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rae M — monoToHno BO3pacramiiass GyHKIMs. (M3 9TuX YCnoBHit cnexyer, uTo
GYHKLMSA | OTHOCUTEJILHO W NUHeHHa.) [IoKasaTh, UTO PelleHUe ¢ HAuaJbHOM 3afavH
w = f(t, w, u), w(@) = w HeNpepLIBHO 110 COBOKYIHOCTY HEPEMEHHBIX (, W, 1) AJst
te[a,b]u |w| + | n] << oo, Takum 06pasom, ¢ €CThb LeNiasl GYHKIHS IePEMEHHbIX
(w, 1) RIS QUKCHPOBAHHOTO f.

3amevanue Eci npegnonoykeHust BepHu Ansi w € D, rae D -— 00aacThb
1-TIPOCTPAHCTBA, 4 HE BCEe IPOCTPAHCTBO | w | < oo, TO pe3yabTaT CIPaBEANIUB AJIA
pweD.

Ykasauue. IocnegosarenbHbie NPUOIIDKEHHsT @), Iae ¢qff, 0, u) = o,
YAOBJIETBOPSIIOT HEPaBEeHCTBY

(Lt o) M7 ()t — a)'

|pjalty ©, 1) =@yt @, )| < ) ’

U KQKRAs @j eCcThb Henast QYHKUuus 0T (w, W) AJist 1100010 PUKCHPOBAHHOIO ¢, Peayb-
TAT CJEAYEeT U3 PABHOMEPHOH CXOAMMOCTH @j (& TAKOKe U3 TeOpeMBI 8.4),

8. Tlycre F — peiicTBUTesbHASI HenpephIBHAsl QYHKUMA nepemeHHbX (1, X, V)
B NE€HCTBUTENLHOM 00nact D, comepyraviedl TOUKY (fo, Xo, Vo). TIPEAMOnoIKuM, uTO
NpOU3BOAHEIE OF [0X 1 0 F [0y CYmMECTBYIOT U HEMPePHBHBL B D, ¥ YCTh F (£, Xy, ¥4)=0,
(0F[0Y) (o, %y, Vo) # 0. JlOKa3aTh, uTO CYMIECTBYET EAUHCTBEHHAST QYHKUMSE @ [peLie-
Hue ypasHenus: F(f, x, x’) = 0] Ha HeKOTOPOM HHTepBaJe, CofeprKalem f,, yaoBie-
tBOpsiomast ycnosusim F(t, ¢(f), ') = 0, o) = X4, ¢'(le) = ¥o. ,

3ameuanue, Ilpeapayiuiast TeopemMa MOKET OKa3aTbCsl HEBEPHOH, eciH
F(t,x,y)=0 u (0F/0y) (t, x,y) = 0. Pemenune ypasHeHus F(f,x,x’) =0 moxer
VIOBJIETBOPSITE 00EMM IOIOJHHTEbHbBIM PAaBEHCTBAM, BHO €UHCTBEHHOCTH MOYKET He
Obith. IIpHUMepoM 3TOr0 sIBAsieTCsT ypaBHeHMe (X)2— 2x" 4+ 4x = 4¢ —1 B OKpecT-
HocTH ToukH (0, 0, 1) ¢ pewenusimu £ u t — 12,3

9. Ilpu HokasaTesbCTBE TeOpeMbl 7.2 GBUIO NTOKA3aHO, uTo d¢/0&j, f=1,...,n,
SIBASAIOTCS pelleHUsmu JIMHeHHOTo ypaBHenusi ' = f.(f, o(f, 1, £)) ¥, MMelOIUMHA
HaualbHblE 3HAYEHMs €j npym { = 7. JIOKa3aTh, 4TO KaKAOE pelleHue 3TOH NuHeH-
HOI CHCTEMBI €CTh JIMHEeHHAsT KOMOMHALNSA C KOMIJIEKCHBIMU KC2Q(ULMEHTaAMU 3TUX N
pemreHuil. Tak KaK dg/0t eCTh pelleHye ¢ HayanbHbM 3HaYeHnem — f(r, ) npu =,
TO A0KA3aTb, UTO

o S op —
g (0O T 2w 5L 6w H =0,

Yxkasanue Ecau 6 — HekoTOpOE pemeHne U 6(r) =a, T0 a= Zaje; ¢
HCKOTOPBIMU KOMILIEKCHBIMU IOCTOSIHHBIMH  aj. Jl0Kasatb, uyTo 8 = X aj(dp/oE;).

10. Cnenyiomast safaya WIOCTPHPYeT abCTPAKTHYIO MACI0, HABESTHHYIO TeO-
pemoit I'lmkapa. PaccmoTpum npocTpaHcTBO Banaxa B ([I0JHOE HOPMHDOBAaHHOE
JinHelHOe NpPOCTPAHCTBO) C HOPMOif dyiemeHTa p, ofo3Havaemoii uepes || v ||. ITycre
T—npeo6pasoBaHue, ONPEJEICHHOE HA MHOXKECTBE BCEX y, YAOBIETBOPANILUX YCJI0-
Bulo ||y || <b (b>0), npuuem || Ty || < b, u nycts T YHOBJIETBOPSIET YCJIOBUIO

JInmumna
: Ty —TH| < k|ly—P||

¢ nocrosiHHoM k < 1. JIoKasaTb, YTO CYMECTBYET JJMEMEHT @ TakoH, yro T = g,
T. €. 4T0 T UMeeT HeMOABIKHYIO TOUKY. CBEPX 3TOTO, JOKa3aTh €AUHCTGEHHOCTD @,

Ykazanue OnpenenuTts TOCTeA0BATeNbEbe NPUOAMIKEHHS @), @, .. .,
nonarast @, =0, ¢;., = Te,, U, HCOOIB3Ysl ycjiopue JIUNIUIMIQA, HOKA3aTh, YTO
Il @51 — @4 1| < Kb, a snaumr

H @ram— ol <K .o A K08,

Takkak k! + ... - K*™ ects pasnocts KOWM A5 CXOOAILEHCS] reoOMeTpUYecKoi
nporpeccuu X ki, 10 moci®RoBaTeNbHOCTL {@;) CXOAUTCS B B U, 3HAUMT, HMeeT
npenest ¢ € B. Tak kak || @j|| < b, T0, 0ueBuaHO, ||p|| < b, ¥ HO3TOMY 3JIEMEHT
Tp onpepenen. [Hanee ||[To— o [[<| T — To; ||+ To; —o || <
<klo—e¢ill + g a—e¢ll — 0 npu j — co, EAUHCTBEHHOCTb CJIEAYET H3 YCIO-
Bus Jinnmuua.

4%
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11. Hyers feC Ha (n + 1)-MepHOM [EHCTBHTENBHOM NPSIMOYrObHUKE R :
[t] <a,|X| < b,unycTs f yanoBsersopser B R yciosuio Jlunuuua

16,0~ 10,8 | < & [x—%|

¢ mocrosHHOH k << 1. Hanee, npeamonoxkum, uro | f(¢, x) | < b/a ansa (¢, x) e R:
HavaneHag 3afava X’ = f(t, x), x(0) = O 3KBHBaJICHTHA UHTErpPajibHOMY YPaBHEHUIO

t

x(t) = [/(s, x(s)) ds.
0
ITycte B — MPOCTPAHCTBO BCEX HENPEPBIBHBIX AJIsA | {| << a BeKTOp-QyHKUMHA p C
HopMOit ||y || = max | p(f)|. IToxasat, yro B ecTb npocrpaHcTBe BaHaxa.

[tI<a
Iycts T — npeoGpa3osanue, onpefeseHHoe aust e B, || v || < b, paBeHCTBOM

t
Ty(t) = | 15, v(s))ds.
0

Hoxazate, uro || Ty || <b, ecniu ||y ]| < b, u uro T yoOBIeTBOPsiET YCJIOBUIO
Ty =Tyl < kijy —9il.

IlpumenuB cxasaHHoe B 3ajade 10, NOJYYHUTH CYIIECTBOBAHMUE U EAUHCTBEHHOCTH
pemieHUs] HavanbHOM 3agaun X' = f(f, x), x(0) =0 pnsa |t| < a.

12, Ilycte x" = | x [l x 4 £ sin (=/f), x (0) = 0. Ilokasath, YTO €CIH MONH-
rOHANbHBIE NPUOIMIKEHHbIE PELIEHUS CTPOATCS TaK, KAK B Teopeme 11, TO OHU He

cxopsiTes Ipy € —» Q. :
Ykaszanue Pacemorpum nrrepsant >0, unycrs tg = ké, k=0,1,2..,,

rue 6 = (n +%)

NONUIoHasbHbE DELeHHsT gn(f) YAOBIETBOPAIOT YCIOBUSM @n(0) = O, n(20) = 87,

on(308) > %-63/2. Ecau 1j1s1 HeKOTOPOro { BHINOJIHSIETCST HEPABEHCTBO pn(f) > °/3/6, TO .

OHO ITPOJI0JKAET BHIMOJHATLCS A1 £ < 1/2000. B camom mene, ansit > 46 u 0o Tex
nop, moka en(f) > £1/6, ‘a(t) > <p;{“(t— 8) —t > —;— {t — 6)'1s—1t > I'ls/10. Tak

Kak (£/10) > (d/dt) (£1:/6), TO nonyuaem yTBep)kaeHue. Ecau n HeueTHO, TO
on(t) < — Plf6 post 36 < t < 1/2000.

1
AJisT HEKOTOPOro 6oJsibluoro . ITokasaThb, YTO MMPH YETHOM 71



IT'aaea 11

CYIECTBOBAHUE M EQVUHCTBEHHOCTb PEIIEHUIA
(TTPO {OJHDKEHUE)

§ 1. PACIUIMPEHWE NOHSATHSI PEIIEHUSL.
BEPXHHWE U HW)XHHE PEMEHMUS

B npeppiayiueit rnase ObUI0 MOKa3aHO, UTO eCNIM [ — HellpephbiBHAs
GYyHKUEA B HeKOTOpOH (¢, X)-o6nactu D, 10 pubepeHnnanbHOe ypas-

HEeHUue .
X" = f(t,x) (©)
BMECTEe ¢ HaYaJIbHBIM YCJIOBUEM
x(1) = & (1.1

HKBUBANIEHTHO MHTETPAJILHOMY YPaBHEHUIO
t
x(@) = &+ [ f(s, %(s)) ds. (1.2)
J .
IHaye roBops, eciin ¢ — TaKoe pelleHue ypaBHeHHsi (C) Ha HEKOTOPOM
uHTepBase [, JUis1 KOTOPOro ¢(z) = £, 10 X = ¢(t) ynosaerBopsier (1.2)
Ha I, u HaobopoT.
OueBUfHO, UTO UHTeTpaln B YpaBHeHuu (1.2) CyliecTByeT st MHOI'MX
He HellpepbIBHBIX QYHKUMHA. HanomHuM, 4TO HellpephiBHOCT QYHKUMM |
rapaHTupyeT NPHHAAJIEXKHOCTh pelleHdsi ypaBHenus (C) K kiaccy CL
Taxum o6pasom, ecsiu He TpeOOBATL HellpepLIBHOM Au(depeHIUpYeMOCTH
pewenuit (C), TO MO>KHO OyJeT He OrpaHMUMBATLCS] HeNPephIBHBIMU
GyHxuuamu f. <
[Mpegmonoyxum, yro f-— jgeficTBuTenbHast (He 00s13aTesbHO Hellpe-
phiBHAs1) QYHKLMSA, ONpejefieHHasl Ha HeKOTOPOM MHOXecTBe S (f, X)-
npocTpaHcTBa. B TakoM ciyyae MOYKHO pacliUpuTh NOHATHE AuddepeH-
nuasibHoro ypasHeHusi (C), ompepmenuB (C) KaK Cleaywolylo 3ajfauy.

3anava. Haiimu abcoaromno HenpepsieHylo GYHKYUW ¢, onpedeien-
HYI0 Ha OeficmeumensHom t-urnmepegase I, makyro, umo

(i) toM)es (te),
(i) ¢'(t) = (1, ¢(t))
045 6cex L € I, UCKAOUAs MHOMCECTNBO Ae0e206011 Mepbl HY.b.
Ecmu Takue uatepBan I u QyHKUUSA @ CYLIECTBYIOT, TO ¢ Ha3bIBAETCS

pewteriuem (C) na I 6 pacuupernom cmoicae. 3ameTam, 4to abcomoTHas
HEeNpPepLIBHOCTL pellleHus] TapaHTHPYeT CYILeCTBOBAaHMe IPON3BOAHOIM
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@’ ouTH BCIORY Ha [ (T. €. UCKIIKYast MHOXKeCTBO NeGeroBoil Mephl HYJIb),
TaK yro ycsoBue (ii) MMeeT CMBICI.

Ecnmu f€C Ha S m @ — peilienne ypaeHeHus1 (C) B IpefbILyILEM
cmbiciie, To u3 (i) cnenyer, uto ¢’ € C Ha I, u, ciefoBaTenbHO, Gosee
obuee noHsitve ypasHeHmst (C) M peuleHHs] ¢ CBOXMTCS K OOBIYHOMY
onpepenennto ypasHenus (€), korjga f€C nHa S. OOBLIYHO M3 KOHTEKCTa
SICHO, KaKOH CMBICJI TMPUNKCBIBAaeTCs1 YpaBHeHHI0 (C) UM pelieHuio ¢, U
T103TOMY pPeiKo OyaeT BOSHUKATb NMOTPeGHOCTb B CIOBAX «B pacliMpeH-
HOM CMbICTIEN.

OTHOCHTENILHO CYIeCTBOBaHUSI pelueHust ypapHeHust (C) Kapa-
TEOJIOPH NI0Ka3aJl CIIEAYIOIYI0 04eHb 0011Y10 TeOpeMY B NPEAINOI0KeH N,
YTO [ orpaHuyeHa MHTerpupyemoii no Jlebery ¢yHxumedn ot f. oxasa-
TeJbCTBO TIPUBOJUTCS TOJBKO A cayyast n= 1; OyHmeT siCHO, KaKue
U3MEeHEHUsI CiIefyeT BHeCTU B ciydae cuctemsl (C). R 6yner o6o3Hauath
NPSIMOYTOJIBLHUK .
R: [t—1|<a, (x—§& <0,

re (z, £) — QuxcupoBaHHasi ToukKa (f, X)-ILIOCKOCTH, @ @ ¥ b — TIOJIOXKU-
TeJbHBlE JeHCTBUTEbHbIE YHCIA. '

Teopema 1.1 (Kapateonopu). I[Tycmo ¢ynkyus f onpedesena Ha
npamoyaoaeuuke R; nycme ona usmepuma no t npu kanwcoom @puxcu-
POBAHHOM X U HENPepuigHA no X npu xancoom gurcuposantom t. Ecau
Ha unmepegase |t—7| < a cywecmgyem unmezpupyemas no JleGezy
Pynryus m, maxasa, 4mo

L) <mt) ((Lx)€ER), (1.3)
mo na Hexomopom unmepease [t —v| < B (B > 0) cywecmeyem peute-
Hue @ ypasnenus (C) ¢ pacuuupeHHOM cMbicae, Y008ACME0PAOUIEE YCAOBLIO
o(r) = &.

HoxasarensbcTBo. Paccmorpum ciyvait t>17; B ciyyae
t < v caryauusa asanornyda. Ecnu ¢yHKuust M ompepensieTcsl paBeH-

CTBaMH :
MH)=0 (t<7),
t

] m@s)ds (z<t<7+0a), (1.4)

T

M(t) =

TO JIErKO BMJieTh, uT0 M HenpepbiBHa, He yOmBaer [m >0 B cuny
(1.3)] u M(r) = 0. IMoatomy (¢, £ -+ M(f)) € R juist HEKOTOPOTO MHTep-
Bana v <t<t+ f<v+ @ rAe P —HeKoTOpass NOJOXKUTeJbHAS
nocTosiHHast. Beifepem Kaxoe-HuGymp M3 9TUX S M Ompefenum Hpubiu-
weHust @; (j= 1,2, ...) cnenyromum o0pasom :

pi)=¢ (r<t<+ L),
t~flj '

pit) =&+ f 1(s, i(s)) ds (T—}——’?—<tgr+ﬂ)_ (1.5) .

T
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OueBHJIHO, YTO QYHKIMSA ¢, OTIpefiesieHa Ha HHTepBasie T < f < 7+ f ,
TaK KaK OHa paBHa NOCTOSHHOM £. st KaXKaoro (GpUKCHMpOBAHHOTO
j>1 mepsas Qopmyna (1.5) ompemenser ¢; mist v <<t <t -+ Bj,
u TaKk Kak (f,§) € R mna v <t<rt + BJj, Bropas ¢opmyna (1.5)
OTpPEAENISIET @; KaK HEMpepLIBHYK GYHKUMIO Ha uHTepBale v + B/f <
<t< 7+ 2B/j. Qanee, Ha 9TOM IOCJIeiHEM MHTEpBasie

oy — &l <Mt~ ) (1.6)
B cuny (1.3) u (1.4). Ilpeanonoyxum, 4ro ¢; onpefeneHa mist ¢ <t <
< v+ kB/j, npnuem 1 <k <j. Torga Bropasi gopmyna (1.5) ompe-
penser ¢@; Asl t 4+ kp/j<<t<lt+ (k+ 1)B/j, Tak Kax 3HaHHEe
¥3MEePUMOH HOJMHTerpajbHOM (QYHKUMYU HpENNosaraercss TOJNbKO JUIst
v <t < v+ k B/j. Takum 00pasom, ¢;(f) YRoBAETBOPSieT ANsi T + k B[j<C
<t< v+ (k+ 1) B/j nepasedctsy (1.6) B cury (1.3) u (1.4). ITosTomy,
10 MHAYKUMY, (1.5) onpepensieT BCe @; KaK HelpepbiBHbE QYHKUMM Ha
untepBane r <t <t -+ B, YAOBJIETBODAIOLWME YCIOBUSIM

p=¢ [(c<t<t+ 5,
; ; (1.7)
o) — & <M (f“T)_ (e 4+ <t<r+p).
Ecnu f, u f, — moOble ABe TOYKU MHTepBana [r, T -+ f], To B cuny
(1.3)—(1.5)

vl%(tl)—%(fz)lsiM(tl—-ff«] — M (6 — 5. (1.8)

Tak xak ¢yHKuMs M HenpepblBHA Ha MHTepBane [r, 7 -~ f], TO oHa
Ha 3TOM MHTepBaJsle paBHOMEPHO HenpepbiBHa. [Toaromy u3 (1.8) cnenyer,
YTO MHOXKeCTBO {p;} Ha wuHTepBane [r,7 -+ f] paBHOCTENEHHO Hemlpe-
peigHo. [lanee, us (1.7) cieayer, 4To MHOXXeCTBO {p;} Ha [r, 7 + ]
orpaHuyeHo. I1oaTomy u3 yeMMBl ACKOJM IOJIy4aem, YTO CYIECTBYyeT
[0/II0CIIEl0BATENEHOCT {gj,}, KOTOpAast CXOMUTCSI IPHU K —> oo paBHO-
MepHO Ha [r, T + B] K HeNpepLIBHOMY Npeaesy ¢.
U3 (1.3) crneayer HepaBeHCTBO

@ <m@®t) @E<i<T+p),
Y TaK KaK [ 1pu GUKCUPOBAHHOM f II0 X HeNpephIBHA, TO
it o)~ 1t (1) (k-> o)

IS KKA0TO QUKCUPOBAHHOTO { M3 uHTepBana |[r, 7 -+ f]. [Moatomy
u3 Teopembl Jlefera 00 HUHTErpHpOBAHUM Ma)KOPHPYEMBIX IOCJIel0Ba-
TeNLHOCTEeH Crefyer, uTo

t t
tim | fs, g(s)) ds = | 1(s, p(s))ds (1.9)
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st Kakporo f us [r, v + B]. Ho

wu®) =&+ [ s, o) ds — | (s, () ds,

t—Blix

NpHYeM OYeBH/HO, UTO MOCTEHMHA MHTerpasn NpU Kk — oo CTPEMUTCS K
Hymo. UTtak, nonarasi k — oo u ucnonssys (1.9), nonyyaem

o) =&+ | f(s, #(s)) ds,

OTKYJa Teopema ClefyeT HellocpeCTBEHHO.

VIHTepecHO 3ameTuTh, YTO IepBOHayaibHble npubmbKenus (1.5)
JOJDKHBI CXOJUTBCST K PeIeHHMIo, eClii W3BECTHO, YTO OHO €NMHCTBEHHO.
JT0 He MMeeT mMecTa sl OOBIYHBIX NOCNENOBATeNbHBIX NPUOTMKeHNH ;
CM. Ipumep B § 3.

Hns cnydas n = 1 MOKHO NOKa3aTh, 4TO pelleHue ypaBHeHus (V),
BEIXOJisillee M3 HayaJdbHOH TOUKHM (7, £), MOXKHO 3aKJIOUHTh MEXIY
ABYMSi CIleLMAJbHBIMH DPELIEHUSIMU — 6epXHUM WM HumchHum. TIycrb
(QYyHKUMS f ompenesneHa Ha NPSIMOYToJibHHKe R, Kak B Teopeme 1.1.
Ilycts @p — peuwenne (Y) Ha I, mpoxoasiee yepes Touky (r,§) M
ofnafaioinee Tem CBOMCTBOM, yTo s00oe pelueHue ¢ ypaBHeHus (V)
Ha I, mpoxojsee yepe3 TOUKY (z, £), YAOBIETBOPSAET HEPABEHCTBY

) <om®) (t€]).

