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Ilycts o
od) = | ) vit,  dt, (3.3)

€]

U MYyCTb ¢, — MOHOTOHHAs HeyOblBarowmas (QYHKUMS CKauKOB, HMe0-
iasi CKauKH, paBHBle | Iy, |2 B KOKIOM COOCTBEHHOM 3HAUEHUH Ay,
a B OCTaJBHBEIX TOYKax INocTostHHas. Ilpenmonoykum, nanmee, uTo
co(A 4 0) = () 1 0,(0) = 0. Torma pasencrBo [lapcesans (3.2)
MOXKeT ObITh 3aIIMCAHO B BUJE

Y )

JlioRdt = | jgzdes2). (3.4)
0 —c0

DYyHKUUK 3(A) HA30BEM cnekmpasvHoll gyrkyuell 3agaun 3.1.

OcHoBHas upest o6obmeHust popmynsl (3.4) Ha cayuail uHTepBaia
0 <t < oo zawmoyaercsi B [0KasaTeJbCTBe TOIO, YTO npu b— oo
OGYHKUEA ¢p(A) CTpeMUTCS K ONpejiesieHHOH MOHOTOHHOM HeyObIBako-
et QyHKuun ¢ (Kotopasi He 00s3aHa ObITL GYHKIMEH CKAYKOB), NIPH-
4eM PaBeHCTBO (3.4) 0CTaeTcsl CpaBeIuBLIM B HEKOTOPOM CMBICIIE, eCJIH
3aMEHUTb g, Ha .

[lycts 0 — npousBoabHAA MOHOTOHHAST HeyOpIBaoas QYHKUUA NpU
— o0 < 4 < oo, O003HayMM yepe3 L2(0) MHOXKECTBO BCeX QYHKUMiA h,
UBMEPUMBIX OTHOCUTeNbHO Mephl JleGera—CTunbTheca, ONpenensieMoi
dyHKUMe# o, MU TaKUX, 4TO

[1nd)do(d) < oo

Teopema 3.1. ITycmo 045 onepamopa L umeem mecmo cayuail npe-
Oenvbroti mouku 6 Oeckoreurocmu. Toz0a:

(i) Cywecmeyem monomonnas HeyGoi8arwyas @yHKkyus @ npu
— oo <A < oo, makas, 4mo

o(d) —eo(w) = lim (es(2) — o)) (3.5)

8 mouKax Henpepuierocmu A, p PyHxyuu o.
(i) Ecau [€ 820, o), mo cywecmsyem ¢ynxyus g€L%o), makras,
4mo
a

tim [| o) — [0y wt, 1 dt | de@@) =0 (3.6)
—® 0

a—co

[livizat = [le@pde). (3.7)
0

-

(iii) Humezpaa

[ e vit, 1 de@)
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cxooumes 8 npocmparcmee %0, oo) K- ynrguu f, m. e.

lim ﬂf it 2) do A)] dt = (3.8)

(1 )—=(—,)

(iv) Ecaut Moo — agurc npedeabroil modxu, paccmampueaemslii Kax
Pynkyua 1, mo
A

e(A) —e(u) = lim — | Im meo(v + i &) dv (3.9)

e—0+

8 MouKax HenpepovlieHocmu A, w PyHKYUU @ U HA0Gopom
fr1 1
Meoll) = Meolle) = | (725 = 327 ) o) + el — ), (3.10)

— oo

20¢* ¢ — HeompuyamensHas nocmoaxnnaa u Im ly 0.
OYHKIMSA o Ha3bIBAETCA CreKmpabroll @yHxyueld 3ajaqu

Lx=Ix, sinax(0)— cosap(0)x'(0)=0.
HuTerpan

[ 1oy wit, 2y at
0

OyzeT NOHUMATHCS KaK 3HaUeHUe B TOUKe A QYHKUMH g, ONpe/IeNeHHO 1o
dopmyse (3.6). Takum oGpasom,

oh) = | 10w, 2 at (3.11)
0

M g MOXXHO paccMaTpuBaTh KaK IpeobpasoBaHue QYHKUNH [ IIPU IOMOIUK
pynxuuu p. CootHowenue (3.7) ectb aHanor opmynsl (3.4) U HaswiBa-
eTCS1 MmeopeMoti noaxomsr WK pasercrngom ITapceears. Janee,

o

fty= [ e@ vt 7 o), (3.12)

— 0

eCJIM 3TO PaBEHCTBO HOHMMATh B CMbICJIE COOTHOUIeHUS (3.8), ¥ paBEHCTBO
(3.12) HaswiBaeTcst meopemoii pasnoncernusd. Ecnu, Hanpumep, fyHxuus f
HenpephiBHA U o0paiaercsa B HyJb IS BCeX OO0JIbINMX f, TO HHTErpai
B (3.11) cymecrByeT B 0OBIYHOM CMBICIIE.

CooTBetcTBUE f-—> g OTOOpakaer mpocTpaHcTBO ¥2(0, o) B mpo-
CTpaHcTBO ¥2%(p), ¥ Ba)KHBIM JOIOJHUTEbHBIM (QaKTOM SIBISIETCS TO,

*Ilpu nomowM OueHKH Gojee TOUHOH, uem Ta, KOTOpas Oyzer 3hech faha,
MOYKHO IIOKasaTb, 4To B (3.10) ¢ = 0.
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yTO 3TO ecTh oTofparkeHue £2(0, o) Ha L), T. e. B 3TOM NpoLecce
HCTIONIL3YIOTCS Bee QyHKuMM Kinaccal £2(p).

Teopema 3.2. Ecau g € £2(p), mo cywecmeyem ynkyus f € £2 (0, o0),
yoosaemeopawwasn coomuowenurw (3.8), u ¢ nomowpio | Pynxyus ¢ mo-
acem Ovime npedcmagaena 6 ude (3.11).

IMpe>xyie yeM noKaseiBaTh Teopemy 3.1, chopmynupyem ciefyoiue
Pe3yJbTAaTHl, MCHOJIbL3YeMble B J0Ka3aTebCTBe. T1epBHil pe3ynbTaT npef-
cTaByisieT €000 pa3sHOBHIHOCTL TeopeMbl XeNIM O IOCIef0BaTE b
HOCTSIX MOHOTOHHBIX (YHKIUUH, mpucnocoOneHHoi pnst GecKOHEUHOro
UHTEpBaja, a BTOPOH — OJHY M3 TeOpeM TeOpPHH HHTEIPUPOBAHUS.

Teopema BeOOpa. /Tycme {h,}, n=1,2,..., — nocaedosamens-
HOCMb QellcmeumesHoIX Heybsisaroyux @gyHkyull npu — oo < A < oo

u nycms H — HenpepuigHas HeompuyamensHas GYHKYUA HA MOM Hce
unmepsase. Ecau :

ihn(l)lgH(l) (fl=1,2,...;—oo<},<oo)’

mo cywecmsyrwm noonocaedosamenstiocmo {h,} u HeyGugawwyas Gynx-
yus h, ‘maxue, umo :
|hA) < H@R) (= oo <A< o)
u
lim hn(A) = k().
k-

Teopema wuurerpupoBanus. IlIpeonosomcum, umo {h,} — paeHo-
MEPHO 02PAHUYEHHAS NOCAE008AMEAbHOCT QelicmaumeabHbLX Hey(bleato-
wux PyHkyull, onpeescHHbIX HA KOHedHOM uHmepsare a < A< ¢, U
nycms

lim hn(A) = h(A) (a<<A<Lo).
N— o
Ecau f — npousgoavras nenpepoienas gyHkyua Ha unmepeane a < A <
<c¢, mo
c

im | f(A) dha(2) = j 1(2) dh() .

n— oo

JdoxkasaTenprcTBO Teopemn 3.1. [lyctb my(l) — ToUKa Ha
oxpy»xHocta Cp, npuyem Im !> 0. Torga Teopema nonuots (3.2) B
NPUMEHEHHH K DEWEHHI0 xp, = ¢ + My YypaBHeHusi Lx = IX paer

b b
JlwwRdt = 31ral| [ 2 vt 2 dl. (3.13)
0 n=1 0

* ITpoctpancTea £2(0, =) u 82(g) ABIAITCA rHILGEPTOBLIMU IPOCTPAHCTBAMI, H
copeprxanne TeopeM 3.1 ¥ 3.2 MOXKHO CYMMApHO BHIPAa3WTh, CKa3aB, UTO COOT-
BETCIBHUE [« ¢ €CTh B3aMMHO OIHO3HAauHOE 0TOGpaXkeHne £2(0, ) Ha L%(p), coxpa-
Hslollee HOPMBL, T. €. YHUTapHOe 0TOGpa‘kenye.
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[Mpumensist opmyny I'puHa K QYHKLUSM yp U p, TOTYYaEM

b
(I — Aon) fxb(t) W(t, Aon) dt = [xswen](b) — [xswen] (0),
0

rie won(f) = p(f, Aon)- TIPOCTOE BHIUECIEHUE TIOKASBIBALT, UTO [x5 pon (D)=
=0, u60 00e QYHKUUK xp» U 9pn YAOBIETBOPSIIOT OJHOMY M TOMY >Ke
KpaeBOoMYy YCJIOBMIO B TouKe b ¥ [y»ypn](0) = 1. ITosTomy us (3.13)
Cile/lyeT PaBeHCTBO

b oo
| dos(2
[imorat = [ 729,
0

-

ec/d TPMHATb BO BHHMaHue OnpejieieHne MOHOTOHHOH QYHKUMH cp.
To 06CTOATENLCTBO, UTO 1, JN&KUT Ha Cp, faeT B cuny (2.11)

Im!?

b
[zt dt = 1m0,
0

M3 9TuX COOTHOWEHUH CleAyeT Ba)KHOE DABEHCTBO

T das(A
2% =T (mi>0), (3.19)

Iycrb B (3.14) I = i. Tak Kak C, neyxut BHyTpn C; nia b > 1, 1o
CyLIecTBYeT MOCTOSIHHAS k, Takasi, yto Im my(7) menblie k mias b > 1.
Taxum o6pasom, u3 popmyisl (3.14) nonydaem HepaBeHCTBO

[ dos(®)
Jol) <k (3.15)

—

wnn pas v >0

| dosdy < k(1 + ).

Jro, BMecTe ¢ yenosuem rp(0) = 0, naet
leo(D)| <k(1 4+ 2) (= o0 A< o0).

Brifepem MOCNENOBATeNbHOCTb by, —> o0 W JUISL KKAOr0 b, Bhibepem
B, 0 < B <. W3 Teopemrl Bhifopa CJIeAyeT, 4TO CYLIECTBYET IOJTIO-
CIIE[I0BATENIbHOCTD MOCIIeT0BATEIbHOCTH {0p,}, CXOAAWIASACH K IPeesb-
HOM (YHKLUMM o, IPUYEM IOCJIeHsISS MOHOTOHHA, He yObIBaeT W Y/OBIIe-

TBOPSIET YCJIOBUIO
le(A)f < k(1 + 22).

[MycTs Teneps HYHKIKUA [ UMeeT HeNpepLIBHYI0 BTOPYIO IIPOU3BOIHYIO
npu 0 < t <C oo u obpamaercss B Hyab B6ausu { = O u s Bcex 60Jib-
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nx ¢ Tpumenss gopmyny (3.4) K yuxkuuu Lf, nonyuum mnst aocta-
TOYHO 0ONbLIUX b

| ihoedt = [ |[enovend dem. — (3.16)

0

IMpumensiss popmysy I'puna K GyHKUMAM f 1 yp, Tonyyaem
[ @i wet, 2 at = ag
0

U, CJIe0BATENbHO, PaBeHCTBO (3.16) npuHUMAaeT BUJ
[Ienordt = [12]ehpda .

0 —

Orcrona cnenyer, uTo AJs1 KOCTATOYHO Gonbmux p >0
[ le@ 2 dos®) < = [ 2lg(W2dost) < w2 [ILDORAL, (3.17)

4 a4 0

rae 4 = (— oo, 00) — (— p, ). [IprMeHsIs YCII0BHe TONHOTH K Camoit
GyHKUMHU f, nonyyaem

o Iz

[liora = |+ [)1e@dos).

0 4

—u

3acraBnsist b cTpeMuTbCsT K 0eCKOHEUHOCTM IO HaiJeHHOH BblLe
NOAMNOCTEN0BATeIbHOCTY, TIOyyaeM, HCIoab3ys (3.17) u Teopemy uHTe-
I'pUpPOBaHUS,

o “ o
[liopat — [la@izde@) | < u= [iLnopa.
0 —u Y
[Monaras Tenepb p — oo, MOJIY4YUM paBeHcTBO [lapceBalist

[liordt = | |a@izded) (3.18)

0 e

s m060# QYHKUMK f, YIOBIETBOPSIIOLIell YKa3aHHBIM BHILE OrpaHu-
YeHUSIM. :
Teneps, uTo6bl NOAYYUTH paBeHCTRO [TapceBast 1is 0060# QYHKLKY
f € &30, o), pocTaToyHO IPUMEHUTb CTaHZApTHBIE COOOpaXKEHHUS.
[Tpennono>xum cHauvana, 4to f € ¥2(0, o) n obpamaercss B HyJb A4
Oompwmx ¢ >> 0. Torfa CymecTBYeT HOCIef0BaTebHOCTE (YHKUUH
fn € 830, o), 06nafaomux HeNpepLIBHBIMH BTOPBIMU I1POU3BO/HBIMH
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u ofpawaruxcs B Hyib BOIu3KM Touky f = 0 u i Gosepux f, Ta-
Kasi, uTo

lim [|fn — fl2dt =0. (3.19)
=g
[pumensst paBeHCTBO (3.18) K pasHOCTU f, — [m, TOJIyUYaeM
flfa—fmirdt = | |ga2) — gn®) 2 de(h), (3.20)
rjae ’ T
gnld) = [ 1m0 wlt, Bt (3:21)
0

Tax Kak JieBasi yacTb paBeHcTBa (3.20) CTpeMUTCS K HYJII0 TIPH 1T, 11 —> o0,
TO TOCJEeN0BATeLHOCTD {gn(A)} cXoauTcs B cpeHeM B £2(g), a TaK KakK
nocje/iHee NPOCTPAHCTBO II0JIHO, TO CYLIeCTBYeT QYHKLMSA g€ £2(p), K
KOTOpO# 3Ta TOCJe0BaTeIbHOCTh CXOAUTCsT B cpeaHeM. M3 (3.21) oue-
BUJIHO, YTO g -— HenpepbiBHasi (YHKLHUS, ONpejieisieMasl PaBeHCTBOM

e® = [ 10w, 2.
[¢]

HUcnonwaysa (3.18) cHoBa, nosnyyaem
[1r0mdt=tim {1t =lim  {|g.([2do(h) =
0 “0 e e

— [1e@)izde®,

4TO JI0Ka3biBaeT paBeHCTBO [1apceBans ans moboi dyHkuuu f € L3(0, oo),
obpawaromeiicss B HyJb ans Beex Oonbux ¢ > 0.
Ilycrs f — mobas pynkuusa knacca £2(0, co) u MON0XKUM,

fa(i)%l(t) O<t<a),
=0 (a<t),

o« a

ge®) = [ ful) vt Hatt = [ () it, At

0
Tak Kak

d

| lea®) — ga®l2de®) = [|f(OPdt (@< a),

a
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TO MHOXXECTBO {g,} CXOMUTCS (NIPpH @ — o) B CpefiHeM B £%(p) K HeKo-
Topoii pyHKUMHK g € L*(g). [Toslarasi a — oo B paBeHCTBe

a

| lea@pde@) = [ li}2at,

0

nonyyaem paseHcTBO IlapceBansi s 0o QyHkuun f€ 82 (0, o).
Jaaum Tenepb A0Ka3aTeJbCTBO TeopeMbl pasnoyxeHus (3.12) [B cmbicie
cootHowenus (3.8)]. Myete A4 = (u, A] u

fat) = [ gy wit, B do®, (3.22)

a4

rie g — Gynkuus, Gurypupymomas B cootHomennu (3.6). M3 pasencrsa
(3.7) cnenyert, uTo eciu fy, f, € 820, o©) u g, g, — COOTBETCTBYIOILME
npeolOpa3oBaHus, To!

o o

| hiedt =" | eigade(d). (3:23)

0 00

~ Iycts pynruus P € £%(0, o) obpawaercs B Hyb st £ > a > 0
"4 nycrs Q — mpeobpagosakue P. Torga us (3.22), nocsie yMHOKeHUs Ha
P 4 vHTerpMpoBaHusi, Nojayyaem
[fa) Py dt = | ( [ g v(t, 2) de() ) Pet) dt =
0 0 4

a

= [ ([P vt H dt) de(d) =
= | @ Q) de(3).

[onaras B popmyune (3.23) f; = [ u f, = P, umeem

oo

[Bat— [ gy at de.

—c0

BbluuTast 3 9T0r0 paBeHCTBa Ipefbiayiee 1 nojaras 4° = (— oo, o) —
— 4, nonyvaem

[¢—taPat=| g Qi de(d).

14f1f_2 - Ifl +Izi2—%f1_f212 + ilfl + ilez—l'|f1—if2i2.

17 182.
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[Tpumenenune HepaBeHCTBa Kowu—DBYHSIKOBCKOro jaer

[¢—1aPatr< [le®Prde® Q)2 der) =

0

= flg(z)lz do(3) ijPdr.

[MpumeHsiss Telepb 93TO HepaBeHCTBO K (QYHKLUMM P, onpejeseHHOi

paBeHCTBaMI/I
P(t) = f(t) — fa(?) (Ogtga),
=0 (a<<t),
ToJIyyaem
j I — falPdt < [ g do(). (3.24)

Tak Kaxk IpaBasl 4acTb OT ¢ He 3aBMCHT, TO IIOCJeJHEee HepaBeHCTBO
¥MeeT MecTo Ipu a — oo. [Tonarast 4 — (— oo, o0), NoJyyaem popmyny
pasnekenusi (3.8).

OdeBHUIHO, COOTHOLIEHME €IUHCTBEHHOCTH (3.5) HeNmoCpeCTBEHHO
cnepyer u3 (3.9). Taxkum 00pasom, ocTaeTcsi JA0Ka3aThb COOTHOLIEHWSI
(3.9) u (3.10). U3 (3.14) BuaHo, uTo Npu moboMm QUKCHPOBaHHOM [,
Im [ > 0, cyumecTByeT mocToAnuas k, Taxasi, 4To

dos(A)
f| =k

ms1 b > 1 u Beex w > 0. INonarast b — oo 10 NMOANOCIEA0BATENbHOCTH,
Kotopasi Obina BeiGpana Hmwxe ¢Gopmynsl (3.15), monyuaem, 4To 3TO
HEPaBEeHCTBO OCTAETCs CIPABENJIMBLIM, €CJIM g, 3aMEHUTb Ha g. TaK Kak
OHO UMeeT MeCTO JJIsl BCeY. w, TO

M3 (3.15) cmenyer, uTo cymecTByeT TaKas IIOCTOsIHHAsA k, 4T0 s o > 1
nb>1

me<“

»

aHa;I0TMYHOE HEepPAaBEHCTBO MMeeT MeCTO JI1 HHTerpaja, B3SITOI0 B
npepenax (— oo, —pu). Ilyecre Imi=£0, Imi,=~0. Paccmorpum
MHTerpan ‘

| (M—luz - u_lzop)deb@) (3.25)

—
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KaK CYMMY MHTErpasioB 1O HHTepBaiam (—oo,—u), (—p,pn) u
(w, o). TMonarast b— co mo BbIGPAHHO NOAMOCITENOBATENLHOCTY U
3aTeM u —- oo, TojlyyaeM B Inpejese u3 (3.25)

o

J (|1—11|z - |,1_11°iz) de(4).

s

— 00

Opuako unTerpan (3.25) pasex

Im mb(l_)_ _Im me(ly)
Im! Im/,

ITpu b — oo 9T0 BBIpa)KEHHE CTPEMHUTCS K Ipefeny
Imme()  Imme(l)

Im! " Iml,
[TosTomy
Imma(l) [ do(k
mael) [+, (3.26)

—

Tlle ¢ — NOCTOsIHHAsI, He 3aBucAwWast ot [, ecau Toipko Im !> 0 (um
Im [ < 0). VI3 teopemnl 2.3 cnenyer, 4ro Im m«(l)/Im > 0. Ilonaras
B (3.26) Rel =0, Im— oo, nerxo mnoxyyaem, uto ¢ > 0. U3 (3.26)
uMeeMm

-]

I (meo(l) — meo(ly)) = Im (| (ﬁ — %] d@(/l)) +elm(—1p).

