§3) CJAYYAW KPATHBIX KOPHEHR b1

kit kg4, k,=n. [Noroscun:
7, =¢eM p=te™’, ..., 2y, =th"e7‘1’;

t]
t At - .
Zhypt = et , Zpyp2 = te™', .., Zptps = th: 18\21; (3)

e s e s w3 e« & s 8 4 s » ess LY .

SRR
Zp==t'™ ¢ mt,

To20a 6ce bynxyuu (3) ABARIOMCA pelweHuamu ypasnenus (2), max
4MO NPU AIO0HX KOMNAEKCHHX NOCMOAHHUX ¢!, 3, ..., ¢* ynkgus

z=c'z _J‘«,f_‘—'}—c"‘z,, ™

maKjice A8AREMCA peudenuem Imozo ypasuzrud. Peuenite amo ngan-
emca COlNAL 8 MOM CMbiCae, 4O Kaxcdoe peuenue ypasxenus (2)
Mojicem Ovimo noayweno no gopuyae (1) npi Hadaeoxcawem 8subope
roncmanm c', ..., c¢* [lpu smon Kowcmanmes c', ..., ¢* 00HO3HGUHO
onpedessiomca 04a Kajuc0o20 0AHHO20 peuwerus 2.

3ameTn™, uTo yHKUMK (3) onpeleseHH Ha BCEH YHCAOBOH NPAMOL
— oo < t<+ oo,

LoxasaTenbCTBy TEOpEMb D NPEANONUINEM HOKA3ATEALCTBO gHOPAMYAbL
CMeujerLsl.

A) Tlycts L (p) — npousBoabHLii MHOrOuseil, A — NPOU3BOALHOE KOM-
nAeKcHoe unc/io u f(f) — npoussoasias n0CTaroulioe yucao pas audde-
pexuupyemasn dyuxuud. Torna umeer Mecto caenytoulan saxtas GOpMy.L:

LEYEFE) =" Lp+N/ ). ®)

Iloxaxem ¢opmyay (5). [lposepuym ee cHanana una cayuas L (p)=p.
Mp umeem:

p (e),f(l» — L’Mf(t) + e)\tf.‘(t): EM (p + )\)f(()

Teneps (opmyny (5) serko 1poBepuTb AAS NMPOM3BOALHOIO MHOrO%AeHA
nepso#t crenenn L (p)==ap -+ b. Mbl nmeenm:

(ap -+ b) (€'f (1)) = ap (?Mf )+ bef ()=
=qae (p -+ ) f(t) -+ beMf () =™ [a (p + 1) - b] (1)

Jokasateasctso dopmyast (8) B obueM cayuae NpPOBENEM HHAYKTHBHO
no crenean n muorowrena L(p). lna n==1 ¢opMyna, Kak Mbl BUIeH,
sepya. JlomycTaM, 4TO OHa CnpaBeisdBa [ MHOMOYJEHa CTENeHu
n—1 (n==2), n noKaxem ee aaz MHorouieHa L (p) crteneun n. [las
3TOr0 MHOrOuseH L (p) CTeneHn 7 PasaAOMUM Ha ABa MHOXuTeas L (p)=
=Ly(p):-Lo(p), rae Ly(p) umeer crenedr 1, a Ly(p) umeer cTeneHn
n— 1. Tak Kak 119 KaxIOro U3 MHorouneHoB Ly(p) u Ly(p) ¢opmyna
(5) cnpasennnsa, To Mbl umeem (cM. § 7, A))

L) @)=L, @) (L (0) @ F O =L, p) (" La(p + N f (1)) =
=eNLip+NLip-+Nf(E)=e"Lp-+ 1)/t
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Taknm oGpasom, dopmyna (5) moxkasaua.

Dokaxem Teneps npeanoxenue B), B koTopoM Teopema b nouru noa-
HOCTBIO COOEPKMTCA.

B) Mycts L (p) — NPOM3BOALHEI MHOrOUJEH OTHOCHTENLHO CHMBOJA P
R nycThb (yHKUMS w,(t) neﬂcmurenbuoro nepemem{oro t onpenenﬂercn
dbopmynot - - : :

o, O)=L(p)t"e",

rae A — KOMIJIEKCHOe uuc/a0. OKa3biBAETCA, 4TO €CAM A eCTb K-KpaTHui
Kopenb MHorounena L (p), TO ¢yHkuun oy (f), ..., 0,y (f) TONKAECTBEHHO
pasubt Hymo. C Ipyro#t CTODOHBI, OKa3LIBAETCH, YTO €CAH PYHKUAN wg (1),
wy(f), ..., wy_y(f) paBHBl Hymo XoTA OBl AN ODHOrO 8Hauewus f=t,,
T. € UMEIOT MECTO PaBEHCTBA

wy (fo) = o (f) =...= 041 (fo) =0, (6)

TO.\ €CTh KOPEHb MHOrOW/eHa L (p) 1 KPaTHOCTL STOFO KODHS HE MEHblue k.
Dokaxem npennoxenne B).
B cuay cdopmyar cmemenna (cm. (5)) umeem:

o, ()=e"L (@4 Nt )

Honyctum cHauana, 410 A ecTh KR-KpAaTHHM# KOpEHb Muorouaena L(p),
T. € 4TO

L= M) (p— W
3amenuB B 5TOM TOXAECTBE p uepe3 p -} A, noayuum:
Lp+N=Mp+Np" ®)
Ws ‘popmya (7) u (8) noayyaem:
Lo, ()= MP--NEH)=0  mpr =01, .., k—1,

TaK Kak p"'t’= 0 npu r< k. Taknm o6pasoM, neppasg 4acTb HPELJIONKe-
Hns B) noxasana.

HonycTuM Teneps, YTO MMEIOT MECTO COOTHOwWweHus (6). Paanaraﬂ
L{p- 1) no crenensM p, moayyaem: '

LY = byt bipt...t bop™ -+ bob" ©
WUs coorrowennit (7) u (9) noayuaem:

g (to) = €Voby,
a sto B cuay (6) maer
bo = 0.
JHoiycTamM Tenepb, YTO MMEOT MECTO PaBeHCTBA

b0=b1=...= br—l=0) -rék—-l, (10)
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u aoxaxeM, 410 b,=0. B caay (7), (9) n (10) umeem:
o, (t)=eMorlb,.

B cuay (6) u3 sTOoro caemyer
b,=0.

Takam o6pasoM, by = b, =...= b, , = 0, u muoroured L (p—+ ) umeer
BUR

LED =0 b bap” = (b .. bap™ ) p* = My ()"
3amedns B ITOM TOXKIECTBE p uepe3 p — A, MOJyuaem:

L(p)=M@—1-(—N"

a 3T0 NOKa3biBAET, YTO A €CTb KOpeHb MHOrounexa L(p), npuvem Kpat-
HOCTb €ro He MeHblue .

..Taxum ob6pasom, upennoxende bB) mokasauo.

IlokasareabcTBO Teopemu 5. V3 nepsol uactu npeunnoxe-
nus B) HeénocpencTeHHO ‘caeayeT, yTo ¢yHKuUM (3), yKaszauuee B $op-
MyAUPOBKE TEOPEMB 5, ABAAIOTCA PELICHHSIMHA ypaBHeHHﬂ (2) Iloxa)l(eM,
yto, BHIOMpAn HaajewawuM 06pasoMm Koucrautsl ¢!, .., ¢", Mb MOKeM
noayuuts no ¢opyyne (4) nponssoabHOe pelleHue 2z, ypasHeHus (2)
(Tpu 3TOM, B OTJW4HE OT TOrO, YTO GWJIO CAENaHO MPH AOKA3ATENbCTBE
TeopeMbl . 4, MBI 31€chb. He Oyaem NOJAb30BaTbCA TeopeMoH 3).

IycTb Z*—ﬂpOH3BOJ]I:H06 pelieHne ypasHeHus (2), oupenenenuoe
Ha HekoTopoM uHTepsane r;< t<[r,, W NycThb £, — HEKOTOPOE UHCA0
u3 storo unrepsana. [Tonoxum:

2ot =20 2,(t)=24 ..., 20~V (t) =2,

“Teueps, OyieM WCKaTbh TaKue KOHCTautel ¢!, ..., ¢", uTOOH peuienne 2z
ypasuenus (2), onpenensemoe dopmynoft (4), yAOBJIETBOPANO TeM. e
HauaJblBIM YC/AOBHSIM, UTO @ SafaHHOe peleHue 2z,. Torpa Oymem umers
z==2, (ua nurepane r;< t<ry) B CHIy TeopeMul eAHHCTBEHIOCTH.
Ilng onpeneneHuss KOHCTaHT ¢!, ..., ¢" Mbl NOJy4YaeM cuCTeMy ypasHeHuh

20 (t) 4 %2 (G) F. A "2 (@) =29, s=0, 1, ..., n—1 (11)

Has toro wrobe cucrema (11) Owiaa paspeurviMa, AOCTaTOYHO, HTOGHI
ACTEPMUIIaHT MaTPULLBI

2 (ty) 23 (ty) ver Zn(ty)

() ) ... 2D (t) (12)
AN &) 2T )

Oein oT/uuen ot uyas. ITokaxeMm, yTO 3TOT NETEPMHUHAHT HE PaBEH HYJIO.
Ins 3TOr0 noKaxeM, 4To CTPOKA MarTpuubl (12) AMHEHHO HE3aBHCUMBL.
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HonycruM 1poTUBONONOKHOE, | MYCTh byp-ts by g ..., by— T€ KOHCTAHTH,
He 00pallAloulnecs OZHOBPEMEHHO B HYJb, Ha KOTODHE CAEAyeT yMHO-
XuTb NEPBYI, BTOPYIO W TdK Lajee CTPOKH MAaTpHUB, AJs TOro 4yToGH
CyMMa uX Obila paBHA HY/MO. BuinucwBas CyMMy 5J€MEHTOB j-ro cToaOua,
NoJyyaeM paBeHCTBO

52 V() 4 02 T t) + L A bye?s (t.,)+bn 125t =0,
Koropoe MOXHO nepenncan B BHIeE:
MP)2s] ety =0, (13)

rne M(p)=byp" '--bp" 4 ... 4+ b,_op-+ b,_, Toayyennoe pasen-
ciBo (13) ana j==1, ..., &y naert, uto A, ecTb N0 MeHbleH Nepe 2,-Kpat-
HRH Kopenb MHorouneHa M(p) (cm. npennoxenne B)). TouHo Tak e
mas j==Ry~-1, ..., R~} kg nonyuennoe paBeHCTBO AaeT, 4TO Ay €CTh
no MeHblueH Mepe k,-xpamun kopetb muorounena M(p). Cosokynnocts
BCex paBeHCTB (13) MPUBOAHMT HAC K BHBOAY, 4TO (C yYeTOM KpaTHOCTeN)
MHoOrouneH M(p) uMeeT He MeHee n KOpPHEH, 2 3TO HEBO3MOXHO, TaK
KaK ero CTeneHb He BHIUIE, ueM 7 — 1. Mrak, npeanosoxenue o pasencrse
HyMO neTepMuHanTa MaTpuus (12) npuseno Hac K MPOTHBOpEYMIo, a 3TO
8HauuT, uTO cucreMa (11) paspewnMa (n NPATOM OAHO3HAYHO) OTHOCH-
TEeAbHO - HEU3BECTHHIX

¢, C’, aeey .

Takum 006pa3oMm, TeopeMa 5 MOJHOCTLIO NOKa3alla,
OTMETHM OJHO OYEBHIHOE CJeNCTBHE TEOpeMbl 5.
B) Kawaoe pewenne z(f) ypasHeHus (2) Moxer OuTb 3anucaHo

B BULE: \ . w
zty=5i@) e+ fa(@)e 4 ... S-fa(t)e™,

rae f;(f) ecTb MHOrouAeH cTemend, He NPEBOCXOASWER uucra ky—1,
J=1 ..., m. Tlpu stom muorouneus fi(f), ..., f,(®) onpenenenu
oaHO3HauHO pewlenneM 2z (f), Tak Kak uX KO3(QOHUHEHTH SBASIOTCA
KOHCTaHTaMW uHTerpuposanus c', ¢% ..., ¢, Koropsie B CHIy Teopemn 5
onpeneaeHbl pemteHneM 2 (f) OMHO3HAYHO.

Ecmu kospduuneHTH ypasHeHus (2) AeHCTBHTENbHH, TO NEPeN HaMu
CTOHT 33/1a4a BHAEJEHHA H3 COBOKYNHOCTH KOMIVIEKCHHX pellednil ypag-
HeHns (2) ero HeHCTBUTENBbHBIX DeLIEHUH.

I') ByneM cuuTarb, 4TO KOS(QPUUUEHTH XapaKTEPHCTHYECKOFO MHOro-
uneHa L (p) ypaeHenus (2) meftcrsuteasHsl. ITyctb A — HeKoTOpEI KOpeHb
mHorouneHa L (p) kpathocta k; torma npu r==0, 1,..., #—1 ¢ynx-
nus t'e™ apasercs pemeﬂuew ypasuenna (2). Ecau kopennp A neiicrsn-
TenbHBIA, TO (yHKuua t'e™ peficTeuTenbHa, €Cad ke KOPeHb A KoMnaekc-
HHH, TO Hapfmy C pelseHneM "¢ nMeeTCA KOMINEKCHO-COMpPSKEHHOE

emy peuienne 'V, Tak Kak A eCTb KOPEHb KDATHOCTH & MHOTOUnena L (r).
Taxknm 06pasoM, B cucreMe peluerull (3) HAPAAY € KOKABIM KOMIJIEKCHBIM
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pelieHUeM HMEeTCA COMPSHKEHHOE ¢ HMM peueHHe. Jlas toro utolui pe-
menve (4) OnAO AeHCTBUTENbHBIM, HEOGXOAMMO M NOCTAaTOMHO, 4TOGH
K03 (UUMEHTH TIPH AeHCTBHTENbHEX pelleHHaX Obimu AeHCTBHTENLHBIMY,
a K03()hUUHEHTH Y MOMNAapPHO CONPSMEHHLIX KOMIUIEKCHRIX pelleHuit Onan
MOMAPHO CONMPSANEHHL.

JlokasaTeabCTBO MNpesioxeHns ') MpPOBOAMTCHE TOWHO TaK Xe, KaK u
JaoKa3aTenncTBO npeanoxenus J1) § 7 na ocvose npemnoxenns ') § 7.

Mpumepwn

1. Pewnm ypasheHue
2V 4321V |- 32" 2" =0.

VpasHeHHe 3TO MOXeT OHTb 3amMuCaHO B BUIE (2), TIe XapaKTepHUCTHYe-
ckuli MHOroureH L (p) umeer B

P*-+ 3pt -+ 3p* - p' =0 (p - 1)
KopHAMH -3TOr0 MHOFOuUMEHa CAYMAT udcaa
)\1=0, )\g=—-- 1,

uMewomyde KkpatHoctd ky==2, ky,—3. IlosTomy B cHay TeopemMu 5
cucteMa pewenafl (3) An9 paccMaTpHBAaEMOrQ YDaBHEHHS WUMEET BHA:

=1, zo=t, zy=r", zy=te”, zy="1%"*
OGuiee peureHue maerca dopmynaoit
z=(c' -} ) - (¢} c*t ") e
2. Pemiun ypasueHue
2V 22" L 2=0.

Xapakrepucruueckuit mHorounen pased L (p)=(p*-} 1)% ero kopuamu
(ABYKPATHEIMA) SIBAAIOTCA YHCAA Aj==i, Aq==— [ OGwee peuienue pac-
CMaTpPUBAEMOr0 YPaBHEHWA 3aMUCHIBAETCA B BHIE:

z=(c'd- ) e' |- (* - ') e .

Huxecnenyouive nsa npuMepa naioT oOumiue npasuia BblASNEHHA
NeHCTBUTEAbHNX peilleHnl, HEMOCPEACTBEHHO BHTEKAIOUIHE W3 IpeA’ione-
uua ). Tlpumepsr 3 w 4 BrnonHe ananornunsl npumepam 2 u 3 § 7.

3. B npumepe 2 § 7 He yuuTHBAaACA KOHKDETHH BuA peuteHuh,
a ObI0 /Wb MPEANONOKEHO, UTO CHCTEMA pewmeHudt 2y, ..., 2, COCTOMT
M3 TOMApHO COMpPSXKEHHHX pelenult u gedcrsutensHnx pewenaf. Ilo-
3TOMY Te ke pacCyXAeHUd MOKAa3WBAOT, YTO W B CAy4ae KPaTHHIX KOp-
HeHl, MH umeeM caeaywouee obuiee npasano. B cucreme (3) caeayer
KaXAY0 7apy KOMNJAEKCHO-CONPAKEHHBX PEIIEHHH SaMEHWTbL AEHCTBHUTE/b-
HOH # MHUMOH uvacTamn oaHOro u3 3Tux pewenuil. Iloayuennas Takum
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obpasoM cucteMa ydxuud ob6aazaet TeM CBORCTBOM, 4T0 awboe gedcr-
BHTE/ILHOE pelIeHHe SBASETCAd HX nuHeHHOH xomOudauuefl ¢ neficTBuTeNbs
HBIMU KO3(pULLUEHTAMH.

4. Hycib

1reM, 1M
— B2 KOMILIEKCHO CONPMKEHHHIX pewenna wa cucreMu (3). B cayuae
DeHCTBUTEBHOTO peulennst 2 4acTb CyYMMHB (4), COOTBETCTBYIOIAH 9TnM

pelenunM, MOKET OuTh 3amMMCaHa B BRIE:
Z==cte+IE | cpreteiv),

TTonowum:

TForna mu GyneMm uMmerhb:
2=pt’e" cos (vt -+ a). - (14)

StuM crIOCOBOM MOKHO KaXAYI0 NMApy KOMIAEKCHO-CONPSIKENHWX pele-
HAR, BXOASIUMX B cymMy (4), 8aMeHuTb HEHCTBUTEALHOH dynkuneHh Buaa
(14), conepxawell IBe NPOW3BOMbHHIE AEUCTBHTENbHHE KOHCTAHTH ¢ 9 @.
3nece ®rHOBb, Kak W B npumepe 3 § 7, BRAHO, UTO Hajauune MHUMOH
yactu v 5 0 kopHa ‘A npumaer . pemwennio konebatenbHu Xapaktep, a
Haanune pedcTBATENbHOR wacTu w2 0 Kopus A su3bBaeT au60 BO3pa-
cranue pewenns (npu p > 0), au6o ero yGusauue (npn p<0). Hako-
Hell, KPaTHOCTb KOPHS A RBI3BIBAET TOABAEHWE MHOXATEN &7, KOTOpHH
TaKKe BJEUET BO3DACTAaHWe pelledns, OLHako npu t-—oo n npn p< 0
BO3DacTaHWE DEIIeHUs, BHI3BBAHHOE MHOWUTENEeM ', rOpasno MeHblie, uYeMm
yOnBanue, BHI3BAHHOE MHOXMTENEM eM, Tak uTo npH p<l0 (u mobo#
KPAaTHOCTH KODHA) pPEIleHMe CTPEMHTCS K HYMO NpH BO3PacTanuu L.

5. Ucnonbayn pesysbratht upumepos 3 um 4, ™Mb MOWeM 3anvcarb
BCE ACHCTBUTENbHBIE PEIIEHUSI YPARHEHWs, PAaCCMOTPENHOrO B lpumepe 2,
B BBYX Clelywiunx dopMax:

2=(a' +a¥)cost I (b* } ) sint,
Z =1, COS (t 4 @,) - pgt COS (t -+~ a).

