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MPEJAUCIOBHE K PYCCKOMY H3JAHHIO

Hacrosias xHura nocBfllieHa YPABHEHHAM B UYACTHHX HPOW3BOLHBIX
TNepBOro NopsaKa U OLHOU HeusBeCTHOM QyHKuUMU,

YKasanHble ypaBHEHMA CTOAT HECKOJbKO M30JIMPOBAHHO B 0OOle# Teo-
pum AuddepenumatbHEX  ypasHeHui. 10 ob6bacHseTcs, MOXKaayH, Tew,
YTO, KaK TPAaBHJIO, KJaCCHYeCKHe npoOJeMbl (USHKH ¥ TEXHHUKH NpH-
BOAAT K AuddepeHlranbHbIM ypaBHEHHaM (MM  CHCTEMaM) B YaCTHBIX
NpPOU3BOIHBIX BTOPOro (Mau 00Jiee BLICOKOrO) MOpALKA. DTO, €CTeCTBEHHO,
onpelenuio OGoabUIMA MHTEPEC K YPaBHEHHSM B YACTHHIX HPOW3BOIHBIX
MopsiiKa Bhillle NMEPBOrO0 W MHTEHCHBHOE M3yYeHHe TaKWX YDaBHeHUH u
cuctem. Uto e xacaercs AnddepeHunasbHbLix ypaBHEHAH B YACTHBIX
fIDOM3BOAHLIX MEPBOro MOPSANKA, TO OHM BCTPEYasuCh TIJIaBHHIM 00pasoM
B reOMeTPUYECKHX 3anauax. PeaynbTaThl TeOpuH 3THX ypaBHeHHH, HeOO-
XOLMMble reOMeTpHM, OblM B OCHOBHOM IOJYYEHH JOBOJLHO [aBHO, H
HHTEPEC K STOMY pasiejy MaTeMaTHKHM 3aMeTHO ymaJ.

YxasaHHOe OOGCTOATENLCTBO B CBOIO Ovepellb ONMpPENEUNI0 TO MecTo,
KOTOpOe CTanu OTBOAUTb AH(epeHuraNbHbIM YPaBHEHHAM B YaCTHLIX
NPOW3BOAHBIX NEPBOro NMOpsAAKA IJit OLHOM HEW3BECTHOH (YHKUHH B CJO-
XKHBLIEHCH CHCTeMe MaTeMaTHueCKOTo oOpasoBaHust. [10CKOJBKY HHTErpu-
poOBaHMe KaXIOro TakOro YypaBHEHWd B NPHHUUIE CBOLMTCH K MHTErpH-
POBAHHMI0 HEKOTOPOH CHCTeMbl OOBIKHOBEHHHX AU (pepeHINatbHEIX ypas-
HeHMH, TO CaMM 9TH YpaBHEeHUs CTajM 3aHUMaTh JHIUL HECKOJbKO BTO-
POCTENEHHBIX naparpados B Kypcax OOBLIKHOBEHHBIX IJHdepeHIHalbHbIX
ypaBHeHuh.

OnHako B camOe noc/elHee BpeMsi HHTepec K AHddepeHIRaNbHbIM
YPpaBHEHUAM B YACTHLIX IMPOMBBOAHLIX TEPBOrO MOPAAKA BHOBb CHJBHO
BO3poc. IJroMy cnocobctBoBano aBa obcrositenbcTBa. [lpexae Bcero,
0Ka3a/Jioch, UTO TaK HasbiBaeMble 00GO6LIEHHBIE peleHUs KBA3W/HHEHHBIX
ypaBHeHHH MepBOrO NOpsAAKA MPEACTABAAIOT MCKIIOUMTENbHBI uHTEpec
A TNPUAOKeHMA (HanmpuMep, B TEOPHM YAApHBIX BOJH B rasoBofl AuHa-
muke M T. A.). Kpome Toro, nanexo - Bhnepel LIArHYJa TeOpHA CUCTEM
IngpdeperHnanbebpX ypaBHeHMH B 4YacTHBIX MPOW3BOAHLHIX. TeM He Mehee
L0 HACTOSALIEr0 BpPEMEHH Ha PYCCKOM $3blKe He CyllecTByeT MOHOrpa-
¢uu, B KOTOpOH ObIH Obl COOpaHB U H3JIONKEHB! BCe (aKTH, HAKONMB-
myvecss B TEOpHM Augp@epeHuraJbHEX ypaBHeHHH B YyaCTHBIX TPOU3BOI-
HBIX NEPBOTO MOPSAKA, €C/AM He CyuTaTh ussectHo# kHuru H. M. Tion-
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Tepa, JaBHO yxe cTapuleli Oubanorpaduuecko#t peaxocteio. Hacrosmas
KHWTa A0 HEKOTOpPO# CTemeHu BOCHOJHAET STOT npobed.

Wmsa npodeccopa TiodunreHckoro yuusepcurera 3. Kamxe sHakomo
coBeTCKUM MaremaTukaM. EMy npuHannexut Oosbmioe uuciao pabor mo
nuddepeHINanbHEIM YPABHEHHAM M HEKOTOPHIM ADYFUM pasjefiaM Mate-
MaTHKM, 4 TaK)Xe HEeCKOJbKO KHHMr yueOHOro xapakrepa. B uacthocTH,
ero MoHorpagus «Muterpan Jlebera — Cruarbecas Onlna nepeBejeHa Ha
pycckuit s3bik M Bhmaa B 1959 roay. Tpu u3naHus Ha PYCCKOM A3biKe
B 1951, 1961, 1965 ronax Boizepxan «CnpaBouyHHK MO OOBLIKHOBEHHBIM
anddepeHUUanbHEIM ypaBHEHUAMY, NpeAcTaBasioninit -coboit nepeson mep-
poro TomMa «Gewdhnliche Differeniialgleichungen» kuurnm 2. Kamke
«Differentialgleichungen (Lésungsmethoden und Losungen)s.

«CnpaBoyHUK TO AMpQepeHUHAIbHEM YDPaBHEHUAM B YACTHBIX TMPOU3-
BOJHBIX TEPBOr'0 MOPSAKA» — MepeBOJ BTOPOTO TOMa TOR e KHHIH.
3necb cobpavo oxono 500 ypasHeHm#t ¢ pemenusiMu. Tlomumo 3roro
MaTepuana, HACTOSILMH CHPAaBOYHHK COAEPHKUT KOHCNMEeKTHBHOe (Ge3 n0-
Ka3aTeJbCTB) H3JOXEHHME pANA TeOpeTHYeCKMX BONPOCOB, B TOM UYHUCJHe
TAKUX, KOTOPHE He BKJIOYATCA B OOHIYHBIE KypcH AnddepeHunanbHbX
ypaBHeHHH{, HanpuMep TeopeMbl CYUIeCTBOBAHMS, €AMHCTBEHHOCTH M Ip.

IIpn noarotoBke pycckoro uanaHus Obi1a mepepaboraHa uMelouiascs
B kuure oOmupHas Oubanorpadus. Ccbl/IKM HA CTapble ¥ MaJOAOCTYIHEE
HHOCTpaHHble y4eOHMKH ObIM MO BO3MOXKHOCTM 3aMeHEHBl CCHIJIKAMU Ha
OTEYECTBEHHYI0 M TNEPEBOAHYIO JAWTeparypy. Db Wcnpasienbl Bce 3a-
MedYeHHblE HETOYHOCTH, OIMOKM M onmeyaTKH. Bce BCTaBKM, 3aMeyaHus W
INOTIONHEHUS!, BHECEHHblE B KHUI'Y HPU peNaKTUPOBAHHH, 3aKJ/IOYEHHI
B KBaIpaTHHE CKOOKH. ‘

3TOT CNpaBOYHMK, CO3AAHHBLIM B Hauaje COPOKOBBIX rofoB (M C Tex
Nnop HeOJHOKpaTHO nepeusnaBasiuniics B IJIP 6Ge3 BCAKHX u3MeHEHHR),
HECOMHEHHO, Ye He OTPaxaeT B MOJHON Mepe TeX NOCTHXKeHHH, KOTOpPHE
uMeloTca cefiuac B Teopun AM@depeHUHaIbHBIX YPaBHEHMHl B 4aCTHBIX
MPOUSBOAHBIX NEPBOro nopsika. Tak, B CIpaBOYHKMKE He Halllla HUKAKOTO
OTpaXKeHUs TeopHss OOOOLIEHHBIX pelleHuit KBa3WJIMHeHHBIX ypaBHEHWI,
pasutas B u3BecTHhIx paborax M. M. Temsganma, O. A. Ouneitnuk
W Ap. MOXHO NpPWBECTH NpPHMEPH He BOIIEAIUUX B KHULY NOC/JIEAHAX
pesy/bTaToOB, KACalOWUXCS HeMOCPeACTBEHHO 3aTPOHYTHIX B CIPABOYHHKE
BompocoB. He ocpeineHa B cnpaBounnke W Teopus ypasuenu# Ildadda.
OnHako, AyMaeTcsi, 4TO M B 3TOM ee BUIE KHHra OKAXeTCS HECOMHEHHO
NOJIe3HBIM NMYTEBOAUTENEM 10 KJIACCHYeCKOH Teopud auddepenumansHbEX
ypaBHEHUH B 4aCTHHIX NPOM3BOAHBIX NMEPBOro MOPSIKA.

[TpuBeneHHas B KHUMe CBOJAKA YpaBHeHWH, pelueHHs KOTOPHIX MOXHO
3anucaTb B KOHEUYHOM BMIe, OYeHb HHTEPeCHa W MOJie3Ha, HO, KOHEYHOo,
He gBasgercd ucyepnbiBaiowett. OHa OB COCTaBAEHa aBTOPOM  Ha
6ase pa260T, MOABMBLIMXCA 10 HAyaJa COPOKOBBEIX TOIOB.



HEKOTOPbIE OBO3HAYEHHA

X, ¥ Xt, o-vy X3 Y1, ++., Yp— HE3ABHCHMHBIE LepeMeHHble, r == {X,, ..., X,}

a, b, ¢; A, B, C — KOHCTaHTHI, NOCTOAHHbIE KO3(DHIHEHTH,

&, & (x, y), ® (r) — otkphiTan o6aacTb, 06JacTh Ha HJAOCKOCTH (X, y), B 1IpO-
CTPAHCTBE HEPEMEHHBIX Xy, ..., X, [OOBHYHO — 06JaCThb HENPEPBHIBHOCTH
ko3(duuueHToB U pemenus. — [Tpum. ped.],

g — noxo6aacte G,

F, f — obmasa ¢yHknus,

Q — npou3BoAbHas DYHKIUA,

2, 2(x, y) 2= (xy ..., X;) — HCKOMad GyHKUuS, pelIeHue,
_ o0z _ 0z __ oz _ 0z
P=—55> 9= oy’ p"_dTv’ q"_—dyv’

v, {, kB, 7 — HHIEKCH CYMMHPOBaHHA,

(7)==

21 ees Zin
det | 2| — onpeneauTens mMatpuuni | . . . . . )
\ @n1 +++ Znn

NMPUHATBIE COKPAILEHHWS B BUBJAHOIPAPHUYECKHUX
YKA3AHHSX

[[Tpu ccblIKax Ha CAEAYIOLIME KHHTH yKasbiBaeTcs TOJbKO (amuius aBropa:
Fwoutep—H. M. Tourep, MurerpupoBatne auddepeHnualbHbiX ypaBHEHUH
1IepBOro Nopsika B uacTHeIX npoussoaunix, I'TTH, 1934.
KawMmke—3. Kamxke, CrnpaBouHuK 10 OGBIKHOBEHHBIM Ju(depennuatbHbm
ypaBuenusiM, «Hayxka», 1964.
Kypaur—P. Kypaar, YpaBHeHus ¢ 4aCTHHIME NpOU3BOAHHMYH, «Mup», 1964.
Merposckuit— W I, [lerposckuii, Jlekuuu no Teopun O6BIKHOBEHHBIX AHQ-~
(epennuanbibix ypasHenuH, «Hayka», 1964.
Crenanos— B. B. Crenanos, Kypc auddepenunarbibix ypapuenus, Pusmar-
ru3, 1959.
Kamke, DGlen— 3. Kawmke, Differentialgleichungen reeller Funktionen,
Leipzig, 1944.
Coxkpalenss HauMEHOBaHHH TEpUOAUUECKHX H3ZaHUI COOTBETCTBYIOT Obuie-
OpUHATHIM M NOTOMY IIpM MEPeBOAE OINylleHb; CM., ojHako, Kam ke —
Ipuns. ped.)



YACTb NEPBAY
OBIIUE METObI PEUIEHHUS

[Bonpocam, paccmaTpuBaeMbiM B MEPBOH 4acTH, MOCBALIEHA CAENAYIONIAs JH-
Teparypa
M. Twourtep, MarterpupoBanue nmpq;epeuuuanbnmx ypaBHeHun# nep-
BOTO nopﬂnxa B YacTHBIX npousBoiubix, ['TTH, 1934;
B. B. Cremanos, Kypc Au(bd)epeﬂuua.ubublx ypaBHeHH#, &dusmar-
TU3, 1959
Tpu KOMH, Jleknuu [O YypaBHEHHAM B YAaCTHHIX [IPOH3BOAHBIX,
ni, 1957
u, T. He@poscxuu Jlexuuu mo Teopuu OOBIKHOBEHHHX jAuddepeH-
LuajbHbIX ypaBHeHuil, «Hayka», 1964:
P. Kypaur, YpasHeHus ¢ wacTHBIMU IPOU3BOXHBIMY, «Mup», 1964;
B. W. CMHpHOB Kypc sbicmeii marematuku, T. IV, Pusmarrus, 1958;
J. . dabvcron b1, Jnddepennuanbisie ypaBHeHus, I“ocremszlaT 1957
I. K. PameBcxuh, [eomeTpuueckas Teopus ypaBHEHUH C YaCTHBIMH
MPOU3BOJIHBIMH, I‘ocrexnsnaT 1947. — Ipuns. ped.}

FTABA I
JUHEWHDLIE U KBA3UJIMHENHLIE YPABHEHHS

§ 1. BBepenue

1.1. O06mue mnoHsaTug, 0603HAUEHUSs H TepMuHOJorus. ObGuee
(Hepa3peuennoe) oubgepernyuarvroe YPagHerue 8 YACMHLLX RPOU3-
B00HbLX nepeo20 NOpAOKa 0as O00HOE  Heu3secmuol dyHKyuLw

=2 (xp ey xn) N He3Q8UCUMLLX NEPeMEeHHbLX umsem 8uo
0z 0z ‘
Fv(xl, ey X, Z,a—xl', ...,—{m)—o. (1)

3necb F — sananuast yukuus 2n -+ 1 aprymenra. Peuwenuen, unmez-
PaAOM WM UHmMezpaibHOli nosepxnocmsio storo LuddepeHunanbHoro
ypaBHenus (1) HaspiBaeTcs nmobas ¢yHkima 2 =¥ (X, ..., X,), Hempe-
pPHBHO IuddepeHuupyemas B HexoTopoH obnactm & (x;, ..., x,) u 06-
pawamomas B 3704 o6aacTu coorHoueHHe (1) B TOXKIEeCTBO.

InddepenunanbHoe ypaBHeHMe B YACTHLIX MPOM3BOJAHBIX MEPBOTO
NOPANKA, PaA3peslentoe OMHOCUMEAbHO 00HOE u3 npou3sooOHsix (HOP=
MajbHaf, WM KAaHOHMYecKass ¢OpMa ypPaBHEHHA), MMEeT BRI

0z 0z dz )

= (x Yie eoes Y zam @)
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3nech f — sanasHas ¢yHxkuua 2n -2 aprymMeHToB; He3aBHCHMbie Tepe-

MeHHBle 0003HaueHb Tenepb uepes X, Yy, ..., y,, UCKOMOH sBiseTCS
QyHKUMS Z2=2(X, Y1, ..., Y.
Beenem cokpameHHbsle 0603Hauenns !):
0z 0z 0z

P=%x PvToxg T oy

v=1, ..., n; 3)

Toraa augdepeHuranbuble ypasnenus (1) u (2) Oyayr BbrasieTb coOT-
BETCTBEHHO cCrefyiouinM ofOpasom:

F(xy ..., X, 2, pi -+-, P)=0 (la)
u
P=r (X Y. oo Yoo & G1s -5 Q) (2a)
ITH YpaBHEHMs MOXHO 3anucaTh elie KOpoye B BEKTODHOW ¢opme:
F(r, z, pp)=0 (16)
U COOTBETCTBEHHO
p=f(x, 9 2 q); (26)
31€eChb r, p, y, g O3HA4awT cjaeayloumue BEKTOPHI:
r={xy, ..., x,}, p={py ---. P} 3a)
y={y ... ¥}, g={q ..., q,}.

JuddepenunanbHoe ypaBHEHHE Ha3BIBAETCA AUHEUHbIM, €CIAH OHO
JHHEHHO OTHOCHTEJbHO HEU3BECTHOH GYHKUMM 2Z M €€ MNPOM3BOAHBIX,
U KBA3UAUHEHHBM, €CAH OHO JIMHEAHO OTHOCHUTENbHO MNPOHU3BOAHBIX
(MHeHHOCTE TO 2 3aech He npeanoJaraercs)?). OOWMH BuA KBa3U/IH-
HeHHOro ypaBHeHHd

gl fo(r, D p,=g(r, 2) 4)
H JAuHeHHOTOo )
V?__‘,l Fo@ Dyt folr) 2= f(r) (5)

81eCb UCMOAb30BaHLl cokpauleHus (3) u (3a). Ecam B mocaesHeM ciydae
takke eue fo= f=0, To nuddepennnaibHoe ypaBHeHHE HA3EIBAETCH
OOHOPOOHBLM.

