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2. ITycTb BRIMOJIHEHB] YCI10BUS TeOpeMbt 2.1 1 mycTh QYHKLMH §j(f, o) OTpenesieHbl
KaK B § 3, Boiue Gpopmyisl (3.2). ITycte S — 0671aCTh @-TUIOCKOCTH, B KOTOPOH aJist
KAaXKAoro j=1,..., n uiu

Re [gj(t, ©) —g'(t, ©)] =0,

okasare, 4T0 fuQdepeHiMaIbHOE YpABHEHNE 3alaud 1 HMeeT NpH Ka)KaoM QUKCH-
pOBaHgOM m >0 pewenne ¢ = ¢, o, m), e @(t, 0, M)y v(t,0) MM tela, b]
I p € 9.

Ykagzanue. Ilycts §m(t, o) — yceyeHHass Cymma m -+ | NEpPBHIX UJIEHOB
cymmel p. Ilyere ¥ = X — m. Torna

y = ¢ Ay + Fu(t, 0),
e8¢ Fr(t, @) = O([o}!=k=m=1), | =max (r, p).

Wi

rae

’ A
Iycrs matpuna Pr(t, g) Takasi >ke, KaK U B JI0Ka3aTenbCTBe Teopembl 3.1, W MycTh

Pp=UR + UP, rae cronden scrpevaercss B UL wm U2 B 3aBHCHMOCTH OT TOTO
, m y
KAKOMY HepaBeHCTBY B 3ajaue 2 YNOBJIETBOPSIET gj.
IMToxasaTth, uTO CYLECTBYeT eIMHCTBeHHOE pelieHue y = y(f, o, M) YPABHEHHUS]
, x = x(f, 0, M)y

b b
x(, 0, m) = f Gm(t, 7, 0) Fm(7, 0) dz +9’J Gm(1,7,0) [ Bm(z, 0) — A(z, 0)] x(7, ¢, m) d7,

a a
rie 1 .
Gmlt, 7, 0) = Un (1, ) Q40 e=Qw0 P \(z, g)
s @ <t <tf, u QyHKnus Gm YAOBNETBOPSET AHANOTHMUHOMY YPABHEHHIO NS
<< 1<b, B KOTOPOM TONBKO MaTpuua Uy 3amenena Ha —UQ. ITokasars, uro

e_gl(f, o, m) = O(}Q]—k—m_])

P(t, 0, m) = Pmll, 0) + 2(1, 0,m):

H 4TO



T'arasa VII

CAMOCONPSKEHHBIE 3AJAYUM HA COBCTBEHHBIE
3HAUEHHMSA B CJIYUYAE KOHEYHOI'0 MHTEPBAJIA

§ 1. BBEEHHE

Pemenne KpaeBblx 3ajia4 I JMHeHHBIX JuddepeHHaNbHLIX YpaB-
HeHUll ¢ YaCTHBIMH NPOVM3BOJHEIMM B HEKOTOPHIX CJIyYasix MO)KeT OBITH
CBEJILHO K pelleHui0 OOBIKHOBEHHBIX AuddepeHNMaNbHBIX YpaBHEHUH,
CofepyKamMx Iapamerp H YJIOBJIeTBOpS{IOHmX HEKOTOPBIM KpaeRbiM
YCII0BUSM.

npOCTOH npyuMep 3TOr0 THUlla HAeT pelueHue 3agavuu

Lx = —x" =Ix (:%} (1.1)

x(0) = x(1) =0

Ha uHTepBane 0 < f < 1. 3nech | — KOMIUIEKCHBIH Mapamerp U X —
cKansip. PemeHusiMM ypaBHeHMss — Xx'' =[x, YHOBJIETBOPSIOIAMH
yenopuio x(0) = 0, siBasoTes dyHkuun csin I'+f, e ¢ — NOCTOsIHHASA.
Taxum o6pasom, 3azava (1.1) mo>KeT MMeTb HeTPHUBHAJIbHOE peIleHHe,
T. €. TaKoe peLleHHe, KOTOpPOE He PABHO TOXKAECTBEHHO HYJIO, TOrJaA
M TOJIbKO TOTAA, Korja sin [»=0 wnn Korma l=a2k2, roek=1,2,....
ITu 3HaueHUA [ Ha3HLIBAIOTCA c0OcmeenHbimMu 3HauyeHuAmMl. COOTBETCTBYIO-
1Me peleHust UMelT BUR

xi(t) = V2sin knt k=12,...) (1.2)

W HasbiBAWTCA C0OCmeeHRbIMU PYyRKYyuAMU. JIETKO BUIETH, 4TO

1
jx,-(t) 7at) dt = 8y, (1.3)

tae djx paBHo O, 2ciu j = k, ¥ paBHo 1, ecin j = k. OueHb Ba)KHO (3T0
OyneT foKa3aHo B 00mIeM Clydae nos)Ke), yTo 00MUPHEIN Kiace GyHKUMI
MO)KeT OBITh NIpe/icTaBjIeH B BUMe PSIIOB IO 9TUM QYHKUMAM yx. B camom
nene, 3T0 — psjasl Pypbe HO CHHYCAM.
Enue npome Apyras 3ajada 3Toro TUma

Lx=ix'=Ix, x(0)—x(1)=0. (1.4)
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Jlerko BujeTh, UTO COOCTBEHHLIMU 3lIaUeHUSIMU 31eCb OYaAyT [ = 2ak,
k=0,+1,£2, ..., 1 z(f)=e"2"*. Ananorom ycnosus (1.3) Teneps
ABJISAETCSH :
1
| 2 dt = 5, (15)
0

TAe 2 — YHUCJI0, KOMIUIEKCHO CONpshKeHHoe 2. Us (1.3) BupHO, UTO
Gynxumn (1.2) Taroxe ymoierBopsioT yeaoBuio (1.5). Tlocneposa-
TeNLHOCTh QYHKUMK {yx}, yroBnerBopsiowwx (1.3), HasplBaerTcst opmo-
HopmuposanHoli Ha unTepBane [0,1].

OcHoBHBIE pe3yNbTaThl, OTHOCsumecst K 3agauam (1.1) u (1.4),
CrpaBe[UIUBH UISE BeeX QyHKuUMii u3 ¢%0, 1), T.e. ans Bcex ompepe-
JIEHHBIX Ha uHTepBajne O <{< 1 KOMNNEKCHO3HAYHBIX (YHKUMH f,
¥3MepuMBIX N0 JleGery Ha 9TOM MHTepBane W TaKUX, UTO

L

| l1pdt < o,

0

upuyem uHTerpas OepeTcss B cmbicyie JleGera. Tak Kak 9TOT Kiacc
QYHKUMIA COJep)KUT BCe HelpepbiBHble (QYHKUMU WIH Ja)Ke KyCOUHO
HENpPEepLIBHEIE, TO PE3YJILTATHl, €CTeCTBEHHO, CIIPABEIMBLL M JUIST HUX.
[TosToMy uuTaTenb, He 3HAKOMKIH ¢ uHTerpanom Jlebera, MosKer npej-
nonaraTh BCHAY, UTO paccMaTpUBaemble (VHKUMH HellpePHIBHBI WM
KYCOUHO HENpepBIBHEL.

Jna yHkuuit f, g€ 820, 1) nosoyxum

1
(hoy= [ 1aat, il ="¢p".
Torpa, ecnu f€&£2(0, 1), To nus 3axaum (1.2) UMeeT MeCTO paBeHCTBO
lim [if — 3 (f, 2 ull =0, (1.6)
m—e k=1

¥ 9TO )K€ UMeeT MeCTO Julst GYHKIMIA y,, COOTBETCTBYOIUX 3a1aye (1.4),
eciu cymmupoBanue B (1.6) nmpousoputcst o —m jgo m. Yucna (f, xx)
HasbIBATCS KoIPguyuenmamu DPypve GYHKUMU [ OTHOCHTENBHO I10-
CcJlleloBaTeIbHOCTH {x;}. Psan

(2 G o) 2n
k=1

HasbIBAETCS cxodAawumcs no Hopme K GyHxuuu f B £2(0, 1), ecnu BHIOI-
Hsietcst paencTso (1.6). Jlerko Bupets, uro (1.6) 9KBMBANEHTHO paBeH-
CTBY

2= S22, (1.7)

k=1

M s
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C 3aMeHo# 1 Ha — oo JuIA cayuyasi, cooTseTcTBYIONIEro (1.4). PaBeHcTBO

(1.7) usBecTHO TOA Ha3BaHuem pasercmea Ilapcesass. B 9rToii riase

(1.6) u (1.7) 6yayT AoKa3aHbl NpY BrioJiHe OGIIUX YCIOBHSIX.
PaccmoTpum HeckonbKo Gonee oBumyio 3afauy, uem (1.4), a umenso :

Lx =ix =Ix, x(1)=ax(0), - (1.8)

rae a — nocrosiiHas. [1yc¢rs {4;} — cobcTBenHble 3naueHus u {y} —
COOTBETCTBYIOIME COOCTBeHHBle (YHKUMK, KOTOpble CYIIECTBYIOT, HO
SIBHOE BBIYMCIIEHMEe KOTOPBIX JIIS HAWIMX HeJeil He HeoOXxonumo. SlcHo,
qTo

Ly ) = Aili» 20
u

s L) = 2ty 20) -
Hanee B cuny (1.8)

1
Lyt — G Ld = i | G+ 20 @t = i Ll b=
0

=i(aa = 1) %0 %0 . (1.9
Taxum o006pasom,

(& — 20) (i » xi) = @@ — 1) 2;(0) 7x(0) ;

ecny ad = 1, To oTCIOA Moyydaem npu j = Kk, 4T0 Ax JIeHCTBUTEJIbHbI,
a npu j == k, uro
(xj’XI{) = 0.

UTtak, ecnn ad = 1, T0 coOcTBeHHble 3HaueHMs1 AeiCTBUTENbHBI U CO0-
CTBEHHBIE (DYHKUMH MOYKHO IIpeflosaraTb OpTOHOPMMpOBaHHBMHU. Of-
Hako ecnu ad == 1, TO JIerk0 BUJETb, YTO COOCTBeHHbIe 3HAYEHNMS He
00513aTeIbHO AeACTBUTENBHBL M UTO (%, Xx) 5= O.

Ecmn mpaBasi gacte (1.9) oOpauiaercs B HyJb, TO COOCTBEHHBIE
GyHKuMM MOXKHO BbIOpaTh OPTOHOPMUpPOBaHHBIMU. Takum 00pasom,
ecmu 3afada (1.8) Taxopa, uro smoOble e QyHKuuM u ¥ v Knacca C!
Ha unTepBaie [0,1], yroBneTBopsiomue KpaeBbiM YCIOBUAM, YAOBIETBO-
PSIOT TaK)Ke paBeHCTBY

(Lu,v) — (u, Lv) =0, (1.10)

TO coOcTBeHHble PYHKLUM 3afauu (1.8) 06pasyT OpPTOHOPMUPOBAHHYIO
110C/IeI0BATEILHOCTD ¥ COOCTBEHHEBIE 3HAUeHHsT JeiCTBUTENbHbL. Y CI0BUE
(1.10) mmeer QyHIaMeHTATHLHOE 3HAUYEHHME ¥ M3BECTHO IOJ HasBaHMEM
VCAOBUSL CAMOCONPAMNCEHHOCITILL,

JIerxko mpoBepuUThb, YTO €cId QYHKUNM U U V NPUHAIEeXKAT Kiaccy
C2? na wunrepnase [0,1] ¥ yROBJIETBOPSIOT KPaeBBIM YCJIOBMSIM 3a/auu
(1.1), To (Lu, v) = (u, Lv), Tak uro (1.1) — camoconpsiKeHHasi 3afaya.
C fpyroit CTOpPOHBI, JIEFKO TPOBEPHTb, YTO C KPaeBLIMU YCIOBHSIMU
x(0) = x(1), x'(0) = 2x’(1) 3agaya —x"’ = [x HeCAMOCOIPsKeHHas.
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§ 2. CAMOCONPSDKEHHBIE 3AJJAYM HA COBCTBEHHbBIE 3HAUEHMS
[lycts L — omnepaTtop MOpPsAKa 11, ONpejlesisieMblli paBeHCTBOM
Lx = pex™ + p;x""D . . 4 pux,
rfie p; — KOMILIEKCHO3HAYHble (YHKUMK KaccoB C"7 Ha 3aMKHYTOM
nHTepBatne a <t < b u py(f) #=0 na [a, b]. Ilycrs

n
Uijx = Z(Mjkx("“l)(a) + Npx®=D@)) (=1,...,n),
k=1

rie Mjx u Nj — nocrosHHble. Ofosnauum cooTHomeHuss Ujx = 0,
j=1,...,n, yepes Ux = 0. 3ajaua

w: Lx=Ix, Ux=0

HasbIBAETCA 3a0ayell Ha cobcmeeHHble 3HAUeHU (W Kpaeeoli 3adauveli).
OHa Ha3bIBAETCST CAMOCONPANCEHHOL, €CIU

(Lu,v) = (u, Lv) (2.1)
anst Beex 4, VE€C! Ha [a, b], KOTOpble YIOBIETBOPSIOT KPAeBbIM YCI0BUAM
' Uu=Uv=0.

Ecnu 35ece f, g€82(a, b), 1O

(ho)=[far, ="

Yucno (f, ¢) HasbIBaeTCA CKAAAPHOIM npou3sederuem GYBKUMA | u g, U
[1f]] ectb Hopma dynxumufB &2 (a, b). Ecnu (f, g) = O, To dpyHxuyun
[ M g Ha3BIBAWICA OPIMO20HAALHBIMU.

Msr y)ke Bufienn Ha IpuMepax § 1, 4To KJIacc CamoCOMNPSHKEHHBIX
3afau He nycr. JanpHeiiie NpuMepsl TAKUX 3aJay AaHbl B 3ajayax 1, 2
¥ 3 B KOHIle 3TOH IIaBHL.

B rn. 111, dopmyna (6.13), OblI0 MOKas3aHo, yro orepaTopy L cooT-
BEeTCTBYeT CONpPSDKeHHBIX omeparop L+ :

Ltx = (= 1)"(px)™ + (= )" (0P +... + ppx,
TaKOM, uT0 151 MOLIX 1, VE€C" Ha uHTepBane [a,b]
(Lu, v) — (u, L*v) = [uv](b) — [uv] (a).

OueBupHo, yto ecny L+ = L u ycnosue U TaKoBo, YTO M3 PaBeHCTB
Uu = Uv =0 cneayer paBeHCTBO

(] (0) — [wv] (@) =0,

TO 3ajJaua s CaMoconpshKeHHas. YcioBue s Toro, uto0sl U o06i1anano
3THM CBOMicTBOM, faercsi B Teopeme 3.2 ra. XI.

3agava m Bcerna MMeeT TPHBHANbHOE pelleHHe B BUje (QYHKUMH,
TOYKIECTBEHHO paBHOi Hym0. Ecin [ TakoBO, UTO 3aiaya st UMEeT HeTPH-
BHAJIbHOE pellieHye, TO | HashIBAeTCS COOCMBEHHbIM 3HAUEHUEM 3aJauH o,
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1 HETPMBHAJIbHbIE PEIICHHUS 3a1a4y JIs1 9TOro [ HAsBIBAKOTCA cobcmeer-
Homu Pynxyuamu. B cnenywoem naparpade 6yaeT noxkasaso, 4to ps
€aMOoCONpsKeHHOR 3a1aun COOCTBEHHbIE 3HAYEHUST BCETAa CYLIECTBYIOT.

Teopema 2.1, ITycms 3a0a4a ww camoconpsancennas. Tozda cobcmeen-
Hble 3HAYEHUS 0elicmeumeabrsl u 06pasyrom He 0oJee YeM CHemHoe MHO-
HCECme0, He UMeKljee NPe0esbHbIX MOYeK HA KOHeYHOM DPACCMOSHULU.
Cobcmeennvie  (yrKyul, Ccoomeemcmeyoujue pasAudHsM COOCIMBEHHbIM
3HAYEHUAM, 0PMO20HAALHYL. :

HdokasatTeanrctBo. IIycts [ =4 — cofCTBeHHOe 3HaueHue
¢ cobcrBeHHOH (QyHKuwmed y s 3amaun . Torja BBMAY paBeHCTBA
Ly=24y coorHomenue (2.1) maer (A—4) (¢, x) =0. Tak Kak
(2, ) > 0,70 4 = 4, u, cle10BaTeNLHO, COOCTBEHHBIC 3HAUEHHS TOJDKHBI
Obrtb meiicTBuTeNbHBIMU. Eciu A, u A, — pasnuuHbie COGCTBEHHBIE
3HaYeHHs1 ¢ COOCTBEHHBIMU (YHKLUSIMU ¥; U ), COOTBETCTBEHHO, TO

(L2 2x2) — (s L ye) = (A — 22) Gt 22) »

1 B cuny (2.1) orcrofa ciepyer, uto (%, xo) = O.

. Hlyers @ = @it, 1), j= 1, ..., n, — pellenusi ypaBHeHusi Lx = Ix,
YAOBJIETBOPSIOLIME HA4YaIbHBIM YCJIOBUSM
PFED(, ) =0y (k=1,...,n) (2.2)

JJ1s1 HEeKOTOpOro ¢ u3 mHTepBana [a, b]. Ilo Teopeme 8.4 (cM. Taroke
3afavy 7) 1.1, pyHkuuu ¢;*—? HempephBHBI 110 COBOKYNHOCTH Iepe-
MeHHBIX (¢, I) Juist £ € [a, b] M Bcex ! ¥ npu QUKCHPOBAHHOM | SIBIISIIOTCA
uesipMu QyHKuuaAMy [.
Tak Kak QyHKUMH @; JMHEHHO He3aBUCHMBI, TO 3ajaya s MMeer [
CBOMM COGCTBEHHBIM 3HaUEHHEM TOTIa M TOJILKO TOTJ1a, KOI/ia CYLIECTBYIOT
n

TOCTOSIHHBIE Cj, He PaBHBIE BCE HYJIIO M TaKUe, YTO QYHKUUS X = > ¢ ¢;

j=1
YAOBNIETBOPSieET ypaBHeHHI0 UX = 0. 3T0 uMeeT MeCTO B TOM M TOJIbKO
B TOM Clyyae, KOTJla CHCTeMa ypaBHeHui

n
chUk¢j=0 (k”——"l,...,ﬂ)

j=1

1IMeeT HeTpUBHATILHOE pellleHne. 3Ta CHCTeMa 11 YpaBHeHMi sl "Heus-
BECTHBIX ; HMeeT HeTPUBHAJIbHOE pellleHue B TOM M TOJBKO B TOM
ciyyae, Korja oIpefennTesh A MATPULLI ¢ 371eMeHTOM Ukpj, CTOSIIUM
Ha IepeceyeHuM k- CTPOKM U j-ro cronbua, paBeH Hymo. Tak Kak
@D — nenble yHKUMM [ IIpH (PUKCUPOBAHHOM f, B UACTHOCTH IIPH
f=aunt=»~ 10 A — TaroKe Lenast GpyHKuus1 . ITa GYHKUMS MOIKET
UMETh TOJIbKO AeHCTBUTENbHBIE HYNW, N60 3a7ad4a w He UMeeT MHHMMEIX
cobcrBenHBIX 3HaueHmil. Takum o6pasom, A — wuenast GyHxuus I, He
paBHasi TOXXJECTBEHHO Hymo. Ee HynwM, siBnsomuecss coOGCTBEHHBIMH
3HAUEHUSIMUM 3aJlaud 7, MOTYT IIO3TOMY CIYLIAThCS TOJbKO K TOUKE
[ = co. IT0 3aBeplIaeT JOKA3aTENbCTBO TEOPEMBL.
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PaccmoTpum Tenepb HEOJHOPOAHYIO 33a7auy
Lx=Ix+f, Ux =0, 2.3)

rae f€C[a, b]. Ota 3ajaya Mo)KeT ObITh pellieHa NpU NOMOIYM METOAA
BapHalMy ITPOM3BOJIBHBIX IOCTOSIHHBIX Teopemnl 6.4 ri1. III (cm. Tarke
zajauy 21 ra. III). Tlycte onate ¢y — pelleHust ypaBHeHns Lx = Ix,
YIOBJIETBOPsIIOLIME YCaIoBUAM (2.2). g = <t NOJ0KUM

i Q’}(T, l) S (pn(T, 1) {
K, ) 1 T .ot ) (2.4)
s, Tyl) = . - . R
PV P20 gy . g2 !
et et
u s t <« nycrb K(t, , ) = 0. Bpouckuan W (py, . . ., @n), CTOSIMMIE

B 3Hamenartesie QyHxkuuM K B (2.4), 3aBHCUT TOJLKO OT 7, H0O

T

W(py, ..., 00 (7) = exp U— 228 ds] ,

4

yTo sICHO u3 ¢opmyusl (6.5) ru. III. OueBMEHO, 4TO NPOU3BOAHAS
@Koty (+ +0,7,)=0 mna j=0,1,...,(n —2), Tak KaK onpe-
fenutensb B (2.4) o0pawmaercst B HyJb, ecsia aio0ble JBa croi6la coBha-
pator. Taxum oOpasom, npoussomHasi &/K[ot, j=0,1,...,n—2,
HelpepbiBHA 110 COBOKYNMHOCTH IepeMeHHBIX (f, 7,[) anst f, v €[a, b] u
BCeX [ U sIBJISIETCS 1es10d pyHKuMel [ npu puKcupoBanHeX (¢, 7). Kpome
TOTO, JUISl j = n— 1 U n OHa HelpephIBHA 110 COBOKYIHOCTH INepemMeH-
HbIX (¢, 7, [) st Beex IKaKknpu a < v <t < b,Takunpua <t <t < b.
Hanee, 1 1 \

on— o

aTn:IxS(T‘“O’T:Z)‘“ —W—_llg(r—(),t,l) = 0@
dyuxuust K no t ynosuersopsier ypaBHeHmoo LK = [K, ecnu t =1,
u3 Teopembl 6.4 rn. III wim u3 npeapMymuUX 3amevaHuii cieayer, yTo
(GYHKUMSA u, ONpejeseHHas paBeHCTBOM

b t
ut, ) = [ K(t,7,) () dv = [ K(t, v, ) (=) (2.5
a - a

npuHaIeKuT Kiaccy C" mo £, no I — uenasi ¥ Lu = lu + |.

