§ 4. ABTOHOMHASI CUCTEMA C OBPAHJAIOUMMCA B HVYJIb AKOBMAHOM 401

1 047 nocmoannbX b; us pasaomcerus (4.10) gynkyuu +[2x. Kosggu-
yuenmot p u b; 00H03HAYHO onpedeasomes cucmemoll (4.12) u ycao-
susmu: pOs) — ea, 2ub, = v, pO(s + 2m) = pOs) u p(0)= 0.
JoxasaTenbcTBO. IIpelono)Kum, YTO CY'LECTBYIOT JBe

$yrruun p®, pO, ynosyeTBOpAIOLIME BTOPOMY YpaBHeHuio (4.12), n e
HOCTOSIHHBIE by, by, TaKue, yTo mapam (pV, by), (P, b,) COOTBETCTBYIOT
oyHxkuuun p®, p® yroBIeTBOpAWLIAE TpeTheMy YpaBHeHuio (4.12).
Brluntasi TpeTbe ypaBHeHuUe JUIS OJIHOTO CIIyuasi U3 TPeThero YpaBHEHHUS
WIS JIpyToro ciyyas u o6osnauas pM = pW — pv, p® — p@ _ p@,
by = by — b,, Monyyaem

dp@ . . - .

= AP® + by AP + by Ap©® + £,(p®, 0) pO.

S
Hs BTOPOro ypaBHEHHsA IJis O6OHX. CJIy4yaeB BHITCKACT

dpe oy

ds - Ap .

Iycrs pY(0) = a, u p@(0) = a®. KoMIIOHeHTa ¢ HOMEPOM a; KaXKJIO0r0
BEKTOpa paBHa Hymo. Tak Kak ¢yHKUMs PO mepuopuueckasi, TO

PO(S) = s 3,

rfle TOJbKO HCKJIIYUTESbHBE KOMIOHEHTH BeKTopa 4 MOryT oTnu-
4athbCst OT HyJ1. Takum oGpasom, Bextop @ umeet He 6oxee 2k 4+ m—1
KOMIIOHEHT, KOTO[LBIE MOI'YT GBITb OTJMYHBL OT HYJISI.

U3 nuddepenipanbHoro ypaBHeHus: st dyukuuu p® u toro pakra,

9T0
pP(0) = p®(27),
ﬂOﬂyqaeM
2n 2':1
(E—e74) 49 = 0,A [ eCr=4 p(o)do + b, A [ eer-4 pO(o)do +
0 0

an

+ [ eer=a41,(p0(0),0) p(o) do.
0
Tak KaK CHHIYJSpHbIE KOMIIOHEHTHI JIEROH YacTH 06pamanTcst B HYJb,

TO TO YK€ BePHO Juisl mpaBoi yactu. [Monaras p©@(c) = e°4a u 21b, = 7,
noynyyaeM, 4To

2% .
[ vy A AGW 4 27 [,2 e AAq + ] e@n—9)A f (94 g () £74A G do | = 0
0 dj
* AJI BCEX CHMHTYJSIPHHIX MHJEKCOB.j. ITH 2k -} m ypaBHeHHH JNHeHHH
M OJHOPOJHBEI OTHOCHTENILHO 2Kk - m UJeHOB, KOTODBIMH SIBJISIFOTCSI

nocTosiHHasg  2nb, U 2k + m — 1 KomnoHeHT BeKTOpa @, BO3MOXKHO
OTJIMYHBIX OT Hyss. OAHAKo onpefenuTesNs U3 KO3(QGHULUEHTOB NpH
3THX 2k - m 4jieHaX SIBASIETCS B TOUHOCTH IKOOMaHOM 2k -+ m yHKumH
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H ¢y, ¥) OTHOCUTEJILHO TIePEMERHBIX (Co, ¥), B3ATHIM NPH ¥ = ¥, ¢y = 4.
10T AKOGMAaH He paBeH Hymo. Takum o6pasoM, b, =0 u aW =0,
¥ 3TO JIOKasbIBaeT, uTo b, U p'¥ OHO3HAYHO ONPENeISIOTCS MOCPeICTBOM
cuctembt (4.12). Touno TaKxe, ecnn Gynxuuu p@, . . ., pU=D u nocrosn-
Hele by, ..., b; (j > 2) ofHO3HAUHO onpesieNieHbl, TO cucTema (4.12)
OfHO3HayHO onpepensier pU) M bj4;, IOCTABNAS TeM CaMBIM pe3yJbTaT
110 MHAYKLMH.

MoO)KHO paccMOTpeThb NpuMep, aHajoruuHmlit npumepy (3.1). Cnyvai

u' +u=pfu,u,m,

e L, 4 — CKaJsIpH], B KayecTBe YpaBHeHUH NepuoauyHocTH (4.6) naer :

2n+tT .
(cosT—-1)

Cy—— - % +- f sin (v — 8) f(e(s, 1), 9'(s, u), #) ds =0,

2n1
— ot | cos(e—9) f(gls, 1), ¢'(s, 1), ) ds = 0,
0

NpUYEM C, 3/1eCh NpeACTaBisieT cKansp. [onarast 4 — 0 M BCIOMUHAESA,
yt0 7(0) = O, monyyaem
27

J sin sf(cy COS S, — ¢4 8in s, 0)ds =0,
0
2
— v+ j cos 8f(cy cos s, — ¢y 5ins,0) ds = 0.
0

3anaun
1. ITokasath, YTO YpaBHCHMeE

u” + u = pf(wt, u, w’, 4,

rae o 6nu3ko K 1, Mo)KeT ObiTh NPeolpa3oBano K cayyalo (3.1) npH NOMOIIH NOK
CTAaHOBOK T = wl H

w2 —

oL

w2 i
KOTOpBbIE JAIT
Lzu +u= T, u du
dra - :ug » ¥ dT s B,

ree g = ku + (} — kp) f (v, u, w du/dr, p). Ilokasatb, B YACTHOCTH, YTO €CJH
f=au + Bud + ¢ cos wt,
TO BJIMSIHUE, OKa3biBaeMOE Ha d, M3MEHEHHEM o, TaKOe >Ke, KaK H OT H3MEHCHHHA

a B ypaBHenuH (3.7). [Tokasatb, 4i0 |q,| MO>KeT GBITb PA3phIBHO NPU HeNpPepPLIBHOM
HM3MEHEHUH «.
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2. PaccmMoTpuM cucremy
X = Ax + [(t, ) + pF (1),

rae A — MOCTOsIHHAsI MATpHLa, QYHKIMS f HEMpephiBHA 10 COBOKYIHOCTH Iiepe-
MeHHBIX (f, X) JUIA MaJIBIX  |X| M BCex ! ¥ nepUOAHUHA MO ¢ ¢ nepHopom T, GyHKUus
F HempepbiBHA U nepuopquHa ¢ nepuogom T u u — nocrosiHHas. Ilycrs npoussoa-
Hast fy CYWIECTBYeT AJisi MajmiX |X| ¥ BCeX ! M HenpepsiBHA IO COBOKYNHOCTH
nepemMeHHHIX (f, X), IlycTe ypaBHenHe )’ = Ay He uMeer peweHudl mepuopa 7.
Iycre fix(f, 0) = 0 u nycrs f(t, 0) = 0. JoxasaTb, YTO JJisi MANbIX p CymeciByer
€IMHCTBEHHOE pelleHe @ = (¢, #) neprona T, KOTOPOE HENPEPBIBHO 1O COBOKYII-
HOCTH IIepeMeHHBIX (f, ) Ans Beex [ W mambix [, Tlokasatb, uto @(t, 0) = O.
Y KasaHnue. Hcnonpsosark Teopemy 1.1,

3. B 3ajaue 2 nycts QYHKUMA f He 3aBUCUT OT [ H, TAKUM 00Da30M, ¥IMEET BHJ
f(x), u nycrb F — noutu-nepuoauyeckasi GyHkums. ITycts marpuua A He umeer
XapaKTEePUCTHYECKNX KOPHeH C HYyJeBOH AeHCTBUTeNbHOH uacTblo. Ilokasatb, uro
s Manbix p auddepeHnuanbHOE YpaBHEHNe KMEeT eJUHCTBEHHOE MOYTH-IIepHOaU-
YecKOe pelicHue @ = o(f, ).

YkasaHue. elA=¥(l) 4+ Py), rae [P < Ke-ot, t=>0, [V,0) <
< Kest, t<0. Ilpy 1mOMOUIM NOCIELOBATENbHEIX NPUOJIMIKEHHI II0KAa3aTh, YTO
ecau &= o[(4K) u |p| < 66/(4KM), rpe M = max |F(t)|, To cucrema ,

«©

o) = [ Ht— ) 1(9(6)) ds =+ ng®) *)

—o

umeer pewenne. 3neck H{f) = V() pnss t >0, HY)y = —¥,() pnsa t <0 u

=

) = J H(t—s) F(s) ds.

—o

Ilokasats, uto |p(t, u)| < 4KMjuljo. B ypaBHeHuH (*) g — NOYTH-TIEPHOAU-
yeckass QyHxuus. IIycte L — mouTH-NEpHOA AJA AaHHOro n > 0 GyHKuMM g, T. e.
lg(t + L) —g(®)] << n. Ilokasate, MCX0As1 u3 ypasBHenHs (*), uro |o(t + L)—
— ()] < 4Knjo u, 3HAuMT, YTO @ — NMOYTH-NEPHOAHYEcKas QyHkuus. To, uTo
pellieHHe ¢ €IUHCTBEHHO, CJEAYeT U3 TOro ()aKTa, YTo KAXKAOE Majoe, PABHOMEPHO
orpaHHYeHHOE peleHHe AupPepeBLHANLHOIO0 YPABHEHHST HA MHTepBaJie (— ©©,00)
€CTb pellieHue ypaBHeHUs (*).

4, ChopmyMpoBaTh U JOKas3atb aHasord teopem 3.1, 3.2 u 3.3 mns cayyas,
Koraa matpuna A B cucreme (3.8) 3ameHeHa NepHOAHYECKOH MaTpuued A(f) me-
puoga T.
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T'nasa XV

TEOPUSI BOSMYIUIEHHI BYMEPHbIX NENCTBHUTEJIbHbIX
ABTOHOMHbLIX CHUCTEM

§ 1. ABYMEPHBIE JINMHENHBIE CHCTEMbI
PaccMoTpuM neiCTBUTeNIBHYIO JTHHEHHYIO CHCTEMY

X; = aXy + bx,, (’:Edz‘)' (1)
X5 = X, + dx,,

rne a, b, c,d — nReiCTBUTENbHBIE [IOCTOSIHHBIE, TaKpe, YTO OIpenesu-
-TeJib ad — bc oTnudeH OT Hyns. OyeBuaHO, 4TO (X4, X,) = (0, 0) — enun-
CTBEHHas1 0cofasi TOUKa STOI CHCTEMBI, T.€. eIWHCTBEHHAA TOYKa, IJie
npasbie vactu ypasHeHuil (1.1) obpamatwrcs B HYymb. (OGo3Haumm
MaTpuLy Ko3b¢uumenTon cuctemel (1.1) yepes
ab
A= ( ca)-

Torpa cmcrema (1.1) moker ObiTh 3anucasa B Buie X' = AX, TI'Ze
x = (%, Xy). | |

v IMycte MaTpuula A HMeeT XapaKTepHUCTHYeCKHe KOpHH A, p. JTH
KOPHH MOTYT OBITF AEHCTBUTENILHBIMU MM KOMIUIEKCHBIMM, HO €CJH
OIH M3 HUX KOMIUIEKCHBI, CKaKeM 4= a -+ i (a,3 — nmelcTBU-
TeJIbHbIE, B = 0), TO APYTo# KOpeHb UMeeT BUA 4 = a — i, 100 Koapdu-
LMEHTbl XapaKTePUCTHYECKOI0 YpaBHEHUSI LI MaTpuusl A jeifcTBu-
' TenbHBI. VI3BeCTHO, WT0 CyulecTByeT TaKasi OelicmsumeasHas Heocobasi
nocrosiudast matpuna T, 4to ecnu y = Tx, To peo6pa3oBaHHas cucTema
y' = (TAT-)y umeer AeHCTBUTENBHYI0O MaTpuULy KoadduumenTos J =

= (TAT-1), KoTOpasi WMeeT OJHY M3 CleAyLIUX IeHCTBUTEbHBIX
KaHOHUYEeCKUX (opMm :

)] (3 2) A0, (I (3 2] (B<A<O0 mmm 0<p <2,

am (3 G+03>0, a5, G<o<mw,

V) (_g %) @080, v 5 6+0).

Taxum 00pasom, msyyast npupoay Tpaexropuii cucrems (1.1) BGnusu
touxke (0,0), MOKHO TpeamosaraTh, YTO MaTpuLa A HMeeT OAHY u3

dopm (D—(VI).
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Fpexxae uem paccMOTpeTh OTHEIBHO KaXKABIH M3 ITHX Clyyaes,
yCJIOBMMCSE B cleflylouux o003HayeHusIx. B oOiem- cnyyae penieHue
JBYMEDHOK CUCTEMBI ,
' x; = gi(xy, %) X3 == go(X1, Xg) (1.2)

Oy ner 0603HaYaTHCSt uepe3 @ = (@1, ¢») M. Yacto Gymer ypobHO pac-
CMaTPHBaTh NOAAPHble HYHKYUU @, ®, COOTBETCTBYIOLINE PEILEHMIO ¢

. %2
\ /
. T g
®ur. 3. dur. 4.
(I). TpaBunsbHeit vaen, 4 < 0. (1). IpaBunbHBIA y3en, 4 >0,

M ompefensieMbie paBeHCTBAMH ,
! Polt
o) = (#H0) + 930", () =arctg 2.
Crnegyer nmojuepKHyTb, uTo (YHKUHM @, @ ONpejesieHbl 110 OTHOLICHUID
K ugcmuomy pettenuro ¢ cuctemnt (1.2) u, cieoBatenbHo, SIBJSIOTCS
Pynryuamu t. Takum o6pa3oM, OydKuuu g, Clelyet OTIHYATL
OT NOAAPHLIX KOOpPOUHAmM r,0 B (X,X,)-IUIOCKOCTH,  ONpeIeJeHHBIX
PaBEeHCTBAMH N
r=(x}+ x3)"h, 6=arc tgé ,

TaK yKe KaK KOOPJAUHATHI @y, @, PELIEHUS CIIeyeT OTINYaTh OT AeKapTo-
BBIX KOOPAMHAT Xy, X, B IIJIOCKOCTH.
(I). B sToM cnyyae cucremMa HUMEET BH

X;=Ax, Xy = AXy

¥ T03TOMY, ecnu (¢y, €;) — Tmobast Touka, uckuiouas (0, 0), pelieHue,
IPOXOJisilllee yepe3 9Ty TOUKY, MMeeT B g¢4(f) = €%, go(f) = ™.
Ecin 42 <0, 10 ()~ 0 nput t— + oo, mecna 4 > 0, 10 o(f) >0 mpm
t — — co. TpaeKTopHs, NPOXOAAILAS YePe3 TOUKY (¢;, C,), ECTb OTKPHITAS
nonynpsimasi, NPOXOASIIAs Yepes 3TY TOUKY ¢ KOHeuHoi Touxoit B (0, 0).
CM. gur. 3 u 4, Ha KOTOPHIX CTpeJKaMK YKa3aHO HalpaBlieHue pocra f.
ITOT TUN 0cO00H TOUKYM HasblBaeTCs NPAaBWILHBIM Y340M'. Ee orinyu-
TeJIbHAasl 0COOEHHOCTb COCTOMT B TOM, YTO KAMCOASL Mpaexmopus
CIMpemMumcs K Ha4a1y 6 onpeledeHHOM HANpasAeHuu npu f— - oo

~ 1B opuruHane ynorpebiieHsl TepMUHDI «proper noder u, HKe (cM. cTp. 406),
«improper node». B pycckoii nuTeparype NpaBHIbHBE Y37l Yallle Ha3biBAIOT KUKpU-
THYeCKuMU. — Tlpum, nepee,
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(st A< 0) wn ipu t— — oo (mis1 A >0), u, KaKk 6ol HU Oblao
300an0 HanpasaeHue, cywecmeyem mpaeKmopus, KOmMopas CmpemMumcs
K Hauany 6 3mom Hanpasaenuu. Taxum o6pasoMm, HayaJlo (aCHMIITO-
THYECKM) yCTOMuynBO B ciiyyae 4 <C 0 u HeycroifumBo, xorma A > 0.
(I). B cayuae (II) cucrema umeer BUJ
xizlxl’ xéz”x2y

M pelleHune, NPoXoMsiLee Yepes TOUKy (¢y, ¢p) %= (0, O) mpu ¢ = 0, umeer
BUTL @, (f)==C,e", go(f) = c,e*. TIpeanonorxnm, Hanpumep, uto u <~ 4 < 0.

) =
N |

dur, 5, dur. 6.
(II). Henpasuneneiid ysen, # << 4 < 0. (II). HenpaBuaessiii ysen, 0 < p < 2.

Torna (¢:(2), @o(f)) — (0, 0) mput {— + oo,  ecut ¢; 5= 0, TO py(t) /ey () =
= (Cyfc )" —0 mpu t— 4 co. Ecmu ¢, =0, ¢, 40, 10 (¢4(2),
@5(t))=(0, ¢, €"*), uTo MpeCTaBJISET CO6O OTKPHITYIO MONOYKUTEILHYO MITH
OTPULATENIbHYIO X,-TI0JIy0Ch B 3aBHCHMOCTH OT TOI'0, KAKOE U3 HePaBEHCTB
UMEET MeCTo : ¢, > 0 mimm ¢, << 0. B aTOM cnyyae Havayio HasplBaercsi
HeNpaBUJIbHBIM Y340M . KauecTBeHHasl KAPTUHA TPAeKTOpuil MokasaHa
Ha ¢ur. 5 u 6. 31ech 6ce mpaexmopuu, UCKAWYASL 00HY, UMM 00HO
u mo nce npedenbHoe Hanpasaenue ¢ Hayaqse. Havano (aCHMITOTHYECKH)
ycToiunBo B ciiyyae u < A <Z 0 ¥ HeycToiuuBo, Kora 0 < u < A
(IIT). B arom cnyyae ypaBHEHHsT UMEIOT BUA

X = A%y, X =YXy + AXy

H JIETKO BHJETb, UTO @,(f) = ¢, €M, go(t) = (co + ¢,pt)e” ecTb pelenue,
NpoXojsiiee uepe3 TOUKY (cq, Co) Nipu f = 0. [Ipeanosioyum, Hanpumep,
yTo 4 < 0. Torga npu f— -4 co QYHKUUU @; U ¢, CTPEMATCS K HYJIO.
Ecnu ¢; 0, 10 gyt)/qa(f) = Cofey + ¥t~ = oo Npn t—> - oo, Ecam
=0, To @u(f) =0 Ans ¢ MOJIOKUTENIBHBIX M J0CTATOYHO HOJIbILKX;
U ecnu ¢; = 0, T0 (¢,(f), ¢o(t)) = (0, c4e*'), uT0 jaer TpaekToOpHI0, KOTO-
past SIBIISIETCSl X,-MONyochbio. Tax ke, ecnu ¢; =0, TO ¢5(t)/qy(f) =
= y/A + ¢o(t)/g,(f) > 4= oo 1mpu !t— 4 co. Taxum oOpasom, sce
MpaeKmopuy UMem 00HO U Mo Hce npedefsHse HANpagaeHue B TOUKeE
(0, 0). B aroM ciyyae Hayalo TaK)Ke HA3bIBAETCS] HENPABUALHBIM
y3/0M. XapaxkTep TpaeKTOpuUil HamedeH HA ¢ur. 7 u 8.

1 Cm. mpuMeyaHue NepeBOJYHKA Ha Crp. 405, — [Tpum. nepes.
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(IV). B aTom cnyyae ypaBHEHHSI TaKOBHI :

4
Xy =A%,

¥ pelieHHe umeeT Buj ¢ (f) = ¢,e¥,

u > 0. Ecnu M[ =

A'n

2

N
RRE

lul, TO

dur. 7.

xzz.”'xz:

@ot) = ¢, Tne Temeps A <O,
TpaeKTopusiMu  OyayT paBHOGOUHEIE

Xq

2

[~

]

L

V(DHI‘. 8.

(III). HenpaBuibnbiii ysen, 4 < 0. (I11). HenpaBuneHbiii ysem, 4> 0.

runtepbosnl. B obwem cnyyae TpaexTopuy Nof00HBI 3TUM TunepGosaM ;
<M. dur. 9. 3neck, ecnu (¢, ¢,) = (0,0), TO ()= 0, a @y(f) > 4= oo
B 3aBHCHMOCTH OT TOT0, KaKOe M3 HEPABEHCTB HMEET MECTO: ¢, > 0
A ¢, < 0. B aTOM cnyuae Hauano HashiBaeTcsl Ce00M.

Xo

N
AN
\\

P

dur. 9.
(IV). Cemno, 2 <0 < p.

(V). B atom ciyuae
X; = ax; + px,
Xy = — Bxy + ax,,
M pelleHne, NPOXOJsIIEe Yepes TOUKy (¢, ¢,) NpH ! = 0, uMeeT BUR
oi(f) = et(cycos Bt 4-copsin Bt),  @y(t) = e=t (— ¢, sin Bt +- ¢, cos Bt) .

Ecnn o} = ¢ 4 ¢, T0 9T0 peieHde MoKeT OBITh 3alMCaHO B BHJE

1(f) = oge™ cos (ﬁt —0), pa(t) = — goe™ sin (Bt — 8), rae €0s 8 = ¢;/7
¥ 8iné = ¢,/g,. Il0ONAPHBIMH QYHKLUMAMKM o, © JUIST STOTO PpeLIeHHS
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OYRYT c(t) = coe®, o(t) = — ft + 6 mu, cnenoBatenbHo, p = Ce—'?/"e,
rae C = g™, uro mpencrasisieT coboi cnupanb. B arom cnyyae
Hayasno HasbiBaercst goxycom. Cm. ¢ur. 10 u 11.

Xy - G

(7 IZN
N2 S

®ur. 10. dur. 1l.
(V). ®okyc, a<<0, B<O0. (V). ®oxye, a >0, f<O0.

(VI). 910 — pasHoBugHoCTh cnyuasi (V), rae a = 0. BarToil cutyauuys
peweHue, npoxofsuee npu f= 0 yepe3 TOuKy (c,, Cy), MMEET BHR
Falf) = €, €08 Bt + ¢, Sin' Bl, @ot) = — ¢, Sin ft -+ c,co8 ft  wm, KaK
1 B (V), c(t) = gy, uT0 NpejcTaBiisieT coboil OKPYI)KHOCTb pafuyca g,
¢ uentpom B Touke (0, 0). B 3ToM ciyyae Hayano HasbIBAETCH YeHMPOM;
cM. dur. 12 y 13. )

, ' z

(7
S

Xy

N
N

|
dur. 12, dur. 13.
(VI). Uentp, # < 0. (VD). Llenrp, g > 0.

W3 onpepeneHusi yCTOAUMBOCTH JIETKO BHJETb, paccMaTpuBasi mpe-
Apinymue wecth caydaeB (I1)—(VI), uro cmpaBemsuBa cienywmast
Teopema. dur. 3—13 aT X0poilee KauyecTBEeHHOe IpescTaBiieHHe 00
YCTOHUMBOCTH B Ka)K/IOM U3 3THX CIIy4aes.