1.2. 3ameuanus o pemenuax. Kaxuoe nnddeperuunansHoe ypas-
HeHHE B YaCTHHIX TPOHU3BOAHBIX INEPBOTO nopsaaxKa HaxoIWUTCHd B TeCHOH

) [Muorna ux HaswiBaloT ofo3navenusimu Monaca. — [pun. ped.)
?) [B HexkoTOpbHX KHHrax MOXHO BCTPETHTb M HHYI0 TEPMHHOJOTHIO. —
ITpus. ped.]
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CBA3U € HEKOTOPOH cucreMofi OOLIKHOBEHHBIX AH(depeHUHATbHEIX ypaB-
HEHUH — CHCTEeMOH TaK HAa3bIBAEMLIX XQAPAKMEPUCMULeCKUX YPABHEHILL
JaHHOTC An¢depeHUnanbHOro ypaBHeuusa B YaCTHBIX NPOM3BOAHLIX. Pe-
IHeHHe MOCJeNHEero CTPOUTCA M3 pelleHHH I3TOR xaparxmepucmuyecxoii
cucmeMsl, OHO OIHO3HAYHO ONpENE/IeHO, eC/MM 3alaHa Haya/jbHas KpHUBas

Xy=x,(8), ..., x,=x,(¢), z=2z(), (6)

caMa He fB/AIOLIAACA XapaKTepPUCTHKOH, W, KpOME TOro, A4 TOueK 3TOH
0z 0z

KPHUBOH 3aldHbl 3HaueHUs NMPOU3BOAHBIX T e (s nusefHbIX
) 1 n

U KBasW/IMHEHHBLIX ypaBHEHHH JOCTATOYHO TOJBLKO HayadbHOR Kpupoft (6).)
Crporaa ¢opmyaupoBKa 3TOr0 QYyHAAMEHTANILHOrO MPEeLNONEeHNs, KOTOpas
OyleT RaHa HIXKe, CONEPKHUT elle Pai ACMOJHUTE/bHBIX TPeLNOOMNeHUH.

CywecrBennoe BausiHME Ha peHIeHHs M, B YACTHOCTH, HA ONHO3HAY-
HOCTb pellleHH#t OkasbiBaeT BMI 00MACTH, B KOTOPOH MUIETCH pelleHHe
(em. m. 2.6 (m)). TlosTomy B oOuie#t Teopeme, koTOpas GyIeT cdopmy-
AUpOBaHAa BMOC/JENCTBHH, HA 00/1ACTb HANarawoTcs HeOOXONMMBlE OrpaHu-
ueHnd. Onu He gBnsiorca HauboJsiee OOIUMH, HO GYILYT MO BO3MOMXHOCTH
NpOCTO ONUCHIBATL 0071aCTh (BCe NPOCTPAHCTBO, MapaJesibHas MoJoca
WM NPAMOYroJibHEIA mapannenenunen). Ilpu cmeuuasnbHuiXx MeToxax pelle-
HUS OTKAa3bIBAIOTCA OT 3afaHud O0/ACTH, TaK KakK MPH TPHMCHEHWH HMX
HAa KOHKDEeTHBhIX NpUMepax MNoJaydYalT o6jgacte ropasso 0Oojee TOUHYIO,
He}eny Ha OCHOBAHWM OOIUMX pacCMOTpeHuH.

§ 2. JluHeiiHoe 0aHOpPOAHOE ypaBHEHHE
¢ ABYMfA He3aBMCHMBIMH nepemeHubimu: f(x, y) p+ g(x, ) ¢=01)

2.1. F'eomeTrpuueckas uHTepuperauud. [Ipocrefimuit Tun nuddepe-
UMaNbHOIO YPABHEHUA B YACTHBIX IPOU3BOJHLIX MEPBOr0" MOPSAKA— AL~
HeliHoe 00HOPOOHOe Ougbepenyuasbroe ypasHenue 0 00HOU He-
u3gecmuol @yHKyun 2z =2z (X, y) 08YX HE3QBUCUMX NepeMeHHbIX:

0z 0z
S (x, Wz 8, )’)W=0 H
um
flx, Mp+g(x y)g=0. (1a)
31ech A8 COKPAWIEHHS TNOJOXKEHO

ooz
P=7%x 9 3y

) Uanowenne crepyer xuure Kamke, DGlen, crp. 296—321. [Cu. Takxe
JUTEPATYpy, yKasauuywo nepen § 1. — lpun. ped.
y y p |
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InddepennnansHoe ypaBHeHne Bceria OyAeT PaccMaTpuBaTbCA B HEKOTO-
poii obaactu @ (x, y), B kortopoit kosdduuments f(x, y) n g(x, )
ompejesieHsl H HelnpepbiBHEL 1).

Iatepky uucen Xy Yo 2, Po» Go Mbl OydeM HasbiBaTh NAOCKOCMHbIM
daemeHmoM (NeMEHMOM NPUKOCHOBEHUA), CBA3LIBAA C ITHMU UNCIAMH
NIOCKOCTD

2 — 2= (x — Xo) Po+ (¥ — ¥0) 9o
B TPeXMepHOM NPOCTPaHCTBe INepeMeHHHX X, ¥y, z. Touka (X;, Yg 2o)
yepes KOTOPYIO TPOXOOWT 3ITA IVIOCKOCTb, HA3bIBAETCH MOUKOL-HOCU-
menem, UYMCAA P g, HA3LIBAIOTCA Hanpas-

(ZoY U\) AfOWUME KOdPPuluenmamuy TIOCKOCTHOTO
ga)% sneMenTa. [I10CKOCTHBEIE 37eMeHTH ¢ oOuweH
TOUYKON-HOCHTeIeM (X4, Vg, 2p) 00pasyioT, oue-
BHJHO, CeMeHCTBO MJIOCKOCTeH, MNpOXOIAUINX
yepe3 OAHY TOYKY (X3, Yo 20) (pasymeercd,
HCKJI04as  MJOCKOCTb,  NEPNeHAUKY/ApPHYIO
K KoopauHatHo# mnaockoctH XOV). Ecnau
2=y (x, y)—HenpepuBHO nudPepeHuupyemas
NMOBEPXHOCTb, TO MJIOCKOCTHOH 3/EMEHT

X9 W, 9), U (X, 9), by (%, 9)
onpejensier (1 AONYCTHMBIX 3HAYEHMH X M y) KACaTENbHYIO MIOCKOCTD
K STOR mosepxHoctH ?) (puc. 1).

B cumny aupdepennnanshoro ypasuenus (1) wmam (la) ¢ xamiao#
TOUKOH (Xg, Yo, 2p) MOXKHO CBA3ATh MJIOCKOCTHBIE JNEMEHTH Xy, Yo, Zgs P> G,
Hanpasagomye Ko3h@UUKCHTH p, ¢ KOTOPHX YIZOBAETBOPAIOT YPAaBHEHUIO

f (%0 Yo) P+ 8 (%0, ¥9)g=0.

ITonysaem3) myuyox MIIOCKOCTed (KPOMe ILIOCKOCTH, OpPTOrOHAIbHON
K naockoctH X OY), KoTophle NPOXOAST u4epe3 FOPHUBOHTANBHY IO
ApAMYI0

4) {Tor

X —xg=f (x4 Yt V—Y=8 X Y t, 2=2,

"y Or Buma 370l O6nacTH MOXET CYIIECTBEHHO 3aBUCETb DEILIEHME pac-
cMmarpuBaemoro auddepeHnyalbHOro ypassedus; cM. mm 2.6 (r) u 2.6 (x). K yka-
3aHHBIM 3€Chb MNPEINONOMKEHHAM 4YacTO INPHCOENUHAIOT elle APYrHe, TOMOJNHH-
TeapHbe. Jas paspemuMmoctH auddepenunansioro ypasHenus (1) oaHoro
YKa3aHHOTO B TEKCTE IPEANOJOXKeHHs O KoddduuuenTtax, Boobie rosops, se-
nocrarouno; cM. O. Perron, Math. Zeitschrift 27 (1928), crp. 549.

?) [HanoMuuM, 4YTO ecau NOBEpXHOCTb 3ajaHa ypaBHeHHEM 2= V) (X, ¥),
TO YPABHEHHE KaCaTeAbHOH NMJAOCKOCTH K 3TOH HOBEPXHOCTH B HEKOTOPOH TOuke
(%0, Yo, 20 =P (%0, ¥o) ) UMEET BHI

Vi (Ko, Yo) (X — X0} ~+ Py (X0, ¥o) (¥ — ¥o) — (2 — 29) =0,
T. €. BEKTOD (P (KXo, Yo)» Py (X0, Yo)s —1) sBagercd HOpPMaablo K JaHHOH MoBEpX-
HOCTH B paccMaTpuBaeMmoli ‘Touxe. — I[Tpuns. ped.

]
%) B npepnmonoxeuus, uto | f (¥, yo) H—]g (%0, Yo)1 >0, 7. €. 4TO pac-
CMaTPHBACTCH peryaspHad Touka (CM. .
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(t — napametp) (puc. 2). Takum oOpasoM, B cuay auddepeHunansHOro
ypasiienns (1), xaxaoR Touxe oTBeyaeT myuok naockocteh!). Hurerpan
ypasuenns (1) ¢ reoMeTpuueckofl TOYKU 3peHus eCThH OGS HEMPePLIBHO
auddepeHunpyeMas NOBEPXHOCTL 2 == (x, V), KOTOpas B KaXAOH cBOeh
TouKe (Xg Yo Z,) MMEET OIHY
U3 TJIOCKOCTeH COOTBETCTBYIO-
HIero myuxka cBoefi KacarebHOH
TIOCKOCTBIO.

2.2, 3ameyanuns 00 HHTe- g
rpajax M JHHWAX YPOBHA.

(a) Kawaoe nuddepenunans-
Hoe ypasnesuue (1) umeer, oue- Puc. 2.

BWIHO, TPUBUAIBHOE pellieHue
2z = const. B panpHelinieM Hac OyAYyT HHTEpECOBATL JHIIb HETPHBHAIbHbBIE
pelleHus.

(6) Ecmn z =1\ (x, y) —uurerpan ypasenus (1) B & u ecmm
A< P(x, y)<B?, 1o naa xaxno#t HenpepblBHO Auddepenuupyemon
na wnreppane A < u < B ¢yukuun R (2) ciaoxnas ¢ynkuma y (X, y)——
= Q@ (p(x, y)) TOxE SBAALTCA MHTErPANOM ypaBHEHWS (1)

Ny N
T BRI

Yy

AnanornunbiM 06pasoMm mnonydaem: ecau P, (x, y), v P (X, ¥) —
unterpaas ypasuenus (1) 8 ® u Q(uy, ..., 4, ———HeKOTOpaH npous-
BOJbHAA (YHKUMs, OmpefejeHHas Mg 3SHauenuh P, v==1, ..., m,

W UMEKLIas HempephiBHble YACTHbIE IPOM3BOJHBIE -NEPBOr0 MOPALKA, TO
€J1I0KHag QyHKIUS

XX, M= (%, ), --+» Pp(x, ¥))

TaKKe ABJAsSeTCss uHTerpatoM ypasHenus (1). B uwactHocTtn, ¢QyHKuud,
ToJyueHHble YMHOMEHHEM WHTerpasoB ypasHehus (1) Ha mMOCTOsHHBIE,
a Takxke JanHefHbie KoMOuHauuu3) MHTErpanoB ABAIOTCHA CHOBA HHTErpa-
JlaMy pacCMaTpUBaeMOro yPaBHEHUS.

(8) Ocobennocts uddepeHLNaIbHBIX yPAaBHEHUH B YACTHBIX NPOU3-
BONHLIX TMEPBOTO MOPAAKA COCTOMT B TOM, 4YTO HX pelleHus BIOJHE
ONpenensioTcd MHTErpaibHbIMM KPUBHIMH HEKOTOPHIX CHCTEM OOBIKHOBEH-
Hulx auddepeHunamHux ypasneduid. Ilas auddepenuuansHoro ypabhe-
Hud (1) K 9TOMY pesy/JbTaTy MOXHO IpPHHATH CAEAYIOLIUM IyTeM.

Jlioboe pewenne 2 ==\ (x, y) nzobpaxkaeTcs NOBEPXHOCTLIO B (X, ¥, 2)-
mipocrpaHcTse, Jaexauled Han naockoctbio XOV. Toukn srolt mosepx-

1) [T nyukKM M WX OCH Ha3pBAKTCA COOTBETCTBEHHO nyuxamu Mowsca
# ocamu MoHxca, TOuKa NPOCTPaHCTBAa BMECTE ¢ HampaBiaeHueMm ocu Momxa,
Npoxoiflneil Yepe3 3Ty TOUKY, Ha3BIBACTCA X@PAKMEPUCMUECKUM MLHELHbM
anemenmon. — llpum. ped.)

2y Cayua#t, koria A= — oo, B = 4~ co, He HCkMOUYAETCH.
3) Jluneinoit komOuHauweidr OyHkuui P, ..., P, Ha3HIBACTCA BHIPAKEHHE
suta A+ ... 4 Ay © IPOMIBOABHBIMA HOCTOSHHBIMU A, ..., Ag.

2 3. Kawmxke
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HOCTH, JieXKalllie Ha OLHOH W TOH e BLICOTe ¢ Hal maoCKocThlo X OV,
T. €. COOTBETCTBYIOWINE (QUKCHPOBAHHOMY 3HAYEHHIO ¢ QYHKUMM Y (X, ¥),
00pa3yioT  HeKOTOPYI0 KPMBYWO, HasHBaeMyI0 .aunued yposus (puc. 3).
YpaBueHue JHHUM YPOBHSI WMeeT BUA

X=¢ @), y=@(), z=q¢,

t — napametp,

rie ¢QyHKUMA @ W @, HeNpepHBHO IUp-
¢epeHuUpyeMbl U TaKOBbHI, 4TO

Y V(@ (&) 9 (8))=c.
Zz TGl y= Y [Mocne nuddepeHUHPOBAHUS ITOFO COOTHO=
meHus No £ noayvaeTtcs:

U, (P D) P+, (90 Py) 9y =0.
Tak kaxk ¢yHkuus § yaopretsopser ypasuenuio (1), To MmeeM:
F (@1, 92 ¥y (@1, 92) + & (D1, P2) by (@1, §2) = 0.

Ecan |, | =4 [Py] > O BClony, To u3 aTMX ABYX cooTHOmEHMH cie-
LyeT, 4To

Puc. 3.

(P;g((Pp (pg)—'(péf ((Pl’ (PQ)= 0.

Ilpn ycnoBuW, 4YTO MNepeMeHHad & M3MEHAETCH HYXKHHIM 06pasoM, sCHO,
YTO Npenblayliiee COOTHOIIEHUE BHINOJHACTCH, ecau!)

O =7 (9 ) Q=8 (@ D)

Wrak, npoexuuym /uHMH ypoBHS Ha miockocTs X OV sananul aTumu
IBYyMsl He B3aBHCALIMMU OT | AuddepeHUMANbHBIMU YPaBHEHHAMH M, Cle-
LOBATe/NbHO, IS BCEX HMHTErpa/ibHLIX MOBEPXHOCTEH ONMHAKOBEL.

Ha ocHoBaHmu CKasaHHOro MOXHO Tenepb NPEMJIOKUTL ClAeYIOoWuit
cnoco0 OTBICKAHHA HMHTerpalbHBIX NOBEPXHOCTeH: HAXOIMM WHTETpanNbHEE
KpHBble CHCTeMbl OOBIKHOBEHHHX Au(depeHUNaNbHEX ypaBHeHNR

K O=f(x. 9, YO=g(kx, )

(KOTOpHIE TPENCTaBASIOT CO0OM MPOeKIUUM JUHUA YPOBHS HCKOMOH NMOBepX -~
HOCTH) W MNOIHMMAaeM O3TH KPHBble HA MOIXOASILYI0 BHICOTY TaK, YTOOBE
oHU 00pa3oBasd HEKOTOPYI0 HenpephiBHO AHddepeHIpyeMyi0 NoBepx-
HOCTb 2 ==\ (x, y). DTOT NpPHUHUUI AB/AETCA BaHEHIINM NPH KOHCTPYH-
POBAHMM MHTErpajbHbLIX MOBEPXHOCTEH, W MMEHHO TakuM O0pa3oM ¢GaKTH-
yecku crpodarcs (cM. nn. 2.3, 2.4, 2.5) uHTerpajdbHLE MOBEPXHOCTH
nud¢epenunanbHoro ypashenusa (1). Henas ueo6xoiumble o606wieHus,
MBI Ha STOM NYTH NOJYYHM TAKXKe pellieHHs HeKOTOphX Oonee olumx
ypasHeHu.

1) Ipu aTOM NpeanoaaraeTcs BHIOMHEHHBIM ycaosue | f(x, ¥) |+ & (x, )|>0,
1
a TaKKe, 4TO ¢; H (pé Hurie He o6pawalnTCs B HYJb OIHOBPEMEHHO.
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2.3. XapakTepuCTHKH M MHTerpaJbHble MOBepXHOCTH. Hieu
nm. 2.2 (B) ocyluecTBAsiOTca caenywomum obpasoM. B cuay npeanonoxe-
ngg n. 2.1 orHocurenbHO (yHKUMK f W g, uepe3 kaxayw TOuky (§, M)
obnactn & npoxomuT no KpaliHed Mepe OnHA MHTerpasbHas KpuBas!)

x=9,(f), y=6,(5), 2)
YAOBIETBOPAIOLUIAA CHCTeMe AN depeHInabHbBIX ypaBHeHHR
XO)=f(x. 9, Y=gk, ). 3)

Kaxnan Takas KkpuBas MM COOTBETCTBYIOLIAA eft MPOCTPAHCTBeHHad
KpuBas

x=@(f), y=@¢)., z=c, “4)

< TNPOM3BOJLHOK KOHCTEHTO!l ¢ HA3LIBAETCS XAPAKMepucmu4ecKoi xpu-
800 WM NPOCTO xapakmepucmuroi?) muddepeHLHansHOro ypaste-
uua (1). JInddepenunanbubie ypaBHeHHst (3) HA3bIBAIOTCH MO OTHOILEHHIO
x ypasHenuio (1) xapaxmepucmuueckumu ypagHenusamu3) wiu xapa-
KmepucmuueckKoi cucmemoi.

CrpaBensuBbl CAEAYIOUie YTBEPIKIEHUS:

(a) Kaxani#t vHTerpan 2z =1\ (x, 2) ypaBHenus (1) mocrosiHeH BLOJb
KaXA0# XxapakTepucruuecko# kpuBoH (2), T. e. Y (@ (), ¢, (¢))==const.
KoHcranTa MeHseTCl B 3aBUCHMOCTM OT BLIOpaHHO# XapaKTepHCTHYeCKOH
KpuBOH.

