Takum o6pa3oM, 3Ty TPaHHYHYIO KPHBYIO B COOTBETCTBYIOILEM HH-
Tepbaje MOXKHO COCTaBHTb M3 KYCKOB IYI @ (X,y)-t Aex = const
(A1) u w(x,y)F Mx = const. TloctpoeHue sayumie Bcero Hpo-
BECTH Ha MIOCKOCTH xw (puc. 4,3.1), rae ocH y COOTBETCTBYeT KpH-
Bag Cp: w = G(x), ¥ MJIOCKOCTH Xy COOTBETCTBYeT 06JacTh, Orpa-
HuyenHas kpusoi Cp.

TosoxuM xo = max {6, M (nz/e)?} # HauHEeM NOCTPOEHHE ¢ TOUKH
Py (%), wy), rae x; == X, kpuBoit Ci: w=0G(x) 4+ n§/2, rae G(x)=
= G (—x). '

W3 Toukm (x,, w,) KpuBoit C, TpoBedeM MPAMYI0 @ — @ ==
= M(x — x,). UMeem

M (6, — x) =[G (%) — G (x))] — /2= (M + &) (x, — x,) — ;2

Xy — X < n§/(2e).

Hdanee mpHCOENMHHM NpAMYyl0 @ — wy == M (x — Xx3), uaymywo IAC
ToukM Pj(xs3, ws) kpusoii Ci. Touxkn P, u P3 coenHHHUM ¢ TOYKOH
Q(0, w;) ocn w. HyxHo aumb mo-
KasaTb, YTO BTOpasl COENUHHTEJ]b-
Hast IpsiMmasi MOXeT ObiTb IpeACcTaB-
JeHa B ¢opMe w — Aex == const,
rae A << L.

B camoM nete, cnpaBeaaumBn Iy

v 4

{
COOTHOILIEHHA U { :
. P
Wy — W, | ¥

Ae = —— = )
X3 ) \ I } !

= M : g % zZ I z
73[()‘2—?‘71) + (% —x5)] < T
Mn} M} Puc. 4.3.1.

<

Urak, A < 1.

[MpononkeHne OTPE3KOB B JeBYIO MOJYIJIOCKOCTb JAaeT aHaJjo-
FHYHBbIE Pe3yJbTATHl, IPH 3TOM [OCTPOEHHE CJIeAyeT HauaTb C TOUKH
%1 << — xo kpusoit Cy, rae G(x,)= G(x). Dtum 3aBepuaercss A0-
Ka3aTeJbCTBO.

YnomsiHeM TOJIbKO, YTO HMEIOTCSl TakKxkKe NyOGJHKaLHH, OCBSLIEH-
Hele AuGdepeHunansHoMy ypasHenuio (4.3.2), rae ¢ynxuua F(w’)
npeanosaraercss ¢yHkuHeidl crnenuasbHoro BHaa. IlomytHo BbIsic-
HfieTCs BJHsAHHe ujeHa F(w’), Wrpaiolero posb TpeHHs, MPHUEM
o6bluHO Tpennosaraercs, uto @’ F(w’) > 0 nas w’ % 0 (cp., Hanpu-
Mep, Maabrapunu [l]). B Bonpocax aBTOMaTHYeCKOro ympas-
JIeHUs, CBASAHHRIX ¢ ypaBHeHueM (4.3.2), BcrpedaeTcs (PyHKUHS
BUAA

<e

ex; > exg

F(w’)=—e(w’——-wT’3)
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(cp. Crokep [1]), unu Gonee obuie:
F@)=¢lw —ko” + w’)
(cp. Kanpunoau [1]). _
4.4. Jlmp(bepem(uam;nbe ypassenne x” + f(x, x')x' + g(x) =0

Obo6mas anddepennnanpioe ypasHense (3.1.1), paccMoTpes-
- Hoe B Ou. 3.2 u 4.2, nosiyuaeM ypaBHeHHe ’

7 4 fx, ) x4 g(x)=0, (4.4.1)
3KBHBAJICHTHOE CHCTEMe
"=y, y=—gxX)—fx 9y “(4..4.2)

ACUMNTOTHYECKOE MOBENEHKHE ero pelleHuil H3yuasoch MHOTHMH
aBTopamu (cM. nanpumep, Kacrpo [1, 4,6, 7}, Iparunes [l}
duaunnos [1], Jlesuncon u Cmut|l], Mukonakhckas
[3], Peficcur [10]). B ux pa6oTax ¢ moMOUIbIO pa3au4HbIX METONOB
yCTaHOBJEHDbl YCJOBHSI CyHIECTBOBAHHA d €IMHCTBEHHOCTH MePHONH-
yeckux pewennit. [IpuBenem 0630p nosyueHHbIX pesyabraTos. I1pea-
noJjaraetcsi, 4to GyHKUMA g(x) # f(x,y) obecrneunBaloT yCAOBHs
CYIIeCTBOBAHHS M e[IMHCTBEHHOCTH pemienuii cucteMbl (4.4.2). Hno-
raa TpeGYIOTCS ROMONHHTeNbHblE YCJOBHA peryssipHocTd. Kpome
TOrO, KaK W mpexje, 6yAeM moJarathb, 4TO

xg(x) >0 mopu x5=0 (4.4.3)

u
00

[ g dr=G(x 0)=+ oo (4.4.49)
0

(eciu IBHO HE OTOBOPEHO Apyroe).

B stoM cayuae Hauyaso KOOpAMHAT (Gas3oBOfl NMAOCKOCTH Apel-
craB/asieT coO60H enmHCTBEeHHYI ocofyio Touxky. Ee oxBaThiBaer ce-
MENCTBO TaK Ha3hiBaeMbIX KPHBBIX SHEPTHH

0t 9) =G W+ 5y =C. (4.4.5)
Bce onu 3aMkuyThl. [Ipu HeueTHO# QyHKUMH g(X),
g(—x)=—gx), (4.4.6)

5TH KPHBbHle SBJISIOTCS CHMMETDHUHBIMH OTHOCHTe/bHO 06eHX KOoOp-
JHHATHBIX OCeH. ‘

BrruneauM noaHylo npoussogHylo GyHKumM @ (X,y) B CHIy CH-
cteMul (4.4.2):

d ’ ’
T =g +yy’ =—F v (4.4.7)
Orciofa caeiyeT, 4yTO eclH
f(x, ) =0 naa scex x, y, (4.4.8)
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TO KpHBbIE 3HEPrHH MOTYT fepecekartbesi PasOBBIMH TPAEKTOPHAMHU
TONbKO cHapyXu Buyrpb. [Tostomy

x(hI<ae, TyHI<b mna t=0, (4.4.9)

puyeM ¢ MOMOIibio (a3oBOH KapTHHB MOXKHO yOemuTbesi, 4YTO
dyukunn x(f), y(¢) aubo obe koaebarouiuecs, 1160 obe cTpeMsTCs
K HyJIo npn ! =00, ipd 3TOM x{I{) B KOHlle KOHUOB JOJI)KHA CTaTh
MoHOTOHHOR. B nepsom cayuae B cuay ycaosus (4.4.6) aMnaatynsi
Gyuxunn x(f), 0Y4eBHIAHO, MOHOTOHHO yMEHbINAKTCH (T.€. yMeHb-
[AOTCs MOAYJIHM CJAENYIOIMX APYT 3a JIPYroM ee MaKCHMyMOB H
MHHHMYMOB).

Ecnu, yennusas yciosue (4.4.8), norpe6oBaTh, 4TOOB PaBEHCTBO
f(x,y)==0 He BBHINOMHSJIOCHL HH Ha OXHON Kpusoh w(x,y)= C (T.e.
TaxHX KPHUBBIX HE JO/DKHO OBITh Ha (h)a30BOW IJIOCKOCTH), TO MOXKHO,
B00OiIle, YTBEPKAATD, YTO :

lim-x (f)== lim y (£)=0. . (4.4.10)
t—> o0 t>»00 - . .

3ameruM, paJee, 4ro ycnosue (4.4.3) HOCTaTOYHO MAJAsT TOTO,
yToGH BCe OrpaHHueHHble pemeHns cucTeMbl (4.4.2) nmean nubo
KoJebuomuecs KoopauHatel X (t) u y(f), 1ubo yn0BJIETBOPAIOLIUE
cootHomenuaM (4.4.10), mpudyeM ¢yBxuua x(f) MOHOTOHHa (HJs
GousibliMX 3HavyeHHH {). DTOT BHIBOJ MOXKeT OBbITh PAcnpoCTpaHeH Ha
CHCTEMBI

=y, y'=—g0—iWwy,
K=y, yY=—gk)—F(@)  (FO)=0).

Il COOTBETCTBYIOMIMX HECJAOXKHBIX PacCMOTpeHHi (cM., HALPH-
mep, Y Tu [3]) cymiecTBeHHO, 4TO Hayaj0 KOOpAMHAT (a3oBOH MIO-
CKOCTH SIBJSETCS €IUHCTBEHHOH 0coBOH TOUKOH.

[Mepronndeckne pemeHust cucreMsl (4.4.2) COOTBETCTBYIOT LHK-
J1aM, OKpPYKaloIHM HauaJo KOOpAHHAT.

KOHTHHYYM 3aMKHYTHIX TPA€KTOPHH MOSBJSAETCS, OUEBHAHO, TO-
rxa, Korna ¢QyHkuus f(x,y) TOXKAECTBEHHO PaBHA HYJIO B KOAbIE-
Boit obgacty C) << w(x,y)<< Co, 0<< C; << Cy. 31eCh LHKJIBI COB-
NafaloT ¢ KPUBLIMU SHEPTHH.

Orciofa 3akjalouaeM, YTO €CAH B HEKOTOPO# 06JacTH HUMeloTcs
npefiesbHble UUKABL, T.e€. CYULeCTBYIOT H30JHPOBAHHbIE NEPHORHYE-
CKHe pelueHHs cHcTeMBbl, TO f(x,y) == 0 B 310l ObnacTH. '

Bonpochl CyI[eCTBOBAHHS W €IWHCTBEHHOCTH NpPEJE/bHBIX LUK«
JIOB paccMaTPHBAIOTCS B' CAEAYIOIIX TEOpeMax.

Teopema 4.4.1 (cm. Jlesuucon u Cmur [1]). Mycrs

f(0,0)<0
u
flr, p=0 oz | x|Z=x>0,
npu4em ‘ o
[, yy=—F 0aa |x|<x (4.4.11)
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ITycre, dasee, cyujecTsyer 3HayeHue x; > X, TAKOe, 4TO

| F(x ) dx > 10F%, (4.4.12)

Xo

20e y=y(x)>0—06an Henpepoisro yoovleaOWAR (GYHKYUA.
(O4esudno, snauenue Xy MONHO NPOUSBOALHO YBEAUMUTD.)

B arux ycaosusx cucrema (4.4.2) obaadaer no menvuied mepe
00HUM nepuoduUd4ecKUM peuleHuem. .

Ioxkasateabctso (cM. JleBuHcoH u Cmurt {1]), xak o6riuHO,
COCTOHT H3 NOCTPOEHHS KonbueBou o6s1acTH, yIOBJIeTBOpSIOLIEH Tpe-
y - GobanueM TeopeMnl  Bennuxco-

Ha. 3/eCb CYLIECTBEHHO HCIOJb-
3yercsl HepaBEHCTBO

VG (%)) — G (x0) =
=max {20Fx,, G (xo)/Fx,} (4.4.13)

(npenmoJsaraercsi, 4T0 (YHKIHSA
g(x) yHOBJeTBOpseT YCJOBHAM
n. 4.3).
Tak kax f(0,0)<<0 u ¢yuk-
uus f(x,y) HenmpepbiBHA, TO M3
Puc. 4.4.1. (4.4.7) _Tosydaem: w’ >0 B He-
KOTOPOH ~ OKDECTHOCTH HaYalaa
koopaunat. IToatoMy B KayecrBe BHYTpEHHEH IDaHHUBI KOJbIEBOH
006/1aCTH MOXKHO B3SITb KpPHBYIO W (X, y)= C >0 ¢ m0CTaTOYHO Ma-
JIBIM 3HAYEHHEM NapaMerpa C.
Tax kak @’ <0 aas |x| = xo, T0 B 370K 06smacTd s 06paso-
BaHHA BHeIlIHed TpaHHUBl MOTYT OBITb HCIOJb3OBAHH KpPHBHIE

w(x,y) = const. [Momoxum yo=2VG(x)—G(x,) u IIOCTpOHM
saMKHYTYI0 KpuBylo Wy w(x,y)= w, rue wO—G(x0)+—2— $
(puc.. 4.4.1). Paccmorpum Takxe TPAGKTOPHUIO, BLIXOASILLYIO H3 TOY-
Ku Ao(xg, Yyo) (yo=>>0) oaroit kpumoi. Husg x> x, TPAEKTOPHS
npoxoxut BHyTpH W, npubauxasicb K OCH X # B IIepBHI pas me-

pecekasi BepTHKa/lb X == X; B HEKOTOPOH Touke Aj(xi, ¥1).
Ilycre wy = w(x1, 1), TOTRA

Xy
w—wy=— [ [(x, )ydr.

Xn

[pu y1 = yo/2 nonytmiw
Xy
1 .
W WS — 5 Yo J [ (% y) dx < — 5F x4,
X
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9710 HepaBEHCTBO OCTAETCS BEPHHIM TakkKe OpH Y << Yof2. Hehcrnr-
TeAbHO, HMEEM

=g#+0(x) <%yz+0(x)=i %+ iyz+ G () =
=w,— yo-—w,, x0 VG (x) — G (%o)-

Orciona ¢ yueroM HepaBeHcTBa (4.4.13) noayuaeM w; << Wo—
—5Fxoyo.

Ecau tpaekropuss B Touke Ag(xo, y2) HHKHeH NONYIJIOCKOCTH:
BO3BPAIlaeTCs K BEPTHKAJHU Xo, TO Wy << W) H, CJENOBATENBHO, We <
< wo— 5FxoYo.

[lycts TpaexTopus Tepecekaer MPAMYlo X == —Xp B TOUKe As;

toraa, ecnn |y| << yo Ha nyre Ax4s, 10

—X,

wy—wy=— [ (x, p)ydr=— jf(x, Nyl

Xy -—Xn
<F J’)y ldx < 2F 08,
4

—_
Ecau xe ua nyre A,A; BO3MOXKHO HEpaBeHCTHO | ¥ [ = Yo, Npu-
ueM NepBHl pa3 HMeeM DPaBeHCTBO y,==y, B Touke Aj(xl, y;),

— xS xz < Xo, TO
wi—wy <F [ 1y ldx < 2Fxo,

*3

3 (88— ¥3) < 2P, + [G (1)) — G ()] < 2F o+ G ().
C zmpyrofi cTOpOHHI,
5 (43— 1) > 5Fx,y,,
H, cJeJ0BaTeNbHO, HCMOAb3Ys HepaBenctso (4.4.13), GyneM umerh
G (xg) > 3F %oy, ="6Fx, V G (x,) — G (x0) == 6G (xq)

YTO HEBO3MOXKHO.
TaKHM o6pa3oM, Touka A} He CymeCTBYeT H Bcro,zxy Ha Ayre

A2A3 umeeM | y |<<yo. OTclona Haxonum
w; — Wy == (W; — Wy} + (Wy — wy) < 2FxpYo — 5Fxgyo = — 3FxoYo.

ant
Tak kak ¢ynxuus w(x,y) y6uiBaer spoab AyrH AsAs rae Aq—
caenyomas 3a Az TOUKa MepeceyeHHs TPAEKTOPHH C NPAMOA X =
= —Xy, TO CIpaBelJMBO HEPABEHCTBO Wy — Wo << —3Fxoyo.
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Tlyctb fouka TpaekTopuu As JEXHT Ha BepTHKAMA X == Xp. .Tos
~— ’
raa aaa ayra A4As noayuaeM HepaBeHCTBO Y << Yo, QHAJIOTHYHO
~~

TOMY Kak 3TO GblI0 clenaHo fas Ayru Asds. . -
Orciona ws — @y << 2FXgyy W, CAEA0BaTeJbHO, Ws— Wy <<
< —Fxoyo. Taxum o6pa3oM, Touka As I0/MKHA HAXOLHTBCS HHXKE
Touxu Ao.
Ecau ¢asoBas TpaexkTopus He NOCTHraer BepTHKaMK X == —Xo,
TO OHA HepecekaeT OCh X B HEKOTOPOH Touke §, rae —xg <E<<O.
Torzma, COOTBETCTBEHHO, N0NydaeM '

G (E) < Wy + 2F x40 < wo — 3FxpYo
"
w; < G (&) + 2Fxpy, < wo— FxoYo.

Iononnsig nyry AoAs orpesxom AsAo 10 3aMKBYTOrO KOHTYDA,
TIOCTPOMM HCKOMYIO BHEWIHIO IPAHHILY KOJBLEBOK 06MACTH.

Ecan ke paccMartpuBaeMas ayra (a3oBoil TPaeKTOPHH 3aKaH-
yupaeTcsl B HeKOTOpOil Touke oTpeska 0 < x < Xp OCH X, TO HYXHO
TOJLKO YBEJNHUHTb Yo, YTOOB TaKOH KOHEUHOH TOYKOH Obljia TOYKA
x = xo. -Ilosarag” As = (xo, 0), mMOJy4YHM, Kak ¥ paHee, BHELIHIOW
rPAHHIY KOJbHeBOl obiacTu.

Teopema pokaszaxa. .

