JBHXKEHHsS O HHX MOXK-
HO 330bITh.

Hrak, nycts npocrpanctBo E paccioenusi E—~B tpexmepHo, Oa-
3a ABYMepHA, a CJOM OZHOMePHBI. B KaxI0# TOUKe 3TOrO Tpexmep-
HOTO TPOCTPAHCTBA HMeeTCs BepTHKaJbHOE HampaBJeHue (Kaca-
TeJlbHOE CJIOK, BAOJbL KOTOPOro 00e MejJieHHBIe IepeMeHHEIe I10-
CTOSIHHBEI). B HeoCoOBIX TOYKax BO3MYylLlalollero moss! nMmeercs ele
ero HanpabJeHHe. Oco6rie TOYKH Jsi CHCTEM OGIIEr0 NOJOXKEHHS
He JexXaT Ha MelJeHHOH noBepxHocTH. [loaToMy MEI HX He pac-
CMaTpPHBaeM, H B MHTEPeCYIOIMX HAac TOYKax mpocrpaHcrBa E 3a-
JaHbl [Ba INOJIS HanpaBJeHUH: BePTHKa/bHOE M BO3MYlalollee.

Jas cucreM o6ILIero IOJOXKEHHS 3TH NOJS KOJJIMHeapHHl JHIIb.
B TOUKaX HEKOTOPO} IiankKo# KPHBOH, W 3Ta KpuBasi TPaHCBepCaJb-
HO TepeceKaeT MeNJIeHHYIO NOBEPXHOCTh B €e PEeryJysipHEIX TOUYKax.

OTH TOUYKH IepeceueHHsI — NOJMoKEeHHUS] PaBHOBECHSI MeJJeHHOro-
ypaBHeHHs, [TOCKONIBKY OHH PeryJisipHbl, 3T0 OGbiYHBIE OCOOLIE TOY-
KH TJIaJKOro (MeJJIEHHOro) BEKTOPHOrO MOJs Ha IIOBepXHOCTH (y3-
JHl, cexna, ¢oxych). K HX uHCClelOBaHHIO TNPHMeHHMa OObIUHAsS
JIOKaJbHasi Teopusi [26].

Hac xe unTepecyior ocobble TOUKH NPOEKTHPOBAHUS MeAJEH-
HOfi MOBEDXHOCTH. B 3THX TOYKax HaillW IIOJig HalpaBJeHUH HeKOJ-
guHeapusl. CJeJOBaTeNbHO, OHH NOPOXKIAIOT TJIajKOe IIoJe IJIOC-
KOCTeH.

1) Boamyujarnouiee nose — 370 3HaueHHe NPOH3BOJHOH BO3MYIILEHHOrO NOJS MO
MaJioMy napaMeTpy € OpH s=0.
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Fnankoe mone maockocTeft OGIIEro NOJNOXKEHHS B OKPeCTHOCTH
TOYKH 00Iuero NOJIOXKEHHs] 3ajaeT KOHTAKTHYIO CTPYKTYpy (ecau
noJie 3ajlaH0 Kak noJe HysdeH 1-popmul @, To 3-dopma a/\do He-
BBHIDOXK/IEHA).

Touku BEIDOKJEHHS KOHTAKTHOH CTPYKTYpH, 3ajaBaeMOH IIO-
JeM IJIocKocTel OOIIero HOJOXEHHS B TPEXMEPHOM NPOCTPaHCTBE,
'00pa3yoT INOBEPXHOCTh. DTA NOBEPXHOCTL BbLPONCOCHUS KOHTAKT-
HOU CTPpYKTYper NS CHCTeMBHl OOLIEro MOJIOIKEHHS! TPaHCBEPCAJIbHO
nepecekaercss ¢ MeJJIeHHOH IOBEPXHOCTbIO MO KpHBOH. BoJiee TOrO,
‘OHa MOXeT B OTJACJbHHIX TOUKax TPAHCBepCaJbHO IepeceKaTb
TJIafKyI0 KPHBYIO HEpPeryJsPHHIX TOYeK NPOEKTHPOBAHHS Me[JIeH-
HO# IIOBeDXHOCTH (KpHBYK CKiaajnok). st cucTeMbl 00wiero Io-
JIOXEHHS] TOYKH IepecedeHHss OYAyT HMEHHO TOUKAMH CKJIaJKH, a
He c6opKH.

PaccMOTpUM Tenepp cjesl NOCTPOEHHOTO BHIIIE IIOJs ILIOC-
KOCTeH B TPeXMepHOM NPOCTPAHCTBe HA MeJIJIeHHOH IOBEPXHOCTH.

ITnockocTh moJIsi mepeceKaeT KacCaTedbHYIO IJIOCKOCTb MeJJIeH-
HOH TIOBEPXHOCTH B pPeryJspHOH TOUYKe 110 HaNpaBJEHHIO MejJIeH-
Horo noJisi. IToatoMy cieirl HOCTPOEHHOrO MOJS IJIOCKOCTell obpa-
3YIOT B DPEryJasipHOH YacTH Me[JIeHHOH INOBEPXHOCTH B TOYHOCTH
ToJle HaNpaBJeHHH MeJJIEHHOTO ABHXKEeHHS.

Sr10 mnoJe HanpasJeHHH NPOJOJKAaeTCs M HA JHMHHI KpHTHYe-
CKHMX TOYeK IPOEKTHPOBAHHS B BHJEe TVIaAKOIO IOJS HAIpaBJeHHH.
Oco6eHHOCTH OHO HMeeT JHUIb B TeX MeCTaX, rJe MJIOCKOCTb IOJS
KacaeTrcss MeJJIEHHOH NOBEPXHOCTH. JITO MOXeT CJAYYHTbCH AJs
CHCTeMBl OOlIero moJIOXKeHHs JHIUb B OTHEJbHBIX TOYKaxX. Takue
TOYKH JiexaT 005i3aTeJbHO Ha KPHBOH CKJIaJOK, TaK KaK IJIOCKOCTb
[0 COAEPXKHT BEPTHKAJbHOE HANpaBJIeHHE.

Jns cucrem ofmero HOJOXKEHHMs 3TH OTHeJNbHbie TOUKH He Oy-
JYT HM TOUKaMu COODKHM, HH TOYKAaMH BBIPOXKIEHUS KOHTAKTHOH
CTPYKTYPHI.

Hrak, ¢aszoBble KpPHUBble MeIJIEHHOTO ABHXKEHHS SIBJSIOTCS dac-
TAMH HHTErpasbHbIX KPHUBHIX IOJISI  CJeLOB HNOCTPOEHHBIX BHILIE
MJIOCKOCTEH Ha MeJJIeHHOH NOBEPXHOCTH. DTO NOJe HanpaBJIeHHH
Ha MeIJIeHHOH IIOBEPXHOCTH BEPTHKAJbHO HA JIMHUH KPUTHUECKHX
TOUeK TPOeKTHpoBaHuA (160 U IoJe IJIOCKOCTeH, M KacaresbHasi
MeJJIeHHOH IIOBE€PXHOCTH B 3THX TOUKAaX COJAEPXKAaT BepTHKAaNb), H
MOXKeT ellle HMeTb OTJeJbHble ocoOble TOYKH Ha 3TOH JHHHH (He B
c6OpKax H He B TOYKAX BHIPOXKAEHHS KOHTAKTHOH CTPYKTYpPHI).

" Huxe omucann HOpMaJjbHbie (OPMB, K KOTOPHIM NPHBOAATCSA
MHTErpaJibHble KpHBHIE IIOCTPOEHHOro IOJs HanpaBJeHHH Ha Mej-
JICHHOH TOBepXHOCTH (a CJenoBaTeNbHO, M (a30Bble KPHUBBIE Me[-
JIGHHOrO ypaBHeHHs]) PacclOeHHHIMH K gupdeoMoppruzMamu.

2.5. Hopmaabupte (OpMbI (pa3oBbiX KPHUBBIX MEJJIEHHOIO JBH-
KeHUSl. B OKDeCTHOCTH TOUKH CKJIaJAKH MeJJIeHHass IOBEPXHOCTb
paccioeHHbIM audgdeoMopduIMOM NPHUBOJMTCA K BHAY Y=Xx2, TIe
Xx — OHicTpasi. mepeMeHHasl, Y — MeJJeHHad; BTOPYI0O MeAJIEHHYIO
nepeMeHHYI0 0603HaUUM Z.
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HuterpanpHele KpHBEIE, KOTODHIE MBI M3yyaeM, JIeXaT, TaKHM
06pasoM, Ha NOBEPXHOCTH §=X? TPeXMEPHOTO NMPOCTPAHCTBA C KO-
(()p,zm;ia’raMH (%, y, 2) ¥ IPOEKTHPYIOTCH BAOJL OCH X Ha IJIOCKOCTb

Y, 2).

Teopema. (B. M. ApHosbx, 1984). B OKDeCTHOCTH TOYKH
CKJIaIKH NPOCKTHPOBAHHS MeIJICHHOH NOBEPXHOCTH CHCTeMHI ObIe-
ro IOJIOXKEHUS C JIBYMsi MeNJEHHBIMH M ONHOH OHICTpPOH nepemex-
HOH CeMEeHCTBO MHTErPaJibHBIX KPHBHIX YPABHEHWs MeIJCHHBIX JBH-
KEHHH paccJoeHHHIM IH(P(HeOMOPHH3MOM MeNJIeHHOH NOBEPXHOCTH
NPUBOAMTCA K OJHOA M3 CJEAYIONIMX HOPMaJbHEIX (HOpM:

2=x3-L¢ (o6mas Touxka CKJAaNKH), “)
2=x%2 4 X®-}-¢ (Touka BHIPO:KIEHHUS] KOHTAKTHOH CTPYKTYpHI), (5)
xdx=(2x-1-az)dz (ocoGsle TOUKM TOJsI HaNpaBJeHui), 6)

rie MeJJIeHHAs TIOBEPXHOCTb HMeeT ypaBHEHHe Y= X2, :

Oco6ple TOYKH NQCJEHEro TUa MOTYT ObiTh Ha MeJeHHON Io-
BepXHOCTH (poxycamn (a<—I1), ysmamn (—1<a<0) uau cemna-
M (0<a).

IIpoekunn HHTErpasbHHIX KPHBHIX C MEJCHHOR NOBEDPXHOCTH
Ha IIOCKOCTb Me/JIeHHBIX TNepeMeHHBIX (Y, 2) B NmepBOM cJjyuae
HMeIOT NOJyKyOHuecKHe ocoGeHHOCTH y°= (2—C¢)2 (puc. 66)

B cayuyae BHIDOXIEHHS KOHTAKTHOH CTPYKTYPHl IPOEKLHH HH-

L

N N
(S
y4a /

Puc. 66. ®a3oBre KpHBble MEIJEHHOIO

YPaBHEHHs] B OKDECTHOCTH  THIHYHOH

TOYKH CKJAJKH MeJJIEHHOH MOBEPXHO-
CTH: HOpMaJbHasi ¢popMma

TerpajbHBIX KDHBHIX H300paxkeHbl Ha puC. 67. IDTH NpOoeKUUH
MOXKHO ONHCAaTh TaK. PacCMOTPHM NOBEPXHOCTb <CJIOKEHHOTO 30H-
THKa YutHH» u?=03w? B TpexMepHOM npocTtpaHcTBe. CIpPOEKTHDY-
€M JIHHHH YPOBHS (GYHKUMH U+U-+w Ha 3TOH IOBEPXHOCTH Ha
naockoctb v, @. Ilonyuurcss Hy>KHOe ceMeHCTBO JHHMA Ha mJOC-
KOCTH.

Ilpoekuuu HHTerpaJbHBIX KPHBHIX B OKPeCTHOCTH (hOKyca, y3Jaa
H cejJjla Ha IUIOCKOCTb MeJJIEHHBIX IIepeMeHHbIX H300paXXeHb Ha
puc. 68. D10 — clI0XKeHHble OCOGEHHOCTH, HOpMaJjbHble (POPMEI KO-
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Puc. 67. ®a3oBhie KpuBble MEAJEHHOIO YpaBHEHHS B OKPECTHOCTH