Bunousmenum Teneps GyHrumio K Tax, uro6n ycnoBus Ux = O
TaK)Ke BBHINOJIHSAAUCH. [1ycTh

n
G(t,7,) =K, v, ) + Yot D), (2.6)
j=t
rie Kod(pduuuenTsl ¢; BBIOMPAIOTCS TaK, 4T0 sl QUKCHPOBAHHOTO 7

U3 HHTepBaja (q, b) pynxkuus G 1no f yposnerBopsier ycnosuo UG = 0.
3TO 03HAyaer, ‘uTo

n
UG = UK + > cUrg; =0 (k=1,...,n)
j=1

J
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Iy, Tak Kak UxK MOXXHO NPOJOIDKHTH HelpephlBHO ISl @ < = < b,

n
SeiUrpj=— UK k=1,...,n;a<v<b). (2.7)
j=1

Ipasasi yacte B (2.7) HellpepblBHA N0 COBOKYIHOCTH IlepeMeHHBIX
(z, ) mist a << = < b u Bcex [ u siBnsiercst Lenoit pyHKumei ! npu pukcu-
poBaHHOM 7. TaK Kak ompejenureiib A — Uenast GyHKUMs [ ¢ HyJIAMU
B COGCTBEHHBIX 3HAUEHMAX 3ajauu m, TO, eCmd A He obpaiaercst To-
JKIIECTBEHHO B HYJIb (4TO MMEET MeCT0 B CJIydae CaMOCONpPSIKEHHBIX
3ajay), ycmoBue (2.7) ompepensieT Ko3DQUUMEHTH ¢; KaK QYHKUUK
(7, 1), HenmpephiBHBIE U1 = U3 [a, b] W Bcex [, MCKIOYasi cOOCTBEHHbIE
3HaueHus1 3ajiaym . Kpome Toro, Hpu (GUKCUPOBAHHOM 7 KOID(ULIEHTEE
¢; TpencTaBislT co6oii mepomopdHble ¢yHKimu [ Takum o6pasom,
dyHxuus G B (2.6) onpenesneHa BCIOAY, 32 MCKIIKOUEHHEM COOCTBEHHBIX
3HayeHuH 3anaun .

M3 Toro, uro (2.5) ecTb pemieHue ypaBHeHust Lx = Ix - f, u Buaa
BhIp2)KeHus1 (2.6) sICHO, uTO (QYHKUUS U, ONMpejeSieHHast PaBEeHCTBOM

b

ult) = [ G(t, 7, D f(z) d, (2.8)

a

siBJisieTcsl pelleHueM 3ajgaum (2.3), uckiiouasi coOcTBeHHble 3HAUEHUS
3ajmayu . B camom fene, umeeT MecTo ciefymowasi Teopema. 3aMeTHM,
uTo B 3TOHf Teopeme He TpeOyeTcst caMoCONPS)KEHHOCTh 3a4auH .

Teopema 2.2. Ecau xomsa 6ot 041 00H020 3Hauenus | 3a0a4a w He
umeem peuleHus, 0MAUYHO20 OM MpUsLAIbHO20 (Ymo 6ce20a epHO 0AL
CAMOCONPANCEHH020 CAY4aAA), MO Cyujecmeyem eQUHCIMeeHHAs PYHKYUA
G =G (t, =, l), onpedesennaa 0as nepemennsix (t, t) 6 Keadpame
a<t v<bu 0aa ecex KOMNAKCHbIX I, UcKAo4as coOCmeeHHble 3HA-
YeHUA 3a0a4U T, U 00100a0Uast CACOVIWUMU CBOLICMBAMLL

(i) ITpoussodnsie 8*G[ot* (k=0, 1,. .., n—2) cywecmeyiom u Hernpe-
puisHbL 1o cosoxynnocmu nepemennvix (i, T, l) 0aa ecex mouex (I, ) u3
keaopama a < t,T<<b u écex I, He cosnadawyux ¢ coGCMEEHHbIM 3HA-
yenuem 3a0aqu m. Kpome mozo, npoussoonsie 9¥G[ot* oan k = n—I1
U 11 HeNpepoLlBHbL 10 COB0KYHHocmu nepemennerx (t, T, [) 042 moyex
(t, 7), npunaosencayux Kawcoomy us mpeyzoavuukos a <t << ¥< b,
a<t<t<Lb, u snauenuii I, He cosnadariyux ¢ cOGCMBEHHBIM 3HA-
deHuem 3a0aqu w. Jlaa guxcuposannvix (f, ©) éce smu '@ynkyuu. mepo-

- MOpgrbl o 1.

. on-1G on-1G . 1
(ll) 'aﬁ_—l‘('!'—!—0,1,1)————(1—0,7,[)=‘m.

arm—1
(iii) Pyuryua G no t yoosaemeopsiem ypasHeriio Lx = Ix, ecau t == .
(iv) @ynryua G no t yoosaemsopsem ipaegsim ycaoguam Ux = 0
o a<<r<<bh. X
Pewenue ypagnenus (2.3) daemcs gynkyued u, onpedeaerroii no
dopmyse (2.8). :
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~dyHKuus G HasviBaeTcs ¢yHryueld [puna 3agaun w. Teopema
ObUIa Yy)Ke J0KasaHa Bbille, 32 MCKJIOUEHUEM YTBeP)KAeHMs eJJUHCTBEeH-
Hoctu. Ecnu st HekoTOpOro I, He siBJsIOIIErocsi coGCTBEHHBIM 3Ha-

qyeHueM, CYIIecTBYIOT iBe ¢pyHKuuu I'puHa G u 5, TO PasHOCTb G —d
KaK QYHKUMSA { DpUHaJUIeXUT Kiaccy C"1 ¥ Tak Kak G — G TaroKe
YZIOBJIETBOPSIET ypaBHeHMI0O Lx = IX, =<, TO OHa J0JOKHA OBITH
wiacca C7, OaHaKo, BBUAY TOT0 4YTO [ He sIBNIsIETCSI cOOCTBEHHLIM 3Ha-
ueHHeM, 3aja¥a m MMeeT TOJNbKO TPHBHANbHOE PeLIeHHe M, ClIe/0Ba-
TeNbHO, G — G = 0. ‘

Jlerxo npoBepuTsb, yro aIs 3afauu (1.1)

sinBtsinA(1 —7) )
l%_sinl‘% O<t<=<D),
G(t, 7, )=

sin l’lfrsinﬁ’(l — 1)
Asint (nggtg 1)

¥ Juis 3agaun (1.4) .
jeil(z—D
e 0<t<= L),
G(t, T, l)=

ieil(l +T—1)

= (0Lt

3ameTuM, YTO TOCHERHsA QYHKUUA G NpH { = T ABY3Ha4Ha. ITO UMeeT
MecTO B 0OLleM ciyvae Il NPOM3BOAHOM 9" !G/df"!, TaK KaK, HO
olpemeseHUI0, 3Ta (YHKUMA HempepblBHa Ipu a <If<t <1 #u
a<t<t<l.

[MpennosioykuM Tenepb, 4To [ = 0 He ecTb COOCTBeHHOe 3HaueHHe
LIS CaMOCOIIPSDKEHHOM 3ajauu 7. DT0 He SIBISETCS OrpaHUYyeHUeM,
TaK KakK B JoOOM ciiyyde CYIECTBYeT [eHCTBUTENIbHASI MOCTOSAHHAS C,
He SIBASIOWIASICST COOCTBEeHHBHIM 3HayeHHeM ; Takum o0pasoM, eciu
L,x = Lx —¢x, T0 3apava 7;: Lix = Ix, Ux =0 TtaroKe camoconps-
»KeHHas1, ubo (cu, v) = (4, cv). Kpome TOro, ecnm A — coCcTBeHHOE
3HaueHue ISl 3ajaud my, ToO A 4 ¢ — COOCTBeHHOe 3HayeHHe [JIs
3ajaun o, 1 Ha060poT, a coOCcTBeHHble QYHKIUM 1)1 3ajay « U o, OJMHa-
KoBbl. Tak Kak ! = O He ecTb coOCTBeHHOE 3HaUeHue 3ajau , TO GyHK-
nust G(t, v, 0) cymecrsyer. B ocraBueiicss yacTu rnasbl 3Ta QyHKIMSA
I'pua nast [ = O Oyper obo3Hayatbest yepes G = G(f, v) u Byner npen-
noJiaraTbCsi, UT0 o — CaMOCOIPSDKeHHAs 3ajauva.

CooreercTBeHHO 3TOH (QyHKuuu [puna G nycrte & — nuHeHHBIHR
MHTerpasbHEI OIepaTop, olpefiesieHHbI AN Bcex ¢yHKuumit f€C Ha
unTepBaie [a, b] paBeHCTBOM

b

®f(t) = .[G(t, 7) f(r) d= .

a

Ecnu f, g€C Ha untepBane [q, b], To (2.1) B npuMeHeHnH K QYHKUKAM
u==G8f{f v=©g naer
(69 =(6t9. (29

‘14 182,
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Us (2.9) nerxo cneayer, uto uucio (& f, f) neficreurensHo. [pyroe
ciencteue u3 (2.9) saKyoyaerTcss B TOM, 4TO

G(t’ T) = 6(7’ t) ’

YTO SIBJISETCS] TAK)Ke JOCTATOUYHBIM YCJIOBUEM JJIsi CAMOCONPSKEHHOCTH
sajaud x. B camom gene, nmycTb QYHKUMH u, v € C" HA UHTep-
Bane [a,b] u ypoBnetBopsoT yenoBuio Ux = 0. Ilyctes f= Lu,
g=Jw. Torga pynkuun u— ©&f u v— Gg sBisA0OTC pelieHUsIMH
ypaBHeHus1 Lx = 0, ypaoiersopsiior yciaosuio Ux ='0 u MN03TOMY
paBHBI HY0. Takum 00pasom, u = ®f n v= &g u pasencrso (Lu, v) =
= (u, Lv) cnenyert u3 (2.9).

Onepatop & siBnsieTcsi 06paTHBIM K oIlepaTopy L B TOM CMBICJE,
YTO0 PaBEHCTBA .
L&f=f, G Lu=u

cripaBejUIUBEL Uit Bcex Qyrkuuil f€C Ha [a, b] u u€C" Ha [q, b], ans
Kotopeix Uu = 0.

§ 3. CYIIECTBOBAHHE COBCTBEHHbBIX 3HAUEHHUNA!

Ecnmu 4 — cofcrBeHHOe 3HaYeHHWEe M ¢ — coOCTBeHHasi QYHKLMS
3ajauul m, TO | g =G, BERY
npuueM G u ® onpenenedbl Kak npexje. Haobopor, ecim ¢€C Ha
[a, b}, To ®p — OQynxuus xnacca C? u LOp = ¢, Taxk uro. u3 (3.1)
creflyer paBeHCTBO L ¢ = 4 ¢. Kpome Toro, Up = 0, Tak Kak UG = 0.

Eciu cyiiecTBYIOT HeTpuBUasibHast GyHKuMs ¢ €C [a, b] n KommuleKc-
HOe YHCJI0 u, TaKoe, 4yT0 & ¢ = p ¢, TO u Ha3bBaeTCs1 COOCTBEHHBIM
3HaueHuem omepaTtopa ®, a ¢ — cobcrBennodt pyHnkuuei. [foxkasanHoe
BBIllle MOYKHO BBIPAa3uTh TaK : cofcmeernsie Pyrkyuu onepamopa & co-
enadarom ¢ coGcmeeHHIMU PYHKYUAMU 30004 T, 4 COOCMBEHHbIe 3HAYe-
Hus onepamopa & 06pammbsl COGCMBEHHLIM 3HAYEHUAM 300a4U 7.

VpaBHenue (2.9) Beipa)kaeT TOT GaKT, 4T0 & — camMoCONpsHKEHHBIHR
omepaTop. Byjer NMOKasaHO, UTO TaKOM CaMOCONPSKeHHBIl oneparop
JOJDKeH MMeTb coOCTBedHble 3HaueHUs1 ¥, Takum 00pa3om, MBI II0JTy4UM
COOTBETCTBYIOIMI pe3yJbTaT JUlsl 3ajauu .

B panbueiimem 6yfeT npumeHsiThesl HepabeHcTBO Kommn—bByng-

KoBeKoro G o < Il gl
1F + gl < Il + gl -

U €ero cCjencrsue

Jlemma 3.1. Mnuoucecmeo ecex @ynkyuii {Gu}, 20e u€C Ha [a, b]
u ||u|| <1, A6agemes  MHOMNCECBOM PABHOMEPHO 02PAHUYCHHbIX U
PABHOCIMENEHHO HENPEPLIBHbIX (PYHKYUIIZ,

1 Ilpyroit mogxon cM. B 33ffauax 8 u 9.
23T0 AOKasblBaeT, 4To ornepaTop © BHOJHE HempepbiBeH.
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HDoxaszaTtenbcTBo. Ilpy n>2 ¢yHkuua G paBHOMepHO
HempepblBHa Ha kBajapate a <!, v <b. CnenoBaTenbHO, KakoBo Obl
uu Ob10 ¢ > 0, cywectByer 6 > 0, Takoe, uTo

Gt ) — Gy, 1) <&, |t — fo| << 9.
Orciona cienyet, yto eciu w€C u |t — 1, | < 8, 10
N .
G ult) — Gulty)| < | lu@)|de < e —a)tull.  (3.2)

3T0 J0Ka3blBaeT pPABHOCTENEHHYK HenpepuiBHOCTh GyHKuuMii {Gu}.
Ecmm |G, «) | <y msa a <t =<b, 10

S u®)] < y(b — a)t||ufj, (3.3)

YTO JIOKa3biBaeT PABHOMEPHYIO OTpaHU4YeHHOCTb QyHKumil {Gu}.

Ipy n =1 paBHOCTENeHHasl HeNpPePHIBHOCTb JOKa3blBaeTcss He-
CKOJIbKO WHaye, TaK KaK B 3TOM cnydae QYHKUMA G pasphiBHa IIpH
t = 7. B npaBoii yacTu HepaBeHCTBa (3.2) MOSABIISIETCS NONOJTHUTENBHBIH
uneH 2y|f, —t, [ || u ||. B camom nene, nyctb f, < t,. Torpa

t b
Sulty — ®u(l) = [+ | ) (Gte ) — Glly, D) ux) d= +

+ [ (Glty 7) — Gty D) u(@) dr.

IepBblif uneH cllpaBa CHOBA MeHblle, YeM Ipapasi yacte (3.2). Bropoit
yjeH MeHbuie, yeM 2y|t, — 1t [ ]| u ||.

Hopma oneparopa &, olo3nauaemass uepes || ® ||, ompenensiercs
cnenyomum 06pas3om :

I & :'lSl'lIElH@ju“ (ueC na [a,0]).
Ys (3.3) crenyer, wro (|®u||<y(b—a)|lu|l W, CleEoBaTessHO,

| ® || < oo. ScHo, uto || Su || < || @ || | u || wist Beex u€C Ha [a, b].
Tak Kak L®u = u, 10 || ® || > 0.

Jlemma 3.2. Hopma onepamopa & ydosaemeopsem cOOmMHouleHU0
& :nsﬁgll(@j u,u)] (ueC Ha [a,b]).
. JdorkasaTenbcTBO. B cuny (2.9) ckansgpHoe npou3BejreHue
(®u, u) neiicrButenbHo. Ecnu [ u || =1, TO
(G u,0)| <[] [lu]| < |6

U, ClefloBaTesbHo, 7 = sup | (Bu, u) | < || ® ||. Yrobbi joKasaTh 06par-
HOe HEPABEHCTBO, 3aMeTHM, UTO

(G +v),u+v)y=(Ou,u)+ (Gv,v)+ 2 Re (S u,v) < 7llu + vj]?

14*
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¥, aHAJIOTHYHO,
(&u—v), u—v)=Ouu)+(Gv,v) —2Re(Gu,v) >

> —nlju—v|p.
Brlynrasi, nonayyaem

4Re(®u,v) < 29(|ull2 + ||v]?). (3.4)

dyuxuus Gu He paBHa Hymo s u€C, ecnu TONBKO u == 0, ubo B npo-
TUBHOM ciyyae OyHKuuss LO®u = u papHsinace 6bl Hymo. ITosaras
B(3.4)v= ®u/||Gu ||, re || u || = 1, nonyyaem HepaBeHCTBO || Gu || <
<7, 4TO 3aBeplLUaeT A0Ka3aTeJLCTBO,

Teopema 3.1. JTuGo nopma || ® ||, aubo —H ® || asasemea coGemeen- -
'HbIM 3HaYeruem onepamopa ®.

3amevaHne. JTa TeopeMa He TOJBKO J0KA3HBAET CYLIECTBOBA-
HHe CoOCTBEHHOT0 3Ha4eHHs1 onepaTopa ® u 3ajaun w, HO TaKOKe NOKa-
3BIBAET, 'UTO COOTBETCTBYIOLIAs STOMY coGCTBeHHomy 3HayeHuo C€o6-
CTBeHHas1 QYHKUMS ¢ eCTb pellleHHe SKCTpeMajibHOM 3ajayy, 3aKiio-
yarouleiicst B OTBICKaHuM ¢YHKUuM u €C Ha [q, b], Takoit, uTo BbIpa-
KeHue

b b
(Gu,u)= f( [6(t,7) u() dr) u(t) dt
- a a
JOCTUTaeT CBOeH TOUHOH BepxHed rpaHy npu yciaoBud || u || = 1 umm

TOYHOH HM)KHEHl rpaHu, B 3aBUCUMOCTH OT TOr0, KaKas U3 3TUX TpaHul
OoJbiie 110 abCONIIOTHON BeNUYMHE.
JdorkasaTtenscTBO0 Teopemb 3.1. IHycrs (B =

=sup (Bu, u) pst jjulj=1, u€C Ha [q,b]. B Taxom cayyae cyiue-
CTBYeT IMOCJIeN0BaTeNbHOCT (QYHKUMHA um €C Ha [a,b], ||um|| =1,
TaKasi, YTo

(® um, um) || &

. Taxk Kkak {Gumn} — MHO)KeCTBO paBHOMEPHO Orpa-
"HUYEHHBIX M paBHOCTeHeHHO HEeNpEePBIBHBIX (QYHKIMIAL, TO CYHIECTBYeT
TOATOCTeI0BATEIbHOCTL (0003HauuM ee Taroxe uepe3 {®uy}), cxoms-
Iasicsi paBHOMEPHO Ha [a, b] K HenpepblBHOH (YHKUMU ¢p. IToKa-

YKeM, 9T0 ¢, — CcOOCTBeHHas! (QYHKUUA C COOCTBEHHBLIM 3HAUEHUEM .
Taxk Kak
max (& um — @y —>0 (m— o),
a<t<h
TO
18 tim — ggll >0 (m—> o). (3.5)

3uaunt, || Gum || — || ¢ ||- Hanee,
1@ tim — s tm|2 = || ® ]2 4 p2itm!2 — 2 uo(® tyn, um),  (3.6)

1 JTokasaTeNbLCTBO TeopeMbl AcKOau cm. B § 1 oot 1.
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¥ TpaBasl 4acTh CTPEMHTCSI K TIPemeny || g ||2 — pd mpu m-—» co.
OTcoma cienyer, 4ro || g, ||2 > p3 >0, B, cregoBaTensHO, (YHKUMS
@ HE PaBHa TOXK[IECTBEHHO HYJII0 Ha MHTepBaie [a, b]

Ms (3.6) Taroke ciepyer, TaK Kak || ®u,, |2 < ud, uro

0<||I® um — 1 Um|? < 24 — 2 po G ttm, Um) ,
rje mpaBasi YacTb CTPEMUTCS K HYJIO TpH m— oo, Takum 06pasoM,

H@um‘“luoum“"‘)o. (37)
Ho ~

0 <[ @ — sooll < I|® po — S(S um)|| + || (S tum) — piy ® um|| +
+ || tto ® tm — po o] -

OTcropa moJlyuaeM, UCHOJL3Yysl HepaBeHCTBO || Ou || < || @ |ju || u

COOTHOMUIEHUS (3 5) 1 (3.7), ut0 || © g¢ — ego || = 0, a 310 JIOKaBBIBaeT
yro & @y =
Ecmn — ][ @5 || = inf (Gu, u), T0 AOKa3aTeNLCTBO aHANOIHUHO.