(6) Kaxnaa xapaxtepuctuxka (4), KoTopas uMeer xoTa Ob oauy
©OOLLYI0 TOUKYy C HHTerpajqbHO# MOBEPXHOCTbIO ypaBHeHua (1), UENHKOM
JeXuT Ha 3rtoH mosepxHocTH. Takum 00pasoM, Kaxas MHTerpaibHas
TIOBEPXHOCTb OCTPOEHA M3 XapaKTEPHUCTHK..

(8) Ecan  aBe wHTerpaibHble NoOpepxXxHOCTH ypasHeuus (1) wumeior
O0LIYI0 TOYKY, TO OHHM MMeloT OOLel M BCIO XapaKTePUCTHKY, MPOXO-
JAIYI0 4eped 3Ty TOYKY.

(r) dynkuus P (x, y) 3aBe1OMO ecTb HHTErpai ypaBHenns (1), ecav ona:

() uenpepriBuo uddepenuupyema 8 ® u

() BLOMb KaXIOH XapakTepUCTHYECKOR KpuBO# (2) mocrosHHa.

U3 (a) u (r) caenyer:

1) Ipu »sTOM HOMYyCKAlOTCA TaKKE «KPHBBIE», KOTOPHIE COCTOAT TOJNBKO
#3 OJIHOH TOUKHM, T. €. AJA KOTOPBIX (YHKHuUHM @ (£) U @, (£) ABAAOTCA OJTHOBpE-
MEHHO IOCTOSHHEIMH.

2) [B oranuue ot (4), xpuBble (2) Ha3bIBAIT MHOIAA NPOCKUUIMU XapaKme-
pucmuveckux rpussix —cM. Kypaur, crp. 72, 79. Caegyer OTMETHTb, UTO
CTPOT'0 YCTAHOBUBINAACS TEPMUHOJOTHS 3[€Ch OTCYTCTBYET, ¥ IOTOMY B pasiuy-
HBIX KHHraX MOMXHO BCTPETHTb TEDPMHHBI, OTJHYHBIE OT HCIOJb3YEMBIX 31€Ch,
HAM TE Ke TEepMHUHBI, HO YHoTpeGJmeMble HECKOJbKO B UHOM CMbicre. B coor-
BETCTBHU C OPHIHHAJOM MH GyleM KpuBylo (2) Ha3blBaTh XA paKmepucmuseckot
Kpusoll, a KPHBYIO (4) — xapaxmepucmuroit. — Hpus. peo.)

%) [ABTGp ma3biBaeT ux Takwke ypaswenusmu Jlazpansca. — Ilpunr. ped]

2*
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(n) Murerpanst ypasuenns (1) — HenpepsiBHO AudepeHUUpYeMble
¢oyBkunn 2 = (¥, y), KOTOpHE B CBOeH 00J4CTH Onpene/ieHHs BAO/b
KaOXIOH XapaKTEePUCTHUECKOH KDPUBOH NMPUHHUMAIOT [OCTOAHHBIE 3HAUEHUS.

2.4, Pemenue ypaBHeHMs NOCPEACTBOM XapaKTepMCTHK. Ecau
M3BECTHH XapaKTePHCTHKH, TO B pAle CAydaeB mpensomenue 0. 2.3 (1)
JETKO MPUBOAMT K TOJHOMY OGO3PeHHI0 HHTerpa/bHbIX IMOBEPXHOCTEH.
[ToxaxeM 3TO HA HECKOJbKUX NpPHUMepax:

(@) ap+bg=0.

V3 xapakTepucTuyeckux ypaBHeuni x’==q, y’' =15 cuenyer: x = at 4 A
y=>5t4 B (A, B-—npoussoibubie TocronHubie). Takum o6pasom Xapakrepu-
CTHYECKHE KPHMBHIE H XapaKTEPHCTHKL
00pa3ylor ceMeHCTBO NapaiiesibHbIX
npameix. [losaTomy unrterpansHbiMu no-
BEPXHOCTAMH JAHHOTO YPaBHeHus #IB-
JFI0TCS BCEBO3MOXKHbIE TIaAKHEe UHANH-
IpUYECKHe NOBEPXHOCTY, 06Pasy0uUMK
KOTOPBIX CJAYXAaT 9TH HapajjiejibHbie
npambie (puc. 4),

(6) xp+yqg=0.
M3 xapakTepucTHUECKMX ypaBHe-
Huit X' = x, y' =y noayuyaem:

x= Ae', y=Beé

(A, B —1npousBoJbHBIE IOCTOSHHBIE).

CuaepoBaTelbHO, XapaKTePHCTHUECKHE
KpUBbIE — 3TO JAyuH, Jaexaume B maockoctH X OY W BHXOASLIME H3 Hauajla KOOP-
auHaT. VIHTerpanbHeiMM NMOBEPXHOCTAMY ABASIOTCS T HENPepHBHO auddepen-
HUpyeMble MOBEPXHOCTH, KOTOPble MOLYT ObiTb NMOCTPOEHBI MAapajjedbHbiM MEpe-
MEIUEHHEM 3THX Jyuye¥ BAOAb OCH 2 (puc. 5). EAMHCTBEHHBLIMH HHTErpalibHbIMHK
NIOBEPXHOCTAMH, CYINECTBYIOMUMH
B obaacty & (x, y), conaepxaimei

Puc. 4.

Puc. 5. Puc. 6.

HavYano KoopaMHat x =0, y = 0, SBAAIOTCA NAOCKOCTH 2 = const, B mo6oit o6ractu
naockocty XOY, we copepxameii Havana KOOp/IHMHAT, HMEIOTCH emle U Apyrue
HHTErpajibHble MOBEPXHOCTH (KOHOUOs, puc. 5).

(B) yp—xq =0.

M3 xapakTeprcTHUeCKHX ypaBHEHuit X' =y, y/ = — x naxoauM: xx’ -4 yy'=0
HaM x% - y? = const, T. €. BCE XaPAKTEPUCTHYECCKHE KPHBLIE ABJSAIOTCA KOHIEH-
TPHUECKHMH OKDYMHOCTAMH C LEHTPOM B Havaje koopauHar. Muterpaabune
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[IOBEPXHOCTH — Te HenpephBHO AuddepeHiupyeMble TOBEPXHOCTH, KOTOPHIE MOTYT
6bITb NOCTPOEHDL NapajJleNbHbIM NepeMeNIeHHEM 3THX OKDYXHOCTel BAOJb OCH 2,
T. €. BCe TrJajiKie NOBEPXHOCTH BpAalleHHA, HMEIIHEe OCh 2 B KauecTBe OCH
BpalleHVsl H He HMeloMe HH B ONHOH TOUKE BEPTHKAAbHON KacaTeabHOH mJo-
ckocru ') (puc. 6).

2.5. Pemenne ypaBHeHHs MOCPEACTBOM KOMOMHMPOBAHMSH XapaK--
TepUCTHYECKHX ypaBHeHHil, Jror MeTond OyleT U3/0XKEH HA IBYX HPH--
Mepax.

(a) ayp -t bxq=0.
Ias kamjoro petieHus x == x (f), y = y (f) XapakTepHCTHYECKOH CHCTEMbL:
x' = ay, f=bx

CNPaBEAIABO COOTHOUICHHE
bxx' —ayy’=0 wm —%— (bx?—ay?) =0,

nokasmiBaiomee, 4to Qysknua P (x, y) = bx? — ay? NOCTOAHHA BJOJb KAKAOH
xapaktepHcTHueckoifi kpuBol. Kpome Toro, ata ¢ynkuus HenpephBHO tuddepen-
uupyeMa, H 3HauuT, B CHAy ML 23 (r), NOBEpXHOCTb Z == bX%?— ay? aBasercs.
HHTErpajbHOH MOBEPXHOCTHIO ?).

(6) axp-+byqg=0.
XapakTepucTHUECKHE YPaBHEHUSA

’

x' = aqx, y' = by

) MHTerpanbHOH «KpHBOH» XapaKTePUCTHYECKOH CHCTEMBI SBJIAETCS B 3TOM
puMepe elle caMo Hauaao koopauHar. Kak u B mpexbiayineMm mpumepe, pac-
CMaTpUBaeMoOe 3/IeCb YPaBHEHWE HE MMeeT HETPHBHAJBHOrO [JAAKOro PellCHU$%
B obaacty © (x, y), conepxkauieii HauaJo KOOpAuHAT. [iBa HOCAEIHUX NPHMEpa
MOKa3bIBAIOT, YTO PEHIEHHe CYLIeCTBEHHO 3aBHCHT OT BuAA TOH obaactd, B KOTO-
poil Mbl HMuleM peuedus; cM. jajgee nm 2.6 (r), 2.6 (n), 2.8 (n). — ITpus. peo.

2) [Tounee, onHMM M3 MHTErpaioB. Bul noJyueHHOH HHTErpajbHOH MOBEPX-
HOCTH B3aBHCHT OT 3HaKoB KosdduuuentoB a u b. Puc. 7 naer mpeactasJjenue:

Puc. 7. Puc. 8.

o6 3TOH NOBEPXHOCTH B CJaydae, KOraa & M & oanoro 3naka (runep6onumueckuii
napa6oaoui), a puc. 8 —B CJlydae, KOria & M b pasHbiX 3HAKOB (SJIUNTHYECKHIL
napaboaoun). IIpy a =1, b =—1 cMm. n. 24 (B). — [Tpun. ped.]
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qI0Ka3biBAIOT, 4TO Aaf x == 0, y 5= 0, T. e. A48 KaXJAOro M3 4eTHIPEX KBAAPaHTOB
aaockocT X OY, cnpaBeiiuBo COOTHOMIEHHE

LA M 4 by =
b= a= =0, uam dtln(lxl Iy]™ ) =0.

Takum o6pasoM, yuxuus P (x, y)=In(}x|?|y|~%) Broav kaxofi xapakrepu-
CTUYeCKOH KPHBOW HPHHAMAET MOCTOAHHOE 3uadenue. Kpome toro, ata dyHkuus
HenpepbiBuo auddepenuupyema, a noToMy, B cuiy I. 2.3 (r), OHa ABAAETCH MHTe-
apanoM. Ha ocnosanuu 1. 2.2 (6) u3 3TOr0 MHTErpala MOXHO WOAYUHTH Goaece

apocTol; mosoxuB Q () = ¢*, naxomum x (x, y)=|x|°|y|™%

(8) Kak noxasbiBaioT npuBefieHHble NPHMePBl, MHOTLA MOMXKHO YIauHO,
KOMOMHUPYSt XapaKTepUCTUYECKHE YPaBHeHwns, HAWTH MHTErpHpyeMoe Bhpa-
KeHHe, nepsoo6pas3Has KOTOPOTrO He 3dBHCHT OT mapamerpa £. JTOT MeTod
B psille C/yyaeB OKa3biBaeTcd MOJE3HbIM, OAHAKO OH He COAEPKHUT 0oOIero
A0Ka3aTeAbCTBA TeOpeMbl CylliecTBOBaHMs peluetns. Kpome Toro, ocraercs
.¢llle OTKPHITHIM BONPOC, KAaK M3 OTAEJbHOIO HHTErpasa NOJyuYuTb BCHO
-COBOKYTHOCTb MHTErpasioB; IO 9TOMY Bompocy cM. m. 2.8.

(r) Ecnu HyxHO HaliTM uHTerpajbHyl0 NOBEPXHOCTb ypasuenus (1),
TIPOXOLALLYIO Yepe3 Il a H H Y 10 MPOCTPaHCTBEHHYI0 KPUBYIO (3adata Kowu).
TO MOXHO BOCMOJb30BaThCs 3ameuanueM m. 2.2 (0).

Tak, ecau B npuMmepe (a) TpebyerTcs HAHTH HHTErpalbHYI0 IIOBEDPXHOCTD,

TIPOXOASIYI0 Yepe3 mapaboay z = 4x2, y=x, TO MIIYT HelpephBHO nuddepeu-
aupyeMyio ¢yHKunio Q (#) Takyio, uToOb PaBeHCTBO

2=0Q(bx?—ay?)

-6blI0 clpaBeRrAuBO Ipu z ==4x?, y'= x. [loacranoska naer:
4u
4x2=Q ((b—a)x?) wunm') Qu)= —a
MTak, UCKOMBIH MHTErpaj NpejicTaBAfercs B BHIE
2= 4 (bx% — ay?).
b—a

Ecau B npumepe (6) tpebyercd HaHTH HHTErpajbHYI0 NMOBEPXHOCTb, MPOXO-
qmyio yepes Ty ke napaboxy, To ¢yukumio £ (4) BhOupaloT Tak, YTOOH (Npu
x>0, y > 0) paBeHctso

2 =0 (xby-9)
6L10 cnpaBeaauBo npu 2 = 4x2, y = x. IloacraHoBKa STHUX 3HaYEHUH B paBeH-
<TBO jpaeT Ham 4x?=Q (u), rre u = x?~2 Orcioza caexyer
2
Q(u) =4u’-?,

.4 IOTOMY HCKOMBIH HHTerpa’ npu a = b naerca Qopmynon
2b 2a

1) [Ecaun b == g; B NnpOTUBHOM cJayuae 3ajaua uepaspemuma. — llpum. ped.)
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2.6. YacTuwelit cayuaii: p+f(x, y)g==0. Ecau Bo Bce#t paccmar-
pusaemoft obnactn & xosdduumenr f=£0, TO, pasnenuB BCe U/ieHH
auddepenunanbroro ypastenus (1) Ha f u obosHauus g/f uepes f, Mbt
NONIYYHM ypaBHeHHe CHeluanbHOro BUAA

p+f(x. »g=0. (5

[leppoe 3 XapaKTepPUCTHYECKHUX YypasHeHu#t (3) B 3TOM Clyuyde UMeeT
pull x' (£)==1; B KauecTBe ero pelletus MOxHO B3aATL X =£. Torna
BTOpPOe XapaKTepucTHYeCKOe ypaBHenue (3) MOKHO 3anucatb B Gopme

D=1 (x 9 (6

Bciony 0 KOHUA ITOTO NMYHKTA Mbl OyleM NpeAnoaaraTh, 4TO QYHKUUE
f(x, y)Bobuaactu ® (x, y)uveeT HeMpPepLIBHYIO YaCTHYIO NPOU3BOAHYIO f.

(a) OcHoBHasTeopeMacywecTrogauns. Ilyems @(x, &, 1) —
xapaxkTepucTHuecKas ¢yHKuus nuddepeHunassHoro ypassenus (6), T. e.
y=@(x, & m)—npoxonauas uepea TOUKy (§, 7)) uHTerpanbHas KpuBas
ypaBuenus (6)!). Torma nns Bcex tovek (&, 1), AnA KOTOPHX (yHK-—
uma @ (xy, £, M) nNpu PUKCHPOBAHHOM X, CYIUECTBYET, CMPABEAINBO COOT-
HOLIeHHe

RLtrE =0,

T. e. pynkuusa P(x, y)=@(xy X, y) npu
(UKCHPOBAHHOM X, SBJSIETCA HMHTErpajoM
ypasuenust (5) B 00JacTH CyllecTBOBaHHS
yHKUMA Qg (%o, X, ¥), 1 mpu 3TOM Py > 0.
[ycts [ — nexoTOpht KycOK npsMolt
x=x, Jaexauwuit B &. OOGo3HauuM vye- Puc. 9.
pea G({)c® obnacts CylECTBOBAHHS
¢ynxunn @ (xy, X, y); oueBuaHo, uro obaactb G () —3TO0 Ta Nonob-
aacte @, koropas 3ameTaeTcs MHTErpaJbHLIMH KDUBBIMM ypaBHeHus (6),.
npoxonsiumMu yeped [ (puc. 9). O6aacte G (I) OyneM Ha3blBaTb XAPGK-
mepucmuneckum noser INMpdepeHunasbHoro ypasHenus (5).
(6) 3anaua Kowwu. ITycts sanama kpusas?)

Xx=xp y=1, z=0m (@In<P), 7y

npoekuveit kotropo# Ha miaockocts X OV saBasercs otpesox [. 3anaua.
Kowy (3azaua ¢ HavyaiAbHBLIMM AAHHBIMH) 1A% AuddepeHUUansHOro ypas-
Henus (5) COCTOUT B HAXOXKNEHWH WHTErpaibHOM MNOBEPXHOCTH, MNPOXO-
Iaulel dyepes salaHHYI HavaabHyo kpusyio (7).

) [Cm. Kamke, ctp. 59. — Tpun. ped.]

?) [31o — naocka® KpuBas, JeXamas B NIOCKOCTH X == X, NapaljelbHOk:
naockoctu Y'OZ. na Takoit KpuBo# B opuruHaae ynorpebaserca tepmun Nor-
malkurve, — I1pum. ped.)
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Ecau B xapakrepucruueckoM mnose G (/) vMeeT MeCTO HEpaBeHCTBO
A< @< bwn ecnn dynxkuus o (4) HempephHBHO NUdQepeHUnpyeMa A5
A < u < B, 10 TpedyemMas HHTerpabHas MOBEPXHOCTb CYLIECTBYET W MpH-
“TOM TOJBKO oaHal), a MMEHHO:

P(x, Y=0(@(xy X, ¥)).

Jlerko  yCTaHOBUTb  aHAMUTHYECKMW, Hcnoab3ys 1. 2.2(06), uTo
@ (Xp, X, y) aBageTca uurerpanom 8 obaactu G (/) u uto ¢ (X, Xy, Y=Y,
a notoMy ¥ (xy y)=0(y). MOXKHO TakKe CTPOUTb HMHTErpalbLHYIO NO-
BEPXHOCTb FEOMETPHYECKH: NMPOBECTH uepes Hava/ibHyIlo Kpusylo (7) xapak-
“TePUCTHKH
y=0¢(x, xp ), z=o)

‘W UCKJouuTL M. A% 3TOr0 LOCTATOYHO KMCHO/IL30BaTL NEpBLIE B3 ypas-
Henust (7), 4YTO CPa’V MNPHUBOAHT K COOTHOIIEHHIO 2 ==® (¢ (Xg, X, ¥)).
MMpumep. p+2xg=0. ;.
Xapakrepuctuueckoe ypaBHeHue (6) mpespamaerca B y’ == 2x. Tawxum obpa-
30M, @ (x, § ) = x? —E24-1; CAEAOBATENbHO,

2 .2
Z2=0 (xo — x4 y)
— HCKOMAast WHTErpafbHas IMOBEPXHOCTh, MPOXONAl[as uepes kpupyw (7).

