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NEpEnuWEeM Ttenepsb B BRAC:

. ;b}xj_——_-;bij—fi(t, X), i=1, ..., n (10)

IMpasyw uacts cooruomenns (10) oBosnauum uvepes h'(f, x). B cuay
cooTHoweHrs (9) MBl HMeeM, OYeBHIHO:

d .
mh'(t‘,, x)=0, 1 j=1,..., n 1)
B sexropho#t q»dpmé ypaBHeHne (10) moxHoO aanucafb B BHUJE
Bx=h(t, x). (12)

[pamenna K 9TOMY COOTHOWEHHIO Marpuuy B~Y, noayuuM sKsusaJeHTHOR
€My COOTHOWICHUE
x=g(, x) (13)

rae g(t, xX)={(g'(¢ x), ..., g"(t, x))=B'h(t, x). Us coorHowe-
ualt (11) caeayer: .

] .
557 & (8 X)=0. (14)

Tak kak, Kpome TOro, ypasnenue (13) sksusanenTHO YypaBHeHuio (4), &
Touka (£), X,) YOOBAETBODSAET ypasHenuuio (4), TO OHa YAOBJAETBODSAET W
ypasuenuo (13), 1. e.

g(to, xo)=xg. (15)

K ypasnennio (13), yaosaersopsiomeMy ycaosuss (14) u (15), Mu
NpAMEHUM METO [OC/IEeN0BATENbHBIX TpuGamkenntl. VIMeHHO, MB mocTa-
BUM B COOTBETCTBME BEKTOPHOR KaxaoRt dynkuus X =1 (f) BEKTOPHOro
nepemendoro ¢ dyuxuwutio P* (£), nosoxus

V) =g (¢ P @) (16)
M# Gysem nucarh (MCNOJB3YA «OliePaTOPHbIe» O0GO3HAUCHUA)
P* = Ap. an

Mul nepefizem Tenep, K IOCTPOEHUIO Takoro cemeicrsa Q nempe-
puisubiX (ynkuui P (£), uTo oueparop A NEPEBOAMT KaxAyl (yHKuuo
cemefictea 2 B (yHKUMIO, TaKke NPHHALTIEKANYIO ITOMY ceMelicTBy, ®
SBJIMETCA CaTBIM Ha ceMeficTe Q.

BuGepem ABa TaKdX MOJOKUTENbHHIX YUCAA 4 U @, YTO NpH

lt—ti<g |x—x|<a (18)

TOuKa (£, X) NPHHALICHKUT OTKPHITOMY MmMHOwectsy I' u ana Hee BuuOA-
HEHbl HEepaBEHCTBA

J k
Wg’(t, X) =7 Lj=1 .., n (19)
10 [Ioutparaw J. C.
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rae k— nekoropoe uncao, yaesaersopsouee ycaosuwo 0< k< 1. 1o
g (t, x)
ax/
HenpepboiBHa ¥ 00pawiaercs B HYA» B TouKke (f, Xo) (cMm. (14)). B cuay
dopuyast (6) § 21 asa moGux aByx Touek (f, X) u (f, y) MHOMECTBa

(18) nHnoJAHENO HepaBeHCTBO

lgt, x)—g(t, y)|<<k|x—y)| (20)

(cp. (19)). Hasnee, Tax Kak dynxnus g(¢ Xx) uvenpepesna, To Cyulect-
BYeT HACTOJIbLKO MaNoe MOJNOKUTENLHOE YHCAO 7 =T g, 4TO

1& (@t x0) — &ty x)|<(1 —&)a npu |t —t,|<r. (21)
Hoaaras B nepasencree (20) y==x, Mb noayuaem us (20) u (21) (npn
fx — x| <<a, |[t—t)|<r):
L& x)— x|=|g(t x)—g{t, x)|<
<|gt, x)—g(t, x)|+-|gt. x)—gtn x)|=<
<klx—x |40 —4k)a

BO3MOXHO, TaK Kak MHOXecCTBO I OTKPHTO, 2 Npow3BOAHan

Taxum oBpasom,
gt x) —x|<a (22)
npu YCJAOBHH, uTO
[t—t|<<r, |x—x)]<<a. (23)

Tak kark r<Cgq, 10 gas moGuix AByx Touek (£ X) # (f, ¥) MHOMECTBA
(23) swinoanennt oba nepasenctra (20) n (22).

K cemefictey £ npuuucauM KaxAylo ONpeAeseHHYI0 Ha 3aMKHYTOM
wape |f — | <Cr wenpepsBHylo ¢yH W0 @ (£), YAOBAETBOPAOULYI0 HA
HeM ycaosuio | @ (£) -— X, | <<a. U3 nepasencrsa (22) caenyer, uT0o Kax-
nas QyHkuas cemelicTea Q nepesoawTCs OnepaTopoM A B QyHKUWIO TOro
e ceMeicTBa, a w3 HepasercTra (20) caeayet, uro oneparop A sBaserca
na cemelcree & CxaTHM:

AY—Agll<<iid—eol

AAs mioOLiX ABYX @ymknmh @, ¥ cemeficTea Q.
M3 storo caeayer (cp. crp. 167—168), uto B cemelictee Q cymecr-
BYET AMHCTDEHHasd (BYHKUMS ¢, YAOBAETBOPAIOMA YCAOBHIO

o= A¢ (24)
RAW, HHAYE, TOXAECTBY
pH)=g ¢ @), (23)

KOTOPOE BKBUBANEHTHO TONXAECTBY (5).
JloxaxeM Tenepb, UTO €CIH TOuKa (£, X) MPHHAANENKUT MHOKECTBY (23)
W YRODAETBODPsiET ypasHenuio (4) (uaW, yTO TO e, ypapuenuio (13)), 10
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©OHA YIOBJETBOPSET W YPaBHEHHIO
x=g(). (26)
B camom nene, B cuay (20) mbl umeem:
lx—@@®) =gt x)—gt e |<klx—o®]

Ho tak kak 2<1, TO 5TO BO3MOXKHO JHlib B CAyyae, ecm X =@ (f).
B uyactHOCTH, TaK Kak Touka (f), X) YAOBAETBOPAET yCIOBHUIO 6), 10
ona ynomJaerBopsaer u ycaosuio (7).

Wrak, Mbl MOCTPOWNH pewenne X = (f) ypasHeHus (4), onpenenen-
HOE Ha OTKPHTOM MBOMeCTBe (, Onpene/iseMoM HEPaBeHCTBOM |t — &, <1,
B OTKDHITOE MHMOXECTBO U, copepxaiiee TOuky (£, Xp), onpeaenseMoe
nepaseHcTBaMu | — & [<r, | x — X, [< @, A9 KOTOPOrO MMEET MecTo
€AHHCTBEHHOCTb.

Takum o6pasom, Teopema 27 AoKa3aHa.

Teopema 28. Tax oce xax 8 meopesme 27, npednoroxcum, wmo
Pyrryuonarsiuil  onpedesumens

lﬂfi ¢ x)
dax/

omauten om Kyan 8 Kadxcdoi mouxe (t, X) omxpumozd MHONCEC M-
sa T'; kpome mozo, npednonoxcur, Lmo Lacmusie npou3sodnue

oft (¢, x)
o’

marace onpedencHs U HENPEPHLEHN HA BCEM MHONCECIBE r Oxasu-
sacmcst mozda, 4mo awboe pewenue x=q (t)=/(¢'(f), fied P (D)

9
ypasHerus (4) UMmeem HenpepolBRbLe HACMHbE NPOU3BOOHbE o P=

p=1, ceed k; i=1) vee _n)

=1, , R, i==1, ..., n, HQ Bcem OMKpHMOM MHOJICECT 8E G onpe-
()EfleHll}l 3M020 peuteHus.

HNoxazareabcTBo. IlycTh #,— npoussoibHas ToYKa OTKPHTOrQ
MuoxecTa (, Ha KOTODPOM OMNpeseneHo pewsenue X == (f) ypasneuus (4)
U Xo=q (). IlokaxeM, 4TO B HEKOTOPOH OKDECTHOCTH TOYKM £y YACTHHE

NPOH3BOAHBIE 6{5 CYLIECTBYIOT W HenpephiBHbI.

IlycTb @ B ¢ — TakWe NOJOKMTENbHBIE UYHUCIA, HTO NPR
t—tl<<g, |x—x|<a (27)

TOYKa (£, X) MPUHANIENKUT OTKpHITOMY MHOxkecTsy I', Touka ¢ npunaa-
JIEXUT OTKPHITOMY MHOXeCTBY G, a QyHKUNA @ (£) YIOBJETBOPAET YCJIOBUIO

[ @) — x| < a

dot
Oas sHuncnenus npousBoqHoH 527 o603HaunM uyepes e, eaAnHnyHHN

¢p
Bexrop k-MEPHOT0 BEKTOPHOTO MPOCTPaHCTBA 7, HANpaBJEHHHH no p-#t
10*



304 NOBABJIEHME 1. HEKOTOFBIE BOIPOCH AHAJIM3A

GCH, B RONOKUM b, ==F; - te, rAe # — BEKTOp npocrpaicrsa 7, a v—
AEACTBUTENBHOE YUCJIO. Torﬂ.a Mbl BMeEeM: :
d¢t (t,) BT ¢ (t) — ' (t) G

dtp e 113.,11}) T » (28)

Taxum obpasom, GysKunA
q}i (tl; ) == ol (8) — ¢ (¢,) (29)

T

Ol
ABAGCTCA NPENBAPATENbHLIM YACTHHIM TIPU BLIYHCICHWH ﬂpOMSBOﬂHOﬂ %.

BuiGepeM HAaCTOJbKO MaJOE MOMOKHTENLHOE WYUCAO 1, YTO TIpH
|8, —t | <7, || <7 BeKTOpH #; M #; YIOBJETROPHIOT YCJIOBHIO

Ih—61<g |[t—tI<g
Muoxectso (27) BHINYKIO, N NOTOMY K PasHOCTH
ity @) —f (0, @ (1)),

KOTOpas paBHa HY/MI0, Mbl MOXEM NpuMenuTb Jemmy Anamapa. Wmenwo,
Mbl UMEEM: '

/i (tm @ (1) — S (2, cp(t.))—
= j>_, Hig, 9@ —1t)+ Z Ki(t, D& () — ¢ (1)) =0, (30)

=1

rae Hi(t, 1) » Kj"(t,, ) OnpeAeaeHtl N HenpepuisHbi NP | & — by | <7,
| }<r. Tax wax

K;(tﬂi 0)""" 0x]f‘ (t(» xO),
] QJ)'HKLU/IOHH.'Ibelﬁ OnpeACAuTEND

6x1f (t(), xﬂ)

OT/NYEH OT HYAA, TO MpPH AOCTATOMHO MajoM 7 onpenenutens | Ki(t, 1)|

otauyed oT Hyas. Cumras, uto t£ 0, W nens COOTHOWIEHUE (30) Ha T,
noayuaem:

Z Ki(t, DY, V=—H(t, 't) (31)

j=1
Ara cnucTeMa ypasHeHuH OTHOCHTENLHO (YHKUMH q;j(t,, 1) paspeuinma, #

MBl NOJIyyaeM: A _
Y (4 D=yt ), (32

rae dyuxung y’ (¢, T) BenpepusHa 1 onpenesesa npy ycaosun £ —t,| <,
|t <r, He uckmoyas sHaveHus t==0, TaK KaK KO3((PUUMEHTH U Mpa-
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Bole 4acTU cucrembl (31) onpeaesneHsl s 3THX 3HAYEHWH U onpeaeauTeisb
aTO# cucTeMBl oTamndeH oT Hyas. CoorHoluenne (32),rae cesa CTONT hyHkuus,
onpeaeneHHas Juwb npu t 7 0, a cnpaBa — (QYHKILUA, ONpEAeNCHHAs U He-
npepuwisHas Npu NPou3sBoabHOM |t |< r, Nph nepexone K Npeaeay Aaer:

lim ¢/ (¢, ©)==y’(t;, 0). (33)
T —>0

/
Cooornomrenns (28), (29) u (33) noxaswiBawT, 4TO NPOU3BOAHAA %;"—)-
CywecTsyeT u HenpepbisHa upu | & — ¢ | <r.