Ilanee TpHBeAeM TeopeMy €INHHCTBEHHOCTH, HAesl JHOKasaTelb-
cTBA KOTOPOM OCHOBAHA Ha KOHCTATallWH YCTOMYMBOCTH BCeX fpe-
NeabHbiX HHKA0B. [IpH 3TOM Hcnodpayercs TOT (akT, 4T0 ABA BJIO-
JKEHHBIX COCEIHUX TNpeJeNbHbIX UHMKJAA HA CTOPOHAX, 06parleHHBIX
APYT K APYry, He MOTyT o6nanats YCTOHYHBOCTBIO OJHOTO M TOTO
e CMBICHA. : ‘

O6o3naunm yepes Ry uau R_ ob6macTb pa3oBoll MIOCKOCTH XY,
B KoTopol OyHKLHs f(Xx,y) TONOXKHATENbHA HIH, COOTBETCTBEHHO,
orpunartenbia. YacTs kpusoll @ (%, y) = w, Jexamyio 8 R., Gynem
o6o3nauaTh uepes R.(w). MMeer mecto cienywomas teopema Jle-
sunconaunCmura [l] ,

Teopema 4.4.2. ITycro 8bin0AHEHbL YCAOBUSL TEOPEMbL 44.1, u
nycte Qyrkyus f(x,y) umeer nenpepvlrole 4acTHbLE npoussodnvie
nepsoeo nopadka. Kpome To2o, nycto 04 Kaxdozo 8navenus na-
pameTpa W, 048 KOTOPO20 MHONeECT8a Ri(W) cywjecrsyror, HUMHAL
epanb pyHKyuU

1
Flx, ) =45 +m%f(x, 9) (4.4.14)

Ha Ri(W) HOAOKUTEAbHA U He MeHblie, 4eM ee BEePXHASL epaHb
Ha R_(w) (npu aTOM pABEHCTB0 HA KAKOM-AUOO W-uHTepsaie uc-
karouaercs). Toeda cuctema (4.4.2) ob6aadaer eQuncTsentbLm npe-
denvubim yurion (T. e. eQUHCTBEHKbIM C TOUHOCTbI0 Jo cdeuca 80
apemeny nepuodudecKum peulenuen). :

Ilnst moKasaTeAbCTBA 3aMeTHM, UTO BCsiKas (pasoBas TPAaeKTOPHs
orpaHuHueHa W BCJEJCTBAE 3TOTO Hauaj0 KOOPIMHAT OXBaThIBaeTCs
GeCKOHEYHBIM UYHCIOM CUMPaJeBHAHBIX BUTKOB TpaekTopuu. Takum
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06pa3oM, MOKHO NpPeACTaBHTb MHOrooGpashe HHTErpasibHLIX KpH-
BBIX Kak CeMeHCTBO Iyr, HAUHHAKOIKXCA Ha MOJOKHUTENbHOR MOJy-
OCH y W 3aKaHYMBAIOWIMXCSA TOCHe OIHOro ofxona Hayaja KOODIH-
HaT Ha Toli ke mosyocu. Ecim yo ecTb HauaslbHas OpAMHATA TaKoM

o~

ayru PoPy, To 3Ta myra Moxer ObITb NpelcTaBieHa Kak (QyHKUHS
y = y(x, Yo}, KOTOpasi OJHO3HAYHA OTHOCHUTEJbHO Yo, HO HEOJHO-
“3HauHa OTHOCHTesJbHO X. ITocTaBHM BONPOC O 3aBHCHMOCTH KOHEU-
HOW OpPAMHATH Y; OT HAYAJILHOH Yo.

Has Gyuxiuun Y = y2/2 u3 cucremnl (4.4.2) nmeem

aY oY

9r Ve = () — f(x, y)y

" \
Y 29y _‘iﬂ—_ﬂ’_{_@j_ 1 }
ox 0y, fa_yo Jdy 0y, Y, + fy
OTc'rozxa ‘
[in] 22|17 = tn] 2] - 1n 2 =
e

P,

P,

—- [t o[ vy s

0

ecaw Iyry - P0P1 OTHeCTH K napamMeTpy @ KpHuBo# sHeprum. Jas
uukaa I' umeem Py = P,, u BbBIBeJeHHOE DAaBEHCTBO ynpomaeTCﬁ ,

ay — 1 ,
n 5 = §1y2 + ay} . (4.4.15)

Jlns KemaeMoit yCTOHYHBOCTH NHK/Ia (C HauanbHOR OPAMHATOH Yo),
OUEeBHIHO, HEOOXOAUMO ¥ JOCTATOUHO, YTOGB! MMEJO MECTO COOTHO-
uleHue .
sgn {7, (Yo + Ayo) — (4o 4 Ayo)} = — sgn Ay,

uaH, TaK Kak Y1 (Yo) = Yo, A LOCTATOUHO MasbIX 3HAYeHuHt |Ayol
JIOJIXKHO BBITIOJHATLCS HEPaBEHCTBO
Y1 (Yo + Ayto) — y1 (yo) < 1
Ayo

ITocnennee yCJOBHE 3aBEJIOMO BBINOJHEHO, eC/IN

(g—z»;)r<1 HaH ln(az‘) <0,

T. . eCJIH BBIIIOJIHEHO HEPABEHCTBO
§5 F(x, y) dw < 0. (4.4.16)

Yro6H y6e111/m>cs1 B CHpaBe,[[JII/IBOC’I‘I/I 3TOTO HepaBeHCTBa -3aMe-
THM, 4T0 (QyHKUHs @ (f) Ha KpuBOH I' MOHOTOHHO BO2PACTaeT, ecaHu
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nyra kpusoft I' npuHannexHT o6aacTh R_, H MOHOTOHHO yOhIBaer,
ecan nyra Kpusoi I' npaHamiexur obaactu Ry.

OueBHIHO, OCb BpeMeHH ! MOXHO PasGHTb Ha OTPe3KH [y, Aiyi]
# [b:, big1] co cenyol¥MH CBORCTBAMH:

npn <<t <<a@yy, umeeM w()>=0, w' (>0,
mpy by KEKbyyy umeem w()<KO, @' ()<,
nprueM @ (a;) == w(bi1) 1 w(aiyy) = w(bi). ’

[Taprl cocennux Ayr, npuHagiexamux I', nawr caenyiouue 3Ha-
yelHsl KPUBOJIMHEAHOTrO HHTEerpana (4.4.16):

w(8741) @ (%;41) @ (2)4)
Fodw+ [ Fudw= [ (Fo—F)de<
LA CH w(by) w (@)

Q{( sup Fo— inf | F+)}X[w (a;41) —w(a)] <0.
[@ () @ (23 41)] [w(a), © (@131}

dtuM TeopemMa J[0Kas3aHa, NpHYEM He GHLJIO HCHOJIb30BaHO,
uro inf F(x, y) > 0.

. R () '

3ameTHM, YTO NpPH JOKAa3aTeJbCTBE TeOPeMbl MOJYAJIHBO MpPH-
HMMaJoCh, YTO KaXKJABH [pefeJbHBIH LUKJI HepecekaeT obe o6ja-
cti R u R4, HO Hé cOBmamaeT HH C KAaKOH KPHBOH 3HePrHH
w(x,y) = const. Ho aro, kak mokasansa Muxonakckasa [3] B
OLHOM NpHMepe, Zomyckaercs ycaoBuamu Teopem 4.4.1 n 4.4.2. [lo-
3TOMY HYXKHO [JOMOJHHTENbHO 103a60TUTbCA, 4TOOH cHcTeMa (4.4.2)
He 06J1ajlasa ceMelCcTBOM pelleHuil @ (¥, y) == const u, camoe 60ub-
mee, HMesa OBl OJHO-eJHHCTBEHHOE pelleHHe TaKOro BHAA, yCTOH-
YHBOCTb KOTOPOrO He Obl1a Obl- obecmeyeHa YCJIOBHSIMH Teope-
MH 4.4.2. ' 4

Hocratouno notpe6oBaTh, 4TOOH HMeJO MeCTO clefyioulee 10-
nosHuTeapHoe ycaosue (cp. Pesiccur [10]): ecau pasencrso
f(x,y) = 0 svinosneno 8006 00HOU Kpusol w(x,Y)== Wo, TO OHO
He OOAMCHO BbLNOAHATHLCS HU O KAKO20 Opyeo20 3HAYEHUA napa-
merpa W Kpugol, npuuem OOAMHO UMETb MECTO HepasencTso
F(x, y) (@ (x, y) —wg} = 0.

Jdesuncouny uw Cmuty [l] npuHamsexur eme ciexyiomasn
TeopeMa CYyLIECTBOBAHWSI H €IHHCTBEHHOCTH, CIPABEVIHBOCTbL KO-
TOpOIl BhlTeKaeT u3 TeopeM 4.4.1 u 4.4.2,

Teopema 4.4.3. ITycro

1) pynryusa f(x,y) umeer nenpepbisrole 4aCTHblE NPOU3BOOHbLE
nepeoeo nopadKa u, céepx TO20, CYULecTsytoT 06a NOAOHUTENLHbLY
SHAUEHUA X1, X2 TAKUE, 4TO

fx, ) <0, inff(x,9)=—F na (—x,x)
u .
f(x, ) =0 Ha ocraasnod wacru nAOCKOCTU XY,
)
2 y5>0
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£y
[ £(x, 9)dx> 10Fx,

20e xp= min(x, Xg) — GOCTATOYHO BeAUKO u Y = y(x)— npous-
80AbHAA HenpepbieHasn yboisarowas GYHKYUA,

3) G(—x1) = G(x2).

Toz0a cucrema (4.4.2) obaadaeT eOUHCTSeHHbLIM YCTOUYUBHIM
npedesbHolM YUKAOM.

Ecan ¢yugruus f(x, y) asHbIM 06pa3oM He 3aBHCHT OT Y, TO H3
3TO# TEOpEMBl BEHITEKAeT NpHUBelNeHHaAs Bhillle TeopeMa 4.2.2.

Hasa npoxasarenbcTBa TeopeMbl 4.4.3 AOCTATOYHO IOKA3aTh, YTO
yca0oBHA TeopeMH 4.4.2 31eCh BHINOJIHEHHI.

B paccmarpuBaeMoM ciaydae R_ siBIsieTCsl MOJOCOH —x) << X <<
‘< X3, B TO BpeMsl Kak ¥ < —X| HJIH X > Xy OpHHamiexat Ri.
Kpusbie w(x,y)= w, pocruraio-
mue rpanun nosoc R_, R;, mepe-
CeKaioT HX Ha OJHWHAKOBOH BBICOTE
|yl = 0.

Hmeem

of
F(x, y)= ‘12‘[ I+ f(x.y)]

1
< -7 B oGractH R,

1
>—y7 B o6aacty R,.
[Toatomy

. 1
inf Flx, ) =>—> Fx, 9).
et ( y)/y2 /Rsu(p) (x, &)

w -

Jlerko y6enutbcst B TOM, uTO Pic. 442,
I0Ka3aTeabCcTBO  TeopeMnl 4.4.2,

HECMOTPSl HAa BO3MOXKHble 3HAKH PaBEHCTBA, 31€Ch OCTAGTCA CHpa-
BEJIHBHIM.

Hekoropoe of6o6menne teopemsl 4.4.1 nauo paruaenum [1].
Teopema 4.4.4. Ypasnenue (4.4.1) umeer no Kpaineii mepe
00HO nepuoduueckoe peuierue, ecau BbINOARAOTCA cAedyrouyue
ycaosus:
a) f(0,0) <0,
f(x, 4)>0 Orn |x|Z=x>0,
f(x, Y=—F Oan [x|<<xy

b) _[ f(x, y) dx=>4Fx;+¢e (e >0) 012 Hexoropozo 3HaueHus

x> xo u 8cAKOI uenpepbteuou yousarowell pynkyuu y=y (x) > 0.
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Bynem caenosats paceymnennam [parmiesa # 3 kauectsd
BHYTDEHHe#l TPAHUUBI KOJIbLUEBOH 06/1acTH BO3bMEM OJIHY H3 KPHUBBIX
swepruu  (4.4.5), He nepecexarouyw nogocy |x| << xo. Ocraercs
OlIPEJIeNIHTb BHEIUHIOW TPAHHIYy KOJbLeBOH 06/aCTH.

3amerum, 4TO (Pa30BLIC TPAaEKTOPHH B COOTBETCTBHH C HX
MOJIOKEHHEM OTHOCUTEJbHO KPHBbIX JHEPrHH JOJZKHB CIHpaJe-
BUHO OKDYXkKaTb Haya/t0 KOODAMHAT IIOCKOCTH Xxy. Pacemorpum
(puc. 4.4:2) omay nyry cnupann ¢ Hadanabhofi Toukoit A(Xo, ya),
Ya >0, u xoneuno#t rouykoit G(xo, ¥c), ye = 0.

HyxHO noxasatb, 4To, BHIOHpPAsl §4 AOCTATOUHO GOMBIIMM, MOXK-
HO 0GecleyHTb BbHINOJHEHHE HepaBeHCTBA Y << ya. Ecam 310 yna-

~~~
noch chenats, To nyry AG 3ambikaioT oTpeskom GA u nosyuawor
HCKCMYIO BHEILIHIO IpaHuLy.
Kax 6bl BEJHKO HH OblJ0 unca0 M, OueBHEHO, MOKHO HAHTH Ta-

KY1o GOJIbINYIO HAYa/lbHYIO OpAMHATY, 4To Ha ayre AG B unTepBase
—Xp << x < X; OyReT BBIIOJHEHO HepaseHCTBO |y| > M.

B nanpuefimem Oynem npeanosarath, yTo Ayra TPaeKTOpHH 00-
JajaeT 9TUM cBOACTBOM, npuyeM M BrIGepeM Tak, 4To6LI

M= (1) 1dx=G(x) + G (= 5o,

- X

' —_
. Ha ocnosanuu cucremn (4.4.2) mia uyactuunohi gyrn AB
(%0 << x << x3) OyneM nmeTb

s ua=— [ 1 pax— [ W g <

Xo
x

<— f Ft, ) dx < — (4Fxy+ ).

X
Tak kax w' <0 Ha ayrax BC x=x) u o) << x << xy), 10
‘ 1 I
YT () Sgup+G(x)
T. e —YcKysH
1 1
T Yp+ G () <542+ G (x);
0TCI0Aa _
Ye — Yp <G (x) —G (x))J/M.
Ha nyre 51\5‘ (=X <K<K x) B cuay (4.4.2) mosyunm

X. %o
Yp —Yg= — ff(X,y)dx—}- f%dx<2Fxo+ G]f,f‘))-
e A A
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W3 uepasencrBa @’ <0 na ayre EF (x <K —xp) caenyet yrp <
<— Yg . .

Haxkonen, pas ayru FG (— x, << x << Xo) HaX0AuM

-Xy
Yo —yp= — ff(x, y)dx+f ) gy < 9Fxy+ S=50) "0)
—Xy

O6bennusa 5TH pe3yJbTaTHl, MOAYUHM

G (x1) + G (— *xo)
M

Ya—Ya < —e=0,
4TO M 3aBEpUIAET JOKA3aTeJbCTBO TEOPEMBL

IanbHefilune TeOPEMBbl CYHIeCTBOBAHHS, KOTODble MHl paccMoT-
pHM TOJbKO YacTH4HO, nokasan Kactpo [l, 4, 7). Ou xe, ucrnosb-
3ysl yXKe H3BEeCTHHle DAaCCYXKIEHHS, MPOBeN HCCAeJOBAHHE eNHH-
CTBEHHOCTH.

Teopema 4.4.5 (cp. Kacrpo [1]). Juppepenyuaroroe ypas-
nenue (4.4.1) umeer no Kpaiined mepe o0Ho nepuoduuecKkoe peule-
Hue, ecau "

a) {(0,0) <0,

fx, =0 daa [x(Z=x0 Y12 Yo
fx,y)=—F O0asn scex x, y;

b) F(x, )+ 706 —1)>0 0z | x>, o 1< yos
c) ff(x,y)dx>4Fxo+e

Xy .
048 HEKOTOPO20 3HAYEHUS X >> Xy U O BCAKOU HenpepbleHoll ybbl-
sarowell gynkyuu y=y(x) == yo. (Ipu stom xo, Yo, F, s—-noxzo-
gCuTeAbHbIe KOHCTAHTSL.)
Iloka3aTenbCTBO 3TOH TEOpeMbl TeCHO MPHMbIKAeT K J0Kasa-
TeNbCTBY Hpeablaymei TeopeMbl. OueBHAHO, NpexHHE OLEHKH MOTYT
6biTh HApYIIEHHl JHUIIb TOTAA, korxa ¢yHkuua w(x,y) 8 _notoce

|y| < yo ne sBasieTCss MOHOTOHHO yGBIBalOmIeH Ha ayre AG. To-

9TOMY MJIsi pasHOCTell y Ha YacTHYHBIX Ayrax BC EF JIOJIXK HBE
6LITh MOJIYUE€HBI HOBBIE OLIEHKH.
st kyckos ayrd, va KoTopeix @’ << 0, naxonum (puc. 4.4.2)

Y3 — Y32 2[G (x5) — G (x,)]s
Y5 Y6 =2{0 (%) — G (xc)):
yg— Y5 =>2[G (xg) — G (= %)),
Y3—yp =2]G(— %) — G (%))

6 P. Peficcur u Ap. 161



Teneps paccMmorpuM ayru B’C’ u E’F’, sakiioueHHBe MeXAY
NPAMBIMH Y = —Yo U Yy = Yyo. Ec/in Obl Ha HHUX BBIINOJHAJOCH pa-

BEHCTBO
FGe, )+ flx, —y)=0,

TO OHH ObliH GB CHMMETPHYHBLIMH OTHOCHTEJbHO OCH X. OXHAaKO
fxp+fx —y)=0,

OTKyZa 3akJjiouaeM, UTO HHIXKHHE KOHIIEBble TOYKH 3THX YaCTHUHBIX
AYyr jexXaTt HE paBee BEPXHHX, T. €.

xo<xzp u G(xe)<G(xp),
xp<Sxr 1 G(xg) =G (xrp).
CaenoBaTtenbHo,

y%_y%.}O’ “"yc<y3
u

y:—y: =0, Yr<—Yp

[TonyueHHble COOTHOLIGHHSI MO3BOJSAIOT NPUMEHHTb NOKA3aTeJbCTBO
TeopeMhl 4.4.4.

Teopema 446 (cp. Kacrtpo [4]). Huigepenyuaronoe
ypasrernue (4.4.1) umeer no kpaineli mepe 00HO nepuoduueckoe
pewenue, ecau '

a) (0, 0) <0;
D) lgX) 4T NIyl=e>0 0aa | x| = xy
o) fx, N+ flx, —p)=00uaix|+lyl=H
uau .
) f )+ fx, —y) =0 0ra | x| =%,
u

c”) J Flx, y)dx=e (x,>>x,) Oan 8caxol Henpepblerol Py

-,
yuu y= ly(x) =M>0, ede M — crosv ye00HO OGosbwas KOH-
cTanra. '

TpeboBanne G(z-00) == oo 3aMeHsieTCs B ITOH TeopeMe YCJIO-
BHeM b).

BuyrpenHsis rpaHuna tpeGyeMoll s 10KA3aTeNbCTBA KOJblie-
BOH 06J1aCTH CTPOHUTCA TaK XK€, KAK H B NPEAbIIYIIHX TEOPEMaXx.

ITpn mocrpoenun BHemHell rpanuusl, mo Kactpo, ciexyer pas-
JIMYaTh ABA Caydas B 3aBHCHMOCTH OT TOrO, BBINOJHSETCH YCJO-
BHe ¢) uau c’), ¢”’).

[Tpexne Bcero ycraHOBHM, 4YTO BCSIKAsi TPAEKTOPHSI CHCTEMBEL
(4.4.2) cnupaneBugHO OGXORHMT Hayaso KoopmuHaT. Tpaexrtopus
HJeT B BePXHel MOJYINIOCKOCTH C/1€Ba HANpaBO M B HUXKHEH — crpa-
Ba HajeBO. Buixoas u3 ni06Of TOUKH, Jexkalledl BHe OCH X, OHa
JIOXOJHT 1O 3TOH OCH Yepe3 KOHEYHOe BpeMsi. B mporusHOM cayuae
MoAy/b |x(f)| momkKeH Gbl1 Gbl MOHOTOHHO M HEOTDAHHYEHHO BO3-
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pacraTb, TaK uTo, HanpuMmep, limx(f)= 4-o0. OgHako 3TO HeBO3-
t=» o0

MOXHO, TaK Kak Toraa ans ¢{ = fo ObL10 Obl
x®y=Zx y)>0, yO=—gx)—flx ny<<—e,

YTO NPUBOAHT K NPOTHBOPEUHIO.
[Tycts uMeeT MecTO ycnoBHe ¢). PaccMOTpuM Tenmeps myry Tpaex-
TOPHH, KOTOpasi BBIXOAHT M3 TOUKH A JIeBOH MOJNyOCH X H mocie

0[lHOTrO . 06X01a Hayaja KOOpPIMHAT 4 v

O BosBpamaercs K Touke C TOMH

ke noayocH. Touky mnepeceueHus y/j %
C NpaBoOf MOJAYOCbi0 X Ha3oBeM B. \
[lyers nmyra Oyner Bei6paHa Ha- £

CTOIbKO GOJBbILIOH, YTO OHAa Ccomep-
JKHT BHYTPH cebsi KBajpat |x|4-
+|y|<<H. Torma cnpaBeaInso
HEpPaBeHCTBO

f(xr y)+f(x’ _y)>0

Orciona caelyeT, 4TO €CaAH AYFH
TaKUX TPaeKTOpHH, HAUYHHAIOWHECH
H 3aKanuuBaloljuecss Ha OCH X,
3epKajbHO  OTOOpasuTb  OTHOCH-
TeJbHO ITOM OCH,. TO TOJYYHM Ce-
MEHCTBO 3aMKHYTBIX KPHBBIX, KO-
TOpble MOTYT TNepeceKaThcsi Tpaek- Puc. 4.4.3.
TOPHUSIMH HHXKHEHl [OJYNJIOCKOCTH

TOMbKO B HampaBsJjeHun K ocu x. Takum oGpasom, ayra BC Gyner
~~~