Iyete %5 = @of/ll @0 |I- Torma || %o [l = 1 u roBopsr, uT0 QYHKUMS
Zo Hopmuposana. T1010)Kum

Galty ™) = G(t, 2) — patal®) 7o(®)

v onpenenum omeparop &, mns ¢ynkuuit u€C Ha [q,b] paiBeHCTBom

Guu(t) = | Galt, v u(z) dr.

Torpa onepatop &, o6najaer TeMd >Ke CBOHCTBaMH, KOTOpble ObLin
yKaszaHel B Jjemmax 3.1 u 3.2 jgna omepatopa &. B yacTHOCTHM, eCiH
1S | #0nu ’

sup [(®, u, u)| = ||,

rae u €C Ha [a, b], || u || = 1 ¥ p, AHCTBUTENILHO, TO ., €CTh COGCTBEH-
'HOe 3HaueHue st &, U CymlecTBYeT HeTpuBHAJbHAast QyHKuUMS ¢; €C
Ha [a,b], YIIOBJIETBOpﬂlOIuaH ypaBHeHUI0 O,p; = wyp;. [onoxum
1= @/l ¢ |l Tak Kak (O,u, z0) =0 ana xaxacih ¢ynxuuu v €C
Ha [a, b], TO GYHKUKU X, U X, OPTOrOHaNbHLL IToaTomy

By, =60 =wmxr

M, CJel0BaTeNIbHO, X, €CcTb coOcTBeHHasi pyHKuusi omeparopa &. M3
3KCTPeMaJIbHOTO CBOHCTBA CJIEAYET, 4TO | g | < | po |. IHonaras

Gy(t, ©) = Gy(t, T) — pyxa(D) 7:(7)

M paccy)Kiasi KakK Ipekie, YCTAHOBUM CyllecTBOBaHME COOCTBEHHOM
GYHKIUU y, U COOCTBEHHOTO 3HAUEHUS w,, NpPUUEM |y | < |py| ®
(QYHKIMS ), OPTOTOHANIBHA K X4 U %o. TaKum crnoco6om yCTaHABIMBAETCS
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CYINEeCTBOBaHUE OPTOHOPMHUPOBAHHOM! MOCHeNoBaTeNbHOCTH {Xi}, k =
=012 ....

: STOT NPOLIECC MOXKET 3aKOHUUTHCA JUIIb TOraa, Koraa [[®n || =0

nns Hekoroporo m. Ho miust kaxpoit ¢yHkuun f knacca C

m—1
L@mf=[f— 3 wlf, %) L%;.
j=o
Ecmu 6pt 6bu10 || &, || = 0, TO oTClOA CIef0Baio Obl, 4TO

1="S"¢ 1)1, (3.8)
j=o .

_ Tak Kax ¢yHKUMN X; NpuHapaexaT Kiaccy C1, a f MOKHO B3STb paBHOi
|
dyHKUKMK it——% (a + b) }, He npuHaexameit knaccy C*, To paBeHCTBO
(3.8) HeBO3MOKHO.

Taxkum obpasom, || &, || > 0408 BceX m M NOITOMY cywecmeyem
OecKoHeuroe 4ucao coOCMEeHHbIX 3HAUeHull u coOcmeeHHbIX (OYHKYUL.

§ 4. TEOPEMbBI PA3JIO)KEHHUSA U IMOJHOTBI

Teneps MBI NONYYMM pasioKeHne QyHKUuM f€C" Ha HHTepBaje
[a, b ], yooBnerBopsiiomeil KpaeBeiM ycnoBusim Ux = 0, 1o co6CTBEHHBIM
OyHKuusM 3agaun . OTCloAa OyneT jierKo cleoBaTh paBeHCTBO Ilap-
ceBassd st QyHkumu f € C" u paclpocTpaHeHHe ITOr0 paBeHCTBAa HA
mobyr gynxuuto f € L2(a, b). Bnauane BbiBeeM Ba)KHOE HepaBEHCTBO.

~ Jlemma. Ecau f€Q2 (a, b) u {X,} — opmoHopmuposannas nocae-
00eamenbHOCMb 3a0a4u w, Mo psao

>0 %)
k=0
cxooumest u
AN
k=0

(Hepasencmeo Becceas). :
" JokasaTenbcTBO. s KaKIOro KoHeyHoro m >0

0<if= S¢mu =k — 316.%p,
k= k=0

4TO JIOKa3bIBaeT CXOAMMOCTb PAaccMaTpMBaeMoro psija U HEPaBeHCTBO
Beccens.

Yucno (f, X)) HaspiBaeTcst k-M kosgguyuenmom dypse 0OTHOCUTENLHO
OPTOHOPMHDPOBAHHO! TIOC/IEN0BATENbHOCTH {Xi}.

t ITocrenosaTe bHOCTL {Xk} HaBHIBAeTCS] OPTOHOPMUPOBaHHOH, ecu (Xj, Xgk) =
== djk, TAe djx — cumBoa KpoHekepa.
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Teopema 4.1. ITycmo gynxyus f€C" na unmepsase [a, b} yodosae-
meopsiem kpaesoim ycaogusm Ux = 0. To20a na [a, b]

f= Zo (, %) % @.1)

npuyem pao cxooumea Ha [a, b] pasromepro.
VmHo)Kasa (4.1) Ha f U MHTETpUpYys, ToJyyaem

CnencrBue. Ecau gynxyus | yoosaemeopsem ycaosuam meopemol 4.1,
o ‘ _ \

|| f1]2 = Zw’l(f, %)2 (pasencmeo Ilapcesans).
k=0

JTO paBEHCTBO HA3bIBAETCS TAKIKE YCA0BUEM NOAHOMbL.
HoxkasarenbcTBO TeopeMmn 4.1. M3 paBencrsa

b
[ 6t %) 2x) dv = mautt)

cepyert, uro k-t Koapduument dypbe GyHKUME g OT 7, OnpefensemMoi

paBeHcTBOM g(1) = G(f, 7) = G (7, {), Tne t QuKCUpoBaHo, eCTb i Xi(f).
V3 nepaBencTBa Beccens mnosyvaem : ,

k;":)‘ rEIEOP < J |G(z, t)|2dz

Anst Becex m. VIHTerpupysi mo ¢ u mosiarasi m-—» co, INOJy4aem Hepa-
BEHCTBO

S up <y —ap,
k=0

rae y =sup |G (r,t) | npu a <t, v < b. B uvactnocry, | ux | — O npu
k— .

PaccmoTpum Temepb J71si HEKOTOPOr0 L@J0ro m > 1 QYHKLUKIO

Gnlt,?) = G, D) — S i) Tul)
k=0

3 aKcTpeMasibHOTO CBOMicTBA omepatopa ®n, cieayer, uto || Gnl| =
= | wm |. Taxum o6pasom, pa mo6oit ¢pyHxuun u € C Ha [a, b]

H m—1 '
H@muuzl Su— 3 i, 4) X || < ] 1]
k=0
MM, TaK Kak |gm | — 0 npu m —> oo,
—1
lim i! Gu— ? ,uk(ll, Xk) Zy ] =0. (42)
m—e =0 !
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HOns mobeix ¢ > p
j i, %) X = © ( Z"1 (1, %) ka .
k=p . k=p
Tak KaK | Gu | <y (b —a)"{ju]||, To
| +
| P CEALARTCE 2 PIICEATY R
=p

k=p 7
CornacHo HepaBeHCTBY Deccesist NOCIeHSSA CyMMa CTPEMMTCS K HYJIO
npu p, ¢ — oo. Taxkum o0pasom, psax

oo

PN CHAEA
0

k=

CXOIMTCS pAaBHOMEPHO Ha UHTepBase [a, b] U NMOITOMY INIpeNCTaBIISIET
Ha 3TOM MHTepBasie HelpephiBHYI0 (yHKumio0. Tak Kak ¢yHkuus Gu
TaloKe HenpepbiBHA, TO M3 (4.2) cnenyer

®u = > mdl, 1) 1k (4.3)
k=0
Mycts ’naHa mobass dynxuuss f€C" Ha [a,b], ymoBIETBOpsiOLIAA
yenouw Ux =0. Torpa u=Lf€C Ha [a,b] u f= Gu. U3 (4.3)
crenyer pasinoyxedue (4.1), ubo

ity 1) = (1 1) = (1, ® 2) = (6 1, 72) = (7, 712) -

3amevaHnue. Tor ¢akr, uro || &, || — 0 npu m— oo, NOACKa-
3bIBAET BOMO)KHOCTb PasiiO)KeHUst (TaK KaK ur = 1/Ax)

G(t,7) = B0

!
k=0 g

JT0 pasnoXKeHue NeHCTBUTENLHO MMeEeT MeCTO, HO 31ech He Oyjer AoKa-
3aHo0. OHo Oyper cienoBaTh M3 pe3ynbTatoB 1. XII, Kotopwe 6yayT
JIOKasaHbl IPU TOPas/l0 MeHee OrPaHNYUTEIbHBIX NPeIoJI0MKeHHsIX.

PacnpocTpaHum Telepb TeOPeMY pasyiOXKeHHSI U YCJIOBHe IOJIHOTHI
Ha BCe IPOCTPAHCTBO £%(q, b).

Teopema 4.2. Ecau f €822 (a, b), mo
I= Z(f,lk)lky
k=0

npuuem paeeHcmeo nOHUMAemcs 8 MOM cMbicae, 4mo
o m |
Jim |f — > (w1

k=0 !

=0. (4.4)
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Hanee, umeem mecmo pasercmeo ITapcesasn

Iile= 10, 2k

k=0

JloxasaTenbCTBO ONUPAETCd Ha TOT (AKT, UTO MHOXKECTBO
ynruuit knacca C" Ha [a, b], yroBnerBopsiroumx ycnaousim Ux = 0,
BCIOAY MJOTHO B npocrpaHcTBe L2(q, b), T.e. KakoBo 6bl Hu ObUIO

e > 0, cyniecTByeT QYHKUHUS [, YIOBNETBOPSAIOMAsS HePaBEHCTBY
lF—=fll<e. (4.5)

CrenoBaTesIbHO,

1= 2ann| <=1+ ]i- 2w n|

P

+

+ (4.6

m
Z(U - Zk) Xk
k=0
1 JIETKO TIOJCYMTaTh, UTO IMOCHeAHHUIt YNeH paBeH
moo. $

(SKG ¥l

k=0 _
4TO, 110 HepaBeHCTBY beccensi, He IPEBOCXOMUT

If = fil-

lMpumensis K QyHKuum | Teopemy 4.1, 3aKuoyaeM, YTO CYIeCTBYeT
TaKoe Lenoe M, saBucsiliee OT g, YTO

. m -
}!f— > i) 2k
it k=0
H, CIefoBaTesbHO, B cuiy (4.5) u (4.6)
m
f - 2 (f> Xk) Xk
£=0

4TO JIOKa3blBaeT coOTHOleHue (4.4).
PaBenctBo IlapceBass ciefyer HemocpeacTBeHHO u3 (4.4), TaK Kak:

lf - S (f 2 2k
E=0

i
i

i<s (m> M)

<3e (m>M),

m

lthMMK

k=

Us pasencrBa IlapceBans BhuTekaeT, uro ecnd (f, x) =0 A
k=0,1,2, ..., To QYHKUUS] f MOYTH BCIOAY paBHA HyNMO H, B Ya-
CTHOCTH, ecJ¥ [ HelIpepblBHA, TO OHA BCIOJY paBHa HYJI0 Ha[a, b]. Muo~
YKeCTBO (QYHKUMM {yp} HasbBaeTcs 3amxuymom B £3%(a, b), ecau s
Kok ¢ysxuuu f € £3(q, b) u3 paseHcTB (f, p) = O cnexyer, uro f
MouTH BCIOAY Ha [a, b] paBHa Hymw. Takum 00pa3om, MHOXKECTBO { X}
3aMKHYTO Ha [a, b]. Otcropma cnenyer, uto ecmt f€ L (a, b)) u (f, 1) = O
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s k=0,1,2,..., To QyHKUMs [ NOYTH BCIOAY paBHa HYyJIO, T.e.
MHOXXeCTBO {y;} 3amkrymo B £(a, b) — MHO)KecTBe (YHKUU, MHTErpH-
pyembix no Jlebery Ha uHTepBase [a, b]. B aTom MoHO yOemuThest
canenyromym  obpasom. Tlpeamonoxum, uto f€ &(a, b) u (f, z) =0,
k=0,1,2,.... Torna cyuecrsyer HempephiBHass (QyHKUHUsSI ¢, YHIO-
BJIETBOpSIOIAsT 3ajaue

Leo=}, Up=0,

TaK KaK HyJb He SBJAETC COOCTBEHHBIM SHA4YeHUeM JJisl 3ajlaud .
Jloxa3aTenbCTBO COCTOUT B IIPOBEPKe TOro, yTo Anst f € L (a, b) PyHKuus
@ = ®f npunagnexur xaaccy C"! mna a <t< b ¥ npousBogHasi
@~ aGCONIOTHO HeNpephiBHA, TAK YTO NOYTU BClORy L @ = f. Oue-
“BUJHHO, ~
(@ 1) = A (9, L) = A (L op, ) = 2 (F 20 =0,

YTO O03HAYaeT OPTOrOHAJbHOCTL (YHKUUM ¢ KO BCeM COOCTBEHHBIM
$yHxuusim. Ho Tak Kak ¢ HelpephlBHa, TO OHA paBHA HYJIO, M OTCIOIA
cJieflyeT B Cuiy paseHCTBa L'¢ = f, 4T0 QYHKIMs f MOUTH BCIOAY paBHa
HYJIO.

CoOTBETCTBEHHO KaXXnoit QyHKuuH f€ 8%(a, b) cyilecTByeT ejyH-
CTBEHHAsl NOCJe0BaTeIbHOCTL KOMIUJIBKCHBIX 4YHcen ¢ = {¢;}, TAe

ex =, 21 -
Onpenenum Hopmy ¢, obo3Hauaemymo || ¢ ||, Kak

o 1

T— 2

lei = ( Slee-
k=0 , .
‘Torpa pasenctBo Iapcesanst MoXkeT 6uITh 3amucaHo Tak : || {1 = |l ¢ ||
Ba)kHBIM sBIsIETCSl TOT (AKT, YTO COOTBETCTBHE [—> ¢ AEHCTBUTENLHO
UCHOJNIb3YET 6Ce TO0CIe0BaTeNbHOCTH KOMIUIEKCHBIX YHCeN, IS KOTO-
PpHX || ¢ || < oo. ITO — TeopeMa Pucca —— Puinepa, K0Ka3aTelbCTBO

KOTOPOii He nMeeT Huyero obiero ¢ nuddepeHUanbHLIMU YPaBHEHUSIMA,
¥ TIO3TOMY ONYyCKaetcsil.

Teopema Pucca—Puwmepa. [Tycms ¢ = { ¢ } — nocaedosamens-
HOCMb KOMNACKCHBIX yucea, maxas, 4mo || c || < oo. To20a cyujecmeyem

yniygus | €22 (a, b), dan komopoil cx = (f, ) u || 1 || = || ¢ ||
3agauu
1. Oycrb Lx= — (px’)’ + ¢x, rne p — dyHxuust kaacca C1, a ¢ — knacca C

Ha uHTepBane [a,b]u p = 0 wa [a,b]. Ilycts ycioBust Ux = O 3apalorcsi paseH-
CTBaMHU

ax(a) + fx'(a) = 0, yx(b) + ox’(d) =0.

IMokasath, YT0 3aaua 7 SABISIETCST CAMOCOIPSDKEHHOH B TOM M TOJBKO B TOM CIIyyae,

1 JokasaTeJibCTBO CM., Hampumep, B KHure Rudin W,, Principles of mathe-
matical analysis, New Ycrk 1953. [Cm. Taioke HaTtancon H. I, Teopus

$yHKOuH BellecTBeHHON nepemeHHol, w3a. 2. Ioctexuspgar, M., 1957, ra. VII, § 3.
— Ilpum. nepes.] '
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KOTAa QYHKIMH P, ¢ ACHCTBUTENBHEI H Y8 = 73, @ B = @B, UTO 3KBUBAJICHTHO
TpebOBaHUIO : yuCia «, B, y U O AeHCTBUTCIbHHI.

2. Ecau npeapigymme ycnosusi Ux = O 3aMeHeHbl HA HOBbLIC :
x(b) — ax(a) — fx’(a) =0, x'(b) —yx(a) —dx’(a) = O,
TO NOKa3aTh, YTO YCJIOBHS CaMOCONPSDKEHHOCTH NPUHUMAIOT BUJ
a=celd, B=rcel®, =l &=c,el,
Ile yucia ¢j 1 8 pelicBuTeNbHBL ¥ P(D)(C,€, — €o3) = p(a).
3. Ilycts

n
— 2‘ (pn—jx(j))(j)’

rae GYHKUMSL pn_je Cn—J peifctBuTenbHa Ha wvmTepsate [a,b] 1 py(f) # O Ha
[a, b). Iycrb yenosust Ux = 0 umeror Bug x(N(a) = xU)p) = 0, /=0, 1 n—
Jloxasatb, YTO 3ajaya m CamoCONpPsDKeHHAsI. '

y ooy

4. TlycTh 7 — €amoCONpsiKeHHas1 3a1a4a ¢ OPTOHOPMHMPOBAHHBIMHM  COGCTBEH-
HeiMu QyHKiMsiMA {Xx}. Eciu Hopma || F || oyukuun F = F(t, r) xnacca C st
1,7 e [a,b] onpenesieHa paBeHCTBOM

IF) = (ﬁlm, Djedtar) ",

10 F(t, ) MOXKHO anhpoxcnmnpOBaTb B 9TOH HOpMe KOHEUHBIMH CYMMaMH BUJa

P a,jff(t)gj(r)

rie fi U gj — QpyHKumM xiacca C7, yaoesneropsiomue ycnoBusm Ufi = Ugj= 0.
Ioxasatb, 4TO Ajsl F uMeeT MeCTO paBeHCTBO ITapceBanst B TOM CMBICIE, YTO eCIIH

b b
e = f ] F(t, ) %i(t) xj(x) dt d,
aa
TO
iFE= 3 e

i,j=0
IToxasatb, YyTo OTCIOAA CJIEAYeT COOTHOLUEHHE

lim \
m=e
3amevyaHue Ha camom pene umeer mecro Gopmyna
Gt 7, 0) = k%) %l X
4TO CeayeT u3 paccmorpenuit v XII.

5. Ilycte [a, b] cosnagaer ¢ mutepBasom [0, 1] i mycers Lx = — (1 —2)x7)".
VYenosue Ux = 0 umeer Bug x(0) = 0 1 (1 — 2)x'(t) — O nput — 1 — 0. Ilokasarts,
MOJIOXKHB

oun- S| o

1, 147
Sy O<r<t<),
Gt 7)= 1, 141 ~
g7 O<t<T<),
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YTO PACCYMKIEHHsI HACTOSIUEH [JIABBI MOXKHO BUJOU3MEHUTbL TAK, YTOOH NONYYHTH
MOJIHOE OPTOHOPMHPOBAHHOE CeMENCTBO COGCTBEHHBIX (PYHKIME.

Y kasaHue. Bmecro semmsr 3.1 mokasarsb, uto oneparop @& BrosHe Henpepbi-
BeH 110 Hopme B 22 (0, 1). 3710 BepHO A5t KaXKA0H QyHKUMH G, AT KOTOPOi
b b

J. J |G(¢, 7)|2dt dT < oo.

6. IloxasaTb, YTO €ClM 3ajaya = CaMOCONpsDKEHHast, TO (yHkuusi I'puna
G(t, 7, [) YROBIETBOPsIET PaBeHCIBY

G, v, 1) = G(z, 1, 1)

Tem cambiM ovOOmiAeTcsi paBeHCTBO G(f, 7, 0) = G(1,t, 0), y)Ke [J0Ka3aHHOe S
ciyuast, Korga [ = O Be eCTb COOCTBEHHOE 3HAUEHHE. .

- 7. Ilokasatb, YTO €CIM 3ajaya m CaMOCOMpPSDKEHHasl, TO IOJIOCH (YHKUMH
G(t, =, I) mpocrrie.
b

VY kasanue. Paccmorpum ¢yrxumo g, ) = JG(t, v, 1) {(t) dr, omnpege-
a

JIEHHYI0 151 mo6oi pyrkuuy f kiacca C, Ilycrb ¢ uMeer nonioc nopsigka m, m > 1,
B TOYKe [ = Ag. Torpa sbnmsu [ = Ax

gl L gmal)
gt,l) = Uy T—Jgym—1 +.oo..

Takkak (L —A)g=(—2x)g + fuUg= 0,10 (L — Ap) gm = O, (L —2k) gm—y =
=gm, ..., n UEg)=0,j=mm—1,.... ITockoabKy

{(gm, gm) = (gm, (L — %) gm—1) = ((L — A) gm, gm—) =0,

T0 gm = 0. TaK Kak 3T0 HMeeT MeCTO JUIsl BCeX QVHKUUK [, T0 QyHKUUSA G UMEET B
TOYKE Ak I0J110C He 0oJjiee mepBOro mopsigxa.

8. JokasaTb, UCOOIbL3ysl dyHkuuio g(t, 1) 3amayu 7, 4T0 €Cnu « — CaMoCOoNpsi-
JKeHHast 3ajaya, feC Ha [a,b] u (f, %) =0 ans BceX COGCTBEHHBIX (YHKUMI
3ajiaun 7, T0 QYHKUMSI f paBHA HYJIO.