Teopema 1.1. [Jaa moz0 umobu nauaro Geio ycmoiliqueo 041 cU-
cmemot (1.1), HeoGx00umo u docmamouHo, 4Mobsl XApaAKMepPUCMUYECKUE
KopHU OeiicrmeumensHoii Heocoboii mampuyst Kop@uyuenmos A umeau
OmpuYyamebHvle 1AL HyAe3vle OelicmeumensHsie 4acmul.
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§ 2. BOSMYUIEHUSA JBYMEPHON JINHEMHON CUCTEMBI
PaccmoTpum Tenepn HeauHelinyi JBYMEPHYIO IEHCTBHTEIbHYIO aBTO-
HOMHYIO CHCTEM ,
Y Y x; = axy + bxy + f1(%;, X5)
Xy = Xy + d%; + fo(X1, X) 5

rue a, b, ¢, d — peHCTBUTEIbHBIE NOCTOSIHHBIE, ad —bc#0 u f, fo —
NeHCTBUTENbHBIE HellpephiBHbIE (QYHKIMU, OMNpeesieHHble B HEKOTOPOM
Kpyre ¢ LEHTPOM B Hayale (X, X,) = (0, 0) paguyca r, > 0. OyHKUHK
f, 1 [, HasbIBaIOTCS 603Myyerusamu, u cucremy (HJI) mpt 6ynem HasblBaThb
803MYLYeHHOI CcLCMeMOl, COOTBETCTBYIOLIEH AuHelHol cucteme

X; = ax, + bx,, Xg == X; + dX,. N

VIHTYUTUBHO $ICHO, YTO €CIIM BO3MYIUEHHS f; U f, «Majbly B HEKOTOPOM
CMEICTIE, TO MOXKHO OXKHJATh, YTO II0BeJeHUe TPaeKTOpHi BOIN3N Hauana
B (X, Xp)-L0ocKocTH Oy/eT BecbMa MOXOIMTE Ha IOBeeHME TPaeKTOpHit
cuctembl (JI). Mbl noKa)kem, uTo B 00LLEM 3TO BEpHO, €CJIM TONLKO HYHK-
LY f,, fo YAOBIETBOPSIOT HEKOTOPHIM MUHMMAJILHBIM TPeII0N0MEHHUSIM.

B nononHeHse K BbICKa3aHHBIM CHeNlaeM elle ciefyroliee npeanoso-

JKeHue : fhh=0(r), fo=o(r) (upu r—0-+). (2.1)

J1o obecneyusaer Gosee GHICTpOE CTpeMJIeHMe K HYJIO BOSMYILEHHI,
4yeM JIMHeHHBIX 4ieHoB, B (HJI). Jlerko Taroke BujeTb, UTO U3 3TOrO
YCIJIOBHS U M3 TOra (axra, yro ad — bc == 0, criefyeT, YTo Hayayuo ecTh
u30Aup08aHHas ocobas (WM KpUTHUECKas) Touka st cucTemel (HJI);
T. €. CYILECTBYeT KPYr ¢ LeHTPOM B Hauaje, TaKOH, YyTo B HeM HayaJo
ABJSIETCS] €AMHCTBEHHOM TOUKOH, B KOTOPOH NpaBas 4acTb CHCTEMbL
(HJI) obpawmaercs s Hyab. V3onupoBaHHasi ocodasi TOuKa, TaKasi, Kak
Havano st cucrembl (HJT) npu ad — bc == 0, HaswBaeTCA npocmol
ocoboti mouxoil.

3aMeTuM, YTO M3 YCJIOBHH, HAJIO)KeHHBIX Ha QYHKUMH [, U [, He
cilenyeT elMHCTBEHHOCTh pereHuit cucrembl (HJI).

OpuH 13 HanGoJiee Ba)KHBIX METO/I0B H3y4eHusi TPAeKTOPUil CUCTEMBI
(HJI) cocrout B MCNOJBL30BaHUM TOJISIPHBIX YpaBHEHHH, MOJydyaeMbix
n3 (HJI) ¢ noMoumpo NnoAcTaHOBKH

X, =rcosf, Xp=rsing,

(HI)

a UMEHHO :
rr’ = r?[acos?f 4 (b + ¢)cosfsin§ + dsin2g] +

+rcos® Fyr,0) 4 rsin 6 Fy(r, 0),
r2¢ = r?[ccos?0 + (d — a)cosBsin§ — bsin260] +

+ rcos Fy(r,0) — rsing Fy(r, 6),

Fr,0) = frcos6, rsinf) (j=12).

OueBuaHO, eciu @ = (py, ¢p) — peluenue cuctempl (HJI), To HOJIHprIe
$yHKUnH (/) w) 00pasyIoT pelleHue NMOJSPHHIX YpaBHEHHUI.

rae
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[Mpexxae vem NpHCTYNaTb K JeTaJILHOH (OPMYJMPOBKe X JOKasa-
TeJIbCTBY Pe3YyJIbTaTOB, YTOUHUM ONpeaesIeHUs] pa3IMIHLIX THIIOB 0COOBIX
ToueK. Ecnu cymectsyer 8, 0 <C 6 < r,, TaKoe, UTO JUI KaXKHOH HHTe-
rpanbHoil KpUBOH (py(f), ¢o(f)) cuctembr (HJI), KoTopast umeer XOTS OhI
OJHY TOYKY B Kpyre paauyca r, O < r < d, peuleHue CyllecTByeT Ha
t-nonynpsimor, n ecnu (g1(f), ¢x())— (0,0) npu t — + oo WM — oo,
TO HAuaJjio Ha3bIBaeTCs1 MoyKol npumsancenus aisi cucrembl (HJI). B cnyyae
fi=1ly=10 y3nel u GoKycChl SBJSIOTCA TOYKAMU TNPUTSDKEHHUs], B TO
BpeMsT KaK CeJIo ¥ LieHTp He SIBJISIIOTCS TaKoBbIMH. Hauasno HasbiBaeTcs
yaaom pna cucrembl (HJI), ecnd OHO SIBNISIETCS TOYKOM NPUTSHKEHHS
H BCe TPAeKTOPHH JOCTHIAlOT Hauajla B OIpeJeseHHOM (OfHOM U TOM JKe)
HanpaBJIeHUH, U Ha3bIBAETCS NPABUALHBIM Y310M, €CITA OHO SIBJISIETCS Y3JI0M
U Kaxjas Noaynpsimasi, NpoxoJsiiiasi yepe3 Hayasio, KacaeTcst HeKOTO-
poit Tpaexropuu. Hawano HaswiBaetcst oxycom pmns cuctemsr (HJI),
eClIM OHO SIBJISIETCS TOYKOH NPUTSDKEHHs, TakoH, 4to | off) | — + oo
NpH ¢~ 4 oo un — oo, e w(f) = arctg (po(t)/py() 1 (pu(t), Pot)) —
soboe petenne cucremsl (HJI), koTopoe BXoauT B obnacts 0 < r < 4.
Ecnu cyinecTByeT nocieaoBaTeabHOCTb IEPUOJUYECKHX TpaeKTopuit {C,}
cucremnl (HJI), Ka)knasi U3 KOTOPBIX COIEPYKHT BHYTPH CefsI BCe CIeNyIo-
LIMe TPaeKTOPUM M HAYayo, TaKuX, 4To Cp OPH 11— oo CTPEMUTCS K
Hadany, TO Hayaso HasbiBaeTcs yewmpom ansi cucremn! (HJI).

Cnenywiast TeopemMa ecTb YacTHbIH cnyyail Teopembl 1.1 ri. XIII.

Teopema 2.1. Ecau Hauano sgastemea mouxoli npumancenus 04
aunetinot cucmemot (JI), mo oHo agasemcs makotl nce mMoyuxoll 0as He-
aunetinol cucmemst (HJT).

Teopema 2.2, Ecau Havano aeasemes POKYcoM 045 AUHELHOU cucmemsl
(1), mo ono seasemcs makoldl Mce mMo4YKold 049 HeAUHeliHOU cucmeMbl
(HJI).

JdoxasaTenbcTBo. ITo Teopeme 2.1, Hayaso ABJIsIETCS TOUKOM
nputshrenus s (HJI). TlonsapHoe ypaBHeHue 1nist GYHKUMHK 6 uMeeT
BHJ :
rrg =x,x5—x1Xg=—prr+o(r? (r-0).

Ho r— 0 npu {— 4- oo (B cayyae o < 0). Takum o0pasom, npu
—> 4 o ’
0 = — :8 + 0(1) ’

U NO3TOMY JUIs1 KaXJoro pemenust ¢ cucremsl (HJI), Hauunawomerocs
70CTaTO4HO ONH3KO OT Hayaja,

a(ty=—pt+ off).
Hrtak, w(t)/t > — f npu f— 4 oo, OTKyJa Cielyer, 4To o(f) > + oo

OpYU {—> -+ oo B 3aBUCHMOCTH OT TOT0, KaKoe M3 HepaBeHCTB — f < 0
i B> 0, umeer MecTo. ITO JIOKA3BIBAET TEOpPEMY.
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§ 3. IPABUJILHBIE Y3Jibl H NPABUJIbBHBIE ®0KYCbI

XO0Ts TOuKa NpHUTSHKeHus cucTeMbl (JI) nepexomur B TOYKY NpHUTH-
sicenust cucrembl (HJI), B 06mem ciayuae HeBepHO, UTO Y3eJ NepEXOAUT
B y3eJI. ITO WITIOCTPUPYETCS CIeAyIoIuM IIpUMepoM, B KOTOpoM Iipa-
BUNbHBIA y3en juist (J1) nepexoaut B doxyc (HJI). PacemoTpum cuctemy

X, X
Xpm== = Xy — P Xg = — Xp A 3.1
' Pome g’ * G+ xp )
OueBupHO, yro cucrema (3.1) VIOBNETBOPSIET TeM JKe YCIOBUSIM, YTO H
cucrema (HJT). ITonsipHble ypaBHeHUsl, cOOTBeTCTBYMOWME (3.1), UMEOT
BUJ

O =) F=—T.

Taxkum 06pasom, r = o(f) = ce~! 1 HeKOTOPOH MNOCTOAHHOK ¢ > 0 u,

CJIeI0BATEJILHO, 1

¢ = w'(f) = =7
Hostomy, w(f) = —In (f —Inc) + k, rae
k= o(ty) + In(t, — Inc).

Otcofa cnenyer, 4to @(f)— — oo NpU {— 4+ oo K Hauajo sABISETCs
Qoxycom nmast cucremel (3.1), X0Tsi RNl COOTBETCTBYIOLIeH JIHHelHOH
CHCTEMBI X; = — X;, X3 = — X, HauaJI0 eCTh NPAaBUNLHBIH y3e.
[Npenpiaymuit NpumMep NOKa3piBAeT, YTO JJIsT TOro, 4ToObl y3en Anst
cucremsl (JI) nepexomun B y3en mas cucrembl (HJI), HeoOxopmmo Ha
bynkuuu f, f, Hano>XuTh JajibHeHlne orpaHuveHusi. B camom nene,
MO)KHO TI0Ka3aTb, 4TO eCId QYHKUUY f,, f, YIOBJIETBOPSAIOT YCIOBUSIM
s cucremsl (HJI) u ecnn, panee, f, = O(r'+e), f, = O(r'+¢), r -0,
JUISI HEKOTOpOro & > 0, TO BCAKUH pa3, KOrja Hayaao siBIsieTcs npa-
BIWJIbHBEIM y37ioM 1151 (JI), OHO siByisieTcsl Takoit »xe Toukoil pns (HJT).
JTOT pe3ynbTaT IpencTaBisieT cofoif yacTHBIA ciyyail 0JHOrO pe-
3yJIbTaTa, KOTOPHIHA MMeeT MecTo 1uist GoKyca (CM. HUXKe CIefCTBUE H3 Te-
opembi 3.1). Paccmorpum KanoHuueckyo dopmy mist cucremsl (HJI), B coty-
Yae KOI'JIa COOTBETCTBYIOLIAs JIMHEHHAsA ChcTeMa MMeeT B Hayase QOKyc,

X1 = aX; + Bxy + fi(xy, X5),

Xy = — PX; + Xy + fo(Xy, Xp)
Jnsi nuHeliHOro ciyuas
X =ax,+ By,  xp=— fx;+ax (3.3)
TI0JISIpHBle YPaBHEHMsT TAKOBHI :
r=ar, 9 = — 8.

Ecnu, Hanpumep, « < 0, f <0, To 1 KOKIO0K BHTErpanbHOi KpyuBOH
cucreMsl (3.3) 7 = o(t)—> 0 u 6 = w(f) > + oo npu t— + oo. Hanee,
£€*lf ecTb MONOKUTENbHASA TMOCTOSIHHASI, HJIM, UTO TO >Ke CaMoe,

(a£0,8£0). (3.2)
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® + (Bfa) In g = ¢ ISt HEKOTOPOH NocTosHHOK ¢. HaobopoT, Kakosa
Obl Hu Obiza MOCTOSTHHAsA ¢, CYLIeCTBYeT peuieHue cucremsl (3.3), Taxoe,
4T0 © -+ (f/a)In g = ¢. ITO TOJCKa3bIBaeT CJIeyIOLIee ONpeJesIeHue.
Ecnu a + if, o — iB (o # 0) — XapaxTepucTHyecKue KOPHU MaTPHIILE

( )
(" d

cucrembl (HJI), To Havano TOrja Ha3bIBAETCSl NPASUALHOIM (POKYCOM
ang (HJI), xorja OHO sSIBisieTCS TOYKOM NPUTSDKEHHUsl, TaKoif, uro.
AJISt K@KJIOTO pelleHusi, CTpeMsllerocss K Havany npu f—» - oo (MM
t— — oo0), BeMuuMHa o + (B/a)In o cTpemutcss Npu t— + oo (WK
}— — oo) K HEKOTOpPOH MOCTOSIHHOMN, W Korga manast o060 nocTOSIHHOM
¢ cywecTByeT pewteHue cucremsl (HJI), q1s Kotoporo o -+ (B/a) In g— ¢
npu t— + co (unu f— —oo). Ecnn § = 0, To 3T0 CBOAUTCS K OIpe-
[ENeHUI0 nPasUIbHO20 Y34d. '

- Caenyromuif npumep NokaseiBaeT, yto ¢oxyc st cucTemnl (J1)
(xOTOpHIA, pasymeeTcsi, SABJsIETCS MpPaBWIbHbIM (POKYCOM) MOXKeT He
nepexoJuTs B NpaBWwiIbHHH Qokyc miust cucremel (HJI). Pacemorpum
CHCTEMY

' X
X;= — X3+ Xy + In (3 _;xg)l/z’
: (3.4)
’ x2
Xg= — X1 — Xg T {17 (o + xB)e-

[NonsipHoe ypaBHeHHe, COlepKallee r’, UMeeT BUJL

r 1

= e
M OTCIOia ClleflyeT, 4To QyHKUHS 7 = p(f) YAOBJETBOPsAET YpPaBHEHHIO
g’ = go/(In o — 1) ¢ HEKOTOPOH IOCTOSHHOH g,. Takum 006pasom,
ge' — 0 npu t— -+ oo, u60 o — O npu f — - co. [Ipumep (3.4) 3acra-
BJISIeT INOCTaBUTH BONpPOC 00 YCIOBUSIX, HajaraemMbix Ha QYHKUMK
fi,f B (HJI), npu BHIIOJHEHHH KOTOPBHIX HNPaBUJIbHBIK (QOKYC I
cuctemsl (JI) Oynmer Taxo# >xe Touxoit pia cuctemsl (HJT). Crepyromuis
o6imuit pesysbTaT AaeT AOCTATOYHOE YCJIOBHeE.

Teopema 3.1. [Tycms ¢ynkyuu f,.f, 6 cucmeme (HIY) yoosaemso-.
PAIOM HepageHcmey

il Xa)| < (e + 29)M2) (1= 1,2), (3.5).

20e p = () — HenpepuleHas PYHKYUs, OnpedeAcHHA HA UHMepea.e
0 < r <ry u maxaa, umo npu r —Q

w(r) = ofr) (3.6)
u

Ie

(YD dr < oo - (37)
Q '



§ 3. IPABUJIBHBIE Y3Jibl U NMPABUJIbHBIE ®OKYChI 413

Tozda, ecau HA4AA0 A6AeMCA POKYCOM (UAL NPABUALHBIM Y3AOM) OAA CUC-
memot (JI), mo oHO 518645eMCA NPABUALHOIM POKYCOM (UL NPABLALHBIM
y3a0m) 0as cucmemo:r (HIT).

[Ipn ucnonb3oBaHuu 6Gojee OTPaHMYUTENILHBIX TPEANONIOKEHHH B
3amavax 8 u 9 ra. XIII Obumr moaydenbl 6ojiee CHUbHBIE pe3ynbTaThl.

HoxkasatenbcTBO Teopembl 3.1. Mo)uHo npeanonarath,
yto ypasHeHus (HJI) u (JI) umeroT KanoHnueckue dopmsl (3.2) u (3.3)
uuto o < 0, § < 0.Tlonaras B {3.2) x, == rcos 6, x, = rsin 0, nonyyaem

rr’ = ar? 4 rcos 6 fy(r cos 6, r sin§) 4 rsin 0 fy(r cos 6, r sin 6) ,

r20’ = — Br2 4 rcosf fy(rcos@,rsin@) — rsin@ fo(r cos 4, rsinf).

(3.8)
U3 nepsoro ypasHerust (3.8) umeem

rr’=ar®+4o(r¥) (r—0),

a OTCI0Ja ClleflyeT, uTO He TOJIbKO Ka)KAoe pelleHue r = g(f), KOTOpoe
HaUMHAeTCsl JOCTATOYHO OJIM3KO OT Hayana, CTPEMMTCSl K Hayany, HO
YTO JJIs1 KaYKAO0TO TaKoro peuleHus o < O mist AOCTaTOYHO 0OJbUIHX L.
IToaTomy eciu { ZOCTATOYHO BEJIMKO, TO 7 = o(f) — MOHOTOHHas QYHK-
1ust ¢ ¥, Takum 006pa3oM, oHa onpepensieT o6paTHyio QYHKUMIO { = g(r)
{mocpencteom TOKecTBa t = g(-(f))], KoTopast B6NM3M Havama r= 0
MOHOTOHHA, cKa)keM st O < r <r,. Ecnu 6 = @(f) — péiueHue BTO-
poro ypaBHenus (3.8), TO OpefeNuM & MOCPEACTBOM PaBeHCTBa a(r) =
= «(g(r)), 0<<r<r,. Torna OueBMIHO, YTO 6 == @(r) — pelleHHe
ypaBHeHus, nouyyaemoro us (3.8) mocpeacTBomM GOPMANBLHOTO JENIeHHs,
T. e

d6
- = F(r,0), (3.9)
rae 5 .0
=B+ Fy(r,0)
Fr0) = 2o T 7, ) (3.10)
u
Fy(r,0)= cof o fo(r cos B, rsinf) — s—i%—efl(r cosf,rsinf),
. 3.11)
Fylr,0) =" % i(r cos 6, rsing) + »siz—gfg(r cos 6, rsin6).
Vpasuenne (3.9) MOKer OBITH NepemycaHo B CleayiOlleM BUJE :
do 1 ~
DLl F,0, (3.12)
rae ‘
?;’v(r’ 0) = BF(r, 0) + rFy(r, 6) (3.13)

ar(r + Fy(r, 6))

U3 (3.5), (3.6) u (3.11) cnenyer, yTo eCiU r AOCTATOYHO MO, CKAKEM
dsrsre gl 18 w0
> al + 18] w(r
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B cuny (3.14) u npexnono>xerust (3.7) uHTerpan
J" F(r,a(r))dr (F = min (ry, 1))
&

cxoautes. Tloaromy m3 (3.12) monyuaem, uro

a(ry + élnr—»&(i) + glnf -—J']’:V(r, a(r))dr (r—>0).

0

Vs onpenenenuss QyHkumd o umeem, uto () 4 (B/a)In o(f) — ¢,
t— -+ oo, I'lle ¢ — MNOCTOSIHHAS.

Hao6opoT, nycrb ¢ — aelcTBUTENbHAST TIOCTOSIHHAST ¥ PACCMOTPHM
HHTErpanbHoe ypaBHeHue

r
o) =c + | F(5,0() — Lins) ds. (3.15)
0
Tak Kak QyHKUus F yloBneTBopsieT HepaseHCTBY (3.14) n dyHKuust
P YIOBJIETBOPSIET YCI0BUIO (3.7), TO MOYKHO TIOCTPOUTBH Jisi YpaBHEHHst
(3.15) paBHOCTeNEHHO HeNpepLIBHYIO N0CJIEA0BATEILHOCTL HA HEKOTOPOM
uuTepBate O < r < ry TaK »Ke, KaK 970 ObUIO CeaHO NpY JOKa3aTesb-
CTBE TeopeMhbl CyllecTBoBaHUs Kapateomopu. M3 3Toil mocnemoBaTesnb-
HOCTH MO>XHO BHIOpaTh CXOJSILYIOCS MOJNOCHE0BATENLHOCTh, KOTOPast
IPUBOJUT K CYIUECTBOBaHWIO pemteHusi ¢ ypasHeHust (3.15). Ilycts
&(r) = @(r) —(f/a) Inr. Torma B cuny (3.15) 0 = &(r) ecTb pelueHue
ypasHeHns (3.12) u sicHo, yTO

cT)(r)+%lnr—>c npu r—0.

COOTBETCTBEHHO ITOMY PelleHHI0 § = g)(r) CYILecTBYeT pelueHue r = o(f)
nepsoro ypasHenus (3.8), Taxoe, uto o(f) >0 npu f— -- oo, H eciu
o(t) = a(g(?)), To mapa (oft), a)(t)s onpejieNsieT pelieHne CUcTeMbl (3.2),
st KOToporo w(f) + (Bfa) In g(f)— ¢ npu t— oo. ITO 3aBepluaer
JI0Ka3aTeJbCTBO TEOPEMBI.

CnencrBue. 3axawyenus meopemst 3.1 0cmawmes cnpagedausLimi
0aa cucmemot (HJY), ecau ycaosus (3.5) — (3.7) 3ameHums caedyrowmumu :

[i=00*), fy=00'*) (r—0)

041 Hekomopozo £ =~ G .

HoxkazaTenbcTBO. Bruibepem B Teopeme 3.1 p(r) = Crite,
rae C — Takas IOCTOsiHHasl, 4To |f,| < Cri*e, |f,| < Cr'+¢ masi Bcex
AOCTaTOuHO Majbix r. OueBHjaHO, yTe (3.6) M (3:7) BBIIONHSIOTCS, H,
ClIeI0BaTeNIbHO, 3aK/oueHHe Teopemul 3.1 clpaBefsuBo.
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§ 4. HEHTPBI

Hccenepyem Tereph Ciayuyad, KOIla Hayallo siBJIsSIeTCS LIEHTPOM Jist
cucrembl (JI). [nst Toro utobbl NpOMIIIOCTPUPOBATb, UTO MOXKET CIIy-
YUTLCS1 NpY Nepexoje K BosmyuleHHoH cucreme (HJI) B atom ciyuae,
paccMoTpuM Ipumep

Xp=—Xg— X VX3 + %3, Xp=12x — X} %%+ x3. (4.1)

3Ta cucrema ynoBJeTBopsieT npeanonoykeHusm wist (HJI), 1 nonspHbie
ypaBHeHUsl, COOTBeTCTBYIOIMe cucTeMe (4.1), TakoBbl: 1’ = —r2 U
6" = 1. PelueHue 3TO# cucreMnl, Npoxojsiee Npu ¢ = (} yepes TOUKY
(ro, €9), THE Ty == 0, UMeeT BUJ,

e =(t+4]7,  e)=t+6

1 009ToMy o(f)—0 ¥ e(t)— -k oo Tpu f—> -4 oco. Cilef0BaTeNLHO,
Hauano sBJIACTCS POKYCcOM Iist cucTembl (4.1), XOTs1 [JIst COOTBETCTBYIO-
el MMHeHHONH cucTeMbl OHO NpeACTaBisieT cob0it yenmp.