Hanee, ecan ectb KakoH-HuOy b uurerpan P(x, y), b, >0 Ha
xapaxtepuctuueckom none G (l), TO BCe WHTErpaibl MOXKHO NOJYUHTDH
u3 Qopmyan y (x, y)==0(x, ¥)), rie ©(z) npoderaer Bce Henpe-
PHIBHO nHUpdepeHunpyeMble (QYHKUMA, OnpeleseHHbie s 3HaueHu# .

Ecan & — Hekotopas 1040ca %)

alx<b, —oo<y<—+o0

% ecan ¢ynxkumu f uwam f, orpannuentt B &, to G () cosnanaer ¢ ©.
B 3TOM ciyyae MOXKHO 3a4aTh. 3HaueHUe HHTerpana ua 0ot npsMoft
X=Xy @< Xg<b, u OH TeM campiM OyNeT ONHO3HAYHO OMNpele/eH H
-6yner CyuwecTsoBath BO BceH ofmactr O,

(B) O6o6mennasns 3anauva Kowwnu Kpusas (7) cneuuanphoro
BHLAa MOKeT ObiTb 3aMEHeHAa MNPOM3BOJLHOM NPOCTPAHCTBEHHOH KpUBOH

x=u(s), y=uv(s), =w(s), $-— napamerp;

$yHKUMA &, U, W HenpepuiBHO AH(depeHuupyeMbl W YAOBAETBOPAIOT

"} Ecau paccMaTtpuBaTth TOJABKO TAKHE HHTErpadbHble NOBEPXHOCTH, 064aCTb
-ONpPEeJeiCHH KOTOPHIX COBNAjaeT ¢ XapaKTepPUCTHUECKHM ITOJEM JaHHOro ypas-
Henua. Ecau obaactu & u G (/) TakoBbl, KaK Ha puC. 9, TO B HEKOTOPHIX CIy-
4afX MOXHO MPOAOMIKATbH HHTErPaJbHYI0 NMOBEPXHOCTh TaKkke 3a upexeast G ({),
HO B 3TOH moayuHBIimeiics pacuMpeHHOR o6aactu ycaosust (7) ywe He 6yayr
BHACAATH OXHO3HAUHOE peuIeHHE.

2) Cayuan a==-—00, b=-co HONyCKAaWTCd, T. €. B KauectBe & Moxer
purypupoBath BCS naockocts X OV uiau nOXynaoCKOCTb.
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HepaBeHCTBaM 1)

@[+ || >0, o+ f@ . ®)

Ins pemtenuss 9TOH 3anadd CAEAYIOT ONMHcaHHOMY B (0) reoMeTpHYECKOMY
METOAY: B LOCTAaTOYHO MajJo# OKpeCTHOCTH KpUBOH X =u(s), y =v(s)
UHTErpan Moxer OBITb 3amHcaH [apaMeTpPUUYeCKN COOTHOLICHUAMH

y=0(x, u(5),v(s), z=w(s).

Mpumep. Iycts aas nuddepennnasbHoro ypasieaus npumepa (6) sanana
HauaabHas KpuBad
X=s, y=2s, z=w(s).

INepBoe u3 HepaseHCTB (8) BHIMOJHEHO IJA BceXx S; Bropoe masd s # 1. Tak kax
¢ (x, E M) =x2—E2-}1 1, TO napaMeTpHuecKas 3amyCb HHTErpaJja BHIIAIUT TaK:
y=x?—5242s, z=w(s).

M3 .nepBoro ypaswenus noJyuaercs

s=1xVx—y+F1,
npuueM Bepxnuft 3Hak GepeTcst aad s > I, T.e. g x > 1, a KMKHUE — B Npo-
TUBOMOJNOXHOM ciy4yae. OKOHYATEABHO:

z=0(1 2V xF—yF1) ma y<x?+41

...(r) O cymecTBOBAHUYN HETPUBUANLHOTO HUHTErpana
B Npou3BOAbHOH ob6aactu. Bo Bceft obaacru & auddepen-
1KajibHOe ypaBHeHue (D) MOXeET He HMeTb He-
TPUBMANBLHOTO (CM. M. 2.2 (a)) uHTerpana, naxe
ecau GyHkuua f(x, ¥) umeer B sTo#ft 0OnacTH
NPOU3BOJAHBIE CKOJb YFOJAHO BBLICOKOrO MOpsAiKa
no x u y, a caMa 06JacTb SBJAAETCA OIHO-
cpsizHo# 2). C Ipyrofi CTOPOHBI, HMEIOT MeCTO
CleyIOIMe NPELIOKEeHHs:

(ry) Ecmu obnacts ® oaHocesidna u orpa-
HuueHa U ecan dyuxumn f (x, y) 1 fy(x, y) O
HENpepeIBHBL NpU  Npub/MKeHNH K TpaHule Pue. 10.
obnacty @, 10 IuddepeHunansHoe ypasHe-
nue (5) nmeer Bo BCe#t oOnactn @ wmurerpan P(x, y), npuuem P, > 0
Bciony B 9To#t o6qactu 3).

(ry) Mycrs Qyukuus f(x, y) B odaactn & (na puc. 10 s1a obnacts
OrpaHvdeHa CrjoLHOM JuHue#) orpanuyena. I1ycte @ — HuxHas, b — Bepx-
HAs rpanu (ciayyam @ ==—co, b==- oo nomyckalorca) abcumcc X TO-
yek (x, ¥)€®. Torna B xawuoi nopobaactu ¢ obaactn & (ma puc. 10

<

|
|
[
i
!
|
[
|
I
b

) CMblca 3THX yCJAOBHH COCTOMT B TOM, 4TO NPOEKIHA X =u(S), y = v (s)
3anaHHOR KpuBoH Ha miockocrs X OY siBaserca KpHBOH 6e3 0coObIX TOYEK, HUTAE
HE Kacaloumeficd XapaKTepucTHYECKUX KDHMBBIX ypaBHeHus (5).

2y Cm. T. Waze wski, Mathematica 8 (1933), crp. 103—116.

8) Cm. L. D. Rodabaugh, Duke Math. Journal 6 (1940), crp. 362 —
—374; TaM ke paccMOTpeH cayuyaid MHOrocBa3HoH o6aacTH.
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non001acTb OrpaHnyeHa MNYHKTHDHOW JIKHMe#), KOTOpasd NpHHAIJIeXKHUT
BHYTPEHHOCTH nojoch a < x < b, cywecrByer unrerpan ¢ (x, y)
ypasHenns (5), mpuueM P, > 0 Bciony B 3T0# nosobaactul).

1) O nporonxaeMOCTH HHTErpaAbHHX INOBepPXHO-
cre#. Jlaa oObikHOBeHHOro AH(depeHUHaNbHOTO ypasHenus ¥ = f (x, y)
-C HEMpepuBHOH npaBoM uacTblo m0Gass uHTerpanbHas Kpusad, Oynyyu
.3aaHa B NPOM3BOJILHO MAajOM MHTepBajie, NONyCKaeT NPOdOKeHue B 06e
-CTOPOHBI BIUIOTb A0 TpaHuibl 06/1acTH HEMpephIBHOCTH yHKuuu f (x, y).
‘CooTBeTCTBYIOMUR BOMPOC /51 HU(EPeHUHaNbHbIX YPaBHEHUH B - 4acT-
‘HBIX NPOM3BOAHBIX MOXKET OBITh NMOCTAaB/EH TaK: NONMYCKAaeT JM HHTerpal
‘ypasheuus (5), sananHelf B mopob.actu ¢ obractu &, pacmpocrpaHenue

) _ Ha O0mbwyio noxobnacte obnactn G? Orser Ha
J/ 3TOT BOHNpOC, BooOlle roBOps, OTPHUATE/EH,
\\ B camom peuxe, nyctb, Hanpumep, 3anaio gudide-
/1
s

PEHUHMAJIBHOE YypaBHEHHE

X

\
\ N O _ P+ xg=0.
\\ N 4 Ero xapaxTepucTHYeCKHE KpHBBIE — Napabossl 2y =
N i = x2+4- C (puc. 11). Ecau auddepenunanpuoe ypasHe-
~t+“ HHE CHAauana paccMOTPETb B NOJYMIOCKOCTH y > 0,
TO MOXHO TaK HOCTPOMTb pemeHue, 4ro OHO Oyner
Pue. 11. TMpYHUMATh pa3Hbie 3HAaYEHUS Ha JEBOM M NPABOM KyC-

Kax Kaxao# napabobl, pacnoJoxeHHON Huie Mapabobl
2y = x? (1a puc. 11 9tu Kycku u3oOpakeHbl CIUIOMHOH 9EPTOH, a yYaCTKH THX
napa6oa B moaymiockoctd y < 0 — mynktupom), VHTerpat, MOayyenHbId TaKuM
00pasoM B MOAYyMAOCKOCTH y >0, He MOxeT OLThb NPOAOMKEH B HHTErpai
BO BCell MIOCKOCTH, NOCKOJBKY 3TOT MOCAERHUH NOJKEH MPHHHMAaTh NOCTORAHHOE
3Hayedue BIOJAb Kawaoi ua mapaboa 2y = x? -} C.

CaenosarenbHo, eciu TpefyerTca HallTH pelleHne ypastenus (5) B He-
KOTOpOH o06sacTH, TO U3 TOro, 4YTO HAM YNAcTCH NMOCTPOWTH pelueHHe
Jns ee MajeHbKOW 0ox00JAcTH, Mbl NOJYYMM Majlo MOJb3bl (eCaH, KO-
HeyHo, peyb He uAeT 00 AHAAUTHYECKUX (PYHKUUAX).

2.7. ®yHKnMOHAAbHAA 3aBHCHMOCTH M siIKOOMaH. B oObikHOBEHHBIX
JHeAHbIX auddepeHurasbHBIX YpaBHeHHaX QUrypupyeT MNOHATHE JHHeN-
HOli 3aBucuMocTH ¢yHKUMH. B ypaBHeHMAX ¢ UACTHBIMH MPOM3BOIHBIMU
ynorpebasiior ofuiee NOHATHE (GYHKUHOHANbHOK 3aBUCHMOCTH M KpUTEepHH
3aBUCHMOCTH (ByHKUMH B 3TOM Gosiee oblieM cMbicae ?).

Ilse HempepniBHO puddepeHuupyembie $ynkuun u#(x, ¥), v(x, y)
(PYHKUMOHANbHO 3aBUCHMBI, €CJH CYIUEeCTBYeT TaKas HENMpPEPRIBHO Aud-
pepenunpyeman ¢yuxiuys Q (4), yTo MMEET MECTO COOTHOMIEHHE

v(x, y)=2Lu(x, y))

1y Cm. E. Kamke, Jahresbericht DMV 44 (1934), crp. 156—161; cm.
takwe M. 3.6 (B8) u E. Kamke, Math. Annalen 99 (1928), crp. 602—615.

) [Cm. ' M. Puxteunroanu, Kypc nupdepeHuuasbHOO H HHTErpajb-
#oro ucuucnaenus, 1. I, Pusmarrus, 1962. — [Tpum. ped.]
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Bonee o6wo!) s Takux (QyHKHUA CHpaBedJIMBO PABEHCTBO
Fu(x, ), v(x, y))=0, )

rae F(u, ) uMeeT HenpepLiBHbE 4YacTHble MPOM3BOIHBHIE NEPBOro MO-
psaka W

|Ful 4 1Fy] > 0. (10)
Iuddepenunpys (9) o o6euM He3aBACHMEIM nepeMeHHbIM
Fu,+F,v,=0 Fu,+Fu,=0,
Mbl, B cuiay (10), noayyaem:

u u

X y

I

0. 11y

v, Uy

OGparuo, ecan aas ¢ysxuuft #(x, y) u v(x, y) BENOJHEHO YCJIO-
sie (11), To OHH OYHKUMOHANBLHO 3aBHCHMBI.

B nanbHefimmem HaM notpebyercs MOHATHE (YHKUMOHAIbHOM 3aBHCH-
MOCTH AaA (YHKIMH MHOTHX TNepeMeHHbLIX.

Onpenenenune 1. dyuxuuu

Up(Xp, «os X ooy Xy oty X)), (12)
0 KOTOPHIX Mbl OyleM NpeanojaraTh, YTo OHHM ONpelesieHbl B HEKOTOPO#H
orpaHuyeHHolt 3aMkHyTO# o6aacth B(xy, ..., X,) TPOCTPAHCTBA ¢
NepeMeHHbIX Xy, ..., X, Ha3bIBAIOTCA BYHKYUORAALHO 3QBUCUMBLMIU,
ecan cyuwiecTByer ¢yskuus F(4q, ..., #,) CO ClIeAyIOWUMH CBOHCTBaMH:

(o) ona ompesesieHa BO BCeM NPOCTPAHCTBE NEPEMEHHBIX dy, ..., Up
¥ MMeeT TaM HenpepbiBHble YacTHbIE NpPOM3BOJAHBIE MEPBOr0 MOPAAKA;

(B) oHa He paBHAa TOXIECTBEHHO HYJIO HH B Kakoli nomobaactu npo-
CTPAHCTBA MEPEMEHHBIX 4y, ..., Up}

(y) B obnactn B umeer MeCTO COOTHOILEHHE
Dy -, x)=F @ (xy ..., X oo lp(xy, ooy x))=0.

Onpenenenune 2. dynkuun (12), 3ananunie B OTKPHTOH# 06-
JIaCTH, Ha3bIBAIOTCSH (DYHKUUOHAABHO 3ABUCUMbIMU, €CJAN OHM 3aBHCHMBbE
B CMBICJIE oOmnpelejeHus 1 B KamIOH orpaHnueHHoffi 3aMKHYTOH mon-
obnacti.

Onpenenenune 3. SrobuaHom, onpedesumenem Sxobu wnin
PYHKYUOHa A HOLM Onpedesumeser NAA n GDYHKUuH

72N € ST - ' € 2 T o § (13)

") Mpu F (u, v) == v —Q (u) cooTHoutenue (9) NEPEXOIUT B NPEeALUIeCTBYIOIEE
€My paBeHCTBO.
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OT 1 HE3aBMCUMBIX NEePeMEeHHbIX, UMEIOIIHX HeMpephIBHBIE YACTHBE MpO-
M3BOAHBIE TEPBOro NOpsALKa B HekoTopo# obmactu & (x, ..., x,), Ha-
BBIBAETCA ONpElEnTE/b

0u1 dul
- ox,;’ """ dx
J(x P PRRCACIRVEE 7 N B '
1o e s = = . . ... ],
n O (Xyy ey Xn) ou, ou,
dxy ' "7 odx,

Kpurteputt fixo6u ¢ynkuuoHanbHo#k 3aBUCHMOCTH (yHKuufl.

(a) Ecan dyuxunu (13), sanannse B OTKpHTOH obxactu © (x4, ..., x,),
UMeIOT HeNnpepbiBHble YacTHble MPOM3BOJAHBIE MNEPBOro MOPSIKa, TO OHH
OYHKUMOHANBHO 3aBUCUMBI TOFZAa M TOJBKO TOTAA, KOIAA UX (PYHKUHO-
HaJbHBIR omnpeae/uTeNb

J(%q ooy x,) =01,

NMpusmevaununsqa 1) 3asucumbl an dyHkumu (13), Jerxo ycraHaBiHBaeTCs
C MOMOLIbI0 NpHBeJAeHHOro Kputepus. [104X0H, OCHOBaHHBIN HA IBHOM OTHLICKaHHH
¢yuxuun F, ROBONBHO TPYAEH.

2) BooGwe roBops, He CielyeT OTKa3biBaTbCH OT CJAOXHOIO ONpele’eHus
3aBHCUMOCTH W, B UaCTHOCTH, OT aHaJAH3a B onpeleneHuax 1 u 2, naxe ecan
npennoxeune (2) puimoaneno. Paccmorpum mpumep (1 = 2):

u(x, y)y=sinx, |

*
v (x, y) = sin x2, )
DPYHKIUOHANLHEIH ONpeneauTenb, OUYEBHIHO, TOXIECTBEHHO paBeH Hyawo. Eciam

B0 Bcell MIOCKOCTU MEPEeMEHHBIX X, Y Ob0 Okl BBHINOJHEHO YCJOBME (V) B ompe-
xeaenud 1, 1. e.

O(x, y)=F(u(x, 9) v(x,¥))=0,
TO TOrJa MBI MOAy4uan On

F(u, v)==0 B kBagpare |u |1, |v|L1.

B camom gese, B cuay (x), F (1, v) obpalaercsi B HyAb Ha BCIOAY MAOTHOM
'MHOXECTBE TOYEK KBajpara, X OCTAETCH JHIIb MCIOJb30BaTh HENPEPLIBHOCTH
stoit Qynknuu Ojnako, TOXAeCTBeHHOe obfpamenne dyukuun F (1, v) B Hyab Ha
KBajpare NpoTUBOpevyuT ycaosuio (f).

JTOT NMpUMEpP, B YaCTHOCTH, MNOKA3biBAaeT, MOUYEMY AJS OTKPHITHIX M 3aMK-
HYTBIX MHOXECTB OblIH JaHBW pasubie onpejesenus 1 u 2.

(6) Ecmn dynkunn (12) nmetor 8 & (xcp, ..., x,) HenpepriBHbe YacT-

‘HBle TIDOM3BOLHLIE NEPBOTO TNOPALKA, TO NPH YCJAOBHY, YTO p > ¢, OHH
(YyHKUMOHAMLHO 3aBUCUMBL.

') Xora sror kpurepuil OGbiA M3BECTEH AABHO, BNEpBhle €ro YeTKO CHOpMY-
Jposain u crporo nokasaau K. Knopp und R. Schmidt, Math, Zeitschrift
25 (1926), crp. 373—381. Cm. takme A. Ostrowski, Jahresbericht DMV
36 (1927), crp. 120—134. ¢
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(8) dyukunn (12) npu ycaosuu, uro p < ¢, QYHKUMOHAMLHO He3a-
pucuMbl B & B TOM cayuae, Koria (yHKIMOHa/TbHAsA MaTpuual)

ouy Juy

ox; ' "7 0x4
0 (uy, ..., up) . ‘ o
a(x‘, ey Xq) oup oup

ox; ' " 77 ox,

B & umeer pawr p, T.e. ecam B B cywecrsyer xors Ob o@HA TOuKa,
B KOTOpOH no kpaliHet Mepe ONMH MHHOD NOpPSAKA p 9TOH MaTpPULLI
oTauYeH OT Hyasl).