Takum o6pasom, Teopema 28 aoxasaua.

Ilpumepwn

1. Mlycts R — npocTpancrtao nepeMeHHHx x', ..., x", @ — uekoro-
pan Touka M3 R #u

u’(x):uj(x',...,x"), Jj=1 ..., n (39)

— cucTeMa dyHKUuR, onpeaeeHibiX Ha HEKOTOPOH oxpecruocfu TOUKHK 4.
Mu Gyaem npeanonaran YTO 3TH (YHKUMH, TaK X KaK HUX 4YaCTHHE

u/ (x)

pou3soaHble —~—-, HEMPEPBLIBHBL W UYTO OQNPEACAUTE/ND (‘)YHKHHO'

0w (x)
1aAbHOH ~ MaTpunhl oxi ) OTAMYEH OT HyAd Npa X=a. Toraa B cuay

HEOPepHiBHOCTH OH OT/IMYEH OT HYAf W B HEKOTOPOH OKPECTHOCTH TOY-
ku a. [Moav3yacs dyuxunamu (34), MBI MOXEM B HEKOTOPOH OKPECTHOCTH
TOYKH @ BMECTO Koopauuar x!', ..., X" TOUKM X BBECTH HOBHE KOOP-
anuars y', ..., y* TOH e TOUKM, HONOKUB

yjr.uj(x‘,..., x”); ]=1; weey N (35)

nin B BEKTODHOHW ¢opme .
y=un(x). (36)

[eHcTeuTensHo, B cuay Teopembl 27, cucreMy CKaaspusiX ypasHe-
unit (35) waM, 4TO TO Xe camoe, BeKTOpHOoe ypasHeHue (36) MOXHO pa3-
PCILUTH OTHOCHTEABLHO X. WMEHHO, MOXHO 0OAyuYdThb BCKTODHOE peule-

Hue
x=10(y) 37

onpene/ieHHOe B HEKOTOPOH OKPEecTHOCTH TOukH & —u(a) nepemenHoro
¥, YAOBJETBOPAIOUILE TOXAECTBY

y=u@Qy) " (38)
no nepemexHoMmy y, npuuem 0 (b)=a. B cuny teopemsl 28 KOMMOHeHTHI
v (y), ..., v (¥) BekTOpa ¥ (y) UMEIOT HENpePHBHHE NPOM3BOAHHE MO

nepemeHssiM y', ..., y".
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lokaniem, 4TO Hapaay © TowaecTsoM (38) HMMEET MeCTO TOMXAECTRO
X =0 (z(x)) (39)

no nepeMenHonMy X. Ilna 3TOFo paccMOTPHM YpaBHEHHE
n{x)=u(z) (40)

CTBOCHTCARHO NEU3BECTHOTO BekTopa z:=(2%, ..., 27). Mu wnvecm oue-
BUANOE pelnelne Z == X 3Toro ypasHenus. HoncrasuM tenepn s ToxnecTso
(38) mMecTO Y QYUKLMIO 12 (X); TOPNA MBI NOJYYHM TOKIECTBO 110 X

#(x)==u (v (u(x)))

KOTOpOE MOKa3uBaCT, 4To pemiennem ypaenenus (40) spasercs dyuxius
z=90(u(x)). Ho, » cuay enuncrseHHocrn, 5T0 pemieHne J0KHO COBMa-
“HaTh C PaNee YKA3aHHBIM pelIeHHEeM Z ==X, U NOTOMY Mbl HUMEEM X ==
= (1 (x)). Takam obpasom, Toxaectso (39) nmeer mecTO.

Toxaectva (38) » (39) u nokaswvawor, 4ro npeobpasosanns (36) n
(37) anamoTca B3auMHO OODAaTHMMK ¥ MOIYT CAYKuTb Ana audpepeH-
nupyemoro mnpeobpasopanus koopauMmar X', ..., X" B KOOpAMHATH
y‘, vo.s Y7 u 00OpaTHO B HEKOTODOH OKDECTHOCTH TOUKH @ IIpocTpan-
cTra R. :

2. Ilycts R — npoctpanctso nepevenunx x%, ..., x", a — nexoro-
past TOUKA 2TCr0 NPOCTPEHCTBE o

W (x)r:nj(x‘, ceen X7, j==1, ..., k n

— cucrena pyngumti, onpeneseninx Ha AeKOTOPOH OXPECTHUCTR TOUKM Q.
Muw 6ynem npe,unonaralb yTo gynxuun (41), Tak Me Kak UX vactume

npon3soatne —a.ii ) , HENPEepLIBHW

B ¢yuknunonansHolt marpuue

on’ ,
('—;;(,x)) i=1, ...,n j=1, ..., 4 (42)

€yzem CuuTaTh, YTO WHIEKC J YKasbizaeT HOMEp CTDPOKW, a {-- Momep
cronbua, Tak 4to MaTpuua (42) mveer & Crpok m 2 croabios. 3amerus,
uI0 j-5 CTPOKa

ou’ (x) gztf(x)\
(T, cerr TR ]

npeactasaser co6oll rpamment dyuxunu 1’ (x). Ecan panr stoil MaTPRLLb
B TOYKE @ paBe# R, TO, B CAJIY HENPEPHBHOCTH, OH pdBeH 2 N B HEKO-
TOpo# OKpeCTHOCTH Touku @. B sTom cayuae dyuxunun (41) naswpaiorcs
re3asucumsimu. B cayuae, ecan paur Marpuus (42) menswe £ na we-
KOTOPOH OKPECTHOCTH TOYKM @, (PyHKiun (41) HASLIBAIOTCA 3AsUCHME MU,
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Ecrn k< m w cucrema oynxunf (41) HE33BHCHMA, TO €8 MOKHO
pononuvts dyuxnuama u*t'(x), ..., ©*(X) 20 HesaBucuMOH CuCTeMH
Ppynkuuh

u'(x), ..., t¥(x), ..., B (x). (43)

B camom nmexe, matpuiua (42) npun X =—a noCcTOfAHHA N CTPOKR €€ Ji-
HeHHO HE3aBUCUMBL. ITy MaTpUily MOKHO AOROJHUTb MOCTOAHHEIMU CTPO=
Kam¥ [0 KBaZpaTHOH HepeipoxAeHHOH. [loOas.ieHHHIE CTDPOKH MOMHO
CuNTaTh FPAAHEHTaMH AWHEMHHIX OGyHKUAR 2*7'(x), ..., & {(x).

Jokaxem Tenepp HUXKECACAYIOUIEE BAKHOE TPEAJNOKEHUE. 00NMYyCHlM,
umo pyaxyun (41) ne3asucumst, a Qgyuxyus w(x) maKose, Lmo cu-
cmema Pynxgui

u' (x), ..., ¥ (x), ©w(x) (44)

yace 3asucuma. Tozda cywecmsyem maxas gynxuyus W(y', ..., y%)
C HenpepuLBHBMIL NPOU3BOOHBLMU, UMO BHNOAHEHO MOICIECHIE0

w(x)=W(u'(x), ..., u*(x)) -(45)

no nepemerromy X. HMuane 2080pa, yHKguR o (X) supamaemcs
uepe3 gynxguu (41). _

Oas 100Ka3aTeabCTBa 3TOTO0 NPEATONEHU HONONHUM HE3aBUCHMY
cucremy (41) oo HesaBucuMo# cucremn (43) u BBEAEM NPH NOMOWIN He®
HOBbIE Koopzmuam no dopmyae (36) npumepa 1, noaoxus )

y=u(x).
[lycts x =9 (y) — obpaweune 3Toro cootnomenus (cMm. (37)). IMonomum
V)= (@) (46)
OnpenenexHas TakuM o0pasoM QyHKUUA “’/(_y)_—._“’/(y‘, e ") B meficr-
BATELHOCTH 3aBUCHT TOJABKO OT nepemMenHmix Y ..., y* (370 Mm noka-
WEM HHXKE) W SBJASETCA UCKOMOH (yHKuUueH W/(yl cevs Y. B camon

neae, MOACTaBass B cooThowenue (46) y = u (x), Mbl, B CHIY TOXIECTBA
(39), noayuuwm:
W@ (x), ..., u* (x))=w(x),

YTO COBN2A3ET C NOK&3BIBAEMBIM COOTHOMIEHueM (45).
Ocraerca i10Ka3aTb, UTO (yHkuus (46) He 3aBHCUT OT TEPEMEHHBIX

y*, ..., y* Ilns nokasatenbcrsa 00O3HauuM uyepes )" ORHY M3 ITHX
liepeMeHitiX U JOKAMEeM, uTo
ow
dy?’)-__-o. @7
Mu umeem:
n
i
W) _ Noux) i) 48)

oy ., A T A

{=
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Tax xak cucrema (41) HesaBacuMa, a cucteMa (44) 8aBuCHMa, TO T'PagMEHT
§yuxuna w annelino BHpaxcaeTca uepes rpaguedTh ¢ynxuuit (41), 1. e.

ow(x) __ lau (x)+ A+a kduk (x) , n, (49)

Toxt oxi ? i=1 ...

rne a;, ..., Q, — HEKOTOPHE QYHKUNH OT X. YMHOXas COOTHOWeHus (49)

Ha 06y n cyMMuUpys no I, noayuyaem:

oW (y) ou* (x) dv' (y) ouk (x) ovi(y)
oy’ ““‘i “oxt ot 2 axt oy (00

= i=1

Ho wmbt umeem, ouesuaHo,

ous (x) dv" o0vt(y) _dyS .

2 ot g =0 s=1. L,k
e

(n60 r>> k). Takam obpasom, npasas uacTb coorsowenns (50) pasHa

Hyio u coornoienne (47) noxasauo,



NOBABJIEHUE 11
JMHENHASl AJTEGPA

B stom nmoGaBreHud u3naraioTCs T pe3yabTaTel aunelnolt anreGpm,
KOTOPHE UCMOAL3YIOTCS B HEKOTOPBIX, HAMMEHEE 3JIEMEHTAPHHIX TNAparpe
¢ax kuura. Caenyer OTMETUTb, 4TO § 36 OMHPAETCA TONLKO Ha PE3yAbe
tatol § 34 » CcoBCeM He WCMOJAL3YeT pesyabratos § 35.