§ 9. YcroilupBble MHOTOYJEHB
Tyers

L(p)z=0 )

— anHeRHOe OAHOPOIHOE YPAaBHEHWE C TMOCTOAHHBIMM KO3 duLneHTamu.
Bonpoc o TOM, Kak BEAYyT ce0f pelleHHs STOr0  YPaBHEHNs NpH
t— 00 (CTPEMATCS /W OHU K HYMO, OCTAOTCA OrPAHHYEHHLIMD W
HEOrpaHKUEHO BO3PACTAIOT), UIPIET OUEHL BAKHYIO POJb B LENOM pajie
NPUIOKEHHH TEOpUH OOHKHOBEHHBHX AMPPEPEHUHANLHHX  YypaBHEHUH.
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B npumepax 3 § 7 u 4 § 8 ywxe OTMEUan0Chb, YTO 3TOT BOMPOC O HO-
BelleHuU peieHnid ypaBHeHns (1) cBA3aH C T€M, KaKOBH ACHCTBUTE/]bHHIE
yacT KOpHeH muorounena L (p). dopmyaupyem Teneps ®Ty cBssp Oonee
TOUHO:

A) Muorounen L (p) nasbiBaeTcst ycmod4ugsim, €CNM 8Ce €ro KOPHR
MMEIT OTpHUATE/MbHbIe NEHCTBHTEJbHbHIE YaCTH WJW, rOBOPA reoMerpuue-
CKMM S3BIKOM, . I&KAT M0 JE€BYI CTOPOHY OT MHHAMOM OCA TNJOCKOCTH
KOMNJEKCHOrO nepemeHHoro. Ilycts

N=p 4y, j=1,...,m

— 8ce Kopuu MuorouneHa L (p). Ecam MHOrouaen srot yCTontms, TO
CyWecTBYET TaKkoe MNOJOXATENbHOE "HCIO0 &, YTO '

P’j<_°" j::l,...s”l. (2)

Msl MOKaMEM, 4TO AJs KaWAOro pewienus ¢ (f) ypasnedans (1) B .sTOM
cayuae HaHIeTCs TaKOE MOJOKUTENbHOE uucao M, uro

le(t)| < Me™ npu t=0. , 3)

Ora GopMysa HE TOJBKO MOKashiBAET, YTO Kawaoe pelmenne ypasnenns (1)
CTPEMUTC K HYMO npu { — —- 00, HO ¥ OUEHNB3ET, HACKOALKO 6ucrpo
5TO CTPEMAEHHE K HYMIO MPOMCXOAWT.

. [lokaxem ¢opmyay (3) cHavasa A48 NPOM3BOALHOTO pPELIEHNS 2,
s=1, ..., n, ypasuenns (1), sxomsuwero B cucremy d¢ynxuntt (3) § 8
Mu umeem:

At z { ¢
2,=1{e"/, OTKyna '?L- = e

t
Tak Kaxk uucao p;—-a B cuay (2) OTPHUATENBHO, TO (yHKLHUS e
CTPEMHTCS K HYMO NpH {— CO W NOTOMY oOrpanuueHa npu ¢ == 0. Takuwm
00pa3oM, Mbl UMEEM:

l—ef—i-,— ‘<M, npu =0,
uni, uTO TO XK€,
2] < Mee™ npn t=0.
Ecau rteneph
¢(t)= "2+ 2y ... "z,
~— NpOU3BOJTLHOE pelenie ypasuenus (1), 1o npn £ >0 umeem:
te < ('] M+ [ My | "] M) e™ == Me™*",

Takam 06pasoM, HepaBeHCTRO (3) mokasano. Caelyer OTMETHTb, YTO
ecau XorTs Obl OAMH M3 KOpHeH A; MHOrouneHa L (p) MMEET NOJOXHTENb-

At
HYI0 JEHCTBUTEAbHYIO YacTb p.,>0 TO CYLIECTBYET peILEHHe ei ypaa-
HEHAA (1), HEOrpaHUYERHO BO3paCTaloILEe. npu ¢ — CO.
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HaxomueHno  pas3miudbX, MO BO3MOXHOCTH YAOOHHX AAf MpaKTd-
ueCcKoro TMpUMEHEHNst YCNOBHHA YCTOHYMBOCTM MHOTOUJIEHOB IO CHX MOP
NOCBAUAOTCA MHOTWE WCCACAOBIHAA MATEMaTUKoB. [n9 MHOTOuY/MeHa BTO-
poit cTenenmu ycnoBue YCTOHYHBOCTH HENOCPEACTBEHHO BBIBOAMTCR U3
dopmyan pemrenns KpaapaTtHoro ypaeuenus (cMm. B)). Bompoc 06 ycroit-
GHBOCTH MHOTOWIEHa APOH3BOJLHOR cTenenn 71 Gbla peweH B HECKOJMbLKO
pazmiunnx  dopMax MateMatukamp Paycom u [ypsuuem. ¥Ycaosus Pa-
yca — ['ypBu, onHako, Mano yAoGHM IMS BHYHCAHTEALHOH NPAKTHKH,
# MOTOMY TIPO/IO/KAWT A0 CUX NOP OTHCKUBATL HOBHE (HOPMY/IUPOBKA
ycaosnit ycrofluuBocTd. 3aech OyAeT NPUBEAEHO [OKa3aTenabCTBO KpHTE-
pna Payca — 'ypemna ans n=3 u 0e3 nokasarenncTBa OydeT maHO
yCAOBHE YCTOHUMBOCTH VI NMPOW3BOALHOR creneHn n B ¢opme [ypsuua.

B) Muorounen sropolt crenenu L (p)==p*-}-ap - b ¢ neficroutens-
HRMH  KO0a(uIMeHTaMu @ » b TOraa ¥ TOABKO TOr4a YCTOHUMB, KOraa
KO3 RUUEHTR €ro fOJNOKHTE/IbHBI.

JT0 yTBEpKIEHNE NErKO NpPOBEPSETcH npu noMOuHK  hopMyan petie-
HHA KB3APAaTHOIO YpaBHEHUS.

B) Ecau muorousen L (p)==p" -{-—a,p""-}— e Fa, c Aencramenb-
HumMu Ko3(pruseHTarMin YCTOHYHB, TO BCe ero Ko3xpuumeHTH NOJ0KH-
TeNbHBL.

Jns mOKasaTenbCTBA Pa3nOiUM MHOroOwrieH L (p) Ha NeHCTBATEAbHHE
MHOXHTEAH NEPBOH W BTOPOH CTENEHH, T. € HAa MHOXUTE/NM BHIA p ¢
n p?4-ap+ b. Tak Kak mHOrouseH L (p) ycTOHuMB, TO W KaXAWH MHO-
WHUTE/Nb YKa3aHHOrO BWAA3, BXOANAMHA B €ro CoCras, TakKke YCTOHuus.
Ias ycroduusoct MHOXHUTEAR p -} ¢ Heo6xoaumo, uToOH uuca0 ¢ 6bi10
NOJOKATRAbIO, @ AN yCTOHUMBOCTH MHOWuTens p-}-ap -+ b Heobxo-
auMo, 4toOn 00a uyncaa a, b Oblau noaoKHTeNbHBIMA. Y3 moaoxurennb-
HOCTH KOI(M(HUUHEHTOB MHONKUTEAEN Jerko c/leayeT MON0KUTENbHOCTh
k03¢ ¢uiLIeHTOB NPOU3BENEHHA,

Huxecnenytoulas Teopema JaeT KpHTEpUR yCTOWUHBOCTH [/ MIOTO-
ygenoB 3-#i creneHu.

Teopewma 6. Muozousen

—_— 3 2
Lp)=ap*+ap*+ap+ta;, @ >0
¢ deifcmeumensub smu Kodghhuyuenmanu mo20a u moasKo mo20a yenod-
418, K020a HUCAQ @y, Gy, Q3 NONONCUMEABHHN U, CBEPX MO0, 6bNON~
HEHO HePpABENCMBO

0,03 > aya.
INokazarteabcreo. [lpn nokasarenncrse Oynem paccMarpusarh
MIOTOUJIEH
L(p)y=p*-t-ap* +bp+-c; (4)

cayuall obuiero MHOrouaeHa L (p) erxo cBoAuTCs K 3ToMy. B cuny npeano-
enua B) HaM A0CTaToOYHO N10Ka3aTbh, 4TO MHOrouneH (4) ¢ mono x u-
TeJbHBMH KO3pdumueHTamu a, b, ¢ TOrAa U TOJABKO TOTJA YCTOMuUB,
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KOrjaa HMEET MECTO HEPaBeHcIno
' ab>e. (5)

ITpn nokasareanbCcTBe Mbl  BOCHOJAL3YEMCH T€M, 4TO KOPHA MHOrOYJEHa
ABJAKIOTCA HENMPEPHBHBIMA QYHKUMAMH ero KO3(h(HUHEHTOB.

BuiicHiM npexae BCEro, NpH KakdX yCJAOBUsSX MHOrouaeH (4) umeer
YUCTO MHHMbIE KODHH, B YdCTHOCTH, KOpeHb p =0, KOTOpPHH Takxe cae-
AYET CYHTaTb YHCTO MHHMBIM, TaK Kak OH JEXHT Ha MHaMOff oca. Mu

HMEEeM: .
LE)=@E+a)@*b)—abtc. ©)

Ecan muorouaen L {p) umeer kopenb 0, T0 ¢==0, a 310 no npeanoJo-
HEHHIO UCKJIOUEHO, Tak Kak ¢ > 0. JlonycTuM, 4TO KOPHEM MHOFOuYJe-
Ha L (p) asaserca uncao o, rae w 7 0. Ecan npeanonoxuts npu s10M,
YTO 4HCA0 — @'~ b CTAMYHO OT HyAd, TO uucA0 ({w--a)(— o’ b)
HMEeT OTJHYHYIO OT HY/Aa MHUMYIO 4aCTb 4 HE MOXET B3aHMHO YHUUTO-
KaATbCA € AEHCTBUTEAbHWM vucaoM — ab -} c. Takun oOpaszoMm, uncao o
ARLIL TOrAA MOXET OWTh KopHeM MHorouseHa L (p), koraa — w? - b=0;
B 5TOM CJyYae MLl UMEeM paBeilcTBO

L (iU))::-—-» ab -+ c=0.

O6parno, ecan ab==¢, 10 B cuay (6) muorounen L (p) nMeer 4nCIO Milu-
Mble KOpHH p=iil/b. Takum oOpasoM, Muorounren L (p) (c nosoxmu-
TeAbHLIMY KO3(DODULHEHTAMB) TOTA3a W TOJBKO TOrAA UMEET YUCTO MHUMbBIE
KOPHK, KOraa ab==c. B 4acTHOCTH, NpH HENpEepHBHOM H3MEHCHUH NOA0-
KUTeTbHBIX KO3dUUHEHTOB @, b, ¢ KOpeHb muorouseHa L (p) TOIbKO
TOrla MOXET MNepecedh MHHMYIO OCb, KOTHA BHINOJIHEHO PaBEHCTBO ab=c¢,

IlonycTuM, yro HepaseHncTBo (D) He Bminoausercs. Toraa anbo ad==c,
an60 ab< ¢. B nepsom cayvae Mmyorouwien L (p) nMmeer 4ucTO MuMMBE
KOPHY H, caenosare/bHo, Heycroiuus. flokaxeM, uTo BO BTODOM Clyuae,
T. €. NpH BBINOJHEHNHN NHEPABEHCTBA

ab< e, : )]

muorounen L (p) taioke neycroluus. Byaem Mensth Henpepmsun Kosg-
duunentsl @ 1 b, OCTaBAAA HX NOJOKHUTEAbHLIMH, TaK, 4roOLl CHU CTpe-
MUAMCh K HYJQIO W uio0m npu 31oM Hepasenctso (7) HE Hapylaslock.
Ilpu 5TOM W3MEHENWM HW OAUH KODEHb He Nepelaer ¢ oAnOH CTopoHM
MHUMOH OCH Ha IPYyrywo, U, CJA€10BAaTEIbHO, CBOHCTBO MHOrou/eHa2 GnTb
YCTOHUMBBIM WAN HEYCTOHUUBBIM He uamenurcs. Ilpn @ =& =0 noayuaem

. , v lcos Z1sin &) nexa-
muorounen p® - ¢, kotopm# umeer kopun VY ¢ (COS 7 Eisin 3). Jexa
mpe no npasylo CTOPOHY MHUMOH OCH. B cuy HenmpephBHOCTH 3aBHCH-
MOCTH KODHeH OT KO(P(HULHEHTOB, HEYCTOHUHBOCTL (N2aHYME KOpHei

CNpaBa OT MHUMOH OCHM) COXPAHACTCA W MNPH LOCTATOYHO MaJblX II0JO=
WUTENbHHX @ B B,
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Nonyctum Tenepb, uTo HepaBeHCTBO (5) BBHIMOIHEHO, # NOKAKEM, UYTO
muorouned L (p) ycrotiuus. [las storo Oysem MeHaTb Kos(duiuueHt ¢
TaK, 4TOOB OH CTPEMHACT K HYJMO, OCTaBaACh IOJOKHTEAbHHIM, H YTOGHI
uepasedcTso (5) upn 9TOM HE Hapylanoch. Ilpu c—O Mbl [IOAy4aeM

MHOFO‘UIEH
L(p)=p(p*+ap+b),

uMEIoWUA O4uH Hy/EeBOH KODeHb W fBa KODHA C OTPHUATEABHHIMH feh-
CTBUTE/AbHBIMU 4acTaMU. TIpH ManoM NOMOKHTEALHOM ¢ 9TH ABa KOpHS
MaJi0 U3MEHATCA, TAK YTO TPOM3BENEHHE HX OCTAHETCA MOJAOKHTENbLHBIM,
a Hy/ilesodt KopeHb nepedieT B ManbiH 10JIOKHUTEAbHLIH WIH OTPUUATE/bHBIH.
TaKk KaK NpoW3BeJeHHE BCEX TPEX KOPHEH DaBHO OTPHUATENLHOMY WHC-
Ay — ¢, TO KOpEHb, O/M3KUH K Hymo, GyaeT oTpuuatene.

HWrak, reopema 6 noxasaHa.

Hag Toro uroGn (GopMyAUpOBaTh HEOGXOAUMBIE M AOCTATOYHBIE YCIO-
BUA YCTOHUMBOCTH J000r0 MHOTOU/NEHA C AEHCTBUTE/NLHBIMH Koa(p(puuu-
eHTaMH, YCIOBHMCA CHayaga o TepMmuHoaorud. flycrs

Pu P ---’Pm
“Pa1 Pia <. Pan

Pt Png .+ Prn : B

— NPOU3BO/bHAA KBAAPaTHAs MATpuua nopsaka n. Byzem wuaswsares ce
2AQ8HOLM R-M. MUHOPOM NETEPMHHAHT MaTPULLL

Pu Pie oo Pig
Par Paz ««v Poe

P=

L y

Per Pra oo Pee

MHHOD 5TOT Mp Oyaem o6o3HauaTb uepes A, (P). Takum ofpasom, -aerep-
MudanT A, (P) cocrasaed U3 3AEMEHTOB Marpuubl P, BXOAAWAX 8 uep-
Bue £ cT06LOB W CTPOK.

Teopema 7. [Iycms

@GP +ap T 4t 2 >0 (8)
— NPou3BOALHBLI MHO204AEH Ciienenu n ¢ 0elcmBUMENbHEMI KOIPH-
guruuenmamu. [as mozo 4mobp. BuLACHUMSG BONPOC. O €20 -YCMOG4U-
8oLmU, COCMABAAOM Mampuyy
a az Qag ... 0 . .
a a a ... 0
Q= 0 @y A3 ceenen

O EXEERE an_? an
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nopsoica n. Oxa3wiéaemcs, 4mo Mmuozodsen (8) ycmotinus moz0a 8
moasko moz0a, Koz0a 8ce zaasHbe muHoph AL (Q), k=1, ..., B
Mampuybl Q ROAOHCUMENEHE.

Tecpema 7 B 5TOH kHure noxasana e Oyner. JlokasaTenncTBo ee
MOXHO HaiiTn, manpumep, B KHure: H. I, Heraes, Ycroiluuocrts IBR-
wenus, Focrexnazar, M., 1956 (cM. ctp. 79 — 83).

. Bo mn36exaunne Henopasymenuti ommmem marpruy Q. CroaGeu Homepa
k MaTpuus Q MMeeT BUR:

cQpie Qpiy QpQp_1Qp g oovy
rEe SJCMEHT @, CTOWT Ha rIaBHOH NBaroHaln; TIpH 5TOM 37EMEHT Qp i

uHnekc k-7 koteporo oTpuuareneH wau GoJbLIE £, CYNTAETCA paB-
HBIM BYJIO.

MMpumepn

- 1. 'Busenem u3 teopemut 7 Teopemy 6. B caysae n=3 matpuua Q
uMeeT BUIL

a a 0
a a 0
0 a g

Ee Tpn rAaBHBHX MHHOpA UMEWT 3HaY€HHd

A (Q =01 . A (Q=aya3— a, ag, A (Q=a3- 8, (Q).
VeaoBue HMX NOJNOKHATENBHOCTH BMECTE € YCJAOBHEM TNOJOXATEALHOCTH
KO(pUUNEHTE ay PABHOCWIBHB YCJIOBASM:

a, >0, a, >0, a,>0, @a_>aa.
M3 COBOKYNHOCTH 3THX YCAOBHH BHITEKAET, KaK N€rKO BWAETb, NOJOKH-
TeAbHOCTb KO3(guurenta ay. Taxum o6pasoM, B caydae #==3 Teopema 7
npeapamaerca B Teopemy 6.
2 ‘B cnyqae n==4 MaTpuiia Q umeer Bun
L
a a; 0 0
Q a a 9 0
Tl 0 ay a3 O .
0 a ay a4

Ee raasune ‘MUHODSH  UMEIOT CJACLYIOULHE 3HAUEHHS

AI(Q); as; A (Q=ay8,—ay 05
b (Q=10300(Q— a5 A (Q=0a;-8(Q).
VcaoBie MOJOKHTEABHOCTH STUX MRHODPOB BMECTE C ycaoBHeM ay >0
HKBHBA/IEHTHO, KAaK JIETKO BUIETb, YCJIOBUAM

a4, >0, & >0, >0, a>0, a; >0,

B (Q)=aya90; —aqya; — aia; >0.
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§ 10. Jluneiinoe HeomHOPOAHOE YyPAaBHEHHE C MOCTOSHHBIMHA
xo03ddunuentamu

3nece Gymer maHO pelieHwe JAMHeHHOrO YpaBHEHHA C MOCTOAHHBIMU
KO3 duunenTamu co CBOOOAHMM YICHOM CHEUaNbHOrO BUJA, ABJSIOLIHMCHA
TaK Ha3blBAEMHM KBa3UMHOTOUJEHOM.

A) Keasumwnozo4senos Gynem Ha3bBaTh BCAKYW dyukuuo F(f),
KOTOPYIO MOXHO 3alHCaTb B BUIE: '

FO=fi)eM 4 fi()eM + ... +Fn() et M

rae Ay, hg, ..., A, CYTb HEKOTOpHE KOMIVIEKCHHE uncia, a f,(f),
fa€), ..., fn(f)— mnorounenn or {. Us mpeanoxenns B) § 8 crenyer,
YTO K@KAOE penieHue JHHeHHOro OAHOPOJHOrO YPABHEHHS C MOCTOSHHBINK
KO3(puuueHTaMA ABASETCA KBA3WMHOTOYJAEHOM. MOXHO 1OKas3aTb, 4TO W
00paTHO, KaX/IHH KBasHMHOrOYJEH fBJAAETCA PELICHHEM HEKOTOPOIo
AMHERHOro OJHOPOIHOIO YPaBHEHHS C MOCTOSHHBIMH KO3(hduuHeHTamu.
Ecan Kakue-HubyAb [Ba YMCAA NOCHENOBATENABHOCTH Ay, Ag, ..., A, COB-
nagaiT Mexy ,co60H, uanpuMep, ecmm Ay=2Xy, TO wieHn CyMMu (1),
COOTBETCTBYIOLIME STUM UUC/IAM, MOXHO OOGDBEAMHATL W 3aMEHNTh uae-
uoM (fy (f) -+ fa(t)) €+'. Takum o6pasom, 3anuck (1) Bcerma MOXHO mpu-
BECTH K TAKOMY BHAY, YTO UHCAR Ay, Ay, ..., A, BXOLAUIAE B HEE, TNO-
nmapHo pasmauunn. OTMETHM, YTO CyMMa M (pOHM3BEJEHue ABYX NpOU3-
BOJIbHBIX KBasMMHOrOWIEHOB TaKke eCTb KBA3UMHOrOuUAEH; Janee, eciu
K [pOUSBOJILHOMY KBA3UMHOIOY/NEHY MPUMEHWTb NPOW3BOJAbHBIH oOne-
parop L(p), TO Mbl BHOBb INOJy4UM KBA3UMHOTOUJEH.

-Takum 006pasom, B HacTosweM mnaparpage Oyner paccMaTpHBaTLCA

ypasHeliue
L(p)z=F (), 03

rae F(t) ects nexoropuii kBasumuorouaeH. Hapany c ypasxenuem (2)
pPacCMOTDUM COOTBETCTBYIOLLEE OAHOPOAHOE YPaBHEHHE

L{p)u=0. 3)

Huxecnenyioiuee npeasoxmeHne HENOCPENCTBEHHO BEITEKAeT U3 3ame-
yauus B) § 6.