TOYKH BBIPOXKIEHHS KOHTAKTHOH CTPYKTYDPHl. MHOXKeECTBO TOUEK

KacaHHsl HHTerpaJbHbiX KPHBBIX C MX OTPaXKEHHSIMH H300paxa-
eTcst ABOHHOH JHHHel

Topeix Haligensl A. A. JlaBmnosbiM (1984, cm. [26], [24]). Yx mox-

HO BallaTb YpaBHEHHEM, HEDPA3PCHIEHHBIM OTHOCHTEJBbHO HpOHBBOﬂ‘
HOM, BHJA

y—gL+ke)-

B OKpecTHOCTH TOYKH COOPKH NPOEKLUHH OIHCHIBAIOTCA TaK.
Paccmotpum MOBEPXHOCTL JIACTOUKHHOrO  XBOCTA (A xt+Ax24
+2A2x+As uMeeT KpaTHHIl KopeHb}. IlmockocTu Ay=const pasz6usa-
IOT JIaCTOYKMH XBOCT Ha KpuBble. [IpoeKuHY HHTErpajbHbIX KPHBHIX
B OKPECTHOCTH TOUYKH COOPKHM NPOEKTHPOBAHHS MEIJIEHHOH NOBepX-
HOCTH CHCTEMB! OOILEro MNOJIOXKEHHS MO0JYYalTCs H3 3TOrO CTaH-
JapTHOrO ceMeHcTBa IJIOCKHX CeYeHHH JAaCTOYKHHOTO XBOCTA IIPH
TJIAAKOM OTOOpa)KeHHH OOlIero IOJOMXKeHHS TPEeXMepHOro NpoCT-
paHCTBA Ha IJIOCKOCTh. Takoe oToOpaxKeHHe HMeeT B BepHIHHE
JIACTOUKHHOIO xBocta paHr 2. CienoBaTenbHO, OKPECTHOCTb BepLIH-
HBl TJaJKO paccjioeHa Ha OJHOMEpHBle CJOH (mpoofpassl Touek
.mjaockoctd). HanpapieHue cjiosis B BepIMHE TPAHCBEPCANbHO H
naockoctd A;=0, H KacaTe/JbHOH - MJOCKOCTH XBocTa (A3=0) nans
oTo0paxceHUs OOLIero :MoJOXeHHss. B 3aBHCHMOCTH OT TOro, Kak
3TO HampamJ/eHHe IepeceKaeT TH JBe INJOCKOCTH, BHJ HPOEKIHH
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Puc. 68. TunuuHele OCOGHE TOYKH MeJJICHHOTO ypaBHEHHS Ha CKJaJAKe MeJJIeH-
HO{ NOBEPXHOCTH

sBHO MeHnsieTcss (puc. 69). BrnpoueM, IpPOEKLHH CeMeHCTB HHTe-
rpajbHBIX KPUBBIX HMEIOT (MEHee 3aMeTHBIe) TOIOJOrHYeCKHe (PyHK-
HHOHAJbHBHE MOJYJIH, €CJAH YUYHTHIBATb IIPOEKIHH HHTErpaJbHBIX
KPHUBBIX CO BCEX Tpex BeTBell Me/UIeHHOH moBepxHocTH. Ecan xe
yyecTb TOJBKO BEeTBH, OTBeUawllHe YCTOAYMBOCTH paBHOBECHS B
GLICTPOH CHCTEME, TO TOMOJOTHYECKH Pa3NHUHBIX KAapTHH 0O6uero
N0JIOXKEeHHs: Bcero Tpu (puc. 70) (mepBhle ABe COOTBETCTBYIOT YCTOH-
YHBOCTH PaBHOBECHsI Ha KpalWHHX BETBSX, TPeTbs — Ha CPEAHEH BeT-
BH MeAJIEHHOH IOBEPXHOCTH.)

Tonosiornueckasi KjJacCH(pHKanus  ocOGeHHOCTeH MeAJeHHBIX
JBHXEHHH B cHCTeMax OOIIero MoJIOXKeHHS C ABYMS MeJJIeHHHIMH
H OJHOH OBICTPOH NepeMeHHLIMH, YUHTHIBAW0INAsA TOJbKO YCTOHUM-
Bble II0JIOKEHHsi PaBHOBeCHs OBICTPOro JBHXKeHHd, NaHa TaKeHCOM
[204].

2.6. Ces13b ¢ TeopHeil ypaBHeHMH, He Pa3PEIICHHBLIX OTHOCHTENb-
HO MpPOM3BOAHOH. PaccMOTPHM TOUKY, TAe Halle MOJe IVIOCKOCTeH
HEeBHIDOXKIEHO (3ajaerT KOHTaKTHYW cTpykrypy)!. Ciou naurero
PaccJIOeHHsl KacaloTcsl IVIOCKocTe#l NOJsl. 3HAYMT, PaccjloeHue Je-
KaHAPOBO (COCTOHT W3 MHTErpasibHHIX MHOroOOpasHél MaKCHMalb-
HOM pasMmepHOCTH). Bce JexXaHIPOBH Pacc/lOeHHs B KOHTaKTHOM
NPOCTPAHCTBe (PHKCHPOBAHHON Pa3MEePHOCTH JIOKAJbHO KOHTaKTHO-
MOpGHBI (IEPeBOASTCS APYr B Apyra BMecTe C KOHTAKTHOH CTDYK-
Typoit au(p(PeoMOpHHUIMOM B OKDECTHOCTH KaXKJ0il TOYKH IPOCT-
panctBa paccioennsi). CiefoBaTespHO, Hallle TPeXMepPHOe IIPOCT-
PAHCTBO OBICTPHIX M MEIJIEHHBIX IePeMEeHHHX C BBEJeHHOH KOH-
TAKTHOR CTPYKTYPOH pacClOeHHBIM (HAajA IJIOCKOCTbIO MeJJIEHHBIX
NepeMeHHbX) JOKaJbHBIM Ju(p(deoMOphH3MOM  NEPEeBOAHTCA B
TpeXMepHOe NPOCTPAHCTBO 1-CTPYH (QYHKUHMHA OZHOrO NepeMeHHOro,
PACCJI0CHHOTO HAaj NPOCTPaHCTBOM 0-CcTPYH, € €ro ectecTBeHHOH
KOHTaKTHOH CTPYKTYDOH.

1) O KOHTAKTHHIX CTPYKTYpax H J€XKaH[ADOBBIX DACCIOEHHSX CM. TOAPOGHee
crateio B. Y. Apnosnna u A. B. Tusentans B ToMe 4 Hacrosmiero uszanHs. Oc-
Ta/bHAs 4acTb § 2 MOMKET YUTAThCS HE3aBHCHMO OT 3TOH CTATbH. :
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Puc. 69. Ilpoeknun (a3soBHIX KPHUBHIX ME[JIEHHOTO ypaBHeHHS  BOJH3H TOUKH
COGOPKH Ha IJIOCKOCTb MeEIJVIEHHBIX IepeMeHHBIX

W =

Puc. 70. INpoekuun ¢$a30BHIX KPHUBHIX C YCTOAUHMBLIX BeTBEil MeNJIEHHOR NOBepX-
HOCTH BOJHM3H TOYKH CGOPKH Ha IJIOCKOCTb MeJJICHHBIX IepeMeHHHIX

B kooppunartax l-cTpys onpejnessiercsi 3HayeHHEM He3aBHCHMOHR
HepeMeHHOH, KOTOpYylo MBI OGO3HAYMM uepe3 2, 3aBHCHUMOH (06o-
3HAaYUM ee y) M npousBoaHoil dy/dz (oGo3nauaemoi p). Konrakr-
Hasi CTPYKTypa NpOCTPaHCTBa l-CTPYH B KOOpJAMHATAX 3alHCHIBaeT-
¢si B BHAe dy=pdz, nupoekuuss Ha O-cTpyH — 3abbiBaHHE
P&y p)~ (2,9). "

IoBepxHOCTh MenJieHHBIX [JBHXKEHHH M ee¢ NPOEKTHPOBaHHE Ha
IJIOCKOCTh MeJIJIEHHBIX NePeMeHHbIX BJOJb OCH OLICTPHIX IlepeMeH-
HEIX NPH yKa3aHHOM OTOOpaXKeHHH B IPOCTPAHCTBO 1-CTpy# mepei-
JleT B IIOBEPXHOCTb, 3aAaHHYI0 HesIBHHIM AM(depeHInalbHEIM YpaB-

HeHHEM
F(z y, p)=0, p=dy/dz,
H ee IPOEKTHpOBaHHe B mpocTpaHcTso 0-cTpy# Baosp ocu p. M-
TerpajibHble KpHBBHIE HalIero MOJs Ha MEJIEHHOX MOBEPXHOCTH
IpeBpaIaloTCsi B MHTerpaJjbHble KPHBBIE HESIBHOTO YpaBHEHHS.
ITostoMy chopMynupoBaHHasl Bhille TeOpeMa IJs BCeX CJyyaes,
KpOMe cJydasi BHIDOXKAEHHS KOHTAKTHOH CTPYKTYpHI, BBITEKaeT H3
€OOTBETCTBYIOLIHX Pe3yJAbTaTOB TEODHH HeABHHIX ypaBHeHu#. [lpu
3TOM HOpMaJu3yoIui AHpdeoMopdHU3M NPHBOAHT K HOPMAJbHOM
¢$opMe He TOJBKO HHTerpajbHble KpPUBHE CJAEAOB MNOJA KOHTAKT-
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HBIX MJIOCKOCTeH Ha INOBEDXHOCTH, HO H BCe IOJ€ KOHTAKTHHIX
nJaocKkocTed. B TepMHHAX TeODHH peJaKCalHOHHHIX KoJieGaHuH 3TO
03HayYaeT, YTO NPOCKUHs HANPAaBJIeHHS BO3MYILAIOIIErO MOJA Ha
[JIOCKOCTb MeJJIeHHBIX MepPeMeHHBIX INPUBOJHTCH  PacCIOEHHHM
Au¢ppeoMop(PuU3MOM K CTAHZAPTHOMY BHAY He TOJBKO Ha MeJJIeH-
HOH TOBEPXHOCTH, HO M BO BCeH OKPECTHOCTH H3y4yaeMOH TOYKH B
TPeXMepPHOM HpOCTPAHCTBE,

2.7. BbipoxpeHde KOHTaKTHOH CTPYKTYphl. B sTOoM caydyae MOX-
HO paccyx/aTth Tak. CKaalpiBaHHe ONpeJelsieT MHBOJIONHIO Mef-
JIEHHOH II0BEDXHOCTH, NEPeCTaBJAAIONYyI0 00e TOYKH OJHOIO CJIOS.
B OKpecTHOCTH TOUKM CKJIAJKH Me[JeHHas MOBEPXHOCTb NPHBOAMT-
¢ K HOpMaJIbHOH (opme y=x? pacCloeHHBIM AH(pdeoMopdhHIMOM
(y — mennennas, x — OBICTpast NepeMeHHas1). DymeM mnosb30oBaTh-
Csl Ha MeJJIeHHOH NOBePXHOCTH JIOKaJbHBIMH KOOpAHHaTaMmu (x, 2),
rie 2-— BTOpas MejAJeHHass nmepeMeHHas. Toria ykasaHwHas BHIe
MHBOJIIOLUS 3aNHIIeTCs B BHAE (X, 2)— (—X, 2).

HHrerpajbpHpie KpPHUBBE HAa MeIJIEHHOH IIOBEPXHOCTH 006pasyioT
B OKDPECTHOCTH H3y4aeMOi#l TOUKH IVIaZKOE CEeMeHCTBO, H HX MOXKHO
3aj1aTh KakK ceMeHCTBO JIMHHH YPOBHS  HEKOTOPOH (DYHKLHH,
O (x, z) =const. JIuuuu 3TH B TOUKAX CKJAJKH KacaloTcs sijpa
CKJIaAbLIBAHUA, T. €. HampaBJeHHs OCH X. J3HauuT, ¢yHKuuo @
MOKHO, He MeHfAS HU MeAJeHHOH IOBEPXHOCTH, HH CeMeHCTBa JIH-
HUIL YPOBHS, NPHBECTH K BHAY 2+ x2A (x, 2).

3aMensii MeJJIeHHYIO NEePEMEHHYI0 2 Ha (YHKIHIO OT 2 H y=x2,
MBIl OCYIIECTBJSIEM He MEHSIOWMA MeIJIeHHOH NOBEPXHOCTH pac-
cnoedHblit aupdeomopdusm (y — MeaseHHAst NepeMeHHas). TakuMm
nepeBEHIGOPOM 2z MBI MOXKeM YHHYTOXKHTb B A BCIO YeTHYI IO X
yactb. Mul npusesun @ K BHLY 24 x3B (%2, 2).

Paccmorpum Tenepb, Hapsay ¢ ceMmedictBom JauHME @ =const,
ero o6pas NpH HHBOJIOLHKH, MeHsIOWeHd 3HaK x. B TouKax CKiajKK
(x=0) nuaun ob6oux ceMeHCTB KacaloTcsd APYr Apyra, NpUieM IO-
PAJOK KacaHus 4eTeH (KaK KacaHWsl NPsiMOH M napabogbl Heyer-
noii crenenu). Ecau B u3yuaemoil touke B~0, TO mopsaoK Kaca-
HUSI BTOPOH.

Jlerko mpoBepUTh, YTO HMEHHO B 3TOM COCTOHMT YCJOBHE HEBHI-
POXKAEHHOCTH (KOHTAKTHOCTH) TOJS IJIOCKOCTeH, cJaelbl KOTOPOro
Ha MeJJIeHHOH TOBEPXHOCTH ONPEeNeNsIOT HallH MHTerpalibHbie KpH-
BHIE,

B touke Buipoxmenusi B (0, 2) obGpauiaercst B Hysab. g cucre-
MEl OGILEro IOJIOXKeHHs NOPSAMOK HYJs TepBHH, a MOPSAJOK Kaca-
HHSI MHTErpaJibHOH KPHBOH CO CBOMM OTOOGpaiKeHHEM IMOJACKaKHBaeT
CO BTOPOTO JO 4YeTBEPTOro. D10 NO3BOJISIET HPHBECTH YypaBHEHHE
MHTEerpadbHLIX KPUBHX K BHAy 2+x%2C(x%, 2)+x5D (x?) =const,
G (0, 0)==0, D(0)=~0. ‘

Heuetnolt 3aMenoit x’ = x3/ C (X2, 2) u pacTsKeHUsIMA Mbl MOXKeM
NpUBECTH yPaBHEHUE K BUAY

2+ x%2-- x5 - XE (x2, 2)=c.
181



Haxkonen, ciaraeMoe ¢ E MOXHO HOJHOCTBIO YHHYTOXHTb, KOMOH-
mupya C=-guddeomopdusM miIockocTH (X, z), KOMMYTHDPYIOUIHHA C
MeHSIOIeH 3HAaK X HHBOJIONHeH, ¢ C® — H3MeHeHHEM HyMepalHH
KpUBBHIX (mapamMetpa c).