- (3.27)

Tak KaK QyHKIHS Mo 10 ! ananuTuuba wist Im 1 >0 (unmu Im 1 <0), To
Im m. ompefensieT Re Mew' ¢ TOYHOCTBIO [0 aJIUTHBHON IOCTOSTHHOM.
Muumasi 9acTb aHaMWTHYecKOH QyHKUuM OT [ (JUIst GUKCHPOBAHHOTO [,
Im [, =~ 0), onpenenenHo# npasoil yactbio dopmynsi (3.10), paBHa B
cuny (3.27) Im (me (1) — me(l,y)). Takum 06pa3om, cama QpyHKIAS JOTDKHA
paBHATBCS Me(l) — Ma(lp), UTO NOKasbiBaeT popmyay (3.10).

IlycTb A, . — TOUKY HelPepBIBHOCTH QYHKIMHK o. Torja u3 paBeHcTsa
(3.26) cienyer, yTo

i . A o .
) , L edo(o) _
Iim Jlmmw(7+ 13) d”—skg_}_ﬂjl j (0-_,,')2_'_82 dv =
® . -

&—0+

<]

= lim [arctg (12—6) — arctg (M — UJ] 49(0) = n(e(}) — e(w)),

-0+ Yo €

uTo Haer cooTHoweHnne (3.9) u, CIeA0BaTENRHO, 3aBepLIALT JOKa3aTelb-

CTBO Teopemul 3.1.
[pu noKa3aTenbcTBE TeopeMbl 3.2 Oy[eT UCIOJIL30BAHA CIENyoas

1 Kak ObI0 Yy)Ke 3aMeyeHO, OLEHMBAasi Qp, MOXKHO NOKasaTb, YI0 Ha CamoM
zene ¢=0.

17*
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Jlemma 3.1. [Tycrmo g€2%(p) u
’ fat) = [ ¥ w6, 7) de(3),

20e A — Koneunolll A-unmepsaa. Toz2da npa A — (— oo, o0) PyHKyUA
fa cxooumcs 6 £30,00) u, 3nauum, cxodumcs 6 cpeOHem K FyHKyuu
f € £%0,0).

HokaszatenbcTBo. Iycts 4,0 4, u nycrs P € 20, o) —
Gynxuus, obpamarmomascs B Hyab Aist 6onpluux f. Torpa, ecnm Q —
npeobpasoranue P, To

|G, — fa) Pt = | g Q) do(®).

4;—4,

Wcnons3ysi HepaBeHCTBO KOMM—DBYHAKOBCKOr0 MOYTH TaK JKe, KaK
BHIlLIE TIpK JOKasaTesabcTBe (3.24), u monaras

P:fﬂx—fdz
a0 <t<auP =0 s t>0, nonyyaem

a

[lia,— fnfrat< [ g2 de@).

1

Tak KaK IlpaBasi 4acTb OT @ He 3aBUCUT, TO 3TO HEPABEHCTBO MMEET MeCTO
npu a = oo. [lonaras 4,, 4,— (—oo, o), 3aBepIIMM 0KA3aTeJLCTBO.
3ameuanue. OCHOBBIBasiCb Ha 3TOM, MOXKHO JOKasaTh Camo-
CONPSIKEHHOCTD ollepaTopa L B ciyyae NpepesibHOM TOUKH. ITO CHENaHO
_B 3ajaue 13.
. JdoxasarenpcTBO Teopemn 3.2. [IpuHuMas B0 BHUMaHKUE
jgemmy 3.1, ocTaercs 1MoKasaTh, UTO GYHKUMS ¢ MOJIy4yaeTcst u3 | Mpu
nomowu npeobpasosanus (3.11), T.e.

e =[1ve Mt (3.11)

0

T/le paBeHCTBO MOHUMAETCS B CpeaHeM B £%(g). M3 Teopemnr 3.1 crnenyer,
uTO CywmecTByeT QyHKuusi g € £%(p), Taxas, yro (3.11) mmeer mecro,
ecyii 3ameHuTs g Ha §. Takum 06pa3om, npobnema CBOAUTCA K J0Kasa-
TeJbCTBY pPaBeHCTBa

| le@) — a)[2de®y = 0.

ITyctb r = g — g ; oyeBMaHO, r € £2(g). Mcnosb3ysi To 06CTOSATENHCTBO
uTO f ecTb Mpefest B cpeHeM QYHKIUM fa, TAE

fah) = [§0) it ) de(e), A= 1],
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nonydaem, U0 QYHIUUS ha = fa — fa:
hal) = [ rdy v(t, 2) do(d),
4 :
CTPEMUTCST B CPEJIHEM K HYJIO, T. €.

lim [ 1ha( 2t =0. (3.28)
0 .

4—(— >,

IMoxa)kem, uro hs ecTb HyneBast QyHKUHUSA.
ITycts [ — kommuekcHoe yucio, Im [ > 0, 1 n0a0KuM
Hatt,)) = | 72w, 2) do(2) . (3.29)

A—1
4

Torpa, Tak Kak Ly = Ay,
LHs=1IHa+ ha. (3.30)

3 popmynel (3.29) nerxo cnenpyer, 410 H, yIOBNeTBOpPsieT B HyJle TeM
YK€ KPaeBbIM YCJIOBUSIM, UTO ¥ 9, 2 UMEHHO :

sin @ Ha(0, 1) — cos a p(0) H,(0,1) = 0.

CoruylacHo GopmyJie BapuaLiy NOCTOSTHHBIX, 3 paBeHcTBa (3.30) BuITeKaeT
t .
Halt, D) = | [p(t, ) 9(v, ) — 9(5, O 9(t, D] ha(v) de + canlt, ), (331)
0

e ¢4 — MOCTOsIHHAsT (KOTOpast MoXKeT 3aBuceTs oT A). M3 Toro obcrosi-
TeNnbCTBa, 4YTO 1 € 8%(p), ciexyer, uro r/(A —1I)€ L2(p), u, cnexo-
BaTeJIbHO, Hs KaK ¢yHKuus ¢ st puxcuposausoro [, Im! >0, cxo-
aurcss B cpegHeM B %0, oo) mpu A4 — (— oo, o0) K QyHKUMA H.
HMcnonesays 310 B paBedcrse (3.31), u3 (3.28) nosyuaem, YTo CyLIeCTBYET
NOCTOSIHHAA ¢, TaKasi, 4To

H(t, 1) = cp(t,]).

TaK KaK QYHKUUSA p He npuHaniexur xiaccy £2(0, co) mna Iml >0,
TO MOCTOSIHHAS ¢ ROJDKHA PaBHATLCST HYIIO U, CliefloBatebHo, H(t, 1) =0
mnsg Im [ > 0. Takum o06pas3oM, Ha CTpemuTcsl K HyneBOH (QyHKUUU B
£2(0, o) pyist Im ! > 0.
ITycre N
Td) = | y(t, A at,
(1}

T. e. I's — npeo6pasoBanue QYHKUUKN, PaBHOH equnnue Ansi 0 < t < s
U HyJo s f > 5. Takum oOpasom, I's € €2(o). VIHTerpupys paBeHCTBO
(3.29) no t u ucnonb3yst To, 4to Ha— 0 B 820, oo), moayuaem

[ 72, rmdezy =o0. (3.32)

—
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Tak xak I's€ 8%(p), To u3 HepaBeHCTBa Koumn—ByHAKOBCKOro ciie-
AyeT, YTO MHTerpaJ B JIEBOH 4aCTH paBeHcTBa (3.32) cxoputesa abcooT-
Ho. B camom peste, o

J |F(2) To(4)] de(2) < oo (3.33)

dopmyna (3.32) MoxKeT GbITH 06palleHa MOYTH TaK e, KaK 3T0 OblI0
clleJIaHO TIpM JoKasaTenbCTBe Gopmysl (3.9) nist p. C aToit LeJIbIo Tpef-
. TOJIOXKUM, UTO YHKUMS ¢ W, C/Ie0BATENbHO, 7 JeHCTBUTeNbHA. DTO He
Hapywaer OGLIHOCTH, TaK KaK Ka)XKHasl g eCTb cymMma g, -+ ig,, The
dynxumn g, u g, peficreutenbHb. Bepst MHuMYI0 yacTb (3.32) W WMHTe-
rpupys, Nosyyaem

sl—l.g:. [ f? (0' — 1;)2 T e r(o) Fs(O') do(o) dv =
. 1 —c o B
:_[,r(“) Iyo) Jim [ arctg (*7) — arctg {*5-7) | deto) =

2

—n j r() T's(0) do(o) = 0.  (3.34)
TaK Kak st 4 = (u, 4]
fr(o) I'y(0) do(06) = jr(a) jwt o) dtde(o) = J ( r{o) v(t, o ) do(o ))d
a4

p | 0

TO QYHKUUS k, onpenessieMast paBeHCTBOM

k(s) = [ r(0) T'(0) de(o),

4

HMeET HEeNMpephiBHYI0 MPOUSBOAHYIO, a u3 (3.34) ciepyeT, UTO 9Ta Ipo-
U3BOJHAS JI0JXKHa ObITb paBHOM Hym0. MTak,

hatt) = | r(d)y(t, ) do(2) =0 | (3.35)

4

Tak KaK (0, 4) = cos a, T0 u3 popmynsl (3.35) npu t = 0 cnenyer,
4ro ecau cos a 5= 0, 10

[ () de(d) = 0. (3.36)

4
Ecau cos @ = 0, 1o sin a == 0 u, pubdepennupys (3.35) no ¢ u nonaras
saTem { = 0, nonyuaem (3.36). Takum obpasom, paBeHCTBO (3.36) Beeraa
cnpase/yBo. B cuny npousBosibHocTM 4 w3 (3.36) cnenyer, uro Ans

noboro ¢ >0
a

| vy ra) de(ty = 0 (3.37)

—a
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AT KOKIOH QYHKIMM CKAuKOB y. (PYHKUUM CKauKoB ILIOTHHL B £%(),
U TaK Kak r € £%(g), To y MOXHO BHIOpaThb Tak, yro0bl JeBast yacTb
paseHcTBa (3.37) CKOJIb YTOAHO MaJIO OTJIMYAIach 0T UHTerpaja

| Ir@ 2 de(a),

KOTOprﬁ NO03TOMY J0JI)KEH 06anlaTbCH B HYIJIb. TakK Kak 370 uMeeT
MeECTO 1714 BCeX g, TO TeOpemMa JoKa3aHa.

§ 4. CJIVYAN NPEREJILHOI'0O KPYTA B BECKOHEUHOCTHU

Ecnu st onepatopa L umeeT MecTo ciyyail NMpefesibHOr0 Kpyra B
0eCKOHEUHOCTH, TO OKPYIKHOCTH Cy(]) CXOASTCS K OKPYIKHOCTH Coo(() IpH
b— oo nnst Kaxkporo I, Im!==0. Kaxxaass oxkpyxHocTh Cp(l) onuchl-
BaeTcst TouKamu m = m(l, b, B), Korpa f mensiercst Bupenenax0 < f < =@
npu puKcuposanHbix b 1 [. [B cnyyae Im [ = O oxpyxHocTs Cp(l) Ipe-
Bpallaercs B npsimylo Jmnumo.| Ilycers [, guxcuposano, 1ml, 0.
Touka rfeo(ly) Ha OKpY)KHOCTH Coo(ly) €CTH Mpejielt MOCIeA0BATENLHOCTH
m(ly, bj, B5), ] = 1,2, ..., L5 KOTOPOit b; — oo NpHU j— oo.

OGo3Hauum vepe3 m; QYHKUMIO OT I, ONpeIeNsieMyi0 PaBeHCTBOM
mj(l) = m(l, b;, ;). IT0 — MmepomopdHast YYHKUKS 0T [, feiiCTBUTEbHAS
Ipu JeHCTBUTENBHBIX | ; KaK MBI BUJIE/H, U3 HepaBeHceTBa Im mfImi > 0
anst Im 1 == 0 cnenyer, 9To ee TMOJIOCH IPOCTHI M MOTYT JIE)KaTh TOJIBKO
Ha JeiicTBUTeNbHOM ocu. OGo3HauuM 4epe3 p; QYHKUMIO CKAYKOB gp,
COOTBETCTBYIOWIYI0 YCNIOBMIO f; B TOuKe b;. JoKakeM CIeyiOL1yio
Teopemy.

Teopema 4.1. ITycme rtheo(ly) — mouka na oxpymcrocmu Coo(ly) U
{b;, B;} — maxaa nocaedosamensrocms, umo mouxa m(ly, b;, ) = my(l,)
¢ mpemumes npu j — oo K Meo(ly). To20a 045 6cex |

lim mj(l) = (1) 4.1)

J—)W
u [6 cmoicae comuouterus (3.5)]
lim () = é(4) , (4.2)

Joio
20e Meo — Mepomopgras @ynkyus I, Oelicmeumessras 041 Oelicmeu-
meabHbIxX I, ¢ npocmolmu Hyaamu u noaocamu. Kpome moeo, p — Pynkyus
CKQuKos, paspeléHas moavko 6 noawcax | =24, k=1, 2,..., gynxyuu
Mo CO CKAUKAMU 6 A, PABHBIMU 6bI4EMAM C 00 PAMHbIM 3HAKOM, 63SMbIM
045 NOACO8 PYHKYUU Moo 8 MOUKAX Ar. PYHKGUU Yk, 20e Yi(f) = (i, Ax),
00pasywom noanoe opmozonaisHoe cemeiicmeo Ha unmepéaie (0, oo).
Ecmt Yoo — (yHKYyUS, OnpedencHHas paseHcmeom ¥oolt) = @(t, lp) -+
+ mico(lp) w(t, L), mo

(¥ %] (c0) =0 (4.3)
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045 6cex k. C Opyeoti cmoponet, 043 Pynkyuil v, 20e wi(t) = y(t, 1),
[Wixa](e=) 0 (I£4; k=1,2,...).

Venoeue (4.3) GaKTHUECKH SABJISACTCST KPAEBBIM YC/IOBHEM, KOTOPOMY
YIOBJIETBOPSIIOT (YHKIMH py B TOUKe { = oco. C KaX{I0# TOUKO#A Ha Mpe-
fesibHOM OKPY)KHOCTH Coo(ly) CBA3aHO TaKoe KpaeBoe ycnoBue. B mpo-
Liecce JOKasaTeJbCTBAa Teopembl 4.1 OYAyT YCTaHOBJIEHBI B Apyrue
TeOpeMbl, KOTOpL:e ejnesaloT 0ojiee SICHOM MPHUPOAY STOTO .KpaeBoro
yCIIOBUS. : -

HorkaszaTenbcTBO Teopemns 4.1. ITycrs

Ipumenum popmyay Ipuna K yHxuusm y (1, 1) v (2, ). Tak Kax oe
GYHKUMM YHOBNETBOPSIIOT OJHOMY M TOMY JKe YCIOBUIO B TOUKe bj, TO

by

myll) — myllo) = (1 — k) [ 2t ) 2t o) dt. (4.5)
0

Vcnone3ys BeipaykeHue (4.4) B popmyie (4.5), nonyvaem

bj
mile) + (| — &) | @D %itt, 1) dt
mj(l) = —, : (4.6)

1— (@ —1k) | it D xiit, bo) dt
0

B cnyuae NpefesbHOr0 Kpyra. Bce pelleHHst ypaBHeHusi Lx = Ix
npunagiexar kuaccy £2(0, oo). IToatomy 1pu j— oo uenas QyHKuus /,
3HayeHye KOTOPOi B TOUKe [ PABHO UHTErpay

b; by

[ oDt lydt = | ot ) Toth, 1) + mylo) wit, )] dt,
0 0

¢urypupylomemy B uucnuTene apobu (4.6), cTpeMUTCs K npejeny

0

| 9D [e(t 1) + A (lo) wit, L) at 47

0

Ecnu [ 341UI04€HO B HEKOTOPOH KOHeyHoi#t yacty < [-IJI0CKOCTH, TO,
Kak ObUIO II0Ka3aHO B Ipolecce JoKalaTelbeTBa TeopeMel 2.1, GyHrunu
@ U p UMET HOPMBI B £23(0, 00), paBHOMepHO OrpaHMyeHHble Ha A.
Taxum 06pa3oMm, B cuiy HepaBeHcTBa KOMM-—BYHSIKOBCKOIO MHTErpal
(4.7) cxoauTcsi paBHOMEPHO OTHOCUTENBHO [, Korja ! npoberaer nodyro
KOHEUHYI0 YacTpb [-miockoctu. OTCiofa CiefyeT, 4To (4.7) ompenensier
uenywo ¢yskuumio [. To e camoe CIpaBeUInBO AJIsl 3HaMeHaTesist 1po0u
(4.6). Urax, npu j—» oo mepomoppuas GyHKUMs m; CTPEMHUTCS K Npe-
Heny oo, KOTOPHIA TaKIKe SIBIIsSieTCS] MepPOMOPQHOH (QYHKUMeil, u 3T0
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JoKasbiBaeT coortHoueHne (4.1). CBoiicTBa GYHKUMM Moo CIIEAYIOT
13 Toro, uro Im rieo(l)/Im 1 2> 0 mnst Im I == 0. Vi3 (4.6) nonyyaem

P lo) + U — 1) [ 9, Dt )
Mo (l) = : = (4.8)

]

1— (=) | 9t ) delt, bo) dt
0

Kaxk u npm goxasatesbeTBe TeopeMsl 3.1, TeopeMa Brifopa Xenu no-
KasbIBaeT, YTO CYLIeCTBYeT IO/NO0CHe0BATENbHOCTD T0C/IeJ0BaTENbHOCTH
{o;}, cxomsimasics K mpepeny o. Tak Kak paBeHCTBO (3.14) cnipasejuBo,
TO paccy)XpeHus Teopembl 3.1 noKasbiBaloT, 4To cOOTHOWEHue (3.9)
MMEET MECTO C 3aMeHOH @ Ha o U Moo HA Ifleo. ITO JOKA3BIBAET, UTO p He
3aBUCUT OT BHIOOpa IMOCJIENOBATENLHOCTH M, 3HAUUT, YTO UMEET MeCTO
cootHoweHue (4.2). Tak KaK ¢ yHKUUSA oo AEHCTBUTENIbHA HA JeicTBU-
TEJILHOM OCH, TO cooTHOmIeHHe (3.9) MOKasLiBaeT TaK)Ke, UTO o eCTh
GYHKUMS CKa4yKOB, pa3phiBHAsK TOJLKO B TOUKAX Ay, €O CKAUKaMH, pas-
HBIMHU BbIYeTaM ¢ 00paTHBIM 3HAKOM, B3SITHIM JUIsT II0JIFOCOB QYHKUMH oo
B 9TUX TOYKaX. '

flonmHoTa MHOXKecTBa {yx} cilenyeT u3 cooTHomeHun (3.6)—(3.8) ¢
3aMeHOlt @ Ha p. OproroHanbHOCTh Oy/eT ycTaHOBJIeHa IOCHE JI0Ka3a-
TedscTBa Teopem 4.2 u 4.3.