Torma ¢, HasbiBaeTcsi 6epXHum peweruem YypasHenus (¥Y) Ha I,
NPOXOAAIIUM Yepe3 TOUKY (t, §). AHaNOTHYHO, €CIH @, €CTh pelleHue
(V), ans1 KOTOPOro g, (t) = &, U ecnu 115 11000ro pelueHus ¢ ypaBHeHust
(), Taxoro, 40 @(r) = £, Ha I BBINOAHSIETCS HEPABEHCTBO

) > on(t) (L€,

TO @m HASBIBAETCS] HUMCHUM petueruen (¥Y) Ha I, IpOXOAsiuM Yepes
TOUKY (7, £). OUeBUAHO, YTO ecnu QYHKUMH @y U @ CYLIIECTBYIOT, TO
OHHU e[IHCTBEHHBI.

Jloka>kem Tellepb CVileCTBOBaHUE (QYHKUMH @ur U @pn NPU Ipea-
nonoxeHusax Kapareogopu.

Teopema 1.2. [Tycme evinoanarnomes ycaosus meopemst 1.1. Toz20a
CYLyecneyiom GepXHee peuleHue gy U HUWCHee peulenue gn YPasHeHus
(V) Ha unmepsase |t — | < B, npoxodsuiyee uepes mouxy (z, &).

JokaszaTenbCcTBO. JOKa)KeMm CYHU2CTBOBAHHE ¢ Ha MHTEp-
Bane [z, -+ f]. Kaxmoe pemenne ¢ ypasHerus (V), npoxouﬂmee
yepes TOUKY (t, £), NOJDKHO YAOBJIETBOPSTbH YPaBHEHHIO

o) =£ + j (s, () ds (1.10)
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IS TeX f, JUIS KOTOPBIX OHO cyulecTByeT. U3 (1.10) cnenyer, uto
[@(ty) — @(t)| < | M) — M(t)| (1.11)

17151 IOOBIX 1, 1y, JUIS1 KOTOPBIX ¢ CYLLeCTBYeT. HanomMaum, 4To QyHKIKs
M omnpeneneHa paseHcTBoM (1.4). Tak kak M HenpepbiBHa, TO u3 (1.11)
CJIERYyeT B CWIIY KpHTepHs CxoaumocTd Konip M Teopembl CYileCTBO-
BaHust KapaTeoJopH, 4To pellieHue ¢, eCid 3T0 Heo0X0UMO, MOXKET ObITh
IPOJIOIDKEHO Ha Bech mHTepBai [r, T 4+ B]. Jletanu atux coobpaykeHu#
BIOJIHE AHAJOIMYHBI [eTaNsAM JoKasaTeiabcrBa Teopembl 4.1 ri. L.
[Mosromy 6ce peweHust ypaBHeHus1 (YY), NpPOXOAsiMe Yepe3 TOUKY
(7, §), cyuwectByIoT Ha [7,7 -+ B] U JOJDKHBI YJAOBJIETBOPSITh -Ha 3TOM
uHTepBajie HepapeHcTBY (1.11). U3 paBHOMepHO#t HenpepbiBHOCTH M Ha
[t,r 4+ B] u u3 (1.11) creayer, YTO MHOXKECTBO BCceX pelieHHi {p}
ypaBHenus (¥Y) Ha [r, v B ] paBHOCTelleHHO HEMNPepBHIBHO, T. €. KAKOBO
6r1 HU ObUI0 ¢ >0, cymecTByeT Takoe 8. >0, He sasucauwee omt u
om peulenus g, 4To

o) — o(B)] <, (1.12)

KaK TONbKO |f—1| <6, ut,t€[r,r+ B]
Hanee, ua(1.11) mpu £, = 7 ciefyer, YToO MHOYXeCTBO {@} paBHOMEPHO
orpaHn4eHo Ha [r,7 + f].

Ilycts
o(t) =sup{p(t)}  (t€[7, 7+ B)),

IJle BepXHsIS IpaHb 0epeTcst OTHOCUTEJIbHO BCeX pelleHUit ¢p YpaBHEHUR
(¥), npoxoasawux yepes TOUKY (r, £). OueBujHo, yro QyHKUMa P cy-
ecTByer Ha [z, + ] ¥ HenmpephbiBHA (Cjle[J0BATeNIbHO, PABHOMEPHO
HelpepbiBHA) Ha 3TOM HHTepBane. [loatomy mnst Kaxgoro & > 0 cyie-
CTBYeT Takoe 8, > 0, yTo He TOJNbKO HepaBeHCTBO (1.12) mmeeT mecTo

JUISA 3TOTO 8., HO TAKOKe I BCeX £, 1 u3 [r, v + B]
\D(f) — D(t)| < ¢, ecnm |t —1] < 9., (1.13)

[Toxa)kem, uto @ ecTb pelleHue ypaBHeHus (VY), YAOBIETBOPsIOEe
yenosuw P(t) = &, ¥ ecnu NPUHATL QYHKUMIO @u paBHOW @, TO He-
TPYAHO BHJETb, UTO 3Ta @ YAOBAETBOPsieT TpeOOBaHUSIM TeOpeMbl Ha
[z, = 4 B]. Oas panHoro & > 0 BeiGepeM S, TaK, YTOObl MMENU MECTO
HepaseHcTBa (1.12) u (1.13). Pasnenum untepBan [z, r 4 B ]Ha n unrep-
BaJIOB TOUKamu = = fy <t < ...<l, = v 4 B Tak, uTo0bl ObUIO

max ({41 — &) < 6.

Hnsa waxporo f; (i=0,1,..., n—1) peifepem pelenue ¢; ypas-
nenus (Y), npoxonsiuiee yepes TOUKy (z, £), TaK U4ToOBI ObIIO

0L D(t) — gty <<e

t) — i1 (t) >0.
3TO BO3MOXKHO B CHJIy OnpepeneHus &,

s i>1
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BrifpaB &, onpenenum QYHKIHUO @, CIeAYIOEM 00pasom :
¢5(t) = @Pn-1 (t) (t,“t'—l g t g tn =T + ﬂ) .

Ecnu gn—q (th—y1) > @n—g (tn—-1), TO TIOJOXKUM ¢, CJIEBA OT f,_, PaBHOH
@n—y BIJIOTh JI0 TOYKH T,_, (€CJIM OHA CYILECTBYET), KOTOPasH 3aKI/II0UeHa
B MHTepBaJe (tn_z, tn—q), siBNSIETCS OnmmyKaiiieit K Touke f,—; U TaKoBa,
4TO

¢8(Tn~2) = @n—1 (Tn—z) - ‘Pn—-2(7n—2) .

Ecmu ToYKa 7,—, CYINECTBYET, HOJOKUM @(f) = gn_off) IS fhep <
< t<Tp_y. ECOM TOUKA 7T,_, He CYLIECTBYET, MOJIOXKUM @ = @n—; Ha
[th—s, th—1). EciM @n—i(th—1) = prn—o(ta—y), TONOKUM @(f) = @n-s(f)
Ha [tr_g, tn—q). TIpOROIIKaA TakuM 00pa3oM, MOYKHQ ONpENeNUTb Ha
uHTepBane [r,r -+ f] peleHue ¢, ypaBHeHUus (YY), NPOXofsiilee yepes
TOUKY (t, £), KOTOPOE NIOJIYYaeTCs1 CKiIeMBaHeM pelueHuit ypasHenust (Y)
U o0najaer CBOlicTBaMU

0<B(t) —eft)<e (i=0,1,...,n). (1.14)

Tak Kak pasHocTb Mexay @ M ¢. B KOKIOM uHTepBane [f;, #ii; ]
MenbLIe g, To U3 (1.14) cnepyer B cuny (1.12) u (1.13), uto

0L — ) <3e (It + P (1.15)

[onarasg e=1/m (m=1,2,...), Mbl nonay4aem mocuef0BaTesb-
HOCTh pemenuit {¢,,,}, KoTopas B cuny (1.15) cxopurcst paBHOMEPHO Ha
[z, + f] K @. Orcropa u u3 Teopembl JleGera 00 MHTerpuUpOBaHUH
Ma>KOPUPYeMBIX II0CiiefioBaTebHoCTel, pumersiemoit K (1.10) ¢ sameHo#
@ Ha @y/m, CleayeT

M) =&+ | [(5P(Nds t<I<T+P),

T. e. @ ectp pewenue (VY), yaoBieTBOpAIOMee YCIO0BUIO P(v)=§¢; U3
onpeselienust ¢ siCHO, UTO 3TO ecTh BEpPXHee pellleHue pp Ha [1,7 + f].

Teopema 1.3. ITycmo Pynxyus f onpedesena 6 odaacmu D (1, x)-
naockocmu, usmepuma no t npu GUKCUPOSAHHOM X L HENPEPbIBHA NO X
npu guxcuposannom t. ITycmes cywjecmeyem unmezpupyemasn Pynxyus
m, maxas, 9mo | f(t, x) | < m(t) oaa (t, x) € D. Toeoa, ecau ¢ ecrmo
pewenue ypagrenus (Y) 0aa t € (a, b), mo npedea o(b—0) cywecmsy-
em, u ecau (b, (b—0)) € D, mo ¢ Moncem ObiMmb  NPOO0ANCEHA
na unmepeaa (a, b + 6] npu umexomopom 6 > 0. Ananoeuunoe ymeep-
HcoeHue umeem Mecmo 048 mouxu a. Taxum o6pasom, peuleHue ¢ Mmo-
acem Obimes npodoamceno eéniome 00 2panuyst obaacmu D. Boaee
Mo2o, MO4YHO MAK dce MOMcem Oblis NPOOOANCEHO GepXHee pemenue om
U HUNCHEE DeUIeHUE @p.

JloKasaTelbCTBO OYEHb IIOXO0)KE Ha JOKa3aTeNbCTBO Teopembl 4.1
rin. L.
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CnepcrBue u3 Teopemsul 1.3. ITycmb 66in04HeHbL YCAOBUA - MEOPEMbL
1.1 u nycmo oy U pm — 6epXHee U HUMCHee pelleHUs, NPoXodaujue yepes
mouky (v, £), — cywecmeyiom Ha unmepeare v, T+ B], 20e f < a.
Toz0a 04 Kaxc0020 4ucAq ¢, Y008AEMEOPAOWE20 HEPABEHLMNBY pm (T -+
+ B) < ¢ < em(* -+ B), cywyecmeyem na unmepsase v < t <t + B no
Kpaiineii mepe 00HO peuleHue @, npoxodaujee yepe3 mouxy (t, &) U makoe,
umo ¢(r + B) = c. '

HokasaTenbCTBO. BosbmeM peleHue, Npoxojsiliee Yepes
TOUKY (v -+ f, ), 1 NpoROIDKUM ero HaneBo. OHO He MO)KEeT OCTaBUTH
0051aCTb @r(f) < X < pult), * < t < 7 + B, TaK KaK, ecju OHO BCTPETUT
OIHO K3 SKCTPeMasbHBIX peilleHWid, ero BCerja MOMKHO IIPOIOJDKUTH
HayneéBO BHOJIb STOr0 peleHusi. [109ToMy OHO MOIKeT ObITh HPOJOJIKEHO
HaJIeBO BILJIOTH 0 TOUKHU (t, §).

Teopema 1.4. [Tycmb 6vnoanswomea ycaogus meopemor 1.3 1 npeo-
noAoMcUM, 4MoO 6epXHee pelderue @ ypasHenua (YY), npoxoosiyee
uepes mouky (=, &), cywgecmeyem Ha unmepsase [, v + a}. To20a cyuyje-
cmeyem yucao 6 > 0, maxoe, umo ypasenue (Y) umeem eepxtee peuie-
HUE @py 048 KaNC0020 ), & < 1 < € -+ 6, Ha unmepsase [r, =+ al,
npudem p,(t) =n. Boaee mozo, gy, —> pme pasromepro Ha {z, v -+ af,
ecau n—&+0.

JoxkasaTenbcTBO. B cuny Teopemsl 1.2, ecid pasHOCTbH
7 — & HOCTaTOUHO Masa, gy CYIECTBYET, OUYEBHAHO, HAa HEKOTOPOM
MHTepBajie C JIEBHIM KOHLIOM . V3 onpeneneHusi BePXHEro peuleHHUs
JIerKo IOJIyYaem, u4ro jid 7 >n > §

() > () > pme(d) -

IToaTomy pelileHue g, MOHOTOHHO He YOBIBAeT 110 7 ¥ CHU3Y OTPaHKYIEHO.
CnemoBaTeNbHO, JUIST KOKAOIO { HA HEKOTOPOM MHTepBase [z, + f]
cywiecTByeT QYHKLUS

D() = pmee+o) () > pae(t) - (1.16)
Tax Kak ¢y yaoBaersopser (1.11), To
|D(t) — D(ty)| < [ M(t) — ML),
u, 3Hauut, P(f) HenpeprBHa. VI3 ypaBHeHust
t
oaoll) =1+ [ s, pran(s)) ds
cnenyer npu n— £ 4+ 0, uro '

Bty =&+ j i(s, D(s)) ds .

310 o3HauaeT, uto ¢P(f) ecTb pellleHue ypaBHeHus (YY), IpOXojsiulee
yepes TOUKY (r, £). [Tostomy B cuny (1.16) @(f) = pume(f) Ha [r, T + B
PagHoMepHasi cXOQUMOCTb peIUeHUM @am K @um: CHEAYeT U3 PABHO-
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CTelleHHOW HENPEePLIBHOCTH ¢m, MO [, UYTO JIOKa3biBaeTCsi HepaBeH-
creom (1.11).

[Mpembinyuwe pacCy>}AeHUsi, OUYEBMAHO, CIpaBeIMBBI B 0071aCTH
CYIeCTBOBAaHUSI pelieHUst P, 3aKNI0UeHHOH B uHTepBane [r,r 4 a].
TIpenosioKuM, UTo JJIst HEKOTOPOro fh << v 4 a U JAJIst KaKA0I0 Majoro
h >0 peweHue @ CymecTsyer Ha [r,f,—h] u He CyllecTByeT Ha
[7,t, -+ h]. Torma Anst Ka)Kporo jaHHoro & >0 cymecrsyer 6. > O,

TaKoe, 4To
|¢M?3(t0~8)—_ (]7M5(t0'"8)|g6, (1]7)

econ O <<np —§ < 6.
ITyers H - MHOYKeCTBO TOUYEK (f, X), KOTOpBIE YIOBJETBOPAIOT He-
paBeHcTBaM

t—ty <y, |x—oumlty— )| <y + M) — M, — ).

Ipu y mocratouno manom H C D. Kaxpoe peiweHue ¢ ypaBHeHus (YY),
KOTOpOe BBIXOJUT M3 TOYEK JIeBOH BepTUKAaNIbHOU CTOPOHH = fj — 7y
mHO)KecTBa H [T. e. | ¢(ty —7) —omety — ) | < y], Oyper B cuny
(1.11) npu Bo3pacTaHuu f octaBaTecsa B H. Taxum o0pasom, Kaxuoe
TaKoe pelieHre MOKeT OBITh MPOJOIIKEHO 0 fy 4 7.

[Monaras B (1.17) & = y, nonyvaem, uro aius1 0 << — £ < 6. pelue-
HUE a1, MOYKET OBITh NIPOJOJIKEHO J0 ¢, + 7. OTCIoa ClleayeT CyL1ecTBO-
BaHue pemenns @ Ha [z, ¢, + ], UTO NPOTUBOPEUUT HPEANOITOYKEHHIO
0 t,. Takum o6pasom, f, > T + a, ¥ NeITOMY D CYIIECTBYeT Ha BCeM
nHTepBane [r,t + al.

§ 2. YTOUHEHHUA TEOPEM EJUMHCTBEHHOCTH

MHoro ucciefoBaHuil NOCBALIEHO NpobieMe eAMHCTBEHHOCTH pelle-
Hult cucremsl (€). Cnenyrowast TeopeMa JaeT KpUTepuil eAMHCTBEHHOCTH,
JOCTAaTOYHBIH M7 MHOTUX CJIy4yaeB, BCTPEUAIOLIMXCS Ha NpaKTUKe, U
BKJIOUYAET KAK YacTHHIE CIIy4Yay MHOTKe U3BeCTHBIE KPUTEPHH.

Teopema 2.1. ITycmo y = v (1, r) — HenpepuiéHas, HeOMpUyames-
Has @yHkyus, onpedeseHHas 041

0<t<a, r>0 (@>0) (2.1)

u Hegospacmaroman no r npu @purxcuposanqom t. Ilpeonoaoncum, umo
04a Kamcooeo wucaa a,”0 < a < a, PyHKyus g, ONpe0eneHHAs. PAseH-
cmeom o(t) =0, 0<t<a, ssitemca eOuHCMBEHHO Ougﬁgﬁepem;u-
pyemoii gﬁynxqueu Ha unmepea/ze 0 < t < a, 041 Komopoil cywyecmgyem
npeden ' (0) = lim (p(f) — o(0))/t npu t— + 0 u ewnoansiomes

ypasHenue
e =vte®) (O<t<oa) (2.2)
u ycaogue

0(0) = ¢, (0) = 0. (2.3)
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[Tycmo Pynryus f €C ¢ (n + -vl)-MepHOﬁ 06.aacmu
R:[t—r7|<a, |x — &< b (@, b>0)
u yooeaemeopsem 6 R 044 t <+ © Hepasencmey
|1, %) — 1, %) < (it — 7], | % — ). (2.4)

Toeda 0aa |t— | < a cywecmeyem He Goaee 00H020 pewienus ¢ €C!
cucmemst (C), onpeoeaentiveo 8 R u maxozo, 4mo ¢(z) = &.

3amedanue. Ecim p — QyHKUMS, ONpeleneHHAast Ha MHO-
»xectBe (2.1) paBeHCTBOM :

y(t,v) = kr,

rjae k — IOJO)KHUTeNbHAs NOCTOSIHHASA, TO 3 YAOBJIETBOPSIET YCJIOBUIO
TeopeMbi 2.1. HeTpyano noxasaTh, uro Juisi Kaskpgoro o, 0 < a < a,
(GYHKUMSA, TOXX/IeCTBEHHO paBHAsl HYJI0, SIBASIETCS eIMHCTBEHHON aAud-
¢gepenunpyemoit pyHKuueit Ha unrepBane 0 <t < a, YIOBJIETBOPSIO-
weit (2.2) u (2.3) ms atoro Buibopa p. B aTom ciyuae (2.4) coBnagaer ¢
ycnoBueM Jlunimnua, ¥, ciefoBaTesbHO, Teopema 2.1 BKJIOYaeT Kak
yaCTHBIA ciayuall Teopemy 2.2 ri. I.

B feficTBUTENBHOCTH MMeeT MecTo cJefyioliee o6o0lieHue TeopeMsl
2.1, KoTopoe Tar)Ke JIETKO J0Ka3aTh. MBI Ja UM J0Ka3aTeIbCTBO TOJILKO
3TOr0 006001eHN s.

Teopema 2.2. [Tycms v — neompuyameasHas GyHKyu, onpeoeeH-
Has Ha mioncecmee (2.1), usmepuman no Jebeey no t npu Karcoom Pux-
CUPOBAHHOM T, HENPEPLIBHAs U HEyGbI8aroyas no r npu PukcuposarHHom
t. [danee, nycmos 044 -Ka®C0020 02paAHUYEHHO20 NOOMHOMCECcmM8a B mHo-
ucecmea (2.1) cywecmsyem Pynryua yp, onpedeaernas oaa 0 < t< a

u maxkad, 4mo
wit,r)<zs() (¢, r)€B), (2.5)

u nycms xg unmezpupyema no Jlebezy na unmepgase y <t < a 044
Kanc0020 ‘yucaa y > 0. I1pednosoncum, umo 043 xamwcooeo yucia a,
0 <a<Ca, @ynxyua, moxucoecmeenHno pasHas HYa0, AGASEMCA eOUH-
cmeeHHol afcoalomno Henpepoleroll Pynryuel na unmepgase 0 < t < a,
y00816meopAOWeLl Y PAGHeHUI0

¢'(t) = wlt, e(t) (2.6)
noumu écr0y na unmepgase 0 <t < a u yeaosurw : o’ (0) cywecmeyem u
e(0) = ¢ (0) = 0. 2.7

Tozda, ecau 0aa 3moll Pyukyuu v Pyurxyua f yooeiemsopsent mem mce
yeaosuam, umo 6 meopeme 2.1, mo Cnpagedauso 3aKAHUEHUE YKA3AHHOU
meopemot. :

JdokasaTenbcTBO Oyaer fauo mis uHTepBajtar < t <<t + a;
cnyyailt ©—a <t < v aHanoruueH. NS YNpoOIEHHS PeaiosioyKum
TaKKe, 4To (7, £) = (0, 0).
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HonycTtum, 9T0 CYIIECTBYIOT 1BA PeHIeHHsI p; U @, Kiaacca C! ypaB-
Henus (C) na unTepBane 0 < f < @, YAOBJIETBOPSIOILME YCIOBHIO

71(0) = ¢5(0) = 0. (2.8)
Onpepenum QyHKUMIO p(f) paBeHCTBOM
p®) = lo() — #:()] 0<1<a).