Has 3T0r0 HyXHO CHAua/ja PACCMOTPETH JIMHHIO, TJ€ UHTEerpasb-.
HbI€ KDUBBIE KACalOTCH CBOMX OOPa3oB INPH HHBOJIONMH. DTa JHMHUSA
(cuMmerpuyHass oTHocuTeaqbHO ocH x=0), xpome ocu x=:0, co-

JepXUT KPUBYIO, MOXOXKYIO HA Tapadoay: z= ——g x2-4-... (puc. 67).

Ha s70it KpuBO# HMEITCS ABE HHBOJIOUHMH: OAHA TpPEACTaBJsSeT X
H —x, Ipyrasg — JBe TOUKH Ha OAHOH HHTerpajbHOH KpHBOH. Pas-
JHYHEe MeXAy 00eHMH MHBOJIOLHAMU NOpsaKa x*.

Takag mapa unBosIOUMil (eAMHBIM) JOKaJbHBIM C=-Auddeomop-
¢busMoM KpHBOH NPUBOAUTCS K HOPMaJjbHOH (opMme  (HanmpuMep:
OAHAa K X +— —x, Apyras K x— x’, Tae x24x5=x"" +x'°, Jliodyp
[140]). B ananuTHueckoM cjyuae Takas Iapa HHBOJIOLHA, He-
CMOTpst Ha NPOCTYI0 (GOPMAJBHYI0 HOPMAaJbHYIO (OPMYy, HMeeT
¢yukuuonanpuble Monyan (C. M. Boponuu [56]).

BriGepem KoopAuHATy X Ha KPUBOH KacaHHs Tak, 4TOOBI HOpMa-
JIN30BaTth 00€ MHBOJIONMH. DyJeM HyMepoBaTh 5TOH KOOPAMHATOH U
Kacalllyncs B 3TOH TOYKe CBOero o6pasa NpU MHBOJIOUMH HHTEr-
paibuyo KpuBylo. Ilosyyennass HyMepamusi NO3BOJISIET CONOCTa-
BHTb JPYr [APYyry HHTerpajibHble KpuBble ceMeiicTB ¢ E#40 u ¢ E=
=0 (Te, KOTOpbIe KacaloTCca OTPaKEHHBIX).

Touke nepeceuenuss nurerpaJpHOil KpHBOfl ceMefictBa ¢ E40 ¢
HOMEPOM X; H OTPaXKeHHOH KDHUBOH C HOMEPOM Xz CONGCTaBUM (TO-
[OJIOTHYECKH aHAJOTHYHYIO) TOUKY IepeceyeHHs] KPHBHIX ¢ TAaKHMH
e HOMepaMH AJs cTaHaapTHoro cemefictBa (E=0). Ilonyuennoe
COOTBETCTBHE INpOJOJKaercsa Ao AupdeomopdusMa, KOMMYTHPYIO-
IIerc ¢ HHBOJIOUMEH M orobpakalwliero ceMeifcrso JuHHi ¢ E5£0
Ha CTaHAapTHOE CeMeHCTBO.

CnpoekTupyeM CTaHZApPTHOE CeMeHCTBO JIHHHI

2+x3z-Fxb=c

Ha TIJIOCKOCTb MeJJIEHHHIX NepeMeHHHX (y, z). CemeiicTBO MpoeKuHil
3aJaercsl ypaBHEHHEM

(z—c)2=y%(z+y)? ubo y=x2

IToaHnMeM Ka)kAyI0 NPOEKUHIO Ha CBOH ypoBeHb ¢. IToayyaeM no-
BEPXHOCTb B TPeXMEPHOM NPOCTPAHCTBE C KOOpAMHATaAM#u (Y, 2, C).

B sTOoM mpocTpaHCTBe BBIOMpAaeM HOBBIE KOODAHHATH 2—C=1U,
y=v, z-+y=-—w. YpaBHeHHe NOBEPXHOCTH Tenepp u?=v3w?

Ecnn sajpukcupoBaTh 3HauUeHHE C=(Cg, TO Ha INOJYYEHHOH ILJIO-
CKOl KpuUBOH u+v+w=-—cp. OTCIORA Y=Y, 2=U+Co=—U—W.
[losToMy ceMmelicTBO NpPOEKUMH HHTErpPaJbHEIX KPHBBIX Ha IIO-
CKOCTb MeJAJIEHHHIX IepeMeHHBIX (y, 2) JoKaapHO gupdeomopdHO
CEeMEeHCTBY HpOeKUMil MJIOCKHUX ceyeHMH #-}v-tw=const croxeHHO-
ro 3oHTHKa u?=03w? Ha NJIOCKOCTL (U, W) BHOJb OCH W@.
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Pasbrenne CJI0XKEHHOTO 30HTHKa u?=v3w? Ha JIMHHH YPOBHS
raajKoll (aHaJHTHUeCKOH) (yHKUHM oblulero mosjoxeHus auddeo-
mopdHo (C™, aHaNHTHUECKH) pa3bHeHHI0 Ha IJIOCKHE CeueHHS U
~+v-4-w=const.

CJ/loXeHHBI!l 30HTHK BIepBLIe MOSIBUJCS B TEOPHH OCOOeHHOCTEH
10 CBOEMY JPYyroMmy HoBOAY (KaK OCOOEHHOCTh OGUKayCTHKH, 3aMme-
tTaeMoH peGpaMHM BO3BpaTa MABHXKYWIMXCH KayCTHK, cM. [22]).
[IpoBefeHHBIH BHIIE aHAJH3 B THX TePMHHAX O3HauaeT HCCJefo-
BaHHe pas3buenusi OMKayCTHKH Ha MrHOBEHHBle pefpa BO3BpaTa
kaycTHK. “CJIOXKEHHBIM 30HTHKOM 3Ta IIOBEDXHOCTh Ha3BaHa IIOTO-
My, UTO OHa IoJyYaeTcsl M3 UHJHHADPA HaJ MOJYKyOHUeCKOH napa-
60J10H, Jexkalllero B TPeXMePHOM NPOCTPAHCTBE, NPU OTOOpaKeHHH
CKJIaJblBAHHS OOIIero IOJIOXKEeHHS TPEXMEPHOr0  IPOCTPAHCTBAa B
TpexMepHoe. CJIOKeHHBIH 30HTHK NOfBJSETCS TakKke B KauecTBe
OJHOH H3 KOMIIOHEHT IpPaHHIB MHOroo6pasHs (yHIaMeHTaJbHBIX
cHCTEM pelIeHHu# CKaJsAPHHIX JUHEeHHBIX ypaBmeHH# (M. 2. Kasza-
psH, 1985).

§ 3. AcHMATOTHKA peJakCalMOHHBIX KOJeGaHHi

B sroM naparpade Hccienyercs acHMITOTHKA MO HapaMeTpy
pellleHHH ypaBHeHHs] ¢ OBICTPBIMH M MeNJIeHHBIMM  JBHXXEHUAMH
7pH CTPEMJIEHHH IlapaMeTpa K HyJI0. 3JeChb - paccMaTpUBAIOTCH
TOJIKO TaKHe CHCTeMBbl, B KOTOPBIX OCOOBIe TOUYKH YpaBHEHHUS
OLICTPBIX ABHMXKEGHHH TepPSAIOT YCTOHYMBOCTD C MH3MeHEHHEM MeJ-
JICHHOH NepeMeHHOH B pe3yJbTaTe oOpalleHHsS B HyJdb OJHOIO
(¥ TOTBKO OAHOrO) M3 COOGCTBEHHBIX 3HAUEHHH JIMHeapu3aluH.
JpyruMu cJjoBaMH, ypaBHeHHe OBICTPBIX [ABHXKEHHH IIpH J0GOM
3HaUYEHHU MeJJIeHHOH IepeMEeHHOH HMeeT He 6oJjee yeM OJHOMep-
HOe IIeHTpaJbHOe MHOrooGpasue. MejieHHasi NOBEPXHOCTb B 3TOM
cliyyae pacliafiaeTcsl Ha YCcTOMYMBYIO M HEYCTOHYHBYIO 4acTH, pas-
JeJleHHble «TOYKAMH CpbIBa» — KPHTHUECKUMH TOUKAMH IPOEKTH-
POBaHHsI MeJJeHHOH NOBEPXHOCTH Ha IIPOCTPAHCTBO - MeAJEHHBIX
TIePeMEHHBIX BJOJb HPOCTPAHCTBA OLICTPHIX. TakKWe ypaBHEHUS
Ha30BeM ypaBHEHHUSMH THIA | B 3HAK OJHOMEDPHOCTH IEHTPAaJbHBIX
MHOTr000pasuil.

3.1. Boipoxnennble cuctembl. Paccmorpum cucremy (2) TH-
na I:

x=F (X, 1, &), y=2¢G (x, y, €). 2)

CooTBercTByiomas efl BHIPO:KIEHHAS CHCTEMA Tuma 1—3To
CHCTEMA

f (x5 9)=0, g=g(x, ),
Tlie
f (x’ y)=F (x’ Y, O)v g(x' y)=G (x’ Y, 0)-
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Dasosan Kkpusas BoLPONOEHHOL CUCTeMbl — 3TO TaKasi ODHEH-
THPOBaHHAsi KPHBAs, KOTOPas COCTOMT W3 4YepeAyIOLIHXCcA ydyacr-
KOB OLICTPHIX W MENJIEHHBIX JBHJKEHHI, NpHYeM BDEMEeHHAsl OpHeH-
TAaUHs Ha OBLICTPHIX H MENJEHHBIX y4acTKaX COBMAjaeT C OpHeHTa-
UHeHd Bcell KPUBOH.

Da3opble KPHUBHIE BHIPOXKACHHOH CHCTEMB MOADPA3ALNAIOTCH H&
peeyaspubie (hasossie Kpussle U BbIPOXCOEHHble yTKu. PeryiapHast
dasoBast KpHBasg CONEPKHUT TOJBKO TaKHe YYacTKH MeJJIEHHOro
JNBHKEHUSI, KOTOPBE PaclOJIOXKEHbl Ha YCTOHYMBOH 4YacTH MeIJeH-
HOHl TIOBEPXHOCTH; BBIPOXKJEHHEE YTKH coJAepiKar AYTH MeIJIEHHBIX
" ¢$a30BbIX KPUBHIX, PACIIOJIOXKEHHBlE HA HEYCTOHUYMBOH YaCTH.

Ho mnocjieinero BpeMeHH B TEOPHH PEeIaKCAIMOHHLIX KoJeOaHui
U3y4asJHCh TaKdHe OBICTPO-Me[JIeHHble ypaBHeHHMs THNa 1, ¢dasoBbie
KPHBbIE KOTOPHIX, NMpOXojsilliie BOJH3H TOYKH cpeiBa, Inpu e—>0
CTPEeMW/IHCh K DEryJasipHbiM (a3oBBHIM KPHUBHIM BHIDOXK/IEHHOH CHC-
teMbl. OnHako HelaBHO OGHApPYKMJOCH, YTO [JJ HEKOTOPHIX
OBICTPO-Me/JIEHHEIX ypaBHeHUIl (ha30Bble KpHBbIe, OJH3KHE K TOY-
Ke CpbIBa, NP &0 MOryT NpHO/IHKATHCSH K BHIPOXKACHHBIM YTKaM.
IMoapoGuee 06 3TOM cKasaHo B § 5.

Teopema ([86], [94]). Ilycts (X, y)=p— TOuKa CKJIaAKH
MeIJIEHHOH MOBePXHOCTH OBICTpPO-MelJieHHOH cucTeMbl (2) TtHma |
(To ectb cucTeMbl ¢ He GoJjiee yeM OAHOMEDHBIMH IEHTPAJbHBIMH
MHOTOGGPa3HsiMH TIOJIOXKEHHH DPaBHOBECHSI GBICTPHIX  JBHIKeHHH).
IMyctp Bexktop G(x, y, 0) TpaHcBepcasieH NPOEKIUH CKAAJKH Ha
6a3y BIOJMb cJOeB (TO €CTh MPOEKLMH CKJIaAKH Ha MPOCTPAHCTBO
Me/JICHHBIX NMEePEMEHHBIX BROJb NpocTpaHcTBa ObIcTphIX). IlycTs,
KpPOMe TOro, TOT BEKTOp HalpaBJeH HapyXy N0 OTHOHIEHHIO K
NPOEKIHY MEJJEHHOH INOBEPXHOCTH Ha IJIOCKOCTh Me/JIeHHBIX IIe-
peMennsiXx. Toraa cyulecTByer Takas OKpecTHOCTb U TOYKH p B
$ha30BOM NpOCTPaHCTBe, UTO JJs 060 Touku g€U cBsA3Hasg KOM-
MOHEHTa TepeceueHusi OKpecTHOCTH U ¢ TNOJIOXKHTeNbHON MNOAyTpa-
eKTOpHeﬁ'CHCTeMH (2) c nauanoM ¢ TpH e—>0 cTpeMHTCA K pery-
JsipHOH (hpa30BOH KPHUBOH BBHIPOXKAEHHON CHCTEMBI.

B ycnoBusix TeopeMbl BHIYHCJEHA aCHMNTOTHKA peilenHii BOJH-
34 TOUKH cpbiBa ¢ Tounocteio a0 O (g) {86], [94].