(r) Ecmn  dyuxkumn 2 (Xq, coon Xy coen Lo (X e Xpap)
umMeloT B @ (X, ..., X,,.1) HENMPepLIBHLIE YACTHbIC NMPOM3BOLHLIE NEPBOTO
¥ BTOPOTO NOpANKA, TO OHH (YHKUMOHAIbHO 3aBUCHMbl B TOM CJy-

0 (uy, ..., Uy
0 (xl» vy xn+1)
ofnactu @ umeer HauBBICIUME padr n — 1, T, e. KOTAZ KaxAbI onpe-
Jeautesb TMOPAAKA n BO BCeH obnacT paBeH HyJO ?).

yae, Koraa (yHKUMOHAJbHAs MaTpuia B KauaoH Touke

2.8. Tnapunit uMuaterpan; pemenne 3anaun Komu, Bosspamasch
K o0uieMy ypasHeHuio (1), npeanonoxunM, uto dyukuuu f (x, v) u g (x, y),
KaK ¥ paubiie, HempepniBubl B (X, ¥) M, XpoMe TOro, HA B Kako#f
noxobaactu obnactu ® He o6palialoTCAd OLHOBPEMEHHO B HYJb.

(a) B stux npeanonoxennsx moOble 1Ba uuTerpana muddepesuunans-
Horo ypaeHenus (1) QYHKUMOHAALHO 3aBUCUMBI B ofaactu .

(6) Hasosem 2sa8usim unmezpason B obnacty @ Tako#h mHTerpan
ypasuenust (1), koTopu#i Hu B kakofi nozobnactu 5T0# 00aaCTH He TO-
CTOsIHeH. BepHO cienyiollee NpenNokeHHe:

Ecan Y(x, y)—raasusifi unTerpan nnd¢epeHunatbHOrO ypaBHe-
nus (1) B obmactu @ (x, y), To MHOXecTa0 Bcex uHTerpanoB B (& (x, y)
COCTOMT TONLKO M3 Tex GyHKuuH 7 (x, y), KOTOpHe uMmeior B (8§ Henpe-
pbIBHBIE YaCTHLIE NMPOHM3BOJIHEIE IEPBOTO TNOpsAka W KOTOphle (PYHKUHO-
Ha/lbHO 3aBUCUMHI C V.

Ecan & — xapaktepucrnueckoe nore u P, = 0, To Bce MHTerpanbi

MOXHO IOAyuntb 43  QopMyas ¥ (x, y)=0Y(x, ¥)), rie @)

) Ilpu p=g=n neBas HacTb CJAEIyIOLIEr0 PaBEHCTBA, COTJNACHO ONMpERe-
JChNMI0 3, KMMeeT JBOIHOEe 3HAYCHHE -— OHA O3HAYAET, ¢ OJHOH CTOPOHBI, (PYyHK-
UHOHAJbHYI0 MATpHUY, a C ApyroH, — dynxuHOHaAbHBIA onpepeauteds. B nocae-
IyOMmeM, OIHAKO, BCerna GyleT sCHO, YTO MMEHHO HMeeTCs B BHAY.

2) Cm. Q. Doetsch, Math. Annalen 99 (1928), ctp. 590—601; A. B. Brown,
Transactions Americ. Math. Soc. 38 (1935), ctp. 379—394; A, Sard, Bulletin
Americ. Math. Soc. 48 (1942), ctp. 883—890; M. Kneser, Math. Zeitschrift
54 (1951), ctp. 3451, 55 (1951/52), crp. 400; E. Kamxe, Math. Zeitschrift 39
(1935), ctp. 672—676.
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npoGeraer Bce HenpepniBHO AU(pepeHUMpYeMble QYHKUMM, ONpe/e/eHHEe
A 3HavyeHulh P.

(B) Ecain dynkunu f u g B onHocBssuo# obsactu @ k pas Henpe-
puIBHO AuddepeHuupyemsl (R > 1) v ecan tam | f| + |g| > 0, T0o B Kam-
Io# orpaHudeHnolt mnopoGaactm GE€®, wHe umewed ob6mux Tovex
¢ rpannueit @, anddepenunanbHoe ypaBHenne (1) uMeer raasHbl MHTe-
rpan Y (x, y); ¢yukuna P(x, y) apngercs k pas HempepuBHO Audde-
peHUMpyeMOi M yIO0BJeTBOPsieT HepaseHCTBY || - |, | > 01).

(r) EciM OTHLICKMBAIOT MHTErpajbhyl0 [OBEPXHOCTb YypasHenus (1),
NPOXOALIYI0 Yepe3 LaHHYIO HeNpephBHO NH(dEpeHLHPyeMyI0 HauaIbHYIO
KDHUBYIO

x=u(s), y=v(s), =w(s) (14)

(3adasa Kowmu), to (cm. n. 2.6 (6)) eNMHCTBeHHOE peLUEHHE MOXIO
HallTM JuWb TOrAa, Koraa npoexkuus kpueoit (14) Ha maockocts XOY

x=u(s), y=v() (15)

HUrJle He KacaeTcs HU ONHOW XapaKTePUCTHYECKOH KPUBOH, T. e. KOria
BLINIOIHEHO HEPaBEHCTBO

u'(s) g (u, v) —v'(s) f (u, v) + 0.

Ecan 3710 npennonoxenue BbITIONHEHO, TO Yepe3 KaMAYI0 TOUKY KpH-
Bo#t (15) MpOBOIAT XapaKTePHCTHYECKYIO KPHBYIO %)

x =, u(s), v(s)), =@ (s u(s), v(s)),

T. €. CTPOST TO pelleHHe XapaKTepUCTHYeCKO# cucTeMbl (3), KOTOpoe
npu £ =0 nNpoxoauT yepe3 TOUKY X ==u(S), y==0(S); 9TU Xapakrepu-
CTHUeCKHe KpuBhe o00pasyloT XapaxkTepucTHueckoe mnose. Temepb Tpu
ypaBHenus

x=q(t, u(s), v(S)) y=qu(t, u(s), v(s)), z=w(s) (16)

HAlOT TapaMeTpUuecKylo 3amuchb HMCKOMOH HHTerpanbHOft MOBePXHOCTH
B YKA3aHHOM XapaKTePHCTHYECKOM MoJe, colep:xaweM kpusyio (15). Isa
nepsuix ypaBHenust (16) omnpenensior HenpepblBHO AU(depeHuUnpyeMble
¢yHkunn f{=1{(x, y), S=S8(X, y); BTOpas U3 HUX BMECTE C TPETbUM
ypasnenueM (16) naer siBHOe ypaBHEHWE HHTErpajbHON MOBEPXHOCTH.

) E. Kamke, Math. Zeitschrift 42 (1937), crp. 287—294, 41 (1936),
. €Tp. 56—066).

?) [Cm. o6osnavenus B m. 2.6(a) uau Kamke, crp. 59 u 67. Ilockoabky
NpaBble 4acTH X3pPaKTEPUCTUUECKOH cucTeMbt (3) He 3aBUCAT OT mapameTpa f,
TO XapakTepucTHyeckue QYHKHMM HMEIOT KaK Pa3 yKasaHHBH 34ecb BHI (CM. NpH-
meuanue 2) Ha ctp. 52). Jas cnpaBeianBoCTH NPHBOAUMOrO B HACTOSIIEM NYHKTE
pesyabrata Hano norpe6oBatb, 4TOObI KCIDGHIUEHTHE ypaaﬂeﬂnﬂ (1) 6blau ne-
npepbiBHO audepennupyemMul. — Ilpum. peo.)
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Mpuwmep. Hafitu uHTerpasbHyio NOBEPXHOCTb YpaBHEHUS
yp+4-xq =0,
TIPOXOJIAINYI0 YEPe3 HAaYalbHYI0 KPHUBYIO
Xx=s, y=uas, 2=0(s) (o 5= = 1)
V3 XapakTepUCTHYECKHX ypaBACHHMH
=y, y@O=x

HEMEJIEHHO HAaXOJMM pellleHue, KoTopoe mpu f =0 npoxoautr uepes NpoU3Bo.b-
HYIO TOUKYy x=E§, y=m1

_&ttm ¢, = , _ELtm , E—m _,
=g ety y=Sg e g
Ilostomy nepBoie ABa ypasHenus (16) umeior Bug

se—t.

_1toe s 1—a  _Ita
X=-— set 4 2’se,y— 5S¢ ——5
O1coaa noayyaed x + y = (1 4 a) sef, x —y = (1 — a) se—*, u, cienosareanHo,
x?— y? = (1 —a? s% OxoHuaTeNbHO, COrACHO TperbeMy ypasueHuio (16), mo-
ayuaeM npu (y2— x2) (02— 1) > 0 ypaBHeHHe HCKOMOH HHTErpaibHOH MOBEPX-

HOCTH B BHIE
yZ.__x2
Z2=0 (i =T ),
npuyeM BepXHUi 3Hak caeayer Opatb npu s >0, a HHXKHUA — B NPOTHBHOM
cayuae.

(n) Anddepenunanpnoe ypassenue ¢ ocofoii Toukoil. Touka (x, y)
HaswiBaeTCH ocobofi nns aupdepenunanbHoro ypasuenus (1), ecam B Helt
f=g=0, u perynspuo#t, eciu B uett |f| -4 |g| > 01). ITycrb B He-
KOTOpo# oxpecTHocTd U Havana KOODAMHAT ONpeReNeHBl M HENpepLIBHO
nupdepennnpyeMsl pynkunu f u g. Ilyers f(0, 0)==g(0, 0)=0, Ho
|1+ |g| >0 Bo Bcex ocrambHbIX TOukax okpectHoctH U/, TaKk uToO
Ha4yaj0 KOOPIMHAT sIBISETCA U30AHPOBAHHOM OCOGOft TOoukoR Aas audpe- .
peHiuuansHoOro ypashenus (1) ¥ TOuKOH TOKOS?) /% XapakTepucThue-
cko#t cucrembl (3). Ecom oT/AMuHBIE OT TOYKM MOKOHA TPAEKTOPHHU CU-
cTeMbl (3) B HEKOTOPOH cneumnanbHo noroGpanHo#t okpectHoctu U Havana
KoopanHaT maockocth XOVY Bce Ge3 HCKIIOUEHHst 3AMKHYTH, TO AH(-
¢depenunanbioe ypasuenne B U uMeeT rnaBHbit uHTErpan P (X, y), npuuem
¥y ] 10y | > 0 Bue Hauana xooprumar3).

1) Cm. raxxke m. 8.6.

2) [Xapakrtepuctuueckas cucreMa (3) ABAASTCH aBMOHOMHOIL, NOCKOJIbKY
€e mpaBble YacTH f ¥ g HE 33BHCAT fBHO OT HE3aBUCHMOTO MEPEMEHHOro f.
Touroil noxos 3ToH CHCTEMB (NOJOXCHHEM paBHOBECHd) HA3BIBACTCH TaKas
TOYKa TUIOCKOCTH X, y, B KOTOPOH 00e IpaBele YacTH OAHOBPEMEHHO 06palanTcs
B Hyab. Ecau pemenne x = x(f), y =y(f) aBrOHOMHOH cHCTEMB H306pa3uTh
KaK KPUBYIO HA MJAOCKOCTH X, y (paccmaTpuBas f/ KaK mapameTp), TO 9Ta KpuBas
HagbiBaercA mpaexmopueii. llogpobuee cm. JI. C. MMoutparun, OBbKHO-
BeHHble auddepenunansusle ypasHenus, <Hayka», 1965. — ITpum. peo.
~ 3 Cm. H.'H. - Alden, Americ. Journ. Math. -56 (1934), crp. 593 — 612;
E. Digel, Math. Zeitschrift 42 (1937), crp. 231 — 237. ) o
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2.9. 3amMeyatns o0 HCNOJAb3OBAHUM pasjJoxeHuil B psabl. [aa
IOKA3aTeNLCTBA CYLIECTBOBAHWA pellleHUs MOryT ObITh NPHUBJIEYEHBl CTE-
neHHple psAM WM psanl Oosee obiwero Buaa (em. nn. 5.7 u 10.5).
OnHako WTepaltMOHHEI! MeTOA, ¢ GOMbLUIMM YCNEXOM HCNOJb3yeMbilt B O0LIK -
HOBeHHbIX AHpdepeHUHaibHbIX YPABHEHHSX, 3[€Chb K UEAH He BeleT.

CienyeT ynoMmsiHyTh eliie MeTOAH, paccMarpuBaeMbie iajee B nm. 4.4
u 12.11.

2.10. Meroasl pemenusi. MumeioTcs cheaywoline MeTOAb pelieHHs
ypasuenus (1):

(a) Meron xapaxTtepucTux (cm. m. 2.4),

(6) Tosyuenve OTAEJBHBIX MHTErpasoB ¥, B 4YaCTHOCTH, TJaBHOTO
MHTerpaja MoCpeAcTBOM KOMOMHHMDOBAHUSA XapaKTEPHCTUYECKUX YpaBHe-
Halt (cM. 1. 2.5). M3 HalineHHOro TIJIaBHOrO MHTerpana MOXHO, COTJACHO
n. 2.8 (6), noayuuTb BCe MHTErpaifsl.

(8) Ecau Hazo onpene/nTh HHTErpa/bHYIO TOBEPXHOCTb, NPOXOMALLYIO
yepe3 NaHHYIO HAYAJBHYIO KPWBYIO (T. €. Halo pelmutbh 3axauy Koww),
TO MOXHO, eC/IM yie M3BECTeH FJIaBHBIA MHTErpan (Mau TaKOBOR Jerko
HAaXOANTCS), MOCTynmaTth MO NpuMepy n. 2.5(r) uAd, ecan XapaxTepu-
cTHYecKas cucreMa (3) JerKO WHTErpUPYeTCsi, MOCTYNaTh MO NpuMepy
. 2.6 (6), 2.6(8) u 2.8().

(r) Ucnonb3opanue pasnoxeHu#t B pass (cm. m. 2.9).

(m) Eciv HM 0aMH M3 yKA3aHHBLIX METONOB He MNPUBOLUT K UeaH
B CHJIY HeNmpeoNONMMbIX aHAJUTHYeCKUX TPYAHOCTEH, TO MOKHO Xapak-
TepuCcTHUecKHe ypashenus (3) uau (6) pewntd npubAMKEHHBIM METOIOM,
a 3ateM, caeays 0. 2.8(r), noayuuTs npubAnKEHHOE UMCIeHHOE pelleHue
LaHHOTO ypaBHeHHsi (1) € YacTHBIMU TPOM3BOAHBIMM.

§ 3. Jluneiinoe ogHOpoaHOZ ypaBHEHWES

n
¢ 7 He3aBHCUMBIMHM TepeMmenubiMu: X f, (r) p,=01)
' v=1

3.1 Onpepeneuus v 3samedauusi. Juneijnoe 00HOpodHoe Jughghe-
PeHUUANLHOE YPABHEHUE 8 LACMHBLX NPOU3BOOHBLX Nep8o2o nopalxa
045 00HOU Henssecmuold Pyrryun 2 ==2(Xy, ..., X, )N HE3QBUCUMbX
nepemeHHsolx vMeer BuiL (cp. € M. '1.1)

DA 5 =0 M

1) Uznoxmenue caenyer kaure Kamke, DGlen crp. 321 — 330. [Cu. TaKwe
JAUTEPATYpy, yKasauuylo nepea § 1. ——HpuM peo. -]
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uiau, yI]OTpe@JIﬂﬂ 0003HaueHUa r BMECTO BEKTOpa ¢ KOMIIOHEHTAMMU

0z

xl, PP xn u pv:m,

\gl [ (@) p,=0. (1a)

Auddepenimansioe ypapuenue OyneT paccMaTpuBAaTbCs BCErAa TOAbKO
B Tako# obnactu & () npocTpaHCTBA NepeMeHHBIX Xy, ..., X, B KOTO-
poit ko3dduunentsl f, () HempepsIBHHI.

Kaxnoe auddepenunansnoe ypasuenve (1) umeeT, OueBMIHO, TpH-
BHAJbHOE pelleHMe Z = const; MHTerpa/el, OTJIMYHBIE OT TPHBUAILHOrO,
Mul OyleM Ha3blBaTh HeTPHBHUAAbHLIMHU,

Ecau $,(#), ..., {,,(r) —unrerpanst ypassenusa (1) B & u ecmn
Q(uy, ..., u,)—dynxuna, onperenenHas Ha o61acTd 3HaueHUH yHK-
uu#t P, U MMEWWas HenpepuHBHbIE YaCTHble IPOU3BOLHBIE MEPBOro IO-
psiika, TO, KaK JIerKO YCTaHOBHTb, CJOXHaA (yHKuus

KEO=L (), ..., bp(r))

TaKx¥e fBJASETCA WHTerpaaoM ypasHeHus (1).

3.2. XapakTepuCTHKH M HHTerpajbHble NOBEPXHOCTH.

(@) Xapaxmepucmuseckumu YpasreHUaMu (XAPpAKMeEPUCHUYLeCKOE
cucmemoi), COOTBETCTBYIOWEH Auddeperunanpaomy ypasHenuio (1), Ha-
3bIBAIOT CUCTeMy OOBIKHOBEHHBIX IM(depeHHaIbHbX YpaBHEHUH:

x,O=f,), v=1,..., n 3]
Ka)Kﬂ.aﬂ I/IHTeI‘paJIbHaH Kpusas
K= (D), veey Xy ==, () 3)
STOH CHCTeMBl UM TaKXKe COOTBETCTBYIOWas el Kpusas
1= (), ..., X, =0, (1), z=c 4)

(¢ — mpowu3BOJIbHAA TOCTOAHHAA) HA3LIBASTCA Xaparxmepucmuroli') nud-
tdepenuyanbuoro ypassenuns (1).

(6) Mexny uuarerpanamu LugpepeHunansioro ypastenas (1)—c onuoit
CTODOHBI, M XapPAaKTEPUCTUKAMU — C JAPYrofl, CyuwecTsyeT crenyiouias
BaXKHas CBA3b:

dyukuusa P (#), MMelolwlas HENpepLIBHEIE HaCTHbE INpPOH3BOLHLIE Mep-
Boro nopsaxa B &, Toraa m TOJLKO TOrAa ABJSETCS HHTErPANOM AHd-
¢epeHunanbHOro ypasnenua (1), korma oHa BROJb KaxioH Xapakrepu-
cTUYecKO# kpuBo#t (3) moctosHAa, T. e. koraa Y(@. (), ..., ¢,())=
==const ana mobBo#t xpuso#t (3).