OKpyXKeHa oTo6paxkenneM nyru AB, Tak uToO
X4 < xe < 0.

—~ —_
Jlyra AC BMecTe ¢ NpHCOeIUHEHHBIM K Hefi oTpeskoM CA Moxer
CAYKHTb B KauecTBe BHelHed rIDaHHLB HCKOMOH KOJbleBoil 06-
JacTu. v )
INycty Tenepb BbIMOJHeHbH YycaoBus ¢’) u ¢”’). Boibepem Ha-
yaabHyio To4Ky ayru cnupann ABCDE (puc. 4.4.3) Ha npsmoil x =
= Xg, YTOOHI

X
1

ly1=M> g [1g0) ldx

6,

A5 9aCTHYHON NyTH B MHTepBale — ¥;<Cx <X, Toria us ycio-
Bus ) Caenyer, UTO Yg = — Yz U Yp << — Ye-
JOaa nyrn BC umeeM
X

2 G
vo—yo=— | fl dx— [EDarg oy Tl

—% -,
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¥, COOTBETCTBEHHO, AJST AYTH DE
Xg X
Gler)
Yye—Yp=— ff(x,mdx— J‘g‘gidx<—8+—(7xl)—-
-%, —-X,

O6benuHsist 3TH Pe3y/bTaTH, NOJYYHM

yE_yA<_28+ G(""xl)IW+G(x2) <O,

YTO JaeT BO3MOMKHOCTb TaK K€, KaK ¥ BhIIIe, MOCTPOHTb BHEIUHIOW
rpanuny koabliepoil o6aactu. TeopeMa nokasaHna.

OTHOCHTENBHO €JUHCTBEHHOCTH [OJIyUeHHOTO MNpedebHOTO LHK-
na, xak nokaszan Kactpo [I, 7], cnpaBenauBo cnenywolee yTBep-
K eHHe.

Teopewma 44.7. ITycre na ¢asosoli Kaprune cucremovr (4.4.2)
cywectayer npedeasvuoii yukas. OH 845eTCA eOUHCTBEHHBIM, eCAl
BbLNOAHEHBL CAeOylOuUe YCA0BU:

a) g(x)=x;

b) f(x,y) eospacraer, ecau seauuuna |x|, uau sesuuuna |y|,
uasu 06e aTU 8eAULUHDL BO3PACTAIOT.

3aMeTHM, 4TO Ha KaxI0# noaynpsaMoH, seixoasiues us O,

y=cx (0O<|c|<0), 0|x|< oo, (4.4.17)
noJie HanpaBJeHHH ypaBHeHHUs
) d | 1
rramind (G gy

Bpamiaercs no yacosoil crpeake. Ecan nuxa I' noxseprayts k-kpar-
HOMY DacCTsIKeHHIO 10 BceM HampasjeHHsM ¢ mentpoM O, 1o T me-
pefiner B 3aMKHYTYyI0O KpHBYIo I';, KoTopast npu & > | nepecekaercs
$a30BBHIMH TPAEKTOPUSIMH BHYTpb M mpH k << 1 Hapyxy. dto BbITE-
KaeT M3 YKa3aHHOTO Bbillie CBOHCTBA TOJS HANpaB/JeHHH H TOrO
o6crosTenbeTBa, yTo nuka [ Beskylo noaynpamywo (4.4.17) mnepe-
cekaeT TOUHO OJHH pa3, TaK KaK BhIpaxeHUe

B, — et e+ (e42))

MeHsieT 3Hak B uHTepBase 0 << |x] <C oo camoe GoJsibiee onuH pas.
OT1¢lona HelnoCPeACTBEHHO CJIelyeT, UTO LHUKJ eIHUHCTBeH Ha ¢aso-
BOM KapTuHe.

[Ipu nONONHATENLHOM YCAOBHH

) 1 7(x y) <2
36Cb OKa3biBaeTcsl NPHMEHMMBIM Takike MeTO] J0Ka3aTeJbCTBA
CancoHe [3], ncnosab3osanupil B nm. 4.1 u 4.2.

B 3axiioueHHe H3JOXKHM elle OXHY TEOPEMY CpPaBHeHHS (CM.
Kactpo [6] u Aparuaes [1]), ycranaBauBawouyo rpanuib H3-
MeHeHus: GyHKuuu f(x,y) B ypaBHenuu (4.4.1) Ges HapylmeHus cy-
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IlecTBOBAHHs NpefeabHOro Hukaa. das storo Hapsany c¢ (4.4.2) pac-
CMOTDUM CHCTEMY

=y, y=—TF 9y—gk). (4.4.18)
Teopema 448, Ecau
F0,0<0 u f(x, y=f(x )

049 6cex X, Y, TO CYW,ecT808aHUE NEPUOOULECKO20 PeieHUs CUCTEMbL
(4.4.2) saeuer Takdie cYUecT808AHUE NEPUOOUHECKOZO peulenus Cl-
cremor (4.4.18). _ ‘

C ¢nsuueckoli TOYKM 3peHHUs, 3Ta TeopeMa YTBEpXKAaeT, HTO
cyllecTByIOlHe coGCTBeHHble KoJe0aHHsi He MOryT ObiTb YHHUTO-
JKeHBl yBeJHYeHHeM TODMOXKEHHsl [0 TeX IOp, [10Ka MCJ0XKeHHe
pPaBHOBECHSl OCTaeTCs HeyCTOHYHBBLIM.

Jas pokasaTesbCTBa HCNOAb3yeM (a30Byld KapTHHY CHCTEMbI
(4.4.2). Iycrs I'—umeiomniics tTaM uwukaA. Ecau H3MenuTth nose
HanpaB/eHHil Tak, 4ToObl OHO ONHCHIBANOCH cHcTeMoH (4.4.18), T0O
KaKJblll BEKTOP MOJsT HanpasaeHufl cucreMsl (4.4.2) nmoayduT Bpa-
nleHne o uacosoi crpeake. [Tostomy unka I' MoXKeT cayXHUTbh BHeL-
neit rpasuleil xosplesoli obaactu Beunnkcona Ha (a3osoi Kap-
TuHe cucteMbl (4.4.18). B kauecTBe BHyTpeHHeH FpaHHLB MOXKHO
B3ATb KPUBYIO SHEPTHH, PAcHOJOXKEHHYIO 10CTaTO4YHO OJNH3KO K Ha-
yaJy KOOPAMHAT. DTUM 34BEPIIACTCS A0KA3ATEbCTBO,



I'HTABA S5

5.1. Ouddepenunansroe ypasHenue x” -+ g(x) = e(t)

BepHeMcst elle' pa3 K ypaBHEHHAM, KOTOPHIMH Mbi 3aHHMAaJHCh
B ryiaBax 3 ¥ 4, HO Temepb NOJOXKHM, YTO B NPaBOil 4acTH ypaBHe-
HHUS UMeeTcs HeNpepblBHAsf (PYHKUHS BpeMeHH f, Tak Ha3nlBaeMas
gosmywarowan Gyrkyus e(t), Koropasi, Kak IpaBuio, MpeLno-
JaraeTcsi nepHOJHMYEcKol ¢ mepuoxom 6, T. e. e(f 4 0) = e({).

H3yuas acumnrornyeckoe NoBeJeHHe pelleHUH NAaHHOTO ypaBHe-
HHS, B NepBYIO odepelb OyAeM HHTepecoBaThCSl BONPOCOM CYLLeCTBO-
BaHHSl MEPHOJHYECKHX pellleHHH C ONpeneJeHHEIMH CBOHCTBAMH
YCTOHYHBOCTH.

HaBecTHO, 4TO nepHopHYecKoe pelieHHe 3aBeJOMO CYLIECTBYET,
ecny Ha ($a3oBOH MNJOCKOCTH HMeETCs NPOCTON 3aMKHYTHIH KOH-
Typ W (6e3 nBOHHBIX TOYeK), KOTOPBIH kaxjaas ¢asoBasi TPAeKTO-
pHA MOXKET IlepecekaTb TOJIbKO B HaNpaBJeHHH CHAapyXKH BHYTpPb.
CeMelicTBO TIONapHO HeNePeCceKaloOUIUXCs TAaKHX KOHTYPOB, BCIOAY
IJIOTHO NOKPHIBAIOIlee BHELIHOCTb HEKOTOPOHl OKPEeCTHOCTH HauyaJja
KOOpAHHAT (pa30BOH MJIOCKOCTH, €CTb FeOMETPHYECKOe TIPe/ICTaBJIeH e
COOTBEeTCTBYIOIEH OyHKIuK JlanmyHOBa, CylleCTBOBaHHE KOTOPOH
SIBJIgeTCA JOCTAaTOYHBIM INPH3HAKOM TNPHHALJIEKHOCTH paccMaTpH-
Baemoro auddepeHnuanbHOro ypaBHeHuss K kJjaccy D. Ha ocuo-
BaHWU 3TOTO CTPYKTYpy MHOroofpasus pelleHUH MOXKHO paccMart-
pPUBATb KAaK M3BECTHYIO, eC/Ad HalgeH KPUTEpHUH NPUHAMJGKHOCTH
ypaBHeHHs K Kaaccy D, npuuem onpenesner xoTs Obl 0fHH KOHTYD W
C YKa3aHHpIMH Bbllle cBOHCTBAMH. UToOb B ciyuae nmepuOAHYECKOH
BHeIlIHeH CHJIBI MOXKHO OLIIO OBl HCIIOAB30BATb TEOPEMBI O HENo-
ABHXKHBIX TOYKAX Npeo6pasoBaHHii, AOCTATOYHO, YTOOBl BHYTpPEHHSS
o6aacte G, orpaHudeHHast KoHTypoM W, B pesyabraTte mpeoGpaso-
BaHusi T (cM. m. 2.9) nepexommia Obl B camoe cebsi. 1o Gymer
MMeTb MeCTO, KOTAa (a3oBble TPAEKTODHH, BHIXOLSIIME B Onpeje-
JIGHHBI HavyaJbHbiH MOMeHT BpeMeHH fo U3 W, B TeueHue OfHOrO
nepuona 6yayr ocraBatecst B G = G U W.

Ipyras BO3MOXHOCTb AJifl H3YUeHHS HENOJBHKHBIX TOUYEK fpe-
o6pasoBanus T 3ak/ieuaeTcss B TIDHMEHEHHH TeopeM 08 HHIEKCe,

166



H3JOXKEeHHBIX I8 HEelPePHBHBIX MOCKHX noaei B 1. 2.8. Ecan mpe-
o6pasosanue '3anano B sufe I'(P) = Py, To paccmMarpHBaeTcs BeK-
TopHOe monae ¥(x,y)= PP, Ha {a30Boii IJIOCKOCTH XY, KOTOpOE
ABJIETCS HENMpPepHIBHEIM [PH HENpPephIBHOH 3aBUCHMOCTH (a30BBIX
TPAeKTOPHi OT HX HayajbHbIX TOYEK B MOMEHT BpeMeHH fo. Oco-
GLIMH TOYKAMH MOJsA SIBJISIOTCS HeNOIBHXKHBIE TOUKH NpeofpasoBa-
HHs, COOTBETCTBYIOU[HEe NEPUOAHMYECKHM pellleHHAM c¢ nepuozoM 6.
Ias obuapyKeHus 0co60# TOUKH B HEKOTOPBIX CAYYafAX MOXKHO I0-
CTPOHTH 3aMKHYTHIfl KycOuHO-rnankuii kontyp W, Ha KOTOpOM Bek-
TOpHOE ToJie W HHrje He obpalllaerca B HyJb H HHTA€ He Hamnpas-
JIEHO [POTHUBONOJIOKHO OPHEHTHPOBAHHOMY KacaTelbHOMY Bek-
topy ¥. Torna Bo3MOXHO npuMeHeHue Teopemul 2.8.14 (mecmoTps
Ha TO, uTO ¥ TOJBKO KYCOUHO-HENpepblBeH) H Jerko0 BHIETb, YTO
kouTyp W oTHOCHTE/NbHO MOJS ¥ 06/1a1aeT HHIEKCOM jo = -+1. [da-
see, u3 teopeMsl 2.8.20 caenyer, uto BHYTpH KoHTypa W uMmeercs
oco6ass TOYKa BEKTOPHOro noas. B nasbHedilieM MBI HCIOJAb3YyEM
3Ty METOAUKY MJsi ypaBHeHHH pasnndnblx tunos. Cefiuac Xke yka-
)KeM crnoco6nl 00HApyKeHHs NepPHOAHYECKHX PelleHHH YpaBHeHHs

x4+ g(x)=-e(t), (5.1.1)
xg(x)>0 mpu x=%0, e(f+0)=e(l),

rae

HJAM 3KBHBAJIEHTHOH CHCTEMEI
=y, y=—gx)+e(). (5.1.2)

Haunem ¢ Teopemb 3efipeprta [2]

Teopema 5.1.1. Ypasnenue (5.1.1) o6aadaer no menvwied
mepe 00num nepuoduueckum peuienuem ¢ nepuodom sosmyujenus 0,
ecau 3TOT nepuod GOCTATOYHO Man, T. e. O << Bo, npuuem pynkyus
g (x) MOHOTOHHO 803pacTaer u

| g(x)|>=>M=max|e(t)| npu |x|=X.

Jlas HoKasaTenbcTBa ONpeNeNMM cHauaja mnapy uucen 8; << 0
u 8 > 0, s koTophix g(6;) = —M, g(8s) = +M. [lanee BBeneM
HOJIOKHUTENbHO ONpeNeseHHYI0 GYHKIHUIO .

G(x)-———-fg(s)ds
0

u 3aMeTHM, uTo J06aa npsmas y == Mx + b, rze b > 0, nepecexaer
kpuBylo y = G(x) B ABYX M TOJNbKO B ABYX Toukax: X =0, <0 u
x=a; =08y G(as) —Ma;=". Ecau Bubpars b = G(8,) — M&y,
TO MOJYYUM

a, <6, <0<, <a,.

167



Auanornuno, npsimas y = —Mx 4 b’, b’ =0, nepecexaeér KpuByo
ys= G(x) B [BYX M TOJBKO B JBYX TOUKaX: ¥ =03 <8 u x¥=
= a4 = 0. Ecan Bbl6paTb

=G (a) + Ma2 b+ 2Ma,,

TO OKAXKeTCs, UTO G4 == Qg H a3 << 4.
Ha ¢a30Bofi na0CKOCTH xy MOCTPOHM C MOMOILULK TOJbKO 4YTO
IIOJIYYEHHBIX KOHCTAHT b U b’ ABe Ayru KPHBHIX: ,
I P =2{Mx+ b]—G(x)} g <x<<a, y=0,
H ' : ,
"' P=2{{—Mx+ V'] =G} a<S<r<a, y<O.