§ 84. MunumajbHb auRyIMPYIOMERA MHOrOuAeH

Cob6cTrreHHbe 3HaYeHUsR U COOGCTBEeHHEE BEKTOPHM
A) Kaxpo#t kBaapaTHOH MaTpuue
A=(a;ﬁ), L j=12 ..., n
NOpAfKa N, SAEMEHTaMH KOTOPOH #BARIOTCH AEHCTBUTENbHHE WIH KOMMe

JIEKCHBIE YHCA3, COOTBETCTBYET JuHeHHOe npeoGpaszoBanue A BEKTODHOre
KOOPAMHATHOIO MPOCTPaHCTBA R Pa3MEpHOCTH #; HMMEHHO. BEKTOPY

x=(x', ..., x")
NpOCTPaHCTBa R CTaBUTCA B COOTBETCTBUE BEKTOP
Ax=y=0" ..., ')
onpenenseMblfl COOTHOWIEHUEM

yi=> aj'ij.
7

Hynesott maTpuie O (BCe 31€MEHTH KOTOPOH DaBHH HY/I0) COOTBETCTBYET
npu 3TOM HyJesoe npeoOpasopanue 0, nepeBopsuiee KamABH BEKTOD B
nyab. EpnnuuHod matpHue

. 0 npu i#j,
E=(@! 3=
@ (’ {lnpnizj)

COOTBETCTBYET €AMHMYHOE, MAM TOXAECTBEHHOE npeobpasoBanne E npo-
cTpancTBa R: ’
Ex=ux.
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1 n
Ecau B npocTpancTee R BBeicHs HOBBE KoopauHarol X', ..., X, cod-
83uHBle CO CTapbiMu Koopiunatamn X!, ..., x" opmy;namu nepexosa

= skl
B B MAaTPUYHOH sanucu

X ==8x,

T0 npeo6pasoBanuio A B HOBOH CHCTEMe KOOpAWHAT OYAET COOTBETCTRO-
BaTb Marpuua
'=§ASL 1)

Hoxaxem coornowenne (1). M umeem:
Yy=8y=8SAx=8AS'¥.

B) Ilycts A — aunefinoe npeoOpaszosanve u A -— MaTpuua, <oOOT-
BercTsyloman npeo6pasoBaunio A B HEKOTOPOH CHCTEME KOODAMHAT,
Otanunbit OT HYJR BEKTOD A HA3KIBACTCA COOCMBEHHLIM BEKMOPOM TPe-
o6pasoBanusi A, a YACA0 A — COOCMBERNBIM 3HQUCNUEHM STOTO Npeobpa-
80BaHNA, COOTBETCTBYIOWMM BEKTOPY M, €CU BHIMOAHEHO COOTHOILEHHE

Ah == \h. (3]
Jletepmunant marpuusl (a;--— 28}):
D(2)=|a) — 28} ==| A — 2E]

HI3BIBACTCH  XAPAKMEPUCMULECKUM MHO204ACHOM MaTpwitet A. Oxasol-
B2CTCH, 4TO KO3(hduuuenTs mHorouaesa {)(z) ne 3asucarT OT swbopa
CHCTEMB KOODAMHAT, a MOJIOCTLIO OfpeledsoTcs npeobpaaosanneM A.
ITostomy muorounes D (z) Ha3bBaETCH TIKKE XaPAKTEPUCTHYCCKUM MHO-
rouneHoM npeobpasosauna A. [lanee, 4uca0o A TOrag@ W TOALKO TOrAm
AB/9€TCA COOCTBEHHBIM 3HaueHHeM npeoOpasoBanns A, KOrZa OHO €CTh
KopeHs MHOrouneHa D (z).

[okaxem nesasucumocT muorousena D(z) or snifopa cucTemb Koop-
aaar. B wosofl cucreme koopauHar npeobpasoszuuio A4 COOTBEICTBYer
matpuna S AS), roe S — nekoropas Heswpoxcnesnas Marpuua (oM. (1))
Mn umeem:

|SAS? — 2E|=|S AS™ — 2SES | =|S(A — 2E) S | =
=|S|-|A —zE|-| S| =|8]|- |4 — 2B|- |S[ =] A — 2F|.

3annwem Terepb B KOOPAUHATHON Gopme cooTHOwenne (A —AE) h =0,
pacuocuraniioe cooTHowenuo (2):

n

M@ —m)hi=0, i=1,..,n

J=1
3Ta @ncTeMa OAHOPOIHLIX YPaBHEHWH TOTA3 M TOALKO TOMAA AONYCKAET
uenyngroe peweune h', ., , h" koraa perepmunant D(A) 3708 cucreMH
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paen Hymo. Takum o00pazoM, Kaxzuh kopewb A muoreuncHa D(2) ss-
AseTcs coOCTBEHHBM 3HaueHUeM npeoGpasoeanus A ® oOpaTHo.

B) Ecau coGCTBeHHBIC 3HAYEHMA Ay, ..., A, 1peobpa3oBaHns A noNapHo
pasnMuub, TO COOTBETCIBYIOIWE UM COOCTBeHHHE BeKTOpH Ry, ..., By
JAMHERHO HE3aBUCHMBL. :

HokazateabCTBO HMHAYKTUBHOE — no uncay k. Ilpp k=1 3710
yTBepxaeHue OueBHAHO. [lonmycTvM, YTO CHO BepHO AR k— 1 BexTopa,
m JOKaxeM ero aas &k sexropos. [fonycram, uro aik -+ ... L ak,=0.
[Tpumensin K 5TOMY COOTHOLWLEHHIO npeobpasopaHue A, NOJYuHM:

ahhy -+ .. ek, =0
¢ Apyro#i CTOpOHY,
A (ayhy 4~ ... F+al)=0.
CocTaBass PAasHOCTb HaWJEHHBEX COOTHOWIEHWH, MOAyuaeM: |
a (=M By L gy (g — M) By =0

OTCI0A3, M0 PEANONOKEHHI VHAYKIRR, CAEAYET, 4T0 q; == ... =81 =0,
¥ MCXOMHOE COOTHOWIEHUWE CBOAMTCA K ayh, =0, otkyna a,=0.

TakuM 06pa3oM, ecau BCe KODHH XapaKTepUCTHUYECKOTO MHOFO4IENE
D(2) pasauuHbl MexAy coGo#, To Mbi MOKeM npuHsATb 3a Gasuc mnpo-
ctpanctea R coGcrsennbie BekTopw hy, ..., R, npeoOpasosanns A.
B stom Gasuce mpeo6pas’oBahuio A COOTBETCTBYET HMarOHajlbHas MaTPHHA.
B o6uieM cayuae npuBefeHue MaTpuubl npeo0pasopaHus K AnaroHaAbHOA
dopMe HEBO3MOXKHO, M BO3HUKAIET HEOOXOANMOCTb [OCTPOEHHS CPaBHH-
TeNbHO CJOXHOH TEOPHR, K W3/NONEHHWIO KOTOPOH Mbl M MEpexoauM.

MuHuManbiblhh aHHYZAHDYWUHHE MHOFOUNEH

T) Keaaparunie MaTpuubl fAOPAAKa 7 110 H3BECTHLIM MPABWJIAM MOryT
CKAALLIBATHCA W MCPEMHOKATLCH MEMAY COOOH, a TakkKe YMHONKATBCR HA
YMCA3, ITUM OMEPalusM HaJ MaTPHLUAMH COOTBEFCTBYIOT T€ K€ ONEPanuM
Han npeo6pasopanusamu. Takum cGpasoM, eciau

f@=a" +oz" "'+ ... +a,

— MHOTOWJEH C JeHCTBUTEJLHBIMH WAM KOMILIEKCHHME Ko3hduunenramn
OTHOCHTENILHO NEPEMEHHON 2, TO, NOACTaB/SS BMECTO 2 B ITOT MHOFO-
unen Marpuny A, Me MojyvaeM MaTpuily

F(A)=aA™ + A" - ... +a,k

SBASAOULYIOCA MHOrOWAEHOM OT MaTpuusl A. AHanornyno onpenensercs
muorounen f(A) or npeobpasosanus A. Ecam f(2)0, a wmarpuua
7 (A) ssaserca nynesofi (8 5ToM cayuae npeoGpasosanve f(A) Takxe, ode-
BHAHO, ABAACTCA HYJIEBMM), TO MHOTOWIeH f(2) Ha3kIBAETCA AKHyAU-
pylauus Marpuny A u npeoOpasosanue A. Oxasminaercs, 4To Xxapakre-
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puctuuecknfi Muorousen D(2) mMaTpuust A anuyaupyer Mmarpuiny A:
D (A)=0.
Ins A0Ka3aTenbCTBA PACCMOTPHM N-MEPHOE BEKTOPHOE HPOCTPAHCTBO

R ¢ 6asucom
eb eﬂr cee g en

# PacCMOTpuM COOTBETCTBYWULYID 3TOMY 6a3ucy KOOPAUHATHYIO CHCTEMY,

TaK 4TO
&=, ..., 1, ..., 0),

rae xoopamnara 1 crour na j-m mecre. O6Go3nauum uepes A npeofipa- .
soBaHue, KOTOpOMy B BHOpauHoM O0asuce COOTBETCTBYeT MaTpuua A.

Torpa mpl umeem: )
_— \ s
Ae;=a s,
§

HAKM, 4TO TO IXKG,
\NY (oSE . 8s —_—
D(@E —3A)e =0. 3)
$
Honoxum:
L5(2)=as — B85z
7 (@ ] i
3nech L}? (2) ccTe MHOTOUACH OTHOCHTEALHO 2 CTeneHun HyAb Wan
eanuila, a
(L7 (@)
/
— MaTPHLA, COCTABJICHHA U3 MHOrouaenos. AjreGpanyeckoe AOTMONHEHHE

saementa L} (2) B 3ToH marpuie oGosnauum uepes M} (2), TaK uTO umeer
MeCTO CooTiolueHne

3 Ml (2) L} (2) = 8{D (2). 4)

Ysunoswan coornowenne (3) cresa na wmuorounen MI(A) u cymmupys
NOJYYEHIOE COOTHOWEHHE MO J, noJydaem, coraacHo (4): '

3 M(4) (@E —8A) es= 3 Mi(4) L] (A) es = 35D (A) e, =
" ! T =D(A)e,=0.

Takum oOpasom, npeoGpaszosanue D (A) nepeBoaut Bce Ga3uCHbIE BEKTOPH
NpOCTPAICTBA R B HYJb M [OTOMY SABJAETCA HYJAEBHIM, a 3HAYUT U COOT-
BeTcTBylomas npeobpasosaumo D(A) marpuua D(A) Takke sBasercs
HyJIeBOH:

D(A)=0.

II) B muoxecTse BCeX MHOrOWIEHOB, AHHYMAPYOWHMX MaTpuuy A
(wmu npeobpasosanne A), uMEETCst EAMHCTBEHHDBIA, C TOUYHOCTHIO A0 YUC-
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N0BOrO0 MHOXHTENS, MHOrOWJeH A (2Z) MUHMMARLHOH CTENEHH; STOT MHOrO-
wieh A(2) ABAfAETCA JeMMTENEM BCEX OCTANLHHIX MHOFOWIEHOB, aHHYMW-
pyolMX Marpuny A; OH Ha3blBaeTCA MUNUMAAbHbLAM MHOFOYICHOM, 8HHY-
aupywowaM Marpuuy A. B npanbnefiiem Gyner npennonaraThes, YTO Kosdg-
¢uument npu crapmel creneHn mHoroudena A (z) pased eminaue. B cay-
yae, ecau Mmarpuia A geHcTBHTeNbHa, MHOrousen A (2) netcrsutenen.