YxkasaHue. Hcnoap3ys meron 3amaud 7, IOKasath, 4TO M3 PaBeHCTB
(/, Xx) = O cnenyer, 4To GYHKUMS g He UMEeT IT0JIF0COB 1 II03TOMY NPeACTaBIIsAeT co00u

o

Henyo GYHKUMo nepemeHHOro [, pasuyio 2 aj(t)f . Ucnonnsyst pasencrsa Ug = O u
i=v

Lg = Ig + f, moxasate, yto La, = f, La, = a,, La, = a,, ..., Uaj= 0, Ilokasars,

4T0 (@1, Ak) = (4j, Qk—,), M, TaKUM 00pa3oM, uT0 BeIpKeHHe Wik = (4}, ak)

3aBMCHUT TOJIbKO OT j + K. Iloxasatb, 4To

) =(g ag) = Wo+ W1 +...

ectb nenass GyHkuusa ! tax sxe, kak U pyHkuds I'(l) = Wy + Wl + Wit 4. . ..
Ilokasats, uTO ) :
W2j = (aj—1, aj11)? < Waj—2 Wajia.

HUrak, eciu W, # 0, T0

Waj  Wajre
sz*k WZ] ’
OTKYyAa caepyeT, uro I' He MOXKeT ObITh 1ienoil pyuxiueit. Takum o0pasom,
W,=0 u ¢,=0, La,=a,=0, Lagg=f=0.

i=12...,
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3amevyaHue 3ameruM, yTO 3ajaya 8 JaeT He3aBHCHMOE J0KAa3aTesbCTBO
3aMKHYTOCTH MHO)KeCTBA COOCTBeHHBIX (YHKUMH 3apauu .,

9. Mcnosib3ysl pesyJsbTaT 3ajau 8, 0Ka3ath Teopemy 4.1,
VYxkazaunune. Ilycre u = Lf. Torga, kak OblI0 IOKAa3aHO B PACCY>KIEHUH,
cnenyoem 3a dopmynoit (4.2), pan

g = > mlu, %) X
0

CXORMTCST paBHOMEPHO Ha MHTepBaie [a, b]. OueBHgHO, YTO pasHOCTH f—g OpTO-
roHaJbHA KO BCeM QYHKUUSIM Xk, Takum 00pasoM, pasHOCTb [ — g B CHITY Pe3yJIbTaTa
3ajauM 8 paBHa HYJIO, YTO JIOKA3bIBaeT Teopemy 4.1, 3

10. Ecnu ¢pyHxurio I'puna 3agaun (1.1) pasnosxuts 10 COGCTBEHHBIM GYHKLHAM,
TO IOJYYHM DS

&

¥ 2 sin ket sin knv

i 2 M

= Kk2—1 »
OCHOBHIBasiCh Ha cBoiictBax Gpyuxumm G(, 7, /), Kak QYHKIMM IepeMeHHOro {, ¥ Ha
CBOMCTBAX CXOAMMOCTH PsitoB Dypbe IO CHHYCaM, IIOKa3aTh, YTO Psif CXOAUTCS
s 0 <t < 1, Bcex * U Tex [, KOTOpHIE He SIBJISAIOTCS COOCTBEHHBIMM 3HAYEHUSIMU,
TloxasaTtb, uTO Psif JJ1s1 HPOU3BOAHOH 0G /9t TaK>Ke CXOIUTCS AJIst BCeX . (3amerum,
YTO NPOU3BOAHAS 0G/0f KaK QYHKUUA ! ¥MeeT OrPaHUYEHHYIO BApHALUIO.)

G, 7,0 =

11. ITycre oneparopsl L 11 U TaxoBEI, 4T0 33/1aua o CaMOCONpskenHas. Pacemor-
pHM TeTepb BMeCTO = 3agauy Lx =Irx, Ux=0mHa [q,b],tnereC u r(f) >0 na
[a, b]. Mokasath, uTo coGcTBeHHBIE QYHKUMM {yx} MOTYT ObITH BHODAHH! Tak,, 4TO
¢ynxuuu {r'/s i) 06pa3ylOT OPTOHOPMMPOBAHHYI IOCIENOBATEIHLHOCTS, [TokasaTs,
YT 3Ta MOCJIEJ0BATEILHOCTD IOJIHAS.

VkasaHue. Ionoxure H(, 1) = r'()ri:() G¢, ) 1 1okasate, uTO
omepatop §, oupeneneHHeii st Beex ¢yHkuuii feC Ha [a,b] pasencreom

b

9f(t) = JH (t, 7) f(r) d=, camOCOMPSI>KEHHBIH,

12. ITokas3atb, 4TO
gL, 7, 10)

G(t,r, )= AQy

rae A(l) = det (Uj %x),
Kt,v.0) o@D . .. ealt,])
g(t> T, 1) = det UIK UI(P;L RN Ul(pn
N UHK UH‘P',[ e Un‘Pn
v K — QyHKUpS, OnperiesieHHass paseHcTsom (2.4).

13. Ilycre Lx = ppx™ + pyx®—Y 4 . .. 4 pnx ua unrepsane [a,b]u QyHk-
uuu pj € C*—J [a, b] pelicrutenbnpl. Torga L = L+ B TOM H TOJIBKO B TOM ClIy4ae,
KOI'JIa N — ueTHOe YMco (1 = 2r) u GyBxkuus Lx npeacraBuma B Busie

LX = (qox™)" + (g, xr=D)r=1 4 4 grx,

e QYHKUMHK ¢j AeficTBUTeNbHB U NpUHajexar kiaccam C'~J [a,b].
V kaszaHue. ITokasats, uro eciw L = L+ u p, — pefcTBUTeNIbHAS QYHKLMS,
T0 N = 2r u p; = rp;. Takum 06pasoM, ¢CJIH Gy = Pp, TO

Lx = (q0x<f))(r) -+ le,

~ Tae onepaTop L, J0JOKeH UMETh NOPSIAOK 11 — 2. TTokasath, 4T0 U3 paBeHCTBA L=1L+
ciepyer pagenctBo L, = LiF, n takuM 00pa3oM IOJY4UTh PE3YJIbTAT N0 HHAYKLHH.
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14. Ilycrs onepaTtop Lx Takoil »xke, KaKk M BbllIe, HO Telepb NYCTh pj(f) — KOM-
njexcHele ¢ynakuud. Ilokasarte, uyro ecnu L = L+, To

Lx = ingy(- . . (9(g0)) ) + "1 gy (.. (@) .- ) +

+ i%n—2 (qn—2 (gn—2%)') + ign—1(gn—1X)’ + gnX,

rre gj € Cr—I, dynkuun (gj)"+1-J peficTBuTensHb M Mgl = p,.
Ykaszanue. kononssoBars uuHpykimio. IToxkasaTb nmpu NOMOIM NPAMOro
pacCMOTPEHUS1 MHTerpaa
b

ji“% ( A2 (gen)’) - .)’ vdt,

YTO MEPBBIH YJl€H BHIIMCAHHOrO BHILIE OIeparopa L caMoCOnpsiKeH.

15. ITokasaTts, yto ecnu L = L+, TO cymecrByer 1o KpaiiHeil Mepe 0Ha COBO-
KYNHOCTh KpaeBbiX ycuosuii Ux == 0, ans xoTopoii 3agava Lx = Ix, Ux = 0 camo-
CONPSKEHA.

VY kazauue. Ilpu n uyetHom (N = 2r) NOJOXKUTH

x(@y=x(b) =x(@ =xB)=...=x0~-D(@) = x'~D(h) = 0.
Ilpu n HeyerHOM (N = 2r + 1) B3SITh NpelbIAYLUIHE YCIOBHS U A00aBUTH YCJIOBUE
Cyx(a) = Cpn(b),
e iC,Cy = pr(@), iC,Cy = py(b).

16. Ilycte A — KBajpaTHast MaTpPHLA H f— BEKTOD, IpHYeM 064 OHU—HeNpe-
PBIBHBIE QYHKLMU ! st @ <t < b. PaccMoTpum 3apavy

x— A(f)x =f, Ux= Mx(a) + Nx(b) =0,

rae M u N — nocrosiHHBIe KBagpaTHeie Marpuubl. I1ycrs arta sagaua npu f= 0
HMMeeT TOJLKO HyJnepoe pemenue. IMowasath, yro cymecrsyer marpuua G(t, ), He-
npepuiBHast st @ <! <t << bwuansa a < r <1t < by TaKas, YTO HHTErpasn

b
JG(i, ) () dr
a
€CTb eRUHCTBEHHOE pelIeHHe Rajadu.
Ykasanue. Ilycth @ — dyHHaMeHTANbHAST MATpUUA CHCTEMBI X' = A(f)x.
TTonoyxum
P(P-1(x) + B) J() (x <),
D(1) J(7) (T >1),
rae marpuna J npuHamiexur kiaacey Cla, b]. Us yenosua Ux = 0 caeayer, uto
M®(a) J(v) + NB(b) D~ 1(z) + ND(b) J(1) =0,
J(@) = —(M®P(a) + N®(b))~ ! NO(b) D~ (2).

G(t, v) = {

TaK 4To

17. Ilycrb kBagpaTHble MATPULIB Py 1t P nopsiixa r HenpepolBHbI g1t @ < < b.
Kpome Toro, nycrs marpuua P, HenpepsieHa 1 det Py(f) # 0. ITyctb x — BexTOp € 7
KOMITOHEHTaMU M NyCTh

Lx = Py’ -+ Pix.
Iycte P* 0603824aeT MATPHILY, CONPSHKEHHYIO AT MATPHUILE P, 1 IyCTh
L+x = —(Px)y + Pix.
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ECIH U ¥ v — BEKTOPbl ¢ KOMIIOHEHTAMHU Uj, vj, TO TIOJIOXKHUM
u- ’U-':lll_'l;l—f-.-.‘f'urgr.

ITokasath, 4t0 ecnk u,v € C! [a,b], 1O
Lu-v—u-Ltw=(Pyu-v).

Myets L = L+, 1. e. Py + P} =0, P, = P,—P}. [lyctb M u N — nocrosiu-
Hble KBaJpATHbIE MATPULIEI MOPsiAka r u nyctb Ux = Mx(a) + Nx(b). [Ipeanono)xum,.
yTo MaTpHLBl M 1 N TaKoBbl, 4TO AJisi BCeX GyHKUMH u, v € C1 [a, b], ynosneTBopsi-
romux yenosusim Un = Uv = 0,

b b
[Lu-vdt :J u-Lvdt.
a a
Jokasath, yT0 co0CTBeHHble GYHKLMMU {yp)} CaMOCONPSHKEHHON 3afauH
Lx = Ix, Ux=0

06pasyloT MOJHYI0 OPTOHOPMHPOBAHHYIO NOCHEIOBaTENBHOCTL. Takum 06pa3om,.
b .

eCcIM UHTerpan J u-vdf o003HaueH uepe3 (U-v), NoOKasaTh, YTO JJst JIOGOro-
a

BEKTOPA f, YAOBIETBOPSIIOIIEr0 YCIOBUIO (f- f) < oo,

o

¢-H= 2 1G-vi)l

j=__oo
uB 82(a,b)
)= 2 (- v v )
J=—0
3ameuanue. Cnyvau Py=iE u, aisi 4eTHHIX 1,
0 E,
Py= £
—E 0

1
«2I'

0COGEHHO HMHTEPECHHI.
Yxkasanue. Oyuxkuusg I'pyHa ecTh KBajpaTHasi MaTpuua IOpsAKa r M
MO>KHO MCITONB30BaTh MeTox § 4 Wi 3afauu 8.

18. ITycTh X — BEKTOP C r KOMIOHEHTaMu U nycrs Pj, j = 0, ..., n,— KBagpar-
HbIe MATPHULH MOpsiAKa r Knacca Cn—J[a, b, npuuem Py(t) # 0. Ionoxum

Lx = Px™+ ...+ Ppx
Ltx = (= Y (PF)® 4 (— 1)1 (PEX)@=Y 4 ..+ Phx.
ITokasarb, uUTo €cnu U, » — BeKTOpHl kjacca C?{a, b], 10

‘ d
Lu-v—u-L vﬁm[uu],

rae
n

=3 3 (=Diuk-V(Pigo)i=D.
m=1 jtk=m+1

IMyers L = L+, Tonoyxum
Ux = M;x"=V(a) + ...+ Mpx(a) + N,x"=D(b) 4. .. -+ Nnx(b),
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rae Mj, Nj — marpunpl € Iir CTPOKaMH H r CTOJIOUAMH, U AOMYCTHM, YTO ISl BCeX
yHxumit U, » knacca C*[a,b], ynopnersopsiiomnx ycaopusim Uu = Uv =0,

b b
JLu -vdt:ju- Lovdt.
a a
T10Ka3aTh, YTO CAMOCOMpSDKEHHAsSI 3a7aya
Lx = Ix, Ux=0

#IMEET IOJIHYI0 CHCTeMY OPTOHOPMHMPOBAHHEIX COOCTBEHHBIX QYHKUME {p()) .
Vkazanue., Ilycth £ —BEKTOP ¢ Nr KOMIIOHEHTamu (X,Xx’, ..., x—D)
“Torma ypaBHeHHe

Lx—Ix=0
MOXKeT OBITb 3aMEHEHO YpaBHEHHEM IEepPBOI'0 NOPsiAKAa M £ C Nr He3ABHMCHUMBIMH
PeLIeHUsIMU ¢ KBAJPATHOMH, nopsiaka nr, GyHaaMeRTanbHOM Matpuieil Z. O603Hauum
TIepBBIe I CTPOK MaTpHUipl £ yepe3 @. Torma L @ — I @ = 0 U Ka>K[oe peuieHue ¢
ypaBHenusa Lx — Ix = O umeeT Bug @¢, rie ¢ — NOCTOSIHHBIA BEKTOP-CT0J6eN ¢ nr
<CTPOKaMM. MO)KHO OCTPOUTE QYHKIMI0 I'puna G(f, v, [), KOTopasi SIBJISIETCST KBAAPAT-
HOM MaTpuLell mopsiaka r.

42 Ilycts oneparop I, TaKoif ke, Kak B 3axaue 13, T. e.

Lx = (gex™)® + (gx~ D) =D .+ g,

rae dynkuuu gj e Cr—J [a, b] AEHCTBHTENILHBL M ¢y(f) # O Ha umreppane [a,b].
Tlycte @ — peieHue ypaBHEHHst Lx =0 n p— BEKTOp C KOMIIOHEHTAMH ¢, Te
pj=eU=b(=12..,71),

Preg = (=1 {(@—j9D) + (@—jr9U+D) + ... + (q@")=D}

{j=1,..., r). TIokasatb, YTO BeKTOP ¢ YHOBJIETBODPsIET (POPMAILHO CaMOCONpS-
JKEHHOH cHCTeMe
P 0@’ + P 1P = 0)

npuyeM MATpuHubl P, = — P§, P, = P} uMenT BUJ,
0 E A B
P, =( ' ’) , P, = ( ) ,
—E; O B* C

wae Oy, Er — COOTBETCTBEHHO HYJIEBAs U eMHUYHASI MATPHIILI opsiakar u 4, B, C —
KBAJPATHbIE MATPHILI TIOPSIAKA I, ONpejeJisieMble PaBeHCTBAMU

~qr ' 0
gr—1 1 .
A= . B=| -

: »

\ ‘10

0
R (_' 1)'/ ‘N
B KOTODBIX HEYKa3aHHbIE 3JIEMEHTEI paBHBL HYJHO.



T'nasa VIII

TEOPEMbI OCLHUJIJISAHUN 1 CPABHEHMS
VISl JJUMHEAHBIX YPABHEHUI BTOPOro MOPSIIKA
U UX MPUJIOKEHHUS

§ 1. TEOPEMbI CPABHEHHUA

B aroit rnase OymeT u3yyaTbes paclpefiefieHde HyJeil pelueHUH
RelicTBuTenbHbIX AupepeHnUanbHEX YpaBHEHUH BTOPOro MNOPSAKA.
Msl Oyzem Ipefnonaratb, YTo ypaBHeHHe MMeeT BHJ

Lx=(p) XY + g)x =0 (@< t<b). (1.1)

3ameTum, uTo ypasHenue (1.1) wame GyzeT paccMaTpuBaTHCS Ha OTKPHI-

TOM HHTepBale (a, b), yem Ha [a, b]. YpaBHerue x" 4 f(H)x' + h{H)x =0

MOXXHO NpuBecTd K Buay (l.1) npu momoimu YMHOXKeHHS Ha (QYHKIUIO
t

exp Uf(t)dt) . B paneneiiutem Oyger mpejronaraThest, uto p(f) >0 u

yT0 QYHKLMHU p, p' U g HeMpPepbIBHLI HA (a, b). ([TpennonoiKerue o Hempe®
PBIBHOCTH MOXXHO ocnabute. Ha camom Jiene gocraTouro, yToOsl g Obina
MHTerpupyema, a p — a0COJIOTHO HellpephbIBHA.)

Hyne HeTpuBuasbHOrO peuleHust ypaBHeHust (1.1) usonuposaH.
B camom jeJsie, ecM pelleHue ¢ B TOUKe f, ofpawiaercss B HYsb, TO
¢'(fy) 5+ 0, nbo B npoTuBHOM chydae ¢(f) = 0. IT0 NOKa3biBaeT, uTO
TOUKA fy — W30JIMPOBAHHBINA HYIb.

Teopema 1.1, [Ipeonoaoocum, umo @ — OelicmsumenbHoe peteHue
Ha unmepsase (a, b) ypasHenusa

(px’y +gx=0, (1.2)
a y — OeiicmeumevbHoe pelllerue Ha unmepsase (a, by ypasnenus
(XY + gox =0. (1.3)

[Tycmo gy(t) > g,(f) Ha (a, b). Ecau t; u t, — nocaedosamesHole HYALL
gynrkyuu @ ua (a, b), mo gyukyus v doancHa obpawyameca 6 HyAb 6
Hexomopotl mouke unmepsana (t,, ty).

HoxaszaTenbcTBo. [pennonoxum, uro GyHkuus w He obpa-
IjaeTcst B HyJIb Ha UHTepBae (f, f,). B Takom ciydae 0e3 orpaHuyeHust
00IHOCTH MOXKHO IpepnosiaraTe, uto 3(f) >0 u ¢(f) >0 Ha (1, 4,).
Ymuoxas (1.2) Ha p u (1.3) Ha @ M BBUKTASA, NOJIyYaeM

oYy —(@Pv)Ye—(G—ger=0.

15 182.
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I/IHTel‘pI/IPYH 3TO0 pPaBEHCTBO, IOJIydYaem
ts
j [(peY v—(pyY ¢ldt>0.
L

Tak KaK Bblpa)KeHKe, 3aKJII0UeHHOE B KBa/ipaTHble CKOOKM, paBHO NPOu3-
BOJIHOM (QYHKUMH p(p'p — @ y’) U TaK KaK QYHKUUSI ¢ paBHA HYI
npu t=14 ut=1, TO :

pta) () w(ta) — p(ty) ¢ (t) w(t,) > 0. (1.4)

Tak Kak ¢(t;) = 0 u @(f) > 0 cneBa BOIU3M OT TOUKH fy, TO ¢'(f,) < O.
Amnanoruuso, ¢'(f;) > 0. Taxkum 00pa3oM, NepBbI WieH CjieBa HENoJo-
JKUTEJIeH TaK jKe, KaK U BTOPOH, a 9TO NMOKA3blBAET, YTO HepaBeHCTBO
(1.4) neBo3morkHo. MTaK, GyHKUUS p 06paluaercst B HYJIb BHYTPH OTKPBI-
TOr0 MHTepBana (f;, t,). :

B cnyuvae, xorpa g, = g, Ha (a, b), YHKUNU @ U p SIBISIOTCS pelie-
HUSIMU OJTHOTO ¥ TOr0 )Ke ypaBHeHusi. Eciiu QYHKUMHA ¢ U p HE3aBUCUMBI,
10 (1.4) UMeeT MeCTO C 3aMeHOi HepaBEHCTBA PABEHCTBOM, U IIPeBIYLILE
paccy>KJieHust TIOKasbBakoT, UTo ¢ ofpalaeTcsi B HYJb MeXXY H0CiIef0-
BaTeJIbHBIMA HYJISIMU ¢. TaK Kak QYHKIMU ¢ U 9 NlepecTaHOBOYHBI, TO
@ o0pammaercst B HyJb MeXXAY NOCHeI0BaTeNbHBIMU HYJISIMU 1. Taxum
00pasoM, HyJIi ABYX JEHCTBUTENbHBIX JIMHEHHO HE3aBUCUMBIX pelueHui
JEHCTBUTENLHOTO JIMHEHHOro AuddepeHUHaIbHOTO YpaBHEHUs] BTOPOTO
TOPSIIKA TlepeMesKarTCs.

IMpeppinymuii meTo[ AONMYCKaeT [asibHeiillee pasBUTHe, OJHAKO
CleRyIOLMIi NpueM IpoLle.

Nycrs p(f)x" = y. Toraa (1.1) npuxuMaeT BUA

s Y ,

Y=o V=—edx. (1.5
[TycTb

x=rsinf, y=rcosh. (1.6)

Hubdepennupys papedcTsa (1.6) mo £, 3amenss x’ 1 y npu nomomw (1.5)
U pelast nonyyamwlyecss YpaBHeHUs] OTHOCUTENbHO r’ U €', monyyaem

PSSR T
r= (p g)rsmﬁcos@, (1.7)
B = - cos?f + gsin 0. (1.8)

Pewenuto ¢ ypaBHenus (1.1) cooTBeTcTBYeT peluenue r = ¢(f), 0 = w(t)
ypasHenuit (1.7), (1.8), npuuem u3 (1.5) u (].6) cienyer, uro

e*=pe¢)r+¢, w=arctg (pq;,) .