"~ B pelicrBurensHocTH BO3MylieHHast cucTema (HJI) moyxer ObITh
HaMHOTo 0ojiee CJIOKHOH, YeM NpuBeleHHass B 3TOM Npumepe, NpuyeMm
HayaJi0 0CTaeTCs BCe elle LIEHTpoM. B KadecTBe npumepa paccMOTpUM
CHCTEMY :

Xy = — Xy + xy(x} + x3) sin 5~ (xz * x2)1/2 )
(4.2)
[ 2 2y < —_
Xg =X + xz(x1 + xz) sin (xi + x§)1/2 -

HenuHeliHbie BO3MYIIEHHS] MMEIOT BCIORY HellpephbiBHbIE NepBble NPOU3-
BOAHEIE, M IIO3TOMY Yepe3 KMOKAYI TOYKY (c,, ;) 7~ (0,0) npu t=0
IIDOXOJWMT eQUuHCmeeHHoe pemeHne IMonsipHele ypaBHeHuss mist (4.2)
HMEY BHJ,

r’:rasinT, 0 =1.

OKpY)KHOCTH 7 = l/n,n = 1,2, ..., ABASAKTCS IePHOANUECKIUMHE TPaeK-
TOPUSIMH, IIPEACTABJIAEMBIMU pelleHUsIMH ¢(f) = 1/n, 6(t) =t + 6,, rie
6, — nocrosiHHas. Haiee,

r>0, r>1t,

1
I”<0, ﬂ<r<~—2al?f (m:1,2,...),

, 1 P 1
r>0, mii<r<am-
[loaTomMy HUKaKasi TpaeKTOpusi, KpoMe r = 1/n, He MOXKeT OBITb IePHOAH-
YeCKOH M KOKAasi HeNepHOMUYECKash TPAeKTOPUsT OCTaeTCs1 NOJTHOCTBIO
BHYTpHU OHOM M3 obnacteit r > 1, 1/2m < r < 1j2m — 1), 1)2m + 1) <<
<r<l12m m=1,2,. . Tak KaK $yHKUMHE @ ¥ © MOHOTOHHH NpHU
t— 4 oo (— + oo) 'ro 3TH HellepHOMYecKue TpaeKTopuu nubo
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JOJDKHBIL CTPEMHUTBCSI K OKPYXXHOCTSAM r = I/n npu f— 4 oo unu
t— — oo, nub0 Ke o—> -+ oo B cayvae r > 1. Taxum o6pasom, Hayano
st cucTembl (4.2) SIBIISIETCST YeHMPOM.

[Mpumepst (4.1), (4.2) ucuepnbBalOT BOSMOXKHOCTH N5t cuctem (HJT)
B TOM CJiyyae, KOFia HavyaJio sABJISIETCS] LeHTPOM ISt JIMHEHHOH CUCTeMBI
(J1). B camom jienie, MMeET MECTO Crleaylolas

Teopema 4.1. Ecau nauano seasemcst yenmpom 04s cucmemst (JI),
mo oHo seasenica aubo yenmpom, aubo goxycom oaa cucmem (HJI).

HoxasaTenbcTBo. KaHoHudeckass Gopma paccmMaTpuBaeMbix
ypaBHEHMH TaKoBa :

x; = + Px, + f1xy, x2) s Xy = — By + [y, Xp) (4.3)
n

Xp=Fxy,  xp=—Fx.
IMpenmnonoxxum, yro f < 0; B NPOTHBHOM Ciiyyae { U — { MEHSIOTCS
POJIAMH. '
HMonsipuble ypaBHeHnns mis (4.3) pawt

r=o(r), 0 =—p-+o(l) (upu r—>0). (4.4)

U3 (4.4) caenyer, 4TO ecli¥ ¢ — pellieHye cucTeMbl (4.3), HaynHaKIeecst
npu ¢t = 0 pocraTouHo OJM3KO OT Hayaja, TO ero MOJsAPHbE QYHKUMU
r=p(f), 6= o(f) YHOBIETBOPSIOT A JOOBIX JOCTATOYHO MaJIbIX
2>0 1 ¢y >0 npu > 0 HepaBeHCTBaM

oot <ot), ' >0.

TloaTomy o > O A7isi BCeX KOHeuHBIX { > 0, IJIs1 KOTOPBEIX 3Ta QYHKLKA
CYLIECTBYeT, U @ — MOHOTOHHast QyHKuUMs f. OGo3Hauum 00paTHYIO
dyHKUMIO 1151 @ depe3 h, T.e. {= h(6), n OmnpeJenuM ¢ NOCPEJCTBOM
pasencTBa p(0) = o(h(0)). Torma ¢yHKuMA r = {(6) YROBIETBOPSET
JuddepeHLnaNIbHOMY YpaBHEHHIO

% = F(r,0), (4.5)
rue
F(r, 0) = cos 8 f(r cos 6, r sin B) + sin 6 fy(7 cos 6,  sin 6)
» 91T "B 4 (cos 6]r) fo{r cos 6, r sin 6) — (sin 6/r) fy(r cos 8, r sin 6) °

Hao6opor, ecnu r = p(f) — pemiedre ypaBHeHHs1 (4.5), HauuHalw-
leecsl IOCTATOYHO 6JM3KO OT Hauana, TO MOJSIpHOe YpaBHeHHe st 6
6yner maBaTb pellleHue 6 = @(f), KOTOpoe MOHOTOHHO 10 {. Toraa eciu
o) = &(e(t)), To mapa (p(f), @(f)) nopoknaaer pemenne cucrembl (4.3),
HauuHawoleecs1 BOJIM3N Havana.

U3 aTux paccy)XaeHult cnefyer, 4to [Jisi TOro, yToOsl M3YUYUTH IOBe-
AeHue pewieHu#t cucrembl (4.3) BOnM3M Havasa, JOCTAaTOYHO HUIYYUThb

. TIOBefleHMe peuieHHid ypaBHeHHs (4.5). PyHKUMA F HellpephlBHA 110
COBOKYIIHOCTH IepeMeHHBIX (7, 6) B HeKoTopoM Kpyre 0 < r < ry (r; > 0),
F(r,6 +2n)= F(r,0) u F(r,0) = o(r), r—0, paBHOMepHO 1O 6.
i GaKThl He rapaHTHPYIOT eMHCTBEHHOCTD pélleHHH ypaBHeHus (4.5).
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Iycetb ry, 0 <1y <1y, ¥ >0 gaHbl, U O0JNOKMUM M = max |F|
ast O <r <{r,. Toraa Ha OCHOBaHMM JIOKAJbHOH TeOpeMbl CYLUECTBO-
BaHUSI cyiecTByeT Kpyr O < r < ry/2, TaKoH, uto eciu TOuKa (g, G,)
JIOKUT BHYTpPU ITOT0 Kpyra, TO YypaBHeHue (4.5) umeeT pelleHue
r=20), @)= o, KoTopoe Cymectsyer ans 0 |9 — 0y <
< min 2z + m, ryf2M) u ocTaercs BHyTpu Kpyra 0 <r <r,. bonee
TOTO0, U3 COOTHOWEHUS F = o(r), r — 0, cienyer, yTo eciu r, BEIOPaHO
JOCTATOYHO MajbiM, TO 79/2M > 27 4 7. B atom cnyyae QpyHKUus @
cymectByer Ha untepBaie 0 < |0 — 0, < 2m + n u ocraercsi BHYTDH
uHTepBana 0 < r < ry.

[lycTs Havasno He sIBsieTCsi LeHTpoM. Torja, ymeHbllas B Cly-
yae HeOOXOLUMOCTH 7o, TIOJIyYaeM, UTO B Kpyre r < I, He CYyIIeCcTBYeT
NepUOANYECKUX TpaekTopuil. PaccmoTpum cHoBa pemtenune 1 = g(0),
NpOXOojsiiiiee yepes TOUKY (gg, 0p). Torna nubo (0, + 2m) < &(6,), 1o
00, + 27) > 3(h,). He orpanuumsasi O0OWIHOCTM, JIOCTATOUHO pac-
CMOTpETb TOJLKO IepBblil ciydail. £cau pasHocts  o(8) — o(f + 27)
obpaiaeTes B HyJsib IIpu Bo3pacTaHuu 6, To B Kpyre r < r, CyLIeCTBYET
nepuojuueckasi TpaexTopusa. Takum obpasom, ((5) > o(f - 27) ans
6 > 6,. Tak Kak HocneaoBaTenbHOCTb {o(0, + 27mk)}, k=0, 1,...,
MOHOTOHHO yObIBaeT W TOJIOYKUTeNbHA, TO OHa umeeT mpeaen 7. Ecnu
¥ =0,700(8) > Onpud — co. Ecu ¥ > 0, 10 myctb (6, -+ 0 -+ 27k) =
= 0,(6). Tak Kax [dp/df] << M, TO Hala MNOCJIENOBATENLHOCTL {04}
paBHOCTeIIeHHO HelpepblBHA Ha unTepBane [0, 27 ]. OueBumHo, 0,(0) —
u 0;(27) — 7 nipu k — oo. Takum 00pasom, cylnecTByeT MOANOCIe0BA-
TENILHOCTb OCJIEOBATENILHOCTH  {px}, CXoAsasicsi K  pelleHHIo @
ypaBHeHus (4.5), 1 0(0) = ¢(27) = r. 3HAUuT, 3TO pelIeHHe ePUOANYHO,
YTO NPOTUBOPEYMT NMPEATIONIOYKEHHIO O TOM, UTO IS I < Iy HET MepHOJM-
yeckux Tpaexktopuit. Urak, 7 = 0 u 0(6)— 0 npu 6 — oo.

B cnyuae Korja uepes KOKAYIO TOUKY NPOXOAUT TOJbKO OJHO pellie-
HHMe, 3TO 3aBepluiaeT J0Ka3aTeJbCTBO. B ofliem ciyyae paccMoTpuM
HIDKHee M BepXHee DelleHMs1 ypaBHeHus (4.5), 0,, U 0p, Npoxojsiue
yepe3 TOUKY (gg, 6,). OUeBUAHO, UTO O, TNPUOIDKAETCST 10 CIHUpaANd K
Hayany npu Bo3pacTaHuu 6, n6o ¢ obmamaer arum coifctBom. Ipemrno-
JI0YKUM, UTO Onm He Beler celsi Tak. Torna

om(0y + 27) > 0,4(6,)
0B + 27) < 8,m(6p) = 05 = 0m(Bo) < &m(Bo + 27) .

Taxum 06pasom, B CUIY CIEACTBUs U3 Teopembl 1.3 ri. II goipkHO cyle-
CTBOBATb IePHOAMYECKOE pellieHre, IPOXOsiee Yepes (g,, 0,), 4T0 Npo-
TUBOPEUUT NpearosoKeHu0. Urak, Bce pelleHusi, NpoxXoxsliue depes
TOUKY (0o, 6,), NPUOIMKAIOTCS M0 CIMPAK K Hauasly IpH Bo3pacTaHuu 0.

Pemrenust, npoxojsiiuie yepes no0yio TOUKy BOIM3M Hayana, JOJKHEL
HaKpPY4YMBATHCSI HA HEro NpPH Bo3pacTaHuu 6, u60 B IPOTHBHOM cilydae
AODKHO ObUTO OB CYLIECTBOBATH pellieHue ¢, KOTOPOe PacKpYyduBasIOCh
Obl mpu BospacraHud 6. PaccMoTpeHHoe BBIllle BepXHee pelIeHHE Oum

27 182,
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JOJDKHO IlepeceKaTb 3TO pelleHue, T. . ROJDKHO CYILeCTBOBATL 6 > 6,
TaKoe, 4TO ; .
0m(0,) = 00, + 2km)
JUIsE HEKOTOPOTo LeNoro k. PaccMoTpum Temeph pelueHue &, Tie
éo(e) - éM(H) (60 <6< 91) ’
2o(0) = 0(0 + 2km) (6, < 0).

JT0 pelueHue, NPOXojsiiliee Yepes TOUKY (09, 6;), OYEBHIHO, IPEBOCXOAUT
&m(6) TIpH 6 > 6,, YTO NIPOTHUBOPEUMT ONpefesieHUI0 BEpXHero pelleHus.
Taxum 00pa3oM, peleHHs g CYLIeCTBOBATb He MOYKeT U BCe peLIeHUst
HaKpyYMBAKTCS Ha Hayano NpH Bo3pacTaHuu 6. Teopema HoKasaHa.

§ 5. HENPABHJIbHBIE ¥Y3Jibl

PaccmoTpum criyyaid, KoTJia Havaso sIBISIETCS HENPABUILHbIM Y3JI0M
tuna (11) pnsa nuHeliHOR cucTemsl (J1), 1 IpeIONOKUM IJISt ynpomeﬂm
YTO CHCTeMa B KaHOHMYeCKO# (opme MMeeT BHUJ

Xp=Axy, Xg=puxy (p<<i<0). (5.n
Torpa nenunedinasi cucrema (HJI), coorsercreyrowas (5.1), umeeT BUA
Xy = Ax; + fy(Xy, Xa) Xy = pXp + fo(Xp, X5), - (5.2)

M CleflyI0Ias TeopeMa NIOKa3blBaeT, B KaKOl mepe reoMeTpusi TPaeKTo-
puil cuctemsl (5.2) cpaBHMMa ¢ reomeTpueil TpaekTopuii cucrembl (5.1).

PesynbTathl 3aiay 5 1 6 ri1. XI1I TecHO NpUMBIKAIOT K 9TOU Teopeme
M BKJIYAIOT NIpeuloyKeHne (C).

Teopema 5.1. (a) Kancoas mpaekmopus cucmemst (5.2) e6.ausu Ha-
Yaaa CMpeMumces K Ha4aay u uMeem npeoeqbHoe HANpAeAeHue, KOmopoe
o6pasyem ¢ noaoncumebioll x,-noayoceto yeoa 0, m/2, m wau 3w[2.
Kpome moeo, cywecmeyem Oeckonedro MHO20 mpaeKmopud, cmpems-
uxes K Ha4asay noo yeaamu O u 7.

(b) Cywecmeyem no kpaiineti Mepe 00Ha MPpaexkmopus, CMpPeMLasics
K Hauaty nod yaAom w[2, u no xpatineii mepe 00na — 160 yeaom 37w/2.

(¢) Ecau npouseoonsie 9f,[0x,, 0fs/0x, cywecmeywom u HenpepuvigHbl
oaa 0<r<ry MO cywecmeyem MOYHO 00HA MPACKMOPUS, CIMPEMSA-
wWasaca K Hauaay 6 Hanpaeaenusx w2 u 3mf2.

JokxazaTenbCTBO YyTBepXaeHus (a). V3 reopemnr 2.1
CJleflyeT, YTO Hauajo sIBJISIeTCS TOUKCH HpUTsHKeHUs1 Ui cuctemsl(5.2).
[Moaromy cywectByeT 6, 0 < d < r,, TaKoe, YTO Ka)kKJasi UHTerpajbHas
KpuBasi, HauuHamomasacss B Kpyre 0 < r <6, cywecTByeT Npu t > f,
IJIS1 HEKOTOpOTO £, M CTpeMuTCA K Hauany npu {— -- co. M3 (5.2)
CIIEIyeT, UTO JJiA Ka)K/J0I'0 pelleHusi, HauuHaoIerocst B Kpyre 0 < r <4,

r’’ = (u— Ayr¥cos@sin6 + o(r?) (r—0),
nnu o =% Dsin2g +o(1)  (r—0). (5.3)



§ 5. HE[IPABUJIbHBIE Y3JIbl 419

Hust moboro e, 0 <C e < @/4, paccmoTpum obnactu
Ty o <e, To: 0—7<e,

% |

Ty: ie_71£8’ Ty: ‘0—3771|gs.

Ha npsimoit 6 = ¢ BeJMuKHaA Sin 2¢ MOJIOXKUTENbHA U, CJIEJOBATEILHO,
no (5.3), 6’ << 0 Ha Hell, ecny r AOCTaTOYHO Mano. Auanoryudo 6’ >0
Ha TIPSIMOM 6 = — ¢, €CJIM 7 JJOCTATOUHO Mano. Takum oGpasom, ecam r
JOCTaTOYHO MaJjio, TO KaXKJasi TPaeKTopusl, HaUMHawIasacs BHYTpu Ty,
He MO)KeT BLIATH u3 00nacTu 7). AHaJIOTM4YHbIe PACCY)KJAeHHUs IOKa-
3BIBAIOT, YTO 9TO YTBEP)KJeHue BepHO M juis obnactu T, C ppyroi
CTOPOHBI, €CJIM 7' JOCTATOYHO MaJI0, TO TPAeKTOPUM Ha IpaHunax obnacre
T, u T, nanpaBieHbl BHe 9TuUX obyacreil. Taxum 00pasom,” Kaxkpasi
TPaeKTopusi, HayuHaowasicss BHe obnacteit T3 u T, He MOXKET BOATH
BHYTpb T, win T,. ITycTh uucno 6; < 6 HAaCTOJILKO Majo, YTo TPAEKTo-
puM, HauuHawliyecs: BHyTpu Kpyra 0 < r < d;, BeayT celsl TaK, KaK
OBLJIO ONMCAHO BHILIE.

Quepnauo, yro, AT Toro 4roGel TpaeKTopus TpubmmKajnack K
Hayajiy Noj yrjoM 77, HeOOXOAMMO U JOCTATOUHO, UTOOBI AJIST KaXKAoro
g, 0 < e < m/4, cyLecTBOBANO f., TAKOE, UTO JUISi BCEX { > I, TPAEKTOPHS
oynet nexark B 061acTu 7, (COOTBETCTBYIOLIEH STOMY &£). 3aMETUM, UTO
TpaeKTopusi NpubKaeTcss Moj YrjaoM 7, ecnu OHa Npubnmxaercs
BJIOJIb IIOJIOYKUTEJIbHOM X, -NosyocH.

[Moka)kem Tenepb, YTO eciu TpaeKTopusi C HAUMHALTCSA BHYTPH Kpyra
0 < r < 8,, To OHA CTpeMUTCs K Havany nox yriom 0, 72, = unu 3x/2.
I[Ipeanosioykum NpoTHBHOe. TOrga HJsi HEKOTOPOro g, 0 < g < /4,
tpaexropusi C He nexxut B obnactsix Ty, Ty, Ty unu T, (COOTBETCTBYIO-
IUX &). [Ipeanono)kum, Hanpumep, yto C Jexxut B obnactu S: g <
<0< m2 — g Torna OHa B KOHUe KOHUOB Boiizer B obnacte T7,.
B camom pene, gomycTéMm, duro 3T0 He Tak. Torga C ocraercs
B S misg Bcex pocratoyHo Gonpwux f. Ho B S B cuy (8.3)
6’ < [(u—A)/4]sin 2¢, < 0. Utak, ecnu § = — [(u — 4)/4]sin 2¢, To
TpaexTopyst C NO/HKHA OCTaBUTb S U BOWTH B T, Ha {-uHTEpBAJe, MeHb-
wem 7/(20). 310 ABISIETCA TPOTUBOPEUMEM, a CIIeI0BATEIIbHO, TPAEKTO-
pust C BxopuT B o6nacts T JuIsi KaXKJA0To & M, TaKum 06pasoMm, cTpe-
MUTCS K Hauvajy TOJ YIjoMm 7. AHajOTUYHBble pacCy)JeHust Clpabef-
auBel, ecnn C Haxomuress B Jo0oit obnactu, OTIMuHOK oT obnacteii
T, T, Ty unu Ty ITO 3aBepiuaeT N0Ka3aTeNbCTBO YTBEPXJACHUS ().

HokasaTenbcTBo yTBepxpugeHus (b). [ycte ¢>0
1 nycTe cexrop OAB orpannyen paguycamu OB u OA, BBIXOJSAIIMMH
u3 Havama O mop yriaamu (w/2) —e ¥ (7/2) + & COOTBETCTBEHHO, U
NYCTh paguyc CeKTopa MOCTATOYHO MaJl, TaK UTO B ITOM CEKTOPE 7 eCTh
yOeBatomas ¢pyHkuus f. Tak Kak r — MOHOTOHHO yObiBaiowasi GyHK-
1y £, To cucrema (5.2) B 3TOM ceKTOpe MOXKeT OBITH 3aMeHeHa ypaBHe-
HMeM NepBOro NopsigKa de/dr = F(r, 6). PacCMOTpUM MHOYKECTBO TOYEK
S ua pyre AB, ofnajamoliee TeM CBOWCTBOM, UTO BCE pellleHHS Ypas-
HeHus df/dr = F, ucxojsimuue u3 To4eK AB cineBa 0T n000# TouKH S,

27*
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BHIXOJAT U3 cexktopa OAB, niepeceKasi OTKPHITHIA pafuaibHbIM MHTEpBan
OA. Touku S o0pa3yioT uHTepBan AQ, KOTOPHIA He BKIIIOYaeT TOYEK,
6nskux K Touke B. Ilokakem Telepb, UT0 S He COAECPIKUT KOHEUYHYIO
TOYKY @ MHTepBana, T.e. YTO MHTepBajn AQ CnpaBa OTKPHIT. B camom
Iese, TPedloIoyKiM, YTO BCe PeleHHs], BhIXOAsUIUe U3 Q, NepeceKarT
OTKpBITbIA MHTepBaji O A. Torja, B 4aCTHOCTH, HIKHee perieHue Oyner
obnajgaTe 9TUM cBoicTBoM. Takum oOpasom, 1mo Teopeme 1.4 ri. II,
HIDKHee pelleHue JUIsi OJM3KUX TOUYEK, JIeKaIUX clpaBa OT. Q, Oyjer
nepecexaTb OA. [Jis1 BepxHero pelleHust QYHKUMsI 0 He MeHbLIe, YeM
JUIST HYDKHEro, W, Takum 00pasoM, BepxHee pellieHMe HaBepHoe Mepe-
cexaeT OA. Urak, Bce pelleHUsi, HaUMHaKwIuecs B TC'IKe U BO BCEX
ToyKax, Omuskux K Q, OynayT nmepecekatb OA, YTO HEBOSMOXKHO [0
OTpefeNeH 0 TOUKM Q.

Tak Kak BepxHue pellleHHsl HEeMPepBIBHBI CBEPXY, TO BepXHee pelle-
Hiie, BHIXOJslee U3 TOUKU Q, NMepecexaeT OA WM 0CTaeTcsl B CEKTOpe
OAB. Hwxuee peieHue He IepeceKaeT OTKpPHITHIA uHTEepBan OA.
Ecnu HwkHee pellleHne He cTpeMuTcst K Touke O B cexkrope OAB, 1o
OHO TlepeceKaeT OTKPHIThIA uHTepBan OB. Ilycth BepxHee pelleHue,
BLIXO/silee u3 Todru Q, mepecexaer O A B Touke C, a HIOKHee peleHne —
OB B Touke D. ITycts Touka A, neyxutr Ha OA Onwxe K0, uem C, u B; .
Ha OB neéxur 6mwke K O, yem D, u nycte OA; = OB,. Paccmorpum
cextop OA,B,. Mpopenaem ¢ xyroit A B; T0 »Ke, 4T0 u BhILe ¢ AB.
IlycTs Touka, COOTBETCTBYIOIIAsE TOUKe ( Ha 9TOH Jyre, o6o3HaveHa
Yepe3 Q,. Paccmorpum peuleHust ypaBHeHWst d6/dr = F, BbIXOIsliue
u3 Q,, upu eospacmarowyjux r. OHK He MOTYT NepeceKath OA vnu OB.
Takum 06pa3om, OHU JNOJDKHBEI 0CTaBUTb CeKTop OAB mocne nepBoi
BeTpeun ¢ pemeHusimu CQ mwiu DQ. Ho peiueHue, KOTOpoe BCTpedaer
CQ B Toure K, oTAMuHOM 0T Q, MO)KeT OBITH NPONOIDKEHO KAK PelieHHne:
B1osb CQ ot K o Q ; aHAJOTUYHO 0OCTOMT Jesio AJIs1 pelleHu#, BCTpe-
vaoniux DQ. Taxkum 00pa3oM, CyLeCTBYeT N0 KpaiiHedl mepe ORHO
pelueHne ypaBHeHus1 d6/dr = F, xotopoe upaer u3 Q B Q. Taxkum jxe
00pa3om CyiiecTByeT Touka Q, Ha ayre A,B,, pacHo0XeHHOH Oimie
K O, ¥ pewieHue, uayuee u3 Q, B Q,, a 3Ha4uT, u u3 Q B Q,. ITO peileHue,
0YEBUJIHO, MOYKET ObITb GeCKOHEUHO NPOJOJHKEHO 110 HakpaBJieHuio K O.
Taxkum o0pazom, JuHus QQyQ, . .. €CTh pelieHue, KOTOPOe CTPEeMUTCs
K 0. Tak Kak 0 61usKo K /2 B cektope O AB, To u3 npeioKenust (a)
SICHO, UTO pelueHue cTpemutcst K O MOox yriom 37/2 ¢ I0JI0KUTENbHBIM
HanpasjeHueMm X;-0CHU TpHU f— oo.