HOns noxazatenncTsa mnpeptoxenns Jl) HanomHuM, uTto ecan f(2) =
g(2) —Ba [POHM3BOJBHHIX MHOrOuMeHa, a d(z) —nx. obind HauGoAwL-
mul ReANTENb, TO WUMEET MECTO TOWAECTBO:

d()=p @ f()+q(2)g@), )

rae p(z) u ¢ (2) —noaxoasuiuM 06pa3oM BHIOPAHHBLIE MHOTOUJEHH.
CyumectsoBanue ToxaecTBa (5) MOKA3BIBAaeTCH MPH MOMOWM anropuima
JeaeHns MHorouseHos. W3 coorHowenus (5) caenyer, uro €cam MHOro-
unenst f(2) 0 g(2) aHnyaupytor ‘marpuny A, TO ux o6wui HauGoabLwwA
aeantens d(z) Takxke annyaupyer marpauy A. Us I') caeayer, uto mmo-
rowIeHsl, aHHyaupywouine marpuuy A, cywecrsyior. Ilycts teneps A (2)—
MHOFOUY/IEH MBHUMAAbHOH CTENeHW, aHuyaupyiouled matpuny A, n f(2)—
NpON3BOJBLHBIH MHOTOYNeH, Takwe aHHyaupyowmt matpuuy A. Ecan 6u
Muorounen f(z) He Aenuacs ua MHorouaed A (2), To oGuiult, HanGoabuIMA
AeAnTeMb STAX MHOTOWJEHOB HMeN  OHl CTENEHb, MEHbUIYIO YEM MHOro-
unen A(2), 9 Taxxe amuyamuposan Gu Marpuuy A, a.9T0 nmO Npeanono-
»eHnio -Hepo3Moxno. Tlycrs -Teneps . Marpuua -A AeliCTBATENbHA; TOTAR

Takum o6Gpazom, mHorounen A(2) anHyaupyer Matpuuy A @ notomy
peautca Ha A(2), a 5T0 BO3MOXHO Jduib npa A (2) == A (2). Takum oGpa-
som, npepnoxenne J1) gokasano.

E) ITycte A (2) — MunuMabHBI} alUyAUPYIOWHH MHOrOUNEH MaTpHub A,
Yucno A TOFAA B TOMBKO TOTAA 9BJSETCA COOCTBEHHBIM SHAUEHUEM
MaTpuubl A, KOria OHO €CTb KOpeHb MHorouneHa A (2).

~Jlns mokazateabcTBa 0003HaynM uvepe3 A npeoBpasoBaHue N-MEPHOro
KOODAMHATHOrO BEKTOPHOrO. NPOCTPAHCTNA, COOTBETCTRYIOUEE MaTpuie A.
3amernM, uto ecan f(2) — npOMBOALHLIA MHOTOWJEH, TO

ws Ah=0>h cnenyer f(A)h=/()h. (6)
B camoM aene, Mbl uMeeM: -
Eh=h, Ah=>M, Ah=AMu=N\h,..., A"h=1\"h.

VYMiioxad 3TU  COOTHOWEHWS . 'HA KOshdUUUeHTH - MHOroudeHa f(z2)
» CKJaObBas WX, NOJNyyaem cooTHoweHne (€.

Honycrtum, uto A ecTh CcOGCTBEHHOE 3Hauenwe MaTpaubl A; toraa
cymecrsyer Takoh Bektop B 70, uto Ah=»\h, u u3 (6) caexyer
AA)h=AMh; no t1ak kax A(A)=0, 10 A(R)=0. OG6parHo,



814 LOBABREHHE 1. AMHERHASl AJITEGPA

nycts A -—Kopedh wMuorouwieHa A(z); rorra A(2)=(z—N)T(2). Tak
kak A(2) eCTb MUHAMAMLHBIA aHHYAHPYIOMMH MHOLOUAEH MaTpHibl A,
10 Muorounen I'(z) ne aBaseTCA AAS HEe AHHYMHDYWOILHM M NOTOMY
matpuna T{(A), a caenosarensHo, M npeoBpasosanue [ (A), OTAHuHBHL
or nyas. Takum oOpasoM, CYMECTBYeT BEKTOp X, 149 KOTOPOro
FAx=HW=+0, u« ma nveeM 0=AA)x=A—-M ) A x=
=(A —AE)K, u, cnexosateasho, AW =2MIB’, Tak uto A ecTb coOCI-
BeI{HOE 3HaueHHe MaTpuud A.

Hrak, npeanowenue E) noxasano.

KoopanHaTiioz BekTOopHOE MNpOCTPaHCTBO R, CMOTPR 10 NMagolHoCTH,
MOXET pacCMaTpUBAaTLCA KAK  HEHCTBUTEJbHOE, Korga B 1em Oepyrcs
TOABKO BEKTODH € [EHCTBUTE/DHHMH KOODAMHATAMH, N XaK KOMIEK- -
CHOE, KOTAa B HEM OEpYyTCA BeKTOPH C KOMIJSKCHHMHY KOOPAUHATAMH.
Ecan x._‘(x, «..ys X") €CTH BEKTOP KOMIXEKCHOTO DPOCTPAHCTBA R,

TO x—-—(x‘ N ﬁ) €CTb BEKTOp, KOMILICKCHO CONPSHKEHHBIA ¢ x.
Ecan § ectb nOARPOCTPaNCTBO KOMIMJEKCHOTO npocTpaucTsa &,

NOANPOCTPAHCTBO S, COCTaB/JEHHOE W3 BCeX BEKTOPOB, KOMILIEKCHO
CONMPSKEHHLIX C BeKTOpamu n3 S, CUMTAETCA KOMMAEKCHO CONPSIKEHHHIM
€ NOANpOCTPaHcTBOM S.

Komnaexcnoe (unm AeficTBUTEAbHOE) MPOCTPAHCTBO R CudTaeTcs
Pa3fOXeHHkM B MPAMYI0 CYMMY CBOUX mnoanpocrpaucts S # 8, ecan
KX bl BEKTOD X #3 R MOXET ObiTh, U NPHUTOM EAUHCTBEHHBIM CHOCO-
060M, 3anuCan B BHAE CYMMEL :

x=x| “i—‘ x-.;,

rae BeKTOp X; npuauassexuT nognpocrpanucrsy S, i=1, 2.

W) Iycre A(z)==A(2) Ay(2) — pazioxeHne MHHEMAJIBHOTO aHHy-
JUPYIOUIEro MaTpuiy A MHOrQW/IEHa Ha ABA B3aMMHO NPOCTHX MHO-
wurean. O6osnawam wuepes §; (I==1, 2) unuehuoe DOANPOCTPAHCTBO
NpOCTPancTBa R, cocrosulee U3 BCEX SEKTIOPOB X U3 R, yAOBAETBOPSIO-
mux ycaopawo A; (A)x=0, rue A — npeobpazosanue ¢ Marpaued A.
Oxaspinaetcs, 4T0 NPOCTPAHCTBO R PacmafaeTcs 8 NPIMyld CYMMY CBOMX
noanpocrpancts 8 n S, (Ecau marpuna A komniekcua, To0 B8 QopMy-
JUPOBAHHOM 3[8Ch YTBEPXKACHAH NPOCTPAHCTBO R caeAayeT CYHTaTh KOM-
uexkcHsiM,) JonycraM Tenepb, uto Marpunma A jAedcTBHTENbHA; TOrAa
CNeNyeT OTMETHTb JBA BakHBIX cJayyas. 1) Muoxurena A(2) u A,(2)
NeHCTBUTEbIIB; TOIAA MPOCTPaHCTBO R ¥ €ro NoANpOoCcTpancTBa S u S
MOXHO cuuTaTh jaeHcTBuTeNbHBIMH. 2) Muoxarenn A;(z) 1 Az (2) xom-
TJIEKCHO CONpPsKeHbl Mexay co0oH; Toraa mpocrpaHcteo R caeayer cuu-
TaTh KOMIJICKCHWM, @ €ro MOANPOCTPaHCTBA Sy 4 S OKAa3kIBAIOTCA KOM-
NJIEKCHO CONPAXKENBIMHA. |

Ioxawem npesnoxenne XK). Tak xak muowxutena A;(2) u A,(2)
B3AUMHO APOCTH, TO MMEET MECTO TOMKAECTBO

1=pi(2) A, (2) - P2 (2) Ay (), » ()
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rae pi{z) w py(2)— nannexcauunt o6pasoM NOAOOPANHHE MHOFOUJIEHH
(cm. (5)). 3amerny, uro ecau muomntean A;(2) u A,(2) neficTeETEIBHH,
TO MHOrOuleHn py(2) U pyf2) MOTyT OHiTH Bmépanu el CTBHTEALHRIMH,
T3K KaK OHW IOAYYalOTCs 0P MOMOMIM aJrOpHTMAa LeJEnds K3 MHOTO-
unenos A, (2) v A, (2). Ilycrs Teneps x—-npouauonbﬂmﬁ BEKTOD M3 - R}
B CHIY (7) nMeeN: :

x=p (A) A (A) x4 (A) Ay (A) x.
[Tonaras
xi=p(A) 8, (A)x;  xa=pi(A)Di(4) x,
MU [OJIYNaeM Paslokelne X == X, -~ X, NPUUEM
A(A)x, =4, (A)p(A) Ay (A) x =p,y (A) A (A) x =0,
Ay (A) xy=0D09(A)p1 (A) A (A)x=p, (A)A(A) x =0,
TAK WTO BEKTOP X; NPWHAANEKHMT MNOLNPOCTPAHCTBY S;. Ecm Teneps

x=xi + xg—KaKoe»nu()o passioKeHHE BEKTOPa X B CYMMY, B KOTOpOH
x, npunagaexnar §; (=1, 2}, 70 B caay (7) Ma nmeem:

— 1 (A) A (A) Xi - s (A) A; (4 xi = pa (A) Ay (A) (X} + 5) = x5

TOYHO TaK XK€ X3=Xg W CAWHCTBEHHOCTb Pa3NOKEHAR AOKAIAHA.

Fcan matpuua A neHcTsuressHa m muoxurend A, (2) 4 Aq(2) neh-
CTBUTE/BHE, TO, HCXOAA W3 AEHCTBHTEXNBHOTO BEKTOPa X, M MOJyuaeM
LeHCTBUTEMbHLE BEKTOPH Xy W Xy Ecnu we martpuua A neiicteurensua,
a muoxutesn Ay (2) v Aq(2) KOMIAEKCHO COMpPsXKEHB, TO BEKTOPHHE MOA-
npocTpancTBa S, ¥ S; B CHIy CaMOro CBOEro ONpEAE/NCHH# KOMIIEKCHO
CONPRIKCHDL.

Taxum 06pa3oM, NpeanoKeHue )K) JI0Ka3aHo.

3) Mycth A — nunelnoe npeoGpasoBaHue n-MEPHOro MPOCTPaHCTBA R,

)‘b )‘2’ (RS )‘r
— COBOKYMHOCTb BCeX COGCTBEHHBIX 3Hauenn# 3TOrO npeobpasopailns,
AR)=(z— MM (2 —M)*...(2— L)

— MUHAMAJAbHHIE auHyaupylowul MHOrousen npeobpasosanna A n

D(2)=(—1)" (z — )% (e — W)=...(2 — )" ®)
—- XapaKTepUCTHUEcKnH MHOTOuReH npeobpasosatus A. Tak Kak MHOrOUAEH
D(z) neawrcs Ha MHorouaen A(z), o

qi=k,  i=1, .., 1

B cuny npeanoweums 2K) npocrpaHctso R pasmaraerca B npsmylo
cysymy cBoMx noanpoctpaicts Sy, Sy, ..., S5, rae § COCTOUT U3 BCEX
BEKTOPOB X, yJOBAETBODAIONIUX YCAOBHIO

(A—NE) i x=0
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OxaspiBaerca, 4TO pPd3MEPHOCTb npocTpancrsa §; pasna ¢;. Yucao ¢y
Ha3bIBACTCH Kpamuocmsio COOCTBEHHOTrO 3HaueHus A;.