B) Ecan z ecTb HEKOTOpOE pelienne ypaBHEHMs (2), TO NpPOH3BOJbL-
HOE pellieHde Z TOr0 K€ YPaBHeHHA MOxeT OWTb 3aNHCaHO B BHAE:

z=z-u

FIe u €CTh HEKOTOpOe peleHue ypasHeHus (3).

Tak Kak NPOU3BOJLHOE peELIeHHE OAHOPOAHOrO YPaBHEHHS Mbl OThI-
CKUBATh y:XKE yMEeM, TO IeA0 CBOJUTCH, TAKAM OODPa3oM, K OThICKaHHUIO
OIHOro pelileHns WM, KaK FOBODAT, 4QCHIHO20 peuteHuA ypaBHeuus (2)
B cayuae, korna F(f) ects KBasumHorouwned. Tak Kak, janee, Kaxibii
KBa3UMHOrOWJIeH sanuchisaercs B suae (1), T0 B caiay sameuadus B) § 6
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[en0 CBOANTCA K OTHICKAHWIO YACTHOrO pewenus ypasuwenus (2) B cay-
uae, korna F(f)=r(t)e", rae f(t)— muorounen. Jlags storo cayuas
pelweHue OTHICKMBAETCS B HWXKECAEeAYoleHl Teopeme.

Bo u3bexaHue HeQOpasyMeHull OTMETHM, uTO B NajbHedlmeM nox
MHOTOUACHOM CTENeHHU r Mbl OyIeM NOHMMaTh (yHKUMIO BAHAa ayt’ -}-
a1 ... a,_ t-}-a,, He npeanonaras HENPEMEHHO, 4TO CTap-
wud Ko3QQIMEHT @) OTJAHYEH OT Hyas.

Teopema 8. Pacciompun neoOHopodnoe ypasreHue

Lpe=fe, (4)

8 KQINOPOM f(t) ecmb mnozounen cmenewu r omnocumensto t, a A
xomnaexcroe uucao. lycms k=0, ecau L (X)) 0, u k—xpamnocms
xopus A, ecau L (A)=0. Oxaswsaemcs, 4mo cywecmeyem H4acmnoe
pewenue ypasrenus (4), umeiowee 8uo;

z=t*g(t) e, )

20e g(l) ecme mnozo4ren cmenenu r omuocumensno t. Kosgguyuenmsr
MHozouneHa g(f) MOJCHO Halmiu MemodOM HeonpedeAeHHsX KO3g-

Puyuenmos.
IlokasarteascTBo. Ioaownm:
fFO)=at"+1*@® ()
u GymeM UCKaTh MHOrouieH g(f) B Buae:
g)=0bot"+g* (1), )

rae muorouneds f*(f) m g*(t) umeior crenenn r— 1. Jlanee, B cuay
BLIGOPA YHCA2 £ Mbl HMeeM:

L{py=M(p)(p— W, )]

rne M(A) 0. Daa Toro uro6u dysxuns (5) ABAsIACH PelIEHUEM. ypas-
Heuns (4), ROMXHO OHTb BHMNOAHEHO ycaosue (cM. § 8, A)) ’

Lp)edttgt)y=e"L(p+ Nt g(t)=e"f (),
T. €. MBOrouacH £(t) nomxeH yAOBJETBOPATbH YCJIOBHIO:
Lip-+Wtrgt)=1 (). 9

Muorounen M(p—1) umeer csoum cBOGOARBIM uneHOM uncao M(A) £ 0
M NOTOMY MOxeT OBITb 3amucaH B BUAE:

MpP+N=MN+M*(pp, MQA)#£0. (10)

Ilpunumas Bo BHuMauue coortnowenus (6), (7), (8) u (10), mu  MoxeM
teneps ycaosue (9), HanaraemMoe Ha MHorouwaen g(f), sanacatb B BRIE:

by M) p" 547 - by M* () p*H 1M - L(p -+ M " g () =o' +-[* ().
(1
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IlpuapapuuBas wiens, cogepwauue ¢ B pasencrse (l1), noayuyaem coor-
HOLIeHUE
by M) p* t*+7 == a, ¥/, (12)

M3 KOTOpOro KoadduuueHT b, MCKOMOFO MHOrouleHa g(f) onpeneisercs
(W60 M(\)40) u nputoM onHO3HAyHO. Byaem -cuurarp Temepsp, 4TO
K03pduuuest b, yxe BoOpaH, Tak YTO coomomeﬂue (12) BHINOAHEHO;
Torja cooTHowenue (11) npuuamaer Bua:

L(p--0)t* g* () =1* () — by M* (p) p*+1 5+, (13)

rpe B NpaBOA 4acTd paBEHCTBAa CTOMT W3BECTHHH MHOrou/eH CTeneHu
r— 1, a cneBa — Hen3BeCTHHR MHorouneH g*(f) crememm r— 1. VYpas-
nerue (13) ornmuaercs or ypasHeHud (9) TOJBKO CTENEHBIO  BXO-
AAIMUX B HEro MHOFOYJEHOB, KOTOpas MOHW3Wjaach Ha eguHuuy. Ilosro-
pas aaa ypasHenus (13) BHIYMC/AEHNA, NMPOBEACHHHIE paHee AAs ypasHe-
naa  (9), MB BHUACANM KO3(uUHEHT b, npu Bucwed, 1. €. (r— 1)
crenenn ¢ mHorounena g% (f). Tlpomomxas STOT npomecc Aanbile, Mol
BHYNCIUM BCE KOYPPUUUEHTH by, by, ..., b, MHOrouseHa g(f) Takum
06pasom, yro6nl OH yHOBAETBOpAA ycAoBuio (9), M TeM cambiM Haliem
pewenne Buaa (5) ypasHeHns (4).

MoxHo Geli0 Obl MOACTaBHTL pelueHne Buaa (9) NpsaMO B ypaBHe-
une (4) v, cuntas KOS(PUUMEHTH MHOrouneHa g(f) HEU3BECTHHIMH, MO-
Ry4aTh AJd THX KO3(QAUUMEHTOB CHCTEMY JMHEHHBIX YDasHeHUd nyTem
NpUPABHABAHUA KOS(P(HUIHEHTOB NPU OJMHAKOBBIX WIEHAX B Npasoit u
neBOH wacTax cooTHoweHusa (4). IlposenenHsle BbilIE BBLIYHCAEHHA [10-
Ka3niBaWT, 4YTO CHCTEMAa YypaBHeHWH, mnoJdyyaemas AAd  Ko3hduuuentos
MuorousneHa g(f) paspewmma.

Takum oBGpasoM, Teopema 8 mokasaa.

3ameuanne [Iloayuennas cucremMa AAd onpeneneHds Kosdpduun-
€HTOB MHOrQuJeHa £(f) ABAAETCA CHCTEMOH JWHEHHMX ypasHeHuH C Tpe-
yronbHOM MaTpuued: npu NPHPABHUBAHHHM KO3(M(UUHEHTOB Y UWICHOB
{"e* Mbl monyuaeM ypasHeHue, coaepakatliee T0bKO b,; mpu npupasuuBa-
HAM ‘KOS(GUUMEHTOB y uaenos leM mbl moayuaem ypaBHeHue, coaep-
waiiee TOMbKO by u by, n T. L

YcraHoBuaM OD,HO BAXXHOE CBOWCTBO KBa3HUMHOMOU/IECHOB.

B) Ecan kBasuMHOrouaeH

Fty=hHO ' L) 4. .. +Sfal)en’

rae Ay Ayl L, — MOMAPHO pa3NUYHBLIE YACAA, TOXAECTBEHHO paBeH
HyMo Ha HEeKkoTopoM uHTepsade ry<_t<r 1O BCce MHOrouxens f ().
fa(®), . . ., [ (t) TONIZECTBEHHO paBHH HYJIO, a CACNLOBATENBHO, W BCE

koathduuuenTs KBasumHorowreHa F(f) pasHn Hymo. M3 srtoro uemoc-
PEACTBEHHO CAEAYET, YTO eCaM ABa KBa3UMHOrowleHa F(t) n F*(f) Tox-
AECTBEHHO paBHM Mexay co0oH Ha HEKOTOpOM uurepeaie ry < t< Iy
TO MX COOTBETCTBEHHBIS KO(PumUEHTs COBNARAIOT.
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Mpennoxenne B) Oyzem AOKashBaTh HHAYKTHBHO NO uwucay 72, KO-
Topoe OyieM 31ech 1A3bIBATb FOPAOKOM KBASHMHOTOUJEHa F (). Ipu
m=1 OHO CrnpaselquBo, TaK KAK B 3TOM cJyuae pasencrsa F(f)=
= fi(t)eM =0 u f,({)==0 skpuparentusi. [Iposesem renepb MHAYKTHB-
el mepexon ot m— 1 K m(m = 2). Eciu KBa3UMHOrOu/CH F (f) Tox-
IECTBEHHO paBeH HyMio Ha uutepnane ry<_{<ry TO 9TO JKE HMCET Mec-
TO ¥ JJ KBa3HMHOrOWIEHA

G ()= p* (F (e '),

rae p — onepatop auddepenuupopanud, a /— CTenedb MHOrod/IeHa o @)
B cuny npeasoxenna A) § 8 mb umeem:

) =g O fa@ e L g () Pm—t1—m)

rae :
gi(t)z(p'{')‘i-')‘m)lﬂfi(t)' t=l’-~ .y m—1.

Ksasumnorounen G(f) uMeer nopsaok m— 1 ¥ TaK Kak OH TOXIECTBEH-
HO paBen Hymo Ha uHrepBane ry<{< ry TO B CAJIY NPeANONONeEIUs
WHAYKUUW BCE MHOrOYMeHH & (£),. .« Zpuo1(¢) TOXAECTBEHHO DABHEL HyIHO.
TTpennosoxuM, uTo KakoH-1M00 M3 MHOFOWIEHOB i), ooy fua(f) ne
pasen Hymo, Hanpumep f;(f) % 0, 1 npuBeieM 5TO MNpPEANOJNOKEHHE K
nporasopeynio, JlonycTam, uTO MHOrouneH fj(f) umeer cremeb K, T. e
fily=at* + a,t* 4. . .+ a,, npuuen g, 7 0. Henocpeacrsenso npo-
BEpAETCH, UTO

_— I+ —_— I+ ]
gl(t)“‘(p—l—)‘l_)‘m) fl(t)_"()‘l_)‘m) aot +- .y
a Tak Kak MHorouwleH g (f) TOXAECTBEHHO pAaBEH HY/M0 HA HUHTEPBaAAC
ry <t <re TO MBl HMEEM:
TS

(M — A ay=0.
Tak Kak uncaa A\, W ), DasauuHb, TO M3 3TOr0 cJeayer, 4To ay==0.
ITonyuenHoe NPOTHBOPEUHE [OKAa3bIBAET, 4TO BCC KOIPPUUMEHTEH MHO-

rounenos fi (£, . - +» fm_1(f) paBus Hymo, T. e F()=f,({) e'n’, Or-
CI043a MHB 3aKJI04aeM, YTO M BCE KO3MMUUUEHTH MHOrow/eHa fm () T2K-
e PABHB HYJIO.

Cayualt TOXZECTBEHHOTO pAaBEHCTBA [BYX KBA3nuMHOFOUICHOB F({)n
F*(f) na mntepsane ry<{<ry CBOZUTCA K PaccMOTpeinoMy nyTeM 06-
pasopanua KkpasumHorounesa F (£) — F* (f).

WUrak, npeanoxenue B) moxasaxo.

ITpuvepwn
1. Haitzem uwactuoe pewenue ypasHCHHA
. L i
Efz=lcosl=, le"

3 Hourparun JI, C,

1,
sle ‘ (9
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Pewny oraeanHo YpaBHECHHSA

Ftz=
2tz=

QueBnIHO, 4TO ecAH Z eCTh pelleHue ypaeHenus (15), To Z ects peuse-
Hie ypasHenus (16). Taxam o6pasoM, n0CTaTOYHO pEWUTH JXIL YpaB-
neuue (15). Ias nero r=1, A==1, k=1. IlosToMy uacTHOe peileHHE
CAeAyeT HCKaTb B BHAE

te®, (15)

ro|— BNI—

tet, : (16)

{(ct -y e,
Cootnouienue (9) npuHnMaer BuA:

[+ + 1@+t =} &

nay
(- 20p) (¢t + ) =1 ¢.
910 naer:
26 |- et - 4ic*t = ¢,
otkyna ¢?=-— % I, d=ic'= ;— . Taxum o6pasom, uvacTHoe pewenne

ypasnenns (15) nmeer Bua:
— (1 I o\ i
= (bt —fe)er,
a pewenne ypasHennusi (14) OKa3blBaeTCA PaBHHIM
- 1, ; Uy, _ t 2
2t Z=gt(ef ) (" —e )= cost ;sint.
2. PacevorpuM PynKiuio
f(®)=cos 2t-cos 3t - e¥.

Tak KaK Kamkasii MHOKHTEAb COs 2f, cos 3¢, e¥ npeactasaser cobo kra-
SHMHOTOU/IEH, TO ¥ HX npou3sefeHue f(f) Takke €CTb KBa3WMHOMOYJCH.
IlpuseneM 2roT KBasuMHOroudeH k suay (1)

e:’il_l__e—si! ptit 4 g 3it g“—-—
2 2 '—

U s ) asine U ju-ie 1 g
=qe +re +z5e + e .

cos 2¢-cos 3t.et =

Ipueenenne KkBasumuorouneHoB K BuAy (1) NOAE3HO NpH pelieHH:
HEOZHOPOAHKIX YPaBHEHUH Ha QCHOBe TeopeMu 8.
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§ 11. Metox HCKIIOYEHUSA

o cax mOp Mbl 3aHMMAMNCh PELIEHHEM OJHOrO JIMHEHHOrO ypaBHe-
HUS € MOCTOSHHBIMA Ko3(duuuentamMd. OKa3pBaeTcs, OLHAKO, YTO BeCcbM2a
o6mylo cHCcTeMy AHHEHHBIX ypaBHeHuH € NMOCTOAHHBLIMA ko3 dunueHTamMu
MOXHO B HEKOTODOM CMBICJAe CBECTH K OAMOMY YPaBHCHHUIO. Csenenne
9TO OCYUIECTBJAAETCA METOROM HCKJAWUYEHUS, aHANOTAMHEIM TOMY,
KOTOpPHIH ynoTpedaseTcss 8 Teopnu JHHEHHHIX aarefpanyeckux (ne nud-
depenuuanbibix) ypaBHenni, 3aece OyIeT NaHO M3NOMEHHE STOTO METOAR
H ClenaHkl HEKOTOPHIE BHIBOAL W3 HEro.

Mu Oynem paccMaTpHBaTh CHCTEMY YpPaBHCHHH

n
N o/ )

L= j=YH..omn ¢y

s=l1
snecs x', . . ., X" — HEH3BECTHHE (PYHKUUM HE33BUCUMOrO TNEPEMEHHoro
t, a f1(t) ..., " ({)—s3anannne pynkumu spemenw f. Kaxaw# cumoa
Lé(p) npencTaBaser coGOH MHOTOWIEH C NOCTORHHBIMA KOI(duiunenTamu
OTHOCUTEALHO oOneparopa auddepeHunpoBatds p, TAK HTO OAHH UJaed

L% (p) x° npenctanaser cob6o# JuHEHHYIO KOMOHHALMIO C NMOCTOSHIEBIMA
K03(pPuLMeHTaMH OTHOCHTEJABHO (YHKIAA x° u ee npou3soaHuX. Yncao
ypabHenuA cucTeMn (1) paBHO 4HCHY HEN3BECTHHIX (YHKUMA.

Mopanok cuctemst (1) OTHOCHTEJBLHO HEN3BECTHON QYHKIUH x* o6os-
HAUMM uepes ¢, TaK uto obwwm# nopamox cucreMsl (1) onpenenserca
dopmyaolt ¢=¢q,-+gs+. . . +-¢, Craa samauy peuleHHs CHCTEMH
(1), MBI, €CTECTBEHHO, RAONKHB NPEANOAAraTh, UTO KIKAAI Heus-
pecTHas QyHKUuA x° wWMeeT BCe NPOM3BOAHBIE X0 NOPRAKA g BKIOYH-
TeALII0, NPEANONOKEHHE O CYWECTBOBAHWM TPOW3BOMNBIX GoJee BHICOKHX
NOPSAKOB HE BHITEKAeT W3 MOCTaHOBKYW 3amauu.

[Mpumensa k cacteme (1) MeTon MCKaAouenus, Mo OGyaem npenno-
nNarathb, HTO Ka¥Aas U3 HEN3BECTHHIX (bynxumt x° mMeeT ROCTaToujloe
YHCAO MPOM3BOAHHX, TOYHO TaK IKe, KaK M Kaxpas 3 QyHKUuA .
Jlenas 3TH [ONYyuleHHd, MHl, C OQHOH CTOPOHBI, CYXaeM KJacc paccMmar-
puBaEMBIX peleHult (MpeanonoXenue O HOCTAaTOUHOH Auddepenuupyemoc-
TR HEH3BECTHMIX (YyHKNMA), 8, ¢ ApYroH CTODOHBI, Cy#aeM KJaacC pac-
CMaTpHBaeMbIX ypaBHeHu# (MPeINOAOKEHHe O NOCTATOuHOR andepennd-
pyemocta PyHKuUuA f’(t)). [Tepsoe #3 5TUX OrpaHHUueHu MOXKHO CHSATD,
noxasas, yto ecam x', . .., x" ect» pewenne cuctems (1) n ecas
npaspie yacTd f (f) MMEIOT AOCTaTOMHOE YACAO MPOUBBOAHBIX, TO KakAan H3
dyHKkunt x° BMEET IOCTAaTOUNOE YHCAO NMPOH3BOAHBIX (CM. mpnyepsi 3 4 4).

IepefigeM K W3/JOKEHWI0 METOAR HCKIIOUEliHs.

A) PaccMoTpum matpuuy

(1O - - Loy

e e e @
\r ). . . i)

30
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cacTeMn ypaBHeHu#t (1). Kaxnu#t snement L% (p) martpuust (2) ectb MHo-
rouned OTHOCUTENbHO p. Takum 06pasoM, MOXHO BHUMCANTL AETEPMU-
HauT D(p) matpuun (2) m ee MuHOpH. AJAre6pamueckoe AONOAHEHHE

sneventa Li(p) matpmum (2) (T. e. MUHOpP 3TOI'O0 3/EMEHTA, B3ATHIH C

HallliexalllnM 3HaKoM) 0603HaYUM vuepes M,s-(p). W3 kypca Bhicwed an-
re6pn MSBECTHO, YTO MMEET MECTO TOXAECTEO:

n .
> M;(p) Li(p) = 8D (p), ©)
=
roe 8 ecTb Tak HasmBaeMmlit cusmgoa Kpomerepa:

32:1, 3_‘;:0 npn i #£s.

i
Ymuoxad ypasuenne (1) Ha MHorouren M;(p) (1. e. NPON3BOAA poan
An(pepeHupoBaHRi, YMHOXEHHH Ha YHCAZ W CAOkeHnH) n. CyMMHpYyd
8a1e€M MO [, MBI NMOJAYyuaeM DaBEHCTBO :

2 MELIE) =3 Mi@)f (). )
Js=1 7

(TIpn  nepexome or pasencts (1) K paBeHcTBY (4) MH MCNOABL3OBAIA
CyUIECTBOBaHNE ROCTAaTOYHO OOJBIIOrO YHCAZ NPOMBOANMX Y  (yHK-
uuit x5 u fi(f)) B cuny (3) paBeHcTBO (4) MOXHO nepenucaTs B BHAe

D(p) xt= Y} Mi(p)f' (2). (%)
J

TTonyuennas namu cucrema ypasuenn# (5) (i==1,...,n) oGnanaer Tem
CBOHCTBOM, YTO KaXJlad HEU3BECTHas QYHKUMA X° BXOAWT JMWb B OAHO
ypasuene (5). Ml mokasanu, TakuM 06pasoM, uTO €caAn CHCTeMa (yHK-
un# x',..., x" npencrapaser coGOR pelicHue CHCTEMB (1), 10 Kaxnas
OTRebHAA (PYHKUAA X' #BJASETCS pelleHueM ypaBHenns (5).

e caenyetr aymats, 0anako, 4To ecad 1as Kaxaoro 1omepa i Bbi-
Gpats nponssoibHniM 00pasoM pelueHne x' ypapuenus (B) n 3aTem Co-
CTaBUTL CHCTeMY dynkunit x',..., x", 10 noayvennas cuctema dyukunit
Oyaer peurenvem cactemut (1). Ilas Toro yro6m HaiTa oGuiee pemenne
x',. ., x" cuctemnl (1), Hyxwo HaliTd ofwmee pewenue X° Kawaoro
ypaguenas (5),{==1,...,n, cocTaBuTb cucTemMy Qynkuuih x\,....x" n
BaTEM BGIACHATD, NMPU KaKHX YCAOBUAX (MPH KAaKUX COOTHOIWIEHMAX Mexay
TOCTOSHHLIMU  MHTErPUPOBAHUA) 9T CUCTEMa QYHKUMH yIOBJIETBOpser
cucTeme ypasuenut (1).