3.2. Cuctembl mepsoro npuéGamxenus. [Ipoussenem 3aMeHy
Macmitaba B OKPECTHOCTH TOYKHM cpbiBa. KoadduimeHTs pacrsxe-
HUS ¥ DPasMepsl OKPeCTHOCTH 3aBHCAT OT IlapaMeTpa & CHCTEMBL
(2) Tak, uTo NmpU CTPEMJEHHH NapaMmerpa K Hy/10 o6pa3 OKpecT-
HOCTH IIPH pacTSIKEHWH COAEPXKHT JIIOOOH KOMIAKT, HayHHAd C JO-
CTATOYHO MaJoro (3aBHCSINEr0 OT KOMMAaKTa) 3HAYeHWs napamer-
pa. Llesb 3TOro MOCTPOEHHS COCTOHT B TOM, UTOOHI, NPOBEAS B CH-
creme (2) 3aMeHy NepeMeHHEIX, BPeMeHH M IlapaMeTpa, NOJYYHThb
B npenete npu e—0 cucreMy, B KOTOPOH BCE NABUKEHHS IPOHUCXO-
JAT B OAHOM MacluitaGe BpeMeHH (TaK HasbIBaeMYIO CHCTeMy nep-
8020 NPUBAUNCEHUS). ’

Npumep 1. Cayuali ogsoro GBICTPOro M OJHOTO MelJieHHOIo:
nepeMeHHOTO.
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I[Ipeanoxenne 1. Tunuunas cucrema (2) ¢ opHONH OBICT-
pofl ¥ onHOH MelJeHHOH NMepeMeHHOH paccJoeHHBIM JAuddeomop-
(H3MOM OKPECTHOCTH TOYKH CPHBA MOXeT ObITh IIpeBpalleHa B-
TaKyw, KOTopas IIpH 3aMeHe

X=px;, y=py, T=pf, e=p?

epeXoJuT B CHUCTEMY

=gt O, fi=—14+0@),

3afaHHylo B objactu | x| <1, |y|<1.
CooTBeTcTByIOIMas CHCTEMAa TEPBOrO TNPHO/IMKEHHST HMeeT BHJL

Xx=x2—y, y=—1.

[Mpennoxenne 1 nokasano B [94] u [86, § 8].

IIpumep 2. Cayuait ogHOro GBHICTPOTO H JBYX MeAJEHHBIX
IIepeMeHHBIX.

NNpeanoxenue 2 Tunuunas cucrema (2) ¢ omHOH ObicT-
pod H ABYMS MeJJIEHHBIMHM II€PeMEeHHBIMH paccJOeHHBIM Auddeo-
MOpP(H3MOM OKPECTHOCTH TOYKH CpbIBa Ha CKJIajKe MeJJeHHOH, no-
BEPXHOCTH MoOXeT ObIThb IPHBEJEHa B TaKylo, KOTopas NpHU JHHeH-
HOH 3aMeHe KOOpAMHAT f,, 3aMeHe BpeMeHH T=uf U 3aMeHE
napamerpa e=¢e() NEPeXOAHUT B CHCTEMY, COBHAAaUIYyI0 C TOY-
HOCTbIO O uJieHoB mopsinka O(u) ¢ cucteMoii mepBoro npubiuxe-
HHS B Kybe |x| <1, |y]| <1, |z;|<]. Bamern f, u e(pn), a TakxKe
CHCTEMBI NEepPBOrO NMPHOJMIKEeHHS = BBIIHCAHBL HHxKe (cM. Taba. 1,
cTp. 186). A

B Tabauue x — GHICTPOE NepeMeHHOe, § U 2 — MeAJEeHHBE, OCb-
2 HanpaB/eHa BJAOJb CKJIAaAK{H MeJJeHHOH NMOBEPXHOCTH, OCb y ei
nepneHgHKyJaspHa. Bo BTOpoM H TpeTbeM cTOJ0LAX IpHBEJEHBI
HOpMaJsbHble GopMHl U3 1. 2.5; (azoBHE KpHBLIE MeIJEeHHOrO:
ypaBHeHHS 3aJaHBl JH6O NEpBHIM HHTerpajoM, JHOO COOTBETCTBY-
IOIUM mosieM HanpasJenuil. [Ipenmnoxenue 2 nokaszaHo B IL I. 3.3,
3.4.

Sameuanue YpaBuenue dE/dn=E*—1n — OAHO M3 HPOCTEN-
IINX YpaBHEHHH, He HHTETPUPYEMEIX B KBajparypax.

3.3. Hopmaausauus GbICTPO-MEAJNEHHBIX ypaBHEHHH ¢ AByMS
MeJJIeHHbIMH NepeMeHHbIMH npu &> 0.

Teopewma. TunuyHoe OBLICTPO-MENJIEHHOE ypaBHEHHE C ABYMS
MeJJIEeHHBIMH NepeMeHHBIMH U OLHOH OBICTPOH B OKPECTHOCTH JIO-
60l TOYKH Ha CKJaJZKe Me[JIEHHON NOBEPXHOCTH INIPH BCEX JOCTa-
TOYHO MaJbIX 3HAUEHHsSX & paccjoeHHHIM AHddeomopdusmom,
rJ1afKo 3aBHCALIMM OT &, MOXKeT ObiTh NpPEeBpPallleHO0 B CHCTEMY

X=F (%, 4 2,8, y=Gi(x,u, 2 ¢, 2=0y(x, y, 2, &),

AJs. KOTOpoH moBepxHocTh F=0 umeeT BuA y=x?, a moJje Ha-
npaBJeHUH, TOJY4YeHHOEe Ha 3TOH INOBEPXHOCTH, KaK cJel ToJs
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Tabauna 1

. YpaBheHue ¢da3oBble 3amena fu: 3 Cuctema
MeJIeHHOH KpuBH € (%,9.2) aMeHa
Tun TOYKH Ha CKJIagKe _ ' = nepBoro
mr’:)igﬁ M;gﬁs:}elg;?l —>(&:1,%) &) npubmixenust
1. HeocoBastou-| y=x? z—x¥=¢ x=p§ e=p® | &' =§"—n
Ka, B KOTOpPOH KOH- y=pn N =—1
TaKTHa# CTPYKTypd z=u3g rr=—t¢
HEBLIPOK/J EHA
2. ToukaBmpox-| y=x° | z—x%z2— | x=pk g=pd | & =§—n
JIeHHsT KOHTaKTHOH —x5=¢ y=u?n r=—1;
CTPYKTYpBI z=u*E+ ps¢g ¢ '=(a—0)X
XE*—akn
6= =1
3. Ocobas Touxa| y= x? xdx = x=pk &=l ! =gt
=(2x + y=up W =28+ ag
+az)dz 2=png I'==+1

TJIOCKOCTEH,  MOPOXKAEHHOro TmoJjieM  penepoB 0/dx, Gi0[y+
+G20/0z|,=x* , cOBNajaer ¢ OAHON M3 HOPMaJbHBIX (POPM, COOT-
BeTCTBYIOIHX ceMedcTBaM (4), (5) wmau ypasHenuwo (6).

<4 MoxHo cuuTath, 4TOo HpuU £=0 moBepxHocTe F=0 u mose
HanpaBJeHHH Ha HeHd yxe HOpMaJH30BaHbl. CeMeHCTBO IIOBEPXHO-
crel, moJyyaemoe Jedopmauueii NMOBEPXHOCTH y=x? B IPOCTPaH-
ctBe (X, y, 2), paccioeHHBIM IupPeoMOophH3IMOM, IJIafKO 3aBUCS-
HIMM OT NapaMerpa JAedOpMalHH, NepeBOAUTCS BOJH3U HyJs B NO-
CTOAAHHOE ceMeHCTBO y=x2. 3ITO 1NO3BOJIAET  HOPMAaJH30BaTh
nosepxHocth F=0 npu manbix €. IToas HanpaBJieHHH, onucaHHbIE B
TeopeMe, IOJY4YalOTCs MaJbiM BO3MYIEHHEM OJHOTO H3 CTaHAapT-
HblX. Tpe6oBaHus THNHMYHOCTH, HaJjaraeMbple Ha IOJis HaNpaBJIeHUH
TIPH  [0Ka3aTe]bCTBE TEOPEMBI II. 2.5, BBIAENSIOT OTKPHITOE MHOXKECT-
BO B COOTBETCTBYIOLIEM (YHKIHOHAJIbHOM IpocTpaHcTse. [lostomy
Bce ToJsA, OJH3KHe K HODMAJH30BAHHBIM NOJSIM, 3afaBaeMbIM
dopmyaamu (4), (5), (6), npuBoAATCA K HOpPMAaJbHHIM (opMaM
TOrO JKe BHJa; HOpMaJjbHas ¢opma (6) colepxKHUT mnapamerp 4a,
3aBMCAIUMH OT HOpMaJjusyeMmoro nojs. Huddeomoppusmul, HopMa-
JIU3YIOUIHe II0JIsl, IoJyyaeMble IaAKoH HedopMalueli HOpMAaJH30-
BaHHBIX TIOJIeH, MOXKHO BHIOpPaTh IVIAKO 3aBHCAINUMH OT IapaMer-
Pa nedpopManHu; 3TO JIerKO BLIBECTH M3 pacCyKaeHuil m.um. 2.5—
27. »

Caeacteue. Tunuynas OblcTpo-MeNJIeHHasi CHCTeMa C ABY-
Msi MeJJIeHHBIMH TepPeMeHHBIMH H OJHHM OBICTPBIM BOJIH3H JI06GOI
TOYKH Ha CKJaJKe MeIJeHHOH MOBEPXHOCTH TJIaAKO 3aBHCSILHM OT
& paccioeHHBIM AuddeoMoppnaMoM MOxeT OHTh IpeBpallieHa B
OLHY U3 CJAEAYIOLIHX CHCTEM.
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1. B6iM3H THNHYHOM TOYKH CKAaAKH (rae He BHIPOKIAETCH
'KOHTAaKTHAsl CTPYKTypa H HeT 0COOOH TOYKH MEAJIEHHOH CHCTEMBI)

)'c—_:(x?—y)A,» y—eG, z—e]xG,+(x2—y)B], 0
AQ)=—G(0)=1; :

3fech W HAke A u B —raankue ¢yHKnud ot X, y, 2, E.
2. B6/M3K TOYKH BBIDOKACHUA KOHTAKTHOH CTPYKTYPLI

. . . 6x3+%kxz
x=(2=y A, y=el, z=¢|—F3—m— G+(x?—y B )
[AQQ)=—G(0)=1, 6=+1.

3. Boausn ocoboif TOUKH Ha CKAaJKe MeIJEHHOH IOBEPXHOCTH

»é=(x2—y)f}, y=e[2x+a(e) 2) G2+ (x2 — y) Bl, o
z=el; A0)=|G:0)|=1.

Bonee Toro, coxpaHsiiolMMH napaMeTp H MeJJeHHbIEe NepeMeH-

Hble IVIaAKHMU 3aMeHaMH B ypaBHenusix (7), (8), (9) moxHO no-
6utbcs paBenctBa A=14C(y, z, €)x. A

« lMosepxuocts F =0 wumeer 8ux y==x2 CreaoBaTegbHO
86/m3u Hyas F =(x2—y) A, A —raaaxkas ¢ysknus ot X, y, 2, &.
Tlosie Hampas/ieHH#t HA Mel/IeHHOM NOBEPXHOCTH, ONHCAHHOE B TeopeMe,
coBmajaer ¢ noseM Hyaeir Gopmbt (1dz—0.dy|y—,:. C apyrofi cro-
POHBI, MOXHO CUYMTATB, YTO 3TO I[0J€ HANPaBJeHWH HMeeT OJIHY
U3 HopMmaJbHEIX (opm (4), (5) wm (6). CaenoatesnbHo, OHO COBHA-
Raer B cayyasx 1 (cooTBeTcTBeHHO, 2 WM 3) C mosieM HyJed ¢opMbl
®; (COOTBETCTBEHHO, Wy WM @), OTPEAeIeHHOA Ha MOBEPXHOCTH Y == X2
(na xoropoit dy=2xdx):

0,=dz—3x%dx |y_yr=dz —--:-32- XAy |y—rs;

4 2 3
S5x +3x32 dx [y=x==dz~— 5x3+3xz

wy=dz— —x Wdy]y=x*;

W3=22x --a2)dz—2xdx|y_x:=22x -t az)dz — dyly_x=.
Curenosarenbho, 8 cayuae 1

3
G2='§' xG+(x2—y) B;

37eCh W HUKe PyHKuus B (CBOA B KaxToM M3 Cayuaes 1,2, 3)—
rrajgKas no x, y, 2, &. Mrak, O6s5cTpo-M2i/ieHdas CACTeMa  WMeeT
BUTT

Jé_—_—-(_xﬂ——y)A, _1}:801, Z.=3[g_x01+(x2_y)BJ’
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Has cucremer obuwero mnogoxenus A(0)G;(0)=%0. PacrsaxeHuem
ocelf W 3aMeHOH BpeMeHH MOXHO HOOuThcs Toro, uro |A(0)]=
=|G,(0)|=1. Mensas, ecnu HYXKHO, OPHEHTALMIO OCH X, AOOHBa-
emcs pasenctsa A (0) =1. IMockoabky 0-— Touka cpeiBa, ¢asoBhe
KpUBHIE [0 YCTOHYHBOA 9acTH MeJJIeHHOH mosepXxHOocTH (x¥<<0)
BBIXOAAT Ha JuHHIO cKiaagkd. [lostomy G,(0)<<0 wu, 3Hauur,
G,(0) =—1. PacraxenueM ocH 2z no6GuBaemcsi, 4To6H K03 PHLH-
eHT 3/2 B mocjeNHeM ypaBHEHHH 3aMeHWJcss Ha 1. DTo AOKa3biBa-
eT CNeACTBUE B cayyae 1.

B cayuae 2 aHaJOrHYHBIE PACCYXKIACHUS AAIOT

5x3 43
Gy= 5% G+ (x2—y) B.

PacTtaxenneM ocefi KoopIuHAT, BpeMeHH M napaMerpa (koaddu-
IMUEHTHl PAaCTAXKEeHWs ocelf BpeMEeHH W NapaMeTpa IOJOXKHTRIbHbI)
MOXHO go6utbcst Toro, yto A(0)=B(0)=—G,(0)=1 u kosdbdu-
IIMEHT NpH ex B ypaBHeHMH 151 2 GYyAeT IO MOAYJI paBeH l. drto
JOKa3bIBaeT CJeACTBHE B ciydae 2.