Torga cywectyer o, 0 << o < a, Takoe, yto p(c) >0. M3 Teopembt
1.1 cienyer, uTo CywlecTByeT aOCONIOTHO HelpephiBHAs (QYHKUUSA o,
YAOBJIETBOPSIONIAA Ha HEKOTOPOM MHTepBasie CjieBa OT ¢ YPaBHEHHIO

() = v(t,e(9)

1 HayaJbHOMY YCJIOBUIO

(o) = p(o).
s Tex f, HaXOAALIMXCS cjieBa OT G, JJIs1 KOTOPHIX @ CYLIeCcTBYeT,
BBIIIOJIHAECTCSA HepaBeHCTBO
o) < p(M), (2.9)

160 B IPOTUBHOM cJIydae cyllecTBoBaja 6bl cieBa 0T ¢ Takas Touka ¢,
ans Kotopoit o(¢) = p(§) u - (f) > p(f) 1 BCeX NOCTATOUHO OIUSKHX
K { suauenuit t < { (¢ = o He ucknwoyaercs). Jlasee, TaK KaK @; U @y
SIBISIIOTCST pellieHusIMM ypaBHenust (€), ynosieTsopsuomiumu (2.8), TO

PO =| 16 50) — )] a F
1 poctatouno w0
pC—n= Cj_’[lf(t, wa(0) — 7o) dt .
Tak Kak |u|—|v]<| :z—-v , To u3 (2.4) CIeNyeT HepaBeHCTBO

p@) —pC— 1)< | [ [ 9(0) — 16 mlt)] at | <
C—~h

4

¢
< [t ) — 1 wa0) dE < | wlt,p0)dt. (2.10)
—h

th
W3 onpepenenust o u ycnosus p(l) = ¢(§) monyyaem ypaBHeHue

4
PO — ot — k) = | wlt,et) dt, (2.11)
{—h

TipUuem 3/1eCh /i TIPEIToNIaraeTcsi HacToIbKO MaJlbiM, UTO @ CYILECTBYeT
B uHTepBane [{-—h,{]. Tak KaK p Kak QyHKuusi r He YyObIBaeT, TO

w(t, p) < w(t olt)) € —h<t<D),



§ 2. YTOUHEHUSA TEOPEM EOUHCTBEHHOCTHU 63

——————

a a10 BMecTe ¢ (2.10) u (2.11) Bneuer HepaBeHcTBO o(¢ — h) < p(§ — h),
npoTHBOpeyalliee onpesesieHnio ¢. Tem cambiM YCTAHOBJIEHO HepaBeH-
ctBO (2.9).

Hanee, o(t) > 0 nns rex £, 0 < t < o, W15t KOTOPBIX ¢(f) CYLIeCTBYET.
B npoTuBHOM cnyyae 0(6) =0 mns HekoToporo &, 0 <o <o, H
dyHKUHMSL ¢, OTpeJieTIeHHast paBeHCTBaMPI

é(t)=0 0<Lt<L9),
ey =elt) (6<i<L0),
6puta OBl He paBHOM TOXKAECTBeHHO HYJMI (QYHKUMeH Ha HHTepBaJe
0 < t < o, ynoBnerBopsitoieii (2.6) 1 (2.7). IT0 NPOTUBOPEYUT YCIOBUSIM
teopeMsl. TloaTomy
0 <o(t) < p®) (2.12)

JUIst TeX ¢, JIeKalMX cjieBa OT o, AJIs1 KOTOPHIX o cyuecTByeT. OHaKo
B cuny (2.12) u Teopembl 1.3 p Mo)KeT ObITH DPOJOJDKEHO KaK peHieHue
(o6o3Hauum ero cHosa uepe3 p) Ha Beck uHTepBan 0 < f < o. Iloaromy
lim p(t), t— + O, cymecryer u B cuny (2.12)

Hm g(t) =0.

{—+0

[onoum, 1o onpenenenuro, (0) =
W3 (2.12) cnenyer panee, uto

0< 20 o<t<a); (2.13)

TaK KaK ¢3(0) = ¢5(0) = /(0, 0), To OTHOmIEHNKE
PO _ |9l) — 91(0) — (2:(t) — 9,(0))]
t f

crpemurest K O iipu £ — + 0. U3 (2.13) noaromy cnenyer, uro o, (0) = O
3T0 NPOTHBOPEUMT YCJIOBUSIM TeOPEMbl, TAK KaK o — a0COJI0THO He-
NpepbiBHOE pellieHue ypaBHeHust (2.6) i 0 <t < o, yIOBIETBOPSIO-
Inee (2.7) 4 Ha 3TOM UHTepBajle He paBHOE TOXKAECTBEHHO HYyJ0. [TosTOMy
P(0) HeMOJOYKUTENBLHO ANST KaXKaoro o, 0 < o < @, ¥ 3T0 J0Ka3blBaeT
TEOpeMY.

Jlerko BueTh U3 J0Ka3aTeNLCTBA TEOPEMBl 2.2, UTO OHa CIpaBefNBa
TOT[ia, Korja | ymoBierBopsieT yciosusim Kapateomopu (T. e. ycio-
BUSIM, HajlaraeMpiM Ha [ B Teopeme 1.1), ecium TonmbKo BMecto (2.7)
HOTpeGOBaTb uto6bl ¢(0) = 0. HenpepeBHOCTS | UCIIONB3YETCs TOJBKO
B Touke (0, 0) 151 BBBoJA paBencTBa ¢1(0) = ¢4(0).

JloKa3aTebCTBO TeopeMbl 2.2 ToAUTCS JUisl Teopembi 2.1, 3a uCKIo-
YeHHEM TOT0, YTO HeNpepBIBHOCTb p B 3TOM Cjyyae MCIOJbL3YeTCsa JUis
yCTaHOBJIeHHUS HenpepblBHOCTH HYHKLMK (Knacca C1), yaoBieTBOpsoLiei
ypaBHeHHIO o(f) = y(t, o(f)) cneBa OT ToUKH (0, p(0)).

Teopema 2.1 mo>Ker OBITb YTOUHMEHA, €C/IM HCHOJIL30BATH TOHSTHE:
HM)KHETO pelleHHst.
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Teopema 2.3. [Tycme Pynxyuu | u p Y008AeMEOPANM YCAOBUAM
meopemst 2.1, UCKA04ASL YCA08UE MOHOMOHHOCMU Y NOT. B maxom cayqae

0Cmanmes 8 cuie 3aKa01eHus meopemvl 2.1,
NokasaTeNnbCTBO. EIMHCTBEHHOE MECTO B JOKasaTeJIbCTBE

Teopemsl 2.1, B KOTOPOM HCHOIb3YeTcsl HeyObIBaHHUE p 1O r, — ITO 0Ka-
3aTeNbCTBO HepaBeHCTBA

e(t) < p(D), (2.9)
Tie o — QyHKuus Knacca Ct, y0BJeTBopsitoiasi yCI0BUIM
o (t) = y(t,e(f)), elo)=plo)>0. (2.14)

Crnenyollee paccy)KeHHe MOKa3blBaeT, KaK MOYKHO JI0Ka3aTh HepaBeH-
cTBO (2.9) 1JIs1 HUMCHE20 pelleHust ¢ YpaBHeHUs (2.14), He UcHoNB3YA
MOHOTOHHOCTD 1.

PacemoTpyum 3agauy OTBICKaHUSI pelieHusl YpaBHeHHUst

r=yitr+e (0<e<),

IpoXoJsALiero yepes Touky (o, p(s)). Ans Ka)kI0ro TaKoro e CymecTsyer
10 KpaitHelt Mepe OJHO pellieHue g, ITON 3ajayu Ha UHTEpBaAJe 6 — o <
< t<{ o AN HEKOTOPOTO IIOJIOKUTEJIbHOTO «, He 3aBHUCALIEro OT .

Haree,
ey <plt) (e —a<LtLo), (2.15)

100 B MPOTUBHOM CJIyyae CJieBa OT ¢ Haliach Obl TOUKa {, 1Sl KOTOPOJ
0(0) = p(0) u oft) > p(f) M pocraTouHo OiMSKUX K { 3HaueHuil
t < {. B Takoii TouKe { cyllecTBYeT JeBasi npousBofHas p_(5) u

p-(5) <|91(8) — s < w(E, p(8)) <w(C, e:(0)) + & = eill) .
I[ToaToMy st ZOCTaTOYHO Manbix h > 0
(6 —h) <p(l—h,

YTO IPOTUBOPEUMT OMNpejeseHuIo §. ITo aoKasbBaeT (2.15).
Taxum >xke 00pa3om mosydaem, 4ro

lim sup g.(t) < om(f) . (2.16)
-0
Hanee,

p(o) — alt) = [ wlt et) dt + elo — ),

t

U, ClIeIOBATENIbHO, Ha MHTepBase ¢ —a < [ < o (a > 0) MHO)XXecTBO
GyHKumit {o;} paBHOCTEINICHHO HeEMNpepbIBHO ¥ PABHOMEPHO OI'PaHUYeHO.
[T03TOMy CyLLeCTBYeT HOINOCHENOBATEILHOCTD {0}, CXOAAAsACS (Ipy
ex— 0) paBHOMepHO Ha wuHTepRajle ¢ —a <t <o K QyHKUMH ¢,
npuyeM o yaosiaetBopsier (2.14). Omnaxo B cuny (2.16) 910 9 A0DKHO
COBNIAZATE € pm ¥ U3 (2.15) cnenyer HepaBeHCTBO

el <plt)  (0—a<t<o).
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OcrasbHas 4acTb J0Ka3aTeJbCTBZ COBMNAjaeT C COOTBETCTBYIOLIEH
yacThbI0 JOKA3aTeJbCTBA TeopeMbl 2.1 ¢ TOH nullb pasHuliedf, 4To BCIOAY
cedyeT p 3aMeHUTh HA gm.

§ 3. EAMHCTBEHHOCTb H ITOCJEROBATEJIbHbBIE NPHBJIMKEHHSA

Mycts R — (11 + 1)-MepHOe MHOYKeCTBO
R:lt—7|<a, [x—&<b (a,b>0).

[ycts f€C Ha Runyctb M = max | f| Ha R. B § 3. I 6nino moka-
34HO, YTO NOCNegoBaTeNbHble NPUOIDKEHUST ¢o, ¢q, oy - - - , ONIPEIEIICH-
Hele QopmMynamu

ot

mialt) =& + | (5, pnle) ds (m=0,1,2,..)),

CXOMSATCS] K pelienuio ¢ ypasHenus (C) Ha unrepsase
t—1<a (a: min (a,—bM)),

YJIOBJETBOPSIOIEMY YCIOBHIO ¢(t) = £, ecnu ToubKo f€ Lip Ha R.
Cneayouwmi npumep (n = 1) mOKaseBaeT, yT0 OJHOH Henpephis-

HOCTH (YHKUMM [ HeJOCTaTOYHO JUIS CXOMMMOCTH II0C/IeJ0BaTebHBIX

npubmmkenuii. [1ycTs f onpegenena cieayromum odpasom :

0 (t:01_m<x<+°°),
21 0<t<1, — oo 0)
fog =12, Ostsh mesr<h, gy
22X (0<t<1, 0<x<),
—2t (0<t<], B<x< + o).

Ha wmHoskectBe 0 <<t < 1, — oo < X < - oo QYHKUMSA [ HeIpephiBHA
¥ OrpaHuMyeHa NOCTOsiHHOM 2. ns HavambHo# Touku (7, £) = (0, 0)
nocienoBatenbHele npubmmkedus (3.1) npu 0 <¢f <1 umeoT BHA

‘Po(t) = O ] ¢2m~1(t) = t2) q)2m(t) = 52 (m = 17 2) .. ) .

[ToaToMy IOCIIENOBaTeNbHOCT {@m(t)} A Kaxaoro t <+ O umeer ase
npejejibHble TOUKM M, 3HAUWT, I0CJef0BaTeNbHble NPUONIKEHUS He
CXOASATCS. 3aMeTHM TakiKe, YTO HU 00HQ U3 CXOASMUXCs NOJNOCIIef0Ba-
TenbHOCTeH {pem—1}, {pam} He cx0OuUMcA K pewienuro, u6o

Pam-alt) = 21 £ [(L, )
Pam(t) = — 2t £ f(t, — ).

Tax Kak yciopue JIMMUKGA FAPAHTUPYET eUHCTBEHHOCTh PelleHust
(C), MO)KHO TOCTABUTH BOIIPOC : He CJIEfyeT JIM U3 HeNpepBBHOCTH f

H

5 182
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M €IMHCTBEHHOCTH peIleHUST CXOAMMOCTh T0CJIe0BaTebHBIX Npubau-
>Kenuit? OTBeT Ha BTOT BONPOC OTPUL@ATENbHEBL, UTO CIIefyeT U3 Npe/bl-
Aywero npumepa (3.2), B KOTOPOM CYuiecTBYyeT cripasa oT Touku (0, 0)
e/IMHCTBEHHOE PelieHue, NPOXojsiLlee Yyepes 3Ty TOYKY, TaK KaK QYHKIUS
f MOHOTOHHO He BO3pacCTaeT M0 X NpU QUKCHPOBaHHOM t. HeTpyaHo mo-
KasaTb, 4TO M3 9TOr0 MOCJEeIHEro YCJIOBUSI CJIefyeT €IMHCTBEHHOCTE
clipaBa OT Hayajla KOOPJIMHAT.

Taroke cnpaBefnuBo, YTO €CIM IOCJef0BaTeNbHble NPUOTHIKEHUS
CXOJATCSY, TO MOJIYYEHHOE PelleHue MOYKET 0Ka3aTbCsl He eMHCTBEeHHBIM,
M3BecTHBIl NpuMep

x = x'h
noxaselBaer 310. M1 HadansHo# TOoukM (0, 0) Bce mociefoBaTelbHbIE
npubKeHHd DaBHBL HYJI0 W TOITOMY OHM CXOASTCS K (YHKIMH,
PaBHOH TOXJeCTBeHHO Hyw0. C APYrod CTOpPOHB, (YHKUMSA ¢, OoNpefe-
JIeHHAsl PaBeHCTBOM

npejcrasisier cofoif pyroe pelleHye, CyilecTBYIOlLlee cOpasa oOT
Havaa.

XOTS1 U3 eUHCTBEHHOCTH He Cile1yeT CXOAUMOCTb 110CTIe10BaTesbHbIX
npubamKeHnit, ycnoBust o0IUX TeopeM eguHCTBeHHOCTH 2.1 m 2.2
AOCTaTOUHBI VIS 3TOH CXOAMUMOCTH.

Teopema 3.i. [Tycmo f € C Ha R u nycmbe @uinoHeHsl Yea08Uus meo-
pemot 2.1 uau 2.2. To20a nocaeoosamenviivie npudaumncenus {om}, onpe-
Oenennole  pagencmeamu (3.1), €X00AMcA pABHOMEPHO HA UHMEpeae
[t — x| < a k pewenur ¢ ypaeuenus (L), yoosaemeopsioujemy Ha4alb-
HoMY Yeaosuw ¢ (1) = &.

HoxaszaTebCTBO IpOBeIeM, UCHOJib3YS YCIOBUS TeOPEMBI
2.2 n npeanonarasi, uto (r, ) = (0, 0).

[Tocnenree, oueBHIHO, He HapylwaeT 00MHOCTA PACCYIIEHMHM.

U3 onpepenetiust (3.1) nocnegoBaTenbHbiX NMPpUOMMKeHUE cieayer,
YTO OHU' Y/OBJIETBOPSIIOT HEPABEHCTBY

Pmty) — Pmlta) | <M ity — b (3.3)
st mobbIX f,, ¢, u3 mHTepBana || <a, rge M= max|f| Ha R.

OTcrojia ciefyeT, uTo MHOYKECTBO {¢m} Ha 9TOM MHTepBaJle PaBHOCTEIeH-
HO HenpepbiBHo. [onaras B (3.3) £, = t, {, = 0, nonyuyaem

P <M< Ma<b,

U, CeJl0BaTeIbHO, MHOXKECTBO {gm} pPABHOMEPHO OrpPaHHMuYeHO IIpU
|t] << a. Tlo nemMe ACKOIM CYWECTBYeT IOANOCIEA0BATENHHOCTD
{@m,), cXojsuuasicss paBHOMePHO Npu k—> oo Ha uuTeppane |f|<a
K QyHKuun @. [ToAnocneoBaTenbHoCTh {@m-+1}, YAOBJIETBOpSIOMIAs
PaBeHCTBY ¢

Pmralt) = [ (5, pmils)) ds (1< 1),
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paBHOMEPHO cxoauTest juist [ {] < a K QYHKUMU @*, onpejeseHHOH

paBeHCTBOM
t

PHl = | (s, pls)ds (1 <a),
0

1160 (YHKUMsT | paBHOMEPHO HeIlpephiBHA i
Hiwke 6yet nokasaHo, uto g || < a

it <a, |x]<b.

Pr-1{t) — Pm(t) >0 (m— o). (3.4)
[Npe1noaarast 9To, noayvyaem
Pmall) — Prmyll) >0 (k> 00),

a 0TCl0Ja cieayet, 4To ¢* = @, T. €. ¢ €CTb pewledue ypasHenus (C).
B cuny eIMHCTBEHHOCTM KaXKAast CXOAALIAsICs IOANOCIIel0BATeIbHOCTD
NOCIIeIOBATEIBHOCTH {@m} CXOAUTCA K TOMY >Ke PeIleHMI0, U OTCIOAa
C71eyeT, uTo TiepBOHayajbHasl MOCIef0BATENbHOCTD {pm} 115 | 1] < a
CXOAMTCH K peuleHHI0 @. JTa CXOAUMOCTb paBHOMepHa Ipu |[f] < q,
TAK KaK TI10CJIe0BaTeNbHOCTb {@m} PAaBHOCTEIEHHO HenpephiBHA U
CXOJINTCS.
Urobsl 10kazath (3.4), 0603HaUUM Yepes Wm PasHOCTh

wm(t) = (pm+1(t> - (pm([) (itl g a) ’
v(t) = lim sup |wn(f)| (HH<a).

M-

1l yCThb

Toraa v(0) = O n pyHKuusl v HenpepwelBHa A | f| < @, KaK BepXHUH
npeaen paBHOCTENIEHHO HeNpephiBHOH ¥ OrpaHUYeHHOH MOCJe0Ba-
TenbHOCTH (QYyHKIMA. JlokazaTenbCTBO paBeHCTBa  lim wn (f) =0

. n-—oe
1t 't < « 3KBMBAJIGHTHO ;0Ka3aTejbCTBY paseHcrsa v(f) = 0 s
't} < a. TlocnegHee paBeHCTBO MBI jJoKaxem st O <f<a; s
— a <t < 0 J10Ka3aTeNpCTBO aHaJIO0TUYHO. -
s kawaoro At > 0 nonoyxxum

Ag(t) = gt + 4t — ¢(h).

M3 (3.1) caeayer, uro s Bcex { u f ++ At us unrepBana [0, a ] nmewr
MeCTO HepaBeHCTBa
t+ A4t

i—/' Wm%l(t)! é | U(S, (Pm—l(s)) - f(S, ?’m(S))i dS
1 B cuny (2.4) t

t-- At

AWgat) < | wls, [wnls)]) ds - (3.5)
-t
Has1 kaxjoro 6 > O cymeCcTBYeT TaKoe Liejioe yucio Vs, He 3aBUCH-

uiee OT § ¥ m, 4tO0
(Win(s) ! <L v(s) + 0 (m> Ny (3.6)

[&1)



68 FJI. 11, CYIMECTBOBAHHUE U EJUHCTBEHHOCTbH PEIUEHHMI

AJs1 BeeX § u3 mHTepBana f<{s< [t Af. Urodnl B aToM yGemuthed,
3aMeTHM, YTO VU PAaBHOMEPHO HeNpephiBHA U MHOXeCTBO {Wn,} pPaBHO-
CTEIIeHHO HEeNPEepbIBHO HAa HHTepBase [ < s< f-- Af [loatomy ans
Kaxaoro 6 > 0 cyimectsyer s > 0, Takoe, 4To

0s) — VO < 5, [wmls) — wald) < 3, (3.7)

ecim TOJBKO |§-—§&| < 7 U TOUKK S, § IPUHAIIEIKAT HHTEPBAY
[t,t + At}]. Pasnenum uuTepBan [f,t -~ Af] Ha KOHeyHOe YMCJIO MOJ-
MHTEPBAJIOB

l=8,< 8§ < ... < § =1+ At

TaK, yTo0bl OBII0 Max (Si+1— ;) < %s. VI3 ONpeJenenust v KaK BepXHero

npefena CIeAyer, uTo Anst Kaxaoro §; (i =0, 1, . . ., k) Haiigercst Takoe
nenoe yuciao N, uro
) 8
|Wm(s)] < v(s) +5  (m>Ns). (3.8)
IMycts Ns = max N5, (i=0, 1, ..., k). B Takom cnyyae HepaBeHCTBO

(3.8) Bumousiercst juist m > Ne. st QHKCUPOBaHHOTO § U3 MHTEpBaia

[t,f + At)] nalijercs s;, Takoe, uro |s—s; | < 7. [lpumenss (3.7) K

3TOMYy § M § = §; 1 KomOuuupys ¢ (3.8), monyuaem HepaBeHCTBO (3.6).
Tak kak QyHKuus 10 r He yObiBaer, To u3 (3.6) ciegyer, uTo

(s, [Wml8)) < w(s, v(s) +8)  (m > N,), (3.9)
¥, CIIe[IOBATENIbHO, HCTIOIB3YA (3.5), noJyyaem
t-At )
Awpaa®)] < | w5 vls) +8)ds  (m>Ny). (3.10)
t

V3 onpeyesieHNs1 U BBITEKAET, 4TO
A v(f)] < lim sup |[d wpft)],
mM—eo

a otciofa u u3 (3.10) creayeT HepaBeHCTBO
t+ At

A< | wls,v(s) + 8)ds. (3.11)

B cuny HenpepuiBHOCTH GYHKIMM p 10 7
w(s, v(s) + &) —>w(s, v(s)) mpu 6—>0.