Crnenaem Tenepb HEKOTOpHE BHBOLM M3 METOA3 MCKOUEHHs. Popmy-
JNPYEN NpeXie BCEro pe3y/bTar, MOJYUEHHBIH B NPEANOKEHHn A), naa
Cayuas ONHOPOMIOH CHCTEMBI ypaBHEHHH

ﬁjL‘;(P)xsso. J=hL.o.,n (6)

s=1
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B) Ecau cucrema ¢yukua#t x',.,., x" npeacrasaser coGo# peieHue
cacteMu (6), TO Kawaasa oTAeNbHas (yHKUHA X', BXoaswas B ITO pe-
LIEHUE, YAOBAETBOPAET YPABHEHHUIO

D(p)x' =0,

rae D(p) — nerepmunant Marpuun (L (p)) cucremn (6). Hs sroro,

B 4ACTHOCTH, CJGAYET, 4TO ecau jeTepmunant [D(p) ecrb ycroHuussid
munorouseH (cM. § 9, A)), To Kawmoe pewenne x',...,x" cacrems (6)
YAOB/IETBOPSET HEPABEHCTBY

P+ EP<Re™  npu t=0, €))

rge @ eCTb MOJIOKATEJbHAR KOHCTaHTa, sasucsmlas or cacremu (6), a
R — KOHCTaHTa, 3aBucawas OT peleHus Xx%,..., x"™

Hepasenctso (7) HENOCPeICTBEHHO CrenyeT u3 nepasencrsa (3) § 9.

IMokawem Tenepb, Kak, NOJAL3YACh METOAOM HCKJIOUEHUH, CACAYET pe-
warb OAHOPOAHYIO cucTeMy ypasheHuh (6).

Cuctemy (6) nepenumemM B BEKTOPHOH Qopme

L(p)x=0, ®)

rae L (p)=(L/(p)) — marpaua cucrems (6), a x=(x,..., x").

B) [onycram, uto merepmunant D(p) cuctemn (6) ne oOpauaercs
TOWAECTBCHHO B HYJb, W NYCTb A — KOpeHb MHOrouaena D(p), umerowmuf
KpaTHOCTs #. BymeM uckate peumienne ypasHeHus (8), umeoulee BUL:

x=g()e", 9)
rae g ({)=(g"{)>...,» &" (£)) — BEKTOP, KOMIOHEHTHI
g®,....g" (10

KOTOPOrO ABAAOTCA MHOTOUNEHAMA CTemeHH R — 1 oOTHOCHTeAbHO ¢
¢ HeonpeneneuHsiMd Ko3hduuuentama. Kaxnoe peuienue suaa (9) ypasue-
Has (8) Mu GyieM Ha3sBaTh COOMBEMCMBYIOUUM KOPHIO A.

[Toncrasasa npeanoaaraemoe peiesue (9) B ypasHenue (8), mu 10-
ayuny {cMm. § 8, A):

O=L(p)gt)e=e"L(p+Ng®)

MMocae coxpaiennd Ha e¥ 3To naer

Lpt+Meg®)=0. (11)
Takum o6pasoM, Bektop (9) TOraa 4 TOALKO TOTA3d SABASETCS DEIICHHEM
ypasuenus (8), koraa muorouwren (10) ynosaersopsior ycaosnio (11).
[TepenucwiBas BexTOpHOEe YypaBHeHue (11) B KOOpPAMHATHOH opxe,
fIoAy4UM 71 COOTHOLEHAH:

SLE+NEO=0 j=l,.,m (12)

s=l
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Jlepas uacTb Kawaoro coorHowmenus (12) mpeacrasaser coboit MHOro-
yjeH CTeNeRd k£ — 1 oTHOCUTENbHO f, KO3(PQUIUEHTH KOTOPOro siBJs-
10TCH AMHEHHLIMA OZHOPOAHBIME (DYHKUMSIMH KO3 QUUHEHTOB MHOroYJe-
nos (10). Ilpupasnusas Hymo KOS(hGHUUMEHT DpPH KAXKIOH CreneHu ¢
B KaWaOM u3 cooTHowenutt (12), MBl MOAYyuUHM CUCTEMY AUHEHHHX OAHO-
PORHBIX YpaBHEHHH OTHOCATEJbHO X03(¢uuueHToB MHOroueuos (10).
dra cucrtema sKBuBajenTHa ypasuenuio (11).

Takum 00pa3som, W3IOWEHHBIH METON CBOAMT 3a1ayy OTHICKAHHA pe-
wiennl Buaa (9) K pewerur0 HEKOTOPOR AuHEHHOR OXHOPOAHOH CHCTEMHI
aareGpanuecknx ypasseHnu#l. Ma cxasannoro BWAHO, 4TO pelieHms BHAA
(9) onpenesenn Ha BCeM OecKoHeuHOM HuTeppate — oo <t <4 00.

Bonpoc o ToM, KaK OTBICKMBaThb BCE pelueHus ypasnenus (8), pe-
DI2ETCH HuXKecaeyiomed TeopemMoft:

Teopema 9. Jonycmun, 4mo demepuuranm D(p) cucrembl (6)
re ofpauaemcs moXiCOeCnBeHHO 8 HyAb, U NYycms

)\X) )\iv XEE) lm

— COBOKYNHOCML B8CeX pa3auureix Koyueid muozouaserna D(p). Toz0a
npoussoaeHoe peutenne X ypashenus (8) aoocem Oums 3anucano
¢ sule:

x=x1-—}—...+xm, (13)
20e x; — Heromopoe peutenne ypasrenus (8), coomesemcmeywuee Kop-
nio &; (cMm. B)). Omcioda, 8 wacmuocmu, cacdyem, 4mo Kaxcdoe pe-
wenue ypagrenus (8), onpedeseno 04 8cex 3Haderul t.

INokasateabctso. donycruy, uto x==(x',...,x") — Hekotopoe

pewenue ypashenus (8) onpeaeseioe Ha uHrepsadte ry<_t<ry noka-
:eM, uTO 114 TOM HHTEpBaje OHO MOxer OuTb 3amucano B suge (13).

B cuay npegroxends B), kawpas ¢yskums x°, s==1,,..,n, Ha untep-
Baae ry <t < ry YAOBIETBOPAET YDaBHEUUIO
D(p)x*=0,

n noToMy B cnay npeanoxedus B) § 8 mower CumTh sanucana ua 3TOM
uirepuale B Bujie:

m
A;

x‘:Zg‘s(t)e ,t’ 8_—"1,...:"- (14)

i=1
3necwy gf (¢) ects Muorousen creneun k; — 1, rae k; — KPaTHOCTb KOPHA A;,
Takum o6pasom, Kaxaoe peiiesne x ypasHeHus (8) Ha unTepsase

cBoero onpenenenus ry<_t<ry 3aNaACHBAETCS B BHAE
Ayt Amt
r=g e’ ...+ an®)e™, - (15)
roe g;(f) — BEKTOD, KOMMOHEHTH KOTOPOrO SBJASIOTCR MHOrOYNEHAMH
crenenn k; — 1. lng nokasaresncrsa TeopeMn 9 HaM AOCTaTOUHO 11OKa-
X

8aTb Tenepb, 4TO Kaxaoe caaraemoe g;(f)e # g npasoHl uactu pasel-
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ctBa (15) ectb pewenne ypasHenus (8). s noKasaTeabcTBa 3TOrO NOj-
crasuM pewenue (15) B ypasnenue (8). Mol noayuum:

0=L() (@O +...+-gn ™) =
=ML+ a O+ A L) ga®.  (16)
Tak kak anciaa Ay,...,A, NOMApHO Pa3muyusl, TO, B CHAY NPSAAOKEHUA
B) § 10, u3 pasencrsa (16) crenyer:
e)‘i'L(p'{_)‘i)gi(t):Or i=1,...,m
HAW, UHAue,
Lpg®ei'=0, I=1..m

23t

Ho sTo u shauur, uto X;=g; (f)e"*" ectb pewenne ypasHenus (8).

Mrak, Teopema 9 nokasaHa.

MMpumepn
1. Pewinm METOJOM HCKJIOUEHUA CUCTEMY YypasHEHnH
.it—f—xl—l-.ii-:o,
F—ﬂ+ﬁ+ﬁ=&}
INepenuuem ee B CHMBOJIUUECKOH GopMme:

(p+ x4+ pxt=0,
(P — D x4+ D2 =0.
JleTePMUHAHT CHCTEMBI, KaK Jerko BuaeTs, pasen p?—-2p--1; on ume-

er AnykpaTHeH kopehb A==— 1. Coraacio Teopeme 9 pewenue cucre-
Mbl CJELYET MCKaTb B BHJE:

x'==(at-}-b) e,
x*=(ct-L-d)e.

Noncrakoska 5THX dyHKUAH B Mepnoe ypamtenue RaeT (10Cae COKpa-
menns Ha e ')
7] + c—ct—d= 0,

c=0,
a=d.
Te we cootHomenus KA KO3(EGUUUEHTOB NOJIyUaloTea U IPK INOACTA.
HOBKE BO BTOpoe ypabuchue cuctemsl. Taxkum oGpasom, ofuiee pewenue

OTKYyJa
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paccMaTpHBACMOH CHCTEMB 3aNMUCHLIBAETCA B BHIE:

x'=(at }-b)e”,
x?=qe™,
rne @ ¥ b — npousBobHLE TOCTOSIHHHE.

2. TIpuMEeHHM METON HCKJIOYEHHss K HOPMaJbHOH CHCTEME JNHEHHHIX
OIHOPOIHEIX YP8BHEHHH C NOCTOAHHHIMA KO3(MQUUHAEHTAMH:

n
A=adx, j=1,..,n (17)

(6onee noano Taxas cucrema Oyaer usyueHa B § 14). Ilepenuwenm cncre-
My (17), nonbsyach CHMBOAMUECKHMU OO03HAUECHAAMY

pszz a;xs: i=l,..., n,
HJB), BHaue

n
J 7 — —_
D, —pd)x*=0, j=1,..,n (18)
s=1 .
rae Bi — cnmpont Kponexepa. Cuctema (18) sBaseTcs 4acTHWIM Cayuaem
oGwel cuncreMn (6), npuuem

L (p)=1a} — p¥}

n nerepmpHant D (p) B NaHHOM CJyyae OKAa3bIBACTCA XaPaKTEPUCTUYECKAM
AETEPMUHAHTOM MaTpuunl (a%) cucrems (17). Peuienne cucremm (18)
cJenyeT Tenepb MCKaTh METONOM HEOoNpeleJeHHHX Ko3¢dUuHeHTos, uano-
JKeRHBIM B npennoxenun B) u Teopeme 9.

Cucremy (17) moxuo 3anucaTh B BeKTOpHOH QopMe:

%= Ax, (19)

roe A =(a}), x==(x ..., x"). B uacTHOM cJayuyae, Korma BCE KOPHH
Ay, ..o A, XapaKTepUCTHYECKOro MHOroujeHa D(p) TomapHo pasanunl
¥ NOTOMY NPOCTH, pelueHne ypasHeHns (19), cOOTBETCTBYIOMIEE COOCTEEH-
HOMY 3HAYeHMI0 A;, HMEET BUA:

2yt

x=ge ', (20)

rAe KOMIONEHTH BEKTOPa g; ABJRIOTCH MHOTOUNEHAMH HYNEBOR CTENEHN,
T. €. HUCJAAMH.
Hozcrasass pewenue (20) B ypasuenne (19), noayuaem:

. 7‘}‘{ )\lt
186 = Agie .



§ M METOA MCKNIOUEHUSA 73

Xt
Tlocne COKpAMEHWs HAa e & HaXOanM:
Agi=Ng

a 5TO BHAUWT, YTO &; €CTh COGCTBEHHHH BexTOp Matpuun A ¢ cof-
cTBEHHMM 3sHauenneM A, Tak KaK B cayuae pasiMYHBEIX COGCTBEHHBIX
gnayeHnH BCe COGCTBEHHBIE BEKTOPH C 3a1aHHBIM COOCTBEHHBIM 3HaUYCHHEM
KOJJIMHeapHhl MeXAy cOGOH, To, BHOMPas Aas COOCTBEHHOrO 3HAYCHUS A
HEKOTOPHH (PUKCHPOBAHHBIA cO6CTBEHHHA BEKTOpD R;, Mbl NOJAYYUM &=
=c'h;, rae ¢ — npousBoabHas KoHcTanTa. Takmm 06pagom, ecam BCe
co6CTEEHHBlE 3HAyelus Marpuill A pasiuyHp!, TO NPOH3BOJbHOE peLICHUE
X ypasHeHus (19) 3anuchiBaeTcsi B BAAE

At At :
x=che' 4 ... +c"he", 21
roe ¢!, ..., €" — Npon3BOJbHBIE KOHCTAHTHL
8. PaccMOTpYM JIMHEHHYIO CHCTEMY

YU@e=£0  j=l..n O

s=1

¢ MoCTOsHHEIME Xo3(duunentamn (cMm. (1)), u nycTr g¢; — €€ TMOPSROK
OTHOCHTENLHO HEW3BECTHON GyHkuuu X', a

=g+ q+...4F 9

— nopangok chcteMut (22). Ilycrb, nasnee,

L'®) ... L@
e (23)

L"(p) o Lp(p)

— MaTpuua cucreMbl (22), a D(p) — ee AeTCpMunanT. Mu noxaxewm, uTo
cTenenb MHOFrounaena D(p) ne mpepocxoant umucaa ¢. Ecan s1a cremein
papHa ¢, TO cucTeMy (22) mb Oylen Ha3eBaTh Hopataauzyemon. B sToM
CAyuae ee MOXHO Da3peluTh OTHOCHTCALIO BRICIINX TNPOH3BOANLIX
1 {
(etyar, L., (XY, (24)
I TIOTOMY OHa MOKET OBTb CREACHA K nOpMaaLloil cncTeme (cv. § 4, B)).
ITo npeanoJoKenuo, CTelelh MEOreIena L;(p) He TPEBOCXOIUT
yncaz g, Tak YTO MLl MOKEM HamncaTh

Lip)=ap’4-... (25)

e MHOrOTOYHEM GGO3nauenbl WieHsl Menblel, uew g, crenend. Briunc-
ass perepMunant D(p) marpuunl (23) ¢ yueToM (OpMyaBl (20), J€rko
y0expaemcs, 4o

Dpy=Ap"+...;
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rae A ecTb JETePMHHAHT MATPALLLI (a;:). B aTo#t gopMyae olyutedsl YEHH
meHblIel, ueM ¢, crenenn. Takum 06pa3oM, yCTaHOBJAEHO, YTO MaKCHMaJb-
Has BO3MOXHas CTeneHb MHoroujneHa D(p) ectb ¢, U €CIM 3Ta CTENCHDL
pasna ¢, T0 A % 0. Boizeana B cuctene (22) uaeHnl €O CTapiamMa npo-
u3BOAHBIME (24), MH NPUXOMUM K CHCTEME

n
Za;(xs)({s)_}_”_:fl(l)’ i:l,..., n. V (26)
s=1
Taxum o6pazom, ecim cucrema (22) nopmannsyema, 10 A#£0, a ca-
ctema (26) paspeilinMa OTHOCHTE/BHO BHICWINX MPOM3BOAHMX (24).
Tax kak HopMaiausyeMas cucrema (22) €BoauTCA K HOPMaibHOM,
TO COrACHO CKa3aHHOMY B MpuMepe 2 § 3 kaxaoe peweHue HopManu-
ayemoit cucteMn (22) umeer moboe Hanepen 3anaHHOE YWCAO NPOHU3BOA-
HbIX, €CJAM TOJMLKO MpPaBHIE YacTH fj(t) cncTemsl (22) NOCTaTOMHOE YuCA0
pa3 auddepeHunpyemsl.
4. PaccMOTpuM Tenepb cayuah, KOraa aeTepMuHanT D(p) cucremul (22)
HE paBeil TOXAECTBEHHO HY/HO, HO CTefieHb MHorouaeHa D(p) MeHbiie
nopsaiKa g cucteMn (22). M nokaxeM, yTO K B 3TOM CJy4ae BCAKOE
pewenue cucren (22) umeer mobGOE 3a4aHHOE WACAO APOH3BOIHMX,
€CAN TOJABLKO NpaBble 4ACTH f’ {t) aoctatounoe uncao pa3 anPpdepenitn-
pyembl.
CornacHo MpeAnoJOKEHHID CTeneHs MHOrowieHa [ (p) Menbe g, #
noToMy nerepMunant A pased Hymo. Taknm ofpasom, mexay croabuamu

MaTpHILH (a;') NMEeTCs JAMHEHHad 3aBUCHMOCTb; nycTs bY, ..., " —xo3(-

duunentH, ocyuwecTsazione 3Ty 3asucuMocTs. Cpeau uucen b, ..., b°
MOTYT OKa3aTbCl paBHbie Hy/MO0. MH H3MEHWM HyMmepauuw dyHxuni
XY, ..., x" Takum 00pa3oM, 4TOOL MMEAM MECTO COOTHOLIEHHS

B £0, b0, ..., b"#£0, ™M=, =b"=0 l<<m<n (27)
Hh=9 G=9% . Q=G
Tak kax B cuay (27) uveem b'z£ 0, TO Ml MONKEM CuMTaTh, 4To b'=1,
Brenew Tenepn BMECTO HEM3BECTHBIX ¢ydkuud x!, ..., x" Hosme
HeuzsecTHoie gynxuun y', ..., y", NOJOKUB
i i i g—
xl=y} X =y —I—bpql q‘yl, =2, ..., m
x' =y i=m+41, ..., n (28)
Coornowenna (28) moryr OblTb pa3peilleHl OTHOCHTEAbHO HOBBX
HenspecTHrix (ysxuu#t y', (.., y", UMEHHO MH HMeeM:
Vl-:xl; y’ =xl_ bqu‘—mxn’ 1=2, ..., m;
ylzx‘, l=m—]—1, eeey I (29)
Moncrarasa BMeCTO n&u3secTHuix (yHkund x!, ..., X" HOBheE Heu3sect-
une Qynuxunaa yt, .., y* B cucremy (22), MK NOAY4YAM HOBYIO cuUCTEMY
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ypasHeHn#t
' L~ . N
MLy =, - j=1l...n (30)
s=l

HenocpeacTssHHO BHAHO, 4TO MOPAIOK g} cucremp (30) oTHOCUTEMBITO
(yHKIMH y' MEHBWE ¢y, @ MOPAJKH €€ OTHOCHTEJbHO OCTAAbHBIX HEN3-
pecTHBIX ¥y, ..., y" DaBHb COOTBETCTBEHHO ¢y, ..., {p- Takum obpasou,
nopsnox ¢* cucrembi (30) Menblue NOpAAKA ¢ CHCTEMMI 22).

Ecam paccmatpneaTh npeoGpasosanua (28) u (29) xkak awmHednnie
npeoGpasoBanus MepeMeHHHX y', ..., y" B DepeMeHHbe x, ..., x"n
06paTHO ¢ KOS(DOHIUEHTAMY, SBJAOUIHMHCE MHOTOYIEHAMH OTHOCHTEABLHO P,
TO BURHO, YFO AETEPMAHAHT KAXAOro H3 AuHeHunix npeobpasopatuft (28)
n (29) pasen 1. Ma sroro creayer, uto nerepmutiauT D* (p) cu-
cremnt (30) pasen nerepmunanty D(p) cucremst (22). Takum obpasom,
PasHOCTL MEXJLy MODAAKOM M CTENEHbIO AETEPMHNAHTA B CHCTEME (30)
MeHblle, ueM B cucreme (22 npumelss onucannoe npeolGpas’opaHue Ko-
HEYHOE YHCAO pas, Mbl NPHAEM K HOPMAJudyeMol CucTeme.