Wz dopmynnt (4.8) cnenyer, 4To B KayKIOM I0JI0Ce Ax QYHKUMH Moo
3HaMeHaTesb JOJDKeH 00pamaTecsi B HY b, T. €.

]

(e — 1) [ (t, 20) alt L) dt = 1. 49
0

V3 ¢opmynsl I'puHa Jerko ycMoTpeTb, Tak Kak ¢yHKuusa u(f, Ax)
JelcTBUTeNbHA, UTO

b
(e — 1) | 9t 20 el 1) dl = 1 — [ 9] (8) -
0

HUcnonssyst (4.9) u nosarasi b— oo, 1oJIyuyaeM, 4To cooTHOMeHune (4.3)
crpaBejUIMBO. X

0603HauMM uepe3 © MEOXKECTBO BeeX GYHKUMiL 1, yHAOBIIETBOPAIOIIUX
YCIOBUSIM :

(i) dyuxuus u auddepeHuupyemMa u npousBojHast u’ abCONMOTHO
HenpepbiBHa Ha uHTepBase 0 < f < b 1151 Bcex b < oo,

(if) uu Lu€l*(0, o).
(iii) sinau(0) — cosa p(0) w(0) =0,
(iv) [uka] (e0) =0.
TMonoyum
St o1y — |PEW L) (<), (4.10)

W(T’ IO) im(t lo) (t > T) ’
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u uis moboi pyHiuun f € 830, oo) nycThb
Sl 1) = | Git,, L) f()
0

VHTerpan sgecb CXoJuTcs a0CONMIOTHO, TaK KaK o6e QyHKuuU f M
Yoo IPUHANIIENKAT Kiaccy L0, oo).

Teopema 4.2. Nas kawcooii gynxyuu f € L0, o) gﬁyﬂm;uﬂ u=
= &) €D u (L—lu = f. Haobopom, ecau ué€ D, mo f =
=(L—1) u€ 0, ) u u= (&(l(,)f1
HdokxasatenbcTBO. B Teopeme 2.2 ObUI0 NOKA3aHO, 4TO
[0 %] (0) =0. (4.11)

[ycts @, p — (pyHKuﬁu onpejesisieMble paBeHCTBaMU ¢(f) = ¢(t, ly),
p(t) = p(t, ly). Us (2.8) nerko cnenyer, uTo eciu fie — adduxce uem'pa
OKPYXXHOCTU Coo(ly), TO

} [py] (o) + fil., [yp] (00) =0 (4.12)
1 o0paTHasl BeIMYUHA panuyca oKpYy)KHOCTH Coo(l,) paBHa
[yw] ()| > 0.

TaK KaK yoo = @ + Moo p, TO U3 (4.12) creftyeT, 04eBHIHO, YTO
(7] (0) = (Mo — fil) 9] (o),
[¥X] (0) 0. (4.13)

JI0Ka3aTebCTBO IepBOW IMOJIOBMHBI TEOpeMbl MOJIYUMM, UCHOJNIL3YS
dopmyany (4.10). B camom pene, ecnu u = G()f, To

a 3HAYMT,

t oo
wit) = 7t o) | (e, 1) () de + vty o) | 7a(7, L) f() de
0 t
Orciona cnezlye'r 4To ycnome (i) BomIONHAETCS H

w(t) = #a(t, ) j (7, 1) f(z) dv +4"(t, ) fxm(rl (%) dr+[wx=;}g)>f<‘>.

Tak Kak [p x. J(t) = [ %..] (0) = — 1, To nerxo Bupers, yro Lu —
= [u + f. To, uro u € 2(0, o), nosyuyaem u3 TOro 06CTOSATENLCTBA,
uT0 QYHKUMH p, x., NPUHAATeXAT Kiacey L0, oo), UCHOML3YS Hepa-
BeHcTBa Kowmpy—byHsakoBekoro u  MuHKOBCKOro. Tak Kak Lu =
= lyu + f, To Lu€ £¥0, o) u ycnopue (ii) BHIOJIHAETCS. YCIoBUE

1 YTBep)KI€HUE TeopeMbl 4.2 COBNAjaeT C YTBEP)KAEHHUEM, YTO f&ﬁ(lo) ecTb 00pa-
meHde onepatopa L — I, ¢ o6nacreio ompepesieHust D.
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(iil) BeImoNIHsETCA, UBO 9 yaoBAETBOPsAET yenosuio (iii), a (iv) npoeps-
ercsi npu nomotnu (4.11).

JloKa)keM Temepb BTOPYIO MOJIOBUHY Teopembl. I1ycTs [ = Lu — [ju.
Torna f € £0, o), U U3 NepBOH YACTI: TeOPeMBI cieayeT, yT0 &(ly)f —
¢ynxuusa knacca D. Taxum obpasom, w = u — &(,)f ectb QyHKUUA
xiacca D u yioBaeTBOpseT ypaBHeHuio Lw — [yw = 0. CneoBaTesibHO,
W= €, P+ C3 Yoo C HEKOTOPBIMU NOCTOSIHHBIMYU €; U €,. [TOCTABISS 3TO
B ycnosus (iil) u (iv), nonyyaem, UTo €, ¥4 €; COOTBETCTBEHHO MIOJKHbI
paBHATLCA HYyMo, H00 ¥, He MOXKET YJOBIETBOPATH ycioBuo (iil) u B
cuny (4.13) p He MOXKeT YIOBIETBOPSITHL ycioButo (iv). 10 3aBepluaer
JI0Ka3aTeJIbCTBO.

[TonyuyeHHbl# pe3yabTaT MOXKHO Teleph MCIONL30BATh JUISl JOKasa-
TENbCTBA CJENYIOLIeH TeopeMBl.

Teopema 4.3. Kpaesaa 3adaua :
Lx=1Ix, sinax(0)—cosap0)x’(0)=0, [x%.](cc)=0 (4.14)

CAMOCONPAHNCEHA, M. e. 044 6cex PyHKyull u u v kaacca D

[ (Lu) vdt = J u(Lv) dt. (4.15)

0 0

JokKasaTenbcTBO. B cuny popmynst 'puna u Toro o6cTosi-
TedbCTBa, yTo [1v](0) = 0, paBeHcTBO (4.15) 3KBUBAJIEHTHO PAaBEHCTBY

[av] (eo) = 0. (4.16)

B cuny Teopemsl 4.2 cywectByloT Takue Gynkuwun f, g € £2(0, o), uro
u= &(lp)f nv = &(ly)g. Boparxkas Benmuuny [uv |(b) yepe3 uHTerpassi,
cofepaiue GpyHkuuio I'puna (4.10) n dyHruu f, g, u nonaras b — oo,
nonyyaem u3 (4.11) paBeHcTBO (4.16), 4TO J0Ka3bIBAET TEOpEMY.

V3 coorHomenust (4.3) ciepyer, 4To QYHKUUS wyr NPUHAIOKAT
kaaccy D. U3 dopmyisl (4.15) HemocpeACTBEHHO BBITEKAaeT OPTOrOHAJIb-
HoCTh GYHKUMHA yx. HukaKast QyHKums g, I 5= A ans1 Beex k, He MOXKeT
YIOBJIETBOPSITH YCIOBUIO [y, ] (o) = 0, u60 310 03HAUANO ObI, UTO ¥;
IIPUHAUIKAT Kaccy D u, 3HAUUT, OPTOrOHAIBHA KO BCeM . [Tocnes-
Hee HEBO3MOXKHO, n00 QYHKUMU px 00pa3yIOT NOJIHYK CHCTEMY.

§ 5. CHHTVJISZAPHOE MOBEJEHHME HA 0BOMX KOHUAX MHTEPBAJIA

Ciyyau, Korjga KoadduuueHTs onepatopa L uMenT 0COOEHHOCTY Ha
000MX KOHIAX MHTepBala, UM KOrfa uMeeTcsi 0c0HEHHOCTh Ha OJHOM
KOHLIe ¥ MHTepBajl NOoJy0ecCKOHEYeH, WJIM KOIJla MHTEpPBAjl COBHAJAET
CO BCeH /-0CbI0 — TPAKTYIOTCS] aHAJI0TUYHO. 3/1eCb MBIl pACCMOTPHUM CIly-
yajl, xorjpa omeparop L onpejeneH Ha uHTepBajle — oo < f < oo,
Hanomuum, 9ro

Lx = — (px’) + ¢x,
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NpUYEM Telepb Npearonaraercs, yro GyHKuun p, p’, ¢ AeHCTBUTEILHBI U
HenpepbiBHbL, p(f) >0 Wi — oo < f < co. (ITH OrpaHUUEHHd, Haja-
raemele Ha p, §, MOTYT OBITb HeCKOJBKO ocnabieHbl.) O003HauuM Yepe3
@y, @2 DellieHust ypaBHeHUs1 Lx = [x, JeHCTBUTeNbHBIE IJIs1 JeiicTBHU-
TeNbHBIX [ M YJ0BNEeTBOPSIIOLME HayaJbHBIM YCIOBUSM

¢1(0) 1) =1 ’ (p2(0! Z) =0 ’
pOywi(0,1) =0, p(0)gx0,1) = 1.

Toraa ¢y, ¢ ~— Leble QYHKUUHA [ IPU QUKCHPOBAHHOM {.
O603Hauum uepe3 6 : a < f<Cb moboil KOHeuHBI! WMHTepBaj, CO-
JepyKamuii HyJb, X PACCMOTPUM HAa & CaMOCONPSHKEHHYIO KpaeByIO
3aavy ’
Lx=1Ix,
cosax(a) + sinap(a) x’(a) =0,
cos B x(b) + sin B p(b) x’(b) = 0,

rae 0 < a, 'f < w. Ons 9T0H 3ajauy CyuleCTBYeT MOCAeJ0BATEALHOCTD
NeHCTBUTENLHBIX COOCTBEHHBIX 3HaueHUN {Asn}, n =1, 2, ..., ¥ NonHas
OPTOHOPMHPOBAHHAS NOCJIEJOBATENLHOCTb COOCTBEHHBIX (GYHKUMM {fsn}.
B atux ofo3HaveHMsIX st KaKAoH dyHkuuu f€ L3(8) uMeeT MecCTo
paBeHcTBO ITapcesans

[ireat= 2’2 . j #(2) Fan(t) dt|2. (5.2)
s n=1'3

(5.1)

Ecnu f,, f, € £2(5), T0

[0 R0 d= 3 [ 1) hontt) dtTf:(t) Ity df.  (5.3)
s =13 P

n=
TaK Kak GYHKUMN @, p, 00pasyloT 6asuc pelleHHH YpaBHEHHS Lx =

=[x, TO
Ron(t) = ron1 @1(t, Asn) + Tona @a(t, Aon) , (5.4)

TJE Tsn1 Y Féng — KOMIUIEKCHBIE TOCTOSIHHBIE. IT0CiIe TOJCTAHOBKU BBI-
paxenus (5.4) 8 paBeHcTBo (5.2) nocneaHee NpUMeT BUA

Jiordt= [ 3 a@ebdeonry, 63
8 o Jy k=1
e g = [ 1) gs(t, 3 dt.

Matpuna s = (gs;;), HasblBaeMasi cnexmpaabHoll mampuyeii, CO-
OTBETCTBYIOLIeH camoconpspKeHHOH 3amave (5.1), cocTout M3 QyHKUMMH
CKaYKOB CO CKAaYKaMH B COOCTBEHHBIX 3HAUEHUAX Asn, 3aJaBaEMBIX
PaBeHCTBOM

Gsji(Asn + 0) — gsju(Asn — Q) = > Fomj Tomics
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rie cymma GepeTcst 0 BCEM TaKUM 1M, JUIA KOTOPBIX Asm = Asn. [ycTh
es(4 + 0) = go(4)

u nycTb g0) — HyneBas MaTputia. OueBuaHO, MaTpuLa gs obiafaer
CBOACTBaMHU :
(i) MaTpuua gs spMHUTOBa (Qsj = Os1))-

(if) Marputta ~ gi(4) = 0s(2) — eo(w) A 4> p (4 = (g, A]) He-
OTpHIATebHA.

(iii) ITosHast BapuaLMs 3JIEMEHTOB Qs KOHEYHA Ha Ka)KIOM KOHeY-
HOM A-MHTepBaje.

Kakzasi MaTpuua gs, YIOBNETBOPsIOWasl yciIoBuio (ii), HassBaeTcs
HeyOuiaroweli. Marpuna Qs ABJACTCS aHANOTOM Ha MHTepBase d
HeyObIBaoLIel CreKTpanbHOM QYHKUMHU @, 3a7aun (3.1).

ITpumensiss paseHcTBo IlapceBans (5.5) K NpOM3BONILHON HenpepbiB-
HOH QYHKUuMH | pu — oo < t < oo, oOpamawuleiicss B HyNlb BHe CO-
nep>Kauerocst BHyTp[/I & UHTepBana 6., NOJyyaeM

I fopd = | 2 (%) 8(4) dew(4) (5.6)
rae - Mt
g = [ [ eitt, Dt

— 0

Mo)kHO TIOna3aTh, YTO eCid AJiA onepatopa L uMeeT MeCTO Cliyyai
TpeleSIbHOK TOYKM B — o0 M oo, TO NpPU & — (— oo, o) (T. €. MpH
@ —> — oo, b—> o) CYLIECTBYET Mannua o obnafaiomas CBOHCTBaMM
(i)—(iii) 1 TaKasi, UTO gs — o, ¥ WIS KKKOH QyHKUUM f € L3(~— oo, oo)
uMeeT MecTo cooTHoweHue (5.6). Ecan niis1 L umeeT MecTo ciyvai npe—
REJBHOTO KpYra B OLHOH UM B 00eKMX TOYKAX — oo ¥ oo, TO NpejeibHas
_ MaTpuua No-pe)kHemy cymectByer u (5.6) umeeT MecTo, ‘HO B 3TOM
ciyyae 0OHa OOBIYHO He eMHCTBEHHA.
Koy K J0Ka3aTenbCTBY CYLeCTBOBaHUS NpejesibHOH MaTpuubl o
Jlae'r PaBEHCTBO NS s, 3aMeHsIOWee paBeHcTBO (3.14) mnsa gp. TlycTs
= ¢, + Mq @y — pellieHue ypaBHenuss Lx = Ix (Im [ =& O), yJ0BJIe-
TBopmomee KpPaeBOMY YCJIOBUIO

cos ax(a) + sina p(a) x’(a) =0,

¥, aHAJIOTHYHO, IYCTh ¥» = @y -+ My @ — PELIEHHE TOFO JKe yPaBHeHuUs],
YAOBJIETBOPSIIOIEE YCIOBUIO

cos B x(b) -+ sin g p(b) x’(b) = 0.
Torpa, Kak ObII0 NMOKAa3aHO B TeopeMe 2.2, TOUKH Mg, My JIEXKAT Ha

OKPY)KHOCTAX C4, Cp KOMILIEKCHOR m-NIJIOCKOCTH, YPaBHEHHAMH KOTO-
PBIX COOTBETCTBCHHO CJIY)KaT

[xaxa] (@) =0, [xs20] (b) =0. (5.7)
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Jlerxo Bupets, uTo QyHKuMs I'puna Gs st 3apauu (5.1) cyumecrtByer,
ecyiu ToAbKO Im [ == 0, u umeeT BUA

— [ xat, ) 2p(z, )
Gs(t, 7, 1) mall) — mo(ly (t<7),

| xe(,d) xo(t, 1)
= | matty = moty (t>1).

[pumeHsist Tenepb ycuoBue MogHOTH B Gopme (5.3) K GyHKUUAM

R =2%¢00, fh=2%w00) Gk=01),

noJyvyaem

9G kG,
faﬂ" (t,0,1) %22 (1,0, 1) dt =

s

= 2 9993 (£, 0,1) Fon(t) # 805 (4,0, un(t) dt . (5.8)

81:]

s onpenenenuss yHKuuu Gs cnejyer, 4ro

Got,0,1) = AL (<), (5.9)

7))
- ma(l) . mb(l) (t > 0) 2,

0Gs ma(l) xa(t, ) :
==(,0,])= t<L0),
9 ( ) p(©0) (ma(l) — me(0)) ( )
mq(l) Zb(t) 1) )
= Al (1>0). (5.10
P(0) (ma(t) — mo(D)) ( ). 10
Hcenonesys Beipaykenust (5.9) u (5.10) u ¢opmyny I'puHa, mMOXKHO

BBIYUCIUTL UHTErpansl B Gopmyse (5.8). Hanpumep, ucnonnsya paseH-
crBa (5.7), mosyyaem

2i1m1 [|Ga(t, 0, [[2dt =
d

0

b
=2ilml[ma(l)—mb(1)l—2{J | alt, D+ | {xb(t,l)fzdt}z
0

= |ma(l) — my(1)|~2{[¥a xa] (O) — [xs xs] (0)} =

= 2 Im (my(l) — mq(l)) |ma(l) — my(l)12.
[Moaromy
[16s(t, 0, at = 1) — )2 (5.11)

Im¢
8
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AHaJIOruyHo

(ma(l) — ms() (| — Aon) | Golt, 0, 1) Ran(t) dt =

= %o hen] (6) — [26 han] (0) + [%a hsn) (0) — [%a hon] (@) =
= [(ta — %) Bon] (0) = (Ma(l) — my(1)) [Py han] (0) =

: = (mb(l) — ma(l)) Ton1 R
H, CJieaoBaTeJIbHO,

jGa(t 0, 1) hsn(t)dt = "”’_1 ;. (5.12)

3nech UCMONL30BaH TOT (GaKT, uTo [yp fisn | (b)) = 0, ubo 0be dyHKLMK
%» ¥ flsn YIOBJIETBOPSIIOT QIHOMY U TOMY )Ke YCJIOBHMIO B TOYKe b ; aHa-
JIOTUYHO, [yq fen ] (@) = 0. Tenepsr cootHomenusi (5.8), (5.11) u (5.12)
JaT s j=k=20

J' dosun(d) _ Im Msua())
1 Iml

rae
Misyi(l) = (ma(l) — my(D)) 2. (5.13)

J],anee, AHANIOTNYHBIC BBIYMCIICHNUA [IOKA3bIBAIOT, UTO

J f_ ]k(l) — Im Msij(l) (5 14)
¥ .