Iloxaxem, uTO pasMepHOCTs NpocTpaHcrsa §; pasua g¢; Ilpo-
CTPaHCTBO §; uHBapuanmrHo OTHOCHTENLHO NpeoGpa3oBanua A, T. e.
AS; conepxuarca B S;. Taxum o6pasom, ecim B npocrpaiictse S
Buifpan HekoTopmi Oasuc, T TpeoOpasosaHnio A, paccMaTpHBAEMOMY -
Ha §;, COOTBETCTBYET HEKOTOpasa matpuua A; nopsika p; rae p; — pas-
MepaocTs mnpocrpaucrsa S;. Ecanm 6Gasuc npocrpanctBa R COCTaButh
u3 6a3ucoB BCEX NMpPOCTPAHCTB S;, TO B NoayyeHHom Oaznce npeobpa3o-
Banui0 A OyneT COOTBETCTBOBAaTb MaTpuua A, COCTOAMAA M3 MaTpHi
A,, ..., A, pacnonoxeunsx BAOAb AHaroxasn Marpunn A. U3 sroro
BUAHO, UYTO XAPAKTEPUCTHUECKMH MHOrounen npeoOpasosanus A npoct-
pauctsa R Oyaer paseH I[IpOU3BEIEHHIO

Dy (2) Dy (2) ... D, (2),

rae  D;(2) — xapakrepucrtaueckuil muorounaes npeoGpasosanns A, pac-
cMarpusaemoro Ha noanpocrpadcrse S;. Tak kak A; (2) =(z — A)*i ecto-
aHiyMpyiownid  Morousen npeo6pasosanus A Ha noanpocrpascrse S,
10 npeobpasosanne A na S; nMeer 1wk OAHO cOGCTBEHHOE 3HaucHue ),
U NOTOMYy  XapakTepucTuyecku#t — muorounen  D;(z) uvMeer sul
(— 1)P:(z — A;)P1, nbo cretieHb ero pasHa MOPSAKY Marpunil A;, T. e.
pasmepuoctu p; npocrpancrsa S;. Crenposarensio, Mpt umeem [(2) ==
=(— 1)y (z—M)Pr{z—2)P: ... (z—A)Pr, u noromy p; =g, (¢ (8)).
Takuw oOpasom, npesaowenne 3) HN0OKa3aHo.

§ 356. ®Pynkuunr matpun

B srom naparpade mut ne OyaeMm penart pasanuus Mexay 1peolpa-
sosauem A u coOTBeTCTsywuie# wmarpuuefl A, Tak Kak cucrema Koop-
anHaT e Oyaer meHateca. Kpome rtoro, 8 sToM maparpade Oyayr uCmoJi,-
BOBAHBL [EKOTODLIE CBEAECHUHN 43 TEOPUH PYHKUUA KOMILIEKCUOrO nepe-
menuoro  (cm., wanpumep, WM. M. ITpusanos, Bseleuse 8 rteopuio
Gyuxuuit xomniekcnoro nepesentoro, @asmarras, 1960).

Marpudneie CTERECHHDBE DAL
A) flyces
‘ A=z — )" =)™ ... (e = 1) )
k>0, 1==1,...,r k-tk+.. k=t
— MUtMMaNbHBIA aHUY UYWL IH MHOrouAen Marpuust. A, npiues
Mo Ay eens M @)

—ero mofapyo pasanydsie KOpHd. B cuay npeasoweuna E) § 34 wucaa
(2) cocrasinor COBOKYMHOCTL BCEX COGCTBEHNBIX BlAUemd Marpuun A,
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losopar, uto Ha cnexmpe mampuys A 3adana Pyuxyun W, echa
KaXaoMy COOCTBEHHOMY 3HaueHuio A; MaTpuusl A nOCTas/ieHa B COOTBET-
CTBUE [IOCAEAOBATENAbHOCTb ULCEN

W ), W@, ..., WED Oy, =1 ..,r 3

Ecau W (2) — HexoTopad QyHKUHA KOMIJIEKCHOTO IEPEMEHHOro 2, roao-
mopuan B TOUKAX A; TO, NOHMUMAas NOA uucaamu (3) 3Hauenue caMmol
(dyHKuMn U ee NPOM3BOMHBIX N0 TNopsiKka k; — 1 B TOuKe A; MBl noay-
waem @yHkuuo, sagaHuylo Ha cnextpe matpuusl A. Ecam aaa aeyx
dyHKuUll  KOMIIEKCHOTO NEPEMEHHOro 2 3HauyeHua (3) COOTHETCTBEHHO
€OBMAJAIOT, TO FOBODAT, YTO 3TH ABE (YHKUUH cosnadaim KHa cnexms-
pe mampuys. A. OkassiBaercs, uro asa mHorouneHa f(z) u g(z) voraa
W TOALKO TOFAA COBMAZAIOT Ha crektpe Matpuum A, korma f(A)==g(A).
Jlanee 0Ka3biBA€TCH, YTO, KaKOBHL Gbl Hu OB/ MPOH3BOJLHO 3aLaHHBIE
uncna (3), Bcerma CywecTByeT €AMHCTBEHHHIH MHOroudaeH ¢ (2) creneHd

<<k — 1, 3sHaueHHA KOTOPOro Ha cneKTpe Ma’l‘pﬂubl A COBMafAT C uuC-
namn 3) 1 e

0D =WD0),  J=0, o by L=y r | (9

ITpu s10M KO3 HIMEHTH MHOTOUW/IEHA ¢ (Z) ABASIOTCA JHHEHHRMH (yHK-
nusMd seanyud (3) U NOTOMY HEMPEPHIBHO 33BHUCAT .OT HHX.

llokawem 9TH yTtsepwaeHus. Ionoxam h(2)=f(2) —g(z). Ecm
f(AY=g(A), T0 h(A)=0. Janee, ecan 3HaueHus MHOrouisenos f(z)
n g(z) Ha cnekTpe Matpuus A CoBnanawTt, TO (ynkuus h(2) Ha cnek-
Tpe marpuusl A obpautaetcs. B Hyab. Taxkum o0pa3oM, yroOm /0Ka3arh
Ty YacTb yTeepaenuws A), KOTOpas OTHOCHTCA K "MHorounenam f(z) u
g(2), AoCTarouio A0Kasarb, YTO MHOrouileH h(z) T0rAa ¥ TOMBKO TOrAa
aniyaupyer Marpuily A, xoraa oH o0pailaercs B HyJb Ha CNEKTpe 3TOH
matpuutet. Joxaxem 310. [onycrum, 410 MHOrouaeu A (2) aHHyaupyet
matpuny A; toraa s cuay npeasoxends J1) § 34 on xeautca Ha Mioro-
unen: A(z) u NOTOMY uMeeT uucJA0 J; CBOMM KODHEM KPaTHOCTH ne
mensue %; {ca. (1)), a u3 sToro caenyer, yro o oO0pallaeTCa B 1yAs
na cnexrpe marpuunl A. Ecau wmuorousnen h(z) obpawmaerca B Hyab
Ha CnexTpe Marpuitel A, TO OH HMEeT 4YHCJHO0 A; CBOMUM KOpHeM Kpart-
HOCTH HE MEHblUe k; u MOTOMy Heautcss Ha MuorouwteH A(z) (em. (1)),
oTkyaa ciaeayer, uro k(A)==0.

Jloxaxem Temepb Ty 4acTb NpeAsoxenus A), KOTOpas OTHOCHTCA K
dyukuun @ (2). COBOKYNMHOCTb COOTHOWIEHHH (4) MOXHO PACcCMAaTPUBaTH
KaK CHCTEMY JMHEHHLIX YpaBHEHHH OTHOCHTEIbHO KOI(GUUHEHTOB MHO-
rounesa ¢ (2); cucreMa 3Ta uMeeT k ypaBHeHWH u Rk HeusseCTHnIX. [l
ROKa3aTeNbCTBA yTBEPKIEHH A) ROCTATOUHO YCTAHOBHTb, UTO JAETEPMA-
HaHT 9TOH CUCTEMLI OT/AMYEH OT HyJad, a JJA8 3TOr0 B CBOIO ouepeds
JOCTaTOUHO 10Ka3aTh, YTO B CAyuae obpauieHus B HyJb NpPaBHX yYacTed
9THX YpaBHEHHH# uMeeTCs JMwWb HY/eBOH MHOroudaen ¢ (2), yAoBIeTBOpA-
jouttd  ycaosuam -(4). B cayuas. ofpauienua 8 uyas upasbiX  uacrefi
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ypasuennit (4) muorowien ¢ (2) o6pauiaerca B Hy/b Ha €nexTpe MaTpaus A
R NOTOMy B CHIY paHee JOKa3aHHOTO MNeNMTCA Ha MHOrouneH A(2), a
YaK Kax Ol WMEET CTeneub ne polme 2— 1, T0O OH TOMCUECTBEHHO DaBseH
HY.1O.

Takum 06pa3oM, npeanoxenue A) 10Kazano.

B) Ilycts A — nelcTBUTE/IbHAT MATPHIA;, TOTAd MEHAMAJLHLID aHHy-.
aupywiit ee muorouwred A(z) pedcturened (cm. § 34, 1)) u notomy
Hapsay C KamkabiM ero kopueM A; (cM. (1)) HMeerTcs KOMIJIEKCHO CONps-
XEHHBIH eMy Kopenb A; To# xe Kparnocrd. OKaskiBaeTes, YTO €CHn wie-
&a (3) ynoBaersopsioT YCAOBUSM:

w) (7:)=’*W‘_”(iz), j=0, .., k—1, i=1,..,r1 (5

TO MHOrouJed ¢ (2), onpeseseHunil cootTnowenusmMn (4), neficrsutesncn, a
notoMy Marpuua ¢ (A) Takke JelcTsurenbHa.

Ilas pokaggrenpcTsa npensoscenus B) 0603RaUNM  KO3@(pHIKHEHTH
muorounena ¢ (2) uepes ¢!, ..., o*. Cucremy ypasuenuit (4) oTHOCHTENb-
HO HeussecTHHX @', ..., ¥ MOKHO, HE BHUKas B noapoGHOCTY, 3anuCaTh
TenepL B BHIE: :

k
Nad=d*, o=l ..,k (6)
=1

Cuctema 31a B cuay ycaosuit (5) oGnajaer Tem CBOUCTBOM, YTO HAPSRY

C KaXKDBIM €€ ypaBHCHHEM B Hel MMEETCA U KOMIVIEKCHO CONpPsiKeHHOe
€My ypasHeHHe, T. €. ypaBHeHue

k_

@ B — g%
dlcr et =d"
f=1

ITepettaen Tetreps OT paseHCTB (6) K CONPSKENNNM MM DaBCHCTBAM

k
N g=2. ay
=1

CoBoxynHOCTb €OOTHOWEHMH (7) DPEACTaBASeT €o6OH cucTEMy NuHEeHHBIX
ypapleHali OTHOCHTE/bHO HEHU3BECTHBIX ¢ ..., cp". Opmnako Beugy ¢op-
MyJHIDOBIHHOrO CBOHCTBA CUCTEMH (6), cucTeMa ypapHesnit €7) cosnapna-
eT ¢ Heft, OTARYasACh, GHITh MONET, JAdllb NOPAAKOM HYMEDaud ypasHe-
pul. Tak Kak cucteMa (6) uMEET OTJAWYHBIE OT HYJSs AETEPMHMAHT,
10 nBa ee pemenus 9., ..., ¢* 9, ..., 9" cosmamaoT mexay cobo:
q,"z}f“, e=1, ..., k, @ 310 ¥ 03Hauaer, uTo uHcAa ¢, ..., 2% peii-
crBuTeabhbl. Takum o0pasom, npegpaoxeHue B) mokasaHo. ‘
Ilycre
)= -Faztaz—+ ... +aa™4 ... (8)
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— AHAZMTHYECK A $YHKUMA KOMIUVIEKCHOTO MEPEMEHHOTO 2, 3aNaMMas pA-
noM (8) ¢ paaMycoMm CXONMMOCTH p, Tak uTo npu |2 |< p pad (8) cxo-
auTcd, @ mpa |2 |>>p OH pacxommTcs.