Tak xaK QyHKuMM @ U ¢’ OZHOBDEMEHHO B HYJb He 00paiLanTCs, TO
o%(f) > 0 Ha (g, b), ¥, Takum 00pa3oM, He Hapylast 0OLUIHOCTH, MOYKHO
npeanonarath, 4to o(f) > 0. CieACTBMeM 3TOro sIBNsIETCST TO, YTO
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QyHKIAA @(f) = g(f)sin w(f) mMoXkeT obpawmaTbCst B HYJb TOJLKO TOTHA,
Korja o(f) ecTb LeJioe KpaTHoe &

Tak Kax pyHKUMY C0s2 6 1 sm2 0 paBHOMEDHO OrpaHHUYeHkl, TO YpaB-
HeHue (1.8) umeer perleHHe Ha Ka)KIOM HHTepBaje, Ha KoTopom p >0
u QYHKUMKM p ¥ g KYCOUHO HeNpepuiBHEI. Ha camom Jese mocTaTouHo,
yTo0Bl p M ¢ ObUIM uHTerpupyemel. Tak Kak npasasi yactb (1.8) nudde-
peHLupyema 110 6, TO pelleHre eAUHCTBEHHO B 0OBLIYHOM CMBICIIE.

W3 (1.6) u (1.5) cnepyer, uro

x(t) cos 6 — p(t) x’(t) sinf = 0. (1.9)

B KpaeBonlx 3afiauax oOmuil BuA YCAOBUS B KOHEUHOM TOuke = a
MHTepBaja TaKoOB :

x(a) cos @ — p(a) x’(@) sina = 0. | (1.10)

W3 (1.9) sicHo, 4TO TaKoe YCJIOBHe 3KBUBAJIEHTHO 0ojiee MPOCTOMY
ycnoBUK 6 (a) = o (mod ). Jlerko BuueTh, yTo paBeHcTBO (1.10) He
MOYKET MMeThb MecTa JUlst pelleHusl X = ¢(f) Ipu ABYX Pa3NUYHBIX 3Ha-
YeHMSIX o, €CIH TOJKO ITH 3HAUEHUs He OTIMYANTCS HA LeNI0e KpaTHoe
w ua ectn ¢X(a) -+ (p /(@) = o*a) = 0.

CpaBHyM Tenepb NOBeJieHIe pememm IBYX ypaBHeHuii Buma (1.1).
Ilnst pasnuyeHust ABYX ypaBHeHU# OyyT KMCIOJIb30BAHBI MHAEKCH 1 M 2,
T.e. Lix = (px'Y +gx=0, i=1,2

Teopema 1.2, [Tycms @ynxyuu p; u ¢; KYCOYHO HenpepvléHbl HA
unmepsase [a, b] u nycms

0 < po(®) < (), 20 > g
Ha [a, b]. ITyemo Lig, =0, Lyp, = 0-u wya) > w,(a). Tozda

wy() > y(f)  (a<Lt<D). (1.11)
Kpome mozo, ecau g, > g, Ha (a, b), mo
wy(f) > oy(f) (e <<t <L) (1.12)

JorkasaTenbcTso. UroOnl JoKasaTh HepaBeHCTBO (1.11), BhyTeM
OJIHO M3 YpaBHeHHH

/7

w,-=—pl7cos2w,«+gisin2wi (i=12) (1.13)
¥3 JPYroro, B pe3ysbTaTe Yero HOJy4nm
, 1y,. .
(03— @) = (& — p—l) (sin?w, — sin?w,) + h, (1.14)
rne

1 1
h = (ﬁ — ;I) cos2 Wy + (g2 — gl) sin? w,.
OueBumHO, yto h > 0. Eciin MONOXUTE 03— @; = U, TO u3 (1.14)
nonyyum

uw = fu + h , (1.15)
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rne
sin w, — sin wIJ

- RAYN .
f= (gl Pz) (sin w, + sin o) ( o — o,
Taxum 00pa3oMm, GYHKUMS [ KYCOUYHO HellpepblBHA U PaBHOMEpPHO orpa-
HuyeHa. Tak kak h > 0, 1o (1.15) naer
w—fu>0.
Ecmn F(t) = f {(s)ds, To, yMHO)Kas1 3T0 HepaBeHCTBO Ha e, monyuaem
/ ,
efu’ + Fefu>0.
I/IHTerpprﬁ B Inpenenax (q, f), noyryyaem
eFOu(f) > eF(")u(a) >0, (1.16)

uTo aokaswiBaeT (1.11). :
Ecau nepasedctso (1.12) He umeer mMecTa, TO JI0HKHO CYLIECTBOBATH

TaKoe ¢ > d, uTo
wo(t) = oy(f) (@<Lt <Lo). (1.17)

B camom fiene, gomycrum npoTuBHoe. Torna, no (1.11), noyoKHa cymiecTBo=
BaTb IOCJIE0BaTeNIbHOCTb TOUEK {f;} ¢ IpeenbHON TOUKOH @, Takas,
uTO @(f;) > w4(f;). OnHaxo ecnm npumeHuTs (1.16) ¢ 3ameHoil ¢ Ha t),
TO NOJYUMM, UTO Ui f > f; UMEET MECTO HepaBeHCTBO wy(f) > wy(f).
Tak Kak TOUKM ¢; MO3KHO OpaTb CKOJIb YrofHO OJIMSKO K @, TO OTCIOfa
cnenyer HepapeHcTBO (1.12). IT03TOMY JOJDKHO BBIIOJIHATHLCSI paBeH-
ctBo (1.17).

IMpuuumas Bo BuumaHue (1.17), saxmouaem, uto (1.14) BO3MOXMKHO
npu g, > g, JHllib B TOM CJlyyae, KOI'ja

Wy = wy =0 (mod x)
U KOr'jia p, == p, Ha uHTepsase (a, ¢). Oquaxo B (1.13) cnyuait
0; = w, =0 (mod x)

Ha uHTepBase (a, c), OYEBMIHO, HEBO3MOXKeH. ITo joka3miBaer (1.12),
Koraa g, > ¢;.

§ 2. CYHIECTBOBAHHUE COBCTBEHHbIX 3HAYEHHUIA

B orom maparpade nmpumeHuM NpefblyuiMe pesyabTaThl K ypaB-

HEHUK :
(pry +(hr —)x =0, @)

rie A — aeificTBUTEILHBIN IapameTp, a2 QVYHKUHY p', 7 1 § AeACTBUTEILHBI
¥ HeNnpephBHBl (MJIM KYCOYHO "HeNpephiBHBI) Ha uHTepBane [a,b] u
p>0, r>0 Ha [a, b]. [[Ipu nomomwm MoOAMPUKALMK JOKA3ATeHCTB
JIETKO YCTaHOBMTb, YTO BO3SMOIKHO JIONYCTUTh OOpailieHHe r B HYJb B
TOUKAX ¢ U b TOYHO T4K JKe; KaK B HU30MPOBaHHLIX TOUKAX MHTEepBasia

(a, b)]
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[Ipy [AHHBIX JeHCTBUTENIbHBIX @ M B 3HaueHHs A, JUI KOTOPHIX
(2.1) umeeT peulenye, He PaBHOE TOXKAECTBEHHO HYJHO M YAOBJIETBOPSIIO-
11ee yCJIOBUAM

x(a) cosa — p(a) x’(a)sina =0, (2.2)

x(b) cos  — p(b) x’'(b) sin g =0, (2.3)

Ha3bIBAKOTCS C0GCcmeeHHbIMU 3Hauenuamy. Kaxkpoe u3 ycioBuid (2.2) u
(2.3) ompeneysieT pewleHue ypaBHeHust (2.1) ¢ TOYHOCTBIO [0 TMOCTO-
SIHHOTO MHO)KHTeJIsl, HeTpuBHMabHOE pelleHue, yaoBleTBopsioee (2.1),
(2.2) u (2.3) Ans1 HEKOTOPOro COOCTBEHHOI'O 3HAYEHUs!, HA3bIBAETCSI
cobcmeennot Pynxyuer. ‘

Teopema 2.1, Cywecmayem 6eckoHedHo MHO020 COOCTIBEHHbIX 3HAYe-
HUil Ag, Ay, Ay, ..., 00pa3yIOWUX MOHOMOHHO 603PACTANWYI0 NOCAC006A-
MEAbHOCMb ¢ Ay —> oo npu 1N —> oo, Kpome moeo, cobcmserHas @PyHK-
yus, Coomeemcmeyomasn A, UMeem mouno n Hyaeli na unmepsase (a, b).

JokazaTrteabcTBo. He Hapymasa o0LHOCTH, MOXXHO Npef-
nonarath, 40 0 < a <o u 0 < p < . Peuwenne ¢ = ¢ (t, 4) ypas-
HeHus (2.1), onpejessieMoe HauaJbHBIMH YCIOBUAMH

@(a, 1) =sina, p(a)¢’(a, X)) = cos a,

VIOBJIETBOPSIET, 0UeBUHO, Ycs0BHIO (2.2). CoOCTBeHHBIMU 3HAUECHUSMU
SIBJISTIOTCS Te 3HAUeHusi A, KOTOPHIE YAOBJIETBOPSAIT ycioBuio (2.3). s
X = ¢(f, A) MO)KHO, OYeBUAHO, ONpPEJENUTb ® TaK, 4ToOb QyHKIUSA
6 = o (f, 1) ynoBIeTBOpsijla PaBeHCTBY o (4, 4) = a.

B cuny Teopemst 1.2, 6 = o (¢, 1) Anst ¢uxcupopanHoro ¢ (a <t < b)
eCTb MOHOTOHHO Bo3pacrawomasi yHkius 4. Ecin o = 0 (mod z), T0
@ = 0. V3 paBencrsa (1.8) nonyyaem

0 = 71; cos20 4 (Ar — g) sin?0; (2.4

0UYeBMAHO, uTo eciu & = O (mod «), T0 &’ > 0. IT0 o03HAUAET, UTO eCNU
w = 0 (mod «), T0 @ ecTh Bo3dpacraiowas GyHKuust f. Takum oOpasom,
eCJI JUIst HEKOTOPOTO f, U3 uHTepBana (a, b) o(fx, A) = ka, o oft, 1) >
>Skamat>h n o, )<ka pnsa t <t Kpome TOro, TaKk Kak
GyHKUUS @ 7O A MOHOTOHHA, TO U3 TPEAbIAYIIEr0 Clelyer, YT0 Ipu
BO3pacTaHud A HYJIU @, eCi OHU BOOOLIe CYLIeCTBYIOT, TepeBUraioTcs
BJIEBO K TOUKe f = ¢. TaK KaK pYHKUUS @ HenpepblBHA 0 t U A ¥ 0" > 0,
xorga o = 0 (mod ), To xoopourama k-zo nyaa tp = ty(A) @ynkyuu
@ Ha unmepsase (a, b) ecmb Henpepvignas MmoHOMOHHO YGbleanwan
Pynkyus A. B camom Jee,

o' (ti 1) 3 4 02 (1, 2) = 0.

Js Ka)kaoro GUKCHPOBAHHOIO f = ¢ U3 mHTepBasa (a, b]

(¢, A) — oo npu 1— oo, (2.5)
a TaKxe
w(c, ) >0 npu A—> — oo (2.6)
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Buauane moxaxkem (2.5). Tak kak a >0, To o(t,A) >0, ubo
o >0 msi o= 0(modw). Takum 00pasom, KOCTaTOUHO IIOKa3aThb,
YTO ISt HEKOTOPOTO £y, a < fy < ¢, w(c, A) — w(ty, A) — oo nmpu A — oo.
[ycrs ¢, = (a + ¢)/2.

IMycrs P, Q v R — Takue NOCTOSIHHBIE, YTO Ha MHTepBaye (fy, ¢ |

pi) <P, r)=R>0, ¢)<Q.
Torpa mns pewieHust ¢ ypaBHEHHsI
Px"+(AR—Qyx =0, (2.7)

YIOBJIETBODSIOWEro  yeanoBusm  ¢(ty, 1) = ¢(te, A), ¢'(ty, 1) = ¢'(f, 2),
umeem a(ty, A) = w(ty, 4), U, TakuMm 00pa3oM, B CuIy Teopembl 1.2

w(e)) — ax(ty, 1) > (e, A) — B(ty, 4) . (2.8)

[TocnenoBarenbHele HYAM QYHKUMA ¢ OTJIMYAIOTCS HAa BEJIUUYMHY
#[P|AR— Q). Jra BenuuMHA CTPEMHTCS K HYMIO NPH A—> co.
[MosTomy & = O (mod =) jnd NPOU3BOJILHO 0GOJIBILOTO YMCiaa 3HAYeHui
f, ¥ Tak KakK @ > 0 opu & = 0 (mod =), To @ — oo. Taxum 00pa3om,
npaBasl yaCTb HepaBeHCTBA (2.8) crpemurcss K O€CKOHEYHOCTH IIpH
A—> oo, a 3HAUUT TO JKe caMOe MMeeT MeCTO U JJIS JIeBO yacTH. 31O
3aBeplLUaeT A0KA3aTeJbCTBO COOTHOLIEHUs (2.5).

Uro0bl 0Ka3aTh cooTHOMIeHHe (2.6), ucmosb3yeM ypasHeHue (2.4).
Bribepem 6 > 0 HacTonbko ManeiM, uyToObl ObUIO @ <7 — 6. Ecnm
<ol n—08,A<0neemun 0<<P<Lp, O<RLruQ>|ql, 1o

' < 5~ |A|Rsin?d + Q.

Takum o0pazom, o' <0 119 ® =, ecmu — A JOCTATOUHO BEJUKO.
Bonee Toro,

— 10

~—a

o <

st & < o < @ — 8. Utak, o (¢, A) < 6 A1 1ocTaToyHo G6onpmmx — 4.
Tak Kak & IPOU3BOJILHO, TO IMosyuaeM (2.6).

Ilpu A—> — oo umeeM, 4t0 o(b, A)—0. Taxk Kak f >0 m TaK
Kak QyHKius (b, 1) no A MOHOTOHHO BO3pacTaer, TO CYLleCTBYeT 3Ha-
yeHue A, 0003HAYUM ero uyepes Ay, JJIsT KOTOporo o (b, 4)) = B. Tak Kak
O0<La<au B<Lm 100wt 4) <o Ha uHTEpBane (g, b), TaK YTo
peuteHue ¢(t, 4)) yaOBIeTBOpsieT ycioBuio (2.3) u He ofpamaercst B
HyJ b Ha (a, b). Ilonmarasi, yro A BO3pAcTaeT U NPHUHUMAET 3HAUEHUS,
IIPEBOCXOMISIINE Ay, [TONyUaEM eIUHCTBEHHOE A,, AJIsI KOTOPOro

wb,A)=p+=.

OueBuHO, uT0 QyHKUEA ¢(f, 4,) VAOBIETBOPsieT yCaoBuo (2.3) U umeeT
B TOUHOCTH OJMH HYJIb Ha uHTepBaie (a, b). CoGCTBeHHOe 3HAyeHUe
C HOMEpPOM 71 ompejensieTcss paBeHCTBOM «(b, A,) = f + na. I10 .
3aBepllIaeT NOKA3aTebCTBO.
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§ 3. IEPHOOQUUYECKHUE KPAEBBIE YCJIOBHSI

B arom mnaparpade ypasnenue (2.1) MOJUMHEHO OTPaHUYEHHUSIM,
COCTOSIIMM B TOM, yto p >0, r > 0 Ha uHTepBane [a, ] u yHxuun
r, p’ 1 ¢ KYCOYHO HenpepuiBHBL. Bynem npeanonarars, uro p(a) = p(b).
Bes orpanuyenust 061HOCTA MOYKHO CUMTaTh, UT0 @ = 0, b = 1 u p(0) =
= p(1) = 1. Bynem paccmatpuBath KpaeBmle ycioBusi (cM. 3ajauy 4)

0 =x(1),  x(0)==x(1), @3.1)
a TaK)Ke ycCaoBus

x(0) = — x(1), x'(0) = — x’(1). (3.2)

Teopema 3.1. CoGcmeennvie 3navenus 2;, >0, 041 ypasHenus

(2.1) ¢ yeaosusmu (3.1) u Ay, § > 1, daa ypasuenus (2.1) ¢ ycaosuamu
(3.2) obpasyrom maxue nocaedosamessrocmu, umo

—oo <A< h <L, << <<l <<l <...(33)

Aas X=Xy -cywecmeyem eOuHcmeeHHAs CO6CMEeHHAS (PYHKYUA gy,
Ecau Azivy < Agiv2 044 Hexomopozo i >0, mo cywecmeyem edurHcm-
6eHHAS COOCMeeHHAan PYHKYUA @pivy 048 A= Agsy1 U EOUHCMBEHHAS
cofcmeeHnas PYyHKYUA @ava 04 A = MAyiro. Ecau, 00naro, Agiry =
= Aziy2, MO CYWjecmeywom 06e Hesagucumsie cobcmeeHnvle (YHKyUU
Q2i+1, Q2i+2 08 A = g1 = Agir2. AHQA02UYHbIE pe3yAbmambl UMeIOM

Mecmo 8 cayuae Aziy1 < Agir2 U Aair1 = Agiy2, HpUYeM cOOCMBeHHbIE
PyHryuu 0603nadaromes 30ech 4epe3 ¢aivi U Priv2. Jasee, FyHKYUA g
He umeem mnyaeti na unmepsase [0,1]; @airy U @at2, § >0, umerom
Kancoas mouro no 2i + 2 uyael na [0,1), @ @1 U o2 UMeHM KadHC-
0as moyno no 2i + 1 nyaeii na [0,1).

HoxasartenbcTBo. IlycTe ¢ ¥ p — peleHust ypaBHeHHs
(2.1), yroBnerBopsifoline HaUyaJibHBIM YCJIOBUSIM
(0, ) =v'(0,1) =1, ¢(0,1) =v(0,4) =0. 3.4
Us (bopMym (6.5) rn. 111 [unm u3 (2.1)] cuenyer, uto
p®) [pt, ) y'(t, 1) — ¢’ A y(t, H] = 1. 3.5)

Has Toro yto0bl BHIMOJNHANOCH yeiaoBue (3.1), HeoOXoaumo 1 foCTa-
TOYHO, YTOOLI CYMmeCTBOBAMM TaKue MocTosiHHele C; u C,, He PaBHEHIE
OJHOBPEMEHHO HYyMo, U KOTOPHIX ¢yHKuua C;¢ + C,p YIHOBIIe-
TBopsina Obl (3.1); 9T0 gaeT ypaBHeHus

[p(1,4) — 1] C; + 9(1,2)C, =0,
(L, A C + [v(1,2) —1]1C, =0.

Ans Toro uroGbl /iBa He3aBUCHMBIX pellleHHst YaoBierBopsinu (3.1),
Heo0X0MMMO ¥ J0CTaTOYHO, UTOOHI

p(L)=v(L, ) =1, (1,)=9¢(1,4)=0. (3.7)

(3.6)
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Cucrema (3.6) umeeT HeTpUBHAJIbHOE DeIIEHHe TOTAA K TOJLKO TOFJA,
KOT/la ONpefeNuTeNb M3 KOIDQULMEHTOB paBHSIETCS HYJIO, OTKYAa
cJeflyeT, UCIONL3ys (3.5) npu ¢ = 1 4To

=2, | (3.8)
rje
fA) =e(1,2) 4+ v(1,4). (3.9
CooTBeTCTBYIOLIeE YeaoBUe s (3.2) umeeT BUJ
fA)=—2. (3.10)

3HaueHus 4, YAOBJIETBOPSIOUIUE YPABHEHUIO (3.8), siBnisioTCsT cobeT-
BeHHbIMU 3HAYEHUAMY JUI1 yeinoBui (3.1) U, aHaIoruyHo, YI0BIETBOPSI-
fomue ypaBHeHuwo (3.10), — mas (3.2). Ecom ypaBHeHue (3.8), HO
He (3.7) BBIIOJHAETCS IS HEKOTOPOTO 3HaueHust A, TO s 3TOro A -
CYLIECTBYET TOJIbKO OjHa cobcTBeHHass GpyHkuust 3afaunt (3.1) u 2 Haswl-
BAeTCsA NpocmbiM COOCTBEHHBIM 3HaYeHUEM. 3aMeTuM, YyTo | He TOJbKO

HenpepbIBHASA QYHKUMS 4, HO HA CaMOM Jiesie Jia)Ke lenast QYHKIS, 9TO
MOYKHO YCMOTpPeTh M3 TeopeMmbl 8.4 (unu 3apjaum 7) ri. I.

OGo3Hayum cOGCTBEHHBIE 3HAYeHUs1 ypaBHeHus1 (2.1) Ipu KpaeBbX
yCIOBUSAX :
x(0)=x(1)=0 (3.11)
yeped w;, (=0, 1,2,....Torpa cieayiommii pesyabrar Gyner KoKasaH
1ocye 3aBeplIeHNsT JOKasaTelbCTBa TeopeMel 3.1.