) B oranune or (4), HHTerpa/ibHbie KpuBHe (3) MBI GyZeM Ha3hBaTh TaKke
XapaKmepucmuvecKuMiL 1€ pusbliis.

3 3. Kawmke



34 rJ. 1. JUHEMHBIE U KBASW/IMHEMHBIE YPABHEHHS 3.3

(8) Ecam nBe nHTerpanbHble NOBEPXHOCTH Yy (F) U Yy (r) ypasHe-
uns (1) wMeloT xoTa Obl onHY oOwy0 TOUKY (g, 2 ==C), TO OHH TaKKe
umeior oGuiedl M BCIO XapaKTepUCTHKY, NPOXONALLYI0 yepe3 3Ty TOUKY.

3.3. Pemenne ypaBHeHHS MOCPeACTBOM KOMOMHHPOBAHMA Xapak-
TepucTHUeckux ypasHenu#i, C nomouwwo 3.2 (0) yaaercs B paie cay-
YyaeB OTHICKHBATL peillieHHe KOHKPETHOro nnqxpepeﬂuuanhﬂoro ypaBHeHm
tuna (1). DT0T MeTOL MLl NPOAEMOHCTPHpYeM Ha ABYX INpHMepax.

ow ow ow
- —_— 2 2y Y%
@ X 5w TV 5y Ty 5 =0

Uckomaa ¢yHkumns sfech @ = w (x, ¥, 2). XapakTepHCTHUECKHE ypPaBHEHHS
UMEIOT BHA

HM)=x Yy (O)=y, 2@=x"+y%
3 nepBbIX NBYX XapakTEPUCTHUECKHX ypPaBHEHHH caenyer, 4to

yx' —xy’ =0, nau % = const,

o o o x
BAOAb KaXAOH XapaKkTepuctHueckoit kpusoid. [loatroMy ¢yHkuus lb1=—)7~

vHTErpaJ B KamOA M3 noaymiockocteil y >0 n y < 0. M3 Bcex Tpex xapak-
TEPUCTHUECKHX ypaBHeHuil, JaJjee, noayqaeM:

2xx’ +2yy’ —22' =0, um x?2+4 y? —2z = const,

BAOAb KaAOH XapakTepucTHueckOd xpunoit. [Tosromy dyuxuusa P, = x? 4 y?—
— 2z — raxke uarerpan. Takum oO6pasoM, ¢yHkuua P; u P, 00pasylOT uHTE-
rpaabubili 6asuc (cM. m. 3.4)

0
lepsrie IBa U3 XapaKkTEPHCTHYECKHX ypaBHEHWH
X (ty=xz, yYO)=—yz 2Z{H)=y'—x
HaI0T HaM COOTHOmIeHue
yx'+xy’ =0, uam xy= const,

BIOJb KaXNOH XapaKTepHCTHUECKOfl KDUBOH; Bce Tpu ypaBHEHMf [alOT Ipyroe
COOTHORIEHHE:

. ow Ow 2 ow
(6) x2 yz T};—{—(y —Xx) —(E_O'

x4 yy +22"=0um 2x-+4 y2+ x2=const,
BAOMb KaWAOH XapakTepucTHYECKOH KpuBOH. [lostoMy Y, =xy H §y=2x |

+ y? 4 22 — unTerpans 1aHHOTO IHPPEPEHIHATLHOrO ypaBHEeHHs, o6pasymomue
6azuc (cM. . 3.4).

Kak noxa3elBaloT NpHBENEHHLIE NPHMEPH, HHOTLA MOXHO, YIadHO
KOMOMHUPYA XapaKTEPUCTHYECKHE YPABHEHHS, MOJAYYHTb HHTErPUPYeMYIO
KoMOuHauuio, neppoobpasHas KOTOPOH He 3aBUCHMT OT napamerpa f.

3.4. dynnamenTaapHas CHCTeMa HHMTerpanos; sagaqa Komm.
(a) Cucrema n— 1 uurerpanos

Yi(#), ooen P () ®)
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anddepenunanbuoro ypasHenus (1) B obnactu @ naswiBaerca gynda-
MEHMAABHOL CucmeMol RHTerpaaoB (UHmMezpasbHuM Oa3UCOM), €CiH
¢yHKUMOHANbHAS Marpuua (cM. n. 2.7 (8))

0(1‘71, L) wﬂ-l)
0(x1, .oy xﬂ) (53)

p kaxmo# nomobmacrtu obaactu ¢ umeer panr n— 1, T. e. ecnu Tam
no xpa#tueft Mepe oamu onpenenwuTenb (n— 1)-mopsanka xors Obl B ofHOH
TOUKE OTJMYEH OT HyJs.

B cuny uw. 2.7(8) B kaxmo#t mnomobnactn obnactu & Pynxuun
Prs - -0 Ppg MeXRY coOOH dynKuMOHAMLHO He3aBHcuMB. OGpartHo, u3
n. 2.7(r) caenyer, uro n— | ABaXAH HenpepuBHO AuddepeHunpyeMbIx
MHTErpajoB, He3aBUCHMBIX B Kaxao# nomobaactu, oOpa3yior B 06aactn &
uuTerpanbHbiit 6asuc.

Eciu ¢yHkuun (5) obpasywr B obaacti (9 wunrerpanbuoit Gasuc
auddepeHnnansHoro ypasneHus (1), TO MHOXeCTBO BCeX WHTErpaloB
ypasHenust (1) B 3TOH 00OMaCTH COCTOUT W3 BCeX TeX HEMPEepPBLIBHO Aud-
¢epenuupyeMex B & ¢QyHKunit, KoTophle (YHKUHOHANLHO 3ABHCHMBL
¢ QynkuuaMu (9).

OTHOCHTENLHO BBIpa¥eHHs JHOOro HHTerpaja 4epe3 HMHTErpajbHbIH
6a3uc B HEKOTOPOM XapaKTepHCTHueckOM noje cM. m. 3.6 (6).

Ecan (5) — ¢ynnamentanbHas cucTeMa WHTerpanoB ypasHenus (1),
L7 KOTOPOH (yHKUMOHANbHAS MaTpHLA (Da) B K a % I 0 # Touke obnacti ®
uMeeT panwr 72— 1, ¥ ecan P, ABaXIbl HempephLiBHO AHddepeHLHpyeMHl,
TO

n-1
mp=v§1 a,+a,

— N OoJMHB | MHTErpan B cMmbicae m. 12.1.

(6) Ecnn tpebGyerca nHalith wHrerpan ypasxenus (1), oGpawmamomuiics
Npu Xx;==§ B HEKOTOPYI LaHHYID GYHKUUIO ©(X,, ..., X,) (3adaxa
Kowu) npu ycnoBud, 4TO M3BecTeH HMHTerpaibHuf Gasuc (5) 3T0ro ypas-
HeHWsl, TO PAa3bLICKMBAIOT HENPEepHIBHO AH(depeHunpyeMylo  (GyHKUHIO
Q(uy, ..., #,_;) TaKy0, uTOOH

QW vy Yp)=00(xg, ..., x,) Aaa x;=_E.
Torza (ecm. 1. 3.1)
V) =20 (1), ... Yoy (1)

€cTh uHTerpan tpebyemoro Buia (cp. ¢ m. 2.5(r)). DToT MeTod MOXKeT
ObTL TaKke WCNOMb30BAH IS YLOBJIETBOpeHHs Gonee OOLIMX HAuadbHBIX
YCNOBUH.

Ecau B npumepe. 3.3(6) tpebyercss Haiitm umHTerpan @ (X, y, z), NpHHH-
Mawouui 3HaYeHue

w(x, y, 2)=y?—2% nmpu ==y,

3*
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To ompexeasior dysxuuio L (z, v) TaK, 4TOOH

Q(py, Po) =y2—2? mpu x=y,
T. €.

Q(u! U)=)’2—22 njas u=)’2: ‘U=2y+y2+z2- (*)

Ecau paspelnTh MOCJASAHHE NBA YPABHEHHA (%) OTHOCHTENbHO Yy M 2 U NMOACTA-
BHTb PE3yJbTAT B NEPBOE yPaBHEHHE (), TO MOAYUHTCA BHIPaXeHHe AJi (QyHK-

nua
Qu, v)=2@w=xVu)—uv.
Mrtak, uckoMbifi uHTerpan aas xy > 0 uMeer BHUR
w(x, y, 2) =0 Wy, b)) =2 (xy = Vixy)—2x—y2—2%

3uakKu -+ na — Tpebyetcs 6paTh B 3aBHCHMOCTH OT TOTO, MOJOXKHUTENEH HJIH OT-
pHIATENeH Y.

3.5. Peaykuus ypaBHEHMS B cJy4ae, ecJM M3BECTHH 4YacTHHIE
uuTerpadbl. Ecan yxe nafiienbl HeKOTOpDble YaCTHBIE WHTErpajsi Aud-
¢depeHLNaNbHOrO ypaBHeHHs (1), TO ero MOXHO CBECTH K YPaBHEHMIO
¢ MEeHbUINM YHCJIOM HEe3aBHCHMBIX INepeMeHHBIX.

(a) Mycts B obGnactu (¢ wussectHo k < n— | MHTErpajsoB ypaBHe-

uug (1):

B oo Y, (6)
¥ nycTe B 9TOH 0o0aacTu QYHKUHOHA/bHBINE OMpeneuTeNb

0(“’1; ey "pk)

Temr R (6a)

IlpeoGpasoBaHyeM He3aBUCHMbIX INepeMeHHBIX
=P1(Xn oo X Y= (Xr -l Xp), )
Yet1=Xps1s oo Y= X%,

o6nacte & orobpaxkaercs B3aMMHO OAHO3HAauHO!) Ha obaacte & (yy, ...

...y ¥,). llpu stoM dyukumu f,,, ..., f,, KOTOpBIE 3aBHCENH OT X,,
nepeitayr B ¢yHkumn f, .4, ..., f,, 3aBUCAIIME OT Y,.
[Tocne 3ameHbl moOJydaeTcss ypaBHeHHe

- 0

Vor ¢
Y A s 9 g =0 ®)

0yy

v=Ek+1

OTHOCHTEJbHO (YHKUUM §, NpHYEM BAECH Yp,q, ++., ¥, — HE3ABUCUMLIE
nepeMeHHbe, a Yy, ..., Y, — Napamerpr. Ecmm

Vo1 s eoen Yoo oven Bpy (Vs v ees V1) )

!) BsauMHas OXHO3HAYHOCTb BHITEKAeT u3 ycaosus (6a).
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— yurerpasisl ypasHenus (8) B J, xoTOpble 10 BCeM CBOMM apryMmMeHTam
uMel0T HeMpephIBHble YacTHble MPOU3BOILHBIE M JI KOTOPHX B 3TOH
obnactn gkoOuaH

0 (Wit v Y1)
O (Vi1 vees Yot + 0.

10 GYHKUMH Yp.1, - .., P,_;, NOAydawomuecs u3 ¢pyuxuuit (9) npeod-
pasoaHueM, obOpartueiM K (7), BMecTe ¢ ¢ynkuusmu (6) obpasyior B &
uHTerpanbHuIfl Oasuc ypasueHus (1); LpyruMH CJOBaMH, BO BCeX TOYKax
obnactu @ axobuan

O+ Ynt) g

O (Xys «vvy Xy
Ilo noBoRy peayKuumu NPy MOMOLIM MYJbTHIVIMKaTOPOB cMOTpH m. 3.8.

ow ow ow
) Npumep. —E—-}—szy———xy?—.O.

Bropoe u TpeTbe ypaBHEHHS XapaKTEPUCTHYECKOH CHCTEMBI
!

‘=1, y =uxz =Xy

JA10T HaM CoOTHOueHue yy’ - z2’ == 0, KOTOpOe MoKashiBaeT, 4T0 y2 - 2% = const
BLOJb xamloﬁ XapakTepucTnueckoi kpusoii. Takum o6pasom, B cuay n. 3.2 (6)

P = y2-- 22 — unrerpan.
Crenaem, nanee, saMeHy NePEeMEHHEIX (eMm. (7))

Xx=x y=y242 z=2z
TpH STOM NMpeo6pasoBaduM NOAYNPOCTPAHCTBO y >0 B3AUMHO OJHOIHAYHO oto-
GpaxaeTcd HA BHYTPEHHOCTb NapabOJHYECKOrO UMIHHApA y > 2%, TIpHYEM TaM
oy

dy = 0. TloaToMy MOXHO NMPHMEHHTb M3NOKEHHBLI B (a) METOR.

YpaBuenne (8) B nauHoM cnyqae npuunmaer BHI
Z-FVi—aZ o @

€ro XapaKTepHCTHYSCKOE ypaBHeHHE (CM. II. 2,6)

(Y — napaMeTp) HeMeJNeHHO HHTErpupyerTca pasjieleHHeM nepeMeHHbX. Pemas
€r0, HaXONUM HHTErpaj ypaBHeHUs (*):

- -
Arcsin _z__+ = X2,
=12
y
B cuny n. 3.1, cunyc sroit (bnyunu——CﬂOBa uHTErpar T. e.

P = cos———|— l/l——sm-f—z-
1/ 2

€CTb pelleHHe YPABHEHUA (%).
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BosBpamadch K nepeMeHHbIM X, ¥, 2, NOJyyYaeM HHTerpas jas IepBOHaualb-
Horo AuddepeHIalbHOrO ypaBHEHUS

1 .ox? x?
= [y sin — - 2 cOs —].
v Vy? 422 (y 2+ 2)

Coraacho n. 3.1, mo6aa HenpepuBHO AnddepeHuupyemas QyHKkUMA HHTErpaJos
P M P, — CHOBA MHTErpaj; B YaCTHOCTH,

— Cox? x2
‘Pz=1l7V1P1=)’5“‘7+2C05_2"

— TaK}e HHTerpaj HcXoaHoro IuddepeHuualbHOro ypaBHEHHS.
Pyukupu Py, Py, KaK JErKO MOXHO MOKa3aTh, oO6pasywT BO BCEM NpPOCT-
PaHCTBE HHTErpaJbHb 6a3uc nAaHHOro avpdepeHuHasbHOro ypaBHEHuUS.

(8) Ilna mpakTHuecKoro BHuMCJeHHS ynoOuee apyras (popMma pelyk-
HMOHHOTO MeTojJa. Mbl pacCcMOTpUM €e HCMO/b30BaHMe HAa TOM Xe
npumepe, uyro u B (0).

M3 xapakrtepucTHueckux ypaBHeHu# OblJO HalAeHO, 4YTO y2+z2=cf s
Ka¥J0H XapaKTepHCTHYeCKOH KpuBoOH, T. e.

y=V c";——z2.

Janee, u3 NepBOr0 XapaKTEPHCTHYECKOrO YPAaBHEHHS MOXHO NOJYUHTH f = X.
Kicnoabays 37O, nepenuiieM TPETbe XapakTEPHUCTHYECKOE ypaBHeHue B hopme
YPaBHEHHA C Pa3LeNSIOLUMHUCA NepeMEeHHbIMAU:

» 2 =—x ch-——zz’;
cllel0BaTeNbHO,

.2 x2
Arcsin-——+ 5-=c¢;
Cy 2

BIOJAb KawJOH XapaKTepuCTHUeCKOH KpuBOH, T. €. yHkuus

2
¥ (x, y, 2) = Arcsin ——e—— -} ““?

Yyt 22
TIOCTOSIHHA BHOJAb KAXAOH XapaKTepuCTHUecKoH kpuBoii. [lostomy ¢* — unrerpan
nannoro auddepenuuanpHoro ypasHeHus. Bmecre ¢ {* uHTerpaioM sBasgercsa u
dyuxuus :
. 1 . ox? x?
P==siny* = —:(ySIn—+zcos——),
Vy -+ 22 2 2

HalineHHas pausie B (6).

n
8.6. YacTumit caywait: p+ X f, (%, ¥)gy=0. Ecin mekoropsift
v=1

ko3¢ duuuent ypaHeHus (1) Bo Bce#i paccMaTpuBaeMo# obsactu He 06-
pauiaeTcs B Hysib, TO TOCIe JeJeHust BCeX 4J/eHOB YpaBHeHUst Ha 3TOT
KO3 GHUMEHT W HeCYLIeCTBEHHBIX NpeoOpa3oBaHMM MOMHO NpUBECTH
Inddeperunanbioe ypasHenue (1) x BuURY

p+V§I fy(x, »g,=0, - (10)
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dz 0z
31ech =z (x, y)—uckoMas ysxuus, p=-07, g, = ye ay
v
03HauyaeT BEKTOD C KOMIOHEHTAMM Yy, ..., ¥,. CoorsercrByiouiad ypas-
sennio (10) xapakrepucTudeckas CHCTEMa BHITJANWT TaK:
/
&)= 7f,(x. ¥ v=1, ..., n). ¢8))
B stoM nydxre ot kosdguuuentos f,(x, y) Mo Oynem TpeGoBath,
4TOOLI OHM MMEJIN HETIpePhIBHEIE YACTHbIE IPOU3BOLHBIE 10 Y, N=1, ..., #,

B obnactu ®(x, y).

(@) OcHoBHas TeopeMa cymecTBOBaHHUA. [IpH Ha3BaHHBIX
TIPEANO/OKEHNAX XapAKTePUCTHUECKHe OYHKUMH @, (x, &, Wy, ..., 1,)
cucrembt (11) umeior!) B cBoet 00/4CTH CYLUECTBOBaHUS HENPEPHIBHBIE
yacTHbIe MPOU3BOAHLIE MEPBOTO MOpPAAKA TO BCeM # + 2 apryMeHnram u,
cornaco Jlunnenddy, yAOBIETBOPSIOT ypaBHEHUIO

99, O a9
0—§+v)=1fv(a, Mo oo 1) g =0,

fipuueM
o(q)lv L) ‘Pn) 0
a(nh "'!nn) > )
ﬂpu ¢)HKCHp0BaHHOM Xy OTH XapaKTep“CTH‘leCKHe (pyHKl.lPlH
Ve (X0 Yo v oes V) =@y (X0, %5 Y1 -0y Yn) (12)-
k=1, ..., n)

o6pa3yior HHTerpatbHeft 6asnc audpdepeHunanssuoro ypasuenus (10)
B Kawnoft 06nacTH, B KOTOPO# 3TH (PYHKUMH CYyLIeCTBYIOT 2).