Haxonen, B ciyuae 3

Gl=2(2x+a(e)2)02+(x"’——y)B.

JanbHeH1llee f0Ka3aTeNbCTBO, KaK B ciyuae 2,

[Tocnennee yTBep:KlAeHHe CJEACTBHS BBITEKAeT H3 NPeABIAYILHX
H TeopeMul 1. 5.7, 1. 2. B

3.4. BniBog cucrem mepBoro npubiHiKeHMs. 31ech J0Ka3aHO
npengoxenue 2, PaccnoenHnd auddeomopdusm B npemnoxe-
HiH 2 — 310 AubdeoMopdpH3M, NPUBOASIIKA CHCTEMY K ONHOH H3
HopMaabHbIX Gopm (7), (8), (9). Vxasaunsie B Tabauue 3aMeHH
NEePeBOJST 5TH CHCTEMHBI B CJeAyoliHe

V=g—+0@®, W=—14+0@), UV=—E+0@); (7)
F=8-—40W, "=—140@), U=@—90&—
—agn-+-0 (), @)

rie a=—g§(0);
E=—n-+0@), "=@2+a@EH+0@W, U=x1+0@). (9)

[lepexoast x npepeay npu pu—>0, nosyyaeMm CHCTEMbl I[€PBOro
NpHONHIKEHNST U3 NPEJIOXKEHUs 2.

3.5. HccnepoBanue cucTeM nepeoro npubGamikenusi. Pdasopas
KpuBas Yy CHCTEeMbl NEPBOr0 TPHOMMKeHUs HA3bBIBACTCS APl AUH A0~
wed, ecau oHa oOnafaeT caedyromuM cBcicTeoM. [lycrs {f 1} —
CeMeHCTBO C:XaTHH, OOpAaTHBIX PACTSNREHHAM, C MOMOUIBIO KOTOPHIX
U3 OBICTPO MeJJIeHHCH CHCTEMBl NOJyYdsach CHUCTEMA NEPBOTO TpH-
O/mxenns. Torpa cyuiecTByeT Takast OKPeCTHCCTH Hy.Jisl, HepeceueHHe

o & —1.
xoTopo#i ¢ KpuBo#t f,'y mpu p—0 cTpeMATcs X Jyre pery.isipHOH
¢das3oBoii KpHBOH COOTBETCTBYIOLIEH BEIPOMKAEHHOH CHCTEMBI.
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Pewenne, cooTsercTBymOllee NpHO/IMKaKOMIEH (pa30BOi KPHBOH,
Ha3bIBACTCS NPUBAUNAIOULUM.

[Ipennoxenne 3. Cucrema

§'=§2—'ﬂ» 7],=_1
uMeeT eIMHCTBEHHYIO NPHOJHXKAIYI0 (asoBylo KPHBYIO.

4 B [94] u '[86, §§ 9, 10] mokasaHo, 4TO 3Ta CHCTEMa HMeeT
pewenne (E(t), n(t)) Buza:

M(0)=—1 E(1)=—1"—74+0(1) mpu 7<0,
‘ E(t)—> o0 mpu T-> 1Ty,
rAe To— HEKOTOpas TMOJOXKHTeNIbHast KOHCTaHTA. COOTBETCTBY-
oyio ($pasoByl0 KPHBYI0O OGO3HAYHM ¢; €€ NOJIOXKHTEJbHYIO IOJY-
TPAeKTOpHIO 0603HauuM y*, OTpHIATeNbHYIO — y~. KpuBast y Hasbl-
BaeTCS  paspessiolled, IOCKOJbKY BCE peLIeHHs ¢ HayaJbHBIM
ycJIOBHeM BHIUE y CTPEMATCS K O€CKOHEYHOCTH HpH T—>—00, a Bce

pelleHus] ¢ HayaJbHBIM YCJOBHEM HHXKE 9 YXONAT Ha O6ecKoHey-
HOCTh Npu yORIBaHHH T 3a KOHeyHoe BpeMd (pHc. 71).

3

i

{
|
|
|
I

Puc. 71. da30oBble KpHBHE  CHCTEMM

nepBOro NpHOJAHKEHHS B clyyae OJHOH

6bICTPOR H ONHOH MeNJeHHOH HepeMeH-

Holi. [Tpubauxarmas ¢da3oBad KpuBas
BHJeJIeHa

[MonyTpaexTopusi/y* pacno/oxeHa B BePTHKAMbHOH MOJyNOJAOCE,
npunaiexainefi  Bepxuafi moaymaockoctd. Ilpn muddeomopdusmax
f; ! aTa noaymosoca [Cyxaercs, ¥ B mpelesie NpeBpawiaercs B NoJ0-
KUTEAbHY 0 TONYOCh §— (a30BYI0 KPHBYIO OBICTPOM CHCTEMbI.

MMoayrpaextopus - mpu Auddzomopdusme f ;! npespauiaercs
B KPHUBYIO

189



{(=Vy-+-0m, yly>0}

1 0pu i -> O npubaMKaeTcss K YCTOMYMBCOH YaCTH MeJJeHHOH KPHBOL. P>
[lpenao xenue 4. Cucrema

;§=§2_nv ';]=“—1, 'Q:—-‘——E

uMeeT NPUOIHKAIOULYIO a3CByI0 KPHBYIO, ONpelesieHHYIO OJHO3HAYHO
C TOYHOCTHIO A0 CHABUra BROJbL OCH G.

"~ «q CoorBercTBylomee pemenre rmeer BuA: (E(t), 1 (1), §(T), rae
(E (v), M (7)) — npubamxalomee pelieHde u3 NpeAnoxeHus 3, a & ()=

=—--3—(—r)3/2—}—0(1:) mpu  T->— oo, IDTO PAaBEHCTBO CJeLyeT
n3 dopmyasl aas E(t) M ypaeHenus &'= —E. Bxomsutas B 0O

N0 YCTOHYMBOR YaCTH MeJJIeHHOH INCBEPXHOCTH (asopasg KpuBas.
Me/IVIEHHOT'0 yPaBHEHMsl, COOTBETCTBYIOILEIO cucteme (7), uMeeT BHI

2 i o
{(x, X2, 5 X3 )l x<0%. JlanvHefiree J0Ka3aTeIbCTBO — aHAJOTHYHO-
npeasAyuemMy. »

3aMeuanud. 1. Cucrema mepBoro nNpuOGJMXKEHHS B Clyuae 2
He umeer npubamkalomed ¢ascBOH KPUBOH, OJHAKO HMeeT CeMefiCTBO
OTPHULATENbHBIX TOJY TPAEKTOPUH, TOJyyaeMblX JAPyr U3 Jpyra CABu-
TOM BAOJb OCH &, KCTOpHIE NOJ JA€fCTBHEM CKaTHs S crTpemsiTes

npu p—>0 K KpuBo# {x, X2, —?—6x5]x<0}. STa KpuBas MMeeT BEHI~
COKH ICPANOK KacaHus ¢ (pascBOM KprBOH MeJJIeHHOrO YypaBHeHus,
COOTBETCTBYIOIlEro  cucreme (8): {(x, X2, §6x5(1—kx3)‘1|x<0},
3akanuusaiomeiics B Touke O0: ux 7-CTpyu COBNAAAIOT.

2. ®azoBpe KpHBHE GBICTPO-MEJJIEHHOH CHCTEMEl BOJH3H 0CO-
6O TOYKH Ha CKJaJKe MeJJIEHHOH [OBEPXHOCTH NPH CTPEMJIEHUH &
K HYJIIO MOTYT CTPEMHTbCA K BHIPOXIEHHBIM yTKaM (cM. § 5).

3.6. BopoHKH.

Onpenenenune ([204]). Touka p Ha rpamule yCTOH-
YHBOH YacTH MeJJIeHHOH NOBEPXHOCTH Ha3bIBAETCSH BOPOHKOL, €CJId
B J1000H ee OKPECTHOCTH CYIIECTBYyeT 06JacTb, uepe3 TOYKH KOTO-
poit mpoxoaar (pa3oBble KPHBBlE BLIPOXKJEHHOH CHCTEMBI, CPHIBAIO-
IIKecs ¢ NOBEPXHOCTH MeNJIEHHBIX JBUIKEHHI B TOUKE p.

ITpumep. Ocobass TOYKA ypaBHeHHH MENJICHHBIX JBUIKEHHit
THIOA CJOXCHHHIA y3ean (puc. 686) siBjasercd BOPOHKOiH. Pesyib-
TaThl NYyHKTa 2.5 NOKa3HBalOT, YTO TaKHe BOPOHKH HEYCTPaHHMEE
MaJiblM LleBeseHHEeM OBICTPO-MeNJIEHHOH CHCTEMBI.

Teopema ([204]). Tunuunbie CHCTEMBl €O CBA3SAMH B CJYy-

yae Tpex H 6osee MeMJICHHBIX IlepeMEHHBIX BODOHOK He HMEIOT.

3.7. Nlepnomnueckue peJaKCauMOHHbIE KOJEGAHHS HAa NJOCKO~
CTH. - ,

Teopema ([71]). IlycTs npaBbie yacTH ABYMEPHOH CHCTeMb
061Lero NoJOXKEeHUs
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J.C=F(x, Y, 8), .y=GG (x, Y, e)v
x€R, yeR

HelpepuBHO AH(pdepeHnupyemsl; GyHKIUs F ABaxKAH, a (PYHK-
uust G — oauH pas. IlpeAnosio:kuM, YTO COOTBETCTBYIOIIAsl BHIPOXK-
JIeHHasl cHcTeMa

(2 bis)

f(x9)=0, y=g(x,y) (3 bis)
HMeeT 3aMKHYTyIo ¢asoByn Kpusyw Lo Torma cyumectByer uuc-
10 g0>0 TakKoe, 4TO IPH KaxKAOM 3HaueHHH napaMerpa &€(0, &)
HaflleTcsi MaJast BMeCTe C & OKPeCTHOCTb TpaeKropuu Lg, B KOTO-
pOfl JIeXKMT €NUHCTBEHHBIH W YCTOHYMBHI NpeAeJbHBIH LUK L. CH-
cremnl (2bis), npuuem L, ctpemutcs K Lo npu e—-0.

Hanpumep, ypaBuenne Bau pep Ilosss umeer oAuH -eIHHCTBEH-
HBIfl YCTOMUMBBIA NpefesbHBIH LUKJA, OJU3KHH K H300paKeHHOMY
IyHKTHPOM Ha pHc. 64.

Jlas npeneapHoro uukaa L. U3 NpeAbAyLIeH TeopeMbl Haklge-
Hbl aCHMITOTHUYECKHE NPHUOJHIKEHHSI C TOYHOCTbIO A0 BeJHYHH Ha-
nepex 3aJaHHOrO CTeNeHHOro MOpsAKa MaJIOCTH IIO &.

Teopema ([86]). Ilycts mpaBhle uyacTH ABYMEpHOH cHCTe-
MBl (2bis) ofmero moJoxeHus OecKOHEYHO AHPGhepeHUHpyeMBbl.
[TpenmosioKuM, YTO COOTBETCTBYIOLIAsl BHIPOXKJEHHAs CHCTeMa
HMeeT 3aMKHYTYIO TpaeKTopuio L, TpHueM B KaxKJOH ee TOUKe
CpBIBa p BHINOJHEHO YycioBHe f.”(p)=#0. Torma aas nepuoma T.
peliakcaliHOHHOTO KoJieGaHHsl, OTBeyalollero IpeAelbHOMY UHKIY
L., cupaBeasuBO acUMITOTHYECKOE pasjoxeHHe NpH e—0:

w(k—2)
TB—TOO+2 ghls 2 Tkvlﬂv
k=2 V=0

re Jt— UeJOUNCTeHHas (YHKIUA LEJOUUCICHHOTO apryMeHTa:

& 0, ecsm k=£1 (mod 3),

. )"[—] 1, ecm E=1(rod 3),

a Ty —unucjoBble KoapduuueHts, 3PPeKTHBHO BBIUHC/ISEMEIE
(6e3 uHTerpupoBanus cucreMbl (2bis) uam (3bis)) Kak 3naueHus
BIOJIHE ONPe/e/IeHHBIX ¢yukuHoHasoB ot GyHrRuui f(x, y),
g(x, y) u KpuBo#l Lo. ACHMITOTHYECKHE PAa3JIOXKEHHS aMILIUTYAB!
X, X-KOMIOHEHTHl M aMIVIMTYIbl Y, y-KOMIIOHEHTH peJaKCalHOH-
HOrO KoJieGaHHs MMEIOT TaKylo e CTPYKTYpPY, KaK M acHMOTOTHYE-
CKOe pasJjioxeHue s nepuopa T,.

TepBrie uyeThipe uieHa pasznoxeHH# ansg T, AAIOT acCHMOTOTH-
yecKHe TpH A—oco (opmyanl Jdopoaunubina [69], [70] nas me-
puona T, u aMOIUTyAH X, NEPHOAHUYECKOTO peLIeHHs ypaBHEHHS
Bau nep Ilons

x—A(1—x2)x+x=0:

- 2 I A -
T, =1,6137060+7,014322 "7 — = =2 —1,3233)-1+ O (A7),
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16 InA
27 A?
B cayyae cucremer (2) nmopsiaka n>2 acCHMITOTHYECKHE IIPH
-0 npeacraByieHHs - JJs1 3aMKHYTOH TpaeKTopHH L, pejakcalu-
-OHHOrO KoJieGaHHA H ero nepuojga T, BHUHCJIEHBl C TOUHOCTBIO [0

yienoB nopsiaka O(e) [94], [86]; mpu sTOM mpeamosaraercs, 4TO
*“TOYKH CpBIBa — OOLUEro nosoxeHHs (cm. m. 3.2).