OueBnaHo, opauuarta Ayrd I' MOHOTGHHO BO3pacTaeT OT X ==a IO
x = 02, a MOTOM MOHOTOHHO yOhIBaeT 10 x = ay. HaoGoport, opaH-
HaTa AYyrH [/ MOHOTOHHO yObIBaeT OT X == a3 A0 X = 0; H NOTOM
MOHOTOHHO BO3pacTaeT 10 X == Ay, T. €.

max {§' — G (x) — Mx} = b"— G (8,) — M9,.
Ha (ai, a;) noayunm oueHky

b+ 2Mx < B = b+ 2Ma,,
T. €.

V2b+Mx—Gx)] < Ve[ —Mx—G(x)| <K' =
= V2[6"— Ms, — G (8))].

Ilycts

K=V2[b+ M, —G3)], a=6—ay,
K" =M — g(a,).

YeraHosuMm Termepb BepxHIOK rpaHumy 0o aas nepuona Bo3byxie-

Hus O:
0 << 0y == min (a/K’, K/K"). (5.1.3)

Ilns u3yyenusi mosoxeHusi GpasoBBIX TPAEKTOPHI OTHOCHTENbHO
ayr T' u 1V cpaBHuM Hampas/eHHs HX kacarteabHbiX. Torma GyneM
umeTh Ha ayre I' aass y >0

YO @) =[e(t)—gx)]y! g[M_g(x)]y—l.:(%)L‘
W Ha Iyre I'" qna y<o0
YOI (< —[M+ gx)]y~' = (%)‘ '

Takum 06pasoM, (asopbie TPAGKTOPHH B TOUKAX KPHBBHIX CpaB-
Henuss I' u 1Y, OTBEYAIOIIHX COOTBETCTBEHHO BHYTPEHHHM TOYKAM
xe=(a;, a3) H xe(as,ag), HalpaBJeHs BHYTpb o6aacteif, orpa-
HYYeHHBIX HMH BMecTe C OCblo x. DBoJjiee TOro, 3T0 HMeeT MecTro
TakK¥kKe [IJs KOHIeBBIX Touer Ry(ai, 0) ayru I' u Rq(ap, 0) myru IV,

3ambikast ayru T' u IV ropusonTadbubiM oTpeskoM RsR;, Rz =
= (as, 0), nonyunM Koutyp W ¢ BHyTpeHHeH o6sacTbio G, KOTOPYIO
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$asoBrle TPAEKTOPHH MOTYT NOKHHYTb, JIHIIb Mepecexas OTPe3OK
R3R, na mpomexyrke [as, a1]. ,

Tenepb wuccienyeM TnoJe HanpabBieHnd ®(X,y) B TOYKax
P(x,y) =W un nokaxewm, 4To OHO HHrAe He ofpauaercsi B HYJb,
npHYeM HH B OLHOH Touke KOHTypa W HanpaBieHHe noJjisi He §iB-
JfeTcs NPOTHBONMOJNOXKHBIM K HalpaBleHHIO KacaTeJdbHOH B 3TOH
TOYKe, OPHEHTHPOBAHHOH B IOJIOXKHTeJbHOM cMbicie. Otciona, B
cuny TeopeMel 2.8.14, MOIyYHM, 4TO HHIEKC MOJsl HaNpaBJIeHHH OT-
HocHTeabHO KoHTypa W ecth jw = +1. ’

Ilns storo paccMoTpuM cHauasia Toukd P(x,y) €T u nokaxem,
4TO COOTBETCTBYWINHe HX 0o6pasbl P;, NoJyueHHBle B pe3yabTare
npeo6pasosanusi T, 1. e. T{P} = P, npuHaiiexaT MHOXecTBy G =
= G U W u pacnosioxeHsH B nojoce a; << x << s.

Mycte x =8, u o471, 0 <T<CH, ecTb MOMeHT BpeMeHH, AJ
koToporo x(to+ 1) Elas, a1l, roe {x(#),y(f)} — tpaextopus cu-
cremb (5.1.2), Bhixogsimas B MoMeHT # u3 P. Ecin sra tpaexro-
pHsi 10 MOMEHTa BpeMeHH fo+ T coxepxurea B G, 10 |y(f)| < K’
nas 0 <<t — fo << v, ¥ [103TOMY ,

o
a<[x(t)—xlho+ D= [ y(t)dt <K'T<K'S,
tot+T

T. e. 8 > a/K’, uro nporuBopeuut HepaBeHctBy (5.1.3). Taxum 06-
pas3oM, 3TOT Clyyall HEBO3MOXKEH.
Iycts teneps P(x,y) €T u a1 < x < 8. Ilpu x(¢) < 8; nmeem

y=—gx)+el)>0,

Tak 4yTo paccmatpusaeMas (asoBas TPAEKTOPHsI B HEKOTOPOM HH-
tepBane 0 << ¢ — o << 7, OCTaBasICbh MEXKY OCbIO X U nyroit ', unmer
BIPABO H BBePX H B MOMEHT fo + T JIOXOAHT 10 BEPTHKAIH X = O1.
B cayuae t<< 0 aHAJOrMYHO NpelbAylleMy nomydaem: x(f) > a
npu 1<<t— 1, <0, u, crenoaresnbHo, (asoBast TPAEKTOPHS, BbI-
xonsmias u3 Touku P, mpu fo <<t << fo+ 6 He MOXKeT MOKHHYTb 06-
nactb G, 1. e. P =T{P} =G. .

Jlanee paccMoTpuM TOuKH P (X, Yy) eI’, u nyctp cHayana x
& [6y, as]. Ecam cymectByer rtaxkoe 3Hauenue 1, 0 <Tt1<0, uroO
x(fo 4 1) < a1, B TO BpeMs Kak paccMarphBaeMasi pasopas Tpaex-

TOpPlSI oCcTaeTcsd B G A0 MOMEHTa Bp,EMGHH to+1?, TO ONATH 3aKJAIO-
yaeMm, 4To t
a<xt)—xlty+= [ y@Odt<Ke<KS,

totT

a 3To npoTuBOpeunT HepasenctBy (5.1.3).

[Tyctb Teneps x & las, 8] Ecin asoBas TpaekTopHs, BbIXOAS-
mas u3 P, B MOMeHT f, mokuaaer obsnacTe G, TO CyLlecTByeT HaH-
MeHblIee sHauenue T, rae 0 << T << 0, Takoe, uto X (fo + 1) Elas, ail,
y(to+ 1) = 0. Orcioga caelyer CyLleCTBOBaHMe HHTepBana
T<<t—1ty<<7, B KOTOpOM (ymKUMH X({), y () MOHOTOHHO
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BO3pacTaioT, nNpu 3ToM x(fp-+1')=6;, B To Bpema kak Aas y(f)
B MOMEHT ! == ty 4 min (v, 8) cnpaseannBa oleHka
i

y= | [—ele@) +e@!du<K"(t—1t) <K<K
1+t

Otciona sicHO, uTo B ciayuae 0 =t Touka P, (xy, 1) IOMXKHA JexaTb
B Toft yactu G, rae x > ;. Ecin ke 0 << v/, MOXKHO NONYYHTb OLEH-
KB as<<x <8, 0<yi<<K. CooTBercTBylolmHe paccykIeHHs
CrpaBedJiMBbl TakXke M TOrAa, Korma P& P3P, npu -3TOM MOXHO
noJoxuth T == 0.
W3 nonyueHHBIX pe3yabTAaTOB HENOCPEACTBEHHO CJeNyeT, 4YTO
—>

BeKTOp PP; HHUrje He NpOTHBONOJOXKEH OPHEHTHPOBAHHON KacaTesb-
Hoi K KouTypy W n Hurze Ha 5TOM KOHTYpe He ofpainaercs B HYJIb.
OTHM TeopeMa J0Ka3aHa.

Teopema Onsas [11] Hcnonb3yeT npeanosoxKeHHe, YTO

Jim [ g(x) 1=+ oo, (6.1.4)

A OCHOBBIBAETCSl HAa CBOHCTBaX MNepHOAOB CBOGOIHEIX KoJeOaHWH,
H3JI0KeHHBIX B 1. 3.1, T. e. pemeHnit ypaBHeHus (5.1.1) npu e(f) =
== 0. OnsaTb paccMaTpHBAIOTCS COOTBETCTBYIOLIME LUKJAL Ha (aso-
BOH IJIOCKOCTH, IJISl KOTOPBIX BBOJHTCS OTCYET OPOAOJIKUTENbHOCTH
BpeMeHH 2t(X), HeOGXOZMMOro A/ MPOXOKAEHHS AYTH UHKJAA OT
ucxonHol TOYKH (x,0) OCH y N0 CJaENyIOIIer0o MepecedyeHusi ero ¢
3TOH OCbIO:

PasHocTb MOMEHTOB BpeMeHH HJIsl TOYEK NYrd UHKAA ¢ abcuHccaMu
Ax (0 << A << 1) oGosnauuM, Kak u pasee, uepes t(x, A):
X

. sgnx ds
T =" J Vom0

X

Teopema 5.1.2. Ecau ¢ynryus g(x) ydosaersopser ycro-
suto (5.1.4) u ecau

lim < (x)> -94— >0, .1.5)

[)EI_—>.00
10 ypasrenue (5.1.1) npu 210601 nenpepoieroil nepuoduueckoil npa-
goti 4actu e(t) ¢ nepuodom 0 < 0, donyckaer no kpaiined mepe
00HO nepuoduueckoe peulerue ¢ nepuodom 803myujenus 0.
Ias poxasatenbcTsa H3ydnM (asoByH TPAeKTOPHIO, BLIXOAS-
HIYIO W3 TOYKH (@, b) B MOMEHT BpeMeHH fy:

x=x(l, a, b), y=y(t, a,b),
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B mpocrtpaHctBe HAUAJIBHLIX [OJOXKEHHH Ha [JIOCKOCTH f={j
IIOCTPOHM TPH BEKTODHBIX HOJs 9;(a, b):

v, ={b, —g(a)}
Y, = {b’ - g(a) + 60} = {x, (tO’ a, b)’ y, (tO! a, b)}’ e (t(]) = &g,
v, ={[x({,+ 6, a, b) —al/®, [y (L, + 6, a, b) — b]/6}.

Ins nokasaTesbcTBa TEOPeMbl AOCTATOYHO M0Ka3aTb, 4TO BeK-
TOpHOe mnoje W3(a@, b) o6inagaer no MeHblled Mepe OJHOH ocobo#
TOYKOM. :

Paccmorpum cemeiicTBo kpusbix (I)

w(a, b)=G(a)+ 5 0*=C >0, (5.1.6)

KacaTe/lbHble K KOTOPBIM 3ajaHbl BEKTOPHHIM modaeM ¥(a,b) H,
ciaemoBaTesbHO, KpuBas I' umeer HHAeKc -1 OTHOCHTENILHO NOJS Wy
(Teopema 2.8.17). '

Ecnu C nocTaToOuHO BEJNIMKO, TO TO XKe caMoe CIpaBelJHBO A
BEKTOPHOTO IIOJIsl ¥s.

B camom jieqe, BLIYUCAHM

v 0, =0+ g@)[g(a) —el ="+ g@I[g(a)|— M],

rie M = max|e(t)].
Oyuxuusg  @(a, b) =[g(a)]? + b2 — HenpepriBHAS W HONOKH-
TeJIbHO ONpefesnieHHasi, MPH 2TOM Ha ocHoBaHuu (H.1.4) Ameem

lim ¢ (a, b=+ oo.

o=V TET >0
Takum 06pasom, aas p == po noJIyuaeMm
®(a, b)=> M+ 17
Orciofa ans yKa3aHHBIX 3HaYeHHH P HAXOLHM
v -9, > q(a, b)—MVe(a, b) = Vel b) >0.
[Tyets nast p << po

w(a, b) < C,.

Torna kpuBas w(a,b) = C > Cy, gexur B o6aacTi p=>po H,
TakuM 006pa3oM, Ha KDHUBOH BBINOJHEHO HEpPaBeHCTBO By - By > 0.
[Tpumensisi tenmepp TteopeMmy 2.8.14, nosyunm HeoOxoanmoe yTBep-
XKAEeHUe.

B 3akJjioueHHe AOKaXKeM, 4YTO NPH AocTaToyHo GosapuroM C HH-
JeKe KpuBo# I' OTHOCHTENBHO MOMS W3 COBMNANAET ¢ HHAEKCOM 3TOH
KPHABOH OTHOCHTEJbHO TOJS Wy, T. e. paBen - 1. OTciona na ocHo-
Banud TeopeMsl 2.8.16 Oyner cienoBaTb, YTO BHYTPH KouTypa I’
uMeeTcs MO MeHbiiefl Mepe ofHA ocofas TOYKa BEKTOPHOTO MOJS B3,
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HenpepbiBHbIA 1€PEX0ON OT Y2 K V3 1aeT BEKTOPHOE 1oje
» (t, a, b) = {[x (ts a, b) - a]/(t - tO)! [y(t? a, b) - b]/(t - tO)})

0<t—1,<9,
Tak Kak
limv (¢, a, b)="1v,(a, b),
t-> 1,

l,(tO"‘_ 61 a, b)=n3(a! b)

TTokamxeM, 4To HHKaKOH u3 BekTOpoB ¥ (f,a,b), rne 0 << {—f; << 0.
He MOXeT OOpaTHTbCS B HyJb Ha KpHBOH w(a,b) = C (C nocra-
TOYHO BEJHKO).

[MosoxuM npoTHBHOE, NycTb AJs To4KHM P(a, b) HekoTOpON KpH-
Boil I' umeeM

x(to+7, a b)=a, yltr+7, a b=>b O<TKH).
Torfa Ha ¢asosoll MIoCKOCTH Xy jJyra K:
x=x(t,a, b), y=y(t a, b), 0O0<t—{(<T,

3aMKHYTa.
BBonsi o6o3Hauenue

w(t)=Gix(t a, b))+ 52 a, b)
H yt{mngaa paBencTBo |e(f) |<< M, GyneM umeThb
o B)=e(t)y(t)>— M|y () |=— 5 (M + g2t > — M —w (1),
T. €. '
-l () + M > 0.

Orciona nas £ > £, noJydyaeM
{w () + M) e > {w ) + M} et = {w(a, b) + M?}eh
" Janee s
w(t)>— M+ {w(a, b)+ Mle~*>=C,> 0.
IMosnaras, uto
w(a, b))=C=C,e*+ M*(e"— 1),

mosyummM, uto Ayra K OGymeT pacnoJiokeHa BHe KOHTypa w(x, y) =
=,
[lyeTe 7. — MHTepBaJ BpeMeHH, COOTBETCTBYIOIME YacTHUHOH

nyre Kec K, nexamei B npaBoil (/1eBofi) NOJNYIJIOCKOCTH. Mul
yTBEpXKIaeM, UTO

I
T+ > 5 6y (5.1.7)
orcrofa Gyner ciefosath 0 = 1 == 14 + 1_; > Oy (BONpEKH npeano-
JIOXKEeHH0), ecii ToabKo C; (uan C) AOCTATOUHO BEJHKO.
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HokaxkeMm HepaBeHcTBO (5.1.7). OGosnauum uepe3 (x,0) Touky
nepeceyenusi Ayru Ki ¢ ocblo x (x > 0) u moaoxkum, uto G(x) =
= C,. Ecin s — nepeMenHas abclucca AyTH, TO

d (1 d
3=y =) —g(6)>—M—g(s)
oTCIOZA )

[ £ (3#)ds=5lr©—rmI<

’ <—[Ms+ G(S), =[G (1) — G ()] + M(x—s)

H, cjJe10BaTeAbHO, .
19(5)I< VG — GO T ME—s).

Takum o6pasowm,

=y (1) vﬂ s

ds ,
—G()+ M(x—3s)

[Tyctb € > 0 3anano u x,(e) > 0 BLIGpaHO HACTOMBKO OOJBIIHM,
4TO AJA X > x, umeem g(x) > M/e; Torna

21 (x)= Wfﬁ?h ()=

V_J ViG o — ds]+M(x—s) > V12+e T("’ xT)

> 5 le (s (] > [ 1 (5 22) [5(0)].

B n. 3.1 6nis0 mOKasaHo, UTO
. T (X, Xo/X
llm ( 3 0])
x>0 T (x)
CJenoBaTedbHO,

2 im &) T T+ (%)
< l S+ \X) < l <2 IpH JI}O6 e),
Vite \x-iTw T(®) S xste T(Y) (mp oM &)

Orcioxa

=1 (IpH DUKCHPOBAHHOM Xo).

H M03TOMY

lim St =2,
X=»-+too T(x)

lim 7, (x)=2 lim (). (5.1.8)
x::‘” x;oo ’
AHaJorH4Ho TosyYHM

lim t_(x)=2 lim 1(x).
x—)—oo x-—> <)

OTCIOIa
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Takum o6pasoM, Ha ocHoBaHHWH HepaseHcTBa (5.1.5) uMeem
oueHku (5.1.7), ecan C; (uam C) BbHOPaHO AOCTATOUHO. OOJBIIUM.
Tem caMbiM [0Ka3aHO, YTO Ha TaKOro poja KpUBEX I BeKTOp
v (¢, a,b) 5= 0.

Tax kax uHaekc kpusoit I': w(a,b) = C OTHOCHTENLHO MOJS
v ({,a,b) sBAsercs HempepbIBHOH (yHKIUeH mepeMeHHOH f, mpHYeM
HHIeKC paBeH 1 npu { = fo, TO OH IO/IXKeH COXPAHATH 3TO 3HAuYe-
HHe H B NMpoMexyTkKe 0 <Cf— 74y << 6. STHM 3aBepuiaeTcss JA0Kasa-
TeJbCTBO TeopeMbl 5.1.2. .