NoxkasaTenbcTBO yTBep X AeHus (c) Oymer nauo mis
cnydast 3m/2. Jnst KaKpoil (QUKCHPOBaHHO| WMHTErpanbHOM KpuUBOH
(p1, o), cTpeMsiLIedicss K HAYANYy IOX yIiIoM 37/2, ¢/ps—-0, U, TaKuM
00pasoM, u3 ypasHeHuit (5.2) cienyer, uro (pi/ y = 1+ 0(1) npu
t— + oco. UTaK, ¢y < 0 wist g, > O Nput Bcex MOCTaTOUHO OONIBIIUX f,
M, CIIEI0BATENLHO, QYHKLUST X, = @y(f) MOXKeT ObITh BBeJeHa KaK HOBas
nepemeHHas. [Iycts TOUKa Haj CUMBOJIoM 00o3HauaeT auddepeHiupo-
BaHUE M0 X,.

[Tpearon0Kum, yTo CYIIeCTBYIOT JBe pa3jMyHble TPAEKTOPUH, CTpe-
MSILKECST K HAYay 1of yriom 3x/2 npu { — -+ co. [TyCTh COOTBETCTBYO-
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11e TPaeKTOPUM NpeJICTaBJIeHsl A1 BCeX JOCTATOUHO GOJIbIIMX f ypaB-
HeHUSIMH X; = 1,(X,), X; = po(Xy). OUEBUIHO, p;(Xy)/Xs — O mpu X0 4.
M3 (5.2) cnenyer, uro

Pixs) = 2 pilxs) + Fi(wilxa), Xa) (i=1,2)
a2 "Xy + fz(ll)i(xz): Xg ’

M TI0CJie BBIUMTAHHUSI, €CIH p = P — 1y, UTO
Aplxs) + [(pa0a), %) = hlwy) %))
B Xy + fa(wa(xa), X2)
+ [Ayy(x) + f 1(W2(xz)x xz)] [Lz('l’(xz): xz) — fo(wa(%s), xz)] (5 4)
[ex, + fz('l’l(xz): xz)l [ x5 + fz(’l’z(xz): xz)] ) )
B cuny Teopembl eIMHCTBEHHOCTH 9 == O ¥, Takum 00pa3om, 6e3 BCAKOTo

OTpaHuYeHUs1 06LIHOCTH MOXKHO NIpefnoaraTh, uro p > 0. B cuny (2.1)
NPOU3BOJHBIE Of;/0X; paBHHI HYJII0 B Hayaje. OUeBUIHO,
. Ofi
i), o) — Fi(pal), Xo) = (x0) o (Cor %)

Tlie pu(Xy) << &; < 4(X,), M TaK KaK 9f;/0x; — O mpu r — 0, T0 u3 (5.4)
CIeNyeT, UTo

P(x) =

W) =8 (14 0(1) (= 0). (5.5)

[Toatomy, ecnm X, AOCTATOUHO Mayo, TO Xyp/yp <y <1 mna y > Aju,
a 3HauuT

et < ) (5.6)

Xg
rie ¢, >0 — nocrosinHasi. M3 (5.6) Terepp ciepyer, uto p(xp)/X, —
— - co TIpH X,— 0, a 3T0 IPOTHBOPEYUT TOMY (aKTy, 4To

p(xa) — Y1(Xe) — Pa(X,)
X, X,

—0

npu X, — 0. ITO I0Ka3bIBaeT, YTO CYLIECTBYeT B TOYHOCTU OJHA TPaeK-
TOpHS, CTPEMAILASICA K Hayajy Ioj yrjom 3m/2.

Cnyudait, Korja JmHeiiHas cuctema (JI) umeeT HenpaBHIIbHBIE y3sen
tuna (I1I), moyker GbITb paccMOTpeH TaKum jke 00pa3om M IpefoCTaB-
JISIETCS YMTATeINI0. ITOT CyYaid pasdupaercs Taroke B 3agade 10 ru. XII.

§ 6. CERJIA

Inst enyyast cefina B Havasie nycts ypasHenus (HJI) u (JI) umeror
COOTBETCTBEHHO KaHOHMYECKHE (OPMEI :

Xy = Ay + iy, %), Xp = pXy + oy, Xg) (6.1)
u
Xp = A%y, Xa = HXg, (6.2)

rae 4 <0 < u. Torga reomerpusi Tpaexropuil cucremst (6.1) BOiM3K
Hayaja ONUCHIBAETCs Ciedyiowelt Teopemoif. Ita npobiema pasbupaercst
TaroKe B 3agave 7 ria. XIII.
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Teopema 6.1. (a) Cywecmgyem xomsa 6bl 00Ha mpaexkmopus, crmpe-
MAWAACS K Havay nod xaxncoem us yeaos 0 u m.

(b) Ecau, Oanee, npoussoOnsie 8f,/0x,, 0f,/0x, cywecmeywn u Henpe-
poigrot 048 O < r <1y, MO cCywecmeyern 6 MmMo4HOCMU 00HA MpaeK-
mopus, CMpPeMAYaA[cs K Ha4ary noo xaxncosim us yeaoe 0 u n. Kawcoas
MpaeKmopua, HAYUHAWYAACA 00CMAMouHo 6AU3K0 0m KamcOol u3 smux
mpaexmopuii 6 OKpecmHocmyu Havaaa, npu t — - oo y0aiaemcs om Hux.

JloKa3aTeNbCTBO CYIIeCTBOBAHUS TPAeKTOpUU, CTpeMsileHcss K Ha-
yany B cextope [0 < &, OUeHb II0X0XKe Ha JOKa3aTeNbCTBO YTBEPIKIe-
Hus (b) Teopemsl 5.1. JTa TpaeKTOpUs JA0JDKHA CTPEMHUTBbCS K Havayy
C IpefiesibHBIM YIJIOM KacaHus 7, u6o u3 (6.1) umeem

o == Dsin2g +o(1) (r—0),

2

TaK uTo § = w(f) MOYKET OCTaBaTLCA B CeKTOpe |6 < & TONBLKO TOTJAQ,
Korga w(t)— 0 npu f— 4 oco.

‘Urobet jokasaTh  yTBepykaeHue (D), MOKHO HCIOJB30BaTH METO[,
JI0Ka3aTeJbCTBA YTBEP)KAeHUsT (¢) Teopembl 5.1, BHecsi B Hero JHIUb
HeOoJbIYe U3MeHeHNUsT.

3agaun
1. Ompenenutb U KiacCUOUIUPOBATL 0COGBIE TOUKM CHCTEM
X=X, X, = —ax,—bsinx, Q)
u
Xy =X,, x; = a(l —x) x, —bx,, )

r7ie OCTOsTHHBIE @ 1 b YIOBJIETBOPSIIOT yesopusiMa > O0u b > 0.
2, Ilycts . ]
Xj = Pjlxy, %) + fi(x1%)  (7=1,2), *)

rae Pj— OgHOPOJHBIE MHOTOYIEHHl CTeeHM m > 1 u fj = o(r™) npu r - O, rae
r 4 6 — nonsipHele KOOpAMHATHL. ITpeamono)xum, yTO BCE pEUIEHHUsT CHCTEMBI (*),
HauuHaLIMeCsT BOIM3M Hauana, CTPeMATCs K Hayany npH f— oo, ITycts Q(8) =
= (x,Pg — X,P,)/rm+1 u npegnonmKum, 4o QYHKUMSI Q He paBHA TOXKAECTBEHHO
Hyio. ITokasats, uro ecnu § = w(f) — pemenue, T0 1160 w(f) CTPEMUTCS NPU t — oo
K KOHEYHOMY Tpepeny, Ju6o w(f) — + oo (MJIM — co) NpH [ — oo,

Y KaszaHuUe. do/dt = rm—1Q(9) 4 o(rm—1),



TF'naea XVI

TEOPUS NNYAHKAPE—BEHIHUKCOHA
JABYMEPHbBIX ABTOHOMHBIX CHCTEM

[yctb f= (f,, f,) — AelicTBUTEIbHAS HeNIPEPBIBHAS BEKTOP-QYHKIUS,
onpefieNieHHast Ha OIPaHMYEHHOM OTKPBITOM IOJAMHOXKeCTBe D JeiicTBY-
TeNLHOR (X;, X,)-TLIOCKOCTH, U PACCMOTPUM JBYMEPHYI0 aBTOHOMHYIO
CUCTEMY :

X=X, G=flwx) (=g ©

Bcrony B 3T0# r1aBe OyzeT IpeAnosaratses, 4To PyHKUUA | YAOBJIETBO~
psieT BBICKA3aHHBIM YCJIOBUAM U YTO, Aajiee, AJIsl KaXKJOro JAeHCTBUTENb-
HOTO f, 1 Kaaoll Touku (&, 1) € D CyuleCTBYeT eQUHCMEeHHbI BEKTOD-
peieHne ¢ = g(f, &, 1) cucrembl (C) ¢ KOMIIOHEHTAMU ¢y, @y, TAKOH, 4TO
@1(to, & 1) = &, @oty, &, 1) = 1. Mbl nob3yemest o6osHaueHuemM ¢(f, &, 1),
KOTOpOE He COJepyKuT SIBHO f,, n60 pemenne cucremsr (C), npoxofsiuee
yepe3 TOUKY (£, 77) ¥ paccMaTpUBaeMoe KaK KpuBast B (X, X,)-TLIOCKOCTH,
He 3aBHUCUT OT f,. Ecnu peumenuto ¢(f, &, %) cootsercTByer f, =0, T0
(nast Toro e @) p(f —ty, £, ) ecTb peleHue, NPOXoasee npu f = f;
yepes Touky (&, 7).

B cuny Teopemnt 4.3 Ti1. II npeprosodKeHue, 4To pelieHHe ¢ equH-
CTBEHHO, JOCTATOYHO, YTOOBRI FapaHTMPOBaTbh HENPEPLIBHOCTL pelleHuUsI
@ TI0 COBOKYTUHOCTHM MNepemeHHbIX (f,&,7) MUt BCexX f, Uit KOTOPBIX
GyHKUUA @ onpeneneHa, u Aas Bcex (£, %) € D. ITo 3amMeuyaHue Cyile-
CTBEHHO /Il MHOTHX MOCJIEAYIOIMUX pacCy )X aeHui. ocTaTouHble yCio-
BPIISI lLJ'IﬂI CYILLeCTBOBAHMUS ¥ HENPePLIBHOCTY PeLUCHUS ¢ JAHBI B TeOpeMe
7.1 rn. 1.

Touka obnacti D, B KOTOpoii 06e dyHKuuu f; u f, oOpawawTcs B
HYJIb, Ha3bIBaeTCs1 00001 mouxoii. Touka D, KoTopast He ABJsieTCs 0CO00H,
Ha3bIBAETCSL pe2YAspHOLl MoYKoil.

§ 1. NIPEAEJIbHBIE MHO)KECTBA TPAEKTOPHH

[MpennonoXxum, uro C+ (i C—) — DOJYTPAEKTOPHUS TSI CUCTEMBI
" (C), KoTOpasi MPEeNCTaBIIsIET pelleHre @, ONpeesieHHoe TIPU BeeX | > 1,
(amn t < t,) A1 HekoToporo f,. WMuemu cnoamu, C+ (unu C—) ecTsh
MHOYKECTBO BCeX ToueK P(f) MHO)KecTBa D ¢ KoopauHaTamu (p,(?), @a(1)),
Tae ty < t <+ oo (W — oo << 1). Touka Q (X;, X,)-TJOCKOCTH
Ha3blBaeTCcsl npedesHoll moukoii mnst C+ (wnu C—), eCd CyliecTByer
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II0CIIeI0BATENLHOCTL AeHCTBUTENBHEIX ducen {f,}, n=1,2, ..., rge
t,—> -+ oo (Wi t,—> — o) NpU 1n—> oo, TaKas, 410 P(f,)— Q npu
n— oo. MHO)KECTBO BceX IHpeesbHBIX TOYeK IoJyTpaexkropuu C+
(umu C—) oGosnavaercs yepes L(C+) [umn L(C~)], u 9T MHOXKeCTBa
Ha3bIBAIOTCS npedeasHbimil mroxcecmeamu. Eciu C —nonHas TpaeKTopus,
TO €e MO)KHO paccMaTpUBaTh KaK CYMMY IOJIOKUTEJIbHOIL 110TyTpaeKTo-
pun C+ u orpuuaresbHol nonyrpaexropuun C—. COOTBETCTBYHOILUE
npepenbHble MHO)kectBa L(C+) u L(C~) Oynyr o0GosHavaTbCsl yepe3
L+(C) u L—(C) coOTBETCTBEHHO, U MHO)XECTBO BCeX INpeJeJbHbIX TOUEK
C, mmenno L+(C) U L—(C), Gyner obosHauaTecsi yepes L(C).

KauecTBeHHblE T'eOMeTPUUECKUE Pe3yJbTaThl, OTHOCSIIHMECS K pelle-
HusM cucTeMbl (€), KOTOpble 30ech OYAYT M3JI0)KeHbl, HemoCpeICTBEHHO
CJIENYIOT U3 JOCKOHAJILHOIO UCC.Ie[J0BAHHS 3TUX IpeJesIbHBIX MHOYKECTB
IUIst colyyasl MOJIyTPaeKTOPUH, KOTOpasi 0CTaeTCsi BHYTPU HEKOTOPOIo
KOMIIaXTHOTO ITOAMHO)ecTBa K MHOKecTBa D. ITO uccnefoBaHue Npu-
BOJIUT K OJTHO# N3 HEMHOTHX BecbMa 00ux Teopem (Teopema Ilyankape—
BeHyKcoHa), KOTOpasi YTBEP)K[AeT CyLieCTBOBaHUE NepHOAUYECKUX
pelieHuit s (HenuHelHO#) cucTeMsl AubdepeHIMaIbHBIX YPaBHEHHH. .
B nanbHeliuiem NOX TpaeKTOopueld Bcerja MOApPasyMeBaeTCsl TPaeKTOPUS
cucrembi (C€).

Teopema 1.1. Ecau C*+ — noaoncumesbras noAympaexmopus, co-
Oepacalyascs 8 3aMKHYmMoOM noomuoxucecmee K muomcecmea D, mo L (C+)
npeocmasasem co00il Henycmoe, 3aMKHYINOE U CEAIHOE MHOMCECIEO.

JHoxasaTenbcTBo. [lycts monyrpaexropust C+ npejcrapis-
eTCsl IOCPeACTBOM pelleHus ¢ = (py, pp) WIS £ > f,. Torga Geckoneunoe
MHO)KeCTBO TOUeK Ppn: (p(ly 1), galto+12), n=1,2, ..., t,— oo,
COJIEP)KHUTCST B OTPaHMYEHHOM MHO)KecTBe K, M, CJIeJ0BaTeJIbHO, 3Td
IOCJIE/I0BATENLHOCTL HMMeeT IOAIOCIe0BaTeIbHOCTb, CXOAAmY0C K
TOUKe, KOTOpasi J0JDKHa NpuHafiIe)xkats K, n60 K 3amxHyTo. [ToaTomy
L(C+) ne nycro u L(C+) C K.

Yro6sl moKasath, yro L(C+) 3aMKHYTO, 0003HauuM depes Q Tpefelib-
HYI0 TOYKy MHOecTBa L(C+). Torga cyuecTByer mocjenoBaTebHOCTb
ToueK Q, € L(C+), n= 1, 2,..., TaKas, uto d(Q,, Q)— O npu n— oo,
rre d(Q,, Q) obo3HayaeT paccTosHHe Mexay Toukamu Q, n Q. Hus
Ka)KJ10/f TOUKM Q,, CYILeCTBYeT t, > 11, TaKoe, 4To d((py(t.), poltn), Qn) <<
< 1/n. Tloatomy, KaKoBo Obl Hu b0 & > 0, CYImECTBYeT LieJioe YKCiIo
N., Takoe, ut0 d((p1(tn), Po(tn), Qn) < £/2 M d(Qn, Q) < /2 st n > N..
Orciopa crnenyer, ut0 d(p(tn),po(tn), Q) << e aas n>N. uIx uTo
Q € L(C+), ubo t,— oo NpU n— oo, .

[Mpeanono)um, yro MHO)KecTBO L(C+) HecBs3HO. Torja CymecTByoT
JIBa HENYCTBIX HelepeceKalonXCsl 3aMKHYTBIX MHOYKecTBa M, N, TaKuX,
uto L(C+) ectb cymma M u N, 1. e. L(C+) = MUN. Tax Kak 00a MHo-
»kecTBa M U N orpaHUYeHBl, TO OHM HOJDKHH HaXOAUTLCS HA MOJIOXKU-
TeNbHOM paccTostHum® ¢ Apyr oT apyra. Tak KaK TOUKH MHOXKeCTB M

1Ecmu S; ¥ S, — /182 MHOXKeCTBA TOYeK, TO d(S,, S;) = inf d(P;, P,), npuuem
HIDKHsIsl FpaHb Gepercst Airst BCex Touek Py € S; u Py e S,
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¥ N sBISIIOTCS TpefefbHBMU Uit C+, TO CYLIECTBYIOT CKOJIb YTOJHO
foJIbILIKeE £, TAKKE, UTO paccTosiHUE TOUeK P(f) oT M meHblue 6/2, ¥ CKOJIb
yromHo GonbiuMe ¢, TaKue, YTO pacCTosiHue ToueK P(f) oT M Oosblie d/2.
Tak Kak paccrosiue d(P, M) npousBobHO# Touku P 10 M eCTb Hermpe-
phbIBHAsI QyHKUUS P U TaK KaK KOOPAUHATHI TOUKM P(f) ABISIOTCS Henpe-
PHIBHBIME (YHKUMSIMY £, TO IOJDKHA CYLIeCTBOBATh I10CTIE0BATeNbHOCTL
{tn}, t,— oo npu n— oo, TaKas, uro d(P(t,), M) = 6/2. Tlocnenosa-
TeJIbHOCTb ToueK {P(f,)}, OyAyuu OrpaHMUYEHHOH, NOJDKHA COAepIKaThb
NOANOCIIE0BATEAbHOCTD, CXOMSAMYIOCSH K TOUKe Q, KoTopas MROJDKHA
OBITL IpenesbHOM Toukoi ans C+. CiepnoBatesnbHO, Q € L(C*) u, oue-
BUAHO, d(Q, M) = J/2. Ho oTcrona crefyet, uyTo ¢ He MPUHAIIEKUT HU
M, vu N, ubo s

a 3TOT Pe3yJIbTAT NPOTUBOPEUUB, TAK KaK, 10 NMpeAnosoKenuto, L(C+) =
= MUN. Taxkum o0pa3om, Teopema HOKa3aHa.

Teopema 1.2, ITycme C+ — noA0xcUmMenbHAS NOAYIMPAEKMOPUA,
coOepxcayascs 8 3aMKHymom nodmuoncecmee K muoncecmsa D, u npeo-
noaoxucuMm, umo Moxmcecrmeo L(C+) codepucum peeyAapuyio mouxy Q.
Toz0a mpaexmopus Cq, npoxoosiyas depez mouxy Q, cywjecmsyem Kax
noanas mpaekmopua u Co S L(CH).

Q0,87 Qo @)

T~ T
/R'c\‘ /—_m

e(EE,10)

?(tﬂvs’n) = ?(07 ‘Em?‘n) (D Uur. 14.

HoxkasarenbcTBo. Ilonesno obparurbes Kk ¢ur. 14. ycrs

TouKa Q uMeeT KOOpAMHaTH (£, %) U NyCTh Tpaekropust C+ NpencTas-

JIAETCA  PeUIeHUEM @ = (@5, ¢p) JUIA >, Hanee, ¢ — GYyHKUUs
HayaJbHOTO TOJIOYKEHHUA, W, SHAUUT, eciiu

(P1, 92) = .(5 , 1)

npu t=t, 10 @ = ¢(t, & 1). 13 onpenenenust Touku Q cnepyer, uro
CYLLIECTBYET IOCIHEN0BATENbHOCTb {f,,} f,~—> co IpH 1 — co, TaKas,
YTO TOYKU P, KOOPAMHATEL KOTOPHIX SIBJISIOTCS KOMIIOHEHTAMU BEKTOpa
@(tn, &, 1), 00NaKaOT TeM CBOWCTBOM, yto P,— Q mpu n-—>co. Ius
KPHMBOH, NpOXofsimied yepes TOUKY P,, MO)XHO 3aHOBO BhOpaTh napa-
METpP TaK, 4T0 P, OyJeT 3a71aBaThCsl KOMNOHeHTaMu Bektopa ¢(0, &n, 7,),
rae Pyt (§n, mn)- Taxum 00pasom, ¢(t, &, 7,) = ¢t + 1, &, 7).
Tpaextopust Cq 3aa€TCs BEKTOPOM ¢(t, &, 77), IpudeM TouKa Q ompe-
nensiercst BektopoM ¢(0, &, 7). Taxum oOpasom, ecnu @ — Touka Co,
TO ee KOODAHHATHI sIBISIOTCS KoMioHentamu Bextopa ¢(f, £, %) ans
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HeKoToporo f. Ma Toro dakra, uto pelieHre ¢ HeNpephBHO 3aBUCHT OT
HavalbHBIX YCIOBUH, cremyer, uto ¢(f, &, 1,) — ¢f, 3 7) TIPH n— oo,
u60 P, — Q. Ho 910 TO e camoe, 4to u cooTHoweHue ¢(f + t,, &, 7;)-»
—(t, &, %), u orcrofa cienyer, 410 Q € L(C+), ubo f + t,— oo npu
n— oo, Takum oOpasom, Co S L(C*+) S K, U B CUNy U3BECTHBIX
coo0pa)keHUH TPOJOIDKEHUs1 oTcioja ciuenyer, 4ro Cq AOJDKHA OBITh
NOJIHOH TpaeKTopuei.

Ecnu Q — mpousBosibHasi peryisipHast Touka MHO)KecTBa L(C+),
rpe C+ — mofasg NOJIYTPaeKTOpUsi, YIOBJIETBOPSAIOWIAS YCIOBUSIM
Teopembl 1.2, To Tpaexropusi Cq, NpoXoAasuas yepe3d Q, HasblBaeTCst
npedenvrioll mpaexmopueli gusi C+. Takum o0pasom, Teopema 1.2 rnacwur,
4T0 MHOXKeCTBO L(C*) COCTOMT U3 0COGBIX TOYEK ¥ NpeleNbHBIX TpaeK-
TOPHUI.

§ 2. TEOPEMA IYAHKAPE—BEHUKCOHA

B arom maparpade Bcerfa OyaeT IpeAronaraTsCsi, YTo MOJyTPaeKTo~
pust C+ coflep>KUTCST B 3aMKHYTOM IOAMHO)KecTBe K MHO»KecTBa D.