X5 =2-1-0,779370,~%/° —0,876212-1- O (A5

§ 4. 3ararupanue NOTEPH YCTOHYMBOCTH
NPHU Nepexofe napbl COOCTBEHHBIX 3HAYEHUH
yepe3 MHHMYIO OCh

B stroM naparpade paccMaTpuUBaIOTCS CHCTEMBI C MEJJIEHHO Me-
HAIOUIUMHCS NapaMeTpaMH, B KOTOPHX, NPH H3MEHeHHH IlapaMeT-
_pa, NoJoXeHHe PaBHOBECHSI MIHOBEHHOH CHCTeMbl TepsieT YCTOHUH-
BOCTb ¢ NPOXOXKJEHHEM Naphl COOCTBEHHBIX 3HaueHHHA yepe3 MHH-
MYIO OCb.

SIBsienne 3aTArHBaHUsSI COCTOUT B TOM, UYTO (PaKTHYECKHH YXOJ
«(pa30BOH TOUKH OT INOTePSIBHIEr0 YCTOHYHBOCTH IIOJOXKEHHS DPaBHO-
BeCHsI NMPOHCXOAMT He cpasdy InocJie INOTePH YCTOHYHBOCTH, & CIYCTSl
~HEKOTOpOe BpeMsl, 3a KOTOpoe (B aHAJUTHYECKOH CHCTeMe) Imapa-
MeTp ycIieBaeT H3MEHHTbCH HA KOHEYHYIO BEJHUYHHY.

AHaJUTUYHOCTh 3[€Ch CYIIECTBEHHA, TAK KaK B THNHYHEIX CHC-
~TeMax KOHeuHOH (M maxe OeCKOHeUuHOH) IJIaJIKOCTH CpPBIB IIPOHC-
_XOIHT yepe3 BpeMs, 3a KOTOpOe NapaMeTp He YCIIeBAET 3aMETHO
H3MEHHTHCS. ,

Bosiee o6uiuM 06pasoM MBI paccMaTpuBaeM  ObICTPO-MeIJIeH-
HBle CHCTEMBI, JJIs1 KOTOPHX ocobasi ToukKa ypaBHEHHs OBICTPHIX
_ABHXKEHWH IpH M3MEeHeHHH MeJJIeHHBIX IePEeMEeHHBIX TepseT yCTOH-
“YHBOCTh C IEPeX0JOM Hapel COOCTBEHHLIX 3HaYeHHH yepe3 MHHMMYIO
0Ch. [l aHAJHTHYECKHX CHCTeM OOLIEro IMOJIOKEHHS MOJOXKHTEJb-
Hble TOJIyTPaeKTOPHH H3 HEKOTOpPOH ob6jacTH (ha3soBOTO NPOCTPAH-
-cTBa cTpemsTcs NpH e—0 K (a30BbHIM KDPHBBIM BEIPOXAEHHOH CHC-
TeMBl, HMEUIMM CPAaBHHMHBIE IO JJHHE YYacTKH, OJHH H3 KOTOPHIX
pacnoJyioxked Ha YCTOHYHBOM, a JpYyrol — Ha HeYCTOHUYMBOH YacTH
MeAJIeHHOH IOBEePXHOCTH. DTHM ONHCHBaeMble IBHXEHHS CXOIHH C
«YTKaMH», PaCCMOTPEHHBIMU HUXKeE, B § 5.

4.1. Tunuuubie cCUCTEMbl. PaccMOTPpUM KJacc 6LICTPO-MeNJeHHBIX
cucteM (2), MenJieHHast TNOBEPXHOCTb KOTOPHIX COCTOMT M3 pery-
.JISIpHEIX ToueK (auddeoMophHO NPOEKTHPYETCSs Ha IPOCTPAHCTBO
MeJJIeHHHEIX TepeMeHHBIX BJOJb IpocTpaHcTBa OecTphIX). [ToTpe-
6yeM TaKxe, UTOGH MHOXKECTBO HerunepOOJHYEeCKHX MNONOXKEHHH
PaBHOBECHSI CHCTEMB OBICTPBHIX JBHKEHHH COCTOSJIO K3 TOYEK C
_ABYMEpPHBIM LIEHTPaJbHBIM MHOroo6pasneM H IIapoH  HeHYJIEBBIX
. cOOCTBeHHbIX 3HAUEHMH Ha MHHMOH ocu. Takue CHCTeMBl Ha30BEM
-chUcTeMaMH THOa 2. DTH cucTeMBl 00Da3yIOT OTKPHITOE MHOXECTBO
"B NOAXOAsUleM (YHKIIHOHAJBLHOM NPOCTPAHCTBE,
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MepnerHas NMOBePXHOCTh CHCTEMBl THNA 2 JeAMTCH Ha JBe
obnacTH — ycroftuuByro ¥ Heyctoiuusyio. IlepBasi COCTOMT M3
YCTOHYHBHIX TNOJIOXKEHHHA PaBHOBeCHsI OBICTPOH CHCTEMBI, BTOpas —
H3 HEYCTOMYMBHIX; HX o6llasl 'PaHHIA Ha3biBaeTCs IPaHHlledl yCTOMH-
yuBoCcTH. Ha ycroiiunBoit yactu MemJIeHHOH NOBEPXHOCTH IJis TH-
NAYHOH CHCTeMBl THIAa 2 OTKPBITOe MHOKECTBO OOpa3yIoT TOUKH,
H3 KOTODBIX BBIXOAAT (pa30BBHle KPHBLIE MeJJICHHOH CHCTEMbI, TPaHC-
BEPCaJIbHO IlepeceKalollye TPaHHIy YCTOHYHBOCTH H TaKke, YTO TPH
JBHXXEHHH IapaMerpa y BAOJL MeJJIeHHOH KDHBOH mapa cobcCT-
BEHHBIX 3HAUEHWH OCOGOH TOUKM yDaBHEHHsI OBICTDHIX JBHXKEHHH
IIepeXO/UT Yyepe3s MHHMYIO OCh TPaHCBEPCATIbHO H C HEHYJNEBOH CKO-
pocteio. TakHe TOUKH Ha30BeM NPaBHJBHBIMH; HHXKe paccMaTpH-
BAaIOTCA TOJRKO INPaBUJIbHBIE TOYKH HA YCTOHYHBOHN UacTH MeJJIeH-
HOH IOBEPXHOCTH.

4.2. 3araruBaHue notepu ycroiduuBocTH. Pas3oBas TOYKA HCXOA-
HOH CHCTeMB! THIa 2, HauaBIIag [BHKeHUE He CAUUIKOM AaJIeKO OT
IPaBUJIbHOH TOYKH, JexKalllell Ha YCTOAYMBOH UYaCTH MeJJIeHHOH
TIOBEDXHOCTH, OBICTPO, 3a BpeMsi nopsinka |Ine| BrsaruBaercs B
O(e) — okpecTHOCTL (OKDPECTHOCTb pa3Mepa NOpsAKA &) MelJeH-
HOH NOBepxHOCTH (puc. 72). 3aTeM [BHXKEHHE HNPOUCXOAUT BOJIH3H
Me[JIeHHOH TPAeKTOPHM N0 MeHblueil Mepe 10 TeX TOp, HOKa 3Ta
TPaeKTOPHsl He BHIieT Ha TpaHHLy yctoHuuBocTd. Ecjau OBICTpO-
MeZLJeHHass cHcTeMa (2) aHAJUTHYHA, TO NPH RajbHeHIIeM IBHXKe-
HHU 006s513aTe/IbHO OCYIIEeCTBJSETCSI HHTepeCHOe M HEeCKOJbKO HelpH-
BEIUHOE sIBJIEHHE — 3aTATHBAHHE INOTEPH YCTOHYHBOCTH  OBICTPBIX
nBukeHnd. OHO COCTOMT B TOM, 4TO ¢a3oBast TOYKA JIBHIKETCS
BIOJIb HEYCTOWYHBOW wacTH MejJeHHON noBepxHoctH B O (g) — Ok-
PECTHOCTH MeJJIeHHOH TPaeKTOpHH elle BpeMsi IOpsinka e~! mocie
nepeceyeHHs] MeIJEeHHOH TpaeKTopuell rpaHuun yctofiunsoctH. I1pu
9TOM MelJleHHas TPAaeKTOPHsS YXOJAHT 3a TPaHHLY YCTOHYMBOCTH
HA PAacCTOsIHME TOPSAKA eIWHHIBL. JIMIIb 3aTeM MOXKeT NPOH30HTH
CPHIB, TO ecTb OBICTPHIH, 3a BpeMss Tnopsinka |lne| (MenaneHHble
IepeMeHHBIe MEHAIOTCA Ha MaJjylo BeJdudny nopsigka ellnel),
YXOJ OT MeIJIeHHOH '[OBEPXHOCTH Ha paccTOsiHHe nopsaaka |1
(puc. 72). D10 ABheHHe ObIO OOHAPYXkKEHO M HCCIAELOBAHO HA
npumepe B [116], o6muit cnygair pacecmorpen B [90].

Ecau cucTeMa MMeeT KOHEUHYIO TJIAJKOCTh (Mau Aax:e OeckoHey-
Hyl0, HO He dHaJWTHYHA), TO CTOMb JUIUTENbHOIO 3aTATHBAHHS
noTepu yCTOMUMBOCTH, BOOOWE rosops, He Oyner. B kaacce C#,
k>1, eCTb OTKPHITOE MHOXKECTBO CHCTEM, Y KOTOPBIX TOUKH yXOIAT
OT MeIJICHHOH TOBEPXHOCTM Ha paccrosHue mopsjxka 1, nepefins
3a TpaHMlly YCTOHUMBOCTM Ba  Majoe  pacCTosHHe  TOPSLKa

V'ellne|. Ecim k= co, TC yXON 3a rpanuily yCTOHYHBOCTHM OCT@eT-

csi venpmnM, yeM M (e)Vellne|, rne M(e)— «w, €0, HO M (e)

MOKeT BO3PACTATh CKOJb YrOAHO MeJJeHHO. B 3THX cucTeMax Cphis

¢ Me/JIeHHOH TOBEPXHOCTH TPOUCXOAMT BOMM3H TIpaHUIBl  YCTOHUM-

BOCTH Ha PacCTOsHMM nopsiaka e<V2, C npyro#i CTOPOHLI, B CHCTeMe
+
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Puc. 72. 3araruBanue NOTePH YCTOHUYMBOCTH B CHCTEMe THOA 2 AJS JBYX OBICT-
PHX M ORHOH MeJJICHHOH nepeMeHHOH. MelJleHHas KpHBas COBHajaeT € OCbIO Y;
KPECTHKOM. IOMeYeHa TIpaHulla yCTOHYHBOCTH

kaacca C#, MOXKHO rapastupoBatb, 4to Touxka ocrarercd B O (g)—
OKPECTHOCTH MeJL/IHHO TIOBEPXHOCTH, Tepei/isi He MeHee 4YeM Ha

paccrosmue mopsika ) e|lne| 3a rpamuny ycrofiumsoctd. [las
k= w 3Ta ouenxa 3avensiercss Ha M () V e|lne].

4.3. JKecTKkoCTh NOTEPH YCTOHYMBOCTH B AHAJIMTHYECKHX CHUCTE-
max tuna 2. [Toreps ycTOHUHBOCTH B aHAJHTHUECKUX OBICTPO-Men-
JEHHBIX CHCTeMax THIa 2, ONMucaHHasg B HO. 4.2, MPOXOAUT BCerga
XKeCTKO, He3aBHCHMO OT TOro, OyJeT Ju MSITKOH HJH KECTKOH IO-
Tepsl YCTOMYMBOCTH B ceMelicTBe OLICTPHIX YpaBHEHUIH IIpH U3Me-
HeHUH Napamerpa ceMeficTBa (MeJJIEHHO# NeEepeMeHHOH) BLOJb Pa-
30BOH KDHBOH MeNJIEHHOrO MABHXKEHHA. PaccMoTpuM ciaenyolui
NpHMEp, COOTBETCTBYIOIIMK OTKPBHITOMY MHOXKECTBY OBICTPO-Mel-
JIEHHHIX cHcTeM THIa 2. Be3 orpanvyeHuss OOLIHOCTH MOMKHO CYH-
TaTh, UTO MeJJIEHHAS NMOBEPXHOCTb UMeeT BUA X=0, IOCKOJBKY
oHa audpdeoMopdHO NPOEKTHPYETCST HA INPOCTPAHCTBO MeIJIEHHBIX
mepeMeHHbX BJOJb IMPOCTPAHCTBA  OBICTPHIX; INPOEKTHPOBAHHE
(x, y)~y oGosnauum uepe3 ;. Ilyctb yltr) — pelneHHe MeaJeHHOR
cHcTeMbl, a3oBasi KpuBasi KOTOPOro B MOMeHT t={0 [ICPeXOAuT U3
YCTOHUHBOH 4acTH MeQJeHHOH I[OBepXHOCTH B  HeyCTOHUHBYIO.