Jlemma 3.1. ITycmo p; — cobcmeennvie 3nauerus 0as yeaosuii (3.11).
Cywecmsyem v, maxoe, 4mo

Vo < g <ty <
o) =2, flu)<—2, f(uar)>2 (i=0,1,...). (3.12)

Ecau f(i) 2= 2 uau — 2 048 Hekomopozo i == w;, mo maxoe A ecmo

npocmoe cobcmeennoe 3nauerue 0asn ycaoguii (3.1) wau (3.2), u 0asn
mako2o A

f<0 G<u); (—DT >0 m<i<mn)
(i=0,1,...). (3.13)
Ecau f(taivq) = 2 u dffdr == 0 npu A = poiy, M0 Wi+, €Cmv npocmoe
cobcmeernoe 3nauenue 043 yeaosuii (3.1). Ecau f(uzivq) =2 u dfjd A =0

npu A = liq, MO NPU A= Upi1, CYIeCMEyOm 08¢ He3aBUCUMbIE
cobemeennple PyrKyul 044 ycxloeuﬁ (3.1). Kpome mozo, 6 smom cayuae

dj.z (”214-1) <0. - (314)
Ananoeuansiii pesyavmam umeem mecmo 041 yeaoguii (3.2), ecau f(uz;) =

= — 2. B amom cayuae ananoe nepasericmea (3.14) umeem o6pammupui
3HAK.

u
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HenocpencTBeHHBIM CIIEACTBUEM 3TOH JIeMMBI SBJSETCS CYILECTBOBa-
Hue mocienoBarensHocTel {4;} m {4}, ynmoBuerBopsomux (3.3), u

CYIECTBOBaHME COOTBETCTBYIOUIMX COOCTBEHHBIX (QYHKLMH. B camom
fesie, OYEBHIHO,

g <y g <<y <y K Ay <y <y <Ay <Ay < .... (3.15)

Uto0bl TOKa3aTb, YTO COGCTBEHHBIE (YHKIMM HMEIOT YKa3aHHOe
yyuCcJI0 HyJiel, UCmosb3yem Teopemy ocuuuisinuu 1.1, M3 yenosus (3.1)
cnenyert, uto coGcTBeHHBle QYHKUMN ¢; MMEIOT B MHTepBaje [0,1) yeTHoe
yrcno Hyned, a u3 (3.2) — 4T0 QYHKUUU ¢p; UMEIOT HEUETHOE UHCIIO
HyJsieil. CobcrBeHHbIMM GYHKUMAMUH jns yenosuit (3.11) siBasiores
p(t, u;) ¢ i vynamu Ha uHTepBaine (0,1) (mo Teopeme 2.1). Tak Kak
Ay < g, TO QYHKUHUS ¢, He MOXKeT UMeThb ABYX Hyusell Ha [0,1). Tax
KaK @, UMeeT UeTHOe YMCI0 HYJIeH, TO 3TO YMCIIO JOJDKHO OBITH HYJIEM.
TTOCKONBKY  po; < Apip1 < Apiva < Mziy2, >0, TO. QYHKUMU @241 U
@2i+2 UMEIOT Gonee 2 + 1 nyneit na [0,1) u meHee 2i - 4, T. e. TOUHO
2i + 2. _

Hanee, A, << A, < p; ¥ OYHKUMK ¢, @, UMEIOT MeHee TpexX HyJiel
Ha [0,1) u B cuny (3.2) MMEIOT 110 MeHbIIeH Mepe oJMH HYJb. Tak Kak
ofliee upcno HyJeil He4eTHO, TO AOJHKeH OBLITb TOYHO OJUH HYJb. s
OYHKUMHA @2it1, rit2, [ 2> 1, HCMOBL3YA HepaBeHCTBA pai—1 < Azit1 <
< Agiva < Mai+1, JETKO Inonydaem, 410 Ha [0,1) cyiecTByeT TOYHO
2i + 1 nyneit. Takum 00pa3oM, 0CTaeTcsl TOJIbKO [0KA3aTh JIEMMY.

JorkasaTtenocTBo nemmbl 3.1. Eciu g; — coGcTBeHHBIE
3HaveHus ypaBHeHus (2.1) s yenosnit (3.11), 1o y(f, ;) — coGeTBen-
Hele QyHKUMM. 3T0 o03HayaeT, uTo w(l, u:)) =0 u QyHKUEA w(f, ui)
umerot i Hynei Ha (0,1). Taxkum obGpasom, p’(1, ui) > 0 11 { HeueTHOrO
u < 0 1ns i yer”oro. M3 (3.5) BrITexaeT paBeHcTBO ¢(1, i) '(1, piy =1,
TaK Y10 -

) = ' (L) + w(l R

Tak KaK X -+ 1/x > 2 1 geHcTBUTENIBbHBIX X >0, TO M0JIyyaeM pesyJib-
tat (3.12) mast w;.

Ecnu v, — HaumeHbluee cOOCTBeHHOe 3HaueHue ypasHeHus (2.1)
ans yeqosuit x'(0) = x'(1) = 0, 1o @(f, ¥,) ecTb coGcTBeHHast QYHKUUS
1 OHa He umeeT HyJe# B [0, 1 ]. Taxum 00pasom, v, < e 1 ¢(1, ) > 0.
IMockonbKy ¢'(1,7,) = 0, us (3.5) cnenyer, uto

#(1,v9) v'(1, 1’0) =1
3Hauwr, feo) = (1, 90) + —— q)(l %) =2,

UTO 3aBeplUAET J0Ka3aTeJbCTBO HepaBeHCTB (3.12).

Uro0Gbl OLeHUTb NPOM3BOAHYI0 df/dA B TeX TOUKax, Tfe [ = 2 uin
—2, pacemoTpuM (QyHKUMIO U = dp/oA. Ouesmano, uro u(0, 1) =
=u'(0,4) =0, u w3 (2.1) cmenyer

(puy + (Ar—qu=—rg.
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CrepoBaTenbHo, ¥3 (OPMYJIEI BapyalMi MOCTOSHHBIX (3TO MOXKHO U
HEIOCPe/ICTBEHHO TIPOBEPHUTH) I0JTydaem
t

ut, ) = [ lo(t, ) v(z, D) — o(r, H y(t, V] (2 p(7, 2) d.
3Hauwr, ’

1
2 (1,5 = [ Ip(1, ) 9@ 2) — o(5, H w1, D] r(x) 9(z, A dv(3.16)
0

¥, aHaJIOTHYHO,
%%Lmsﬁwmmwnm—anmehmwnmm.
0
WTaK, He BHUTMCBHIBAsi SIBHO A, MOJydYaeM
%=fwmwm+w@ﬂﬂ@m—wﬂ»—wmwmmnﬁw&m
0

KgpagpatHaa ckobka B Qopmyie. (3.17), paccmannBaemaﬂ" KaK
KBajipaTuyHasi Gopma oTHOCHTeNbHO (t), ¢(t), He MeHsleT 3HAK, eCJH
() —9'(1))2 4 4 ¢'(1) p(1) < 0. Mcnons3ys (3.5), 3T0 MOYKHO 3aniu-

caTh B BHJE .
[9(1, 4 + v (1, ]2 < 4.

Takum o6pasom, eciu — 2 < f(4) < 2, To kBajgpaTHast ckobka B (3.17)
uMeeT OmpenesieHHBlH 3HaK. Ecnu f(A) = 2 uam — 2, T0, 3a HCKIIIO-
YyeHKreM BO3MOYKHOT0 MHOKUTENs1 — 1, KBaApaTHasi CKOOKa ecTh TOUHBIH
KBajpaT M NpousBojHast df/dA Mo>KeT 00paTuTbCsl B HYJb JUWb B
TOM Cllydae, eciad KBajpaTHas CKOOKa TOMKJECTBEHHO DaBHa HYJIO
OTHOCKTeJbHO 7. TaK KaK QYHKUUM ¢ (7) U p (t) He3aBUCHMBI, TO KBa-
IpaTHast CKOOKa TOX(IeCTBEHHO paBHAa HYJI0 B TOM M TOJLKO B TOM
ciyuae, Korja Bce KoadduuueHTsl 0o0pawmialTcsi B HyJb; BMeCcTe C
(3.5) ato paer ycioue (3.7), ecnu f = 2, ¥ COOTBETCTBYIOLIME YCIOBHUS,
ecmd f = — 2. Utak, dffdA =0 B Toukax, rje f = 2 uiu — 2, B ToM
U TOJBKO B TOM Clyuae, KOTrAa coOCTBeHHOe 3HAaueHHe He IPOCTOe.
Ecmu A < po wmm eciu gy << A << pir1, T0 9 (1, ) 5= 0, a 3Hauwr,
ecnd f = 2 unu — 2, kBagpaTHas cKoOka B (3.17) He paBHa TOXK/IeCTBEHHO
Hy0. Bynyuu MoiHbIM KBajpaToM, NpousBojHast df/dA umeerT ToOT
Ke 3HaK, uTo 1 — »p (1, 1), a 3T0 0Ka3bBaeT HepaBeHcTBa (3.13).
Ocraercst TOJNBKO JoKa3aTh HepaBeHCTBO (3.14). Ilpu A = peisa
f= 2udf/d A= 0, Takuyro ycnoBus (3.7) BemonHsoTCcs. Takum 06pasom,

P(1, pairn) = (1, pairn) = 0, (1, pziv1) = (1, painn) = 1. (3.18)
Hcnons3ys o6o3HaueHust

0 0
=g (LD,  m=gr (LA
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(aHaROTUYHO 1S @;, v3), TIOJIyYaem

= Pt Vi (3.19)
U3 papencrsa (3.5), audpdepeHnupys ero no A, umeem
Va9 +ypr— ¥ —¢¥'pa=0. (3.20)
Ilpunumasi Bo BHumaHue (3.18), monyyaem
Y1, 1) = — (1, faii1) . (3.21)

Huddepernupysi cuoa (3.20) u ucnosnnsys (3.18) u (3.21), Haxogum
2900+ 20 —vu—ou=0  (A=pui1).
IMopcranoska B (3.19) npaer

572 (1, pror+1) = 2 [@3(1, pai1) + pa(l, poiva) @31, p2ir1)] - (3.22)

Hcnonwsys cHosa (3.18), us (3.16) noayyaem

1
a1, paiv1) = JW(T, H2i+1) Q(T, Bai+1) 1(z) dT
0

¥, aHAJIOTUYHO,
1

pa(l, poi 1) = J YA(T, poi+1) (%) A,
0
(3.23)
1
91, pairs) = — | 9T, i) 1(7) .
0

Tak KaK QYHKUMH i ¥ ¢ HE3aBUCUMBI, TO K3 DDPEAbIIYLIUX COOTHO-
meHuit ¥ HepaBeHCTBa KoKM—DBYHAKOBCKOr0 ClefyeT, 4TO IIpaBast
yacTb paBeHCTBa (3.22) OTpUUATENbHA, YTO JOKasbiBaeT HEpaBeHCTBO
(3.14) u 3aBepaeT JOKa3aTeNbCTBO JIEMMBI.

§ 4. OBJIACTH YCTOMUMBOCTH [JIs1 YPABHEHHUK BTOPOI'O MOPSIAKA
¢ NEPHOAUMYECKUMHU KO3POPULIMEHTAMHU

B arom maparpade Oyaer paccMaTpusaThbesl JeficTBUTENbHOE YpaB-
HeHue
(pyx")y + [ar(t) + bg()] x =0, (4.1)

rie a u b — JelicTBUTEeIbHbIE HOCTOSIHAbBIE, p >0, r >0up, p',r, g —
HenpephiBHble pu 0 < ¢ < 1 u nepuouyecKue ¢ nepuosiom 1 GpyHxuuu.
To ects r(0) = r(1), ¢(0) = ¢(1) ¥, KaK MO)KHO NPUHATL Ge3 orpaHu-
vennii o6mHocTH, p(0) = p(1) = 1. B § 5 run. Il GBUIO IOKA3aHO cyIe-
CTBOBAHUE XapaKTePUCTHUECKUX IOKa3aTesnedl M MYJIbTUIIJIMKATOPOB.
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Ecmm x =9y ({,a,b) 1 x= ¢, a,b) — pewenus ypabHeHus1 (4.1) c
YCJIOBUSIMH

’l/)(oy,a) b) = (P’(O’ a, b) = 07 1/"(0» a, b) = gU(O, a, b) =1 ’

TO Npyu { QUKCHPOBAHHOM v, p’, @ U ¢  ABIAITCSA LEJIbIMU q)yﬂxun-
MK (@, b) st BCeX a M b.

Uto0pl ONpenesuTb MYJIbTUILIMKATOPEL, PACCMOTpAM pelleHue X =
= Cyp + C,yp, YHOBIETBODSIOIIEE [JIST HEKOTOPOTO O YCJIOBUSIM

Cyo(1,a,0) + Cop(1,a,0) =0 Cy,
Cl (P/(]’ a, b) -+ Cg"l)’(l, a, b) =‘0‘C2,

HerpuBnansuoe pemenue (C;, C,) CyilecTByeT, eciu obpauiaercs B
HYJIb OIpeje/uTe/b U3 Ko3D(ULUEHTOB, YTO JaeT XapaKTepUCTHUecKoe
ypaBHeHHe

o —ofp(l,a,0) +-y'(1,a,0)] + 1 =0; (4.2)
IpHU 3TOM UcHoyb30BaHo (3.5). Ecim 0603HaunTh

fle,b) = ¢(1,a,b) +9'(1,a,0),

TO KOpDHU 0y, 0, ypaBHeHUs (4.2) OyAyT pa3nMUHBIMH, KOMILIEKCHO
CONPSKEHHBIMM, 110 abCOMOTHON BenMuMHe paBHBIMU 1, eciu

f*(a,b) < 4, (4.3)
H lleﬁCTBI/ITEJIbelMX/I Pa3JIMUHEIMHM, €CJIH
f*(a,b) > 4.

Tax KaK 0,0, =1, To B TOCIeJHEM Cilyuae OJMH KOPeHb Beerfa 1o
a0CoJIIOTHO#M BeHunHe G0bile 1, a BTOpOit — MeHblIE 1.

Eciu KOpHU PasnuyHbL, TO CymeCTBy}OT JBa He3aBUCHMBIX peLleHuUst
x = uy(f)e* u x = uy(t)e’?', rue u; U u, — HepuoudecKre GPyHKIUMA
c nmepuogoM 1 M e% =o0;, i=1,2. Takum obpasom, B cnyuae (4.3)
BCe pelleHus ypaBHeHus (4.1) paBHOMepHO OI'PaHMYEHBI IPA — oo <t <
< co. B cnyuae (4.4) 210, 04eBMIHO, He MMeeT MecTa AA)Ke Ha MHTep-
Bane (— oo, 0) mwm (0, o). [ToaTomy B 9TOM naparpade 3HaueHus (a, b),
ISl KOTOPBIX BhIMOJIHseTCS (4.3), OYAyT HasblBaTbCs Yyemolduussimu, a
Te, I KOTOPHIX MMeeT MecTo (4.4), — Heycmoiiuugstmu. Y3 Henpepois-
HOCTH QYHKLUMU [ clefyeT, YTO rpaHuubl objacreil yCTOWYHMBOCTH- U
HeycToluuBoCcTH (@, b)-TUIOCKOCTHM COCTOSIT M3 TOUEK, B KOTOPHIX
f¥a, b) = 4, vy, MHBIMM CJIOBaMH, U3 TOYEK, B KOTOPBIX 160

fla,b) =2, (4.5}
oo .
fla,b) = —2. (4.6)

Has1 Ka>Kporo GUKCUpOBaHHOTO b ypaBHeHue (4.1) umeer Bum ypas-
HeHus (2.1), B KOTOopoM A 3aMeHeHO Ha @. Takum 00pa3oM, ycJaoBust
(4.5) n (4.6) B TOYHOCTH COBNANAT C YCIOBUSIMM, PACCMOTPEHHBIMH
paHee B CBsi3u ¢ cOGCTBeHHBIMH 3HaueHUsiMH 3axay (3.1) u (3.2). Ecnn
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BbinosHsiercst (4.5), To ypaBHeHne (4.1) MMeeT peleHue C NEPHOAOM
1, B To BpemMsl KaK ycjoBue (4.6) COOTBETCTBYeT pelleHHI0, YIOBJe-
TBOpsomEMYy YeaoBusm x(0) = — x(1), x’(0) = —x’(1) u umelomemy,
Takum 00pasom, nepuof 2. Mul ero Oynem 0603HauaTh KAK HMeloliee
nonynepuo 1. M3 (3.15) cnepyer, 4To ISl KaXA0ro GUKCUPOBAHHOTO
b snavennst a, a;(b), i =0, 1,2, ..., LI KOTOpHX BeUONHsETCS (4.5),
v aib), i=1,2,..., 115 KOTOPHIX BHINOJHsIETCS (4.6), CBSI3aHBEI Hepa-
BeHCTBaMU

— 00 < ay(b) < a1(b) < pao(b) < p(b) < ay(b) < (D) <
L ay(0) < a3(0) < puafb) < p(0) <) < ..., (47)

rae pi(b) — coOcTBeHHBIe 3HAUeHUs1 YpaBHenusi (4.1) s pUKCHpOBaH-
Horo b ¢ yenoBusiMu x(0) = x(1) = 0. To, 4T0 3HAYEHUST w; JJIsT KAKIOTO
[ — HenopepoiBHble (GYHKUMKM OT b, ClefyeT u3 TOro (Qaxra, 4TO
(@p/oa) (1, a,b) =0 tam, rne (1, q, b) 0, TaK Kak, IOYTH KaK B
(3.23), mpu 3TUX YCIOBUSX
1
21, a,b) = g(1,0,6) [ r(0) y¥(x) do
0

Ocraercst Tenepp 0KasaTh, YTO &; U &; SIBJASIOTCS HElIPePBIBHBIMU 01~
HO3HAYHBIMHU QYHKUMAMM b, — oo < b < co. [IperKae yem JOKa3LIBATH ITO,
PaccMOTpHM CJIEACTBUSI U3 3TOro ¢daKxra. Hist GUKCHPOBAHHOIO b M BCeX
a, YIOBJIETBOPSAOIIMX HePaBEHCTBaM dsi+1(b) << @ < Qsiya(b), u3 (3.12)
u(3.15) cnenyer, uro f(a, b) > 2 u, cnenosaTenvHo, yto (4.1) Heycroit-
4yuBo. TOYHO TAK O>Ke HeyCTOMYMBBI 3HAUEHUST daivr1 < A < d2i+e.
Obracmu yemotiuueocmu onpeae/uzromc;z HepageHcmeamu ag,(b) <a<<
<C ‘121+1(b) i > 0, u a2t—r2(b) Za<< a21+1(b) i 20

Bennuunsl a;(b) sIBASAOTCS eMHCTBEHHBLIMU pelleHUsSIMU YpaBHEeHUst
f(ai(b), b) = 2; ananoruyHo o6erout fesno Ans a;(b). Takum o0pasom, TO,
YTO ypaBHeHue a = ai(b) [unu a = di(b) ] onpeseasieT HeNPePHIBHYIO KpHU-
BYI0 (@ Kak QyHKIMA b) B (@, b)-TUIOCKOCTH, CiejyeT HeloCpeacTBeHHO,
ecnu ToabKO 9f(ai(b), b)/oa # 0. Tak Kak f(ai(b), b) = 2, TO U3 JeMMbI
3.1 caenyer, 4TO HEPaBEHCTBO 9f/8a 5= 0 MOXKET He BBINOJHATHCS TONBKO
TOTHA, KOTJa i eCThb OfHO W3 ABYX uucen 2j + 1, 2j 4 2, KoTophlie
YIOBJIETBOPSIIOT YCIOBUAM

Agj+1(D) = paj+1(0) = agj+a(b) . | (4.8)

Iycrs b = p 0G03HaYaeT 3HaUeHye b, 151 KOTOPOro BhIMONHsIETCs (4.8).
Torpa o6a uucna asj+1(f —0) ¥ daj12(8 —0) MOHKHBL PaBHATHCS
3HAYEHUIO (13;+1(8). B NpoTHBHOM citydyae umesto Obl MECTO HEPaBEHCTBO

w2i(f) Sb ]1;;[10 inf agj;1(0) = & < paj+1(B),

a, CJef0BaTeJIbHO, B CUNY HellpepBIBHOCTH f(, B) paBHsinach 06wl 2, TaK

yTo MBI MMesn OBt paj(B) < @zj+1(B) = a << pej+1(B), UTO TMPOTUBO-
peunT (4.8). AnasoruuHele co00pakeHMsI UMEIOT MECTO JUISA dgj+e M JUIS
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B + 0. Utak a; — HenpepbiBHasT QYHKUUSI OT b JUIST BCeX 3Ha4YeHui b.
Ananoruyso, @; — HenpepbBHasi QyHKUUS b.

Ba)kHble U3BEeCTHBIe NMpuUMephbl ypaBHeHui Tuma (4.1) BcrpevaioTcs
npu p=r=1. B ypasnenuu Mamoe q(f) = cos 2nt, a B ypasHenuu
Xuana ¢ — mobasi nepuoanyecKas GYHKUMS C HYJIeBBIM CPEJHMM 3Ha-
yeHnem. B cinyyae ypaBHenust (Meiiccrepa), B KoTopom g(f) = 1,
0<t<<(1)2), n q(t) = —1, (1)2) < t <1, MOXKHO JIEFKO HPOM3BECTH
SIBHOe BBIUMCIIeHHE QYHKUuH f(2, b).