Ecnu muokectBo L(C+) nMeeT TONBLKO PEryJisipHble TOUKH, TO OIH- .
canve L(C+) paerca Teopemoil IlayHxkape—DbenaukcoHa, KoTopas
YTBEpP)KAAeT, 4Te MHOXecTBO L(CT) camo sBisieTcsi B 3TOM Ciydae
nepuodudeckoti mpaexmopueii. TouHee, CIpaBeNTuBa

Teopema 2.1 (Teopema Ilyankape—bBenaukcona). ITycms C+ —
NOAONCUIMEAbHAA NOAYMPACKMOPUSA, COOCPHCAYAACA 8 3AMKHYIMOM 1100~
muoncecmee K muomcecméa D. Ecau muomcecrneo L (C+)  cocmoum
MoAbKO U3 pecyAapHbIX moyek, mo 6o

() noaympaexmopus C+ (= L (C+)) asasemcs nepuooudeckori mpaex-
mopueii, au6o

(ii) mromcecmeo L(Ct) sgasemca nepuoduueckoll mpaexmopied.

Ecnu umeer mecto cnyvail (ii), To npegensHasi Tpaexropusi L(C+)
HA3BIBAETCS] npedefbHbIM YukaAoM.B 3ToM cinydae monyrpaexropus C+
JEACTBUTENILHO «3aKPYUYHBAETCS» OK0JIO MHO)KecTBa L(C+) B HEKOTOpOM
cMmbiciie. 910 Oyjer 1noxasaHo B § 3.

Uro0bl 1OKa3aTh 3TY Ba)KHYI0 TeOpeMY, BBeleM OJHO BCIOMOra-
TeJbHOe MoHsiTie. KOHeuHblt SaMKHYTHIH cermeHT [ NMpsIMON JUHUM B
(X}, X,)-TJIOCKOCTH Ha3bIBACTCS MPAHCEPCAALI0 OTHOCUTENLHO (HYHKLMH f,
eCJIM Ka)Kjast TOUKa [ peryJsipHa M ecnu HalipaBJieHHe, ONpejesisiemoe
byHrupeit f B Ka)KHOH TOYKe [, OTIIMYHO OT HampasiyieHus [. CoiicTBa
TpaHcBepcay, KOTOPhle NIOHAR00TCs VISl IOKa3aTesbeTBa TeopeMsl 2.1,
chopmynupoBaHsl B nemmax 2.1 u 2.2.

Jlemma 2.1, (a) Kancoaa pezyaapras mouka (X;, X;) MHOMCECTEA
D ssasemca enymperinell MOYKOL Mpanceepcantt, KOmMopas Mmoxcem
umemp Aw0oe HANPAsAeHUe, UCKANYAA HANpaeeHue eexmopa’ f(xy, Xy).

(b) Kamcoaa mpaexmopus, Komopaa ecmpeqaenm mpaHceepcans,
doancHa nepecexams ee, U 6ce MAKie MPAEKMopuyu nNepecexarm ee 6
O0HOM U MOM MCe HANPARAEHUU.
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(c) ITycms P, € D — enympennas mouxa mpanceepeaau 1. Jlas
06020 € > 0 cywecmsyem kpye C. ¢ yeHmpom 8 Py, marotl, 4mo kamucoas
mpaexmopus, npoxodawaa depez euympenuwio mouky C. npu t =0,
nepecexiem | npu nexomopom t, |t| < e.

HoxasaTenabCTBO. YTBep)KIeHus1 (a) u (b) Jerko ciaeaynoT
V3 OTpejiesieHysT TPAHCBepCad M TOT0 $aKTa, 4To QYHKIMA f HempepblBHa
B TOUKE (X, Xy).

Ins [oKasaTesJbCTBA YTBEPHJIEHHsT (C) MOJOXKHM, 4TO TOYKa P,
MMeeT KoopauHaThl (&g, 7,) ¥ UTO TOUKM TpaHCBepcasu ! yAOBAETBOPSIT
YpaBHEHUIO aX; -+ bX, + ¢ = 0. CymecTByeT Kpyr ¢ LeHTpoM B P,
KOTOPBIMl COJAEPIKUT TOJBKO PeryssipHble TOYKM QYyHKuUmM f. Pewenue
@, IPOXOJisiliiee Yepe3 NPOM3BOJIbHYIO PeryIsipHYIO TOUKY (£, 7)), Jexa-
myio BOnmsu P, npu t = 0, HenpeprIBHO OTHOCHTEJLHO COBOKYIIHOCTH
nepemeHHbIX (¢, §, ) Ha HEKOTOPOM OTKPBITOM MHOJXKECTBE, OKPY)Kalo-
HleM Tquy (Or 507 770)' nych L(t: ‘S: ,'7) = a(pl(t) Ey "7) + b¢2(ty E: 7]) + C,
rne ‘P = ((Fl’ ¢2)' Torﬂa L(O> SO’ 770) = 0 u (aL/at) (07 50! 770) 3& 0
[TosTOoMy, MO TeopeMe O HESIBHOU (YHKIMHU, CYILECTBYeT HellpephiBHAs
dyHKLES | = {(&, 77), OlpeNeNeHHasi B HEKOTOPoM Kpyre C ¢ LIEHTPOM
B TouKe (&, 7,) ¥ YAOBJETBOpsiolast cooTHoweHuam (&, 7,) =0 u
L(t(§, 1), &, m) = 0. Kpome T0ro, TaK Kak QYHKUuA = {&, ) Hempe-
phIBHA B TouKe (&p, 1), TO JUIST KOKAOr0 & > 0 CywecTByeT Kpyr C.
C eHTPOM B TouKe (&,7,), Taxoi, uro [H(&, n)| < e BuyTpHu C.. [losTomy
TPaeKTOpPHsI, POXOAsIAas yepe3 100y TOUKY (&, 77), e)Kaiyw BHYTpH
C. pu t=0, Oymer mnepecekatb [ mnpu f= K& ) u [H&, n) <e.

Jiemma 2.2. Ecau KoHeunas 3amiHymas odyea A mpaexmopuu C
écmpeyaem mMpauceepcans I, mo ona ee 6écmpedqent 8 KOHEYHOM 4UCAe
moyek, NOPOOK Komopwuix Ha 0y2e A cosnadaem ¢ UX NOPAOKOM Ha L.
Ecau C — nepuoduueckas mpaexmopus, mo OHQ écmpedaem | moabKo -
6 00HOTl moyke.

HoxasaTenbcTBo. Eciu p — pewenue, npeacrasuswouee C,
TO TOUKKM Ayru A uMmeror BUL P(t) 1 (p.(8), ¢o(0)), f < t<t st HeKoTO-

PBIX KOHEUHBIX {ut. Ecu nyra A Berpevaer [ B GeCKOHEUHOM UHCIIE
pasNMyHBIX ToYeK P, = P(t,), T0 pa3nuunsle t, OyayT uMeTb MpeJeIbHY0

TouKy  Ha uTepBase { < t < f. Takum 06pa3om, CyIeCTBYeT MOIOCIE-
JI0BATeNBLHOCTb TIOCJIE0BATENIbHOCTH {f,}, KOTOpasi TaroKe MOMKeT ObiTb
oGosHauena uepes {t,}, Taxas, uro f,—f, n— oco. Torna P,— Q =
= P(t), n— co.Ho (p(ta) — ¢(1))/(tn — 1) > f(@s(t), () IpU 11— oo,
¥ TaK Kak oTHomeHne (@u(t.) — go!))/(¢1ts) — gy(f)) paBHO DOCTOSIH-
HOMY HAKJIOHY TpaHCBepCasu [, To f MMeeT TO >Ke HalpaBJieHue, KaK U [,
B TOUKe Q, UTO sIBIseTcsl NMpoTuBopeunem. Takum obpasom, ayra A
JI0JYKHA BCTpeuaTh [ B KOHEYHOM YHCJie TOYeK. _
IMycrs Teneps P, = P(t)) u P, = P(,) — n&Be TOCJIeJ0BaTebHbIE
TouKy nepeceueHuss A ¢, rae t; <1, (eMm. ur. 15 u 16). ITpennosnorum,
yro TOuKa P, oTmuyHa oT P,. Torma kpuBas J, cocrosimasi u3 OTKPBI-
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——

TOH nyru A, unywei ot P; a0 P, n 06o3Havaemoii yepes P,P,, 1 3aMKHy-
TOTO TPAMONUHERHOr0 UHTepBana [, unymwero ot Py 10 P; u o0o03Haua-
emoro uepes P,P,, saBisietcst Kpusoit YKopaaHoli; oHa, ciefoBaTesbHO,
pasjesisteT IJI0CKOCTh Ha ziBe uacTul. [TosTomy Touku Q € C Jy1st A0CTaTOUHO
OnU3KMUX K t, sHaveHnt { < f; u TOUKM R € C AN A0CTATOUHO OJIMSKUX
K 1, SHAuUeHUH f > 1, JIeyKaT Mo pasHyio CTOPOHY oT J (eM. dur. 15 u 16). -
B03MO)KHBI [IBa ciiyyass B 3aBUCUMOCTH OT TOTO, JIe)KaT JIM TOUKM R’

1
i
P Q p:«s_\L

dur. 15, dur. 16.

BHYTpH J uiu BHe J. IIpeirnooyum, 4To umeeT MeCTO NepBLIA ciydait
(bur. 15); BrOpOH ciyuait Mo)keT OBITb pPACCMOTPEH AaHAIOTUYHO.
Torpa st T0r0, yro6nl TpaexTopust C Obi1a BHe J npu t > f,, C A0/HKHa

nepecexaTb J. Ho 0Ha He MO>KeT Ilepeceub Ayry 13’1—1?2 B CUJIY eAUHCTBEH-
HOCTH M He MOYKET Nepeceds MHTepBal Py, P; B 00paTHOM HallpaBJIeHUH.
Crnenosarenbho, TpaexTopust C ocraercss BHYTpH J mis t > t,. Takum
00pa3oM, 04eBH/HO, UTO OmbKalilee nepeceyenue P, (mocne P,) Tpaex-
TOpuM C ¢ TpaHCBepCaybio [ HAXOMUTCST BHYTPU J M OTIMYHO OT P,
Htak, Touxa P, nexxut mexxay P, u P, Ha TpaHcBepcanu [.

Ecnun P, coBnamaer ¢ P, To Tpaexropusi C, OUeBHUAHO, TePUOAHU-
yeckasi. [Ipennonoykum, uyto P; otnuvaercs: oT Py u 4t0o Tpaexropust C
Henepuoauueckasi. Torma ayra Tpaexropuu C, uaymasi oT R, A0JDKHa
BO3BPaTUTbCA K Q U, Takum 00pa3oM, ayra RQ€ C momxHa nepeceyb J.

: ———

Ho, KaK 1 ipe)xjie, OHa He MOXKET llepeceub Ayry P, P, B CUJTy eMHCTBeH-
HOCTHM U He MOXKeT Mepecedb UHTepBaJsl P, P, B 00paTHOM HanpaBJIeHHH.
‘Hrak, Toukn P; u P, coBnajarT u C — nepuopuyecKasi TpaeKTOPHUsi.
DTO 3aBepliaeT JOKa3aTesbCTBO JIEMMBI 2.2.

HoxasaTenbcTBO TeopeMbl [lyaHKape—BeHAMKCOHA Temepp INOJY-
Yaercst MpU MOMOIUM CIEAYIOIINX ABYX AOMOJHUTENBLHBIX JIEMM.

1 Kpusas )Xoppana npefcraBiasier cofoii Tomosiorudeckuii 00pas OKPY»>KHOCTH.
CBOMCTBO TaKol KPHBOI pa3feNisiTh IUTOCKOCTH OCHOBAHO HA meopeme JKepdana.
Ora Teopema raacur, 4to ecau J — Kpusaa JKopmaHa B (X, X,)-IUIOCKOCTH 7T,
TO jomoJyiHeuue J,sm— J, siBasteTcsl o0beJyHEHUEM JBYX OTKPBITHIX MHOYKECTB
Si u Se 6e3 00muX TOUEK, KKAOE M3 KOTOPHIX UMeeT J CBOei rpaHuleil. MHO>Ke-
CTBO S; OIDAHHYEHO M HA3LIBAETCS BHYTPEHHOCTHIO KPUBOH J, & MHOXKECTBO S,
He OrPaHuyeHO ¥ Ha3bIBAETCS] BHEIUHOCTLI) KPUBOH J.
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Jlemma 2.3. Ecau noaympaexmopusa C+ u npedeabHoe MHOWCECITEO
L(C+) umerom 06wy mouxy, mo C+ — nepuooudeckas mpaekmopus.

HoxkasaTtenbcTBo. [lycrs Py = P(f})) — Touka C+, KoTopas
SIBJIsSIETCST TakKOKe Touroi L(C+). JTa TouKa peryJisipHast i, cileJoBaTebHO,

MOyKeT ObiTh B3siTa KaK BHYTPEHHsIS TOUKA HEKOTOPOil TpaHcBepcany [.
Tak Kak P; € L(C+), To Kaxapiit Kpyr I’ ¢ LIeHTPOM B TOUKe Py 0JDKeH

€OJIep)KaTh BHYTpH celsi TOUKy Q = P(f), t > t, + 2. Ecom T — KpyT
AN & = 1 B yTBepIKJeHUMU (c) nemmsl 2.1, TO CYLLeCTBYET TOUKaA P= P(t)
Ha C+, rje |t — ] < 1, Taxas, uTo p El [Tycts P ornuuaercst ot P;.

Torma, mo nemme 2.2, ayra P, p noayrpaexropuu C+ mepecekaer [ B
KOHEYHOM UHCJIe TOUeK. Jlanee, rociaenoBatesbHble NepecedeHus C+
¢ [ 06pasyloT MOHOTOHHYIO MOCJIeJ0BATeJIbHOCTh, KOTOpas YAanseTcs
oT Touku P,. Takum o0pasom, P; He MO)KeT ObITb HpejeibHOH TOUKOH
noxytpaexropun C+ M, Cleg0BaTeNbHO, He IPUHALJIEIKAT MHOKECTBY
L(C+). Noatomy C+ BcTpevaeT [ TonbKo B P;, a ciemoBaTesbHo, C+
€CTb NEePUOINYECKast TPACKTOPHs.

3ameyaHue., ITH Ke coo0pAYKECHUS TOKAIBIBAIOT, UTO /MPaAHcsep-
€ab He moncem ecmpedans muoncecmeo L(C+) 0oaee yem 6 00HoL mouKe.

Jlemma 2.4. Ecau mromcecmso L(C+) codeparcum  nepuodudeckyo
mpaexmopuio, Mo 0HO cognadaem ¢ Hell.

HoxasaTeabcTBso. Ilycrts C, — nMepuofuyecKass TPaeKTopus,
coaeprkamiasicst B mHokecTBe L(C+). Toraa B cuny cesasHoctH L(C+)
TpaexTopusi C, CONEPIKUT LpefiesIbHYI0 TOUKy Q, MHO)KecTBa L(C+) —C
Ilycte | — TpaHcBepcasnb, Npoxogsimas 4epes Q,. Karkmelii Kpyr ¢
LIEHTPOM B TOUKe @, CORep>KUT ToUKYy Q mHOKectBa L(Ct) —Cy n 1A
TOYEK Q, JOCTATOYHO ONU3KUX K Q,, TpaexTopusi Cq, Npoxoasmas yepes
Q, Oyner nepecexaTb [ B COOTBETCTBUM C YTBEPXKAeHHeM (C) JiemMBl 2.1,
ITo teopeme 2.1 Tpaexropus Cq sABJIAETCS NpeNelbHOR TpaeKTopueii ;
oHa otinyaeTcst ot Cy, n60 Cg C L(C+) — C,. CreoBaTesbHO, TPaHCBEP-
canb [ coflep)KUT [Be pasjiMuHble TOYKM MHOXKecTBa L(C+). IT0 TIpO-
TUBOPEYHUT 3aMedaHuIo, MOMEIEHHOMY TI0CJIe 0Ka3aTe bCTBa JieMMbl 2.3,
Takam o0pasom, Cy = L(C+).

JoxkasaTenbcTBO Teopembl [Iyaukape —bBeHIH K-
coHa. SlcHo, yro ecnu C+ — nepuoauyecKast Tpaekropusi, To C+ =
= L(C+). IToaromy mpeanonoxum, uro C+ — HellepruOANYeCKass TPaeK-
topus. TaK Kak mHO)KecTBO L(C+) He yCTO U COCTOMT TOJILKO U3 pery-
JISIPHBIX TOYEK, TO CYIECTBYeT, 110 TeopeMe 1.2, Ipe/ienibHAs TPAEKTOPHUs
C,, comepxamasics B L(C+). Tenepp us Brimouenust C, C K cienyer,
yTo monyTpaeKTopus Cg MMeeT NpemelibHYR TOuKy P, U Py € L(Ct),
160 MHO)KecTBO L(C+) samkuyTo. Eciut [ — TpaHCcBepcab, NPOX0sast
_yepe3 P,, To, nockosbKy Py u C} conepyxatcsa B L(C+), TpaHcBepcab
I He mo)KeT BCTpeTuTh L(C+) HU B 0IHOMU TOUKe, Kpome Py, B COOTBETCTBUH
C 3aMeyaHHeM, CJIEAYIOLIUM 3a H0Ka3aTenbCTBOM Jemmbl 2.3. Tak Kak
P, — npefenbHas TouKa ansi C4, To TpaHcBepcanb [ J0JpKHa BCTPeTuThCo
B HEKOTOPOH TOUKe, KOTOpast JOJDKHA COBNAaTh C Py, u, C1e10BaTelbHO,
mns Ci u L(C§) P, siBnsiercst obweit Touwoit. ITo semme 2.3, Cgt, a
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3HauutT, U C, SIBJISIOTCA IEPUONMYECKUMU TPAEKTOPUSMHU ; OTCIOAA
cneayer, no semme 2.4, uro Cy = L(C+). '

Cnexcreue. Ecau Ct — noaympaexkmopus, co0epucayasca 8 Kom-
naxmuom mroncecmee K, 6 Komopom @yHKkyus | He umeem 0co6srx mouex,
mo K codepycum nepuoduqeckyio mpaexmopur.

§ 3. NPEJIEJIbHBIE MHO)KECTBA C 0COBbIMH TOUKAMH

Crenyroluii pesyibTaT JaeT KilacCupuKauyio roBeleHuss MHOYKeCTBa
L(C+), B cyyae KOIjia OHO COJEPYUT TOJIbLKO KOHEYHOe UKMCJI0 0COOBIX
TOYEK.

Teopema 3.1. [Tycmo C+ — noaympaexmopus, co0epxucawyjasaca 6
3AMKHYMOM noomuoncecmse K muoxncecmsa D, u npeonosoncum, 4mo
D codepycum moabko KoHeuHoe yucA0 0cofbtx moyex. To20a cnpaged.auso
00HO U3 CACOYHOWUX YMeepHcOenui:

(i) ITpedesrioe muoncecmeo L(C+) cocmoum u3 00HOLl eOuHcmeeHHOL
mouku, ocoboil d0aa Pynkyuu f, ¥ Komopoil noaympaekmopus C+ npu-
baunmcaemcs npu t—- oo,

(ii) ITpedeavroe mroncecmeo L(C+) aeagemcea nepuodudeckoll mpeex-
mopued. .

(iii) [1peoenvtioe muomcecmeo L(C+) cocmoum u3 Koneuro2o wqucaa
0co0bIX MoYer PYHKYUU | U MHOMCECTI6Ad MpPaeKmopuil, Kaxicoas u3 Ko-
moperx cmpemumes K 00HOU u3 Imux 0co6beix modex npu t— + oo,

JdokasaTenbcTBO. MHoKectBO L(C+) MOXer cojepKaTb
camoe GoJplliee KOHEUHOE YMCIO 0COOBIX ToyeK f. Ecmu L(C+) coBcem
He COJIEP)KUT PeryJsipHbeIX ToueK f, To L(C+) ecTp mpocTo oiHa ocofasi
ToyKa, 160 mHOXKecTBO L(C+) cmisHo. OueBHaHoO, nonyTpaekropus C+
JOJDKHA CTPEMHUTLCS K 3TOH TOUKe NpU {—> 4 oo.

Ecnu mHOo)KecTBO L(C+) uMeeT peryJisipHbie TOYKM, TO OHO COCTOUT
U3 0COOBIX TOUEK 1 MHOXKECTBA NpefesbHBIX Tpaextopuit. [Tycte Cy —
npefenbHast Tpaekropus. B cuny coobpaj)keHui, UCIONb30BaHHBIX TpU
IOKasaTeNnbCTRe TeopeMbl [lyaHKape—BeHMKCoHa, 0HA He MOYKET UMEeTh
PeryJIsSIpHbIX NpefesbHbIX T0UeK, ecau C, He SIBSAETCS IepuoauuecKeit
TpaekTopueii. Takum obpasom, um C, — IepUOANYECKAasT TPAEKTOpUS
H B 9TOM ciyyae, 1o jemme 2.4, L(C+) = C,, unu C, He UMeeT peryJsip-
HBIX NIpefenbHbIX ToueK. CrnefoBaTenbHo, mubo L(C+) — nepuopuveckast
TpaexTopusi, 1ubo Bce TPAEKTOPUH, cojeprxaiunecss B L(C+), He nepuo-
IMYeCKy e ¥ UMEIOT CBOUMHU NPefle/Ib HIMU TOUKaMU TOJIBKO 0cO0kIe TOUKY f.
[Mpeanonoyxum, 4TO0 MMEET MeCTO TNOCHeIHMH cnyvyaid u nycrs -C, —
Tpaektopus, cogepkauasics B L(C+). VI3 1oKa3aTenbCTBa YTBEPIKAEHUS
(i) cnenyet, uro Kapoe u3 MuoectB L+(Cy) u L—(C,) COCTOUT TOJIBKO
u3 onHoi ocoboit Touku QyHrumu f [paBeHctBo L+(C,) = L—(C,) ne
HCKJII0YaeTe |. '

CaencrBue. Ecau C+ — noaympaexmopus, €00epycayasics 6 3am-
kHymom muoxucecmse K c D, u muomncecmeo L(C+) codepmcum moasko
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00HY 0c06YH0 MouKy ﬁN( u pe2yAapHvie MOYKil), Mo npedesHas mpaex-
mopus cmpemumcs k P npu t— + oo u t— — oo,

[Mpemnono)kum Temepb, 4T0 MHOXKecTBO L(C+) cofiep)KUT TOUKy P,
peryaspuyio st f. Ecim C+ — mepuojauyeckast TpaeKTOpHsi, TO
L(C+) = C+, u mHO)KecTBO L(C+) TOJHOCTRIO M3BECTHO. I1peanonosKum,
uTo nosyTpaekropuss C+ He NMepUoOJMYHa, M NYCTh | — TpaHCcBepcalb,
npoxonsimas yepes P. Torja, Kax B nemme 2.3, C+ J0/DKHa BCTpeyaTh [
B 0eCKOHEYHOM UmcIle TOUEeK, KOTOpble CXOMSTCSl MOHOTOHHO Ha [ K P.
Ecim P, = P(f,) — mwobas Takast To4ka Ha [, To 0003HauuM yepe3s
P,, n=2,3, ..., nociegoBaTeJbHble Nepeceyenuss C+ ¢ I ja f > 1.

———
Torna xpuBas |, cocrosiuiasi u3 xyru Py, P+ Ha C+ 1 NpSIMONIMHERHOT0

uHTepBana P, P, Ha [, ectb KpuBas JKophaHa, KoTopass UMeeT BHY-
TPEHHOCTb I, ¥ BHewHocTh E,. CMm. ¢ur. 17 u 18.

3
Pa

P n+1

dur. 17. dur. 18.