Im?
rne Msy; onpepensiercst o popmyae (5.13) u
Mansl) = Moai(l) = -5 (ma(l) + ma(1)) (mall) — mu) 2,
Maze(l) = ma(l) my(l) (ma(l) — mp(1)) ="
dopmyia (5.14) samensier dopmyny (3.14) st yHKUMY (5.
Taxk Kakx

0 b
tml [ ot Dt = — Imma(l), Imi | |zt 2dt = lmmy(D),
3

TO 111 QuKcupoBaHHoro [, Im I == 0, Touku my(l) u m,(l) ne)at B pasHbIxX
nosaymiockoersix. Ilyere B @opmyine (5.14) [ = i. Torga Touku my(i)
Je)xaT Ha OKpyxHoctsax Cg KOTophie cofepykartcst BHyTpu C_y s
a<—1, B ToO BpeMsi KaK TOYKHU my(i) Je)KaT Ha OKpY)KHOCTAX Cp,
KOTOpHIe coiepyKaTest BHYTpu C,; ipu b > 1. Taxum o6pasom, cyecTByeT
nocTosgHHass ¢ >0, Takasg, uTo | ma() —my(i) | >c¢ anma a << —1,
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b > 1. Tax Kak QyHKUME m,(i) U my(i) paBHOMepHO OrpaHUYeHBl NPH
a<<—1ub>1, 1o us (5.14) u us onpenenenua Ms;(l) cnenyer, 4to

" dogi(A .
<K (=12,

rae K — HexoTopast NoCTosiHHas1. Tak Kak

2 ]rénjfdnk‘ < |"dnji2 + |r6nki{2,
TO HEPABEHCTBO )

)

| dosjk(A) |
J S <K

— 0

HMEeT MeCTO TakoKe IIs | = k.

[onbsysice Teopemoit BrIGopa XesiH, KOTopasi IpUMeHUMa TaloKe K
QYHKUMSAM C paBHOMEPHO OrpaHUYEHHOM NOJIHOM BapHaLuelf, nonyyaem,
TIOYTH TaK jKe, KaK ¥ NPH A0Ka3aTeIbCTBe TeopeMbl 3.1, uTo cyiiecTBYeT
NOCJIEI0BATENLHOCT MHTEPBANOB Op = [Gn, bn], On—> (— o0, 0),
COOTBETCTBYIOL(MX KpPaeBhIX YCJIOBUH, ONpeJesIsIeMbIX YHCIAMH o, Bn,
TaKasi, YT0 MaTPUUBl s,jx(4) CTPEMATCS MPH n— oo K Npeaeny gjx(4).
Matpuua ¢ = (pj) obnanaer Temu ke cpoiictBamu (i) — (iii), uTo u go.

Ecnu nns omepatopa L umeeT MeCTO ciydaili NpejenbHOH TOYKH
B — oo U oo, TO MaTpulia ¢ €JMHCTBeHHa, 160 B 3TOM Cryyae 00e TOUKH
Mg, My CTPEMSITCSI COOTBETCTBEHHO K TOUKAM M_oo, Moo W, KaK IPH
J0Ka3aTesbCTBe TeopeMel 3.1, MOXKHO MONy4uTh Gopmymny

A
2ik(4) — ej(p) = lim -,1; f Im Mj(v + i) dv.
£—-0+ s

3nece My (l) — mpenen (KOTOphii cyiiecTByer) GYHKUMA My NpH
8 — (— oo, o).

ViMeeT TarOoKe MECTO COOTBETCTBYIOIAsl TeOpeMa pasJIOXKeHUs] M
TIOJIHOTHI, JOKa3aTeJIbCTBO KOTOpDOH aHaJjIOTMYHO JOKA3aTeNbCTBY TeO=
pembl 3.1 U 37ech ONycKaercs.

Teopema 5.1. ITycmos 03 onepamopa L umeem mecmo caydail npe-
0ebHOI MOYKL 8 — oo U oo, Cywjecmeyem HeyObI8arIYas IpMUIMosa ma-
mpuya g = (jx), 3/MEMeHMbL KOMOPOL UMEWM 02PAHUYEHHYI0 8ApUAYLI) |
8 KANCOOM KOHEYHOM A-UHIMepease U KOmopas CYwecmeeHno eOUHCMeeHHA
8 MoM cMbicae, 4mo

0sji(A) — esji(p) = 0jx(A) — ejn(n) (0 — (— oo, o0))

6 mouxax Henpepuvignocmu 2, p Pynxyud ;.. dasee,
A

{ 1m My + i€y dv, (5.15)

1

T

oji(A) — ex(u) = lim
e=0+
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20¢e
My (D) = (m_o(l) — )—1

Myy(l) = My () = 2(m (1) + Mo (D)) (M- o(l) — ma ()1,  (5.16)

M22(l) =m- w(l w(l) (m-“”(l) w(l »)—_1 .

- AHanoruynsie pesyJIbTaThl CIPaBEJIUBL, eClu A ONepaTopa L
UMeeT MECTO CJIy4ai NpefesbHOr0 Kpyra Ha OJHOM WM Ha 000MX KOH-
tax uHTepBaja. UToObl MOJIYUUTH eIUHCTBEHHYIO CIIeKTpalbHylo  Ma-
TpULY, He06X0AUMO N00aBUTH KpaeBble YCJIOBUSI B TOY KOHEeYHON TOUKe,
B KOTOpOH Ju1s1 L uMeeT MecTo ciydail NpejesbHOro Kpyra, aHaloru4Ho
TOMY, Kak 310 0bl10 czenaHo B § 4. Ecnu Ha 060X KOHUAX MMeeT MecTo
ciyuail npejienbHOr0 Kpyra, T0 QYHKUUU Moo U M_co MEPOMOPPHEL U
TAaKUMK JKe OYyayT QyHKUuU M, , My B My,.

Jnst Kaxaoi mnpepenbHoil Matpuubl o 00603HauuM uepes L2(p)
MH(;L)KeCTBO BCEX TAKMX BEKTOPOB ¢ C KOMIIOHEHTAMH ¢;, g, — QYHKLUSIMA
OT 4, 4TO

MarpHuiia o He yObIBaeT U 3TO TApaHTUPYeT, UTO HANUCAHHBIA HHTErpa
HeOTpHUIlaTelleH,

Teopema 5.2, [Tycmb o — 0603 npedenbHas MAmpuya MHOHCeCmsa
{os}. Ecau f € L¥— oo, o0), mo eexmop g = (g, £.), 20e

o

g = | [yt A ar,

—

cxooumca ¢ %), m. e. cywyecmeyem @ynkyua g€ X*e), maras, umo

”g—gchI——)O (C—>—oo,d«—>oo),
20e

d
g = [[Op DAt (—co<c<d< o).

Hmeem mecmo pasericmeo Ilapcesaas, 3anuceléaemoe npu nomouju
2Mo20 eexmopa g,

@

Jliokat= 3 gd gu2) deatd),

o Jrk=1

&)

U pasnonceHue

= ‘ \’ @i(t, A) gi(4) doji(4) ;

Aka 1

NOCACOHULT UHIME2PAA CXOOUITICH 6 cpedrieM 6 Q2 (—— oo, o).

18 1s2.



274 rn. 1X. CUHTYJISPHBIE 3AJAYM [JIS YPABHEHHI BTOPOI'O ITOPSIKA

Cnexmpom, COUTBETCTBYIOLLMM 3a/1a4e, ISl KOTOPOH MaTpULa o OfHO-
3HAYHO OIpeJiesieHa, Ha3b[BAETCSI MHOYKeCTBO TOYEK pOCTa MAaTPHLEI o,
T. €. MHO)KeCTBO BCEX TOUEK POCTa BCEX 3JIEMEHTOB pj; MaTPUUbL p. TakK
KaK MaTpHLa o 3pMUTOBA 1 He YOBIBAET, TO

l0(4) 2 < 0;(4) ern(4)
0i(4) = eu(A) — ojr(u), A =(u,1].

TakuM 00pa30M, MHOYKECTBO TOUEK POCTa BCEX 3JIEMEHTOB MAaTPHULbl o
COBNAJAET C MHOKECTBOM TOYEK POCTA OUA20HA/ALHBIX IJIEMEHTOB Q;;
matpuupl p. OueBHIHO, CIEKTP €CTh 3aMKHYTOe MHOKeCTBO. ToueqyHbiM
CrIeKMpPOM Ha3bIBAETCSl MHOXKECTBO BCeX TOYEK paspbiBa MaTpuLbl g,
a HENpepuiBHbIM CMEKMPOM — MHOMKECTBO TOYEK HENPEPBIBHOCTH p,
NpUHAJIeIKAUMX CreRTPy. TOUYKM B TOYEUHOM CIIeKTpe Ha3blBalOTCA
TAKIKE COOCIMBEHHbIMIL 3HAUEHUAMU, & PEIIeHUs 3a/jaul JJ1s TAKUX TOUEK
Ha3bIBAIOTCH COOCMECHHbIMU  (PyHKyUAMUL,

rjpe

Ipumep 1. IlpocTreiiium, norxkanyi, AsisieTcsd cayyai

3nech
sin Vlt

7

M OUEBMHO, YTO JUIs omepaTopa L HMEET MeCTO Ciyuail mpejesb-
HOM TOYKM Ha 000MX KOHHAX — oo M oo. [lpm Im >0 peweHne

e~ Vit € 22 (— oo, 0) u, CIIENIOBATEBLHO,

cosfit+m_ ()"

b

@yt ) = cos|it, out,))=

sm}lt

= c(cos It —isin}l 1)
JUI1 HeKoTOpo# mnocrosiHHOH ¢. Tlonarasg ¢ =0, noayuyaem c= 1, u

MO3TOMY B
m_ ()= —iVl.

ma(l) = iVl

AHanoruyHo,

Taxum oGpasom,

M) =55 M) =11, Myol)) = Mal) =0

¥, cienoBartesnbHo, U3 (5.15) nonyyaem

1 di
doy () = W (2> 0),

P
~0 (. <.0),

1 Ka)xnas cofcrBentast OYHKUMST TIPHHAINEXKUT Kjaaccy &2 (—co, oo).
Cm. 3apmaum 6 u 7.
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dop(A) = o= VA d 2 (A>0),
=0 (2 <0),
do1o(4) = d@zl(}‘) =0.

Teopema pasnomeHuﬂ NpUHEMaeT AJia J1o0oit q)yHKuuH [ € 8%(— oo, o)
cJeayrowui Buy,

10 =1 Jeostitg@ar+ L [0 a,
0 0

rje

&l?) = [w (#) cos Y atdt

—

sin Vl t

&h) = j )"

¥ BHTerpajibl NIOHMMAKOTCA TaK JKe, KaK U B.Teopeme 5.2. 3T0 — B TOU-
HOCTH MHTerpaibHas Gopmyna dypoe w1 GyHkunit f € L2(— oo, oo).
(Cnextpom 3sagauM Lx = —Xx"" = Ix Ha HHTepBale — oo <t < oo
sSIBJIsTeTCst MHOYKeCTBO O < 4 < o))

Hpumep 2. B 1pyrom MHTEpeCHOM ciyvyae onepamop Ipmuma L
3312eTCst PaBEHCTBOM

Lx=—x"+4 t2x (— oo < t<o0).

M3 caepctBust 2 Teopembl 2.4 BHITEKaeT, TaK Kak ¢(f) = {2 — oo npu
t— - co, 4TO NIpY — oo U oo KMeeT MECTO CJyyail npefiebHOW TOUKHM.

Paccmarpusas 3TOT onepaTop Ha HHTepBajie — oo < (<0 H
0 <t < oo, mosTyyaeMm, uTo CMEKTp 060N KpaeBoi 3ajauu ¢ KpaeBbIM
yCII0BMEM B HyJle JMCKpeTeH ; ¢M. 3ajauy 1. Orciopa ciepyer, 9ro QyHK-
LUK M_co, Mo MEPOMOPPHEI C NPOCTBIMK TIOJIIOCAMHU Ha AeHCTBUTENb-
no#t ocu. Oy Im1 =0 Touku m_so(l) ¥ Meo(l) NEIKAT B pasIMUHBIX
NOJYTJIOCKOCTSX ;  OTCIOA HAXOAMM, UTO Da3HOCTb M_oco(l) — Moo(l)
MMeeT TOJIbKO M30JMpoBaHHBIe HYM. M3 opmyn (5.15) u (5.16) BbiTe-
KaeT, 4YT0 gj, — QYHKUMH CKAaUKOB C Pa3pbiBaMH B CUETHOM MHO)KECTBE
TOYeK {4}, n=1, 2,.... OpToHOpMupOBaHHble COGCTBEHHBlE (QYHK-
uun  {h,}, ﬂenﬂ}oumec;l pemieHusimy  ypaBHenus Lx = A,x Kiacca
Q2(— oo, ©o), € TOYHOCTBIO [0 IOCTOSIHHOIO MHO)KHTENSI HMEIOT
BHJ{ e‘f“/ZHn(t), rae Hn(tf) — muorounensl Jpmura. B camom jene,
nycte X = e~z y. Torna ypaBHeHue LX = Ix IpHHEMAET BUJ

— V' 2ty +y=

[=~]
Ecnn u = Vg t* — peluenne 3T0ro ypaBHeHUs], TO
k

!

Il
)

are  2k+1—1
w CGIDETD (.17)
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Taxum 00pa3som, CYIIECTBYIOT [ABa PEIUEHUs : YeTHOe U; U HeyeTHOe U,
M ecnd | He ecTb HeUeTHOE Liesioe TOJIOXKHUTeNbHOe Yucio, To u3 (5.17)
CJiedyeT, 4To

im Wl =1,

ltje L

3HaunT, BHIPOKEHUE (C; Uy + €, ll,)e~ /2 He OTPaHMYEHO NIPU BCEX Cy, Co,
He PaBHBIX Hymo. HTtak, ue—*2 € 83— oo, c0) B TOM U TOJBKO B TOM
cJydae, KOTAA | — HedeTHOe Liesioe TOJI0MKUTEIbHOe YUCII0 U U — MHOTO-
YJieH OTHOCHUTENBHO f.

3agaumn

1. IMyers Lx = — x4 ¢x, rae GYRKUMS ¢ AeiiCTBUTENbHA 1 HCIPEPbIBHA HA
HHTEpBaJe [0 o) U g(f) — - oo npu f — oo, [Tokazatk, uto pist onepaTopa L umeet
MECTO Ciiyuail IpefesIbHOl TOUKH. Ho;\asaﬂ) YTO CHOEeKTPalibHast GVHKIUS @ 3a1aul
Lx=1Ix, sina x (O)—cosax(O)— 0 CCTb Q)ymanm CKAYKOB C paspelBamMH B
TOYKAX {/lk} k=0, 1,..., 78 25 < Ay . IToxkasats, uro coficTBeHHBIE QYHK-
UMH 9, TIe

wi(t) = y(t, Ax),

HMEIT B TOYHOCTH k Hyjell Ha vHTepBate O < f < oo

Y kaszaHue Hcnonb3osaTh 3agaud 1(a)—(e).

(a) TlokasaTth, 4TO J7Is1 Ka>KAOr0 JAHHOIO AeHCTBHTESBHOTO A QYHKUHUS v;,
rae pa(f) = p(t, A), Iput — co YHOBJIETBOPSIET OAHOMY U3 CIICAYIOMMX TPeX YC/I0BHI
P2 U g — oo, —oo UM 0.

YkasaHue. Ilyers Lo=1(A) BHGpano Tak, uro ¢(f) — 4 > 1 nnst t > lo,
Hcnonp30Bath PaBEeHCTBO pi= (¢ — X)ps W mnoxasaTh, YTO QYHKUHH w1 M
MOTYT UMETB He 00Jiee OJHOTO HYyJsT npu  >> f,.

(b) ITokasarp, 4T0 CymIECTBYET MOHOTOHHO BO3PaCTaKOILas NOCIIeI0BATENbHOCTD
2oy Ay, o .., THE Ap — o0 IIDH N1 — oo, TAKAS, YTO QPYHKIMSA ©; UMEET TOMHO N HY.Iell
Ha mHtepBasie 0 <t < oo IpH Ap_y << A < Ap, THE Ay = — oo,

VxkaszaHnue. B cuny pesyabrara 3afaud 1(a) QYHKUUSA p; EMEeT KOHEYHOe
uyncao Hyseil Ha untepsane (0, oo). U3 pokasarensctsa Teopemnl 2.1 1. VIII cre-

LYeT, uTO QYHKUMM p3 U w3 LIS KKAOT0 JAHHOr0 f > 0 IpH A — — co HMEIOT
OOMH M TOT K€ SHAK ; TaKuMM 00pasoMm, B CUIY pe3yibrara 3agauu 1(a) yuxipis
1z He UMeeT HyJIeH sl A, CTPeMsuuxcst K — oo [u [p(f, A)] — oo npu f — oo, Tak
uto st L umeer mecto ciydad npepesibHOH Touku |. ITo Toit >ke Teopeme GyHKUIHS
; UMeeT HyIM Ha uHTepBase (0, o), eCaM A JOCTATOYHO BETUKO, H HYJU NepeaBu-
ralTCsl HENMpPEepHBHO BJIEBO, KOTJA A BO3pacraer, M BOPaBO, KOrza A youiaer.
Taxum 00pa3em, CYLIECTBYET TaKOE An, UTO JJI51 A < An GYHKUMS p; MMeeT He GoJee
n nynei va unrepsaje (0, o), a 1151 A > Ap — He MeHee 11 + 1 HyJneit Ha uHTEp-
Baje (0, ). Ecny & [OCTAaTOYHO Mano, TO QYHKIWs ¥, ,, VMEET B TOYHOCTH
n - 1 vyneit, n6o ecau 6u 66110 1 4 § HyNeH, 10 npu & — 0 4+ nocyegHNe § HyJei
IOJDKHBI Ob11K OB ABUAraThCs: B 68CKOHEYHOCTh. CIe0BATEILHO, B CJIyyYae JOCTATOUHO
00nb1IOrO (11 -+ 1)-ro HyJIsT MEeTOX 3a1aud 1(a) MOKAaseIBAET, YTO APYTUX HYIIEH HeT,
U TaKOKe, YTO N-H HYIOb HE JIOKUT CIHPaBa OT TOMKH fy(An). 3HAUMT, QYHKUMS v
umeeT He MeHee 11 nynei. C Apyroii CTOPOHS, ecyiM OBl w, HMeNa TOUHO k HyJel, TO To
JKe camoe uMeso Gbl MeCTO ISt YHKUMH p, . OPH JOCTATOYHO MAbiX &. Takum

00pa3oMm, QYHKUHUS p, UMEET TOUHO N HYJei.

(¢) CnexrpanbRast (yHKUEST o eCTh PYHKUMS CKAUKOB, KOTOPAST MOYKET UMETh
Pa3phIBBL TONBKO B TOUKAX Ag, Ay, . . . .

Y KazaHue., PaccMoTpum 3agayy Ha PIHTepBaJTe (0, b) ¢ ycnosuem x(b) = 0
1 COOCTBEHHBIMYU 3HAUCHUSIMU Apj. TOrna, Tak Kak QYHKIUSE o, THE poj(t) = (t, Ap)),
uMeeT TOYHO [ -+ 1 myneit Ha umrrepsane (0, 5], T0 Apj > Aj. C Opyrol CTOpOHSI,
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Abn << n -+ & TIPH AOCTATOUHO GOJIBIIKX b, KAKOBBI Obl HU ObUIM & > 0 M N, TaK KaK
GyHKUMS ¥i,-+¢ HMeeT N +4- 1 nyneil Ha unrepsajne (0, oo). Mcnonb3osars, urto
cb(2) — g(A) npu b — oo,

(d) IMTokasath, uTO Q)vm\umx pi € 82 (0, o) U OPTOrOHAJBHLI,

YkazaHue B cuay pesysibTata 3ajauu 1(a) yx — O npu t — o, u6o ecau
Obt |yk| — oo, TO UMCIO HyJeH QYHKUMHM px Ha nHrepBaie (0, co) He "MOIJIO OBl
MI3MEHUTBCS npu Mas0i Bapuauuu Ax. VICTONB3Ysi, YTO wx U vy — 0 MOHOTOHHO,

o o
N0KA3ATD, uTO | |¥ki df < > M M03TOMY f |px| dt << o0, a 3HAuMT, YK€ 82 (0, o).
Anst n0Ka3aTeNBCTBA OPTOrOHAILHOCTH HCNONIB30BAT q)opmy.ny I'puna u cooTHO-
uieHue : yjpg — yypk — O npu t — oo,

(e) CrnexrpanbHasi QYHKUMS paspuiBHA ISt BCEX Ak, K 2> 0.