Ecmu | — oTKpHTHH CBASHBIA KYCOK IJIOCKOCTH X == X, LeJHKOM
aexawu B &, to obnactb cywecrsoBanua G (I) ¢yukumit (12) (asasio-
wasca nonodaactelo obaactu @), koropas o00pasoBaHa TNPOXOASIIMMHU
yepe3 [ WHTErpaJbHLIMM KPHUBBIMH cucTeMbl (11), HasuiBaerca xapaxme-
pucmuseckum norem ypasHenus (10).

(6) 3axauwa Komu. B 3anave Kownu tpeSyercs mality wHTerpan
z=1\(x, y), NpUHUMAIOIIMHA HA IJIOCKOCTHS) X == X, 3alaHHOE B3Haye-
Hue 0 (P), T. e. P(xp Y)=0).

Ecmm xapaxrepucrrnyeckue ¢yukuuu (12) ynosaerBopsior B 006-
gactu G (I) wepasenctsam A, < ¢, < B, ¥ ecam ¢yHkuna o (y) Hempe-

puBHO muddepennypyema ana A, <y, << B, (v=1, ..., n), 10 B 06-
aactu G (I) cylecTByeT elMHCTBeHHOe pelleHue 3anayu Kouim, a uMeHHO:
V(X =0@ (X X P - (X X, 9))- (13)

) [Cm. KaMke, ctp. 59. — lTpun. ped.]

?) Boxece ofwyio TeopeMy CYIIeCTBOBaHHS, KOrjaa kosgduuueHT ypasue-
HHS 3aBUCAT ele ¥ OT MapaMeTpa, cM. B I 4.3.

3) [ABTOp HasmiBaeT 9Ty miaockocts Normalebene. — [Tpus. ped.)
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Jlerk0 yCTAHOBHTH aHAJMTHYECKH, YTO Tpasasg uacTb paBeHcTBa (13)
HenpephiBHO JupdepeHnupyeMa mo x M Mo Y, U @, (Xg, Xg ¥)=Y,»
a HOTOMY TpaBas 4acTb 3TOTO PABEHCTBA X==X, MPHHUMAET 3HaueHue o (y).
[eoMeTpHyYeCKM MHTErpajibHYI0 TMOBEPXHOCTb MOXHO MOCTDPOUTH TAK: NMPO-
BOJST yepe3 KaXIyIO TOUKY HayaJbHOH TOBEPXHOCTH

(X0 Mps =+ s M E=0( ..., M)
XapaKTepUCTUKH
yv:q)v(x’ xOs np O] Tln) V=1, PRI (Y (14)
z2=oMy ..., M)

U uckmouaor 1,. Iag sToro us mepsuix 7 ypasHenu# (14), onpenensio-
HMX XapaKTepHCTHYECKUe KpHBbIE, HAXOMAT

nv:(Pv(xO’ X yl’ R yn)r
4YTO MOCJe NOACTAaHOBKM B mocJeiHee ypaBHeHMe (14) kak pas H naer

cootHoueHue (13).
ITycte & — mojocal)

a<x<b —oo <Y, vus ¥, <00,

Of v
oy,
ABISICTCA TJOCKOCTHIO X=X, & < Xy<b, 10 G(I) cosmapaer ¢ (§.
B 3ToM cayuae MOXHO 3ajaTh 3HAYEHHE HHTErpana Ha HPOUBBOJLHOMH
IIOCKOCTH X = X3 @ < Xo<b, m oH Oyler OIHO3HauHO OmNpeneseH
BO Bceft nonoce (§.

(B O cymwecTBOBaHMM HETPHBMANbHOTO HHTerpana
B npon3dBonbHo# ob6mactu. JHna mubdepeHunansHoro ypasue-
Hus (10) Bo Bce# oOmacTn (9 MoMeT He CYLIeCTBOBATb HETPHBHAJLHOIO
uHrerpana. C Apyro#l CTOpOHH, MMeeT MeCTO Cjelyiollas TeopeMa cyuie-
CTBOBAHHUA 2): )

[lycrs dyskumn f, (x, ) (v==1, ..., n) orpanuueusl B ®&(x, y)
H, KpoMe TOTO, HMEIOT TaM HeBPEPLIBHEIC YAaCTHbIE MPOM3BOAHLIE MO Y.
ITycts @ ~— Hmkuss, b — Bepxuaa rpauu (cayyaun @ ==-—00, b=- oo
nonmyckawresa) abcice x Touek (x, YE®. Toraa B Kaxao# nompol-
nacti ¢ obaactv ©, npuHaamexamed OTKPHTOH moJsoce

a<lx<b, —ocoyp v ¥, <400,
cyitecrsyet ais ypasrenus (10) unrerpambueitt 6asuc P, (x, y) (v=1, ..., a),
L1 KOTOPOro Bo Bcel obnact & QyHKUMOHANBHHA oONpesenuTelb

0(‘#’1, "'71])”)
Ty

U nycTb Bce QyHKUMH f,, MM orpannyenst B . Torma ecmu 2

1y Cayuau @ = — 00, b = -} 0o nomyckawrcs.
2) Cu.-K am ke, Jahresbericht, DMV, 44 (1934), ctp. 156—161.
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3.7. Pemenne 3agayu Komwu,
(a) Ilas znddepenimanpHoro. ypasnenns (1) B obuwem cayuyae Her
TeopeMbl CYLIECTBOBAHHA, AHAJNOTHYHOMR Teopeme m. 2.8 (B).

[TlpuMep. paCCMOTpHM ypaBuenue (cM. 4. 1, 3.45)
ow ow ow
2 2 2 2 =
(P4 =Dxtyl =+ Py =1y —4] 3y +2z—-=0.

B oanocBszHo# o6aacth &, moayusaiomedics U3 x, y, 2-NPOCTPAHCTBA HCKJWYe-
uueM Touek 2 <0 ocu 2z, xoadduiuents nudepeHUUPYEMBl CKOIBKO YTOAHO
pas H HUIE OJHOBPEMEHHO He ofpautaioTcs B Hyab. Ho xawpnas obaacTts, co-
Jepkaias Xxapaktepuctuky x2-}-y?=1, z==0, umeer moxo6aacrb, B KOTOPOH
1060 HHTEerpan 3afaHHoro JuddepeHnHasbHOr0 yPaBHEHH S IBASETCA KOHCTAHTOM.

(6) OG6o6uiennas 3anasa Komm (3amaua ¢ HayaJbHBIMM ITaHHBIMH)
COCTOMT B c/eAymoueMm: TpeOyeTcs HailTu uHTerpana ypasHenus (1), ko-
TOPLIA NPHHUMAET 3a4aHHOE 3HaueHHe

. 2=u(ty, ..., t,_) ; (15)
B8 o0mactd §(r), 3anaHHOM NapaMeTpU4eCKH
xy=u,(t, ..., t,_1) v=1I1,..., n

3amaya paspemiuMa NpH CJELYIOWMX Npennonoxenuax !). Paccmorpum
Ko3pdunmenter f,(#) B obnactn G (r), u myctb QyHKUMA a4, M u He-
npepuiBHO  auddepenuupyeMet B ob6nacth  H (¢, ..., t,_;). Touku
obnacTd ( ZOMKHB npuHaajgexarb &, a B obnactu H onpelemurens’

filay ooy oo, falug, oo, uy)

ouy 9y

o T T ok + 0. (16)
Ou[ au”
Opy’ "7 77 Oy

Yepes Toukd OGMACTH § MPOBOIAT XAPAKTEPUCTHYECKHE KPHBHIE 2)
X, =@, (f, T, uy, ..., u,), v=1,...,n, (17)

KOTOpHlE ONpele/AT XapakTepucTuueckoe nose (G (H) B obnactu .
Ypasnenns (17) u (15) nawor (B napaMeTpuduecko# ¢opMe) HCKOMBIR
uHTerpan B Kawao#t tako#t wactu G (H), xoTopas comepxur obracte

1) Cm. Kypaur, crp. 78—83. Tam xe uccaenyercs cayua#, Koria ompe-
Jeauteab (16) obpamaercss B Hy.Jb.

2) Iockoabky mpaBble YacTH XapaKTEPUCTHUECKOH cHCTeMbl (2) He 3aBUCAT
OT £, moJyuaeM Clelyioliee BhpaKeHue 1A HHTErpaibHOH KPUBOH 3TOH CHCTEMBI,
Tipoxojfmen npu f =T uepe3 Touky (&, ..., &,):

vl T B =y (E—1, 0, &, ..., ), v=1 ..., 1

{cm. Kamke, ctp. 59 u 67). B nanpueiimem apryment 0 Mb or6pachiBaeM u
fpunumaeM 1v=0.
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U B KOTOpOR paspeweHve ypasHeun#h (17) naetr £, ¢, ..., £, Kax
HenpepHBHO MMbdepeHuupyembie GyHKUHH OT Xy, ..., X,. B cuay (16),
3TO 3aBeIOMO BO3MOXHO B JLOCTaTOUHO Maso# oxpecTHocTH obmactn .

3.8. Muoxurean SAxo6u. Xorsi oO6bUHO Teopusi MHOXUTesdeH Fkobu 1)
paccmatpuBaeTcd AJs AuddepeHunanbHoro ypasHenus (1), TeM He MeHee
NPeANoaaraercs, 4To OAMH U3 KO3 (UUUMEHTOB STOr0 ypaBHeHus He oOpa-
waerca B Hyab. [losToMy c camoro Hauyajna Mul OyldeM 3aluChIBaTh pac-
cmarpuBaeMoe ypapuenue B ¢opume (10).

Henpepuisuas u #e o6pauiaiolascs B Hy/b B HekoTopofi o6nactu & (x, y)
oyukuus M= M (x, y) HasniBaerca MHodcumesenm Srobu nuddepe-
unanbHoro ypasHenus (10), ecam CyllecTBYIOT HempepulBHO HupdepeH-
uupyembie $yHkuuMu P, (x, ¥), ..., P, (x, y) Takue, uro A% nw0OOH
HEMpepbBHO IHddepeHIUpyeMOfi GpyHKUNN Z (X, ¥) CHPaBelINBO PaBEeHCTBO

ldz nﬂ 0z l 0(2, ¥y, o0y Pp)
Mﬁ'ﬁ;—l“\%fv(x’ 'v)a}’_vj}:a(*‘% Yo "-:y"). (18)

Jlerxko y0enwnTbCd, 4TO
M—_—- o(q’h v ey \Dn)

Oy -oe Yn) ' (19
a ¢ynxuuu P, obpasyiorT uuterpanbubifi 6asuc ypasnenns (10). O6patHo,
sxobuan (19) ana xaxaoro uHrerpanbHoro 6asuca ¥, ..., Y, aBagercs

MHOXHTeeM SlkoOu ypasnenus (10), T. e. BepHo ToxmectBo (18).

BHe 3aBHCHMOCTH OT 3HAHMS HHTErpajbHOro 6asuca MOXHO cdopmy-
JAUPOBATL CHEAYIOIIHE NpeAJOXeHHA O MHOxHTese $lkoOM nnddepeH-
unanpHoro ypassenus (10).

Ecau xoadduumentst f, (x, ¥) B o6nactu @ (x, y) HenpepuiBHO AKd-
¢epeHunpyemMsl 10 y,, TO yCIOBHe

' |

oM N OMEY _

7)7+21‘_a§v——° 20y
ve ’

ABASETC HEOOXOLMMBIM JJIS TOro, uToObl HempepnBHO andpepenunpye-
Mar B ® ¢yuxkuus M (x, y) 6bi1a Tam MHOxuTeneM flkobu ypasHenus (10).

O6parHo, ecan Kod¢duuMeHTs f,, BO BCeM X, Y-NPOCTPAHCTBe Orpa-
HHYEHbI, HEMpPephHIBHBL W 1O y, ABANKIBl HElPepPHBHO AUddepeHunpyemsl,
TO mobasi, BCIOLY HenpephiBHO AU depenunpyemas dyuxuns M (x, y)==0,

") Cwm., Hanpumep, Serret-Scheffers, Lehrbuch der Differential- und
Integralrechnung, Bd. III, Leipzig und Berlin, 1924, a rtaxwe E. Kamxe,
Journal fiir Math. 161 (1929), ctp. 195—197. TloCKOAbKY MHOXHUTENH (MYJAbTH-
mMKaToph) flko6u He HMET 60JbUIOro 3HaueHus 1asd (PaKkTHUECKOro pelleHns
IuddepennuanbHoro ypasHeHHs (1), MBI OFPaHMYHMCH 31€Ch JHIIb HECKOAbKUMH
2aAMEYaAHUAMHY.
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yAOBJMETBODAIOWAA CcooTHOoWweHUo (20), sABAseTca MHOxHTeleM SkoOu
ypaeuenuss (10). B uactHocTH, eciu KO3QQuUMEHTH f,, HenpepHBHO
nuddepenunpyemr B obnactn @ no y, u ecam B HEKOTOPOM XapakTe-

puctnueckoM none G (f) ypasneuns (10) BbINOJHSAETCA PaBEHCTBO

O 0
O
9y o,
dyy
v=1
10 ypasHenue (10) umeer B G (!) muoxwureas Skobu M==1.
3uanne MHOXHTeneHt $lkoOM MoxeT OBITH HCNOAB3GBAHO AJA HAXO-
WAEHHS TNOC/eIHer0 HeLOCTAIOIEro HMHTErpana B MHTErpanbHOM Gasuce.
HeticreurensHo, nycTob !) ans ypasnenusi (10) uaBecren n— 1 wHTerpan

oWy, ooy Yo
L v =

M(x,y). Beenem HoBble mepeMenHbie (cp. ¢ m. 3.5 (a)):

% 0 u wmHoxurean $Hxobu

Z(x, )=2(x,y. x=x,

V=016 e Y1 =V (£, ), V=V

Torla IudgepenunansHoe ypasHenne (10) npumer crneuuasibHHR BuL
oz — = oz
—-—_—.+g(x, y) —=0.
ox 0yn

CooTBeTcTByIOlee XapaKTepHUCTHYECKOe YpaBHeHHe

Yo%) =g (x, y)

(Vi -+ +» Yn—1—T3DAMETPL) HMMeeT MHTErpUPYIOMA  MHOXWTeb 2)

M. o(lpl' ey "37”—:)

) a(yl’ oy yﬂ—-l)
ypasuenue (10) MoxeT OHITb pelueHO KBanpaTypamu.

. Takny 06pa3oM, OC/Ie BBeZIeHUs HOBBIX lEPEMEHHEIX Y,

3.9. Meroan pemenus. lmeloTcs ciaeaylouMe MeTOIH pelleHHS
ypasuennsa (1):

(a) Hsyuenue .MHTerpaibHBIX MOBEDXHOCTeH MNOCPeNCTBOM XapaKTe-
puctux (eM. 1. 2.4).

(6) TTonyuenne OTHENbHHIX MHTErpajoOB HWIM HHTerpaibHOro ©6aswca
nocpeICcTBOM KOMOMHUPOBAHHS XaPaKTEPHCTHYECKUX YpaBHeHuH (cM. 1. 3.3).
Ecau Hafined oauH uau Gojiee He3aBHCHUMBIX MHTErpanoB, TO, B CHIY
n. 3.5 (a), auddeperHunaibHOoe ypaBHeHHE MOXHO pelyuMpoBaTh K ypas-
HEHHI0 C. MeHbIUMM UMCJIOM He3aBUCHMBIX NepeMeHHbIX. MHoraa mas
nojiyyeHns IOJHOCO MHTerpasbHoro Gasuca ylaeTcsl BOCIOJb30BaThCA

) ToyHble NpennonOMEHHUs 3fechb He (OPMYJHPYIOTCA.
2) Cm. Kamxke, c1p. 52 .
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MHOXUTeaaMH flxoOm (cm. n. 3.8). M3 unrerpansHoro Gasuca MoxHO,
corjacio M. 3.4 (a), MOJMYYNTb BCe HHTErpaJH.

(B) Ecam rtpebyerca onpeneiuTb HHTErpan ¢ JNAHHBIM HAYATbHLIM
3HauenneM (3azaua Komm), TO MOXHO, eC/M yXe M3BeCTeH MHTErpaabHbil
6asuc (MM TaKOBOH MOXeT OBITb Jerko HallleH), NOCTYmarh MO MPH-
Mepy m. 3.4(6). M0xHO BOCHO/L30BATbCH Takye MeTonoM mn. 3.6 u 3.7
(npumepsl cM. B mm. 2.6 (6), 2.6 (8), 2.8 ()).

(r) HUcnonbzoBanve pasnoxenu#t B paaws (cm. m. 2.9).

(n) Ecny Hu omMH W3 YKA3aHHBIX MeTONOB He BeleT K UeJH, B CHIy
HEApPEONOMUMBIX AHAJUTHYECKUX TPYIHOCTel, TO MOMKHO XapaKTepHCTHue-
ckne ypapHenusi (2) wm (11) pemath npuOnamKeHHLIMH METOLAMM, a 3aTeM,
UCNOJb3YSl HayajbHbie YCHOBHA, MNONYUHTb NPUOJMXKEHHOE YMC/AeHHOE
pelieHHe NAHHOT'O ypPaBHEHHSl C YaCTHHIMH NPOW3BOJHBIMH.

§ 4. O6mee auneiinoe ypaBHeHHe: é{f" A)p,+LH ) 2=Ff(r)

4.1, Onpepenenus. Ob6uee (neodnopodnoe) suneiinoel) Ougbgpe-
PEeH{UAAbHOE YPGBHEHUE B8 HACMHBLX NPOU3BOOHBLX NepPso20 NOPAOK®
045 00HOU Heu3gecmHol Byurfuu 2==2(Xy, ..., X,;) OT N He3a8u-
cumolx nepemernsix vMeet Bufi (cM. m. 1.1)

PPN »x,,);‘jf—v—i-fo(xl, e X Z==f (% ey x) (1)

v=1
UAH, WCTOJb3YH COKpalleHHble OO003HAUEHHSI pvzgf- U r BMeCTO
v
Xiy oees Xp
n‘\
2SO Pyt fo) 2= @), (12)

Mpb OylzeM HasbBaThb JMHEHHGE YpaBHEHHe YKOPOUEHHbIM ?), ecau
f()=0. Oro ypaBHeHue OyleT Ha3bLIBaTbC OOHOPOOHBLM, €CIH, KPOMe
toro, fo(r)=0 (cm. mn. 1.1 u 3.1). _

OueBHAHO, BEpHH ClenyiOLIMe MNperJOKeHus: ecan Py (#), P, (r) —
moObie 1Ba pelieHus ypasHenns (1), To 2=\, — P, — pelleHHe COOT-
BETCTBYIOILETO YKOPOYEHHOTO YpaBHeHHs; eciu Y, — kaxoe-1ubo pele-
Hue ypasHenus (1) w ecau P mpoGeraeT BCe pellleHHs COOTBETCTBYIOLIETO
YKOPOUEHHOr0 ypaBHEeHHS, TO 2z ==y~ npoleraer Bce peulieHus ypas-
Henusa (1).