Jna paapHeMuiero HanoOMHAM, YTO PSR

F@)y=a,2az2+ ... +-ma,2"" - ...,

noayuaemsli w3 paga (8) myrem opMajbHOro AnpepCHIUPOBAHUS, HME-
€T TOT ke PpalHyC CXONUMOCTH, 4TO M pan (8), #u cXouMTCA BHYTPR
KpyTa CXOOMMOCTH K mpoussonuoll f (2) dyukuun f{(z).

MoikeT cayuuTtbcd, uTO, MOACTaBJsAf BMecTOo 2 B psa (8) marpuuy A,
MBl TOJYUUM CXOAfIIMHCT MaTpuuubiti pajg

f(Ay=aE+a A+ ... az A"+ ... ®

(Marpuynm#t psj Ha3bBaLTCA CXOHALLMMCR, €CAA UMCAOBOH pAR, COCTaB-
JICHHBIH U3 I/EMEHTOB, CTOMUX B [-fi CTPOKE M j-M CTOAOLE, CXOAMTCA
npu mobux I, j=1, ..., n) B 3T0M Ciryuae rosopsar, uto gwknus f(2)
onpeaeseHa Ha marpaue A.

Teopema 29. Coxpanum o6o3na4enuns npedaoncenun A). Ecau
8ce cofcmeenKble 3HAYeHuA Mampuysl A sescam SRYmMpu Kpyaa cxo- .
dumocmu paia (8), m. e.

I)\'I<p, l=1,--cv! T

mo smampuinul pad (9) cxodumca, max wmo mampuya f(A) onpe-

Oenena. Yucaa
FN), i=1, ..., ‘ (19

cpedu KOmopuLx, 803MONCHO, €CMb COBHAdQIOUUE, COCINABARIOM CO80-
Kynsocms scex cobcmBenns.x 3natenudi mampuys f(A). Haaee, ecau
COOCIMBeHHbE 3HAUEHUSA h; Mampuysl A snescam u 8 Kpy2e cX00UMOC~
mu psida, onpedeaniou,e2o Hexomopyw Byuryuw g(z), max wmo mampu-
ya g(A) onpedesena, mo 0an cosnadenus mampuy f(A) u g (A) ne-
o0xoduno u docmamo4no, 4molOs gynxyuu f(z) u g(z) cosnadasu
Ha cnexmpe mampuysl A.
Hoxasareanbctno. COCTaBUM HACTHYHYIO CyMMy

fm@=ay+az+4+ ... +a,2"
pana (8); roraa mpu |2|<p MBI umeem:
S @=lim 19 (@)

Mycts, nmanee, @m(2) — MHOrOUNEH CTENEHH <k—1, cosmapaomu ¢
MHOFOYACHOM fr, (2)Ha cnextpe marpuusl ‘A (cM. A)). Tak xak coGcrsen-
Hele 3Hauenus (2) marpmunl A yaesaetopsioT ycaosuio {A; |<p,
i==1,...,r, TO MBl UMEEM:

‘I"i’moocp‘{g()\i)=f(”()\,), J=0, ..., k—1, i=1, ..., r

B
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H3 storo B cuay npesnoxeHns A) caeayer, yTo MOCJIENOBATENbHOCTD
MHOTOUJIEHOB @, (2) NOKOS(E UUNEHTHO CXOANTCA K HEKOTOPOMY MHOrO-
wneny ¢ (2) crenenn <<k — 1, npnuem MuorouseH ¢ (2) 1 QyHxuus f(2)
connanaior Ha cnexrpe marpunst A. Tak kak muoroujeHsl ¢, (2) # [, (2)
€OBNAJAIOT HAa CNEKTpe Marpuusl A, TO Mbl HMeeM:

fm (A)= ¢ (A);
NPH m —> ©O NpaBas 4aCTb CTPeMATCA K ¢ (A), a 3TO B3HAYHT, 4TO M Je-
Bas 4acTh npm m —» oo cxoantca. Takum oOpasom, pan (9) cxoaurcs
x marpuue f(A)=q¢ (A). ‘
IloxameM TCNepbL, 4TO MHOrouJIeH
F@=[z—f0)I" [z—F 0" ... [ —FON"

annyaupyetr marpuny f(A). las 3TOro paccMOTpuM MHOroujeH
O, () =[9m (2) — P O )] [0 B) — € (Ra))F2 ..

o em@ =m0 (11)
R NOKaXeM, uTo OH aHHyanpyer marpuuy A. Muorounen ¢, (2) — ¢, (2;)

ofpantaercs B HyJh Npu Z=—A\; ¥ INOTOMYy OH JEANTCHS Ha JBYYJeH
2 — ). Takum o6pasom, muorounen (11) moxer OwiTb 3anmucan B puse:

P, () =Y, (2)A(2)
m noromy muorouned @, (2) awnyaupyer matpuily A, T. €.
[9m (A) — 9 (1) £1" [9m(A) — 4 () £] ..
Nem(A) — () E)' = 0.
HCPEXOIUI B 9TOM COOTHOIIENUN K npeueay npug m — O, nogyyaeu:
V) —fO)EPIf (A —F QD E: L [f(A)—f Q) Effr =0,

a 87O m 3uaunT, yto Muorouten I'(2) anmnyaupyer marpuuny f(A).

W8 noxasausoro, B 4acTHOCTH, CJAGAYET, MTO BCE COOCTBEHHMIE 3Ha-
wenns matpuunl f(A) comepwarcs cpemu uucea (10) (em. § 34, E)).
Hokaxenm, uto kawmoe uucao (10) sapasercs coOCTBEHHBIM 3HAuEHNEM
matprusl f (A). ITycts h; — coGcTseHHbldl BEKTOp MaTpHubl A, coOTBEI-
cTBylomufi COGCTBEHNIOMY SHAYEHMIO k;, TaK YTO

Ah; = k;h;.
B cuny dopmyaut (6) § 34 u3 sToro caeayert:
fu(A) =15 () b
Mepexons B 9TOM COOTHOWIEHHUH K NpEAEAY Dpu m — OO, MOJyuaeH:
f (A by =1 () ks

Takuwu o6pasom, ancao f(k;) ecTb coOCTBeHHOE 3HaueHwe Marpuubl f(A).
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onycTam Tenepb, 4TO Kpyr CXOAUMOCTH (yHKUHH g(2) TaKkme CO-
AEPWUT BCe COOCTBEHHbe 3HaueHus MaTpuusl A. Torga B cHay HOKa-
8aHHOro Marpuua g(A) ompeneneHa W Cywecrsyer muorodaen ¢(2)  cre-
newd <gk — 1, cosnagaomuil ¢ QyHkuue g(z) na cnekTpe Matpuns A,
npuuem ¢ (A)==g(A). Ecmu teneps f(A)=g(A4), 10 9(A)=¢(A),u 8
cuay npemaoxenus A) mHorouneHsl ¢ (2) u ¢(2) COBMAZalOT Ha enexT~
pe Matpuubl A, a creaosatenbHo, W gynkimd f(2) u g(2) coBnmanawor Ha
crektpe marpuust A. O6parno, ecan dynkunn f(2) v g(2) cosnamaior
Ha CNEKTpe Marpuusnl A, TO MHOTOYAeHB @ (2) u ¢(2) Takke cosnas
RaloT Ha cnekTpe Matpuust A, u mnoromy B cuay A) ¢(A)=¢ (A), Ho
toraa u f(A)=g(A). Takum oGpasomM, Teopema 29 noKkasaua.

HeaBuwoe pyHkuun marpug

Iycrs F(z, w) — Qyukuns ABYX KOMIJEKCHBIX TIEPEMEHHbIX, 3aaaH~
Han PRAOM

Fz,w)=a-+{ bzt cw-d2* +ezw+ fo' ... (12)

ITpn nepemene nopaaka cCOMHOXUTENeH B uw/i€Hax 3TOro psaa (Hanpumep,
npu samene npoussenenus z°wf na wfz”) dynkuus F (2, w) He MeHReTCA.
Ilostomy npu mnoacraHoske B pax (12) marpuu A u B sMecTo ero
apryMeHTOB 2, W €CTECTBEHHO OrPAHUYATBLCA CaAyYaeM, KOraa Matpuul A v B
nepectanoBouHsl Mewxay cobo#.  Ecmu pag (12) cxoamurcs npu  awo6uix
3HAYEHUsX NEPEMEHHLIX Z, W, TO MOXHO JOKa3aTb, 4TO, NMOACTABAAN B STOT
paa sMecto 2z ¥ @ moOble NepecTaHOBOYHBIE MATPUUK A # B, MH no-
JAYUdM  CXOAAULMACA MaTPHUHBIH pad, KOTOpHI#i oOnpeneautT HEKOTOPY
matpuily, o6osHauaemyio uepes F (A, B). Onnako J0Ka3wiBath CXOAUMOCTB
9TOr0 psga B obuieM cayuae Mbl He GyzeM, Tak KaKk HUXKE paccMaTpu-
BAOTCA JIWLDb TAKME YACTHBIE CJAyYad, B KOTOPHX HMEETCd KOHEUYHO®
YU CAO UNEHOB, 3ABUCAULUX OT 2, TaK 4TO (AKTUYECKN peub WAET O CXO-
ISIAXCA PAAaX OLHOT O KOMIJIEKCHOTO NEPEMEHHOro w.