Otcrona, us HepaBeHcTBa (2.5) U TeopeMbl JleGera 06 MHTErpUpOBaHUU
Ma)KOPUPYEMBIX [10CJIe0BATEIbHOCTE! CJIeAYET, UTO
t+4t t+ A4t

ng { ¥(s, v(s) + 0)ds = f p(s, v(s)) ds.

t
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ITocneaHee cooTHolleHue BMmecTe ¢ (3.11) paer
H:At
A < J y(s, v(s))ds. (3.12)
¢
VisHepaBeHcTBa (3.12) cneayer, uto QyHKUMA v a0COMIOTHO HellpephIB-
Ha Ha K@XJOM UHTepBaje, coaepykamemess B [0, « ], u, ciefnoBaTenpHo,
npousBojHas V' cyiwecTByeT noutu Beroay Ha [0, a]. M3 (3.12) creayer
TaKoKe, YTO 3Ta NIPOM3BoJHAsl nmoutu Bcooay Ha [0, a] ynoreTBopsier

HepaBeHCTBY, )] < w(t, (D). ‘ (3.13)

[Mpeanonoxxum, yto Ajst Hexoroporo o,0 <o < a, ¥(o) = 0. Kak
TI0Ka3aHo B TeopeMme 1.1, U3 HAJIO)KEHHBIX HA  YCJIOBUIA CefyeT cyecT-
BOBaHHE Ha HEKOTOPOM HHTepBajie ¢ — v < t < o (y > 0) pyHKuuu g,
VAOBJIETBOPSAIOIEH YpaBHEHMIO

o'(t) = w(t, o(t))
U yC0BUIO g(0) = v(o) > 0. Hasee, Ha 3TOM MHTepBale
e(t) <), (3.14)
M OTCIOfA CJIelyeT, UTO g MOXKeT OBITh NPOJONyKeHA Ha BeCh MHTEPBAJ

O0<t<<om
lim o(f)=0.
t>+0

JloKa3aTeabCTBO 3TUX (PAKTOB BIOJIHE aHaJOTWYHO BBIBOAY HEPABEHCTBA °
(2.12) u3 (2.9) npu f0Ka3aTeabCTBE TEOPEMBl 2.2 U [IO3TOMY ONYCKaeTCs.
B cuny (3.14) umeem

0<f) 0 (0<t<o). (3.15)

TToxaskem Tenepb, uto v(t)/t — O npu t — - 0. C 9T0i LeIbI0 paccMOTPUM
npu O <t < @ pasHOCTb

Winlt) = @m-1(t) — gm(i) = Jﬁ [7(8, @m(9)) — (s, Pm—1(5))] ds . (3.16)
0

Tak Kak f€C na R u | gn(t) | << Mt, To u3 (3.16) cnenyer, 4ro aast
Kaxaoro e > 0 cymecrByer Takoe 7. > 0, 4To

wal <t O<t<n).

Hoatomy
v(t) = lim sup |[wnm(t)| < ef,
fso0

ecau Toabko O <t <., W, cnenoBarenbHo, W(f)/t— 0 nmpu t— -+ 0.

U3 (3.15) cneayer Teneps, uto o(t)/f — O upu {— + 0, uiH, TaK KaK
0(0) = 0, uto 0.(0) = 0. DT0 NPOTUBOPEUMT YCJIOBHUSIM TEOPEMBI, HOO
o — abCcomTHO HenpepbiBHAst QYHKLUS, He PaBHAsA TOXKAECTBEHHO HYIIIO
Ha yHTepBaie O < f < 0, YAOBJIETBOPAIILASA YPABHEHUIO

oty =vu(t,elt))  (0Zt <o)
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1 HayajbHOMY YCJIOBHUIO
0(0) = ¢, (0) = 0.

Hoaromy v(¢) = 0 ana Kaxporo o, 0 <o < a, uro J0Ka3bIBAeT Teo-
pemy.

§ 4. 3ABUCMMOCTb PEHIEHUHN OT HAUAJIbHBIX JAHHBIX
U IMAPAMETPOB

B Teopeme 7.4 ri1. 1 6bL10 M0OKa3aHo, YTO €Ci1u YYHKIHS [ HeNpephlBHA
N0 COBOKYIHOCTH MepeMeHHBIX (¢, X, p) U 110 X YAOBJIETBOPsieT YCI0BUK
Jlunmmna paBHOMEPHO M0 u, TO pellieHde HauyajbHCH 3a]1auu

x/:](taxuu’)r x(T):§

HenpepsiBHO 10 (f, n). B aelicTBUTEIbHOCTH Yen0BHE JIMNILNLA SBAsETCS
CJIMIIKOM OTPaHWYMUTENIbHBIM ; ISt TOr0 4To0bl 3TOT BayKHBIl pe3yibTat
WMeJl MecTo, JO0CTaTOUHO eJMHCTBEHHOCTH pelieHMsi. Tak ke Kak B
Teopeme 7.4 X-NPOCTPAHCTBO /1-MEPHO U w-TIPOCTPAHCTBO k-MEpPHO.

Teopema 4.1. [Tycmos D-o6aacms (i, x)-npocmparicmea, I, — o08aacmo
| — po| << ¢, ¢ >0, u D, — MHoxucecmeo 8cex moyex (1, X, i), yoos.e-
meopsroyux yeaoeusam (t, x) € D, u € I,. IIpednosoncum, umo Gynryud
f ra D, nenpepoigna u o2panudena nocmoannoi M. [Tycme 049 u = y,

3a0aya ‘
X =t x,py, x(r)==% : (4.1)

Ha unmepsase [a, b | umeem eOuncmeenHoe petertie ¢,, npudem T € [a,b].
B maxom cayqae cywecmgyem 6 > 0, maxoe, umo 04 Kanc0020 Purcupo-
BAHHO020 i, Y008AEMEOPIIOUIE20 HEPABEHCMBY |1t — | < S, cywecmeyem
peutenue g, 3a0auu (4.1) Ha [a, b] u npu p— p,

P> Do

pasHomepro na [a, b].

3ameuvanune., Xorda 3ajada (4.1) npu p -+ u, MOKET UMETb
HeeJIMHCTBEHHOE DellieHue, TeM He MeHee ee pelleHUs B TOUKe p = p,
HeMpepLIBHEL 110 IApaMeTpy w.

JoxkasarenbcTBo Teopembl 4.1 mposeiem A ciyuas
T € (¢, b). BHauvane ycraHoBum pesysbTaT 1jsl |t — 7 { < a NPU HeKo-
TopoM o > 0. BrifepeM a HaCTOJbKO MajbiM, 4YTOOBI MHOXKECTBO
R:|t—n|<a |x—§&|< Ma npuHamiexkano D. Bce peulenus
ypaBHeHus (4.1) ¢ w € I, CyllleCTBYIOT Ha HHTepBase [t —a, T -+ a]
U npuHaanexxat R. I[ycTb ¢, — HEKOTopoe peieHue. TOrjia MHOKeCTBO
¢yuxkuuit  {g.}, ® €I, DPABHOMEPHO OrpAaHUYEHO W PABHOCTENEHHO
HelpepLIBHO Ha MHTepBae | f-— 1 | < ¢.3TO cienyeT U3 HHTETPAILHOTO
ypaBHeHUS

t

o) =&+ [ {5, 51 W ds (t—7 <w (4.2)

T

M HepaBseHcTBa | [ | < M.
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TIpe/ioNoIKuM, uTo 151 HEKOTOPOro te [t —a, 7+ a] pewenne

(r“({) He CTpemuTes K go(f). Torma CywecTBYIOT MOCJIE0BATEALHOCTb
{piy, k=1, 2, ..., I KOTOPOH pr— g, K TOCIENOBATENBHOCTH
peleHul {py}, CXOSMAsACH paBHOMepHO Ha [r—a, 7+ a] mnpu
i — oo K TNpejlesIbHOH QYHKUMM p, TIPUUEM zp(f) = tpo(t) N3 Toro, uto
teCua D, p€C na [tr—a, 14 a] UUTO ¢, —>p PABHOMEPHO,
flonydaemM ypaBHeHue t

p(t)y =&+ J'f(s, p(s), o) ds (i-—7i<a).

[ToatoMy v ecTb peuleHue 3ajauu (4.1) ¢ w = u,. B cuny npeanono-
sKEHHON eMHCTBEHHOCTU pelieHnss umeem u(f) = qo(f) Ha uHTepBae

f-—1 | < a 3HauuT, p(f) = @(f). CregoBaTesbHO, BCe pelIeHUS @
npH L —> po CTpeMsTCa Ipu |t — 7 | < @ K @, B cuny pasHocTeneH-
HOM HEeNpPePHIBHOCTH 3Ta CXOAMMOCTL PAaBHOMeEpHA.

YUrolbl 10Ka3aTh TeOpeMy it UHTepBana [a, b ], BBeIeM MHOYKEeCTBO
H, aHalOrMYyHOe UCMOJABL30BAHHOMY B Teopeme 1.4. Paccmorpum uHTEp-
Baa [z, b]. Ipeanonoxxum, uto f, € [r, b) U yTo Teopema BepHa iJIs
!{E\}KHOI‘O manoro h >>OuauHrepsaie [r, f, — k] n He BepHa Ha UHTepBalle
[z, fy + f]. OueBumHO, 4TO {; > 7 + a. B cuny CHLeJIAHHOTO TPEIoJI0-
KoM AU KaXXKAoro Manoro e >0 cymectByeT 6. > (0, Takoe, YToO

Pulty — &) — polty — &)} ¢, (4.3)

eCAn | — o | < B
O0o3Hauum depe3 H MHOKecTBO (f, X)-TIPOCTPAHCTBA !

=t <y, X—gly—M<y+Mit—t;+v.. (44

rje -y HacroypKo mano, uro H C D. Kaxgoe pewenue ypaBHeHHMst
‘X" = f(t, x, w), NIpUHKMAIOLee B TOUKE { = f, — v 3HAUCHUE X, NIPUYEM
| Xo — @olty — v) | < vy, ocraercst B H npu Bospactanuu f. Takum o6pa-
30M, BCe peLleHUs] MOTYT ObITb TPOJOIIKEHBI J0 fy + .

Beibupas B (4.3) e = v, nojaydyaem, YTo Il | u — pq | < O BCe
peleHuss @, MOTYT ObITb TPOJOIDKEHH 10 f, -+ &. Taknm 06pasom, Ha
uHTepBane [r,f, -+ &] 3T pelieHus cofepKatcss B D, TaK 4TO 3aKJIo-
YeHUue ¢, —> g, NMOJyueHHoe Juist | -— 7 | < a ¥ OCHOBaHHOe Ha (4.2),
NPUMEHMMO TaK)Ke JUIsl UHTepBana [r, {, + e]. WITak, npeanonoxeHue
0 CyliecTBOBaHMHU f, < b HeBepHO. B cnyvae f) = b ciiegyer paccmoTpeThb
uHTepBaN ty,-— vy <t <f,; B OCTAJILHOM pAaCCY)KJEeHs aHaJOTHYHEL.
AHnanoruyHbie c000pakeHUsi IPUMEHNMBI CJIEBa OT 7, ¥ II03TOMY TeopeMa
BepHa 1)1 MHTepBaia [a, b].

ToT e pe3ynbTaT BepeH, eciu [ yaoBJeTBOpsieT ycnosusim Kapa-
TEO0PH.

Teopema 4.2. 3axawyenua meopemst 4.1 ocmawmes 6 cuje, ecail
Yeaogue f€C 3ameHums caedyiowyumu ycaoguamu i Gynkyus [ usse-
puma no t Ha mHomcecmee D, npu arfvix PUKCUPOSAHHBIX Y U X; PYHK-
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yua | Henpepviena no x npu a0bvix Purcuposannsix t u w; npu gurcu-
posannom t PyHKYUS [ HenpepvigHa no cOB0KYNHOCMU nepemeHHbIx (X, f)

npu po= fy; : :
|t %, )] < mt),

e0e m unmezpupyema no Jleeey na unmepsase [a, b].

HoKasaTeNbCTBO aHaJOTHYHO JIOKAa3aTeJbCTBY Teopemsl 4.1 ¢
00bIYHBIMM M3MEHEHHSIMH, BBISBAHHBIMU YCIIOBMIMM KapaTeonopu, u
NpefjaraeTcss B Buje YNpa)kHeHUs] YyuTaTeno.

Teopema 4.3. ITycmo goinornens: ycaosua meopemot 4.1. Toz0a cyuye-
emsyem & > 0, maxoe, umo 042 066X PUKCUPOSAHHBIX Yucea (o, 1, i),
Y0081eMEOPAWUX HEPABEHCMBY

o—| =&+ — | <6,
ece peuterusn ¢ = ¢ (¢, 0, n, u) 3a0a4u
X =ft,x,p), xo)=r1

cywyecmeyom na uumepsase |a, b]. Dosee moeo, ecau (o, n, p) —
(tr gr Au())’ mo -
@(t, 0,7, 1) = Po(t) = (1, 7, &, o)

pasromepro Ha [a, b].

JdoKasaTenbCcTBO MOKeT OHTb NOAYYeHO TPH NOMOLIK
He3HAUYUTENbHBIX U3MeHeHui NoKasatenbcTBa Teopembl 4.1.

Ba)knblif pe3yneTaT, cBsI3aHHBIA C HENPEPHIBHOCTLIO pelleHuit 0THO-
CUTEJIbHO HAYaNbHBEIX YCIOBUH, COHEPIKHTCS B CieNyllleid Teopeme.

Teopema 4.4. ITycmos T, 7, (vy < 7,) — (PUKCUPOBAHHBIE Oelicmeu-
meashbte qucaa u (ty, &) — Purcuposannas mouka (n + 1)-meprozo
(t, x)-npocmpancmea. Obosnagum depez U, MHOMCECME0 6cex mouex Py :

(o, &), maxux, amo
ig_fol"\/ bo (bo>0)-

I1peonosoncum, umo depe3z xancoyw mouxy (t, x) MHOMCcECMEa
Vi, <t <1y, x—&|<<b  (0<by<b)
ﬁpoxodum eQUHCMEeHHOe pellerlle Y PABHEHUS
X = f(t, x), ©y

npudem gynkyua f na V nenpepuigra. ITycme ¢ = @ (1, 1, ) ecmo peute-
nue ypasnenus (C), npoxodswee uepe3 mouxy Py € U, [Iyems qucao b
HAcMoabko 6eauxo, 4mo (t, ¢ (¢, 7o, &) € V 01 |8 —&| < by, 7o <t <L
< 7. Tycme Uy — muoncecmso modex Py : (ty, ¢ (11, 70, §)), 20€ (74, &)
€ U, Toeoa omobpancenue T, cmassigee 6 CO0MBEMCIMELE KancOotk
mouke Py € Uy mouky P, € U,, A649emcs monoao2udeckum omospaice-
nuem Uy ¢ U,.

HokasaTenbCTBO. B cuny Npeanonoyenus: eJUHCTBEHHOCTH
ACHO, uTo T oaHO-0QHO3HauHO. [To onpenenenuto U, [ KaXK10# ToUKK
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P, €U, cyuiectByeT TouKa Py € U,, Ttakas, uro TP, = P,, u, 3Hauur,
T obGpatumo. PYHKUMA v, OnpemeneHHass s | § — &, | < b, paBeH-

CTBOM _
W(E) = (P(le T\)y E)

(n1pu QUKCUPOBAHHBIX T, T), B CUIY €MHCTBEHHOCTH @ 111 | § — &,f <<
< b, HenmpepwiBHa 110 §. [ToaTomy oToOparkeHue T HernpepblBHO. ITpu-
MeHAS TO >Ke PacCy )KJeHue O HeNmpepbiBHOCTH K TOUKe T,, H0JydYaem
HenpephIBHOCTE 00paTHOTo 0ToOparkenust T—1, KOTOpOe CTABUT B CO-
OTBETCTBHE KaXJoH Teuke P, €U, Touky P,€U,. Iro 3aBepuiaeT
J0Ka3aTeNbCTBO.

3anauyn

1. Ilycte @ — HeOTpHLATeNbHAsA H3MepuMast (QYHKLUKS OT [ Ha MHTEPBaJC
0<t<a u F-—mHeoTpuuateNbHast usMepHMast QYHKUMsSI OT 7 Ha HHTepBaje
a I

0<r<a HyCTbJ D(t) df < oo ¥ pNS1 KaXKROro & > 0 | dr/F(r) = oo. ITokasaTts,
0 0
uTo ecs | f(t, x}) — f(t, X) | < @) F (]x — X|) anst maneig £ U x| ¥ ecnu | yaoBJe-
TBOPSIET YCJIOBUSIM T€OpemH 1.1, TO pemenue ¢ ypaBHenus (Y), yaOBIeTBOpsioulee
venoevo ¢(0) = 0, eZUHCTBEHHO.
Yxkaszauue. Eom p{,ry= Q) F(r), 10 uz ycaosuit p'(t) = (¢, o()),

e(0) = 0. cnenyer, uro o{f) = 0.

- 2. IlokasaTe, uro Teopema 2.1 cnpaseanuBa npH p(f, r) = r/t.

‘3. ITyets fe C(n= 1) B mpsimoyronpHuxe 0 <t <@, x| <b, rae a,b >0,
n mycts f(f, x;) < f(£, X,), ecnn x; <%, 1 f(t,0) >0 st 0 <t < a. HOKdoaTb YTO-
. TOCNel0BATENILHEIE TTPHOMKeHNs. (3.1) CXOAsTess K peleHyIo sajaun x’ = /(t X),
x(0) = 0 Ha MHTepBae

. b
< — _
0<t<a mm(a,M),

rae M = max|f| B YKasaHHOM NIPSIMOYTOJbHUKE,
~ 4. Iyete feC na (1 + 1)-mepHOM (t x)-mnomecme o<t <a (a>0),
| x| < co U NYCTh ¢ €CTb PelueHHe CHUCTeMbi X’ = f(t, X), IPOXOAAIIEE YePE3 TOUKY
(0, €) n cymecryomee aus 0 <<t << <C a. Jlokasatb, 410 J1MO0 mpenen (p(f—O)
CYLIECTBYET M KOHEUEH, IPUUEM B 3TOM ClIyuae ¢ MOYKHO NpPOAOKHTE 33 TOUKY f,
60 [g(t)| — oo npu t—t—0.
ITycrb f— Takad »ke QYHKUMA, KaK H B IpeAbIAYILei 3axaye, i IyCTh, gajee,
CYLIECTBYET HenpephiBHasi Ha uHTepBane 0 <r < oo q)yﬂxunﬂ P, TaKas, 4TO

P, x) | < p(Ix|) 1 g1 Hexotoporo &, 0 < 8 < oo J drjyp(r) = oo. [loka3atb,

4yT0 KaXKoe peureHue ¢ cucremsl (C), yaosnemopmomee yenosuio p(0) = £, cyiue-
CTBYeT Ha BCeMm mHTepBase 0 <1 < a.
Y kaszaHue Hcnons30BaTh pe3ynpTaT Npeasiayuied 3ajaud.
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JIMHENHBIE OH®PEPEHUMAJIbHBIE YPABHEHHUS

§ 1 l'lPEI(BAPPlTE.HbHBIE ONPENEJIEHHUA U OBO3HAUEHUSA

[Mycts A = (ai;) — KBajgpaTHasi MaTpuua NOPsLIKa 11, I'Ae d;; — KOM-
niexcHble uncia. Onpepenum Hopmy A cnepyomum o0pasom :

n
JAL= D ayl. (L.1)
ij=1
Ecau n-mepHbll BeKTOp X NPEACTABIATh KaK MAaTpULy C 71 CTPOKaMH U
OfHMM CT0J0LIOM, TO HOpMa BeKTOpa, OIpefeneHHass B § 5 rm. I,
COBMajiaeT ¢ HOPMOIf x, onpefeneHuoit no ¢popmyae (1.1). Jlerko Buiets,
YTO HOpMa 00/1aJaeT CIeAYIOIWHUMU CBOHCTBAMH :

@) A+ BI<|A|+iB,
(i) (AB|<|A|-|B,
(iii) Ax|<|A|- |x],

rie Ay B — maTpuupl, X — n-MepHLIR BEKTOP.

Ilo onpepenenuio, paccmosanue Me)XLy ABYMs Marpuuamu A u B
paBHO | A — B, ¥ 3T0 paccTosiiMe YIOBNETBOPsSeT OOBIYHBIM CBOH-
CTBaM METPHUKH. : :

Hyaegaa matpuna Oygmer oGo3Hadatbest yeped O, a edunuunas —
uepe3 E. B cnyyae onacHOCTH cMelueHUs] pasMepPHOCTeH 3T KBajApaTHbIe
MaTpuubl mopsiika n O6yayT 0003HauaTeCs COOTBETCTBEHHO uepe3 Op
un E,. 3ametum, uto |0p|=0wu |E,|=n,aHel.

Komnaexcro conpancenrori matpuued pisi A = (@;;) Ha3bIBAETCS
marpunia A = (d;;), TAe G;; — KOMIUIEKCHO COUPsDKeHHble uyHucia s
aij. Tpancnonuposannas marpuiia obosHavaercst yepes A\ W onpeje-
asierest Tak: A'= (ay). Conpawcennan matpuua iiast A omnpenensercs
Tak: A* = A'= (a;). 3amerum, uro [A¥|=|A=]A|=]A]|
Hanee, (AB)* = B*A*. Onpenenurens MaTpuupl A 0003Hauaercs
Kak det A.

Ecmn det A =0, To maTpuua A HaswiBaeTcst ocofoi. Heocobas
marpuua MMeeT 06pamuyl MaTpuiy A~l, KoTopas yA0BNETBOPSIET CO-
OTHOILEHUAM

AA-1=A-1TA=E.