IIycte B cOOTBETCTBYIOMIEM OLICTPOM ceMefiCTBe x=f(x, y(v)) ¢
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NapaMeTpoM T NPOHCXOLHT MsirKas NOTepst YCTOMYMBOCTH C POX-
AenreM Ipu t=0 ycToAYHBOro mpeje’bHOro LHKJa. Ilpemembhoe
NIOBE/IeHHe TPAeKTOPHH OBICTPOrO ABHXKEHHS B ciIoe y=y(t) ¢
OMH3KHM K HYJI0 HAYajJbHHIM YCJIOBHEM MeHseTC HelPEepHBHO C
n3MeHeHHeM v: MpH T<XO (as3oBbHle KpHBbIE CTPeMATCT K IIOJOKeE-
HHIO paBHOBecHst y(t), a npu 1>0 HAMAaTHIBAIOTCA HA NPeAeabHBIH
IHKJI, HEPePRIBHO 3aBHCSMKH OT 1. MHaue BeayT cebs TpaekTopHH
aHaJHTHYECKOH OBICTPO-MeMJIEHHOH CHCTEMBl € HauaJbHBEM YycJIo-
BHeM, OauskuM K y(t). PasoBas TOYKAa TaKoH TpPaeKTOPHH
Py MajloM & CPBIBAaeTCA ¢ MENJeHHOH IIOBEPXHOCTH HE IpH
1=0, a noske, KOrja HUKJI yXKe HMeeT pa3Mep mopsaka 1. Ilosto-
My aBTOKOJleOaTeJbHH DEXHM BO3HHKAeT CPasy C aMIVIUTYAOH
NOpsiAKa €IHHHUA, TO €CTb CPHIB C PABHOBECHS NIPOUCXOJHUT JKECTKO.

4.4. TI'mcrepesnc. Ciepyouuii NpHMepP HIIIOCTPHPYET sBJICHHE
rucrepesrca B OHICTPO-Me[JIEHHBIX CHCTeMax Tuma 2. PaccmoTpum
«TPEYroJIbHYIO» CHCTEMY

x=F (x,y,¢), y=:¢G(y,e).

Ora cucrema (akropusyercsi: ee (a3oBble KpHBBHIE JIexkaT Hal ¢a-
30BLIMH KPHBBIMH MeJJIeHHOH cucTeMBl npu Jiobom &>0. Hapsany
¢ npeasayliell 6BICTPO-MeAAEHHOH CHCTEMOH, PacCMOTPHM CHCTeMY

x=F(x,y,8), y=—eG(y, e).

bBynem cuurtath, 4T0 B 0GeuX cHCTeMaX MejJleHHass IlepeMeHHas
oana. Ilycte y(t) — pellleHHe nepBOr0 MeHJIEHHOTO ypAaBHEHHS,
nepexojsiuiee NpH 1=0 H3 YCTOAUHBOH YAaCTH MeAJIeHHOH KDHBOH B
HeycToHunBY0. CyllecTBYIOT TaKHe MOJOXUTeJIbHHE To H T%,
YTO peIleHHe NepBOH CHCTeMbl ¢ HayaJbHHIM YyCJIOBHEM  (Xg,
y(—m0)), OauskuM K y(—tp), INPH MaJOM & COPBETCA Ha
npefenbHbI UHKA BOIM3H TOUKH y(T™). DTOT LHUKJ yKe HMeeT pa-
auyc nopsinka 1. Peluenue BTOPOH CHCTeMHBl ¢ HauaJbHBIM YCJIOBH-
eM, OJU3KHM K 3TOMY LUKJYy, Oyaer xpefihoBaTh BHOJbL LHKJIOB
OBICTPEIX CHCTEM, COOTBETCTBYKOIIHX napaMmerpy y(—t) u BHIizeT
Ha MeNJIeHHYI0 NOBepXHOCTh BOJu3u Toukd y(0). Tem cammim,
3BOJIIOLUS $a30BOM TOUKH BTOPOil CHCTEMBl HE CBOAHUTCA K 3BOJIIO-
uuu $as30BOH TOYKH IIePBOH C - NMOMOWBIO OOpauleHHS BpeMeHH, B
OT/IHYHe OT 3BOJIOIHH AaTTPAaKTOPOB COOTBETCTBYIONIHX OGBICTPHIX
cucrem (HaGuiofaercs THCTEPE3UC).

4.5. Mexanusm 3arsruBanMa. [Toka)keM, Kak IDOHUCXOZHUT 3aTs-
rHBaHHe IIOTepH ycroiumsoctH. PaccMOTpuM OHICTDPO-MeJIeHHYIO
cucTeMy THNA 2 ¢ MelJieHHOH NoBepxuocThio X=0. YpaBHeHue AJis
OBICTPHIX NT€PEMEHHBIX UMEET BUE,

x=A(y &) x+eh(y &)+ 0(x]). (10)
CaenaeM 3aMeHy IlepeMECHHBIX BHJA
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x=x--eAh.

Ypasuenuie aaa x umeer ToT ke Bux (10), HO (pyHKuuA £ uMeer
nopsnok e. Cienywmas rtakas 3aMeHa ciesnaer h=0(e?) u 7. 1.
Iponenypa mocienoBaTe/IbHBIX 3aMeH, BOOGIIe TOBOPS, PacXOIHT-
cs1. OUeHKH FOKa3HBAIOT, YTO CAeJaB NOPsiAKa 1/e TakHX 3aMeH,
AQHAJTHTHYECKYIO CHCTEMY MOXKHO nIpuBecTH K Buay (10), roe unen h
SKCNOHeHUHaJbHo Makd: h=O0(exp(—c/e)), c=const>0, npuuem
CynepHno3HIHsi 3aMeH OTJIHYaeTcss OT ToXjectBenHoH Ha O ()
(aHaOrHYHbBIE OLEHKH cM. B [89)]).

PaccmotpuMm aBuxkKenHe ¢a3oBoi Touku cucrembl (10) ¢ 3kcmo-
HEeHIHaJbHO MaJbIM A W3 HaAvaJbHOIO YCJOBHA (X¢, Yo). [Ipeamo-
JIOXUM, UTO MeJJIeHHAsi KPHBAs C HA4a/jOM Y, BHIXOXHT Ha rpaHu-
Iy YCTOHYHMBOCTH 3a MejJienHoe BpeMsl mopsiaka 1. Torpa eciau x,
JAOCTaTOYHO MaJo, TO (pa3oBas KpHBas C HauaJoM (Xo, Y¢) BBHIXOAHT
Ha IPAHHIy YCTOHYHBOCTH (TOYHee, IPOXONHT Haj Hel), 3a OLICT-
poe BpeMms, mopsiaka 1/e. Ilpu stom |x(f)| cmavagaa 6blcTpo yOHI-
BaeT, CTAHOBUTCS 3SKCIOHEHHHAJIbHO MaJjblM H OCTAeTCsl TAKUM [0
npoxona Haj rpanHuefl ycroftuusoctu. Ilocie atoro |x(f)] moxer
HayaTh OBLICTPO BO3PACTaTh, HO YTOOB OT IKCMOHEHIHAJNBHO MaJo-
ro 3HaueHHsl JOPACTH [0 BEeJHYHHBI NOpsifka e, Tpebyercss GEICTPOE
BpeMs mo MeHbuled Mepe mnopsuka 1/e. CienoBaresibHO, INOTeps
ycTOHUMBOCTH 3aTtsruBaercsi. Eciy B KakoH-TO MOMEHT BpeMeHH
crano |x(f)|~e, T0 yxe yepe3 OrlcTpoe BpeMsi nopsigka |Ineg|
6yzer |x(f)| ~1, T. e. IDOHCXOAHT CPBHIB.

Ecau cucreMa HMeeT KOHEYHYIO TIJIagKOCTb, TO IIpolleAypa mo-
cJle10BaTe/NbHBIX 3aMeH lepeMeHHBIX OOphiBaeTcs IOCJe KOHEYHOTro
ypcsaa INaroB, Tak 4To yaaercst caenats aumb A=0(e'). Torna
HpH NpoxoJe Haj rpanuuieli ycrodumsoctu Gymger x=O(e*!). Uro-
651 nopacTtd oT e'*! 1o e (uau ot e o 1), mocie MOMeHTa NOTEPH
YCTORUMBOCTH HYXHO OblcTpoe BpeMsi nopsiaka |Ine|/e.

4.6. Boluucaenne MOMEHTa CPbiBA B AHAJNHTHYECKUX CHCTEMaX.
PaccMoTpum ObICTPO-MeIJIEHHYIO CHCTeMY THNA 2 M (DHUKCHpyeM ee
MeJJEHHYI0 TpaeKTopuio. ByieM paccMaTpHBaThb TOJNLKO Takue pe-
TMeHds; OLICTPO-MeAJICHHOH CHCTEMBl, HauajbHble YCJIOBHS KOTOPBIX
nexar uaf O(g) — OKPecTHOCTbIO PHKCHPOBaHHOH TpaeKTopuu. Mo-
MEHT MeJJIeHHOTO BPEMEHH T Ha30BeM aCHMITOTHYECKHM MOMEHTOM
cpeiBa pemenus, ecad B ero O(g|lne|) — OKPeCTHOCTH JEKHT HH-
TepBaJ, Ha JeBOM KOHIle KOTOPOrO paccTosiHde (pa3oBOH  TOYKH
(¥(r), y(v)) OT MeLJeHHOH NOBEPXHOCTH — NOPsiAKa & a Ha Ipa-
BOM — nopsifka 1. MOMeHT MeJJIleHHOro BPEMEHH Ha30BeM acHMII-
TOTHYECKHM MOMEHTOM MajeHHs, ecJy NpH OOpaIieHHH BpPEMEeHH
OH CTAHOBHTCS ACHMITOTHYECKNM MOMEHTOM CpBHIBa.

B aHaJHTHUECKON CHCTEMe MOXHO BHIPA3HTb aCHMITOTHUECKHH
MOMEHT CphiBa Uepe3 aCHMNTOTHYECKHH MOMEHT MaJeHHs, HJH, IO
MeHbliefi Mepe, oennTb ero cuusy {116}, {90]. das storo Tpebyior-
cA TIOCTPOEHHs, CBSI3aHHble C aHAJH30M peIUeHUH NpPH KOMIIEeKC-
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HBIX 3HAUEHHAX BPEeMeHH. B LleJfix YNpOIIeHHs H3J0KEHHs NpOBe-
JeM HX B NPeANOJIOKEHHH, uTO OblcTpas cHcTeMa AByMepHa. dop-
MYJHDPOBKH AJd obmero cjyuas mnpuBeaensl B {90].

[lycte 1y (1), T—¢&f—UKCHPOBAHHOE pellleHHe MelJIeHHON
CHCTeMB, Y (To)=Yyo. IlycTp TpH HexoTOpOoM T=1, ero (pasosas
KpHBasl MepeceKaeT IPaHMIly yCTOHYHBOCTH, M IPU 3TOM Mapa comps-
JKEHHBIX COOCTBEHHBIX uMCea Aq(Y), Aq(y) TepecekaeT MHHMYIO OCh
TPAHCBEPCAJBHO W C HEHYJEBO CKOpPOCTBIO. BBegeM KOMIIEKCHYIO

dasy ‘I’(r)=5'}»1(y(r))dr. Orpawnuenne ¢yrxkuu  Re¥W (1) Ha

BELIECTBEHHYIO OCb B TOUKE T. OYEBHIHO HMEET HEeBBIPOXKIEHHBIH
MuHuMyM. TlosToMy Ha mocTaTOuHO MaJOM OTpe3Ke BelleCTBEHHOH
OCH BPEeMEeHH, NPHMHIKAWIeM K T. cJeBa, onpeienena (yukuus I,
COTMOCTABJANNIAS MOMeHTY T<t. MoMeHT II(v)>t. Tako#, uTO
Re¥(t)=ReW(II(r)). Ha naockoctd KOMIJIEKCHOTO MEJJIEHHOTO
BpeMeHH TOUYKH T M II(t) coenuHenbl nyro#i L JHHUH YPOBHS
ReW (1) =const (puc. 73). Ecan v<t. AOCTAaTOYHO GJH3KO K T., TO
B o0siactH K, orpaHuyeHHOH Ayrofi L W cHMMeTpHuHOH el OTHOCH-
TEJILHO BellleCTBEHHOH OCH Ayroft L, BHIIOJHEHH Clelyloliue ycJio-
BHA: 1) Mej/leHHasl TPaeKTOPHS aHANHTHYHA, [ U g aHAJHTHYHL B
TOYKAax MeNJIeHHOH TPaeKTOpHH, 2) Ay, 2%0, 3) Aj=%=Ae, 4) kaca-
TesbHble K JHHHAM ReW(t) =const He BepTHKaJbHH. OInpeiennm
T-— HUXHIOIO TPaHb 3HauYeHHi# T<T., I/ KOTOpHX B o6aactH K
BHINIOJIHEHB YCa0BHSL 1)—4). O6o3naunm 1+=II(t7).

[d ]

Puc. 73. TlocrpoeHne MOMeHTa  CpbiBa IO MOMEHTY NajJeHHS
(«byHKIUS BXOJAa — BHIXOAA»)

Teopema ([90]). PaccMOTpHM  GBHICTPO-MEMJIEHHYIO CHCTEMY
THNa 2 ¢ (PUKCHPOBAHHBIM MeJJieHHBIM perrendeM. Ilycts 1= u 1t
Te e, 4YTO U BHIUE, T¢6(T~, T7) — aCHMOTOTHUECKHH MOMEHT maje-
HUS pellleHns ObICTpPO-MemyeHuoil cucrembl. Torpa II(tg) — acumi-
TOTHUECKHH MOMEHT CpBlBa 3TOTO pelenus. Ha uurepsane wmen-
Jennoro BpeMeHu (to+ce|lne|, II(to)—ce|lne|) Grictpo-Menen-
Hoe pemtenHe Jexur B O(e) — OKPECTHOCTH (PUKCHPOBAHHOTO
MeJJIEHHOTO PelleHHs. '

Ecaiu MOMeHT NajeHusi JIEKHT JieBee T~, TO MOXKHO INOKa3arh,
uyto (pazoBasi TOYKa ocraeTcss BOJM3H MENJICHHOTO pelLIeHHs, 1o
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MeHblIeH Mepe, noka T<t*—~6(e), 8(e)—>-0+ npu e—0. das Buiunc-
JEHHSI B 3TOM CJIyYyae aCHMIITOTHUECKOrO MOMEHTA CphIBA CJeAyeT
paccMoTperh IOBeJeHHe Me[JICHHOI'O peIleHHs W COOCTBEHHHIX YH-
cea Ha xpusoit L.— ayre aunaun ypoBHsi ReW (1) =const, ¢ Konua-
MH 1~ # T

B psge mpumepoB T+ OKa3bIBAeTCss ACHMITOTHYECKHM MOMEH-
TOM CpHIBA AJ51 BCeX ABHKEHHU C JeXKaluM JieBee T~ acuMITOTH-
YeCKHM MOMEHTOM HaJeHus.