1) {(Usorma, BmpoueM, JAuHEHHBIM HEOIHOPONHEIM YDAaBHEHHEM HA3LIBAIOT
ypasHenue thna § 5 (1); cM., nanpumep, CrenaH oB. — ITpum. ped.]

?) Vnorpa moj yKOPOUEHHBIM ypPaBHEHMEM IIOHHMAlOT OJHOPOAHOE ypaBHe-
Hue B 0oJiee Y3KOM CMELICJAE.
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4.2, Crenénne obmero JHHEHHOTO YpaBHEHUSI K OAHOPOAHOMY.
(@) Cpenénue x (n—+1)-uneHHOMY ONLHODPOAHOMY ypaB-
nenuno. ITockoneky ypasuenue (1) gBaseTcd YaCTHHIM CliyyaeM KBasH-
auneinoro fuddepenunanspuoro ypassenus § 5 (1), owo, coraacuo n. 5.4,
npuBoguTcs K (n-}- 1)-uneHHOMY JnHEHHOMY OLHOPOILHOMY YPABHEHHIO

D fo Ogge 1 (1) — Fo(r) 21 5= 0.
v=1

XapaKkTepuCTHYECKUE YPABHEHHUSA
{ x;(t)=fv, v=1, ..., n,
ZW=f—2zf

STOTO TOCJENHEr0 HA3BIBAIOT TaKKe XAPAKMePUCMULECKUME YDABHE-
nuamu ypasHenus (1). Ecny nepsbie 72 3THX XapaKTepUCTHYeCKUX ypaB-
HEHU# paspellleHbl, TO pelleHUsl NOCJAENHero ypaBHeHHs HaxoAsTcs KBax-
paTypamu.

(6) CBeneHve K n-41eHHOMY ONHOPDOILHOMY ypaBHe-
HU 0. JTO A-UNeHHOE JIHMHEHHOe OJHOPOLHOE YPaBHEHHE HMEeT BUL

n

27y py=0. | @
B cootserctBun ¢ § 3 nas ypasHenus (2) B obaactu @ () Moxer OHTbL
TIONy4eH MHTerpaibHbil Oasuc ; (#), ..., P,_;(r). Ilockoasky B 00-
nactn G (r)

0('431, e vy 1|Jn-1) gé 0

0(Xgy vuey Xp_y)
To mocse npeobpaszobauus (cp. ¢ n. 3.5(a))
=P #), ooy Ypo1=1,_1 (1), Yp= X, 6)]

o6nactb ® (r) B3aMMHO OIHO3HAuHO OToGpasuTca Ha o6macTh ©(y),
a uHTerpannl ypasHenus (1) OyayT HempephBHO IugdepeHLypyeMEIMH
no BceM y, ¢yukuusmu 2 (r)={_(y), yroBreTBOpAIOWNMYA AupPepeH-
UMaJIbHOMY YDaBHEHHIO

EaNEy,+LNE=g () 4

suech g, Lo & — OYHKUMH, NOJyuYeHnbie npeoOpasoBanueM (3) u3 f,,
foo f. VYpasrenne (4) — OOHIKHOBeHHOE JMHeHHOe HEONHOPOXHOE IH()-
¢epeHUnanbHOE YpaBHEHHe [IepBOrO MHOPSAKA C HE3aBUCUMOM MepeMeH-
HO# y, W MapameTpamMu ¥, ..., ¥,_; OHO MOKeT OBTb NPOMHTErpHU-
pOBaHO B KBAaJpaTypax.
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Takum oOpa3oM, B nepeMeHHHX (3) JseBas vacTh YypasHeHus (1)
HMeeT BHI

n n:-I n
YA ptfoz= 2L, Ve, ek, ek
v=1 k=1 v=1

npuyYeM BHYTPEHHA CyMMa Chpasa [0Cje onpeleneHus P, UMeer 3Haue-
HHE HYJb.
OtMernM, uyro 002 Merona (a) M (6) CBOIATCA OAMH K APYromy.

4.3. Teopema cymecTBOBaHHA H eIMHCTBEHHOCTH., Takas Teopema
BepHa B 1eJOM B HEKOTOPOH ompele/eHHOH oO0JacTH JMIIbL B Caydae,
KOrIa OZMH M3 Ko3dduuuentoB f, He obGpaumaercs B Hyas !). Toraa
MOXHO, pasje/]uB BCe uJieHbl YPaBHEHHA Ha 3TOT KO3((HUUUEHT, NoJy-
4ATb YPaBHEHHe, MUMelollee OAMH KO3(d¢uuuent, pasHbd enunuue. Cuu-
Tasd, 4YTO KO3(pQUUHMEHTH 3aBUCAT ellle W OT Mapamerpa (Takue ypaBHeHUS
MHOIZa BCTpeYaloTcd; CM. n. 6.4), MONKHO 3amucaTh UCXOILHOe ypaBHeHHe
B Bule

%i-—{-}]fv(x, ¥, l)%iv——]—fo(x, A z=f(x, 9, 1), ®)
v=1

agech y o3HauaeT Habop Y, ..., ¥, a A—mHabop Ay, ..., A,.
[Ipeanonoxenue. B obnactu

a<Lx<bY, —co<LYy, . ny Yp< 400, AyLA <AL

¢oyHkunn f (v>> 1) npu KaxnoM (UKCHPOBAHHOM A OTpaHMYEHHl, a BCe

fy u f wHenpepoBHb. J[lanee, YacTHHE NPOU3BOLHEIE gﬁ" , %’L
‘ B ®
(v=0,1,...,n)mn of  of CYLUECTBYIOT, HelpepuBHH U k—1 pa3

Oy, ' Ohy
(k> 1) nempepuiBHO AMbdepeHIUpyeMbl - MO BCeM CBOUM m1 -+ n—- 1
aprymentad. Hakonen, paccMorpum B 06aacTu '
—00 <L Yy e Ya <00, A< Ay <AL

k pa3 HenpepblBHO IH((epeHUNPYeMyl0 N0 BCeM M~ 1 apryMmeHTtam
GYHKUHID © (Y, A).

1) CM., oxHako, m. 5.6 (6) ana n=2.

?) B sToM nepaBeHcTBe oxuH uau 00a 3HaKA PABEHCTBA MOryT OBITH omy-
LIEHbl; CAyYan @ = — o, § = - 00 He HUCKJIUATCA.

%) 31O mMpeanoJAONKEHHE MOXHO 3aMEHHTh CACAYIOUIMM: NPH KawAOM (HKCH-
v

k

POBAHHOM 3HA4YE€HMH A YacTHbIE IIPON3BOJHBIE

dy (v > 1) orpaHnuens.
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YrBepxAenne. Jag mobux § A M3 HHTEPBA/OB
e <E<h A< I < ALY

ypasHenne (5) umeeT B obnactu
aLx<Lb, —ooLy, on, Y, <+

€IMHCTBEHHBIR HHTErpan

z=10(x, ¥ & N

¢ Haya/bHBIM 3HAYEHHEM

PE ¥ E M=o .
StoT uHTErpaa R pas menpepuBHO AnddepeHnnpyem no BceM m -+ n + 2

aprMeHTaM.
Ecau
yv=(pv(xv g' nlr LS ] nn’ )‘)! V=1- ey 1IN
— XapaKTepUCTHYECKNE (PYHKUHU %) CHCTEMDI

yx)=f,(x. 9%, v=1,....n 6)
TO MnapaMeTpuueckoe NpeacranjeHUE UHTerpana TaKoBO:
yvchv(x- g: nlv veey nn. )\), V=l, R (D
l . l
2=3'F°iﬁ)(n1- ¢ ooy ﬂm }‘)+ff(x» q’ls e0 ey (pn’ )‘)eF‘dxi»
£

rae

X
Fo=Fy(x, &, M «vvy M l)=ff0(x, Qs vovs Pp N dx—
%
uspectHas Qynxuus 3).

4.4, HepasencrBo Xaapa. Ilyctb B obnactu G, omnpenenseMoit He-
paseHcTBaMH %)

E<x<e a4+ A —)<y, <By—A(x—E), v=1,....n
By —a, >2A(c—¥§),

') Cm. moactp. npuM. ?) ua crp. 46.
. 2) To eCT)b HHTErpaapHble Kpusbie cHcTeMs! (6), NpOXOAALIHC Yepe3 TOUKY
( ? "’h» LR "\n
%) Cm. E. Kamk e, Math. Zeitschrift 49 (1943), ctp. 275.
i) [’9ra 0o6nacTh HaMOMUHAET YyCeYEHHYIO nupamnny, H aBTOP Ha3blBaeT ee
Pyramidenbereich, — fTpun. ped.)
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3alaHa HeNpepHBHO - AuddepeHunpyemMas ¢yHkuua 2 (X, y), YAOBJIEeTBO-

pAIOlNas HEPABEHCTBAM
aye +Blz|4+C, A>0,B>0, C>0;
v

<Ay
e <zE ) <o)

npuueM QyHKuus o (y) HenpepbBHO AnddepeHunpyema npu o, < v, < by,
v=1,..., n, 1 TaKoBa, 4TO

® > 0; co),v>0, v=1, ..., n

0z oz
ox

Torna B obaactu G umeer MecTto Hepasewncmso Xaapal)
|2 (x, 9)] < 5 (B9 — 1) |- eB =30 (3),
e yy=y,+A(x—E, v=1, ..., n
4,5, lononHenus mAs cayudas n=—2,
(a) Paccmorpum B mpsmoyroabHuke ABCD (puc. 12) co cTopoHamu,

NapanfiieNbHBIMKM OCSM, HenpephiBHO Auddeperuupyemsie pynxunn f (x, y),
& (%, ), h (%, y), npnyem f2>0(f<0).

Iycte, nanee, L — uenpepsiBuo MH@- - 4y
depeHupyeMan KpuBasi ¢ OTPHLATE/Ib-
D A b
4 . a
L 0 z
A z B b
a

Puc. 12. Puc. 13.

HO#l (mosoxuTe bHON) NPOMBBOAHOH, coenuusiowas Toukd B u D (A
u C), u nyctb Ha 3TOH KPUBOH 3aLdHA HeNpephiBHO JIH(hepeHurpyemas
oyHkMa o (x). Torna aud¢epeHunanbHOe ypaBHeHHE

pHfx vg=gx, yNz-t+h(x,y)
umeet B npsmoyroibHuke ABCD eIMHCTBEHHOe pelleHHe, [MPUHHMAIOLiee
Ha L 3Hauenue o 2).
(6) MNycrb B Tpanewnn 0L x < a, |y|-+ Ax<<b (puc. 13) dynk-
win f(x, ¥), g(x, ¥), fy, gy HENPEPHIBHH ¥ TAKOBH, 4TO

Cx* Dx! -
F1<A 1f1<B gl <5, lgyl<—— (& 1>0)

1) Cu. A. Haar, Acta Szeged 4 (1928), ctp. 1Q3, Atti Congresso Intern.;
Bologna, 1928, IlI, ctp. 5—10; N a g um o, Journal of Math. 15 (1938), ctp. 51—56;
J. Szarski, Annales Soc. Polon 21 (1948), etp. 7—25, a rtakwke m. 12.11

3 TOH KHuTH,
?) Cu. A. Colucci, Atti Torino 64 (1928-—29), crp. 219-—234.
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Toraa ') ypaBueHue

p=f(x, ¥gt+gx )
yMeeT B 3TOH Tpameuu eiMHCTBEHHBIH MHTerpan, ob6palnaoluufics B HYJIb
npu x ==0; mJg 9TOr0 MHTErpana CnpaBeluBa OLEHKA:

CxF+1 De?B 1
l2I<@ror  1&l< o

(B) Paccmarpusaercs 2) ypaBHeHne

fx, wp+gx, a=Ioh(x, y+k(x, y, p)z.

dyukund f U g B HEKOTOPOH OKDPECTHOCTH TOUKM X==ga, y=~>0 mnpen-
NO/IaraloTCA pery/spHEMU aHaJIUTHYecKuMH. Kpome TOro, npeanosioxum,
yTo ¢yHKUMS R (X, Y, p) Pa3naraerTcs B ACUMNTOTUYECKUH pan

(o)
k~ 2y, (x, y)p
v=0
¢ koadduunenTaMu v, (X, y), KOTOpEe B TOH e OKPeCTHOCTH ABASIOTCA
perynspHuIMu aHaauTHYeckuMu. Eciau monoxuth
z2=u (x, v, p) e® )’)D,
TO U3 IAHHOTO YpaBHEHUst CleRyeT:
up(f(Px+g(py -h)+fux+guy_ku =0.

Ecnu BoIOpaTh -B KauecTse ¢ pelleHHe JHHeHHOro nupdepeHunasbHOTO

ypaBsHeHus
fa+ 8o, =n,
TO MBI NpUIEeM K YpPaBHEHUIO
' fu, - gu,= hu,

ang peLLleHHﬂ KOTOPOro MOXHO MOJYYUTh aCAMIOTOTUYECKOE MPEACTABICHHE,

n
§ 5. KBaauauneiinoe ypasmenue: X, f,(r, 2)p,=g(r, 2)3)
v=1

5.1, TeomeTpuueckas wuarepnperauusn, HKsasuiuneiinoe ¥) Ough-
eperyuasbioe YpasHeHue 8 HACMHOLX  NPOU3BOOHHLY  NEPBOZO

1) CM. O. Perron, Math, Zeitschrift 27 (1928), ctp. 554.

2) CM. W. Sternberg, Sitzungsberichte Heidelberg, 1920, ctp. 11.

3) Usnowenune caepyer kuure Kamke, DGlen, ctp. 330—341. [Cm. Taxxe
JATepaTypy, ykasaunyw nepen § 1.— ITpun. peo.]

4) [Muorza, BnpoueM,. ypaBHeHHe Tuma (1) Ha3BIBAIOT nOYMU AUHELHbM
(ecnu QYHKUHH f, HE 3aBHCAT OT 2) MMM JAXE NPOCTO AUHELHbLM HEOOHOPOO-
ubiM; cM., HapuMmep, [TeTpoBcxuit u CtenanoB. TepMud «kBasuanHeH-
HOE ypaBHeHHE» 4acTO MCuoab3yerTcs Aas ofosuavenus 60jee WIMPOKOro Kjacca
ypaBhenuit. — ITpun. peo.}

4 3. Kamie
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nopsioka 045t 00HOZ Heussecmnoll BYHKGUU Z=2(Xy, ..., X,) i He-
3a8ucumblx nepemerrulx umeer Bun (cM. n. 1.1)

n
N 0z
va(x}, v Xpy D)=LKy e, Xy 2) 1)
v
=1 0
r4
WIM, MCMOAL3YS 0GO3HAYEHMSI p==--—— W r BMECTO BEKTOPAa C KOMMO-
v

HEeHTaMHn xl, ety x,,,
n
E} folr, 2 py=g(r. 2). (12)
v=

OueBUIHO, OHO NMHEHHO OTHOCHTENLHO MPOMBBOAHBIX HCKOMOR (yHKIHM,
B TO BpeMsl KaK CaMa 9Ta (QYHKLHA MOXET BXOIUTb HeJMHeHHBIM 00pasoM.

Hudpdepenunamroe ypasuenne (1) OyieT Bceraa paccMaTpHBATbCR
vk B Tako# obaactu ®,,, (r, 2) (n+ 1)-MepHOro r, z-mpocTpaHctea,
B KOTOPOH KO3(dHUMEHTH f,, M & HeTNpephIBHEL.

JocTaTouno HarnsaHas reoMeTpPHYecKas WHTEPNpETauds BO3MOMKHA
auwb ang n=2. Ecam B 3TOM cayyae 3amucats mxuddepeqHunaibHOe
ypasHenue tuna (1) B Bune

ey, z)—g—fc—i—g(x, y, z)‘;—;=h(x. y. 2 | f1+1g1>0,

TO KawIoft Touke (Xo Yo, 2p) MpOCTpaHcTBa Oyner, B CUIy STOro ypa-
BHEHHs, COOTBETCTBOBATb IIOCKOCTHOR 3/EMEHT Xy, Yo, 2p. P, ¢, Ha-
npasasiolye KospPuUNeHTH p, ¢ KOTOPOro YIOB/IETBOPAIOT YPaBHEHHIO

S (X0, Yoo 20) P+ & (X0 Yoo 29 7=N (X0 Yo 2.

Dro ypapHeHue onpelenseT MHOXECTBO MJIOCKOCTEH, MPOXONAUIMX uepes
NpsAMYIo

X —xo=f (%0 Yo 20t Y —Yy=8(Xp. Yo 291,
z2—2zy="h{(x; Y5 2ot

(¢ — napamerp), 3a HCKJAIOYEHHEM TJIOCKOCTH, OPTOrOHAALHOH K MAOCKO=-
ctu X, y. B cuny nnbdepedunasbHoro ypasHeHus, TakuM 00pasowm,
Kawao# Touxe (xy, ¥, 2, OymeT cooTBercTBOBaTh, kak M B m. 2.1,
NYuoK MWIOCKOCTeH, HO obwas mnpaMas STUX IJIOCKOCTe# Temepb yike,
BoOOlIe ToBOPS, He MapanjenbHa NIOCKOCTH X, Yy (B OT/AHYHE OT
n. 2.1). :

6.2. XapaxTepHCTUKH M HMHTErpajsbHbie NMOBEPXHOCTH.

(@) Tlon xapakmepucmudeckumu ypasHenuamuy KBAZUNUHEHHOTO
ypaBhenus (1) monumaior cuctemy 7 -+ 1 OGHIKHOBEHHHIX AMddepeHun-
aNbHBIX ypaBHeHHH]

x,BO=f (r. 2), v=1,..., n, }

, @
2Z{)y=g(r, 2).