B) Ilycrs F (2, w)— anaantuveckas ¢yHKUUA OBYX MNEPEMEHHBIX,
onpenenendas pagoM (l2), cxogsuwumcs npu BCEX 3SHAYEHUAX 2Z, 1,
v A — 3anaunaa matpuua. Ilycte, nanee, kawaoMy cOOGCTBEHHOMY 3Haye-
HAI0 A; MaTpUUBI A MOCTaBJACHO B COOTBETCTBHE UUCIO Py, YAOBJAETBO-
priouiee yca0BUsaM

Fl pa)=0, (—,%F(A,-. p)#£0,  i=l,...,r.  (13)

Toraa cyuiecTsyer nepecraHoBouHas ¢ A Mmarpuua B, yaosJeTBOpaiouias
yCOBHIO
F(A, By=0. (14)

Ilanee, ecad koapdunuenTs psu(a (12) u wmarpuua A ameHcTBUTENBHH
H eCaM M1 KAXABIX ABYX “KOMIVIEKCHO CONPAXEHHHIX COOCTBEHHBIX
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snauennit X; w X;==2; MaTpHUbI A COOTBETCTBYIOMHE YHCAA Pb; W 1 TaKwe
KOMIUIEKCIIO CONPAKEHBI: [hy == p;, TO CYuIecTByer AefCTBUTE/bHas mnepe-
cranosounad ¢ A marpuua B, yrosaersopsiomas yciaoruio (14).
Hoxawem npemnoxenne B). M3 cootnowennit (13) 8 cuay Tteopemmr
0 HeapuLX (QYHKIUAX KOMILIEKCIIOrO NEepeMeHHOro CJEeAYET, uUTO IS Mo-

Goro i=1,..., r cymecrtsyer dhynxuns W (z)=W;(z), onpenenrenuas
AAg BHAMEHUH 2z, 6/M3KUX K )‘i’ n yAO0BJACTBOpsIONLAA YCIOBHAM

F(z, W(z))=0, (15)

Wk)=nun, i=1,..., r. (16}

Jins naxoxnenns nponssoanux WY (X,) dynxuun W(z) B Touke 2 =1,
HYXKHO NOCACHOBATENbHO AndpepetuponaTs cooTHoulenwe (15) no 2,
NOACTABNAS B HEM B33TeM z==A;

AP (2 W (@) |y =0 (17)

M3 stux  coornomiennii  MOKHO 1OCARLOBATEIBHO ONpCUENTh YUCAA
W), j=1,..., ki—1, i==1,..., 1. (18)

Hcexona n3 uncen (16), (18), noctpous muorounen ¢ (2), ynosaersopsio-
muit ycaosuam (4). Tlokawewm, uro marpuna B=¢(A), ouesnano, nepe-
cranosounast ¢ A, ynosnersopser ycaosuio (14).

Ilna nokasatennbcrsa noactasam 8 pan (12) suauenne @ ==¢(2). M
noayunm torna dyuximo @ (2)=F (2, ¢(z)) nepemennoro z. [lnis noka-
8aTeabCTBa pabencTsa (14) H0CTaTOUHO yCTaoBUTh, uTo ByHKUNS P (2) pavna
Hymo Ha cnexkTpe marpuusl A (cm. Teopemy 29). Ilpu muivucaenun

npoussonunx PU)(X;) dyukuan D (z) B Touke X;, j=0, 1,..., & — 1,
MH MOXEM MHOrouieH ¢ (2) 3ameHuTh (yukuued W (z), Tak Kkak y osTux
¢yuxunil npoussoansie nopsaxos 0, 1,..., £, — 1 B Touke X; coorser-

creenno papun. Ho npu samene B [FF(z, ¢(2)) muorounena ¢(z) ¢ynk-
nuelt W (2), onpeneneHHolt B6AU3N X;, MH [0AYYaEeM TOXKAECTBEHHBIH
ayab (cM. (15)). Takum oGpaszom, ¢yskuns O (2) obpautaercs B Hyab na
crnekTpe MaTpuus A.

Hoxaxem Tenepb, 4to €Cau Koddduuuentsl psaa (12) u Matpuua A
ReHCTBRTENbIIB, @ 4WCHA v; YINOBJETBOPAIOT YCJAOBHAM COMPSIKEHHOCTH,
T. e

Wh)y=WQ), i=1, ..., r,

TO MHOrousen «(2), a C/AegoBaTeaLno, w Marpuud B=4¢9(A) nehcran-
TemsHu. B camom gene, np4 stux npeamoaoxendax wucar WY (X)),
BhIuMCAseMble n3 yeaosu#t (17), yaosaeTsopsioT ycaAoBHaM (D), u mo-
TOMY MHOTOWJIeH ¢ (2) ne#icTsutenen (cM. b))

Wrak, npennousenne B) mokazano.
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') Auanurauecxan ¢yHKuua e® KOMIJEKCHOrO fePeMEHHOro g
ONpEnenseTca pPAAOM

E=l-zbid LT, (19)

KOTOpWH CXOAKTCA HPH BCEX 3HAYCHHAX nepeMeHHoro 2. Kak uasecrHo,
AR ABYX [POM3BOJALHHX KOMIIEKCHHIX YHCEN 2 M W HMEET MECTO -
TOKAECTBO &° 1T ¥ ==¢*.¢", Burekaiouee u3 caoficrs psaa (19). Orcrona
CAGAYET, YTO AAA JABYX NEPECTAHOBOYHBIX MeXAY CGOOH KBaipaTHHX
MaTpHiL A ¥ B uMeeT MecTo TOXIECTBO

eAtB—cd.cB, (20)

OKa3biBaeTCa, 4TO A4S M0G0A HEBHPONKAEHHON MaTpuun A Cymiecrsyer
nepecTanosouHas ¢ A marpuua B, yaoBAETBOpAOULAs YCHOBHIO

eB = A. ‘ (21)

Jlanee oxasmBaercs, NTO Aan moGOR NECHCTBUTENbHOH HeBHPOXKACHHOR

MaTpuusi A CyniecrByeT AeHCTBHTeAbHAR MaTpULa B, mepecrsmopovHan
¢ A ¥ yN0BAETBOPSIOWAS YCAOBHIO .

eBi= AL, (@2

[aa A0oKa3aTeAbCTBA Pa3PeIlMMOCTA ypaeHeHas (21) orsocmremus
B #0CTaTOMHO NpWMEHUTh Rpeanowenue B) k dymkunn F (2, w)==e¥ — £,
B camom neae, Tak Kak Marpsina A HEBHpOXJEHa, TO Bce ee cobcrsem-
uble 3HaueHus A; OTJIUYHH OT. HyJd, H HOTOMY CYUIECTBYIOT YUCAA fg,
yaoBaerBopsiowde ycaosuo e*i —A;==0 (CM. nepsoe 3 cootHOwexal
(13)), npuuem BTOpOE U3 coOTHOWeHHA (13) 8aech, OUEBUAHO, BHITOAHEHO,

Ilna noka3arensCTBa CyWweCTSOBaHUS JACHCTBUTEIbHOH MaTpaAUM By
yaoaeTsopswouniel  ycaosuio (22), mocrarouHo Kk (yukund F(z, @)=
== e® — 2 npuMeHHTbL BTOPYI0 YacTb npeansoxends B). B camom nens,
ecan A; eCTb  AeHCTBUTE/NLHOE, NOJOKUTENAbHOE WIA OTPHUATENBHO®
uuCca0, TO NOJOKHM p; ==InlA}, B34B NeHCTBUTENLHYIO BETBb norapmpnu.

Ecau xe A; — koMmiexciioe uucao, 10 3a W(),) u W(,) MoxsHo npe-
HATb KOMILIEKCHO CONDSIKEHHLIE YNUCAa. :
Wrax, apennoxenve I') noxasauo.

§ 36. Xopmanosa ¢opma MaTPHUM
A) TlocaenoBatebHOCTb BEKTOPOB
hy ..., B, )

NPOCTPaHCTBA R Ha3HBaeTCs cepuedi ¢ COGCTBEHHWM BHAUCHWEM A OTHO-
cuTeabHO npeoOpazopaHus A, ecad BHNOAHEHW COOTHOLIEHES

B0, Ahy==hh,, Ahy==Mty—By, ..., Ahy=Mh,+ b, .
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Ecan matpuna A npecOpasosanns A AeHCTBUTEIbHE, TO NOCACROBATEAb-
HOCTb
by, ..., I, 2)

ouernano, obpasyer cepmio ¢ cobcrenHsM  snaueHneM A, Cepun (1)
u (2) Oyiem HasblBaThb KOMMAEKCHO conpsiscennsmu. Ecad yucno A n
BeKTOpH (1) meHCTBUTENABLHE, TO CepHUfA  CuuTaerca OeficmsumensHol.

‘Teopewma 30. Cywecmsyem Oa3nc npocmparcmea R, cocmosusuii
u3 gcex Bexmopo8 OOHOW NHAN HECKOAGKUX cepull OmHOCHUMEAsHO Nnpe-
ofpazosanuss A. Ecan mampuga A Oelicmsumensna, mo cepuu, cocmag-
anwue 6asuc, MoxNCHO Gubpams max, 4molbe cepuu ¢ Oellcmenmens-
Hbl MU COOCINBEHHBLMU 3HAYEHUAMU Oblal OelicmBumensHol MU, @ Cepull
C KOMNACKCHOMU COOCMBEHHBLMIL SHQUEHUAMU OblAU NONAPHO CONps-
HCEHBL.

Hokasareanvcrso. Ilycts

AR =(z— 1) ... (z—1)* (3)
— MUHUMAJLHBIA aHHYJAUpYIOINHE MaTpuuy A MHOrouneH, rie

Rl) cecy A

r

— NONapno  pasauuHne CcoOCTBEHHbIE 3Hauends Matpnun A, B cuay
npeanoxenns ) § 34 npocrpanctB0 R MOXHO pasbuts B HPsIMYI0
CyMMYy €ro NoAnpocTpancth Sy, ..., S,, COOTBETCTBYIOUIRX MIOXNTENM (3),
TaK YTO NPOCTPAHCTBO S; COCTOMT U3 BCEX BEKTOPOR X, YAOB/ETBODSIO-

wmnx ycaosnio (A —7\,-E)""x=0. ITO 3HAYUT, YTO AHHYINDYIOUIHM MHO-
rousienoM mnpeoOpasoBanns A, paccMaTpUBAaEMOro uHa npocrpaicrse S,
aBAsieTcs MHorouaen (2 — k,-)k". Jlerko Bu/eTb, YTO 3TOT MHOrOWJIEH sBJAA-
€TCR MUHUMAJIbHBIM. :
Jlonyctim, yro Matpuna A pelctsureabna. OOGvennHMM cHavana BC

Mioxurend u3 (3) ¢ nelcTBUTEaLHBIME A; B Muowuress Ay (z), a Bce
OCTaJbHEIE — B MHOXUTens Ay (2). Torma A(2)=A,(2)A,(z) ecr» pas--
JIOKEeHHe Ha JEHCTBUTEJbHBIE B3aUMHO NPOCTHIE MHOMKHTENI, U COOTBET-
CTBYIOLlEE Pas/oKeHHe NPOCTPaHcTBa R B APAMYIO CYMMY NOANPOCTPANCTB
R, v Ry MOXHO cyuTaTh geficTeutensHbIM. [TpocTpaHcTBo R pasobeen reneps
B NPAMYIO CYMMY ReHCTBHTENbHBIX CAAraeMbiX, COOTBETCTBYIOMIUX AelicTiu-
TEAbHHM COOCTBEHHBIM 3HAYEHUAM A;, U B STUX HEHCTBUTEALHBIX TNPAMBIX
CJaraeMblX MH B JaJbHeHieM rloprouM 6a3ucel, COCTOALME U3 NEeRCTBMU-
TenbHbX cepuit. TIpocTpancteo Ry, pasoObeM Ha MOMApPHO KOMILIEKCHO
CONPSXEHHBIE NPAMBIE CJaraemble, COOTBETCTBYIOLIME KOMMIEKCHO COMps-
MEHHBIM COGCTBEHHBIM 3HAYEHHAM, U B STHX KOMIJIEKCHO CONPSKCHIBIX NPO-
CTP3HCTBAX Mbl B JasbHetilieM MOoCTPpouM 62a3uChl, COCTOSILUE U3 KOMIIEKCHO
CONPSHKEHHBIX CEpHi; NPy 3TOM JOCTATOYHO NOCTPONTL 6asuC K3 cepult B OX-
HOM U3 JABYX KOMILIEKCHO COTIPSMEeHHHX MNPOCTPAHCTB, a BO BTOPOM
B39Tb KOMOJEKCHO CODpmscHHBIN 6asHc, '
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Wtak, nam nOCTaToOuHO NOKAa3aTb, ¥TO €Cad JuHeHnoe npeobpa3oba-
Hue A, neilicTByioulee B BEKTOPHOM npOCTpaHCTBe S, umeeT MuHHMaAb~
‘Kbl aHHYJMPYIOUHA MHOTOUNEH (z—)\) , TO B 3TOM NPOCTPAHCTBE MOXHO
BuOparb 6a3nc, COCTOAWME U3 cepudi OTHOCUTENbHO npeoGpasoBanus A,
NPUYEM U3 CepHil NelCTBUTENbHHIX, €CJAH NPOCTPancTBO S, MaTtpuua ‘A ®
YHCAO A OEeiCTBUTENbHEL