3aMeTHM, 4TO Ha OCHOBaHHH TeopeMHl 3.1.8 nmeeM

lim 7 (x) > 0,/4,

X->+4oo
€CJIH BLINOJHEHO HEPAaBEHCTBO
lim G(x)x/* < 2:°[6; (5.1.9)

X->»+o0
(xoTopoe, HanpuMep, BHITEKAET U3 yeaoBus  lim g (x)/x < (2m/0,)%).
X > 40

Torga, kak OBLIO TOABKO YTO [A0KasaHo, ypaBHeHue (5.1.1) npu
J1066# nepnouuqecxoﬁ npaBofi yactu e(?) ¢ nepuoxom 0 << 0 obaa-
IaeT 10 MeHblleH Mepe OLHUM NePHOJHYECKHM PeeHHeM ¢ TaKuM
XKe nepHoAOM. .
Ecan xe
lim G(x)/x*=0 (5.1.10)

X~>»+oo
(310 cJaepyer, HanpuMep, u3 lim g(x)/x=0), To Ha ocHOBaHHH
X=> 4o
teopeMbl 3.1.8 umeeM lim t(x)=+ co.
x> +o0 :

Takum o006pa3oM, MOXKHO TakXKe YTBepKAaTb: IPH YCJIOBHH
(5.1.10) ypaBHenne (5.1.1) oGsamaer Mo MeHbIUel Mepe OXHHM Iie-
PHOAMYECKHM pellleHHeM C IepHOIOM BO3MylieHus 0.

5.2. uddepenunanpioe ypasHeHHe x” + f(x)x’ -4 x = e(?)

JlanpHejiie HCCAEXOBAaHMA HauHeM ¢ JAuddepeHIna bHOrO
ypaBHeHHs
"+ X)) x +x=e(l) (5.221)
[e(t+ 8)=e(®)]

3KBHBAJEHTHOIO CHCTEME

Y=y, Y=—x—fx)y+e(® (5.2.2)
UJay, COOTBETCTBEHHO, CHCTEMeE
X=—F@x)+v, v=—x+e() (5.2.3)

[F(x): f f(s)ds].
0
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B ypasuenun (5.2.1) Ge3 orpannuenus oGIIHOCTH HCCIENOBAHHS

MOZKHO HNOJOXKHUTH
%

fe(t)dz=,o.

0

BcesefcTBHe 9TOrO ypaBHeHHe

t u” 4 F(u'y+u=E({), . (5.2.9)
rie E(f)= f e(t)dv, Tak)Ke HMeeT NePHOJUYECKYIO NPABYIO YaCTb.
' 0
CewmeiictBa pemennii ypasHenu#t (5.2.1) u (5.2.4) Becbma npo-
CTO CBA3aHbl APYT C APYroM:

x()=u'(0),

u(t) = f x(vydv — F (xo) — x{.

0

[Tepuonnueckue peuleHHsi STHX YDaBHEHHH B3aHMHO COOTBETCTBYIOT
APYT APYTY M OAHOBPEMEHHO SIBISIOTCS YCTOHUMBLIMM (MJIH HEyCTOH-
unBbiMH). TakuM o6pasoM, 1/ H3yueHHss aCHMITOTHYECKOro mNoBe-
NeHus1 peuieHuit ypaBHeHus (5.2.1) MOXHO NpHBJIEKaTb ypaBHeHHeE
(5.2.4), u obpartHo.

B n. 5.3 uayuaercs o6oGuennas ¢opMa ypasHenus (5.2.1), ko-
raa JUHEHHBIH «TOPMO3SIUMH» 4YJeH X 3aMeHseTCsl HeJqHHeHHOH
¢byuxuuei g(x). HecmoTps Ha 910, He GyAeT M3/IHIIHHM PacCMOTpe-
HHe OT/EJbHOTO YACTHOTO cayyas g(x) = ¥, Tak Kak OH JONMycKaeT
Gosee TOYHYIO TPAKTOBKY BONPOCOB ycTofuMBocTH pemenuil. Cie-
ayomas (yHAaMeHTaJbHas TeopeMa INpUHALIEXHT JleBHHCO-
Hy [2]

Teopema 5.2.1. Ecau f(x) > 0 (kpome, GoiTo modxcer, duckper-
H020 MHOdcecT8a Touek) U F(oo) = oo (uau F(—o0) = —o), 10
ypasuenue (5.2.1) obaadaer eduncTBerHbiM peuieHuem ¢ nepuo-
Oom 0, a 8ce OCTAAbHbIE HEO2PAHUYEHHO NPUBAUNCAIOTCA K HeMy npu
{— oo,

3aMeTuM, 4TO N[pPU HAMMYHH YCJAOBHs f(x) =0 B aBTOHOMHOM
cayuae (e(t) = 0) nnsa ocoboit Touku ¥ = 0, y = 0 cucremn (5.2.2)
HMeeTcss ACHMIITOTHYECKas YCTOHYMBOCTL ee B LleJOM, T. €.

lim {x*(6) +4* ()} =0

anas Bcex pemenudn {x(¢),y(f)} cucremsL
310 OJHOBPEMEHHO 03HAYaeT, 4TO

lim {2, () = OF + 151 () — 4 (OF} =0

aas AByX mo6eix pemenuit {x;(¢), yi1(£)} u {x2(¢), y2(¢)}. 3necr 310
yTBepXK/JAEHHe JI0Ka3blBaeTcs i HeaBTOHOMHOTQ ciydas.
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Ins mokasartesnncTBa TeopeMnl, ciaenys JleBHHcOHY [2], mpe-
XKJle BCero yCTAHOBHM CYIIECTBOBAaHHe Ha TJIOCKOCTH XU KOHTypa W
(c usBecTHHIMH cBoWicTBaMH Bennuxcona). OTciona (Ha OCHOBaHHH
Teopuu npeoGpasoBaHusi) OyAeT CJaeJOBAThb CYLIeCTBOBAHHE IepHO-
IH4eCKOro peuleHusi ypasHenus (5.2.1).

Beoxs oGosnauenne max|e(t)| = m, noctpoum kpusbie Ci:

v= = xF (x)/m.
OnHa M3 HHX NPOXONHUT B BePXHeH MOJYNAOCKOCTH, APyrasi — B HHXK-
Hell, u Ipu 3ToM o0Oe KacalTcs OcH X B Hayajae koopaunat O.
Mexny stumun KpuBbIMH |v| << xF(x)/m uckoMbiii koutyp W
MOJXHO COCTaBHTb M3 AYr OKPYXKHOCTeH ¢ LeHTpoM B Touke O: neii-

CTBHTEJNbHO, B 3TOH 06JacTH Ha (a30BHIX TPAEKTOPHUSAX BHIIOJ-
HSIETCA COOTHOIUEHHe

2 (62 v) = — 2(F (x) — ve (1) < — 2 (F (x) —| 0 | m) < 0.

B o6oux o6nactax |v| = xF(x)/m B kauectse Ayr kontypa W
MOTYT ObITb HCHOJb30BAHB MHTErpajibHbie KpuBbie y aubdepen-
LIHaJIbHOTO ypAaBHEHHs

X
=T (5.2.5)
€CJH B HX KOHIEBBIX TOYKAX BBINNOJHAIOTCA HEDABEHCTBA

[x|>=2m, xF(x)/m>=2 max |FE)]|. (5.2.6)
l§1<em

B aroM cayuae ajis 3THX TOYEK, OUEBMJHO, Gyner uMeTb MecTo He-
pasenctso |v| > |F(x)|. Bronb xpuso#t y uMeem

-ad;-(x2 + v?) =4msgnu.

Insi Ga30BHIX TPaeKTOPHH, NePeCeKaoniuX y, MONYUHM

d
2 (2 o)
dt . ve (t) — xF (x) 2lulm
BN G =2 = Feeno ~ To—[F@T <
at _

Has |x| = 2m sro cnenyer us mepasenctsa |v| = xF(x)/m, Tak
kaKk |F(x)| < |v|/2, a s |x]| < 2m — u3 ouenox

F
250, fol<logl="EUEL 5 01 Py,

rae (xz, Ug) €CTb JieBas KOHIleBas TOYKA VISt BepXHeH MOJYIJIOCKO-
CTM U IIpaBasl KOHLeBas TOYKa JJsi HHXKHel NOJYIIOCKOCTH pac-

CMaTpHBaeMOH KPHBOH .
Teneps noctpouM koHtyp W (puc. 5.2.1). Iast 3Toro BO3nMeM
HauaJbHYIO TOUKY Po(Xo, Ug) Ha KpuBol v = xF(x)/2m rakyio, 4to
%= 16m, F(x) = 80m. (5.2.7)
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[posenem nyry PoP;, ompenensiemyio nuddepeHnnajsbHeiM ypas-
HEeHHEM

d
#e——<o,
o Y — ‘Z F (x)
IO nepeceyeHus ¢ KpUBOH v == F(x)/2, 1. e.

xdx+vdo=F (1) do.

S~
Has dasopuix TpaekTopuil B Toukax nyru PoP; nMeem

o xF (x) —ve(t) xF(x)—ovm 1
d(x®+ 02)_2—x—e(t) dv<2-—x—+m——dv <—2—F(x)dv.

Takum oGpasoM, ¢as3oBble TPAEKTOPHH NEPECEKAIOT KOHTYp B Ha-
NpaBJeHHH CHAPYXKH BHYTDbL.

e z;(z)

Puc. 5.2.1.

TlpucoenunuM K KOHTYpPY oTpe3ox PPy (P2 JieXXUT Ha ocu X),
NepneHAHKYAAPHbIA OcH X. 371ech A5 (as30BBIX TPAeKTOPUH HMeeM
dx 1
7——-0——F(x)<—-2—1~“(x)<0.
Kycor xourtypa PeP; ectb ayra okpyxHOCTH x2 -+ v? = const u
3aKaHYHBaeTcd Ha KpUBOH C_ B UeTBEPTOM KBaJpaHTe.
Kycox xontypa P3P, coepnnsiomuii o6e Bersu nyru C-, nexa-
I¥e B TPEeTbeM W UYETBEPTOM KBaJpaHTaX, obpasyeTcs AYyrou vy

Ecan BbiGpath Xo AOCTAaTOYHO GosbinuM, To ycaosHe (5.2.6) Gymer
BBINOJANEHo B 006enx Toukax P; u Py
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. B kauectBe Kycka KoHTypa PsPs BO3bMeM AYTY OKPYKHOCTH
x% 49?2 = eonst, coenuusiomyio Betsu C_ u C, TPETbEro u BTOPOrO
KBaJpaHTOB,

Kycor kontypa PsPg cOCTOMT u3 KpHBOH y Mexnay Berssamu Cy,
NPOXOASIIIKMH BO BTOPOM M IIepPBOM KBaapaHTax. [Ipu stoM X
npennonaraeTcs HacToONbKO OGOJBIIMM, 4TO B TouKax Ps u Pg Bhl-
noJHsercd ycaosue (5.2.6).

Hakonen, kycok koHTypa PgP7 ecTb Ayra oXpyKHOCTH x2 4 02 =
== const, okaHunBawulascsa Ha KpuBoH v = xF (x)/2m.

Ecau P; nexut Huxe Py, TO MOXKHO 3aMKHYTb KOHTYD OTpe€3-
koM P7P, kpusoii Cy; B TOUKaX 3TOro oTpeska A/ (Ha30BBIX Tpaek-
TOpUH, yuuThIBas, 4T0 v = xF(x)/2m, 6ynem uMers

dx _ xF ( x) x
L e FWto=—F@)+ L =F () (55— 1)>0
H
dv
7=—-x—|—e(z‘)<m—x<0,
T, €
dov
= < 0.
Yrobnt Y6eILHTbCH B HepaBeHCTBe x; < Xq, BBefeM 0603HaUeHUs
24 0vi=r2 (n=0, 1, , 7) M OLeHHM MOCJeLoBaTe/bHble pas-
HOCTH ’i+ —r2. I/IMeeM

L[ !
===t [ Pde <= 3P () (0= o)
Py

’g*’f=*v?=-%F("1)vl< —%F(xo)v,,

r3=r2,
ri—ri=—dm(x,— x)=A4m (| x|+ x;) <

< dm(ry+ry) < 8m(ry + 2m),
r5=r4,

ri—ri=4m(x;+ |x5 |) <Am(rgtr;) < 8m(r,+2m) < 8m(r,+6m),
r;=rg.
Ortciona
r2—r; < 16mr,+ 64m* — % F (xg) v, < 20mr, — —;— F (x)) vg
Tak kak
ro<rg= Uu{ 1+ %}% < 2vy,
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TO
1 i .
rt—r< — 50 {F(xo)—SOm} <0,
U, cJaeLoBaTeshHO

e ——
r; =X 1/-1 + 4,(,::7) <r =x0‘/1 -+ ——4::20) s
T. €. X7 < Xo. 7
[Mycts Temeps {x(f), v(f)} — orpanuyeHHoe (, 3HAYUT, NIEPHO-
anyeckoe) pemende cucreMsl (5.2.3) u {¥(f), 0(f)} — mo6oe npy-
roe pewenne. [octponm dynxunio :

et)={x ) — O +{@®—o(O)F
¥ HalimeM nas X (f) == x(1f)

D= — 9k () — R (OHF () — F (D} < 0;

MO3TOMY 4YHCJAOBas MOCAEN0BaTeabHOCTb {¢n} == {¢(n8)} MoOHOTOH-

HO yObIBaeT U, CAeN0BaTENBHO,

HMeeT Mpemes w
lim ¢,=a>=0.
n-»oo

Orciona, OueBUAHO, CAEAYeT, UTO O

a =0, 1 n03TOMY w=const

tlim {x(ty—x()}=0,

w-Mu=const

lim {0 (f)— 0 ()} =0

N

W, 3HAYHUT, w-Mu=const
lim {x’ () — ¥ (t)} = 0. g “,
t> o0

IJTHM 3aKaHuMBaeTcs JoKa3sa- Puc. 5.2.2.

TeJbCTBO TeopeMbl 5.2.1. '

YcioBust TeopeMbl MOKHO elie HEeCKObKO 0606muTh (cp. Peic-
cur [5]). :

Teopema 52.2. Ecau f(x) >0 (kpome, mooxcer 6viTo, oT0ens-
noix Toex) u |F(x)| =M +e daa |x| = a, e0e M = max|E({)],
g >0, 10 ypasrenue (5.2.1) ob6radaer eduncrseHHvim nepuodute-
CKUM pewleHuem ¢ nepuodom O u ece Opyaue peulenus CTPeMATCA
K Hemy npu t—> oo.

Inst nokasaTesbCTBA HCIOJAb3yeM Jpyroe IOCTPOEHHE KOHTY-
pa W. D10 ypmaercs chejsatb C NOMOIIbIO AHP(epeHlHasbHOro
ypaBHenus (5.2.4) Ha (a30BOH MIOCKOCTH 4UU, NIOJOXKHB 4’ == v.

Ornenum

ur’ + oo’ =v{E{) — F(o)}<<lv {M — 1 F(v) [} <<
{ M|v| nnas Bcex 3HaueHHH v,
S —elv] paalv|=a.
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Ha ocHoBanun storo kOHTYp W MOKHO COCTaBHTb H3 AYT
(u — M sgn v)? 4 v? = const
o4
(v 4 Aesgno)® 4 v?P=const, A1, v>=a.

Ecan nosoxuts
1
wlu, v)y= "2‘(u2 + v?),

TO MOXKHO BOCIOJb30BATbCS METOAOM [OCTPOEHHS, AHAJOTMUHBIM
npuMensiemoMmy B 1. 4.3 (puc. 5.2.2). Ilpu stom o6HapyxKuBaeTcs,
YTO NPH NOCTpoeHHH KoHTypa W BhIHYXKIeHHBle KoJeGaHHS mpoO-
ABJAIOT ce0S B TOM K€ CMbIC/e, KaK H COOCTBEHHBIE.

5.3. lnddepenunanbuoe ypasuenue x” + f(x)x’ + g(x) = e(t)

[lepeiifiem Temepb K c/yyalo ypaBHEHHS, CONePKaLIero HeaHHel-
HBIl TOPMO3SIUMA 4YJeH, NMPHYeM IO-NpexHeMy 6yaeM 3aHHMAThCS
HCCJeI0BAHHEM MEPHOAUYECKHX pelleHHH, HMEIOU[HX IePHOI BO3-
OyxaeHust 6. BaxHEIM OTIMYMEM O CPABHEHHIO C MpefBLIyLIHM
caydaeM snech OyneT To, YTO TepHOJHYECKOEe DelIeHHe, KakK Ipa-
BUJIO, HEe SBJISAETCS aCHMITOTHYECKH YCTONUYMBHIM B LEeJJOM, a UMeeT
MeCTO JIHLIb €r0 aCHMNTOTHYECKAs YCTOHUHBOCTL B MAJOM.

Haunem ¢ ocoboro cayuasi, pacCMOTPEHHOro 31aMaJoMm [1].

Teopewma 5.3.1. Cuctema dudpepenyuarorvix ypasrenud

=y, yY=—gx)—fWy+e(® (5.3.1)
le(t+0)=e(®)],

06.1a0aer eOURCTEEHHbLI NePUOOULECKUM petlentes ¢ nepuodon 0,
K KOTOpOMY 6Ce OCTQAAbHbLE DEULeHUs SKCNOHEHYUAAbHO RPUGAL-
HATCA npU t —» 0o, ecau Pynkyuy

e(x)=f(x)—2D, 1>D>0,
u

P(x)=gx)—x

y008AETBOPAIOT CALOYIOUUM YCAOBUAM:

a) |@(x) <cy; ‘

B) () — b () < el E— 11,
2de ¢+ ¢ =c << nD = (1 — D?)'":D,

Bes orpaHuuenyusi oGIIHOCTH PACCYXKAEHHH MOXKHO CUHMTATh, YTO
g(0) =0, 1. e P(0) =0.

B coorBeTcTBMH ¢ BHAOM YCJOBHI 0Ka3aTeNbCTBO 3/aaMada
[1] umeer amanuTHUECKUH XapaKTep M OCHOBAHO Ha CPaBHeHUH He-
JauHeHHon cHeTeMnl (5.3.1) ¢ JMHefiHO# cucTeMOl

¥=y, y=—x—2Dy+e() (5.3.2)
Hamnmewm cucremy (5.3.1) B caenyoweft dbopue:
=y, y=—x—2Dy+p(), (5.3.3)
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rae
pHy=e)—olx O]y (&) —plx ]

BBojsi 0603HAYEHNs

X -
sind=D, cosd=n; D(x)= f ¢ (s)ds,
0

NOJy4nuM 1/ pemienus x(f) cielyloliee HHTErPaJbHOE ypaBHEHHE:

x(f)==[a,cosnt + a, sinnt]e~P* 4

: t
+1 f e=PU=9sin [ (t — 1)]e (¢) dt + O [ (0)] L e=>* sin nt —
0

t
— —rl; f e~Pi=Dcos[n(t — 1)+ 8] ®[x (7)]dv—
0

__:z_fe—D(tw)sin[n(t—'c)]\p[x (W]dt  (5.3.4)
0

H, KpoMe Toro, y (f)=x’"(¢).
Ilpu sTOM HMeeMm

t(0)=xy=a,, y(0)=y,=—a,D+ a,n.