Flycts Tenepsb

f=oi(t), i=1..,n (31)

— HekoTopoe pewenne cuctemsl (22). Tak Kak ROpPsLOK CHCTEMH (22)
OTHOCHTENILHO HensnecTHo# (yHkuun X' paseH g¢;, To Gynxkuus ¢ (f)
npexnoaaraercs ¢; pas audepesuupyemot. B cuny npeo6pasosanus (29)
pewennio (31) cuctemn (22) cOOTBETCTBYET peilenue

Y=y, i=L..mn (32)

cuctemn (30} U3 cooTHowenus (32) BUAHO, 4TO QyHKUMSA W () nade-
peHuupyema ¢; pas. V13 ckasainoro caenyer, UTo M3 Kaiaoro peuieHus 31)
cncremu (22) MBl TOAyyaeM 11EKOTOPOC pemeHue (32) cucrems (30),
TaK uTO TNpH nepexome OT cucremu (22) K cucreme (30) nn oano pe-
wenne He tepserca. Tak Kak B pesyabTaTe paga npeoOpasoBaHuil MM
NpUXOIMM K HODMaJu3YeMOH CHCTEME, PEICHHs KOTODOH HMEIOT moGoe
8aJAHHOE YUCJIO NMPOU3BOAHHIX, TO n3 npeoGpasopauus (28) BUAHO, 4TO
u pewenne (31) cucremst (22) umeer moboe 331aHHOE YNCIO MTPOUBBOAHLIX,

§ 12. MeTon KOMDJEKCHBIX AMNIHTYA

B pasauuHMX pasgenax TEXHHKH H (U3uKY, B KOTODHX AMEIOT 1Ene

C KosieBaTe bHEIMU TIPOLECCaMH, BAXHYIO DOJb HFDAIOT 2apMOHu“ecKue
KoaeGaxusg. MareMaTuuecku rapMoHuyecKoe Koebanue 3afaercs Qynknneht
“rcos (wt - a), r=0. (1)

3necy r— axnauntyoa KoaeBanus, & — eF0 HateAsHaf (ha3a, 2 Sucao o
onpeneaseT yacToTy KoaeGanus n OOWNYHO HAgWBaeTch 4acmomot. Mu
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yxe BupeaH (CM. npuyep 1 § 4), YTO YypasHEHne
£ 4-wx=0 _ )

MMEET B KauecTee CBoero O6wero peiwieHus rapMoHuueckyio dyskumio (1)
YacTOTH ® C MPOU3BOAbHBLIMH aMIJINTYAOH u (pasolh. YpasHenne (2) Hasu-
BAeTCA YPABHEHUEM 2aPMOHNLECKO20 OCQUAAANIOPA.

[Ipn usyueHun rapMOHUUECKHX KONeGAHHHA HEpeAKO MPUXOLMTCHA UMETH
JeNR0 C ypabuenuem

L(p) x=rcos(wt 4 a), 3)

rae B MpaBoOH 4aCTW CTOMT rapMonuueckas ¢yHxuuda. Ypasueune (3) aerxo
peWuTh, NO/b3yach CHOCOOOM, H3/N0XKEHHBIM B Teopeme 8, Tak Kak rap-
MOHWYECKan (yHKLMsS ABAAETCA KBasumHorouaeHoM. B cayuae, koraa
ko3dduuuenTol Muorouneda L (p) AeHCTBUTEAbHBl, MOXHO HCMOJb30BATh
TEOpeMy 8 HECKOMLKO unbiM crnoco6om. Cnoco6 STOT 1A3bIBAETCSA B MEKTPO-
TEXHUKE MEMO0OM KOMNACKCHHX aMnaumyd W 3aK/IOuaercs B CJe-
AYIOWEM. )

A) Hapagy ¢ nedicTaatensnoft rapmoxnuecko# dyuxkumuei (1) pac-
CMOTPHUM COOMBEMCMEYIOUYI0 €l KOMIIEKCHY 0 TAPMOHHYECKYIO (yHKUNIO

pe', (4)
rae .
$o == re™, &)
Pynkuns (4) obragaer Tem CBORCTBOM, 410 ee AeNCTBMTEALHA® 4aCTb
cosnagaer ¢ Qyunxune#t (1)
pe = ret (%) = r cos (wf -} a) -+ ir sin (of + a).
Komnaekciioe wucao (5) Ha3bIBACTCA KOMHACKCHOL aMAAUMYOOE KOM-
naekcHoll rapsoHuueckod ¢ynkuaa (4); oHo obvenuuser B cebe i r-
BUTEILHYIO aMIVLITYJAY 7 d HadaiasHywo (asy o. OTveraM, uTo
r==ipi
B cayuag, ecan xkos(pPUUHEHTH MHOrouieda L (p) NeHCTBUTEAbHL, A1
pelieHus ypasueuus (3) pewaT NPEABAPATEIbHO ypPaBHEHHE
L (p)z = pe', (6)

HenocpeacTsenuo Biano, 4T0 ecau z==x-iy ecTb petlenue ypasie-
Hus (6), 10 X ecTL pewende ypaslieHus (3). [Ipeanonaaras, uto {w He ecTo
KopeHb Muorouaena L (p):

L(iw)#0, (N

nuem (cM. teopemy 8) pewenne ypassenusa (6) B BUAE KOMNACKCHOI
PAPMOHUMGCKOR PyHRUad 2 ==ce'” ¢ KOMIAEKCHOH aMNAATYROH o == se",
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13

INloacrapass Qyuknuo 2=ce'” B ypasuenue (6), noayuaem:

—__ P ‘
T Ty @

(cm. § 7,B)). Taxam ofpasom, pewenune ypasHenus (3) HaXOAHUTCH B BUAE
(yHKIMAM

X =15C0S (wf 4 B); 9)
aMnInNTyA2 § W HauadbHas asa [ 9TOro pelleHns ONpeaessiorcd W3
dopMmy bl

(cm. (8)). B uactoctn, s=|o|= Ecan mHorounen L (p) ycToit«

_r
[L(iw)l’ .
yuB, To cooTHowenne (7), ouesnaHO, BhNoAHeHo. B sTOM cayuae aoGoe
pelnenne ypasHeHus (3) MMeeT BUR:

x=1u-}scos (ot +B), (10)

rAe u eCTb pelleHue ORHOPOZHOro ypaBHeHus L (p)u=0. Pewmenne «
STOrO ONHOPOAHOrO YPAaBHEHHA CTPEMHTCH K HYAO Mpu £ — OO, U NOTOMY
ao6oe peweHne ypassenns (3) ctpemntcs K pewenuio (9). Pemenne (9)
HA3BIBAETCS YCHIAHOBUBUUMCS; OHO COOTBETCTBYET YCHMAHOBUBUIEMYCA
npoueccy, B To Bpema kak pewenne (10) omuceiBaer repexodxsii mpo-
necc. YCraHoBuBIUeeCs pewleHue (9) aBasercd eAMHCTBEHHLIM TNepHoanue-
CKnM peineHneM cpean Bcex pewenntt (10),

ITp# nNpUMEHEHNH METONA KOMMJEKCHHX amnautya ofbluio ne pac-
CMaTPUBAIOT pEleHuHt neicTBUTENbHOrO ypasHenns (3), a cpasy ucxomst
U3 KOMIJIEKCHOrO ypaBHeHus (6).

Usnoxum Teneph METOA KOMIIEKCHHX aMIVIHTYA B NpUMEHennn K
creTeme ypaBHennil. Peub naer o6 OTHICKaHHH 4acTHOrO PEIISns CUCTEMB
ypasueHni

"ZL;(p)xs =7, COS (vt 4 a’), j=1 ..., n (11)

§=1

¢ neHCTBUTENbHBIMH KO(Q@UUHEHTAMH, B TPaBHIX Yacrax KOTOpol cToar
rapMoHnuecKkne koieGanus OOHOH B TOH Ke 4acTOTH o,

B) [Tpeanoaoxkuy, uto getepmuxant D(p) cucremnt (11) (cm. § 11, A)})
He obpaimiaercs B nyab npa p = iw. [lag oTeicKanns pewienns CHCTeMb (11)
GyaeM uCKaTb CHauaia pelIeHHEe CHCTEMBl YpaBlieHHi

n
ZL]k(p)zkzp‘elwrl =L on (12)
k=1

rag

ol =re',
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Tak kak KO3(pOUIMEHTH BCEX MHOrOYICHOB Lﬁ (p) meficTBuTEABHH, TO
H3 BCAKOTO pemedns 2!, ,,,, 2" cucreMw (12) Mbl NOJyYaeM peineHue

xF=Rez*, k=1, ..., n,
cucremst (11). Pewenne cucremst (12) umem B Baxe
zk=dkeid, k=1, ..., n (13)

IMoacranoska dyuxnuft (13) B cucremy (12) maer (mocae Coxpauiennn
Ha e'*) cucremy ypasHenui

n
J —
L () ot =p/
k=1
KOTOpas ONHO3HAYHO pAa3peliEMa OTHOCHTE/NbHO HEH3BECTHHX of, Tak
KaKk jetepMuHaHT ee D (lw) o NMpeanoJOMEHHIO OTAHYeH oT Hyas. Haitnem
pelleHHe 3TOH CHCTEMB H TMOJOXKUM:
ok
ak — Sk exB .

Toraa B cuay (13) MM HaxoAuM peurenne
x* = s* cos (wt - B*), k=1, ..., n (14)

cucremst (11). Ecan gerepmunant D(p) cucremnt (11) ecrs ycToMuussit
miorousel, TO HepaBeHcTso [ (iw) 7% 0 BHNOJHEHO, W, CBepX TOro,
Kawnoe pemenue cucreMsl (11) ornauaerca oT peweHus (14) craraeMsim,
crpemamuyMcs K nymo npa f— oo (cM. § 11,B)). Takum o6pasowm,
B cayyae ycroHuusoro muorouneda D(p) pewenne (14) cucremm (11)
HE TOJLKO HBJAAETCA OAUUM N3 YACTHHIX pemeﬂuﬂ, HO npencraamer
€000 ycmanosugueecs peuenue,

ITpumep
Pemmiy ypasuenue
X4 wix=rcos (ot 4 a) (15)

rapMOHHYECKOr0 OCUHAIATOPA, HAXOAAUWIErOCK {104 BO3XEHCTBHEM BHEILHEH
rapyouuyeckol cuawl. Buecto ypasHedus (15) paccMOTpUM COOTBETCTBYio-
wee KOMIJAEKCHOE ypaBHeHue

2L wlz==re' (w+a), (16)

Ecam o # o, To ypasuende (16) umeer pewenue Buga z==de™”, npuuey
B cuay dopyyasl (8)
reix

c—“—,—-————-
w?—w‘ .
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Takum o6pagoM, ypaHeHue (15) uMeer pemueHHe
r -
xzwcos(lﬂt—’—g), (1[)

rae B=a npn ¢, >w u f=a--=x mpu ©,< o. Popmuyrz (17) naer
BHMYHCOERHME KOACOQNUA OCUMIISNTOPE NOA BOSNEHCTBHEM TapMOHWYe-
cKoft BreurHel CRAM. 31eCh BAXHO OTMCTATL ABJEHUE PEIOHAHCA, 3aKIO-
vamiuleecst B TOM, YTO aMMIATYAd
r
[or—o]
1

BHHYKAEHHOTO KoneOanns po3pacraeT ¢ yOnBaHueM DasHOCTH
| @, — @|. MINTEPECHO TaKKe OIMETHTS, 4TO (pas3a B xomebanua (17) cosna-
a2eT € hasofl o BHHYKAAOmER CHIN MPR ©; >@ U [POTHBONON0KHA
eit npa o< o. Obuee pewenne ypasHenwds (15) 3anuCHBAETCA B BHAE:

x==r,COS (ot + ;) —I—Wf_-_m cos (ot 4~ f),
rae 1==r; €OS (;f |- @;) eCTb peueHie COOTBETCTBYIOUIEr0 OXHOPOAHOIO
ypaenenns. CharacMoe u HAasHBACTCA COOCHIBCHNbLM KoAaeOanue M OCUnI-
JRTopa.
Eean w;=w, T0 Gopuyaa (17) repaer emmcit B stom cayuae pe-
wenne ypawsnenus (16) caenyer HCKaTe B BRAe:
iwt

z==pte'™,
roe p— KOMIJIEKCHOE uucao (CM. Teopemy 8). Coraacuo dQopuyne (9)

§ 10 umeem: )
[(p + i)t - 0?] pt =re'?,

rela
p= 2w

OTKY LA

Taxam 0Opa3oM, 4acTroe pemenne ypasnenus (16) mumeer (ApH o =)
150

T
i <w1+a— -—-—)
- rte! Y rge ?
- e 20 '
a peluenue ypapnenua (15) OKasuBaercs paBHbIM

T

rt rt .
— —_— =5 .
X =5 COS <wt +a 5 ) 5 §in (ot + o)
Takum 06pasoM, NPH © ==, ABJEHAE DE3OHANCA BAKJIOYAETCA B TOM:
rt
YTO aMIUIMTYA 7 CTAHOBUTCA nepeMeHHON ¥ HEOrpPaHUYeHHO BO3pacTtaer

¢ Tewennem BpeMenn. B peaavHEx npu6opax 370 AwCHUE HE HA0/IOACTCH
BBHLAY HaJH9RR «TPEHUAD,
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§ 13. AnexTpuyeckue nenu

Teopust oObikHOBeHHNX AnddepeHunalbHbX ypaBHEHHH HaXOIUT CBOW
MDUMECHEHUS B Pa3/duHbIX OOJAcTAX TEXHHKH, OHA NPUMEHAETCS B HJAEKTPO-
TEXHIKE W, B YacTHOCTH, pajauoTexHuke. Ilpum HekoropoH nieaxusauuu
pabora paauonpubopa MOxeT OBIThL MJTeMAaTHYECKH OIHCAHA CHCTEMOH
OOBIKHOBEHHEIX A GhEPEHIVANbHBIX YPaBHEHUH, MpUUeM HEH3BECTHHIMU
(PyHKLNAMM BpEMEHH B 3TOH CHCTEME SBJIAIOTCH BEJNUUMHBL TOKOB, IpO-
XOAAUMX uepe3 pasinuHble Aetann npubopa, WA NajgeHda HanpsKeHHs
MeKAy OTAeNbHHMU ysnamu npubopa. Paauonpubopwl aaiotr oueHb Gora-
THIH MaTtepuas, WITOCTPUDYOIWIUH OpUMEHEHHST Teopuu OOBLIKHOBEHHBIX
Aaddepesuvanbiyx  ypaBHeHu#H, ropasno OGosee 6orarhill, ueM, Hanmpumep,
3aJaud MEXaHMKW., DBOrarcTBo 3TO XapakTepusyeTcs, B YacTHOCTH, TeM,
YTO CHCTEMY OOLIKHOBEHHHIX AMPepeHInanbHBIX ypaBHeHu#, BOSHAKIIYIO
13 KakOH-HuOyOb TEXHHUYECKOH 3ajayu, uacro yZaerci cHMo02AUpo8ams
SEKTPHYECKHUM NPUOOPOM, T. €. CKOHCTPYHPOBATh TAKOH 3ASKTPHUECKWH
npu6op, padoTa KOTOPOrO ONMCHIBAETCA TOH K e CHCTEMOW ypaBHeHul,
YTO W HHTEpeCywmui Hac TexHuueckudh oObekT. Taxko#h moneaupylomMit
31eKTPOnpuOOp MOKET RO HEKOTODOH CTENeH# MOMOYb B PELUCHHH CucTe-
Mbl ypaBHeHuM, Tak Kak, HaOmomas 3a ero paGoTOH, Mbl TEM CaMbIM
nabaiogaeM 32 NOBEICHHEM HEH3BECTHHX (DYHKUMH, yIAOBJIETBODAIOUWMK
cucreMe ypasHeHuH. PH3HUECKHE 33aKOHH, ynpasasionine paboTo#t sJeKTpo-
npu6opoB, (POPMYAUPYIOTCA HACTOABKO NPOCTO, YTO OHM JIETKO MOTYT
ObiTh COOOMICHH NaXe YENOBEKy, MOYTH He3HaKoMOMy ¢ (uaukod. 3mech
B HECKOJIbKO JOrMaTHYeCKOH opMe [aeTCa W3J0XEHHe ApoCcTehiuux
8aKOII0OB JEKTPOTEXHUKN W [PHBOJUTCA HECKOABKO MpPUMEPOB mpumeie-
HuA ZuepenuaabpisiX ypaplenuit K uayuenuio paboTs saekTponpubopos

DneMeHTH 3JCKTPHYGCKAX Lened

K uucay pawune#mux neranefl, u3 KOTOPHX KOHCTPYNUDYIOTCA 3JEKTPO-
npudopsl, NPANAANEKAT CONPOMUBACHUE, UHOYKMUBHOCMS (CAMOKHAYK~
uud) u emrxocms (kKoHaeHcatop). Kawnas u3 3Tux fgeraneit ssasercs
08YXHOAIOCHUKOM, T. €. 00/1a14€T ABYMS KOHTAKTaMH, KOTOPHIE MPU MOHTH-
POBAHHAH JEKTPONPUOOPA NPUCOEAMHSIOTCA K MOJOCAM JpYrux AeTa.e,
Bo spexa paGotsl 3jexTponpubopa uepes ABYXNOJIOCHAK, BMOHTHPOBAH-
Helfi B 5TOT npuop, NPOXOAUT ITEKTPHUECKHH TOK, U NPH STOM 3JIEKTPHU-
YecKoe COCTOAHNe ABYXMOJIOCHHKA XapaKTEPHU3YeTCd B KamAbH MOMEHT
BpeMeni ¢ ABYMa BeagunHamu: cuaoll moxa I, (£), uaymwero or nosoca a
K nmomocy & AByxno/nochuka ab, u nadexuesn wanpsycerus U, (t) ot
no/mroca @ K nosuocy H. Cuna 1oKa [y, (f) MOXKET NMPUHMMATL KaK MoJjo-
KHTEIbHLIE, TAK U OTPHUATEALIIBIE 3HAYCHHA; €CHU TOK <«TEYeT» OT Io-
JOCA a K nomocy b (uveerca B BuAy TaK Ha3bIBAEMOE mMeEXHutecKoe
Hanpag.enue Toka), To uucho [, (f) nonoKNTENbHO; B NPOTUBHOM ChAyuyae
ouo orpuuareasno. Hajtenue Haupaxenund (g, (f) OT moaca @ K 10«



§ 131 SJIEKTPUUECKWE LUEMKX : 81

mocy b npencraeaser cobott pasnocTs V, (£) — V, () noreHuuanos B rno-
moce a u nomoce b. Takum obpasom, obe seanuunnt [, (£) u U,y (t),
XapPaKTEPUSYIOLHE COCTOSAHUE ABYXMOJIOCHHKA @b B MOMEHT BpeMeHu {,
3aBUCAT OT TOro, Kakoi W3 MOJIOCOB NOCTaB/EH Ha NEPBOM MeCTE€ M Ka-
keoft na BTopom. Ilpu nepemene nopaaka NoMoCoOB Kaxaas W3 seanunt [,y (f),.
U,y (t), OueBHIHO, MEHAET 3HAK, TaK UYTO Mbl MMEEM COOTHOLWEHHS:

lia()=—10 () . (1)
Upa ()= — Upy (). 2

Iina xaxnaoro asyxmomocuuka ab dyuxuus I, (¢) »n U,,(t) Bpe-
MeHW ! HE HE33BUCHMBI, a CBA3AHBI HEKOTOPHIM COOTHOLUEHHEM, NPEICTas-
anouium coboi dusvueckut 3akoH, ynpasasouii paGoToid ABYXNOMOC-
Huka. las CONPOTUBACHUR, CAMOMHAYKUHR © €MKOCTW (u3uyecKkue 3a-
KOHH, yrnpasjsiouide uX pa0oTOR, RAIOTCA HUKECASAYIOLUM [pesacKe-
HUEM.