[TepefizeM K NOKa3aTenbCTBY 3TOrO yTBep:kAeHus. JLas KpaTKOCTH no-
aoxum C=A — AE w o6o3nauum uepe3 7; COBOKYIHOCTh BCEX BEKTO-
pos X u3 S, yIOBJIETBODAIOIIUX YCACBUIO

Cix=0.
Mu umeem TOrna
S=TEDOT ' D...DTD =0.
Iycto
,
L oeeey By (=1, ..., &)

— cucrema BeKTopOB u3 Ti JIMHENHO HE3aBHCHMHX omocurenwo npo-'
crpanctea T'~1; 9TO 3HauuT, 4TO BEKTOp

ahi .. b}
MOXET npﬁnauneman npoctpanctsy T°~! aumb Np ycAoBHR
ay=...=a,=0.
ﬂoxameﬁ, YTO 1MpU ¢nxcuquaHHux i n j BekTOpDH
hi_,=Chi (<9 0

NPUHAANEeKaT NPOCTPaHCTBY T;_; ¥ NUHEHHO HE33BUCHUMBI OTHOCHTEALHO
npocTpauctea 7;_;_;. Mb umeem:

Chi_j=Chi =0 (a=1,.., 1,

W, CJENOBATE/IbLNO, BEKTOPHW (4) npuHanaexar npoctpauctsy 7;_; Io-
NyCcTUM Tenepb, YTO BEKTOD

a,h}_j—}— ceo a,hf_,-zx
TIPUHALJEKUT NPOCTPAaHCTBY 7T;_; 1. Torma umeem:
0=C''"1x=C""(a,b;-+ ... }-a,.h)),

a 5TO SHAYUT, YTO BEKTOP a,hl -+ ... +a, k] npusanaexur npochaH-
ctBy T;_y ¥ NOTOMY 4YuCAa @y, ..., @, PaBHH HYJIO.
BriGepem Teneph MakCHMaJbHYIO .CHCTEMY BEKTOPOB

1 r
By oo i ©®)
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npocrpanctsa Ty, JMHEHHO HE3ABUCHMBIX OTHOCHTEJLHO MPOCTPAHCTBA
Tp_y. Mo uoxazsaunomy sexTopni

hz_l'—:Ch; (a=11 e 9 rk) (6)

NPUHAAJEKAT NPOCTPAHCTBY Ty _y W JUHEHHO HE3aBUCHMH OTHOCHTENLHO
RPOCTPAHCTBA 1), _g; Takum oOpa3oM, cuctemy (6) MOXHO HONOAHUTL 10
MaKCHMQIbHOH CHCTEMbI
1 T
k, _\,... h:_l' (reo1=r) )
BEKTOPOB NPOCTPAHCTBA T}, _,, JAulEHHIO HEIIBUCHMHX OTHOCHTENLHO MPO-
crpaictsa T ,_,. Ilpomonxas stor npouecc nanwvuie, Mol nOCTpPOUM B
npoCTpaHcTBe T, (i>0) MaKCHMaNbHYI0 CHCTEMY BEKTOPOB
l r .
h,..., ht, )
AUHEHHO HE3aBHCHUMBIX OTHOCUTENIBLHO npoupaucma T;_y, upnuem Oynyt
BHIIOANEHH COOTHOLICHHS

W, =Ch; , (2=, ..., "1, n=r)

Hokaxem Tenepp, 4TO COBOKYNHOCTb 3 ; BCEX BEKTOPOB, OpPHHaane-
wawux Bcem cucremam (8), I=j, j—1, ..., 1, cocrasaser Gasuc npo-
crpanctsa 7T ;. [loxkasaresncreo OyueM BECTH WHAYKTUBHO [0 wucay J.
Ilns j==1 cuctema Y}, cosnagaer ¢ cucremodt (8) mpu j==1 wu noToMy
apasercs Oaszucom npocrpancrsa 7y (7, ==0). donycrum, uro Hawe yt-
8CPKAEINE HOKABAHO JIJS CHCTEMBI Y ;, U HOKAKEM ©r0 AAS CUCTEMb
Y 7.1 HonycruM, uro umeer Mecro coOTHOWIEHHE

ah' . da, Wit b R - L A-b, pT e L =0, (9
L + + T A by j“} -+ ’jh,- + . ()
ITpunenss k coornomenso (9) npeoBpasosanne B Aoay4aem:

1 ~ r, —
alhl—}— +—a,j+lh11+l 0,

a 3TO BO3MOKIO JHIUL TPH YCJAOBHH @,== ,.. =a,,+‘=O; TaKuM 06-
J

pasoM, B cOOTHOWeHHE (9) MOryT BXOAUTb ML BEKTOPH CHCTeMBl Y);
H, C/IEAO0BATE]LHO, N0 TMPEANOAOKEHHIO WBAYKUHUH, CooTHOweHne (9) Tpu-
Buaabio. Ilyctb Tenepy X — npowssoapHbd BEKTOpP NpOCTpancTea 7, .
Tak kak cuctema (8) npu i==j -1 ecTb MakCUMajbHas JHHERHO Heaa-
BACHMad CHCTEM3 OTHOCHTEABHO NPOCTpancTBa 7, TO CYWECTBYeT Tako#
BCKTOD '

y.-—fl‘h}_*.]—{— +afj+lh j+ s

YTO BEKTOP X —- ¥y NPHHARJEKUT NPOCTPaHCTBY T; # B CHAY NMPEATONKE- '
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HAS WHAYKUWA BRPWAETCH AHHEHHO 4Epes BEKTOPH CHCTEMB Xp 2 e
8HAUUT, YTO BEKTOpP X BHPAXIETCA JHHEHHO uepe3 PEKTOpL CHCTEeMH E

Hrak, nokasano, uro cacrema Y, ectb 6a3uc npOCTPaHCTBA S—;’

Ecau npocrpanctso S, marpuna A n uncao A JEHCTBUTEALHMW, TO,
BLOUpan BEKTOpH CHCTEMB (5) ACHCTBUTEABHBINM, MBI MOJYYaEM RERCE-
puTeannyio cucreMy (6), KOTOPYO MOMNHO AOMOJHHTH AO NEeHCTBHATEALHOR
cuctemsl (7). Ilporomxas TakuM oOpazoM, M noayuyaeM AeHCIBEe
TeAbHY IO CUCTEMY 3. .

IToxkawem Tenepb, YTO CHCTEM3 Y, COCTOMT H3 cepuil. VimenHo, moe
KaxeM, 4To BeKkTOpwW R?, h% ... 00OpasyioT cepuio ¢ COGCTBEHHHM SHE=
yeiiveM A. Mu umeem:

0=Ch?=(A—AE) h?,
Tak uto Ah® =M% naiee,
_ hszhﬁ:(A—kE)h:,

Tax uto AWi=DMr:-}-h?, u T. A

ViTak, teopema 30 JAOKa3aHa. ] LIPS CRY .
B nocrpoenHoM COraacHo Teopeme 30 6asnce npeoﬁpasunénmo A
COOTBETCTBYET YXe HEe HCXOAHan MaTpuma A*—(al‘) ' Wexdropas  no-

Ban MaTpulla B.—(b) HMEPIAN ©0C060 npocTyI Muy, REBLIBICHYIO
sicopdanosoii. Takum oGpaaom, Teopema 30 spasercs meopesok o npu-
sedenntn mampuys K oacopdanosol  (pepme. Pasbepen sTOT BONpPOE

noxpobHee.
B) YXopnaxoso# kneTko# mopaaka m ¢ coﬁcraemmm anauenven X

1a3LIBaercs KpagparHas Marpuua (gj) nopanKa m, onpepensemas  COOT-
JIO1BEHHAMN

g::)\, i=1, ..., m gi_H:l, i=1, ..., m— 1
g)’,_—_O npu j— i< 0 n onpn j—i>1,

1. €. Marpana

A1 0...0 0
0 » 1..00
0 0 x...0 0
0 0 0...x 1/
0 0 0...0 1

OxasHBaeTcs, 4TO AAA Kaxao#h KsagpaTuoit matpuubl A nopsiaxka n
MOXKHO 10A00paTh TaKylo HEBHIDOXAENHYIO KBaApaTHYI0 Marpuny S, 410
matpuua B=— SAS™!, nonyyaemas u3 maTpuusl A nyTeM Tpanc:opMaunn
marpuuei §, HMeer X OPRaHOBY (OpMY, T. € COCTOHT H3 OAHOK
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MM [IECKOABKUX KODUAHOBBIX KJETOK, PAacllONOKEHHULIX N0 €€ rAaaBHOH
AuaroHa M, B TO BPEMA KaKk BCE 3JEMEHTH ee, He BXOIJMLHE B WOpAa-
HOBBI KJIETKH, PaBHBI HYJIO,

Hokaxem 310. IlycTh R — KOOPAMHATHOE BEKTOPHOE MPOCTPAHCTBO
pasmepuocrd n v A — nuHeduoe npeoOpasoBaHue, COOTBETCTBYWOUICE (B
HEKOTOpPO# cucTeme Koopauuar) matpuue A. Hycrs teneps fy, ..., f, —
Gesuc npocTpaHcTBa R, cocTasieHHbifl u3 cepuit (cM. Teopemy 30). Mu
NPEAnoa0XUM BeKTOpSl fy, ..., f, DacnoNOKEHHBIMM B TaKkOM NOpAAKe,
4TO BEKTOPB KaXUOH cepuu wuAyT B uOCKeAOBaTEAbHOCTH fi, ..., f,
oaun 3a apyruM. O6osHauum yepes B-—(b) MaTpHiLy npeoﬁpasouanuu A

B Gasuce fy, ..., fn Ilycs
h]:fh DN hmzfm

— nepsan cepus, BXOAAWLAA B [IOCAEAOBATEALHOCTD fi, ..., f, 4 A — c0o0T-
BeTcTByiomee coOcTBentioe 3HauyeHue. Toraa, Kak 310 HENOCPeACTHEHHO
CaedyeT u3 ONpelJeAeHHs CepHH, Mbl UMEeM:

i . L. — — 1
b=\ A=l ..,m b =1 l=1,..,;m—
by=0mpn i +1<j<munpu I>j<m

Takam 006pasom, Mepsoit cepuu nocaegoarenstoctd fy, ..., f, coorser-

CTBYET Nepsad XOpAaHOBA Khaerka B Matpuue B. Toulo Tak we sTopoH
cepun Basuca fy, ..., f, OyJeT COOTBEICTBOBATb BTOPas HKOPAAHOBA
kaetka B Marpuue B, u 1. 4. Tak kak nepexox or marpuunt A K mar-
puue B ocyulecTsiaseTca npu noMmowd tvpaschopmauun (cm. § 34, A)),
10 B=8AS§™".

Takum odpasom, upeasoxenue B) nokazano.
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