Muorounen det (AE—A) cTenenu n 0T A Ha3bIBaeTCsI XApaKinepu-
CIUYeCKUM MHO204/[eHOM 1JIs1 MATpULBL A, a €ro KOPHU — Xapakniepu-
cmuyeckumu KopHamu A. EcivaT KopHu o0o3Hauensl 4; (i = 1,. .., 1), 70

n
det (AE — Ay =[] (4 —1).

i=1
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JiBe KBajpaTHble MaTpulbl A U B mopsiaika 1 HasblBAIOTCS n0000-
HbIMU, €CM CYLUeCTBYeT Heocobast KBajpaTrast MaTpulia P 1opsiika 1,
TaKas, 4ro

B =PAP-1.

Eciu A1 B nogo6HeL, TO OHU HMEIOT 01K 1 TOT »Ke XapaKTepUuCTUUeCKuii
wiforousieH, ubo

det (2 E — B) = det (P(LE — A)YP-1) =
=dethet(/'LE— A)detp—l-:det(),E—— A).

B vactHOCTH, Ko3(pduiuenTsl MHorouneHa det (A E — A) npu creneHsx
/. MHBapUaHTHBl OTHOCHUTENbHO TpeobpasoBanusi mojobusi. [Ba Hau-
founee BAXKHLIX MHBapuaHTa — det A ¥ sp A — olipefenuTeib u ciej A
COOTBETCTBEHHO.

[Tpusepem caeryowuil PyHIaMeHTAIbLHBIA pe3yabTaT 0 KaHOHUYe-
ckoit gopme maTpulpl.

Teopema 1.1. Kancoas keadopamuas mampuya A nopaoka n noedof-
Ha mampuye 6uoq

'Job00...0"
J=|0 o0
0 00 ... Js

20¢ Jo — OUQROHAMBHASL MAMPUYQ € IAEMEHMAMU Ay, g, . . ., Ag U

dgi1 0 0 ...0 0
0 Jgil 0...0 0©

Ji=1 . L (i=1,...,9).
0 0 0 0...2h;l
N0 0 0 0...0 244
30eco Aj, | =1,..., ¢ + s, — xapakmepucmuydeckue Kopru A, He 004-

3ameAvHO pazaudnvle. Ecau A; — npocmotl Kopers, Mo OH écmpedaemcs
6 Jo, U noIMOMY, ecau 8ce KOpHU pazaudHet, A 10000Ha 0ua20HaAbHOU
mampuye ' '
HO 0...0°

J={07% 00

00 0...4

M3 Teopembl 1.1 HENOCPEACTBEHHO ClIeRYeET, UTO
detA=J[4, spA=2k,

Tle NpOM3BeJieHMe M CYMMa pacyjpoCTpaHeHbl Ha BCe KODHH, TpUUYEM
Ka)K/bii KOpeHb CUMTaeTcsi CTONIBKO pas, KaKOBa ero KpaTHOCTh.
Matpunel J; UMEKT BUJ

Ji. = lqm‘riEfz -+ Zz‘ ’
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rie J; — KBajpaTHast MaTpuLa MopsaKa r; U

0100...00

0010...00
Zi=\|. . . ...
0000...01
0000...00
MaTtpuubl J; MOYKHO TpesCTaBUTb TAKOKe B BUie Ay E,, + v Z;, rae
y — mobasi NOCTOAHHASA, OTJIMYHAs OT Hyas. Meway npouumm, B Z%
AvaroHanb U3 eJ(MHUL 110 CPAaBHEHUIO ¢ Z; NlepeIBUHYTA BIPaBO HA OJMH
3JIEMEHT, & OCTajbHble 3JIEMEHTHl paBHbl HyJo. OTCIOa CleLyeT, uTo
Z7—1 ecThb MaTpulla, BCe 3JIEMEHTHI KOTOPOH paBHBI HYJIIO, 32 MCKIIOYe-
HiieM 3JIeMeHTa, CTOSIILer'0 Ha IIepeceyeHHH IIePBOil CTPOKK 1 IIOCITIEHero
cronflia ¥ paBHOTO efMHHLe. T1oaTomy Z}i ecTb HyJeBasi MaTpuua, H,
3HAYUT, MaTpuLa Z; HWIbIOTEHTHA.

[ocnenoBaTenbHOCTb MaTpul { A} Ha3pIBaeTCst €X00Auelica, ecnu

1151 10060TC & > O CYIIEeCTBYeT TaKoe Iies1oe Yiceio N, YTOIpu p, ¢ > N

[ Ag— Ap[ <e.

ITocnenoBarensHocTh { A} HMeeT CBOMM IIpejesloM Marpuuy A, eciu
st mo0oro e 7> 0 MOXKHO YKazaTh TAKOe iesoe uucino N., 4To IpH

m>N.
A, — A <.,

OueBuaHO, YTO NOCIEA0BATENLHOCTL {Am} CXOAUTCS B TOM U TOJBKO
B TOM CJydae, KOTrJa CXOAUTCA KaKiasli u3 MOcCiefoBaTe/bHOCTeH
KOMIIOHEHT, a OTCIJa ciefyeT, uTo { Am} CXONUTCSI B TOM M TOJBKO B
TOM Cilyyae, KOTJa CYILECTBYeT MpefesbHasds MaTpHLa, K KOTOpOil M
CXOJIUTCST 9Ta TOCIIe0BaTeNbHOCTD.

BeckoHeuHnlit psin

Am

1

m

i

Ha3bIBAETCS  CXOOAYUMCS, €CN CXOAUTCS TI0CIIeN0BATeIbHOCTh YACT-
HBIX CYMM, a CYMMOH psiia HasblBaeTcsi IIpefiesibHasi MarTpulia st
YaCTHYHBIX CYMM. Ba)kHoe 3HaueHwe MPH W3YYEHUU JIMHEeHHBIX YpaBHe-
HUH MMeeT CIeUMaNbHBIN PSfl, KOTOPBI HA3bIBAETCS IKCHNOHCHINON MaTt-
pHLBI A, a MMEHHO :
© - Am
et=E+ 3 T (i-2)
m=1

rae A™ ectb m-si cTenenb A. Psj, onpefensouuil e4, ¢Xouutcs st
BceX A, u60 151 m00bIX MOJOKUTENILHBIX [[eJIbIX P U §

=
4
by
3
3
.
£~1
>
3

I
o
o

-

D=
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a TociefiHee BBIPAXKEHUE eCcTh pasHocTh Kowwm st psina €4, cxoms-
1erocst ISl Bcex KoHedHolx | A |. Haee,

oA < (n—1) 4 €A, (1.3)

st martpul, BooOule roBOpsi, paBeHCTBO e4+8 = e¢“eB HemepHo.
AT0 PaBEHCTBO BepHO, eci A 1 B kommyTupyloT. B Teopeme 4.1 OGyper

10Ka3aHo, YTo
detedA =P 4 (1.4)

1 109TOMY e“ ecTh HeocoOast matpula aas BceX A. Tak KaK —A Kom-
MYTHPYeT ¢ A, T0 e=4 = (e4)~L.

Kaxxgas marpunia A yAOBIETBOPSIET CBOEMY XAPAKMepUCmudecKomy
ypagrenuio det (AE—A) = 0, 1 370 3ameyaHHe yacTo ObIBAET I10JIE3HO
1151 3§ }GeKTHBHOTO BhIYMCIIEHHs1 e, BoT mpoCToil mpumep : eciH

01
A= ol
To det (A E — A) = A2 =0, u nostomy A2 = 0, 0OTKyjga CJeLyeT, yTo
A™ =0, m > 1. 3nauur,

~era=(})

[Myctb B — Heocobaa maTpuna. [ToKa»em, 4To CyLiecTBYeT MaTpuua A
(HaspiBaemasi sweapugmom B), Taxas, uto e* = B. B camom nene, ecnu B
UMeeT KaHOHMYeCKy10 gopmy J Teopemsl 1.1, To A, 0YeBHAHO, MOIKHO
NpeACTaBUTL B BUIE FA0 0 ... 0>

A= 0 A, 0...0

6 0 0... A

TipH YCJIOBMHM, UTO ¢4i= J; j=10,1,..., s. JIerKo TarKe IPOBEPHTHL
p n ] y ’ p p y
4yT0 A, MOXKHO ITIPEICTaBUTL B BUJE
‘n2, 0 ...0
A, =0 Wk .0
0 0 ... In j.q
Hanee,

Ji=1q+; (E”' + ﬁ Z’) ’

rjie Z;
BBICIIME CTeNeHU Z; PaBHBI HYJIIO, TO PSIL

DU kT ()R 2]
=1
COAEPIKUT JIUIWE KOHEYHOE UYHMCIIO YJIEHOB M TNMO3TOMY CXOJUTCH. ITono-

JKHM, MO ONpejesIeHnIo, CYMMY 3TOr0 psAja, KOTODBI Ha camom Jese
SIBNISIETCS MHOTOYJICHOM OT 4, 1; Z; paBHOi

In (E, + -2
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Takum o0Opasom,

F U Z)) = exp 0 (Ey, -+ A4, 2))]

ecTb MHOrousieH ot Az l; Z;. C Apyroil CTOpOHBI, U3 TOXKIeCTBa
: ‘ 1 1/ 1 2
— pln (X)) — —_— . x2 —fx — = x2
I+ x=¢ T (x— gt gy [ — g +) +...
((x 1)
CIIEAYET IOCHE MPHBeJenus CIpaba NoA00HBIX WIEHOB, 4TO KO3(du-

LMeHTHl TIpU X¥, k > 2, paBHBI HYyJI0, a hoatpqmuuem IpU X paBeH
e/IMHHUILE. OTcxo:La CJIelyeT TOT >Ke Pe3yibTat juisl F, u 1no3romy

exp [In(Ey, + 4.1, Z)) = Ey, + 255 Z;
Otcioga Jierko nosydaem, yro A; MOYKHO [IPeCTaBUThb B BH/IE
, 1
Aj=(In 2 )) Er, + In (E,, + 2] :
[Tonb3ysich TeM, UTO Ui KaXKI0H matpuusl M
(PMP 1Yy = PMk P! k=1,2,...),

HETPYAHO BHIETb, 4TO
. pe/\/P 1 £,PMP —t

OTcroga cnepyeT, 9To pe3ysbTaT, MOJAYUEHHBIR JUIs1 KAHOHMUECKOH MaT-
pulpbl B, mepeHocuTcsl Ha npomgoanym Heoco0yi0 matpuuy B. B ca-
MoM fiente, ecit J = eA u B=PJP-1 10 B=e¢4, rae A =PAP-1
EctecTtBeHHO, 4TO MaTpula A He efMHCTBeHHa. Hanpumep,

— 7l 2w ikE — |
€A—€A€27'kE:€A_“2”k ‘(/{__0) + ]’ :tz’

Ecin @ — mpousBonbHas KBaJpaTHAsi MaTpula TNMOpPSAKA 71 u3
GyHKUui, onpejeneHHast Ha IeHCTBUTEILHOM f-uHTepBase | (3J1eMEHTBI
MaTpullbl MOTYT ObITL JefiCTBUTENbHBIMH MM KOMIIJIEKCHBIMH (YHKLU-
simu), T0 @ Ha3plBaeTCA HENpPepbLIBHOH, AudepeHLnpyeMod WK aHaIu-
TAYECKOH Ha [, ecnau BCe 3neMeHTHl P COOTBETCTBEHHO HeNpepbIBHBI,
aupdepeHurpyeMbl wim adaiuTuuHbel Ha [. Ecau @ Ha [ auddeped-
uupyema, To 4yepes @’ 00603Hayaercst Npou3BOJHAST MaTpuua. 3ameTum,
yTo ecau Marpullsl @, ¥ nuddepeHuupyemsl, TO

(PPY — DV + PP (1.5)

1, Boobue ropopsi, @'V £ VY',

Ecnu B TOUuKe { NpousBojgHast marpuua @’(f) cywecTByeT U MaTpHuLa
®—neocobas1, To MaTpuua ¢ ~1 B TouKe ¢ AuddeperippyemMa. ITo creayer
U3 paBeHCTBa
@

T det®’
re @ = (@), a ¢;; — anrebpanueckue JOTNOJIHEHHUs] BJEMEHTOB ;).
W3 pasencts (1.5) u @@~ = E cneayer, 4o

(@) = — OB, det® 40, (1.6)

-1
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Hanomuum, yto B § 7 ri. 1 Obl0 10KasaHo, 4TO eI MaTpuua A Ha
t-unTepBasie | nenpepsiBHA W P YIOBAETBOPSIET ypaBHeHHIO D'(f) =
= A(t) (), T0

(det @) = (sp A)(det D), (1.7)

a B MHTErpajibHO#i (opme
.ot :
det D(1) = det D(ryexp | sp A(s)ds (t,7€l). - (1.8)

T

§ 2. TUHENHBIE OQHOPOHBIE CHCTEMDbI

[ycts A — HempepbiBHast KBajpaTHasi MaTpulla MOpsiAKa 11, dJe-
MEHTaMU KOTODOM CJIY»KaT HenpepbiBHBIE KOMILJIEKCHBle (HYHKUUH,
onpejesneHHble Ha f-uHTepBane I. JlnHeiiHas cucrema

X = A(f)x (teh (J10)

HA3BIBACTCS AUHELHOU 00HOPOOHOU cucmemotl nopsiaka n. B § 5 rn. |
6blI0 MOKA3aHo, UTo I J0060T0 & U JUIsl 7€ I CYIecTBYyeT ejHHCT-
BeHHoe penlenue ¢ cuctembl (J10) Ha HuTepBaie I, yI0BIETBOpSIIONIEe
ycinoBui  ¢(e) = ¢*. B panbueiiuiem mbl Oyjem npeanosnarathb, 4To JIst
A BBINOJIHSETCS N0 Kpalinel mepe ycnosue (¥).

Hynesast Bektop-QyHKIwms Ha [ sIBAsieTcsl petieHneMm cuctembl (J10).
J10 pelleHHe HasbBaeTCA mpuguasshoim. Ecnu peulenne cucremsl (J10)
paBHO HYJIO JJIsl HEKOTOPOTO T € /, TO B CUJIY T€OPEMBI €JMHCTBEHHOCTH
OHO PaBHO HYJIIO TGXKAECTBEHHO Ha I.

Tecpema 2.1. Mrosicecinso écex pewienuii cucmemsi (J10) na urnmep-
gaze I obpasyem n-meproe sexmopHoe NPOCMPAHCMED HAO NOJEM KOMN-
ACKCHBIX Yu1cen®, ,

HoxasartenbcTBo. Ecnu g, u gy — pewenus (JI0) u ¢, ¢, —
KOMIUIEKCHBIE YUCIA, TO ¢ ¢y + €y ¢y TAIOKE ABJAsIETCS pewieHueM (JI0).
IJTO MOK&3bIBAET, UTO peleHust 00pas; 10T BEKTOPHOe NPOCTPAHCTEO.

Uro6bl TOKa3aTb, UTO 3TO IPOCTPAHCTBO 71-MepHO, CleAyeT IIOKa-
3aTb, YTO CYLUECTBYET /1 JINHEHHO He3aBUCUMBIX PeIleHUH @, o, . -, Cn,
TaKUX, 4TO Ka)Kjioe Apyroe petueHue cuctembl (JI0) ecTp nuHeitHasi
KoMOMBAUKA (C KOMIUIEKCHBIMH KO3((uLMeHTaMu) 3TUX ¢;. [IycTs &,

1 Obmiée, ecnu KaXkabi 31eMeHT MaTpHupt A usmepum Ha I ¥
CAQ < m() (tel), (*)

rae GYHKUMst m uHTerpupyema no Jlebery wa I, To u3 pesysnbraTta 3ajaud 4 ri. I
CJIEAYeT CYWIECTBOBAHNE M eJWHCTBEHHOCTL PeuleHHsT ¢ cucTemel (J10), ynRoBie-
TBOPSIIOLIEr0 YCJIOBHIO ¢(t) = £. CMm. TaxyKe 3ajayy | B KOHIE 3TOH TJIaBHL.

2 YyraTesib, He 3HAKOMBIM ¢ TePMUHOJOTHEH 3TOH Teopemel, 00HAPYI)KUT, YUTas
J0Ka3aTenbCTBO, YTO HETPYAHO CHOpMYNIHUPOBATH Pe3yJLTAT B 00Jee NPHUBBIYHOH
dopme. OTHOCHTEIBHO BEKTOPHBIX NMpocTpaHcTs ¢cM. Halmos P, R., Finite dimen-
sional vector spaces, Princeton. (Cm. Taxoxke Manabiues A. U., Jlunelinasg aiare6pa,
I"ocrexuspat, M., 1956. — ITpum. nepes.)
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i=1,2,..., n — JNMHEeWHO He3aBHUCUMBIE BEKTOPHI /1-MEDHOr'0 X-TIpO-
cTpaHcTBa. Hanpumep, 3a §; MOXKHO B3§ITb BEKTOD CO BCEMHU KOMIIO-
HeHTaMu, PaBHbIMU HYJIIO, Kpome [-i, Koropass paBHa 1. Torma, mo
Teopeme CYLeCTBOBAHMs, ecad 7 € I, TO CYILeCTBYIOT pelleHHs g,
i=1,2, ..., n cucrems (JIO0), mis KOTOprX pit) = €. TTokakem,
YTO 3TH pelleHst YAOBILTBOPSIOT NOCTABIEHHOMY Bhillie YCIIOBUIO.

Ecnu Obl peleHudsi g; Obu JIMHEHHO 3aBUCHMMBIMH, TO CYILECTBOBAJIYU
Obl 1 KOMILIEKCHBIX UUCEJT C;, He PABHBIX OJIHOBPEMEHHO HYJIIO U TaKUX,
410

n
Z‘c,-q;l-(t)zo (tel.

i=1

Orcoa CJIelyeT paBe€HCTBO

Zn:ci‘l?i(f): Scifi:(),

1=1 i=1

TIPOTUBOpeYaliee MPeANOI0KEHUI0 0 TOM, UTO BeKTOpHI &; JIMHEHHO
He3aBHCHMBIL.

Ecau ¢ — Hexoropoe pewenune (J10) na I, Takoe, uro ¢(r) = £, To
MO>KHO HaiTH (eMHCTBeHHbIM 00pa3oM OINpefiefleHHbIE) MOCTOSIHHBIE C;,
VAOBJIETBOPSAIOIINE PABEHCTBY

n
E=>¢é,

i=1

100 BeKTOpHl §; 00pasyioT 0a3uc n-MepHOro x-npOCTpaHCTBa [Tostomy
PyHKUUSA

n

Do

i=1

ecTe pemenne (JI0), npuHumaroee Npu ! = v 3HadeHue &, U, CJiefoBa-
TeNIbHO, B CHJTY TeOPEMBI eIUHCTBEHHOCTH

n
=g
i=1
Hrar, KaKjoe peleHue ¢ ecThb (eIMHCTBEHHAs) NuHeliHas KoMOuHanus
@i U Teopema 2.1 MOJHOCTBIO TOKa3aHa.

Besikoe MHOMKECTBO @y, @g,..., @n JIMHEHHO HE3aBUCUMBIX PelIeHU
cucremsl (J10) HaspiBaeTcst Oasucom Wi PYHOAMEHMAALHOIM MHONCECTT-
8om pewtenuti cuctemnl (JIO).

Ecin @—marpuna, n croa6uoB KOTOPOH SIBISIIOTCA 11 IMHEHHO He-
3aBucUMbIMU pelueHusmu (JI0) Ha I, To @ HassiBaeTcsl (IyHOAMeHmMAAb-
Hoti mampuyeti cucremsl (J10). OueBujHo, @ yHOBNETBOPSIET MaTpHUY-
HOMY yDPaBHEHHIO

D(f) = A(t) D(t) (tel). (2.1

TMon mampuunvim ouddepeHyuarsubim ypasHenueMm, COOMeEeNncmsyro-
wum cucmene (JI0) Ha I, nojpasymeBaeTcs 3afaya OTHICKAHUSA KBajapaT-
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Ho#t marpuubl @ mopsiiKa 1, CToJbLBI KOTOPOH SABJISAIOTCS DeLIeHUsIMU
cucrembl (JIO) Ha J. 3ta 3agauya 0603Ha4aeTcsl TaK :-

X' =AWMX (tel). 2.2

Matpuua @ HaswiBaeTCs pewenuem 3afnaun (2.2) Ha 1,1 @ yj0BIeTBOPSIET
ypaBHeHuio (2.1). U3 teopemnr (2.1) cienyer, uto, 3Hasg pyHIaMeHTAb-
HYI0 MaTpuny cucremsl (JIO), KoTopas siBisieTcsi, pasyMeercsl, YaCTHBIM
pelleHneM ypaBHeHUs (2.2), Mbl Oy/ieM 3HATh NOJHYIO CHCTEMY pelleHui
cucrembl (J10).

Teopema 2.2, [as mozo umobu pewerue-mampuya ypasnenus (2.2)
ObLia PyrOAMERMANLHOU mampuyell, Heo6X00UMO 1 DOCINAMOYHO, YmoObl
det O(f)+0 oan t€ I

3ameuaHue. Ecnu det @(f) + 0 st HexoToporo t€ [, To B
cuny (1.8) det @(t) ++ 0 st Beex £ € [.