Bosmo)xHBI fiBa Ciyuyasi B 3aBMCMMOCTH OT TOro, uto Pj € [, uiu
P, € E,. B nepBom cnyvae I+ € I, n=1,2,...,a B0 BTOPOM CJIy4ae
Liyin I, n=1,2... . Ecnu P;€ I, 10 P € I;, 4, MOCKONbKY HH
ojaHa Touka L(C+) He mMo)ker npuHajiexars E,, L(C+) < I, u aHano-
ruydo I(C+) c I, mia Beex n. Ecom Py € E;, 10 E, > L(C+) mia
Bcex n. B mepsom cnyuyae mycrb / o003HayaeT Hemycroe 3aMKHYTOe
MHO>XECTBO, COCTOSINEE U3 TeX TOUEK, KOTOphIe NMPHHAJJIE)KAT 3aMbIKa-

HUAM MHOXKeCTB [, Ras Bcex n.VHaue roBops, echu [, — samblKaHue

I, 70 I =N I, B ciyyae P; € E; 0603Hauum uepe3 | s3amblKaHUe
n=1

MHOYKECTBA Te€X TOUEK, KOTOPhle NPUHAMIIEAT MHOXKECTBY [, mpu He-

(-]
KoTopom 71. Taxum 06pasom, I ectb 3ameikanue MHoykectsa U I, Iyctb
J— rtpanuua I. n=1

©

Jlemma. L(C+) = J.

JdoxkasarenpcTBo. [lpexnonoyum, uro I = I,; ecin
n=1

I=U I, To paccy)xieHusi ananornuusl. Ouesunso, L(C+) € I, uGo
n=
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L(C+) c I, nns Bcex n; TaK KaK HA OJHA BHYTPEHHSs1 TouKa I He
mo)ker npuHagiexats L(C+), 1o L(C+) < J. C apyrod CToOpoHH,
Ka)Kjlast TOUKa TpaHMIbl MHO)KecTBAa I sIBIIsIeTCsT MpeflesibHOi TOUKOM
ms1 C+. Tarkum obpasom, L(C+) = J.

B cnyuae [ = N I, nonyrpaextopusi C+ COAEPIKUTCS BO BHEM-
n=1

oo
HOCTU MHO)KecTBa I, a B cnydae | = U I, nonyrpaexropust C+ pacmo-
n=1

J0)KeHa BHyTpu I. :
Ilycrs monyTpaexropust C+ yHoBIIeTBOPSIET TeM YK€ YCIOBUSIM, YTO
1 B Teopeme 3.1.

dur. 19. (C+ Bue I.)

Teopema 3.2. [Tycmo npedeavroe mHomcecmso L (C+) codepucum
pezyaapHyo mouky u nycme noaympaexkmopus C+ u L(C+) He umerom
obwux mouex, m. e. C+ == L (C+). Ecau C+ semcum éne (eHympu) mHo-
acecmea I, mo noaympaexkmopus Cg, npoxo0siyas 4epes npou3eonsHyH
peeyaspuyr mouky P, docmamogno Oauskyio ¥ L(Ct) u aewcawyyrno
gre (ernympu) I, umeem L(C+) ceoum npeodessHoiM Mioncecmeom. Kpome
moeo, noaympaexmopua Cg 3axpyqusaemcs 6oxpye L(C+) 6 mom cmbicae,
Ymo mpaHceepcats, NPOX00Yan Yepes NPoU3BOAHYH Pe2yAAPHYI MOYKy
L(C+), nepecexaem CZ 041 0eCKOHE4HO20 HUCAQ MOMEHITIO8 8peMeHU:.

3ameyaHue. MHOKecTBO L(C+)MOXKeT COAePyKaTb 0CO0bIE TOUKU
1, TakuMm 006pasoMm, He 00513aHO OBITH [1ePUONAMYECKON TpaeKTOpuel.

HdoxasaredbcTBO TeopeMmbl 3.2. [IpeanosodXkum, YTO
nonytpaexropusi C+ nexxur BHe [ ; cm. gur. 19. Ecnu Q — perynsipHast
touka L(C+) u [ — TpaHcBepcanb, NPOXojsilas yepes Q, To, COTIacHO
NperbIYIMM  PaCCY)KIEHUSIM, CYLIECTBYeT I0CJIe0BaTeIbHOCTb BJIO-

1 B yaCTHOCTH, 9TUM CBOiicTBOM 06N apaer C+.
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JKEHHBIX ApYT B npyra 3aMKHYTBIX MHOXECTB {I,,}, TaKasi, 4T0 rpaHund
MHO)KecTBa | = n 1, ects L(C+). Ecyiu Touka P moctaTouHo 6ru3ka

K L(C+), T0 P ne)x\m BHYTpH HekoToporo I, u BHe [,41. OueBnaHoO,
nonytpaexropust C5 He MOXKET IepeceKaTb I'paHuuy MHOXecTBa I, u,

Takum o0padoM, CF wiam ocraercs B I, — Ip+1, un nepecexaer [ Ha
uHTepBale P, 3P, +1 U Nepexomut B [,+1. B nepsom cnyvae L(C7) npu- .
HAJVIEKUT TAKoKe MEOXeCTBY I, — [,41. Eciu N JJ0CTAaTOUHO BeJMKO,
T. €. ecJM ToUKa P 10CTaTOuHO Gm3Ka K L(C+), TO He CyIUeCTBYeT 0COBBIX
TOUeK QYHKLKHK | Ha MHOKecTBe 1,,— I, 1 > N, 160 0c00ble TOUKM U301~
poBaHbl. Takum 06pa3om, MHOXKeCTBO L(C £ ) He Coep>KUT 0COOBIX TOYEK
u, no Teopeme IlyaHkape—beuauxcoHa, L(C5) siBJsieTcst nepuojuue-
clcoit TpaexTopueii. OHAKO B ciieayroIem naparpage (cneicrsue 1 u3 Teo-
pembl4.4) 6y aeT IOKa3aHo, YTO KayK/ias IeproANYeCKasi TPAeKTOPHsI Coep-
JKUT BHYTpH ce0st X0Ts Gbl 01HY 0c00Y10 TOUKY. 3TO IPUBOJMT K IPOTHBO-
peunto. 3uaupT, nosayrpaextopusi C4 R0DKHA BOUTU B [+1 HA P9 Py 4.
Tenepp pesynbTaT MOJIydaeTcss MO MHAYKUMH.

Teopema 3.2 moKasbiBaet, yTo IpefesbHOe MHOXKecTBO L(C+) obna-
JaeT HEeKOTOpbIM CBOIcTBOM YCTOHumMBOCTH. OmnpejejiuM 3T0 TOYHO B
cnyyae NepHOAMUECKOH Tpaexropun. Ilepuonuyeckast TPaeKTOpHA C
Ha3bIBAETCST HOJIOYKUTENBHO YCmonuusoll useHe (UsHympu), ecnu JUist
KaKHOro & > 0 cyllecTBYeT Takoe 6, > 0, 4T0 KaKJast I0JIOXKUTE IbHAST
IOJIYTPaeKTOpHsi, HauMHAIWAasCsa NpH =0 nHa paccTosiHUM MeHblile
0. o1 C usBHe (u3HyTpu) C, onpeseneHa jnsa Bcex { >0 U ocTaercs Ha
paccTosiHuY, MeHblIeM g, 0T C. IlepuofnyecKast TpaeKTOPUST Ha3bIBAeTCS
MOJIOKUTENBHO YCrnoiuusoii, ecnii OHA THOJIOYKUTeNILHO YCTOAUNBaA U3BHE
¥ U3HYTpu. OTpULATeNbHYI0 YCTOHUMBOCTH MOXKHO ONPENeiiTh, eciiu
B IIpefiblAylieM 3ameHuTh { Ha —t. OmnpejesneHHas 3hech YCTORUMBOCTD
YaCTO Ha3bIBAETCSl YCIMOUYLEOCITbI0 MPACKMOpUil.

Teopema 3.3. [as mozo umobst nepuoouyeckan mpaexmopus C Oviaa
NOAOHCUMEALHO YCHIOLYLIEOL, HEOGX00UMO U 00CMAMOYHO, Ymodsl KaK 0As
eHympennocmu, mak u 044 suewnocmu C au0o

(i) mpaexmopus npubauncarace k¥ C npu t— -+ oo xax npeoess-
HOMY yukay, aubo

(ii) cywecmeosanu nepuodudeckue mpaexmopuu 6 Kaxucooll s-oxpecm-
nocmu C.

JdokasaTenbcTBO. I{0CTAaTOUHOCTb NMpPEANOJIOKEHHUH CHEeayeT
HernocpencTBenHo u3 TeopeMel 3.2, Ilycrb Tpaexkropusi C ycToiumBa, u
NPENONIOKUMy UTO JUISI HEKOTOpPOTo & > O Ha pacCTOSHUM, MEHbIIEM
.&, 0T C, He CYLIeCTBYeT NepuoUYeCcKUX TPAEKTOPUH MM 0COOBIX TOYeK.
Torga, no Teopeme IlyaHkape—SeHAHKCOHA, NOJDKHA CYLIECTBOBATH
TIOJIOXKUTEIbHAsT ToJlyTpaekTopust C+, HauudHawWAACA B TOYKE, pac-
cTositnue KoTopoit or C MeHblue J,, Takas, 4to L(C+) ecTb MNepHOAM-
yecKasl Tpaekropusi. Cneposatrensho, L{C+) = C, T. e. C siBysseTCs Npe-
JENbHBIM LHUKIIOM M TeOpeMa A0KasaHa.

28 182.
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[pepnonoxnm Tenepn, yro C; u C, — NEPUOJUUECKHE TPACKTOPUH,
npuyem C, cogepyxutcsi BHyTpH C;, 1 uT0 Mexay C; u C, HeT 0cobbix
TOYEK U NepHoaudecKux Tpaexropuil. Toraa Tpaexkropuu C; u C, Hasbl-
BAaIOTCS CMEMCHLIMU.

LA

dur. 20.

Teopema 3.4, [se cmencrbie nepuodudecKue mpaekmopuy He Mo2ym
00HOBPEMEHHO OblMb NOAONCUNIEbHO YCMOUUUBLIMU HA NPUMBIKAIOWUX
CMoponax.

HoxasaTtensctBo. Ecnu Cy nesxur BHyTpu C,, TO B Teopeme
yTBepikaercsi, uTo C, He MOXKeT OBITh NOJIOXKUTESILHO YCTOHUMBOM U3BHe,
a C, — TOJOKHUTEIbHO YCTOMYMBOX u3HYTpH. [Ipeanono)xkum, urto
Tpaexropus C; n C, NONOXKUTENbHO YCTOHUMBEI Ha NPUMBIKAIOLINX
cropoHax. 3ameHuMm f Ha — ¢ U nycTh C; u Cy — TpaeKTopuH, npubiau-
Karoupecst coorBeTcTBeHHo K Cy u Cy 1ipu  — — oo, IlycTh [, u I, — ABe
TpaHCBepcaly, paclojloyKeHHble KaK IokasaHo Ha ¢ur. 20. ITycrh
R — 3amknyrTas o6acTb, orpaHnueHHas ABYMs KpusbimH )YKopaaha :

jl:Plﬁ1 Ha (,N‘1 H T’lPl Ha [,

121Q161 Ha 62 14} Q1Q1 Ha .

Ka)xnas tpaexropus C, HauuHamwascs Ha rpaHuLe 061acTu R, 10DKHa
ocraBaThecsi B R; Tak Kak obnactb R cB0OOfHA OT 0COOBIX TOYEK, TO.
mHO)KecTBO L(C), 1o Teopeme IMyaHkape-—BeBIUKCOHa, A0HKHO OBITH
TNepHOMUecKOi TpaeKTopueit B R. IT0 MPOTHBOPEUHT NPEATOI0IKEHHIO,
uyto C; u C, — CME)XHBIE TPaeKTOPHH.

§ 4. MHIEKC U30JIMPOBAHHON 0COBOH TOUYKH

ITycts f = (f;, fo) — HenpepsiBHasi gedcTBUTENbHAA BEKTOP-QYHK-
LUsi, ONpejieieHHasi Ha OrpaHUYEHHOM OTKPBITOM MHOMecTBe D (Xy, Xg)--
TJIOCKOCTH, U IPEeANOJI0XKUM, UTO f MMEET TOJIbLKO M30JIMPOBaHHBIE 0COOLIE
Touky B D. Ilycre J — Kpusas JKoppuana B D, He NpoXoAsilasi HH yepe3
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oJHY 0cobyi Touky f. Eciin 49 — monHoe usmenenue yria 6, o6pasy-
€MOTO BeKTOPOM f(X;, X,) C HEKOTODbIM QUKCHPOBAHHBIM HAllpaBJIeHUEM,
KOT'/la TOUKa (X4, X,) npoberaer oauH pa3 J B NOJIO)KKUTEILHOM Hanpapie-
HUH, TO UHOEKCOM Kpusoll | omuocumeasHo PyHKyuu | Ha3LIBAETCsl YHCIIO
A0/2m, o6osHauaemoe uepe3 Iy(J). OueBumno, 310 4MCAO — LeJoe.
Cnenymouee Ba)xHOe CBONUCTBO uHAeKca Iy(J), KoTopoe Ham 37iech IOHa-
no6uTcst, 00BIUHO JOKA3bIBAETCS B KHUI'AX 110 TOMOJIOTMH UM MO TeOpUU
GYHKUUE KOMIJIEKCHOTO TepeMeHHOTO.

dur. 21,

Teopema 4.1. Ecau | — kpusasa )Kopoana ¢ D, He cooepucawas na
cebe uau enympu cefa ocoforx movex sexmopa f, mo I(J) = 0.

HaGpocoK ROKasaTenbcTBa, Tak KaK BeKTOp [ Hemlpe-
PBIBEH, TO OH PABHOMEPHO HEMpPEPhIBEH Ha Ka)KJ0M KOMIIAKTHOM IIOJMHO~
>KecTBe MHOycecTBa D. Takum 00pa3om, cymectByer § > (), Takoe, 4To
Ha Ka)kmoit kpuBoil YKopaaHa Js, KOTOpas MOXeT ObITb 3aK/0OYeHa B
KBajJpar co CTopoHoit 6 B D, MaKcuMallbHOe OTKJIOHEHHE YIja BeKTopa
{ OT ero 3HaueHus1 B PUKCAPOBAHHOM TOUKE Ha Js MeHbILE 110 a6COIOTHO
BeJIMUKHE, UeM 2. 3HAUUT, MHAEKC JI60H TaKOH KpUBOH 0THOCUTENIbHO
BeKTopa | 110 abcoNTHOI BeIMUMHE MeHblle eJMHUIbI M [I09TOMY paBeH
Hymo. Ilponecc noKasarenbCTBa TOTO, YTO HHAEGKC 3aJlaHHOM KpUBOi
JKopmana J paBeH cymme MHJEKCOB HEKOTOPOIO 4ucia (ojee MeIKUX
KpuBblx YKopjaHa, Kakjast U3 KOTOPHIX Tuna Js, M3BECTeH U3 J0Ka3a-
TeJbCTBA Teopembl Koy ¥ 37ech onyckaercss. C MOMOIIBbIO 9TOTO Ipo-
Hecca MOYKHO ToKasaTb, 4To [ J) = O. .

U3 aT0r0 pe3ysipbTaTa JIerKo CiefyeT Npu NMOMOLY 00BIYHBIX METOI0B
teopur QYHKUMI KOMIUIEKCHOTO NEPEMEHHOr0, YTo eCiM J, — Kpubas
YKoppaHa, copepr)kawmasicst BHYTpu Apyroit kpusoit YKoppana J,, u ecnu
MeXAY J, 1 [, HEeT 0coObIX ToUeK, To I(J,) = I J,). Hndexcom uszoau-
posanHoll 00601l mouxu P OTHOCUTEeNbHO BeKTOpa f HA3bIBAETCS VHIEKC
mobo#t kpuBoit YKopnaHa, cogepykameil BHyTpu cebss Touky P u He
cojlepxaieil Apyrux ocoObIX TOYeK BeKTopa f. ITOT MHAeKC 06o3Ha-
yaercsl yepe3 Ix(P).

Teopema 4.2. Ecau | — xpusaa }Kopoaua, okpymncarwnyas KOoHeyHoe
uucao 0cobbix modek Py, Py,. .., P, éexmopa f, mo I(J) = 3 I{P)).

i=1

28*
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JdokasaTenbcTBo. OKPY)XUM KOKAYI TOUKY P; J0CTATOYHO
Maynoit OKpYKHOCTbI0 C;, comepyKailedl BHYTpU ce0s efMHCTBEHHYIO
0co0yI0 TOUKY P;, U cHesjaeM paspesbl, KaK yKa3aHo Ha ¢ur. 21.

Teopema 4.3. Ecau | — kpusas JKopoana 8 (X;,Xy)-NA0CKOCTIL
€ Henpepolero 6pAYAWUMC KACAMEALHHIM 8eKMOPOM V, Komopbild Ha [
Huz0e He 06paiyaemcs 6 HYAb, MO

11)(]) =1.

HdokxasartenbcTBo. Ecmn u(P) — eIvHMUHBIA KacaTeJbHBbIH
BEKTOp KpuBOH J B Touke P, To, oueBuaHo, I.(J) = I,(J), 1, cnenoBa-
TeJIbHO, I0CTAaTOYHO I0Ka3aTh TEOPEMY JJisl BeKTopa u. Bes orpaHuuesust

P(t) s

dur. 22, dur. 23.

OOIHOCTH MOXKHO IpemlloJaraTh, YTO KpyBast J LEJIMKOM JIeKUT B
TOJIYTINIOCKOCTH Xy > 0 ¥ uTO Touku P Ha J 3a7aloTcst NP NOMOLIY BeK-
topa P(f) 1 (a(t), ax(t)), 0 <t < 1. Taxum o6pasom, v(t) = (ai(f),5(t))
¥ MOXKHO, jajee, IPeNI0I0XKUTh, YTO MOJIOXKUTENbHAsE X;-I0JIY0Ch Kaca-
ercsi Kpusoil J B Touke Py = P(0), T. e. uro BeKTop v(0) MMeeT TO yKe
HallpaBJieHye, YTO MOJI0)KUTeNbHasl X,-1101Yoch (cM. dur. 22).

Teopema Oyner jJoKasaHa NpU IOMOIIM IOCTPOEHHUS] BCIIOMOraTesib-
HOI'0 BeKTOpa U Ha 3aMKHYTOH TpeyrojbHON olnactu

T:0<<s<1, s<tL1

B (s, f)-mnockoctd (cM. ¢ur. 23). Onpepenum i(s, s) = u(s) un 0 < s< 1,
i1(0,1 ) = — u(0) u s BceX APYrUX ToueK (s, f) B T monoyxum i(s,t)
PaBHBIM €JMHUYHOMY BEKTOpY, HalpasjieHHomy 0T P(s) k P(f) na J
(cm. dur. 22). O0o3Hauum uyepe3 0(s, {) yroy, 006pa30BaHHBIA BeKTOPOM
i1(s, ) ¢ ONOXKUTENIBHOH X;-noayocki. OueBuziHo, 6(0, 0) = 0, 1 Tak Kak
KpuBas J ocraercss B obnactu x, >0, 10 yron 6(0, f) usmensiercst ot
0 1o =, Korja ¢ usMeHsieTcsl OT HYNs 10 eAMHUUBL. AHAJOTHYHO YIoJ
(s, 1) uameHsteTcst oT 7 10 27, KoTAa § u3Mensiercsi ot O o 1. Vi3 onpe-
JeJIeHNUsT BeKTOpa i 0UeBUIHO, YTO i HenpepsiseH Ha T u i1 == 0. Cnefno-
BaTeJNbHO, 110 Teopeme 4.1, npumeHeHHoH K rpanuue B obnactu T, I3(B)=
= 0. 910 o3nayaeT, 4TO H3MeHeHMe yrya 0(s, s), Koria § H3MeHsercs
ot 0 10 1, paBuo 27. HO 3T0 B TOYHOCTU paBHO M3MEHEHMIO YTa, KOTOPHIA
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BEKTOD 1 06pasyer ¢ 10JI0KUTeILHOM X,-TI0JTYOChI0, KOT/1a KOHTYp J 06xo0-
JWTCST OJUH pa3 B IOJOXKHMTeNbHOM HampasieHuu. CliefloBaTelbHO,
1.(J) =1 u Teopema J0KasaHa.

Ba)kHpM crieficTBUEM U3 Hee SBJISIETCS CHELYMLMM pesyJbTar.

Teopema 4.4. Ecau C — nepuooudeckas mpaexkmopus 08ymepHOU
cucmemst (C), mo I(C) = 1.

HokxasartenbcTBo. Kpusas C sBisercs Kpmaoﬁ H{opnaua
M U3 ee ONpejesieHus CJAERYeT, YTo f eCTb KacaTesbHbLH BEKTOD KpUBOi
Cuifs+0mnaC.

Cnencreue 1. ITepuoduueckas mpaexmopua C codepyucum 6Hympu
cefa no kpatineil mepe 00HY 0C00YI0 MOYKY.

JdokasaTenbcTBO. B mporuBHoM cnyyae, 1o Teopeme 4.1,
I{C) = 0, uro sIBIsIeTCS] NPOTHBOpEYUEM.

- Caexcreue 2. Ecau C — nepuodudeckas mpaexmopus U 0cofole

mouku eexmopa f usoauposanst, mo sHympii C HaAXo0UMca KOHEYHoe HiIcA0

(= 1) ocobuix mouex f, cymma undexcos KOMoOpuIX pasHa eouruiye.
JMokasarenbcTBO. [Ipumensiem Teopemy 4.2.

§ 5. HHAEKC NPOCTON O0COBEOH TOUKH

Mycte ad —bc#+0, u paccMoTpuM CHOBAa [IBYMEPHYIO NeHCTBU-
TEJILHYI0 CHUCTEMY

Xy = (%1, Xp) = ax; + bxy + gi(xy, X5)
Xy = folX1, Xp) == X1 + dXg + €a(X;, X3)

rae QYHKUMM g, g, HempepbBHEL B Kpyre 0 <r = |x% 4 x2 <y mist
HekoToporo y > 0. [lpexmonoxum, panee, uro g, = o(r), g, = o(r)
npu r — 0. ILnst 3TOM cucTeMbl Hayano (X, X,) = (0, O) ecTb U30IMpOBAH-
Hasi ocobasi TOUKa BeKTopa f = (f,, f,) TOro TUIa, KOTOpHIA ObU1 Ha3BaH
npoctoit ocoboii Touro#. MHAeKc Hayaja OTHOCHTENbHO BeKTopa f
JIErKO BBIYMCIISIETCS] M 3aBUCHUT TOJILKO OT AUHEHbIX UJIEHOB B CHCTEMe
(5.1). JtoT MOCHEAHUH YAKT BBHITEKAET U3 CEAYIOLIeH JeMMBI.

(5.1)

Jlemma. Ecau v, U — npousgoasHsle HenpepsigHbie 8eKkmop-@PyHKyul,
onpedenerHbie HA Kpueoll JKopdana [, komopsie HU20e He UMeIOM Npomu-
B0MOAONCHBIX HANPABAEHUL U He 00pawyaromcs 8 Hyab, Mo

L) = I:(J).

HokasartenbcTBO. i 0 <s< 1 onpeaenum BeKTOp V¢ Ha

j IpU NOMOIM paBeHCTBA Vo= (1 -—s)v + sv. Torga v, 0 npu
0<s< ], nbo vo=v, =70, 1 ec vs=0 aas 33&0,1, TO V=
= —(s/(1 —s))v AL TAKOTO s, OTKYJa CIIEAYeT, UTO BEeKTOP U MMeeT
HanpaBjieHye, NPOTHBONOIOXHOe HalNpaBJIeHUI0 BeKropa v. Iloaromy
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uagexc I, (f) CyWecTByeT M, OUEBMAHO, HempepbiBeH mo s. Ho sror
HHIAEKC SIBJISIETCST LeJIbIM YHMCJIOM U, TakuM 00pa3oMm, IOCTOsIHeH.
Orciopa cnenyet, ut0 I, (J) = I1,,(J), nmu I,(J) = I;(J)-

Teopema 5.1 Ecau v — sexmop-gfyHkyus ¢ komnonenmamu (ax, +
+ bxy, Xy + dxy) u f = (fy, fo) — 6exmop, onpedenernovii 6 (5.1), mo
I{(0) = 1,(0), 20e 0 — nauaao (0, 0).