A) Ina nByxnoatocHuKa ab, npeacrasasiouero coOoh conporusne-
HUE, UMEET MECTO COoTHouleHue (3akon Owma):

Usp () = Rablab @) 3)

38eCh R, — NOJAOKUTEAbHHHA KO(DODULHEHT, Ha3bBaeMb conpomusae-
KueM W MOryuluit A7 pasjAuyHHX ABYXMO/MIOCHUKOB NPWHAMATH pasady-
HBIE 3HAUEHHUA, HO MOCTOSHHBIA [ KaXAOro [aHHOrO [ABYXMO/IOCHUKA;
npu 3TOM MBI MMEEM BCeria

Rba = Rab' (4)

Ias apyxnoaocuuka ab, npeacrapasiomero cood UHAYKTUBHOCTb, UMeeT
MECTO COOTHOLICHHE:

d =
Usp )= Lqy z; 1an (); ?)

3nech L,, €CTb TOOKATEAbHBIA KO(pGUINSHT, Has3biBaeMbllt wwdyKmus-
HOCMBI0 ¥ MOTYWLUA 1A PAas/HYHLIX JBYXMOJIOCHAKOB TPHHUMATh pPas-
JAUNbIE 3HAYEHHA, HO MOCTOAHHBIA /R KaXI0ro JaHHOrO ABYXMOJOCHHKA.
[Tpu stom

Lyg =L (6

Has npyxnomocHuka ab, ABAAOILETOCA eMKOCTHIO (KOHAEHCATOPOM), UMEET
MECTO COOTHOIIEtne *
d

Iy )= Cop 5 Uap (), ()

rae C,, €CTb TOJOKATEALHHN KOIPQUUAElr, HA3LIBAEMbIH eMKOCMs10
W MOryuiMH NpHHUMATb Pas3JUUHBIE 3HAUEHWs [AA DA3JIMYHBIX [ABYXMO-
JIOCHUKOB, HO WMEIOWMH IAd JalHOro ABYXIIOJIOCHHKA BIIOJIHE onpefe-
JICHHO@ 3HAYCHWE; MpU 3TOM Mbl HMEEM:

Cop=Cpq- (%)
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Wuaterpupys CooTHOWmEHEE (7), MBI MOJyYaeM:

¢
Var = Un - § Tos O ®
[ )

dynxuua
Qab (t) = CabUab (t)

npencrasiser co60H U3HYECKYH0 BEJMUMHY, CBA32HHYI® C COCTOfHMEM
KOHAEHCATODAa B [aHHH# MOMEHT BPEMeRM M Ha3HBaeMyw 3apf0oM KOH-
nencaropa ab. CootHomeHnue (9) 4acro NUIIYT B BHAE:

U= | Lo 041,

FAE mon Sla,, (t) dt nonpasymeBaioT 3apam KOHAEHCATOpa.
CoorHoweHne (4) soitexaer u3 (1), (2) u (3):

Raplap ()= Upp () = — U,o () = — Ripalpa (1) = Rya (— Lo (1)) =
= Rypalu (1)
AmHanoruuHO YCTaHaBAWBaOTCR coorHomenus (6) u (8).
BaxHylo posb B paboTe 3JeKTpuyeckux nHpuGOpPOB urpaer ssJienue
83auMourdyKyul MEXIY ABYMS UHAYKTUBHOCTAMH. '

b) Ilse MHAYKTHBHOCTH @yb; M agby ¢ semmunamn L, a,:Ll"
1
L, , =Ly MOTYT HaXOIHTHLCA B COCTOSHUA B3auMOHHIYKHHA, XapaKrtepu-
sywomeMcs Koaghghuyuenmor s3auwmoundysyguu M= M by, asby. B 3rom
ciyyae najaeHue HanpaKeHus Ualbl () == U, () na asyxnomocHuke ab,
€BSI3a10 HE TOJLKO C TOKOM lalbl(t)zll(t)' HO TalklKe W C TOKOM
I, 5, ®)=1(f). Touno Tak xe Hanpskenne U,,p, )= Uy (t) na npyx-
NOMOCHUKE a,b; CBA3AHO He TOABKO € TOKOM [,(f), 10 n ¢ Toxom [, ().
CooTHOWEHKS, KOTOPHE MMEIOT 3[eCh MECTQ, AAloTca (HOpMyaaMu

d d
Uit)=Ly 5 1 )+ M 5 L.(0), (10)
d d
U‘z(t)——‘—Lea—t[‘z(t)‘{“MaTtll(t)- (n
Hpn stom nas xosdduunuenra M

B3anMOHH BH BHHOJHCHL
ab, azbi. AYKIK

paBeHcTBa
M

ayby, aszb, = Mllgb}, a by = Ma,b;, biay’
KpOMEe TOro, s Hero HMMEeT MECTO HEpPaBEHCTBO
M‘l g LILQ.

Yem Gonbine «B3auMoOReHCTBHE» ABYX HMHIYKTHBHOCTEH, TeM Gonee K03p-
(uunent B3auMOMHAYKUMA M npuGammaercs 0O BEAUYHHE K 3Haue-

nwe v LyLs.
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Onucanusie B OPeNTOKEHHA A) ABYXNOMOCHHKY HASWMBAIOTCA NACCHUE~
HolMu; CaM# OHH He MOTYT BHI3BATh NOABJEHAA B npubope DAeKTpHYEC-
Kux sneHu#t. HemocpexcTsenuoit npuunuofl noseiewus 8 npubope saex-
TPUYECKUX TOKOB CAYXKAT AKMUGNHE ABYXNOMIOCHUKH — WCMOYNUKH Ha-
NPANCEHUR U UCMOYHUKN MOKa.

B) Ias npeyxnomocHuxa eb, npeacraBasiolero co60d4 UCTOYHHK Ha-
NPAKEHNA, UMEET MECTO COOTHOllleHUe

U, )= U®) (12)

rae U(f) — sapannas dyHKuHs BpeMeHH f, XapaKTEpH3YOWas HMCTOYHUK
nanpsenns. Coornomenne (12) MOXHO paccMaTpHBaThb KaK CBA3bIBAIO=
wee dynkunn U, (f) n [, (f), T0AbKO CBA3b 3Ta TAaKOBA, YTO QyHKIUA
1,,() B Hee He BXoauT. Jli1a MCTOUNMKA TOKA @b aHANOCHYHO HMEeET
MECTO COOTHOLIEHHE

L,()=1()

rae [(t) — samanvaa ¢yukuma OT ¢, XapaKTEPH3YIOMAA UCTOUHHK TOKa.
HauGonee wacTo paccMaTpHBRIOTCA WCTOUHHKH HANPSRKEHNS H HCTOUHHKH
TOKa, A1 KOTOPHX ¢yHkuun U(t) n I(f) ssasorca n6o KOHCTaHTamH,
An00 NEPUOAMYECKMMH (YHKUMAMH BUAA

r cos (wf 4 a).

TakoBel raasHefliine m B TO Ke BpeMa npocrtefiiue AeTann, u3 Ko-
TOPHIX  MOHTHPYWTCA 3aekTponpu6opn. Camu npubopn  HaseBaoTCA
3NE€KTPHYECCKHMHA LWENAMH, a A€TAAH, M3 KOTOPHIX OHU MOHTHPY-
07csl, —ux daeMeHTamn, Crexyer OTMETHTb, YTO CYUIECTBYIOT 9Je-
MEHTbH!, OTAMYHHE OT OMUCAHHBIX BHIIE, B YACTHOCTH CYWECTBYIOT MHO20-
noacrsle 3aeMenTHl. [IpuMepoM TPeXNOJMIOCHOL O 3AEMEHTA CAYKHT
BAEKTPOHHAR Aamna (mpuod), paGora KOTOPOH Oyaer pasoOpaua
B panbHelem (cm. § 29).

3akonw Kapxroda

ITepetinem tenepb K popmyauposxe 3akoHoB Knpxroda, ynpas-
asiomux padoToll MEKTPUYECKUX uenefl.

I) Saexmpuveckoff yensro Ha3LIBACTCA KOHEYHA COBOKYIHOCTH 3¢~
MECHTOB (B YAaCTHOCTH, ABYXNOJIOCHUKOB BbILLICONMUCAHHBIX BH}IOB), NOJUOCH
KOTOPHIX COGAMHERM B TaK Ha3blBAEMBIC )344 NENH, TaK UTO B KaXAOM
y3ae COSAMHMIOTCS ABA nan 0OAblIee YHCJIO HOMOCOB PA3NHYHBIX 3JEMEH-
108 nenn. [TepBuft 3akon Kupxroga yrsepxaaer, uro cymmsa
8cex moKxo8, BMeKAWUX 8 KaAncObld y3ea yenu U3 8cex 3AeMEHNOS,
npumsKaouux K smosmy y3ay, pasria xyano. Bropo# 3akon Kupx-
roda BHTEKAET M3 NPENONOKEHHS, UTO B KAXIOM Y3J€ @ lend uMe-
erca 3JeKTpuueckud noTeHuman V, (f), a napenne mnanpmxenua U, (¢)
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OT y3a2 a K ysay b npeactasaser cobo#f PasHOCTb NMOTEHLAANOB, HMEIO-
unxcs B ysaax a u b, 1ak uto Uy, ()= V, (f) — V, (¢). Yis sToro npexn-
NOJMOKEHNUS BhITEKAeT, 4TO ecau a, b, ¢, ..., h, k ecms Hexomopas no-
C2e008aMENBHOCHLL Y3A08 3IACKMPULECKOR YENnU, MO UMEEM Mecmo
COOMmHOUuLEHIE :

Uaso O+ Upe O+ ..+ Upe () + Upa () =0,
KOTOpOe M npexcrasaser coboit Bropo#t 3akon Kupxroga. Ero ¢opmyan-

pywoT caenyomumM o0pasoM: cyMMa Nadexuld Hanpaxcenus 6004s GCAKO-
20 3aMKHYmMoz20 Koumypa yenu pasha Hyaw. (B 3TEx ¢OpMyAnpoBKax

Puc. 7. Puc. 8.

sakonos Kupxroda ne npeanonaraercs, uTO SAEMEHTaMP nenu  anas-
rcs  apyxnomocuuku.) JIlanum Tenepn Goaee 4eTKYO  GOPMYANPOBKY
sakoHoB Kupxroda npumenutentHo K wensM, COCTaBJCHHBIM W3 ABYXNO-
NOCHNKOB.

) Tlycts S— nexoropas sJaexTpuueckas U€nb, COCTaBJAELIas U3
apyxnoaiocHukos. flepswit 3akon Kupxroda yrsepaaaer, 4TO0 €cau a
€CTb NPOM3BOJLHBIA y3ea uenu §, a b, ba,..., bqa—coeoxynnocrb
BCEX JABYXNOJIOCHMKOB, NpUMBKalOUIUX K y3ay a(puc. 7), 1O

Ib]a(t)_*_lb:a(i)_!—..._l— Ibqa(t)=0-

Bropofi 3akon Kupxroga yreepxkaaer, yro ecam ab, be,..., hk, ka — ne-
KOTOpas MOC/JEeI0BATENLHOCTh ABYXIMOMOCHUKOB, BXOAAWMUX B uenb S
(kaxaplhi caenylOnA IBYXNOJIOCHUK HAYMHAGTCA B TOM Y3/€, B KOTOPOM
KOHYaeTCa mpeablaywnfl, pac. 8), 10

Uay () + Upe (t)"}" vee + Uni (1) + Uka ()= 0.

Paccuutate paGoTy sJeKTpHUECKON uenn, COCTaBACHHOH M3 ABYXMNO-
JIOCHUKOB, — 5TO 3HauuT HallTH TOK W HaNpAKEHME, COOTBEICTBYIOUIHE
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KaXIOMY HBYXMOJIOCHHKY, BXOAAUlEMY B Iefb;, Takum o0pa3oM, €c/d
[eflb COCTOMT W3 /1 [ABYXMOJIOCHAKOB, TO TMEpel HaMu CTOMT 3ajlaua
OTbICKaHuA 2/ QyHKUMA BpeMeHd. 3aKoH, ynpasasouni paboTolt Kaxaoro
OTAEJBHOTO ABYXMOJIOCHUKA, AAET OAHO COOTHOUIGHHE MEXAY HCKOMBIMU
GyuKuU#AME, TaK YTO A 272 HUCKOMBIX (PYHKUMH MBI yKE MOJNydaeMm 7
cootHowennit. OcTalblble 7 COOTHOIWIeH#R mHaioT 3akoHn Kupxroda.
Tot ¢akrt, uto 3akonunl Kupxroga maioT HUMEHHO A HE3aBUCUMBIX MEXAY
coboit cooTHOWEHMH, MOXKHO [0KasaTb, HO 34€Cb MBI 3TOrO ACMATh HE
Gynem. B peayabTare HCNO/AL30BAHUS BCEX COOTHOWICHHH Mbl NOAyuaeM
cucTeMy U3 21 ypaBHeHuH aan 24 MCKOMBIX OQYHKUMA. YpaBHeHHs 3T
yacTuuno andipepenidanbibie, YacTHYHO KOHEUHble (aareOpanuyeckue).
3akousl Kupxroda naT KOHEUHbHIe YpDaBHEHHA W UMH MpEXKIE BCEro
HYKHO BOCTOJB30BATHCA M HUCK/IIOUEHHR 4YaCTH HEU3BECTHBIX (YHKLUHA.
[Tpa stOoM OOBLINHO MOAB3YOTCS ONHAM d3 CJGAYIOMHX [BYX myTeh.
MoxHO 32 OCHOBIbiE HEU3BECTHBE (DYHKUUW NPUHATb TOKH W BLIPA3UTH
yepes HUX HanpmikeHua. B 3TOM CAyuyae HYXKHO NpExKAE BCEro BOCIO/b-
308aTbCA mepBBIM 3axkoHoM Kupxroda: BHPa3uTh BCE TOKM '4epes MuHU-
MaJALHOE UHCJAO He3aBUCHMBIX (B CHAY 3TOro 3axkoHa). Hesasucumele TOKM
Ha3LBAIOTCA KoHmypHoimt, Tlocie 9TOro  caedyer  BOCNOAb30BAaThCA
8TOPHIM 3akoHOM Kdpxroda, saMeHAs B HEM KaKA0€ HANpsKEHHe ero
BHDAXEHHEM uYepes COOTBETCTBYIOWIMH TOK. IJTOT Cnocobd HasbBaerca
METONLOM KOHTYDHB X TOKOB, BropoH cnocol 3akai04yaeTcd B TOM,
YTO 33 OCHOBHbIE HEd3BECTHbE (YHKIUA TNPHHAMAIOT HANpsKEHHs Ha
ABYXTOMOCHUKAX, @ TOKM BBIPAKAlOT uepe3 Hamnpsukenus (nNpa  noMOHI
3aKON0B, YNPaBJAOIWAX DPaGOTOR KaXaoro AByXnoJocHuka). B sTom
Caydae HYKIO NpH NOMOWM BTOpOro 3akoHa Kupxroga BmipasuTh Bce
HanmpsaKeuns uepe3 MWHUMANLHOE YUCJAO HE3aBACUMBIX (B CHAY 3TOrO
3aKolia). HlesaBUCHMBIC HANPSKEHHd HA3BIBAIOTCA Y34086LMU. 3aTEM HYXKIIO
UCno/L30BaTh Nepobiti 3akon Kupxroda, sameHsis B MEM KAKABHA TOK ero
BLIDAAKEIUEM Yepes COOTBETCTBYIONIEE HalpsikeHue, ITOT €nocol Hadbl-
BaeTCa METOJOM Y3JOBHX Hanpakenul

Onepaunonuoe CONPOTHUBACHUE ABYXMNOMNIWCHHKA

Tlpewae wem nepeidTd K pasGopy NPAMEPOB PacueTa 3JMEKTPHYECKHX
uene#, sannwen coornomenns (3), (5), (9), (10), (11), 1. e B3aKoum,
ynpagasiouine paGoTo# ABYXMOJMOCHUKOB, TNPHU TMOMOWM CHMBOJNHYECKUX
0003HaueHNHt, :

E) [lycrts ab — ABYXNOMWOCHUK, npeiacTasasiowmnit coGoil conporus-
AEUHE, MUAYKTRBHOCTL MM eMKOCTb. Tlonowum:

U O)=U(), I,t)= 1)y Rap=R, Lsy==1L, Cop= C.

4

Ecan B nonoauenne K ynoTPeG/sBLIHMCA paHee CHMBOJAYECKUM 000-
aHaueHuaM (cm, cTp. 42, § 7, A)) BBecTH ecTecTsemnoe  0003HaueHUe
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-17 fty= 5 f(v)dx, 10 cootHowenus (3), (5), (9) MoxHO 3anucars
onHOM Qopmyaoh

Uty=z@pI(@) (13)
(puc. 9), rme, coorsercrBenno, Z{p)=R, Z(p):-; Lp, Z(p)= %,
dyukuns Z(p) Ha3HBACTCA ONEPAYUOHHNM CONPOMUBAEHUECM NBYXNOMOC-
HiKa ab. [las eMKOCTH OHAa He fBJASETCR MHOPOYJEHOM, a MpPEeACTaBJseT

coboit paunonanbHyio (YHKHKIO C-l—: £
| P ————  conpomubrenue
Ul)=— I(1). 14 ;
® Cp @ 4 —fYVLVV\— undyrmubiacme
Coortnomenue (14) nocae ywmHoXeHns »
Ha Cp npuoOperaerT NPUBBIYHKEIH BHA -
I({t)=CpU(t), rme wuMeercs JuwWb L, Le Bsoumoundynyus
MHOrousen or p. Ecau noaoxurs

O(p)y= 1 —-"c—- ennocms

Zp’
T0 cooTHoIuenue (13) npuoGperaer Bua, ——'—if-'—— wcmamany
HOPOANCCHU-
I({t)y=G(p) U(1). I nOCMORHHOEO
@ »ua) *e EOPMOHUYECKD2D
Loy u npousbonsHozo
- a + nEPEMEnHOE0
\a f Z"(,a)_| 0/
— L] X Yenobuee 0bosnavenun
N . HENOMOPBIT INEMERMOT
' Un : » IRENMPUYEERUT UENEY
Puc. 9. Puc. 10.

Synkuna G (p) 1a3LIBAETCA ONEPABUOHHOE HPOBOIUIMOCHEI0 ABYXTIOMOCHNKA
ab u HMEEeT COOTBCTCTBCUIO BHJ:
1

G(p) =, a() =1, A(»)=0Cp.

Coornowenusa (10), (11) B onepaunoHHpix 060313Y€HUAX NMOMYHAIOT BHA;

Uy ()= Lipl, (t) - Mply (),
Ur ()= Loply )+ Mpl, (1)

[lepetineM Kk pas6opy npumepos. [as HarJsAHOCTH 9AEKTPUYECKHE
uenu H300pPAKAIOT rpaduuecKy, CTaBs B COOTBETCTBHE KaXAOMY Yysay
TOYKY, a KaXAOMY NABYXNOJIOCHHKY — OTPE30K HJH KPHBYIO, COeauHs-
IOULYI0 COOTBETCTBYIOUIHE Y3/bl; Ha Kau/IOM TaKOM OTpe3ke nzobpaxa-
€TCA yCA0BHOE 0003HAUCHHE COOTBETCTRYIOULErO ABYXNOMOCHUKa (puc. 10).
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Ilpumepu

1 (Koaebamensnuii wonmyp). Ilycte S -— saexkTpuueckas UeNb
¢ ueThIpbMs ysaama @, b, ¢, d, COCTOAWlas M3 YETHpPEX ABYXMOJIOC-
HUKOB ab, be, cd, da (puc. 11). [IByXNOMOCHUK @b — HHIYKTHUBHOCTbL L,
IBYXNOMOCHEK b — COMpoTUBAEHUE R, s P
ABYXROMOCHUK ¢d — eMKOCTh C; HaxoHel,

RBYXIO/IOCHUK ad — UCTOYHUK Hanpske-
nua U,y ()= U(t). llaa pacyera ncnonb-
3yem METOX KOHTYPHHIX TokoB. Ilpume-
Has nepeuil 3akoH Kmpxroda k ysmy b, -
noayuaew I, () + I, (f) =0, nm, nnave, ¢ -
Iy @)= 1, (t). Tax 06CTOMT n€N0 BCETrAa,
KOrAa K OAHOMY Y34y NPUMBIKAIOT POBHO

[

| § IS

aBa asyxnoocHuka. Takum o6pasow, 14
MBl nMeem: +f\-

W
Loy O = boe O=log )= Laa ()= 10). Dt

3nech I(f) ecTb KOHTYpPHBH TOK.
[anee, BRNUCHIBas A48 K3XKAOI0 ABYXMOIOCHHKA 3aKOH, YMPaBAIOUHHA
ero paforTol, noJy4aem:

Uy ) =Lpl(t), U (O)=RI(®)

| (15)
Ut )= 5= 1), Usa )=—U(®)
Bropo#t sakon Kupxroda naer:
Uy (1) + Upe )+ Uea ()t Usa (1) =0. (16)
Us coornowenunt (15) u (16) noayuaem:
(Lp+R+— )i 0=U0. (17)

MoxHO yMHOkuTb 06e uwacTé cooTHowenns (17) uwa p (uT0 O3HAUaeT
nouyseHHoe AU(PepeHUBPOBAHNE), TOMAd M NOJYUHM:

(L8 +Re+ ) 1 O=pU ) (18)

Takoso nuddepeninassHoe ypaBHenne paccMmarpusaemolt uend.