HokasaTenbcTBO Teopemb 22. Ilyeth @ — dyHAa-
MeHTallbHasi MaTpuLa, CTosbLamMy KOTOPOH SIBASIOTCA BEKTOPHI @j, H
HYCThb ¢ -— HEKOTOPOe HeTpUBHAJILHOE pelneHue cuctemul (JI0). B cuny
TeopeMbl 2.1 CYILECTBYIOT eJMHCTBEHHBIM 00pa3oM OllpejlesieHHbIE I10-
CTOSIHHBIE Cy, . .., Cn, HE PaBHBIC BCE HYJIO U TaKHe, 4TO

n
=269,
=

WIH, BBIpAXKas IDY IIOMOLIA MATPULEL P,
p=9>Pc,

TAE € -— BEKTOP-CTONOCL, C 3JIEMEHTaMH Cy, ..., Cq. OTO COOTHOLIEHME
0pU KOKAOM T € [ eCTb CUCTeMa /1 JMHEHHBIX ypaBHeHUH ¢ Heu3BecT-
HBIMH Cy, . . ., Cn, MMEIOIIAs €IMHCTBEHHOE DelleHNe AT KKA0TOo ¢(7).
[Toaromy det @(r) + O u, N0 ceTaHHOMY Bhliile 3aMeyanuio, det @(f) + 0
LIS KOKIOro € [, 3ameTyuM, YTO 3TO JOKaspiBAET JIMHEHHYI0 He3aBUCHU-
MOCTb BEKTOPOB-CTOJIOLOB (YHAAMEHTAIbHOH MaTPULLI NS KaXKAOro
tel.

Hao6opot, nycrs @ — marpuia-peuieHue ypaBHeHust (2.2) U yCThb
det @(f) + 0 nns1 £ € I. Takum 006pa3om, BEKTOPLI-CTOJOLBI MaTpULBl P
JIMHEWHO He3aBMCHMBI JUIst KAXKA0r0 £ € 1.

Matpruna u3 BeKTOPOB-CTOJNOL0B MOYKET WMeThb OIpeNesuTelb,
TOXXJECTBEHHO paBHBEI HYJII0 Ha MHTepBane I, Jfake NpH JuUHeHHO
HE3aBUCUMBIX BEKTOPax.

Hampumep, nycrsb

¢®={6§

VIt Ka)K[O0TO MeicTBUTeNbHOrO uHTepBana [. CofepyKaHue TeopeMmbl
2.2 COCTOUT B TOM, YTO 3TOTO HE MOYKET CNYUUTHCS ISl BEKTOPOB, KOTO-
pBle SIBISIIOTCS pelieHMsiMU cucTemsl (J10).

6 182
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Teopema 2.3. Ecau @ — PyrdamenmassHas mampuya cucmemst
(JI0) u C — (xomnaexcnan) nocmosnnas Heocobas mampuya, mo D C
maknce agasemca PyroamenmaroHol mampuyeil cucmemst (J10). Kaxnc-
0aa gynoamenmasvran mampuya cucmemst (JI0) moxncem 6oims npeo-
CIMas/eHa 6 MAaKou opme npu nomouju Hekomopoil Heocobold mampuyet C.

HdoxkasartenbcTBo. M3 (2.1), ecnu @ — ¢dyHaameHTanbHas
MaTpuLa, BBITEKAaeT, 4To )

Y(1)C = AN DH)C  (te]),
(PCY = A(DC),

M, ciefoBaTeNbHo, @ C ecThb MaTpuua-pelleHue ypaBHenus (2.2). Tak
KaK

WU

det (D C) = (det D) (det C) # 0,

10 ¢ C — QpyHIameHTaIbHAs MaTpuila.

HaoGopor, ecin @; u @, — e GyHAameHTaNbHLIE MaTPULbl, TO
D, = P, C, rie C — HeKoTopass MOCTOsIHHAsi HeocOGast maTpuua. st
JIOKasaTeNbCTBa 3TOro monoxum 1! P, = ¥Y(t). Torna ¢, = &, V.
HupdepeHnupyst 310 paBeHCTBO, HOJIyunM, uto @, — P, V' | O P,
Orcrona u u3 (2.1) cneayer, 40 AP, = O, V' 1 AP, ¥ wu @, ¥' = 0.
IMostomy ¥’ = O u, cnegoBaTenbHO, Marpulla v = C nocrosiHHa. Ona
Heoco0as, TaK KaK 3TUM CBOHCTBOM oOnamaiT @, u P,.

3ameuaHusa. Ecnu nmpeanonarate TOJNBKO, 4T0 @, — pelieHue,
To Matpuua C Mo)ker ObITh 0c0G0il.

3ameruM, uTo eciu @ — (QyHHaMeHTanbHasl MaTpuLa cuctems! (J10)
u C — nocrosiHHast Heocobast Marpula, T0 CP, BooOie roBopsi, He
sIBNIsieTCs] QYHAaMeHTaJ bHOU MaTpuueid.

JBe pasjuyHble OHOPOJHBIE CUCTEMBbl HE MOI'YT ¥MeTh OJIHY U Ty JKe
dyunamentanbuyo matpuny, u6o u3 ypasHenuss (JIO) cuenyer, uro
A(t) = ©'(f) -(f). Tosromy matpuua P onpegensier matpuuy A
OTHO3HAYHO, XOTs1 00paTHOE YTBEP KAEHNE U HeBepHO. :

Conpsncennvie cucmemer. Ecnu @ — dyHIameHTaNbHAsl MaTpulia
ans cucremsl (JIO), To

(P-1Y = — O-1Q'P-1 — — D-1 4
Ay, Nnepexossi K CONnpsi>KeHHBIM MmaTtpulam,
(P*-1y = — A* P*-1,

[Tosromy @*~1 — dyHnamenTanbHast MATpULA JJIT CUCTEMBI

, X =— A¥t)x (tel). (2.3)

Cuctema (2.3) HaswBaeTCs1 conpancenHol ans cuctems! (JI0) u matpuu-
HOE ypaBHEHHUE

X =—A¥HX (tel) (2.4)

Ha3bIBaeTCsl CONpPSHKEeHHBIM ISt YpaBHeHus1 (2.2). ITO COOTBETCTBHE CUM-
meTpuyHo, ubo (JI0) u (2.2) conpsvxensl (2.3) U (2.4) COOTBETCTBEHHO.
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Teopema 2.4. Ecau @ — yHOamenmanoHas MAMpuya 045 cucmembl
(J10), mo ¥ ecmo PynoamenmanoHas Mampuya 04s CONPAMCEHHOU cuc-
memet (2.3) 6 MOM U MOALKO 8 MOM CAYYae, K020

Yid = C, (2.5)

20e C — nocmoannas Heocobas mampuya.

HJokasartenscTBO. Ecnu ¢ — dyngamentanbHas maTpuua
cuctemnl (J10) 1 ¥ — ¢yHaameHTanpHas MaTpuLa cucTemsl (2.3), TO, TaK
KaK @*~-1 — (pyHameHTaIbHasl MaTPHULIA YaCTHOr0 BUAA JUIs1 YpaBHEHHS
2.3),

VY =0@*-1D,

rie D — HexoTopast MOCTOsIHHAas Heocofast maTpuua (Teopema 2.3).
[TosTomy

Y*@) = D*
U MOXKHO NpuHATE C = D¥,

HaoGopoT, ecin @ — (yHIameHTaNbHasl MaTpuL@a cuctemsl (J10) u
yaoBierBopsieT (2.5), To #* = CP 1, unu ¥ = P*~1C* y, cnenoa-
TeNbHO, B Cuy Teopembl 2.3 ¥ — QyHiameHTanbHasi MaTpuLia COMNpsi-
YKEHHOH cucTtembl (2.3). ' ‘

Ecnu A = —A* 710 ©*-1 Oyayuun QyHAaMeHTaJLHOM MaTpuueit
JUIE CUCTeMBI (2.3), siBNIsieTcsl TaloKe (QYHIaMeHTalbHOM MaTpuuel st
cuctembl (J10). [TosTomy B crny Teopemsl 2.3 @ = @*~1C, win

O+ = C, (2.6)

rae C — nocrosiHHast HeocoOast marpuua. M3 ypaBHenus (2.6), B yacr-
HOCTH, CJIEfyeT, 4TO 3BKIMAOBA JJIMHA Ka)KJOr0 BEKTOPa-pelleHusi
cucremel (J10) mocrosinHa.

Tlonuncenue nopsoxa 0010 pooHot cucmemst. Ecinnssectro m (0 <m<C
< n) JIMHeHHO HE3aBHCMMBIX pelenuil cucremsl (JI0), To MOKHO MmO-
HUSUTL NOPSINOK CHCTEMBI Ha /M eJMHUIL, M, CIef0BATeNLHO, JIeJI0 CBe-
JIeTCS1 K pelleHuIo JMHeHHOH cucTeMbl OPSAAKa 1 — 1.

[Mpeanono)xum, 4ro ¢y, ..., m — MM JUHEHHO He3aBUCUMBIX BEK-
TOPOB, KOTOPbIe ABISIIOTCS pelieHusmu cuctemsl (JI0) Ha uHTepBane /.
ITycTe BEKTOp @; BMeeT KOMIIOHEHTHI ¢ (i = 1,2, ..., n). Toraa paur
NPSIMOYTOJIbHOM MaTpullbl ¢ 3yleMeHTamMu ¢;; (i=1,..., n; j=
=1, ..., m) s Ka)xporo t € I paBeH m, TaK KaK ee cT0J0LbI JIAHEHHO
HE3aBUCHMBI. JTO O3HAuaeT, YTo AJs1 Kaxporo f €l B 9ToH marpuile
HalieTcsl OTIMUHBIA OT HYyJs1 ONpefeNnuTesb NOpsfKa m. Bribepem
HEKOTOpOE -, € I M IpeNoNoXKUM JJIsl OTpeJieSIeHHOCTH, UYTO B TOUKE
fo, OTIIMYEH OT HYJS ONpefenuTeNb MaTpullbl Pm, C 3NeMEHTaMU g;
(i=1,...,m; j=1,..., m). Torga B cujly HenpepbBHOIi 3aBUCH-
MOCTH ONpENeJIATENST OT €ro 3JeMEHTOB g;; U HEelIPePLIBHOCTA QYHKUMI
@ij B OKPECTHOCTH fo IIONYYUM, uTO det Dm(f) + O anst { M3 HeKOTOPOro
uHTepBasa [, cogepykauero f,. Ilycts I — ofH U3 TaKMX MHTEepBaJIOB;

npouecc NoHwKeHus nposenem Ans [. (Viges store npouecca siBasieTcst
MojuduKauKeil MeToAa BapHaly IIPOU3BOJIbHBIX NOCTOSIHHBIX.)

6*
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IMycre maTpunia U nmeeT cBOMMU IIepBBIMH /M CTONOLAME BeKTOPHI
@1 ..., Em X CBOMMM IOCHEJHUMH 11— /M CTONOLAMM — BEeKTOPHI
€m+1, -+ -, €ny TIE €j— BEKTOP-CTOJIOIl CO BCEMU HYJIEBHIMH DJIeMeH-
TaMy, KpOMe j-ro, KoTopeii paBed 1. OueBupHo, uto U — Heocobasi

marpuua Ha I. Caenaem B (JI0) noacraHoBKY

x=Uy. (2.7)
[3amerum, uTo pemeHusM X =¢; (= 1,2, ..., m) TpH N0ACTaHOBKE
(2.7) cooTBeTCTBYIOT pemieHust y = ¢; (j = 1 2, , m). IToatomy 1nop-
CTaHOBKY (2.7) MOYKHO paccMaTpuBaTh KaK cuc:Temy OTHOCHTENLHO ¥,
KOTOpasi J0JOKHA MMEThb pelleHus ej, j=1,2,..., m.] HOLICTaBHHﬂ

(2.7) B cucremy (J10), nosyvaem

Uy + Uy = AUy,
nny, B KOOpAMHaATax, .

e+ X eyyi= Zamqf’kj}’ri— Z Gy (i=1,...,m),
j=1 j=1

j=1k=1 I=m+1

Nyt vt D eyyi= Zzazk¢k]yj+2, Qe Vi
j=1 j=1 =1i=1 k=m+1

(i=m+1,...,n).

Beipakast To 00CTOSATeNBCTBO, UTO BEKTOPBL @; C KOMIOHEHTAMH ;)
SIBJISTIOTCST pelueHusiMU cucteMbl (JI0), monyuaem

<p§j:Z’a,»k<pkj (l: 1,2, RN ]= l,...,m),
h=1
OTKyJaa CJIeAyeT, uTo

Z(pljyl Z aikyk (i:1727"'!m):

k=m+1

(2.8)
Vit Dloeuyi= 3 awye (i=m+1,...,0).

J=1 k=m+1

Tax kak det cbm =+ 0, TO 13 NepBLIX M ypaBHeHI/II/I (2.8) M0>KHO BHIPa3UThb
NpousBOAHEIE yj (f =1, ..., m) uepe3 gij, Qi ¥ yi (k= m+ 1, ,.1)
W 3aTeM STU 3HAYEHUS ) HOlICTaBI/ITb B OCTaJbHbIe (HOPMYJIBI (2 8) Mt
MOJNYYUM COBOKYIIHOCTb YPaBHEHUI IEepBOr0 IOPSKA, KOTOPBIM YAOB-

NneTBopsA0T QyuKuuy y; (i=m + 1, ..., n) Buua
Z bik’yk (i:m+l)-'-7n)y (2.9)
k=m+1

T. €. JJUHEHHYIO CUCTEMY MOPSJAKA 1T — 7.

Paccyxaast B 06paTHOM TNOPSIIKE, NPEANOTIOKUM, YTO Pmi1, - -+, Pn
[; nmeeT KOMIOHEHTHL p;; j (G, j=m+ 1, ..., n)] ectb pynaamenTan-
Has CUCTeMa peuleHuil HA [ A5 CHCTEMBI (2 9) Mycte ¥, m — marpuna
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¢ anemenTamu pi;(i, j=m + 1, ..., n). Ouesumuo, uto det ¥n_m (1) +
+ 0 na I. Ong xaxpmoro j=m+-1,..., nnyetbypi; (i=1,..., m)
ONPEIENISAITCS. € MOMOIIBIO KBAJAPATYD W3 YpaBHEHMIt

n

D euvip= D QuVip (2.10)

j=1 k=m+1

(i=1...,m; p=m+1,...,n).

Mycrs p, (p=m+1,..., n) o603Hayaer BEKTOP C KOMIIOHEHTAMH
wip ((=1,..., M) mOyctb yp = ep(p=1,..., m). TaK KaK yp,, p=
= 1,..., n, YIOBNETBOPSIOT cucTeMe (2.9) M IlepBBIM M YpaBHEHUSAM
(2.8), TO OHM JIOJDKHBI TAK)Ke YI0BJIETBOPSATEL OCTaJIbHBIM 71 — /M YpaBHe-
Husam (2.8), unosromy p, (p=1,..., n) SABIAKTCA peleHUsIMU CUCTe-
mbl (2. 8) Taxum o0pa3om, ecmn W — Matpuua co cronbuamu v,

p=1....,mu
UV,

1o @ ectb MaTpuua-pemtenue (JIQ) Ha I. U — Heocobassi marpuna.
Tak kak det ¥ = det ¥n_m Ha [, TO P ecTh Heocolass MaTpulia Ha
1 W, cnefoBaTeNbHO, SIBJISETCS (bymxamemanbﬂblm peilleHHeM ISl CH-
cremel (J10) Ha 1.

TMpenbiaynine pe3ysipTaThl Pe3lOMUPOBaHBEL B CIEAYIOUIed Teopeme.

Teopema 2.5. [Tycmb @q,..., m (M < N) — M U3BECMHLIX AU~
Helino Hesasucumslx pewtenuil cucmemst (J10), npusem ¢; (j = 1,2,..., m)
umerom Komnonenmst ;; (i =1, 2,..., n). [Ipeonosoncum, 4mo onpe-
Oeaumens Mampuysl ¢ 3eMEHMAMU (p, i (i, 1 =1,..., m) Ha HexomOpOM
nodunmepease 1 unmepeasa I ne o6paiyaemcs 8 Hyw. To20a ¢ NOMOUbI
nodcmanogky (2.7) 3a0aqy onpedenenus 1 AUHELHO He3Q8UCUMBIX pellie-
Huti cucmemst (JI0) Ha I moxucro céecmu K peuwtenuto cucmemst (2.9)
nopsadka n—m u K keadpamypan (2.10).

Vi3baBumcs Tenephb OT OFpaHUUEHUs, UT0 MaTpulla P, Heocobas Ha
HEKOTOPOM HHTEpBae. $ICHO, 4TO NPAMOYroJibHAS MAaTpulid C dNeMeH-
TaMd @i (i=1,..., 1; ; = 1 . .., M) KMEET PaHr m B CUJIy He3aBUCHU-
MOCTH peLieHHH g; (] = m) Tarum 0Gpasom, 1JIst KaXXJIoro ¢ = f,
CyliecTByeT Heocobast KBaD,paTHaH MaTpyua nopsiaKa m, KOTOPYIO ML
Hoynyuum, BEIOUpas m CTPOK iy, ..., im Y3 HpﬂMOYI‘OJIbHOﬁ MaTpuLpl ¢ n
CTPOKaMu U m croyifiamu. B CuNy HemlpepbiBHOCTH 3Ta MaTpulla He-
ocofast Ha HeKOTOpOM uHTepBaje [.

Xopouo ¥USBeCTHO M JIeTKO AOKA3BIBAETCS, YTO CYILECTBYeT TaKas
nocTosiiHasi Heocolast maTpuua 7T, IPUMEHUB KOTOPYIO K J0OOMY BeK-
TOPY X € 71 KOMIOHEHTaMy, MONYUAM Matpuuy 7X, HMeoUy CBOUMY M
MePBBIMM KOMIIOHEHTaMH KOMIIOHEHTB! BEKTOPa X ¢ HOMepamu Iy ooy ime
[Monarag % = Tx, mel 3ameHum (J1Q) aHanormyHOi cucTeMmoil, Ans
KOTOpO#l BHINOJIHSIETCS] NepBOHAYaJNLHOE OrpaHuueHme. TaK Kak

X=T-Y%, TO YyTBep)KJeHUe JUISI X CllefyeT W3 JOKa3aHHOTO Y)Ke
YTBEpIKIEHUS s X.
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§ 3. HEOJHOPOAHBIE JIMHENHBIE CUCTEMbI

Ilycts A — Heocobast KBajipaTHast MaTpHLla NOPSIKA N U3 HelpephiB-
HBIX (QYHKUMA, OTIPe/ie/IeHHBIX Ha fefCTBUTebHOM {-uHTepBane I u b —
HenpephIBHBIA BEeKTOp Ha I, He PaBHBIA TOXKJIECTBEHHO HyJto. Cucrema
ypaBHeHUH

x = A(t) x + b(t) (tel) (JIH)

HasbIBACTCS AUMeliHOU HeoOHOPoOHOU cucmemoll nopsiaka n. Ecnm ane-
MeHTHl A U b HelpepbIBHbI UJIH Jla)Ke M3MEPUMbI 1 MAXKOPUDPYIOTCS CyM-
mupyemoil gyHKuMed HA [, TO CYLIECTBYeT eJUHCTBEHHOE PelleHHe g
cucrembl (JIH), mis xotoporo ‘ ‘

p(r) =&,

riet €/ u | £ | < oo. B ciyyae HenpephIBHBIX QYHKLUH YTBEp KAeHUE
CJIelyeT U3 paccy < eHuii § 5 1. I,-a B cayyae Cymmupyembix QyHKUuA —
U3 peuleHus 3amauu 1. EJUHCTBEHHOCTh pelleHUs CilefiyeT TalOKe U3
TOT0, YTO ecyi OBl CYILECTBOBAJIO [Ba DELUEHHSI ¢y, Pg, TO UX Pa3HOCTb
@ = @; — @, Oblna Obl pemeHHeM 0JHOPOAHOH cucTeMnl (JIOQ) Ha I mpu
¢(7) = 0. Ho, 1o Teopeme eguHCcTBeHHOCTH A7 (JIQ), pasHOCTB ¢ AOJDKHA
paBHATbCA Ha | HYJIIO TOXKAECTBEHHO M, CIIeJOBATENbHO, ¢ = @,.

Ecnu usBecTHa QyHaameHTanbHasi matpuua @ cuctemst (J10), TO
Jierko Haiitu peweHue cuctemel (JIH).

Teopema 3.1. Ecau @ — pyndamenmansran mampuya 04s cUCTEMbl
(J10), mo ¢@ynryua

() = D(t) j D-1s)b(s)ds (€] 3.1

ecmo pewenue cucmemst (JIH), yoosaemeopanwiyee HAYQA6HOMY YCA08UH)
o(r) =0 (z€l).

JokKasaTenbCTBO TMOJYYALTCS HEMOCPEACTBEHHO IIPH TIO-
MOILIM NpsIMOM NPOBEPKHU.

VIHTYyuTHBHBIE CO000pa)keHNs], ¢ IOMOLIBI0 KOTOPBIX MOYKHO TIOJIYUMTb
BeIpayKeHUe (3.1), 3aKn0yaoTes] B CleAyIOmeM: 1JIs1 KayKI0ro HOCTOSIH-
HOTO BeKTOpa ¢ GYHKUUsS P ¢ sIBJIsieTcs pelleHneM cuctemsl (JI0). Mertoy
COCTOMT B TOM, YTO MBI pacCMaTpuBaeM ¢ KaK QYHKLKIO, ONPEJENeHHYI0
Ha I, ¥ HaXo[UM, KaKoi T0JDKHA OBITh ¢ (€CJIH OHA CYIIECTBYET), I TOI0
yTOOBI QyHKUUSA @ = P ¢ Oblia peleHreM HeOXHOPOAHOH cucTembl (JIH).