[lepBuii umen B (5.3.4) sABasercs OGUIMM pewmleHHeM OLHOPOA-
Hoi cucremn (5.3.3) (p(f) =0), B To BpeMs KaK COBOKYIHOCTb
OCTa/IbHLIX WJIEHOB NpEeICTABJSAET COGOH YacTHOe pelleHHe HeOmHO-
POZHOH cHCTeMBl ¢ HavaJbHbIMH ycaosusaMu x(0) = y(0) = 0.

Cravana (a)) 3naman Ha ocHOBaHHH (opMyaw (5.3.4) moxa-
3biRaeT, uto Bee pemenns {x(f), y(f)} orpannuens npu t-»-4oo, u
saTeM (b)) OH NOKa3sbiBaeT, 4TO PAa3HOCTb MEKAY JMIOOLIMH IBYMS
peweHusiMH yObIBaeT dKCMOHeHUHaNbHO. B 3akmiouenue (c)) noka-
3bIBAETCS CYLIeCTBOBaHHE MEPHOLHUECKOTO PelleHHS.

a) ToJsoxuM

—% 1
m=max|e(t)|, a==Val+al =— Vx4 2Dxy, + 2.

Torza, mpuaumasi Bo BHEManHe, 4TO |D(X) — D (x) <Lyl X — x|
NOJIYYHM

t
m ca c .
| (0) I ae=i 4 % 4 9% bt 4 & [ ompu=3| (1) |,
¢}
Orcrofa, ecJaH BBecTH 0603HAUYeHUSs!

g0)= [1x(v)[eP7ar,
0
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fyneM HMeTb
CPO( ) atper - Te 0
H, cJen0BaTeNbHO,
g —2t=(1+)a+ 2Dt —r(p)

rie £(0)==0, r()) =0.
W3 noc/iefHero ypaBHeHHs HaXOJHM
t

g(t)=e%‘j Kl +%> “ +nioem—-r(r)] A
0

Ix()I<AW) = —"—+ (1 + %) a [e—(D—%)t-i— e~Dt]» (5.3.5)

npHYEM tl_i)rgA (t) = Eﬁﬁ——?f
CooTBeTCTBEHHO NOTYYHM ,
X O I<BEB=(1+c)A@). (5.3.6)

Tax kax o6e rpanuubl A(¢) u B(f) umeloT npenesl npu f— oo,
He 3aBHCSIIIHE OT BeJIMUMHBI @ (a TaKkKe W OT HavyajbHBIX YCJOBHIi),
TO OrpaHMYEHHOCTb MpPH [ —> 00 pellleHuil JoKasaHa (T. e. HOKA3aHO
D-noBesenne UM aCHMNTOTHYECKAs YCTOHIMBOCTh cucTeMbl (5.3.1)).

b) Tlycte {xi1(2),y:()} n {x2(f), y2(¢)} aBasorcs xBy™Ms pas-
JHYHBIMA pemleHusiMuy chcTeMbl (5.3.1) u {u(f),v(f)} —ux pas-
HOCTB, T. €.

u(®) =x,(t) —x2(t), v(t)=y,(t)— y2(0).

Torna ana 3tux GyHKIME cnpaBefJuBa Clelylollas CHCTEMa ypas-
HeHHi:

W =uv,
v'=—u—2Dv—[p(x)) =P (x)] = [0 (x) 71 ~ 0 (x) v} ~ (5.3.7)
Ortcrooga s ¢ (f) moJgy4dM HHTErpajbHOe ypaBHEHHe, aHaNOTHYHOE
(5.3.4), n Ha ocHoBaHum (5.3.5) u (5.3.6) OGyzem umeTh HepaBeH-
CTBA
lu(®) | < (14 ci/n)afe-D=eim 4 =Dt (5.3.8)
lo@ <4 e) (1 +ei/nyafeP=eimt - =Df]  (5.3.9)
1
(a =71—Vug—|— 2Du v, + vg).

M3 3tux HepaBeHCTB, OYEBHIHO, CJAeAyeT IKCIMOHEHLIHAJbHAs
YCTOHYHBOCTb KaXKAOTO petilenus cucreM (5.3.1).

c) JokasaTeabCTBO cylHecTBOBaHHS €IHHCTBEHHOTO NepHOAHYE-
CKOTO pelleHHsl C NepHOAOM O cielayeT HENOCPEACTBEHHO H3 TOIO-

H
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JIOTHYECKOH TeOpUH yCTOHUMBOCTH, H3NoxKeHHOH B m. 2.10. Teopema
IOKa3aHa.

3amamaan [l] paccMorpen Takke wuacTHbIE cayuail, xoraa
f(x) =2D wu, cnemosatenbHo, s cucreMsl (5.3.3) mnomydaem
¢@(x) =0; B 3TOM clyyYae JOKa3aTeNbCTBO TEOPEMB HECKONBKO H3-
MeHsieTcsl.

Teopewma 5.3.2. Cucrema ypasnenuii (5.3.1), ede f(x) = 2D,
umeer eduncTeernoe nepuoduueckoe peulerue ¢ nepuodom O, Kk Ko-
TOPOMY SKCNOHEHUUANLHO CTPEMATCS B8CE OCTANbHLIE Peulenus npu
t— o0, ecau 04 x2 5= X

2D2—1<—‘m:§l—"‘—"—<1 (1<20°<?).  (5.3.10)

X

HokasarenbctBo 3aamana [l] npoBoguTcs npuMepHO Tak Xe,
KaK B TeopeMe 5.3.1, H COCTOHT M3 TPeX YacTeil.
a) Hanumewm cucremy (5.3.1) B dopme

=y, y=—D%—2Dy+ p(t), 5.3.11)
p(t)=-e(t) —p(x (),

opuyeMm (
— — _Jeglx
P =gl —Du={L2D _ pely,
rjae
lgW)/x— D1 —D?=n? < D2

CucteMa (5.3.11) sKBUBaAJ/IeHTHA ypaBHEHHAM

t
#O =@+ ap e+ [PV —1)e(w)dr—
0

i
— [e 2=t - px()dr, (5.3.12)
0

g =x(),
rae x(0)=ay, y(0)=— Da, + a,.

OTcIofa HoJiydaeM HepaBEeHCTBO
t

[ x (@) | <[la4ay|t]e~P! +—D”iz + n2e=Dt f el7 (t — 1)| x () |dr.
0 (5.3.13)

Cayuait n=_0 TpuBHaJeH; ecau npu n %= 0 BBecTH 0603HaUEHUE
¢

()= [ eP(t—1)[x(®Idr (€0 =0),
0

To OyLeM HMeThb
t

g0=[ e x(midr & (©0)=0)

Q
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H

B (t)=eP x(t)].
Taxkum oGpasoM, u3 HepaBencTBa (5.3.13) BHIBOZMM

g —n%=[la,|+]a,|t] + 5z €2 —r (B),

rie r(tf) > Q-
Orciona

13
£ = [{lla14+ 11w+ & e —r (@) Jshing—vlde <
0

nla|+lay)

nt m
< 2ns e" + 2D%n (D — n) e

4§
t

& (0= [ {1 ar1+1a; 171+ 1 ¢2*—r(@) feh[n — D ds <

0
nla|+1a m
n2

< et + DTD =) ¢

Ha ocnoBanuu (5.3.13) uMeeM
%) 1< 57 |1 +ﬁ]+[lall+lazlt]e“”+
+yg[la 1+ 12l e-0-me (53,14

Orcioma nJsi LOCTaTOYHO GOJBUIMX 3HAueHHH f, OUEBUAHO, MOXKHO
MOJYYHTh BEPXHIOI0 TPaHHIly, He 3aBHCAILYIO OT KOHCTAHT @), Qg
(1 BMecTe C 3THM He 3aBUCALLYI0 OT HayaJbHbIX ycaoBui). To xe

camMmoe CnpaBeA/InBO H IJIist
t t

y () =—Dx (t) + ae™P + [ e=P =T (r)dv — [ e=Pt=9p[x(v)]dr,
0 . 0
rge

Ly (@) 1< DI x() |41 az =P 4 3 + n% (B e=P".
b) Kak u Bbillle, 06pasyeM pasHOCTb ABYX peilleHHH
{n(®), v(Oy={x () — %), y:(t) — y»(1)}
B PAacCMOTPHM COOTBETCTBYIOIIYIO CHCTEMY YpaBHEHHH
W=uv, v=—Du—20Dv—{[x; ()] —V[x D]}

ATy cHCTeMy ypaBHEHHH MOXKHO 3aNMCaTh B BHIE, aHAJOTHYHOM
(5.3.12), omuako 3gecb 6yaeT OTCYTCTBOBaTb YJe€H, COAEPXKaLIHil
¢ynkumo e(f). [TosToMy MOXHO HCHOJb30BaTh NpeXKHHE OLEHKH,
yunThIBagA, 4TO 31ech m = 0. dto paet lim u (f)= lim v (f)=0.

t—>o tro -
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Hcnonbayst myHKT ¢) AoKasaTedbcTBa Teopemsl 5.3.1, momyuaem
3aBepUICHHE J0Ka3aTeJqhCTBA TeopeMbl 5.3.2.
3ameuanue. [lycts nuddepennnancioe ypasHeHue

x" 4 2Dx" 4 g(x)=e(f)

YI0BAETBOPSET ycioBusaM TeopeMbl 5.3.2. Torza yrBep:KueHus 3TOH
TeOpeMHbl CTpaBeJIMBbl TaKXKe U JUIS YPaBHEHHS

X +2D4+e)x +gx)y=e(t), >0,

rle € ZOCTATOYHO MaJo.

B stom MoxHO yGenuThcs u3 cpaBHeHHst o0enx (a3oBHIX Kap-
THH Ha HJOCKOCTH XYy, a Takxe o0eHX CTPYKTYPHBIX KapTHH Ha IJIO-
ckoctu uv. Orcrona noayvaeM, yto tpeGoBanue (5.3.10) npu D < 1
MOXKHO ellle Gosiee 0c1abUTh:

ap2>1, 0< kzgw_‘_g_(x_l)<1.
Xo ~— X3

B nmpexnosoxkeHnn HeIWHEHHOCTH TOPMOMKEHHS H BOCCTaHABJH-
Batomei cunbl JIoyn [1], ucmonb3ys TONMOIOrHYECKHe METORbI, KO-
Ka3aj orpaHuvyeHHocTb pemenuit {x(¢),y(¢)} cucrems (5.3.1).

Teopema 5.3.3. Oyenku suda

x4, [y@)|K<B Oan t>T (5.3.15)
cnpagedausgot, ecau '
fW=>2, W=k gO0)=0, le()|<M. (5.3.16)

IIpu arom moscHo 63aTb C/tedyfotque gepxnue epanuybl.

A—-——-(l + 2 ) Bw%{ (5.3.17)
Hﬂﬂ J0Ka3aTeJbCTBA B KauecTne KpHBbIX CpaBHeHHﬂ HOCTpOHM

Ha IJIOCKOCTH Xy pelleHHs aHpdepeHUUANbHOTO ypaBHEHHs — ~
dy
y—&=—g(x)—2vy+ Msgny,
onpejeneHHoro ansa y =0, 1. e.

dy g(x) M Q
Ty +|yl 2 (5.3.18)

Ha ¢a30BBIX TPAeKTOPHSAX BHE OCH X CIPABENJHBO HEPABEHCTBO

dy _ Yy __ gx) 4 e g (x) M
ettt A% kbt S R AT
ITostomy ¢asoBble TpaeKTOPHH MEPeCceKaloT KPHBHIE CPABHEHHS NpH
sO3pacramouieM { B HanpaBJeHHH K OCU X, €CJH OHU He COBMAAaloT
¢ uumu. PasoBasi KapTHHA COMEPKHUT OCOGYIO TOUKY TOJNBKO TOTAA,
kKorga e(f) sBastercs KoHcTaHTOd (=+M). B arom cayuae mas
0CcO60H TOYKH HMEIOT MECTO PaBeHCTBA

y=0, x=0,=g ' (—M) nmm x=08=g" (M.
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Us nyr KPHBbIX cpaBHeHHst 06pasyeM ceMeHCTBO 3AMKHYTHIX KOH-
TypoB W, nOKpbIBaIOMHAX HEKOTOPYIO OKPECTHOCTb GECKOHEYHO yaa-
JIEHHOH TOYKH (ha30BOH IIOCKOCTH. 3aMeTHM, YTO KpHBas

. M—g(x)
.Sm. Y= DT

Ha KOTODPOM KDHBBIE CpPaBHEHHS B BepXHeH NOJMYIJIOCKOCTH o6ia-
ZaloT HAK/JIOHOM M, 3aKaHYMBAeTCS B TOUYKe 8 OCH X, MOHOTOHHQ
yOblBas NpH BO3pACTAIOILEM X, €CaH M => —2y, H MOHOTOHHO YOHI-
Basi npu yObiBalomeM x, ecin m << —2y. KpuBble cpaBHeHHs, KO-
TOpble paccMaTpHBaeM TOJAbKO B 00Jacti y == (), yObIBaIOT BhILIE
KPUBOH Sm—o M BO3pacTaloT Huxke So. Jlerko yGeauThcss B TOM, 4TO
KDHBble CDaBHEHHs!, HIYILHe BJIEBO, IOXOAST A0 OCH X B HHTepBaje
X > 08;. BBHLY CHMMETPHH YCJIOBHH I/l HHXXHeH NOJYMJIOCKOCTH
HUMeeT MeCTO aHaJOTHMYHOe PAacliOJOKeHHe KPHBHIX CpaBHeHHs, NPH-
yeM O; urpaer poab 8. CymiecTByer HekoTOpas KpHBasi cpaBHe-
nust Co, BhIXOASIAS M3 TOUKH Po(Xo, Yo) (X0 = 82, yo > 0) u mepe-
cekamolas ocb X B Touke X > §y, KOTOpasi 3aKAHUMBAETCS B TOUKE
Py(x, 1) (x1= 81, y1 <O0). Ilycts npu s10M Yo 6yaeT BEHIGPAHO
TaKuM, 4To Yo = 2M/y.

-Ecan xpusas Co npu x << 8; o¥IeT B HHKHEH MOJYIJIOCKOCTH
10 KPHBOH
Mg (%)

2y

TO, YUUTHIBas, uT0 g (x) << g(82) = M, 6yneM nMeThb

Y=

3

M
y=ymln>*‘_v—>_y0'

ITokaxeM, 9TO €CHAH Ymin AOCTHFAETCA NPH X > 8y, TO TaKKe
CIpaBeJMHBO HEPABEHCTBO Ymin > — Yo. -

B camom jene, Ha npoMmexyTtke [xo, X], rae X nocratouHo Be-
JIHKO, /151 KpHBoll Co nMeeM

d? d ’
Par=lg) =ML~ g xy<0,

Taxk 4TO 5Ta YacTHYHas Ayra BOrHyTa BHU3 H
X

X
_%yg.._._ g(x)dx_:zyfy(x)dx+M(x—-x0)<

X Xo

X
< — [ g(x)dx—yyo (X — x0) + M (X — x,).
HaJnee, npu x < [x,, X) nonayuaem

X X X
——-é—yzz— fgdx——?y J‘ ydx — M(X—x) >——f gdx—M (X—x).
x X X ‘
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M3 5THX HepaBeHCTB BHIBOJUM
i ' :
L= > [ gdr—2m(x — 2EE) 4y (x—x,).
X

Eciy § = Ymin NPH X => X0, TO, B YACTHOCTH,
1 2M
T {9 — W)} > ¥ {yo - T) (X —x)=0

TaK 49TO Ymin > — Yo-
Auajnoruygesle pacCMOTpEHHS BEPHH it AyrH KPHBOH cpaBHe-

aus C,, HauuHamoumeiica B Touke Py(X, 7o) (Xo=20, Jo<x— 2M/y)

W 3akaHumBalomedics B Touke P, (%, 7)) (% =10, g, > 0). HUcnous-
3ysl BepTHUKAJbHEIE OTPe3KH

x=xy HhSKYUSYn X=2X HISKYSYn

nepecekaeMhule (a30BBIMH TPAEKTOPUSIMH COOTBETCTBEHHO BIPABO 4
BieBo, coenuuum tenepb AYrd Co(yo) U Co (Jo= —Yo) B omun
saMkuyThfl KOHTYD W (yo). IlonyuenHoe Takum o6pa3oM ceMeliCTBO
KOHTYpoB (asoBble TPAEKTOPHH HPOXOAAT CHAPYXH BHYTPb, TakK
YTO BCe OHU B KOHIle KOHIIOB BXOASIT BHYTPb KaXIOr0 TAKOIO KOH-
typa. Tax kak s Bcsikoro koHtypa W(yo) cmpaBeiiHBO Hepa-
BEHCTBO Yo > i), TO HHKakas (a3oBasi TPAaeKTOpHs (Ha KOTODPOH X
H Y SIBAAIOTCS HENpepbIBHBIMYU (DYHKUUSMH ) He MOXKET COBNACTb
¢ KakuM-1u60 U3 3TUX KOHTYPOB, a TAKXKe He MOXKET 3aKOHUUTHCH
B Kakoli-nubo ero touke (mocjefHsiss AOJKHA OblTh TOraa 0Co6oil).

Bepxusisa rpanuna B = 2M/y yxe ycranosaena. Ocraercs ompe-
JeJIUTh TOJbKO BepXHiolo rpanuny A ana snavenuit X u X, npu arom
MBi TIPETIONOKHM, UTO Yo = 2M/y.