Yrkasaunue Ecau 6b QyHKUMS g He UMeNa CKAauKa B TOUKE An, TO B CHAY
OPTOrOHA/ILHOCTH (DVHKIMH y, KO BCeM wj, / # N, paBeHcTBO Ilapcesanst He umeno
Obl MecTa.

2. Ilyere p==1, a pVHKUWIA ¢ JeHCYBUTC/IbHA 1 HeNpephLiBHA HA MHTEpBase
[0, o) 1

lim inf ¢(t) = p
fow
351 HEKOTOPOI'o p, — oo < p < oo, Jjns1 & <C w CHEeKTpanpHasi QyHKUMSA o 3a7ayn
Lx=Ix, sinax(0)—cosap0)x’(0)=0

eCTh (YHKIlA CKAYKO0B CO CKAYKaMH TOJIBKO B TOYKAX BO3pacrawilel rnociemora-

TEJNBHOCTH Ay <7 74 <7 ... < . UHCJIO TOYEK Aj (B CiTyuae, €Clid OHO KOHEYHO) PaBHO

4yucay HyJsied OyHkuun ., Ha HHTepBaje 0 <t < co. Eciu 31a nociegosartensb-

HOCTb HC IIYCTa, TO PYHKUMS pn HMEET B TOUHOCTH N HyJel Ha uaTepBae 0 < < co.
Y kaszaHue Cum 3azauy 1.

3. INoxkazartk, 4TO ecim N — udc10 HyJeH pemenust 3ajaud — X’ 4+ gx = 0,
x(0) = O na unrepsaie (0, o), rge QyHKUMS ¢ AeHCTBUTENBHA, TO

n<| tjq()|dt.
0
Yrkasaunune Ilyete lg(f)] = k(). Ecim e 1 8 — nocjieqoBareibHele HYJIH
pelleHust ¢ ypaBHeHHs
x" -+ hx =0,
TO

t
ot) = alf — u)— J(t — 5) h(s) 9(s) ds.

HUcxoas oTcioia, nokasath, 4t o) < la|(f—a) psia <t < B u
4
1< [ (s — a) h(s) ds.
4. Tlvers GyHKUES g feliCTBUTENILHA M MHTErpUpyema Ha nHTepBade (0, «), T. e.

[1awiat < oo.

0
INyers Lx = — X" + ¢x 1 pacemoTpum 3agady Lx = Ix, x(0) = 0. I'Ior\asa'rb YyTO
a1 onepatopa L nmeert mecto ciryyaH npegenabHOH TOUKH H-uTO A1 A > O CHeKT-



2718 1. IX. CUHIYJISPHBIE 3AJAUU OJ1s1 YPABHEHUIT BTOPOIO nopﬂnKA

panbHast QYHKUMS IpUHALIOKHUT Kiaaccy CL Jlanee mokasatb, 4ro eciad [ = §2, 10
$yaxuus y(t, s), rae (0, s) = 0, (0, 5) = 1, YROBJIETBOPSIET COOTHOWIECHHIO

v, s)— ( ) sin (st — a(s)) — 0

fipu t — oo, Ie GYHKUMST A HelpephiBHA U MOJIOXKUTENbHA, a QYHKLHS ¢ HCIPephiB-
Ha U JeHCTBHTEIIbHA. ,l]ox?saTb yTo At A > 0

( )= .ﬂAz(g‘/z)

Ykasanue. Haa s> 0 noxaszaTh NPH IMOMOLIHM DOC/IELOBATE]IBHBIX TPH-
OJHKEHUH, YTO ypaBHeHHe

o

[ sin s(t

gt 5) = eits — = 4@y oz, 5) v

3

HUMeeT OIpaHMYeHHOe pelIeHre U, CIEN0BaTeIbHO, UTOo @, (f, §) — e/s — O 1pu ¢ — oo.
Ilokasats, uto L ¢y = s% g,. (33M€TMM yT0 pelleHue ¢, cymecTsyer npu Ims > 0.)
IToka3aTh AHANOTMYHO, YTO CYIECTBYeT (YHKUUS ¢, COOTBETCTBYIOL[Ast e—ifs,
Hu ¢, HU @, He NpHHANIEXKAT Kaaccy L2 (0, o). ITokasaTh, HCIOJB3VSL 3ajauy
1 ro. I, OTHIpaBAsisach OT yPaBHEHUS

t
sin st ‘ sin s(t 7)

ylt, 8) = =~ v(r, 8) g(x) dr,
0
yT0 QYHKUMs |{p| orpanuyeHa npH f— oo H, NOJABL3YSACHL ITHM, 4TO NpH { — oo
(i, s) — ()sm (st—a(s)) = 0,

rae

o

A(s)ein = 1 - I“ei“ 4(v) 9(, 5) dr

U MHTErpas CXONUTCST PaBHOMEPHO. TaK KaK ¢ = ¢y -+ Gy, TO IOKA3aTh, I10NIA-
rasit — oo, yT0 ¢; = Ae—i®/(2is) u ¢, = ¢,. CaenoBareabH0, U3 paBeHcTBa A(S) = 0
crenyer, uro (f, §) = O ans Bcex f. Paccmorpum 3agauy Lx = Ix, x(0) = x(b) = 0.
Torpa co0CTBEHHbIE 3HAYCHMST COBMNANAKT C TEMHM SHAYEHUSIMH S, IJIs KOTOPbIX
pb,s) = 0. Hust GonbwMx O B MHTEpBaNE (Sy, S3) COTEPIKNTCS (Sq — §;)b/= - ¢
COOCTBEHHBIX 3HAYEHHH, e [¢] < 4 H

nipudeM & — O npH b — oo, Takum 00pasom, gisi Goapwux b

2(sp—8y)8*
m(A2 4 2es?)’

rae s CONEPIKUTCS B MHTEPBAC (Sy, Sp). [Ipi b — oo

Bo(S2) — @b(S,) =

. ~ 2 (s 32
9(82) - Q(Sl) - (7'62142 (:;
AJIsT HEKOTOPOro § M3 HHTepBana (sl, 55). I/ITaK,
FCR nAZ( )’

rae g(s) = o(s?).
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5. I'lokasaTb, uTo €ciu B3ajaye 4 § KOMIUIEKCHO, TO QYHKUMS I, onpeneneHHast
PaBEHCTBOM '
F(s) = A(s) eie®),

avanaurHuyHa 1o § piaa Im s > 0. Ilokasate, yTo QyHKIust F(S) MO>KeT 00pamaThCs
B HYJb JJ1st Im § > O TosbKO TOIAQ, Korga Re s = 0. Ilokasats, uro tam, rae F(s) =
=0, p(t,s)= O(e—isf) 1, CHNeROBATEIbHO, CYLWIECTBYeT COOCTBEHHOE 3HAueHHe.
6. B cnyuyae xpaeBoif 3agaun Ha unTepBaje O < f < oo €0 CHEeKTPaJbHOMR QyHK-
1Hel o TIOKadaTh, UTO €CSIM 7 MPHHAIEHHT TOUYEYHOMY CHEKTPY, TO (YHKIUS P,
rae p(t) = (¢, &), NpuHAAIEKUT KIaccy L2 (0, wo).
Yxaszanue. Ilyete f=Pp gusit < au f=0nmnat > a Ilycrs

[4

| 10 wit, 2) dt = ga(A).
G
Torpa

10/ dE = | 1a(A)? de@).

—-C)

0
IIyers o(A + 0) — (A — 0) = r. Ilokasatb, uTO

a
|.‘ P i2df < !
KA. -
. P 7
0
7. Idas 3agaun Lx == IX, — oo < [ <[ oo Q0Ka3aTh, YTO H3 DPa3PLIBHOCTH Ma-
TPHUBL g [IPH A = A CIEAYET, UTO MO KpaiHell Mmepe 0JHO pelieHye ypaBHeHnus Lx=Ax
MPHHALIEOKUT KIACCy L2 (— oo, o),
VY kasaunue. [Iycts ckauku QYHKUHH 01;, 0;0 H Qo9 B TOUKE A PABHBI COOTBET-
CTBEHHO 7y, Iy, Fos. ECIM OYHKUUS [ € &2 (— oo, o0) 1 AeHCTBUTENBHA, TO

“

el [ 2 ([ ) o [

—a —a —a —a —a

Tloaarast f=ri2 ¢, + Doy, THE b= ry/r}y?, Aokasate, uto fe 82 (— oo, co)
Ecau ry; = 0, TO J0Ka3aTh, UTO @, € &2 (— oo, o0).

3amevanus. Ecmuri, < ry ry, TO CYWECTBYIOT B2 HE3ABUCHMBIX PELICHHS
B Kiaacce L2 {— oo, o).

8. Hns KkpaeBoii 3anaun Ha uHrepBane O <t < oo, Jas KOTOPOH UMeeT MeCTO
ciiyualt IpesiesibHON TOUKH, CIIEKTP 3aBUCHT 0T « B IDAHMYHOM YCJI0BHM Ipu t = 0
u Gyger o6o3Hauathest yeped S(a). O603Haunm uyepes S’(¢) HPON3BOAHOE MHOYKECTBO
MHOKecTa S(a). JJokasate, yTo S’(«) He 3aBUCHT OT &.

Vkazauue. O003Hauum uepes S*(a) HONOJHEHHE MHOMKeCTBA S'(a) Ha
UHTEpBAJe — oo < A < co. Ha mHOXKeCTBe S*(a) MATPHLA o NMOCTOSIHHA, HCKINOYast
MSOMHPOBAHHBIE CKAuKY, TaK uTo H3 (3.10) u (3.9) cnenyer, yro QYHKUMSA Mo, TOE
Me(l) = Me (I, @), ecTb MepomoppHas Gynxkuus I, neiicTBUTEIbHAS Ha MHOXKeCTBE
S*(a). Toraa mist @ = a; QYHKUHS Moy, TOE Mey (1) = Meo (I, @;), MEPOMOPDHA Ha
MHOKecTBE S*(e;). Ect y = a; —a, T0

[ +ctgy me(l, @)

>Ctg Y— My (11 al)

Wrak, QyBKUMS M. MepomopdHa H [eiCcTBUTENIbHA Ha MHOXECTBE S*(a,). 310
JoKassiBaet, 4o S*(a)D S*(a,). Tak Kak « U @; MOXKHO HOMEHATb MECTaMH, TO
TeopeMa [OKasaHa.

My (1, a) =
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9. MHOXXeCTBO S* — [0NIONHEeRMe MHO)KeCTBa S’, onpesiesleHHOe BblLIe, OTKPLITO
M, ClefoBaTeNbHO, SBJISIETCSt 00beAHHEHHeM WHTepBasioB. 113 npuBefeHHOH Bbillle
dopmynel st GYHKUHMH Mo (l, @) SICHO, YTO Ka)kaast TOUKA A MHTEPBasa eCTh MOJIOC
M. NpH HEKOTOPOM BHIOQDE @, a MMEHHO NpPH Ctg (a; — a) = M (4, ;). Taxkum
06pa3om, Karkjasi TOUKa HHTepBaJia PHHANJIEXKHT TOUEUBOMY CIeKTPY P(a) KpaeBoi
3aauu UIsi HEKOTOPOro o. TOrxa Ha Ka)kKIOM MHTepBajie & MOXKHO PacCMaTpHUBaTh
KaK QYHKLHIO A C TAKMMH 3HAYEHHAMU a (L), uTo A € P(a). JJokasaTh, 4TO 9Ta (YyHK-
IS A PeryjsipHa Ha Ka)KAOM HHTepBAaJie MHOKeCTBA S* M MOHOTOHHO BO3pacCTaer.

Ykasanue. M3 popmyan (3.10) cmeayer, uto (dMme/dA)(A, a;) > 0. Us
YCIOBHS Ctg (&) — @) = M (A, @) TOoTyyaem

= s e (4,
di 1+ m2( o) dA

10, Ilycte Lx = —x” 4- q(t)x ma wunHrepBane 0 <! < oo, rge QYHKUUS ¢
JeCTBUTENILHAST, HelTpePRIBHAST U ITePHOAHYECKasI C TepUoaoMm 1. JJoxasath, uto S’ eCThb
o0beINHEHNE 3aMBIKaHNI HHTePBAJIOB NPSIMOH — oo < A < oo, Ha KOTOPHIX YpaBHe-
HHUe X” + (A — g)x = 0 ycToituMBo, T. e. J0Ka3aTh, B 0603HayeHusx § 3 ru1. VIII, uro
S’ cocTouT U3 TEX TOUEK, ST KOTOPBIX f2(A) <L 4.

Y xasauwne. s onepatopa L umeeT mecro ciyvail npefeibHoH Touku [no
Teopeme 2.4 1M U3 TOro JaKTa, UTO Ha MHTEepBAjle YCTOHUMBOCTY HH OfHO PelleHre He
NPHHANIEKUT Kiaccy £2(0,c0)]. Takum obpasom, aist Im [ 0 0quH XapaKTepucTu-
YeCKMH MYJIBTHILIMKATOD Y(A) YRORNETBOPSieT YCIOBHIO [y(A)| < 1. MynabTurnin-
KaTOPHl SIBJIAIOTCST KOPHAMH ypaBHeHus 62— of(l) + 1 =0, rre

1O =¢0, b +v(,)

B 00osHaueHusx ria. VI, u p() — oaHum 13 xopHeit (f £ Vf2—4)/2. Has
3aaud ¢ ycaosuem X(0) = O GYHKUUA © + Moy € £2 (0, o0) U SIBISIETCS HOITOMY
pEWEHHEM ¢ myabTunukaTopom p. Htak, ¢(l, ) - mo(l) p(1,1) = y u noaromy
Mms{l) = (v — (1, D)/p(1,{). Buyrpu uHTepBanoB ycroMumsocT ;2 <4 u (i)
CTPEMMTCS K KOMIUIEKCHOMY YMCJY, PABHOMY I10 MOAYJO eauHuue npu Im ! — 0.
3HaumT, Im m., # 0 Ha UHTepBanax ycroiHuuBocTH. Ha HHTepBasax HeyCTOHUMBGCTU
Im me — 0, 3a HCKTIOYeHHEM TeX TOYeK, rie nenast Qysxuus y(l,!) pasHa HyIio.

11. Mycte oneparop L Takoif, kak M Bellle, HO BO3bMeM TeNepb MHTEpBa
— oo <t < oo, IToKa3aTh, 4TO B 3TOM CJIyyae CneKTp S TOXKAECTBEH C MHOMECTBOM
S’ sagaun 10 u S HenpepoiseH. .

Yrasanne. My =9, )/(y2—y) n My=(1—¢f+ ¢/ (y1—
— ) y). Tak KaK HM OHO M3 pelleHMil YpaBHeHUst Lx = IX He NPUBARTIEIKUT
KJaccy £3(— oo, c0), TO M3 Pe3yAbTATA 391auH T CIEAYeT, YT S HelpepHIBeH.

12. IMycte fe 82 (0, o) u nycTh anst oneparopa L umeeT Mecro ciyyaii rpe-
AeJbHOI TOUKY Ha HHTepBale 0 < t < oo, Kak B Teopeme 3.1. Eciin ! He MPUHALJIEIKUT
CIeKTPY (B uaCTHOCTH, ecam Im /! » 0), To 3agava Lx = Ix -/, sinax(0) —
— cos a p (0) x’(0) = O mmeeT eAMHCTBEHHOE peruenye h B kinacce £2(0, o). Ecan

ity= | & w(t, ) de @),
0

TO NI
h{t) :j fi),fﬁ’g_’j)l _9( j,

—c0

T7ie MHTErpan cxonutrcs B 82(0, oo). (Takum 06pasom, oneparop L — [ umeer o6pat-
HBbIM, ecyid [ He NPUHAMIEKUT CHEKTPY.)

a
VYxasanue. Ilycrs by = fgzp do/(A —1). ITo nemme 3.1 (w1u 1m0 TeOpeme

—a
3.2) dynxumu e cxopsites B 82 (0, oo) K npeneay h Npu @ — oc. OUeBHAHO, uTO fig
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YAOBNETBOPSIIOT Kpaesomy ycnosuio npn = 0. JHanee, Lhe=lha + fa, Tne
a

fo= | gwde, u oTciopa cnepyer, uTo
—a
t

ha= [ [9(6,1) 9(z, ) —0(t, ) @5, D] fa(®) s + (@),

.0

rae c(a) — nocTosiiHast. Takum 00pasom, NpH @ — oo
t

= | [ot, 9@ ) —wit, ) 9z, D] @) dr + c(=) v,
B
npUueM NOCTOSIHHAsE C(oo) JOJDKHA CYMIECTBOBATh, TaK Kak hg — h, f;— f. Urax,

Lh=1lh + { v QyBKUMs 71 YROBAETBOPsieT yCJOBHI0 NpH t = 0. Ocraercst Jo0KasaTh
eqUHCTBEeHHOCTb h. us Im i # O aro caeayer U3 Toro $akrta, uto QyHKUUS p HE

npuHagnexukt kaacey £2(0, oo) npu Im ! 0. [nst Im [ =0 nycts /= A. OueBuano,
P = $(t) = p(t, 1) ecrb co6cTBeHHAA GYHKUMS, COOTBETCTBYIOUIASE HEKOTOPOH QYHK-
UM gp AJIsT HEKOTOPOTO YCJIOBUST B B KOHue b, H00 QyHKIMs p gelcTBuTeNnbHA. ECiaH
# € 820, o0), TO CKaYOK (QYHKUNM gb B TOUKE A HE CTPEMHTCSI K HYJIO IpU b — oo
1 A TIPUHAIEXKUT CIEKTPY . UTaK, 3HAUEHUE A He NPUHAIIEKHUT CIIEKTPY, GYHKLHMS
# He IPHHaIeKUT Kiaaccy £2(0, o0) H, CJiefioBaTesbHO, QYHKUMS /I CIMHCTBEHEA.