IIpumep 1. PaccMoTpum JMHeHHy0 HEOLHOPOAHYIO CHCTEMY

Z=(y—i)ztealy), z=xi-rixy
Yy ==t.

ITycrs ¢ynknns a(y) avaaurnuna npu |Imy|<<2. Mennennoe pe-
uteHHe z=0, y=el=1 nepecekaer rpanuly ycrofivusocta npu t=0.
CobcTBeHHOe 3HAueHHe Ay=1—i oOpallaeTcs B HyJb @PH T=|,
nyra L. COCTOHT H3 JABYX OTDPE3KOB, COEIMHSIOUIMX TOYKH T~ =—I
H tt=1 ¢ Touko#t 1¢={ (v¢— ot critical). Ilycrp acumnrotuue-
CKHIl MOMEHT NaJeHHUs Tp AJs OBICTPO-MeIJIEHHOro pemienusi z(f)
Jexur Jgepee —1. Torpa z(—1/e)=0(e). Uro6bl BBIUHCJUTH
z(1/e), ynobuo mepelTH Ha IJIOCKOCTH T H3 TOUKH —1 B TOuky 1
no ayre L.. [lns 2z nonydaercst JHHeHHOe ypaBHEHHE C YHUCTO MHHU-
MBIM COOCTBEHHBIM YHCJIOM, OOpallaloumpMcsi B HYJAb IpH T=i.
Branu or Toukm i BeqHuHHa |Z| HCHBITBIBaeT JHLIb KOJeGaHHA
nopsnka e. CyliecTBeHHOe H3MeHeHHe |z| HaOumpaercs B OerCT-
HOCTH TOYKH { H JIETKO MOACYUTBHIBAETCS METOLOM CTAUHOHAPHOH
(basbr onyuaerca z(1/e) = V2ne|a(i)|4+0(e). Ecnn ali) 0, To

=] — aCHMNOTOTHYECKHI MOMEHT CDHIBA.

IMpumep 2. [JoGasum K mnpeAblayuledl CHCTeMe HeJUHEHHBIE
YIEHBl H NOJOXHM a=1:

z=(y—i)z-+e-vz| 2 y=const,
:y=8.;

JlokaszaHo, YTO HeJIHHEHHOCTh He OKa3blBaeT CYLIECTBEHHOTO BJIMSi-
HHS Ha CPHIB ¢ MefJjeHHOro pemenud 2=0, y=v {116]. Onsre v+=1
ABJASIETCS aCUMITOTHYECKHM MOMEHTOM CpBIBa A/ JBHKEHHH, Y
KOTOPBHIX aCHMHTOTHYECKHH MOMEHT NaJeHHS JIEXKHT JeBee T~ =—1.
B MepnJieHHO# cucTeMe NOTePs YCTOHUMBOCTH NPH y<<O NPOUCXOTHT
MSITKO, a Ipu y>>0 — xKecTKO. B NOJHOH cucTeMe 3TO pasnnuue He
NPOSBJSIETCS.

Jyra L. xapakrepusyercs TeM, UTO Ha Hell Hapymaercs OLHO
U3 BBeJeHHBIX BBINIe YCJIOBUH 1-—4. B pacCMOTpPeHHBIX NpHMepax
Hapyuaetcss ycjaosHe A;5=0. CoOTBeTCTBYIOIIHE CHCTEMB HETHIIHY-
HBI, NOCKOJIbKY AJISl HHX MeJJeHHas NOBEPXHOCTb OCTaercs pery-
JISIDHOH NpH ofpallleHHHd Ay B HYJb. g TUNHYHOH CHCTEMBl B TOH
TOuKe, TAe A (¥ (o)) =0, Med/NeHHOE DelleHUe BBIXOAUT Ha CKJIAJIKY

MeJlJIeHHOH 10BEPXHOCTH, H MMeeT BeTBJIeHHe Tuna }t1—t,. IlpaBno-
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NOAO0GHO, YTO M B 3TOM CJyuae NPH HEKOTOPHIX YCJIOBHSX OGIIHOCTH
noJIoXkeHusl (pa3oBble TOYKH, NPHTSHYBLIMECS K MEAJIEHHOH MOBEpX-
HOCTH NpH T<t~, CPHIBAIOTCA C Hee HOYTH OJHOBPEMEHHO NpH
t=1%; 3TO NpexnoJioKeHHe BEICKasaHo B {90].

4.7. 3ataruBaHue NpH NOTEpe YCTOWUYHMBOCTH UHMKJIOM. AmnaJo-
THYHBlE SBJIEHHS 3aTATHBAHHSA CONPOBOXKAAIOT B AHAJHTHYECKHX
CHCTEMax IOTepI0 YCTOHYHUBOCTH UMKJIOM. Ilycts GHICTpast cucteMa
HMEET NPH KaXJOM Y HEeBHPOXKJeHHBIH LMK L, DBOJIOLHOHHASA
cHCTeMa A4 y NOJydaeTcsi yCpedHeHHeM MOACHCTeMH Miasi ¥ B (2)
no ¢ase ABHXKeHHA BAOJb IHKAa L, {95]. OGosnauum y=7Y(1),
T=¢f— pelleHHe SBOJIONHOHHOH cucTeMbl, Y (19) =yo.

Ilycts muka Ly, ycCTO#uMB, ero MyJ/LTHILIMKATOPH JeXaT B eIu-
HUYHOM Kpyre. PasoBas Touka OLICTPO-Me[J/ieHHOHl CHCTeMbl, Hayasluast
IBHXKEHHE NPU T=71; AOCTATOYHO OJM3KO OT nukaa L,, OblCTpO
prarusaercsi B O (€) — OKPECTHOCTb  3BOJIIOUHOHUPYIOUIETO  I{HKJA
Lyy U octraeTca B Hell, moka coxpamsercs ycrofiuusocts [95].
JlpeanonoxuM, 4TO TPH HEKOTOPOM T=T, LHUKA Ly TepsieT
YCTORYKMBOCTb TaKk, 4TO Ju00 mnapa MyJabTUIVIMKATOPOB IlepeceKaer
eNUENYHYI0 OKPYXKHOCTb B CONPSDKEHHBIX TOUKAX, JU60 OAMH
MyJbLTUIIHIKATOp —B Touke (—1), a oOCTa/nbHble MYJbTHILIMKATOPbI
OCTalTCA B eAuHHYHOM Kpyre. OKaskiBaeTcs, 4YTO IOTepsl yCTOHUU-
BOCTH NPH T >T, 3ardruBaercs: npu T—7T,~ 1 TOuka BCe eime
Oyner wmaxoautbCs B O (g)—OKPeCTHOCTH UMKJAA Ly(y), ¥ JHILb
3aTeM NPOUCXOAUT CpPHB. B HeaHaIuTHYyeCKOH cucTeMe TaKoro AJH-
TeJBHOTO 3aTArHBaHus, BOOOLIE I'0BOpPs, He OyJerT.

4.8. 3arsruBaHue MOTEPH YCTOHYMBOCTH M «yTKH». Paccmatpu-
BaeMas npo6ieMaTHKa CXOAHA ¢ TeopHell «yTok» (cM. § 5). Bnler-
po-MelJieHHAs TPAeKTOPHS THIIA «YTKH» TaKXKe JOJAIO JBHIKETCS
BJOJIb HEYCTOHYHBOro KycKa MeJJIEHHOH HOBEPXHOCTH IocJie nepe-
XOZa uyepe3 JIMHHIO BBHIDOXKJAeHHsi paBHoBecuil. Ho «yTku» Berpe-
yaloTCsd B CHCTeMe, 3aBHCANIeA OT AONOJHHTENBHOrO NapaMerpa
OTHOCHTEJIbEO PEIKO: OHH CYIIEeCTBYIOT AJsl 9KCIIOHEHIHAJbHO Ma-
JIOTO MHTepBaJ/a 3HaueHHH 3TOro napaMmerpa.

Jnst 3aTATMBaHHSI IPH TOTepe YCTOHUHBOCTH HEBBIPOXKIEHHBIM
paBHOBecHeM (LIMKJIOM) IapaMeTpoB noabupaTts He Hago. C apy-
TO¥l CTOPOHBI, «yTKH» CYHIECTBYIOT B CHCTEMAaX ¢ KOHEYHOH IvialKo-

CTb1O, a 3aTArHBaHue ILI. 4.1-—4.6, BooOIIe rOBOpS, TOJNBKO B aHa-
JIMTHUECKUX.

§ 5. PenieHus-yTku

®a30Bble KpHBBIE OBICTDO-MeNJIEHHLIX YPaBHEHHWH MOTryT IpH
¢>0 B HEKOTOPHIX CITEUHAaJbHBIX CJAyYasiXx CTPEMUTbCS K KPHBBHIM,
COCTOSIIIIHM He TOJIbKO H3 YYaCTKOB OBICTPOrO JIBHIKEHHSI H YCTOH-
YHBHIX AYI MeAJIEHHOH KPHBOH, HO COAepKAaHIHM TaKiKe M HeyCTOH-
YHBble AYTCH. DTH TpeAesbHBle KDHUBBIE HA3bIBAIOTCSI YTKAMU H3-32
cBoell ¢opMul (puc. 75). KopasMepHOCTb COOTBETCTBYIOIEIO MHO-
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XKeCTBa B (PYHKUHOHAJbHOM IPOCTPAHCTBE peIaKCALMOHHEIX CHC-
TeM C OJHOH OLICTPOH U OJHOH MeAJeHHOH NepeMeHHOH paBHa 1
(0HO BKJIIOWaeT CHCTEMBI C caMoONepeceKalolleHcsi MeiJeHHOH KpH-
BOH M ¢ 0coGOH TOYKOH MeIJIEHHOH CHCTeMB Ha CKJajKe MejJeH:
HOH KpuBofl). TeM caMbiM, YTKH BCTpPeUalOTCs HEyCTPaHUMBIM
MaJbiM HieBeJieHHeM 00pa3oM (IPH OTAEJNbHBRIX 3HAYEHHSX mapa-
MeTpa) B THIHYHBIX OJHOMAapaMETPHUECKUX ceMeHCTBaX peJakca-
IHOHHBIX CHCTEM C OJHOH OBICTPOH M OAHOH MeJJIeHHOH IepeMeH-
HO# (KpoMme HapaMeTpa MeIJIEHHOCTH €, AJISi BO3HAKHOBEHHS YTOK
HYXeH elle OJHH NapameTp).

ITpu GosbieM YuCle MejJIEHHBIX IeDEMEHHBIX YTKH BCTPEYaloT-
€ M Y THIHUHBIX CHCTEM.

5.1. Tlpumep: ocobas ToYKa Ha CKJIajKe MENJIEHHOH NOBEPXHO-
cTd. PaccMoTpuM ceMeHcTBO

X=y—f(x), y=¢e(@a—x) (11e,ay

C mapaMeTpaMu & H a, KOTOpPOe NPH KaXXJOM (DHKCHPOBaHHOM &
npeacrasisier co60i GHCTPO-MeAsIeHHOe ypaBHeHne tHna (2) (§ 1).

X X X

a bk

o

a 8

Puc. 74. ®a3oBble KpUBbIE BLIPOXKIEHHON CHCTEMBI:
a) x;<a<0 (6onpumof uuka); &). a=0 (?); 8) a>0 (ycrofiuusas ocobas ToyKa)

[Tycte rpadmx byHkuuu [ HanoMunaer rpaduk Ky6HYecKoro
MHorousieHa (puc. 74). Torpa (a3oBble KpuBble BBHIPOXKIEHHOH CHC-
TeMbl TaKHe, KaK Ha puc. 74a, 6, 8 npu x,<a<0, a=0 u a>0
coorBeTcTBeHHO. [Ipu a=0 uepe3 OgHY TOYKY MONKET NPOXOAHUTh
MHOTO pasHbix (Pa30BHIX KPHBBEIX BLIPOXKAEHHOH CHUCTEMHL: (ha3oBas
KPHBasi ¢ HayaJoM B 0COGOH TOUKe Ha CKJAagKe MeAJeHHOH KPHBO#H
MOXKEeT COBIIACTb C 3TOH TOUKOH, C NPOXOJHMEIM GECKOHEUHOEe YHCJIO
pas LMKJOM, BBIJEJEHHBIM JKMDHOH JiMHHeH Ha puC. 746, a MoXeT
TdKXkKe OKa3aTbCsi B OCOOOH TOUYKEe Ha CKJIAjJKe II0CJAe KOHEYHOrO
yHcaa 06XON0B LUK,

PaccmoTpuM  oanonapameTrpuueckoe nopcemefictso (11,) manHoro-
cemefictea (llg,,), CooTBeTcTByIOlLIEe MHOXeCTBY e==const. Torza
ecan @ >0 pesMKO, 1O CPaBHEHMIO C &, TO BCE PEIIEHUS] COOTBETCT--
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