HdoxkazaTenbcTBO. IloKaKeM, YTO Ha JOCTATOUHO MaJoi
OKDY)KHOCTH ¢ LIeHTpOM B ( BeKTOpHI [ U V HMKOIJa He MMEKWT Ipo-
TUBOIIOJIO}KHBIX HalpasiieHuii. [Tpeanosnoum, 4To B HeKOTOPO# TOuKe
(x,, X;) CHpaBe[IUBO NPOTHBHOE YTBep)KAeHue. Torma B 9TOH TOUKe
f -+ sv =0 nas HexoToporo s >0. Ho f=v 4 g, e g= (g, &), %
cleoBaTeNbHO, B 9TOH Touke (1 + sy = —g unu (1 4 8)? ||v||2 =
= [|gl|2. Hanee, [|v]|2= (aX; + bX,)® + (cXy + dXp)?, K eclm X, ==
=7r c0s 6, X, = rsinf, 1o |[v}|2=r2[(acosf + bsin )2+ (c cosb +
+ dsin 0)2]. Tak Kak ad — bc # 0, 10 v =0 Tomeko B Touke (0, 0).
Takum 00pasom, BeKTOp U HelpepblBeH U He paBeH Hymo Ipu r = l.
[Toatomy

m = inf {|v}| >0,
r=1

a TaKk KakK HOpMa |{v|| OTHOCUTEJBHO r OJHOpOAHA, TO |\V|| > mr
anst Beex r > 0. Ortcioga cnenyer, uro m2(l + §)2r2 < [|g||> B KaKao#
TOuKe (X, X,), B KOTOPOM BEKTOPH [ U U MMEIOT IPOTHUBOIMOJIO)KHbBIE
HanpapJiieHusi. 3HAUNT, STH TOUKH HE MOTYT ObITh CKOJIb YTOHO OIN3KUMK
K Touke (0,0), u60 u3 TaKOro NpeArNoNO)KeHUsI CIefoBaso Obl, YTO
0 <m2<mx(l+ s)2 < |lg||¥)r?, a Tak xaK ||g|| = o(r) npu r—0,
TO 3TO TMpejcTaBiisieT co0od MPOTMBOPEYHE.

CrenoBarespHO, AJIs1 HEKOTOPOr0 AOCTaTOYHO Maioro o > O BEeKTOPHI
[ ¥ v He MMEIT NPOTUBOIIOJIOXKHEIX HanpasieHuid B Kpyre O <r < a.
I[Tonarasi B npexbiiyinx paccy<aeHusix s = 0, BUJUM, UTO [ He MOXKET
oOpamarscst B Hysb B Kpyre 0 < r < a. Takum 06pa3om, 1o Tpenbiay-
wei snemme, Ir(J) = I,(J) mnst xaxgaoit kpusoit YopnaHa J B KpyrTe
0 < r < o, okpyxaiomem Touky (0, 0), 1 310 foKasmiBaeT, uto /4(0) =

== P

Teopema 5.2. Ecau f= (f,, f,) — 6exmop, onpedeneHHbILl CUCIMEMOL
(5:1), mo Iy(0) = — 1 uau + 1 ¢ 3aucumocmu om mo2o, A6AAemcsa au
HaYa0 ce0Aom OA AUHEIIHOL cucmeMsl X = ax; + bXy, X5 = X + dXg,
uau Hem.

HdokasartenscTBo. Ilo Teopeme 5.1 10CTATOYHO NOACUMTATH
ungexc 1,(0). Ous noacueta 1,(0) Mo>KeT GbiTh UCIIONB30BAH eIUHHYHDIH
Kpyr J: X; = c0s 0, x,=sin 6, 0 < 6 < 2n. OuyeBuAHO, YTO MOJHOE
¥3MeHeHMe YIJia, KOTOPbIf BEKTOp v 00pasyeT ¢ NOJIOXKUTEeJILHOMN X;-1101Y-
0CbI0 KOrjla KpuBasi J 06XomuTCsl OJIMH pa3 B HOJIOKUTENLHOM Halpa-
BIIEHUH, PABHO

d
2nI(J) = .fd arctg (H) ,
: J
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Ui

2n
__(ad — be) db .
Iv(.]) - 2n f (acos 0 4 bsin 0)% 4 (c cos 0 + asin 0)2 * (5'2)
0

IIpaBast yacte paBeHctBa (D.2) HempephlBHA OTHOCHTENIbHO COBOKYII-
HOCTH TiepeMeHHBIX (a, b, ¢, d), u6o ad — bc # 0. Ecau (ad — bc) > 0,
TO BO3MO)XHB! [Ba CJy4yast B 3aBHUCMMOCTH OT Toro, 4yro ad >0 wunu
ad < 0. Ecau ad > 0, To nyctb b, c— 0 u d — a B (5.2). Torga npasast
yacthb (5.2), 6ynyuu LesbIM YKCIIOM, OCTaeTcs nocrosHHoi. Takum obpa-

30M, B OTOM Ciyuae
2

)= | d0=+1.

0

Ecnu ad < 0, 10 be < 0, u-ecnu ad yReJIMUUBAETCS TaK, UTO CTAHOBUTCS
ad > 0, To MO)KHO NpUMEHUTH TIpepiylliee pacCy)KaeHHe, H Mbl MOy~
YuM TOT )Ke pesynbTar. Ecnn ad — be <C 0, To nopobHoe paccy)xieHue
noKaseiBaet, uTo I,(J) = — 1. Ho HepaBeHcTBO ad — bc < O siBnsiercst
KaK pas yCI0BHEM, OTJIMYAIOIUM CeI0 OT APYTHX TUIOB 0COOBIX TOUEK,
4 3TO JOKA3BIRAET TeOpeMmy.

3angaum

1. Ilokasats, 4TO CcHUCTeMa

. , ; , d
Xp =Xy, Xp=—%+ (l—xi—x3x, ( ZE)
UMEET CBOMM €QVHCTBEHHBIM IICDHOAMYECKHM pelieHneM (MCKJIIoYast TPUBUANbHOE
pemenye ¢ = 0) BEKTOD ¢ = (py, p5), TAE gu{t) = sin (¢ -+ €), gy(t) = cos (¢ + ),
€ — NPOU3BOJIbHASL MOCTOSTHHASI.
Y xasanue. ITokasats, 4T0 Ha J06OI 3aMKHYTOIl TpaeKTOpUH

[a—gt—enar=o,

TaK 4To ecin 1— @i — @i Z 0, TO HeOOXOAMMO, UTOGBI BbIpAYKEHHE 1 — @2 — o}
MEHANIO0 CBOH 3HaK Ha TPaeKTOPHHU.

2. ITokasars, uT0 B 3aj]a4e 1 HMEET MECTO YCTOHUMBOCTD TpaeKkTopuit. ITokasats,
4TO J1000€ HETPHBHAJILHOE PEIEHHE KMEET aCUMITOTHYECKYI0 (asy p, T. e. ¢, (f) —
—sin (t +79), @) — cos (t + y) npu t — o,

. Y xasaHue. ITokasats, 4T0 BHPaYKeHHE p; + @7 eCTb YOLIBAIOMIAS QYHKLUS ¢
BHE eAHHBHYHOTO Kpyra. .

3. PaccmoTpum cucremy (Ciyyadl 3aTyXalomiero MasTHHKA) X = X, X; =
= —bsinx, — ax,, rge @ ¥ b — TOJOXKUTEILHEIE NOCTOSIHHBIE. TT0Ka3aTh, YT0 10
KaXKAOTO peIeHUsT @ = (@;, ;) CYLIECTBYET Ie0€ YHCIO0 K, TAKOE, 4TO g@,(f) —
— kmt, @3(f) = O 1ipu £ — oo. YCTaHOBUTH Pa3JIMUMe MEXKAY TPUPONOH TPAEKTOpHiL
B OKPECTHOCTH TO4YeK (kn, 0) Anst ciyyaes k ueTHoro u k HeuerHoro. HaGpocars
TPAEKTOPHU B (X, X,)-TIIIOCKOCTH.

1 |
YKaszaHue. Iloxkasatb, UTO BBIPAKEHHE A = 5 @3+ 20 smz—2~— @; €CTB

MOHOTOHHO y0blBaoWas QyHKumsi f, ecnil ¢, = 0 U @, Z= Nt 17151 HEKOTOPOrO LE0ro
a1, Iokasats, yT0 A — ¢ > 0 npu  — oo, e ¢ — II0CTOsIHHAA, U 4TO @, — 0, TaK
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| "
uT0 2bsin? o5 P ¢. Takum 006pa3oM, ¢, CTPEMHUTCS K MOCTOSHHOH ¢;. Tak Kak
@y = — bsin ¢, — ap, —» —b.sin ¢, ¥ p, — 0, T0 sin ¢; = 0.

4, ITyers x* = f(f, X), rae x — ckaiusip 1 GyHKUMU [ U 0f/0X HenpepLIBHMI IO
COBOKYNMHOCTH TepeMeHHbIX (¢, X). I1ycTb f-— neHcTBUTENbHASE QYHKUMS, MMEIOWAS
no ¢ nepuof w. IToxasare, 4TO €CJIM pellieHNe ¢ YAO0BJICTBOPSAET YCI0BHIO

lim sup ()| < oo,

-— OO

TO YypaBHeHHe MMEET NMePUOAUYECKOe pelIeHHe.

Ykasanune. Jlnoo g(w)= p(0), nubo p(kw), k=0,1,2,..., €CTb MOHO-
TOHHAsI MOCJIEZOBATENbHOCTD.

y=F(x)

bur., 24.

5. Ilycre f— pelicTBuUTesIbHASK YeTHAst QYHKLMS, a g — feHCTBUTEIbHAST HEYeT-
Hasg ¥ nyctb g(x) >0, x > 0. Ilyctb g €Cl 1 QyHKUUS f KYCOYHO HeNmpepbIBHA.

P X .
ITycte F(x) = [ fHydt u G(x) = f g(t) dt. ITycrb cymecrsyer @ > 0, Taxoe, 4TO
0 0

F(x) < Onpu 0 << x< a,anpux>a F(x) >0 u MOHOTOHHO BO3pacraer. IlycTs
G(X) - oo U F(x) » co npu X — oo. ITokasaTh, uT0, 32 HCK/IIOYEHHEM PpeLIeHMS,-
TOXKIECTBEHHO PIBHOIO HYJIIO, YpaBHEHHUe

X ) X+ g(x) =0

uMmeeT (MCKJIIOUAsi MEPEHOCH! 110 f) eAMHCTBEHHOE IEPUOANYECKOe pPelleHUe, KOTOpoe
ycToHunBo. Ba)KHBIM IIPUMEDOM sIBJIsIeTCsT ypaBHeHMe X' + u (x2— 1) x" + x = 0.

Y xkasauue. Paccmorpum cucremy x' =y — F(x), y' = —g(x), u pac-
CMOTpUM H3MeHeHHe OQyHKuuR U = % 2 4+ G(x) BoONb peieHuil B NpaBeil Mony-

naockocti x > 0. Ilycts xakpaasi us kpusbix A'B'C'D’ u ABEFCD (dpur. 24)
NPeACTaBIsieT pelieHHe B [IOJYNJIOCKOCTH X > 0. Hcnonb3yst npou3BOAHYIO
dUjdx = — gF|(y — F), nokasate, uwr0o Up—Ua < Up— Ua.. Hcnonssys
npouspogHyrw dU/dy = F, nokasatk, uto Up— Ug < Ucr— Up.. Tlokasats,
yro Ug << Ug. Yokasarts, Hakonen, uro Up-—Uas < Upr— Uga-. Tlokasarts,
yro Upr— Uar >0 g maneix A’ n Up << Ua ana Gonpuinx A, Ilonyunth
pe3ysabTat, HOJL3YSACh MOHOTOHHOCTHIO pasHoctn Up — U a.
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6. ITycrs F Takas ke, Kak B 3agaue 5. ITokasath, 4T0 ypaBHenue ¥’ + F(y') +
+ ¥ = 0 umeer, UCKJIIOYAsT TPUBHAJLHOE pellieHHe, eIHHCTBEHHOe IePHOIHYECKOe
peleHye,

Ykaszaunue, I[Nonoxurs y’ = X.

7. Ecmu cucrema Xj = fj(x;, X), j = 1, 2, riie fj€ C', paccmarpuBaercst B Tpex=®
MepHOM (£, X;, X,)-IPOCTPAHCTBE, TO PpeELIEHHs MOXXHO pACCMaTpuBaTh KaK OLHO-
OHO3HAYHOE NPeoGpa3oBaHHe (X, X,)-IIJIOCKOCTH Ha ce0si; 910 npeobpasoBaHue He-
TpepLIBHO 110 ¢, Bosee cinoykHasi 3agaua

Xj=litxx)  (=12) | ®

IRe fj— nepuonnyeckue Mo ! GYHKIMH C MEPHOAOM ®, TaKWe, uTo fj U 0f;/ox; He-
IPEPLIBHLI 110 COBOKYIHOCTH INEPEMEHHBIX (£, X;, X,), MOXKeT ObITb H3y4ye€Ha IIpU
nomouu npeo6pasoBalust T (X, X,)-TJIOCKOCTH HA Ce0s1, OTIPeeSIehHoro CIeAyIomum
o0pa3om. IlycTb € — TOUKA B (Xy, X,)-IOCKOCTH. TIycTh @ — pewenne cucrembr (*)
¢ ¢(0) = £. Toraa, no onpeyenenuio, 7€ = p(w). JokasaTb, 4TO eCIM npeoOpaso-
BaHue T cymecTByeT Ha Beeil mockocTH, To Tm+n £ = Tm Tn £, JIokasaTh, 4TO eCiu
OTKpHITAasl OfHOCBs3Hasi o6nacte D, orpaHuuenHass kpuBoif YKopmana J, ymosune-
TBOpsier ycnosuio TD C D, rae D = DU J, 10 cucrema (*) umeer MepHOAUYECKOE
pelleHHe nepHoga .

Yxaszauue. Hcnonpsosats Teopemy DBpayspa 0 HeUOABH)KHOH TOUKe,

KOTOpast racut, yro ecim TD C D, ro cymecrsyer Touka P € D, raxast, uro TP = P
€CJIH TOJIbKO NpeoGpasoBanye T HeMpepbIBHO.



T'raea XVII

IHO®PEPEHLMAJIbHBIE YPABHEHHSI HA TOPE

§ 1. BBEJEHUE

~ B 3T0#i rnaBe usyyaroTCs pelleHUsT B LeJIOM CKalsipHOTO Juddepen-
1{MaJIbHOT0 ypaBHEHHs

x = f(t, x) (’ = %) , | (1.1)

npuyem HpeanoAaraeTcsl (BCIOLY B 9TOH rjaBe) Cleaylouee :
(a) f— neificTBUTENBHAST HenpephIBHAST QYHKLHUSA, ONpeResieHHast IS
BCEX JEHCTBUTENbHBIX 3HaueHUit (f, X).

(b) flt+1,%) =f(t,x + 1) = f(t, x) .

(c) Yepes Kaxayo TouKy (f, X)-TLJIOCKOCTH NPOXOAMT eIMHCTBEHHOE
pelende ypasHeHust (1.1).

B cuny ycnouit (a) u (b) pyHKuuMs f orpaHudeHa M, cleJ0BaTeNbHO,
Ka)KJioe peurenne ypasHeHus (1.1) cymectsyer mist Bcex f. M3 ycnosust
nepuofMuHOCTH (b) BLITEKaeT, UTO f MOYKHO paccMaTpiBaTh KaK QyHKIHMIO -
Ha IOBEPXHOCTH TOpa <Y, TOUKM KOTOPOr0 MOTYT OBITH ONMCaHBI JEKap-
TOBBIMM KOOpIMHaTamMu (f, x), IpuueM 1Be TOUKM P, = (f;, X;) U Py =
= (ty, X,) paccMaTPUBAIOTCSI KAaK HIEHTHYHBIE, €CJIM ~pPasHOCTH f) — iy
H X; — X, — LeNble ynciia. AHalornyHo, unterpansbHas xpusas (f, ¢(f))
MO>KeT ObIThb IIpejcTaBieHa Ha J. B TpexmepHOM IPOCTPaHCTBE € NPSIMO-
YrOJIBHBIMKM KOOpIMHaTamy (i, v, w) Top < uMeeT YPaBHEHHUS :

u = (a -+ b cos 27x) cos 2nt
vV = (a -+ b cos 27x) sin 2at ,
w= bsin2nx,

Tae a u b — nocrosgHHbie 1 O < b < a.

B cuny ycsoBust () yepe3 Ka)kjylo Touky P noepxHocta § mpo-
XORUT eJUHCTBEHHAs MHTerpaibHasi KpuBasi ypasHenus (1.1). Msyue-
HHe B LejoM peweHnd ypaBHeHus (1.1) HO3TOMY CBOAUTCS K H3y4eHHIO
KpuBBIX (1, ¢(f)), — oo <t < 4 oo, Ha KOMIIAKTHOH NOBEPXHOCTH .

Iycre ¢ = ¢(t, n) — peluenne ypasuenus (1.1), Taroe, uro ¢(0, 7) =
= 7. PaccmoTpum Torjaa npeo6pasoBaHue NpsIMOM JIMHAK Ha celsi, onpe-
JIeTIeHHOE PaBeHCTBOM

p(n) =o(1, 7). (1.2)
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W3 mpennonoxxenuit (a) u (c) cnenyer B cuny Teopemst 4.3 ra. 11, uto
P €CTb 20MeoMop@Pusm neiicTBUTeNIbHOM Npsmoii Ha cebs, T.e. Hemnpe-
pbiBHOEe oToOpa)kenme, obpaiueHue KOTOpOro HemnpepriBHO!. IlycTsb
€ — OKpY)XHOCTb Ha J, ONpejie/ieHHAas] KaK MHOMKECTBO BCeX TaKMX
‘ToueK (f, x) Ha J, uro-t= 0. Torpa y nopoxgaer romeomopdusm T
OKpy>xHocTH € Ha cebs, onpejieNeHHbIH paBeHCTBOM

TP = P,, (1.3)

rae P = (0, 1), Py = (1, (1, )) = (O, (n)). VI3 npeanonoykeHust eIuH-
CTBEHHOCTHU (C) HEMOCPEJCTBEHHO CJIE[yeT, UTO HUKAaKue JiBe MHTEerpasb-,
Hble KPUMBBIE He MOTYT IlepeceKaTbCsl Ha J, a 3HAYMT @ AOJDKHA ObITh
MOHOMOHHO 603pacmartyel]l Pyrxyuerl. OTCIOAA BLITEKAET, YTO FOMEOMOP-
busm T coxpansem opuenmayur oxpymcrocmu €.

Paccmotpum pewlenust ¢, ¢ ypaBHenus (1.1), onmpejesienHsle paBeH-

CTBAMH
)y =¢lt,n+1), ¢lt)=9ln)+1.
W3 npennonoxxennit (b) u (c) nerxo crnenyer, Tak Kak
#0) =01+ 1) =n+1=9¢(0),

ur0 ¢(f) = p(f). Vicnonssyst onpepenenne mnpeobpasoBanusi p [(1.2) ]

.nonyqaem TOorga )
v+ 1) =y +1 (1.4)

JUISL BceX JleHCTBUTENIbHBIX 7. ['OBOPSAT, 4mo HenpepelsHas MOHOMOHHO
-o3pacmarowjas ynxyua v npedcmasasem 2o0meomopgusm T. W3 cooTHo-
menus (1.3) sicHo, 4ro romeoMopdusm T MO>KeT ObITh TAKKe NpefcTaBIieH
QyHrumeit p + n, roe n — moboe nenoe yucno, unbo ecnu P =(0, 1), T0

| P, = (1,9() = (1, () 4 n) = (0, v(n)).

Janee, ecan p yaoBieTBopsieT cootHoweHuw (1.4), 10 p 4 n TaAKOKe
€My YZIOBJIETBODSET.

WsyyeHue Npupojbl MHTErpanbHbIX KpUBBIX YpaBHeHus (1.1) Ha
MOXXeT OBITb Teleph CBEAEHO K u3yueHuio romeomopdusma T u mpen-
CTaBJIAWIEH €ro NeACTBUTENLHOH QYHKUME p. '

§ 2. UMCJIA BPALIEHMS

IMycte 92 — (QyHKUMA, onpefesneHHasi paBeHCTBOM %(n) =
= w(p(n)), n Boobme p™(n) = p(yp""1(y)) 4T KOKIOTO LEIOTO 7,
npuyem INoApasymenaercs, uTo °(n) = n. AHanoruuxo, onpepenum T2
nocpejctBom Gopmyisl T2P = T(TP) n urepaunu T" — NOCpenCTBOM
popmy Bl
T"P =T (Tr-1P)

1 Ecny npousBOIHast fx HeNpeprIBHA, TO 9TO ClieAyeT U3 pesyantaros § 7 rij. Iz
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(n=0, £1,4-2,...), rae T°P = P. MHO)XeCTBO UTepaLuii roMeomop-~
¢usma T {T" T n= O 4+ 1, +2,...} ofpasyer rpynmy, TaK Kak,
oueBuaHo, T* Tm — Tkem L Tm Tk,

DyHKuus " TOTO YKe TUNA, 4TO U ¥, T. €. HENPEPLIBHA, MOHOTOHHO
BO3pacTaeT n YRoBieTBopsieT cooTHoweHuto (1.4). anee, " npep-~
craBisieT T", ecnu p npepcrasiaser T. Yacro OyayT yaoOHBL ciefyromue.
COKpallleHus :

=), P,=T'P (n=0,+1,42,...).

Teopema 2.1, ITpedea
o= lim (2.1)

Inj—e T
cywecmeyem U He 308UCUM 0mM N = 1, YUCA0 @ PAYUOHALHO 8 MoM U
MoAKO 8 MOM CAydae, K020a HEKOMopas cmerensb 2omeomoppusma T
UMeeIm HenogsUMNCHY0 MOYKY.

JdokxasaTenbcTso0. [Ipefnoso)kum BHayase, 4To o CYLIECTBYET
AJIsT HEKOTOPOro #), U paccmoTpum jnoboe jpyroe 7. Torna cyliecTsyer
1leJ10€ YHCIIO 1M, TaKoe, 4T

m<n—ip<<m-+1. (2.2)

Mcnonb3yst MOHOTOHHBIM Xapakrep QYHKUMM 9", monydaem u3 (2.2),
uro p™(7 4 m) < ¢'(n) < y"'(H + m+ 1) uam B CHIy COOTHOLIEHUS
(1.4), npumeHeHHOTO K QyHKUMK ", 1, + m <, <17, + m + 1. Kak
HETPY/HO BUJETh, OTCIONA CIIEAYeT, UT0 (7, — 17),)/1— O 1pH || — oo.
Taxum 00pasom, eciu Npejen o CyecTByeT Uit 7, TO OH cymeCTBye'r'
IJIL 17 ¥ PaBeH TOMY JKe 4uCIy. _

[pennono)kum Temepb, YTO HeKoTopast cTeneHb 1, cKaxem T,
¥MeeT HeNoABIKHYW TOuKy P (T.e. TP = P) ¢ KOOpAMHATOH .
Eciu T™P = P, 10 P = T~™P, u, ciejfoBatelibHo, 0ToOpaykenne T—™
MMeeT Ty )Ke CaMyl0 HeNoJBIKHYI0 TOouKy. Taxum oOpasom, MOXKHO
npejnonarate, yro m > 0. Ianee, u3 cootHoeHuss TP = P cienyer,
4TO %, = 77 -+ r AJIS1 HEKOTOPOI'0 LeJIOr0 r. 3HAYMT,

Nom = YT () = Y™ + 1) =1 + 1 =0+ 2r
U, IO WHAYKIMH,
Nen=n-+rn  (n=0,4+1,+2...). (2:3)

Kanoe nenoe yucino k mo)keT ObIThb 3amucaHo B Bupe k = mn -+ s,
rue n, s — uenble uncna u 0 < s < m. Taxum o6pasom, B CUIY COOTHO-
wenus (2.3),

N = Nmnts = W mn) =V’ + 1) =v’(n) +rn=mn,+rn

Nk __
T +_
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Tak Kak 7, — ONHO U3 YHCeN %y, 7y, - - -, Nm—1, TO 7s/k—0 npu
k| — oo u
. . m r
lim % = jim ———=—.
jkl— o |- mn 4§ m
CiieloBaTeNbHO, NpefielT ¢ CYLUECTBYET U paBeH DPaUHOHATBHOMY YHCITY
rjm.