YuuTeiBasi, uTO

M = g(xo)= g (%) — g (0) = x,8" (§) = x,k?,

rae £ (0, xy) u, caegoBaTenbHO, x,<< M/k?, wumeeM, Hamnpumep,

dx M
X=X+ J. Ty WS
Yo
HJIH, TAaK Kak

dx 1

dx dx y dy <2v’
T0 ,
M M M k
x| < X< k2+ ”Ez—+v—2='k—2(1+?)-

3aMeTHM, 4YTO, YTOUHAS OUEHKY abcuucchl X, MOXKHO ellle NOHHU-
3uTb 3nadenue rpanunpl A. C 37Ol Uesbio yBeJIHUHM [IPaBYiO 4acTb
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ypaBuenusa (5.3.18) B obmactu xy > 0 nyTeM auHeapusauuu GyHK-
uuu g(x):

dy _ _g®» . M _ _kFx M
dx y'+f;;1 S 9+ly2 2v,

M 3aMeTHM, 4TO KpPHBBIe CPaBHeHHs] B 3TOH 006/acTH IepecekaloT
HHTerpaspHble KpuBhle NH(GepeHHaIbHOTO YpaBHEHHS

dY _ —Rx— 2 +Msgn¥

dax ‘ Y
B HANpaBJeHUH K OCH X. COOTBETCTBEHHO 3TOMY Ayra HHTerpaJbHOl
kpusoit Y(x;a, yo) (a==MJR? yo>0) naa x> a, y =0 oxsaThl-

BaeT pelleHue y(x; a, yo) ypaBueHus (5.3.18), koropoe, B cBOIO Oue-
pelb, BKJIIOUaeT B ce0sl KPUBYIO CPaBHEHHS Co {y(x; xo, yo)} Ha mpo-
MexXyTKe [xo, X]. Koneunas touxa (Z,0) nyrm Y(x;a, yo) aBasercs
BepxHell rpanuuel s X.

MO3KHO JIETKO BHIYHCAHTD

Z=a+Hols),  s=vk,
r};e
exp(—uftgu), wu=arcsin V1 —s2, 0<s<]1,
exp(—u/thu), w=Arshys?—1, 1<s < oo,

npuueM 1 >cp(s) >1l/e pna 0<s<<1l u lle=o(s) >0 gan
1 <s < o0,
Tloaaras yo =B= 2M/y, nonyqKM

A— 2 + mm{l 259 (s)}. (5.3.19)

@ (s)=

OtMertum crenywouee: ecin B cucreMe (5.3.1) uren —f(x)y 3a-
MEHHTb BbIDaXKeHHEM —f(x)y—pnsgny 0O<<p<<M), 0O nas ee
pemennit x(f) u y(f) Oyayr umerb Mecto oueHku BuHAa (5.3.15),
rae A u B onpenensiiorca ¢popmyiamu (5.3.17), B kotopnix M 3a-
MeHeHo Ha M — p. OTciona cieayer, 9to s p= M Bce pelIeHus
OyAyT aCHMITOTHYECKH CTPEMHTbCS K HYJIO.

Ecnu teneps Ha dyHxuuy f(x) u g(x) HaJ0XKHTb MeHee Orpany-
YhTeNbHbIE YCJAOBHs, TO NPHIEM K TeopeMaM, 10Ka3biBAIOIIUM Cy-
IECTBOBAHHE, HO He eIMHCTBEHHOCTb MEepPHOAHYECKOr0 pelIeHHUs.
Ecnu Ke BMecTo nmepHoauuHocTH GyHKUMH e(f) morpe6oBaThb Orpa-
HUYEHHOCTb ee npH =0, To Bce pemenns cucremsl (5.3.1) Gynyr
06/71aaTh 3THM e CBOHCTBOM IIPH BBINOJHEHHH OCTaJbHBIX yCJIO-
BHH COOTBETCTBYIOLLEH TeOpeMbl.

[Ipexne BCero MO3HAaKOMHMMCH C OAHHM pe3yabratoMm J1e -
wema [1].

Teopewma 5.3.4. Hupgpepenyuarvroe ypasrnenue

)+ gx)=e() _ (5.3.20)
obaadaer nepuoQuueckum pewienuem ¢ nepuodom 0, ecau A
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a) g(x)

—>00 npu | x|-»oo;

b) a/m 08yx noaoxcutenbHulx noctoamnsix B, C cnpasgedauso
HepaserHcTeo

~

|F(x)—Cg () I<Blxl, 20 F(x)=[f(s)ds.
0

Has noxasatennctsa TeopeMsl, caenys Jledwmeuy [1], pac-
CMOTPMM 3KBHMBAJEHTHYIO ypaBHeHHIO (5.3.20) cucremy

¥=—F@x)+v, vV=—gkx) +e@®, (6.3.21)

pellleHUs] KOTOpoH 006Jafal0T TEMHU e AaCHUMIITOTHUECKHMH CBOH-
CTBaMH, 4TO M pelieHHs cucrembl (5.3.1).

Ilna ycraHoBJeHHsi OrpaHudyeHHoOCcTH pemenuit {x(f),v(¢)} npu
t— 400 pmocraTouHo mnoctpoHTh ¢yHkuHIO U(x,v,%), ymosaerso-
pSIOLIYIO YCJAOBHSAM TeopeMbl 2.4.17, D1y dyHKUHIO BO3bMeM HaHGO-
Jiee IIPOCTOTO BH/a, a HMEHHO BOCIOJb3yeMcsl MOJNOXKHUTENbHO Ompe-
JIeJeHHON KBaJgpaTHUHOH (opMoi ¢ kKoaddUIueHTAMH, He 3aBHCH-
IIMUMH OT BpPEMEHHU:

U (x, 0) =5 (Ax2 — 2x0 + Co?), (5.3.22)

rie A>0, AC > 1.

eoMeTpHUecKH 3TO O3HauaeT, YTo (Pa3oBasi MIOCKOCTb XU IO-
KpbIBaeTcst ceMeficTBoM aanuncoB U(x, v) = k. Tenepr motpebyem,
yTo6bl NOCTATOYHO NaJeKO YAAJeHHBIl OT Hayajga KOOPAWHAT 3J-
aunc (k= ko > 0) nepecekancs $Ha3oBEIMH TPAEKTOPHAMH TOJbKO
CHapYKH BHYTPb, T. €.

= (A= 00— F(9) + Co—n(e(h)—g@)<—a<0

npu k= ko. TeMm cambiM Gyzner oéecneqeﬂa OrpaHHYEHHOCTb HDH
{—> 400 Bcex pelleHdil U OLNOBPEMEHHO OKa3aHO CYHIECTBOBAaHHE
MepUOAMYECKOTO pelleHusl.

BBenem moJsipHble KOOPAHMHATHL X==rCOSQ, U ==rSin® U BH-
YHCJIHM

—;lyﬂ—(/l coscp——sm(p)(smcp——coscp F(x))—l-

+(Csinq>—cos<p)(e£t) —CcosQ (x)).
Yro6sl 1m0OKa3arh, YTO d—d[;— <0 gasg r>ry>0, paccMOTpUM cHa-

YyaJia OKPECTHOCTH yIVIOB @==m/2 1 ¢=23n/2, a uMeHHO | /2 — ¢ |<e
H COOTBETCTBEHHO | 3m/2 — @ <&, rae 0<Ce < n/2. Jlag atHX 3Ha-
YeHHH @, YuUMTHIBas, 4YTO B CHJAY YycJaoBuil -a) U b) BesuunHa
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[g(x)— AF (x)l/x orpaHHueHa npH NOCTATOYHO OOJIBUINX 3HaYe-
HH$X | X |, TOJyYHM

1 dU _ g{x)—AF (x) 9

TTdt x cos*@ -+

r2
+[A —l——F—gflixﬁg—(ﬁ] Sin(p-coscp—sin2cp+f—§&((]sincp—coscp)<
< {Dcos?@ -+ (A-+ B)|sing - cosq |—sin®¢} +
+ 22 (C+ sing),  (5.3.23)

rie D — HeKOTOpas TMOJIOKHUTe/bHAS NIOCTOSAHHAS B m == max| e (f) |
Tak Kak [/ JOCTATOUYHO GOJbINHX 3HAUYeHUH | x| UMeeM

F(x)/x>0, gx)/x>0,

AF (x) — g (%) 1 F(x) —Cg(x) B
X >—(:“- x 2_—6—"

TO
AF (x ~— gi{x)
._g._)__.i_)_>.__D‘

ITocsenHee HepaBeHCTBO 3aBefOMO GyleT BHINOJHEHO (NPH HEKOTO-
poMm D) mJisi BCeX X, eCJH MPENNOJIOXHTb, uto GyHKuUHs g(x) (x0T
Gbl B HEKOTOPOi OKPECTHOCTH TOUKH X == 0) yIOBJIETBOpSIET yCs0-
Buio Jlummaua.

CymMma cnaraembix Gopmysiber (5.3.23), 3ak/MIOUeHHBIX B QHIYp-
Hble CKOOKHU, fIBJSIETCS HENpepeBHON (YHKUHEH OT ¢, HUMEwlel
spauenne —1 mast @ == w/2 1 @ = 3n/2. Uncno & MOXKHO BLIOpATH
CTOJIb MaJbiM, 4TOOB 3Ta QYHKIUA B 3aJaHHBIX OKPECTHOCTSAX 3THUX
3HaueHHil ¢ He npesocxoxmna sHauenus —1/2. Ecan, kpome Toro,
NONOKHATh == ro=4m(C--sine), 10 1npu |[n/2—¢| <e u
|3n/2 — @| << & GyzeT BHINOMHEHO HEPABEHCTBO

du I
ST

Has |n/2— | =eu |30/2— | =& npu r = ro noaysum cie-

JyIOlIHe HEepaBeHCTBA:

”e_(t)_»(Csin(p——coscp) < my= m(C+ 1)

rcos? @ 0 rosine '
1 dU AF (x) —
___.é_it—<_[.__(—x)_w__ mO]COS2(D+

r2 x
+ (A4 B)|sing - cosq |—sin’¢. (5.3.24)
Tak Kak npu | x |-» oo

4[mww—gm__m4_¢4+3y=4ﬁ£:ifﬂi+

X C X
4 F®—Ca
C X
4AC—1 F(x)_

+ — my—(A+ B =
> 420 L0 g (F 4 mo) — (A + By >+ o,
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to npapas dacto mepaseicra (5.3.24) orpuuatennia, eciu f Bhi:
6paHo HOCTATOYHO GoMbWHM: r = Ro = ro. CliefioBaTeNbHO, MOXKHO
MO0N0XKATL Ry = max U (x, v).

r=R,
Tagum oGpasom, s tTouek sanunca U(x, v) = ky uMeem
du
o St <o,

rie o = 0. O1ciona clenyer yTBepKAEHHE TEOPEMBI.

Ypab6e [1] npunaniexur Hekoropass MonubHKaLHs pe3yabTa-
toB Jledena.

Teopewma 5.35. Cucrema (5.3.21) obaadaer nepuoduueckun
pewenuem ¢ nepuodon 0, eciu

a) A+ 4p2>u%("—)>g—f9—>h>0;
b) A > p2
METOI[ J0OKa3aTeJbCTBaA OCTaeTcs Hpe}KHHM OAHAKO 31eCh AJs

JOKa3aTeNbCTBA OTPAHHYEHHOCTH pelleHHH HCNOJb3yeTcs Apyras
KBajpaTHyHaa ¢opma:

U(x, v)=px? —xv +——~v2

[Tepexons k MoasipHEIM Koopauwaram, B cuay (5.3.21) 6ynem umers
1 dU 2uF (x) — g (x)

A=y coste+
F¥)——g(»
+|2u 4 - sing+cos @ — sin® @ 4
+— e(t) [u sing — coscp].,
Has dopmmt

Q(¢)==— Acos?¢ -+ Bsing - cosp — C sin g,
vae A >0, 4AC — B?> > 0, noayuaem

o Q@ =5 (VIAFOF—GAC—F) —(4+0) <

<_lac—p
4 A+4C °
[Tonoxum Tenepb
_ F(x) —— i (x)
A_____.QNF(x)x g(x)’ _2“"'“ , C=1.
Torma

X

w{2Q ) frw _ap_
X x N
= {p T2 sl A4 —p T2 L 4 — ) > 40— p?) > 0
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u, TaK Kak

Adc=2L0=90 41 conpgue—nti=n+8241,
TO

, A —
max —_——,
o<®<2nQ((p) < A+ 8u? 1
Orciona craeayer
4av & 2
ST ITTser T
npu ,
VIi+pl(A48u2+ 1)

r=m p(A—p?—e) !

I<e <A —pl

Takum o6pasom, Teopema n0KasaHa.

Corsacio Onsiaio [9], MoxHO KOKas3aTh clenyIOmyK Gonee 06-
IYIO TeOpeMy.

Hlu 6l 7 i/ z
: -m
é‘,’
: 5

Puc, 5.3.1

Teopema 5.3.6. Pewenusn cucremst (5.3.21) oepanuuenst npy,
t =0, u, caedosaresvno (Ha ocnosanuu Teopemor 2.9.2), cywe-
crgyer nepuoduueckoe pewenue ¢ nepuodon 0, ecau
a) lim gx)>m, lim g(x)<—m, ede m=max|e(f)];
x> 4 X~> =00

b)ll

c) 0aa Hekotopoeo uucaa 0 << p << m/2 cnpasediuso nepagen-
cT60 ‘

lim°"<F<x> sgn x) = + oo;

lim {[ F(x) [[| F (x)|—2p] —4m| x|} > — oo.
%[>

Ins nokasatenbcTBa, corsacHo Onsaio [9], nokpoem asosyio
IJIOCKOCTb XU BHe HEKOTOPOH OKPECTHOCTH Hayaja KOOpAHHAT ce-
MeficTBOM 3aMKHYTBIX KOHTYDOB 0e3 ABOMHBIX TOYeK, KOTOphie fe-
pecekaiorcfi (a3oBBHIMH TPAeKTOPHAMH CHapyxH BHYyTpb. OngHako
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3fecb MBLl HCIOJb3yeM He TO/IbKO TMPHU3HAK OrPaHHYEHHOCTH pelle-
HUH 10 JISOyHOBY, HO W UpPHBJEYEM TaKKe HEKOTOPble HAIJISIHbIE
reomerpuueckue coobpaxenusi, Boifepem uncio 6 > 0 Takoe, uTo
ansi |x| = 8 6yzem uMeTb

lg(®) > m, |F@)IFx)|—2p]>4m (] x]|—0),

S~
H IJs HEKOTOPOro 3HaueHMs A >>§ moctpouM kpusyio C’: PPy,
cXeMaTHUECKH NpeNCTaBJAeHHYI0 Ha puc. 5.3.1,
TTonoxum

G(x)=fg(s)ds

U ompeleNuM Iyrd PP2 " P3P4, Jexaliue B HHTepBaJge (8, A),
YpPaBHEHUSMH

—v(v—zp)+{[0(x> — GO —m(x—8) =

——~—F(7~) [F()—2p]+ {[G() — G (®)] — m (A —8)}

[£U_=___ g(x)—m

dx v—p <0]

" COOTBETCTBEHHO

3101101+ 20) + (G (1) — G ®)] + m (x— &)} =

={GA)— GO+ m(A—2)
[ﬂ_"_,._:__ g +m >'0].

dx v—p

Touku P (x|, v;) 1 P,(x,, v,) Ipu A —> 00, OUEBHAHO, YAAIAIOTCA
B GeckoHeuHocTh. [Ipn pmoerarouno 60JbWIOM A HOJyUaeM
1 -
7 @ +log ) {01 —]v,]) —2p} =

= + (FA)IF () — 2p] — 4m (. — 8} > 0,

T. €. 0; > o, |+ 2p. ‘
W3 Toukm _Py(x5 vg), TrE X3=—0 u_vs=—uv,, mpoBeleM

Kpusyio C”: P5P8 Onpeﬂemm IoyTH P5P6 n Pl 7Pgs JIeXalKe B npome-
XKyTKe [— u, — 6], cJAeAyIOmIMHE COOTHOLIIGHNAMHU:

glvl(l v|=2p) —{G(—8)—GH)]+ m(—d—x)=
=5 F(=p) [[| F (=) |—2p] —{[G (—8) — G (—w)] + m (—8 + w)}

4 -—e <

7 P, Peficcur u ap. 193



B COOTBETCTBEHHO

to@+20)—IG(—8)— G W —m(—5—1) =
= —{G(—8) —G(—w]—m(—8+ )

—epin o]

Torpa chpaBelJHBO HEPABEHCTBO
501+ v) (01 — v) —2p) =
=+ (I F(—m) [ F (—p) |— 2p] — 4m (p —8)} > 0,

T. €. U; > vg+ 2p. o

O6e xpusbie C’ 1 C” coelnHHM OTpe3KaMH NpaMbix PP, u PyP,,
B pesyJbTaTe 4ero MOJYYHTCA 3aMKHYTH# KORTYp C,. 3ameruM,
YTO 3TH OTPE3KH HMeKT HolbeMm GoJsiee deMm p/d.

PaccMoTpuM ceMelicTBO Takux KOHTypoB. CpaBHeHMe HampasJe-
HHH TOJs MOKAa3biBaeT, 4TO NPH AOCTATOYHO GOJBLIOM 3HAaYeHHH
napamerpa A (A== Ao) TPAaEKTOpHHM He MOTYT nepeceKaTb KOHTYP
C) B HampaBJeHUH H3HYTPH Ha-
pyxy. Orciona cieiyeT orpaHu-
YEeHHOCTb BCEX PeIlleHHH CHCTEMBI
(5.3.21) u ux D-nosenenue, Tak
KaK OYeBHAHO, 4YTO Kaxkjas
tasosas Tpaektopusa npu ¢ >T
BOMJET BHYTPb KOHTypa Ch,.

Teopema nokasaHa.

AnanoruuHoe  yTBepKIeHHe
uMeetrcss B ofHoH Teopeme Kacr-

Puc. 5.3.2. po (cMm. Cancone—Kon-
tu [2]).