13. Ilycts D o6o03Hauaer kjacc (YHKUMH, YAOBIETBODSIOIUMX yCioBuam (i),
(ii) M (iii), npuBeeHHbIM HibKe paBeHCTRA (4.9). Kpaesast 3agava Lx = Ix, sina x(0) —
— cos a p(0) x’(0) = O HasbiBaeTCs! CaMOCONPSDKEHHOMN, eC/n Uit 00X QYHKLHH
uveD

(Lu,v) = [ (Lu) wdt = Ju(m dt=(u, Lv).
0 0

INokasath, uT0 €CJH s onepatopa L umeer mecto ciayvai mpejejbHOH TOUKR, TO
3ajjaua CaMoCOINpsDKeHa. .
YV kazaunne Ilyerse Iml#0, Lu—lu=f n Lv—Ilv=p. Torpa
s

[, p € 830, o). Ilycts g = f fpdt u nyctb QYHKUMS ¢ aHAJIOTHYHO CBSI3aHA °C
¢

a
Gynxuueit p. Iycrs ug = f pg do/(. — ). ‘Torpa B -CHJy pesyJbTarta 3ajaun 12

—a
ug; — u B L0, o). Ilycry QyHKLMS v ONpeJesieHa aHasnornuHo. Mveem
" a d a”d “
Crar [(Tvde [ 4de
Jra [ 95 =] 1 e
0 —a —a 0

ITonarasi p — oo, mosyuyaem

©

(f, va) = { foadt = Jf—_’il de.
0 —a

Ho BripakeHue (Ug, p) Taroke PaBHO UHTErpajy, crosiiemy cnpasa. Taxum 06pa-
30M, (f,va) = (Uq, p). Tlomarasg a - oo, moayuaem pasencrso (Lu,v)= (4, Lv).

14. B Teopeme 3.1 GbLIO MOKA3AHO, UTO GYHKLKS o €AHHCTBEHHA B TOM CMBICIIE,
4TO BCE b — 0 IPH b — co. JOKA3aTh CeAyIouHii Goee CHIbHDBIA pesynbTar. Ecin
ycnosus (3.6) U (3.8) BHINOIHATCS € 3aMeHOH QYHKINH o Ha HEKOTOPYIO $yHKUHI0
TO § MO/DKHA OBITh paBHAa QYHKIMH ©, OUpPeAelIsieMoii COOTHOWEHHEM (3.9).
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Vikaszanue. IIycts fe 820, o). TOrma eXHHCTBEHHOE peuieHUe fi 3agauu
12 mo>xer ObITh IIPEACTABJIEHO ABYMs1 Crioco6amy, Tak uto s Im [ > O unrerpast

a
[EB2D o — gy 3y = Futt 0
—G
. ,
cxopurest B 22(0, ) K O npu a — oo, Ilycts I' (2, 5) = ( p(, A) dt. OueBUIHO,
~s 0
I e 2%(0) u &2(p), 6yayuu suaa (3.11). Bepst uxrerpad J Fqdt 11 nojarasi a — oo,
0

TioJIyyaem

(81 40~ p iy =,

Takoe yKe PaBeHCTBO MMeeT MecTo, ecau [ 3amenutb Ha l. Ecnu | = p + iv, TO

= 2
N1 —-D-1 = ]
(A0 A—=D = I=F
Taxkum oGpasom,
EATR,s)
o[ G de—d ) —o.

—c0

HHTerppysi no w B Opefenax OT py A0 i, U Nonarasi » — 0, noayvaem

o
| e TG, 5) de—8) W) =0

#y
AJ51 BCeX iy H . JuddepeHuupyst 370 paBeHCTBO IO §, HAXOAUM

He

v nae—a @ ~o.
o

Hyers ft) =1 anst 0 <t <<t u f(f)= 0 ansa t >> . Torga g(A) passo I'(%, 7), 1
AuGdepeHIUPYS MO T, IOJIyYaem
!fa
#y
Ecin a # «/2, nonaraem s =7 =0 U HUCOOIb3yeM paBeHCTBO w (0, A) = cos a.
Ecmt a = «/2, quddeperunpyem o = 1 s K 3aTem mojaraem 7 = s = 0. B moGom

cnyyae
He

de—@)(4) =0,
)
YTO JIOKA3LIBACT PEBYJIHTAT.

15. B cnyuae mpefesbHOro Kpyra reopema 4.1 mokasweiBaer, uto X’ Ax2 < oo,
FJie LITPUX O3HAYAET IIPONYCK HYJIEBOI'0 COOCTBEHHOr 0 3HAYEHHS.
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Yrkasauue. wpr= (d— L) &) k. 3Hauut, no HepaseHCTBY Becceis,
NPUMEHEHHOMY K QyHKumMH G(t, 7, [;) npy GUKCHPOBAHHOM T,

7 N . 2
[}é\([’ 7, ) 2 dt > ‘\-‘ [}E&L")L
J 1
0

a1 Beex N, rae rg — HOPMUPVIOIIMH MHOMKUTeJb. VIHTErpupyst 1o t, mojpyvyaem
pes3yabTar.

16. Hns onepatopa Lx = — X"/ + {rz—%) /12] X, 0<r<1, npu t=0

JMEET MecTO cutyualt npenenbhHoro xpyra. Ecnu [ = s%, TO peLleHHs YpaBHEHUsI
Lx = Ix umetoT Bug 2], (st) utti2 J_.(st), rme J v J_r— dynxuun Beccens. [Tycts
x’(1) = 0 n paccmoTpnm Kpaesoe yciaosye npn = a < 1. Onpenenuts QYHKUUIO
mg(l) ¥ moxasatb, YTO
iy = — L SO =5 )
TN T ) T
rae ¢ — mo0asi feliCTBHTeNILHAST NIOCTOSTHHASL.

17. Tloxazarts, urto ecnu ajst omeparopa L umeer mecro ciyuya¥l npenesbHOMN
TOUKH B o0 U — oo, TO 33/1a4y2 Lx == IX caMOCONPsDKEHA B TOM CMBICIIE, YTO

(Luyv dt = | u(Dv)dt

15151 BCeX QYHKUUHI U, v € L2(— o0, o), KOTOpEIE HMET abCOMIOTHO HeNpepbIBHBIE
IepBble NMPOU3BOJHBIE B Ka)KIOM 3aMKHYTOM ITOAMHTEpBaJle HHTepBana (— oo, co)
u st Koropeix Lu, Lv € 82 (— oo, oo).

Y Kk a3aHue. MoguduunpoBaTb MeTOA 3a1auu 13,

18. CoopmynupoBaTh 1 J0KA3aTh AHAJIOT TeopeMbl 3.2 M5t Cayuasi VHTepBajla
(— o0, o), €CJIM 71 orepaTopa L MMeCT MeCTO Cliyyai npeje/bHOf TOUKY Ha 000UX.
KOHIIAX —- oo U oo,

19. Onupasicb Ha 3amcyaHue, cienyioiee 3a popmyaamu (5.16), chopmynmpo-
BaTh M JOKAa3aTb TOYHBIC TEOPEMBI.

20, ITycTs X — BeKTOp C KOMHOHEHTaMH X; M X,. ITyCTb LX — BEKTOp C KOM-
TIOHEHTaMH

TRy | ,_4d
Lix = pp'l:x,) + rxy + 1 { = }1?) s
Lox = — p'l(p'lxy)’ + rxy -+ go¥s,

rac QYHKUUM p ¥ P’ HETPEPhIBHEL, p > O M QVHKIMK T, Gy, §, XeHCTBHUTE/IbHBI U He-
npepbiBEBl 151 O <t < oo. Ilyeth u H v — BekTOpbl Kjacca C! Ha MHTEpBaye
0 <t <7 oo. IlycTh 211-v 06O3HAUAET REIMUNHY U, P, + U,P,. ITOKazaTth, 4ro

t:
‘ (Lit -y —u - Lv) dt = [uv] (t,) — uv] (1),
te
re [ur] (©) = p(f) (ua() B2() — u1() B,(D)) .
ITycts ¢ M yp — pellleHHst ypaBHeHus1 Lx = IX, ya0BJIETBOPSOILUE YCIOBHSM
Py, (0,0) =sina, p':(0) 9,(0, /) = cos q,
p(0) 9, (0,1) = — cosa, ph(0) ¢,(0,7) =sina.

(a) Paseure Tteopuro § 2 ana sapaun Lx = Ix, x,(0) cos a — x,(0) sin @ = 0.
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(b) PasButb TeopHio § 3 [s1s1 aTol 3aauM B ciyyae npejesbHOH TOuKu (onpene-
JIUTH IOCTIeHEe HOHHTPIE) B uyacTHOCTH, 1MOKa3aTh, YTO €CJIM BEKTOP [ IDHHAMJIEXKHT

rjaccy £2(0, «), 1. e. J f-fdt <7 oo, TO Haiinercs Taxasi ManI/lI.lao YTO MHTErpaji

o

¢ = | 1) vty at
0
CYIIECTBYET U

10 = [ v(t, ) 82 deh.

—0

(¢) PasButh Teopuio § 4 aJisi 3TOH CHUCTEMBI.
(d) dopmyaupoBaTh pe3yJbrathl § 5 aJist 3T0# 3a7auH.



Faasa X

CUHI'YJIAPHBIE CAMOCONPSH)KEHHBIE KPAEBBIE 3AJAUH
U1 YPABHEHHUI NOPSIKA n

§ 1. BBENEHHE

B 3101 riase Teopus ri. IX Oyzer pacnpocrpaHeHa Ha ciiyyait ypas-
HeHunit nopsiaka n. Onpegenum $popmasnpHell AuddepeHMansHbIH one-
patop L paBeHCTBOM

Lx = pox® 4 pxn=D 4 . 4 pux.

[peanonaraetcsi, 4TO p; — KOMIIJIEKCHble QYHKLUAM C 1 — k HeNpepEIB-
HbIMM TIPOM3BOJHBIMM Ha OTKPBITOM UHTepBane a < f < b, Tpuuem
Cllyuau ¢ = — oo, b = oo WJIM OJHOBpeMeHHo 00a fonycrawTcs. anee,
po(t) 5= 0 11put @ < { < b u omepaTop L COBNaAaeT cO CBOMM CONpPSIKEH-
HbiM L+ 1o Jlarpatxy

L5 = (= 17 (o) + (— D1 B0 + .+ Pk,

3aMeTyM, UTO 71 MOYKET OBITH HEUETHBIM U UTO MPH 11 > 2 MOTYT Tenepb
NOABATBHCS] KOMIUJIEKCHBIE KO3QDULNEHTHI.

Brauane 6yaer noxasad ofwiuil pe3yyupTaT 0 pasio)KeHUnd M paBeH-
ctB0 IlapceBassi, a 3aTeM — Teopema 00pawleHHs U JBYX Ba)KHBIX
cnyyaes. Hdasee OyeT ycTaHOBJIEHO cyllecTBoBaHMe QyHKIMU ['puHa u
€e CBfI3b CO CIIEKTPaJbHBIMU MaTpHUUAMH.

[pocredimuii npumep, nnmoCTpuponmuﬁ U3JIaraeMy TeopuIo,
A0CTaBiseT onepaTop Lx = ix" Ha uHTepBane — oo <t < oo. 3AeCh
ypaBHeHMe X' = IX uMeeT CBOMM pelieHuem e~ y Teopema pasino-
>KeHMs1 JUIs1 3TOTO ciyyast coBnajaer ¢ Teopemoit IlimaHuiepesns.

Kak u npewje, UCIOJb3yeMblii MeTOA ONMpaeTcss Ha MOCTAHOBKY
CaMOCONPSDKEHHBIX ~ KPaeBBHIX 3ajad Had 3aMKHYTHIX ~MHTEpBaJax.
0:a<t< bTae a < a< b < b. Takum o0pasom, Ipejlosaraercs,
4To Ha O JaHbl 11 JIMHEHHO He3aBUCHMBIX CaMOCONPSHKEHHBIX KpaeBhIX
ycnoBuit

Usjx = 2 (Misjee x%=D (@) + Nojpe xE=H (b))— 0(G=1,...,n). (L.1)

(To, uTo Takue YCJIOBHSt BCerjia CYLUECTBYIOT, Korja L = L+, MmoKasaHo
B 3afave 15 r1. VII.) Yenosus (1.1), onpeaensiemble MaTpuuaMu Ms =
= (Msj) 1 N5 = (Nsj,), COKpalLeHHO 3anuceBalTcsl B Buje Usx = 0.
KpaeBast 3agaua Ha 0

Lx=1x, Usx=0 (1.2)
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CaMOCOTIpsSKEHa ¥ MOITOMY CYIIeCTBYET HOJIHOE OPTOHOPMMpOBaHHOE
MHOYKeCTBO COOCTBEHHBIX GYHKLMH {¥s,} M COOTBETCTBYIOLUME COOCTBEH-
Hple 3HaveHust {As}.

st QyHKUMi u, v u3 npocTpaHcTBa L3(0) CKassipHOe NpPOoK3Be/eHNe
¥ HOpMa OIpeesIsloTCs PaBeHCTBAMH

(U, v)s = [m? dt, llulls = (u,u).
]

3ty BenmuuHbL st QYHKUMA u3 L%(aq, b) OyayT o6osHayaTbCsi yepes
(w,v) u |uj}, T. e.

ul = (u,u)"-.

i
it

@w:jwa

a

§ 2. TEOPEMA PA3JIO)KEHMA W PABEHCTBO IAPCEBAJIA

PasenctBo TlapceBanst pisi camoconpshDKeHHOH sajaun (1.2) umeer
BUJ

fullf=
k
rae u € {2 (9). [ycrb ¢; = @ft, 1) (j=1, . . ., n) — pelueHusi ypaBHeHust

Lx = Ix, KOTOpBIe MJIsi HEKOTOpPOTO (UKCHPOBAHHOIO ¢, @ < ¢ < b,
YI[()BJIGTBO[)HIOT YCJIOBI/I_'FIM

PE(, ) =0 U k=1,...,n), (2.2)

v

(ll, Xék)dl'z, (21)

v
1

[

rae 0;,— cumBoll Kpouexepa. IpousBomnbie ¢~V npu pUKCHPOBAHHOM
t ABNAIOTCH HenbiMu GyHKIMaMM [ TaK KaK pelleHnst ¢, He3aBUCHMBI, TO

n
xorl) = N o @ity 2or) (2.3}
=

Ile s — KOMIUIEKCHBIe NOCTOsIHHBIe. [loactaBnas (2.3) B popmyny
(2.1), sanuem paBeHcTBO [lapcesainist B BHie

=)

fuli= | 2 2l gn®) dasp(h, 2.4)
]’ =

—

Tae '
g = | @, %) u(t) at (2.5)

2

M MaTpuua os = (0sj;) COCTOMT M3 (YHKUMH CKAaYKOB CO CKAUKamHh B
coOCTBeHHBIX 3HaueHMsIX. CKaYKy B COOCTBEHHBIX 3HAUEHMAX OINpeje-
JA0TCA PaBeHCTBOM

osjk(Ap + 0) — osji{Adp — 0) = D' Tom; Tom, (2.6)
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rie cymma Oepercs IO BCEM TAKUM M, YTO Asn = Asp. (3aMeTum, uto
pasnAyHble QYHKUMA Ysm MOTYT COOTBETCTBOBaTb OJHOMY Y TOMY JKe
c0OCTBEHHOMY 3HA4EHHIO Asp.) OUEBUIHO, 9Ta MaTpula 001aaeT Cleaylo-
IIMMUA CBOMCTBAMH : ‘

(i) MaTpuua gs 3pMUTOBA.

(if) Marpuna «s(4) = ¢s(A) — co(t) HeoTpuuarenbHa, eciu 4 > u,
A= (g, A]. .

(iif) INonnast Bapnalyst QYHKUMH ¢4, KOHEUHA Ha Ka)KJIOM KOHEUHOM
J-uHTepBane.

[pennonoxum, ganee, 4ro co(0) — HyeBast MaTpuna U ro(A 4 0) =
= 0s(4). BBupy ycnosusi (ii) MmaTpuua ¢s HeyObBaromasi. Marpuiia (o
Ha3bIBACTCS CIEKMPAAbHOL mampuyelf. 3aMeTiM, YTO OHAa 3aBUCUT He
TOAbKO OT 3ajauu (1.2), HO TarKe OT BbIGOpA HE3aBHCHUMBIX pelueHwil
ypaBHeHust Lx = Ix.

B arom maparpage 6yzner noxasaHo, 4To cooTHouleHue (2.4) ocraeTcst
CrpaBe/UIMBHLIM, €CJIH BCIONY 3aMeHUThb 0 Ha (g, b). Cienymomasn Teopema
NOKa3blBaeT CYLLeCTBOBAHMe IO KpaitHelt Mepe O0AHOI IpeaenbHOR
MaTpHLBl p Apu é — (a, b).

Teopema 2.1. [lyecmw {0} — MHOMCECTIB0 UHIIEPEAA0S, (X007~
wuxcs K unmepsary (a, b), u {Usx =0} — coomeemcmeynwuee mro-
HCECINBO CAMOCONPANCEHHBIX Kpaessix Yeaosull. Toeoa {8} codepmcum
nocaedosamebHocms {6;}, cxo0awyrwca k unmepeany (a, b) npu j— oo u
Maxkyw, 4mo npedesbHas Mampuya

o(2) = lim g5(2)
j_;m

cywecmsyemn Ha uHmepease — oo < A < co. Kpome mozo, npejeis-
HASL MAMpPUYya p Y0084emeopaem copmyauposanHsim eotitle yeaosuam (i),
(i) u (iii).

Jorkas3aTenbCTBO HENOCPEACTBEHHO CJIEAyeT U3 TeOpeMbi
BbIGopa Xenu U ciefyollero ¢axra : Ajad JaHHOro u# > 0 cyiiecTByeT
quco M(u) < oo, He 3aBHcsALee 0T 0 Wi Us, Takoe, uto 1iist [A] < p

"
[ 1desnthi < M. (2.8)
UTo0Bl N0Ka3aTh HepaBeHCTBO (2.8), 0CTaTOYHO B3ATH | = k, TAK KAK
u3 popmyisl (2.6) cneayer, uro
u 1 n
2 [ |dosu®| < [ desy)+ [ dows().

~u —u —n

dynKuuu ¢ 1 HenpepLIBHAI N0 COBOKYTIHOCTY TepeMeHHBIX (2, A) ¥ npu

t = ¢ paBHbl 0;,. Takum 00pa3om, Ul NAHHOIO 4 CYIECTBYeT TaKoe
h> 0, gto

‘ 1 ;
PEVA) 0| < 5 (2.9)
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s c<t<c-+h un |A < p. IlycTs f—HeoTpuuaTeabHast QYHKUUS
wiacca C" na uHTEpBae (a, b), o06palnanilascs B HYJIb BMECTE CO CBOUMH
nepBbIMK 71 — 1 TIPOUSBOJHBIMU BHE MHTepBana (c, ¢ + h) u HOpMUPO-
BaHHasl TaK, 4TO

cth ’ .
| fydt=1. (2.10)
¢
HepaBeuctso DBeccenst B IpuMeHeHHH K QyHKUuH (— 1)1 fon—1),
(m=1,... n) npd QUKCUPOBAHHOM m JaeT
cth
| fervizat> j 87 () dosut ), @.11)
c —ud k i
rie

c+h c+h

2@ = (= 1 [ @ Hfrn@dt= [ 90 ¢ Hind.