[Tycts @ = @ ¢ — pemenne cuctembt (JIH). Torna

=P+ P =ADPc+ D =Ap+Pc=Ap+0b,

rae nociefHee paBeHcTBO cieayer u3 (JIH). IMosromy @ ¢’ = b, unu
¢ =01},
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locyie/iHee ypaBHEHME BCErA@ Paspeumiumo, npudem eciu ¢(t) = 0, TO
t
o(t) = j O-Ys)o(s)ds  (t€T).

WUrak, ¢ onpepensiercst no popmyne (3.1) .
Jlerko BUJETb, UTO B YCJIOBUSX TeopeMbl 3.1 peuieHHe CHCTEMBI
(JIH), ynoBeTBOpSIOLIEe YCIOBUIO

pr)=¢ (vel, [§[ <),
JIaeTcst B BUIE

9(t) = palt) + O() | D1 () b(s)ds (tel), (3:2)

rie pu(t) — pewenue cucremsl (JI0), yaoBaeTBopsiouiee YCIOBHIO
Pu(r) = €.

dopmyna (3.1) [wm (3.2) | HaswIBaeTcsA opmyaoll sapuayuu nOCMosH-
Hotx sl cucremel (JIH).
3ameTum, uro Qopmyiy (3.1) MO)KHO 3anucaTh B BUNE
t

o(f) = W*—l(t)jsv*(s) bs)ds (tel),

rae ¥ — QyHjaMeHTanbHAs MaTPULA CHCTEMBI
¥ =— A*t)x,

conpsKenHoi cucteme (J10). Mpyrast ¢opma 3samnucu dopmynst (3.1)
TaKoBa :

9(t) = D) [ ¥*(5) b(s) ds,

O/IHAKO 31eCb Heo0xXoaumo orpanndenne F*(f) d(f) = E

§ 4. JUHENAHBIE CUCTEMbBI ¢ NOCTOAHHBIMH KOIPOUIIMEHTAMMU

Mycre A—nocmoanraa KBafipaTHas MaTpuua MOPsIIKa 11 ¥ PacCMoT-
pHUM COOTBETCTBYIOLIYIO OJHOPOJHYIO CHCTEMY

x = Ax. (4.1)

Ecmu n == 1, To (4.1) umeer OUEBUILHOE pelliene e'A, u peuleHne, KoTO-

poe NpH { = 7 PaBHO.£, UMeeT Bujp e/ ~D4 £, OKaSBIBaeTCﬂ YTO peleHue

uMeeT 9Ty (GOpMy ¥ B TOM Clydae, KOrja X, £ sIBJISHOTCSI BeKTOpPaMH

OPOMU3BOJILHOK KOHEYHOH pasmepHOCTH M A — KBajpaTHas Matpuia
nopsiaiKa .

Teopema 4. 1 <I>yH0aMeHmaﬂbnaﬂ mampuya @ cucmemst (4.1) 0aemces

dopmyaoti
D(t) = e‘A (1] << =0), 4.2)
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u peuterue @ cucmemst (4.1), yoosaemesopsaiujee yca08LH0
() =& (7| <oo, [§[< o),

p(t) =e!=74¢  ([t] < o). (4.3)
HokasaTenbcTBO. Tak Kak e(+4DA — gldpdtA 1o yg
onpefeneHus IPOU3BOAHOM JIerKo MojydaeM, 4To
(e*Ay = Aet4,
[TosTomy @(f) = !4 ecrb pewenne cucrembl (4.1). Tak kak P(0) =

to u3 (1.8) cnenyer, uro det P(f) = e™PA, Urak, @ ——q)yHnameHTam)-
Hast marpuua. Teneps ¢opmysa (4.3) odeBHIHA.

SameuvuaHue. 3ameTuMm, YTO BHIpAXKEHUE €XP U A(s) ds) He

umeem 6uod

06513aH0 OBITH pelleHMeM cHCTeMBl X' = A(f)x, ecnn ManI/IleI A(t) n
t
f A(s) ds e xommyTupyioT. OHM KOMMYTHPYIOT, Korja matpuna ‘A(f)

T
nubo nocrosiHHasd, b0 AUaroHajbHAs.

HHTepecHo uccnenoBaTh CTPYKTYPY OYHIaMeHTaNbHOM MaTpullbh
(4.2). Mycrs | — KaHOHKMUYeCKasi GopMa MaTpHLbl A, YKazaHHasi B Teo-
peme 1.1, u npeamosoxum, utn P

TaKasi, yTo
AP=P].
Torpa
4 = ¢PJP™ = Pe!lJ P-1 4.4)
¥ J uMeeT BHJ
J°0 0...0
J=|0 J10...0} (4.5)
0 00 ... Js
rie Jo — AuaroHajabHast MaTpULA C 3J1eMeHTaMu 4,, ..., 4, U
dgpil 0...0 0
0 z,,“ 1...0 0 .
Ji=1. . i=1,...,9). (4.6)
0 0 0 Aq.H 1
0 0 0...0 lq.H
Hanee,
etJo 0 ... 0
et — |0 e ... 0 %))
’ .
0 0 ...els
U JIeTKOe BBIYKCJIeHHE TTOKAa3hbBAET, UTO
eth 0 ... 0
elJo — 0 et ... 0 . (48)

0 0 .'....e.”q
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Tak KaK [i= Aq4i E,,+ Z;, T0 e'Ji = et*+1¢'%: Taxum o0pasom
q i 1

tri—1

1+ 2

21 77 (i — D!
ol — ptia*i =2 4.9
01t ol (4.9)

looo ... 1 |

rne J;-— KBajgpatHasg MmaTtpuua nopsigka r; (n=q 4 ry 4 ... rs).
[ToaTomy, ecin m3BecTHa KaHOHmueckass opma (4.5), (4.6) maTpuupl A,
TO pyHIAMeHTaIbHast Marpuna e cucremsl (4.1) faeTcst B IBHOM BUe
dopmyuoit (4.4), B KoTOpoit MaTpuua e’/ Mo)KeT OBITH BHIUMCIEHA U3
(4.7), 4.8) u (4.9).

Hpyraa dyHnamenTanbHass maTpuua cuctemst (4.1) Taxosa :

Y(t) = AP = PelJ . (4.10)

[Tycte Martputia P umeeT CBOMMH CTONOLAMU BEKTOPH! Py, ..., Dn.
Cton6upr MaTpunsl ¥, KoTOpHE MBI 0003HAYNM Yepes p;, ..., Pn, 00pasyioT
COBOKYIIHOCTEL 11 JINHeHO He3aBUCHMBIX pelleHuil cuctembl (4.1) u u3
(4.10) 1 Bujia MaTpuLbl | DONyYaem

() = ehipy, oty =ehepy, ..., py(t) = e pg,
Pora(t) = e'Mrpoyy,

Pe+ot) = ePea(tpgn + Pq+2)

..................

. ri—1
Wq+r,(f) = ¢Mn (( 1)] Pot1+...+ tpq*fr‘l + Pq+ "1) ’

------------------------------

Yrrprt{l) = €+ pp_riq,

pll) = e““‘[( i1 Pt e Pt p") :

Tak xak AP = PJ, TO BeKTODH p,, ..., Pn YIOBIETBOPSIIOT COOTHO-
HIEHUSIM

Apy=Mpy, ..., Apg=124py,
Apgt1=Agt1 Pg+1, o
Apgie = Pot1 -+ Ag11Pgtas

ADPq+r, = Pgtr—1 + A1 Patry »
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Aprb—rrH = /‘lq+s Pn—ry+1,
Apn rs+2 — pn rs+1 "l‘ z'q+s pn Ts+2)

Ap -—pn 1+1q+spn

Pewenus y; BHIpa)KalOTCs IOCPeJCTBOM He3aBHCHMBIX BEKTOPOB p;,

¥ v ; v

Day + - - » Pn U3 IIPEJBIAYLLIEH TI0CTe0BATeNbHOCTH YpaBHeHu#. (Jlpyro#
BLIBOJI CM. B 3ajiave 13.)

dopMmyna Bapualuu MOCTOSHHBIX (3. 1) B IpUMeHEHHH K Heon-
HOPOJHOH cucTeMe
x’ = Ax + b(t) (te]), (4.11)

rae A — NOCTOSIHHAs MaTpHia, JaeT UIsl pelleHust ¢ cucTembl (4.11),
YIOBNETBOPSIOWEro yCaoBuio ¢(t) = 0, 7 € I, BHIpa)KeHHe
t t

() = e‘AJ e=sAb(s)ds = j et=94p(s)ds (tel).

T T

Pemenne ¢ cucremnl (4.11), ynoBieTBOpsiouiee YCIOBHIO @(T) = &)
e T€l, | £} < oo, umeeT BUJ,

t
#(t) = et-04 ¢+ [ e9ap(s)ds (tel).

§ 5. IMHENHBIE CUCTEMbI ¢ NEPHOUUECKHUMH

KO03PdPUIHUEHTAMU
Pacemorpum nnHeﬁHyfo OJHOPOJHYIO CHUCTEMY
X=Alx (= oo It o), (5.1)
rjge A — maTpuua, 3J1eMeHTaMH KOTOpO# Cly»KaT HelpephiBHblE KOM-

IUIEKCHbIE QYHKUUM, U

A(t -+ ) = A() (5.2)

IU1s1 HEKOTOPOH MmoCTOsIHHON o =+ 0. B arom cnyvae (5.1) HasbiBaercs.
NIEpHOANYECKON cucTeMoit U o — mepuomom A. OCHOBHOM pe3ynbTaT
AJsT TAKUX CHUCTEM COCTOMT B TOM, YTO (YHIaMeHTaJbHYI MaTpuuy
MOYKHO TIPENCTaBUTh KaK NIPOU3BEeHHe MepUONMIeCKO MATPULIEL C TeM |
JKe NepuoioM & U MaTpULbl-pelleHusT JJIsi CHCTEMBI C NOCTOSIHHBIMH
Ko3QpuImenTaMu.

Teopema 5.1. Ecau @ — ¢ynoamenmatvHas Mampuya 045 cucmemol
(5.1), mo mem xce ceoticmeom 06.aa0aem mampuya
Y(t) =D + ) (— oo <t e0).

Kancooii makoii mampuye @ coomeemcmsyrwm nepuoduuecKas Heoco6as
mampuya P ¢ nepuodom o U nocmosaHHas mampuya R, maxue, armo

B(1) = P(t) - eR. (5.3)
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‘JloxaszaTexabcTBO. Tak Kak
DMt)=AD D) (= oot o),
10 B cuny (5.2)
Pi(l) = (t + ) = At + 0) Bt + 0) = AOP() (— so <t o).

Moatomy ¥ ectb marpuua-pelieHue cucTemsl (5.1), u aTa Matpuua QyH-
JaMeHTanbHast, Tak Kak det Y(f) = det (f4+ w) +0 mia — oo <
<Lt < oo,

CrenioBaTebHO, CYLIECTBYET IIOCTOsiHHast Heocobast marpuna C,

TaKast, 4To
- Ot + w) = D()C, (5.4)
M, CBepX 3TOro, KaK I0Ka3aHo B § 1, cymiecTByeT O0CTOSIHHASA MATpULA R,
TaKasi, uTo
. C=eR, (5.5)
13 (5.4) u (5.5) nonyyaem
D(t + w) = D(t) e~R. (5.6)
Onpepenum matpuny P 1o gopmyie
P(t) = D(t) e 1R, - (5.7

Torna, ucnons3ys (5.6), moaydaem
P(t + ) = D(t + w) e~ 2R = P(t) e»R e~ t+0R = P(f) e1R = P(f).

Tak Kak matpuusl D(f) u e~'R st — oo < t < oo Heocolbie, TO P(f)
TaKasl yKe, ¥ 9T0 3aBepulaeT A0Ka3aTesbCTBO.

3HaueHue TeopeMbl 5.1 COCTOUT B TOM, 4TO 3HaHHE PYHIAMEHTAJILHOM
MuTpyLpl ¢ Ha MHTepBajie NIUHBI o, Hanpumep O < < ®, HaeT BO3-
MOYKHOCTb OIlpelenuTh @ Ha Bcell uucnoBoi npsivoi. B camom nene,
maTpuua C B (5.5) onpenensercs kak @~ 1(0)P(w), a orcroga R onpene-
nserest Kak (In C)/w. Teneps matpuua P(f) ompeneneHa Ha HHTepBaje
(0, ®) mo popmyne (5.7), a TaK Kax P(f) uMeeT iepuoj », TO OHA ONpefesi-
eTcsl Ha uHTepBayle (— oo, oo). Teneps Marpuua @ onpefesieHa Ha
MHTepBaJle (— oo, o) 1o dopmyie (5.3).

Ecnu ¢, — HekoTOpas Apyras QyHAameHTaIbHAasl MaTpHLla CHCTEMBI
(5.1), nns Koropoii BemonHsercs (5.2), TO

@ = ®1T,

rae T — HEeKOTOpas MOCTOsIHHAsi Heocobast Matpuua. M3 (5.6) cienyer,
9TO

Oyt + ) T = Py(t) TeR,

B,(t + w) = Dy(l) (Te"R T-1). (5.8)

Taxkum o6pasom, B cunty (5.8) Kawjast GyHnameHTanbHasg Marpuna @,
onpenensier matpuny Te*RT—1, mopoGuyrw maTpuue e“R. HaoGopor,
ecnii T — mobasi TOCTOSIHHAs Heoco0ast MaTpulia, TO CYIIECTBYeT

HIH
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dyHaamenTanbHast maTpuua @, cucremsl (5.1), Takast, UTO BBIIOJHSIETCS
(5.8). CnepoBaTenbHO, X0T P He onpefessieT K 0HO3HAYHO, MHOYKECTBO
BCeX (YHIaMeHTaIbHBIX MaTpuy cucrembl (5.1), a ciegoBaTesbHO,
matpuua A, OIpejeJisieT OJHO3HAYHO BCe CBsI3aHHble ¢ R BEJIMUMHBI,
VMHBapHaHTHble OTHOCHTEJIbHO NMoA00HbIX Npeobpa3oBanuii. B yactHoCTy,
MHOYKeCTBO BCeX (DYHIaMeHTaJbHBIX MaTpull cucrembl (5.1) ompepeinsier
OHO3HAYHO MHOXKECTBO XapaKTepUCTHUECKUX KOpHeH, a MMEHHO XapaK-
TepucTUYecKre KOpHH MaTpull C = e®R. Of03HauMM 9TH KOPHU 4epe3
Ayy oo+, An M HA30BEM UX MYJAbIMUNAUKQAMOPAMU, COOMEEMCMBY UMl
mampuye A. Hu oumH ¥3 MyNbTUIUIMKATOPOB He paBeH HyJo, 160
[ % = det e*R <+ 0. XapaxTtepucTuueckue KOPHM MaTpullbl R Hasbl-
BAIOTCA XAPAKMEPUCTIUYECKUMY HOKA3AMEAAMLL.

MHTEpeCHO BBHISICHUTH SIBHBIE BUJ MHOYKECTBA 11 JIMHEeWHO He3aBUCHU-
MBIX BeKTOpOB-peteHuit cucTeMsl (5.1). ITycts T — IOCTOSIHHAS HeEOCO-
Oast maTpula, Taxasi, yro mMaTpuna T RT = | nMeeT KaHOHWYECKYIO
dopmy, ykasanuywo B Teopeme 1.1, u nonoxum @, = ¢T, P, = PT.
Torna u3 (5.3) cuenyer

D) =Py(f) e, Pyt + w) =Py(D). (5-9)

[ToaToMy, eciu g; — XapaxKTepHCTHYeCKHe KOpHH R, To MaTpuna e’/
¥MeeT BUX

etl 0 ... 0
(4] ef]1 e 0
ety =" N )
0 0 ... e
rae
eto, o ...0
et — 0 ete, ... 0
0 0 ... et
7\
fri—1
[1 ... m}
fri—2 .
eti = eteeri |0 1@ (i=1,...,5;9+Zr;=n).

o o... 1 ]
OueBUAHO, UTO A; = €“%, U NOITOMY, XOTS CaMU KOPHU p; OTpeieJisi-
I0TCSI He OJHOSHAUHO, HO UX JeliCTBUTe/IbHBIE YaCTy ONpeAe/IAITCS 0HO-
sHauHo. Us (5.9) crenyer, uTo cTONOUM ¢y, . - ., pn MATPULBL P,, KOTO-

phie 00pa3yIOT MHOYKECTBO 1 JIMHEeHHO He3aBMCMMBIX peIleHul cucTemsl
(5.1), umetor BHZ : : :

¢i(t) = e ps(D),
Po(t) = e py(8) (5.10)

Po(l) = € po(1)
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@g+1(1) = €+ pgiy(f),
Paro(l) = e (tpg+1(f) + py+o()), (5.10)

Potry(f) = e (m Pota®) + ..o A+ tPgrr () + pQ+f1(t)_) ’
Prrer1(t) = €% e pu_y, 1(t),

rs—1
Pn(t) = et ((,:—_‘m Pr—rai® + ...+ tpnaa(d) + Pn(t)) .
B atux popmynax py, ..., pn — HePUOAUYECKUE BEKTOPBI-CTONOLI MaT-
puLbl P;.
s (5.10) oueBumHo, uro ecnu Re o; << 0 mnm, 4r0 9KBUBAJIEHTHO,
{4 | <1, TO mpu f— oo pemieHUsA ¢i(f) IKCHOHEHLMATLHO YOBIBAIOT.
WUz (5.6) cneayer, yto P(0) = P(0)e“R, u nosromy A; MOXKHO pac-
CMaTpuBaTh KaK XapaKTepucTuyecrkye KopHH matpuuel @ —1(0) P(w).
B wacrHocry, ecin @(0) = E, 10 R = P(w) u 4; ABIAOTCA XapaK-
TEPUCTHUECKYMH KOpHSAMU MaTpulltl P (). Tak Kak

det D(w) = A4, . .. A, = exp J sp A(s) ds, (5.11)
0

TO 1~ KOpeHb MO)KHO onpefenuts u3 (5.11), ecnu usBecTHsl n — I
KOpHeil 4;. .
HedicrBurenbHas HeocoOasi maTpuua C He 00si3aHa MMeTb eifcTBU-
TeJIbHBIA JI0TapuMm, T. e. He BCEr[a CYLIECTBYeT AeliCTBUTENIbHAS MaT-
puna B; Takas, uto e® = C. B camom Jesie, MaTpuLa ¢ OTHOH CTpOKeit
1 oHuM cTosidoM C = —1 JoCTaBisieT COOTBETCTBYIOLIMI MpuMep.
OnHaKo CHpaBeIiBO YTBEPIKAEHUE, UTO [UISi NeHCTBUTENLHON MATpPULIbI
C cywectByer neficTBuUTeNbHass Marpuua B, Taxas, uto C2? = eB;
cM. 3agauy 40. ‘
Kicnonb3yst 970 NpU [0Ka3aTesbCTBE TeopeMbl 5.1, HETPYAHO TIOJy-
UNTb CHACAYIWIIMN pe3ynbrar: ecau 6 cucmeme (5.1) mampuya A (f)
Oeticmeumeibras. nepuooudeckas ¢ nepuodoM @, mo Kaxcooi Oeticmsu-
mebHoll yroamenmanvroli mampuye D coomsemcmayrom Oelicmeu-
mesasHaa mampuya P nepuoda 2w u delicmeumenbHas NOCMOSHHAL MAM-

puya R, maxue, umo
D(t) = P(t) elR .

§ 6. IMHEAHDBIE JH®PEPEHIMANLHLIE YPABHEHUS TOPSIKA n

Hpennonoxum, 4T0 11+ 1 KOIYGULUEHTOB dy, @y, . . ., @ NPEACTABIA-
0T co00il HenmpephiBHBIE (KOMILIEKCHBIe) QYHKIMY, ONpefesieHHbe Ha
REHCTBUTENLHOM f~uHTepBase I, u nycrb L, 0603HayaeT opmanbHuIit
JubdeneHUaNbHEL ollepaTop

oodn dn—1
Li=aqygm+taigmms+ .. +ans
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3TO 03HauaeT, 4To ecau QYHKUUS g MMeeT 11 NPOUSBOJHAIX Ha [, TO
Lng = g™ + a, g+ ... +ang.

Harnee, npezmono»mm,'q'ro ay(f) + O pns1 t € I. Torza, N0 onNpejeeHUIo,
ypaBHeHHe
Lx=0  (tel)

[ B moapoGHoit 3amucu ay()x™ + a;()x =D+ ...+ a()x=0 (t€ )]
ecTb MuddepennnansHOe ypaBHEHUe

Wt — n(t) .
x(")+go—8x( DL Zo((t)’x_o (ten;

OHO HA3bIBACTCSl AUHCLIHOIM 00HOPOOHBIM OuPPepeHylaIbHbIM YPasHe-
Huem nopadka n. COOTBETCTBYIOLAsl 3TOMY ypPaBHEHUIO cucTeMa (CM.
§ 6 ri1. I) ecthb BeKTOpHOE ypaBHeHHUE

¥ = AQ) &, 6.1)
rjpe '
[ 0 1 0 0 0 ]
0 0 1 0 0
A=l 0o o o 0 .. 1} (6.2)
9 _ Gna_ dnz  Ons _ 4
[ ) o o ) aoJ

Tak KaK (6.1) — nuHeiiHas cucTema ¢ HelpepLIBHOM Ha I Marpuuei
Ko3Q(HUIEHTOB A, TO CYLIECTBYeT €IMHCTBEHHBIH BEKTOP-pelleHue ¢
Ha I cucremnl (6.1), yIOBJIeTBOPSIIOWMI YCIOBHIO

p(r)=§,

rie t€I, |§|<eoo. Taxkum 00pa3oM, ¢, — IepBasi KOMIOHEHTa
p — YIOBJIETBOPSIET YCJIOBUSM

pi(7) =&, 901(1) =&, ... ,(p(]n-—J)(T) =&, (6.3)

Tak Kak ¢, — pelenue ypasHeHusi L,X = 0, T0 9T0 peuieHue Y0BJeT-
Bopﬂe'r yenoBusiM (6.3).

pI/IMeHIAM Tellepb OCTaJIbHbIE PesyIbTaThl, IOJyYeHHbIE paHee Jibibe
JIMHEHHbIX CUCTEM, K YpaBHeHUW Lnx = 0.