3ajgauu

1. Ilokasatb, paccmarpuBasl IPOUSBOAHYIO (@/y)’, UTO €CNM ¢ U 3 — HE3aBU-
CUMBblE peileHus1 ypaBHenust (1.1), TO HyAU QYHKUMH @ ¥ p NEPEMEIKAIOTCS.

2. ITycTh BEIIOJIHSIOTCA YCJIOBHSI TeopeMbl 1.1, 1 MyCTh CYINECTBYET HEKOTOPOE
8 > 0, Taxoe, uto @(f) > 0, p(t) > O Ha uHTepBaJe (a, a + 8). IIycTs

lim  p@®)[ew~lpy]> 0.
t—a+0

Hoxasate, uto ecnu ¢(f;) = O 1J1s1 HEKOTOPOro {; U3 HHTepBana (4, b), TO CYIMECTBYET
Takoe I, U3 UHTepBana (a,1;), uro p (f,) = 0.

3. Paccmotpum sapauy (2.1)—(2.3) Ha umrepBane [a,b], HO NyCTh Temephb
¢ < 0 na unrepsase (a, b), 1 IPeANONOOKUM, YTO QYHKIMS r MeHsieT 3HAK Ha (g, b),
XOTs1, KaK 4 npexkje, p > 0 Ha [a, b]. HokasaTe, uTo COGCTBEHHBIE 3HAUEBHST UMEIOT
NpefesIbHBIMH TOYKAMH A == — oo U A = co.

Yxkaszanue. Hua caydas A >0 paccMoTpum ypaBHeHHE

(%x')’—f" (r——:r%)x=0.

Torpaa, ecnu A Bospacraer, To p/A yObiBaeT U r — g/A Bospacraer. Ilycts p(a, A) =
= sin a, p(a) ¢’ (@, A) = cos a. I1yCTs, fanee, ypaBHeHHIO 6 = w(f, A) YIOBIETBOPSIET
w(a, A) = a. OueswiHO, 4TO w(b, A) — Bo3pacraiomasi GYHKIUS A M (QYHKUHUS
o(b, 0) orpanvyeHa. Yto0el mokasatb, YTO w(b, A) — oo HPU A —> oo, DPACCMOTPUM
" uHTepBan [t 1, ], Ha KOTOPOM r(t) > R > 0, rae R — nocrosinHast. Ilycts p(t) << P
Ha uHTepsae (fy, I,). Torna nis 60apmux A pemenust ypasreHust (1/A) Px” +-(1/2) Rx=
= 0 MMeIOT HYJHM, PACCTOSIHUE MEXAY KOTOPHIMH Ha HHTepBajie [fy,!,] paBHO

! 2
n (%g) I.Ta}mM o6pasom, w(b, A) > ¢ A'ls pysT HEKOTOPOH MOCTOSTHHOM €. AHanorny-

Hble COOGPayKEHUSI TIPUMEHMMBL TIPH A — — oo,

4. Paccmorpum ypasHenue (2.1), roe ¢yYHKUMU p’, ¢ ¥ r HENpepLBHLL U p > 0,
r >0 Ha umgrepsaje [0, 1]. Ilonyuurb pe3ysbTaThl, aHAJOrMuHbie Teopeme 3.1;
JUIsT KPaeBbIX YCJIOBHH

x(0) = ax (1) + bx’ (1),
x'(0) = ex €1) + dx’ (1),
rae a,b,¢c u d— pelcTBUTeNbHBIE TIOCTOSIHHBIE, TpuueM (ad -— be)p(0) = p(1).

Ykasanue. Iloxasatb, UTO COOCTBEHHble SHAUYEHUST SIBASIOTCSI KOPHSIMH
ypaBHeHust f(A) = 2, rue

fA) = ap (1, 2) + be’ (1, 4) + ey (1, 2) + dy’ (1, 4).

IoxazaTs, uTo ecaM p; — COOCTBEHHHIE 3HAYEHHS Ais yenosmi x(0) = 0, ax(l) +
+ 6x’(1) = 0, 0 f2(pi) > 4 ¥ 3HAYECHHST [(14f) HMEIOT YEPEAYIOWMECS BHAKH,
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5. Ilycrs B Teopeme 3.1 Agiy1 <C Asiye. [IOKasaTh, uT0 ypaBHeHue (2.1) mpu
A = Agit, UMEET PEIleHHE P2i+1, HESABUCHMOE OT pai+1 U TAKOE, UTO

Yaiy1 () = peiva (f) + Ip2isa (8),

rAe Paivy — HEpUOAMYECKAst GYHKUMs ¢ mepuogom 1. IToxasaTh, YTO aHaJOrUYHbIC
PESYJILTATH UMEIOT MECTO ISt BHAueHUH Asziie, Asit1, Asire.

6. ITpu o6osnauenusix § 4, moryT s Kpussie d;(b) u a;(b) rae 1160 mepeceyncsi?
Kak Boipasutb 3afauy 10 ri. 1II B TepmuHax § 4? HameTnTh BOSMEXKHBIE PACIIOJIO-
YKeHUs KpUBLIX @j(b) U dj(b), I0OKa3aB yCTOHUMBLIE U HEYCToifuMBEIe 00aCTH B (4, b)-
TIJIOCKOCTH 7151 ypaBHenus (4.1) npu p() =r() = 1.

: 1

. 7. Ilycre B ypaBHenux (4.1) a >0 un jq(t) dt = 0. I'lokasate, 4TO €Ciad U —
0

AelCTBUTENbHOE pPelleHye, YIOBJIETBOPsiolee yeaoBuwo u(t + 1) = A, u(f), rae Ay —
MIOCTOSIHHAS, TO DYHKUHUA U JOJDKHA 06palaThCsi B HYIb XOTst Obi B OJHOH TOUKE
maTepBana [0, 1].
YKazaHue B NpoTUBHOM Ciyyae
1 1

pu?
7dt+ a ert:O.
0 0
INokasathb, 4T0 QYHKLMS U 06pallaeTcst B HYJIb B IBYX TOUKaX ty, f,, rae | f, —1; |<1.

-~ 8. Ilycrs f— peiictBuTenbHas QyHkuus knacca C* na unrepsane [a,b] u
ayctb f(a) = f(b) = 0 u { > 0 Ha (g, b). [okasats, uT0
b

(b—a)jl—f]:—'((t’)l‘at>4.'

VYkasaHue, Ilycrs QYHKUMS f JOCTUraeT CBOEr0 MaKcuMyma npu f=¢
Toraa st HEKOTOPBIX T; U T,

L/

1 1 1 [f(C)—f(a) _ f(b)—f(C)] ) = (@) I

Ol

1 I
c—aTh—c¢ JOl c—a b—c © =)o

9, Ilycth r — HeOTpUUATENbHAST QYHKUMUS, HENpephiBHAsE M NEPUOJUYECKAsT C
nepuopom 1. Iloxasarb, 4TO ecnu

1
J r(t) dt < 4,
0

TO ypaBHeHHe X'’ + r(f)x == 0 UMeeT yCTO/UMBLIE PElIeHHs] HA MHTEPBaNe (—oo, o).
YkasaHue Mcnonb3oBath 3ajaud 7 u 8.



T'raeéa IX

CUHIYJISIPHBIE CAMOCOIIPSDKEHHBIE KPAEBBIE 3AAUU
VIS YPABHEHMA BTOPOI0 NMOPAKA

§ 1. BBEJIEHME

Paccypenus ra. VII He NpumeHUMBl B Ciydyae, KOrja KOHEYHBIH
uHTEpBan (4, b) cTaHOBUTCS OeCKOHEUHRIM, WK B CJIyyae, Korja Koapdu-
LMeHTH IuddepeHIUanbHOT0 0IepaTopa MMEIT CYIeCTBEHHO ocoboe
noBejieHre B TOYKAX @ unu b. Bcee aTu ciiyyam pacecMaTpUBaIOTCST Kak
CUHTYNISIDHbIE, U B ITOH InaBe OYHeT u3y4aTbCsl CUHIYJISIPHBIA ciydait
Ans1 ypaBHEHUH BTOPOTO NOPSAKA.

B KayecTBe NpeaBapUTEILHOrO NpHMEPa PacCMOTPHM 3ajauy

d
—x"=1Ix, x(0)=0 (’z ~)
dt
15 0 < t <C oo, KaK IpeiefIbHEIH ciTyyail 3aa4i B KOHEUHOM HHTepBaJe
O0<t<be JIOHOJIHI/ITe.leHbIM yCII0BHEM
x(b) =0
U MOCNEAYIOWUM NpefesIbHbIM TEPeX0omM b — co. 3ajaue ¢ KOHEUHBIM
MHTEpPBAJIOM COOTBETCTBYET, KOHEYHO, OPTOHOPMHUPOBAHHAsl CHCTEMa
{y)’f}’ rjre . -
wi(t) = sin—— (k=12,...).
b b :

Kaxxpas dpynxuus f, HenpepheiBHast Ha uHTepBaie 0 < { < ¢ u paBHast

HYJIIO NIpU { > ¢, YAOBAETBOPSIET YCIOBUIO TOJTHOTHI

(2 )% kit

P 4
knt

fff(ﬂl2df= %Hﬁ fsm——f t)dt!
0 0

k=1

B NPEANOJIOXKeHUH, uTo b > ¢. Ecim

4

g(s) =Jqsin stf(t) dt, (1.1)
0

TO yCJIOBHE IIOJIHOTHI NPUHHUMAET BUJ

JifwEa—2 >
0 k=1

()]

NpHYEM CJIeBa ¢ 3aMEHEHO Ha oo, TAK KaK QyHKUuA f o0paiaercsi B HyJb
s t > ¢. Ilyers €, — HeyOwpBaowmasi QYHKIHUS CKAuKOB, KOTOpast

, (1.2)
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BO3pACTaeT Ha BeJIMYUHY 2/b, KOrla apryMeHT § NPOXOJUT YEPe3 TOUKY
krfb (k=1,2,...), ¥ B OCTaJIbHBIX TOUKaX MOCTOsiHHA. [Tpeanonoum
TaK)Ke, UTo (pqumﬂ o HOpMHpOBAaHA TaK, 410 ,(0) == 0. Torma
ycaosue (1.2) nepenuuiercst Tax :

J’ i)z dt = | g(s) 2 dews) . (1.3)
0

0

OueBUJIHO, UTO eClu b—> oo, TO cp(s) — 25/-. Taxum oGpasom, pac-
Cy)Kfast HecTporo, nojydaem u3 (1.3) npu b — oo

j |tz dt = J lg(s) |2 ds . (1.4)
0 0
9T0, KOHeuHO, paBeHCTBO [lnaHiepenss st CuHyc-npeobpasoBaHUs
cl>ypbe TNIPH HAaJI0)KEHHBIX Bhbllle OIPAHMYEHHAX Ha QYHKLHIO.

Jlerko pmaTp cTporoe JjoKasaTenbcTBO paseHctBa (1.4). Ilpenmo-
noxum, uto f(0) = O u uTo [ MMeeT HellpepBIBHYIO IepBYIO NMPOU3BOJ-
Hyio Ha untepsaie [0, ¢]. Toraa u3 (1.1) npyu nomowM UHTErPUPOBAHKS
N0 YacTsM IOJyyaem, 4To

9 < [lrola =4 >0,
0

rae M npepacraBnsieT MHTErpas. Takum 06pa30M, s> 1
lg(s)? g - (1.5)

TakK Kak QYHKUMS ¢ HenpepbiBHA, TO VIS KaKIO0I0 (UKCHPOBAHHOIO
60nbIIOTO

/1
lim j;g@]z des(s) J g2 ds. (1.6)
[Mone3ysick HepaBeHCTBOM (1 5) U UHTETpUpysl N0 YacTsaM, HAXOAUM
: 4 M2 4Mm2
f | g(5)}2 den(s) < M? fs*deb(s) g—n—fs*2ds == (17
I “ u

AHaJIOTHYHO,

o«

[laspas <27 (1:8)

»

Taxum o6pasom, ucnosp3yst cooTHomeHust (1.6)—(1.8) u nmonaras
w —> oo, Monyuaem oGocHoBaHue Qopmynsl-(1.4) ans ¢yHKuUMM [ mpH
OrpaHMYeHHUsIX, YKa3aHHbIX Bblile. Takue f NJIOTHBI B HpPOCTPAHCTBE
22(0, o0) M, uCHONB3YyA CTaHAapTHble TeOpeMbl TEOPHU HHTerpaja
JleGera, moxkHo poKasaTh (1.4) mnsi moGoit ¢yHKuuM [ € L0, o0).”
CJleoBaTeNbHO, U1 PACCMOTPEHHOTO NPOCTOr0 NpuMepa CHpaBel/ikB

16 ig2.
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aHaJior TeopeMbl NMOJHOTHL § 4 rn. VII. Yurartemo OyneT MHTepecHO
NIOBTOPUTH TPENBIIYIIKE PACCY)XKIEHHUs IS 3ajauu

—x"=1Ix, x'(0)=0

¥ TOCMOTpETh, KakuM 00pa3om Teopema il KOCHHYC-Tpeo6Gpa3oBaHust
CBSI3aHA € TeM )Ke JudpepeHnnanbHBIM 0NepaTopoM, HO ¢ APYTUM Kpae-
BBIM YCIIOBUEM.

Merox npeneigymero npumepa, ¢ HeoOXOAMMBIMHM 3HAUUTETLHBIMM
YCOBepIIEHCTBOBAHUAMHY, NI03BOJISIET PACCMOTPETh O0OLYI0 CHHI'YJISIPHYIO
3ajlayy BTOpOro nopsiaka. B ocraBiuelicsi yactu 3Toit rnaest L 0603Ha-
YaeT (GopManbHO CamMOCONpSKeHHbIH JuddepeHUnanbHbIE OHEPaTop,
ONpe/ieJIeHHBI paBEHCTBOM

Lx = — (px’) +¢x,
NPUYEM Mpenoiaraercs, yro QYHKUMU p, p’, ¢ ReUCTBUTEJILHEl M Hellpe-
pbiBHBL ¥ p(f) >0 Ha Ka)KAOM paccMaTpUBaeMOM JeHCTBHTENLHOM
uHTepBael.

DyHIaMeHTasIbHOE 3HAUeHUe [JIs BCEr0 MOCITeAyIolero umMeeT q)op-
myna ['puna, xoTopast riacuT, uTo ecnu [f, f,] — 000t KOHEUHBIH
MHTEepBaJl, Ha KOTOPOM omepaTop L ompejeied, u f, ¢ — [Be NpOuU3-
BOJIbHBIE GYHKUMY, ISt KOTOPBIX BRIpa)KeHHust Lf, Lg MMEWT CMBICT, TO

t2

| @Lf— Lo at = [fg] (tz) — [fe] (1), (1.9)
tl
rae
[fel ) = p() (FO T () — [ 2D) -

B vacraocry, ecnu fu g — pemeHnﬂ TOTO0 )Ke ypaBHeHusi Lx = Ix, rne
[ — xommieKcHoe yucno, To popmysa I'puHa B NpuMeHeHMH K GYHKLMAM
{ ¥ g OKasbIBaeT, UT0 BhIpaXKeHue [fg |(f) ecTb He3aBUCUMAs OT { HOCTO-
SIHHasA, KOTOpasi, CNeJ0BaTeJbHO, MO)KeT ObIThb 0003HAYeHa IPOCTO
wepes [fz].

Buavane Gyner paccMoTpeH cnyuait 0J1y0eCKOHeUHOT'0 MHTepBaia
0 <t< oo, a 3aTem ciyyail uHTepBaJa — oo < { < co. B ciyuae
OTKPBITOr 0 KOHEUHOT0 uHTepBana (e, b) paccy><aeHus1 NpefbIAYINMX [J1aB
OCTAIOTCSI B CuJle, eciu BenmuuHel | p’/pl, |q/p| u |1/p] umewnT
KOHeuHble UHTerpansl Ha (@, b). Ecnu Ha 0aHOM M3 KOHLOB, Halpumep b,
WX TIOBeJieHHE XY)Ke, TO MOXKHO DAacCMaTpuBaTh 3ajauy B MHTEpBaje
[a, b] a < b< b, a 3aTeMm M3yyuwTh XapaxTep 3ajauy npu b— b — 0.
TMocnearee BOIHe aHAIOIUYHO U3YYEHMIO 3a134M Ha uHTepBane [0, oo),
1 MBI YBUJIUM, YTO BCe pe3yJbTaThl, IONy4eHHble 15 HHTepBana [0, oo),
CIpaBeUIMBEL B cnyvyae MHTepBana [a, b), xorda KoadpduiyeHTH B L
UMEIOT 0COGeHHOCTY B TOuKe b. AHanOrvyHOe 3amMeuyaHue CHpaBeJIUBO
B Cliyyae, KOTja KO3(Q(QULMEHTHl MMET 0CO0EHHOCTH B TOUKaX amn b,
M Pe3YNBTAThl aHAJIOTUUHBL CIIyYalo (— oo, co).

1 Ha camom neste JoCTaTouHO, yTOGB! GYHKIMS P Gbina abCOMIOTHO Henpepbmﬂa
a ¢ — HHTerpupyema Ha Ka)kK/I0OM KOHEYHOM IOJHHTEPBaJe.
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*§ 2. CJIVYAU NPEAEJIbBHOWN TOYKH M NPEJREJIbHOTO KPYTA

B atom maparpade paccmarpusaerca uHTepBan [0, o). Ecnu pns
HEKOTOPOI'0 KOMILJIEKCHOTO uucna [, Kakpoe pelleHue ¢ auddepen-
LUHaJIbHOTO YDaBHEHMsI

Lx = lyx

o

VIOBJIETBOPSIET  YCJIOBUIO f[¢lzdf< oo, T. e. @€L2%0, ), TO
; A

rOBOPSIT, YTO J[Uis omepatopa L wumeeT Mecro cay4yait npedeavrozo
Kpy2a B 0eCKOHeYHOCTH!; B NPOTHBHOM Ciayyae s L umeeT Mecro
cnyvyail npedeasnoti mouxku B OeckoHeuHocTd. UTo6Bl onpaBmaTh ITO
onpefeneHre, Heo0X0UMO TOKa3aTh, YTO 3Ta KiacCHUMKALUs 3aBUCHT
TOJLKO OT ollepaTopa L M He 3aBUCUT OT BBIOPAHHOI0 YaCTHOIO 3Have-
Husa .

Teopema 2.1. Ecau xancdoe peweriuie ypasuenua Lx = ljx 0411 He-
KOmopo2o Komnaekcro2o l, npunadiexncum raaccy £30, o), mo 04z
Npou380ALHO20 KOMNAeKcHo20 | Kancdoe peuterue ypasuenus Lx = Ix
npunadaencum xaaccy £20, o).

HoxkasartenbcTBO. JlaHO, UTO JBa JNHMHeHHO HE3aBUCUMBIX
pelleHust @ U p YpaBHeHus LX = [Xx npuHamnexat riaccy L300, oo).
[lycts y -— MpOU3BOJLHOE pellleHMe YpaBHeHHs Lx = [x, npuuem Ino-
CllelHee MO)KHO 3allUcaTh B BUJIE

Lx=lx+{I—1)x.

YMHO)Kasd ¢ B Ciiyyae HeoOXOMMMOCTH HA IOCTOSAHHYIO (UTOOBI MMETb
[pw]= 1) n mpumenss ¢opmyjy Bapuallud IOCTOSIHHBIX, TMOJYydaem

. t
10 = e, o(t) + G v(®) + (L — 1) [(P0) v(r) — g w(O) o) de,  (2.0)

rae ¢, ¢;, ¢ — INOCTOsTHHBIC. Ecnu ucnons3oBaTe 0003HaueHue

o= ([lxpaf

4

x

u ecng M Takoso, uto ||l < M, llpll. < M nns BCEX ! >¢, TO
HepaBeHCTBO Komu—DbYHSKOBCKOTO jaer

t

[ (et wi) — o) 9(0) 2(x) dr| < M(p(t)] + |p(0))]

[

I’
Z{Ic-

1 [eoMeTpHYeCKOe 3HAYEHUE TEPMHEOB npedeabHulll Kpy2 H npedeabHas mouxa
BCKODE BBISICHUTCS.

16*
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[IpuMeHsis 9T0 HepaBeHCTBO B Gopmyse (2.1) U HepaBeHCTBO MUHKOB-
CKOro, NOJy4aem

l2lle < Clea| + leal) M+ 2|1 — L] M|
Ecnu ¢ HacTOJIBKO BeJMKo, uto |1 — [, | M2 < 1/4, 10

1zl <2 (el 4 leh M.

Tax KaK MpaBasi YaCTb STOr0 HepaBeHCTBAa He 3aBHCUT OT f, TO
X € 220, o) u Teopema IOKa3aHa.

B ciyuae npepenbHO TOYKHM, OUEBHAHO, He 00Jiee O(HOTO JIMHEHHO
He3aBUCUMOI'0 pelleHHs1 YpaBHeHUs1 LX = [x TNPUHANJIOKHUT Kiaccy
22(0, o). Ceituac GyneT IOKa3aHO, YTO B ITOM Clyuyae AJIsl KaKIOro I,
st kotoporo Im I 5= 0, cymecTByeT B TOYHOCTH OJIHO pellieHue YpaBHe-
Hust Lx = Ix xnacca 20, o).