Teopema 5.3.7. Pewenusn cucremor (5.3.1) oepanuuens. npu
t =0, u, credosaresvro, npu Haiuduu nepuodudeckoii 8036ymdaro-
wetl pynxyuy e(t) cyu;ecmye? nepuodudeckoe peuenue, eciu

2) le(®)I<m, |E(t)|=.je(r)drl<M;

0

by f(x) >0, F(x)sgnx= >M+p (>0 npu

[ r@ae
0

lx(=a max | F(x) |=F;
X|l<sa
¢) xg(x) >0 npu | x|>a, 'm|a<XI gx) =g < oo,
x|<La

‘ﬂ.}lﬂ AO0Ka3aTeabCTBa TEOPEMBI HCHOJIb3yeM BCHOMOI‘aTeJIbHyIO

cHCTEMY
MN=—=Fx)t+z+E(@) 2=-—gk), (5.3.25)
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KoTopas noayuaercs u3 cucteMnl (5.3.21) B pesyanbraTe npeo6pa3o-
paHusi 2 = v — E (¢). [TocTponm Ha MIOCKOCTH X2 NPOCTHIE 3aMKHY-
Thie KOHTYDBHI, NepeceKkaeMble (Pa3oBHIMH TPaeKTOPHUSIMH B Hampas-
JEeHHHU CHApYXH BHYTPb.

Iasa storo BoiGepeM HOCTaTOYHO OOJBIIOE YHCAO A H COCTaBHM
gkoHTYp W (A) u3 crenyromux nyr (puc. 5.3.2):

W) 52+ GW=35"+G(—a, r<—g
W) z—L@ta=1 —a<r<a, 2>
Wy §E—w+GW=3#+0@, >q
(w,) z—ga—(x+a)=—x, —a<<r<a, 2<—2r+p.

Oyru W; u W; cuMMeTpHYHE COOTBETCTBEHHO OTHOCHTEJIbHO
ocd x W ropusoHTanu 2 = . dyru Wy u W, aBasiorca napaniens-
HBIMH OTPE3KaMH U JexaT APYr OT ApPYyra Ha paccTOsHHM 24 1o
BEpPTHKAJIH.

Hccaenyem Tenepb nosefeHHe ¢asoBbix Tpaektopuil {x(f), 2(¢)}
B Toukax koHTypa W ()A). Ha ocHOBaHHH COOTBETCTBYIOIIUX OLEHOK
MoKaMeM, YTO OHH NepeceKaloT KOHTYP BCIOAY ‘B HaNpaBJeHHH CHa-
PYXH BHYTPb. '

Has W, uMmeem

Ay AL 2160 ) =2 () = — g F)—E () <
<—1gW I F(@)|—M<—ulg®)]<0,

cooTBeTcTBeHHO Aast W (¥ > a) moayyaem
s = 2 =+ GW < —g@F W — M+ ) <o.

Oas W, naxoaum

aw, __ d B 2 _n —&(x) B
¥ Tl 2?{2_"53("+“)}“7 2w T FW T ED T S
g ()] N
STT=TFOT=TEOT 20 ST—p—F—n 22 <0

ecau A > F+ M4+ 2ag/p= Ay,
Orcrofia, ecan (x, 2)& Wy, 170 ¥’ >0 u, cregosaTebHO,

dv, _ d n '
Ecau xe (x,2) & W, To ¥ << 0 u nostomy
v, _df, w
i {z (x—{—a)}
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Hrax, npu A > A (asoBble TPAaEKTOPHH BXOAAT BHYTPb KOHTYpa
W (A), u, TakuM o6pa3om, TeopeMa LOKa3aHa.

Bonee obuel sBasieTca TeopeMa Musoxarts—$dmMaryTH
[1], mowasaTesbcTBO KOTOPOH NPHMBIKAET K pe3yJabTaTaM, YIOMH-
HaBWHUMCS B 1. 2.6,

Teopema 5.3.8. Pewenus cucremor (5.3.1), axsusasenTHOU
ypasnenuro (5.3.20), oepauuutenbt npu t =0, ecau

) [EQISM, EQ)=[e@dy

]

b) lim [F(x)sgnx]= + oo;

|x] >0

c) g(x)sgnx>0 dun |x|=0.

(YenoBre a) BBHIIOJIHEHO, Hampumep, ecan ¢ynkuus e(f) O-mepuo-
nuuna 1 uMmeer npu 0 << f << 0 cpenHee 3naueHue, pasuoe 0. B stom
cjiyyae NMpH HANHYMM YCJIOBHHA D) M ¢) M3 TeopeMbl BBLITEKAeT CY-
1IeCTBOBaHHE HNEePHOJHYECKOTO pelleHHUs.)

Ilnsi noxasate/nbcTBa CHOBA PACCMOTPHM CHCTEMY (5.3.25) u Ha
OCHOBAHUH TeOpeMbl, AOKa3aHHOK B N. 2.6, yCTaHOBUM MNpH3HAK
OrpaHWYEeHHOCTH ee pelIeHHH.

Mosoxnm p=Vx2+22 u B obaactu p==>h, t>>0 NocTpoum
bynkuuo U(x, 2, £), obaanaoulyio CJIe/ly IO HMH CBOHCTBaAMH:

1) Ux, 2, t)—>oo npu | 2 |- oo;

2) Ulx, 2, t)<U1(r) paa p<r, rae U (r) > 05

3) - <o.

(Ecin ¢yukuust U ne 8aBuCHT sBHO OT £, TO 2) HCK/IOUaeTcs.)

BuiGepem uncao AZ>98 tax, uto F(x)sgnx>M+e>M paa
| x| > A, u, Kpome TOro, MOJOKHM

fp(x)-——&-(x—{—A), 0<op(x)<e maa |x|<A.
Toraa dynkuuio U(x, 2) onpeneaum ciaeayromwuM obpasom:

222 + f g(s)ds - IS I —A,

Ux, 2) = [z—tp(_JC)]Q/2 st — Ay <A,

X
z—eWP2+ [ g(s)ds mas  x>A.
A
[Tpennosaras, 4T yC/JIOBHE a). BHITIOJHEHO, HOJYyYHM
( ~g(x)[F(x)—E(t)]<—8I g IS0 mn x<—A;

| = gl @F— o l{g )+ Fr o —F (0 +E 01
. g — A<y <<A;
—gW[F{x)—E@)—e]<0 s x>=A,
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Ecau B ofaacty | x |<< A BBecTH orpaHudenue | 2|=¢, rie
£> (M +2) + max | F(x) |+ 2 max| g},
lxj<A & |x1<a

to OyleM HMeETh ii—[tj<0' Takum ob6pasom, O(yukmua Ul(x, 2)

obaanaer cBoficrBamu 1), 2) u 3) B obaacth p= )/ xZ+ 22> A,
t>=0, roe B2=A2-} 2 . ' -
Teneps B o6sacru| 2 |<< Z (rae Z npousBo/eHo), | ¥ | = X (Z) >0
onpeneauM . dbyukiuio W (x, 2, f) > 0 Takylo, urto
4) W(x,z,t)-‘t-)’oo o | x|-» oo _
) Wz, ) <Wi(lx]) nas |[x|=X, W (1x) >0
dw
6) - <0.
(Ecnn ¢yurumus W 9BHO He 3aBHCHT OT £, TO YCJOBHE 5) H3JIHLIHE.)
MoxHo nogoxuth W (x,z,t) = x?/2. Tornpa B obaacru |x| =
> X(Z), |z| < Z nonyunm Takylo OLEHKy AJs NPOH3BOAHOM:

Y e x[F()—2—E I —| % |[F (v)sgnx—| 2| — M <0,
ecan X Tak BeOpano, uto F(x) sgnx =M+ Z nasa |x| = X. Cue-
JOBaTeNbHO, ycaoBus 4), 5), 6) OyayT BuinoaxeHbl. B cuiay reo-
pembl 2.6.1 kaxnoe pemende cuctembl (5.3.1) orpanuueno, u, Ta-
KM 06pa3oM, TeopeMa J0Ka3aHa. :

PaccMorpuM ellle [Be TeOpeMbl O CYIECTBOBAHHM MepHOLHYE-
- cKoro peuwenusi ypasHenus (5.3.20), npunamiexatie Xanauaio
[1]. B 3tux TeopeMax paccMartpuBaeTcsi osiee HPOKHI Kaacc PyHK-
uufi f(x) 3a cuer orkasa ot ycaosusi b) reopemst 5.3.8. Onnaxo Ha
kiacc QyHknui g(X) HAKIAABIBAIOTCS JAOMOJHUTENIbHBIE YC/OBHSI.
[pu nokasatenbcTBe OGeHxX TeopeM HCHoJab3yercss Hies @ uuun-
nosa[l], c KOTOPo# Mbl MO3HAKOMHUJHCH B 1. 4.2. OHa saxaouaeTcs
B n0a60pe NOAXOASIUIET0 MPeo6pa3oBaHHA NepeMeHHOH X, 9TOOHL
yIPOCTHTh HCC/IeOBaHHEe Ha Npeo6pasoBaHHON (asoBO# MIOCKOCTH.

OGo3nauuM, Kak u npexnae, max|e(t)| ==m u norpebyem nis
yuknuy go(x) = g(x) - M BHINONHEHUS] yCAOBHHA:

a) go(x) =0, x>0 naa x>x,

gx)—2m>=e>0 pas x>>x6> x.

Kpome Toro, npy XxZ=>xy NMOJOKHUM

o) = [ &(9)ds, Fo(x)= [ f(s)ds.

Ianee, nycrb

b)) Folx)> ‘/2860(:5) Ha oTpeske [xo, x7],
rie x{,’:xé—]—%, §==2F + %?—(xg—xo) g F= max | Fo(x) .

o xo
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C nomoutbio cooTHomenus z==}2G,(x) [2dz= g, (x)dx] ocy-
IleCTBHM OJHO3HauHOe oOpaTHOe npeofpa3oBaHHe HHTepBaja Xo <
< X << -+o0 Ha uHTepBaa 0 < 2 << o0,

Toraa moc/eLHee YCIOBHE IPUMET BHI

Dy (2) = Fo[x ()] =22

Ha orpeske [0, 27], rie 20 = 2z (x0).

Teopema 5.39. lTpu soinosnenuu ycaosuii a) u b) cucrema
Ougppepernyuarvnoix ypasnenuti (5.3.2) obaadaer nepuoduueckun
peweruem ¢ nepuodom 6, eciu ee npasas 4acTv ecTb O-nepuo-
Juueckas yHkyua, T. e.
e(t40)=-e(?).

Jloka3aTe/qbCTBO  OCHOBHI-
BaeTcsi Ha ABYX JIeMMaXx.

Jlemma 1. Quasa npeo6-
pa3o8anHoeo OQugpgpepen-
YUaLbHOZ0 YpaBHEHUR

|
7 7 [ = _
v BT LB p>9, (5.3.2)
Puc. 5.3.3.

HQ4aA0 KOOPOUHAT NAOCKOCTU
2v sasanercs o0coboil Toukol Tuna ysaa. HuTeepasvras kpueas,
8ulx00aUas U3 HeKOTOPOU Touku npamoid v = Rz 6 nepsom Keaod-
paure, npu z->0 npubauscaerca, MOHOTOHHO YybwbiBAA, K Hauwary
Koopdunar. OHa npoxoour eHyTpu yeaa mencdy npamoh v==~kz u

UHTe2PAAbHOL KpUsoti v =‘§{1 + V1—4/k?} 2, 2de nose nanpas-

ACHULL MeHAeTCA 8 epaHuyax oT oo 60 -g— {l + V1 —-4/k2].
JlemMma 2. Kamdas unrezparvrasn kpusas cucremo. Ougpgpepen-
LUasbROLX YpasHenull
d d
F=—F®+o, =—4g®, (5.3.27)

BbIX00SULAR HA NAOCKOCTU XU U3 TOuKU % < (xo, X§) Kpueoii Cy:
v = Fy(x), crpemurca k 0coboil TouKe x == Xo, v =0 [Fo(x,) =0,
go(xo) = Q).

. Jlas poxasaTesibCTBa 3TOH JIeMMBI NpOBeleM YyKa3aHHOe BhIlle
npeobpasoBanne 2= 2(x) ¥ BbUHCAUM maa 0 <<z<<Z=2(X)
NPOH3BOAHYIO

dv 2 = 2z *

dz (I)(,(z)—v>22—v

OTciona Jerko BHAHO, UYTO paccMaTpHBaeMasl HHTerpasibHas
KPHBAs Ha TJIOCKOCTH 2V JeXHT MeXJy HHTerpa/jbHOll KPHBOH ypas-
nennss (5.3.26) c¢ HavaabHOk ToukoH (Z2,22) u kpuBofl [p: v=
= @(z), TeM caMbM JeMMa A0Ka3aHa,
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Obe NeMMBl HYXHB Al TOCTPOEHHSI HA NAOCKOCTH XU MPOCTOrd
3aMKHyTOro KoHTypa W, KOTOpBIH mepecekaeTcss ()a3oBBIMH Tpaex-
TOPHSIMM TOJIbKO B HampaBJEHHH CHAPYXH BHYTPb.

ITocTpoenue xoHTypa HauHeM ¢ Touku A(xo,0) (puc. 5.3.3), us
KOTOPOH HpH Bo3pacraiouleM ! MPOBeJeM TPAEKTOPHIO CHCTEMBI

L ——FWtv, L=—gW=—gW+m (5.3.29)

no nepecedenHa ee c¢ kpuBoit C,. IloxkaskeM, uTO 3TO nepeceueHue
NeHCTBHTENILHO npousoiferT. B camom gene, a1 x =X, HMeeM
dx dv
=0, 'Zt_=2m > 0, rax uto TpaexkropHus cucremnl (5.3.28) mpo-.
xoauT cHayasa HHxe Cp cneBa Hanmpaso. B TouKe nepeceuenus ee
¢ u3oK/aHHOH U = Fy(x)+4 ¢ (¢ > 0) Gynem umetb
dv
dx

Kpome Toro, _9Ta TPaeKTOpHA Ha OTpeske [%y xi] orpanuuena
CBEepXy NpsIMOH

___&i(x) _ 2m
¢ < c '

o =2F + 2 (x — x;) <.

Ecan TpaeKtopus He Hepeceder kpuBYyio C, B HEKOTOPOH TOuKe
x¥<Xxj; TO OHa B KaKOH-TO MOMEHT BpeMeHH {=1{; ROHZeT 10
BePTHKAJH X==X; W Npu !> OGyier HMeTb MeCTO HEPaBEHCTBO

dvu
dt <_8’
caenosaresbho, v(f) <8—e(t—1t)). IIpaBas uacte Noc/efHere
HepaBeHCTBa of6paliaercst B HYJb Npu f=={; -+ Ofe.

Ecau ans cooTBeTETBYIOLMX 3HauyeHHH x npuHate Fo(x) =0,

TO GYyLYT UMETb MeCTO HepaBeHCTBA

<o, x{t)<xj+de= x”._

Ha ocnHoBanuu ycnoBHs b) npHHATOe NpeRnoNOXKeHHe HCKIIO-
yaercsi. TeM caMbBIM [0Ka3aHO, 4TO paccMaTpHBaeMas TPaeKTOPHSA
CHCTEMBI (5.3.28) nepecekaer KpuByiwo Co B HeKOTOpoH TOuke B
unTepsana (x, Xg).

Coenunsia tenepp Toukd B m A tpaekropueit cucremn (5.3.27),
nexamell nox KpuBoi Co, MOJYYHUM HCKOMBIN KOHTYp. [eilicTBUTE/ND-
HO, 1Jisi Tpaektopuil ypaBHeHHs (5.3.20), 3KBHBAJIEHTHOrO CHCTEME

¥=—Fy@)+0v =—g®+led+m, (5.329
Cl'IpaBe,IUII/IBbI HEPaBEHCTBA
(—g@+le®+m — —a
3

Hag® Kpusol C,,

dv | v~ Fo (1) o= Fo ()
T n@—l®tmn g )
‘l Fo(x)—v < F, (Ox) —, 104 KpHBOH C,.

Takum oGpa3oM, TeopeMa AoKasaHa,
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3ametum, uto TeopeMa 5.3.9 crnpasensuBa PakkKe NPH CAeAyHO
KX YCJOBHUAX:

a’) g(x)=0, g (x) <0 nas x<x,
G +2m<—e<0 maa x]a<xg;

b’) nna byurumi
Fi=[Hsds, G@==[gas)ds

"BHITOJIHACTCA HEPaABEHCTBO

Fi(x)=>V8Gi(x) ma [¥, xl,
rae \
H=r—L . 5= 2P + 2 — )
[F == max | F(x)|].

["{- *1

Teopema 5.3.9. Mpu sunosnenun ycarosuil a’) u b’) dugge-
penyuassnos ypasnenue (5.3.20) ¢ nepuoduueckoli npasoi 4acrvio
obiadaer nepuoduuecKum peuwsnuem.

Jra ‘Teopema He Tpe6yeT OTACILHOTO A0Ka3aTeabCTBa. B camom
nene, ycaoBHs a’), b’) BbiTeKaloT U3 ycsaoBus a), b), ecau 3TH yciI0-
" Bus cHOpMyaHpOBaTL A AH(GepeHHHAJbHOr0 YpaBHeHUs

FHIOF @ =20 (5.3.30)
kH 3aTeM II0JIOXKHUTD
x=—% f)=[@® gW=—g@®, (53.31)
a Takxe NPHHATBH, YTO ' -
e(h=—e@, (x, i, X)) = — (%o; &, ¥).

MoxHo TakxKe NOAYUHATH NOBeJeHHEe DYHKUUH g(X) Ha HEKO-
TOPOM KOHEUHOM NPOMEXKyTKe [xo, x;] H3BECTHEIM YCJOBHUSM, Ha-
TIpUMeED:

¢) go(xo)—g1 ﬂxx)—o g1 (x) <0< go(x) Ha [x X);

d) Fy(x) = VSGo(x) F (x)> V (x) Ha [x x].

Torpa cnpasensuga -

Teopema 5.3.10. ﬂud)d)epeuuua/zbuoe ypasrenue (5.3.20) npu
66LNOAHCAUL YCA0BULL C) u d) donycxaer cyusecrsosane nepuodu-
4ecKkoeo peuleHus. ..

Ilpu JI0Ka3aTeIbCTBE MORHO GHITh KpaTKHMH cChLIAsCh Ha 1pe-
IBIAYLIHE PacCyKIEeHHUs.

[Mpennonoxenus o GyHKRLLH go(x) HMeIOT,. KaK H3BECTHO, cJe-
Aywoliee 3HAYeHHe: BCce HHTerpa/bHble KPHBLI@ @HCTEMB (5327),
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