4

B cuny cootnowenuit (2.9) u (2.10)

; 1
|26(R) — Oyl << 6n2
y1o BMecTe ¢ (2.11) paer

c+h £ on
f |fem=Dizdt > 5 j dosmm(A) — H ‘ ;ldgau‘(fi)-
P —u —_n J=

CyMMUpYA NpejbIIyie HepaBeHCTBA OT M = 1 jo m = n, HoJydaem
oLeHKy (2.8) H, CIIE/0BATENBLHO, TeOpeMy 2.1.
HAnst KaIoi Tako# npejenbHON MATPHULB! o IPOCTPAHCTBO 92(@)
ONpeJIesisieTCsT KaK MHOXKECTBO BCeX BeKTOp-OyHKumid ¢ = (g)), 7= 1,
.+, 11, HU3MEPUMBIX OTHOCUTENILHO o U TAKUX, UYTO

oo

i = > G e dentd) < oo

S k=1

Teopema 2.2. ITycme p — npeéeﬂbnaﬂ mampuya, onpedeseHHasa 8
meopeme 2.1. Ecau | € 2(a, b), mo cywecmeyem gexmop ¢ € L3(p), maxotl,
4mo ecau

o= [aeHind (@), (2.12)

mo
lg—gll—0  (6—(a,b). (2.13)

Hmetom Mecmo  6olpamceHHsle Npu noMOWL 3mo20 6eKmopa ¢ pase-
cmso [lapcesann

fil =1 gl (2.14)
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U pazaodcerue

0= 3 ot,2) g doa(h), (2.15)

—w jr k=1

npudem nocAe0HUdl uxmeepan cxooumes K PyHKyuu f no Hopme 6 npo-
cmpancmee (a, b).
JlokasaTenbCTBO MPOBOAMTCA TaK )Ke, KaK M B Teopeme
3.1 ran. IX, coorHoweHust (3.16)—(3.24).
Kak u B ri. IX, nox usTerpanom
b
[aeniod  (=1,....n

a

MOHUMAETCs j-s1 KOMIIOHEHTa BEKTOPA g, CYLIeCTBOBAHUE KOTOPOH JoKa-
3aHO B Teopeme 2.2.

AHanoru ocTaynbHuIX yacteil Teopem 3.1 1 3.2 rn. IX 6yayT JoKasaHbl
HiKe B §§ 3 u 4.

§ 3. TEOPEMA OBPATHOI'O NIPEOBPA3OBAHHSA
U EAMHCTBEHHOCTb CNIEKTPAJIbHOH MATPHLbI

Teopema o0paTHOro npeo0pa3oBaHUsl YTBEP)KAAeT, UTO KaXKAblH
BEKTOp ¢ € ¥%(g) mopoyKaaercs QyHkuuei fe€ ¥%(aq, b), Kak B Teopeme
2.2. IT0 cHpaBe/UIMBO NPH HEKOTOPHIX AONOJHUTENLHBIX MPeNIosoKes
HusIX 00 omepartope L, KOTOpble COOTBETCTBYIOT B ciydae 1 = 2 ri. I1X
CJIyyaro NpefebHO TOUKY B TOUKe b, KaK B § 3, WIN CiIy4Yalo [IpelesibHOR
TOYKHM Ha 000MX KOHIAX a M b, KaK B § 5. B 0CHOBHOM J0Ka3aTenbCTBO
TakKoe ke, Kak B Teopeme 3.2 ri. [X. Kak u B 3T0M J0Ka3aTelLCTBeE,
UCTIOJIL3YeTCsl CIIeAYIoIast

Jlemma 3.1. ITycmo g€ £%(o) u
L= 3 ot,7) @) don(d),

4 j k=1

20e A — koneqrnwui A-unmepgaa. To2da npu A — (— oo, oo) @yHKyuU
fa cxo0ames 6 ¥%(a, b) x pynxyuu f € L3(a, b).
JdokasaTedbCTBO TaKoe jKe, KaxK ansd semmbr 3.1 . IX.
Mcnonb3yercss B JIOKA3aTeJbCTBE TaK)Ke $IBHOE IIpefCTaBIIeHUe
obparHoro oneparopa anst oneparopa L —1I, Iml=£0.

Jlemma 3.2. [Tpeonoaomcum, umo 04 Hekomopozo I, 1m I == 0, ypas-
Henue Lx = Ix He umeem nempusuaisHerx pewtenuii ¢ xaacce L2 (a, b).
Ecau f € %(a, b) u g — w060t eexmop ¢ kaacce £%(g), maxoil, umo

n

1t = 0 > oilt, ) gul®) doi(),

— Jrk"l

19 182
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20e unmeepaa cxooumes ¢ 2%(a, b) k Pynxyuu f, mo ypasnenue
(L—D)x = f umeem eourcmeennoe peuwenue F ¢ kaacce ¥%a, b), onpe-
oennemoe paeencmem

F(t)—j X0 Dt ) guld) digu()

e J:k 1

nputem nocaeOHull unmezpan cxooumes 8 £%(a, b) k F.
JokasaTenbcTBo. Eciu 1s KaKA0r0 KOHEYHOr0 A B3 UHTEp-
Bana 4

=1 X 96 g0 desethy

Aj,kl

Fall)=| N G— D=1 oylt, ) g dop?)

4 j k=1

10 (L — )F4 = fs. Tlo nemme 3.1 cywmectByer ¢yHkuusi F € £%(a, b),
Takast, uto0 ||F4 — F|| — 0 npu 4 — (— co, oo). [lajiee, N0 YCJIOBHUIO,
{Ifa—fil—>0 mpu A—> (— oo, o0). 13 opmysl Bapraluu NOCTOSIH-
HBIX CJIEYeT, UTO CYIeCTBYeT HelpephiBHast QYHKUUs 0, 4151 KOTOPO

t

Fad = X960 [ 50 fat a7+ X ) et
= j=1

i c

rie ¢j{(4) — mnocrosiHHele U @ < ¢ < b. Tak xaK QyHKuuH Fa U 'fa
cxopsitest B £%(a, b) M TaK KaK QYHKUUH ¢; He3aBUCUMBL, TO Mpejiel
ci{e0) = lim ¢;(4)
a4

(=0 )

CyliecTBYeT (3fech Mpejlen GepeTcst 110 HajuIe)Kalle BeIOpaHHOH Mocreno-
BaTenbHOCTH ;) 1
t

FOo= S0 [ 0@ /@ dr+ Nefe) o).
Jj=1 ¢ j=

310 — (opMysa BapualMy NOCTOSIHHBIX, ¥ OHA MOKasbiBaeT, 4To F —
pemienne ypaBHeHusi (L —I)x = f. Tak kak F € £(a, b) n Tak Kak
ypaBHeHMe LX = Ix He uMeeT HeTpPMBHAJIbHBIX pellieHUWil B Kiacce
L%(a, b), TO pelleHue F eIUHCTBEHHO.

Teopema 3.1. J1peonoaoxmcum, umo nu 00Ho U3 ypasreruii (L + i) x =

= 0 ne umeem nempusuaivneix peutenuil 6 raacce L¥a, b). Ecau
g2 € 82(p), mo cywgecmgyem pyuxyus f € L3(a, b), maxas, umo

0=] = wtnaw dosh,
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npudem unmeepai cxooumes K | 6 £3(a, by u
' b

a® = [ Fult, ) () dt.

a

3amevanus. Ecmm n=2 u Qyukuun p, KeficTBUTEIbHBI, TO
yCII0BME, HaJIOKEHHOE Ha pelteHusi YpaBHenud (L - i)x = 0, 3xBu-
BaJICHTHO YTBEP)KIEHMIO, UTO 51 OnepaTopa L mMeeT Mecto ciyvai
NpejebHOR TouKM B @ u b. Mo>)KHO NOKa3aTh, YTO €CJIK HU OJHO U3
ypaBHeHu#t (L 4 i)x = O He nMeeT HeTpUBMAJIbHBIX PeIlleHMI B Kiacce
{2(a, b), 10 ypaBHenue (L — [) X = O He MMeeT HETPUBUAILHBIX PelLIeHHH
B Knacce ¢*(a, b) nns moboro [, ImI£0; cm. § 4.

PasencrBo (3.1) MOXKHO HHTEPIPETHPOBATH OOBIYHBIM 06pasoM.
imeHnno, ecnu

Zor(A) = j' at, Hfydt  (3C(a, b)),

TO ||g — gsl| — O mpu 6 — (a, b).

HdoxazaTenbcTBO TeopeM bl 3.1. CymecTBoBaHue GYHKUMK
f obecneunBaercs nemmoit 3.1. Jljis 9TOH f cymecTByeT, Mo Teopeme 2.2,
BeKTOp g € ¥3(g), TaKoH, uTo

b

wd) = | et D,

a
1 eciin

fa(t) = | 2 wi(t, %) §(2) oy, (3.2)

4

0 ||f — 4l — 0 npu 4 — (= oo, o). Hy»HO NMoKa3aTs, 4To
'g—¢gll=0.

Ecau ¢ynkuus fs ompejeneHa xak B (3.2) ¢ 3ameHodl ¢ Ha g, TO
Hf— fal]— 0 npu A —> (— oo, o). Mcnose3yst yemmy 3.2, nojydaem,
YTO eJAMHCTBeHHOe pelleHue F ypaBHeHus (L — i)x = f, IpUHAJJIeIKa-
mee Kiaaccy L2(aq, b), umeeT Bu

Fiy=[ X G~ ) tgft, D o) dopl) =
B w Jr k=1

w0

= | .‘. (2 — D)L i(t, #) Gu(R) doji(2) .

e k=1

AHanOTU4HO, €JUHCTBEHHBIM peilieHneM ypaBHeHust (L — i)x = F,
npuHanexaum kiaccy L3(a, b), siBisietes

19*
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o0

FiO= | 3 G—0"2qt2 g®) dos(h) =
—o k=1

S

= | X G—)2et, ) i) dop(d) .
e Jrk=1

[ToBTOpAA ITOT NpoLecc, noayyaem aada p = 1,2, ...

F

e Jik=1

A — )Pt ) ri(A)dou(d) =0, (3.3)

VP

roe r=g¢g—4g.
[Mycts I' — npeo0pa3oBaHue GYHKLUUM, PABHOU ej(HUIIE HA UHTepBA-
ne (¢, ¢ 4+ s) 4 HYJII0 B IPYTUX TOUKaX, T. €.
C+8
T, s) = ‘| @i(t, A dt .
c

MuTerpupyst pasenctso (3.3) 1o ¢ OT ¢ 10 ¢ + s, Nonyyaem

o0
n

[ > G— 7 10,9 r) des(@) = 0. (3.9

—w Jy k=1

Tak Kak Qynkuuu I' u r npuHagiIexar knacey £2(g), To GyHKuus H
TnepeMeHHoit [, ompejeneHHAast pPaBeHCTBOM

HO= [ 3 G—D"1T5(4 ) (@) de(i),

—w J k=1

aHamuTuuda 1A . Im1>0. B cuny coorHomenasa (3.4) ¢ynkuus H
M BCe ee NPOUSBOAHBIE IpK [ == [ 00palanTcsa B HyJb. Takum obpasom,
H() =0 npu Im!>0. AnajoruyHblif pe3ynbTaT MMeeT MeCTo st

HYDKHEH IOJIYILNIOCKOCTH, T, €. eCoi 3ameHuTb [Ha [ Ecnul = p - iv, To
1 1 2y
A—1 i—=1 (A—m2+42’

Wtak, ucnonb3yst paBercrso H(l) — H(l) = 0, HoJyyaem

2", T4, ) ri(3) doju(?) 0. (3.5)

(R — w42

S jik=1

,Ecimu A, 1 A, — TOUKM HeNpPepbIBHOCTH MAaTPHULBI ¢, TO, UHTETPUPYS
(3.3) mo p ot 4, 10 A, Ipu QUKCHPOBAHHOM ¥ U IHoJjarast 3areMm »— 0,
NPUXOAUM K PaBEHCTBY

/
' on

‘ = ff(’ir s) ri(A) do x(2) = 0.

jk=1

P
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Jduddepenunpys 3To paBeHCTBO 10 §, MOJydyaem
2

[ aic+ 5,2 @) doy = 0.

,-‘1 Jj k=1

beps npousBojHtble M0 § ¥ Mojaras 3atem s = 0, us (2.2) umeeM

| é”‘“’ dou) =0  (G=1,...,n). (3.6)

TaK KaK 3HaueHusi 4, 1 A, MPOU3BOJILHLL, TO AJIS ¥; — QYHKUMM CKAYKOB,
obpawmaronteiicsi B Hyab IIpyu GoabWwKX |A|, HAX0AUM

©
n

|3 7@ desh) =0.

S Jik=1
Orciofa cieayer paBeHcTBO ||r|| = 0, KoTOpoe ¥ TpefoBaIoCh JOKa3aTh.

Teopema 3.2. [Tycmo Hu 00HO u3 ypasuenuil (L 4 i) x = 0 He umeem
HempueuaabHuix petenuti 8 kaacce £%(a, b). Toz0a mampuya g edurcm-
6CHHQ 8 MOM CMbICAE, Um0 ecall p — Awbas dpyeas mampuya, 041 Komo-
poil cnpaseoauga meopema 2.2, mo

0(4) — o(p) = o(4) — o(u)
8 MO4YKAX HenpepelBHOCTIU Mampuy o U Q.

3ameyaHue. HenocpeacTBeHHbBIM ClIeCTBUMEM Teopembl 3.2
ABJISIETCS TO, UTO JAJs1 JIOOBIX TOYEK HeNpephiBHOCTH A, 4 QYHKUMH o

2s(4) — es(1) — e(4) — e(u)
npu ¢ — (@, b) HE3aBUCUMO OT TOro, KaK MeHsiercs ycnoBue U, ¢ uame-
HeHueM 0. Taxum 00pa3om, ecnu HY OFHO U3 ypaBHeHuit (L + i) x =0
He uMeeT pelueHuii B kuacce £23(a, b) ($£0), To ¢ Ha3bIBaeTCS CrleKmMpans-
Hott mampuyeii 3ajaun Lx = Ix Ha uurepBane (a, b). Cenxrp, TOYSYHbIH
CIIEKTp ¥ HelpephiBHBIA CIEKTp A1 3TOH 3ajaud ONpenensiorcs C.
NOMOIIBIO o, KaKk U B § 5 1. 1X. :
HNoxazaTenbcTBO Teopemu 3.2. Ilyers f(f)= 1 npu
¢c<t<c+ru f(f)=0 pas Apyrux { u nycrb

ctT

a7y = | Bult, Ayar.

Torpa, TI0YTH KakK B jI0Ka3aTejbCTBe TeOpeMbl 3.1, F' — eJIMHCTBEHHOE
pewieHne ypaBHeHus Lx = ix + [ — umeeT BuJ

0

Fi)= [ 3 (=) )t 2) gk ) dos(?) =

e S E=1

= | 3G~ Dt A el D) dou).

Zw Jik=1
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Hanee, ecan 0003HAUUTb Oy = gji — Qjk, TO QYHKLUA

HO= [ 3 (D=1 Tih9) gl v) do(h)

—w jik=1

J0JDKHA obpawarbea B HyJb A1 Im [ >> 0, u 0TCI03a BMeCTO paBeHCTBa
(3.6) umeem

I
' g4, 7)doy(A) = 0.
5 k=1
Hunddepenuupys no T JeBYI 4acTh 3TOr0 PaBeHCTBa, NOJydaem
FR
~on
| S ouc+ 7, dopt) =0.
4 k=1

Huddepenuupyss m-—1 pa3 no r u nonaras =0, IpUXOJUM K
PaBeHCTBY
2y
’ doim(4) =0,
il
KOTOpOE J0Ka3blBaeT TeOpeMy.

B npyrom cnyyae, 11 KOToporo 0yjieT A0Ka3aHa Teopema 00paTHOTO
npeo0pasoBaHusl, a TakKe eIMHCTBEHHOCTb MasPHUBI ¢, OTKPHITHI
uHTepBan (a, b) sameHsieTcs Ha MHTepBan [a, b)), — oo < a <{t<b;
Terepb poJib UHTEpBana 6 = [&, b] wurpaer muTepBan [a, b]. Ilpen-
nojaraercsi, uto p, € C"~% u py(f) %= 0 Ha [a, b). [Ipepnmonaraercs, 4T0
Kpaessle ycioBus Usx = 0 cofep>xaT m nuHeHHO He3aBHCUMBIX YCII0BHI
BUJA

n : :
S MyxU-D(a)=0 i=12,...,m), 3.7
j=1
rjae M;; — TOCTOsiHHBIE, He 3aBuCsIIe OT 6, T.e. OT b. Ycaosusa (3.7)
oynyT o6o3HavaTbest uepes UMx = 0, a ocrajipHble YCIIOBUS, KOTOPbIE
MCTYT 3aBuceTb 0T 6, — uepe3 UPx = 0. Byger paccmoTpeH cayvait
n = 2m u 6yjgem npemnonarats, uro ycnoBus U®x M03BOJSIOT Ompe-
nenuth yenoBus U, tak uto yenosusi Usx = 0 GyayT camoconpsi-
JKeHHBIMH. i

B srom ciayyae yROOHO IOJIOYKMTh ¢ = @. TaK KaK paHT MaTpULbI
M = (M;}) paBeH m, TO CYWECTBYeT TOYHO 1 — M = M JIMHEe#HO Hesa-

BUCHUMEIX DEINEHHH vy, . . ., P, YPaBHEHHA LX = IX, YAOBIETBOPSIOILNX
yenoBusim (3.7). Ilyetb ¥m+1, .o ., 9o — M TaKUX peLIEHHH Yypas-
HeHust LX = Ix, UT0 1, ..., wn OOPA3yOT QYHIAMEHTAJILHOE MHO-

YKeCTBO ¢ HayaJbHBIMU YCIOBHSIMM B d, He3aBHCHMBIMU OT [. CoOCTBeH-
Hple QyHKUMU {y4,} 3agaun Lx = Ix, Usx = O uMeloT BHX

2ol) = 3 For; it Aar)
=
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TaK KaK TOJIbKO pelleHusi vy, . . ., Pm YAOBIETBOPAT ycaoBusm (3.7),
u paseHcTBO [lapceBans st QyHxuUnu U € £2(0), BbIpayKeHHOe uepes
Py -+ » Pm, HMEET BUJ

Y

ulf= | 3 2 gD déa(d),

S I k=1

3

rie
gD = | p(t, M u(t)dt.
é
Tak Kak

n
=S¥  (G=1,...,1n)
k=1

151 HEKOTOPOH MOCTOAHHOH HeocoGoi maTpuuel C = (cj), TO MaTpULa
s CBs3aHA C MaTpuLeH 03 PaBEHCTBOM gs = CosC*. 3nech MaTpuua
s = (00jy) TAKOBA, UTO (s; = O 1714 j, k >> m u 95 uMeeT BCe Te CBOUCTBA,
KOTOpbIe MMeeT MaTpuua 9. Ecnu o — obast npeenbHasi MaTpuua,
T1I0JIydaemasi npy NpenesibHOM Nepexoge 6 — [a, b) M0 HeKOTOPOIt Hoe-
NOBaTebHOCTH UHTEPBANOB, TO, OueBUAHO, o = CoC* — Mmarpuua, y
KOTOPOH CTPOKM ¥ CTOJIOLBI C MHJEKCaMHU, NPEBOCXOJSAIIMMH 177, PABHBI
HyJio. Bripakentiple IIpy NOMOLIM o paBeHCTBO IlepceBansi u Teopema
PasnoYKeHUst MPUHUMAIOT A TpOM3BOJIbHON yHKUMK [ € L2(a, b) BU

= f ) > ulh @) dént, (3.8)
e b |
g = | 0, A) (6) (3.9
) ;
f(t)—_j: 2 1"”“ 2 Gd3) d2(3) (3.10)

NpuueM MHTErpan, CToswwuit cnpasa B ¢opmyse (3.9), cxogurcs 1o
HOpMe B HpOCTpaHCTBe $2%(0), a MHTerpas, CTosimuii cnpasa B gopmye
(3.10), — no nopme B £2(a, b).