[lyctb @, p — [Ba peilieHUs YpaBHeHUsT LX = Ix, YIOBIIETBOpAIOIIAE
YCIIOBHAM

¢(0,1) =sina, »(0,l) = cosa,

pO) ¢ O, ) = —cosa,  pO)¥(0,]) =sina, (2.2)

rae 0 < a < . Torna, 04eBU/IHO, ¢, p — JIMHEHHO HE3aBHCHUMBIE pelue-
Husl, U u3 Teopemb!l 8.4 wmnu 3ajmauu 7 . I cuenyer, uro ¢, ¢, y, v’
ABJAITCS HeIBMU QYHKUUSMU [ U HETpephIBHAI 110 COBOKYITHOCTH Tepe-
meHHBIX (f, I). Kpome Taro, Tak Kak [pp ] (0)= 1,10 [pyp](f) =1 ma
BCeX f. DTU pellieHUs1 fefiCTBUTENILIBI JUIST JEHCTBUTENbHBIX [ U y/0BJE-
TBOPSIIOT CJIEAYIOIIMM KpaeBbIM YCI0BUSIM B TouKe O :

cosa ¢(0,1) + sina p(0) ¢’(0, ) =0,
sina 9(0, ) — cosa p(0) »"(0,1) =0.

Ka)kjoe pelieHue y ypaBHeHusi Lx = Ix, MCKJIoYasi g, UMeeT, C TOY-
HOCTBIO JI0 TIOCTOSIHHOIO MHOYKHTeIIsI, BUJ

L=9¢+my (2.3)

C HEKOTOPELIM /M, 3aBUCSILUUM OT [.

PaccMoTpum Tenepb JeCTBUTeNLHOE KpaeBoe YCJI0BKE B HEKOTODPO#
ToyKe b, 0 < b < oo, Hanpumep,

cos B x(b) + sin fp(0) X' () =0 (0L f <) (2.4)

¥ T0CTaBUM BONPOC, KaKUM JOJDKHO ObiTe m, uyroObl pemenue (2.3)
YIOBIIETBOPSINO YenoBuio (2.4). OueBHaHO, M JO/DKHO MMETh BUJ

ctg Bo(b, ) + p(b) ¢'(6, 1)
m== —- o, .
ctg By(b, 1) + () ¥/(b, ] (2.9)
Ilpn uameHeHun BenuuwH [, b, f ¥M3MeHsIeTCSl B 3aBUCHMOCTH OT HHX
m=m(, b, f), 1 TaK Kak g, ¢', p, p’ — Lejble QyHKUuU [, TO m —
MepomopdHast QyHKUMs [, IpUHUMaOLIAst e CTBUTEIbHBIE 3HaYelIUs 111
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peiicreutenbHbIX [. Ecin 2 = ctg B a snavenus (I, b) ¢uKcupoBaHH, TO
(2.5) MOXKHO 3amucaTb B BHJe

Az + B

M= —1;2Db’

(2.6)

rie A, B, C, D ¢uxcupoBaHhl, a z npoferaer felCTBUTEbHYIO 0Cb IIPH
usmeHeHuu B o1 O 10 . VI3 X0poluo ¥3BeCTHOIO CBOMCTBA 0TOOparKeHHUs
(2.6) cnenyer, 4T0 AeiicTBUTENbHAS OCh 2-TJIOCKOCTU MMeET CBOMM OT-
o6parkeHueM OKpY»KHOCTb Cp B m-NNocKocTH. Takum 06pasom, PyHKUMS x
YIOBJIETBOPSIeT YCiaoBUO (2.4) B TOM X TOJBKO B TOM Ciyvae, KOI'ja m
aexutr Ha Ch.
W3 paBeHcTBa
B + Dm

2= " ATCm

cyefyer, uro ypaBHeHue obpasa jedicTBuTeNnnHON ocu, Im z = O, umeer
BUJ

(A + Cm) (B + Dm) — (A + Cm) (B + Diit) = 0;

9TO0 U ecTb ypaBHeHHe OKpY>kHOCTH Cp. Jlerko HoOKa3aThb, YT0 LIEHTPOM
C, saBusiercs

~ _ AD—BC
mb —_— ==
CD —CD
M PajuycoM —
|AD — BC|
rp = or—7—.
ICD — CD]

U3 Toro, yto
A=eb ), B=pbe¢bD,

C=vwb1), D = p)y'(b, 1),
JIETKO CIIelyeT, 4To ypaBHeHue Cp UMeET BH]L
[xx](®) =0 (2.7)
B 4TO
AD — BC = [gy](0),

CD — CD = —[yy] ),

AD — BC = [p9](b) =1,

a CJIefI0BATeJIbHO, _— .

5 — _ Leylb) N S

i T R (T Ok (28)

Tax Kak xosdpuunent npu mm B (2.7) paBen [py ] (b), To BHYTpeH-
HOCTEL Cp B M-IUIOCKOCTH ONpefielisieTcst HepaBeHCTBOM

F7310)]
@ O @9
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B cuny dopmysst ['puna [(1.9) ]
[vy](0) = 211m1f|wlzdt

H
[2x](0) = 2i1m! flx 2dt + [x2)(0) -
Tak KaK [yy](0) = —2ilm m, To HepaBeHcTBO (2.9), OTpenensioiee
BHYTPEHHOCTb C, npnnumae'r BUJ,
ﬂﬁm<mﬁ (Im[40). (2.10)

Toukn m gnexar Ha OKpY)XHOCTH C, B TOM U TOJIbKO B TOM Ciyuae,
Korja
b .
[lapat="10 0 (mi0). (2.11)
0
Papuyc r, B popmynax (2.8) onpenensiercst s Im{ > 0 paBeHCTBOM
b

ry! —2ImlJ lpl2dt. (2.12)

Mycre Temepp 0 < a < b < oo. Torga, ecnm m JeXUT BHYTPH
vwin Ha Cy, TO
a
flx
0

Y, SHAUMT, M JeKUT BHYTpH C,. IT0 03HayaeT, uT0 C, COAEPIKUT BHYTPH
cebs Cy, ecnu a < b. Taxum o0Opasom, aiust panHoro [ (Im !> 0) npu
b— oo Kpyru Cp cxopsares: 160 K Kpyry Ceo, MO0 K TOUKE Moo. Eciu
Cp CX0OATCA K KPYIY, TO €ro Paguyc reo = lim r, MOJIOXKUTEJIEH, U U3
(2.12) cnepyer, uto y € 8%0, co). Ecnu rMeo — n06asg TouKa Ha Ceo,
TO Ifleo JIOKUT BHYTPHU Jioboro Kpyra C, juist b > 0. CiefoBaTesbHo,

b
Im Mo

fl¢+m prat<< 5.7
0

Imm

¥, nonarasg b-—» co, MOJNyYaeM, UTO ¢ - Moo w € 82(0, o). Te xe
C000paXkKeHHsi EMEIT MECTO, €CHHU leo CBOAMTCST K TOUKE Mloo. [109TOMY,
ecin Im1=~0, To Bcerga CyluecTByeT pelieHde ypaBHeHHs1 Lx = [x
racca 220, o). B ciayyae Cp—>Co BCE pelleHUSI NpUHaJeKaT
kaacey 220, oc) npu Im [ <=0, nGo. TaKOBEL QYHKLUMK p U @ + Moo
¥ 3TO OTOXKJECTBJISIET CIy4yail MPeJesIbHOI0 Kpyra €O CiydaeM CyuiecTBo-
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BaHUsT OKPYXXHOCTU Coo. COOTBETCTBEHHO, CNyuail HpefesbHOU TOUKH
OTOXKMIECTBJISIETCST CO Ciy4aeM CYIIECTBOBAHMSI TOUKU Meo. B cClydae
Cp— Mmoo umeem limr, = 0 v u3 (2.12) cnenyer, uro ¢yHKuMs y He
npuHauexuT knaccy £20, oo). [MosTomy 31ech uMeeTcsi TOJIBKO OJHO
JMHEHHO He3aBMCUMOE pellieHne Kinacca ¥2%(0, oo) mas Iml = 0.

B cnyuae npepensHoro Kpyra m jie)xut Ha C, TOTAA ¥ TOJBKO TOTJA,
KOT/Ia BBINOJIHAETCS paBeHCTBO (2.11). Tak Kak y = ¢(t, I) + my(t, 1),
TO 1M JIKUT Ha Coo TOT/IA ¥ TOJILKO TOTJQ, KOI'JA

Im!l||z[2dt=1mm.
0

Tak KaK [yy](0) = — 2i Im m, To u3 dpopmyns (2.10) cnenyer, 4to m
JIEXKUT Ha TpefiesibHOK OKPY)KHOCTH B TOM H TOJBLKO B TOM Ciyyae,
Korja [yy ] (o) = 0. Hamu nokasana cienymomas

Teopema 2.2. Ecau Im [0 u ¢, v — auneiino Hezagucumsie petite-
Hus ypasneHus Lx = Ix, yooeaemgopsawwue ycaoguam (2.2), mo peute-
Hue x = @ + my YyoosiemeopAern OelicmeumesbHOMY Kpaesomy YCao-
6uto (2.4) 6 mom u MoAbKO 6 MOM CAYHGe, KO20QA M ACHCUIT HA OKDYHC-
Hocmu Cyp KOMRAeKcHOU m-naockocmu, umerujeli ypagHerie

[xx](0) =0.

Ecm b — oo, mo aubo Cy cmpemumea k npedeavroii okpymcrocmu Ceo,
Aaubo K npedeabHoll mouxke Meo. B nepgom cayuae éce peienus ypaste-
Hus npunadaencam gaaccy £30, o). Bo emopom cayuae ¢ mourocmu
00HO AuHeln0 He3asucumoe pewleriue npunadaemcum Kaaccy 30, oo),
ecau Im 1 5= 0. Kpome mozo, 6 cayuae npedeasHo20 Kpy2a mModka Aexcum
Ha npedeavroll oxpymcrocmu Coo(l) me20a u moavko moz2da, K020
lxx] (e2) = 0.

B cnyuae npenenbHod Touku, ecau m — Jiobast Touxka Ha Cy, TO m
CTPEMUTCS K IpeeNbHOR TOUKe Moo, U 3TO UMEET MeCTO HEe3aBUCHMO
oT BbIGOpa f B KpaeBoM yciaoBuu (2.4). B uactHocTH, 3TO MMeEET MecTo,
korma f =0, u, Takum 00pa3oM, NpejiebHAsl TOYKA OINpeENIAETCS
paBeHCTBOM

Mooll) = — 1im #28. (2.13)

dyuxuus I'pusa, CO0TBETCTBYIOIIASE KpaeBOi 3ajaye
Lx =Ix,
sina x(0) — cosa p(0)x’(0) =0,
cos f x(b) + sin B p(b) x’(b) =0,
OYEBU/IHO, UMEET BUJ :
¥t 1) {o(z, ) +m(, b, 6) vz, )}y (<),

CLED =) ue,) 0t D +m, 6, B) v, 0} (> 7).
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HenocpeacTBeHHO 13 TeOpeMmbl 2.2 ClefyeT, 4TO B Ciyd4ae INpefenbHOM
TOUKM (YHKUus1 ['puHa CTpemuTCcs K eJIMHCTBEHHOMY Mpefesy Ipu
b—> oo, 3a1aBaemMomy TOH >Ke GopMyJIOf ¢ 3aMeHOR M Ha Moe. B criyuae
HpelesIbHOr0 KPYra CyIecTByeT 0ecKOHeYHO MHOTO TpefiesIbHbIX QYHK-
11, K KOTOpBIM (YHKUKS ['puHa MOYKeT CTPeMUTHCS B 3aBUCHMOCTH OT
TOT0, KaK MeHsieTcs1 f mpu Bo3pactaHuu b. B sirobom cnydae npesenbHas
GyHKUMS, K KOTOPO# cTpemurcs G, NpuHauIeKUT Kiaaccy £23(0, co) Kak
GyHKUMS f.

Teopema 2.3. B cayyae npedeasroii mouku afurc Mmoo npedets-
HOtl mouku ecmb anaaumuyeckan Pynkyusal 042 Im 1> 0 (u Im [ < 0).
Ecau Im [ >0, mo Im mo > 0, u ecau gyHKYUA Moo UMeEN HYAU UAL
noacel Ha OelicmeumensHotl ocu, Mo éce OHU NPocMbsie.

HokasaTenbcTBO. M3 Qopmyn (2.8) crnegyer, 4To LEHTP u
paguyc kpyra C; sBISIOTCS HellpepbIBHBIMU QyHKUusiMu [ auist Im [ > 0.
Taxum 06pa3om, Tak Kak C, HaxoAuTest BHYTpu C, st b > 1, ecnu [ npu-
HaJUIOKUT KOHEYHOMY 3aMKHYTOMY IOAMHO)KeCTBY <1 MOJYIIIOCKOCTH
Im [ >0, 10 Touku m = m(l, b, ) na C, paBHOMepHO Or'paHMUEeHbI NIPU
b — co. GyHKUMN My, THE My(l, B) = m(l, b, B), Gynyun MepoMOPOHHBIMH
¥ OTpaHMYEHHBIMU Ha A, aHAJIUTUYHBI HAa 3TOM MHO)KecTBe. CriefoBaTelb--
HO, B cuny Teopembl Koy ¢yuxuuy m, 00pa3yioT paBHOCTEIIeHHO He-
NIpePLIBHOE MHOYKECTBO Ha /, U M, CXOXUTCS paBHOMEPHO K Meo. BYyRyun
PaBHOMEPHEIM TIPENeJIOM 2HAJNMTHYECKUX OYHKUUM, Moo cama aHAIH-
THYHA Ha A W, cie[loBaTesIbHO, B NOMyIiockoetd Im [ > 0. -

Tak Kak Mmoo NeXXUT BHYTpH Cp, TO U3 (2.10) cnenyer, uto Im me >0
st Im 1 > 0. 910 noKa3bIBaeT, YTO €CIU Moo UMEET HYJIU MIIHM TOJIIOCH
Ha eHCTBUTENBHON OCH, TO OHU MIPOCTBbiE M TOJIIOCH UMEIT OTPULIATeNhb-
Hble BBIYETHI. JTO 3aMevyaHue, pasymeeTcsl, IPUMEHMMO TalOKe K Mepo-
MODPQHOH GYHKLUM 1, TlepeMeHHOT0 [.

Ba)xHo 3HaTh, KOTrJa AJIs1 JaHHOTO ollepaTopa L uMeeT mMecTo ciyvait
DpeflesibHOM TOUKY MM TNpefesHOro Kpyra. IlojesHoe pocraTouHoe
ycioBue Toro, utoObl Juisi L mmes MeCTo ciyyaif npesesbHOH TOUKH,
HOCTaBJIsIET CieAylomas

Teopema 2.4. [Tycme M — noaoncumensnas ougdepenyupyemas
Pynryusa u ki, k, — 06e noaoycumesbHole NOCMOSHHbIE, MaKUe, 4ImMo
044 6oavuiux t

qt)>— kM@,  [(pM)-%dt = oo,
{ (2.14)

PEOMI M () <k

Toz20a 0as L umeem mecmo cayqaii npedeabHOU MOYKU 8 GeCKOHEYHOCIILL.

HoxasaTenbcTBo. IloKa)kem, uTo ypaBHeHue Lx — O He
uMeeT JBYX JIMHeHHO He3aBUCHMBbIX pelleHuil Kiacca ¥%(0, o). Ipepn-
[IGJIOXKMM, UTO y — AeHCTBUTEIbHOE peuleHue YypaBHenusi Lx = O,
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u nyctb X € 820, o). M3 pasencrBa (p X') = ¢ X nonydaem st
HEKOoTOporoe ¢ >0
t t t

®2VE gt — fordt>—k [yt

c c 4

ViuTerpupysi MO 4YacTAM M MCHOJNB3YsE TO OOCTOSITENLCTBO, UTO
X € &40, o), moKaxxem cymeCTBosaHne HOCTOSIHHOHR k,, TaKoi, uTo

t
_— ’ )2 M’ ’
PAL 4 [PH gt — ”“ dt < ky. (2.15)
IMycts ‘
t
_ (P2
Ht) = fﬁw dt

Torpa, ucnombayst ycnosust (2.14) u HepaBeHCTBO Komn-—ByHsaKoB-
CKOTO, nonyqaem

lj”““ dtrgkgu 44 at) < IH() fxzdt

Takum oGpasom, B cuny (2.14) u (2.15) cymecTByeT NOCTOsIHHAst K,
TaKas, 4To

—PEL L H — kH% <oy, (2.16)

Ecnn H(t) — oo npu t— oo, 10 U3 (2.16) cnenyer, uyro Px 'x/M> H(2
115t BeexX 0oJibux f. 310 03HaqaeT 4TO QYHKUMK ¥ Uy’ UMEIT OJMHa-
KOBBIA 3HAK 17151 00JIbIINX £, @ 3TO MIPOTUBOPEUUT TOMY, uTO X € £2(0, o0).
Taxum 06pa3om, BesMuUnUHA 'H octaetcst KOHEUHOH, TaK YTo

©

[P0 i < oo (2.17)
;
IIpennonokum, 4ro ¢ U 4 — JBa JINHEHHO He3aBMCUMBIX peLIeHHs
ypaBHeHus: Lx = 0 _Knaccea L0, o), T. e. NPEANONIONKUM, UTO It L

UMEET MeCTO cnyqan NpeaeNbHOro Kpyra. Mo)xHo npeanosiaratb, 4To
9TH pelleHus JeHdCTBUTEIbHBI U UTO

lov] = p(oy” — o) = 1.
Orcroma cielyeT paBeHCTBO
P wpvz ¢ 1
M M”%  (pMy%

B cuny nepaBeHcrBa (2.17) 1 HepaBencTBa Komu—ByHSIKOBCKOTO NeBast
YacTh 3TOT0 PaBeHCTBA MHTErpUpPYeMa Ha uHTepBana (¢, o). I[To ycnouio
(2.14) npaBast yacTh He MHTerpupyema. Taxum 06pasoM, cayuait mpe-
JIeJIBHOTO Kpyra He MO)KeT MMETb MecTa.

@
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B cayuae M(t) = 1 past 0 < f < oo MosIyyaem CIeACTBUSA :

Cneacreue 1. Ecau q(f) > — k, 20e k — noaoncumensHas nocmosq-
Haa, u

]

J..p__% P

mo 048 L umeem mecmo cayyail npedeasnoll mouku 6 GecKoreqHocmu.

Ous mHorux audpepeHUUansHBIX ONEpaTOPOB BTOPOTO MOPSIIKA
NpaKTHYeCKuil uHTepec uMmeeT cnyvyaih p(f) = 1 s 0 <t < oo (1pH
- TOMOIM NPOCTOro mnpeoGpa3oBaHUs BCerja MOXKHO JAOCTHYb 3TOIO).
B sTOM cnyuae u3 Teopembl 2.4 NosydyaeTcsi ciedylomuil IpoCcToi Kpu-
Tepui.

CaencrBue 2. Ecau p(f) =1 049 0 <t < oo u q(t) > — ki3, 20e
k — Hexomopas noaoxcumessHas nocmosnuasn, mo 042 L umeem mecmo
cayyail npedeabroll moyxu 8 beckoHedrocmu.

§ 3. TEOPEMBI ITOJIHOThI ¥ PA3J1I0)KEHHS1
B CJIVUAE NPEJEJIbHON TOYKH B BECKOHEUHOCTH

- B xayecrBe Heo0x0oauMOi#t NpeanIoCBUIKY CPOPMYIHUPYEM HECKOJILKO
yHaue pe3yJbTaThl JUISi KOHeuHoro uHTepBasna O <t < b < oo, Pac-
CMOTPHM 3a1auy

Lx = — (px')y + qx =Ix,

sin a x(0) — cos a p(0) x’(0) =0, (3.1)
cos f x(b) + sin B p(b) x’(b) = 0,

rae 0 < a, B < =. ITO caMOCONpsKeHHast KpaeBasi 3a/iaya Ha UHTepBaJe
0 <t < b, u, crenoBaTesbHO, CYLIECTBYET NOCIEROBATENLHOCTD { A},
n=1,2, ..., KefCTBUTEJIbHBIX COOCTBEHHBIX 3HAYeHUN U, COOTBETCTBEH-
HO, TI0JIHASl OPTOHOPMHMPOBaHHAs IIOCIENOBATeNILHOCTb {0pn} COOCTBEH~
HBIX (QYHKLKMIA.

Kax u B § 2, nycTb ¢, p — pellenus ypaBHeHus1 Lx = lx, yjpoBie-
TBOpsHomuMe ycaoBusm (2.2). Toraa p yn0BIeTBOPSIET IePBOMY KPaeBoMY
ycnoBuo (3.1) M HU O/THO JIMHEe}HO He3aBUCHMOE OT p pellieHre YpaBHeHus
Lx = Ix He MOXKET YIOBJIETBOPATL STOMY ycioBuio. [TosTomy

ebn(t)‘: T'vn 1/’(1, an) ’

rje ry» — IOCTOsIHHAsA, He 3aBucsALad oT f. Teopema IOJHOTH B Ipu-

MeHeHUH K 1106011 HenpepbIBHOH hyHKUMY, onpepeneHHOR 1yis1 0 < { <Joo

u obpamatoweiicst B Hysb BHe unTepBana O <t <c¢, rae 0 < ¢ < b,

Haer :

o - b R

Jlioeat= 3 irulz | [ 10 9t Ao dt [ (3.2)
0

i
Q n

k
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