Ecan u3DbsTh M3 LENK ABYXNOMOCHAK ad, TO MBl [OJyuMM TaK Ha-
3biBaeMyl0 Pa3OMKHYTYI0 I1€NMb, COCTOALLYI0 U3 TPEX MACCHBHBIX
ABYXNoAcHUKOB ab, be, cd. Ity nenbp (BCIO 1EAUKOM) MOXHO pace
CMaTpHBAaThb KaK JABYXMOAOCHMK ¢ nomocamu e u d (puc. 12). L
TAKOTO IBYXMOJIOCHAKA 3aKOH, ymnpasasiomuil ero paboTol, maerca
cootHowennem (17), anazoruuipy  cooruomenuio  (13). 3aecs  dyuk-
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unsa Z(p)=Lp+R+E};- ABASETCS OMEPAUUOHHHM COUDPOTH=-
Cp
LCp* + RCp - 1

BnAeHneM, a ofpatHas eH meanuuna G(p)= f1B-

AAETCA ONEPAaUUOHHON NDPOBOMAU-
MOCTh 0. 3 R .

Ecan nonoxute U(f)=0, 10 570
GyReT PAaBHOCUJILHO TIPEAMOJOKEHNIO, YTO

For T TS 2" B ] A
I ¢ A ] b ol
1 |
;._:/Wv\_z__”_.:___; :
e e e e ;._____l
Z/p)#ﬁ*”"a—g a d
Puc. 12, Puc. 13.

B HaWe# uenu OTCYTCTBYET aKTHBHLIA ABYXNOMOCHUK ad, U uens co-
CTONT W3 TPEX TAaCCHBHLIX ABYXNOJIOCHWKOB ab, be, ¢d, npuuem yaiu
a u d cosnapawr (puc. 13). YpasHenue, onucnBaiomwee paboTy sTOH nac-
CHEHOHA sJiexTpuyeckod uenn S*, umeer Bum

(Lt +Rp+ ) 1) =0. (19)

Kak yxe oTwewanoch panmuie, B NacCHBHOH 3JEKTPHYECKOR nenm saek-
TPHUECKIE  #BJCHUS camn 110 ce0e He BO3HUKAIOT, W 3TO OTPAKIETCH
B TOM, UTO 4wacTHHM penlenweM ypasuenus (19) sBaserca  ¢ynkuus
1(#)=0. MoxHo, onnako, paccMoTperb paGoTy 2JEKTpAveckolt uenu S*,
CUlTasd, UTO TOK B neli YK€ MMEETCR, W BHIACHATH, KaK 5TOT TOK Oyaer
namMenaTLes co ppesenem. Ilyers Ay u X, — KOpHU MHOrouseHa

Lp“+Rp+iC- (20)

Taxk xak uncna L, R, C Goavwe nyas (cM. A)), To nelcTBUTE/bHHE
YacTH KOpHeR A; M A, OTpHLATENbHH, H TIOTOMY 3JEKTPHYECKHH npo-
uecc B nena S* 3aryxaer co BpemeneM (cM. § 9,A)). 3aryxauue 3710
MOMET MPOXOAHTb, OANAK0, PABLAUHHIMA CNOCOBAMH; €CAH KODHH Ay U A,
KOMIIIEKCHDI, TO BCAKOE HEHyJAeBOE pelieHue ypasHenus (19) uveer ko-
acGarenvHbiit xapastep (cm. mpavep 3 § 7); ecau Ke KOPHA Ay M A,
JEeHCTBHTEbHL, TO 34TyXaHue MPOHCXOAUT AanepHORMUECKH, WMEHHO BCH-
Koe pewenne ypapHenus (19) CraHOBHTCS, HAaunHAs C HEKOTOPOro MO-
MEHTA BPEMeNN, mMonoTOoHHmM. Bonpoc o ToM, GyayT Ju Kophi A, n A,
KOMIVICKCHE Wl JIeHCTBUTE/IbIIB], PelNaeTcs TeM, KaKOH 3HAK MMEeT 4uc/ao

_(Ry_ 1,
b=(g1) ~ 1c
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ecin A< 0, 1o pewenns ypasHenns (19) umeoT konebGareanHslft Xapax-
Tep, ecam ke A>>0, To OHM anepHOLUUHBL.

Oco6uil uHTEpec NpencTasifeT KoJaebaTesbHbifi KOHTYp S* B TOM
cayuae, KOTma B HeM BOBCe OTCYTCTBYeT comporusaenre R. B stom
cllyyae Hala uenb COCTOHT JUlb W3 ABYX MAaCCHBHBIX 3JEMEHTOB ab #
cd, npuyem b=c¢, a==d (puc. 14). lpu sTOM npeanonoNeHnu ypase-
HHE SJEKTPUUECKOH Uend NoJayuaeT BRJ;

(pq‘—{— L_‘C-) Kt)= 0.

O6mee peleHne STOTO YPaBHEHHS  3aMHCH- ——
{ w—
BAETCR B BHIE: F'
1(t) = s cos (v,t -+ B),
tae o= ]__ Takum  o6pasom, 1pn
Vic Puc. 14.

OTCYTCTBRH CONPOTHUBJICHNA B NacCMBHOM
KonebaTeabHoM KOHTYpE HpONCXOoRaT He3aTyXatiolliune koaebaHus ya-
CTOTHI
W, = !
| = = .
VIC

! _ paswBaercs cobcmsennoll wacmomoll xonebarenpHoro

Vic
konutypa S§ B obmeM cayuae.

Bepuemca Tenepb K PacCMOTPEHMI KoneGaTenbHOrO KOHTypa S R
PaccMOTPUM CJAyyall TapMOHWYECKOro MCTOYHMKA HANPSmEHns U ().

Tax xax Kopuu Mioroudena (20) mmeloT OTpUNATENbHBIE ACHCTBA-
TeNLHBHE YAaCTH, TO MOXKHO pAaccMaTpuBaTh B uenu § ycTaHosusmmHca
npouecc. Pewenne O6ymeM NHCKaTh 1o CNOocofy KOMIVIEKCHBIX aMIVIATY.
(cm. § 12). TMycrs U(f)==re’* — KOMIIEKCHOE TFapMOHHYECKOe Koaeba-
uue ¢ aeHctButensHod amnautygol r > 0. Torma npasas 4acTb ypaBHe-
una (18) umeer BuI

Beanunua

pU(t) =p (re"’) = irwe'.
Mul umeenm: )
]ycr = ae™,

npuueM KOMINIEKCHAs aMIIMTYyna o Toka Iy, (f) onpeaeasercs popmynof

ire r
iRw+<~—-— Lo® 4 —12,\) R (Lw—z,];)

\
\

g =

(cm. § 12, A)). Orciona nng AEHCTBHTEALHOH aMMANTYLbl NOJY4aeM:
’ r
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M3 stoff GopMyaN BRAHO, YTC Npu 3aJaHHOH aMIVIATYAE r HCTOYHHKA
HaNpKCHHA aMNANTyna § CHJN TOHA AOCTUraer CBOCrO MAKCHMyMa npud

g—

Vic
aMOMUTYA § ®M ' CBY33aHBl  COOTHOWICHAEM § —

1
coOCTBENHON 4acTOTe w==0; = ——— KouTypa §. Ilpu »sTOM uacToTe

r
% T & Kou
TYp 0pa 3TOHM uwacToTe BeleT ceBa Tak, Kak OyATO B Hem HMEercs
Aulib COMpoTHBIEHMe. JlJ1a OCTaWbHBIX 4YaCTOT aMIUIATYZAa § TOKa HMEerT

r -
MCHLLICE 3Hau€HuWe, 4yeM 7-?. 3T0 fBJEHAE HA3LIBACTCH PE€30OHAHCOM

(cp. § 12, npumep). KonreGaremwnuit woutyp L, R, C pesonupyer
HAa CBOI0O COGCTBEHHYIO HacToTy l__

vic:

2 (Tpancgopamamop). TpanchopMaTop COCTORT M3 IBYX OOMOTOK,
NEpPBUYHOR ¥ BTOPDWUUHOH, nNOMEUIEHHHIX HAa OAHOW KaTyuike.
K nepsuusod oOMOTKE NOAKMOUAETCH WCTOUHUK NEPEMEHHOTO HAMpAKe-
HUY, KO BTODHUHOH — HArpysKa, HanpuMmep BHEWIHEE CONpOTHBJACHUE.

a,

Puc. 5.

Kawpas oOMOTHA wweeT MHAYKTHBHOCTL B CONPOTUBJIEHME (BHyTpeHuee).
Mewny obMoTkaum wuMeeTcs B3auMouHayKumws. Takum o0pasoMm, TpawHc-
(GopMATOD MOXKHO PACCMATPABATL KaK 3ACKTPUYECKYH) Iellb, COCTORIUYIO
M3 ABYX Pa3IEJbIBIX KOHTYPOB, CBS3aHHBIX WHAyKThBHO. Ilepsmift kKOHTYD
COCTONT U3 TPexX /[ABYXMNOJOCHHKOB: @by — WHAYKTUBHOCTD L,; bycy —
BHYTPEHHEE CONPOTHBACHHE Ry; @1 — NCTOUHUK HATIPAKEHNS Us e, =U(1).
Bropofi KOHTYD COCTOHT TakXe 3 TFpeX [IBYXMONIOCHHKOB: @ybg — HH-
AYKTHRHOCTb Lyg; bycy — BHYTpEHHee conpoTuBaeHue Ry oy — compo-
TUBACINE HArpyskn R. KpoMe Toro, umeercs B3aUMOMHIYKIHS Malbhazbgz
=M (puc. 15). B cuay l-ro sakona Kupxroda umeem:
,albl = Iblrtl = [r'lal =[1; ,H:bg =1bgtg - [Csaa == I%'

Takuym 00pa3oM, Mh WveeM ABa KOHTYpHbX TOKa [y, [g Ilpumenasn sro-
po#t 3akoH Kupxroda, noayuaem:

L‘pll":f‘Mplg“;—R[[l—U(t):O,

Lpl,-I- Mpl, -+ RJ3+4-RI; =0,



§ 13) BAEKTFHUECKHUE UENH o1

W14 HHaye
(Lip+ R I+ Mply= U (¥),
Mply+(Lyp 4+ Ry+ R) I,=0.

Ietepuunanr D (p) 9TOH CUCTEMB HMEET BHI:
Dp)=(LiLs— MYP 4 (L Ry + LR+ LyR) p+ R (Re -} R).

B cuny npeaaoxenua B) § 9 s1or muorounen ycrofuns (rak Kaxk Ly Lg—
— M?>0). Paccmorpum paGory tpancpopmaropa 8 cayyae, KOrAa Hai-
paxenne U(f) ©¥3MEHAETCA rapMOHMYECKH, W OyneMm HCKaTb yCTaHOBHB-
weeca pewenue no cunocoby § 12, b). Ioaoxum:

U(t) = u,e™™,

TAe 11y — BEeHCTBUTENbHOE [IONOKATEILHOE YNCAO0 (AMIIUTYRA HANPKEHAS,
1104aHHOTO Ha nepsHuHylo o6morky). Heussecrunie ¢yiawuu f;, [, 6yaem
ucKkate B ¢gopme

Il = ole‘w‘, 19. - agem"n

r3e G, 6, — KOMIVIEKCHHE aMIVIATYAW TOKOB.

HanGoab1uuit TEOPETHYCCKNH MHTEPeC NPEACTaBAAET udeaasHstd mpan-
cihopmamop, T. €. TaKOW TPaHCGOPMATOP, B KOTOPOM BeauunHsl Ry, Ry
n L,Ly— M?® mamu. IlpeneGperas sTHMU BeIUYMHAMH B YDAaBHEHUSX JJ2
onpeaeneuns BENUUYUH Oy H Gy, NOJAyHaeM:

Ly -lwey+ M-ivsy=u,,
M:iwa, +(Ly-iw+ R)o,=0.
Tax rax M~As VLIL.J, TO, BBIUATAS U3 BTOPOI® yPaBHEHHA NEPBOE, YMHO-

Keuioe Ha l/é_, Mbl DONYHUM:
1

Roy=— ]/L—l .

Taxum 06pasoM, aMIANTYAR Ug==R|o,| NageHns Hanpmxelus Ha Harpys-
Ke R 0oKkasblBaeTca pasHOM

Uy == ]/%’— ug
1

BEJNYKMHA V% HaswBaeTca KoagPuyuenmom mparcopmayuu. Taxam

)
o6pasom, ecau Ly >L;, TO M uMeeM Tpanchopmarop, Nousliiualouut
HanpsixeHue
u, .
u, >1’

npu Lg<L; MH nonysaem TpaHcGopMaTOp, NOHUAAOUAH HanpsxeHne

ny
l-l—l < 1-
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3 (Saexmpunecxuii Puasmp). PaccMOTpPUM  BICKTPAMECKYIO LEMb
C 4eTbipbMa y3naMd @, b, ¢, d W NATbIO ABYXNOJIOCHMKaMH (pac. 16):

ab — UHAYKTHBHOCTL L,

bc — MHAYKTHBHOCTb TOH ke seauunnn L,

bd — emxocts C,

ad — ucroynnx Hanpsakenns U,y (8)= U(Z),

cb — conporupiaesne Harpyskn R.
HNoaoxum:

=1, ly=h
Torma B cuny 1-ro 3akona Kupxroda ameem:
hy=hL—1s la=1,
Ha ocuopauuun 2-ro 3akoua Kupxroda noaydaem:
Uap =+ Upe + Uea + Usa =0,
Upe + Ucat Uap =0,

Ana

Lpl, - Lply+RIs— U(t) =0,

Lply, +RI, +C—,‘p (Is— I)=0.
VMHOKHB BTODOE YpaBHEHHE Ha p, TOAYyYUM CACAYIOUWLYI0 CACTEMY: '

Lphy+{Lp+RL=U®),
—& bt (Lo +Rp+ g ) h=0.
JlerepMUHAHT STO# CHUCTEMBI HMEET BHI:
D)=L+ LRo'+ 2+ &

Coraacuo Teopexe 6 muorounen D (p) ycrofiuus. Byxem teneps cuurars,
uro U==be™, rae b — NCHCTBATEAbHAA aMIJMTYAd HANPAXEHAN (CM.
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§ 12). Heuspectune ¢ynkuwn [, u lg Oynem uckaTh B ¢opme
Il — alei‘”’, [‘Z___: aﬁeiwt’ 4
rIe @ R @y — KOMIJIEKCHHE aMIJMTYAR TOKOB, T. €. OrpaHuuMMCA
OTHICKAHHEM YCTAHOBHMBILErOCS DPEXKHMA.
IMoctapum sanauy ‘06 ompenesennd napeHus Hanpsxenns Uy == Rl

Ha Harpyske. Mm unmeem:
b

: C
Qy=
(—Ici — LRm’) + iw (-26—,1'— —_ L’w’),

OTKyZa HaXONWM aMIVIHTYAy a==|@y|R Hanpsxenns Ugt
R
C

a=|g|R= ‘/'(g;_LRw’)i".i““z (%_L%!)i

a
3
NPSKEHUs MaJoi 4acTOTHl JErKO NepealoTcss uepes (uabTp, NOYTH He
Mensa aMnantyas. IIpu 6OALIINX 3HAUEHHAX YaCTOTHI MBI MMEEM:

a__ R
T T CLEe®!?

Hpn MaJbIX 311a4€HUAX 4YacTOThl ® Mbl HMECM: (] 1; HHau€ roBOpd, Ha-

TaK YTO HANPSKEHWA BHICOKOH YaCTOTH NOYTH HE MNPOXOAAT, <«(uIbTpY-
10TCH >,

§ 14. Hopmannnas JnuneliHas OAHOpOAHAN CHCTeMa
¢ NOCTOAHHBIME KO2(pdHIEEeHTaMI

B stoM naparpade pelsaeTcst CHCTEM3 ypaBHeunil

! . n i
‘ JZ“:E a;x]; =1 ... n (1)

=t - \

_NOCTOSHHLINA KO3(puuueHTaMn. Jra cactema Mower OwTh peuwena
MeTOAOM ncKaouenna (cM. § 11 u, B uactHoctn, mpuvep 2 B § 11)

[3nech oHa pemiaercs myTeM MpHBENEHWS MATPHILI A=(a;.) K XOPAaHO~
! TPUBE] OPAdH

_ pofi opme. B Ciyuae, xorna Bce COGCTBEHHBIE snauenns Marpaun A
' PasnHuHbl, BO3MOXHOCTb NPHBEIEHHA €€ K KOPHaHOBOI, T. €. B 13aHHOM
'cAyuae QuaronanbHoW, Gopme MpeAcTaBaseT COGOH BechMa sneMEHTApHLM
anrebpanuecknii pakt. B obweM cayuae BO3MOAHOCTh TNpPUBEACHHR Ma-
TpHOB A K XOpLAHOBOH (hOpME OTHOCHTCA K HanboJee CAOKHBIM PE3y/be
TaTaM Kypca JanuefiHoR aareOpsl. B najbHefilieM B 3TOH KHUrE HCNOAbe
8yI0TCS JMIUb T€ Pe3yabTarul HACTOAILEro Naparpapa, KOTOpLIE Onmpas
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10TC Ha MpUBENEHWE Marpuub /A K _JIWaroHa/JbHOMY . BULY B__CJyyae
'Pa3MHUHBIX €€ COOCTBEHHBX 3HaueHn#, Pe3ynbTaThl, UCNOAL3YIOMHE BO3-
MOKHOCTb TPHBENEHMS MaTpuubl A K KOpAanooo# ¢opme B 06umieM cay-
yae (mpeanoxenns B), T), 2K)), B nanbhedtiiem ne npuMeHAIOTCA ¥ IpH
YTEHHH MOryT GbiTh NMpPOMYLIEHHL.

OO6siuno nmpuBenenue MaTpHun A K KODAaHOBOH ¢opMe Aas  pere-
HUst cucTeMbl (1) UCNOAB3YeTCA NyTeM AUHEHHOro npeoGpasOBaHHA HEU3-
BECTHHX Qynxun# x!, .., x". 3TOT cn0CO6 W3NOKEH B KOHUE HACTOA-
wero naparpada non saronoskom <Ilpeo6pasosanne nepemensuxs. [py-
roil cnoco6, NMoe CywecTsy TaKxe ONUPAIOUIAHCA HA NpHBENEHHE MaTpH-
ue A K x0paaHoBOH OpMe, N3/0XeH B NepBOH uacTH naparpada.

B sToM naparpade mp He OyaeM fenaThb pasianyus MeXLy Marpuueh
A n cooTsercrByromum eft npeobpasoBanseM A B NPOCTPAHCTBE BEKTO-
poB x==(x!, ..., x"), Tak kak Gasuc MenaTbca He Gymer. Wckuwoue-
HHE COCTaBJAET JMLUb 10Ka3aTeNbCTBO npennoxeHus E).