[ToKa)kem Terepb, YTO eCNM HMKaKas cTenedb T He umeeT Heno-
JBIKHOM TOYKM, TO Ipefen ¢ Bce eie cyuiecTByeT. [Tpemnosnoykenue,
YTO HU OJiHA CTemeHb T He MMeeT HENOXBIYKHON TOUKM, 03HAUdET, UTO
He CYUieCcTBYeT LieJIbIX UKCesl /1 U 1 U NeHCTBUTENIbHOTO Yucna 7, TaKuXx,
YTO

Tm=7+T.

Taxum 06p330M, COOTBETCTBEHHO KAXKJIOMY LEJIOMY YUCIY /1 1 YaCTHOMY
SHaYeHU0 7 CyIeCTBYET Lej10e YUCI0 r, TaKoe, UYTO

nHr<gu<<ntr+1. (2.4)

Ho, no coobpaxeHusIM HeNpepHIBHOCTH, HepaBeHCTBO (2.4) IOJDKHO
TOrJla UMeTh MeCTO JJIs1 éceX OeticmeumesHorx 77, 160 COOTBETCTBYIOIUE
PaBeHCTBA HUKOIJA He MOIYT uMeTb MecTa. Eciu (2.4) DpumeHuTs K
7 =0,0,,0,, -..,0hn—y 4 HEPABEHCTBA CIOKUTb, TO IOJyYaeM
HepaBeHCTBa

nr < Omn < n(f + l)

mast n>1; aHaJOTUYHBIA pesyapTaT uMeeT MecTo Ansd n < — 1
Opnaxo
r<0,<r+1

’9-m£~9,§]<%. (2.5)

| mn

U, CIie[]0BaTeNbHO,

MeHsst mectamu B (2.5) m v 11 1 CKJIa/ibIBast NI0JyYalOIHecst HepaBeHCTBa,
uMeeM
{ Om On

m n

2 2

¥, Takum o6pasom, mpeaen o = lim (0,/m), |n|— oo, CYlIECTBYET.
Haxoney, cieiyer J0KasaTb, YTO eCJH UYMCJIO @ PALUOHAJIBHO, TO
HeKOTOpas crernedb T uMeeT HeNOABIYKHYIO0 TOUKY. ITyCTh o pallMoHasbHO,
T. €. CYLIECTBYIOT Ilesible yucna k u m, taxkue, uto mp -+ k = 0. Iloka-
xeM, yto T™ umeeT HeMOABIKHYI0 Touky. Onpemenum (YHKUMIG ¥
PaBeHCTBOM (1) = p™(n) + k. Torpa
2" = y™"(n) + kn
u, Takum o6pasom,
e _

- m%r%@—{-k—»mg—}—k (In]— o).

OueBuHO, OYHKUMS y IOpenctaBiasieT 77" u mp -+ k = 0 HaXOAUTCSA B
TaKOM K€ OTHOWEHHMH K y, KaK ¢ K .
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[Mpexnono)xkum, uto npeobpasoBaHue 1™ He HMeeT HENOABIIKHON
tourn. Torga y(n) —n <0 mnsa moGoro % u, CleI0BaTeIbHO, MOYKHO
npeamonarath, 4ro x(7) > n NI BCeX JeACTBUTENbHBIX 7. B
vactHoctd, x(0) >0, a sHaumt »"(0) > x""30) >...>%(0)>0 B
CUJTY MOHOTOHHOCTH QYHKUMHU y. Taxkum 00pa3omM, MOCIEA0BATENLHOCTD.
x"(0) no n Bospacraer. Kpome Toro, »"(0) << 1 mnst Beex n. Heiicteu-
TeJIbHO, B NPOTUBHOM ciydae »"(0) > 1 nnsi HexoToporo n. Bosbmem
oaHo Takoe n. Torma

22(0) > 77(1) = 9™ (1) + kn = y™(0) + kn + 1 = 27(0) + 1> 2.
Takum obpasom, ¥™(0) > 1 u

nl n
[Tonarasi |— oo B (2.6), nonyvaem, uro mo + k > (1/n), a aro npo-
THBOPEUYUT TOMY, 4YTO Mo + k= 0. TloaTomy mnocien0BaTe bHOCTD
gucent {y"(0)} MOHOTOHHO BO3pacTaeT M OrpaHMYeHa, a 3HAUUT MMeeT
npejes, ¢kakem 7). Tenepb

2() = 1lim y(x"(0)) = lim z"*+1(0) = 7.

_ CuenopatenbHo, 3HaueHue # OMpPENENsieT HENMONBXKHYIO TOUKY
P = (0,%) mns npeobpa3oBanusi 7™, uto sIBsIETCS] NIPOTHBOPEUHEM.
ITO JOKasbiBaeT, UTO €CIM o DPaLUMOHANBHO, mo + k = 0, T0o T™ umeer
HeNnoJBIYKHYIO TOUKY.

UKciio o HasbiBaeTCsl 4uUCAOM épawjeHus tomeomopdusma T st
ypaBdenusa (1.1). Ono wusmepsieT cpepgree IepeMellleHHe pelIeHUsT ¢
ypasHerust (1.1), Bexomsmero u3 touxu (0, 7), npu usmeHeHuu f Ha
equHuly. OHO He 3aBUCUT OT pellieHusl, KOTOpoe ObLIO HCIOJIb30BaHO
IUISL ero OnpejiesieHusi, 1 palMOHANBHO B TOM M TOJILKO B TOM Clydae,
KOIJla CyIlecTByeT HEKOTOpoe IepHOJUYecKoe pellleHue C LiesIbiM Ile-
PHOJIOM.

§ 3. IPOU3BONHOE MHO)XECTBO

[TycTe MHO)KeCTBO S cocTouT W3 BceX MrTepauuit Touxu P € & npu
npeobpasosanun T, T.e.

S={T"P; n=0,+1,-£2,...}.

O6c3HauMM yepes S’ MHO)KECTBO MpeesibHbIX ToYeK MHOXecTBa S. MHo-
JKeCTBO S’ Mbl OyieM Ha3blBaTh NPOL3600HBIM MHOMNCECTIB0M, COOTBETCTBYIO-
M npeobpazoBanuio T u ypaBHeHuo (1.1). Ecnu p paluoHanbLHO,
mo—+ k=0, To u3 paccMoTpeHHs urepamuid T™ JIerko Cileiyer, YTo
S’ COCTOMT K3 KOHEYHOTO uYKCjia TO4YeK: B jpanbHeifinem Mmbl Oyjgem
npeanoJiararh, UTo ¢ UppanyoHanbHo. Ha nepBblil B3rjisit MHOYKECTBO S’
3aBUCUT OT TOuKM P, BHIOpaHHOI 1S onpejlesieHUs1 MHOXKecTBa S, HO
ciielylomas Teopema NOKa3blBaeT, YTO Ha camMom jene S’ He 3aBUCUT OT
P, u, Takum 00pa30M, TePMUH TNPOL3EOOHOE MHONCECITIB0 UMEET CMBICT.
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Teopema 3.1. [Tpouseodnoe muomcecmseo S’ UHBAPUAHMHO OMHOCU-
meabHo npeobpasosanun T, m. e. TS’ = §’, u He 3a6ucum om mouxu P.
HoxasatennbcTBo. [Iycrs Q € S'. Torga Q = lim Py, koo,
rae Py, € S. CuepoBatensHo, TQ = lim TPy, = lim Py,+1 = Q€S’, u

noaromy 7S S §'. JHanee, T~1Q = lim TPy, = lim Py, 1= Q€ S’
u, cneposatenbo, T-1§' € §'. Urak, T(T-1S)CS TS, wm S’ € TS,
a 370 AoKaspiBaeT, uto 7S’ = S,

Uro6si 0Ka3aTk, YTo S’ He 3aBUCHT OT P, HaM MOHAA06UTCS Clieyio-
as Jiemma. :

Jlemma. [Tycmo P,,,P,€S u nycms a u @ — 08¢ 3aMKHyMbie:
oyeu na € ¢ Koneunoimu moukamu P,, u P,. Toz20a xax a, max u & co-
Oepxcum no kpaiineii mepe ndun 06pa3 Q; xamcooli mouxu Q € €.

JdokasaTenbcTBO Oyjer JaHo s Ayrd a. JIerko BUMETD,
yto Ayru a, T™"a, Tm=mg .  THm=Mg nppumbikaror Ha €. Tak
KaK o MppaUMOHAILHO, TO AYTH, KOTOpHIE -SIBJISIOTCS CyMMamH BMIA

alUTm=—na U TAm-mag ... U Tm=nq

ROJOKHBL NoKpEIBaTh €, ecnu k pocraTouHo Benuko. KIGo, ecnu Owl 9T0

He WHMeJI0 MeCTa, TO IOCJIeJ0BATENbHOCTh TOueK {TMm—mP 1 (k=

=0,1,2,...) 6pina 6 MOHOTOHHOH U OrpaHuveHHO Ha € u, Takum
~

o0pasom, mmena 6l npepensHyo Touky FP. Ho Torma
Tm=nP — lim Tm-n(TKm-m Py — [im T¢+Dm-mp, — P

k— o k-

u No3ToMy P Ghina 6 HEMOABIKHOM TOUKOH st npeoOpa3oBaHus
Tm=" uro siBnsieTcsi IpoTuBopeunem. Utak, Q € T™Ma s HeKoTO-
poro I, i T'®=™Q € a, vau Qipu—p) € @, YTO JOKA3LIBAET JIEMMY.

IMpogomxkas pokasarenscTBo Teopembl 3.1, 0603Hauum uepe3s Sp
NPOM3BOHOE MHO)KECTBO, COOTBEeTCTBYIoliee oToOpakeHuio T u onpe-
JeJIEHHOE JUisl TOUKK P, n yepes S§ — COOTBETCTBYIOILEe NPOU3BOJHOE
MHOYKECTBO, ONpefesieHHoe Iiasl Jpyroi Touku Q Ha €. Ecnu R € Sp,
TO CyLieCTBYeT MOCIeJ0BaTeNbHOCTL 00pa3oB P, — R, rje v npoberaer
HEKOTOPYIO I0CJIe0BaTebHOCTb Hesbix yucest. ITo yemme cyliecTByeT
00pa3 Q. TOUKH Q Ha KparTdaillueil ayre, coeuHsIOmEH IBe MOCHEA0OBa-
TeJbHBle TOUYKU P,. Takum 00pa3om, CyLIecTBYeT NOC/IEI0BATEILHOCTD
00pas3oB Q, TOUKM Q, Takast, uTo Q,-— R, e p npoberaer HEKOTOPYIO
NOCNIEI0BATENLHOCTL LeNbIX uucen. CrenoBaTensHo, R € Sp, 0TKyna
caenyer, uto Sp & Sg; B CHIIy CUMMETpMM OTCIOfA TOJydaeM, 410 S’
He 3aBUCUT OT P.

Teopema 3.2. [Ipousso0noe muomcecrneo S’ coseepuierHo, u  Aubo
(@) §’'=€, aubo
(b) S’ nueoe ne naomno na €.

1 3aMKHYTOH Ha3elBAaeTCsl AYra, KOTOPasi COAEPIKUT CBOM KOHEYHBIEe TOYKH. —
ITpum. nepes,
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3ameuvanue. B cayuae (a) mpeobpasoBaHue T HasBIBaeTcs
3peodudeckum; ciyyaii (b) Ha3bIBAETCS CUHESYJAADHLIM CAYYAEM.

HoxasartenbcTBO TeopeMbl 3.2. Tak Kak S’ 3aMKHYTO,
T0 8" == (§') € §'. Urobbl moKasath, yro §" © 8", Bhilepem Touky Q,
UrYPUPYIOLLYIO B KOHIIE IOKa3aTeNIbCTBA TeopeMbl 3.1, U3 MHOXKecTBa S'.
Torga Ka)kgasi Touka R € S’ ecTh mpepen o0pasos Q,l TOYKM Q € §’,
T.e. B €S"”. CnepgoBarenbHo, S’ = S’ u, Takum 00pasom, MHO)i(eCTBO
S’ coBeplIeHHO.

MuoyxectBo S nubo Bclogy NioTHO Ha €, nmubo HUTAe He NIOTHO Ha
€, ub0 ecnu S IUIOTHO Ha HEKOTOPOR Ayre OKpY»XHoCTH €, TO MOXKHO
npeanosarate, YTo 370 — JAyra o npeabiaywei nemmel. Torna cymma
KOHeYHOro umcia o noxkpoer €. HNanee, S Bcioay 1ioTHO Ha € B Tom
¥ TOJIbKO B TOM CIyyae, Korja S’ 06J1ajiaeT 3TuM CBOMCTBOM, 1 9TO 3aBep-
1aeT A0Ka3aTellbCTBO TEOPEMB.

§ 4. OPTOAMYECKHUH CIVUAH

C nmpaxKTuyecKol TOUKU 3peHus >KeslaTesIbHO 3HaTh, KOT/a He MO)KET
BCTPeTHTLCST CUHIYIAPHBIL ciayvail. Croejpymoimias Teopema, BIepBble
noKazaHHasl Jlaw)Kya, NaeT NOCTAaTOYHOe YCJoBHe AJIst aproaudsocta 7.
Ota Teopema Obuia BbiCKasaHa IlyaHkape B ciyyae aHaJIUTUUYECKOH
$yuxkuun f [ (1.1)]. JaBHBl 3fech BapuaHT AOKasaTelbcTBa Jamkya
NpUHaANeXXuT BaH Kammeny.

Teopema 4.1. I1pednosoxmcum, umo PyHKyUs vy uUMeem HA UHMep-
sase 0 < n < 1 Henpepsignyw riepeyrw npoussoonyw v >0 ¢ oepanu-
yennoil eapuayueti. Ecau nuxarxas cmenens npeobpasosanua T we umeem
HenoosuncHol mouku, mo T 3p200udHo.

HoxagarenncTBo. Ilycrs P — Touxka Ha € u a — jayra ¢
KOHeyHo# Touroit P. [TycTb n — TaKoe NOJIOXKUTENIbHOE [IeJI0e YUCIIO, UTO
ofiHa u3 ToueK P, P_,, siBNIsieTCs eIMHCTBEHHON TOUKOH Buna Py, |k| g n,
Haxopsaelica BHYTpu a. KakoBo Obl HM Obuto Lenoe N > 0, MOXKHO
HaliTh J0CTAaTOYHO Manyio JAyry a, urto OyaeT cyuiecTBOBaTh
rakoe n > N. Ilpemnonoxum, uto P_,€a; cnyyail P, € a MOXeT
ObITH paccMOTpeH aHaJIOTMYHO.

Jlemma. /Jée KoHeurble noCAe008amMeAbHOCTIU
Py,Py, ..., P, u P_n,‘Pl_n, e, Py
nepemeymcaiomes Ha oxpymcnocmu €. '

—_
HNokazaTenbcTBOo. Bulepem ayry PyP_,, KOTOpass JIeXHTi
B a. Ciefyer noKasaTsb, yto eciau 0 < k< n, TO_HU O/HA TOUKA obeux

IOC/eI0BATENILHOCTEH He JIKHUT 6HYMpu 11ym P,LP,{ » Ha €, nmeromeit

Ty Ke OpUeHTaluI0, YTo U POP_m T. e. yTu P,{Pk_n (k=0,1,...,n—1)
SBNISIIOTCA  pasfesieHHbIMU ayramu. ITpeamonoykum ofpaTHoe ; Torja
——

P, € PPy, s Hekotoporo [ = —n,...,n— 1.
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Bosmo)xHBL ABa cnyvas :
() k—n<l<n,
(ii) —n<l<k—n<0.
. o~
Paccmorpum cayuait (i). 3pech u3 cooTHowenus P, € P,P,._, cnenyer,
NpUHUMAasi BO BHUMaHue COXpaHeHHe OpHeHTaluM IpeobpasoBaHHUEM
P o~
T—% uyro T~*P € P)P_,,, wmu P, € PP_,. Ho—n <l — k<1l <n,
7~

U, CJeJIOBaTeNIbHO, BKIIOUeHUe P;_, € P,P_, HEBO3MOXXHO B cuiy
BeI0opa n. Ana cayvas (ii) 0 <1+ n<C k u, cienoBaTesbHO, 110 CIYYAI0
o~

(i), Pi,, He nexxur B P, P,_,. Tak KaK P; NpUHAJIXHUT, a Pry, He

PR ———— o~ .
npuHagnexur gyre P.P,_,, To ayru P, ,P; u P, P, _, NepeKpuIBaloTCs,
a sHauut P € P, ,, P,.Tlpumenssi npeoOpasosanue T ~(+ K 3TOMY COOTHO-

7~
IIeHUI0, ToNyyYaeMm, uto Py_;—, € PP_,. Ho 3T0 HeBO3MOX(HO, TaK KaK,
coraacHo (ii), 0 < k—1I < n—1< n. Takum 00pasoM, Jiemma JOKa-
3aHa.

Tak Kak npousBojHasi v uMeeT Ha uHTeppane 0 < n <1 orpaHu-
yeHHYI0 Bapuauumio # y’ > 0, To dyHrums ¥(n) = In y'(n) onpeneneHa
npu 0 << 5 < 1 u uMeeT Ha 3TOM HHTEp3ajle OrPAHUYEHHYI0 BApHALIKIO.
Hanee, ¥ umeer nepuox 1, u60 ¢ YHOBIETBOPSIeT coOTHomEeHHIO (1.4).
Ilycts Touka P (BbiOpaHHast COTJIaCHO TpeJilecTBYIoILeH 1eMMe) uMeer

S~
KOOpAMHATY 7. Toraa u3 jaeMMbl CIEAYET, TaK KaK RyTu PPy, (k=0,
1, ..., n—1) paspeneHsl, 4yTo

E (P () — P ) i <V, .1
k=0

rae V — nonnast Bapuanusi ¥ na unrepsaine [0,1]. Ho

n—1 n-—1 dyn
= W = | [T v | =m0
k=0 k=0 ;

AHasI0ruyHo

n—1 dy—7
SYO-)=—m= (@),
k=0

v moatomy u3 (4.1) mosrydyaem

() - ) < v,
UK o ap dpn )
e gy ) —gm ) <e¥ 4-2)

3pecy n — mnwboe yucno u3 unreppana 0 <7 < 1, u, cnenosarensHo,
HepaBeHCTBO (4.2) mmeeT Mecto st aw06020 1, 0 <n <1, u s
CKO/b Y200H0 (0461020 LETIOTO n. ’

29 1s2.
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[lycts Tenepy f — utobast ayra Ha € mousel s. TIpeanonoyuM, uro
nyra TS umeer muHy S,. Torjia, ecim Mbl CHenaeM HeCYyLIECTBEHHOe
npeanoyoenue, yro paguyc € pasen 1/2x,

,skff“*—dn dn, S-—k‘“J p dn
8 g

U 103TOMYy B cuiay (4.2)

Sk 8-k = J(%{( + dﬁ;k) dn = 2J1 (%E ' dﬁr—;k)llz dn > 2se=Vi2,
B 8

CriefoBaTesibHO, CyMMa Sy + S—j, He MOXKeT CTPeMHUTbCSI K HYNIO Npu
k— oo, :

Ipenmoso)kum, 4T0 OTKPBITOE MHOXKecTBO € — S’ He mycro. Pac-
CMOTPHM TOT/Ia OTKPHITYIC AyTY B © € — S’ ¢ KOHEeUHBIMU TOUKaMH Ha S’.
Takkak TS = §’ mrTak Kak T cOXpaHsieT OpUEHTALUI0, TO BCe 00pasnt
Tg(k=0, 4+ 1, 42, .. .) Haxomsarcst B € — S’. OueBU/IHO, UTO HUKaKHe
IBe Ayru nociuepoBaTenbHocTu {T*B} He MoryTt mepexphiBaThes, uGo
UX KOHIIEBbIe TOYKA JOJDKHBI ObIThb B S’. Kpome Toro, Hu omHa Ayra
He MO)XXeT 0ToOpa)kKaTbCA B APYTYI AyTy, 400 IpH 9TOM KOHUEBBIE
TOYKH OJHOH AYI'M JOJDKHBL ObLTM OBl 0TOOPa3sWThCSl B KOHIIEBBIE TOUKU
ApYTO# IyTH W, Takum 00pa3oM, p Obi0 Obl pallMOHANIBLHO. 3HAYMT, AYTH
{T*B} paspenessl u, CiefOBaTeNbHO, §; -+ S—;,—> 0 Opu k—> co, UTO.
NPOTUBOPEUUT Pe3YJbTaTy Hpejplaylnero abdsaua. ITosromy MHO)KeCTBO
€ — &’ momxHO ObITH MycCTO, T. €. Npeobpasoanue T IProxUyuHo.

OcTaercsi yKasaTh JOCTaTOYHbIe YCJIOBHUSI, KOTOPbIE HY)KHO HAJI0XKUTh
Ha QyHKuMio [ B ypaBHeHuu (1.1), A1s1 Toro uyro0bl PyHKUMSA 3 YAOBIIE-
TBOpsijia YCJIOBUSM TeopeMbl 4.1.

Teopema 4.2. [Tycmoy Pynxyus | 6 oudpepernyuasprom ypagHeruu
x' = f(t, x) [(1.1.)] yoosaemsopsem, xkpome ycaosuii (a) — (c), npu-
6e0eHHbIX Humce ypasrenus (1.1), npednosoncenuro, 4mo npou3goOHast
df[ox cywecmeyem, HenpepuisHa U UMeem 02PAHUYEHHYI) 8ApUAYUIO OM-
HocumeasHo X 044 0 < x << 1 pasromepro no t. Toeda, ecau HUKAKAA
cmenenv omobpancenus T He umeem HenoOsumcHox modex, mo T Ipeo-
OuYHo. :

3ameyaHue. [lpeanosoKeHuss 0 QYHKUAM [ BBIIOJIHSIOTCS,
€CJIM BBIIOJIHAIOTCST YCJIOBUS (@)—(c), NpuBeJiEHHBIE HIDKE YpaBHEHHS
(1.1), u ecnu npousBojHas 92f/0x? cylecTByeT U HellpephIBHA.

JdokrxasarenbcTBO Teopembl 4.2. INoxakeMm, 4ro Npous-
BOJHAs1 p’ MOJIOXKUTeNIbHA, HENpephlBHA M UMeeT OTPAaHUUEHHYIO Ba-
puanuio.

Bo-mepBhIX, TaK KaK IPOM3BOJHAS Of/dX CYIeCTBYeT U HellpephiBHA
0 COBOKYIHOCTH IepeMeHHBIX (f, X), To U3 Teopemsl 7.2 ri. I cienyer,