Hanee, umeeT MecTo aHanor jemmbl 3.1, T.e. ecin g € £(g), To
cymecTsyer GyHkuus f € £3(a, b), 1 KOTOPOi CNpaBeAINBO PaBEHCTBO
(3.10). AnanoruuHo mpejcTaBlIeHue [ MpU MOMOIM @ NIPUBOAUT K Clie-
AYIOWEMY aHAJIOTY JieMMH 3.2.

Jlemma 3.3. [Tpeonososcum, amo 0aa Hexomopozo [, Im [0,
3a0aya

Lx=Ix, UYx=0 3.11)
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He uMeem HempusuaabHuiX peutenull 8 xaacce L*(a, b). Ecau f € &2 (a, b)
u g — moboti eexmop u3 xaacca L2(g), maroii, amo pagercmeo (3.10)
umeem mecmo, mo 3a0a4a

(L—Dx=f, UDx=0

umeem eduncmeerinoe pewtenue F € £%(a, b), onpedeasemoe paseHcIngom

FOy= [ 3 (=Dt 2) 0 dapld)

— 0 j,k=1

npuuem nocaeOnuil unmezpaa cxooumea ¢ £*a, b) x F.

IlokazaTenbCTBO TaKoe >Ke, KaK ¥ JJIS JIeMMBl 3.2, ecld
3aMeTUTb, YTO JUISI KaKIOro KoHeuHoro uHTepBaia A QyHKuus Fg,
oripesieJieHHast paBeHCTBOM

Fa)= | 30— ui(t, Hguh diud,
4 Jk=1

YIOBIETBOPsieT ypaBHeHuio (L —I)F4 = fs u ycnouo UMF 4 =0, ubo
yHKuMM ; yuoBiaerBopsorT ycinoBuw UWx = 0. Taxum o0pasom,
JUIst HEKOTOPBIX NOCTOSIHHEIX ¢j(4) ¥ HenpephIBHBIX QYHKIMH 0;

Fa)= Svft.) [0,0@de+ 3cd) vt ).
:’.jl ¢ j=1

- Tenmepb HEMOCPEACTBEHHO MojaydarTcst aHamoruy Teopem 3.1 u 3.2.

Teopema 3.3. ITpednosomcum, umo Hu 00Ha U3 3a0a4 .
(L+i)x=0, UDx)=0

He umeem Hempusuabhsix pewtenull ¢ kaacce £%a, b). Ecau ¢ € £%(p),
mo cywecmeyem @gyuxyus f € £L2(a, b), onpeoeasemasn pasgericmsom (3.10),
u ¢ nomowsto Imoli | eexkmop g npedcmasasnemces pasercmeom (3.9). Kpome
moeo, Mampuya o eOUHCMBECHHAA 8 MOM CMbICAe, YN0 ecal o — A00as
opyeas mampuya, 041 Komopol umeiom Mecrmo pasercmsa (3.8) —

(3.10), mo )
(%) — &(p) = o(4) — e(w)

6 MOYKaX HenpepvIBHOCTL A, \ MAMpUy o iU @.
Taxum o0pasom, ecnu A, ;4 — TOUKM HENPEPHLIBHOCTH MaTpuubl o,

TO
0s(A) — &o(m)—2(A) — &(1)
npu 8 = [a, b] — [a, b) He3ABACUMO OT TOTO, KAK M3MEHSIETCA yCIIO0BUE

U® ¢ usmeHeHnem 6. MaTpula p Ha3blBaeTCsl CNeKMPAbHOL Mampuyetl
samaun (3.11) oTHOCHTENILHO MHOXECTBa {¥;}.
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HBa cayuast — ciyvaid Teopembl 3.1 u ciydait Teopemnl 3.2 — B
faybHeiem OYAyT HasblBaTbCS COOTBETCTBEHHO ciydaeM I M cnydaem I1.

Teopema 00paTHOT0 MpeoOpPasOBAHUA U eJMHCTBEHHOCTD CIEKTPaib-
HOM MaTpPHULBI UMEIOT TAK)Ke MECTO JUIs APYIUX C1yYaeB, eCJIi IPaHUYHbIE
ycnoBus 100aBISIOTCA TaKuM e 00pa3oM, Kako#t Obul yKasad B ri1. IX
JUIsI CI1yyast IpefieIbHOr0 Kpyra, HO 3/1eCh 9T0 He GY/IeT paccMaTpPUBAThCSI.

Ob6osHaunm yepes D MHOXKeCTBO QpyHKUMH u € L%(q, b), YROBIETBO-
PSIOIMX YCIIOBMSAM : OHM NpUHajIexaT kaaccy C"~! Ha HHTepBaje
(a, b), nponsBoHble 1"~ aGCOIOTHO HeNPEPHIBHBI Ha Ka)KJI0M 3aMKHY=
TOM TouHTepBane U Lu € £2(a, b). Ecnu a KoHe4HO, TO IyCTh ¥ — MHO-
KecTBO TeX QyHKuumid u €D, i Kotophix u € C"' Ha uHTepBaJe
[a,b) n UM =0. B cnyvae | 3ajaua Lx = [x Ha uuTeppane (a, b)
u B caydae 1l 3apava Lx = Ix, U®x = O Ha untepBane [a, b) camoco-
NpsDKeHbl B TOM CMBICHE, uTo B cnyvae I (Lu, v) = (u, Lv) nns Beex

u,ve€DP, a B caydae II aT0 BepHO i BCeX U, » € D. Jl0Ka3aTeNLCTBO
B KOKJIOM Clyyae MOXKeT ObITh HPOBENEHO, CIeAysl pacCy’XIeHHsIM
3agaun 13 rn. IX.

§ 4. PYHKIHA FPUHA

B paccmotpennsx ri. 1X, B KOTOopoii u3ydancs caydait n =2,
cyumecTBoBanre GyHKUuM ['puHa B ciyyasix NpenenbHON TOUKM M Hpe-
JIeJIbHOTO0 Kpyra Obij0 HeNoCpeACTBeHHbIM DOO0YHBIM CIIEACTBHEM MpH-
MeneHHOro mMeropa. CymectBoBadue GpyHKuuK 'puHa Gs 1iis1 camoconpsi-
YKeHHO! samaun Lx = Ix, Usx = 0 6Bui0 mokasaHo B ria. VII. Byper
TI0Ka3aHo, UTO CYIIECTBYET MOCNeI0BaTeJIbHOCTL HHTEPBAJIOB O —> (4, b),
TaKasi, YTO COOTBETCTBYOIMe QYHKUUMN ['puHa G5, CXOIATCST K GYHKLUH
G, xoropast Apaserca ¢yHxuuer I'puna B cayyasx I u 11, pasoOpaHHbIX
B § 3. B aTOM pasgene OyAeT TakKe IOKas3aHo, 4To cBA3b GyHKIMU ['puHa
CO CHEeKTpalbHO# MaTpuueil, yxasanHas B § 5 ru. IX, umeer mecrto
B o0mem ciyyae.

Mo ucnonbsyem cymectsopanue Qynxkuuu K = K({, t), ompeje-
JIeHHOH 1nst @ < £, = < b, KOTOpasi CAY)KUT sIAPOM B GOpMYIie Bapualuk
NOCTOSIHHBIX JUISl pelleHusi YpaBHeHusi Lx = f. DTa QyHKUUS TaKoBa,
4To OpeolpasoBaHue

(Kt D) dr

eCTh peilleHMe YpaBHeHUst LX = [ Ha Ka)KJIOM NORUHTepBaje 6 UHTEp-
Bana (a, b), u K umeeT Takue >Xe AuddepeHnuabHele CBOMCTBA, KaK 1
mobas ¢pyHKuust [puna, cooTBeTCTBYIOWANA onepaTopy L. B wactHocTH,
npousBofHas 9" 1K/of""!' uMeeT TOT )Ke paspblB HpU = 7, 9YTO
u yuxruus I'puna. CymecTByeT MHOTO Taxux ¢yHKUMI K 1 CyniecTso-
BaHue OJHON M3 HUX J0KasaHo Qopmyunoit (2.4) rn. VII gna ciyyas
Lx = Ix 4 f; cm. TaroKe 3azauy 22 rj. IIL

1 B panvHeiimem OyzeT ymoOHO o0osHauaTh Takue QYHKLuM, Kak K,
paccmaTpuBaemble KaK QYHKIMH f Ipu QUKCHPOBAHHOM =, yepe3 K( ,r)

aHaJoruyHo npu QUKCUPOBAHHOM t — uepe3 K(f, ).
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Jlemma 4.1, Muoncecmeo gynkyuii {Gs} pasHomepHo 02PAHUYEHO U
(oa2 n> I) amu (PYHKYUU PABHOCIIENEHHO HENPEPbIGHbl HA KAWCOOL
komnaxkmnot  (t,t,0)-001acmu, 20e Im [~0 (ecau n=1, npamas
t = T ucxkmwovaemcs).

HdoxasarenncTso. Iycrs 3aMKHyThIl nHTEpBAT 0 IOJTHOCTHIO
COMlEPIKUTCST BHYTPU 3aMKHYTOTO MHTepBasa d0;, KOTOPHI B CBOIO oYe-
pelb COAEePIKUTCS BHYTPH MHTEpBaJa (a b). Mycre g — mobas pekcrau-
TebHast GyHKUMs Kiacca C" Ha (a, b), TaKasi, uto u(f) = 1 ana t € 4,
u u(f) = 0 ansa ¢ BHe 6,. Onpefenum QyHKUMIO J PaBEHCTBOM

J(t, )= u(t) K(t, 7).

Iyete 6D 6; u t€6,. Pynrkumst u =G ,7,0)— J( ,7) npu-
Hajue)xuT Kkaccy C" Ha 0 ¥ YI0BJIeTBOpPsieT KpaeBbim yeaoBusin Ustt = 0.
Ioatomy, Tak Kak (L—10l)u=—(Lt—1)J, rae L oGosHauaer
onepaTop L, NpuMeHeHHHH K (QYHKUMM J, KOTOpas paccMarpuBaer-
€1 Kak QyHKuua t,

Galt, 7, ) = J(t, D) — [ Golt, 5, ) [Ls J(5, 1) — L J(s, )] ds. (4.1)

TIpumensia K (4.1) HepaBeHcTBO Komm—DByHAKOBCKOTO, 10JIyYaem
Gty 7, D [J( o)+ 11 Golt, Dils i LIC 1) — L 2)e . (4:2)

PaBHomepHas orpaHMYeHHOCTb QYHKUMI Gs 1014 {, 7 € d, u [, U3MeHs0-
IEeMCST Ha HEKOTOPOM KOMIAKTHOM MHOXecTse <A ¢ Iml=~0, Oynmer
HeNOoCpeNCTBeHHO ciefoBaTh U3 (4.2), ecaum Mbl IOKa)KeM, YToO HOpMa
IGs(t, , D)ll; paBHOMepHO orpaHuueHa s t, € d,y, [ € A.

OnHaKo 3T0 BHITeKaeT U3 TOro, uto ecnu u = &s(l) f, roe

G () = | Gott, 7 D f@)d e
u f € %), 10 ’
, o < {1m =2 il (43)

B camom pene, GYHKUHMS U VAOBJIETBOpsieT ypaBHenuto (L —)u=f
n yenopusm Usu = 0. [Npumensist dopmyny I'puna, nosydaem

| (uyadt— ju(rﬁ) dt =0

[
Niu

2ilm!|jul2 = .f(fu~fﬁ)dt.

Henonbsys HepaBeHCTBO }{omu—ByHﬂKOchro nojyyaem OTCIO/A
HepaBeHCTBO (4:3).

IMpumensst HepaBeHcTBO (4.3) K dyukuuu u = Gs( , 7,0 — J( , 1)
anst T € 9y, nmeeM

WG 7 Dl <IN JC D)o+ ImEHLIC ) =1 7). (44)
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Taxkum 00pasom, HopMa ||Gs( , 7,l)||s paBHOMepHO orpaHHYeHa MJIst
T €0y, €A n 6D 6,. U3 cummerpun ¢yHxumm Gs(t, T, 1) = Gs(r, 1, [)
cielyer, uto Hopma ||Gs(f, ,1)||s TakKe paBHOMEPHO oOTpaHuYeHa M,
CJIeJI0BATENbHO, B cuny (4.2) sTuM ke CBoiicTBoM o0namarT GyHKUUM
(Go} ansit, T €0y, LEA U O D 9.

M3 popmynel (4.1) BoiTekaeT (anst n > 1), 4to

G = n — [0ut,s D Lls, D — s Dlds, (@5)

u, TpPUMeHss HepaBeHCTBO Howu—BYHSIKOBCKOI0 K HAlMCAHHOMY MH-
Terpaiy, NoJyyaeM PaBHOMEPHYI0 OTPAHNUEHHOCTb MHOMKECTBA {oGs /o)
s t,t€0, u €A (Ecmt' n=1, 1o unrerpan B dopmymne (4.1)
oepe’rca KaK CyMMa MHTerpaioB OT @, JO T ¥ OT 7 10 b,, IpHuem
0, = lay, b;].) VI3 cummeTpuu GyHKUMU G CleyeT TaK)Ke paBHOMepHasi
OTPaHUYEHHOCTb MHOXecTBa {0G,/0t}. PaBHOMepHas OrpaHUYEHHOCTH
MHO)KeCTBa {aGa/al} CrefyerT U3 AHAJIUTHUHOCTH QYHKUMHA G 1m0 [ H
PaBHOMEPHOHl OIpaHMYeHHOCTH MHO)KecTBa {Gs). VI3 paBHOMepHOM
OTPAHUYeHHOCTH BCeX HepPBBIX YaCTHBIX IIPOM3BOJAHBIX (QYHKUKM Gy
ClIeiyeT paBHOCTelleHHAs HENpPEepLIBHOCTL (PYHKUUI MHOXKecTBa {Gs).
(Ecnm n=1, 710 QyHKuMu MHO)KecTBa {Gs — J} paABHOCTENEHHO
HeNpepbIBHAEL.) JTO 3aBepliaeT A0Ka3aTelIbCTBO JIEMMBL.

JTa ;emma BMeCTe C JIeMMOHl ACKOJM JIOKa3bIBAET, UTO CYILECTBYeT
NOCTIE0BATENbHOCTL UHTEPBANOB 0, C (@, b) (M= 2,3, ...), e 6m—
- (a, b) Opu m-— oo, TaKUX, YT@ COOTBETCTBYMLKe GyHKUmM I puHa
G = B3, CXOAATCS PaBHOMEPHO HAa KaXKAOM (MKCHPOBAHHOM KOM-
MaKTHOM IIOAMHOXKecTBe A; MHOXKecTBa a <t 7 <b, ImI=£0, K mpe-
nenbHoit QyHkumu. HexoTopasi ToAIocien0BaTebHOCTh 3TOH T0Cieso-
BaTelLHOCTA OYHET CTPEMUTbCS K NPelesibHOM (PVHKLAM PaBHOMEPHO
Ha KOMOAaKTHOM MoamHOKectBe A, D A,. Bribupast mnocmefoBaTtesb-
HOCTb {A}, CXOJLTULYIOCs K MHO)KGCTBV a<<tw<<b Iml=£0, u
UCNONB3YA AuaroHaJbHbIH IIpoLecc, AOKa)KeM CYLLeCTBOBaHHe IIOocie-
RoBaTelbHOCTH QyHKLUHE I'puHa, cxopnsilelicss paBHOMEPHO Ha KaXKJoM
KOMIAKTHOM [OJMHO)KeCTBe MHOMKecTBa a <ttt < b, Iml==0, K
npefenbHol dyHkuun G. Ota pyHKUMA G onpeneneHa g a < t, v < b,
Iml=£0 u HenmpepbiBHA, TaK KaK £BJseTCS PAaBHOMEPHBIM IpefesioM
HenpepuBHBIX QYHKUMHA. Tak Kak QYHKUMU G aHATUTHYHBLL 10 [ 15
Im [ # 0, T0 970 >Ke BepHO JIst GpyHKIME G. V3 paBenctBa Gm(l, 7, l) =

= Gm(r, t, [) crenyer paBencTsBo G(t, T, [) = G(x, t, I).

Teopema 4.1. ITycms G — npedea awboil cxodaujetica n0cae008a-
measrocmu {Gm) u3 muomcecrnéa {Gsy Pynryuii [ 'puna, coomeem-
cmeyrwux 0aHHOL CAMOCONPANCEHHOU KPaegoll 3adade

Lx=Ix, Usx =0

HA 02pAHUYEHHLIX 3QMKHYMSIX nodunmepsasax o6 unmepeaia (a, b).
Toz0a gynxyua G Henpepvisna 048 a < t,z<b (=1 049 n=1),
Im £ 0, anaaumuyuna no | u o6aadaem ceolicmeamu:
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(i) [1pou3ssoonvie akG/at" (x = 0,1,..., n—2) cywecmsyrom u
Henpepsignsl 041 a <, < b, a npou3600Hbze on~1Glet"t, o"Glot"
HenpepuieHbL 6 KANCO0U U3 oéxzacmeu 1<, Tt

.. on—1G 1t

(i) oy (T 0,70 — S Or— 07,0 =15 (@<T<h).

(iii) Pynxyua G no nepemerromy t y0osaemeopaem ypagHeruo Lx =
=[x, ecau t== 1. ‘

. 0k Gm TR G

(iv) ok e Dk

0,1,...,n—=1)

PasHOMEPHO HA Kancooll mwrzaxmuou (t, =, D-obaacmu, 20e Im <0 u
t == v, ecau j uau k pasno n—1.

(V) G(tr T, l) = G—(T, IR 1-) ..
(vi) G(t, ,1)e¥a,b) (a<<t< D).

(vil) Ecau [ € £2(a, b), mo ¢gynxyus v, onpe0eaiemMas paseHcieoMm
b

o) = | Glt,w D@ dr (Iml+0),
a
ecmo 3AeMeHNt MHOMCeCBa D U
Lv=W4f.
JoxaszaTtenwcTBo. Ilpeacranenue (4.1) maer npu f,t€4,,
Imli=£0 n 6, Cé, Co

800 1,7,y = N1, 0) + j Gty 5, ) oo 11 J(5,7) — Lo J(s, D] ds (4.6)

ansa j=0,1,..., n—1. HanomHum, TaK KaK IIpOU3BOAHBIE 0"~ Gy /07!
u 9" 1K /97"~ UMEIOT OJIHA U Te >Ke PaspuiBBl IpU f = 7, UTO HX pa3-
HOCTb BCIOAy HenpepbiBHa. Kpome Toro, u3 dopmynet (4.6), ecnu ¢ =~ 7,
crenyer

— 1G(t, 7, 1)

g, K, L (=
(t) 7)_'—8?1'(177)'{" p(r)

+ [ Gulty 5, D5 1J(5,1) — Lo ] (5, D] ds. (4.7)

+

HMonarasi B (4.1) § = d,, ¥ nosarast saTem M — co, NOJyYaeM

G(t, 7, ) = K, 1) + | Glts,D[LJ(s,7) — Ls J(s, )] ds;  (4.8)

CJIeJl0BaTe bHO, YaCTHBIe NPOU3BOAHLIE &/G/01/ CyleCTBYIOT M

i]g(f’ T, 0= %”f(t 7) + fG(t,s, l)—% [l J(s,7) — Ls J(s,7)] ds (4.9}

6,,