Cayuan mpoCTHX KOpHEH XapPAKTEPUCTUYECKOT O
ypaBHEeHUd

A) Cucrema andpdepeHunaabHux ypaeHeHu#t (1) B BEKTOPHOH Qopme
AEpenucHBaeTcs B BHIE

x=Ax. 2

3neck A==(a;), a pyMecto cuctemn x', ..., X" HEU3BECTHBIX (YHKUUH
BBEel 11eN3BECTHHH BEKTOp

x=(x' ..., X"

non npou3sodnod X BEKTOpa X ToHuMaerca sektop (XY, ..., £"). Ec-
an h ectb coGCTBEHHBI# BEKTOD MaTpHUbl A C COGCTBEHHBIM BHAuCHUEM
A T. e ecad

Ah=\h

(cy. § 34, B)), To mexTOpuas (YHKUMA X, ONpeReAncMas COOTHOLIECHUEM
x = he",
ABASEeTCA pEleHneM ypasHenus (2).
[locnenHee yTeepxieHHe NPOBEPAETCA MYTEM NORCTAHOBKA X = e p

cootHoweHne (2).
Teopewma 10. fiycme

X=Ax @)

— marxasn cucnesa oughhepenyuareunx ypasrenutt {(cM. A)), uno cob-
CIMBesHHE SHAYCHUS Ly, o o oy N, MAMpuyb A NORGPRO PaA3AUYHH, U
nyciio '

By o o By
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— COOMBEMCMEYIOUNE COOCMBEHHbE BEKIMOPbL SMOW MAMPULLL. [1o-
AOHCUM. v
x,-=h,-ei, i=1 ..., n (4)

Toz0a sexmopHas QYHKUUA
x=cx+...Fc"x, (3)

20e ¢!, ..., " —KoHcmanmel, ABAfemcs peucnuer ypasHerus (3),
u scaxoe pewenue ypasuenus (3) 3adaemcs smoi gopmyarod.

NoxasaTeabcTBO. B cuny npeanoxenuns A) kawmas QyHKUns X
npencrapaser cofOR pemenue ypasHeHus (3), ¥ NOTOMY B CAAy NpPEA-
noxenus A) § 6 Qopmyaa (5) Bcerna naer pemenue ypapenus (3). [lo-
KaweM Tenepb, YTO BCAKOE peiieHwe ypasHeHua (3) Moxer OBITh 3amu-
catio B upe (D). Ilyctp @ (f) — npoussosibHOe peluenue ypasHenus (3).
B cuay TeopeMn 3 peuieHue @(f) MOXHO CUUTATh 33J3HHBIM HA BCel
Geckoneynolt npamolt — oo <t < co. Takum 06pasom, peleHue 310 On-
peaeneto n npu t=~0. ITonoxum @ (0)=x,. Ilyctp

Xo=c'hy . . .+ c"h,

— pa3snoMeHHe BEKTOpa X, Mo BexTopaM Gasuca hy, . . ., h, (BexTOpH
By, . .., h, obpasyior Gaguc B cuny npenioxenus B) § 34). Torna
peweline X, onpeaensemoe opmyaol (5), 0o4eBHAHO, YAOBJETBOpSET Ha-
YaabliBIM  YCJIOBUAM

x(O)zxo.

TeM e HAYaNbHBIM  YCAOBUAM 0)=x, YZOBIETBOpSET M pCHICIINE
[ p p

@ (1); Takum 06pasoM, B CHAY TEODEMH EAHHCTBEHHOCTH (CM. TeopeMy 2),

x=(p(t).

Hrak, teopema 10 nokasasa.

B cayyae, ecin Marpuua (@), sapaiomas ypasuenue (3), AeHcTBR-
Te/blia, NEPei HaMp BCTaeT 33a4aya BhlUCACDMA U3 BCex peiuennd ()
JeHCTBUTEABHBIX pe€

B) byaem cuurarn,
CTBUTEALHA, W shidepeM

0 MaTpuua (ab,/aanaromaﬂ ypaplienue (3), nek-
KTOpH MRy . . ., h, Taxam o0pascyM, uroCH
neHCTBUTEAbHBHIM COOGCTBEHHBIM, 3HayefinaM COOTBETCTBOBAMH AEHCTBHTE/b-
HEle BEKTOPHI, @ KOMIIEKCHO CORPRKENHBIM — KOMIVICKCHO CONpPRKeiipie.
Torna B cucreme peuwenn#t (4)/kaxaomy AeHCTBHTEAbHOMY COGCTBEHHOMY
3HaueHuio OyIeT COOTBETCTBOBATH “IEHCTBUTENLHOE pEIleHHe, a Kax-
IbIM IBYM KOMIJEKCHO ~COMPAKEHHBIM, COOCTBEHHBIM 3HaueHHsM OyayT
COOTBETCTBOBATh KOMMMEKCHO cONpskeHHR peutennst. OKasblBaercs, uto
peisenue (5) TOrAa M TOALKO TOra AEHCTBWIENbHO, KOTJA@ KOHCTAHTH,
CTOSILHE NpH Aen;m/nmenbﬂmx pellennsx, AeAIBUTENbHH, @ KOHCTANTH,
CTOSIHE NDH KEMIIEKCHO CONPSIMEHHLIX pemeuﬁ‘ﬂx, COMpPSHKENBL.

IpasuabHoCTe Npepnoxenns B) nenocpeacrseliHo BHICKAET H3 NpeA-
aoxenna I) 4§ 7.
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O6muit cayuai

ITepeitnem Temeps K pewenno cuctemst (1) B obuiem cayvae (Marpu-

ua (a}) MOXET uUMeTh KpaTHole COGCTBeHHmle 3HaueHus). Pasbop 3rtoro
CJyuasi OfMPAeTcd Ha BECbMa HETPUBHANBHYIO H CAOXKHO JIOK23LIBaEMYIo
anreGpanueckyo TEopeMy O TNPHUBEIEHMM MaTPHHB K XOPRaHOBOH ¢op-
me (cMm. § 36).

B) 3annmem cucremy (1) B BextopHO#f (opme

xX=Ax 6)
A nycTsb
hy, ..., b

— HekoTOopas cepua C coOcTBenHpiM 3HaueHueM A (em. § 36, A)) orHo-
CHTEJAbHO MaTpuubl A, TaK YTO BHINOJHEHB COOTHOILEHUA

Ahl —_— )‘hl’ Ak* - )\hi + hl, ) Ahk = )‘hk —|— hk—l‘
BseseM moc/aeaoBaTeNbHOCTh BEKTOPHBIX (QYHKUUH, MMOJNOKHB:

(ret tr-e
o, )=y mtrogpt .. T =Lk ()

OKa3LBAETCA TOTAA, YTO BEKTOPHHE (yHKuun
)
X, =o,()e", r=1, ..., & ®

ABAAIOTCA peweHusama ypasienus (6), npuyem
x,(0)=h,. ©)
Takum 06pasoM, Kakuofi cepuu u3 & BEKTOPOB COOTBETCTBYET CHUCTEMa
u3 k2 pelueHuft. -
[las noKasaTenbcTBa TOTO, 4TO BEKTOPHbe (yHKuun (8) apasoTCA

peuieHuaMi ypasHenus (6), ykaxeM nBa TOXAECTBa OTHOCHTENLHO BeK-
Topisix dyHxuufl (7). Toxamecrsa 3TH caenyoume:

o H)=0, 0, r=1..,k
Ao,)=ho, )+ o, ), r=1 .., &
B 3TuX COOTHOIEHHAX NpUHATO @4 (f)==0. O6a onu npocepaTca
HEMOCPEACTBEHHO TNyTeM TNpPOBEIEHns 5JeMEeHTapHHX BuuncaeHnd. Ilpud

NOMOULH 9THX TOMKAECTB HENOCPEJACTBEHHO TNPOBEPAeTcs, 4TO (YHKUMU
(8) spasiorcs pewennsamu ypasuenus (6). IeHCTBATEAbHO, M AMeEEM:

i ()= 0,0)" + )0, () = (0,1 ()20, B) =
= Ao, (t)e¥ = Ax, (1)

IMepeitnem Temeps & ¢JOpMyAUpPOBKE U JOKA3ATEACTBY TEOpeMbl,
Raowiedt pewenne cucteme (1) B olwem cayvae.
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Teopema 11, [lycme
x=Ax (10)

— sexmopnan sanuce cucmens (1). B cuay meoperl 30 (cM. § 36)
cywecmeyem 6asuc

hi ..., By,
cocmonuuii U3 cepuii omuocumensno smampuys A. s onpedenen-
Hocmu 6yden ciumams, 4mo hy, ..., Ry ecme cepus ¢ COOCMBEHHBM

snauentesm N Ry y1, oo s Be 4 r, €CMB cEpuA ¢ COOCMBEHHbHIM 3HU-
deHuen \y, u m. 0. B cuay npedaoocenus B) waxcood u3 cepuii cooti-
semcmsyem cUCHMeMA PeUeHull, maK 4mo Mbl MONC(M BbllcAMS
caedynmue pewenus ypasrents (10):

(-1

x1=h1€)“t, e 3 xk1=(mh;+ e "I—hk')e)"') ‘

Xy 17=hg, pret, ‘t.k;i1xk1+ks= 480
=<m hk1+l+ e +hk1+ks)exst: J

Oxaseisaemcs, Lmo GopMyLa
x201x1—|— “ e +C"xm (12)

rae ¢\, ..., c" — woucmanmot, scezda Oaem pewenue ypasnernus (10)
u umo Kaxcdoe pewenue ypasnenus (10) onucssaemesn gopayroi (12).

NoxkasateancTBo. Tak kak ¢QyHkuud Xy, ..., X, SBJIsOTCA
peutenusmu ypasherun (10) (cm. B)), 1o B cuay npepnowenas A) § 6
¢opmyna (12) scerna QaeT peuleHue ypaBHEHuUs (10). ITokaxem, uTo BCA-
koe pemwenve ypaencnua (10) npu Hamaexawem noaGope KOHCTaHT
¢\, ..., ¢® sanucwmsaerca B suge (12). Ilycts ¢ (f) — npounssoibHoe pe-
wenue ypasteuns (10). B cuny teopevn 3 pewenue @ (f) MOXHO Cyu-
TaTh 3agauHbiM Ha Beel mpsmoH — co<t< oo, W NOTOMY BEKTOP
@ (0) = x, onpeaenen. PasnoxuM 5TOT BEKTOp MO 6azucy hy, ..., h;

x(]:Clhl—i— “os '—}—C"hn.

Bcan Tenepv N0ACTaBUTL HaligedHusie KoHCTautel ¢, ..., ¢ B coor-
Howrenue (12), TO Mbl NOJy4uM peweHne x (f), yAOBACTBOPAOWLEE Ha-
4a/JbHbIM  yCAOBUAM

xO)=c'x, (0)+ ... +c"x,(0)=c"by 4~ ... +c"h, =X,

~(cm. (9)). Taxuy oOpasoM, peweHus @ (f) u X (f) umeior obuiue Hayamdb-
HblE 3HAUEHUst U TOTOMY COBIAAAIOT.
Wrak, reopema 11 poxasana.
Tenepb HaM OCTAa/J0Ch BBLACAWTb W3 pemieHnd, 3afanHuix (opmynof
!
(12), nelicTBuTEbHBIE DEILEHUs B CJIy4ae, KOrA2 Marpuua (aj) aefcTsy-

4 Tourparun Ji. C.
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Teanlta, [LeaeTca 5TO coBEplIeHHO TaK ke, Kak H B Cayyae NpPOCTHX
xopiiell XapakTePHCTHYECKOrO YpaBHEHHS.

I') TipehgponoxuM, yTo MaTpuna (aj.), onpenenmouyﬁ/ypaaﬂebﬂne (10),
aeicTBuTensHd Bubepem B atom cayuae Gasuc hy/f.., kB, no crmocoby,
npeaycMorpeHHOyy B Teopeme 30 (cM. § 36) magAcayuan, Korna Marpuua
(aj.) aeicreurensud Ilpn Takom BmGope OGagMca cpenm pewmenu#t (11),
NOCTPOEHHHX B Teopeme 11, 6yayT, ¢ onug# CTOPOHM, AEACTBUTENLHEIZ,
¢ Apyro# me CTOpPOlBh— NONapHO KoMpfiekcno conpsxennsie. Okasol-
paercs, uto pelenne (12y rorza ¥ TOAGKO TOraa AEHCTBHTEAbHO, KOrIa
KONCTaHThl, CTOsHLHE TpU MAQACTBHTE#HHBHIX pelleHusX, AeHCTBATENbHE, a
KOHCTaHTH, CTOAUWME MPH  KOMIVWACCHO CONPSXEHHHX pPEeLIeHHAX, KOoM-
NACKCHO CONMPAKEHDL.

Ipenaoxenune I') Hemocpe /TBOYHO BHITEKAET U3 npemaoxenus ) § 7,

B 3akmouenne creayer YTO K3J0MKEHHBIE BHILIE PERYAbTATHI
nacrosmero naparpaga TeéHo cBaA3aHEN C pesyastaramu § 7, 8. B na-
parpadax 7, 8 Cwo OJHNOPOJAHOE YypaBHEHUe AH-ro
nopsaka ¢ NOCTORHU Mo merony § 4 sr10 Yypas-
Heline Moxer OHTh

11 KOSPPULUEHTAMI
anucaHo B BHAE 1IOpMa

Tosiero naparpaga. Ilpu sToM okaswiBaercs, 4Tto Xapax-
MHOICYAEH fIOJYYeHHOH HODManbHON CHCPEeMB COBNaj2er
VCTHYECKHM MHOTI'OY/JEHOM HCXOZHOTO YpaBHEHUA.

IlMTpeo6pasoBanue NepeMEeHRHX

B) B cucreme ypasuenuft (1), onpeneasemoit nocrosHno# marpunet
A =(@;), BMECTO HEUsBECTHHX QyHKuMH

xh o, X" (13)
BBEAEM HOBHC HEHU3BECTHHIC (pyHKlll/]l/l

yh oo Y (14)

TI0JI0KVB

no -
yj:zsl{xl, j: ]7 e I (15)

i=1

rae s{~n0c10ﬂnﬁme KO3 pHILHEHTE, 006pasylonlie HEBLIDOXKIECHHYIO MAT-
puuy S:(s;). B HOBLIX HeH3BECTHBHIX HAlIAa CUCTEMd 3ANMIUCICA B BHAE:

n .
y=X0by; i=1..n (16)
j=1
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riAe MaTpHua B=(b,i') noaydaeTcss u3 MaTpuusl A no ¢opmyae
B=S8AS™\ (1n

Jlokaxem 3TO. Ilmb%pemmpyﬂ cooTHowenue #15) no £, moayuaem

= Nsl 7., n. (18)

TakuM 06GpasoM, KOMIOHEHTH BeKropa & = (&', ... ,£") npeoGpasyorca
TaK K€, KAK KOMMOHEHTH BeKTORa/X=(x",.., x"). Ha s10ro ywe
pOBeeM, OJHAKO, LOKa3aTENbCTRO,
opme coorHowenus (15) u (18)
NepenncHBAOTCA B BUIE:

yASx,  y=2SK;

Atum dopmyaa ) mokasaHa,
[oa6upas nomkHHM 06pasoM Marpuuy S, Mbl MOXeM Z0GATBCH TOrO,
yro6sl MaTpuua B noayuuna HauGonee mpocro#t Bua. Tak Kak npeobpa-
gopanne (17) matpuusl A B Marpuuy B ecTs TpaHChopManus Marpuileh S,
TO MH MOXEM HOCTHYH TOTO, YTOOW MaTpuua B MMena XOpHaHOBY QOPpMY
(cm. § 36, B)).
E) Ecau coGcTBeHHHE SHaueHus

)‘b ceey )‘n

matpuubl A cuctembl (1) Bce pas/uuHE MEXAY cob6ol, TO JauHeitnoe
npeo6pasopanne (15) MOWHO BHOIpaTb TaK, 4TO CHCTEMA (16) noay-
yaer BUE

Pr=dggh  k=1,...,m (19)

Ecam, csepx TOro, MarTpuma A [mEeHCTBHTEJbH3, TaK YTO B MOCAENO-
BATENLHOCTA Ay, ..., A, HAPAAY C KakABIM KOMIVIEKCHbIM  COGCTBEH-
HWM 3HAYEHHEM A, HMEETCS KOMIJIEKCHO CONpSKEHHOE eMy S3HaueHue

A=\, a nepemenusie (13) ae#crBuTenbHH, TO npeoGpasoBaHue (15)
MOXHO BHOpDaTb TaK, YTOOH KakaOMy AeHCTBHTENLHOMY COGCTBEHIIOMY
8HaueHHi0 \;, COOTBETCTBOBANO NEHCTBHTENHHOE MEPEMEHHOE y, a nape
KOMIIEKCHO ~COMPSXEHHHX COGCTBEHHHIX B8HaueHnh A, A A, — KOM-
MAEKCHO CONpskKeHHsle mnepemennne y* u yt=y*. Takum o0Gpasom,
COMpPSKEHHHIM  COGCTBEHHHM  SHAYEHUSIM  COOTBETCTBYIOT — COTPSNKEH-
Hule ypPaBHeHus

F=ht S =l (20)
43
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Tlyctb
M=pptby V=4 @1

Tae Pu Y B, % — meicTBuTesbHHE Beamumnd. Toraa mapy conpsen-
HHIX Mexay coboff ypasHenuit (20) MOxHO 3aMeHHTH Napo# aehicTBATE/ND-
HBIX ypaBHeHuH

B=ptf—vrt,  m=wt et (22)

Tlpoussoas Taxyio 3aMeHy IJs KaxIOR Napu KOMIJEKCHO-CONPSKEHHHX
cOGCTBEHHBIX 3HauyeHHH, Mbl CMOXEM 3aMEHMTb CHCTEMY AEHCTBUTEJbHHIX
nepeMenHbix (13) HOBOH CHCTeMOH NEHCTBHTENbHHX NEPEMEHHHX, NMpUYEM
ypaBHEHNs I HUX 4acTHyno umewoT BuA (19) (mas neHCTBHTENbHBIX
gHayeHutt A;), a 4aCTHYHO — BMA (22) (ANA Nap KOMIUIEKCHO-CONPAKENHBIX
COGCTBEHHHIX 3HaueHuR).

Ilns pokasarenncTBa mnpeanoxedns E) B mpocTpasctee R BeKTOpOB
x=(x', ..., ¥) nocraBuM MaTpuie A B COOTBETCTBHE JuHEHHOE npe-
o6pazosanne A (cM. § 34) u o6osHauuM uepe3 h, COOGCTBEHHHIH BEKTOp
npeo6pasoBanud A ¢ cOGCTBeHHBIM 3HauYeHMeM A, Ilpumem rtenepb 3a Ga-
31C B R BEKTOpH

hl, cees h,p (23)

N COOTBETCTBYIOUIHE 3TOMY 06a3ucy KOOPIMHATH BEKTOPa X 06C3HAUNM
uepes y!, ..., y". Mu noayusm TakuM 006pasoM JuHeHHOE npeobpasopa-
nue (15). B HoBoli cucteMe xoopauuart npeobpasoBannio A COOTBETCTBYET
Marpuua B, umelolias, Kak Je€rko BHAETb, AHArOHAALHBIN BHA, npuueMm
Ha AMArONajau CTOAT yucaa Ay, ..., A, Taxkum ob6pasom, cucrema (16) no-
ayvaer Bug (19).

Ecan Tenepp Matpuua A HeHCTBUTENbHA, TO KaXIOMY REHCTBWIEAbL-
HOMY COOCTBEHHOMY 3HAUY€HHIO A; MOCTaBMM B COOTBETCTBHE LCHCTBMIE/L-
HHl BEKTOP R;, @ NMape KOMIVIEKCHO CONPMKEHHBIX COOCTBEHHBIX 3Haue-

HAl XA, 1 Aj=X, — Napy KOMMJEKCHO CONPSHKEHHHX COOCTBEHHbLIX BEK-

Topos h, w h,=h,. TIpousBoabHBl BEKTOP X B HOBHX KOODAMHATAX
8anKCHIBAETCH B BUIE:

n
j .
=1
W ecau oH AeicTBUTENEH, TO KO3(QHUAEHTH FpH HEHCTBHTEAbHBIX BEK-
TOpPAaX HOJAKHB OHITh AEHCTBUTENbHH, a KO3(OHUUEHTH NPH KOMIJEKCHO
CONPSHKEHHHIX BEKTOPAX HOJKHB ObiTh KOMNJEKCHO conpsikeHn (cm.§ 7,T)).
Takum 06pa3oM, KawIoMy NeHCTBHTENbHOMY COOGCTBEHHOMY 3HAuEHWIO A;
COOTBETCTBYET NEHCTBHTENbHOE TNepeMeHHoe y’, a TNape KOMIJIEKCHO Co-
NPAKEHHBIX COGCTBEHHHIX 3HaueHWH A, W A;=X\, COOTBEICTBYIOT KOMII-
NeKCHO conpmkenHbe Beamunnn y* n yt =y~