Ecnu ¢y, ...,¢n — n pelueHuit ypaBHeHus Ln,x = 0, To MaTpuua
P1 Py ves @Pn
@; ; ee. Pn
b — 1 P2 n (64)
—1 gin—1 (n—1)
\tp‘ln xp‘2 RN 4

ecTb MaTpulla-pelueHue ans (6.1). OnpegenuTens 3TOH MaTPHULLI HAa3bl-
BaeTCsl 6poHCKuaHoM YpaBHeHHsi Ln,x = 0, COOTBEeTCTBYIOIMM pellie-
HUSIM @y, . . ., @n, ¥ 0003Hauaercst uepes W(gpy, . . ., @n). [lpu Qpuxcupo-
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BaHHBIX @y, . . ., Pn OH ABJFETCS GYHKUMel f Ha | ¥ ero 3HaYeHUe B TOUKe
t obosnavaercss uepes W(gpy, ..., en)(t). M3 TOro, uro s nuHeiHOU
cucremel Bupa (6.1)

t
det &(t) = det B(z) exp [ sp A(s)ds (tel),
cnenyer [3ameyast u3 (6.2), 4ro sp A = — a,/a, ]

W@s, ..o =Wioy, ..., 0@ exp [ — 20ds (ten). (65)

Teopema 6.1, Heobxo0umoe u QocmamoyHoe ycaogue mozo, umo-
Got n pemenuil ., . .., @, ypasHernus L, x =0 na unmepease I Ovrau
JUHEIIHO He3q8UCUMbL, 3QKA0YAEMLs 8 MoM, 4mo

W(py, ..., ) +0 (ten.

Kancdoe pewenue ypasrenus Lnx= 0 ecmv aunelinas xombunayus
¢ KOMNACKCHOIMU KO3@uyuenmamit 006X 1 AUHEIHO HE3Q8UCULMbIX
peutenuii.

HdoxasarenbcTBo. Eciu pelienus ¢y, ..., gn Ha [ JuHEHHO
33aBUCUMBI, TO CYLIECTBYKIOT IMOCTOAHHEIE Cy, ..., Cn, He BCe paBHbIE
HYJII0, TaKHe, YTO

Orcropa cn CAYET TOXIAECTBO

n
2 ae®t)y=0 (k=0,1,...,n=~1),
i=1

W T03TOMY BEKTOPHI ¢i C KOMIIOHEHTAMH: @i @i - - -, <p("—1> i=1,
2, ..., n) nuHeiHo saBucUMbl Ha /. Hao60poT, eCi BEKTOPBI ¢; TUHEHHO
3aBVICHMbI, TO TeM >Ke CBOWCTBOM 00J]akalT peweHus ¢y, . . ., ¢n ypaB-
HeHusA Lnx = 0. U3  TeOpeMbl 2.2 cnenyer, 4To Heoﬁxozmmoe U I0CTaTOY-
HOe YCJIOBMe JIMHeHHON He3aBUCUMOCTH BEKTOPOB ¢y, . .., ¢n 3aKJIIO-
yaercsi B ToM, 4ro det @(f) + O Ha I, rre © — marpuua (6.4). Ho aro
TpeOoBaHMe B TOYHOCTH COBNajaer ¢ ycjuoBueM: Wi(py, ..., gn) () + 0
Ha I. B cuny (6.5), ecitm W(py, ..., ¢n)(r) +0 anga HexoTOporo
v €1, 70 W(gy, ..., en)(f) + 0 p1sa moboro f € 1.

TaK KaK KKl BeKkTop-pewedne 3agauu (6.1), (6.2) ectb nuHeiHas
KOMOMHaLMS 71 JIMHEHHO He3aBUCHMMBIX BEKTOPOB-pellieHMi, TO KaXJoe
peiieHKe ypaBHeHUs1 Lpx = O eCTb JMHeHHas KomOuHalWst 1 JHHEHHO
He3ABUCHUMBIX pellleHHil 3TOr0 ypaBHeHHsi. JTO JIOKa3blBaeT Teopemy.

BBuay cBoifcTBa, YKa3aHHOTo B Teopeme 6.1, MHOYKECTBO 71 JIUHEHHO
He3aBUCHMBIX pelleHuit ypaBHeHUst L,x = O Ha3biBaeTcsl 0a3ucom
WM PYHOAMEHMAALHOIM MHOXCECTIEoM [ist ypaBHeHust Lnx = 0.
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Teopema 6.2, [Iycmo @y,..., pn— N PyHKYUL, uMeWWUX HA UH-
mepeane I nenpepuvigHble npou3eooHste nopsaoxan, u nycmo W (gs,..., pa)(f)%
=+ 0 na 1. Toz0a cywecmeyem eOUHCMBEHHOE O00HOPOOHOE Oube-
peryuabHoe ypagHeHue nopaoka n (¢ xoygguyuenmom npu x, pas-
HbIM eQuHUYe), 045 KOMOpo20 Imu @ynxyuu o6 pasym @yHoamenmate-
HOe MHONCECTNE0, @ UMEHHO &

n W(xJ‘Pl:""‘pn) —
O G, ey =0 (6.6)

3ameuvaHue. Bpouckuau W(x, ¢, . . ., @n) NpeAcTaBisier coboi
OTIpeeuTelb MaTPHLbL, HEPBast CTPOKA KOTOPOH COCTOMT M3 3JIeMEHTOB
X015+ + 5 @n, @ TOCTIEYIOMIHE CTPOKY SIBJISIOTCS I10CIIe0BaTeIbHbIMK
IpOU3BOJIHBIMU HEPBOA CTPOKU JI0 MOPSAAKA 71 BKIIOYUTEIILHO.

JokazaTenbcTBO Teopemb 6.2. OueBugno, uro Wigi,
P - ony=0(i=1,...,n), n00 B 3TOM ONpeaeINTeIc HMEITCS JBA
OMHAKOBBIX cToa0Ha. Pasnoyxkenue yucoureas W(X, ¢, . .., ¢n) J1eBOH
yacT ypaBHeHus (6.6) 1o s;emedTam IepBoro crosbia moKasbiBaeT, 4To
(6.6) ectp auddepeHaNbHOE YpaBHEHYE IOPSIKA 1. }{oacpcbnuuem npu

xm B WX, @, - - -, pn) paBed (—1)"W(gp,, - . -, pn), T- €. B (6.6) koaddu-
nuent npu x) paBeH euHuLle. Tak Kak W(gpy, - . -, @n) + 0, TO u3 Teo-
pemul (6.1) cienyer, 94TO @y, . . ., ¢n 00pasyiorT 11 (6.6) GyHAaMEHTATb-
HOe MHO>KecTBO.

EjuucrBesHoCTs ypaBHerust (6.6) ClleflyeT u3 TOro, YTO COOTBeT-
CTBYIOI{ME BEKTOPBI ¢; C KOMIOHEHTAMU @i, @iy + « -, ¢ (n—1) OTIpefeNsIoT
MaTpuLy Koa(puuuenTos (6.2), cooTeTCTBYIOIYIO cucteme (6.1), oaHO--
3HayHO. TaK KaK MMeeTcsi B3aUMHO OJHO3HAYyHOE COOTBETCTBHE MEXAY
JUHEHHBIMH YpaBHEHUAMU TOPAAKA 711 M JIMHeHHBIMM CHCTeMaMH BUJA
(6.1), (6.2), To KOKa3aTenbCTBO 3aBepIIEHO.

Ecnu oqHo uim 6onee w3 pelueHuit ypaBHeHUs1 LpX = O U3BECTHO, TO
UCII0/Ib30BaHNMEe COOTBETCTBYIOLEH cucTeMbl (6.1) I103BOJSIET NOHUBUTDH
NOpsANOK ypaBHeHusi. Boiiee NpsMO ROCTUraeT LEad CIeAYIIMHE npo-
Lecc, KOTOPBIH SABJSETCST METOAOM Bapuald¥l TNOCTOSIHHBIX IIpUMeHH-
TeNbHO K ypaBHeHU0 L,x = 0. I1ycTs Lnp, = 0 1 NONOKUM X = Y.
Torna ypaBHeHue Lnx = O siBiisieTcst Jis Y NuHeHHBIM quddepennnann-
HBHIM YpaBHEHMeM IIOPSIIKa 1, KOTOpOe MMeeT pelueHue y = 1, ubo ¢,
ecTb peuieHye ypaBHeHust Lpx = 0. [ToaTomy B HOBOM YpaBHEHUH K03(-
GuuueHT Npu y A0JDKeH o0paiaThcsi B HYJb. PaccMaTpuBasi 9T0 ypas-
HeHue OTHOCUTEJIbHO NlepeMeHHOM 1 = §’, oJyyuM ypaBHeHue (n — 1)-ro
nopaaka. Ecin ¢, He 3aBUCHT OT @ M Lnpy =0, TO (@y/p;) ecTb
peleHne ypaBHeHus (1 — 1)-ro nopsiiKa ajst U, KOTOpOe MOKeT OBITb
aHaNOruyHO CBEAEHO K YpaBHEHMIO (1 — 2)-ro NopsiKa, u. T. 1.

Conpsancennvie ypasrenus. C (QOpMaJbHBIM OIEPATOPOM L, TECHO
CBsI3aH Jpyro#d JuHeHHBI omnepatop L;7 MOPSIAKA 71, Ha3bIBAeMbIi
conpsncernsim ISl L, v ONpefienisiemblil ciieyomum o0pasom :

L= (=1 (5] @) + (— 1= () @) + o+ e
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uaue ToBOpsl, e€CIM g — QYHKUMST Ha [, JJIs1 KOTOpO# NpousBeneHue
drg (k=0,1,..., n) umeer n — Kk UPOU3BOJHLIX Ha I, TO

= (=17 (€)™ + (—1)" (@9 + ... 4 a.g.
YpapeHue

Lix=0 (ter).
[B mogpoGHOK 3anucu

(= 1) (@)@ + (= 1= @)= + .. +dn(t)x=»0],

HasblBaeMoe conpaxmcenuolm N1 L,x = 0 Ha I, ompegelisercss Kak
3ajaya oTbicKaHun QYHKUUK @ (pewlenus), Ha I, TaKo#, uTo NpousBeje-
Hue d; o (k =0, 1, ..., n) umeeT n — k NPOU3BOAHBIX Ha [, U ymOBIe-
TBOpSIOLIel Ha | YpaBHeHuUIO

(— 1) (@)™ + (— 1)@ )"V + ... +ap=0.

Eciu a, € C""* Ha I u ¢ — peiieHue ypaBHeHust Lix = 0, umero-
Liee 72 1POU3BOJHBIX Ha [, TO, WCMOB3Y NpaBuio AuddhepeHUHpoBaHHS
nponsseneﬂnﬂ, nonyyaem

L,T¢—(—1)”ao¢("’+ =0;

pasnenus Ha (—1)"Md,, BUAUM, UTO @ eCTh pelieHue AuddepeHaNLHOTO
ypaBHEHHUS TNOPANKA 11 PaCCMOTPEHHOT0 Bbille THIIA.

PaccmoTpuM TOT criennasnbHblil cnyvail oneparopa Ly, Korja a, = 1.
Hns cuctemnl (6.1), (6.2), accouunpoBannoii ¢ ypaBHeHMeM

Lyx=x® 4 qx®-Y+ . +4x=0, (6.7)
CONpSIYKeHHAs cucTeMa MMeeT BUJ
X =— A*()X (tel, (6.8)
rae B cuny- (6.2)
r 0 0 0 an
-1 0. 0 an,
CA* — 0 —1 . 0 an_, (6 9)
0 g

3anuceiBas (6.8) B KOMIIOHEHTaxX, Nojayyaem B cuiy (6.9)

x;:dnxns x;(:—xk—l—’_&n—-ki.-lxn (k:2; -~-vn)- (6']0)
Taxum 06pa30M eCJIU @y, . . ., pn — pellenne cucremsl (6.10), ans KoTo-
poro ¢ u

(Gncior2 @)D

CYIeCTBYIOT, TO, ﬂnd)q)epeﬂunpy;{ k-e paBencTBo (6.10) k— 1 pa3 u
perasi OTHOCHTeNbHO ¢!, mosyuaem

P +(@ @)D+ . (= 1) (@) = 0.

7 182
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[Toatomy @n YROBNETBOPSIET YPABHEHHIO
Lix = (—1)"x® 4 (=1~ 1@ x)"D + ... +dnx =0,
KOTOpOe SIBJISAETCS COMpshHKeHHbM K (6.7).
Baxnocts oneparopa L; 00yCn0OBIXBAETCSt MHTEPECHBIM COOTHOLe~

HHeM, CBSI3bBAOUM L, ¥ LS ¥ cOBepIIEHHO HeoOXOAUMBIM IIpH
U3yuyeHUH KpaeBwiX 3ajgay (cm. ri. VII—XII).

"Teopema 6.3 (Tomnec'mo Jlarpamka). [Ipednoaomcum, ymo 6 Ln

ax€C"*na I (k =-0, 1,..., n). Ecau u, v — npou3sgoasHvie (KOMNAeKCc-
note) pynxyuu Ha I, umetou;ue n npouseot)nbtx, mo
vL,u — ul}v = [u}) ( = %} , (6.11)
20e [uv] — gopma omuocumensvro geauqun (u, u',. .., u@Nu @, v,...,
v(r—1) 300a8aemas pageHcmeom
[uv] = S 3 (o, (6.12)
m=1 j+hk=m—1
j=0, k>0

HokaszaTtenbcTBo. Ilonb3ysce mnpaeunom puddepeHuupo-
BaHMs NpousBefeHus,; umeem s m=0,1;..., n

Dum = (— 1ymiy 4 (DG — u=DY 4 | 4 (— 1)m=lypm=Y

Taxum oGpasoM noyyyaem

VLu =7 2 Ay ™ 4 Va,u = 5 (@) U™ 4 Va,u =
n=1
n

= D (—1)™an-mv) ) u + vayu +

n

+ =2 =2 (—l)fu<k>(an~mﬁ)<f>],
m=1 j+k=m—1
J=0, k>0

4TO JoKasbiBaeT Gopmyay (6.11).

CneacrBue (Popmyna I'puna). Ecau ay 6 Ln u u,v maxue nce, xax u
6 meopeme 6.3, mo 01a mobsix t, t, € I
t2
j (ULt — uLiv)dt = [uv] (fy) — [w](t), (6.13)

t

1
20e [u, v](t;) — 3Haenue [uv] npu t=t;.

.doxaszaTenbcTBo. CrleayeTr NPOUHTErPUPOBATL TOXKAECTBO
(6.11) B mpenenax ot t; A0 t,.

Ecnu p — u3BectHoe pemenye ypaBHenus Lx = O Ha [, To B cuny
(6.11) oThicKaHue pemieHust ypaBHeHUs L,X = 0 CBOAUTCS K OTHICKAHKIO
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QYHKUMH @, YHOBIETBOpsIowWeil cienylowemy ypabHeHuio (7 — l)-ro
nopsiAKa

] .
; . > (—1)ix®(a,_ g} = const .
“HETRS

Heo@nopodnoe Aunelinoe ypasHerue nopaoxka n. Ilpeanosioxum,
yTO Ha JHelcTBUTeNbHOM f-uHTepBane I a, + 0, ay, . .., an ¥ b — Hemnpe-
phIBHbIE QYHKIMA, U PaCCMOTDHM YpaBHeHue

Lox = ayf) x® -+ ay(t) x=D -+ ... + au(t)x = b(t) (t €,
KOTOpO€ COBMNAJaeT C YpaBHEHHEM

x(®@) + al?)

Fxo-b g 2By 20

a() T ay(l)

10 ypaBHeHue [B cayuae b(f) + 0] Ha3bIBACTCS HEOOHOPOOHBIM ALHEL-
Hom ypasrenuem nopadka n. COOTBETCTBYIOLASl 3TOMY YpaBHEHMIO
cucrema (cM. § 6 1. 1) umeeT BUJ

i =AWM%+6@¢) (el (6.14)

rie A —marpuua (6.2) u b — BexTOp-cTON0EL, CO BCEMH HYJIeBLIMU
3JIEMEHTaMH, KpOME II0CJIeIHero, KOTOPhIA paBeH b/a,. Takum oGpasom,
COOTBETCTBYIOWAA YpaBHeHHI0 LnX == b(f) cuctema (6.14) ects nuHeiinas
HeOJHOPOJHAsl CHCTeMa ; CYLIECTBOBAaHME M €MHCTBEHHOCTb pelleHHs
s cucremel (6.14) oOecnevynBaeT, Kak OOBIYHO, CYlIeCTBOBaHHE U
e[AMHCTBEHHOCTb DelleHUs! sl YpaBHeHus1 Ln(x) = b(f).

IpeacraBisieT UHTepec ONpeesuTh IBHBINA B, KOTOPbIl MPUHUAMAET
dopmyna BapmalMM MOCTOSHHLIX (3.2) I CHEUMANbHOTO Ciyyast
cucremel (6.14). MurepecHa TONBLKO IlepBasi KOMIIOHEHTAa == g, BeK-
TOpa-pemieHust p cucremsl (6.14), TaK KaK 3Ta KOMIIOHEHTa €CTb PelleHHe
ypaBHeHus1 Lnx = b(t).

Teopema 6.4. Ecau oy,..., on — @PYHOAMEHMAALHOE MHONCECTIE0
0451 00HOPOOH020 YDPABHEHUS

Loyx =x® 4 a,x@D 4 . 4 a,x=0 (ax€Cnal),

mo peuieHue P HEOOHOPOOH020 YpasHeHUs
L.x = b(}) (beChal),
Y0084eMEOPAILYEE YCAOBUID
=& (el <o),
umeem 6uo '

. t
- S ' ﬂWk(%, <+ Pr)(S)
v =vi® + = ul®) ;| [t p(sy ds,  (6.15)

20e wu(t) — petueriue ypaeﬁenuﬂ L:x =0, 0aa xomopoeo @x(1) = &

T*
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u Wipy,- - ., pn) — onpedeaumens, noayuaemsiii us W(py, ..., on) 6

pesyavmanme 3amendi k-20 cmoabya na 0,..., 0, 1).
JokasaTenbcTBo. B cuny (3.1) neppasi KOMIIOHEHTa p = p,

BeKTOpa-pelieHusi p cuctemsl (6.14), s Kotoporo g(r) = 0, uMeeT BUJ

() = | 71a(t, ) b(s) ds,

THE Y1n(t, S) — 3JIEMeHT, HaXOSIUIACA Ha MepeceyeHUU IepBOi CTPOKU
u n-ro cronbua marpuupsl P(f)P-(s). Hanomaum, yT0 Ha YepecedeHUU
i~ CTPOKM W j-To cPonba MaTpuLbl P(f) crout asemeHT @~ D(f) U yTO
det @(t) = W(py, - - ., @n)(f). Hanee, Ha IepeceyeHHH i-i CTPOKU U
n-ro cronbua matpuusl P —1 CTOUT 37eMEHT

o Bin

W((ply LR y(pn) ’
Ifie gin — anrebpandecKoe KOMoJHeHUe dementa ¢~V B @. [ToaTomy

W, o) 669 = S 00 Wlgs, - 90,

rae Wi(py, - - -, @n)(s) onpefiesied B (QOpPMYJIHUPOBKE TeOpEeMbL. TaKum
00pasoM, pelleHHe p YpaBHeHust Lyx = b(t), y0BJIeTBOpsIOLIee YCIOBUIO
p(t) = 0, umeeT BUJ,

t
W f Wipr, -, @a) (5)
10= 8 00 | [l o

v s (Pﬂ) (S)

H 0uYeBUAHO, 4yTO0 (6.15) naer pemeHue, YAOBJIETBOPSIIOUIEe VCIOBUIO
P(r) = ¢, ecnn pu(r) = €.

Jlunetinoe ypasHenue nopsoKa n ¢ nNOCMOAHHLIMU KO3P@uyuenmanu.
PaccmoTpum  ToT - ciyuyail, xorga B L, BCe  KOI(Q(QHULIMEHTHI

ay=1, a,,..., Gn — NOCTOSIHHbIE. B 3TOM CJIyyae MO>KHO MpeEATosaraTh,
yTto I eCTh BCSI yMciIoBast Ocb. Jlajee, YPaBHEHHUIO
Lpx =xM 4 gx"-D 4 .. +a,x=0 (6.16)
COOTBETCTBYeT CUCTEeMa . .
‘ X' = Ax, (6.17)
rage A — IOCTOsSIHHAsT MaTpula
0 1 0 ... 0
0 0 1 .
A=19 0o o .. 1 (6.18)
—Qn —an-1 —Qn_-2 ... —q;

Moyxno nipegmonarars, 4ro s (6.16) MoyKHO yKasaTb GyHIaMeHTaIbHOE
MHO)KeCTBO pelleHul, U TOUHBIH BUJ 9TUX QYHKUMI 3aBUCUT OT Xapak-
TEPUCTUUECKOTO MHOrowieHa f(4) = det (A E— A) mnocrosiHHO#t Mma-
Tpulbl A B (6.18).



